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Abstract 

Wireless communication systems with multiple antennas are the focus of many applications 

nowadays due to the higher throughput and/or more robust performance than single antenna 

communication. One variety of these systems is the multi-user system in which many users 

share the same wireless environment. In this thesis, communication strategies that use dirty 

paper coding (DPC) techniques to form independent spatial streams to the Multiple Input 

Multiple Output broadcast channel (MIMO BC) are studied. Unlike previous studies that 

assume ideal channel conditions, the performance of DPC algorithms under frequency 

selective channels having spatially correlated path gains is investigated. These algorithms are 

found to be equally applicable to frequency selective channels if orthogonal frequency 

division multiplexing (OFDM) is employed with 1.5 dB power loss due to correlation for 

realistic correlation values. 

The second part of the thesis considers issues that arise in practical implementation of the 

DPC algorithms. The effect of imperfect channel estimates at the transmitter and the problem 

of scheduling users for transmission are considered. For time division duplex (TDD) systems, 

we show that errors in channel estimation result in performance degradation that can almost 

completely be eliminated above a SNR of 25 dB. For frequency division duplex (FDD) 

systems, it is shown that delay in estimation feedback results in severe performance 

degradation that becomes unacceptable above some delay depending on the algorithm used. 

User scheduling is formulated as user selection for single carrier systems. We adapt an 

algorithm proposed for linear pre-coding techniques and show there is an increase in sum rate 

in using this algorithm over uniform scheduling of users. For OFDM systems, applying the 

user selection algorithm proposed for single carrier systems to each subcarrier results in 

increased sum rate with lower fairness index compared to uniform scheduling. Allowing 

users to select their strongest subcarriers, on the other hand, is shown to give lower sum rate 

and improved fairness compared with the sum rate maximizing algorithm.   

Key words:  Dirty Paper Coding, MIMO Broadcast Channel, Pre-coding  
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Chapter 1 

Introduction 
Wireless communication systems are showing a rapid growth over the last few decades 

transforming themselves into a necessary part of our daily lives.  Their functionality ranges from 

cellular telephony and messaging to browsing the internet and other multimedia services over 

wireless portable devices like PDAs and laptops. In the future, these systems are expected to 

deliver farther connectivity and transmission of real time multimedia content at any time and 

place. In spite of these developments, there is an ever increasing demand for new services and 

better quality for the existing ones. Meeting these demands requires an improved usage of the 

scarce resources, primarily bandwidth and power. 

1.1 Background 

The past decade saw development and utilization of several new concepts in communication 

theory that have helped to meet the increased data rate and QoS requirements. These include 

multiple-input multiple-output (MIMO) systems and multiuser diversity. In MIMO systems, 

multiple antennas are deployed at both the transmitter and the receiver sides. Combined with 

advanced signal processing and coding techniques, MIMO systems are capable of delivering 

higher data rates and/or more robust communications. The invention of MIMO can be viewed as 

the introduction of a new dimension, namely the antenna or space domain. This new dimension 

can be used either to improve the data rate and QoS of a single user accessing the channel by 

assigning all the spatial dimensions (i.e. antennas) to the user, or to serve more users by 

assigning the spatial dimensions to different users [1].  

When a MIMO channel is used in the latter manner (i.e. when antennas are shared among 

multiple users in a given channel), the channel is referred to as a multiuser MIMO (MU-MIMO) 

channel. Among important MU-MIMO channels are MIMO broadcast channels (BCs) and 

MIMO multiple-access channels (MACs). A BC is an abstract model of a downlink transmission 
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where one transmitter (base-station or access point) serves multiple receivers (mobile users) 

simultaneously. 

In MIMO BC, the signal sent for one user is also received by other user terminals in the system 

creating inter-user interference. This challenge of serving multiple users can be efficiently 

accomplished by assigning different spatial streams for each user [1] and/or joint 

encoding/decoding across users [2]. Thus, although the users may be assigned the same channel 

(i.e. the same time/frequency/code resource), they are separable in space. This type of antenna-

aided multiuser communication scheme for MIMO BC channels is commonly called space-

division multiple-access (SDMA) and will be used throughout this thesis.  

In using SDMA for MIMO BC, assigning different spatial streams requires separating the signal 

intended for a given user from signals of other users in the system. This can’t be accomplished at 

the users’ receivers because these receivers are located at different places. Thus, the signal 

received by one user is not available at the other user’s terminal which makes joint processing at 

the receiver side impossible.  

This brings about the need to process the users’ signals before transmission with the aim of 

delivering to each user the signal intended for it only, and this approach is commonly known as 

pre-coding. One technique that is shown to achieve the capacity of MIMO BC is dirty paper 

coding (DPC) [2]. This technique is analogous to writing on a dirty paper and hence its name. If 

the person writing on the dirty paper has perfect knowledge of the dirt to be picked up on the 

way to the destination, he/she can apply ink by taking this dirt into consideration. This, in effect, 

creates the same space for writing as a clean paper as long as the writer knows the dirt to be 

picked up beforehand. 

The capacity of a channel with output � � � � � � ���is examined in [3] where � is the input, ��is Gaussian distributed interference known at the transmitter and ��is additive white Gaussian 

noise. It is shown that the capacity of the channel is the same as a channel without any 

interference S even though S is unknown at the receiver. Exploiting the capacity promised by 

dirty paper coding combines all elements of signal design into one step and thus requires 

completely new communication protocols. But there exist suboptimal approaches that separate 
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pre-coding from other parts of the system [4, 5, 6] while still achieving considerable performance 

improvement over conventional linear pre-coding techniques [7]. 

1.2 Motivations 

Studies in MIMO BCs mostly focused on information theoretic aspects of the system. The 

unavailability of algorithms that approach the capacity limit also forced researchers to consider 

the linear processing algorithms as an alternative to the DPC techniques. Noting that the 

suboptimal implementations of DPC have improved performance, they can be incorporated in 

practical systems if their complexity is investigated and compared with the performance 

improvement they attain. To determine their sensitivity to channels with non ideal conditions, the 

performance of the algorithms in these situations should also be studied before practical 

implementation.  

Another concern when it comes to the capacity is its requirement of full channel knowledge 

(referred to as channel state information (CSI) throughout the thesis) at both communication 

ends. While this requirement may be feasible in communications over a wired medium as the 

channels therein are semi-static, obtaining accurate CSI is difficult in typical wireless 

communication systems due to the time-varying nature of a wireless medium and the mobility of 

users. This introduces an additional challenge for MIMO BCs since DPC schemes rely on the 

assumption of perfect CSI.  

Typical application of DPC techniques like wireless LANs usually have much more users than 

the number of antennas that can be deployed at the transmitting station (access point in this 

case). Since spatial streams only as many as the number of transmit antennas can be created, the 

number of users that can be served at a time is limited by the number of transmitting antennas. 

Thus, scheduling of users to share the available resources is another issue that needs 

consideration in practical systems employing DPC techniques.   
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1.3 Objectives 

General Objective 

Motivated by the aforementioned limitations, this work focuses on investigating the applicability 

of existing DPC algorithms by considering their performance in non ideal channel conditions. It 

also considers other system aspects that could prohibit implementation of this technique in 

practical systems.   

Specific Objectives 

• Study the applicability of DPC algorithms for frequency selective channels having 

correlation between fading paths and comparing their performance with linear processing 

algorithms in terms of bit error rate (BER) and achievable sum rate.  

• Investigate the tradeoff between complexity and performance improvement in using these 

algorithms. 

• Analysis of the effect of imperfections in channel state information at the transmitter 

(CSIT) on BER performance of the DPC algorithms for time division duplex (TDD) and 

frequency division duplex (FDD) systems. 

• Propose user scheduling techniques to be applied when there are more users than the 

number of transmit antennas for single carrier and multicarrier system that use DPC 

algorithms. 

1.4 Literature Review 

The name ‘dirty paper coding’ comes from the title of a 1983 paper by Max Costa, “Writing on 

Dirty Paper” [3] on the capacity of a Gaussian channel having interference that is known to the 

transmitter. Costa presented the surprising result that the capacity of this system is the same as if 

there were no interference present. One important application of this result is to a multiuser 

channel wherein a multiple-antenna transmitter is communicating with multiple users. Using 

Costa’s result, Yu and Cioffi [26] found the sum capacity (or highest sum of rates achievable) for 

this system. In addition to these theoretical results, different researchers are trying to come up 
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with algorithms that attain the promised capacities. One approach is based on modified version 

of Tomlinson Harashima pre-coder (THP), which is more like a decision feedback equalizer on 

the transmitter side [5], [6]. Other techniques based on quantizing to a lattice have been 

identified as an important tool for achieving capacity [8]. A technique that uses one dimensional 

lattice to perform perturbation is given in [4]. Other than the dirty paper approach, different pre-

coders that use linear processing have been studied in [9]. One common feature of these works is 

that they all assume the channel is narrowband and elements of the channel matrix are 

uncorrelated with each other.  

In [10], the effect of feedback delay of channel estimates on the sum rate performance of a multi-

user MIMO OFDM system is studied, and it is shown that the linear algorithms are more 

sensitive to delay than the DPC algorithms. The effect of delay in channel estimation feedback 

on the BER performance of single user systems is studied in [11]. The authors also suggested a 

prediction technique to reduce the effect of delay in CSIT using the MMSE criterion. A 

numerical analysis of the effect of channel estimation error on the sum rate performance of 

MIMO Broadcast systems is studied in [12] for different values of error variances. 

The use of orthogonality among users to perform permutation of user indices is shown to reduce 

the BER of Modified THP in [13]. A similar algorithm with enhanced user selection criterion is 

applied for ZFBF in [14]. In [15], the authors investigated the increase in sum rate of vector 

perturbation by using an algorithm similar to those in [14] and [13]. While these user selection 

algorithms are proposed for single user systems, it is shown in [16] that it is possible to reduce 

the total transmit power by performing subcarrier allocation over spatial and frequency domain. 

In [17], two approaches in subcarrier allocation are shown to result in sum rate increment and 

achievement of better fairness for multiplexing based MIMO OFDM systems. 
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1.5 Methodology and Scope 

Methodology 

The methodology employed to achieve the desired objectives started with a review of literatures 

that lay the foundation for this work. Taking the ideas obtained in the literature survey, modeling 

the system is carried out followed by selection of appropriate model parameters. In this phase, 

the models used to study the effect of fading path correlation and imperfections in CSIT are also 

developed. Then, implementation of the DPC algorithms and user scheduling algorithms for the 

selected model parameters is carried out. Using the models developed, simulation of the overall 

system is performed using MATLAB software as a simulation tool. Analysis of the performance 

of the DPC algorithms in different channel conditions and implementation impairments is 

performed thereafter. Finally, the results are interpreted and conclusions drawn based on the 

results obtained.  

Scope 

The performance analysis in this thesis work is based on simulation of the proposed techniques 

using MATLAB. Thus, hardware implementation details of the resulting systems are not 

considered. The MIMO broadcast system is not implemented in practical systems yet. Therefore, 

the simulation is not based on any existing standard although current wireless communication 

systems are considered in selecting simulation parameters. Other issues that are related to but not 

dealt in this work are listed as recommendations for future work in Section 6.2. 
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1.6 Outline of the Thesis 

We begin the next chapter by providing an introductory overview on features and advantages of 

MIMO systems. We then concentrate on the multiuser type of MIMO communications with 

more elaborate discussion of MIMO broadcast channels (BCs). A brief discussion of the 

formulation of capacity for MIMO BCs will follow. Then, the system model to be used for the 

rest of the thesis will be introduced including models for the channel and the effect of correlated 

path gains. Obtaining mechanisms and causes of errors in CSI at the transmitter will be discussed 

and the chapter concludes with an overview of orthogonal frequency division multiplexing 

(OFDM).   

In Chapter 3, we start with general formulation of the pre-coding problem for MIMO BCs 

followed by a description of a commonly used linear processing algorithm. The DPC technique 

will be discussed in detail with a description of existing algorithms that follow the dirty paper 

approach. Then, mechanism of performing pre-coding for multicarrier systems will be shown. 

Finally, the problem of scheduling users will be formulated and the proposed algorithms for 

single carrier and multicarrier systems will be discussed. 

The next two chapters focus on the results of the work that has been carried out. Chapter 4 

concentrates on evaluating the performance of the DPC algorithms for wideband channels with 

and without correlation among fading paths. An elaborate discussion of the system setup used for 

simulation is presented first and the results of the simulations for coded and un-coded systems 

follow afterwards.     

In the previous chapter, knowledge of perfect and up to date channel states at the transmitter is 

assumed. But in Chapter 5, the results will be extended when there are imperfections in channel 

estimate at the transmitter. Modeling the imperfections for TDD and FDD systems is described 

followed by the performance of the DPC algorithms in these scenarios. The sum rate 

performance and fairness of the user scheduling algorithms is also investigated.    

Lastly, in Chapter 6, we summarize the results and suggest future research directions that can 

consolidate this work.   
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1.7 Notations  

The notations used in this thesis are as follows. We use upper case boldface letters for matrices 

and lower case boldface for vectors. Depending on the context, a vector can be either a column 

vector or a row vector. Subscripts are used to represent an element of a vector or a matrix. For 

example, �	  and �	
  represents the ��
�element of � and the ��� ���
�element of �, respectively. 

Note how the scalar and vector/matrix quantities are differentiated in the usage��	�, ��, and �. 

This will prevent any confusion when subscripts are used for other indexing purposes. For 

example, �� represents the ��
 vector of a set of vectors while �� represents the ��
 element of a 

vector��. ����is the absolute value of �, ��� is the Euclidian norm of a vector �. �� (��) stands 

for the transpose of a matrix � (vector��), and �� (��) stands for the conjugate transpose of a 

matrix �  (vector �� ). For a random variable �� , ����� denotes the expected value of �� . 
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Chapter 2 

MIMO Broadcast Channels 

Nowadays, wireless channel is being widely studied due to its flexibility and fully unexploited 

performance gains. This is partly due to the increase in signal processing power and the resulting 

degree of freedom in implementing complex algorithms that help in achieving information 

theoretic capacities in different wireless scenarios. In a wireless channel, the transmitter 

broadcasts electromagnetic waves that make their way to the receiver through free space 

propagation, reflection, diffraction and scattering. This results in multipath fading where the 

signals from the transmit antennas add constructively or destructively at the receive antenna 

resulting in burst errors. Transmitted signals may also be blocked by terrain, buildings or trees 

which causes shadowing of signals. In addition, noise is added to the transmitted signal. Thus, a 

wireless channel is mainly characterized by multipath, shadowing and additive noise [19].  

While the effect of noise can be reduced by appropriate modulation and coding, techniques for 

reducing the effect of multipath fading have been suggested and some implemented in practical 

systems. Diversity combining is a powerful and commonly used technique to mitigate the effect 

of multipath fading and can be of space, polarization, frequency, time or directional diversity.  

Space diversity is efficient and relatively easier to incorporate in practical systems. This 

technique uses sufficiently spaced multiple antennas at the transmitter and/or receiver to obtain 

independently fading signal paths which are then efficiently combined so that the fading of the 

resultant signal is reduced [9, 18]. Receive diversity, which use multiple antennas at the receiver, 

has an additional gain called power gain resulting from the coherent combining of multiple 

received signals [19].       

2.1 Multiple Antenna Systems 

In addition to increasing link reliability, multiple antennas both at the transmitter and receiver 

help in increasing the data rate by sending multiple streams of data at the same time and 
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frequency. This offers an added degree of freedom and is called multiplexing gain [20]. This is 

possible because the structure of the channel can be exploited to obtain independent signaling 

paths with the receive antennas receiving unique combinations of the transmitted data streams. 

Advanced digital signal processing algorithms can be used to recover the original data streams. 

These systems are called Multiple Input Multiple Output (MIMO) systems. A MIMO system 

with � transmit and � receive antennas is shown in Figure 2.1. 

 

 

 

 

 

Figure 2.1: Schematic representation of MIMO System 

While diversity gain doesn’t necessarily need information on the state of the channel, 

multiplexing gain of a MIMO system can only be exploited if the channel is known at the 

receiver and sometimes at the transmitter too. Both diversity and multiplexing gain of MIMO 

systems are more pronounced in wireless channels where there is a rich scattering environment 

to create more spatial variation or dimensionality. The price to be paid for the performance 

enhancements obtained through MIMO techniques is the added cost of deploying multiple 

antennas, the space and power requirements of these extra antennas, and the added complexity 

required for multi-dimensional signal processing. 

The multiple antennas in MIMO systems can be used for multiplexing gain only thereby 

increasing the data rate. The other mechanism is to apply beamforming techniques to coherently 

combine the channel gains and get a robust channel with high diversity gain. It is not a necessity 

to use the antennas purely for multiplexing or diversity, and some antennas can be grouped for 

diversity with each group is used to send independent data streams. This presents a tradeoff 
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between data rate, error probability and complexity in MIMO system design where the optimal 

approach depends on the problem at hand. 

2.1.1 Single-user Systems 

In single user MIMO systems, the transmit terminals work together to transmit the best signal, 

and the receive terminals also cooperate for demodulation and decoding [21, 22]. When both the 

transmitter and the receiver know the channel, an optimal transmission technique is to transform 

the channel into diagonal scalar channels using the singular value decomposition (SVD) of the 

channel matrix [20]. To achieve the capacity of single user MIMO system with CSIT and CSIR, 

power should be allocated to the parallel channels based on their strength. The optimal power 

allocation strategy is found to be the waterfilling approach [19]. Optimal decoding of the 

received signals requires ML demodulation which performs exhaustive search over all possible 

input vectors.   

When there is no CSIT, the SVD approach can’t be used. In this case, the optimal transmit all 

symbols with equal power and decode the received signal using maximum likelihood (ML) 

detector using CSIR. Other suboptimal approaches include V-BLAST among others that use 

successive interference cancellation at the receiver side [23, 24]. 

2.1.2 Multi-user Systems 

Traditionally, in systems with multiple users, multiple access has been achieved by time-

division, frequency-division, or code-division multiplexing, known respectively as TDMA, 

FDMA, and CDMA. The use of antenna arrays at the transmit station of such systems has 

resulted in Space-Division Multiple Access (SDMA), in which the spatial diversity of the signals 

received at the base station are used to separate signals that may be transmitted using the same 

time, frequency, or code sequence from different users. Unlike single-users MIMO systems, 

either the transmitter or the receiver terminals do not cooperate in multi-user MIMO systems. 

There are two basic multi-user MIMO channel models: the MIMO multiple-access channel 

(MAC) and the MIMO broadcast channel (BC). In MIMO MAC, a number of users share a 
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common communication channel to transmit their individual signals to a receiver. Such a system 

is shown in Figure 2.2.  

 

 

 

 

 

 

Figure 2.2:  MIMO Multiple Access Channel 

In the uplink of a mobile cellular communication system, the users are the mobile transmitters in 

any particular cell and the receiver is the base station of that cell. In MIMO BC, a transmitter 

sends information to multiple receivers as shown in Figure 2.3. In the downlink of a mobile 

cellular communication system, the transmitter is the base station and the receivers are the 

mobile stations. Another example of MIMO BC arises when a wireless LAN access point 

transmits simultaneously to several user terminals.  

 

 

 

 

 

 

 

 

 

Figure 2.3: MIMO Broadcast Channel 
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A key difference between single-user, MAC, and BC channels is that in the single-user channel, 

there is a full collaboration at both sides of transmitter and the receiver, while in the MAC 

channel there is collaboration only at the receiver and in the BC channel collaboration exists only 

at the transmitter. Therefore in the MIMO BC channel joint processing between the receivers 

cannot be supported because the signal received by one of the receivers is not available at the 

others. Based on this fact, the design of MIMO BC channel has proved to be more challenging 

[25, 26]. 

2.2 MIMO Broadcast Channels 

In this section, a brief overview of the system model to be used for the rest of the work will be 

covered. The channel models and the mechanisms of obtaining CSIT will also be discussed. 

2.2.1 System Model 

Consider a MIMO broadcast system with the transmitting station having M antennas that 

transmit data to K users each having single receive antenna. Using the discrete time, narrowband 

and time varying channel model, the MIMO broadcast system at a specific time can be described 

by: 

� � �� � �������������������������������������������������������������������������������� !"� 
In matrix form,  

 #$%$&'$() � #*%% *%&*&% *&& + *%,*&,' - '*(% *(& + *(.) #
/%/&'/.)+ #0%0&'01)�������������������������������������� ! � 

where � 2 3,�4�% is the channel input from the transmitter, � 2 �31�4�,  is the discrete-time 

channel matrix, �� 2 �31�4�%  is the received signal, and �� 2 �31�4�%  is a vector of additive 

noise. The ��� ���
 element of � represents the channel gain from transmit antenna � to user��.  
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Throughout this thesis, we consider Gaussian channels where the additive noise � is given by a 

Gaussian vector. We will further assume that the noise is temporally white, i.e. the entries of ��are independent, identically distributed (i.i.d) and zero-mean circularly symmetric complex 

Gaussian (ZMCSCG) with unit variance, i.e.�����5� � 6. We use a simple channel model 

where the channel gain from a transmit antenna to a receive antenna is described by a ZMCSCG 

random variable, which is an appropriate model for narrowband systems operating in a non-line-

of-sight rich scattering environment [27]. We normalize the channel such that the entries of � 

have unit variance.  

2.2.2 Channel Models 

The physical characteristics of the wireless channel present a fundamental technical challenge for 

reliable communications. This is mainly because of the time varying multipath nature of the 

channel. Since the channel time variations are not predictable, the time variant multipath channel 

is modeled statistically. The commonly used statistical fading models are Rayleigh fading model 

for non LOS conditions and Rician fading model for LOS conditions [28]. 

The coherence bandwidth of the channel is defined as the frequency separation at which two 

frequency components of the signal undergo independent attenuations by the channel. If the 

bandwidth of the signal that is transmitted through the channel is smaller than the coherence 

bandwidth of the channel, the channel is called flat-fading channel in which all the frequency 

components of the signal undergo the same attenuation by the channel. In this case, the multipath 

components in the received signal are not resolvable, and the channel appears as a single fading 

path that can be represented by a single complex coefficient.  

If the signal bandwidth is greater than the coherent bandwidth the channel, the channel is said to 

be frequency-selective and the signal is severely distorted by the channel. In this case, the 

multipath components can be resolved in the received signal and therefore the receiver is 

provided with several independently fading signal paths [28]. Consequently, the frequency-

selective channel is modeled as a tapped delay line filter with time-variant tap coefficients. The 

frequency-selective fading can degrade system performance by causing inter-symbol interference 
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(ISI) which can be minimized by using orthogonal frequency division multiplexing (OFDM) 

[29]. Analytically, the frequency-flat and frequency-selective channels are also called 

narrowband and wideband channels when defined in comparison with the bandwidth of the 

signal used in the system at hand.   

There are two channel models used in this work: Quasi-static wideband and Time-varying 

narrowband channel models. This is because each model has the particular feature of the wireless 

channel important for the problem at hand. The first model assumes that the channel is wideband 

and quasi-static, and is important to model the effect of frequency selectivity of the channel. The 

quasi-static assumption makes the channel static for packet transmission duration which is 

justifiable for indoor wireless LAN communication [24]. The second model assumes that the 

channel is narrowband but varying from symbol to symbol, and is important to model the effect 

of time variation of the channel.    

In cases where there are few scatterers or there is insufficient antenna spacing, the fading paths 

will be correlated with each other [35]. Correlative models attempt to approximate the spatial 

structure of the channel by modeling the correlation between paths in a MIMO channel. These 

models bias a channel matrix with independent, identically distributed (i.i.d) random variables by 

introducing correlation matrices at the transmitter and the receiver that represent scatterers at 

both link ends. The correlation between all paths in a narrowband MIMO channel is defined as 

[30] 

  7� � 89:;<���:;<����=�������������������������������������������������������������� !>�  
where :;<��� is the mapping of all elements of � such that all columns in � are stacked on top 

of each other to form a vector as shown below, 

  :;<��� � ?@%%�� @&%�� A � @BC%�� @%&�� A � @BC&�� A � @BCBD�E����������������� !F� 
The Kronecker model is by far the most widely used correlative MIMO channel model [30]. It 

greatly simplifies channel analysis as it holds that scatterers around the transmitter fade 

independently of those around the receiver. Using the Kronecker model, the correlation matrix is 
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the product of the one sided correlation matrices seen from the transmitter and receiver sides 

[30]. 

  7� ��7�G� H�7IG����������������������������������������������������������� !J� 

where H�represents the Kronecker product, 7�G and 7IG are the transmitter and receiver side 

correlation matrices. An ensemble of � matrices with the same spatial structure and correlation 

can be synthesized by spatially filtering a statistically white matrix as 

  � ��7IG% &K ��		L�7�G% &K ���������������������������������������������������������� !M� 
where 7IG% &K  and �7�G% &K  are the matrix square roots of  7�G and 7IG respectively. �		L  consists of  

independent, identically distributed entries. 

2.2.3 Channel State Information 

In MIMO system analysis, different assumptions can be made about the knowledge of the 

channel gain matrix at the transmitter and the receiver, referred to as channel state information at 

the transmitter (CSIT) and channel state information at the receiver (CSIR), respectively. There 

are mainly two approaches: deterministic and statistical channel state information. The 

deterministic approach tries to obtain exact values for CSIR and/or CSIT. In doing so, there are 

different techniques of obtaining CSI depending on the underlying communication system. The 

statistical method use the distribution of the channel coefficients which are usually expressed in 

terms of channel mean and covariance matrices [31]. The deterministic type of CSI is used in 

this work which can be either perfect or imperfect.   

For a slow-fading channel, CSIR is usually assumed since the channel gains can be obtained 

fairly easily by sending a pilot sequence for channel estimation. Obtaining CSI at the transmitter 

is more difficult than CSIR. The mechanisms of getting CSIT are different for time division 

duplex (TDD) and frequency division duplex (FDD) systems [32]. TDD systems offer a 

straightforward way for the transmitter to acquire the CSI. Since the uplink and downlink in a 

TDD system share the same frequency, channel reciprocity implies that the base station can learn 

the downlink from known pilot signals transmitted on the uplink.  
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In FDD systems, the base station transmits and receives on different frequencies which implies 

that the downlink cannot be estimated based on information about the uplink because the two 

channels are different. Therefore, the channel estimate at the receiver should be fed back to the 

transmitter through a separate channel. The accuracy of the CSIT depends on the number of 

feedback bits used which is limited by the capacity of the feedback path. Number of bits fed back 

becomes large as the number of users increases. This is because each channel vector is quantized 

based on a codebook known at both the mobiles and the base station, and the quantization error 

depends on the number of bits per codeword [33].  

In practical systems, obtaining perfect CSIT is often difficult. This imperfection can be caused 

by 

• Delay in feedback path of the channel estimates at the receiver to the transmitter. This 

makes the CSIT to be an outdated version of the true channel and is more problematic 

in channels with faster time variation. 

• Error in channel estimation of the downlink (for FDD systems) and uplink (for TDD 

systems). This also makes the CSIR used at the receiver and the CSIT fed back to the 

transmitter to be erroneous. 

• Quantization error and error in the feedback path for FDD systems.  

2.2.4 Capacity 

The channel capacity of a point to point MIMO channel is a real number: for any rate strictly 

smaller than capacity, there exist codes at such a rate that can achieve any desired probability of 

error. But any rate strictly greater than capacity is not achievable in the sense that the probability 

of error is bounded away from zero.  

For multiuser MIMO channels, the problem is somewhat different. Given a constraint on the 

total transmitted power, it is possible to allocate varying fractions of that power to different users 

in the network, so a single power constraint can yield many different information rates. The 

maximum capacity for a user is achieved when all the power is allocated to it as for points A and 
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B in Figure 2.4. For every possible power distribution in between, there is an achievable 

information rate, which results in the capacity region.  

 

 

 

 

 

 

 

 

 

 

 

Figure 2.4: MIMO Broadcast Capacity Region for a 2 user System 

The capacity region of a given MIMO broadcast channel consists of all achievable rates 9N%� N&� A�� N��= given the power constraint on the transmitted signal, i.e it is a set of rate vectors 

in a K dimensional space. Points on the boundary of the capacity region are typically obtained by 

transmitting to all users simultaneously. User rates achieved by orthogonal techniques like 

TDMA where at a given time only a single user communicates are contained in the capacity 

region, and are strictly suboptimal [34].  

The maximum achievable throughput of the entire system is characterized by the point on the 

curve that maximizes the sum of all of the users’ information rates, and is referred to as the sum 

capacity of the channel. This point is illustrated in Figure 2.4 by point C. A transmission 

technique known as Dirty Paper Coding (DPC) is shown to achieve the capacity of MIMO 

broadcast channels [2]. The sum capacity for the system modeled in section 2.2.1 has been 

formulated using the DPC framework for the case of Gaussian noise. The capacity is defined in 

terms of the achievable rate for each user given the set of covariance matrices for each 

transmitted data vector�O� � 89�P�P�5 �=. The achievable rate of user k is [31]: 
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N� �� QRSTU ��VWXY Z[W[\% ]VW5TQRSTU ��VWXY Z[W^%[\% ]VW5T���������������������������������������������� !_� 
The above equation represents the achievable rate tuples for a given permutation of users. If the 

ordering that maximizes sum of the rates is taken, the sum rate becomes [31]: 

à �� bc/adef�gY �h�ad�ijkN�1
�\% ������������������������������������������������������ !l� 

where m is the upper bound on the total transmit power and no�! � stands for trace of a matrix. 

2.3 Orthogonal Frequency Division Multiplexing 

In classical data systems that use the frequency domain to send data at higher rate, parallel 

transmission was achieved by dividing the total signal frequency band into non-overlapping 

frequency sub channels. This technique is referred to as frequency division multiplexing. This 

method, however, leads to inefficient use of the available spectrum. A more efficient use of 

bandwidth can be obtained with parallel transmission if the spectra of the individual sub-

channels are permitted to partly overlap. This requires that specific orthogonality constraints are 

imposed to facilitate separation of the sub-channels at the receiver. This transmission technique 

is referred to as Orthogonal Frequency Division Multiplexing (OFDM).   

The basic principle of OFDM is to split a high-rate data stream into a number of lower rate 

streams that are transmitted simultaneously over a number of subcarriers. The carriers in an 

OFDM signal are arranged so that the sidebands of the individual carriers overlap and the signals 

are still received without adjacent carrier interference. To do this, the carriers must be 

mathematically orthogonal. The receiver acts as a bank of demodulators, translating each carrier 

down to baseband, with the resulting signal integrated over a symbol period to recover the raw 

data. If the other carriers all beat down the frequencies that, in the time domain, have a whole 

number of cycles in the symbol period T, then the integration process results in zero contribution 

from all these other carriers. Thus, the carriers are orthogonal if the carrier spacing is a multiple 

of 1/T where T is the symbol period. 



�������� �
����
���
����!��������"!�

�

�

���

�

In practice, sub-carrier mapping can be implemented very efficiently by the fast Fourier 

transform (FFT) algorithm. The input data stream is modulated, resulting in a complex symbol 

stream �pqr� �p"r� ! ! ! � �p�� s �"r. The output of the OFDM modulator can be written as [29]: 

�ptr � � "u�k �p�r;
&vw� BKB^%
�\f ��� � q x t x � s "������������������ !y��

where �ptr� t � q� "�  � A � � s "  are samples of the OFDM symbol, �  is the number of 

subcarriers and �p�r�� � � q� "�  � A � � s "�are the modulated symbols on each subcarrier.  

Cyclic prefix is a crucial feature of OFDM system. The basic idea is to replicate part of the 

OFDM time-domain waveform from the back to the front to create a guard period. The duration 

of the guard period nz should be longer than the worst-case delay spread of the target multi-path 

environment. 

 

 

 

 

Figure 2.5: Addition of cyclic prefix 

At the receiver, the starting point of sampling is chosen to satisfy the criteria: 

n{|G }� na|{~ }� nz����������������������������������������������������������������������������� !"q� 
where n{|G is the maximum of the delay in all reflected paths, na|{~ is the sampling instant and nz is duration of the guard interval.  

The main advantage of OFDM is that it mitigates the frequency selectivity of the wireless 

channel by converting the wideband channel into a set of narrowband channels that undergo flat 

fading. The problem of ISI is also solved by using cyclic prefix as explained earlier. 
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Chapter 3 

Dirty Paper Coding Techniques 

As discussed in the previous chapter, a MIMO broadcast system with spatial multiplexing 

consists of a transmitter with multiple antennas that sends independent data to spatially separated 

users. In this work, systems with one receive antenna per user are discussed but, generally, users 

can have more than one antenna in a MIMO broadcast system. The number of independent data 

streams that can be transmitted is limited by���t����� where � is the number of transmitting 

antennas and � is the total number of receive antennas in the system. Having multiple antennas 

at each user terminal can be used either to get multiple data streams per user or to have receive 

diversity gain. The number of users in a typical broadcast system is usually much greater than 

the number of antennas at the transmitter. Therefore, ��t����� usually reduces to�� . This 

implies that having multiple streams per user is inappropriate from system design perspective. 

Achieving receive diversity gain in MIMO broadcast systems is also disadvantageous since 

multipath fading is an advantage rather than a problem in using spatial multiplexing. This is 

because coding the symbols before transmission takes into account the channel vector from the 

transmit antennas to each receive antenna which makes having another antenna at a user terminal 

useless unless we have multiple data streams to that user. Having only one receive antenna at 

each user terminal is also easy in upgrading existing transmission strategies to the proposed ones 

which requires modifications at the transmitter side only. Thus, MIMO broadcast systems with 

one receive antenna per user terminal are considered in this work. 

Using the system model described in Section 2.2.1 with users having single antenna, user �� not 

only receives its desired signal through its channel vector��
 , but also contributions from the 

signals destined for other users. Mathematically, this can be written as: 
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 ��������������������������������������������������>!"��
where �
 �is the symbol intended for user �. The first term in the above equation represents the 

desired signal after passing through the channel� while the second term represents the interference 

from signals transmitted for other users in the system.  

The pre-coding problem can be formulated as: how can we code or process signals of the 

different users before transmission so that each user only receives the signal intended for it. This 

can be described by the block diagram shown in Figure 3.1 below for a transmitter with four 

antennas.   During one symbol time, the input to the pre-coder is a 4 x 1 vector, �� ��p�%���&��������r� of symbols each intended for a single user. The pre-coder converts this vector 

to another vector which is then transmitted by the transmit antennas. The output vector from the 

pre-coder may exceed the sum power constraint of the system. Thus, it is normalized to have 

power equal to the required power constraint.  

 

 

 

 

 

 

Figure 3.1: Block diagram of the Pre-coding process. 

There are two fundamental approaches in pre-coding signals for MIMO broadcast channels: 

linear pre-coding and Dirty paper pre-coding approaches. 
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3.1 Linear Pre-coding Techniques 

This approach relies on signal processing to pre-code signals before transmission. The pre-

coding process is performed on an already channel coded and constellation mapped symbols, and 

the operations involved are linear. The pre-coding process only takes the channel gains into 

consideration and does not depend on the symbol vector to be transmitted.  

Zero forcing transmit beamforming (ZFBF) is one algorithm that performs pre-coding using 

linear operations [7]. It multiplies the data vector d by a beamforming matrix to effectively 

create beams in the desired user direction while nulling the component of the signal in the 

direction of the other users. The transmitted vector can be expressed as: 

� � �k�
�
1

\% �������������������������������������������������������������������������������>! � 

where �
  is the beamforming vector for user �  and �
 is the symbol intended for user � . The 

symbol received by user � then becomes: 

�
 ���
� ��t
 ����������������������������������������������������������������������������>!>� 
� �
 k����1

�\% ��t
 ����������������������������������������������������������������>!F� 
� �
�
�
 �k�
����1

�\%��

��t
 �����������������������������������������������>!J� 

The algorithm forces the second term in Eq. (3.5) to be zero, i.e. �
�� � q�  for � � �  in 

selecting the beamforming vectors. The pseudo inverse of the overall channel matrix satisfies the 

above criterion for selection of beamforming matrix�� � p�"�� ��>��Fr , 
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� ���5���5�^%�����������������������������������������������������������������������>!M� 
which reduces to simple channel inverse when there are as many users as the number of 

transmitting antennas. Thus, the transmitted symbol vector can be expressed as 

� � � "u��5���5�^%���������������������������������������������������������������>!_� 
where � � ����  is used to normalize the transmitted signal power to unity as is true for 

subsequent algorithms in this work. The symbol received by user �  and the estimated data 

become  

�
 �� L�u� � t
 �����������������������������������������������������������������������������>!l�                                   
��� � ����
 ��������������������������������������������������������������������������������>!y� 

The major drawback of this algorithm is the significant signal attenuation due to the 

normalization constant when the channel matrix is poorly conditioned or ���5�^% has large 

eigenvalues. This problem might be interpreted as noise amplification when the received signal 

is multiplied by the normalization constant. 

One way to decrease the sensitivity of the Zero forcing beamforming to channel condition is to 

use the MMSE criterion to design the beamforming weights. The beamforming weights can now 

be expressed as [7] 

� � ��5���5 �� ��6��^%��������������������������������������������������������>!"q� 
where 6  is the identity matrix of order equal to the number of transmitting antennas. The 

regularization parameter � is chosen so as to maximize SINR at each receive antenna and is a 

function of the SNR and number of transmit antennas. This algorithm adds a limited amount of 

interference to compensate for the behavior of the channel matrix. The amount of added 

interference increases with �� , and the algorithm reduces to simple transmit beamforming 
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when�� � q. The optimum value of � is found to be � ��NK  for a Rayleigh fading channel [36] 

where � is the number of transmit antennas. 

3.2 Dirty Paper Pre-coding Techniques 

While the previous technique relies on signal processing, the dirty paper approach is, in general, 

a coding approach. This is because it combines other parts of signal design like modulation and 

coding with the pre-coding process. This is true for the capacity achieving dirty paper coding 

schemes, and therefore, completely new communication protocols are needed for real world 

implementation. There are suboptimal algorithms that separate signal design with pre-coding 

which can be implemented in a similar way as the linear algorithms [5, 6, 7]. 

The idea behind this technique is analogous to writing on a dirty paper where the writer can 

apply ink by considering the dirt picked up by the paper later on. The combined effect of the ink 

and the dirt will make the words distinguishable by the user which may not happen if the writer 

didn’t write this way. Consider a channel with output corrupted by interference � and noise � as 

� � �� � ��� � ��������������������������������������������������������������������������>!""� 
The interference�� � ��q� ��, the additive noise � � ��q��� and����& x �. If � is unknown 

at the transmitter and the receiver, the capacity of this channel is  %&QRS�" � ���B� bits/channel use 

because the interference is taken as an additive noise. On the other hand, if � is known at the 

transmitter, the capacity per dimension is shown to be [3] 

 ` � %&QRS�" � �B�����������*c00�Q� ��K ����������������������������������>!" �   
This is the capacity of a standard Gaussian channel with SNR of  � �K  and is independent of the 

interference � even if the interference is unknown to the receiver. Rather than attempting to fight 

and cancel this interference, the optimal encoder adapts to it by choosing codewords in the 

direction of��.  
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In the MIMO broadcast system, the interference signal arises from signals transmitted to users 

other than the intended user. Since the symbols to be transmitted to all users are available at the 

transmitter, this system is one variation of the side information channel discussed above. The 

transmitter can code information for the users such that each user experiences no interference 

from the signals intended for other users.  

The main difference between the linear processing and the dirty paper coding approaches lies in 

the level of consideration of the interference. The interference encountered by a given user is a 

combination of the signals of the other users and the channel from each transmit antenna to the 

given user’s receive antenna. The linear processing techniques don’t take the other users’ signals 

into consideration in performing pre-coding while the dirty paper techniques consider both the 

channel and the users’ signals. Therefore, the linear approach incurs performance loss which is 

usually expressed in terms of power penalty. 

The result expressed in Eq. (3.12) is an information theoretic one and the construction of 

practical codes that approach the capacity limit is still an active research area. There are 

suboptimal algorithms that separate signal design from the pre-coding step but still attain a 

significant portion of the promised gain with practical computational complexity relative to the 

optimal ones. These algorithms and their corresponding achievable sum rate are discussed in the 

next section.   

3.2.1 Modified Tomlinson-Harashima Pre-coding (THP) 

This algorithm uses the idea of the pre-coding techniques for combating ISI in single user 

systems in which some proportion of the previously transmitted symbol is subtracted from the 

symbol to be transmitted now[5,6]. It uses QR decomposition of the channel matrix to effectively 

make the composite channel matrix triangular, and then successively pre-subtracts interference 

of one user from the one encoded after it. 

The overall channel of the system,��, can be decomposed into a unitary matrix ¡ and a lower 

triangular matrix 7 using QR decomposition. Thus, Eq. (2.1) can be expressed as: 
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� � 7¡� � ��������������������������������������������������������������������������>!">� 
By selecting the transmitted vector � to be equal to�¡�¢, the received vector can be expressed as 

� � 7¡�¡£¢� � �����������������������������������������������������������������>!"F� 
� 7¢� �����������������������������������������������������������������������������>!"J� 

The channel between ¢ and � becomes triangular. For a system with 4 transmit antennas, this can 

be expressed in matrix form as 

¤�%�&����¥ = #o%% qo&% o&& q ���qq ���qo�% o�&o�% o�& o�� qo�� o��) ¤
P%P&P�P�¥ � ¤t%t&t�t�¥���������������������������>!"M� 

The data symbols to be transmitted are denoted by �	  where  � � "�  � A � �. The pre-coding step 

will create an interference free subchannel as 

�	 ��o		�	 ��t	 ��������������������������������������������������������������������������>!"_� 
In order to satisfy Eq. 3.17, the interference pre-subtraction can be expressed as 

P� ���� s�k o�	o��
1^%
	\% P	 ����������������������������������������������������������������>!"l� 

As shown in Figure 3.2, the effective channel between ¢�and the users is�7. Since 7 is triangular, 

user 1 doesn’t see interference from users 2 up to K, user 2 doesn’t see interference from users 3 

up to K and so on. 
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Figure 3.2: Block diagram of Modified THP

In pre-subtracting interference, power of the pre

constraint of the system. This increase in power is more pronounced in users encoded last 

because symbols of all users encoded before them will be subtracted making their power larger. 

To limit the transmit power, modulo operation 

modulo operation with argument 

where  denotes the floor operation which is largest integer less than or equal to the input. So 

this operation makes the real and imaginary parts of the symbol to be located within

In effect, this operation extends the constellation of the received 

performed on the extended constellation. One step extended constellation for decoding of QPSK 

modulated symbols is shown in Figure 3.3 below. The dark dots belong to the original QPSK 

constellation. 
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Figure 3.2: Block diagram of Modified THP 
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Figure 3.3: Extended constellation for QPSK modulation. 

The pre-coder maps transmitted symbols that exceed the original constellation into points on the 

next extended constellation. Then, these symbols on the extended constellation will be mapped 

on to the original constellation using modulo operation to the real and imaginary parts 

respectively. For example, if point A has coordinates (1,1), the dotted lines which are boundaries 

between constellations should be located at coordinate (¦ �q) and (q�¦ ) for the real and 

imaginary parts, respectively. This is to avoid ambiguity in decoding the received symbol which 

is located at any one of the constellations. The modulo operation will, therefore, have an 

argument 4 for both the real and imaginary parts. Thus, for 16 QAM modulation, the argument 

of the modulo operation will be 8. 

At the receiver, the symbol will be located on any one constellation in the extended constellation. 

The receiver can perform modulo operation as shown in eq. (3.20) on the symbol to map it to the 

original constellation which can be demodulated accordingly. 

  �§
 � � �̈©ª «̈X��
 �]����������������������������������������������������������������>! q�  
where ¬ � l for 16 QAM modulation with average  power of u"q . Aside from being a non 

linear operation, another problem of the modulo operation is that the additive noise may push the 

received symbols beyond the boundaries of the extended constellation. This makes the symbols 

to be decoded incorrectly.     

A 
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3.2.2 Vector Perturbation 

As discussed in Section 3.1, the problem with Zero Forcing Beamforming is that the pre-coded 

signal usually has larger power because of the large singular values in the channel inverse.  The 

best way to reduce the transmit power is to make sure that the data vector does not lie along the 

singular vectors associated with the largest singular values of the channel inverse [4]. This 

algorithm perturbs the data vector in a data dependent way that is unknown to the receivers 

before multiplying it with the beamforming matrix used in Zero Forcing transmit beamforming.  

After perturbation, the transmitted vector is approximately orthogonal to singular vectors 

associated with large singular values of �5���5�^%. The simplest type of perturbation is to 

add an integer multiple of some predetermined number to the data vector as: 

  �� � � � ¬­������������������������������������������������������������������������������>! "� 
In the above expression, ¬ is a positive real number which is determined by the modulation 

technique used. It is a design parameter selected so that the receivers can decode the data without 

knowledge of the perturbing vector�ª. So ¬ is similar to the argument of the modulo operation 

used in the Modified THP previously. A general formula for calculating ¬ is [4] 

¬ �  ®�<�{|G �� �¯  K °������������������������������������������������������>!  � 
where �<�{|G is the absolute value of the constellation symbol with largest magnitude and ¯ is 

the spacing between constellation points.  

If ¬ is made larger, the decoding error at the boundaries of the decoding region (on the extended 

constellation) will be smaller and the effect of the perturbing vector ª will decrease. But the 

average power of the transmitted signal will increase in the process thereby degrading the overall 

error rate performance. If it is made smaller, error free decoding will be impossible even in the 

absence of additive noise because of ambiguity in the decoding regions of the extended 

constellation. 
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The vector ­ is K dimensional and has complex entries ± � �² with ± and ² being integers. The 

transmitted signal can be expressed as [4] 

� � � "u��5���5�^%�������������������������������������������������������������������>! >� 
where�� � ��� . The perturbation vector ­ should be chosen so that the transmitted power is 

minimized for the given channel matrix, and is the solution of the minimization problem 

­ � c³Sb �0­´ ��µ � ¬­¶�5 ���5�^%�µ� � �¬­¶����������������������������>! F� 
This is a K dimensional complex integer lattice least squares problem which can be decomposed 

into a 2K dimensional real least squares problem. In selecting the appropriate value for the 

integer offset vector�­, we have infinite possible choice and the minimization will be over an 

infinite lattice.  

There are different algorithms to solve this minimization problem. The simplest but complex one 

is to limit the search path to a predetermined interval and then try the possible complex integer 

values. The vector that results in minimum value of the argument will be chosen. This is 

analogous to maximum likelihood (ML) decoding in multiuser detection except in ML detection 

the search interval is already limited by the constellation points. Another approach is the Finche-

Pohst algorithm [37] which limits the search interval and updates the minimum distance so as to 

exit a branch if its distance exceeds the minimum. 

The signal received by user j and the estimated symbol can be expressed as  

  �
 �� %u� X�§
 � �¬ª] ��t
 ����������������������������������������������������������>! J�  
  �·
 ��� �̈©ª «̈Xu���
]�����������������������������������������������������������>! M� 

The modulo operation is the same as the one defined in eq. (3.19) for modified THP algorithm. 

In eq. (3.23), the transmitter divides the pre-coded symbol by u� which is a data dependent 

quantity and the receivers multiply the received vector by the same quantity. The transmitter and 
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the receivers can instead use 89u��= as normalization constant as the performance difference is 

shown to be insignificant [36]. 

3.3 Pre-coding for OFDM Systems 

The linear and non linear pre-coding techniques discussed in the previous sections are for single 

carrier systems. In order to mitigate the effect of multipath fading channels, recent wireless 

communications use multicarrier transmission techniques. As discussed in Section 2.3, the most 

common and widely used multicarrier transmission strategy is OFDM. In OFDM systems, the 

pre-coding techniques cannot be directly applied to the signal to be transmitted. This is because 

the transmitted time domain waveform is a superposition of modulated symbols mapped to 

different subcarrier frequencies.  

 

 

 

 

 

 

 

Figure 3.4: Block diagram of the pre-coding process for OFDM systems 

In these systems, pre-subtraction should be performed in frequency domain. Each subcarrier, 

thus, can be thought of as an independent channel and data of the different users can be pre-

coded on a subcarrier by subcarrier basis. As shown in Figure 3.4 above, the modulated symbol 

of each user is serial to parallel converted into N parallel symbols to be transmitted on the N 

subcarriers. User symbols on one subcarrier are taken and pre-coding is performed to get K 

symbols to be transmitted on that subcarrier.  
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In Figure 3.4, the pre-coder for the different subcarriers is shown in black for subcarrier 1, red 

for subcarrier 2 and green for subcarrier N. The pre-coded symbols from the N pre-coders for 

user 1 will be inputs to the IFFT block which perform subcarrier mapping for this user. Each of 

the N pre-coders will be delivered with the state of the channel at that subcarrier. For a system 

with K transmit antennas and K single antenna users, the pre-coder for one subcarrier will have a 

K x K channel state matrix. 

3.4 Achievable Sum Rates  

The sum capacity of the MIMO broadcast system given in Eq. 2.8 is for the capacity achieving 

pre-coding strategy. The optimal dirty paper coding strategy performs both signal design and 

pre-coding simultaneously and pre-coding extends over multiple symbols. The algorithms 

discussed previously, on the other hand, perform pre-coding independent of the other parts of the 

communication system and, pre-coding is performed symbol by symbol. Therefore, these 

algorithms are sub-optimal and achieve a maximum sum of user rates less than the sum capacity. 

In all the expressions in this section, user � has channel gain��� , the additive noise has unit 

variance and the total transmitting power is��. The achievable sum rate of Zero Forcing transmit 

beamforming (ZFBF) is achieved by allocating more power to the stronger users and less power 

to the weak users. Thus the waterfilling power allocation strategy achieves this rate and is given 

by [14] 

N¸¹º¹ ��bc/�» kQRS�" ���	�1
�\% ������������������������������������������������>! _� 

      

¼@;o;����������k�	�	
1

�\% x ����������c0½���������	 �� "p�����^%r	�	 �����������������������������������>! l� 
                      

The waterfilling power allocations are [14]: 
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1

�\% � ������c0½������	 �� �¾�	 �s "���������������������>! y� 
As of our knowledge, the exact achievable sum rate of vector perturbation for arbitrary input 

distribution is still unknown but is found in [30] for uniformly distributed inputs. An upper 

bound for the achievable sum rate is also calculated as a function of channel matrix and is given 

by [15] 

N¿~ } �QRS�� ��QRS½����À� s �� QRSÁ�� � "�%1 �;� � " ��������������>!>q� 
where Â � ���  and  Á�! � denotes the gamma function. 

The achievable sum rate of Modified THP is attained by permutation of users before interference 

pre-subtraction and using the waterfilling power allocation strategy afterwards, and is given by 

[13] 

N��� � k�QRS�Ão����1
�\% ����������������������������������������������������������>!>"� 

where o�is the ��
 diagonal element of the triangular matrix, R, which is the result of the QR 

decomposition of the channel matrix, ���� � bc/���� q� and Ã is the solution of the waterfilling 

equation �
�����k ÄÃ s " o�K Å�1

�\% � ����������������������������������������������������������������>!> � 
In orthogonal transmission techniques, a single user is served in a given time, frequency or code 

slot. Thus, sum rate is maximized by always transmitting to the user with strongest channel gain. 

The achievable sum rate of TDMA is given by [14] 
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N�Æ,Ç �� bc/��29%�&�A�1=QRS�"� � �����&���������������������������������>!>>� 
The Achievable sum rates of the different techniques discussed above is shown on Figure 3.5 

below. The plots are for quasi-static, narrowband fading channel having Rayleigh distributed 

channel gains. The MIMO BC system has 4 transmitting antennas and 4 users with one receive 

antenna each.  The results are averaged over 1000 channel realizations. 

 

Figure 3.5: Achievable Sum Rate of different transmission techniques. 

 

3.5 User Scheduling 

As discussed previously, a typical application of dirty paper coding techniques is in wireless 

LAN and cellular telephony. In these systems, there are usually much more users than the 

number of transmit antennas. Since the number of spatial degrees of freedom is limited by ��t������ where M is the number of transmit antennas and K is the number of single antenna 

users, only M users can be served at the same time in order to exploit all M spatial streams. This 

brings about the need to have a criterion and technique for selecting a subset of users from all 

users in the system.  
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Besides increasing the total number of users in the system, user selection is shown to result in a 

significant increase in sum rate even when � is equal to � [13]. It is also necessary if different 

rates are to be assigned to the users both when � is equal to and greater than � [15]. In the 

quasi- static channel model, the best criterion for user grouping is strength of channel gains and 

relative orthogonality between channel gains of different users. If there are a total of � users in 

the system, these users will be grouped into � �K  groups with � users in each group. The groups 

will be arranged in descending order of preference so that the first group is the best in terms of 

the above criteria.   

After the user selection process, time slots can be assigned to each user group depending on the 

aim of the selection process. If we want to maximize the sum rate of the system, the first user 

group will be served all the time because this group results in a better sum rate than the others. If 

scheduling fairness is considered, varying proportion of the available time slots can be assigned 

to the user groups.  

3.5.1 User Selection Algorithm  

This algorithm performs successive Gram-Schmidt orthogonalization on the channel vectors of 

users with the aim of obtaining user groups with relatively good orthogonality. Algorithms 

similar to this one are proposed in [14] for zero forcing beamforming as a user selection 

algorithm and in [13] as a permutation algorithm to maximize sum rate relative to the random 

ordering of users.  

Let È denote the set of users considered in the current iteration and � the iteration index. Denote � as the set of users that have been selected and � its cardinality. If a user is selected in the 

previous iteration, it will be excluded from È and becomes a member of��. Let É denote the 

current user group and ���� is the cardinality (number of elements) of set��. The channel vector 

of each user is���,�� � "�  � >� A � �. The algorithm performs grouping as follows: 

Step 1)   Initialization:   È � 9"�  � >� A � �=  ,   � � "   ,  � � �Ê  , É � "! 
Step 2) For each � 2 È, calculate Ë� . It is the component of ��  orthogonal to the subspace 

spanned by Ë�%�� Ë�&�� A � Ë�	^%�. 
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� � Ë�
�ÍË�
�Í������������������������������������������������������������������������>!>F� 
Ë� ���� s�k�Ì�
�5 ���	^%


\% Ì�
�������������������������������������������>!>J� 
Step 3)   Select the ��
  element of � as follows: 

�	 � c³S�bc/�2Î �Ë������������������������������������������������������������>!>M� 
    Ë�	� � Ë��	�������������������������������������������������������������������������>!>_� 

   ��	� � ���	�������������������������������������������������������������������������>!>l� 
Step 4) If  ��� } � , then È � 9� 2 È� � � ��	=  , � � � Ï �	  , � � � � "  and  É  remains 

unchanged. But if���� � �,  then È � 9� 2 È� � � ��	=�� �� � �Ê� ,  � � " ,  É � É � "  . 

Step 5)   If È is non- empty, go to step 2. Otherwise terminate the algorithm.  

The algorithm initializes by considering all users in the first step. Then, it calculates the 

orthogonal projections of the users’ channel vectors in the space spanned by the already selected 

users. If��� � ",�Ë� � ���for all users. The user with maximum orthogonal projection will be 

selected. This user will be added to set � and removed from set�È. If the selected number of users 

is less than the number of transmitting antennas, the algorithm continues to the next iteration. If 

not, the algorithm initializes again taking the remaining users and proceeds to forming the next 

user group.  

The proposed algorithm is different from those in [14] and [13] in that it does not terminate after 

forming the first group.  Unlike this algorithm, the algorithm in [14] performs user shedding 

where the algorithm may terminate before number of users in a group equals M if the remaining 

users are found to have poor orthogonality with the already selected ones. 

 

 



��������$�
�����%��������
���& �������'��!�

�

�

�	�

�

3.5.2 Subcarrier Allocation for OFDM Systems 
In the previous section, user selection is performed for single carrier systems in which each user 

has one channel vector. Since OFDM is a multicarrier system, one user will have � channel 

vectors on each of the � subcarriers. Unlike the single user system, a user with good channel 

vector at one subcarrier may not have good channel at another subcarrier unless the two 

subcarriers are adjacent to one another.  Thus, OFDM systems guarantee better fairness because 

a given user will have good channel gain on at least few subcarriers.   

Subcarrier allocation can be aimed at maximizing the sum rate of the system or it may 

incorporate some amount of fairness. A simple measure of fairness in OFDM systems is fairness 

index [17]. It is related to the variance of the variable Ð	  which is the number of subcarriers 

allocated to the ��
 user. In a MIMO broadcast system with � single antenna users,  

Ñ±�ot;PP��t�;� � �Ò"� Y Ð	1	\% Ó&"� Y Ð	&1	\% ����������������������������������������>!>y� 
Fairness index becomes unity when all users are served equally whereas in the limit it becomes 

zero when only one user is served all the time. The subcarrier allocation algorithm for sum rate 

maximization is the same as the user selection algorithm in section 3.5.1 and is referred to as rate 

maximizing subcarrier allocation (RMSA) algorithm. The user selection algorithm will be 

applied on each subcarrier for the first group. In a � user system, each subcarrier will have � 

channel vectors with �  elements. The subcarrier allocation algorithm will select �  channel 

vectors with relatively good gain and orthogonality for each subcarrier. This will be repeated for 

all subcarriers. On each subcarrier, the first group will be served all the time because the aim is 

maximizing sum rate. 

One way to include fairness is to make each user select its strong subcarrier and repeat the 

process until all subcarriers are assigned to � users. Denote the set of users selected at the t�
 

subcarrier by �w for t � "� � ! ! ! � � where � is the total number of subcarriers. Let ��w�denote the 

number of elements of �w. The channel gain of user � on subcarrier t is denoted by ��w.  
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Let Ð be the set of subcarriers with ��w� } ��for t � "� � A ��. Denote ��  as the subcarrier 

index where user �  has good channel strength on a given iteration and let È�be the set of 

subcarrier indices for user �  excluding those indices selected on previous iterations. The 

algorithm allocates subcarriers as follows: 

Step 1) Initialization:  � � " , �w � �Ê   for  t � "� � A �� , È� � 9"� � A � �=  for all �  and   Ð � 9"�  � A � �=. 
Step  2)  Calculate ��, the subcarrier index for which user � has the best channel strength    

�� � c³S�bc/wÔÎd ����w������������������������������������������������������>!Fq�� 
                                   È� ��È� s�9��=��������������������������������������������������������������>!F"� 

Step 3)  If T�{dT } �,  then   �{d ���{d �Ï � 9��=  and proceed to the next step.  

 But if��T�{dT � �, then set  Ð � �Ð s�9��= and go to step 2 if �È�� Õ q��or proceed to 

the next step if��È�� � q. 

Step 4)  If �Ð� Õ q, then set � Ö � � "  if  � } � and set � � "  if  � � �. Then go to step 2. 

   Otherwise, the algorithm is finished. 

This algorithm is fairness oriented because each user gets its own turn and will be assigned a 

subcarrier if that subcarrier has less than � users assigned to it. In step 2, the subcarrier with 

better channel gain for the user under consideration will be selected and that subcarrier index 

will be excluded from�È�. If the number of selected users on the preferred subcarrier is less 

than��, the given user will be assigned to that subcarrier. Otherwise, the user will be given 

another chance to select its next best subcarrier. The algorithm finishes when all subcarriers are 

assigned with �  users. This algorithm is thus called fairness oriented subcarrier allocation 

(FOSA). An algorithm similar to this one is proposed in [17] for multiplexing based MIMO 

OFDM systems. 
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Chapter 4 

Performance Comparison 
In this chapter, the BER performance of the different pre-coding algorithms is presented and 

discussed along with their complexity. The effect of fading path correlation on the BER of the 

algorithms is also studied. Typical application of Dirty paper Pre-coding techniques is in wireless 

LANs. This is because of the rich scattering properties of the environment and the broadcast 

nature of the service. In these applications, assuming the channel to be static for packet 

transmission duration is valid [24] due to lower mobility of users and objects in indoor 

environments. The use of OFDM minimizes frequency selectivity of the channel so that each 

subcarrier experiences frequency flat fading. This makes the pre-coding techniques developed 

for narrowband systems to be extended for wideband applications. 

4.1 BER Performance Comparison 

Signal to Noise ratio (SNR) is defined as the ratio of average power of the pre-coded symbols to 

noise variance. But the pre-coded symbols have different average power depending on the 

algorithm used which makes it difficult to have a fair performance comparison without 

normalizing the power of pre-coded symbol.  Therefore, the pre-coded symbols are normalized 

to have unit power and SNR is the reciprocal of noise variance in all simulations.  

4.1.1 Simulation Setup 

Both coded and un-coded systems are used in comparing the BER performances of the 

algorithms. The discussion in Section 3.3 is used to perform pre-coding for OFDM systems as 

these systems are included in the simulation. A block diagram showing the simulation flow for 

coded systems is shown in Figure 4.1 below. 

The simulated MIMO broadcast system has 4 antennas at the transmitter and 4 users with one 

receive antenna each. The random bit generator, channel coder, interleaver and modulator blocks 

are separate for each user, and are shown as one block for clarity of the diagram. The modulator 
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uses Grey encoding order so that a symbol error likely results in one bit error. Convolutional 

code is used as channel coding and Viterbi decoder is used to decode the received encoded bits. 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

Figure 4.1: Block diagram of the Simulation Setup 

The block labeled DP Decoder at the receiver side of Figure 4.1 performs simple scaling for 

ZFBF or modulo operation for VP and Modified THP. The OFDM demodulator performs cyclic 

prefix removal, serial to parallel conversion, FFT and parallel to serial conversion. 

Discrete time baseband channel is used to model the wireless environment. This model has 

discrete time inputs and outputs that are sampled at the sampling frequency, Ña. In addition, the 

channel is modeled as wideband and the signals reflected from the different scatterers in the 
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channel arrive at different delay with different average powers. The main parameters used in the 

simulation are listed in Table 4.1 below. 

Table 4.1: System parameters used for performance comparison of the DPC algorithms 

Channel Model Discrete-Time, Quasi-Static Wideband 
Channel 

Distribution of Tap Weights Rayleigh 

RMS delay spread 100 nsec 

Number of Taps  16 

Modulation Type 16 QAM 

Channel coding Convolutional code, code rate = 1/2 

Interleaver Random interleaver 

Number of Subcarriers 64 

FFT Period 3.2 ¾P 

Cyclic Prefix duration 0.8 ¾P 

OFDM symbol duration 4 �¾P 

Bandwidth 20 MHz 

Subcarrier Spacing 0.3125 MHz 

Bit Rate/user 32 Mb/s 

Number of OFDM Symbols processed 100000 

From works published in [38, 39] and other measurements, it is shown that the average received 

multipath power of a transmitted pulse in indoor-like environments fall off exponentially over 

time. Therefore, the wideband channel used in this simulation has tap weights with exponentially 

decaying power delay profile given by [24] 

�pªr � � �/×Òsª ¬LÑaK Ó
k �/×Òsª ¬LÑaK ÓØ^%

Ù\f
������Ñ ö����ª � q� "�  � A � Ú s "������������������������F!"� 
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where Ú is the number of taps of the wideband channel, ¬L is the rms delay spread and Ña is the 

sampling frequency. The signals from the different paths in the channel are taken to arrive at 

integral multiples of Ða where�Ða � " ÑaK .  

In practical systems, an indoor wireless channel is static for packet transmission duration [24] 

which can traverse thousands of symbol periods. Assuming the channel to be static for large 

number of symbols results in smaller number of channel realization for the same number of bits 

processed. Thus, the channel is assumed to be constant for a block of 100 OFDM symbols and is 

independent from block to block which justifies the quasi-static assumption. 

4.1.2 Simulation Results 

Using the simulation parameters in the previous section, the BER performance of the algorithms 

discussed in Sections 3.1 and 3.2 is presented below. Figure 4.2 shows BER performance 

comparison of Zero Forcing Beamforming (ZFBF) and Modified THP for un-coded 16 QAM .  

 

 
 

Figure 4.2: BER comparison of Zero forcing beamforming and Modified THP for  

un-coded 16 QAM. 
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ZFBF results in similar BER for the four users, and the average BER of the users is plotted for 

this algorithm. But Modified THP has different BER for the users based on their pre-coding 

order. The user pre-coded last will have higher BER and the user encoded first will have the best 

BER performance. This is due to the use of modulo operation in modified THP to limit the 

transmit power of the pre-coded symbols. The users encoded later have more symbols to be 

subtracted from theirs which pronounces the effect of the modulo operation. In Figure 4.2, user 1 

is pre-coded first and then user 2 is pre-coded, user 4 is pre-coded last. In order to compensate 

the different BER performances among users, power can be allocated based on their encoding 

order. In this case, more power can be allocated to the user encoded last and lesser power to the 

user encoded first. 

 

 

Figure 4.3: BER comparison of ZFBF, Modified THP and Vector Perturbation for 

un-coded 16 QAM. 

Figure 4.3 shows the BER comparison of the three algorithms. The average BER of the four 
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comparison with vector perturbation. ZFBF and Modified THP show nearly the same 

performance difference throughout the whole SNR range while performance difference of VP 

relative to the two algorithms increases as SNR increases.   

The performance of the pre-coding algorithms with channel coding and interleaving is shown on 

Figure 4.4 below. When compared with the un-coded performance, ZFBF has 17 dB 

improvement, modified THP has 14.6 dB improvement and vector perturbation has 7 dB 

improvement to get a BER of�"q^�.   

 

 

Figure 4.4: BER comparison of the three algorithms for coded and interleaved 16 QAM. 

For coded systems, the performance difference between the algorithms is reduced compared to 

the un-coded system. The power gain of Modified THP over ZFBF has reduced from 5 dB to 2.6 

dB. Similarly, the power loss of Modified THP compared to VP has reduced from 11dB to 3.4 

dB to get BER of�"q^�. The above results are the same as the results in [4] and [7] for single 

carrier systems. 
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4.2 Complexity Analysis 

The complexity of the algorithms described above can be divided into preamble processing 

complexity and payload processing complexity. The preamble processing uses the channel state 

information and is done whenever new CSIT is available. The payload processing uses the result 

of preamble processing and it is performed for every symbol vector ready for pre-coding.  

Using the mathematical description of the algorithms given in Sections 3.1 and 3.2, their 

complexity is given in terms of the number of real additions and real multiplication for both 

preamble and payload processing. In doing so, the following basic rules of complexity of matrix 

related operations are used [24], [40]: 

• One complex addition requires 2 real additions, and one complex multiplication requires 

4 real multiplications and 2 real additions. 

• Multiplication of ����� matrix with ����� matrix requires  ��� � s "� real additions 

and F��� real multiplications if both matrices have complex entries. 

•  Inverting an ������  square matrix requires F��  real additions and F��  real 

multiplications. 

• Multiplication of an ������  matrix with an N x 1 vector requires F�� s � �  real 

additions and F�� real multiplications. 

• QR decomposition of an�������matrix requires �F��& s  �� s �&� real additions and �F��& � �� real multiplications using the modified Gram-Schmidt algorithm. 

• Finding the minimum of N real numbers requires N-1 real additions. 

• Modulo arithmetic operation of a complex number requires 10 real additions and 2 real 

multiplications if the floor operator searches in the interval [-8, 8]. 

Finding the appropriate offset vector in vector perturbation using Eq. 3.24 is performed by 

searching through the available integer vectors within a limited radius. The exact amount of 

iterations on each layer is determined by counting the number of nodes visited using simulation. 

Therefore, a system with 4 transmitting antennas and 4 single antenna users is taken to compare 

the complexity of the algorithms.  
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Complexity of Zero Forcing Beamforming (ZFBF) and Modified THP 

For the system at hand, ZFBF involves simple channel inversion in preamble processing and 

matrix-vector multiplication in payload processing. As described in Figure 3.2, the pre-coding 

process in modified THP involves QR decomposition, successive interference pre-subtraction, 

modulo operation and matrix-vector multiplication. Only the QR decomposition is part of the 

preamble processing while the rest are payload processing steps. The complexity of the pre-

subtraction process when user 1 is pre-coded first is given in Table 4.2 below.  

Table 4.2: Number of real additions and multiplications for the successive pre-subtraction step of 

Modified THP 

 Real Additions Real Multiplications 

User 1 10 2 

User 2 14  6 

User 3 18  10  

User 4 22  14 

Complexity of Vector Perturbation 

This algorithm first finds the integer offset vector for each symbol vector and multiplies the 

perturbed vector with the channel inverse as described in eq. 3.23. Finding the integer offset 

vector using the minimization problem of eq. 3.24 can be rewritten using QR decomposition of �^% as  

­ � c³Sb �0­´ ��µ � ¬­¶�5 �¡7�5�¡7��µ� � �¬­¶� 
��c³Sb �0­´ ��7�µ� � �¬­¶��& ������������������������������������������������������F! � 

Letting Û � Òµ� � �¬­ÜÓ � pÛ%�Û&�Û��Û�r� and noting that 7 is upper triangular, eq. 4.2 can be 

written as 
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­ � �c³Sb �0­´ �ÝN%%Þ% � N%&Þ& � N%�Þ� � N%�Þ�N&&Þ& � N&�Þ� � N&�Þ�N��Þ� � N��Þ�N��Þ� Ý
&
������������F!>� 

 

In solving the minimization of eq. 4.3, initial radius is set to infinity and is updated by the first 

iteration. But in performing the next iteration, the fourth value  �NFFÞF�& is computed first, and 

the third value is added only if �NFFÞF�& is less than the radius set by the first iteration. If not, 

the algorithm quits the loop and proceeds to test the next vector. The number of times each layer 

is visited for Rayleigh distributed channel gains is shown in Table 4.3. The result is averaged 

over 1000 channel realizations.  

Table 4.3: Number of times layers of Vector perturbation are visited 

 Layer 1 Layer 2 Layer 3 Layer 4 

Number of times 

visited 

673.52 376.07 106.33 16 

 

After ­ is determined, � � ¬­ will be computed and multiplied with the channel inverse which 

completes the payload processing. In the pre-coding process, performing QR decomposition and 

inverse of the channel matrix are part of the preamble processing.  

The overall complexity of the algorithms for preamble and payload processing is shown in Table 

4.4.  The complexity of vector perturbation is much higher than the rest two for the payload 

processing. In addition, payload processing of VP also has variable number of computation 

because the number of nodes visited at each layer depends on the data vector. This is prohibitive 

for implementation because it is performed for every data vector.   
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Table 4.4: Overall complexity of the different pre-coding Algorithms 

  Preamble Processing Payload Processing 

Real 

Additions 

Real 

Multiplications 

Real 

Additions 

Real 

Multiplications 

Zero Forcing Beamforming 256 256 56 64 

Modified THP 432 516 120 96 

Vector Perturbation 464  516  9660 7328 

The channel matrix used for pre-coding is updated whenever new CSIT arrives. The number of 

symbol periods between the arrival of two consecutive CSIT depends on the time variation of the 

channel and the channel estimation technique used. For comparison purposes, it is assumed that a 

new CSIT is available every 100 symbol periods. The number of real additions required to 

compute a single real multiplication depends on the number of bits used to represent numbers. If 

8 bit operations are used as a basis, the complexity of a single real multiplication is roughly 

equivalent to 10 times that of a single real addition [24].   Using the above assumptions, the 

complexity of the pre-coding algorithms for one quasi-static interval in terms of equivalent 

additions is shown in Table 4.5. 

Table 4.5: Complexity of the pre-coding algorithms for one quasi-static interval 

 ZFBF Modified THP VP 

Complexity in terms of 

equivalent Additions 

72,416 113,592 8,299,624 

 

As can be seen from Table 4.5, the complexity of Modified THP is about 1.56 times that of 

ZFBF while the complexity of VP is about 114 times that of ZFBF. Thus, Modified THP offers a 

better performance than ZFBF with comparable computational complexity. Although VP is 
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shown to perform much better than the two algorithms, less complex perturbation algorithms are 

necessary to practically implement this algorithm. The algorithm can also be made less complex 

by reducing the search radius of the perturbation equation but at the cost of reduced performance. 

5.3. Effect of Fading Path Correlation 

The other issue that is considered is the effect of fading path correlation on the BER performance 

of the pre-coding algorithms. As discussed in section 2.2.2, the Kronecker model is simple and 

relatively accurate [30] in modeling correlated channels. Explicitly specifying the one sided 

correlation matrices in this model requires 32 parameters for a system with 4 transmitting 

antennas and 4 single antenna users.  

The number of parameters of the transmitter side correlation matrix can be decreased for a linear 

antenna array by assuming that the correlation between transmitting antennas decrease 

exponentially as their separation increases. This assumption is shown to have a unique match in 

capacity with the model that explicitly states the correlation for each transmit-receive antenna 

pair [24]. The cause for correlation might also be poor scattering nature of the channel though its 

value depends on spacing between transmit antennas. The transmitter side correlation matrix is 

symmetric and can be written as 

N�G � ßàà
àá "m ��m" ��m&�m m�m&�m&�m� mm& "m m" âãã

ãä ����������������������������������������������������F!F� 
In a MIMO broadcast system with one receive antenna per user, the users terminals are generally 

located at different places. This implies that the scatterers around one receiver have different 

spatial structure from another receiver. Therefore, the channel gains from one transmit antenna to 

the different receivers can be taken as uncorrelated. Therefore, the receiver side correlation 

matrix reduces to an identity matrix.  

The above model is formulated for a narrowband system. Since the simulations in this chapter 

are for a wideband channels, the correlative model should be extended for these channels. The 
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wideband Kronecker model applies the technique explained in Section 2.2.2 for each tap of the 

filter channel as  

Éåæhhp�r � �NIG% &K p�rÉ		Lp�r çN�G% &K p�rè� ������������������������������F!J� 
É		Lp�r�refers to the matrix of path gains for all transmit-receive antenna pairs that arrive at delay �. NIGp�r and N�Gp�r� are the receiver and transmitter side correlation matrices of paths at delay � and Éåæhhp�r�is the resulting matrix of correlated path gains for paths having delay �. The 

wideband kronecker model reduces to the narrowband case when there is only one tap. 

In Figure 4.5, transmitter side correlation, �m � q!M , is used to plot the BER performance 

difference of the DPC algorithms for correlated and uncorrelated channels. For both algorithms, 

there is a power loss of about 1.6 dB to get a BER of "q^� and this loss is almost constant at all 

SNRs. The simulation setup of Section 4.1.1 is used along with the parameters described on 

Table 4.1 for un-coded system.   

 

 

Figure 4.5: BER comparison of the DPC algorithms for correlated and uncorrelated channels. 
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The transmitter side correlation coefficient is likely to have different values depending on the 

wireless environment. Figure 4.6 shows the performance loss of the pre-coding algorithms for 

different values of correlation coefficient at a target BER of "q^� for uncoded 16 QAM. 

 

Figure 4.6: Performance loss of the DPC algorithms for un-coded 16 QAM. 

As can be seen in Figure 4.6, Modified THP is less sensitive than VP for correlation values 

below 0.6 while it is more sensitive than VP for correlation values above 0.6. Generally, both 

algorithms lose 3 dB above a correlation value of about 0.7 after which the performance 

degradation is unacceptable. 

In order to check the effect of correlation for realistic channels, the channel model proposed by 

TGn (Task Group n) [38] can be used. There are five models proposed and Model E which has 

an rms delay spread of 100 nsec is used in the simulation. The correlation matrix is generated 

independently for each tap so as to match experimental values [41] and the antennas are assumed 

to be spaced half wavelength apart. The performance of the DPC algorithms for this channel 

model is shown in Figure 4.7. There is a loss of about 1.5 dB for both algorithms compared to 

the uncorrelated performances of Figure 4.3.  

 

0.2 0.4 0.6 0.8
0

1

2

3

4

5

6

7

8

9

10

Correlation

Po
w

er
 L

os
s 

(d
B

)

 

 

Vector Perturbation
Modified THP



������������������
�������������������������

�

�

���

�

 

Figure 4.7: BER performance of the DPC algorithms for Model E of TGn channel models for  

un-coded 16 QAM. 
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Chapter 5 

Results on Implementation Issues 
In this chapter, the effect of imperfection in CSIT on performance of the pre-coding algorithms 

and the performance of the user scheduling algorithms will be dealt with. These issues are 

important when incorporating the pre-coding techniques in practical wireless systems. Obtaining 

up to date and error free CSI at the transmitter is not feasible using current channel estimation 

techniques. Therefore, it is important to investigate the performance loss incurred by modeling 

and simulating the imperfections in CSIT based on its obtaining mechanism. The other topic is 

scheduling users when the number of users is greater than the number of transmitting antennas. 

This is usually the case in practical systems like wireless LANs where there are much more users 

than the antennas on the Access point. 

5.1 Effect of Imperfect CSI at the Transmitter   

Among the different causes of imperfect CSIT, error in channel estimation and delay in 

delivering the channel estimate to the receiver are considered in this work. The other cause in 

FDD systems is the capacity of the feedback path. Due to the finite rate of the feedback path, the 

CSI to be transmitted back to the receiver should be quantized. This quantization results in 

quantization error which will have considerable impact on performance no matter how accurate 

and timely the CSIT is. Also, the feedback path in FDD systems is assumed to be error free.   

5 .1.1 Model and Simulation Setup 

As discussed in Section 2.2.3, the mechanisms of obtaining CSIT are different for TDD and FDD 

systems and so is the cause for imperfection in CSIT at the transmitter. In TDD systems, the 

uplink channel is estimated at the transmitter and this estimate is the same for the downlink. 

Therefore, imperfection in CSIT can be modeled by channel estimation error of the uplink. The 

channel estimation error can be modeled by the assumption that the true channel,��p�r, and its 

estimate, ��p�r , are jointly Gaussian. This assumption is well justified for many practical 



������������������
�������������������������

�

�

���

�

estimation techniques such as additive channel estimation, MMSE channel estimation and pilot 

symbol assisted estimation [42]. Using this model, 

��p�r �� �mé�p�r ����" s �mé�&�ê
&�ëp�r���������������������������������J!"�                                                       
In the above equation, mé � ìí�»p�r��»5p�rî�ïðñ   is the correlation between the true channel and its 

estimate, ê
&  is the variance of the channel gains, ëp�r  is error vector with i.i.d entries and ë � ��ò�q�"�. The value of the correlation coefficient, mé , depends on the specific channel 

estimation technique used and the noise level in the channel.  

As of our knowledge, an explicit relation that gives the value of the correlation as a function of 

SNR for the available channel estimation techniques is not found yet. The only way to get the 

exact effect of errors in channel estimation is to perform channel estimation which is outside the 

scope of this work. In [43], it has been shown that for a time varying Rayleigh fading channel 

with pilot symbols used for channel estimation having the same sampling rate as the data 

symbols, the highest value of correlation that can be attained is: 

mé ��ó ��N" � ��N����������������������������������������������������������������������J! � 
In FDD systems, CSIR is first obtained by estimating the downlink and this channel estimate is 

fed back to the transmitter through a separate channel. In this case there are two causes of CSIT 

imperfection. First, the channel estimate of the downlink might be erroneous. This can be 

modeled using the approach used in TDD systems. In addition, there is a delay in delivering the 

channel estimate at the receiver to the transmitter. This is due to the time taken by the receiver in 

estimating and quantizing the estimates, and the time taken by the transmitter in decoding the 

estimates and performing user selection among others. This delay makes the available CSIT to 

be outdated because of the time variation of the wireless channel.  

In the simulation, the channel is modeled as time varying and narrowband. Under the presence of 

delay in CSIT, the quasi-static assumption is not valid. This is because it assumes the channel to 



��������*�
���!�"�!�
�����"��������
���!!��!�

�

�

���

�

be constant for some time and changes to an independent realization afterwards while the basis 

for quantifying the performance loss under delayed CSIT is the time evolution of the channel 

gains. The narrowband assumption is justifiable by using OFDM technique as used in Section 

4.1.1. 

 

 

 

 

 

 

   

 

 

 Figure 5.1: Simulation Setup for FDD systems. 

Block diagram of the simulation setup for FDD systems is shown on Figure 5.1 above. Parts of 

the system that are not shown in the diagram are the random bit generator, channel coding, 

interleaving and modulator, and their receiver side counterparts. All these parts are included in 

this simulation but excluded from the block diagram for clarity, and are shown in Figure 4.1. The 

input to the pre-coder is, thus, modulated symbols and the output from the dirty paper decoder 

(DP decoder) is the received symbols. The simulation setup for TDD systems is exactly the same 

except the omission of the delay block. 
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The channel varies according to Jakes’ model whose normalized Doppler power spectrum is 

analytically given as [44], 

��Ñ� � �
õö÷
öø %

vùú�ó%^�Òù ùúK Óñ ����� � �Ñ� } �ÑL
�������������������q�������������������������;ªP;¼@;o;�������

û �����������������������J!>�         
where ÑL is the maximum Doppler frequency. Scatterers and/or users in the system are assumed 

to have a maximum speed of 10 km/hr. which makes the maximum Doppler frequency 50 Hz at 

an operating frequency of 5 GHz.   

Using the narrowband assumption, the complex channel gain from each transmit antenna to each 

receive antenna is generated so that both the real and imaginary parts are Gaussian distributed 

having zero mean and variance of��" u ü . Thus, the amplitude is Rayleigh distributed and the 

phase is uniformly distributed in pq�  ýr. Channel estimation error as modeled in eq.(5.1) is 

shown in Figure 5.1 by the multiplier and the adder. The value of ê
&�in eq.(5.1) is unity and þp�r � ���" s �mé�&�ê
&�ëp�r. The parameters of the system used in the simulation are listed in 

Table 5.1 below. 

Table 5.1: System Parameters used for simulating effect of imperfect CSIT 

Channel Model Time varying and narrowband Channel 

Doppler Spectrum  Jakes’ model 

Maximum Doppler frequency 50 Hz 

Carrier Frequency 5 GHz 

Sampling Frequency 20 MHz 

Modulation Type 16 QAM 

Channel coding Convolutional code, code rate = 1/2 

Interleaver Random interleaver 
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The feedback delay denotes the time lag between measuring the CSI and using it to perform pre-

coding. In current wireless systems, there is a feedback delay of up to 2-6 msec depending on the 

system and other resource scheduling components that contribute to increased delay [10].   

5.1.2 Simulation Results 

Using the simulation setup of Figure 5.1 and the parameters of Table 5.1, the performance loss of 

the DPC algorithms is shown in this section for TDD and FDD systems independently. Figure 

5.2 shows the effect of channel estimation error on BER performance of the pre-coding 

algorithms for TDD system. Using the model of eq. (5.1), the BER performance of VP is shown 

in Figure 5.2 for different values of correlation. 

 

 

Figure 5.2: Effect of channel estimation error on VP. 

As can be seen from the above figure, the BER performance of VP is acceptable for correlation 

values above 0.96 which is practical for current channel estimation techniques. It is also shown 

that there is a power loss of 5 dB to attain a BER of "q^� at a correlation value of 0.96 compared 

to the case of perfect CSIT.  
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The performance of Modified THP for different values of correlation is shown in Figure 5.3 for 

the same simulation setup. Modified THP is shown to be more sensitive to channel estimation 

errors than VP as it does not achieve a BER of "q^� for correlation values below 0.98.  

 

 

Figure 5.3: Effect of channel estimation error on Modified THP. 

Using the upper limit on correlation for pilot symbol assisted estimation of Eq. (5.2), the power 

loss of the DPC algorithms as a function of SNR is shown in Figure 5.4. The power loss is 

relative to the case of perfect CSIT to achieve a target BER of "q^� . The effect of channel 

estimation error is severe for SNR below 15 dB but is insignificant as SNR increases. In order to 

reduce the effect of estimation error, the SNR should be kept above 15 dB for both algorithms.  
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Figure 5.4: power loss of the DPC algorithms due to channel estimation error. 

For FDD systems, the correlation between the true channel and its estimate is taken to be 0.995 

for all simulations in order to stress on the effect of delay. At a sampling frequency of 20 MHz, 

delays in feedback of 2-6 msec translate to delays of 40000-120000 samples. Figure 5.5 shows 

the BER performance of VP for feedback delays ranging from 2-6 msec for the simulation 

parameters of Table 5.1. 

 

Figure 5.5: Effect of feedback delay on BER performance of VP. 
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Compared with the case of perfect CSIT, the BER performances of the pre-coding algorithms is 

considerably degraded. It can be seen that VP do not attain a BER of "q^� for feedback delays of 

about 6 msec and above but it is applicable if the delay can be made smaller than 4 msec.  

Similarly, the BER performance of Modified THP for different values of delay in CSIT is shown 

in Figure 5.6 below. Unlike VP, Modified THP do not attain a BER of "q^� for feedback delays 

of about 4 msec and above. It is applicable for delays below 2 msec which is a difficult 

constraint for practical implementation. 

 

 

Figure 5.6: Effect of feedback delay on BER performance of Modified THP. 

To get a clear view of the sensitivity of these algorithms to feedback delay, Figure 5.7 shows the 

power loss of the pre-coding algorithms to achieve a target BER of "q^� for different values of 
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Figure 5.7: power loss for different values of feedback delay to achieve a target BER of  "q^�. 

As can be seen from Figure 5.7, Modified THP is more sensitive than VP for the whole range of 

delay values and results in a 3 dB power loss at a delay of 2.5 msec. Vector perturbation, on the 

other hand, has much lower sensitivity and has acceptable performance for delay values up to 4 

msec. 

It can be concluded that feedback delay in FDD systems has considerable effect on the 

performance of DPC algorithms. This indicates the need to have a means for fast delivery of 

CSIT to reduce its effect to the minimum. Other approach to reduce the effect of delayed CSIT is 

to use techniques that estimate the current state of the channel using the CSIT delivered and the 

statistics of the channel.  This is possible because the state of the channel can be modeled as an 

autoregressive (AR) process whose coefficient can be determined using the autocorrelation 

function of the channel gains thus reducing the effect of feedback delay. The autocorrelation 

function can in turn be determined from the Doppler spectrum of the wireless environment.  
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5.2 Performance of User Scheduling Algorithms 

In addition to its uses in cases where there are more users than the number of transmit antennas, 

user scheduling is also the first step in rate allocation. Rate allocation in multiuser systems 

consists of user scheduling and assigning variable rates to the selected users/subcarriers 

depending on the channel strength. The problem of user scheduling has different formulations for 

single carrier and multicarrier systems as discussed next.  

5.2.1 Performance of User Selection Algorithm 

In single carrier systems, user scheduling reduces to user selection since each user has one 

channel vector. After the user selection step, variable rates can be assigned to users based on 

their channel gains. The improvement in sum rate due to user selection is discussed here while 

assigning variable rate is left as a future work.  

The elements of the channel vectors of the different users are complex valued random numbers 

having Rayleigh distributed magnitude with unit variance and uniformly distributed phase. The 

system has 40 users with single transmit antenna and transmitting station with 4 antennas. The 

results are averaged over 1000 channel realizations. The sum rate of different user groups using 

the proposed algorithm in Section 3.5.1 is shown in Figure 5.8.  

 

Figure 5.8: Achievable sum rate of user groups for the proposed algorithm using Modified THP.  
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Also shown is the sum rate of the system if the users are grouped randomly and time slots are 

assigned equally to all user groups. This scheme is labeled random ordering. If the first group is 

always served, the sum rate is shown to be greater than that of random ordering. The same is true 

for the second and third user groups. The other groups achieve sum rates below that of random 

ordering.  

To include fairness, time slots can be assigned proportional to the strength of the user groups but 

the sum rate of the resulting system will obviously be lower than that of group 1. The sum rate 

performance of Vector Perturbation using the proposed algorithm is shown in Figure 5.9. Similar 

to modified THP, the sum rate of the first three user groups is above that of random ordering 

while the other groups have lower sum rates than random ordering. 

 

Figure 5.9: Achievable sum rate of user groups for the proposed algorithm using VP.  

The fairness index of the system as a function of number of realizations is shown in Figure 5.10 

below. For the random ordering case, the fairness index is always unity because all users are 

served equally. The fairness index of the system when the first group is always served is also 

shown. The fairness index of proposed algorithm is much lower than that of random ordering 

although it approaches random ordering as the number of channel realizations increase.  
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Figure 5.10: Fairness index of random ordering and the proposed algorithm. 

5.2.2 Performance of Subcarrier Allocation Algorithm 

In multicarrier systems like OFDM, each user has as many channel vectors as the number of 

subcarriers in the system. Thus, user scheduling can be formulated as a subcarrier allocation 

problem because users have different channel gains at different subcarriers. The parameters of 

the simulation are summarized in Table 5.2 below. 

Table 5.2: Simulation Parameters for performance comparison of subcarrier allocation 

algorithms 

Number of Transmitting Antennas 4 

Number of users 40 

Number of Subcarriers 64 

Channel Model Discrete-Time, Quasi-Static Wideband 
Channel 

Distribution of Tap Weights Rayleigh 

Number of Taps of the channel 18 

Number of Channel Realizations 100 
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In Figure 5.11, the achievable sum rate of the different algorithms for subcarrier allocation are 

plotted for Modified THP. The sum rate of RMSA is shown to exceed both FOSA and random 

ordering of subcarriers and users. At SNR of 10dB, there is a gain of about 1.67 bits/sec/Hz in 

using RMSA instead of FOSA. FOSA has improved gain in sum rate when compared with that 

of random ordering for increasing SNR. 

 
Figure 5.11: Achievable sum rate of RMSA and FOSA algorithms for Modified THP.  

The achievable sum rate of Vector Perturbation for the subcarrier allocation algorithms is shown 

in Figure 5.12. Similar to Modified THP, RMSA algorithm has about 2 bits/sec/Hz improvement 

over FOSA at SNR of 10 dB. But the performance of FOSA is shown to be better than random 

ordering at all SNRs unlike the case of Modified THP. 

Figure 5.13 shows the fairness index of RMSA and FOSA for 100 OFDM symbol periods. The 

FOSA algorithm is a modified round robin which assigns nearly the same amount of subcarriers 

for all users. Therefore the fairness index is shown to be 0.9942 for almost all of the symbol 

indices. The RMSA algorithm has a much lower fairness index which varies from one symbol 

period to the other but improves as number of OFDM channel realizations increase.  
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Figure 5.12: Achievable sum rate of RMSA and FOSA algorithms for VP.  
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Figure 5.13: Fairness index of RMSA and FOSA algorithms for OFDM Systems. 
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Chapter 6 

Conclusion and Future Work 
In this chapter, concluding remarks about the findings of the thesis and recommendations for 

future works based on the ideas discussed here or possible alternatives that could strengthen the 

issues in this thesis are presented. 

6.1 Conclusion 

A theoretical analysis of DPC has been analyzed for quite some time although practical 

techniques for achieving the limits set by theoretical findings are still a challenge. In this work, 

issues concerning practical implementation of the suboptimal algorithms under the DPC 

framework are dealt with. These algorithms, Modified THP and Vector Perturbation (VP), are 

found to achieve considerable improvement over the linear pre-coding techniques. While 

Modified THP has comparable complexity with ZFBF, the complexity of VP is very high 

compared with both Modified THP and ZFBF but can be made less complex by limiting the 

search radius depending on the level of complexity that can be handled.  

Even though application of the DPC algorithms for MIMO BC is formulated for narrowband 

systems in previous works, they are found to be equally applicable for frequency selective 

channels. This is possible by using multi carrier system like OFDM and performing pre-coding 

in frequency domain for each subcarrier independently. In MIMO BC, the user terminals are 

generally located at different places which makes the receiver side correlation between fading 

paths to be insignificant. The effect of transmitter side correlation is shown to have little 

influence on the performance of the DPC algorithms for realistic channel parameters.   

Obtaining perfect transmitter side CSI is probably the most difficult task in implementing pre-

coding for MIMO BC. Realistic channel estimation techniques have imperfections due to 

channel estimation errors and/or delay in feedback of channel estimates. These causes are shown 

to have considerable influence on the performance of the DPC algorithms, and Modified THP is 

more sensitive to CSIT imperfections than VP. For TDD systems, error in channel estimation is 
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the cause of CSIT imperfection and the performance degradation is shown to have less and less 

influence as SNR increases. For FDD systems, CSIT imperfection is more severe as it is caused 

by a delayed and erroneous feedback of channel estimates. The performance of MIMO BC 

employing FDD is degraded as the delay in estimation feedback increases because the channel 

varies with time. This results in unacceptable BER performance above some value depending on 

the DPC algorithm used. 

When it comes to practically implementing the DPC algorithms, user scheduling is also 

important because all users can not be served simultaneously. This is due to the limited number 

of spatial streams that can be created which is equal to the number of transmitting antennas. In 

single user systems, one criterion is to select users with relatively good channel gains and 

orthogonality among themselves. This is shown to result in increased sum rate of the system 

when compared with the scheme that assigns time slots equally to all users. In effect, the BER 

performance is will get better for the same spectral efficiency if this scheme is implemented. 

Fairness among users can be achieved by allocating time slots proportional to the strength of the 

user groups. 

For OFDM systems, user scheduling reduces to subcarrier allocation that aims at either 

maximizing sum rate or achieving better fairness. Implementing the proposed user selection 

algorithm for each subcarrier results in increased sum rate and hence named Rate Maximizing 

Subcarrier Allocation (RMSA).  Allowing users to select their favorite subcarrier turn by turn 

results in a lower sum rate than RMSA but improved fairness and hence named Fairness 

Oriented Subcarrier Allocation (FOSA). 
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6.2 Recommendations for Future Work    

In addition to investigating issues that arise in the practical implementation of the DPC 

algorithms, this work opened numerous areas to be explored in the future. Some of these ideas 

are listed below:  

� In this thesis, user terminals with only single receive antenna are considered. The case of 

having more than one antenna per user raises the question of whether or not transmitting 

independent data streams to each user is optimal. Thus, this scenario will be a significant 

extension to this work. 

� Modified THP is shown to have BER performance that varies from user to user 

depending on their encoding order. This is not appropriate for practical implementation. 

Assigning different power or modulation order to users based on encoding order makes 

the BER performance of the users less varying. Investigating the optimal strategy to do 

this is an important contribution to the practicality of this algorithm. 

� For ZFBF, regularization of the channel inverse using the MMSE criterion is shown to 

improve the BER performance if there is a means of estimating the SNR at each receiver 

[27]. Since Vector Perturbation performs beamforming after perturbation, analyzing the 

improvement obtained by regularizing the channel inverse using the MMSE criterion can 

be studied. 

� For FDD systems, the CSI estimated at the receiver should be quantized and transmitted 

through a feedback channel that has limited capacity. This results in quantization error as 

the CSI is quantized into a finite number of codewords where the number of bits per 

codeword is limited by the capacity of the feedback channel. The effect of the number of 

bits used for quantization and the capacity of the feedback path are important issues that 

are not dealt in this work. 

� Feedback delays in CSIT are shown to have significant influence on the performance of 

FDD systems. In single user systems, estimating the future state of the channel based on 

the Doppler spectrum of the channel with Autoregressive modeling is shown to improve 
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estimation errors. Achieving better quality of CSIT using similar approach will reduce 

the challenge of fast delivery of CSIT and is worth considering.  

� In this thesis, selecting users or subcarriers to get improved sum rate or fairness is 

investigated. The issue of assigning variable rates to users in the same group based on 

their channel vector can improve the sum rate of the system and needs further study. 

� DPC algorithms that take statistical properties of the channel called Channel Distribution 

Information (CDI) instead of deterministic CSI will relieve the transmitter of burdens of 

getting perfect channel estimates. Exploring new approaches or modifying the existing 

algorithms using this idea will ultimately be a new challenge that makes implementation 

of DPC one step closer. 
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