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ABSTRACT

The electron~phohon interaction based on the harmonic
approximation for phonons is discussed by consldering several
physical models, Somé consequences of this interaction, such
as the possibility of cooper pairing and the BCS theory of
superconductivity are described.

Two proposed mechanisms of High-vTC superconductivity
noth based on the electron-ion interaction of electron pairing
are discussed. A 2D BCS model results the observed values of

Tc.and the absence of the isotope effect in its conventional
form. Another model based on the non harmonic double-well

potentials in the cu-o chain in ¥YBCO is also studied. A

gualitative prediction of the effect of pressure on T, and the

smallness of the critical cuvrrent is made..
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The main objeciive of this work ig primarily the
degcription of the electron-phonon interaction, that is
the interaction between electrons in solids arising through
a medium of ions. The most impressive result of such an
interaction is that two electrons may attract each other with
a potential exceeding the coulonb repulsion. In the case of
a harmonic motion of iong in a crystal the situation is well
understood and the application of standard methods of the
electron~phonon interaction, like the deformation potential
gives results which are in good agreement with experiment.
The greatest success of the modern theory of the electron-
phonon interactions is undoubtedly the BCS microscopic theory

of low temperature superconductivity.

In the first chapter of this work we give a brief descrip-
tion of the concept of phonons in solids. The second chapter
contains a discussion of electrons in metals using some simple
models like the homogeneous electron gas. The idea of Copper
instability is also considered in this chapter. The third
chapter is devoted to a review of the electron~phonon interw

action and some physical consequences of such an interaction,

like polarons and the coupling of electrons in the BCS theory.

The discovery Qf materialg with a comparatively high
transition temperature by Bednorz and Muller in 1986 and Wu

etal in 1987 lead people to a study of the behavour of these

materials.




From experimental evidences these newely discovered materials
exhibit new features which were not observed in the conventional
supecrconductors. Their supefuonducting properties are influenced
by 2D layer of cu~o atoms or a 1D chain of cu-o atoms. Some of
these atoms (o} are obsecrved to be in a non-harmenic crystal

potential,

Another obstacle in the theory of this materials is that
the properties observed experimentally are as diverse ag the
kind of materials. Most properties which were common in the
low-='I'c superconductors, like the isotope effect are not now
a universal feature of all these materials. Up to now there
is no single theory which could explain successfuly all these
diverse features. At present a 1lot of attempts have been made

by theoretists to understand the mechanism of high—Tc

superconductivity,

In the last chapter we have studies some properties
of high»-Tc supprconductivity. A short review of the relevant
exXperimental facts of this materials is first given. We then
considered two possible mechanisms of high—Tc superconductivity
based on the electron-ion interaction as the cause of sﬁper-

conductivity.

Some original qualitative predictions are also made as

the outcomes of the models.




CHAPYER 1

1.1  DHONONS IN THE HARMONIC APPROXTMATION

An important component of solids is the crystaline lattice.
The motion of ions in a solid is relatively slow: & due to
their large mass compared fo the mass of an electron. The
interaction between ions in a solid is of short range due

to screening effects by electrons.

For comparatively low temperatures and small amplitudes of
vibrations the lattice can be considered as a system of
coupled oscillators. Using the theory of small vibrations

it is possible to reduce the motién of this coupled oscillat-

ors to the motion of independent oscillators (normal modes)
[1]

Let us expand the potential energy of the crystalline lattice
in. to a Taylor series with respect to the displacewents of
jons from their eqguilibrium pogition which is assumed to be

small as:
2

3% vV $ )
.Sj,)+ (1.1.1)
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Where V| is the potential energy of the crystal when all
atoms are at their lattice sites. { and $' are position
vectors of lattice sites, j and j' are cartesian components
of the lattice displacement vector., s and s' are the kind

of atomsin a given primitive cell.
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U§ 5 are the disnlacement of the corresponding ion from
Al

equilibrium

The equation of motion of the system will be:

- S PN _s'
Mg g5 a0 e a2 (1.1.2)
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The translation symmetry of the crystal permits Us to seek
the solution in the form:

s s ik. 2 ~ iwt
. e
£ 3 U
w ~ is the frequency of the collective motion of all atoms

and the allowed set of k - values is determined from cyclic

boundary condition,

one can get a nontrivial solution by demanding the dertermi~

nant to be zero. i.e.

33!
S _
Dat. { D {k) w M ﬁss, ajj,} 0 {(1.1.3)
Where
i3t . 5 2y .
D, (k) =1 g g explik.{(R-L") }~
(3-51)  2Uzy 395y

is the Dynamical matrix.

Here summation over s is to run through 3v values, where Vv
is the nunber ofiatoms in a primitive cell.

This is an eguation of power 3v in w?, which has 3v roots

denoted by mzo (k), where o has 3v values.

These freguencies are referred to as the normal mode

frequencies of the lattice vibrations.




Due to time reversal syvmmetry we have:

wa‘{k)= CH {(-k)

and from the translational invariance of the solid we found
that:

W, (k) = @, (§+§), where é is a reciprocal lattice

vector defined by:

& = nlﬁl + nzgz + n3g3, ny/n,yny are integers and
gi's are the reciprocal basis vectors of the crystal,
.} .
The lattice frequency spectrum wa(k) has in general two

‘branches dependending on their behaviour for small k,%+ 0.
Three of the branches have the property that, the frequency

goes to zZero as ko as:

W, {(k} = Cak,a=1,2,3, where CU'S are the speed of sound
in the solid. Two of the modes are transverse and one is

longituidnal. We call these three modes the acoustic branch.

The rest 3v - 3 modes have a non zero frecuency when
k ks 0' ice‘

wa(k) = i for a = 4,...., 3v and

oa’
W, are constants. We refer to these modes as the optical
branch. If there is no degeneracy in the freguency spectrum

we can expand the optical modes for small ¥ as:

\ Ty = . .
mu {k} = ® oy + s aij kikj {1.1.4)




Here aij is a constant matrix,

o Optical modes are high frequency

ephiced vibrations. In ionic crystals these
LI Gt

modes particularily the transverse

> }chiﬁ-t optical mode strongly couples with
1)“( s

the electromagnetic wave.

R
Most properties of a solid depend on the form of the
lattice spectrum wa(ﬁ). Usually it is impossible to get
analytical solution for ma(ﬁ) in three dimensions. It is
only in one and two dimensions taking nearest neighbour
interactions that on can get a simple form of ma(ﬁ).
For many applications in thermodynamics, transport and
electrical properties it is desirable to introduce the
density of states or the frequency distribution function
defined as:

GA(MJ doy, - is the fractional number of frequegcies in

the range between w and ® + dw in mode A,

The counting of states is done using either Kronecker delta

w wj(k) or by the delta function §(w - m (k) ). Thus

Y - 3 -
GA {w) = ik W’ wl(k) = f d°k §(w wl(k) ) (1.1.5)

Another possible form of the density of states is to reduce

the integral into a surface integral by replacing Igj].
ds
Ak » { ——r ) dw
|VKm|




Where dsﬂ is .an element of area on a surface of constan
i

frequency and ¥V o is the gradient of rthe frequency function
/ . _

with respect to wave vector .

Hence,

dsw}
[ et , and integration

8n? |9, o, (k)] (1L.1.6)

G)\ (UJ) =

is over a surface of constant frequency w. f is the volume
of the ﬁrimitive cell.

There are many points in the Brillouin zone where ]VKw| is
required to vanish by reasons of symmetry. This is also

a result of the Van Hove theorem that the lattice spectrum
must contain at least one critical point. Hence the density
of states will have singularity points.

These singularities are also found in electron density of
states because the band energy e{x) is a continous function
in the reciprocal lattice vector, with the periodicity of
the reciprocal lattice. Hence the arguments of Van Hove's
theorem applies to it. A special interest is when the singul-
arities lie at the Fermi level. Because most eléctron
properties in metals are affected by those electrons near
the Fermi level it will have observable effects. When we
conme to superconductivity the coupling constant in the BSC
theory is directiy proportional to the density of electron
states at the Fermi level asg given in {3.6.14}%. Hence these
singularities will enhance the critical temperature

considerably [11 7,
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In general for one dimensional systems we will have

singularities of the fLorms

Glw) o o at w = o {(1.1.7)

and in two dimensional lattice systems the density of states

will have logarithmic singularities as:

Glw) o & (——) | (1.1.8)
18] ""wo .

Quantization of Lattice Vibrations

The classical Hamiltonlan written interms of normal coordin-

ates is given by

H=4% {PX(K}PA(—;) 4 mAQ{K) QR(K)QA(HK) (1.2.1)

z
ALK
Where

Q, (%) is defined by [2 ]

Uat = {ng“%

5 g;;(E) 0, (x) exp{ii.ﬁj}

)3
A

Here g;; are the eigen unit vectors of the dynamical
matrix given in (1.1.3) ’Uﬂj is the jth component. of the
displacement of an atom of kind s in a unit cell at position

-
R .
%

Pk(Kf &= QX(K) is the normal mode momentum.




The transition to guantum mechanics is made by regarding
the QA(H) and ?A(K) az quantun moechanical operators with
the commutation relation:

Loy Cau By o] = am 80 8y, (1.2.2)

and

i

Loy, (0 o, ] = [2 (), 7, (k)] =0

Where all wave vectors are inside the lst Brillouin Zone.

We will now introduce creation and annihilation operators

M.w}{x)% i‘PA(K)
ag = ( —=me—) LR (sK) e P )
2h A Mu, (k)
(1,2.3)
Mw}(k) 5 L Py (=K)
ay = (et} L (O (K)ot
A 25 A Mw}(K)

With gose type of commutation relations.

The Hamiltonian of the system expressed interms of these

operators will be:

a . + %) (1.2.4)

wWith its eigen functions given by:,-n
+ +
§a1 ) ... f{a, )

> =

l n, ooy n

1' srcu‘

(1.2.5)

Here | 0> is the vacuum state with no phonons excited.
If we compare the thermal average energy of the system with

_the average encrgy of a system of independent oscillators




We gel:

+
P 1
<ay A > o= n e

KA A
@Kp(ﬁw\(K)/T)ml (1.2.6)

Which signifieg the fact that we have a Bose type of parti=
cles with no particle number congervation or with zero

chemical potential. We call these Bose gquasiparticles
phonons. The concept of phonons is so fruitful that any
process in the crystal could be treated as if we have an
ideal gas of phonons for low temperatures, ..

~  As the temperature increases we have to take inter-
action of phonons in to account because the number of phonons
also increases with temperature. A phonon may collide with
another phonon or with electrons as if we have a particle.

with definite enerqgy & momentum.

B, = Bw, () and P = (1.2.7)

All thermodynamic properties of the crystal could easily be
derived using the phonon pilcture, [ 3 ]. At low temperatures

we can consider the phonon gas as ideal.

The free energy oi the crystal is then:
By (€) (my () %)

F = ~ T%n%Z , where % = I exp{=-
K A T -
is the partition function. Hence
. ﬁwh(K) ' Jﬁml(x)
F o= 5 5 +  Tin (L-expf —1}) }
K, A ' T

{(1.2.8)




Using this free energy the thermal average angergy will be:

-1
B o= % T, (k) (% + lexp {’ﬁs‘,u} () /FY= 1 1} j
KA - {1.2.9 )

and the specific healt of the crystal which is related to

E by
;v = g% will be :
o - 3 fwmk , ?wh(K)) 2 expfﬁwl(K)/T) G(w, (k) )dw
v Ao T [exp (o, /1) - 1] 2 !
{1.2.10)

Where G(w,) is the density of states of w in mode and

Wy -9 the maximum frequency in a given mode A.

For relatively low temperatures there is a simple model
given by bDebye. fThe approximation consists in ignoring
dispersion. Because at these temperatures the only phononé

excited are.acaustic phonons, with the relation. [ 3 ].

wj(x) = Cj kK , where Cj is the speed of sound waves

in the crystal and § = 1.2.3 two transverse and one longit-~

uidnal. .The result for the specific heat in this approxima-

tion is given by:

;

3

Cv = %% ﬂéN(éid which is the famous Debye -T° law.
Where BD is the Debye temperature related to the Debye

-~ 1 6 T.T 2 Ty -—'.“..
frequency wy by hwy = €, and mD3 = CS3 , where Cs3

is the cube average speed of sound in the crystal.




- L0 -

Effects of Anhammonicity

Tn the hacmonic approximsticon for laitice vibrations it was
chown that the normal rwodes or phonons are independent with
no interaction. This is not true as we increase the temper-
ature. Because more and more terms of higher order in the
expansion (1.1.1) for the crystal potential becomes
significant.

anharmonic effects gives rise to an important and interest-
ing physical effect in solids which cannot be explained only
using the harwonic approximation [4 ]. The most familiar of
these is the thermal expansion of solids. When the tempera-
ture rises the amplitude of vibration of atoms increases.
This makes anharmonic terms important. The assumption that
the lattice sites are equilibrium positions fails and the
crystal adjusts itself to a new eguilibrium position with
the anharmonic terms included, in the process the crystal
axpands.

Another effect due to anharmonicity of the crystal potential
is that we have two or more phonon processes. Two phonons
may collide with each other to produce a third phonon. Also
a single phonon may decay into two other phonons. All these
procesgsses are resﬁlts of anharmonic terms taken as a

perturbation on the phonon system.




The pelecticn rule for wwo phonon processes ls:

- s - > R o, \ . . .
iy <y g, G where G 18 a reaiprocal lattice

ve oo,

.

The thermal conductivity of solids is highly affected by

these two phonon processes.
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CHAPTER LI

ELECTRONS IN HMETALS

Blectrons in solids play a major role in determining most thermal,
electrical and optical properties f the solid., Electrons
interact both with each other and with the ions of the crystal-
line lattice.

In'metals we have almost free electrons while in semiconductors
and dielectrics we have bound electrons. In general the

Hamiltonian of the electron system can . be given in the form:

I g Bi% Ly g ¢’ .y u(r.) (2.1.1)
;. o= 3 B 2 C U(r, 1.
el " i T,y lF -F i

] . j[

where the first term i® the kinetic energy of electrons and the
second term contains the coulomb interaction bhetween electrons,
the last term is the potential energy of interaction of the
electrons with some external potential including the cxystalline
lattice.

In second uantized form H will be:

Fal

- -+ - _ i .
Pe1™ ¥ %k Cko ko ¥ o U@ Cpyzo Cqo o
Pl dre® o ¥ -
T z}? gt az Chiq o k=g 0t Ckror Cko?  (2e1-2)
G K,

Where ¢, is a spin index up or down

V= is the volume of the crystal and €1 is- the kinetic energy of

24,2
electrons e, = oK
k 2m
Here we have used the plane wave expansion, - which is

appropriate for electrons in metals.

. o _ E o
Here, Ulg ) = fet q.c Uir) 4 r, and g = K=k’




Thé apove Hamiltonian of the clection system is lmpossible

to solwve. Usually we veplace it by sowe model Hamiltonians
for different physical situations we have like, the Homo-
geneous electron gas, the tight bindirg €lectron wodel, etc...
we will discuss here the Homogenous electron gas ~ an appro-

priate model for metals.

Homogeneous Electron Gas

This is a model frequently studied to leavn about correla-
tion effects. In this model we replace all the ions of the

lattice by a uniform rigid background of charge density nc.

1t is usually referred to as the Jjellium model,

The model -~ Hamiltonian in this case ig:

: + 3 4ye? + o+
Het = 5 € C__C _ 455 L AL , .
K < K 25 Z Ko K Yo
K,0 Ka o _7 o aq 1 1
i
(2.2.,1)
pie Cx‘q'cgg

The term with g = o exactly cancells the sum of the electron-~
jon interaction and the interaction of the rigid background

with itself.

The Hamiltonian describes a system which has charge neutra-
lity and terms with g#o describe fluctuations due to elect-
ron-electron interactions.

Tt ig also impossible to solve this model -~ Hamiltonian
exactly but.there are approximate solution like the Hartree-
fock approximation and other modern manybody technigques.

Of 511 the results one important finding is that the elechvrr-

electyon interaction will be screened out up to a very short
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distance. Which strengthen the validity of the free-

electron model of metals.

Collective Properties of the Electron System

As we have seen in gec.{2.1) the electﬁon Hamiltonian
including the electron-electron interactions is impossible
to solve even in the jellium model. This is a many-body
problem with interactions.

Electrong in metals have a very high density A lO?zcm—a.
Hence we have a dense system in which a large number of
electrons are interacting with each other. This dense system
will show properties in which a large number of the electr-
ons are involved simuiltancously in a correlated way. This
collective modes of the electron system are an important
aspect of the many body theory. It is these collective
modes that one excites when the system 1s coupled to some
external pérturbing gysitem.

Let us perturb the electron system by an external charge
density (g, ~wh) ,

v A e
pq %)

and study the response of the system.

in the absence of any perturbation the crystal as a whole
ig peutral, i.e.- <pq> = ( But in Ehe presence of the per-
turbation we will have density fluctuation induced,

and <pq> # o. Where.

- e
C, €

o
i
)

K+g

=~
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If the displacement vector and the electric field inside

the system ars I and B vespectively: Then

v.D = 4w (test chavge dencity)

because we have nc charge in the system and
V.% = 41 (test charge density + induced charge density)

if elw,q) is the longitudinal dielectric constant of the

system
With
5(m,§) = a(m,%) ﬂ(w,a)
Fhen we get - i {nt)
gD = -i el(w,q) q,E_ = 4n A
ig. g = i e{w,q) q,Jq = 4 q e
and
Hiﬁ. Eq = Ane (Ag ewlwt + <pg>)

Hence the lengituidnal dielectric constant will be

<Py Ay It 4 0
e(m,a) Rq e“iwt Aq e ~iot

This has a simple interpretation that

1 . _total charge density

£ {w,q) test charge density




The normal modes of the system or the collective mode of

osciliations are given by the equation, i.e.

efw,q) = O

Under this condition the system oscillates without any
external perturking charge density. In general e(m,&) may
-have an imaginary part which determines the lifé time of a

collective mode, i.e

1

TN e

. F

e T (o)
If ite imagninary part is very small we can take this mode
as a well definal collective vibration of the system,

The Hamiltonian of the electron system without perturbation

is
H.o= 5 o pite » T2 (p Yoo L (2.3.1)
o T 2m o2 q pq Mtatd
g ¢
and the perturbing Hamiltonian
e’ ~iwt + st
H' = A e $>0 2.3.2
g7 Peg Pq , ' ( )

Using 1lst order time~dependent perturbation theory we get

ro ~47e? emiwt + 8t

<p b = "ATe  p
fa Gz g

1

1
S S T, S
“pr;} 5 “w+mno“ls?\\\~<;ﬁ,&qﬁ

X El<n1ﬁqlo>l2.f

“\\\\\\\\\\.




tthere the states ! n> are the +*rue eigen slates of the electron
systen without any perturbation but including the electron-

clectron intevactions, i.e.

H0|n> = En]n> and . = g

Finally we get for elw,q) the velation:

1 dne . 1 1
- e 22 1 e BRSO A Li(nlo l >|2 { - + »-‘-}
€ {w,q) q n q w+mnoﬁi& W is
Whose imagniary part is
1 _ 4ne? P 3 . - - |
T (ETBT&T) e gl‘nlpql°>l ]p(m%mno) plw=w_ )]

In the simplest approximation where the electrons are non-

interacting we get for =(w,qg) and For @>>0 . In the long wave

length limit, g+o

[iV] e »
- . . 2
c{w,gq) = 3 - Eg_ + o0
Vhere
2 4me’n
W
p m

o is a constani and Oy is the plasma frequency, af ¥=0
the Im(e(w,q) = O for this freguency cange and the collective

excitations are well defined with deupergion
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The collective excitation with bthis dissersion are referrgd €0
as plasmons. Plasmons are @bserved in wmetals as peaks in the
energy itoss of fast slectrons in thin wmetallic foils.

The other kind of excitations in the system are those with w=w

no
In this approximation  i{ means

fiw = ¢ - £
S

Where EKLq and £, arve energies of a free electron with momentum
' .

B ay S 4 . . ' . . . '
K+q and K rnspectlvely)thls are single particle excitations

corresponding to the cxeation of electron - hole pairs in a
=g § i s L =.) I - -
filled Fermi sea. An electron in state K ingide the Fermi

. . o . . . >
gea 1s excited to a state K+4g, leaving a hole in state K.

i
{2

A

e
/’\ %
P \‘- 7
/ o
e
4 -
R
Pig. 3 Single particle excitations

consisting of electron-hole production.
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T+ seems at first very strange when one says that elect-
rong in metals may attract each other despite the fact
that the coulomb interaction between two free electrons is

repulsive.

However it should be noted that the twé electrons in a

solid are not free electrons interacting only tﬁrough the
pure coulomb potential, rather they are parts of a large
electron—ion system, in ywhich the positive ions as well

play a part,

gualitatively one can understand this strange property .

by saying that, one of the electrons in mo&ing inside the
solid pushes other electrons out of its way while it pulls
tve ions arvound it self producing a phonon ciloud accompany-
ing the first electron. The other electron interacts with
the polarjized medium giving an attractive interaction. Here
+he attractive interactlon between the two electroné is not
a direct interaction, it is an indirect interaction mediated

by phonons.

The interaction between electrons and vhonons is noni~Llinear,
each system is bound to be coupled to ltself. To see thisg
let us disturb the e distritution some how, this will
disturb the phonon

disturb phonons + disturb electrons

+ disturb phonons
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Glstribubloe and Lhis in 2arn will aitbter the distribution

of the elecitrons.

To get a crude idea of how it is possible for two elsctrons

bto attract each other let us take the two fluid model of

-

the electron and the ion system.

Our model E3:3 is a macroscopic wodel in which we approxi-

mate the charges as a continuum of charged fluid.

Now 1f we perturb the system by an external density of
charge given by =

e .
e i.r - dwt

and study the response of the system we get:

With Ve - the Permi velocity
Ge - displacement of the electron fluid
ﬁj -~ displacement of the lon .fluid
The aguation of motion of the two fluids is ’
:; n o
ma, T MY2 Ve u_ - ek
i (2.4.1)

Here Ze is the charge of a single ion. M and m are masses
of the ion and the electron respectively.

E is the self consistent macroscopic electric fileld given

by



S

o e e b o die (G - O .
div b A1 [ Oq y div (U Le) | (2.4.2)

S
i '(q e
= ] .- 3

: , . wi)
If we assume that all guantities have %ependence,

we get the egquation simplified to

- 2:)‘ - - . 2 2 - ur— o Fon

) ue ;Tgﬁ;q Ue +  4drne pG(UL Ue} 14wzegp g
g qiﬂﬂ“

M2y = ] b L i atke 2 -

ﬁm up 4ﬂZe Py (UL Ua) 4 l4ﬁ’e pq q

Where pq is the density fluctuation induced by the pertur-
bation and po is the equilibrium concentration of electrons

in the unperturbed system.

Solving thils equations ifor Ge and EL, the potential enerqgy

of another charge e placed in the system will be.

2 2 ' y 2 2
G}(&)?Eﬁ) =z ﬁ-t“.ﬁg { . vF&q. /_/_,.3., .g(f V‘qu /3)mq }
' q? w2 NPZ(Q) (w2“wp2(Q))Qm?‘ qu)
Where -~
2 _ 2 e
wptla) = eg,t F veTaT/s (2.4.3)
and
2
VS qz
i 2 = 3 5 2
g 1+ V'_F g /3 wpo

v =~ is the sgpeed of sound in the medium.
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. e (: - = 0 i ,) - '7 > -
div % = 4we | oot P div (U= U I (2.4.2)

Lo

. B \6“
TR ST

if we assume Lhat all guantiltieg have pendence ,

wa get the equation simplified to

-

- 27 = = . 2 7 2 O -0 - o

ne ;?g%ig~ U, + de pO(UL Ue) 14ﬁzegpqq
- | G

2l ] g T L5 2 o

Mw®u, dwd o, (U = U,) + i4ﬁze Py 4

e

9

Wwhere pq is the density fluctuatién induced by the pertur-~
bation and Py is the equilibrium concentration of electrong

in the unperturbed system.

!

Solving this equations for ﬁe and GL' the potential energy

of another charge e placed in the system will be.

7 Grelo w2 - Vuqu/a (" - v.2q?/3)w ?
b, ) = m“?ﬂ‘JE { Biwtf(up2(q) AEOTEm ?iq)) Uuz—qm i)
g P p ¢ q
Where -
9 _ 2 s 2
R U R (2.4.3)
and
2
V‘S qz
1] 2 = ‘1“““,‘“‘*“'"“’;"“"?‘};‘"‘ 2
g Vg g47/3 wpo

V.- is. the gpeed of sound in the medium,
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For the ~ase of a suparconductor in which the transitions
are only near the fermi surface and v kTC and wave length

ay kF we have

7
3

w << and o << mp (q)

which simplifies the expression for o(t,9) tos:

2 7, 2 2
) dne p Vi 4 /s wq
O, g) = . 9 { 5 ~— {1 + ng~~*;l }
q’ o + v.q /3 b3 —wq

(2.4.4)

Now, 3if the electron were free the potential would be

> 4ﬂegg
3,(q) =

2

q

The effect of the e flujd alone is to give the screened’
coulomb potential which is contained in the first term. The
last term gives an extra contribution due to the presence

of the ions.

this last term will be negative ({ox attractive) for frequenc-
ies w < mq. 1f tﬁis term dominates the screened coulomb
potential, which is true for w wy ¢ We get a net

attraction hetween electrons.
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The attractive intef&ccion between two electrons in a solid
has many interesting and important effects. Cooper | 7]

proved that for aivtractive interaction between electron in
a@ metal the Ferwmi sea will be unstable against pairing of ¢ wi

anti parallel spins and momenta.

And using his idea Bardeen,Cooper & Schyheffer r7]succeded
to solve the puzzle of superconductivity by explaining all
the observed facts using only the fact that electrons attract

each other near the Permi surface.

The modern way of treating the indirect electron=-electron
interaction was done by Frohlich usiing a canonical trans-
formation from Hewph and keeping terms of second order in

the Hamiltonian; the reult is [3 ]

2 7 4 .
]gq] he C Cr4go %o Crigo
H = ¥ S —

I h e ¥ i = . > 2 . 2
Kk'too'qg (ug+q gK) (ﬁmq)

(2.4.5)

Which will be attractive for transitions, in the rarge

IEK;i - nKi < g .

Where wq ls a typical phonon frequency. In the BCS

theory wq & wp ¥ fthe bebye frequency,



Cooper Instability

Cooper pregented his classic paper in 1956, and it is his
idea which stimuvlated Bardeen, Cooper and Schrieffer to.

find their wave function for the superconductive state

months after the publication of this paper.

He considered, what would happen if, to a system of electr-
ons £illing the Fermi sea, we add two more electrong with a
sﬁall attractive interaction between each other. But there

is no interaction between thase electrons and those inside

the sea,

It was supposed that théhelectrons with in the Ferml sea

are held rigidly in their states so thet these states are
forbidden by the exclusion princiole to the extra eleckrons.
Then, Cooper proved that the Fermi soa will be unstable with
respect to the formation of the bound pair of electrons,

The electrons will form a bound state with energy less than

the Ferml energy. To show this let us consider the two extra
electrons to be in antisymmetric spin stata, The unpefturbed
elgen function of this pair is,for unit volume, [ 5 ]

-y -+ , =

P = e
W(Kl’ Ky %y, X,) = exp iﬂK»

Using the center of mass coordinates

o - LT -+ P o
K= %0 + X)) , £ 5(Ky + K,)
r o= (xl v Ry } s k= (Kl - Kz)
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We get the wave function in the form:
o >
F. LELE. 4 €.

Yy (X, ¥, R, v} = e

rhe Kinetic energy of the pair in thig state will be:

1

2
= a— s L) ¥
K.E. m ( 4 L )

If we subject these electrons to an attractive interaction
~ ] .
E" , the total Hamiltonian of the pair will bhe

H = H" + R% (2.5.1)

Where we have choosen the momenthm k =0
-+ 3
lL.e. K, = mkz

Let the eigen function of the pair be given by:

ik .7 LE LY - K.X

- . " Sikux, - .

¥({r) = L 9. e = ¥ g e ¥y KR,
« v K K

(2.5.2)

These function statisfy Schrodinger's equation:
HY(¥) = AY(#) , Then

(H~)) ¥{(r) = O ,

1f we take malrix eclements between eigen states of the
unperturbed system,

-+ =¥ ~ e d > > -

After taking the integration we get. -

ta

- c n s R
(e, -2} g, + i' g <x, - k| H [k?, =kt> 0

(2.5.3)




To change swimmation into integration let
N{z} be the density of twe electron states k,-k per unit

enerqgyv rvange, with energy ¢, then

(e=A)g(e) + Jde'N(e) gle)<el?fe’'> = 0
We will show latter that, according to Cooper's assumption,

<glu"je>

it

-V , for {e~e') g ¥ Moy

il

O for (e=e'} > % hu, ' (2.5.4)

Where V is a positive constant and W is the Debye

frequency

The possible states for the two electrons are above the

Fermi level, bhetween € and €, + hwe_ . Using these assump-

F D
tions we get the equation for A, given by:
. 28m
(e=X) g (e} = V [ det N(e') gl{e') =¢C {2.5.5)
ZEF

where C is a constant and Em w2 EF +‘ﬁwD

and we get,

gle) = o (%)

Using eq (*)} for g'(e), the equation determing X 1ls:

2e
m

ot
1 - W f df;" I.\_Iu.(‘u._-...}.. = O
ZEF g Vel




in tha ahove raunge of enargy o > hmD, and we can take

N(e') & N(6,),at the Fermi level,; Hence

Zen - A
ER e S T S—

' - ) {(2.5.6)
N{o)V 2e ISR Y ZEF - X

|
|
|
|

A~ ig the eigen value of the pair, if its ground gtate

has energy A, , and anticipating the result we write,

AO == ZEF - A, and we find

A = b (2.5.7)

Here A ig the energy of the paly below the fe;mi level.

Tt is the binding energy of the pair of electrons,which is
true only when V is positive, or the potential is attracte
jve. This is an important discovaery from the point of yiew 0%
oridinary pertufbatiom theory. If there is an infinitesimal

attractive interaction between electrons it will lead to an

~

ingtability of the Fermi sea due to léwering of energy of
the ground state of the system by formation of bound pailrg

below the Fermi sea.




Sr .

Note that there will be no jnstability if the interaction

between electrons were vepulsive,

“his inetablility moedifies the Fermi sea in an important way
and we must study the Fermi surface carefully taking account

of the exclusion principle.

It can be saen that the equation for A cannot be found
using ordinary perturbation theory summed to any finite
order because 1t is not an analytic function of the coupl-
ing constant V. This fact delayed the theoxry of super-
conductivity for many years after its digcovery, bscause

all attempts were basaed on perturbation theory.

The theory of Cooper is not a theory of superconductivity.
The BCS theory is a many - body theoiyltreating all elect-
rons of the metal on egual footing, and its solution is
much more difficult. But Cooperfs idea gave some impetus
into the theory. It gives how to choose palring of elect-

rons in the BCS coupling.
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Electron-Poonon Interactions

In the previous Lo chaphers we have discussed the two gub-
systémg of a solld, l.e. the e¢lectyron and the lattice -
vibrations independently. Now we let these two. sub+sydtems
interact with each other., The interaction between eléaﬁﬁ

rons and the lattice vihrations (Phonons) is an important

and complex part of interactiéons in solid.

The basic assunption in the electron -~ phonon inter-actions
is the adiabatic approzimation. This means that we can
consider the motion of electrons and lons separately to the
zexoth approximation. And because ions aré heavy compared
to elecirons they move glowly, in whichrthe electron can

follow the motion of the ion adiabatically.

Electron = phonon interaction has - important effects on
the properties of solids., 1t causes electrons to scatter
from one state |k> to another state |k'> with the creation’

or dastructio

Ft

1 of phonéns leading to electrical resistance.
It causes superconductivity by modifving the electron~elect-
ron interaction-into an attractive potential due exchange of
virtual phonons. It also influénces;transtrt properties of
avery metal. In fonic solids and sémi conductors it domina-
tes the transgport éroPerties of the solid. A,sloﬁly moving
electron in ionic crystals carries with it a polarizing
field and Lt will have a heavier mass. than the electrons in

a peciect crystal, we call this dressed electron a polaron.
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The Hamlltonian of the crystal including the electron-

vhonon interaction can he written as:

5 = th -+ Hee + h(:"“ph: {(3.1.1)

Where_g¢ﬁ,the phonon Hamiltonian in the harmonic approxima-
P h )

tion,

And " is the electron Hamiltonianlincluding the pure
coulomb interaction between electrons and their interaction
with the external field inciuding the perfect crystal as in
eq (2.1.1)-

Heﬂph ~ is the Hamiltonian containing the interaction of

the electrons with the lattice vibrations.

To get an expliclt form of H Let the interaction

"Ph ©
potential hetween an elactron at ?i and an ion at §j be tﬁ ]

v . (. ~ R

€=l 1 3

The total potential energy of interaction of an electron at

—

ri'with the lattice will be

= £ V. . (}?iwﬁ) (3.1.2)

j e~-1 j

;

For the case of gmall temperature and small ampliitude of

vibration. The position of the ions could be written as:

R, = ﬁ%O} + 0, ;, where ﬁ(o)
dJ ] J J

is the position of the jtﬁ fon in the perfect crystal and

- -+
W. is .its displacement from equilibruim we asgune that u

‘ dJ
is small compared o the lattlce constant.



Hence

Expanding V. in to a Taylor series with respect to

ﬁj and keeping terms up ©to lst order in U we get

- . - )
Vo= (F o~ B0 v (- R
=1 1 3 J e-1 1 3
- -+
U0 W g - % e (o) (3.1.3)
V s 7 (0) 5 3
Here ve«i (x, = ﬁ ) is the potential produced by the

c1y5t31 lattice dnd can be included in the electron Hamilt-
onian. For the independent particle approximaticn this

potential gives the Bloch states of the eleciron.

The term containing the electron = phonbn interaction is

the second term, il.e.

B 4 =
Vo pnE) ? .. 99 (rﬂﬁ } (3.1.4)
Vi {gaﬁj)‘ia asgumed to have a fourler expansion due to

its translational aymmetry. - ,

¥
%% 5 e iqﬁ(rnﬁj)v

&
\ (F-R. ).
a~1 q

e~1i{q)

/4

and expressing ﬁj éﬁ} in phonon operators we gets

. . A

* ¥ 1
and :
st glo) ; )
N 53 e 1q.8;°7 LA 5
T W og @ 4




Wherea
& iz a reciprocal lattlce vector. Finally
i > R 5o ¥
s P T O ) | er o oy far ooy oa_r %)
Iy qte GA  2MNw - .. q%é,k q+G -G !
G-hGA
Where

€§+§,i is the polarization vector for the phonon

mode §+§,ﬁ and M - is mass of the ions and N the total number

of ?rimitive cells in the cryatal,

aq ' aq+ are phonon anihilation snd creation operators,

Using all these notations we finaliy arrive at the following

=3-
expregsion foxr Vig)

“F i§ (¢+§} R S i
V(F) = 3 g *F-\ VL A{gHG) {g+Gy . Er,z X
af} e q
: i L
oo ( Mﬁ“"’") 4 ( a.(j_ + am-:ﬁ) (3.1.5)
2puV 1 k :

pV = mN, p is the density of the crvystal.

)

In the above form we have restricted the summation on 3'to
be only in the £irst Brillouin Zore. The total interaastion,.

potential of the electron system and the ion system in second

quant&ﬁed\ form iss

Fal

H = [y 1L(;:.) v(f)@(ﬁ)dar

é"ph

and, using the plane waves as our complete set,

1% - +
H W et Mo 3 . } L1.6a



whorea

o e - 7 A
Mia o=V, (@0 . (@), &, (ot d

e o1 CRAPYN
pwqx

=

and the fdurjer transform of the electron density opserator

is given by

..;.

(++E) = Ca Co
Pl keqiG k48

b
k

The Hamiltonian describing the electron - phondn'interaction

wlll theh be:

H b3 (”} 5\ v (¢+E:1 (%E) ° { bE };5
1= ~ L plg+G} o AgHG) (gHG) ve | (e
e-ph &, e~i . ? 9 2 vyme
. aq
( Fa ) / (3.%.6b)
X aq ¥ El__q P e

Usually the form of the interaction betweeﬁ an electron and
an atom is not known a priori. The ion itself is a complex
systom witﬁ many electrons and Nucleons, and its interact-
jon with an external electron will not be sim?leb |
Hence what we will do is we take diffevent physical situat-
jons and replace them by an appropriate models in which we
can get the fo;ﬁ of vémi §ﬁt§fm3 of macrogcoplc properties
of the system{' This parmeters will be eazily measurable
experimentally. )

Some of these models which we will diecuss are

- The deformation potential, the piezvelectric coupling

and the polai zoupling.
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Deformation Potential

In covalent crystals the clectron-phonon interaction is
often relatively weak, and in semiconductors because the
concentration oi charge carrviers is low we can neglect
screening effects of the carviers on each other., For this
systems we can apply the deformation potential method
developed by Bardeen and Schockley for the coupling of
electrons with acoustical phonons.

The baglc idea here is that we can treat the system as an
aelastic gomiinuum and apply the tﬁecry of deformation of
an elastic media. We will neglect all long range coulomb
effects. From the out set it should be clear that this
method doesn't work for optical phonons due to theisx long
range polarizatign field carried by them. It is also valid
for g&acessés of long wave jength i.e. g + o OYj>> a where

a 1s the lattice congtant.

From the gencral form of the Hamiltonian He_pggzll.ﬁbﬁ

- Ea
ve take only texms with %-%o and G = ©
¥%e also assume that

' 1im Vv (@) = P

qro

a-1i

where D is a constant known as the deformation constant,it

is related to the elastic propertiles of the ayvstem,




Honce in this modal the Hamiltonian will beg

H = 4D A L R 2 § B G- T B SR
e-ph ( 7 4l & "q} Kig (3.2.1)

Where

p~is the density of the solid and w_ ~ is8 the
longituidnal acoustic phonon frequency.
We can also obtain this Hamiltonian from sone simple

physical arguments. [5 ]

consider a cubic crystal which is unstrained and have a non
degenerate spherical energy surfade, by:

n2?

2m¥*

£, (k) =

In which m* is the effective band mass of the electrons.
It we now apply a small static deformation on the solid,

the perturbed energy surface will be
ci{k,x) = ao(k) + D Alx) {(3.2.2)

Where A{x) is the dilation of the crystal,the dilation can

be ggpressed inferms of the phonon displacement field as:

R

B{x) Trmt— . (3.2.3)
: »dxu P

-

ar

whare now, DA(X) acts as a potential energy for the electr-

ons. In second gquantaized form

= J Atk ¥ T eos (x) ¥ (x)

2-ph

3
=D L CorC <k JA(x) x>




A
Uging the plane wave expansion for Y,
Grpanding A(x) interms of phonon operatorz and taking

I3

G = 0, we get:

- . . 4
rie~;g)h = iD & ( h )% q (aqmamq) CKi(__ CK
Keq 2pugV 4

Which is identical with the above form {3.2.1)

Using this hamiltonian as a perturbation on the electron-
phonon system we caﬁ get important results for the propext-
ies of electrons in these crystals,

For example an electron will have with it a cloud of -
virtual ohonong even at T=0 whose numner is;

<N> = 0.02 for typical parameters of a covalent crystal
Since <WN> <<1, 1t means that perturbation theory works in
these systems. But for some metals we get <N> =« 1 which
means that we have a strong coupling and we can not apply
perturbatica theory.

In the presence of the electron-phonon interaction the wave

=5 . . .
vector kK iz not a constant of motion for electrons alone.

Hence an electron will change iis wave vector in time from

k> > fk'>

'

The probability per unit time that an electron in state

|k> will absorb a phonon § is s

kadisn - - - : 2
wlk+yin llk,nq) 2w1<K+anq 1R |kj nq>j

e=ph

X 6(EK + wq T e 4 q) (3.2.4)




3.3

3T .

Where n . is the initial population of the phonon 5, at
T = 0O we get the raesult thai,

W o= which is proportional to €

K
3
QCS

Where
W ig the probability per unit time for emission of a
phonon g by an electron in state |k>

p -~ is the density of the substance

Localized Electrons

A gsimple but important physical model which can be solved
gasily-in the electron <phonon interaction is that 4f all
electrons are fixed in position forming .a corystal.

We can have locallized electrons in impﬁrity levels and
electrons in a strongly bounded core states.

Two elactrons could interact az follows: One of the electr~
ons distucbh.the lons and this disturhance acts on the other
elactron, lesading to indirect interaction between the two
electrons.

The Hamiltonian of this system is [ 6 ]

Ho=H, ¥ H o | (3.3.1)

Where we neglect the electron kinetic energy and electron-

electron interactions. (No recoil)

o
ig.Ii
+ e
= it . N " -+ . a e
I X ﬁuq)‘ (an aq}\ + 3 ) Z(dq -+ ﬁnq) \;},,j
4 t
— 18,7
¥ L My o (G+&) @ ..a‘ri

¢ atG o (3.3.2)




Which is obtained from H, ; taking the density operator

-ph

Y+ B

po(q+G) s faty e | o () ]?

tthhere .
¢(x) is the localized eigen state of ths electron.

Thisg can bhe written in the form:

" 1 + ig.ri
H = é ﬁwq(aq 3 + %) ggiaq+amq) E e B o(ri)
{3.3.3)
With o '
Fq(r) = L0 (2+G) = 18 L

G

F being peviodic with the lattice translation can be taken
the sawme for all electrons.
The Hawiltonian in (3.3.2) is szimple to solve exactly:

Let us dzfine new operators by

. ¥ ig.Ti
A - a + ._;i:-k ._._g ¥ e *
9 G. Vi owg a
r % iy, 74
4 - 1 . TS -
N - {é e (313.4)

the Hamiltoniar' then reduces to

L
Y + L - Ay j&lﬁ_
H o= ool (87A %) ot kg

q t o

(3.3.5)

The first term is the modified phonon encrgy which has the

same frequincy as the original phonon.




RE

Fhe second term gives the contribution 2o the potential
enerqy duc to the presence of localized slectrons. We call

this term the relaxation eneyrgy. v?
- 3

F L gL (R, - )
1 X i q,(zi ©

{3.3.6)

One important point here is,even thoush we haven't assuaed
P 3 :

a direct electron-alectron interaction orivinally W gel ao

interaction poteutial Veiﬁim¥.} bhatween two electron at

position Xy ana rﬁ which is an indivect intersction throudh

phonons.,
4 [E._i SR o a
viz(r‘) = = 2 z J. f_}""g\‘ ——‘Sg*—'— e . (.5 A j » ¥ )

f: "
(2uyt Tgi
VR(O}, when ©,=v. is reforred to as ths clactron geli energ

The form of the potential VR jepeads on the type of phonocng

involred, It may he shoxvt rangea or couvld even be %‘% , and

attractive. |

Piezoelactiic interantion ,

-

Substances like %Znc and Cds generate an slectric field winen
we apply a stress, and will be under strass vhen expoped i
external electric fields. Acoustic phorons which are a
periodic variation of density wnodulatlon will produce a
periodic variation of stress glving a periodic alectric

field with which the electrons will interact strongly.
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Mathematically we put the piezoelactric property as [6]

O S M,. S,. (3.4.1)
K i i Tij
Where B is the 0 component of the piezoelectric field
Sij ig the stress tensor in the solid and Mijk a matrix

representing the proportionality constant.
20 20
i
= L = R —
Sij 4 (ﬁxi + ij (3.4.2)

Where Q - is the phonon displacement.

the e;eétric fielf being longitudnal can be expressed inter
of a scalas potential,
3 e(¥)

K 8%
K

B

Using this we get
B(F) « oY) (3.4.3)

The expression for ¢ (¥) ist

FS = = .
$ (x) = 1% ( ! *")% Mk(q> o iqgr.(a4 Fa)

gA 2pvmqv “fA A
(3.4.4,
With
Py i -~
M?\ (""q) = 3 - ‘*Ml (CJ)
Einﬁ LR %) .
H - )% M 'A)p(h) (a . + )
w 4. 0 VTR W p g % a
eph i g 2p\ o A ) A gA
' B (3.4.5)

Pal
My {(¢q) depend not on the magnitude of E but on its

direction. {3.4.5)
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If we use this Hamiltonian to evaluate tha effective
potential between two fiked electrons using 2nd order

perturbation theory,

We get

— a? 2 1 e
VR(r) = =2 f(-§1——ﬁ 5 iﬁ" 0T

qu CA g
M, 2 2
- -+ 1. w8y
VtR (r} = el v ;L: &7 r ¥ (.’3.4.6)
2
_ p oA
Where Y 747D y G2

This potential is the potential energy contribution from
the piezoelectric interaction due to phonons. The total
potential energy is

e
Vior (¥) = | (3.4.7}

O ]

Etot is the total static dielectric constant

! ’

1t Ftot ~ Co 7 6pie;ao

We get, with

e - & elr
L re, «x
E .- Eozz
) piezo = g-— (3.4.8)



The potential enerqy due to the plezoelectric interaction
is attractive, which is due to gscreening of the lons.

yYolar Coupling:

optical phonon produce displacements of dons in opposite
direction, in ionic crystals this opposing displacements

of oppositely charged ions may give a very large electric
field specially for Lo phonons. Its magnitude is large and
could interact with electrons, producing a long range coulomb
interaction.

The electric displacement vector in Lo made statisfies
§.b = o '

because we have no free charges. The field is also longit-
udnaliresulting that D = 0 ox B +‘4ﬂ§ =

B o= w4nb ', for each fourier component

An obvicug asgumption is that the polarization is proport-
ional to the phonon displacement

9 e q . {3.5.1)

U iz a constant to be determined

Hence,

PO

1 +
B = ~4re UQ = «417U % +
q e UQ, U, ST s g (aq Ay’

{4.5.2)



Ve take We o to bhe constant

P F . [ .
B = y¢ becouse E is longitudinal

With i# "
T
q q
iq.r
= r o e
E i p q ¢q
and
4 L 4
- 4riel) po! Y iq.r
pi= I — +
¢ (&) ; » (2‘“’“’}:,0} € a, a_g) e
- {3.5.3)

This is tho potential produced by the Lo phonons

The potential energy between two fixed electrons will be
i

: ig.r
: -2 yol a? e
v, (x) = (4n0e) ! E“%T e
R ‘ﬁwLo prLo (2% q?
2
> v () Bz (3.5.4)
)
Where
4: ﬁi
f = }
P62

s

This ig the potentiél contribution from optical phonons, i.e.

it is the difference between screening with electron transg-

¢

itions only ﬁﬁand that with electrons plus optical phonons,
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Henge,

2 7

re ¥ €
P
Dl
44 » 0 {(3.5.5)
Using these,
_ M m +
= —- + ) + *
Hopn =L qop P@ (g +a g) | (3.5.6)
q .
2 Zﬁ l
Where M= 27e mLO { —m - Eo)

The importance of this formulation is that both £ _§& €, could

" be determined from experiment with out great difficuliy.

e, 1s the static dielectric constant and g, is the square

voot of the refractive index.
Again the polaron contribution to the e-e potential is

attractive {(or negative) -

Coupling in the BCS Theory

One of the gfe;£est successes of many body theory is the theOry
of Bardeen, Cooper and Shrieffar (BE¢S)to exp;ain suparconduct-
ivity.[?]_ )

The spring board for the BCS theory is the isotope effect.

The experimental fact is that the critical temperature of a

substance dependence on the mass of the isotope as:

T, o M (3.6.1)



Usually o = -~ & for most metals

Where M is the ionic mass

¥

This suggestéd to ?rghliﬁh that some how the crystal Lattice
or phonong should be involved in the superconducting state

formation..

All attempts to solve the electron - phonon Hamiltonian
fails to give a reasonable result. As we have seen in see.
(2.4} the gap parametev is z non-analytic function of the
coupling congtant. It needs a new méthematical method other
than the érdinary perturbation theory. Thig was the intro-

duction of the canonical transformation, which converts the

electron—~phonon interaction to the direct electron - electron

interaction.

Although the transformation wag achieved by assuming a
waak coupling, it was not equivalent to second order .

perturbation theory. The HamiltOﬂianrstill allows the

repeated scattering of many electrons by each other.

£



in +he BCS theorv the coupling is between an electron
ir a metal and the 1ong1nud1ual acoustical phonons.
The electyron - phonon interaction Hamlltonian approprlate

to this model is, as given in (3.2.1)

H = 4 - b
e-ph iz Dq CK+q C (a adg) (3.6.2)
k,.q
To first oxrder in D,'He_Ph leads to electron scattering

and to electrical resigtance but in second order it leads
to self energy and also to indirect interaction batween

electrons.

The total Hamiltonian of electrons phonons and thelr inter-
action neglecting the screened coulomb interaction batween

electrons will be:

B o= the a a ne ¢re +ipz ¢ FC -a_*
o3q 8 T . K Ce G v 1 ¥, <9 (aq 8. )

(3.6.3)

A

If we now make a canonlcal transformation on H such that

’

we have no terms of. oxder D, we get

. o )
= i + ‘;]: 2 0 C f C X,.
Hrw; Zhwqaq aq + E CK Ce ¥ 3 D E ) mEK Fﬁa IR
q K K? ~q
g ct. ¢

e K (3.6.4)



In a graphical repregantation the interaction part gives

scattering of to slectyon oy exchange of virtual phonons.

R, EE
‘é’_*‘*"'——m jM"' ® . . .
'%f _ Electron-electron
o interaction Via phonons. ~
;3 =3
i N
M T

The electron-electron interaction part in the Hamiltonian
will be attractive for electron transitions such that

\eK - 2K5q|<ﬁmq , where fiw, e a typical phonon energy.

for |e, - | = o, 1+ will dominate the screened coulomb

E
K=¢f
potential. 1In the BCS theory this potential is approximated

by the model potential that it is
- Vv, a congtant and V > G-

For .
iEF - E'K"'ql< ﬁND

and e - EK|<-ﬁwD

F

and is 0, for the rest of electron transitions . This means,

all electron transitions near the Fermi surface and are in

et e

the range-ﬁwé about €, are attractive.

The corresponding Hamiltonian will be

A 4
Lo, = Ceifg CerCe-q % (3.6.5)

H= 3 eKCK+CKh v I e
K € £',q

Where we have neglected the phonon energy.



Even though we have choosen the eleckron interactions to be
attractive, it can be seep that all the mabrly elmentas will
not be aegative anG sven cancel out to give a 2ero
contribution.

We can avoid this by choosing the interaction of electron
pairs to be restricted o those having equal and apposite
momenta and spin. This choice is that dictated by the

results of Cooper 's problem. .

Bence the BCS model Hamiltonian will be

- PR + Lk
Hred z SﬁLLK c, T C Cpy =vi C e

+
¢ C
K ) KK KoK

wy
(3.%.6)

Where the spins are included by the convention that an
electron of momentum ¥ . has spin up and that with =K w;th

spin down.
this Hamiltonian is usually known as the palr Hamiltonian.
it qenerateé a state of lower energy by producing a pair

Coherent states |

The work of BCS was to solve this Hamiltonian in an appro-
ximate way. Now it ig well established that it contains
all the obser&éé properties of low temperature suparconduc-
tors. We will see some of its results very briefly.

The BCS wave function is in the space of palr states, i.e.
either we have a pair or we have no pair. The ground sfate

wave function has the forms

ly > =1 (u_+v.cl e ~rfo (3.6.7)



Where U and vV, are parameters with the property that,

o T = =~V
O, U and ' v,

ancl 2 2
DY =
U J :

’w-.\

|o» ~ is the vacuum state with no electrons.
The sclution in the BCS theory is then to minimlze the
energy of the system with respect to this wave function

which will yield an equation for U, and Ve

As it could be seen in (3.6.7) the wave function of the
ground state does not consexrve numbeyr of particles while
g commutes with the nuabax éperato? and consgerve parcicle
aumber. This means we are working in the grand cauonical

senge and the average number of particles will ceoincide

with the number of electrons present with a negligible erxor

N - is the total number of electrons oresent in the systen.

For large N it wakes no errvor to approximate

<N> by W, .

The solution of the model Hamiltonian{(3.6.6)could be

determined using Green's fundiion method [23 ].

To get an approximate solution similar to the HartreewFock
appfoximation, let ue define thermal averages of two

operators bys
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the probability of the excltation in thermal equilibrium
then will be the usual Fermi function

£ (B ) = A o gk

K exp(BEK) + 1 RT

The ground state energy of the superconductor is when we

have no excitation, T = O,Its value truns out to be:

I Y - - s - . i
EgB i (e, - } (3.6.11)

and the condensation energy, which is the energy difference

between the normal and the superconducting ground states is

= = e 2
Boe ™ Byn 5N (0) 4 (3.6.12)

This shows the important fact that the superconducting state
has a lower ground state energy than the normal metal.
The condensation cnergy is extremely small showing that the

superconducting transgition ls a very delicate effect.

The energy of excitation E(x) gilven by

E(k) =+ 7, Z(K) + ﬂz , contains the unique feature of the

superconducting state, that the excitation spectrum hag a

gap.
When = k = Kg {at the Fermi jsvei)ﬁf ) =
and

E . {«} = A 7y the eansygy gap.



For the simpls BCS model A is a function only of temperature,
A{T) but if we take the wmore realistic models like the strong
coupling theory of Macmillan we will get & to be a complex
function of freguency and temperature. The imagilnary pért
of A is connected with the finite life time of the element-

ary excitation, where they have an infinite value in the BCS

theory.
Another result of BCS theoxy is that the gap at T = O,AO
and the critical temperature are related as,

2&0

— = 3,52 ' - {3.6.13)

TC .
Which ie independent of the material we have.
Also the critical temperature at whilch we have a phase
transition is glven by the relation.

= 1.14 e, exp {m—t } ( 3.6.14)

[ D N(O)V

Where we have assumed a weak coupling limit, i.e.

N{ojv << 1

Wy is the Debye freguency.

N(o) - is the density of electiron states at the Fermi level
and V ig the strength of the attractive pair potential.

For most metals the coupling constant N{(o)V = XA i8> 0.3
and the corresponding critical temperature T = 1.5 upto 4k

only.

Later 1t was found that, some superconductors mostly alloys
have a critical temperature TC =~ 20k which is beyond the

BSC limit.



CRAPTER IV

high Tempegrature Superconductivity.

After the BCS theory in 1957 and its styong coupling exten—
sion by Scalapino et al [12] 1966, it was thought that the
superconducting phenowenon is completely known and explained.

This was so until the discovery of materials with high
critical temperaturesby J.G. Bednorz and K.A, Miller [i3]

in 1986. 'This new class of materials are a multiphased
Oxidesg of lanthanum barium, and copper (La- Ba - Cu- o) with

transition temperatures v 40k. After Bednorz and Muller,

wu et al [147 in 1987 reported superconductivity about 90k
in barium, yittrium and copper ternary oxides (y-Ra-Cu-o).
Recently the record on the value of TC has reached about
125k [15] and some people expact that room temperature

superconductivity will come ocut soon.

This discovery was a challénge to physicists both theoreti-
cally and exparimentally because these transition-tempera=
tures are well beyond the BCS limit ~ 4k and its strong

coupling theory'n 20k.

Since the discovery of these very high“Tc superconducting
materials a great amount of work was devoted world wide to
this new clags of materials, In contrast with the tremendous
achievement, in material preparation and improvements in the
values of Tc’ however, physicigsts know very little about the

mechanism of superconductivity in these materials.




When we come to the mechanisw of high - TC superconductivity;
every suggested mechanisw secms Lo b2 a pwossible one, and
every theoreiist active »n the fleid has propogsed his own's

but no one of these theories successfully explained high -~
TC superconductivity in all its aspects.

Tt is possible to catagorize all these proposed mechanisms
in to two. The first of these is based on the conventional
theory where the phonon assisted electron-pairing is respon-
gible for the superconductivity [16}. The other class
claims that electron—-pairing is due to direct electron-.
electron interactions {ijj and other non-phononic mechanisma

like plaswons, excitions, etc.

Basically we have two families of cermaic oxides. The first
is substituted lenthanum copper oxide (La-Ba/sr-cu-0) system
in which a layered-pervoskite pﬁase ig responsible for the
on set of superconductivity at 35-40k. The second family

are the oxygen deficient y-Ba~-Cu-o compounds. Structuraly

it consists of the triple pervoskite unit cell and a layer
of Cu-o atoms is responsible for its superconductivity at

v 90K,

The most interesting features of these new class of materials

ares:

(1) The superéonducting phase transition is strongly
correlated with the crystal structural changes. For example
¥ Ba,Cujy0., @3‘} is metallic and hence superconducting in
the orthorhombic vhase, while in the tetragonal phase it is

a semiconductor and non superconducting.



(2} %heir superconducting properties are strongly
dependent on selected class of atoms in the material. In
y - Ba-Cu-o the existence of Cu-o chain is found to be
respongible foxr its superconductivity [19}t These leads
us to conclude that superconducting properties of these
materials exists in a lower dimnnsion usually two dimensional

layers of Cu-o in La-Ba-m-o0 and one dimensional chain of

Cu-o atoms in y-Ba-Cu-o.

Some experimental results of High = Tc Superconductivity:

Electrical resistance: As one of the basic properties

of a conventional superconductor, the electrical resistance
of the newly discovered materials algo drops to zero in the

superconducting state at ~ 90k for y-Ba~Cu-o and

Vs v 40k in La-Ba-Cu-o ceramics.
Sl -

orthorohombic YBa_.Cu
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Fig. 3

Experiments reveal [20] that the high ~T' materials show
Meissner effect eventhough it is not a complete expulsion

of magnetic field.




Flux Quantization: As in the conventional BCS theory the
magnetic flux enclosed in a cavity of these high nTc mater-
ials is observed to be guantaized in units of

(0,97 x 0.04; Te This is a atrong experimental evidence

that the charge carriers in these materials are electron or

hole pairs with a charge of Ze.

Energy gap: Barone. et al |21} found experimentally that

y~Ba~Cu-o has an energy gap in the density of states at
24
I

A = 19.5mv with the result that = 4.8 which is larger

the BCS value of 3.52. This is a good evidence to suspect

atrong coupling in these materials, But on the other hand

. . 2h \
the value found for La-Ba-Cu-o was {22J 0o = 2.0 which is

below the BCS value, ¢

Isotope effect: One experimental observation in these high-
Tc materials which lead people to sesrch for a non-phononic
mechanism was the absence of the isctope effect in y-Ba-Cu-o
as observed by Baltogg |23|. while an isotope effect was
observed in the La compounds by K.A. Maller [?4]. But the
absence of the isotope effect is aot a proof of the non-
phononic mechanism, because the isotope effect itself was

a result of the BCS theory where we have harmonic phonons

and in the weak coupling regiem.

As Zacher |19] remarked the absence of the lsotope effect
occurs bhecause the very stronyg electron-phonon interaction
causes a softening of the phonon. Softening of the phonon

mode can be associated with an insensitivity of Tc to




%

isotope substitutions and to the corresponding frequency

snifi.

_ i 24, o . .
1t was suggested 119! that Cu in y Ba, Cus04 ¢ is in
an environment where we have anharmonic crystal potential
: i . w2+ .
due to an octahedra of oxygen atoms surrounding Cu~ . Since

the BCS theory and its strong-coupling externsion are based

on the harmonic approximation for phonons, itisnot appropr-

iate to apply this theory to systems with highly anharmonic
phonons. As M.7T. Beal [24] emphasized any microscopic
description of the new high—Tc superconductors should take
into account a number of important points concerning strong
coupling, low dimensionality, anharmonicity etc,

Guided by all these observations we suspect that lower
dimensionality and anharonicity in these systems could result
the observed high"TC values. In the next section we consid-
er the possible outcomes in the case where we have a two

dimensional system in the BCS theory.

Superconductivity in Two Dimensional Copper Oxides.

As 1t was pointed out in sec.{4.1l} the newely discovered

high=TC materials have a lattice structure exhibiting a
strong bidimensional character. BAnd as given in eq (1,1.8)

the density of electron states in a two dimensional crystal
necegssarily have one or more logarithmic singularities. A
detailed analysis iil] shows that as one of the sub bands
in these materials is half fillad or nearly half filled the

Fermi energy ¢_ almost coincides with the energy £ of a

F

lagarithinic singularity. In this case the electron density

of states n,(E) per spin and N unit cells depends on the one



electron eneray € according to an appioximate formula as

. ‘ R = g
found by j. Labbe and J.BoOX P11l as:

N D
ni{e) = S Qﬂ e {(4.2.1)
2u"D Et“tﬂ!
Where
2 .
D= Y e and y is the transfer

— W?_ " w21k
{(Ed Ep} o167}

integral between nearest neighbouring Cu and o sites and
¥ g and ep are the d and p atomic energy levels in Cu and o

atoms respectively.

Tt was verified experimentaly {2%]| that in the superconduc-
ting state the enerqgy of the oxygengp.orbital and the Cu
W.orbital coincide in energy.. In this case the critical
temperature using the BCS weak coupling theory and with the

density of states in eqg. (4.2.1) Labbe and Bok found that;

T = 1,13 D exp ( - ~%m ) (4.2.2)
a L
: X
Where '
A = aﬁgﬁ is the effective coupling constant in

this model and v is the effective electron ~ electron

coupling constant.
The factor VA in the expression for T, in this model should
be compared with the BCS 3D treatment as given in eq.(3.6.J4)

with a constant density of states at the Fermi level which
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glves a factor A, For small A << 1 this factor will increase
the value of L by an orasr of magnitude than its BCS value.
Specifically as found from the cexparimental results of
'Matheiss, Oguchi and ¥Yu For vyv-Ba-Cu-o, we have
Yy = l.4ev, D=0.3ev and hence YA = 0.27 yields a
value of T = 95k. For La~Ba-Cu-o v X = 0,21 and the

corresponding temperature is T = 32k,
o

Another interesting out come of this model ig that we have
no the usual isotope effect as in the 3D BCS theory.
Because the prefactor D in eq. (4.2.2) is not a

function of the atomic nasg.

The possibility of increasing counling constant for non
32 ; - vasiiiyg tupliling conscan

harmonic motion of ions.

Recently J.R. Hadry and J.W Flocken [16]| proposed as a
possible Oriéin of high -~ TC superconductivity the existence
of double well potentials in the Cu-o chain fof the motion

of oxygen atoms. Their assertion is based on the the experi-
mental result by Cohen et al [26] for the Lattice dynamical
calculation of pure LCH and YBeo which shows that each system
is highly unstable mechanically in the crystal structure,
tetragdnal for LCO and orthorohombic for YBCO. These instabi-
lities indicate that both systems are at the maxima of a
double well potential. The evaluation of the éoupling consant
ih these highly anharymonic potentials using the conventional
theory is erroneous, because in all cases it assumed that

the lattice response is purely harmonic.




Hui and Allen have found a general expression for the
coupling constant Lor non harwonic crystal potentials,

whose results are,

Fs | Vet inis
A =Wz lsellextinia 2 o

n n
KK ' n>n’ E_,~E

n n

(4.3.1)

Where N (o) is the density of electron states at the Fermi
level and VKK' is the electiron-phonon matrix element, L
and |x> ave electronic states at the Fermi surface, |n> and
In'> are the eigen states of the oscillator with energies
En and En' respectively} fnand fn’ being the thermal weigh-

ting factors given by

f _ e “‘EI‘l/T/Z e - En!/‘l‘
n n'’

The form of X as given above isg temperature independent only

if the eigen states of the oscillator are chosen to be the

harmonic eigen states, otherwise ) will be a function pf

temperature

As shown by Hadry and Flocken for(-x? + Ax") double well
using numerical values for the energies En, A ({l00k) is near
the extreme strong coupling regiem {A>5) and the critical

temperature in this region is given by [27]

T, = 0.18 (Acw?>) ) (4.3.2)

-




wWhere

ptx|? (B ,wmn‘; {(f ~-f
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h*y wr'n'>n

Kt
Using atl these it was found that for 1 »5 supercondiuctivity
will occur when T<Tc‘ The most interesting resulf of thedir
theory is that if we have energy levels for the double-well
which are slightly lowex than, the double well maxima with
two closely spaced levels, then the critical temperature

Tc n look is a possibility as found from numerical results.

ITn this work the operator method to be discussed in the next

section is applied to get analytical solution for the eigen
values of the double-well (~x* + RZx®). The result of the
method is that for small #we will have at least two closely
spaced levels pelow the maxima of the double well

- a

these closely spaced jevel will highly increase the coupling
constant and hence the critical temperature according to the

reasults of Hadry and ¥locken.

The result we have got for the double~well that there are
closely spaced levels in the negative part of the spectrum
is a general property of all double-wells in the small B
reqiem, B<<l. Vvhich is again the necessary condition for
the enhancement of » in the theory of Hadry and Flocken.
But we are not sure at this time about the exponential
smallness of the splitting of the levels. What we can say

is certainly there are pair of closely spaced levels below




4.4
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vhe double well maxima in this small 2 regime and the Hardy+-
vlocken numteical result for the coupling coastant can be

raken as a general property of systems in double~wells fox

f<< 5, not only for the O-motion.

The Operator Method (OM)

the study of anharmonic oscillators is gaiping attention in
all branches of physics because ofr their modeling in non

linear systems. A lot of effort has been expended on these
oscillators but most of these works are based on numerlcal
methods. To investigate the hehaviour of these gystems it

is necesgary to know the dependence of the energy levels and

eigen functlons in an analytic form intermg of the parameters

of the potential.

The operator method [12] Ls an approximation method in which
it is posgsible to get an analytic form noth for the eigen

values and eigen functions interms of the parameters of the

potential, The basic ideas of the method will be illustrated

yse the following representative potentials:

x®_Aphaxmonic Osciilator

This is a potential of the form:

v = R+ B (4.4.1)
2 a &

Wwhose Hamliltonilan in dimensionless vnits is given by:

$2 z
R L
(4.4.2)



First let us introduce the operator defined by:

; - & (1+1+) D= o +
o 2 : jlo {a’ = a) and
V20 )
[a,a+J = 1, w is a parameter to be determined later.

substituting this in to egq(4.42) for H and taking the part

which commutes with the particle number operator a+a‘(HO),

A

we get for HO.

. 1 . L. B 33
Ho = (3 + §, (1A 2a’a) + gy (154202 Tatd
+2 2 +
4+ 90 a “a‘+90 a a) 14.4.3)

with the eigen function for H_ denoted by |n> and
) + j
alo> = 0, a ajn> = nin>
We get for the unperturbed eigen values the result:
582

1§ 1 : ) .
En( Yy = @iy Cre2n + 2B5ant 4 en® v o8n v 3,

(4. 4.4a)

Now the parameter w is determined by minimizing the energy.



Which give the value ol o ag;

14 /3E30B% (nfind i)

a3 o= -

It )

And the zero order energies are then
L) L2, L1 ,
E = 3 (Zmn o= ) {n+h) (4.4.4b)
n
This is evaluated for the ground state energy and the

results compared with numerical result fzﬁl the accuracy

of which ranges from 1% -~ 23.

We have algo determined the 2nd order correction to the

ground and Ist excited states by taking the part of H

excliuding HO as a perturbation:

They »ooaits are
P (2) "§§ﬁh { XD + R )
2 W B(285p%+An,7) " Z(12u_ 7 +164567Y
(4.4.5)
and
o {2y _ 458" 33075 6615 B*
l‘al ~= w 3 ( 2 + 2 .
1 16{4&13 + 3158 ) 8 (4w + 52582%)

When combined with the unperturbed result will give a better

accuracy, at least for the ground state.
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%6 Double-well potential

JE L

The Hamilbtownian in dimensionisss units 1ls

MO
N
;
R
e
=
B
>
-

Ro= (4.4.6)

Tntroducting operators defined by:

. e
X = L (a+a+) ;P o= i fu (a - a)

/2w

To take into account that the wave function should be
localized in the viccinity of the two minima of the well

we will define new operators by:

+ + .
a = utb and a = uth , u and w are variational parameters.

The above transformation breakes the parity of the Hamiltonian

in eq ( 4.4.6 ). Hence it is necessary to introduce the

/
projection operator,

S

p.= % (l+se

o
1
matay g a4}

which projects an arbitrary function on a state with definite
parity.

Consider the eguation

~ .

> E P - : = & !’
LS[¢S (B P E_P) |¢S> O (4.4.7)
1f we select from LS the part which commutes with the

,{.
operator b b, then the energy in the zeroth approximation

will be:
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na ol " i

~afp_|n>
p=1

This resull would be ewact it we kpow the frue aelgen vectors

of H.

a ) ) ) + .
Here Ho jis the part of H which commute with b b and the

remaining part of U will be taken as the perturbation V,
Using the operator relation,
iwata | -20” 208" _-imh'Db ~2ub

&

One can get the zeroth order enerqgy for the ground state the

result:
. (o) R N A R s 1 7, . 3 6
Eos {w,u) = i {w m) = - e {(15+180u°+:240u'+ 64u”)
w?uz 2z 2 6 4 2
., 5e - 2 ! .87 (~8u ~30u -22.5u7) )
"——M'—'_:?-“” x {=tu o Ty
, 1 ad 0.5
1+se

The parameters u aund v will be determined from the equations

{o) o)
sBos . = ¢Bos
9rQg . o= C O 3 0
REN au
It is possible to get analytic solution for these equations

in the small F regime. The energy splitting in this

}
regime for the ground state with opposite parity is found
to be: '

e am e 2o

O O+ J— 38?
66

But for our further investigation we need the splitting to

be finite and in the intermidate regime, B 2

*

o
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As one can expect for f<<l, the splitting is exponentially
amall, This feature of duep arbitrary double-wells was

investigated at first by Landay L[10j.

Doublet transitions in daubkgmwells and electron-

electron interactions.

As it was shown by Hadry and Flocken [16] the existence of

a doublet below the well maxima can significantly increase
the coupling constant and hence the attractive ihteraction
between electrons.

Here a one dimensional chain of cu~0 atoms in YBCO in double
well potential (-x*+8%x?) is considered. An intermediate
value of £ ,B@I%‘is toc be taken since we need only a single
douhlet to appear in side the well. In the temperature range
T=AE, where AE is the amount of splitting fof the gréund
state and T<<E2wEo, where E2 is the immediate higher energy
level to the'doublet, the coupling constant for electron-
electron interactions taking transitions only Between the
doublet as given in eg {(4.3.1) will be:

- 2 1 AE
A(T) = N{o) i KJ<1|MK'K’IO>| Tz tan b
¥

(4.5.1)
ke in the Bes theory it will be assumed thal strong intera-

ction occurs between electrons of opposite momenta and spin.
Hence the interaction potential will be [11

M
v o= lxxll®

f>4
Ty
D



This indicates that the critical covrect in {thaese high-

T materiais should |}
C

ye smaller than in the aoaventlonal

superconductors.

Because the form of M . v ;4 not known for double-wells at
present, it is not possible to say something about the
isotope effect and the above conclusions have only a gqualit—-

ative nature.




CONCLUSTON

Phe modern formulation of the electron-phonon interaction
in solids is a well develoﬁed and an ilmportant branch of
s0lid state physics. RAbove all it causes superconductivity by
modifying the electron=-electron interaction to be attractive
through the mediuwn of ions. The BCS theory of superconducti-
vity ranks as one of the greatest achievements of many bhody
theory. All its predictions agree remarkabley with experiment.
From its discovery in 1911 to the successful theory of BCS in
1957, the phenomenon of superconductivity was a puzzle for

physicists for about 45 years.

After the BCS theory eveiything about superconductivity
was believed to be known. The attention of vhysicists has been
on the technological application of these materials, like the

Josephson contact, industrial powerful magents and so on.

When in 1386 materialg with a very high transition tempert-
ure TC% 40k was observed the thecry of superconductivity again
flourished. From then on physicists are thoroughly studying these
new class of materials both theoretically and experimentaly. In
this work we made an attempt to analyze the indirect electron-
electron interaction through the medium of ions and some of its

physical consequences.

@

In the first three chapters we have discussed some of the
results of the interaction between electrons and phonons using
the harmonic¢ approzimation for phonons. The cooper instability
and some results of the BCS theory of superconductivity are

among the exciting outcomes. The values of TC predicted by




the BCS model TC N 4k could ot explain the very high critical
temperatures observed in the newely discovered wmaterials with

T N S0k,
<

Tn the fourth chapter we have fivst given a reviaew of
some experimental facts about these new materials. Despite the
fact that there is no single theory capable of explaining all
features of these materials we have studied two of the proppsed
mechanisms. Both of these mechanisms are based on the electron-

ion interaction as the cause of electron pairing.

The first possible mechanism we have discussed is the 2D
BCS model. It is based on the strong bidimensional behaviour
exhibited by these materials, particularily LCO. The model
results in the observed valueg of Tc and the absence of the
isotope effect in its conventional form can be explained from

the model.

The non&hafmonic potentials observed in the cu-o chain in
YBCO due to the struétural instabilities near the‘superconducting
transiticn leads us to study the cffects of the non-harmonic
double-well potentials on the electron-phonon coupling constant
A. An anomalous enhancement of the coupling constant is found
out f£rom the model and this fact deserves a further investiga-

tion.

As our original work we are also able to give some
gqualitative predictions based on this model. The effect of

pressure on the values of TC is related to the parameters
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