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Abstract

Applying linearized Langevin equations, we calculate the squeezing spectra,
the quadrature variances and the mean photon numbers for the fundamental and
harmonic modes involved in degenerate second harmonic generation in a cavity
coupled to squeezed vacuum reservoirs, Employing the same method, we also
caleulate the squeezing spectra for the sum and difference of the fundamental

modes in nondegenerate second harmonic generation.
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1. Introduction

Squeezing is one of the properties of light which cannot be explained classically. This
property of light involves the reduction of one of quadratures below the vacuum level
al the expense of increased fluctuations in the other quadrature without violation of the
uncertainty principle.

Squeezed light can be generated in various physical processes such as parametric os-
cillation [1-4], four wave mixing [5-8], resonance fluorescence [9-11] and second harmonic
generation [12,13].

Collet and Walls [14] have obtained the squeezing spectra for the output fields of
several intracavity nonlinear optical systems and have showed that at the critical points,
such as, the turning points for optical bistablity, the threshold for parametric oscillation
and the self-pulsing instability in second harmonic generation, perfect squeezing in the
output field is possible,

Perfect squeezing in one quadrature must be associated with an infinite uncertainty
in the other and hence can only occur at a critical point. At a critical point the squeezing
spectrum for one quadrature also diverges for a certain frequency [14].

In degenerate second harmonic generation a light mode of frequency wq (fundamental
mode) interacts with a nonlinear medium and is up converted into a light mode of fre-
gquency 2wy (harmonic mode). The nonlinear medium is placed inside a cavity driven by
a coherent light of frequency wyg.

The squeezing properties of the fundamental and harmonic modes have been exten-
sively studied [14-22]. In particular Collet and Walls [14] showed that optimum squeezing

occurs in the vicinity of the self-pulsing threshold.




Pereira, Xiao, Kimble and Hall [16] employed the process of intracavity frequency
doubling to generate a\squcezed beam ot light by reflection of a laser from a nonlinear
cavity and they observed noise reductions of 13%.

Recently there has also been an interest in the process of nondegenerate second har-
monic generation in a cavity as a source of squeezed light. In nondegenerate second
harmonic generation, two modes with frequency w; and w; combine to create a second
harmonic mode of frequency w, with w = w; + we. This process has been investigated
theoretically by several authors [23-25].

One of the main objectives of this thesis is to calculate the outpul squeezing spec-
tra and the mean photon numbers for the fundamental and harmonic modes involved
in degenerate second harmonic generation inside a cavity coupled to squeezed vacuum
reservoirs. We also calculate the squeezing spectra for the fundamental and harmonic
modes involved in nondegenerate second harmonic generation inside a cavity coupled to
ordinary vacuuin reservoirs.

The arrangement of this thesis is as follows: In chapter two we present our analysis of
degenerate second harmonic generation. This involves derivation of linearized Langevin
equations of evolution for the fundamental and harmonic modes. The solution of the
resulting equations are used to calculate the squeezing spectra, the quadrature variances
and the mean photon numbers of these two modes. In chapter three, we obtain the
linearized Langevin equations of evolution for both the fundamental and harmonic modes
of nondegenerate second harmonic generation. We then obtain the quadrature operators

in frequency space for the sum and difference of these two modes. Finally, these results

are used to calculate the squeezing spectra.




2. Degenerate Second Harmonic Generation

In degenerate second harmonic generation a light mode of frequency wy (fundamental
mode) interacts with a nonlinear medium and is up converted into a light mode of fre-
quency 2wy (harmonic mode). The nonlinear medium is placed inside a cavity driven by
a coherent light of frequency wy. Here we seek to consider the case for which these modes
of light are coupled to squeezed vacuum reservoirs via a single port mirror. We scek here
to calculate the squeezing spectra for both the fundamental and second harmonic modes.
In addition, we also obtain the quadrature fluctuations of these two modes, with the aid

of which their mean photon numbers are determined.

2.1 Linearized Langevin Equations

We carry out our analysis using linearized Langevin equations. To this end, the quan-
ium system under consideration is describable in the interaction picture by the Hamilto-

nian (b =1)

H = z'e(a]L —a)+ ig(bTaz — b(jz), (2.1}

where a(b) is the annihilation operator for the light mode of frequency wy(2uwe), & is the
coupling constant and € is proportional to the amplitude of the cohereni driving light.

The quantum Langevin equation for the operator a(t) is given by

d . “Ya .
Za(t) = —ila(t), HO) — Za(t) + Fu(0) (2:2)

where 7, is the cavity damping rate for the fundamental imode and F,(¢) is a noise operator

with vanishing mean and satisfying the correlation functions

(F, (D) F (1)) = e M,~,8(t — t'), (2.3a)
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(FLEFL()) = Noveb(t — 1), (2.30)
(F(FJ () = (Nu+ 18t — 1), (2.3¢)

For a squeezed vacuum reservoir
N, = sinh?(r,), (2.4¢)

M, = cosh(r,) sinh(r,), (2.4b)

with r, being the squeeze parameter.
We note that

[a(t), H()] = i(c — wal (£)b(1)), (2.5)

and substitution of (2.5) into Eq.(2.2) yields
Sat) = ¢ — wal(D)b(2) — %a(t} | Fa(t). (2.6)

In addition, following a similar procedure, one can readily verify that

%b(t) = Za*(t) — TH) + Fi(t), | (2.7)

in which 4, is the cavity damping rate for the second harmonic mode and (1) is a noise

operator with vanishing mean and satisfying the correlation functions

(B () = ™ Myyd(t — 1), (2.8a)
(FYOF(E)) = Nyyb(t — 1), (2.86)
(B8} (1)) = (N + (e — 1), (2.8¢)

For a squeezed vacuum reservoir

Ny = sinh?(ry), (2.9¢)
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My, = cosh(r;) sinh(r),

with 74 being the squeeze parameter.

(2.95)

Next we seek to obtain the steady state solutions of the quantum Langevin Egs. {2.6)

and (2.7). Taking the expectation values of these equations, we see that

d ! Ya

Zla() =& = wla ()b()) ~ S{a(t)) + (Fa(8),

Using the property of the noise operators

(Fa(0) = (F(1) = 0,

we find at steady state

Now applying the semiclassical approximation

((ﬂL by = (aj)(b) = ap fo

and

(a®) = ap?,
one gets

€1%eg + :Yicl — ke =10,
2

612 = Yot2,

where
(OJ) = (o,

jaka s

(2.10a)

(2.100)

(2.11)

(2.12¢)

(2.120)

(2.13a)

(2.136)

(2.14a)

(2.14b)

(2.15a)




(b> = flo,
€1 — K{g,
fg — Hﬁg.

Upon multiplying (2.14a) by ¢*, we have

2 Ta
61* (&)1 + ?61*61 — hIE}*E = 0,

so that employing the complex conjugate of (2.14b) in (2.16), one finds

Ya

2

Ype €p + €76 — seje = 0.
Upon subtracting this equation from its complex conjugate, we get

56(61 — 61*) = 0,

from which follows

€= €.

With the aid of (2.14b) and (2.17c), one can easily show that

€y — 62*.

(2.15b)

(2.15d)

(2.16)

(2.17¢)

(2.17b)

(2.17¢)

(2.17d)

Employing the square of (2.14a) along with (2.14b), (2.17¢) and (2.17d), one arrives at

1
’75623 + ’Ya’)’bﬁzz + 1%2%62 = (.&6)2.

(2.18)

We now proceed to linearize Eqs. (2.6) and (2.7) about the steady stale solutions. To

achieve this, we write the mode operators a(t) and b(t) as

a(t) = ag + A(l),

b(t) = fo + B(?),

6
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in which A(t) and B(t) represent small variations about the steady state values. Apply-
ing Lgs. (2.6), (2.7), (2.12a), (2.12b), (2.15¢), (2.15d), (2.19a), (2.19b), and neglecting
second—order terms in A(t) and B(t), we get a linearized equations of evolution for the

fluctuation operators

%A(t) = Jz—“—A(t) — AT (1) — aB() + Fu(1), (2.20a)
%B(t) = —jzﬁB(t) + e A(t) + Fy(t). (2.200)

In order to decouple these differential equations, we introduce new operators defined by
As(t) = AT() £ A1), (2.21a)
By(t) = Bi(t) 4+ B(), (2.215)

so that combining Egs. (20) and (21), we obtain

Las) = (L + ) A(D) - cBalt) + Bald) (2.220)
%Bi(t) = _%Bi(t) + e As(t) + Fi(t), (2.220)
in which
Ey(t) = FI(t) + Fu(t), (2.23a)
Fi(t) = Fl1) £ B, (2.230)

Now multiplying Eq. (2.22a) by -y,/2 and (2.22b) by €; and adding the resulting equations

gives

L (2) + [ﬁ(%“ + ) + ef;] Aslt) — %Ei(t) Fafu(t).  (2.24)

On differentiating Eq.(2.22a) with respect to time and taking into account {2.24), we
arrive at

(P’ Ya T d Vb , Va 5 B
EﬁAi(t) + [? + e+ E] d—tfli(t) + [?(? + 62) + 51] A:l:(t) =
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d Yo ,

To obtain the solution of this differential equation, one can write [26)

A A0 = 0+ BB — @ F),

( 2

where on account of (2.25) and (2.26)

/\i:%[%i 2+%] +\/l [ﬁi€2+ﬁ]2_ [ﬁ(iaie?)ﬁg],

9 9 112 9 2\9
Y +:fg]__\/£[v_aif N TN
E gl —% T 419 77279 gtg T ETA]

Now setting

d

2 A () T A () = Yie(t),

we have

{ d
e+ AYe(t) = ZBa(t) + 2 Ea(t) — ().

The solution of this equation can be expressed as

Vi(t) = Ya(0)e ™™ + f di' e ) [ li,E (t )‘|‘%Ej:(t’)“C1Fd:( )}
¢

we note that

I3 i
[ e LB = o) = Ba(0)e M~ [ AaBat)e Ot
0 {i

0

so that using this result in (2.29a), one readily gets
Yi(t) = [Ya(0) — Ba(0)] e™* 1 Ea(?)

¢
—I—e*’\*t/‘ (76/2 — Ap) B (t') — er Fy (1) ety
0

Moreover, with the aid of (2.29¢), the solution of Eq. (2.28a) can be written as

Y3(0) — Ex(0)
Nt — Ax

As(t) = Ap(0)e ™t 4 [

8

(2.26)

(2.27a)

(2.276)

{(2.28a)

(2.23b)

(2.29a)

(2.29b)

(2.29¢)

i
](e—,\it o e_"*t) +/ Ei(t.')e—ni(t_t‘}dtf




t "
+ef”it/ e(”i“’\i)t”di"/ [(98/2 — AL)EL(t)) — al Fu(t)) e dt'. (2.30a)
0 0

Fvaluating the double integral applying integration by parts, one easily finds

f”

[4
et f (1= AR gy / (/2 — A ) B () — e Fa ()] ' dt!
0 0

1 t ,
= {e“AiL/ [(’)’5/2 — Ai)Ei(t’) - élFi(t,)} e’\*t dt’
M+ — Ag 0
1
— ! / (/2 — A) B4 (') — e Fy(t)] ™V dt' | . (2.300)
0

Now combination of (2.30a) and (2.30b) leads to

T [Ya(0) — By (0)) 7

{
—I—e—'\itf (/2 = As)Be (V') — ex Fi(¢)] ™+ dt!

[==]

t
—ent [ (el = n)Bae) - a P st | (2.31)
0
Furthermore, from (2.22) and (2.28a), we note that
Yi(0) = 1 — (va/2:k63)] AL(0) — @1 B4(0) + E4(0), (2.32)

so that on substituting this result into (2.31), we have

1
N+ — Ad

As(t) = [( [(Ya/24€2) — Ax] AL(0) + elBi(U)) e E

# (e (22 4500) - aBa(0) o
¢
+/ Ey(t) [(ﬁ — Ap)e M0 (ﬁ - r}ﬂ:)e_”i(t*t')] dt’
:
—I—/ e FlL(t') [e—”i(t_tr) - e_'\i(i_ﬂ)] dt'l. (2.33a)
0
Using (2.27a) and (2.27b), we see that

Yo/2Fes — Ax = —(/2 — 1),
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nt — (Va/2Fe2) = (1/2 — Az),
we can rewrite I9q. (2.33a) in the form of

1

Ax(t) = — [[(%/2 = Ap)e M — (/2 — )] AL(0)

+ ¢ [e7 — e By(0)
i
+ / EL(t) [(’Yb/.? — Ap)e MU (/0 r]i)e_”*“_t’)] dt’
0
t
-]-] €1 Fy(l) [e”’*(t"t') - e#’\i(t"*')] dt’}.
&

Upon setting

[543 _ ; _ ,
t,t) = [ apli—t) _  —Ax(i—t!) ’
fi( ) e — /\i c e ]
ga(t,?) = (02 = na)e 010 (/2 = Ap)e 0]
Te — At
g2t t) = [(’Yb/z - f\:t)eﬁ”*(t—tl) — (vs/2 — ni)e"'\i(t—t’}] ,
Nt — Ay
we have

Ar(t) = —gx(1)AL(0) + fo(t) B£(0)
i 1
- f gu (b, ) Ex ()t + f Falt, ) P (#) 2,
0 0
Combination of (2.15¢), (2.15d), (2.19a), (2.19b), (2.21a) and (2.21b} yields
A (0) = [(LT(O):E(L(U) - (m)%] ,

BL(0) = [bT(e);tb(O) —(1&1)%_2] .

Then in view of these expressions, we see that

As(t) = ~g(8) | (T O)a(0)) — (11)]

K

1 () [(b (0)£b(0)) — Uil)%]

10

(2.330)

(2.31a)

(2.34b)

(2.34¢)

(2.35)

(2.36a)

(2.36b)




t t
—/ gi(t,t')Ei(t')dt'+/ Fe(@, Y Pt (2.37a)
0 0

This can be put in the form [26]

120 = | )~ o) = 0s(0) o 0 £ a(0)
+ha(t) [o1(0) £ 00)] - fo g () B () + j; R () (2.375)

On the other hand, the solution of {2.22b) can be expressed as
Bi(t) = Be(0)e "t 4 e2 /; t [ Ax(t) + Fi(t)] e =1 dt, (2.38a)
so that with the aid of (2.37b), one obtains
20 = B0 1 e [T [ (agatt) - artepetar
0

~ (al (0) £ a(0)) fﬂ ga (e @ 1 (b1(0) + 5(0)) /0 Fe(t")e st dt”

13 i
ot
o / e 1 dt” f
0 0

t t”
g (" Y EL ()t + / e 2t dt" f fi(t”,t’)F:h(t’)dt’]
0 ;
-~ t -~
e~ Pt f Fo()e® at. (2.38b)
0

Using the same technique as in the previous case, we find

t”

i
f e/ " f ge(t" ) EL (1) dt =
0 0

1
e — As

0

!
[e(’vb/?—rii)tf Ei(t’)e”*t’dt'

¢
ﬂe(ﬁblﬁ—f\i)tj Ei(tl)e’\it’(lt'} (2.39a)
)

and

[
/ Fy(t')em dt!
0

¢ " t (ve/2—nx )t
/ e'n,ﬂt d f f:l: (f.”, t’) Fi(tl)dtf _ €1 [e
4] 0

e — Ax |1/2 — 4
_6(1_5/2—1\¢)t t nohgt! L — At ' Tyt
. +i r ; zt ‘ / ‘ '
Yo/2 — Ax /u Felf)e (1/2 = AL }0/2 — ) ,/o Felt)e dt} (2.390)

11




Hence substituting (2.39a) and (2.39b) into (2.38h), we easily obtain

1 141

- €1 i eﬂhtt _ 67,\:}}
Bi(t)-fii*f\i ( K il )
_ 62(1:1:1) [(%/2 _ ,\i) et (’Tb/2 . ni)e—,\if]

— (a (0)£a(0))es (e ™ — 4
+ (01(0)£6(0)) [(16/2 — Au)e ™ — (/2 — na)e #!]
+ [ w2 M) F(E) - aBa) e it
~£mmwwgawwﬁﬂwMameﬂ. (2.400)
Tn view of (2.34a), (2.34b) and (2.34c), Eq. (2.40a) turns out to be [26]

Bﬂﬂz[%?hqﬁ@%%wﬂmffﬂﬂhnmidm]

el (1) [51(0) £ 10 / Fa(t, VL () + f g4, 1) () d. (2.400)

2.2 Squeezing Spectrum

In this section we wish to calculate the squeezing spectrum for the low-and- high

frequency modes. To this end, we recall that the output squeezing spectrum is defined by

Sax(w) :/ dre ™ (a$(t + 1), ad'(1)) ., (2.41)
in which
(g (t+7), a5 (1)) = (0 (t+ 7)ad (1)) — (a3 (¢ + 7)){ad(1)). (2.424)

The output and input operators are related by

al'(t) = /7 axl(t) — a (1), (2.42b)

12




where a4 (t) is the intracavity mode.

The intracavily quadrature operators @, (t) and a (1} are defined by
ar(t) = al () + alt), (2.43a)

a_(t) = i(al () — a(t)) (2.43b)

and the input quadrature operators a?(¢) and «™(t) are defined by

(Lin = _,L T " = —l
+ (t) ﬁa (Fa (t) + I{ﬂ (t)) ﬁa
(Lin = ? 4T — =
- (t) \ﬁa (Fa (t) Fﬂ(t’)) ﬁﬂ

On employing (2.42b) along with (2.44) and taking into account the properties of the

E. (), (2.44a)

E_(1). (2.44b)

noise operators defined by (2.3) , one easily finds

(St + 7), a3 (1)) = +2(cos 0, M, £ N, F1/2)6(7) + o {as(t + 7), a5 (L))

V¥ e (t 4 1)a () + (o (¢ + T)ax(t))] - (2.45)

Recalling that
ay(t) = 200 + A1 (1), (2.460a)
a_(t) = iA_(t) (2.460)

and taking into account (2.44), we see that
(a5 (t -+ 7), 63 (1)) = £2(cos 0o MaEN,£1/2)8(7)Eva (AL (t + 7), AL(L))

F ALt + ) B0 4 (Bat + r) A (2.47)
We consider the case for which the intracavity modes are initially in vacuum states. We
then note that

(a(0)) = (a1(0)) = (b(0)) = (T (0)) =0. (2.480)
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(@(0)6(0)) = ((0)b1(0)) = («T(0)bT(0)) = (aT(0)6(0)) = 0. (2.48b)
(el (0)£a(0))?) = (b1 (0)F6(0))2) = +1. (2.48¢)

Now applying (2.37b) along with (2.3), (2.23) and (2.48) one readily obtains

(Aa(t)) = Hﬂ (eags(8) — eofs1)], (2.490)
(At + 7)) = [1?] [e1g(t + 1) — oSt + 7)) (2.495)
and
LT
(ALt 4+ 1)FEL()) = — /l; gt + 7, Y EL () EL())dt, (2.50a)
(Be(t+m)ALD)) = — [:gi(t,t’)(Ei(t + ) EL(t))dt, (2.508)

(st )A0) = [T gt 1) = afeloot )l fagal) = eafslr)

+{g+(t + 7)o () + fi(t 4 7) Fx(8)]
T [t
+ / [ / gt + 'r,t')gi(t,t”)(Ei(t')Ei(t"))dt'} dt”
0 0
tHr [t
+/ {/ felt+ T,t')fi(t,ﬁ”)(Fi(t')f"i(t”))dt'] de”. (2.50c)
0 0
From (2.11) and (2.23) we note that

(Ex(t)E4(t")) = Zya(cos 0, My N, £1/2)6(' — 1), (2.510)

(Fy (Y FL(E")) = 27, (cos Oy My=Np1/2)6(1 — 7). (2.518)
On account of these relations, (2.34) and (2.37b), expression (2.50) takes the form

— 2 (cos @, M, +N,+1/2 o
(Ai(t + T)E:{:(t)) = 7 ( . /\i / ) [(7,5/2 — ‘r]i)e s

—(1/2 = Ap)e 7], (2.52a)

14




(Bx(t+7)AL(2)) =0, (2.526)

(AL{t+ T)AL()) = + [(%/2 _ .ni)eﬂii(t-+nr)

L
(me — As)?
—(/2 = Ax)e D] (/2 — qa)e ™ — (/2 = As)e ]

ie? [B—H:E(H-T) _ euf\i(H—fr)] [e—niz B e_’\it]

N [(111)61

K

} [(Cz - 7&/2 + A ) —Ax(t4+7) _ (62 _ 'Yb/'z + Ui)e—ni(t—}--r)]
[(€2 = /2 + Ag)e™™ ' — (e — /2 + ne)e ™|

9 _
+a(cos B, My £ N, +1/2) [(7@,/2 — g )e T [(ﬂ’/_n_ji)(l — ety
+

_9 M)(l _ 6—(=1i+A¢)t)]

e + Ax
2— A 9
F (/2 — Ap)e T [('_7,"/__35)(1 _ ety Q(M)(l _ 64{ni+,\i)t)H
At N+ -+ Ax
+73(cos BbﬂfbiNb:l:I/g)Glz leunfr [L(l _ 6427]11) _ 2 (- eu-(ni-f,\i)t)]
T+ N+ + At
A e+ Ax

Now with the aid of (2.49) along with (2.34) and (2.52¢) it can be verified that at steady

state

 a(cos 0y M, 4N, 41/2) [e-f\ﬂ 2 e 147 Al 2)]

—_— 2 J— —_—
(Aih(t—*-T))Ai(t))ss - ni A‘Ai )\:l: (4 )\:{:) e (4 7&

— A B

+ €1 (COS Gbe:EI\ +1/2) [ g AET e’):l:’f]
As i

so that substitution of (2.52a), (2.52b) and (2.53) into expression (2.47) yields

(@3 (¢ -+ 7),af(t)),, = £2(cos 0o Mo £ N, E1/2)8(r)

2 4\ T 2 — 4T
i (cos O M, =N £1/2) e 15T 2
s To(cos VMt Bl /2) e gy T
ni — AL Ay 4 ny 4
6%%75((303 051\'1[5:]:1\[5:*:1/2) AT e TxT
+ m — A
+ +

15




| 2a(cos OM, N, £1/2) {( T

A “MET _ ﬁ_/\ ,TALT 954
i Dome)e ™ — (D= )e | (250

Then employing (2.54) in (2.41) and carrying out the integration, taking into account the

stationarity property, one easily gets

2624, 7(cos O, Myt Ny £1/2)

S = O, M LN, £1/2)+
el = Rloos Mot N 2P G N )

2% (cos O, M, XN 41/2) | Ya¥E
2 —2 A — — Al - 2.55
@+ 402y Y (a + 9 — 2002 + M) + =7 — M e (2.55)
Furthermore, with the aid of (2.4) and (2.9) we see that
62r° —2ry
+2(cos 0, M, +N,+1/2) = (1L cos 8,) 5 + (1F cos 8,) 5 Ri(re, 0,), (2.56a)
e?rb —2ry
+2(cos 0, My 4Ny +1/2) = (14 cos 6;) 5 + (1F cos bh) g = Ry(ry, 0h). {2.56b)

Finally, on account of (2.27) and (2.56), the expression for the squeezing spectrum takes
the form [26]

2
Ry(ry,
29a€2(w? + T2 Eyaveei(l — ﬁ%)

[3Cpte) i —o?] +wi(hta + 1)

Senlw) = |15 Ri(r,0.).  (2.57)

where the + and — refer to the squeezed and unsqueezed quadrature operators, respec-
tively. In addition, following a similar procedure, it can be readily established that for

the high frequency mode

(Be(t + 1), Bx(t)),, =

E‘f'yﬂ (COS 0& l‘/[a if\rﬂ :l:%) l:e“f\i’f c—’lif}

ni — AL At gz
%(cos(iffigbflﬂ) e;r"(%/Q Y S (10/2 —ms)?
_ 2(m/2 —U;\il(;i/z — 1) (e + G—Aif)] , (2.58)
(B4 M), = TR (2 e
—(W/2 — Aa)e T, (2.59¢)
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In view of these results and (2.51), we have
(b3 (& ), b3 () = B (0, 00)8(7) + (B (L + 7), Ba (1)),

TUBL{E + 7)), + (Tt + 7)Be(t)),,], (2.60q)
so that on account of (2.58) and (2.59) we have

Ry (v, O)ys

(O3 + 1), b)), = R, 00)8(7) + 3
(74 — As)

|5/ ) 22 = )

—AeT
N (7/2 — ns) [%/2(/2 — na) + Ae(nx — Ax)]
oY/ 202 = As) (/2 — ns)
Ny + Ax
Pt [0

— (e — Ax)] +

(64,\;1:1"_{_ 6#7;if):|

2.60b
" - (2.600)

ni — AL

Hence the squeezing spectrum at steady state turns out to be

Soalw) = |14 o (2 + de — /2) — 202 he) (e 4 A = /2 + vl TGS
(w? + AL Hw? + n%)

XRi(T‘b,Ob), (2610)

Now on substituting the explicit forms of ny and Ay, there follows [26]

R Tu,ga
26-2 E%’}'b :I:'Ya "YbG%(J. - ﬁgv—b,ﬁ)l)

S w) = |1
) I: ' [[75/2(%/2:}:62) + ¢ — w2 4 W [va /240 + /2]

Ri(rb, Ob) (261b)

On account of the relation (2.14b) along with (2.56a) and (2.56b) with 8, = 6, = ,

expressions (2.57) and (2.61b) take the form

i 9 L€ 2 2 4)+ 2 21 — F2(rp—7ra)
‘Saa:t(w) _ 1:1: Ya €2 [(w +’Yb/ ) Tb/ (2 c - )] 6$27‘a’ (262@)
L['yg,/E(fyﬂ/Z + e(2:41)) — w?] +w2(1‘2—%:l:62)2_ |
] 292 ¢y [eatye /21 — eF2ra=ry)
Spe(w) = |1F 1 [t/ ° )1 Il T (2.625)
] _[%/2(7,1/2 +e(241)) — W + Wi Ee)? | |
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We see that for ordinary vacuum reservoir {2.62a) and (2.62b) reduce to

. 2eq7, (w? + :f)
F ; ’
o/ 2(7e f2462) + € — W] + w(a /2% +7/2)?

Sex(w) = (2.63¢)

2626%%
[16/2(7a/2%€2) + €2 — w2 + w{ya/2Le; +7/2)2

Sb;t(w) = 1:F (2.635)

The squeezing spectra defined by (2.63a) and (2.63b) are in complete agreement with the
results found by Walls and Mitburn [14].

We now proceed to determine the squeezing spectra at the critical point. At the

critical point

€g = ’Yzi + lzb‘. (2'64(1)
and the critical frequency is
w?, = 6% + 76/2(70/2 - 62): (264{))

so that substituting (2.64a) and (2.14b) into {2.64Dh), one obtaius

2= Doy, + ). (2.64c)

w b
c q

On account of (2.64a) and (2.14b}, the squeezing spectra for the squeezed quadratures for

the low and high frequency modes at the critical point turn out to be

S, () = [1 - [%(% ) (@ 90/4) 4 /21— e )] H e (2.65)
(e + 1) — % /4 = @) + W (7 + 1)

i, a0) = [1 - [%2/2(% £98) [ 0 F (L — 70 )] H e (260)

(e + 1) — 98/4 — 0] + w2 (e + )2

At the critical point and critical frequency the squeezing spectrum for the unsqueezed

quadrature diverges. However, for the squeezed quadrature we have

) (2 — = 2rira)
S{:-{-(wc) _ {1 B [')"a [711 + ?7a[2-1_ ,Yb)z ]] }} 672“. (2.67(&)
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Similarly, one finds
Y,

(Yo 4+ )?

Spy (we) = {1 _ ['Tb [’)’b + Ya [2 - 6—2(ra_,‘b)H H L

For an ordinary vacuum, expressions (2.67a) and (2.67b) reduce to

Ya
lSa Wwe) = 1 -
+( 'Ya + '.)"b’
¢ Yo
Spyr(we) =1 —
bt (we) P

(2.67)

(2.68a)

(2.68b)

These results arve in complete agreement with the results obtained by Walls and Milburn

[14].

If the damping rate for the high frequency mode is much smaller than that of low

frequency mode (v, < v,), perfect squeezing is approached in the low frequency mode at

we = £/27,7. On the other hand, if v, > ~,, perfect squeezing is approached in the

high frequency mode at w, = ++;. The critical frequency is not, in fact, the one giving

the greatest squeezing except in the above limiting cases [14].

2.3 The Mean Photon Number

In this section we seek Lo find the mean photon number of both the low-frequency and

high-frequency modes. To this end, recalling that
ap.(t) = of (&) + a(t)

and
a(t) = i(al(t) - a(t)),
we have
(Aar () = (e (1)) — (as (1)),
(Aa-(®))’ = ((a-(®)?) - (o ()"

19
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Applying the definitions of the quadratiire operators, we have

2

(s (0)) = (1 (0)) = ((@8))) +2(el @alt)) + 1, (2.70q)
(as () = (el ) = () +2faf D) a(o) + 1. (2.700)
Hence using (2.70a) and (2.70b) in Eq. (2.69a) and (2.69b), respectively one gets
(Aay () = (Aah (1) + (Aa()) + 2(at (a() - 20al @)@ +1,  (2710)
(M) = ~(Aal (1)) — (Aa(®)? 1 2eT@Wa(®) - 2T @O)a) +1. (@710)
Adding (2.71a) and {2.71b) gives us
(l (Da(0) = 7 [(Aan() + (Aa_(0) + &ad D) a(v) 2] (2.724)
Similarly, one finds for the high frequency mode
(B p) = § [(Aby () + (Ab-(@)? + 4l @) p0) 2] (2720)

Next, we wish to obtain the variance of the intracavity quadrature operators for these

two modes. recalling that
ay(t) = 200 + A4 (L),
a_(t) =1A_(1),
one obtains

{ax(t), e (D)) = £(AL(t), AL(2)). (2.73a)

Now setting 7 = 0 in (2.53), one finds

(a5(1), ()., = +

Yo(cos 8 Mot No%3) [1 v \ Loy

(ne — A’ Nt
2 G M EN LD T 1 1
sttt Ny (1 1) o
i — AL Ar ns
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Employing (2.73h) along with (2.27) and (2.56), one obtains for the low frequency mode

Yay 'a K Fhy
L[ te + 3) g - G0 - el
Aaj = ’ Ri(ra,0.), (2.14)
. 355 7] [ 1]

similarly, for the high frequency mode, we have

BOpe) (ke + 1) + H0a +w)d - Pl - fieg)
B Cpder) + ] [odes + 2]

Ra(ry, 0,). (2.75)

Abiss [

Furthermore, taking into account (2.74), (2.14b) and (2.56) with 8, = #, = =, we find

that the variance of the intracavity quadrature operators for these modes have the form

Ad? = a2 [’Y_a%ﬂ + 62(2i1)] + pepeFilree) o F2ra (2.76a)
Thos [o/2 + €2(241)] |22 16y ’ '
e _ | Gel2Ee)(Fde) + 6 (1t et ]| (2.76b)
dss T Yal2 + (241 miﬁz ’ .
2
For ordinary vacuum reservoir, these equations reduce to
Aa® = Ya/2 (225 + (24 1)] + s (2.77a)
T a2+ e(241)] [ L]
and
Ab? (’Ya/gifz)(%g% jzéz) + 62(73 + 75) (2776)
s [Ya/2 + ez(2:41)] [%m:izcg] ’

so that at the critical point the variance of the squeezed quadrature operators turn out

to be
9 —2(rp—ra)
Ad = [ Yo T+ 0e ] e e, (2.78a)
5 4y, + 3%
29 [1 4 1/2¢7Hra=m)
AR = |2 [L+1/2 4% o, (2.78b)
5 4ye -+ 3%
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But Ac?  and Ab? __ diverge. It is easy o check that for r, = ry = r expressions (2.78a)

and (2.78b) reduce to

A 2 _ Q’TR +Aﬂl e—‘2r

2.79
+SS 41}’0 -+ 376 ( a)
e+ o
= e 2.79b
tos 49, + 37 ( )
If we consider the case for which y, = v = =y, we have
2 3 —2r
Ady,, = ne (2.80a)
AR = e 2.80b
tss T ?6 ' ( ' )

These results are independent of the driving field amplitude and the cavity damping rates.

For an ordinary vacaum reservoir

A(Liss = %, (2.81a)
Ab 2 1%
=7 (2.815)

On account of (2.72a), (2.76a), (2.15a) and (2.15¢), the mean photon number for the low

frequency mode turns out to be

. 9 Yatvs 3¢ —2rp—7e)
(a*a),, = L/ [ + 36 ++'75528 =27
[")fa/z + 362] [’YGZ'YI) + 62]

7(1/2 ["."a+'fb + 62] 'JF ,Ybeze?(rb—-ra)
[’Ya/2 +e ] [%Jr'n _ 62]

Moreover, using (2.72b), (2.76b), (2.15b) and (2.15d) we have

e 4 4— — 2} (2.82a)

) = (/2 @)t &) falpt e ],
58 4 [7&/2 + 362] [’)‘u‘;‘?‘b + Eg]

s [(’Ya/z e )('va+'va — &)+ e [’)’b + %62(“_”’)]
e/2 + €] [*3™ — ¢

2
eV 42 2} . (2.820)
K
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It is easy to see that at the critical point, the mean photon number of these two modes
diverges. The method of deriving the squeezing spectrum from the linearized equations
of motion breaks down at the critical point because the fluctuations in some quadrature
diverge at this critical point, rendering the linearization procedure invalid. However, the
squeezing spectrum so derived at critical point is still useful; it gives an upper limit o the
amount of squeezing possible and also is a measure of the squeezing that will be observed
in the region where the linearization procedure is valid [25].

We now consider the case for which

Yo =Y =, (2.83a)
e =1 = T (2.83b)
With the aid of (2.83a) and (2.83b), one can write Eqs. (2.82a) and (2.82b) in the form

L[ y/2(y +3ea) +ves
+ e B S N eV R N DS 27
@ e = g {wz +3e)(7 )

+(’T/2 + e}y — ) +a 42 ] (2.84a)
vy = L2t eyt a)tove
(670}, = 3 [ T2 13000 & e
(7/2 + e2)(7 — e2) tis 2} : (2.84b)

Combining (2.72a), (2.76a), (2.15a) and (2.15¢), the mean photon number for the low-

frequency mode can be expressed as

( Ta} 1 ["y(fy +5e)(—2M + 2N +1)  ~(v+ 3e)(2M + 2N + 1)
a = —
o4 (7 + €2)(7 + 6e2) (7 — 2}y + 2¢2)
deye
+ 1{.22 — 9. (2.85a)

Moreover, Using (2.72b), (2.76b), (2.15b) and (2.15d) we have

(bTb) 1 [(72 + 265 + Tye)(—2M + 2N + 1) (4% + 262 4 vye2)(2M + 2N + 1)
(7 + ea){y + 6es) (v — &) 4 2¢2)

58 tl’
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For ordinary vacuum reservoirs Eqgs. (2.85a) and (2.85b) therefore reduce to

(ata), = 2e2(7? + 3ye; + 3€3) ve
T (vt ea)ly -e)y+6a)(y+2a) k2
(b‘lLb)ss _ 263 (dey + 37) €

+ —=.
27 + el(y + 6e)(y — a)(v+26)
Upon setting v, = v = v in Eq. (2.18), one gets

K2e?

£g — .
(e} + ver + 197)

Substituting this result into (2.86a) and (2.86b) yields

265(7% 4 3vey + 3€2) g?
(a‘l ﬂ')ss = + 2 1
(v + e}y — )y +6a)y +2a) o +yet+ y?

and

( of B - 2¢5(des + 37v) 4 et
< 2y ta)ytbe)y —e)(v+2a) (v +ata + )

When & = 0, these equations reduce to

{ala) = W,
(b1hy . =0.
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(2.850)

(2.86a)

(2.865)

(2.87)

(2.88a)

(2.88a)

(2.89¢)

(2.89b)




3. Nondegenerate Second Harmonic Generation

In the process of non-degenerate second harmonic generation, two modes with fre-
quency w; and wy combine in a nonlinear medium placed inside a cavity to create a
second harmonic mode of frequency w with w = wy + wy. In this chapter we analyze the

squeezing spectra for the sum and difference of the fundamental modes.
3.1 Linearized Langevin Equations

The Hamiltonian describing this process in the interaction picture is given by
. 1 ] bl
H(t) = ieq(a] — a1) +1ea(ag — a2) + i6{a1a2a5 — ¢y aqas), (3.1)

where a1 and a2 are the annihilation operators for the two subharmonic (fundamental)
modes of frequency w; and ws, respectively and «3 is the annihilation operator for the
light mode of frequency w, & is the coupling constant and &; and &4 are proportional to
the amplitude of the coherent driving fields.

The quantum Langevin equations of evolution for the three cavity modes a;, a; and

agz are given by

d o "
d—tal(t) = —t{a (1), H(t)] — ?al(t) + (), (3.2a)
%(Lz(t) = —tfaa(t), H(1)] — éiag(t) + F(8), (3.20)
d y s
E(Lg(t) == _L[(Lg(t), H(t)] — —Z"(Lg(t) + Fg(f,), (323)

where IY; are the noise operators and ; are cavity damping rates with j=1, 2, 3 .

We note that

{a (), H{t)] = i(e1 — ﬁ'.a;rag), (3.3a)
[ag(t), H(2)] = i(es — H.(Lliag), (3.3D)
[as(2), H(t)] = iraras. (3.3¢)
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Substituting (3.3a), (3.3b) and (3.3¢) into (3.2a), (3.2b) and (3.2¢), respectively we have

d

—h;al(t) =£&1 — “"‘12( )(53(]5) - —al(i’) + Fl( )

(—lczi[(t) =e] — R(Lg(f.)(ti(t) — ’T—I(Li () -+ F;[ (1),

dt 2
@ a(t) = &2 — wad (aslt) — aalt) + F(1)
(—i—al(t) =g — f;al(t)ai(t) — %a;{(t) + Fj (1),
d

Lad® = el el - Lo+ ).
Assuming that v = 2 = 7 and €; = €3 = ¢, Bgs. (3.4) can be rewritten as

d _ i ,
_g{”’l(t) € — Ka (t)ag( ) — 501@) + Fi(1),

d +, . o ;
el =& st - ol + £l
éaz(t) =e&— nal (t)ag( ) — %(;,g(t) + Fy(t),

Loy = e waad® - Lady + ),

d o 3 n
E.\13(1&) = ra(t)as(t) — 5 as(t) + F5(1),

Ll = sal el ) - Lady + A0

(3.4a)

(3.4b)
(3.4¢)
(3.4d)
(3.4¢)

(341}

(3.5a)

Now we seek to determine the equation of evolution of the quadrature operators for the

harmonic mode and the sum and difference of the fundamental modes. To this end, taking

the expectation value of these equations, we see that

d

() = = slal (Das(®) -

(e () + (F (1)),

N-WQ

%(af(t)) =" ﬁ(az(t)aT( b)) - ‘(ffq () + (),
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(3.6a)

(3.60)




d

aa(t)) = & = el (Das V) — Taa0)) + (F(0), (3.6¢)
%*‘i (1) =& — wlar(Oed @) — @) + (B 0), (3.64)
9 as(t)) = slar(Das(®) — as(0) +{F(0), (3.0
Lad o) = sta Oaf) - Liad oy + (703, (3.6)

Using the property of the noise operators defined by (2.11), we find at a steady state

e — el (Das(t) — Haan(t)) =0, (3.70)
& — klas()al (1)) — %((J(t)) 0, (3.75)
e~ wfal (Bas(®)) — Lealt)) =0, (3.1¢)
e = slar(ad () - Laf () =0, (3.7d)
w{ar(taz(t)) — las(t)) = 0, (3.7¢)
s el ) - Ziad @) =0 (3.1/)

Now employing the semiclassical approximation (a;a;) = {«:){a;) and setting
{a;) = ay, (3.8)

with j=1, 2, 3 one gets

£ — KQy0 — %afl =0, (3.9a)
£ — hase — %a]" =0, (3.95)
£ — Kajag — %ag =0, (3.9¢)
£ — Kooy — %a; =1, (3.9d)
Kenan — Loy =0, (3.9¢)

2
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Rajo — (%30; = 0. (3.90)

Applying the same technique as in the previous case, we find

e =¢", (3.10a)
] = OL’;, (3]0}))
as = o, (3.10¢)
a3 = oy, (3.10d)

We use the linearization procedure about the steady state values

a; = a; + A;(L), (3.11)

in which A;(f) represent small variations about the steady state values with j=1, 2, 3. On

account of (3.10) and (3.11), one can rewrite Eq. (3.5) as

%Ai(t) =T auft) - ks AN (1) — ke As(t) + Fi(2), (3.124)
(%AI (6) = _%AI (£) — kasAs(t) — ras AL () + F (1), (3.125)
;—iAg(t) — ko Aa(t) — rasAl () — Laalt) + By(o) (3.120)
%Ai (1) = —wenAb(1) — rasa(t) — Laly + H ), (3.124)
%Ag(t) = ke Ag(t) -+ mag Ay (£) — %AS(t) 1 Fy(0), (3.12¢)
%Ai (8) = way Al () + raw Al (1) - TziAl (&) + Fi (1), (3.12f)

It proves to be convenient to introduce new operators A, and A_ defined by

Aslt) = %(Al(f.):tflg(t)). (3.13)
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In view of (3.13), Eq. (3.12) is found to be of the form

{ : A
(;—tAi(t) = —%Ai(t) — ks AL()FrBLAs(t) + JTAL(L), (3.14a)
{ .
rAs(l) = =T A1) + (B Ay = BLAL) 1A AT(E), (3.14)
in which,
By = \/%(aliaz). (3.15a)
L ()£F (1) = \/29AR(L). (3.15b)

Subtracting (3.9¢) from (3.9a) and taking into account (3.10), we have

(HG’;} - 7/2)(01 — (’l’g) = D,
so that, in view of (3.15a)
ﬁ_(ﬁ:(l’;g - 7/2) =0,

from which follows for _=£0

as = % (3.15¢)
Substituting (3.15¢) into (3.14a), we see that
d v '|" in
At =~ [Ai(t)j:fli(t)] FrBads(t) + TAT(L), (3.15d)
1 .
;—t/lg(t) —~ —%AS(t) + (B Ay — BAL) + T AR, (3.15¢)

The equations for the fluctuation operators of (3.15d) and (3.15¢) simplify when writ-

ten in terms of the quadrature operators defined by
Xe(t) = AL() + AL(D), (3.16a)

Ya(t) = i(AL(t) - Aw(t)), (3.166)




X3(t) = AL() + As(t),
Ya(t) = i( A () — As(1)).

Upon differentiating (3.16) w.r.t time, we obtain

)= Sl LA

%Yi(t) i [EA]L( ) — —Ai( )]
do . d 4 d
7 Xs(t) = Ef@(t) + o As(t)
%Yg() [ Al - 4 @ o )].

Now combination of (3.15d), (3.15¢) and (3.17) leads to

*Xi(t) (111)1\1( YFRBLXa(t) + IXP(),
¥L0) =~ L)Y FRBY0) VAV (),
%X (t) = ?gxs(t) FR1B X ) — BX (D] + VTN (),

Yalt) = ~Bot) 4 k(B3 (1) - BY-(O)] 4 VALY ().

Furthermore, the linearized equations can be written in the form

1
2 X)) = AX(0) +TX (@),
d in
S0 =AY (1) 4TV,
where
- -
X=|x 1,
X3
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(3.16¢)

{3.16d)

(3.17a)

(3.17b)
(3.17¢)

(3.17d)

(3.18¢)

(3.180)
(3.18¢)

(3.18d)

(3.19a)

(3.190)

(3.20a)




}/

i
A

sin ;
}1 - Xz_n H

}/in = Y*z'n,

and the matrices A, and A, are defined by

[ )

—y 0 —sfy

Ay = 0 0 kB
| e —wB- /2 |

| 0 0 —&fy

Ay = 0 -y &A-
| 60y B /2 |

Moreover, 1" 1s given by
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(3.200)

(3.20¢)

{3.20d)

(3.20¢e)

(3.201)




0 7 0
0 0
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(3.209)




3.2 The Squeezing Spectrum

We now proceed to calculate the squeezing specira for the sum and diflerence of the
of the fundamental modes. To this end, we make a Fourier transform of Eq. (3.19) and

solve for X(w) and Y(w). The Fourier transform of X(¢) and Y'(¢) are given by

X(t) = 7%;-/ dwe™"" X (w)dw, (3.21a)

Y(t) = dwe™ Y (w)dw, (3.21b)

).

Substituting (3.21a) and (3.21bh) into (3.19a) and (3.19b) respectively yields

/ dwe™™ AL X (w) + TX™) 4 jwX (w)] =0, (3.22a)
/ dwe™ ™ [AY (w) + Ly 4 iwY (w)] = 0. (3.22b)

We then see that

X(w) = —(Ag + i) 'TX™{w), (3.23¢)
Y(w) = —(A4, + i)' TY™w), (3.23b)

where I is a unit matrix. The output operators are related to the input operators by
X(w) = TX () — X (), (3.240)
Yo () = TV (w) - Y™ (w). (3.245)

In view of these equations, we have
X(w) = — [IN(Ae + i) 7'T + I] X™(w), (3.25a)
Yo (w) = — [[(Ay + iwl) T + 1] Y™ (w). (3.25b)
We now proceed to find out X% {(w), X (w) and XJ*(w). To this end, setting

A=A, +wl, (3.26¢)
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A=Ay, +iwl.

Now applying (3.20e) and (3.26a),

—y + 1w 0 —KfB
A= 0 i KB

KBy —rB. v /24w

To find the inverse of the matrix A, one can use Cayley-Hamilton theorem.

(3.26b)

(3.27)

The characteristic equation of this matrix can be found by setting det (A — AI} =0

a—i 0 —b
det A = 0 c—XA d |-
b —d e—A
in which
= — 4+ iw,
b=rpy,
¢ = iw,
d=rp_,
e = 4’125; + 1w,

Therefore, the characteristic equation can be wriften as
X b BN 4 By 4 Ba =0,

where
ﬁl IH[({.—FC—]-C],
fo = —[ce + alc+e)+ b* + 71,
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(3.28)

(3.294)
(3.290)
(3.29¢)
(3.294)

(3.29¢)

(3.30)

(3.31a)

(3.315)




Jz = — [a.ce + ad® + bzc] .

(3.31¢)

By the Cayley-Hamilton theorem, a matrix must satisfy its own characteristic equation.

Thus we have

ﬁ3I -+ ﬁg/‘l + 181/'12 + A3 = 0,

and there follows

ﬂ?z )61 2 1 3
I=—"CA— A% — — A%
s Bs 3
This equation leads to
1
3

Finally, combining (3.28), (3.29), (3.30) and (3.32), we see that

mw) palw)  ps(w)

AN w) = pa(w) pglw) —ps(w) | o

—ps(w)  ps{w) ﬂs(w)#

in which

t{w) = TJL [—i%w —w? 4 (&ﬁﬁ)?‘] ,

1
D

pa(w) = =K f-,

1
alw) = E—-uc.ﬁ+w,

z

i . .
pale) = = |y Do — o 4 (s + T

ps(w) = 7 - b — B 1),

xz

1.
pow) = o5~ [~ — W],

with

Dy = o (B4 (kB) w0t 22| kw4 ) A (Bo)
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(3.32q)

(3.32b)

(3.33)

(3.36a)
(3.36b)
(3.36¢)
(3.364)
(3.36¢)

(3.36)

(3.369)




Taking into account (3.20g), (3.35) and carrying out the matrix multiplication, we

arrive al ) -
(7t +1) T2 Vel
TATT 41 = s (1) — st (3.37)
| TVl sk (7ape + 1) ]
Substituting this result into Eq. (3.25a) and using (3.20a), we have
(X-‘i”‘(w) | (ypa+1) Mo /¥ Vats | AP (w) —
X (w) v (yra+1) = Aks | | X2 (w) (3.8)
i X3 (w) | ] =VTka ks (vape + 1) 11 X§Hw) |
It then follows that
X9 w) = — [(ym + DXF (@) + v X2 (w) + s X3 ()] (3.39)
XM (w) = = [y X{w) + (ypea + DX ™Mw) = aps X5 ()] 5 (3.395)
X3 w) = — [~ AP X (W) + VT sus X (W) + (yaps + DX (w)] - (3.39¢)
Substituting the explicit forms of y1, fig, pi3, pta ps and g into (3.39), we obtain
XM w) = —51; [(iw [(884)" + (5B-)" - w?] + %wz)/\’i"(w)
F B X0) 4 1 T XE ), (3.40a)
X0 ) = | () + (67 = ot =)
F Al () - L] )
AT B XY () + (10— )T X ), (3400
X3w) = - [inbroy TN )+
(it — 7K X T (W) — iy + )Xy (w)] - (3.40c)
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Following a similar procedure, one can readily verify that
Yy (w) = 5 [[iw((nm_)z + (kB%) — w? — %)
¥

(60 = (683 + 702 02 2] ()

2 2
R BBV (W) + (fw — ) sk B Vit (w)] (3.41a)
Yo (w) = —51; [(z’w [(£B4)? + (vB-)* — ] + %Swz))’_"" (w)
R By B-YM (W) — iR w Yy (W) (3.410)

Vo) = o [inf 7Y () — TR — )b, V()

+ [i(eB ) o (1820 = 0 = T y(? - (6 )) ~ P 2] ()], (3410)
with
Dy =i [(5B4Y’ + (RB-Y — & + 40| +whly + T) — ()" (3.41d)

We now assume that the harmonic loss is negligible, we set 3 = 0. This leads to

p=pr= L2, (3.42)
where

Bo = \% (3.425)

Hence it is casy to check that
Xy = 5 | )X @), G
x0) = = i ) 4 X, (3
Vi) = Z“Zﬁ“ S WP R, (3430
vt = i (2";’30 Y + V) (3.434)
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with

212 2 ."2 2
D_iw[“ﬁ°~w2]+7lw2—"ﬁ°]. (3.43¢)
Y ¥

We now proceed to obtain a closed form expression for the output squeezing spectra in

frequency space. To this end, we note that

X0 w X (1) dL, (3.44a)
7=l

Xoui zw 't Yout )(lt,, (3445)

-l

with z = +, —. With the aid of these expressions, we have at steady state

()(;mt(wf), X?ut(w)) — z(w+w‘)t+zw’(z‘—£) <Xm:t( ) Xout( ))ssdtdi". (345(&)

L

Setting 7 =t/ — 1, we lind

ekt xrout (4 1) Xou(¢))_dtdr. (3.450)

(X ), Xee) = o= [

We assume that (X?"(¢ + 7), X?"!(t)},, depends only on 7 and carrying out integration
over t, we have

(X7 W), X7 (w)) = /00 e T(XI (L 4 1), XPU(1)),, 6(w + W) (3.46a)
Replacing w’ by —w’ and integrating this over w’ leads to

[, xenena = [ et X o) e (3

o0 —

From this result, we see that the squeezing spectrum is expressible as

,S’Xi(w):/: (X7 (w0, X2 (w))dw'. (3.47a)

one then can write
Sxy (w) = / (X7 (W), X3 w))de, (3.470)
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Sy () = [ X (), X () o', (3.47¢)

o0

Recalling that
(X3, X3 (w) = (KPUDXTW) — (P NXTe)  (3a7d)

and on account of (3.43a), we see that

! BB i) + R Gas)

(Xj)r“t(w)) =7 Tw y
One can write
rin 1 = fwl f yin
(N (w)) = N / e t()x+ (1)) dt. (3.49)

Taking into account (3.15b) and (3.16a), we have

(int) = Jﬁ(FJ OEF () + R R0), (3.50a)
It then follows that
(XE(1)) = 0. (3.500)
And hence
(X2 (w)) = 0. (3.50¢)

Therefore, on account of this result, the correlation function (3.47d) reduces to
(X W), X7 (w)) = (X" (W) X (w)). (3.51a)

Substitution of (3.43a) into this expression yields

1 2.‘{.2,33

(X7, X5(0) = v |~ zh

— (T ) (W)X ()

(232 ) ‘
4o B3PS o ) X )

267 5

iR BT WX (W X)) + (A (XWX W) ] (3510)
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Applying (3.50a), one can write
(xiyxp o) = - |a @ el e s o + Fenosrione
LR ()R () 1+ B (Y F) (@£ F @) R )+ B () ()
FRE)E (R F (1) + B B () FL () Fy(t)

()P (8) + Fot) ) (O£FSY Py (8) + Pt (1) (3.524)

In view of the correlation functions defined by (2.8a), (2.8b) and (2.8c) for ordinary

vacuum reservoirs and using the fact that the two subharmonic modes are not correlated,

we have
(XE)XP() = 8(t - 1), (3.520)
(XPEH X)) =0, (3.52¢)

so that on taking into account (3.22a) and (3.52) we have

(X8 () X)) = 60+, (3.530)
(X)X () = 0. (3.530)
In view of the above results
(XWX = prps |- (B P o)
F(2 )" 8w + ) (3.540)
(X)X ) = s | (P =y B ey
()] 8w + ). (3.54b)

Using (3.47a)

- (W) = m_; i 2163 Wt 2};2@%—&)'2
SJLJr( )— '[w D(w)D(w’) [ ( y )( ~y )
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+(h‘,2,3§)2] 8w + w')dw', (3.54¢)

2r2[3E ; .
#*f35 L)

2"5218(2)_0)2_ 2)(

Sx.(w) = f_: W [mw’(

F(526)" | 8(e + ') (3.544)

Upon replacing w’ by —w' in (3.54¢) and (3.54d) and carrying out the integration, the

squeezing spectrum turns out to be

22 2
Sy, () = Dj(w) {J(Q"’f” ~0) + (ﬁﬁg)?} , (3.55a)

1 22 32 : 2
S = 2 o 2 .2 2422 55
x0) = gy [ P ) () (3.550)
Similarly
1 26252 ? 2
js” = 2 o _ . 2_ .2 22 56a
3+(W) Dg(w) { ( ~ w 7°) +(k*B5)" |, (3.56a)
1 2232 2 )
<. _ 2 0 . 2 20| .
v_(w) D3 (0} [w ( ” w”) +(&°5y) (3.560)
Setting
w
7= (3.57a)
+?
A=—, {3.57b)
Wo
and
wo = P (3.57¢)
v/?
Eq. (3.56) can be rewritten as
) Aot(e? — 1)
Sx,(w) =%y (w)y=1- (T 1)+ Mot — 12 (3.58¢)
22 p ) —
Ad(a? + 1) (3.580)

Sx.(w) = Sy {w) =1+ oMo~ 1)2 1+ MoZ — 1/2)2"
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[t is obvious that squeezing occurs in Sy, (. and Sy_{w) when ¢ > 1 or w > wq and
squeczing occurs in Sy_{w) and Sy, (w) when ¢% < (1 — A}. It can be seen that a large
amount of squeezing (close to ideal) can be achieved with Sy, (w) and Sy_(w) for A >> 1.

[t is interesting to note that at the demarcation frequency w = wp or o =1

Sy, (w) = Sy_(w) = 1.

4?2
.

Sx () = S, () = 1+
Wy

Hence, no squeezing exists under this consideration.
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CONCLUSION

We have presented a derivation of the linearized Langevin equations for the funda-
mental and harmonic modes involved in degenerate second harmonic generation inside
a cavity coupled to two independent squeezed vacuum reservoirs. The solutions of the
resulting equations have been used to calculate the squeezing spectra, the quadrature
variances and the mean photon numbers of these two modes.

We have seen that the effect of the reservoirs is to increase the degree of squeezing.
We have also considered the squeezing spectra at both the critical point and critical
frequency and for ordinary vacuum reservoirs. We have seen that for this case when
Y <€ v, perfect squeezing is approached in the low frequency mode at w, = +/2v.7
and if v, > ., perfect squeezing is approached in the high frequency mode at w, = 1,.
Moreover, we have found that for v, = rp, = r, 4, = v = 7 and at the critical point the
variance of the intracavity quadraiure operators for the two modes are independent of
the driving field amplitudes and the cavity damping rates. In addition, the mean photon
numbers of the two modes diverge at the critical point. This shows that the linearization
method breaks down at the critical point.

We also have obtained the linearized Langevin equations for both the fundamental
modes as well as the harmonic mode of nondegenerate second harmonic generation. We
have then found the explicit expressions for the quadrature operators in {requency space
for the sum and difference of the fundamental modes. With the aid of these results, we
have calculated the squeezing spectra.

For this case we have shown that squeezing occurs in Xy (w) and Y_(w) when ¢ > 1

or w > wp and in X_(w) and Y} (w) when ¢ < 1 — A, We have also seen that a large
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