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Summary of the project  
This project is conserned with a network and its applications. The project begins 
with pre-concepts of graph theory and focuses on one of the the well known 
application of graph theory called networks. The project on its main body begins by 
defining terms like network, flow , net flow, cuts,…,etc.and concentrate on the basic 
ideas to obtain an optimal flow in a given network. The concept of network is helps 
to solve prblems related with the movement of commodity (or materials) from one 
location to another. Forinstance, an oil company must move crude oil from the oil 
field to its refinery, and a long-distance telephone company must move messages 
from one city to another. 

Even though, there are a lot of applications of networks, but this project deals on 
two of them, it’s application on menger’s theorem and obtaining the cardinality of 
the maximum matching in any bipartite graph. Menger’s theorem is proved easily 
using network flow method, and normally it is very awkward to prove it without 
using network flow problem. In maximum bipartite matching, the network flow 
suggests that  |𝑀𝑀| = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) for a flow 𝑓𝑓 in a network and a maximum matching 𝑀𝑀 in 
a bipartite graph by transforming the bipartite graph 𝐺𝐺 into a network 𝐺𝐺′ .  
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PRELIMINARIES 

1. Graphs and Paths 
A graph is a mathematical object, which could be represented by a diagram, 

consisting of points, called vertices, and line segments each of which join two 

vertices.     

A finite graph 𝐺𝐺 consists of a (finite) set denoted by 𝑉𝑉, and a collection 𝐸𝐸 or 𝐸𝐸(𝐺𝐺), of 

unordered Pairs {𝑢𝑢, 𝑣𝑣} of (not necessarily distinct) vertices from 𝑉𝑉. Each element of 

𝑉𝑉 is called a vertex or a node, and each element of 𝐸𝐸 is called an edge or a link.  

The number of vertices in a graph 𝐺𝐺, the cardinality of 𝑉𝑉, is called the order of graph 

𝐺𝐺 and denoted by |𝐺𝐺|. The number of edges in 𝐺𝐺, the cardinality of 𝐸𝐸, is called the 

size of graph 𝐺𝐺 and is denoted by ∥ 𝐺𝐺 ∥. Given a graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸), two vertices 𝑢𝑢, 𝑣𝑣 ∈

𝑉𝑉, are said to be adjacent vertices, if 𝑢𝑢𝑢𝑢 ∈ 𝐸𝐸 and edge  𝑢𝑢𝑢𝑢 is said to be an incident to 

𝑢𝑢 and 𝑣𝑣. 

The degree of a vertex 𝑣𝑣, 𝑑𝑑𝑑𝑑𝑑𝑑(𝑣𝑣), is the number of edges incident on 𝑣𝑣. A graph with 

no loops (an edge of the form 𝑒𝑒 = 𝑣𝑣𝑣𝑣) or no multiple edges (no two edges with same 

ends) is called a simple graph.  

Let 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) be a graph with 𝑉𝑉 = {𝑣𝑣1, 𝑣𝑣2, … . . , 𝑣𝑣𝑛𝑛} and 𝐸𝐸 = {𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑚𝑚 }. Let 𝑘𝑘 be a 

non-negative integer such that:  A non-empty sequence 

𝑊𝑊 = (𝑣𝑣0, 𝑒𝑒1, 𝑣𝑣1𝑒𝑒2, 𝑣𝑣2, … . . , 𝑒𝑒𝑘𝑘𝑣𝑣𝑘𝑘) is said to be as walk from 𝑣𝑣0 to 𝑣𝑣𝑘𝑘  , or ( 𝑣𝑣0,  𝑣𝑣𝑘𝑘)-walk, 

if 𝑒𝑒𝑖𝑖  is incident with 𝑣𝑣𝑖𝑖−1and 𝑣𝑣𝑖𝑖 , for 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘. If a walk does not repeat a vertex, it is 

called a path. In a (𝑢𝑢, 𝑣𝑣)-path, vertices other than 𝑢𝑢 and  𝑣𝑣 are called internal 

vertices of the path. 

A graph 𝐺𝐺 is said to be connected if there is a path in 𝐺𝐺 between any pair of vertices, 

otherwise it is said to be disconnected. A component of a graph 𝐺𝐺 is a connected sub 

graph of 𝐺𝐺. The number of these components in a graph is denoted by 𝜔𝜔(𝐺𝐺). 

If 𝜔𝜔(𝐺𝐺) = 1 then, G is said to be a connected graph.     
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2. Connectivity of Graph 

A cut-vertex of a graph 𝐺𝐺 is a single vertex, 𝑣𝑣 of G whose deletion (removal) 

disconnects the graph i.e. the relation 𝜔𝜔(𝐺𝐺) < 𝜔𝜔(𝐺𝐺 − 𝑣𝑣) is valid where 𝜔𝜔(𝐺𝐺) is the 

number of components of 𝐺𝐺. Let 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) be a connected graph. A vertex cut or 

separating set of 𝐺𝐺 is a set 𝑆𝑆 ⊆ 𝑉𝑉(𝐺𝐺) of vertices satisfying: 

1. 𝐺𝐺 is connected  

2. 𝐺𝐺 − 𝑆𝑆 is disconnected but the removal of some (but not all) 

vertices of 𝑆𝑆 does not disconnect 𝐺𝐺.  

The minimum size of a vertex set 𝑆𝑆 such that 𝐺𝐺 − 𝑆𝑆 is disconnected or has only one 

vertex is known as the connectivity of 𝐺𝐺, which is denoted by 𝑘𝑘(𝐺𝐺). A graph 𝐺𝐺 is k-

connected if 𝑘𝑘(𝐺𝐺) > 𝑘𝑘. Note that when we remove a vertex, we must also remove 

the edges incident to it.  

A bridge or a cut- edge of a graph 𝐺𝐺 is a single edge 𝑒𝑒 of 𝐺𝐺 whose deletion (removal) 

disconnects a graph i.e. the relation, 𝜔𝜔(𝐺𝐺) < 𝜔𝜔(𝐺𝐺 − e) is valid. Let 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) be a 

connected graph. A cut set is a set 𝐹𝐹 of edges such that 𝐺𝐺 − 𝐹𝐹 is disconnected but the 

deletion (removal) of some (but not all) of edges of 𝐹𝐹 does not disconnect 𝐺𝐺.  

The edge-connectivity 𝜆𝜆(𝐺𝐺) of a connected graph 𝐺𝐺 is the smallest number of edges 

whose deletion/removal disconnects 𝐺𝐺. When 𝜆𝜆(𝐺𝐺) ≥ k, the graph 𝐺𝐺 is said to be k-

edge- connected. For any connected graph 𝐺𝐺, we have  𝑘𝑘(𝐺𝐺) ≤ 𝜆𝜆(𝐺𝐺) ≤ 𝜎𝜎(𝐺𝐺) where 

the minimum degree of a graph 𝐺𝐺 is 𝜎𝜎(𝐺𝐺). 

Given 𝑥𝑥, 𝑦𝑦 ∈ 𝑉𝑉(𝐺𝐺), a set 𝑆𝑆 ⊆ 𝑉𝑉(𝐺𝐺)\{𝑥𝑥, 𝑦𝑦} is an 𝑥𝑥,𝑦𝑦-separator or 𝑥𝑥,𝑦𝑦-cut if 𝐺𝐺 − 𝑆𝑆 has 

no 𝑥𝑥, 𝑦𝑦 -path. Let 𝑝𝑝1and 𝑝𝑝2 be two an 𝑥𝑥, 𝑦𝑦-paths, they are internally disjoint paths 

means that they do not share either an edge or vertex. Let 𝑘𝑘(𝑥𝑥,𝑦𝑦) be the minimum 

size of a 𝑥𝑥,𝑦𝑦-cut and let 𝜆𝜆(𝑥𝑥,𝑦𝑦) be the maximum size of a set of pair wise internally 

disjoint 𝑥𝑥, 𝑦𝑦 paths.  

An 𝑥𝑥,𝑦𝑦-cut must contain an internal vertex of every 𝑥𝑥,𝑦𝑦-path, and no vertex cut two 

internally disjoint 𝑥𝑥,y-paths. Therefore, always 𝑘𝑘(𝑥𝑥,𝑦𝑦) ≥ 𝜆𝜆(𝑥𝑥,𝑦𝑦)  
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3. Directed Graphs 
A directed graph or digraph 𝐷𝐷 consists of a set of elements, called vertices, and a list 

of ordered pairs of these elements, called arcs.  Simply, a directed graph 𝐷𝐷 is a graph 

𝐺𝐺 with an order/ orientation on every edges of 𝐺𝐺. The set of vertices is called the 

vertex set of 𝐷𝐷, denoted by 𝑉𝑉(𝐷𝐷), and the list of arcs is called the arc list of 𝐷𝐷, 

denoted by  𝐴𝐴(𝐷𝐷). If 𝑒𝑒 is an arc and u and 𝑣𝑣 are vertices such that 𝑒𝑒 = (𝑢𝑢, 𝑣𝑣), then 𝑒𝑒 is 

said to join 𝑢𝑢 to 𝑣𝑣; 𝑢𝑢 is the tail of 𝑒𝑒 and 𝑣𝑣 is its head.  

With each digraph, 𝐷𝐷 we can associate a graph 𝐺𝐺 on the same vertex set; 

corresponding to each arc of 𝐷𝐷 there is an edge of 𝐺𝐺 with the same ends. This graph 

𝐺𝐺 is the underlying graph of  𝐷𝐷. Conversely, given any graph 𝐺𝐺, we can obtain a 

digraph from 𝐺𝐺 by specifying for each edge, an order on its edges. Such a digraph is 

called the orientation of  𝐺𝐺.   

Just as with graphs (undirected), digraphs have simple pictorial representations. A 

digraph is represented by a diagram of its underlying graph together with arrows on 

its edges, each arrow pointing towards the head of the corresponding arc. Every 

concept that is valid for graphs automatically applies to digraphs too. However, 

there are many concepts that involve the notion of orientation, and these apply only 

to digraphs. Some of these are listed and defined here. A direct walk in 𝐷𝐷 is a finite 

non-empty sequence 𝑊𝑊 = (𝑣𝑣0, 𝑒𝑒1, 𝑣𝑣1𝑒𝑒2, 𝑣𝑣2, … . . , 𝑒𝑒𝑘𝑘𝑣𝑣𝑘𝑘)  whose terms are alternately 

vertices and arcs, such that for  𝑖𝑖 =  1,2,3 … . .𝑘𝑘, the arc 𝑎𝑎𝑖𝑖  has head 𝑉𝑉𝑖𝑖  and tail 𝑉𝑉𝑖𝑖−1. A 

directed path in 𝐷𝐷 is a directed walk that is a path i.e. A directed path in 𝐷𝐷 a path 

whose edges are directed (oriented).  A directed cycle in 𝐷𝐷 is a closed directed path.  

If there is a directed (𝑢𝑢, 𝑣𝑣)-path in 𝐷𝐷, vertex  𝑣𝑣 is said to be reachable from vertex 𝑢𝑢 

in 𝐷𝐷. Two vertices are connected in 𝐷𝐷 if each is reachable from the other.   

Let 𝐷𝐷 = (𝑉𝑉,𝐴𝐴) be a directed graph. If 𝑆𝑆 and 𝑇𝑇 are subsets of 𝑉𝑉(𝐷𝐷), we denote the set 

of arcs of 𝐷𝐷 whose tails are in 𝑆𝑆 and their heads in 𝑇𝑇 by [𝑆𝑆,𝑇𝑇]. 
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1 

1. INTRODUCTION 

A network flow problems could be effectively analyzed using digraphs. They can 

also treated in different situations, one can be transportation problem, Assignment 

or matching problem, Road network problem , short path problem etc. 

In transportation problem, commodity produced in different locations need to be 

transported to different locations. For instance, an oil company shall move crude oil 

from the oil field to its refinery. In this situation, there is a limitation to the amount 

of the crude oil that can be moved at one time.  Here we assume that flow cannot 

accumulate at a junction of the pipes, which carry the crude oil. That is, there is a 

flow of the crude oil and there is a network among all the oil fields, their 

destinations and some other junctions in between them. All these elements could be 

represented using a digraph, with some structure added to it. In assignment, 

problem (or matching) different individuals (or machines) are assigned to different 

tasks. For instance, in factory different machines can be assigned to different tasks 

to be performed. Here also the machines and tasks could be represented using a 

digraph with some more structure added to it.   

Section two of this report begins with the formal definition of a network and ends 

with important theorems, the integral theorem and the max-flow min-cut theorem, 

which was stated by Ford and Fulkerson in 1956. 

A network can be with multiple sources and sinks as shown on figure 2.1.1 and it 

can be reduced to an ordinary network of a single source and sink in order to find 

the maximum flow. Hence, this project focuses on networks of single source and 

sinks. This section also deals with feasible flows and cuts in network.  

Finally, section three of this project presents some applications of network flow. 

Even though network flow has several applications, two of them, menger’s theorems 

and maximum bipartite matching, are presented in detail. The first, Menger’s 

theorem, is proved in simple and short ways as compared to its original proof, 
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2 

which is very awkward and long stepped. Since Menger’s theorems, use the concept 

of connectivity in both graphs and digraphs as its ground, network flow problems 

help to prove theorems/cases related to this. The second, maximum bipartite 

matching, the network flow problems help to find the possible maximum number of 

matching in a bipartite graph. The method uses two basic steps; first, one is 

converting the bipartite graph in to a network with multiple sources and sinks by 

specifying an order on the edges of the graph. Then, by introducing a super source 

and super sink, the network shall be reduced to a network of single source and sink 

with an integral flow corresponding to a matching in the bipartite graph and by 

assigning a unit capacity to each arc of the network.          
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3 

2. NETWORK FLOW PROBLEM 

Many practical problems require the movement of some commodity from one 

location to another. For example, an oil company must move crude oil from the oil 

field to its refinery, and a long-distance telephone company must move messages 

from one city to another. In both of these situations, there is a limitation to the 

amount of the commodity that can be moved at one time. The volume of the crude 

oil that the oil company can move, for instance, is limited by the capacity of the 

pipeline through which the oil must flow. In addition, the number of telephone calls 

that the phone company can handle is limited by the capacity of its cable and its 

switching equipment. This type of problem, in which some commodity must be 

moved from one location to another subject to the restriction that certain capacities 

not be exceeded, is called a network flow problem. 

2.1. Networks 

Definition 2.1.1[2]: - A network 𝑁𝑁 is a digraph 𝐷𝐷 = (𝑉𝑉,𝐴𝐴) (underlying digraph of 𝑁𝑁) 

with two non-empty and disjoint sets of vertices 𝑋𝑋 and 𝑌𝑌,and a non-negative integer 

valued function 𝑐𝑐 defined on its arc set 𝐴𝐴, where it’s value on an arc 𝑒𝑒 is the natural 

restriction to the arc 𝑒𝑒. 

The vertices in 𝑋𝑋 are the sources of 𝑁𝑁 and those in 𝑌𝑌 are the sinks of 𝑁𝑁. They 

correspond to production centers and markets, respectively, in transportation 

problem  vertices, which are neither sources nor sinks, are called intermediate 

vertices, which are denoted by 𝐼𝐼.  

The function 𝑐𝑐 is the capacity function of 𝑁𝑁 and its value on an arc 𝑒𝑒 is said to be the 

capacity of 𝑒𝑒. The capacity of an arc can be thought of as a value representing the 

maximum rate at which a commodity can be transported along it. A network is 

represented by drawing its underlying digraph and labeling each arc with its 

capacity.  
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Example 2.1.1[2]: Figure 1.1.1 shows a network with two sources  𝑥𝑥1 and 𝑥𝑥2 , three 

sinks  𝑦𝑦1,𝑦𝑦2 

  
𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦3

 and four intermediate vertices 𝑣𝑣1 , 𝑣𝑣2, 𝑣𝑣3 𝑎𝑎𝑎𝑎𝑎𝑎  𝑣𝑣4. 

 

 

 

                                                                                   

                         

Figure 2.1.1 a network with two sources and three sinks 

A network with multiple sources and multiple sinks can be reduced to a network of 

single source and sink. We will discuss this in detail in section 3.2. In this section, we 

will deal with networks with single source and single sink. So, let us define a 

network of single source and sink as a specific case definition 2.1.1.    

Definition 2.1.2 [1]:- A network is defined as a digraph with a non-negative capacity 

𝑐𝑐(𝑒𝑒) on each edge 𝑒𝑒 and distinguished source vertex  𝑠𝑠 and sink 𝑡𝑡.   

Example 2.1.2:-Figure 2.1.2 is a network with single source 𝑠𝑠 and single sink 𝑡𝑡. 

 

 

 

Figure 2.1.2 network of single source and sink 

 

𝑥𝑥1 

𝑥𝑥2 

𝑣𝑣4 

𝑣𝑣1 

𝑣𝑣3 

𝑣𝑣2 

𝑦𝑦1 

𝑦𝑦3 

𝑦𝑦2 

 𝑠𝑠  𝑡𝑡 

  𝑢𝑢  𝑣𝑣 

 𝑦𝑦  𝑥𝑥 
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2.2. Flows 
A flow 𝑓𝑓 in a network  𝑁𝑁 is an integer valued function defined on the arc set  𝐴𝐴 of  𝑁𝑁 

[1]. The value 𝑓𝑓(𝑒𝑒) of 𝑓𝑓 on an arc 𝑒𝑒 can be taken as the rate at which material is 

transported along 𝑒𝑒 under the flow 𝑓𝑓 in transportation network. 

Notations: -  𝑓𝑓+(𝑣𝑣)  stands for the total flow on edges leaving 𝑣𝑣 and 𝑓𝑓−(𝑣𝑣) for the 

total flow on edges entering 𝑣𝑣. 

Definition 2.2.2 [1]:-A flow 𝑓𝑓 is said to be feasible if it satisfies:  

1) capacity constraints;  

             0 ≤ 𝑓𝑓(𝑒𝑒) ≤ 𝑐𝑐(𝑒𝑒) for each arc or edge 𝑒𝑒 

2) conservation constraints; 

             𝑓𝑓+(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) for each vertex 𝑣𝑣 ∉ {𝑠𝑠, 𝑡𝑡}.  

If S is a subset of the vertex set in a network 𝑁𝑁 and 𝑓𝑓 is a flow in 𝑁𝑁, then               

𝑓𝑓−(𝑆𝑆) − 𝑓𝑓+(𝑆𝑆) is called the resultant(net) flow into S, and 𝑓𝑓+(𝑆𝑆) − 𝑓𝑓−(𝑆𝑆) is called 

the resultant (net) flow out of S, relative to 𝑓𝑓. From the conservation condition, one 

can easily see that the net flow out of any intermediate vertex is zero                 

i.e.𝑓𝑓+(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) ∀𝑣𝑣 ∈ 𝐼𝐼.  

Theorem 2.2.1 [4]: - Given a flow 𝑓𝑓 in a network 𝑁𝑁, the net flow out of the source s 

equals to the net flow into the sink t. i.e.  𝑓𝑓+(𝑠𝑠) = 𝑓𝑓−(𝑡𝑡). This is what we call the 

value of the flow. i.e. 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑠𝑠) = 𝑓𝑓−(𝑡𝑡) 

Proof: - Let V and 𝐴𝐴 be the set of vertices and arcs of 𝑁𝑁 respectively. We have     

∑ ∑ 𝑓𝑓𝑖𝑖𝑖𝑖 = ∑ 𝑓𝑓 (𝑒𝑒)𝑒𝑒∈𝐴𝐴 = ∑ ∑ 𝑓𝑓𝑗𝑗𝑗𝑗𝑖𝑖∊𝑉𝑉𝑗𝑗∈𝑉𝑉i∈Vj∊V    where 𝑖𝑖𝑖𝑖 ∈ 𝐴𝐴. That is  

          ∑ ∑ 𝑓𝑓𝑖𝑖𝑖𝑖 = ∑ ∑ 𝑓𝑓𝑗𝑗𝑗𝑗𝑖𝑖∊𝑉𝑉𝑗𝑗∈𝑉𝑉i∈Vj∊V . This implies that 

           0 =  ∑ [∑ 𝑓𝑓𝑖𝑖𝑖𝑖 𝑖𝑖∈𝑉𝑉𝑗𝑗∈𝑉𝑉 − ∑ 𝑓𝑓𝑗𝑗𝑗𝑗𝑖𝑖∈𝑉𝑉  ] Separating the terms for 𝑗𝑗 = 𝑡𝑡 and  𝑖𝑖 = 𝑠𝑠, 

leaving the rest together, we get 
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             0 = (∑ 𝑓𝑓𝑖𝑖𝑖𝑖  𝑖𝑖∈𝑉𝑉 − ∑ 𝑓𝑓𝑡𝑡𝑡𝑡𝑖𝑖∈𝑉𝑉 ) + (∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖∈𝑉𝑉 − ∑ 𝑓𝑓𝑠𝑠𝑠𝑠𝑖𝑖∈𝑉𝑉 ) + ∑ (∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖 ∈𝑉𝑉𝑗𝑗∈𝑉𝑉
𝑗𝑗≠𝑠𝑠,𝑡𝑡  

− ∑ 𝑓𝑓𝑗𝑗𝑗𝑗𝑖𝑖∊𝑉𝑉 )                                            

          = ∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖∊𝑉𝑉 −  ∑ 𝑓𝑓𝑠𝑠𝑠𝑠𝑖𝑖∊𝑉𝑉  , since 𝑓𝑓𝑡𝑡𝑡𝑡 = 𝑓𝑓𝑠𝑠𝑠𝑠 = 0 for all 𝑖𝑖 ∊  𝑉𝑉 and conservation of 

flow,   ∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖∊𝑉𝑉 − ∑ 𝑓𝑓𝑗𝑗𝑗𝑗𝑖𝑖∊𝑉𝑉 = 0 if  𝑗𝑗 ∊ 𝑉𝑉\{𝑠𝑠, 𝑡𝑡} .                                                                                 

Since by definition,    𝑓𝑓+(𝑠𝑠) =  ∑ 𝑓𝑓𝑠𝑠𝑠𝑠𝑖𝑖∊𝑉𝑉  and  𝑓𝑓−(𝑡𝑡) = ∑ 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖∊𝑉𝑉                                                        

Therefore,𝑓𝑓+(𝑠𝑠) = 𝑓𝑓−(𝑡𝑡) ∎ 

Note that also, the value of a flow 𝑓𝑓 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) is the net flow 𝑓𝑓+(𝑡𝑡) − 𝑓𝑓− (𝑡𝑡) into the 

sink 𝑡𝑡 or is the net flow 𝑓𝑓− (𝑠𝑠) − 𝑓𝑓+(𝑡𝑡) out of the source 𝑠𝑠, and we can express it as 

      𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑡𝑡) − 𝑓𝑓− (𝑡𝑡) = 𝑓𝑓− (𝑠𝑠) − 𝑓𝑓+(𝑡𝑡). 

Example 2.2.1: - From the assignments of figure 2.2.1 given in the following table  

𝑒𝑒 𝑠𝑠𝑠𝑠 𝑏𝑏𝑏𝑏 𝑐𝑐𝑐𝑐 𝑠𝑠𝑠𝑠 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑒𝑒𝑒𝑒 

𝑓𝑓(𝑒𝑒) 2 2 3 3 1 2 2 

For example, the flow into vertex 𝑑𝑑  𝑓𝑓𝑠𝑠𝑠𝑠 = 3 is the same as the flow out of vertex 

𝑑𝑑,i.e.  𝑓𝑓𝑠𝑠𝑠𝑠 = 𝑓𝑓𝑑𝑑𝑑𝑑 + 𝑓𝑓𝑑𝑑𝑑𝑑 = 1 + 2 = 3 ∎ 

 

 

 

 

 

 

 

Figure 2.2.1: flow and capacity weighted network, 𝒇𝒇(𝒄𝒄) 

A flow 𝑓𝑓  in 𝑁𝑁 is said to be a maximum flow if there is no flow 𝑓𝑓′ in 𝑁𝑁 such that                    
𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) > 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) [2]. A maximum flow is a feasible flow of maximum value. 

𝑒𝑒 

𝑠𝑠 

𝑏𝑏 𝑐𝑐 

𝑑𝑑 

𝑡𝑡 

               2(2) 

                     3(4) 

      1(2) 

  2(3) 

  2(4) 

3(4) 

2(2) 
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As [2] puts the problem of determining a maximum flow in an arbitrary network 

with multiple sources and sinks can be reduced to the case of networks that have 

just one source and one sink by means of simple devices. Given a network N, 

construct an equivalent network 𝑁𝑁′ as follows: 

i. Adjoin two new vertices 𝑠𝑠 and  𝑡𝑡 to N; 

ii. Join 𝑠𝑠 to each vertex in X by an arc of unlimited capacity; 

iii. Join each vertex in Y to 𝑡𝑡 by an arc of unlimited capacity ; 

iv. Designate 𝑠𝑠 as the source and 𝑡𝑡 as the sink of N’. 

Figure 2.2.2 illustrates this procedure as applied to the network N of figure 2.1.1.  

 

 

 

Figure 2.2.2 an equivalent network with single source and sink 

Flows in 𝑁𝑁 and 𝑁𝑁′ correspond to one another in a simple way. If  𝑓𝑓 is a flow in N 

such that the resultant flow out of each source and into each sink is non negative (it 

suffices to restrict our attention to such flows ) then the function 𝑓𝑓′   defined by  

𝑓𝑓′(𝑒𝑒) = �
𝑓𝑓(𝑒𝑒),                     if  𝑒𝑒 is an arc of N
𝑓𝑓+(𝑣𝑣) − 𝑓𝑓−(𝑣𝑣), if 𝑒𝑒 = (𝑠𝑠, 𝑣𝑣)
𝑓𝑓−(𝑣𝑣) − 𝑓𝑓+(𝑣𝑣), if 𝑒𝑒 = (𝑣𝑣, 𝑡𝑡)

� 

 is a flow in N’ such that 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓). Conversely, the restriction to the arc set of 

N of a flow in N’ is a flow in N having the same value.  

A path from the source to the sink with excess capacity would allow us to increase 

flow. In example 2.2.1, no path remains with excess capacity, but the flow 𝑓𝑓′  with 

𝑓𝑓′(𝑣𝑣𝑣𝑣) = 0 and 𝑓𝑓(𝑒𝑒) = 1  for 𝑒𝑒 ≠ 𝑣𝑣𝑣𝑣 has value 2. The flow 𝑓𝑓 is “maximal" in the sense 

     𝑥𝑥1  

 𝑥𝑥2 

𝑣𝑣4 

 𝑣𝑣1 

𝑣𝑣3 

𝑣𝑣2 

𝑦𝑦1 

𝑦𝑦3 

𝑦𝑦2 𝑠𝑠 

      ∞ 

  ∞ 

𝑡𝑡 

∞ 

∞ 
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that no other feasible flow can be found by increasing the flow on some edges, but 𝑓𝑓 

is not a maximum flow. We need a more general way to increase flow in network.  

Definition 2.2.4[2]:-An arc 𝑒𝑒 is said to be 𝑓𝑓-zero if 𝑓𝑓(𝑒𝑒) = 0, 𝑓𝑓-posetive if 𝑓𝑓(𝑒𝑒) > 0,         

𝑓𝑓- unsaturated if 𝑓𝑓(𝑒𝑒) < 𝑐𝑐(𝑒𝑒) and 𝑓𝑓- saturated if 𝑓𝑓(𝑒𝑒) = 𝑐𝑐(𝑒𝑒).                                       

Example 2.2.2 In figure 2.2.3, arc 𝑑𝑑𝑑𝑑 is an 𝑓𝑓-zero arc, because 𝑓𝑓(𝑑𝑑𝑑𝑑) = 0, all the rest 

arcs in the network are 𝑓𝑓-posetive, arc 𝑐𝑐𝑐𝑐, 𝑠𝑠𝑠𝑠, 𝑏𝑏𝑏𝑏 and 𝑑𝑑𝑑𝑑 are 𝑓𝑓- unsaturated and 

finally, arc 𝑠𝑠𝑠𝑠 and 𝑒𝑒𝑒𝑒 are 𝑓𝑓- saturated. 

 

 

 

 

Figure 2.2.3 a network with flow value and capacity. 

An edge 𝑒𝑒 of 𝑝𝑝 is said be a forward arc of  𝑝𝑝 if it is directed from the source vertex to 

the sink and backward arc of 𝑝𝑝 if it is directed from the sink vertex to the source. For 

instance figure 2.2.4 is a directed path graph, edge 𝑠𝑠𝑠𝑠, 𝑏𝑏𝑏𝑏, 𝑑𝑑𝑑𝑑 and 𝑒𝑒𝑒𝑒 are a forward on 

𝑝𝑝 and edge 𝑐𝑐𝑐𝑐 is a backward on 𝑝𝑝.   

 

 

 

Figure 2.2.4 a directed (𝒔𝒔, 𝒕𝒕)- path 

Definition 2.2.5 [1]:-For a feasible flow 𝑓𝑓 in a network 𝑁𝑁, an 𝑓𝑓-augmenting path is a 

source-to-sink path 𝑝𝑝 in the underlying graph G such that for each 𝑒𝑒 ∈ 𝐸𝐸(𝑝𝑝), 

𝑒𝑒 

𝑠𝑠 

𝑏𝑏 𝑐𝑐 

𝑑𝑑 

𝑡𝑡 

               
 

                     2(4) 

      0(2) 

  2(3) 

  2(4) 

2(4) 

2(2) 

𝑠𝑠 

         𝑏𝑏 

𝑐𝑐 

        𝑑𝑑 

        𝑒𝑒 
       𝑡𝑡 
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a) 𝑓𝑓(𝑒𝑒) < 𝑐𝑐(𝑒𝑒) , if 𝑝𝑝 follows 𝑒𝑒 in the forward direction; and  

b) 𝑓𝑓(𝑒𝑒) > 0, If 𝑝𝑝 follows 𝑒𝑒 in the backward direction, 

Definition 2.2.6 [1]: - Let 𝜀𝜀 (𝑒𝑒) = 𝑐𝑐(𝑒𝑒) − 𝑓𝑓(𝑒𝑒)  when 𝑒𝑒 is forward on 𝑝𝑝, and let 

𝜀𝜀(𝑒𝑒) = 𝑓𝑓(𝑒𝑒)  when 𝑒𝑒 is backward on 𝑝𝑝.The tolerance of 𝑝𝑝 is  min𝑒𝑒∈𝐸𝐸(𝑝𝑝){𝜀𝜀(𝑒𝑒)} 

Note that the definition of 𝑓𝑓-augmenting path ensures that the tolerance is positive; 

as it is stated in the following lemma, this amount is the increase in the flow value.  

Lemma 2.2.1 [1]:- If 𝑝𝑝 is an 𝑓𝑓-augmenting path with tolerance 𝑧𝑧, then changing flow 

by +𝑧𝑧 on edges followed forward by 𝑝𝑝 and by – 𝑧𝑧 on edges followed backward by 𝑝𝑝 

produces a feasible flow 𝑓𝑓′ with 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) + 𝑧𝑧. 

Proof: - Here 𝑓𝑓′  is defined as     𝑓𝑓′(𝑒𝑒) = �𝑓𝑓
(𝑒𝑒) + 𝑧𝑧,    if  𝑒𝑒 is a forward arc of 𝑝𝑝  

𝑓𝑓(𝑒𝑒) − 𝑧𝑧,   if 𝑒𝑒 is a backward arc of 𝑝𝑝 
�         (1) 

Thus, we shall show that: 

i. 𝑓𝑓′  is a feasible flow , and 

ii. 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) + 𝑧𝑧 

i. To show 𝑓𝑓′  is a feasible flow; we need to show that the capacity and 

conservation conditions are satisfied.  

From the case of equation (1), we have  𝑓𝑓′(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) + 𝑧𝑧 for every arc 𝑒𝑒 on 𝑝𝑝. In 

addition, since always tolerance of a path is positive, i.e. 𝑧𝑧 ≥ 0  

         𝑓𝑓′(𝑒𝑒) ≥ 𝑓𝑓(𝑒𝑒) ≥ 0  for every forward arc 𝑒𝑒 on 𝑝𝑝                                                          (2) 

From the definition of tolerance,  𝑧𝑧 = min𝑒𝑒∈𝐸𝐸(𝑝𝑝) 𝜀𝜀(𝑒𝑒) where         

𝜀𝜀 (𝑒𝑒) = � 𝑐𝑐(𝑒𝑒) − 𝑓𝑓(𝑒𝑒), 𝑝𝑝if 𝑒𝑒 is forward on 𝑝𝑝
𝑓𝑓(𝑒𝑒),                   if 𝑒𝑒 is backward on 𝑝𝑝

�     

𝑓𝑓′(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) + min𝑒𝑒∈𝐸𝐸(𝑝𝑝) 𝜀𝜀(𝑒𝑒) this gives that 

     𝑓𝑓′(𝑒𝑒) ≤ 𝑓𝑓(𝑒𝑒) + 𝑐𝑐(𝑒𝑒) − 𝑓𝑓(𝑒𝑒) since 𝜀𝜀(𝑒𝑒) = 𝑐𝑐(𝑒𝑒) − 𝑓𝑓(𝑒𝑒) for each arc 𝑒𝑒 forward on 𝑝𝑝. 

Thus,  𝑓𝑓′(𝑒𝑒) ≤ 𝑐𝑐(𝑒𝑒)  for each arc 𝑒𝑒 forward on 𝑝𝑝                                                                  (3) 

Therefore, by (2) and (3), we have  

           0 ≤ 𝑓𝑓′(𝑒𝑒) ≤ 𝑐𝑐(𝑒𝑒) for each arc 𝑒𝑒 forward on 𝑝𝑝                                                            (4)  
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Since  𝑓𝑓′(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) for those arc 𝑒𝑒 not on 𝑝𝑝. Since 𝑓𝑓 feasible flow and by (4),            

for all arc 𝑒𝑒𝑒𝑒 of the network, we have 0 ≤ 𝑓𝑓′(𝑒𝑒) ≤ 𝑐𝑐(𝑒𝑒)                                                      

(5) 

The second case of equation (1), 𝑓𝑓′(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) − 𝑧𝑧, if 𝑒𝑒 is a backward arc of 𝑝𝑝 

 𝑓𝑓′(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) − min𝑒𝑒∈𝐸𝐸(𝑝𝑝) 𝜀𝜀(𝑒𝑒) and 𝜀𝜀(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) for arc 𝑒𝑒 is a backward arc of 𝑝𝑝.  

Thus,    𝑓𝑓′(𝑒𝑒) ≥ 𝑓𝑓(𝑒𝑒) − 𝑓𝑓(𝑒𝑒) = 0                                                                                               (6) 

and from 𝑓𝑓′(𝑒𝑒) = 𝑓𝑓(𝑒𝑒) − 𝑧𝑧 we can have 𝑓𝑓′(𝑒𝑒) ≤ 𝑓𝑓(𝑒𝑒) this implies that                         

0 ≤ 𝑓𝑓′(𝑒𝑒) ≤ 𝑐𝑐(𝑒𝑒) for 𝑒𝑒 is a backward arc of 𝑝𝑝                                                                       (7)      

by (7)  and since 𝑓𝑓 feasible flow , we have  

            0 ≤ 𝑓𝑓′(𝑒𝑒) ≤ 𝑐𝑐(𝑒𝑒) for all arc 𝑒𝑒 ∈ 𝐴𝐴(𝑁𝑁)                                                                          (8) 

Thus by(5) and (8), the capacity constraint holds.                                                              

Now we need to show the conservation constraints. Since flow on vertices, which 

are not on 𝑝𝑝 has not changed i.e. 

     (𝑓𝑓′)+(𝑣𝑣) = (𝑓𝑓′)−(𝑣𝑣) and 𝑓𝑓+(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) for all 𝑣𝑣 ∉ 𝑉𝑉(𝑝𝑝)                                           (9) 

We need to check only vertices of 𝑝𝑝 for the conservation constraints. The arcs of 𝑝𝑝 

incident to an internal vertex, 𝑣𝑣 of 𝑝𝑝 occurs in one of the following four ways as 

shown below. 

1) 

2) 

3) 

4) 

Now let us check each case. 

1)  

                    𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) + 𝑧𝑧 ________________________________                                         (10) 

And  𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) + 𝑧𝑧_________________________________                                          (11) 

+       𝑣𝑣          +    𝑠𝑠   𝑡𝑡 

−         𝑣𝑣      + 𝑠𝑠     𝑡𝑡 

+       𝑣𝑣          +  𝑠𝑠   𝑡𝑡 

+        𝑣𝑣           −  𝑠𝑠   𝑡𝑡 

𝑠𝑠 𝑡𝑡 −         𝑣𝑣       − 
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Then subtracting (10) from (11), we get   

 𝑓𝑓′+(𝑣𝑣) −  𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) − 𝑓𝑓−(𝑣𝑣) = 0                                                                                   

Since 𝑓𝑓 is feasible; it follows that   𝑓𝑓′+(𝑣𝑣) −  𝑓𝑓′−(𝑣𝑣) = 0 

Therefore 𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓′−(𝑣𝑣)  for each internal vertex 𝑣𝑣 of  𝑝𝑝 

2)  

 

          𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) + 𝑧𝑧 ________________________________                                           (12) 

And  𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) − 𝑧𝑧________________________________    _                                      (13) 

Then summing (12), (13) and dividing both sides by 2 will give us  

          𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) ___________________________________    _                                        (14) 

Therefore, by (9) and (14),  𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓′−(𝑣𝑣) for each internal vertex 𝑣𝑣 of 𝑝𝑝. 

3)                                                      

 

          𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) − 𝑧𝑧 ________________________________    _                                     (15) 

and  𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) + 𝑧𝑧_________________________________                                           (16) 

Then summing (15), (18) and dividing both sides by 2 will give us  

  𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) _____________________________           ___                _ _          __           - (17) 

Therefore, by (9) and (17),  𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓′−(𝑣𝑣) for each internal vertex 𝑣𝑣 of 𝑝𝑝. 

4)                                               

    

     𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) − 𝑧𝑧 ________________________________                        _                      (18) 

and  𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓−(𝑣𝑣) − 𝑧𝑧___________________________              _____         _                    (19) 

Then subtracting (18) from (19), and since 𝑓𝑓 is feasible flow we will have 

 𝑓𝑓′+(𝑣𝑣) −  𝑓𝑓′−(𝑣𝑣) = 𝑓𝑓+(𝑣𝑣) − 𝑓𝑓−(𝑣𝑣) = 0 This implies  𝑓𝑓′+(𝑣𝑣) −  𝑓𝑓′−(𝑣𝑣) = 0 

   Therefore 𝑓𝑓′+(𝑣𝑣) = 𝑓𝑓′−(𝑣𝑣)  for each internal vertex 𝑣𝑣 of  𝑝𝑝 

−        𝑣𝑣       − 𝑠𝑠     𝑡𝑡 

+        𝑣𝑣           − 𝑠𝑠   𝑡𝑡 

−         𝑣𝑣      + 𝑠𝑠     𝑡𝑡 
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Thus, in any of the four cases the conservation condition is satisfied. Hence 𝑓𝑓′ is 

feasible. 

ii. For the second part, let 𝑇𝑇 = {𝑣𝑣1, 𝑣𝑣2, … … … , 𝑣𝑣𝑛𝑛} be the set of vertices, 

which are joined to the source 𝑠𝑠. That is, 𝑇𝑇  is the head set of all arcs 

joined to 𝑠𝑠.  

Clearly, no edges enter to 𝑠𝑠 in the networ𝑘𝑘  𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) = 𝑓𝑓′+(𝑠𝑠) 

    (𝑓𝑓′)+(𝑠𝑠) = ∑ 𝑓𝑓′𝑠𝑠𝑣𝑣𝑖𝑖
𝑛𝑛
𝑖𝑖=1   ________________________________                                         (20) 

          and   𝑓𝑓+(𝑠𝑠) = ∑ 𝑓𝑓𝑠𝑠𝑣𝑣𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ____________________________________                                         (21) 

the 𝑓𝑓-augmenting path 𝑝𝑝 uses exactly one arc among all arcs {𝑠𝑠𝑣𝑣1, 𝑠𝑠𝑣𝑣2, … … … , 𝑠𝑠𝑣𝑣𝑛𝑛} 

with out low of generality let it be 𝑠𝑠𝑣𝑣2, so        

                  𝑓𝑓′𝑠𝑠𝑣𝑣𝑖𝑖 = 𝑓𝑓𝑠𝑠𝑣𝑣𝑖𝑖  for 𝑖𝑖 ≠ 2___________________________________                                       (22) 

  𝑓𝑓′+(𝑠𝑠) = ∑ 𝑓𝑓′𝑠𝑠𝑣𝑣𝑖𝑖
𝑛𝑛
𝑖𝑖=1&𝑖𝑖≠2 + 𝑓𝑓′𝑠𝑠𝑣𝑣2 _____________           ____________       _                   (23) 

In addition, since 𝑠𝑠𝑣𝑣2 is a forward arc of 𝑝𝑝, 

                𝑓𝑓′𝑠𝑠𝑣𝑣2 = 𝑓𝑓𝑠𝑠𝑣𝑣2 + 𝑧𝑧______________            _________________________                                 (24) 

Therefore, from (22), (23) and (24) we have  

 𝑓𝑓′+(𝑠𝑠) = ∑ 𝑓𝑓𝑠𝑠𝑣𝑣𝑖𝑖
𝑛𝑛
𝑖𝑖=1&𝑖𝑖≠2 + 𝑓𝑓(𝑠𝑠𝑣𝑣2) + 𝑧𝑧 _____________________       

               = ∑ 𝑓𝑓𝑠𝑠𝑣𝑣𝑖𝑖
𝑛𝑛
𝑖𝑖=1 + 𝑧𝑧______________      _____________________                                 (25) 

Now by (13),    𝑓𝑓′+(𝑠𝑠) = 𝑓𝑓+(𝑠𝑠) + 𝑧𝑧 

                Therefore, 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) + 𝑧𝑧  

Thus, the existence of an 𝑓𝑓-augmenting path 𝑝𝑝 in a network is significant since it 

implies that 𝑓𝑓 is not a maximum flow; in fact, by sending an additional flow of  𝜀𝜀(𝑝𝑝) 

along  𝑝𝑝.∎ 

Example 2.2.2:-if 𝑓𝑓 is the flow indicated in the network of figure 2.2.5, then one 𝑓𝑓-

augmenting path is the path  𝑝𝑝 = 𝑠𝑠𝑣𝑣1𝑣𝑣2𝑣𝑣3𝑡𝑡. The forward arcs of  𝑝𝑝 are (𝑠𝑠, 𝑣𝑣1) and 

(𝑣𝑣3, 𝑡𝑡) and 𝜀𝜀(𝑝𝑝) = 2. This amount is the increment in the flow value of network of 

figure 2.2.5. Figure 2.2.6, shows the revised flow for the network figure 2.2.5, based 

on the 𝑓𝑓-augmenting path  𝑠𝑠𝑣𝑣1𝑣𝑣2𝑣𝑣3𝑡𝑡. However, the increment in the flow value of 
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network of figure 2.2.6 cannot be increased because it does not have an 𝑓𝑓′-

augmenting path where  𝑓𝑓′ is the revised flow. This case of relationship between a 

maximum flow and an 𝑓𝑓-augmenting path is discussed under theorem 2.3.1. 

 

 

 

 

 

 

 

 

Figure 2.2.5 a network with an 𝒇𝒇-augmenting path 
 

 

 

 

 

 

 
Figure 2.2.6 a revised flow  
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2.3. Cuts 
Definition 2.3.1 [2]:-Let 𝑁𝑁 be a network with a single source 𝑠𝑠 and a single sink 𝑡𝑡. A 

cut in 𝑁𝑁 is a set of arcs of the form [𝑆𝑆, 𝑆𝑆], where 𝑆𝑆 ⊆ 𝑉𝑉(𝑁𝑁). In other words, a set of 

arcs of the form (𝑣𝑣𝑖𝑖 ,𝑣𝑣𝑗𝑗 ) where 𝑣𝑣𝑖𝑖 , ∈ 𝑆𝑆 and 𝑣𝑣𝑗𝑗 ∈ 𝑆𝑆 is a cut in 𝑁𝑁, and denoted by[ 𝑆𝑆, 𝑆𝑆].  

In the network of figure 2.3.1, heavy lines indicate a cut. 

The capacity of a cut 𝐾𝐾 is the sum of the capacities of its arcs. We denote the capacity 

of 𝐾𝐾 by 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐; thus   

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �𝑐𝑐(
𝑒𝑒∈𝐾𝐾

𝑒𝑒) 

Example 2.3.1: - In figure 2.3.1, the cut indicated by the heavy lines has capacity 16. 

By taking  𝑆𝑆 = {𝑥𝑥, 𝑥𝑥1, 𝑥𝑥2, 𝑣𝑣3, 𝑣𝑣4} 

 

 

 

                                 

 

Figure 2.3.1: A cut in a network 

Definition 2.3.1 [1]: - In a network, a source/sink cut �𝑆𝑆, 𝑆𝑆� consists of the edges from 

a source set 𝑆𝑆 to a sink set 𝑆𝑆, where 𝑆𝑆 and 𝑆𝑆 partition the set of vertices, with 𝑠𝑠 ∈ 𝑆𝑆 

and 𝑡𝑡 ∈ 𝑆𝑆.in other words, a cut �𝑆𝑆, 𝑆𝑆� where 𝑠𝑠 ∈ 𝑆𝑆 and 𝑡𝑡 ∈ 𝑆𝑆 is known as a 

source/sink cut. 
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Figure 2.3.2 a cut 

Recall that in a digraph �𝑆𝑆, 𝑆𝑆�, denotes the set of edges with tail in 𝑆𝑆 and head in 𝑆𝑆.  

Thus the capacity of a cut [𝑆𝑆, 𝑆𝑆] is completely unaffected by edges from 𝑆𝑆 to 𝑆𝑆. 

Given a cut [𝑆𝑆, 𝑆𝑆], every 𝑠𝑠, 𝑡𝑡-path uses at least one edge of [𝑆𝑆, 𝑆𝑆], so intuition suggests 

that the value of a feasible flow should be bounded by 𝑐𝑐𝑐𝑐𝑐𝑐�𝑆𝑆, 𝑆𝑆�. To make this 

precise, we extend the notion of net flow to the sets of vertices. Let 𝑓𝑓+(𝑈𝑈) denote 

the total flow on edges leaving 𝑈𝑈, and let 𝑓𝑓−(𝑈𝑈) be the total flow on edges 

entering 𝑈𝑈, for any set of vertices such that 𝑈𝑈 ⊆ 𝑉𝑉(𝑁𝑁). The net flow out of 𝑈𝑈 is 

then  𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈). 

Lemma 2.3.1 [1]: - If  𝑈𝑈 is a set vertices in a network, then the net flow out of 𝑈𝑈 is the 

sum of the net flows out of the vertices in 𝑈𝑈. In particular, if 𝑓𝑓 is a feasible flow and 

[𝑆𝑆, 𝑆𝑆], is a source/sink cut, then the net flow out of  𝑆𝑆 and the net flow into 𝑆𝑆 are both 

equal to 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓). 

Proof: - The stated claim is that  

   𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = ∑ [𝑓𝑓+(𝑥𝑥) −  𝑓𝑓−(𝑥𝑥)]𝑥𝑥∈𝑈𝑈                                                                        (1) 

We consider the contribution of the flow 𝑓𝑓𝑥𝑥𝑥𝑥  on the arc 𝑥𝑥𝑥𝑥 to each side of (1). Thus, 

we have the following four cases.  

Case 1:- If 𝑥𝑥,𝑦𝑦 ∈ 𝑈𝑈, then 𝑓𝑓𝑥𝑥𝑥𝑥  is not counted on the left, but it contributes positively 

(via 𝑓𝑓+(𝑥𝑥)) and negatively (via 𝑓𝑓−(𝑥𝑥)) on the right of (1) that is the right side of (1), 

∑ [𝑓𝑓+(𝑥𝑥) −  𝑓𝑓−(𝑥𝑥)]𝑥𝑥∈𝑈𝑈 = 0 Since   𝑓𝑓+(𝑥𝑥) −  𝑓𝑓−(𝑥𝑥) =  𝑓𝑓𝑥𝑥𝑥𝑥 −  𝑓𝑓𝑥𝑥𝑥𝑥 = 0 thus, this case 

satisfies the equality.  

i.e. 0 = 𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = ∑ [𝑓𝑓+(𝑥𝑥) −  𝑓𝑓−(𝑥𝑥)]𝑥𝑥∈𝑈𝑈                              (1) 

and (1) can be expressed as                                                                                                       

0 = 𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = ∑ [𝑓𝑓+(𝑥𝑥) −  𝑓𝑓−(𝑥𝑥)]𝑥𝑥∈𝑈𝑈  

  𝑆𝑆 𝑇𝑇 
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                                    0 = ∑ [ 𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 −  𝑓𝑓𝑦𝑦𝑦𝑦 ] = ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 − ∑  𝑓𝑓𝑦𝑦𝑦𝑦𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈                          (2) 

Case 2:- If 𝑥𝑥,𝑦𝑦 ∉ 𝑈𝑈, then  𝑓𝑓𝑥𝑥𝑥𝑥  contributes to neither sum. This one is neglected. 

Case 3:- If  𝑥𝑥𝑥𝑥 ∈ [𝑈𝑈,𝑈𝑈], then  𝑓𝑓𝑥𝑥𝑥𝑥  contributes positively to each sum. That is, as we 

can see from diagram below. For 𝑥𝑥𝑥𝑥 ∈ [𝑈𝑈,𝑈𝑈],    

  𝑓𝑓+(𝑈𝑈) = ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥∈[𝑈𝑈,𝑈𝑈]               (3) 

 

Case 4:- If 𝑥𝑥𝑥𝑥 ∈ [𝑈𝑈,𝑈𝑈], then  𝑓𝑓𝑥𝑥𝑥𝑥  contributes negatively to each sum. That is, as we 

can see from the diagram below. For  𝑥𝑥𝑥𝑥 ∈ [𝑈𝑈,𝑈𝑈]                                                                    

                                               −𝑓𝑓−(𝑈𝑈) = −∑ 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦∈[𝑈𝑈 ,𝑈𝑈]                                                              (4)                                                       

 

                    Therefore, by adding (2), (3) and (4) that is                                                                                                

                                               0 = ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 − ∑  𝑓𝑓𝑦𝑦𝑦𝑦𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 ,                                                                                                   

                           𝑓𝑓+(𝑈𝑈) = ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥∈[𝑈𝑈,𝑈𝑈]    and                                                                                                     

                  −𝑓𝑓−(𝑈𝑈) = −∑ 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦∈[𝑈𝑈 ,𝑈𝑈]                                                                                    

𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 − ∑  𝑓𝑓𝑦𝑦𝑦𝑦𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 + ∑  𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦∈[𝑈𝑈,𝑈𝑈] − ∑ 𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥∈[𝑈𝑈,𝑈𝑈]           

𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = (∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥∈�𝑈𝑈,𝑈𝑈� + ∑  𝑓𝑓𝑥𝑥𝑥𝑥 )𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 − (∑ 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦∈�𝑈𝑈,𝑈𝑈� + ∑  𝑓𝑓𝑦𝑦𝑦𝑦𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈 )       (5) 

But the right side of (5) can be expressed separately as            

   ∑ 𝑓𝑓+(𝑥𝑥) =𝑥𝑥∈𝑈𝑈 ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥∈�𝑈𝑈,𝑈𝑈� + ∑  𝑓𝑓𝑥𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈  and    

    ∑ 𝑓𝑓−(𝑥𝑥) = ∑ 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦∈�𝑈𝑈,𝑈𝑈� + ∑  𝑓𝑓𝑦𝑦𝑦𝑦𝑥𝑥 ,𝑦𝑦  ∈𝑈𝑈𝑥𝑥∈𝑈𝑈                                    

therefore, from (5) we get                                                                                                       

𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = ∑ 𝑓𝑓+(𝑥𝑥) − ∑ 𝑓𝑓−(𝑥𝑥)𝑥𝑥∈𝑈𝑈𝑥𝑥∈𝑈𝑈  and taking the sum overall 𝑥𝑥 ∈ 𝑈𝑈 yields 

𝑓𝑓+(𝑈𝑈) −  𝑓𝑓−(𝑈𝑈) = �[𝑓𝑓+(𝑥𝑥) − 𝑓𝑓−(𝑥𝑥)]
𝑥𝑥∈𝑈𝑈

  ∎ 

 But note that,  ∑ 𝑓𝑓+(𝑣𝑣)𝑣𝑣∈𝑈𝑈 ≠ 𝑓𝑓+(𝑈𝑈) and ∑ 𝑓𝑓−(𝑣𝑣)𝑣𝑣∈𝑈𝑈 ≠ 𝑓𝑓−(𝑈𝑈). 

𝑦𝑦 

 

 

𝑈𝑈 

𝑥𝑥 

 

 

 

𝑥𝑥 

 

 

𝑈𝑈 

𝑦𝑦 

 

 

 
+ 
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Given that [𝑆𝑆, 𝑆𝑆] is a source/sink cut, a source vertex 𝑠𝑠 with sink vertex 𝑡𝑡 and 𝑓𝑓 is 

feasible flow, we can use our result to show that  

                    𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) − 𝑓𝑓−(𝑆𝑆) and   𝑓𝑓+�𝑆𝑆� − 𝑓𝑓−�𝑆𝑆� = −𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓)                                                       

∑ [𝑓𝑓+(𝑥𝑥)𝑥𝑥∈𝑆𝑆 − 𝑓𝑓−(𝑥𝑥)] = �𝑓𝑓
+(𝑠𝑠) − 𝑓𝑓−(𝑠𝑠),   if 𝑥𝑥 = 𝑠𝑠

0        ,                    if 𝑥𝑥 ≠ 𝑠𝑠 
�                                                             

Therefore, the sum reduced to                                                                                              

∑ [𝑓𝑓+(𝑥𝑥)𝑥𝑥∈𝑆𝑆 − 𝑓𝑓−(𝑥𝑥)] = 𝑓𝑓+(𝑠𝑠) − 𝑓𝑓−(𝑠𝑠)                                                                           (6) 

This gives that 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑠𝑠) − 𝑓𝑓−(𝑠𝑠) = 𝑓𝑓+(𝑆𝑆) − 𝑓𝑓−(𝑆𝑆); the net flow from 

vertices of  𝑆𝑆 sums to 𝑓𝑓+(𝑠𝑠) −  𝑓𝑓−(𝑠𝑠) and similarly the net flow from vertices of 

𝑆𝑆 sums to 𝑓𝑓+(𝑡𝑡) −  𝑓𝑓−(𝑡𝑡), which equals – 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓).                                                                 

I.e.  𝑓𝑓+�𝑆𝑆� − 𝑓𝑓−�𝑆𝑆� = −𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) therefore, for any flow 𝑓𝑓 and a source/sink cut 

[𝑆𝑆, 𝑆𝑆] in 𝑁𝑁.  𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) − 𝑓𝑓−(𝑆𝑆), or 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓−�𝑆𝑆� −  𝑓𝑓+�𝑆𝑆� or in other 

words, the net flow across any source/sink cut equals both the net flow out of 𝑠𝑠 

and the net flow into 𝑡𝑡. 

Corollary 2.3.1[1] (Weak duality):-  

 If  𝑓𝑓 is a feasible flow and [𝑆𝑆, 𝑆𝑆] is a source/sink cut, then 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ≤ 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆, 𝑆𝑆).  

Furthermore [2], equality holds if and only if each arc in [𝑆𝑆, 𝑆𝑆] is 𝑓𝑓-saturated and 

each arc in [𝑆𝑆, 𝑆𝑆] is 𝑓𝑓-zero. 

Proof:-by lemma 3.3.1, the value of 𝑓𝑓 equals the net flow out of 𝑆𝑆. Thus  

             𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) −  𝑓𝑓−(𝑆𝑆) ≤ 𝑓𝑓+(𝑆𝑆) 

                               𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ≤ 𝑓𝑓+(𝑆𝑆)                                                                                                (1) 

Since the flow into 𝑆𝑆, 𝑓𝑓−(𝑆𝑆) ≥ 0. And by definition  

          𝑓𝑓+(𝑆𝑆) = ∑ 𝑓𝑓(𝑒𝑒)𝑒𝑒∈[𝑆𝑆,𝑆𝑆] ≤ ∑ 𝑐𝑐(𝑒𝑒)𝑒𝑒∈[𝑆𝑆,𝑆𝑆] = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆, 𝑆𝑆)                                   

Therefore   𝑓𝑓+(𝑆𝑆) ≤ 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆, 𝑆𝑆)                                                                                                   (2) 

Hence 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ≤ 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆,𝑇𝑇).                                                                                                                

The second statement follows, 𝑓𝑓+(𝑆𝑆) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆, 𝑆𝑆) if and only if 𝑓𝑓(𝑒𝑒) = 𝑐𝑐(𝑒𝑒), for all 

arc 𝑒𝑒 ∈ [𝑆𝑆, 𝑆𝑆] and 𝑓𝑓−(𝑆𝑆) = 0 if and only if 𝑓𝑓(𝑒𝑒) = 0, for all arc 𝑒𝑒 ∈ [𝑆𝑆, 𝑆𝑆]. Thus, 

- If  𝑥𝑥 is intermediate vertex 
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equation (1) becomes 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆, 𝑆𝑆) if and only if each arc in [𝑆𝑆, 𝑆𝑆] is 

𝑓𝑓-saturated and each arc in [𝑆𝑆, 𝑆𝑆] is 𝑓𝑓-zero  ∎  

A cut 𝐾𝐾 in 𝑁𝑁 is a minimum cut if there is no cut 𝐾𝐾′ in 𝑁𝑁 such that 𝑐𝑐𝑐𝑐𝑐𝑐𝐾𝐾′ < 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. If 𝑓𝑓∗ 

is a maximum flow, and 𝐾𝐾� is a minimum cut [2], we have a special case for the weak 

duality stated above which would be seen later on.  

Corollary 2.3.2 [2]: - Let 𝑓𝑓 be a flow and 𝐾𝐾 be a cut such that 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.Then 𝑓𝑓 

is a maximum flow and 𝐾𝐾 is a minimum cut. 

Proof: - Let 𝑓𝑓∗ be a maximum flow and 𝐾𝐾 a minimum cut. Then by weak duality 

condition, for any flow 𝑓𝑓 and cut 𝐾𝐾 = [𝑆𝑆, 𝑆𝑆], 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ≤ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. Therefore, for maximum 

𝑓𝑓∗ flow and minimum cut 𝐾𝐾. We have  

                                          𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ≤ 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) ≤ 𝑐𝑐𝑐𝑐𝑐𝑐𝐾𝐾 ≤ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  

Since, by hypothesis, 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  it follows that 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓)       

and 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐𝐾𝐾�. Thus, 𝑓𝑓 is a maximum flow and 𝐾𝐾 is a minimum cut. 

Theorem 2.3.1:-A flow 𝑓𝑓 in a network 𝑁𝑁 is a maximum flow if and only if 𝑁𝑁 contains 

no 𝑓𝑓-augmenting path. 

Proof:-Let 𝑓𝑓 be a maximum flow in 𝑁𝑁. 

Suppose 𝑁𝑁 contains an 𝑓𝑓-augmenting path 𝑝𝑝. This implies that 𝑓𝑓 cannot be a 

maximum flow since 𝑓𝑓′, the revised flow on 𝑝𝑝 has a large value. Thus it contradicts 

the fact that 𝑓𝑓 is a maximum flow. 

Conversely, suppose that 𝑁𝑁 contains no 𝑓𝑓-augmenting path. 

                        Claim: - 𝑓𝑓 is a maximum flow 

Let 𝑆𝑆 denote the set of all vertices to which 𝑠𝑠 is connected by 𝑓𝑓-unsaturated paths 

in 𝑁𝑁. Clearly 𝑠𝑠 ∈ 𝑆𝑆 also, since 𝑁𝑁 has no 𝑓𝑓-augmenting path  𝑡𝑡 ∈ 𝑆𝑆. Thus  𝐾𝐾 = (𝑆𝑆, 𝑆𝑆) is 

a cut in 𝑁𝑁.  

We shall show that:- 

a. Each arc in (𝑆𝑆, 𝑆𝑆) is 𝑓𝑓-saturated, and  

b. Each arc in (𝑆𝑆, 𝑆𝑆) is 𝑓𝑓-zero. 
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Consider an arc 𝑒𝑒 with tail 𝑢𝑢 ∈ 𝑆𝑆 and head 𝑣𝑣 ∈ 𝑆𝑆. Since 𝑢𝑢 ∈ 𝑆𝑆, there exists an 𝑓𝑓-

unsaturated (𝑠𝑠,𝑢𝑢)- path 𝑄𝑄. If 𝑒𝑒 = (𝑢𝑢, 𝑣𝑣)  𝑓𝑓-unsaturated, then 𝑄𝑄 could be extended by 

the arc 𝑒𝑒 to yield an 𝑓𝑓-unsaturated (𝑠𝑠, 𝑣𝑣)-path;-𝑄𝑄 + 𝑒𝑒. 

However 𝑣𝑣 ∈ 𝑆𝑆, and so there is no such path. Therefore, 𝑒𝑒 must be 𝑓𝑓-saturated.  

Similarly, consider an arc 𝑒𝑒′ with tail 𝑢𝑢 ∈ 𝑆𝑆 and head 𝑣𝑣 ∈ 𝑆𝑆 i.e. 𝑒𝑒′ ∈ (𝑆𝑆, 𝑆𝑆), since 𝑁𝑁 

does not contain an 𝑓𝑓-augmenting path, 𝑓𝑓(𝑒𝑒′) = 0 for all 𝑒𝑒′ ∈ (𝑆𝑆, 𝑆𝑆). Therefore, 𝑒𝑒′ 

must be 𝑓𝑓-zero.  

Since the duality theorem equality holds if and only if each arc in (𝑆𝑆, 𝑆𝑆), is 𝑓𝑓-

saturated and each arc in (𝑆𝑆, 𝑆𝑆) is 𝑓𝑓-zero. We obtain                

                    𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  By corollary 2.3.2, this implies that 𝑓𝑓 is maximum flow∎. 

Ford-Fulkerson labeling algorithm 

This algorithm helps us to find a maximum flow in a network [2]. It is also called as 

the labeling method. Starting with a known flow, for instance the zero flow, it 

recursively constructs a sequence of flows of increasing value, and terminates with a 

maximum flow. After the construction of each new flow 𝑓𝑓, a subroutine called the 

labeling procedure is used to find an 𝑓𝑓-augmenting path, if one exists. If such a 

path 𝑝𝑝 is found, then 𝑓𝑓∗, the revised flow based on 𝑝𝑝, is constructed and taken as the 

next flow in the sequence. If there is no such a path, the algorithm terminates and 

the original flow is still a maximum flow. The algorithm is given below as [1] put in 

precise manner.    

Input:  A feasible flow 𝑓𝑓 in a network, 

Output: An 𝑓𝑓- augmenting path or a cut with capacity  𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓). 

Idea: Find the vertices reachable from 𝑠𝑠 by paths with positive tolerance. Reaching 𝑡𝑡 

completes an 𝑓𝑓-augmenting path. During the search, 𝑅𝑅 is the set of vertices labeled 

reached, and 𝑆𝑆 is the subset of 𝑅𝑅 labeled searched. 

Initialization: 𝑅𝑅 = {𝑠𝑠}, 𝑆𝑆 = ∅. 
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Iteration: Choose 𝑣𝑣 ∈ 𝑅𝑅\𝑆𝑆 

               For each existing edge 𝑣𝑣𝑣𝑣 with 𝑓𝑓(𝑣𝑣𝑣𝑣) < 𝑐𝑐(𝑣𝑣𝑣𝑣) and 𝑤𝑤 ∉ 𝑅𝑅, add 𝑤𝑤 to 𝑅𝑅. 

               For each entering edge 𝑢𝑢𝑢𝑢 with 𝑓𝑓(𝑢𝑢𝑢𝑢) > 0 and 𝑢𝑢 ∉ 𝑅𝑅, add 𝑢𝑢 to 𝑅𝑅. 

Label each vertex added to 𝑅𝑅 as “reached”, and record 𝑣𝑣 as the vertex reaching it. 

After exploring all edges at 𝑣𝑣, add 𝑣𝑣 to 𝑆𝑆. If the sink 𝑡𝑡 has been reached (put in 𝑅𝑅), 

then trace the path reaching 𝑡𝑡 to report an 𝑓𝑓-augmenting path and terminate. 

If 𝑅𝑅 = 𝑆𝑆, then return the cut [𝑆𝑆, 𝑆𝑆] and terminate. Otherwise, iterate. 

Example 2.3.2: On the figure, 2.3.3(a) is a network with the flow 𝑓𝑓. We run the 

labeling algorithm. First, we search from 𝑠𝑠 and find excess capacity to 𝑢𝑢 and 𝑥𝑥, 

labeling them reached. Now we have 𝑢𝑢, 𝑥𝑥 ∈ 𝑅𝑅\𝑆𝑆. There is no excess capacity on 𝑢𝑢𝑢𝑢 

or 𝑥𝑥𝑥𝑥, so searching from 𝑢𝑢 reaches nothing, and searching from 𝑥𝑥 does not reach 𝑦𝑦. 

However, there is nonzero flow on 𝑣𝑣𝑣𝑣. Thus, we label 𝑣𝑣 from 𝑥𝑥 now 𝑣𝑣 is the only 

element of 𝑅𝑅\𝑆𝑆, and searching from 𝑣𝑣 reaches 𝑡𝑡. We labeled 𝑡𝑡 from 𝑣𝑣, 𝑣𝑣 from 𝑥𝑥, and 𝑥𝑥 

from 𝑠𝑠, so we have found the augmenting path 𝑠𝑠, 𝑥𝑥, 𝑣𝑣, 𝑡𝑡. In figure 3.3.3(a) and (b), the 

capacities are in bold and flows are in brace.  

 

 

 

 

                                                                                                         

Figure 2.3.3(a): Network flow 
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Figure 3.3.3(b):  Network flow 

The tolerance on this path is one, so the augmentation increases the flow value by 

one. In the new flow 𝑓𝑓′  shown on the right, every edge has unit flow except 

 𝑓𝑓′(𝑣𝑣𝑣𝑣) = 0. When we run the labeling algorithm again, we have excess capacity on 

𝑠𝑠𝑠𝑠 and 𝑠𝑠𝑠𝑠 and label {𝑢𝑢, 𝑥𝑥}, but from these vertices we can label no others. We 

terminate with 𝑅𝑅 = 𝑆𝑆 = {𝑠𝑠,𝑢𝑢, 𝑥𝑥}. The capacity of the resulting cut [𝑆𝑆, 𝑆𝑆] is two, which 

equals 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓′) proves that 𝑓𝑓′ is a maximum flow. 

Note that repeated use of the labeling algorithm allows us to solve the maximum 

flow problem and prove the strong duality relationship [1].    
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2.4. Maximum flow and Minimum cut    
  (Dual optimization problems) 

In this section, we shall state the integral theorem and the max-flow min-cut 

theorem, which we use them for further applications and use them to obtain or 

prove different theorems in graph theory.  

Definition 2.4.1:- A flow having an integer amount on each edge of a network is said 

to be an integral flow.  

In combinatorial applications, we typically have integer capacities and want a 

solution in which the flow on each edge is an integer. 

Theorem 2.4.1 (Integral theorem) [1]:-  

If all capacities in a network are integer, then there is a maximum flow assigning 

integral flow to each edge. Furthermore, some maximum flow can be partitioned 

into flows of unit value along paths from source to sink. 

Proof: In the labeling algorithm of Ford and Fulkerson, the change flow value when 

an augmenting path is found is always a flow value or the difference between a flow 

value and capacity. When these are integers, the difference is also an integer. 

Starting with the zero flow, this implies that there is no first time when a non-

integer flow appears. 

The algorithm thus produces a maximum flow with integer flow on each edge. At 

each internal node, we now match units of entering flow to units of exiting flow. This 

forms 𝑠𝑠, 𝑡𝑡-path and perhaps cycles. If a cycle arises, then we decrease flow on its 

edges by one to eliminate it without changing the flow value. This leaves 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) 

paths from to 𝑡𝑡, each corresponding to a unit of flow ∎  

The integrality theorem yields paths of unit flow. In applications, we build networks 

where these units of flow have meaning. 
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In section 2.2, we have introduced a non-negative number 𝜀𝜀(𝑝𝑝), the tolerance of a 

path 𝑝𝑝 in a network 𝑁𝑁, and a flow 𝑓𝑓 in 𝑁𝑁 as  

                   𝜀𝜀(𝑝𝑝) = min𝑒𝑒∈𝐸𝐸(𝑝𝑝) 𝜀𝜀(𝑒𝑒), where   𝐸𝐸(𝑝𝑝) is the edge set of the path   𝑝𝑝 and  

           𝜀𝜀(𝑒𝑒) = � 𝑐𝑐(𝑒𝑒) − 𝑓𝑓(𝑒𝑒),   𝑖𝑖𝑖𝑖 𝑒𝑒 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜 𝑝𝑝 
𝑓𝑓(𝑒𝑒),                 𝑖𝑖𝑖𝑖 𝑒𝑒 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜 𝑝𝑝 

�  

As may easily be seen, 𝜀𝜀(𝑝𝑝) is the largest amount by which the flow along 𝑝𝑝 can be 

increased (relative to 𝑓𝑓) without violating capacity constraints. 

Definition 2.4.2 [2]: The path 𝑝𝑝 is said to be 𝑓𝑓-saturated if 𝜀𝜀(𝑝𝑝) = 0 and                                 

𝑓𝑓-unsaturated if 𝜀𝜀(𝑝𝑝) > 0 (or, equivalently, if each forward arc of 𝑝𝑝 is 𝑓𝑓-unsaturated 

and each reverse (backward direction) arc of 𝑝𝑝 is 𝑓𝑓-posetive). Simply, an 𝑓𝑓-

unsaturated path is one that is not being used to its full capacity. Thus, we can define 

an 𝑓𝑓-augmenting path as it is an 𝑓𝑓-unsaturated path from the source 𝑠𝑠 to the sink 𝑡𝑡.  

Theorem 2.4.2 [Max-flow min-cut theorem] [1] 

In any network, the value of a maximum flow is equal to the capacity of a minimum 

cut. 

Proof:-In max flow problem, the zero flow (𝑓𝑓(𝑒𝑒) = 0,∀𝑒𝑒) is always a feasible flow 

and gives as a place to start. Given a feasible flow, we apply the labeling algorithm. It 

iteratively adds vertices to 𝑆𝑆(each vertex at most once) and terminates with 𝑡𝑡 ∈ 𝑅𝑅, 

or with 𝑆𝑆 = 𝑅𝑅. 

In the case where it terminates with 𝑡𝑡 ∈ 𝑅𝑅, we have an 𝑓𝑓-augmenting path and 

increase the flow value. We then repeat the labeling algorithm. 

When the capacities are rational, each augmentation increases the flow by a 

multiple 1 𝑎𝑎� , where 𝑎𝑎 is the least common multiple of the denominators, so after 

finitely many augmentations the capacity of some cut is reached. The labeling 

algorithm then terminates with 𝑆𝑆 = 𝑅𝑅. 

When terminating this way, we claim that [𝑆𝑆,𝑇𝑇] is a source/sink cut with 

capacity 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓), where 𝑇𝑇 = 𝑆𝑆 and 𝑓𝑓 is the present flow. It is a cut because 𝑠𝑠 ∈ 𝑆𝑆 

and 𝑡𝑡 ∉ 𝑅𝑅 = 𝑆𝑆. 
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Since applying the labeling algorithm to the flow 𝑓𝑓 introduces no vertices of 𝑇𝑇 into 

𝑅𝑅, no edge from 𝑆𝑆 to 𝑇𝑇 has excess capacity, and no edge from 𝑇𝑇 to 𝑆𝑆 has non zero 

flow in 𝑓𝑓.  

Hence  𝑓𝑓+(𝑆𝑆) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆,𝑇𝑇) and 𝑓𝑓−(𝑆𝑆) = 0 

Since the net flow out of any set containing the source but not the sink is 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓),  

                  Thus, 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) − 𝑓𝑓−(𝑆𝑆) = 𝑓𝑓+(𝑆𝑆) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆,𝑇𝑇) 

                        This gives that  𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) =  𝑐𝑐𝑐𝑐𝑐𝑐(𝑆𝑆,𝑇𝑇) ∎ 
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3. APPLICATIONS OF NETWORKS 

3.1. Menger’s theorems 

Now we shall use the max flow min cut theorem and integral theorem to obtain 

different theorems as well as menger’s theorem. The following lemma provides a 

basic link. 

Lemma 3.1.1 [2]: - Let 𝑁𝑁 be a network with source 𝑠𝑠 and sink 𝑡𝑡 in which each arc has 

unit capacity. Then  

a) The value of a maximum flow in 𝑁𝑁 is equal to the maximum number 𝑚𝑚 of arc-

disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝑁𝑁; and 

b) The capacity of a minimum cut in 𝑁𝑁 is equal to the minimum number 𝑛𝑛 of 

arcs whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-paths in 𝑁𝑁. 

Proof: - (a) let 𝑓𝑓∗ be a maximum flow in 𝑁𝑁 and let 𝐷𝐷∗ dente the digraph obtained 

from 𝐷𝐷 by deleting all 𝑓𝑓∗-zero arcs. Since each is of 𝑁𝑁 has unit capacity. 𝑓𝑓∗(𝑒𝑒) = 1 for 

all 𝑒𝑒 ∈ 𝐴𝐴(𝐷𝐷∗)  (the arc set of 𝐷𝐷∗). It follows that  

i. 𝑑𝑑𝐷𝐷∗
+(𝑠𝑠) − 𝑑𝑑𝐷𝐷∗

−(𝑠𝑠) = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) = 𝑑𝑑𝐷𝐷∗
−(𝑡𝑡) − 𝑑𝑑𝐷𝐷∗

+(𝑡𝑡);  and 

ii.  𝑑𝑑𝐷𝐷∗
+(𝑣𝑣) = 𝑑𝑑𝐷𝐷∗

−(𝑣𝑣) for all 𝑣𝑣 ∈ 𝑉𝑉(𝐷𝐷∗)\ {𝑠𝑠, 𝑡𝑡} 

Recall that if 𝐷𝐷 is a digraph satisfying [2]   

i. 𝑑𝑑𝐷𝐷
+(𝑠𝑠) − 𝑑𝑑𝐷𝐷

−(𝑠𝑠) = 𝑙𝑙 = 𝑑𝑑𝐷𝐷
−(𝑡𝑡) − 𝑑𝑑𝐷𝐷

+(𝑡𝑡); and 

ii. 𝑑𝑑𝐷𝐷
+(𝑣𝑣) = 𝑑𝑑𝐷𝐷

−(𝑣𝑣) For all 𝑣𝑣 ∈ 𝑉𝑉(𝐷𝐷)\ {𝑠𝑠, 𝑡𝑡} then there exist 𝑙𝑙-arc-disjoint 

directed (𝑥𝑥,𝑦𝑦)-paths in 𝐷𝐷 

Therefore, there exist 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) arc-disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷∗, and hence also 

in 𝐷𝐷.  

                      Thus 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) ≤ 𝑚𝑚                                                                                                    (1) 

Now let 𝑝𝑝1,𝑝𝑝2, … … . , 𝑝𝑝𝑚𝑚  be any system of m arc-disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝑁𝑁, 

and define a function 𝑓𝑓 on A by  
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           𝑓𝑓(𝑒𝑒) = �1,       if e is an arc of ⋃ 𝑝𝑝𝑖𝑖𝑚𝑚
𝑖𝑖=1   

0,                               otherwise
�                                                                          (2) 

Since 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) − 𝑓𝑓−(𝑆𝑆) and 𝑓𝑓−(𝑆𝑆) = 0 by (2) thus 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑓𝑓+(𝑆𝑆) = 𝑚𝑚  

 Since 𝑓𝑓∗ is a maximum flow, we have  

          𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) ≥ 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑚𝑚                                                                                                       (3) 

Therefore, by (1) and (3), we have  

𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓∗) = 𝑚𝑚 ∎ 

b)  Let 𝐾𝐾 =  (𝑆𝑆, 𝑆𝑆) be a minimum cut in 𝑁𝑁. Then, in 𝑁𝑁\𝐾𝐾, no vertex of 𝑆𝑆 is reachable 

from any vertex in 𝑆𝑆; In particular, it is not reachable from 𝑠𝑠.  

Thus 𝐾𝐾 is a set of arcs whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)- paths, and we have 

                            𝑐𝑐𝑐𝑐𝑐𝑐 𝐾𝐾 =  |𝐾𝐾| ≥ 𝑛𝑛                                                                                              (4) 

Now, let 𝑍𝑍 be the set of 𝑛𝑛 arcs whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-paths, and 

denote the set of all vertices reachable from 𝑠𝑠 in 𝑁𝑁\𝑍𝑍 by 𝑆𝑆.  

Since 𝑠𝑠 ∈ 𝑆𝑆 and 𝑡𝑡 ∈  𝑆𝑆, 𝐾𝐾 =  (𝑆𝑆, 𝑆𝑆) is a cut in 𝑁𝑁. Moreover, by definition of a cut set, 

𝑁𝑁\𝑍𝑍 can contain no arc of (𝑆𝑆, 𝑆𝑆), and so 𝐾𝐾 ⊆ 𝑍𝑍. Since 𝐾𝐾 is a minimum act, we 

conclude that  

𝑐𝑐𝑐𝑐𝑐𝑐 𝐾𝐾  ≤  𝑐𝑐𝑐𝑐𝑐𝑐 𝐾𝐾 =  |𝐾𝐾| ≤ |𝑍𝑍| =  𝑛𝑛 

                          𝑐𝑐𝑐𝑐𝑐𝑐𝐾𝐾  ≤ 𝑛𝑛                                                                                                               (5) 

Therefore, by (4) and (5), we have  𝑐𝑐𝑐𝑐𝑐𝑐𝐾𝐾 = 𝑛𝑛 ∎  

Theorem 3.1.1[2]: - Let 𝑠𝑠 and 𝑡𝑡 be two vertices of a digraph 𝐷𝐷. Then the maximum 

number of arc-disjoint directed (𝑠𝑠, )-paths in 𝐷𝐷 is equal to the minimum number of 

arcs whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)- paths in D.  

Proof: - we obtain a network 𝑁𝑁 with source 𝑠𝑠, and sink 𝑡𝑡 by assigning unit capacity to 

each arc of 𝐷𝐷. 

Let 𝑚𝑚 be the maximum number of arc-disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝑁𝑁.  

Let 𝑛𝑛 be the minimum number of arc whose deletion destroys all directed (s, t) 

paths in N.                                        

Claim:  𝑚𝑚 = 𝑛𝑛  
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Let  𝑓𝑓 be the maximum flow in 𝑁𝑁. Thus, by lemma 4.1.1 (a), 

                         𝑣𝑣𝑣𝑣𝑣𝑣 (𝑓𝑓) =  𝑚𝑚                                                                                                           (1) 

Let 𝑆𝑆 be the set of vertices of 𝑁𝑁 containing the source 𝑠𝑠 not the sink 𝑡𝑡, such that  

𝐾𝐾 =  (𝑆𝑆, 𝑆𝑆) is the minimum cut in 𝑁𝑁 with 𝑐𝑐(𝑒𝑒) = 1 for each 𝑒𝑒 ∈ 𝐾𝐾  

Thus by lemma 3.1.1(b),  

                        𝑐𝑐𝑐𝑐𝑐𝑐 𝐾𝐾 =  𝑛𝑛                                                                                                                (2) 

By max-flow min-cut theorem, the maximum flow in a network is equal to the 

minimum cut in a network  

                         𝑐𝑐𝑐𝑐𝑐𝑐 𝐾𝐾 =  𝑣𝑣𝑣𝑣𝑣𝑣 𝑓𝑓                                                                                                       (3)  

Therefore, by (1), (2) and (3)     𝑚𝑚 = 𝑛𝑛 ∎   

Theorem 3.1.2 [2]: - let 𝑠𝑠 and 𝑡𝑡 be to two vertices of a graph 𝐺𝐺. Then the maximum 

number of edge-disjoint (𝑠𝑠, 𝑡𝑡)-paths in 𝐺𝐺 is equal to the minimum number of edges 

whose deletion descroys all (𝑠𝑠, 𝑡𝑡)-paths in 𝐺𝐺. 

Proof: - let 𝑚𝑚 = the maximum number of edge-disjoint (𝑠𝑠, 𝑡𝑡)- paths in 𝐺𝐺; and  

                      𝑛𝑛 = the minimum number of edges whose deletion destroys all (𝑠𝑠, 𝑡𝑡)- 

paths in  𝐺𝐺.     

Claim:  𝑚𝑚 = 𝑛𝑛 

Let 𝐷𝐷(𝐺𝐺) be the associated digraph of 𝐺𝐺.i.e.we replace each edge 𝑒𝑒 of 𝐺𝐺 by two 

oppositely oriented arcs with the same ends as 𝑒𝑒. Thus, by theorem 3.1.1, the 

maximum number of arc- disjoint directed (s, t) paths in 𝐷𝐷(𝐺𝐺) is equal to the 

minimum number of arcs whose deletion destroys all directed (s, t) paths in 𝐷𝐷(𝐺𝐺).  

Since there is a one-to-one correspondence between paths in 𝐺𝐺 and directed paths 

in 𝐷𝐷(𝐺𝐺).   

        𝑚𝑚 = the maximum number of arc disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷(𝐺𝐺). 

In addition, because of the bijection "𝐷𝐷(𝐺𝐺) is 𝑘𝑘-arc-connected if and only if 𝐺𝐺 is 𝑘𝑘-

edge-connected."  The minimum cut of 𝐺𝐺 is equal to the minimum cut of a 

digraph 𝐷𝐷(𝐺𝐺). By the same argument  
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     𝑛𝑛 = the minimum number of arcs whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-

paths in 𝐷𝐷 (G).  

Therefore, since 𝐷𝐷(𝐺𝐺) is a directed graph containing 𝑠𝑠 & 𝑡𝑡, by theorem 3.1.1, 

𝑚𝑚 = 𝑛𝑛 ∎ 

Theorem 3.1.3 [2]: - Let 𝑠𝑠 & 𝑡𝑡 be two vertices of a digraph 𝐷𝐷, such that 𝑠𝑠 is joined to 𝑡𝑡. 

Then the minimum number of internally disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷 is equal 

to the minimum number of vertices whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-paths 

in 𝐷𝐷.  

Proof: - Construct a new digraph 𝐷𝐷′  from 𝐷𝐷 as follows:  

i. Split each vertex 𝑣𝑣 ∈ 𝑉𝑉 \{𝑠𝑠, 𝑡𝑡} in to two new vertices 𝑣𝑣′ and 𝑣𝑣′′, and join 

them by an are (𝑣𝑣′ ,𝑣𝑣′′ ); 

ii. Replace each arc of 𝐷𝐷 with head 𝑣𝑣 ∈ 𝑉𝑉 \{𝑠𝑠, 𝑡𝑡} by a new arc with head 𝑣𝑣′, 

and each arc of 𝐷𝐷 with tail 𝑣𝑣 ∈  𝑉𝑉\ {𝑠𝑠, 𝑡𝑡} by a new arc with tail 𝑣𝑣′′. For 

instance, see figure 3.1.1, which illustrates this construction as an 

example.  

Now to each directed (𝑠𝑠, 𝑡𝑡)-path in 𝐷𝐷′ there corresponds a directed (𝑠𝑠, 𝑡𝑡)-path in 𝐷𝐷 

obtained by contracting all arcs of (𝑣𝑣′ , 𝑣𝑣′′ ); and conversely, to each directed (𝑠𝑠, 𝑡𝑡)-

path in 𝐷𝐷, there corresponds a directed (𝑠𝑠, 𝑡𝑡)-path in 𝐷𝐷 obtained by splitting each 

internal vertex of the path.   

Furthermore, two directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷′ are arc-disjoint if and only if the 

corresponding paths in 𝐷𝐷 are internally disjoint. It follows that the maximum 

number of arc-disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷′ is equal to the maximum number of 

internally disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷.  

Similarly, to each arc of type (𝑣𝑣′ , 𝑣𝑣′′ ) in 𝐷𝐷′ there corresponds to a vertex 𝑣𝑣 of 𝐷𝐷, 

obtained by removing the arc and over lapping them. Conversely, for each 

𝑣𝑣 ∈ 𝑉𝑉\{𝑠𝑠, 𝑡𝑡} in 𝐷𝐷, there corresponds to an arc (𝑣𝑣′ , 𝑣𝑣′′ )  in 𝐷𝐷 obtained by splitting 𝑣𝑣 

and joining them.  
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Figure 3.1.1 construction of a network 

Let  𝑆𝑆 be the set of arcs of type (𝑣𝑣′ ,𝑣𝑣′′ ) in 𝐷𝐷′ ; and   𝑇𝑇 be the set of vertices, which 

obtained by over lapping the ends of an arc of type  (𝑣𝑣′ , 𝑣𝑣′′ ). 

Then removing/deleting the arcs in 𝑆𝑆 destroys all the (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷′ if and only if 

removing the vertices in 𝑇𝑇 destroys all the (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷. Therefore, the minimum 

number of arcs in 𝐷𝐷′ whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-paths is equal to the 

minimum number of vertices in 𝐷𝐷 whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-paths.  

Thus, from the previous theorem, " the maximum number of arc-disjoint directed 

(𝑠𝑠, 𝑡𝑡)-path is equal to the minimum number of arcs whose deletion destroys all 

directed (𝑠𝑠, 𝑡𝑡)-paths.  

The maximum number of internally disjoint directed (𝑠𝑠, 𝑡𝑡)-paths in 𝐷𝐷 is equal to the 

minimum number of vertices whose deletion destroys all directed (𝑠𝑠, 𝑡𝑡)-paths 

in 𝐷𝐷.∎ 
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Theorem 3.1.4 [1]: - Let 𝑥𝑥 and 𝑦𝑦 be two non-adjacent vertices of a graph 𝐺𝐺. Then the 

maximum number of internally disjoint (𝑥𝑥,𝑦𝑦)-paths in 𝐺𝐺 is equal to the minimum 

number of vertices whose deletion destroys all (𝑥𝑥,𝑦𝑦)-paths.  

Proof: - Let 𝑆𝑆 be a set of vertices such that  𝑆𝑆 ⊆ 𝑉𝑉(𝐺𝐺) − {𝑥𝑥,𝑦𝑦} whose deletion 

destroys all (𝑥𝑥,𝑦𝑦)-paths in 𝐺𝐺. Let 𝑘𝑘(𝑥𝑥,𝑦𝑦) be the minimum number of vertices whose 

deletion destroys all (𝑥𝑥,𝑦𝑦)-paths, the minimum size of 𝑆𝑆; and let 𝜆𝜆(𝑥𝑥,𝑦𝑦) be the 

maximum number of internally disjoint (𝑥𝑥,𝑦𝑦)-paths. Any 𝑆𝑆 must contain an internal 

vertex of every (𝑥𝑥,𝑦𝑦)-path, and no vertex can cut two internally disjoint (𝑥𝑥,𝑦𝑦)-paths.  

                 Therefore, always 𝑘𝑘(𝑥𝑥, 𝑦𝑦) ≥ 𝜆𝜆(𝑥𝑥,𝑦𝑦)                                                                        (1)  

Thus, the main proof of this theorem is the converse one, which we need to use 

network flow method.     

Let 𝐷𝐷(𝐺𝐺) be the associated digraph of 𝐺𝐺. Clearly, 𝑥𝑥 and 𝑦𝑦 are vertices of 𝐷𝐷(𝐺𝐺). 

Therefore, we can view 𝐷𝐷(𝐺𝐺) as a network with source 𝑥𝑥 and sink 𝑦𝑦 and capacity 

1on every edge. By integral theorem, capacity 1 ensures that units flow from 𝑥𝑥 to 𝑦𝑦 

correspond to pair wise edge-disjoint (𝑥𝑥,𝑦𝑦)-paths in 𝐷𝐷(𝐺𝐺). Thus, a flow of value 𝑘𝑘 

yields a set of 𝑘𝑘 such paths.  

                   Thus, 𝜆𝜆(𝑥𝑥,𝑦𝑦) ≥ Max 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓)                                                                                      (2) 

Let 𝐾𝐾 = (𝑅𝑅,𝑅𝑅) be a cut where 𝑥𝑥 ∈ 𝑅𝑅 ⊆ 𝑉𝑉(𝐷𝐷(𝐺𝐺)) but 𝑦𝑦 ∉ 𝑅𝑅 also 𝐾𝐾 defines a set of 

edges whose deletion makes 𝑦𝑦 unreachable from 𝑥𝑥. Since every capacity is 1 

|𝐾𝐾| = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. Every (𝑥𝑥,𝑦𝑦)-path in a network uses at least one edge of a cut 𝐾𝐾.  

                   Therefore, min𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≥ 𝑘𝑘(𝑥𝑥, 𝑦𝑦)                                                                               (3)     

By max-flow min-cut theorem, 𝜆𝜆(𝑥𝑥, 𝑦𝑦) ≥ 𝑚𝑚𝑚𝑚𝑚𝑚 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑚𝑚𝑚𝑚𝑚𝑚 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≥ 𝑘𝑘(𝑥𝑥, 𝑦𝑦) this 

gives that,   𝜆𝜆(𝑥𝑥,𝑦𝑦) ≥ 𝑘𝑘(𝑥𝑥,𝑦𝑦)                                                                                                      (4)      

Hence, by (1) and (4) as claimed∎   
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3.2.  Maximum bipartite matching 

Under this section, we will discuss one of the applications of a network flow 

problem, called maximum bipartite matching. 

Recall that undirected graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) is a bipartite graph if: 

 𝑉𝑉 can be partitioned into two disjoint sets 𝑋𝑋 and 𝑌𝑌 i.e.𝑉𝑉 = 𝑋𝑋 ∪ 𝑌𝑌 and 

𝑋𝑋 ∩ 𝑌𝑌 = 𝜙𝜙 

 All edges in 𝐸𝐸 go between 𝑋𝑋 and 𝑌𝑌, no edge is found between two 

vertices of only 𝑋𝑋 or 𝑌𝑌. In addition, we denote this bipartite graph 

as 𝐺𝐺 = (𝑋𝑋,𝑌𝑌,𝐸𝐸). 

Note that throughout this section we assume that every vertex has at least one 

incident edge in the bipartite graph. 

A matching 𝑀𝑀 in a bipartite graph is a set of edges with no common vertices in other 

words a matching is a set of independent edges that is each vertex appears in at 

most one edge in 𝑀𝑀. 

For example, the edge set 𝑀𝑀 = {1𝑎𝑎, 2𝑏𝑏, 3𝑐𝑐, 4𝑒𝑒} is matching in the bipartite graph 

shown on figure 3.2.1. 

 

 

 

 

Figure 3.2.1: Bipartite graph 

Recall that a matching 𝑀𝑀 is a maximum if the cardinality of M is the highest among 
all the matching in the graph. 
Therefore, the main objective of this section is to determine the cardinality of the 
maximum matching by using the network flow problem.    

  1  2  3   4   5 

  𝑎𝑎    𝑏𝑏    𝑐𝑐    𝑑𝑑    𝑒𝑒 
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Given a bipartite graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) in which 𝑉𝑉 = 𝑋𝑋 ∪ 𝑌𝑌  such that 𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚 } 
and 𝑌𝑌 = {𝑦𝑦1, 𝑦𝑦2, … ,𝑦𝑦𝑛𝑛} whose diagram is given by figure 3.2.2.   

 

 

 

 

 

 

 

                                                                  
Figure 3.2.2: Bipartite graph with 𝒏𝒏 + 𝒎𝒎 vertices 

The maximum bipartite matching can be applied in different areas such as in 
industrial areas and social life. For instance, we can raise two of them. The first one 
is matching a set of machines, say 𝑋𝑋, with a set of tasks, say 𝑌𝑌, to be performed 
simultaneously. In this case, an edge between machine 𝑢𝑢 ∈ 𝑋𝑋 and task 𝑣𝑣 ∈ 𝑌𝑌 
indicates that machine 𝑢𝑢 can execute task 𝑣𝑣. Therefore, we want to maximize the 
number of tasks executed. The second is Dating Agency; here we could find a 
matching between a set of girls, say 𝑋𝑋, with a set of boys, say 𝑌𝑌, to establish dating. 
In this case, an edge indicates potential compatibility. Therefore, we are interested 
to as many matches as possible. Thus, if all this an important part of this section, 
how could be done?  

 The first step is creating a digraph (or, the orientation) of 𝐺𝐺 = (𝑋𝑋,𝑌𝑌,𝐸𝐸) by 
specifying for each edge an order on its ends by directing from vertices of 𝑋𝑋 to 
vertices of 𝑌𝑌 as shown on figure 3.2.3. Then creating a flow network 𝑁𝑁′ = (𝑉𝑉′,𝐴𝐴) in 
which flow correspond to matching in original graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸), where 𝑉𝑉 = 𝑋𝑋 ∪ 𝑌𝑌.  
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Figure 3.2.3: directed graph of 𝑮𝑮 = (𝑿𝑿,𝒀𝒀,𝑬𝑬) 

Recall that networks with multiple sources and sinks can be reduced to the case of 
networks that have just one source and one sink by creating super source 𝑠𝑠, 
connected to sources {𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑚𝑚 } and super sink 𝑡𝑡, connected to sinks {𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡𝑛𝑛} 
and setting 𝑐𝑐𝑐𝑐𝑐𝑐(𝑠𝑠, 𝑠𝑠𝑖𝑖) = ∞ for each 𝑖𝑖 = 1,2, … ,𝑚𝑚 and 𝑐𝑐𝑐𝑐𝑐𝑐�𝑡𝑡𝑗𝑗 , 𝑡𝑡� = ∞ for each  𝑗𝑗 =
1,2, … ,𝑛𝑛). This procedure is illustrated in the following figure 3.2.4 as an example.           

                           

 

                                                      

                                                                   

                                     

 

Figure 3.2.4: creating a network of a single source and single sink 

Thus, the orientation of the bipartite graph 𝐺𝐺 = (𝑋𝑋,𝑌𝑌,𝐸𝐸)  which shown on figure 
3.2.3 can be taken as a network of multiple sources 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚  and multiple sinks 
𝑦𝑦1,𝑦𝑦2, … , 𝑦𝑦𝑛𝑛  and so reduced to an ordinary network flow by creating a super source 
𝑠𝑠 and super sink 𝑡𝑡. Let 𝑁𝑁 = (𝑉𝑉′,𝐴𝐴) be the network associated with the bipartite 
graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) such that  

a) 𝑉𝑉′ = {𝑠𝑠, 𝑡𝑡} ∪ 𝑉𝑉; 

𝑠𝑠 
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b) 𝐴𝐴 is made of directed edges as follows: 
  From source 𝑠𝑠 to the vertices in 𝑋𝑋, {(𝑠𝑠,𝑢𝑢):𝑢𝑢 ∈ 𝑋𝑋}; 
 From 𝑢𝑢 in 𝑋𝑋 to 𝑣𝑣 in 𝑌𝑌, {(𝑢𝑢, 𝑣𝑣):𝑢𝑢 ∈ 𝑋𝑋, 𝑣𝑣 ∈ 𝑌𝑌 and (𝑢𝑢, 𝑣𝑣) ∈ 𝐸𝐸}; 

and 
 From vertices in Y to sink t, {(𝑣𝑣, 𝑡𝑡): 𝑣𝑣 ∈ 𝑌𝑌} 

That is, 𝐴𝐴 = {(𝑠𝑠,𝑢𝑢):𝑢𝑢 ∈ 𝑋𝑋} ∪ {(𝑢𝑢, 𝑣𝑣):𝑢𝑢 ∈ 𝑋𝑋, 𝑣𝑣 ∈ 𝑌𝑌 and (𝑢𝑢, 𝑣𝑣) ∈ 𝐸𝐸} ∪ {(𝑣𝑣, 𝑡𝑡):𝑣𝑣 ∈ 𝑌𝑌} 
c) Assign unit capacity to each arc in 𝐴𝐴, 𝑐𝑐𝑐𝑐𝑐𝑐(𝑒𝑒) = 1 for all 𝑒𝑒 ∈ 𝐴𝐴 . Figure 

3.2.5 shows what we did so far [3]. 

 

 

 

 

 

 
 
 
 

Figure 3.2.5: A network 𝑵𝑵  associated with 𝑮𝑮  

Theorem 3.2.1[3] let  𝐺𝐺 = (𝑋𝑋,𝑌𝑌,𝐸𝐸) be a bipartite graph, and let 𝑁𝑁 be the network 
associated with 𝐺𝐺. Then,  

a) Every flow in 𝑁𝑁 corresponds to a matching 𝑀𝑀 of 𝐺𝐺, and  
b) Every matching 𝑀𝑀 of 𝐺𝐺 corresponds to a flow in 𝑁𝑁.  

This correspondence is such that two vertices are matched in 𝐺𝐺 if and only if there is 
a unit flow along the corresponding arc in 𝑁𝑁.  
Proof: Recall that 𝑐𝑐𝑐𝑐𝑐𝑐(𝑒𝑒) = 1 for all 𝑒𝑒 ∈ 𝐴𝐴(𝑁𝑁). Let 𝑓𝑓 be a flow in 𝑁𝑁. By the integral 
theorem for all 𝑒𝑒 ∈ 𝐴𝐴(𝑁𝑁) either 𝑓𝑓(𝑒𝑒) = 0 or 𝑓𝑓(𝑒𝑒) = 0.                                                             

a) Let 𝑀𝑀 be the set of edges of the form 𝑥𝑥𝑥𝑥 in 𝐺𝐺 for which  𝑥𝑥 ∈ 𝑋𝑋, 𝑦𝑦 ∈ 𝑌𝑌 
and 𝑓𝑓𝑥𝑥𝑥𝑥 = 1. Our claim is, 𝑀𝑀 is a matching of 𝐺𝐺.                                                                                                                    

To prove 𝑀𝑀 is a matching of 𝐺𝐺, we must show that no vertex of 𝐺𝐺 is incident with 
more than one edge in 𝑀𝑀. 
Let 𝑢𝑢 be any vertex in 𝐺𝐺. Then 𝑢𝑢 belongs to exactly one of the sets 𝑋𝑋 or 𝑌𝑌. Assume 
without loss of generality that 𝑢𝑢 belongs to 𝑋𝑋 and that 𝑢𝑢 is incident with the edge 𝑢𝑢𝑢𝑢 

 𝑡𝑡 
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in 𝑀𝑀. We will show that 𝑢𝑢 is not incident with any other edge in 𝑀𝑀. Suppose that 𝑢𝑢𝑢𝑢 
is another edge in 𝑀𝑀. Then  𝑓𝑓𝑢𝑢𝑢𝑢 = 1 and 𝑓𝑓𝑢𝑢𝑢𝑢 = 1 by definition of 𝑀𝑀. Thus in 𝑁𝑁 the 
total flow out of vertex 𝑢𝑢 is at least two. However, in 𝑁𝑁the only arc, entering 𝑢𝑢 is 𝑠𝑠𝑠𝑠, 
where 𝑠𝑠 is the source vertex and this has capacity 1. So the total flow into vertex 𝑢𝑢 
does not equal to the total flow out of vertex 𝑢𝑢, this contradicts that 𝑓𝑓 is a flow in 𝑁𝑁. 
Hence 𝑢𝑢 is incident with at most one edge in 𝑀𝑀, and so 𝑀𝑀 is a matching of 𝐺𝐺. This 
proves that every flow in 𝑁𝑁 corresponds to a matching of 𝐺𝐺.                                                                  

b) Now suppose that 𝑀𝑀 is a matching in 𝐺𝐺. Let 𝑁𝑁 be the network associated 
with 𝐺𝐺, and let 𝑠𝑠 and 𝑡𝑡 be the source and sink vertices in 𝑁𝑁, respectively. For 
each arc in 𝑁𝑁, define a function 𝑓𝑓 by  

                         𝑓𝑓𝑠𝑠𝑠𝑠 = 1   if 𝑥𝑥 ∈ 𝑋𝑋 and there exist 𝑧𝑧 ∈ 𝑌𝑌 such that 𝑥𝑥𝑥𝑥 ∈ 𝑀𝑀     
                        𝑓𝑓𝑦𝑦𝑦𝑦 = 1    if 𝑦𝑦 ∈ 𝑌𝑌 and there exist 𝑤𝑤 ∈ 𝑋𝑋 such that 𝑤𝑤𝑤𝑤 ∈ 𝑀𝑀 
            𝑓𝑓𝑥𝑥𝑥𝑥 = 1   if 𝑥𝑥 ∈ 𝑋𝑋, 𝑦𝑦 ∈ 𝑌𝑌 and 𝑥𝑥𝑥𝑥 ∈ 𝑀𝑀; and  
           𝑓𝑓𝑢𝑢𝑢𝑢 = 0    Otherwise     
Since each arc 𝑒𝑒 in 𝑁𝑁 has unit capacity,0 ≤ 𝑐𝑐(𝑒𝑒) ≤ 𝑓𝑓(𝑒𝑒), 𝑓𝑓 satisfies the capacity 
constraints. Now consider any vertex 𝑥𝑥 of 𝑁𝑁 other than 𝑠𝑠 and 𝑡𝑡. Such a vertex 𝑥𝑥 is a 
vertex of 𝐺𝐺 and hence belongs either 𝑋𝑋 or 𝑌𝑌. Assume without loss of generality that 
belongs to 𝑋𝑋. By definition of 𝑓𝑓, either 𝑓𝑓𝑠𝑠𝑠𝑠 = 0 or 𝑓𝑓𝑠𝑠𝑠𝑠 = 1. 
If 𝑓𝑓𝑠𝑠𝑠𝑠 = 0, then there exists no 𝑧𝑧 ∈ 𝑌𝑌 such that 𝑥𝑥𝑥𝑥 ∈ 𝑀𝑀; so the total flow into 𝑥𝑥 and 
the total flow out of 𝑥𝑥 are both zero. On the other hand, if 𝑓𝑓𝑠𝑠𝑠𝑠 = 1, then there 
exists 𝑧𝑧 ∈ 𝑌𝑌 such that 𝑥𝑥𝑥𝑥 ∈ 𝑀𝑀. Since 𝑀𝑀 is a matching of 𝐺𝐺, 𝑧𝑧 is unique. Thus, in this 
case also the total flow into 𝑥𝑥 is equal to the total flow out of 𝑥𝑥, and so 𝑓𝑓 satisfies the 
 conservation constraints. It follows that 𝑓𝑓 is a flow in 𝑁𝑁. This proves that every 
matching 𝑀𝑀 of 𝐺𝐺 corresponds to a flow 𝑓𝑓 in 𝑁𝑁.∎ 

Theorem 3.2.2 [3]: - Let 𝑀𝑀 be a maximum matching in bipartite graph 𝐺𝐺 = (𝑋𝑋,𝑌𝑌,𝐸𝐸). 
Let 𝑓𝑓 be a maximum flow in the network 𝐺𝐺′.Then |𝑀𝑀| = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓). 

Example 3.2.1: - Let us take the following bipartite graph 𝐺𝐺 as shown on figure 4.2.6, 
with partitions   𝑋𝑋 = {𝑠𝑠1, 𝑠𝑠2, 𝑠𝑠3, 𝑠𝑠4, 𝑠𝑠5} and 𝑌𝑌 = {𝑡𝑡1, 𝑡𝑡2, 𝑡𝑡3, 𝑡𝑡4} 
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Figure 3.2.6: Bipartite graph 𝑮𝑮 

The matching 𝑀𝑀 = {𝑠𝑠2𝑡𝑡1, 𝑠𝑠3𝑡𝑡3, 𝑠𝑠5𝑡𝑡4} is a maximum matching in 𝐺𝐺 and |𝑀𝑀| = 3. Now 
let 𝑓𝑓 is the maximum flow in the network shown on figure 4.2.7.  
Now we have to take a flow corresponding to a matching 𝑀𝑀 in the graph 𝐺𝐺. Let 
𝑝𝑝1,𝑝𝑝2,𝑝𝑝3 be arc disjoint (𝑠𝑠, 𝑡𝑡)- paths in 𝐺𝐺′, such that 𝑝𝑝1 = 𝑠𝑠𝑠𝑠2𝑡𝑡1𝑡𝑡,  𝑝𝑝2 = 𝑠𝑠𝑠𝑠3𝑡𝑡3𝑡𝑡  
and 𝑝𝑝3 = 𝑠𝑠𝑠𝑠5𝑡𝑡4𝑡𝑡. Since the maximum number of arc disjoint (𝑠𝑠, 𝑡𝑡)- paths in 𝐺𝐺′ is 
three, by lemma 4.1.1 the value of the maximum flow is equal to maximum number 
of arc disjoint (𝑠𝑠, 𝑡𝑡)- paths in a network.                                                                                                                                                          
Therefore, 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 3. Hence, |𝑀𝑀| = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 3. 

Let us come to the proof of theorem 3.2.2 
Given a bipartite graph 𝐺𝐺 and a network 𝐺𝐺′, this is given on figure 3.2.3 and figure 
3.2.5 respectively. Let 𝑀𝑀 be the maximum matching in 𝐺𝐺 and  𝑓𝑓 be the maximum 
flow in 𝐺𝐺′. 

Claim: |𝑀𝑀| = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) 
( ≤ ) Let 𝑀𝑀 be the maximum matching in 𝐺𝐺 with |𝑀𝑀| = 𝑘𝑘. Since our assumption in 
the formulation of the network 𝐺𝐺′  is 𝑐𝑐(𝑒𝑒) = 1 for all arc 𝑒𝑒 ∈ 𝐸𝐸′ . By integral theorem, 
the maximum flow produces an integer value flow. Thus, 𝑓𝑓(𝑒𝑒) is either 0 or 1.  
Consider flow 𝑓𝑓 that sends 1 unit along each 𝑘𝑘 paths (paths whose one edge is from 
𝑀𝑀 ). Let 𝐶𝐶 be the minimum cut in ′ such that 𝐶𝐶 = �𝑆𝑆. 𝑆𝑆�  for a set  𝑠𝑠 ∈ 𝑆𝑆 ⊆ 𝑉𝑉′. Since 𝑀𝑀 
may not saturate 𝑉𝑉, so |𝑀𝑀| ≤ |𝐶𝐶| however, by max flow min cut theorem. We have  
                          |𝑀𝑀| ≤ 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓)                                                                                                         (2) 

( ≥ ) Let 𝑓𝑓 be the maximum flow in 𝐺𝐺′with 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑘𝑘. Since 𝑐𝑐(𝑒𝑒) = 1 for all 𝑒𝑒 ∈ 𝐸𝐸′, 
by integral theorem, we can assume that 𝑓𝑓(𝑒𝑒) is either 0 or 1 for every arc 𝑒𝑒 ∈ 𝐸𝐸′. 
Consider 𝑀𝑀 be the set of arcs from 𝑋𝑋 to 𝑌𝑌 with 𝑓𝑓(𝑒𝑒) = 1. This implies that each 
vertex in 𝑋𝑋 and 𝑌𝑌 appears in at most one edge in 𝑀𝑀. By lemma 4.1.1, 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) = 𝑘𝑘 = 
the maximum number of arc-disjoint (𝑠𝑠, 𝑡𝑡)-paths in 𝐺𝐺′ . let  𝑝𝑝1,𝑝𝑝2, … ,𝑝𝑝𝑘𝑘  be the k arc-
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disjoint (𝑠𝑠, 𝑡𝑡)-paths in 𝐺𝐺′ . Since 𝑀𝑀 is the set of independent edges with possible 
maximum cardinality, those paths do not share any arc of 𝑀𝑀.  
Therefore,  𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ≤ |𝑀𝑀|                                                                                                             (3) 
Hence, by (2) and (3) we have     |𝑀𝑀| ≤ 𝑣𝑣𝑣𝑣𝑣𝑣(𝑓𝑓) ∎ 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.2.7: Network 
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