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Abstract 

Applying linearized Langevill equatiolls, we calclIlate the sqlleezing spectrll, 

the qlladmtllre variances lind the mellll photOiI IlIlmbers for the fll/Hlllmenta( IImi 

hllrmonic modes illvolved in degellemte secolld hllrmollic gelleratioll in II cllvity 

cOllpled to squeezed vacllllm reservoirs, Employing the slime method, we IIlso 

calclllllte tile squeezillg spectra for the slim allll difference of the jillldalllelltlll 

modes ill nOlulegellerate secolld harmonic generatioll, 
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1. Introduction 

Squee~ing is one of the properties of light which cannot be explained classically. This 

property of light involves the reduction of one of quadratures below the vacuum level 

at the expense of increased fluctuations in the other quadrature without violation of the 

uncertainty principle. 

Squeezed light can be generated in various physical processes such as parametric os­

cillation [1-4], four wave nuxing [5-8], resonance fluorescence [9-11] and second harmonic 

generation [12,13]. 

Collet and "Valls [14] have obtained the squeezlIlg spectra for the output fields of 

several intracavity nonlinear optical systems and have showed that at the critical points, 

such as, the turning points for optical bistablity, the threshold for parametric oscillation 

and the self-pulsing instability in second harmonic generation, perfect squeezing in the 

output field is possible. 

Perfect squeezing in one quadrature must be associated with an infinite uncertainty 

in the other and hence can only occur at a critical point. At a critical point the squee~ing 

spectrum for one quadrature also diverges for a certain frequency [14]. 

In degenerate second harmonic generation a light mode of frequency Wo (fundamental 

mode) interacts with a nonlinear medium and is up converted into a light mode of fre­

quency 2wo (harmonic mode). The nonlinear medium is placed inside a cavity driven by 

a coherent light of frequency woo 

The squee~ing properties of the fundamental and harmonic modes have been exten­

sively studied [14-22]. In particular Collet and Walls [14] showed that optimum squeezing 

occurs in the vicinity of the self-pulsing threshold. 
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Pereira, Xiao, Kimble and Hall [16] employed the process of intracavity frequency 

doubling to generate a squeezed beam of light by reflection of a laser from a nonlinear 

cavity and they observed noise reductions of 13%. 

Recently there has also been an interest in the process of non degenerate second har­

monic generation in a cavity as a source of squeezed light. In nondegenerate second 

harmonic generation, two modes with frequency Wi and W2 combine to create a second 

harmonic mode of frequency w, with W = Wi + W2. This process has been investigated 

theoretically by several authors [23-25]. 

One of the main objectives of this thesis is to calculate the output squeezmg spec­

tra and the mean photon numbers for the fundamental and harmonic modes involved 

in degenerate second harmonic generation inside a cavity coupled to squeezed vacuum 

reservoirs. vVe also calculate the squeezing spectra for the fundamental and harmonic 

modes involved in nondegenerate second harmonic generation inside a cavity coupled to 

ordinary vaCUlun reservoirs. 

The arrangement of this thesis is as follows: In chapter two we present our analysis of 

degenerate second harmonic generation. This involves derivation of linearized Langevin 

equations of evolution for the fundamental and harmonic modes. The solution of the 

resulting equations are used to calculate the squeezing spectra, the quadrature variances 

and the mean photon numbers of these two modes. In chapter three, we obtain the 

linearized Langevin equations of evolution for both the fundamental and harmonic modes 

of nondegenerate second harmonic generation. vVe then obtain the quadrature operators 

in frequency space for the sum and difference of these two modes. Finally, these results 

are used to calculate the squeezing spectra. 
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2. Degenerate Second Ha.rmonic Genera.tion 

In degenerate second harmonic generation a light mode of frequency Wo (fundamental 

mode) interacts with a nonlinear medium and is up converted into a light mode of fre· 

quency 2wo (harmonic mode). The nonlinear medium is placed inside a cavity driven by 

a coherent light of frequency Woo Here we seck to consider the case for which these modes 

of light are coupled to squeezed vacuum reservoirs via a single port mirror. Vlfe seek here 

to calculate the squeezing spcctra for both the fundamental and second harmonic modes. 

In addition, we also obtain the quadrature fluctuations of these two modes, with the aid 

of which their mean photon numbers are determined. 

2.1 Linearized Langevin Equations 

\~re carry out our analysis using linearized Langevin equations. To this end, the quan-

tum system under consideration is describable in the interaction picture by the Hamilto-

nian (n = 1) 

(2.1 ) 

wherc a(b) is the annihilation operator for the light mode of frequency wo(2wo), " is the 

coupling constant and c; is proportional to the amplitude of the coherent driving light. 

The quantum Langevin equation for the operator aCt) is given by 

d
l 

aCt) = -i[a(t),H(t)]- IU aCt) + f<~(t), 
ct 2 

(2.2) 

where IU is the cavity damping rate for the fundamental mode and j<~(t) is a noise operator 

with vanishing mean and satisfying the correlation functions 

(2.3a) 
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(2.3b) 

(2.3c) 

For a. squeezed vaCUUlll reservoir 

(2.4a) 

11{a = cosh(l"a) sinh(ra), (2.4b) 

with I"a being the squeeze parameter. 

We note that 

[a(i), fI(i)] = i(E - Mt (i)b(t)), (2.5) 

and substitution of (2.5) into Eq.(2.2) yields 

d ' i 
-I a(i) = E - "aT(i)b(i) - --".a(t) + Fa(i). 
et 2 

(2.6) 

In addition, following a similar procedure, one can readily verify that 

:t b(t) = ~a2(t) - ~ b(i) + Fb(i), (2.7) 

in which ib is the cavity damping raLe for the second harmonic mode ane! Fb( t) is a noise 

operator with vanishing mean ane! satisfying the correlation functions 

(2.8a) 

(2.8b) 

(2.8c) 

For a squeezed vaCUUIll reservoir 

(2.9a) 
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(2.9b) 

with I'b being the squeeze parameter. 

Next we seek to obtain the steady state solutions of the quantum Langevin Eqs. (2.6) 

and (2.7). Taking the expectation values of these equations, we see that 

d 'i 
-1 (a(t)) = c; - h:(aT(t)b(t)) - --"(a(t)) + (Fa(t)), 
d 2 

(2.10a) 

d K i 
-I (b(t)) = -':(a2(t)) - --.!'.(b(t)) + (Fb(t)). 
d 2 2 

(2.10b) 

U si ng the property of the noise operators 

(F;,(t)) = (Fb(t)) = 0, (2.11) 

we find at steady state 

(2.12a) 

h: (2) ib ( ) - a - - b = O. 
2 2 

(2.12b) 

Now applying the semiclassical approximation 

(2.13a) 

and 

(2.13b) 

one gets 

(2.14a) 

(2.Hb) 

where 

(a) = 0"0, (2.15a) 
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(b) = /30, (2.15b) 

(2.15c) 

(2.15<1) 

Upon multiplying (2.14a) by EJ*, we have 

(2.16) 

so that employing the complex conjugate of (2.14b) in (2.16), one finds 

(2.17a) 

Upon subtracting this equation from its complex conjugate, we get 

(2.l7b) 

from which follows 

El=EJ*. (2.17c) 

With the aid of (2.14b) and (2.17c), one can easily show that 

(2.17<1) 

Employing the square of (2.1'la) along with (2.14b), (2.17c) and (2.17d), one arrives at 

(2.18) 

We now proceed to linearize Eqs. (2.6) and (2.7) about the steady state solutions. To 

achieve this, we write the mode operators aCt) and bet) as 

aCt) = ao + A(t), (2.190) 

bet) = /30 + B(t), (2.l9b) 
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in which A(t) and B(t) represent small variations about the steady state values. Apply" 

ing Eqs. (2.6), (2.7), (2.12a), (2.12b), (2.15c), (2.15d), (2.19a), (2.19b), and neglecting 

second-order terms in A(t) and B(t), we get a lineari2ed equations of evolution for the 

fluctuation operators 

(~~A(t) = - ~ A(t) - f2At(t) - (1B(t) + Fa(t), (2.20a) 

d lb -z B(t) = --B(t) + fIA(t) + Fb(t). 
d 2 

(2.20b) 

In order to decouple these differential equations, we introduce new operators defined by 

A±(t) = At (t) ± A(t), 

so that combining Eqs. (20) and (21), we obtain 

in which 

d
l 

A±(t) = -ea ± (2)A±(t) - f1B±(t) + E±(t), 
d 2 

d lb 
dtB±(t) = -'iB±(t) + flA±(t) + F±(t), 

E±(t) = F} (t) ± F~(t), 

F±(t) = F/ (t) ± Fb( t). 

(2.21a) 

(2.21b) 

(2.22a) 

(2.22b) 

(2.23a) 

(2.23b) 

Now multiplying Eq. (2.22a) by "lb/2 and (2.22b) by f1 and adding the resulting equations 

gIves 

(2.24) 

On differentiating Eq.(2.22a) with respect to time and taking into account (2.24), we 

a.rrive at 
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(2.25) 

To obtain the solution of this differential equation, onc can write [26] 

where on account of (2.25) and (2.26) 

1 ['U ,b] .\±=- -±E2+- + 
2 2 2 

1 ['U 'b]2 [,b (,a ) 2] 4" "2 ± t2 +"2 - "2"2 ± t2 + (1 , (2.27a) 

1 [,a ,b] 
T/± = 2" "2 ± E2 +"2 - 1 [,a 'b]2 [,b (,a ) 2] - - ± (2 + - - - - ± (2 + ( . 

4 2 2 2 2 1 
(2.27b) 

Now setting 

(2.28a) 

we ha.ve 

(2.28b) 

The solution of this equation can be expressed as 

(2.29a) 

wc note that 

(2.29b) 

so that using this result in (2.29a), one readily gets 

(2.29c) 

1'1'10reover, with the aid of (2.29c), the solution of Eq. (2.28a) can be written as 
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Evaluating the double integral applying integration by parts, one easily finds 

t til 

e-'J±t 1 e('I±-A±)t" elt" 1 [(,b/ 2 - A±)E±(t') - EIF±(t')] e'\±" elt' 

= 1 A [e->'±' 1t [('b/2 - A±)E±(t') - EIF±(t')] eA±t' elt' 
ry± - ± 0 

- e-"±t l' [(,b/2 - A±)E±(t') - E,i'±(t')] eHt' elt']. 

Now combination of (2.30a) and (2.30b) leads to 

+ W±(O) - E±(O)] e-A±t 

+e-,\±t l' [(,b/2 - A±)E±(t') - E,i'±(t')] eA±t' elt' 

_e-'l±t l' [(,b/2 - J/±)E±(t') - EIF±(t')] e"±" elt']. 

Furthermore, from (2.22) and (2.28a), we note that 

so that on substituting this result into (2.31), we have 

+ ([J/± - (,a/2±E2)] A±(O) - EIB±(O)) e-,\±t 

+ 1t E±(t') [(~ - A±)e-A±(H'l - (~ - ry±)e-"±(t-t'l] elt' 

+ l' EIF±(t') [e-'J±(t-t'l - e-'\±('-"l] elt']. 

Using (2.27a) and (2.27b), we see that 
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(2.30b) 

(2.31 ) 

(2.32) 

(2.33a) 



we can rewrite Eq. (2.33a) in the form of 

Upon setting 

+ EJ [e-n±t - e-·\±t] B±(O) 

+ 1t E±(t') [bb/2 - A±)e-·\±(t-t'l - bb/2 _T/±)e-,j±(t-t'l] elt' 

+ 1t EJF±(t') [e-,j±(t-t'l - e-·\±(t-t'l] elt']' 

9±(t, t') = 1 [bb/2 - 'l±)e-,j±(t-t'l - bb/2 - A±)e-·\±(t-t'l] , 
1± - A± 

9~(t, t') = 1 [bb/2 - A±)e-,j±(t-t'l - bb/2 -l±)e-.l±(t-t'l] , 
'l± - A± 

we have 

-[ 9±(t, t')E±(t')dt' + [.f±(t, 1')F±(t')dt', 

Combination of (2.15c), (2.l5d), (2.19a), (2.19b), (2.2la) and (2.21b) yields 

Then in view of these expressions, we see that 
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(2.34b) 

(2.34c) 

(2.35) 

(2.36a) 

(2.3Gb) 



-L 9±(t, t')E±(t')dt' + L .f±(t, t')F,±(t')dtl 

This can be put in the form [26] 

A±(t) = [1~1] [Et9±(t) - cz.f±(t)]- 9±(t) [al(O) ± a(O)] 

+.f±(t) [bt(O) ± b(O)]-l 9±(t,t')E±(t')dt' + l.f±(t,t')F,±(t')dt" 

On the other hanel, the solution of (2.22b) can be expressed as 

so that with the aiel of (2.37b), one obtains 

- (at (0) ± a(O)) L 9±(t")e:f}t"elt" + (bt(O) ± b(O)) L .f±(t")e:f}t"elt" 

t I t
'' lt {tlJ ] -1 e:f}t" dt" 0 9±(t", t')E±(t')elt' + 0 e:f}t" elt" Jo .f±(t", t')F±(t')dt' 

+e-:f}' L F,±(t')e:f}t' elt'. 

Using the same technique as in the previous case, we find 

and 

ebb!Z-.I±)t it ,\ , 1/± - A± l' Jk'] 
/ A F±(t')e ±t elt' - (/ A)( /2 ) F±(t')e 2' elt' . 

"Ib 2 - ± 0 "Ib 2 - ± "Ib - 1/± 0 
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Hence substituting (2.39a) and (2.39b) into (2.38b), we easily obtain 

+ l' [(,b/2 - A±)F±(t') - E1E±(t')] e-'J±(t-")dt' 

-l' [(,b/2 - 11±)F±(t') - E1E±(t')] e-A±('-t')dt'] . 

In view of (2.34a), (2.34b) and (2.3,1c), Eq. (2.40a) turns out to be [26] 

B±(t) = [1~1] [Elf±(t) - E2g~(t)1- f±(t) [at(O) ± (i(O)] 

+g~(t) [bt (0) ± b(O)]-[ f±(t, t')E±(t')dt' + [g~(t, t')F±(t')rlt'. 

2.2 Squeezing Spectrum 

(2.40a) 

(2.40b) 

In this section we wish to calculate the squeezing spectrum for the low-and- high 

frequency modes. To this end, we recall that the output squeezing spectrum is defined by 

(2.41) 

in which 

(a';'''(t + T), a't'(t)) = (a';"t(t + T)((~U'(t)) - (a~U'(t + T))(a,;,"(t)). (2.42a) 

The output and input operators are related by 

(2.42b) 
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where a±(t) is the intracavity mode. 

The intracavity quadrature operators a+(t) and (L(t) are defined by 

a+(t) = at (t) + a(t), (2.43a) 

(2,43b) 

and the input quadrature operators a~'(t) and a~(t) are defined by 

. 1, 1 
a'{'(t) = -(F}(t) + Fa(t)) = -E+(t), 

Via Via 
. . 

a;,,(t) = ~ (F}(t) - Fa(t)) = ~ E_(t). 
VI" VI" 

(2.44b) 

On employing (2.42h) along with (2.44) and taking into account the properties of the 

noise operators defined by (2.3) , one easily finds 

(a±U'(t + r), a±U'(t)) = ±2(cos OaMa±Na±1/2)5(r) + la(a±(t + r), a±(t)) 

(2.45) 

Recalling that 

(2.46a) 

(2.46b) 

and taking into account (2.4,1), we see that 

(a'i'(t + r), a±U'(t)) = ±2( cos OaMa±Na±1/2)5( r )±Ia (A±(t + r), A±(t)) 

(2,47) 

"We consider the case for which the intracavity modes are initially in vacuum states. We 

then note that 

(a(O)) = (at (0)) = (b(O)) = (bt (0)) = O. (2.48a) 
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(a(O)b(O)) = (a(O)bt(O)) = ((,I(O)bt(O)) = (at(O)b(O)) = O. (2ASb) 

((a t (0)±a(0))2) = ((bt(O)±b(O))") = ±l. (2.'ISc) 

Now applying (2.37b) along with (2.3), (2.23) and (2.4S) one readily obtains 

(2A9a) 

(2A9b) 

and 

1
1+T 

(A±(t + T)E±(t)) = - 0 g±(t + T, t')(E±(t')E±(t))dt', (2.50a) 

(E±(t + T)A±(t)) = -[ g±(t, t')(E±(t + T)E±(t'))dt', (2.50b) 

[ l±I] 2 
(A±(t + T)A±(t)) = T [Elg±(t + T) - Ezf±(t + T)] hg±(t) - E2/±(t)] 

+ [+T [[ g±(t + T, t')g±(t, tll)(E±(t')E±(tll))dt'] dt" 

+ [+T [[ f±(t + T, t')f±(t, til) (F'±(t')F'±(tll))dt'] dt". (2.50c) 

From (2.11) and (2.23) we note that 

(2.51a) 

(2.51b) 

On account of these relations, (2.34) and (2.37b), expression (2.50) takes the form 

(A ( )E ( )) -2ia(CosllaMa±Na±1/2) [( /2 ) -'IF ± t + T '± t = ib - I/± e 
1]± - .\± 

(2.52a) 
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(E±(t + T )A±(t)) = 0, 

(A±(t + T)A±(t)) = ( 1 A )2 [± [(,b/2 - 17±)e-',±CHT) 
17± - ± 

+ [(l±:)EI] 2 [((2 -,b/2 + A±)e-·\±Ct+T) _ (E2 -,b/2 + 17±)e-uCt+T)] 

[((2 -,b/2 + A±)e-·\±t - (f2 -,b/2 + 17±)e-ut] 

+,a (COS (}aMa±Na±1 /2) [(,b/2 - fJ±)e-"±7 [('b/ 2 
- 17± )(1 _ e-2"±t) 

17± 

_ 2(lb/2 - A±)(1 _ e-C'I±+.\±)t)] 
17± + A± 

(2.52b) 

+ ('b/2 - A±)e-.\±T [('b/2 - A±)(l_ e- 2A±t) _ 2('b/2 -17±)(1 _ e-Cry±H±)t)]] 
A± I)± + A± 

+,b(cos (}bMb±Nb±1/2)(12 [e-"±T [~(1 _ e-2H') _ 2 (1 _ e-C,,±+.\±)t)] 
fJ± fJ± + A± 

+ e-·\±T [~(1 _ e-2A±t) _ 2 (1 _ e-CH+.\±)t)]] ). (2.52c) 
A± 17± + A± 

Now with the aid of (2.49) along with (2.34) and (2.52c) it can be verified that at steady 

state 

(A ( ) A ()) = la(cosOaMa±Na±1/2) [e-.\±T(lt _ A2) _ e-ry±T(,t _ 2)] 
± t + T, ± t " 2 \ 2 \ 4 ± 4 fJ± fJ± - A± A±fJ± 

+ (hb(COS lI~kh±2Nb±1/2) [e-.\±T _ e-'I±T] , 
fJ± - A± A± 17± 

(2.53) 

so that substitution of (2.52a), (2.52b) and (2.53) into expression (2.47) yields 

1;(cosllaMa±Na±1/2) [e-'\±7 I? 2 e-"±T I? . 2 ] 

± fJ1- A1 4(1- ,\±) - ~(4 - fJ±) 

± fhalb(cos ObJ\th±Nb±1/2) [e-.\±T _ e-ry±7] 

fJ1 - Ai A± I)± 
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(2.54) 

Then employing (2.54) in (2.41) and carrying out the integration, taking into account the 

stationarity property, one easily gets 

(2.55) 

Furthermore, with the aid of (2.4) and (2.9) we see that 

(2.56(1 ) 

(2.56b) 

Finally, on account of (2.27) and (2.56), the expression for the squeezing spectrum takes 

the form [26J 

(2.57) 

where the + and - refer to the squeezed and unsqueezed quadrature operators, res])ec-

tively. In addition, following a similar procedure, it can be readily establishecl that for 

the high frequency mocle 

(2.59([ ) 
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(2.59b) 

In view of these results and (2.51), we have 

(2.60a) 

so that on account of (2.58) and (2.59) we have 

e-,\±T 

-T/±(l/± - A±)J + "-;:;-(-'1b/2 -1/±) bb/2('b/ 2 -1/±) + A±('1± - A±)J 

_2 1b /2(,b/2 - A±)(,b/2 - '1±) (e-'\p + e-"p)] 
1/± + A± 

+ ¥EtR±(l';,Oa) [e-'\p _ e-"p] . 
1/± - A± A± 1/± 

(2.60b) 

Hence the squeezing spectrum at steady state turns out to be 

(2.61a) 

Now on substituting the explicit forms of 1/± and A±, there follows [26J 

(2.61b) 

On account of the relation (2. HI,) along with (2.56a') and (2.56b) with ea = (h = 'if, 

expressions (2.57) and (2.61 b) take the form 

(2.62« ) 

(2.62b) 
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We see that [or ordinary vacuum reservoir (2.62a) and (2.62b) reduce to 

(2.63(1 ) 

(2.63b) 

The squeezing spectra defined by (2.63a) and (2.63b) are in complete agreement with the 

results found by Walls and Milburn [14]. 

We now proceed to determine the squeezing spectra at the critical point. At the 

critical point 

(2.64a) 

and the critical frequency is 

(2.64b) 

so that substituting (2.64a) and (2.14b) into (2.64b), one obtains 

(2.64c) 

On account o[ (2.64a) and (2.14b), the squeezing spectra. [or the squeezed quadratures for 

the low and high frequency modes at the critical point turn out to be 

(2.65) 

(2.66) 

At the critical point and critical frequency the squeezing spectrum for the ullsqueezec! 

quadrature diverges. However, for the squeezed quadrature we have 

5, ( ) = [1 _ [Ia lia + Ib [2 - e-2(cb-'ol]] j j -2ro 
a+ We ()2 e. 

la + Ib 

18 
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Similarly, one finds 

S' ( ) = 1 _ ,b ,b ,a - -2Cb 

[ [ 
[ + [2 e-

2
(Ca-

rb l]] J J 
, b+ We ()2 e. ,a +,b 

For an ordinary vacuum, expressions (2.67a) and (2.67b) reduce to 

S'a+(We) = 1 _ fa , 
,a + fb 

S'b+(we) = 1 _ ,b ,a + ,b 

(2.67b) 

(2.68(( ) 

(2.68b) 

These results are in complete agreement with the results obtained by \Valls and Milburn 

[14]. 

If the damping rate for the high frequency mode is much smaller than that of low 

frequency mode hb <t: 'a), perfect squeezing is approached in the low frequency mode at 

We = ±V2fafb' On the other hand, if ,b » ,a, perfect squeezing is approached in the 

high frequency mode at We = ±'b. The critical frequency is not, in fact, the one giving 

the greatest squeezing except in the above limiting cases [14]. 

2.3 The Mean Photon Nmnber 

In this section we seek to find the mean photon number of both the low-frequency and 

high-frequency modes. To this end, recalling that 

and 

(L(t) = i((J(t) - a(t)), 

we have 

(2.69a) 

(2.69b) 

19 



Applying Lhe definitions of the quadrature operators, we have 

I 2 2 I 

((a+(t))2) = ((al(I.)) ) - ((a(i)) ) + 2(al (i)(((i)) + I, (2.70a) 

((a+(I)))2 = ((at(t)))2 _ ((a(i)))2 + 2((J(i))(a(i)) + 1. (2.70b) 

Hence using (2.70a) and (2.70b) in Eq. (2.69a) and (2.69b), respedively one geLs 

(2.7Ia) 

(2.7Ib) 

Adding (2.7Ia) and (2.71b) gives us 

t 1[ 2 2' 1 (ct (i)a(I)) = 4 (~a+(t)) + (~(L(t)) + 4(aT (t))(a(i)) - 2 . (2. 72a) 

Similarly, one finds for the high frequency mode 

(2.72b) 

Next we wish to obtain the variance of the intracavity quadrature operators for these 

two modes. recalling that 

one obtains 

(2.73a) 

Now seLting r = 0 in (2.53), one finds 

(a±(t),a±(t))ss = ± la(cosOaMa±j~a±~) [_1 el _ A~) - ~el -,/~)] 
(1/± - A±) A± 4 '/± 4 

± Eilb(COS:bMb~Nb±~) [_1 __ I] . 
1/± - A± A± 1/± 

(2. 73b) 
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Employing (2. 73b) along with (2.27) and (2.56), one obtains for the low frequency mode 

(2.74) 

similarly, for the high frequency mode, we have 

(2.75) 

Furthermore, taking into account (2.74), (2.14b) and (2.56) with (ia = Ob = 7f, we find 

that the variance of the intracavity quadrature operators for these modes have the form 

(2.76a) 

(2.76b) 

For ordinary vacuum reservoir, these equations reduce to 

(2.77a) 

and 

flb2 = ba/2±(2)(~±EZ) + Ezba + I'b) 
±" ba/2 + Ez(2±1)] [,"t'b±EZ] , 

(2.77b) 

so that at the critical point the variance of the squeezed quadrature operators turn out 

to be 

(2.78a) 

(2.78b) 

21 



But /:;.a2 and /:;'b2 diverge. It is easy to check that for l'a = I'b = l' expressions (2.78a) 
- S8 - 58 

and (2. 78b) reduce to 

(2. 79a) 

(2.79b) 

If we consider the case for which la = Ib = I, we have 

(2.80a) 

(2.80b) 

These results are independent of the driving field amplitude and the cavity damping rates. 

For an ordinary vaCUUIll reservoir 

2 3 
/:;.(l+ =-, 

ss 7 (2.81a) 

(2.81b) 

On account of (2.72a), (2.76a), (2.15a) and (2.15c), the mean photon number for the low 

frequency mode turns out to be 

(2.82a) 

Moreover, using (2.72b), (2.76b), (2.15b) and (2.15d) we have 

(2.82b) 
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It is easy to see that at the critical point, the mean photon number of these two modes 

diverges. The method of deriving the squeezing spectrum from the linearized equations 

of motion breaks down at the critical point because the fluctuations in some quadrature 

diverge at this critical point, rendering the linearization procedure invalid. However, the 

squeezing spectrum so derived at critical point is still useful; it gives an upper limit to the 

amount of squeezing possible and also is a measure of the squeezing that will be observed 

in the region where the linearization procedure is valid [25]. 

\~re now consider the case for which 

,a = ,b =" (2.83a) 

1'a = l'b = T. (2.83b) 

With the aid of (2.83a) and (2.83b), one can write Eqs. (2.82a) and (2.82b) in the form 

(2.84a) 

(2.8'ib) 

Combining (2.72a), (2.76a), (2.15a) and (2.l5c), the mean photon number for the low-

frequency mode can be expressed as 

( t) 
1 [,h+5(2)(-2M'+2N+l) ,h+ 3(2)(2M+2N+l) 

a a = - + -'--'-'--;---'-'--;---:::----:----'-
<S 4 h + (2)h + 6(2) h - (2)h + 2(2) 

+ 4,E2 _ 2] . 
",2 

(2.85a) 

Moreover, Using (2.72b), (2.76b), (2.15b) and (2.15d) we have 

(btb) = ~ [h2 +2E~ +7,(2)(-2M +2N + 1) + h2 + 2E~ +,(2)(2M + 2N + 1) 
55 'i h + (2)h + 6(2) h - (2)h + 2(2) 
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For ordinaTY vacuum reservoirs Eqs. (2.85a) and (2.85b) therefore reduce to 

( t 2E~( 12 + 31E2 + 3ED 1E2 
a a)., = h + (2)("'f - (2)h + 6(2)("'f + 2(2) + ,,2' 

(btb) = 2E~(4E2 + 31) + E~ 
., 2("'f + (2)h + 6(2)("'f - (2)(1 + 2(2) ,,2' 

Upon setting 1, = 1b = 1 in Eq. (2.18), one gets 

Substituting this result into (2.86a) and (2.86b) yields 

and 

vVhen " = 0, these equations reduce to 

24 

(2.85b) 

(2.86a) 

(2.86b) 

(2.87) 

(2.88a) 

(2.88a) 

(2.89a) 

(2.89b) 



3. Nondegenerate Second Harmonic Generation 

In the process of non-degenerate second harmonic generation, two nlodes with fre-

quency WI and Wz combine in a nonlinear medium placed inside a cavity to create a 

second harmonic mode of frequency W with W = WI + Wz. In this chapter we analyze the 

squeezing spectra for the sum and difference of the fundamental modes. 

3.1 Linearized Langevin Equations 

The Hamiltonian describing this process in the interaction picture is given hy 

(3.1 ) 

where ((1 and ((2 are the annihilation operators for the two subhannollic (fundamental) 

modes of frequency Wr and Wz, respectively and ((3 is the annihilation operator for the 

light mode of frequency w, /{ is the coupling constant and 61 and 62 are proportional to 

the amplitude of the coherent driving fields. 

The quantum Langevin equations of evolution for the three cavity modes ((1, "2 and 

((3 are given hy 

d . 11 
dt ((1(t) = -t[(lr(t), H(t)]- 2(l1(t) + F1(t), (3.2a) 

d . 12 
dt az(t) = -'[(l2(t), H(t)]- 2az(t) + Fz(t), (3.2b) 

d . 13 
-1 a3(t) = -l[a3(t),H(t)]- -a3(t) + F3(t), 
d 2 

(3.2c) 

where Fj are the noise operators and Ij are cavity damping rates with j=l, 2, 3 . 

'~le note that 

(3.3a) 

(3.3b) 

[a3(t), H(t)] = i/{(lla2. (3.3c) 
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Substituting (3.3a), (3.31,) and (3.3c) into (3.2a), (3.2h) and (3.2c), respectively we have 

(3.4a) 

~~ at (t) = 6~ - Ka2(t)a1(t) - ~ at (t) + F1t (t), (3.4b) 

d t /2, 
dta2(t) = 62 - Ka1(t)a3(t) - 2a2(t) + }<2(t), (3.4e) 

(II aI(t) = 6; - Ka1(t)a1(t) - /2 ((I(t) + F} (t), 
(t 2 

(Hel) 

d /3 
d/L3(t) = Ka1(t)a2(t) - 2a3(t) + F3(t), (3.4e) 

.:£at(t) = Kal (l)a1(t) - /3 a!(t) + Fl (t). 
elt 2 

(3.4f) 

Assuming that /1 = /2 = / and (1 = E2 = E, Eqs. (3.4) can be rewritten as 

(3.5a) 

d L t /L t 
-I al (t) = 6* - Ka2(t)a3(t) - -al (t) + Fl (t), (t 2 

(3.5b) 

d ' / 
dt a2(t) = 6 - KaI (t)a3(t) - 2a2(t) + F2(t), (3.5c) 

d ' '/ t ' 
dtaI(t) = 6* - Ka1(t)aA(t) - 2a2(t) + F](t), (3.5d) 

(II a3(t) = hCL1(t)a2(t) - /3 ((3(t) + }<3(t), 
d 2 

(3.5e) 

d ttL /3 t L 
-d ((3(t) = Ka1 (t)ai(l) - -a3 (t) + F31 (t). 
1 2 

(3.5.f) 

Now we seek to determine the equation of evolution of the quadrature operators for the 

harmonic mode and the sum and difference of the fundamental modes. To this end, taking 

the expectation value of these equations, we see that 

(3.6a) 

(3.6b) 
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(3.6c) 

(3.6d) 

(3.6e) 

(3.6.f) 

Using the property of the noise operators defined by (2.11), we find at a steady state 

, I 
6 - h:(aj (i)a3(i)) - 2(a2(i)) = 0, 

6* - K(al(i)a!(i)) - ~(a!(t)) = 0, 

,,(a,(t)a2(i)) - ~(a3(i)) = 0, 

't 13 t ".(aj (i)a 2 (i)) - 2(a3 (i)) = O. 

Now employing the semiclassical approximation (aiCtj) = (ai)(aj) and setting 

(a') - a· J - J) 

with j=l, 2, 3 one gets 

. * I 0 £ - Ka 0:'3 - -0:., = 
2 2 ' 

'* '* I '* 0 £ - !\,O'zG' - -(t = 
3 2 1 , 
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(3.7a) 

(3.7b) 

(3.7c) 

(3.7d) 

(3.7e) 

(3.7f) 

(3.8) 

(3.9a) 

(3.9b) 

(3.9c) 

(3.9d) 

(3.ge) 



(3.9f) 

Applying the same technique as in the previous case, we find 

£ = £*, (3.lOa) 

* 0:1=0'1) (3.10b) 

* (3.lOc) 0'2 = 0'2) 

* (3.10d) Q'3 = Q'3' 

vVe use the linearization procedure about the steady state values 

a· - 0:' + A(t) J - J J) (3.11 ) 

in which Aj(t) represent small variations about the steady state values with j=l, 2, 3. On 

account of (3.10) and (3.11), one can rewrite Eq. (3.5) as 

(3.12a) 

d t / t 'L 

dt A1 (t) = -2A1 (t) - ~0:3A2(t) - ~0:2AI(t) + F1' (t), (3.12b) 

Gil A2(t) = -~0:1A3(t) - ~0:3At (t) - IA2(t) + F2(t), 
d 2 

(3.12c) 

d L L / t L 

-I Ai(t) = -Ko:IAd(t) - ~0:3Al(t) - -A2(t) + F2' (t), (t 2 
(3.12d) 

d /3 
-I A3(t) = ~0:1A2(t) + ~0:2Al(t) - -A3(t) + F3(t), 
(t 2 

(3.12e) 

d L , '/3 t t 
-I' Ad(t) = ~.O:lAI(t) + ~0:2AI (t) - -A3(t) + F3 (t). 
et 2 

(3.12f) 

It proves to be convenient to introduce new operators A+ and A_ defined by 

(3.13) 
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In view of (3.13), Eq. (3.12) is found to be of the form 

in which, 

1 
(h = y'2(0'1±0'2)' 

F1(t)±F2 (t) = J21A~'(t). 

Subtracting (3.9c) from (3.9a) and taking into account (3.10), we have 

so that, in view of (3.15a) 

from which follows for fJ-#O 

Substituting (3.15c) into (3.14a), we see that 

(;~A±(t) = -~ [A±(t)±Ai(t)] 'fo:fJ±A3(t) + ViA';;(t), 

(~~J1e(t) = - ~3 A3(t) + o:(fJ+A+ - fJ-L) + Vi3A~'(t), 

(3.14a) 

(3.14b) 

(3.15a) 

(3.15b) 

(3.15c) 

(3.l5d) 

(3.15e) 

The equations for the fluctuation operators of (3.15d) and (3.15e) simplify when writ-

ten in terms of the quadrature operators defined by 

(3.16a) 

(3.l6b) 
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, 
X3(t) = AJ(t) + A3(t), (3.16c) 

" lW) = i(Jl~(t) - A3(t)). (3.16<1) 

Upon differentiating (3.16) w.r.t time, we obtain 

(3.17a) 

(3.17b) 

(3.17c) 

(3.17<1) 

Now combination of (3.15d), (3.15e) and (3.17) leads to 

(3.18a) 

el 1 . 
elt Y±(t) = -Z(1=f1)Y±(t)=fKlh1'3(t) + J1Y±"(t), (3.18b) 

ell X3(t) = - 13 X3(t) + K [fJ+X+(t) - fJ-X-(t)) + J13X~"(t), 
ct 2 

(3.18c) 

e
l
l 1W) = - 1

3
Y3 (t) + K[fJ+Y+(t) - fJ-Y-(t)] + J13y;n(t). 

ct 2 
(3.18d) 

Furthermore, the linearized equations can be written in the forIll 

el . 
T X(t) = AxX(t) + f X"'(t), (3.19a) 
d 

~~ Y(t) = AyY(t) + fyi"(t), (3.19b) 

where 

-"\+ 

X= X_ 

X3 

(3.20a) 
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xin 
+ 

and the matrices Ax and Ay are defined by 

-, 0 -/{(3+ 

flx = 0 0 /{(3-

/{(3+ -}';(3- -,3/2 

0 0 -}';(3+ 

Ay = 0 -, /{(3-

/{(3+ -1>(3- -,3/2 

Moreover, r is given by 
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(3.20b) 

(3.20c) 

(3.20d) 

(3.20e) 

(3.20j) 



..fi0 o 

r= O..fi 0 . 

o O..fi 
(3.20g) 
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3.2 The Squeezing; Spectrum 

'-IVe now proceed to calculate the squeezing spectra for the sum and difference of the 

of the fundamental modes. To this end, we make a Fourier transform of Eq. (3.19) and 

solve for X(w) and Y(w). The Fourier transform of X(t) and Y(t) are given by 

1 100 

X(t) = t= dwe-iwtX(w)dw, 
v 21r -00 

Y(t) = ~1°O dwe-iwtY(w)dw, 
v21r -00 

Substituting (3.21a) and (3.21b) into (3.19a) and (3.19b) respectively yields 

1: dwe- iwt [A"X(w) + r xin(w) + iwX(w)] = 0, 

1: dwe- iwt [AyY(w) + ry,n(w) + iwY(w)] = O. 

'-IVe then see that 

X(w) = -(A" + iwIt"rXin(w), 

Y(w) = -(Ay +iwlrlryin(w), 

(3.21a) 

(3.21b) 

(3.22a) 

(3.22b) 

(3.23a) 

(3.23b) 

where I is a unit matrix. The output operators are related to the input operators by 

XOU'(w) = rX(w) - xin(w), (3.24a) 

YOU'(w) = ry(w) _ yin(w). (3.2'lb) 

In view of these equations, we have 

XOU'(w) = - [r(A" + iwIt"r + 1] xin(w), (3.25a) 

yont(w) = _ [r(Ay + iwIt"r + I] yin(w). (3.25b) 

We now proceed to find out Xjut(w), X".ut(w) and XEnt(w). To this end, setting 

A = Ax +iwI, (3.26a) 
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A' == Ay +iwI. (3.2Gb) 

Now applying (3.20e) and (3.2Ga), 

-1+ Iw o 

A== o IW (3.27) 

To find the inverse of the matrix A, one can use Cayley-Hamilton theorem. 

The characteristic equation of this matrix can be found by setting det (A - ,\1) = 0 

a-A o -b 

det A = o C-A d (3.28) 

b -d e - A 

in which 

(3.29a) 

(3.29b) 

C:::=:: 1.W, (3.29c) 

(3.29d) 

13 . 
e = -2+zw. (3.2ge) 

Therefore, the characteristic equation can be written as 

(3.30) 

where 

(3.31(1 ) 

(3.31b) 
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(3.31c) 

By the Cayley-Hamilton theorem, a matrix must satisfy its own characteristic equation. 

Thus we have 

and there follows 

This equation leads to 

Finally, comhining (3.28), (3.29), (3.30) and (3.32), we see that 

in which 

with 

Il1(W) = L [-i~w _wz + (KiL ?] , 

!lz(w) = ~x 1~2(3+(3_, 

Il3(W) = _l-iK(3+w, 
Dx 

() 1 [ . ( 13 ) 2 ( )2 113] !l4 W = - -/ 1 + - w - w + K(3+ + - , 
Dx 2 2 

IlS(W) = ~ [i K.f3_W - K(3-11 , 
x 
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(3.32(( ) 

(3.32b) 

(3.33) 

(3.35) 

(3.36(( ) 

(3.36b) 

(3.36c) 

(3.3611) 

(3.36e) 

(3.36f) 

(3.36y) 



Taking into account (3.20g), (3.35) and carrying out the matrix multiplication, we 

arrive a.t 

(1/" + 1) ,P2 VII3/'3 

rA-1r+I= ,/l2 (1/'4+ 1) -\h,3/!5 

-VII3/l3 VII3PS (l3Pa + 1) 

Substituting this result into Eq. (3.25a) and using (3.20a), we have 

xtut(w) (11'1+1) 11'2 VII3/l3 xt'(w) 

x~ut(w) ,/l2 (I/l4 + 1) -V,,3/lS X~'(w) 

x~ut(w) -VII3I'3 V,,3I'S (l3!l6+ 1) XJ"(w) 

It then follows that 

Substituting the explicit forms of /'" 1'2, 1'3, 1'4 1'5 and /la into (3.39), we obtain 

x~ut(w) = - ~x [(iw [(1iO,8+)2 + (1iO,8-? - w2] + ~3W2)X~'(w) 

+ ,,,o2,8+,8_X~'(w) + iVII31iO,8+WXi"(w)], 

x~ut(w) = _~ [ [iw((IiO,8+? + (1iO,8-? _ w2 _ ,2) 
Dx 

+ ,((IiO,8+? - (1iO,8_)2 + ';3) + W2~3] X~'(w) 

+,1i02,8+,8_X'{'(w) + (iw - ,) VII31iO,8_xin (w)] , 

1 . 
X;U'(w) = - D". [-iliO,8+WVII3X\"(W)+ 

(iw - ,)K,8- VTI3X~'(W) - iw(l + Wh3X~"(W)] . 
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(3.37) 

(3.38) 

(3.39(( ) 

(3.39b) 

(3.39c) 

(3.40(( ) 

(3.40b) 

(HOc) 



Following a similar procedure, one can readily verify that 

with 

Y;U'(w) = - ~ [[iW((K,8+)2 + (hO,8:') - W2 - 'l) 
y 

+,((K,8-? - (K.,8+? + ';3) +W2~31 y~n(W) 
+,K2,8+,8_y~n(W) + (iw - ,)v'II3K,8+Yjn(W)] , 

y~U'(W) = - ~ [Ciw [(K,8+)2 + (K,8_)2 - W2] + ~W2)y~n(W) 
y 

vVe now assume that the harmonic loss is negligible, we set ,3 = 0, This leads to 

where 

26 
,80 = "fFi' 

Hence it is easy to check that 

x~ut(w) = _ ~ [iw(21.~g _w2)x~n(w) + K2,8gx~n(w)] , 

X".u'(w) = _ ~ [iw(2K~,85 _ w2 _ ,2)X~'(W) + K2,86x~n(w)] , 

1';"'(w) = - ~ [iw(2K~,85 _ w2 _ ,2)y~n(w) + K2,8gy~n(w)] , 

y~ut(w) = _ ~ [iW(2K~,85 _ w2)y~n(w) + K2,86Yt(w)] , 
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(3Ala) 

(3Alb) 

(HIe) 

(HId) 

(H2a) 

(3A2b) 

(3A3a) 

(H3b) 

(H3e) 

(3A3d) 



with 

. [2/{,2/36 2] [2 /{,2/36] D = lW -- - W + I w - -- . 
I I 

(3.4:le) 

vVe now proceed to obtain a closed form expression for the output squeezing spectra in 

frequency space. To this end, we note that 

1 100 

X!'U'(w) = m= eiw,X!"" (t)dt, 
V 211" -00 

X!'U'(w') = ~ 100 

eiW"'X!'U'(t')dtl, 
V 211" -00 

with i = +, -. 'Vith the aid of these expressions, we have at steady state 

(XiU'(w'), XiU'(w)) = ~ 100 

ei(w+w'l'+iw'("-'l (XiU'( tl), XiU'( t)) "dtdt'. 
v 211" -00 

Setting r = t' - t , we find 

(3.45a) 

(3.45b) 

We assume that (XiU' (t + r), XiU'(t)) ss depends only on r and carrying out integration 

over t) we have 

(3.46a) 

Replacing WI by -WI and integrating this over WI leads to 

1: (X!,U'(w/),x!,,"(w))dw' = 1: e-iWT(XiU'(t + r),X!,,"(t))ssdr. (3A6b) 

From this result, we see that the squeezing spectrum is expressible as 

S'x;(w) = 1: (x!,U'(w'),x!,ut(w))dwl. (3.47(1) 

one then can write 

(3.47b) 
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S'x_(w) = 1: (X"U'(w'),X"U'(w))dw'. (3.47c) 

Recalling that 

(X~ut(w'),X~ut(w)) = (X~ut(Wf)X~"t(w)) _ (X~"t(w'))(X~U'(w)) (3.47d) 

and on account of (3.43a), we see that 

One can write 

(3.49) 

Taking into account (3.15b) and (3.16a), we have 

(3.50(( ) 

It then follows that 

(x\n(t)) = o. (3.50b) 

And hence 

(X;(w)) = o. (3.50c) 

Therefore, on account of this result, the correlation function (3.47d) reduces to 

(X~ut(w'), x~"t(w)) = (X~ut(w')X~ut(w)). (3.51(( ) 

Suhstitution of (3.43a) into this expression yields 

(X~ut(w'),X~"t(w)) = D(w)~(w') [_ww,(2h~j3g _W2)(2,;,:j3g -wl2)(X¥(w')x~n(w)) 

+iW,;,2j3g(2,;,2j36 _ w2)(x~n(w')X~'(w)) 
I 

+iW',;,2j3g(2,;,:j36 _ Wf2)(X~'(W')X~'(W)) + (,;,2j3g)2(x~n(w')X~I(w))l. (3.51b) 
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Applying (3.50a), one can write 

(x~n(t')X~'(t)) = ~ [(F,i (t')F} (t)±F,i (t1)];1 (t) + F/ (t')F! (t)±F,t (/l)f<2(t) 
2, 

±F} (t')Fht) + F2t (t')F} (t)±F} (t')F! (t) + F~ (t')F2( t) 

+ FI (t')Flt (t)±FI (t')F} (t) + FI ( t')F! (t)±FI (t')F2( t) 

(3.52a) 

In view of the correlation functions defined by (2.8a), (2.8b) and (2.8c) for ordinary 

vacuum reservoirs and using the fact that the two subharmonic modes arc not correlated, 

we have 

(X~'(t')X~'(t)) = 8(t - t'), (3.52b) 

(X~'(t')X~'(t)) = 0, (3.52c) 

so that on taking into account (3.22a) and (3.52) we have 

(X~'(W')x~n(w)) = 8(w + Wi), (3.53a) 

(X~'(W')X;'(W)) = o. (3.53b) 

In view of the above results 

(X OU'( ') X OU'( )) = 1 [_ 1(21),2(36 _ 2)(21),2(36 _ 12) 
+w,+w ()() ww w W DwDw' , , 

(3.54a) 

(X:U'(w'),X:U'(w)) = 1 [_wwI(21),2(36 _w2 _,2)(21)2(36 _w f2 _,2) 
D(w)D(wl

), , 

+(IC2(3g)218(w + Wi). (3.54b) 

Using (3A7a) 

S () -100 1 [ 1(21),2(36 2)(21),2(36 12) K w - -ww ---w ---w 
, + -00 D(w)D(wl ) , , 
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+(n;2;'3g)218(w + w')dw', (3.54c) 

S' () _ ;00 1 [ '( 2n;2;'3~ 2 2)( 21C
2 (3~ f2 2) 'X W - -WW -- - W -, -- - W -, 

- -00 D(w)D(w') , , 

+(n;2(36)218(W + w')dw'. (3.54<1) 

Upon replacing w' by -w' in (3.54c) and (3.54d) and carrying out the integration, the 

squeezing spectrum turns out to be 

Similarly 

Setting 

and 

, () 1 [2( 2n;2 (3~ 2)2 (2 2 2] 
5x+ w = D2(W) W -,- - w + Ie (30) , 

, () 1 [2(2n;2;'3~ 2)2 (2 2 2] 5L W = D2(W) W -,- -w + n; ;'30) . 

W 0' -­- , 
Wo 

Eq. (3.56) can be rewritten as 

, A0'2 (0'2 - 1) 
5x+(w) = SL(W) = 1- 0'2(0'2 -1)2 + A(0'2 -1/2)2' 

A0'2 (0'2 + A-I) 
Sxjw) = Sy+(w) = 1 + 0'2(0'2 -1)2 + A(0'2 -1/2)2' 
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(3.55a) 

(3.55b) 

(3.56a) 

(3.5Gb) 

(3.57a) 

(3.57b) 

(3.57c) 

(3.58a) 

(3.58b) 



It is obvious that squeezing occurs in S'x+(w) and S'L(W) when (5 > 1 or W > Wo and 

squeezing occurs in S',L(W) and S'y+(w) when (52 < (1- >.). It can be seen that a large 

amount of squeezing (close to ideal) can be achieved with S'x+(w) and S'L(W) for>.» 1. 

It is interesting to note that at the demarcation frequency W = Wo or (5 = 1 

Hence, no squeezing exists under this consideration. 
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CONCLUSION 

We have presented a derivation of the linearized Langevin equations for the funda-

mental and harmonic modes involved in degenerate second harmonic generation inside 

a cavity coupled to two independent squeezed vacuum reservoirs. The solutions of the 

resulting equations have been used to calculate the squeezing spectra, the quadrature 

variances and the mean photon numbers of these two modes. 

vVe have seen that the effect of the reservoirs is to increase the degree of squeezing. 

We have also considered the squeezing spectra at both the critical point and critical 

frequency and for ordinary vacuum reservoirs. V<le have seen that for this case when 

Ib <: la, perfect squeezing is approached in the low frequency mode at We = ± J2,alb 

and if Ib ::;;> la, perfect squeezing is approached in the high frequency mode at We = ±'b. 

["loreover, we have found that for "a = "b = ", la = Ib = I and at the critical point the 

variance of the intracavity quadrature operators for the two modes are independent of 

the driving field amplitudes and the cavity damping rates. In addition, the mean photon 

numbers of the two modes diverge at the critical point. This shows that the linearization 

method breaks down at the critical point. 

\I./e also have obtained the linearized Langevin equations for both the fundamental 

modes as well as the harmonic mode of non degenerate second harmonic generation. vVe 

have then found the explicit expressions for the quadrature operators in frequency space 

for the sum and difference of the fundamental modes. vVith the aid of these results, we 

have calculated the squeezing spectra. 

For this case we have shown that squeezing occurs in X+(w) and Y_(w) when (5 > 1 

or w > Wo and in X_(w) and Y+(w) when (52 < 1 - A. We have also seen that a large 
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