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Abstract  

We have investigated the squeezing and statistical properties of the light 

cavity coupled to a vacuum reservoir via a single-port mirror. We carry out our 

analysis by considering the vacuum reservoir to be a noiseless physical entity 

and by applying the large-time approximation scheme to the quantum Langevin 

equations.  

We have found that the mean photon numbers of light modes ܽ and  ܾ are the 

same in the absence of spontaneous emission and the mean photon number of 

light mode ܽ is greater than that of light mode ܾ in the presence of spontaneous 

emission.  Our analysis also shows that mode ܽ is in general in chaotic state 

while mode ܾ is in a chaotic state under certain conditions. It is also found that the 

superposed light modes are in squeezed state with a maximum quadrature 

squeezing of 43% for ߛ = 0 and 46.5% for ߛ = 0.1 below the coherent vacuum 

state level. 
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  Chapter 1  

Introduction 

  
      The interaction between a three-level atom and light has been a subject of 

considerable interest of study for many years [1-15]. It has been established that 

a three-level atom under certain conditions generates squeezed light 

[1,2,3,4,7,11,12,13,14,15]. In a three-level atom the top, intermediate and bottom 

levels are denoted by  |ܽ〉,  |ܾ〉, and  |ܿ〉, respectively. The atom may be 

or coherent light. A three-level atom in the top level may decay to level |ܾ〉 and 

then to level |ܿ〉 due to stimulated emission; or it may decay to the bottom level 

due to spontaneous emission. It is worth mentioning that the aforementioned 

processes do not occur simultaneously. Moreover, when the three-level atom 

makes a transition from the top to the bottom level via the intermediate level, two 

photons are emitted. If the two photons have the same frequency, then the three-

level atom is called degenerate three-level atom otherwise it is called 

nondegenerate [1,12,13].  

    The squeezing and statistical properties of the light produced by a 

nondegenerate three- level atom have been studied by deferent authors 

[1,2,3,4,7,11,12,13,14]. These studies show that the nondegenerate three-level 

atom can produce squeezed light under certain conditions. Using the quantum 

Langevin equation, Lamrot Hailu [1] has shown that the superposition of the light 

modes produced by a nondegenerate three- level atom is in a squeezed state. In 

continuously pumped from the bottom to the top level by electron bombardment 
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addition, Lu and Zhu [4,7] have considered a nondegenerate three-level laser 

with the atoms initially prepared in a coherent superposition of the top and bottom 

levels. They have predicted a maximum squeezing of 50% of the superposed 

cavity modes. 

In this thesis, we seek to study the dynamics of a coherently driven 

nondegenerate three-level atom, in open cavity coupled to a vacuum reservoir via 

a single-port mirror. We carry out our analysis by putting the vacuum noise 

operators in normal order and applying the large-time approximation scheme. In 

particular we wish to calculate the mean photon number, the variance of the 

photon number, and the quadrature variance for the individual light modes and for 

the superposition of the two light modes. And finally we calculate the quadrature 

squeezing of the superposed light modes. 
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Chapter 2 

Operator Dynamics 

  

     We consider here a single nondegenerate three-level atom inside an open 

cavity which is coupled to a vacuum reservoir. The three-level atom is pumped 

from the bottom to the top level by coherent light. We carry out our analysis with 

the assumption that the cavity modes to be at resonance with the transitions 

|ܽ〉 → |ܾ〉 and |ܾ〉 →|ܿ〉 , with direct transition between levels |ܿ〉 and |ܽ〉 to be 

dipole forbidden. 

 

                                                                                             |ܽ〉 

                                         ε                         ߛ           ߛ௖            ߱௔௕                      κ 

                                                                                              |ܾ〉                  

                     ௖         ߱௕௖ߛ     ߛ                                                                                 

                                                                                              |ܿ〉  

Fig.2.1: Schematic representation of coherently drive nondegenerate three-level atom in an open 
cavity.     

 

    The interaction of a three-level atom with the driving coherent light can be 

described at resonance by the Hamiltonian 

෡ܪ              ′ = ݅݃′൫ߪො௖
ற ොܽ − ොܽறߪො௖൯,                                                 (2.1) 

where                 

ො௖ߪ                = |ܿ〉〈ܽ|                                                            (2.2)
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    is lowering atomic operator, ොܽ is the annihilation operator for the driving 

coherent light and ݃′ is the coupling constant between the atom and the 

coherent light . In order to have a mathematically manageable analysis, it is 

preferable to replace the operator ොܽ by a real and constant c-number ε. On 

account of this, the Hamiltonian can be expressed as  

෡ᇱܪ           = ୧Ω 
ଶ

ො௖ߪ)
ற −  ො௖),                                                          (2.3)ߪ

where      

          Ω =    (2.4)                                                            ,′݃ߝ2

  And the interaction of the three-level atom with the cavity modes can be 

described by the Hamiltonian 

"෡ܪ         = ݅݃൫ߪො௔
ற ොܽ − ොܽறߪො௔ + ො௕ߪ

ற ෠ܾ − ෠ܾறߪො௕൯,                                (2.5) 

where  

ො௔ߪ                     = |ܾ〉〈ܽ|                                                                                   (2.6) 

and           

ො௕ߪ                 = |ܿ〉〈ܾ|                                                       (2.7) 

are lowering atomic operators, ොܽ and ෠ܾ are the annihilation operators for the cavity 

mode, and ݃ is the coupling constant between the atom and the cavity modes. On 

account of Eqs.  (2.3) and (2.5), the interaction of the three-level atom with the 

coherent light and the cavity modes can be described by the Hamiltonian 

෡ܪ      = ୧Ω 
ଶ

ො௖ߪ) 
ற − ො௔ߪො௖ ) + ݅݃൫ߪ

ற ොܽ − ොܽறߪො௔ + ො௕ߪ
ற ෠ܾ − ෠ܾறߪො௕൯.                (2.8) 
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    We assume that the cavity mode is coupled to a vacuum reservoir via a single-

port mirror. One possible procedure to carry out our analysis is to assume the 

vacuum reservoir to be a noiseless physical entity. This can be done by putting 

the noise operators associated with the vacuum reservoir in normal order. Thus 

the noise operator does not affect the dynamics of the cavity mode operators. In 

view of this, we can drop the noise operator and write the quantum Langevin 

equation for the operators ොܽ and ෠ܾ as 

                   ௗ௔ො
ௗ௧

= − ఑
ଶ
ොܽ − ݅ൣ ොܽ  ෡൧                                            (2.9)ܪ,

and   

                   ௗ௕
෠

ௗ௧
= − ఑

ଶ
෠ܾ − ݅[ ෠ܾ,ܪ෡],                                         (2.10) 

where ߢ  is the cavity damping  constant. Then with the aid of Eq. (2.8), one can 

easily establish that 

                   ௗ௔ො
 ௗ௧

= − ҝ
ଶ
ොܽ −                                                  ො௔ ,                                                         (2.11)ߪ݃

                   ௗ௕
෠

ௗ௧
= − ҝ

ଶ
෠ܾ −  ො௕.                                             (2.12)ߪ݃

Furthermore, the master equation for the three-level atom interacting with a 

vacuum reservoir is given by 

ௗఘෝ
ௗ௧

= +ො൧ߩ,෡ܪൣ݅− ఊ
ଶ
൫2ߪො௕ߩොߪො௕

ற − ොߩ௕ߟ̂ − ௕൯ߟො̂ߩ + ఊ
ଶ
൫2ߪො௖ߩොߪො௖

ற − ොߩ௔ߟ̂ −   ௔൯,      (2.13)ߟො̂ߩ

 where 

௔ߟ̂                    = |ܽ〉〈ܽ|,                                                     (2.14) 

௕ߟ̂                    = |ܾ〉〈ܾ|,                                                      (2.15) 
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and ߛ is the spontaneous emission decay constant. With the help of Eq. (2.8), we 

can put Eq. (2.13) in the form of 

 ௗఘෝ
ௗ௧

=    Ω
ଶ
൫ߪො௖

றߩො − ොߩො௖ߪ − ො௖ߪොߩ
ற +  ො௖൯ߪොߩ

+݃൫ߪො௔
ற ොܽߩො − ොܽறߪො௔ߩො + ො௕ߪ

ற ෠ܾߩො − ෠ܾறߪො௕ߩො − ො௔ߪොߩ
ற ොܽ + ො௔ߪොܽறߩ − ො௕ߪොߩ

ற ෠ܾ + ොߩ ෠ܾறߪො௕൯ 

+ ఊ
ଶ
൫2ߪො௖ߩොߪො௖

ற − ොߩ௔ߟ̂ − ௔൯+  ఊߟො̂ߩ
ଶ
൫2ߪො௕ߩොߪො௕

ற − ොߩ௕ߟ̂ −                                 ௕൯.                        (2.16)ߟො̂ߩ

Furthermore, applying the relation 

                     ௗ
ௗ௧
〈መܣ〉  = ݎܶ ቂௗఘෝ

ௗ௧
 መቃ                                                       (2.17)ܣ

along with Eq. (2.16), we can easily establish that 

ௗ
ௗ௧
〈ො௔ߪ〉 = Ω +〈ො௔ߪ〉ߛ−

ଶ
ො௕ߪ〉

ற〉 + ݃൫〈̂ߟ௕ ොܽ〉 − ௔ߟ̂〉 ොܽ〉+ 〈 ෠ܾறߪො௖〉൯,                              (2.18) 

ௗ
ௗ௧
〈ො௕ߪ〉 = − ఊ

ଶ
〈ො௕ߪ〉 −

Ω
ଶ
ො௔ߪ〉

ற〉 + ݃൫〈̂ߟ௖ ෠ܾ〉 − ௕ߟ̂〉 ෠ܾ〉 − 〈 ොܽறߪො௖〉൯,                               (2.19) 

ௗ
ௗ௧
〈ො௖ߪ〉 = − ఊ

ଶ
〈ො௖ߪ〉 + Ω

ଶ
〈௖ߟ̂〉) − (〈௔ߟ̂〉 + ݃൫〈ߪො௕ ොܽ〉 − ො௔ߪ〉 ෠ܾ〉൯,                                (2.20)  

ௗ
ௗ௧
〈௔ߟ̂〉 = +〈௔ߟ̂〉ߛ− Ω

ଶ
൫〈ߪො௖

ற〉 + +൯〈ො௖ߪ〉 ݃൫〈ߪො௔
ற ොܽ〉 + 〈 ොܽறߪො௔〉൯,                              (2.21) 

ௗ
ௗ௧
〈௕ߟ̂〉 = 〈௕ߟ̂〉ߛ− + ݃൫〈෠ܾறߪො௕〉+ ො௕ߪ〉

ற ෠ܾ〉 − ො௔ߪ〉
ற ොܽ〉 − 〈 ොܽறߪො௔〉൯,                             (2.22) 

ௗ
ௗ௧
〈௖ߟ̂〉 = 〈௕ߟ̂〉)ߛ + −(〈௔ߟ̂〉

Ω
ଶ
൫〈ߪො௖

ற〉 + ൯〈ො௖ߪ〉 − ݃൫〈෠ܾறߪො௕〉+ ො௕ߪ〉
ற ෠ܾ〉൯,                   (2.23) 

 where 

௖ߟ̂                  = |ܿ〉〈ܿ|.                                                        (2.24)                    

The fact that Eq. (2.18) to Eq. (2.23) are nonlinear differential equations makes it 

impossible to find exact time-dependent solutions of these equations. To get rid of 
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this problem, we apply the large-time approximation to Eqs.  (2.11) and (2.12) and 

get the approximately valid relations 

                     ොܽ = − ଶ௚
ҡ
 ො௔                                                    (2.25)ߪ

and             

                     ෠ܾ = − ଶ௚
ҡ
                   ො௕.                                                    (2.26)ߪ

Substitution of Eq. (2.25) and Eq. (2.26) into the aforementioned equations yields 

ௗ
ௗ௧
〈ො௔ߪ〉 = Ω +〈ො௔ߪ〉ߛ−

ଶ
ො௕ߪ〉

ற〉 −  (2.27)                                                              ,〈ො௔ߪ〉௖ߛ

ௗ
ௗ௧
〈ො௕ߪ〉 = − ఊ

ଶ
〈ො௕ߪ〉 −

Ω
ଶ
ො௔ߪ〉

ற〉 − ఊ೎
ଶ
 (2.28)                                                              ,〈ො௕ߪ〉

ௗ
ௗ௧
〈ො௖ߪ〉 = − ఊ

ଶ
〈ො௖ߪ〉 + Ω

ଶ
〈௖ߟ̂〉) − −(〈௔ߟ̂〉

ఊ೎
ଶ
  (2.29)                                                 ,〈ො௖ߪ〉

ௗ
ௗ௧
〈௔ߟ̂〉 = +〈௔ߟ̂〉ߛ− Ω

ଶ
൫〈ߪො௖

ற〉 + ൯〈ො௖ߪ〉 −   (2.30)                                                 ,〈௔ߟ̂〉௖ߛ

ௗ
ௗ௧
〈௕ߟ̂〉 = 〈௕ߟ̂〉ߛ− + 〈௔ߟ̂〉)௖ߛ +  (2.31)                                                              ,(〈௕ߟ̂〉

ௗ
ௗ௧
〈௖ߟ̂〉 = 〈௕ߟ̂〉)ߛ  + −(〈௔ߟ̂〉

Ω
ଶ
൫〈ߪො௖

ற〉 + +൯〈ො௖ߪ〉  (2.32)                                      ,〈௕ߟ̂〉௖ߛ

where      

௖ߛ                     = ସ௚మ

఑
                                                           (2.33) 

   is called the stimulated emission decay constant. 
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And the steady state solutions of Eq. (2.27) - (2.32) are easily found to be 

〈ො௔ߪ〉 = Ω
ଶ(ఊାఊ೎)

ො௕ߪ〉
ற〉,                                                   (2.34) 

〈ො௕ߪ〉 = − Ω
(ఊାఊ೎)

ො௔ߪ〉
ற〉,                                                  (2.35) 

〈ො௖ߪ〉 = Ω
(ఊାఊ೎)

〈௖ߟ̂〉) −  (2.36)                                        ,(〈௔ߟ̂〉

〈௔ߟ̂〉 = Ω
ଶ(ఊାఊ೎)

൫〈ߪො௖
ற〉 +  ൯,                                      (2.37)〈ො௖ߪ〉

〈௕ߟ̂〉 = ఊ೎
(ఊାఊ೎)

 (2.38)                                                     ,〈௔ߟ̂〉

〈௖ߟ̂〉 = − Ω
ଶఊ
൫〈ߪො௖

ற〉 + ൯〈ො௖ߪ〉 + ఊ೎
ఊ
+〈௕ߟ̂〉 1.                     (2.39) 

With the help of the completeness relation 

௔ߟ̂                        + ௕ߟ̂ + ௖ߟ̂ =  መ,                                                 (2.40)ܫ

we see that                        

〈௔ߟ̂〉                      + +〈௕ߟ̂〉 〈௖ߟ̂〉 = 1.                                           (2.41)   

Taking into account Eq. (2.41), we easily get the steady state solutions of Eqs. 

(2.34) - (2.39) to be 

〈ො௔ߪ〉            = 0,                                                                  (2.42)    

〈ො௕ߪ〉            = 0,                                                                  (2.43) 

〈ො௖ߪ〉            = Ω(ஓౙାஓ)మ

(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ
,                                     (2.44) 

〈௔ߟ̂〉            =   Ωమ(ஓౙାஓ)
(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ

,                                    (2.45) 
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〈௕ߟ̂〉            = Ωమఊ೎
(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎

,                                     (2.46) 

〈௖ߟ̂〉            = (ஓౙାஓ)యାΩమ(ஓౙାஓ)
(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ

.                                    (2.47) 
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  Chapter 3 
Photon Statistics 
 

In this chapter, we present the statistical properties of the light modes 

produced by a nondegenerate three-level atom, in an open cavity, driven by 

coherent light. In particular, we calculate the mean and variance of the photon 

number at steady state. 

3.1 The mean photon number 

We first seek to calculate the mean photon number of the cavity light modes. 

For a light mode represented by an operator ߙො, the mean photon number is 

expressed by the notation 

ത݊ =  (3.1)                                                                             .〈ොߙොறߙ〉

On account of (3.1) and with the aid of Eqs. (2.25) and (2.26), one can express 

the mean photon number of light modes ܽ and ܾ in the form  

ത݊௔ = ఊ೎
఑
ො௔ߪ〉

றߪො௔〉                                                         (3.2) 

and  

ത݊௕ = ఊ೎
఑
ො௕ߪ〉

றߪො௕〉,                                                         (3.3) 

with ߛ௖ defined by Eq. (2.33).On account of Eq. (2.6) , we can put (3.2) in the form 

ത݊௔ = ఊ೎
఑
〈|ܽ〉〈ܾ|ܾ〉〈ܽ|〉,                                               (3.4) 



11 

 
from which follows 

ത݊௔ = ఊ೎
఑
 (3.5)                                                             .〈௔ߟ̂〉

Finally, upon substituting (2.45) into this equation, we have 

ത݊௔ = ఊ೎
఑
ቀ   Ωమ(ஓౙାஓ)

(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ
ቁ.                               (3.6) 

We see that for ߛ = 0 the mean photon number for mode ܽ becomes 

ത݊௔ = ఊ೎
఑
ቀ   Ωమ

ஓౙమାଷΩమ
ቁ.                                                      (3.7) 

 

Fig 3.1 Plots of the mean photon number of mode ܽ ( ത݊௔) at steady state [Eqs.(3.6) and (3.7)] 
versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and  ߛ = 0.1 (blue curve). 

  

The plots in Fig. 3.1 indicate that the mean photon number of mode ܽ is greater 

for ߛ = 0 than that for ߛ = 0.1 for 0 < Ω < 0.77 and is lesser for ߛ = 0 than that for 

ߛ = 0.1 for 0.77 < Ω < 4. 
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Moreover, on account of (2.7), we can write Eq. (3.3) in the form 

ത݊௕ = ఊ೎
఑
〈|ܾ〉〈ܿ|ܿ〉〈ܾ|〉.                                                (3.8) 

It then follows that 

 ത݊௕ = ఊ೎
఑
 (3.9)                                                            .〈௕ߟ̂〉

Using Eq. (2.46), we easily find 

 ത݊௕ = ఊ೎
఑
ቀ Ωమఊ೎

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቁ.                             (3.10) 

And for ߛ = 0 the mean photon number for mode ܾ becomes 

ത݊௕ = ఊ೎
఑
ቀ   Ωమ

ஓౙమାଷΩమ
ቁ.                                                    (3.11) 

 

Fig 3.2 Plots of the mean photon number of mode ܾ ( ത݊௕) at steady state [Eqs.(3.10) and (3.11)] 
versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and  ߛ = 0.1 (blue curve). 
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It can be seen from the plots in Fig. 3.2 that generally the mean photon 

number of mode ܾ is greater for ߛ = 0 than that for ߛ = 0.1  

Upon comparing (3.7) and (3.11) and with the help of Fig. 3.1 and Fig. 3.2 we 

observe that the mean photon numbers of the two light modes have the same 

value for ߛ = 0. However, for ߛ ≠ 0, ത݊௔ > ത݊௕.   

In order to determine the mean photon number of the superposed light modes, 

we take   

ො݊ = ො݊௔ + ො݊௕                                                            (3.12) 

to be the number operator for the superposed light modes. Then, the mean 

photon number of the superposed light modes can be expressed as 

ത݊ = ത݊௔ + ത݊௕ .                                                          (3.13) 

On account of Eqs. (3.6) and (3.10), we readily get 

ത݊ = ఊ೎
఑
ቀ   Ωమ(ଶஓౙାஓ)

(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ
ቁ.                               (3.14) 

And for ߛ = 0 the mean photon number becomes 

ത݊ = ఊ೎
఑
ቀ   ଶΩమ

ஓౙమାଷΩమ
ቁ.                                                      (3.15) 

We can easily see from the plots in Fig. 3.3 that the mean photon number of the 

superposed light modes is in general greater in the absence of spontaneous 

emission. 
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Fig 3.3 Plots of the mean photon number of the superposed light mode ( ത݊) at steady state 
[Eqs.(3.14) and (3.15)] versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) ,and 
ߛ  = 0.1 (blue curve). 

 

3.2 Variance of the photon number 

The variance of photon number is expressible as 

(∆݊)ଶ = 〈 ො݊ଶ〉 − ത݊ଶ .                                                             (3.16) 

In view of the above equation, the variance of photon number for modes ܽ and ܾ 

can be written as 

(∆݊௔)ଶ = 〈 ොܽற ොܽ ොܽற ොܽ〉 − 〈 ොܽற ොܽ〉ଶ                                 (3.17) 

and 

(∆݊௕)ଶ = 〈 ෠ܾற ෠ܾ ෠ܾற ෠ܾ〉 − 〈෠ܾற ෠ܾ〉ଶ.                                (3.18) 

In view of the fact that ොܽ and ෠ܾ are Gaussian variables with zero mean, we can 

rewrite Eqs. (3.17) and (3.18) as 
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(∆݊௔)ଶ = 〈 ොܽற ොܽ 〉〈 ොܽ ොܽற〉                                            (3.19) 

and  

(∆݊௕)ଶ = 〈 ෠ܾற ෠ܾ 〉〈 ෠ܾ ෠ܾற〉.                                            (3.20) 

Employing  Eqs. (2.25) and (2.26) and taking into account Eqs. (2.6) and (2.7), 

we arrive at 

 〈 ොܽ ොܽற〉 = ఊ೎
఑
 (3.21)                                                      〈௕ߟ̂〉

and   

〈 ෠ܾ ෠ܾற〉 = ఊ೎
఑
 (3.22)                                                      .〈௖ߟ̂〉

Thus with the help of Eqs. (3.5) and  Eqs. (3.21), we can express (3.19) as 

(∆݊௔)ଶ = ቀఊ೎
఑
ቁ
ଶ
 (3.23)                                         〈௕ߟ̂〉〈௔ߟ̂〉

We see that for ߛ = 0  

(∆݊௔)ଶ = ത݊௔ଶ,                                          (3.24) 

where  ത݊௔ is given by Eq. (3.5). This represents the normally ordered variance of 

the photon number for chaotic light. 

Moreover, with the help of Eq. (3.9) and (3.22) we can express (3.20) in the form 

(∆݊௕)ଶ = ቀఊ೎
఑
ቁ
ଶ
 (3.25)                                         .〈௖ߟ̂〉〈௕ߟ̂〉

Finally with the aid of Eqs. (2.45), (2.46) and (2.47), the variance of the photon 

number of modes ܽ and ܾ, specified by (3.23) and (3.25) are found to be 
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(∆݊௔)ଶ = ቀఊ೎
఑
ቁ
ଶ
ቂ   Ωమ(ஓౙାஓ)൫Ωమஓౙ൯

((ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ)మ
ቃ                     (3.26) 

and 

(∆݊௕)ଶ = ቀఊ೎
఑
ቁ
ଶ
ቂ   ൫Ωమஓౙ൯ൣ(ஓౙାஓ)యାΩమ(ஓౙାஓ)൧

((ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ)మ
ቃ.                    (3.27) 

And in the absence of spontaneous emission (ߛ = 0), the variance of the photon 

number for the two modes becomes  

(∆݊௔)ଶ = ቀఊ೎
఑
ቁ
ଶ
ቂ   Ωర

(ஓౙమାଷΩమ)మ
ቃ                                        (3.28) 

and  

(∆݊௕)ଶ = ቀఊ೎
఑
ቁ
ଶ
ቂ  Ωమ൫Ωమାஓౙమ൯

(ஓౙమାଷΩమ)మ
ቃ.                                      (3.29)  

The plots in Fig.3.4 show that the variance of the photon number of mode ܽ is 

zero for, ߛ = 0 , and  ߛ = 0.1 for 0 < Ω < 0.07. However, this variance is greater 

for, ߛ = 0 than that for  ߛ = 0.1 for 0.08 < Ω < 1. On the other hand, the plots in 

Fig. 3.5 show that the variance of the photon number of mode ܾ is generally 

greater in the absence of spontaneous emission. 
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 Fig .3.4 Plots of the variance of photon number of mode ܽ (∆݊௔)ଶ at steady state [Eqs.(3.26) and 
(3.28)] versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and  ߛ = 0.1 (blue curve) 

 

                          

Fig 3.5 Plots of the variance of photon number of mode ܾ (∆݊௕)ଶ at steady state [Eqs.(3.27) and 
(3.29)] versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and  ߛ = 0.1 (blue curve) 
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Furthermore, the variance of photon number for the superposed light modes can 

be expressed as 

(∆݊)ଶ = 〈 ො݊ଶ〉 − ത݊ଶ                                                              (3.30)          

                            = 〈( ො݊௔ + ො݊௕)ଶ〉 − ത݊ଶ                                                  

from which  follows 

(∆݊)ଶ = 〈 ො݊௔
ଶ〉 + 〈 ො݊௕

ଶ〉 + 〈2 ො݊௔ ො݊௕〉 − ത݊ଶ .                         (3.31) 

 On account of Eq. (3.1), we have 

〈 ො݊௔
ଶ〉 = 〈 ොܽற ොܽ ොܽற ොܽ〉,                                                     (3.32)  

〈 ො݊௕
ଶ〉 = 〈 ෠ܾற ෠ܾܾற ෠ܾ〉,                                                     (3.33)  

and 

〈 ො݊௔ ො݊௕〉 = 〈 ොܽற ොܾܽற ෠ܾ〉.                                                (3.34) 

with the aid of Eqs. (2.6) and (2.7), one can easily establish that 

                    〈 ො݊௔
ଶ〉 = ቀఊ೎

఑
ቁ
ଶ
 (3.35)                                                ,〈௔ߟ̂〉

                     〈 ො݊௕
ଶ〉 = ቀఊ೎

఑
ቁ
ଶ
 (3.36)                                               ,〈௕ߟ̂〉

and 

                       〈 ො݊௔ ො݊௕〉 = 0.                                                         (3.37) 

Hence using Eqs. (3.34), (3.35) and (3.36) we can readily arrive at 

(∆݊)ଶ = ቀఊ೎
఑
ቁ
ଶ

+〈௔ߟ̂〉) −(〈௕ߟ̂〉 ത݊ଶ .                                        (3.38) 
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On substituting Eq. (2.45), (2.46), and (3.14), there follows 

(∆݊)ଶ = ቀఊ೎
఑
ቁ
ଶ
ቀ   Ωమ(ଶஓౙାஓ)

(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ
ቁ −  ቀఊ೎

఑
ቁ
ଶ
ቀ ସΩరఊ೎మାସΩమఊ೎ఊାΩరఊమ

[(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ]మ
ቁ.           (3.39) 

Finally, the variance of photon number for the superposed light modes can be put 

in the form 

(∆݊)ଶ =  ቀఊ೎
఑
ቁ
ଶ
ቂΩ

ర൫ଶఊ೎మାఊమ൯ାΩమఊ೎ఊ൫଻ఊ೎మାହఊమା଺ఊ೎ംାଷ൯ାΩమ൫ଶఊ೎రାఊరାଷఊ೎మఊమ൯
[(ஓౙାஓ)యାଶΩమ(ஓౙାஓ)ାΩమஓౙ]మ

ቃ      (3.40)                              

And in the absence of spontaneous emission ( ߛ = 0), we have 

(∆݊)ଶ = ቀఊ೎
఑
ቁ
ଶ
ቀଶΩ

రାଶΩమఊ೎మ

(ஓౙమାଷΩమ)మ
ቁ.                                    (3.41) 

Fig 3.6 Plots of the variance of photon number of the superposed light modes (∆݊)ଶ at steady 
state [Eqs.(3.40) and (3.41)] versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) ,and 
ߛ  = 0.1 (blue curve). 

The plot in Fig. 3.6 clearly indicates that the variance of the photon number of the 

superposed light modes is greater for ߛ = 0 than for ߛ = 0.1 . 
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Chapter 4  

Quadrature Variance 

In this chapter we seek to discuss the variance of the quadrature operators and 

the quadrature squeezing of the two-mode light. 

We define the quadrature operators for mode ܽ by 

ොܽା = ොܽற + ොܽ                                                            (4.1)   

and 

ොܽି = ݅( ොܽற − ොܽ).                                                        (4.2)   

On account of (2.25) , we have 

ොܽା = − ଶ௚
఑
൫ߪො௔

ற +    ො௔൯                                                (4.3)ߪ

ොܽି = − ଶ௚
఑
݅൫ߪො௔

ற −      ො௔൯.                                              (4.4)ߪ

With the aid of (2.6), it can readily be established that 

[ ොܽି , ොܽା ] = 2݅ ఊ೎
఑

௔ߟ̂) −    ௕).                                         (4.5)ߟ̂

The uncertainty relation for two operators ܣመ and ܤ෠  reads, 

ܤ∆ܣ∆ ≥ ଵ
ଶ
ห〈ൣܣመ,ܤ෠൧〉ห.                                                   (4.6)   

Hence in view of (4.6) along with (4.5), we easily get 

∆ܽା∆ܽି ≥
ఊ೎
఑

〈௔ߟ̂〉| −    (4.7)                                       .|〈௕ߟ̂〉
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 Substitution of Eqs. (2.45) and (2.46) into (4.7) yields 

∆ܽା∆ܽି ≥
ఊ೎
఑
ቚ Ωమఊ

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቚ.                           (4.8)   

And for ߛ = 0, we have 

∆ܽା∆ܽି ≥ 0.                                                            (4.9)   

The variance of the quadrature operators for mode ܽ is expressed as 

(∆ܽ±)ଶ = ±〈[ ොܽற ± ොܽ]ଶ〉 ∓ [〈 ොܽற〉 ± 〈 ොܽ〉]ଶ.                    (4.10)   

Introducing (2.42) into (2.25), we see that 

〈 ොܽ(ݐ)〉 = 0.                                                   (4.11) 

 It then follows  that 

(∆ܽ±)ଶ = 〈 ොܽற ොܽ〉 + 〈 ොܽ ොܽற〉 ± 〈 ොܽறଶ〉 ± 〈 ොܽଶ〉.                 (4.12)   

Now with the help of (3.5) and (3.21), we arrive at 

(∆ܽା)ଶ = (∆ܽି)ଶ = ఊ೎
఑

〈௔ߟ̂〉] +  (4.13)                       .[〈௕ߟ̂〉

Finally, upon substituting (2.45) and (2.46), the variance of quadrature operators 

for mode ܽ becomes  

(∆ܽ±)ଶ = ఊ೎
఑
ቂ Ωమ(ଶఊ೎ାఊ)

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቃ.                        (4.14)   

And in the absence of spontaneous emission (ߛ = 0), we get 

(∆ܽ±)ଶ = ఊ೎
఑
ቂ ଶΩమ

ஓౙమାଷΩమ
ቃ.                                             (4.15)  
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Fig. 4.1 Plots of the quadrature variance of mode ܽ (∆ܽ±)ଶ at steady state [Eqs.(4.14) and 
(4.15)] versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and  ߛ = 0.1 (blue curve). 

 

We see from Fig. 4.1 that the quadrature variance of mode ܽ is greater for ߛ = 0 

than that for ߛ = 0.1. 

In view of Eq. (3.7), one can rewrite the variance of quadrature for mode ܽ, for 

ߛ = 0,  in terms of the mean photon number as 

(∆ܽ±)ଶ = 2 ത݊௔.                                                       (4.16)  

This is the normally ordered quadrature variance for chaotic light.  

Following the same procedure, we define 

෠ܾା = ෠ܾற + ෠ܾ                                                          (4.17)   

and 

෠ܾି = ݅൫෠ܾற − ෠ܾ൯.                                                      (4.18)   

to be the quadrature operators describing the squeezing properties  of mode ܾ.    
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One can also readily establish that 

ൣ ෠ܾି, ෠ܾା ൧ = 2݅ ఊ೎
఑

௕ߟ̂) −    ௖).                                        (4.19)ߟ̂

And  

∆ܾା∆ܾି ≥
ఊ೎
఑

〈௕ߟ̂〉| −    (4.20)                                      .|〈௖ߟ̂〉

Now substitution of Eqs. (2.46) and (2.47) into (4.20) yields 

∆ܾା∆ܾି ≥
ఊ೎
఑
ቚ Ωమఊା(ఊ೎ାఊ)య

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቚ.                       (4.21)   

And for ߛ = 0 , 

∆ܾା∆ܾି ≥
ఊ೎
఑
ቚ ఊ೎మ

ஓౙమାଷΩమ
ቚ.                                            (4.22)   

Moreover, the variances of quadrature operators for mode ܾ are expressed as 

(∆ܾା)ଶ = (∆ܾି)ଶ = ఊ೎
఑

〈௕ߟ̂〉] +    (4.23)                        .[〈௖ߟ̂〉

Thus introducing (2.46) and (2.47), into (4.23) the steady-state variances take the 

form 

(∆ܾ±)ଶ = ఊ೎
఑
ቂ Ωమ(ଶఊ೎ାఊ)ା(ఊ೎ାఊ)య

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቃ.                        (4.24)   

And for ߛ = 0 ,we have 

(∆ܾ±)ଶ = ఊ೎
఑
ቂଶΩ

మାఊ೎మ

ஓౙమାଷΩమ
ቃ.                                             (4.25)   
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Fig. 4.2 Plots of the quadrature variance of mode ܾ (∆ܾ±)ଶ at steady state [Eqs.(4.24) and (4.25)] 
versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and  ߛ = 0.1 (blue curve). 

 

We observe from Fig. 4.2 that the quadrature variance of mode ܾ is generally 

greater in the absence of spontaneous emission. 

We notice that for Ω ≫  ௖, Eq. (4.25) reduces toߛ

(∆ܾ±)ଶ = ଶఊ೎
ଷ఑

.                                                         (4.26)   

For the same limiting case on, the mean photon number of mode ܾ given by 

(3.11) takes the form 

 ഥ݊௕ = ఊ೎
ଷ఑

.                                                             (4.27)   

Upon comparing (4.26) and (4.27), we see that 

(∆ܾ±)ଶ = 2 ത݊௕.                                                       (4.28)   
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       On account of Eqs. (4.16) and (4.28), it is worth to mention that the light 

modes produced by a nondegenerate three-level atom in an open cavity in the 

absence of spontaneous emission are chaotic.  

  We next seek to calculate the quadrature variance of the superposition of 

mode ܽ and mode ܾ. To this end, we define the operator representing the 

superposed light modes by 

ܿ̂ = ොܽ + ෠ܾ .                                                                 (4.29)   

We note that 

〈ܿ̂றܿ̂〉 = 〈 ොܽற ොܽ〉 +   〈 ෠ܾற ෠ܾ〉.                                           (4.30)   

On account of (2.25) and (2.26), we can put (4.29) in the form  

ܿ̂ = − ଶ௚
఑

ො௔ߪ) +    ො௕)                                                     (4.31)ߪ

and 

ܿ̂ற = − ଶ௚
఑
൫ߪො௔

ற + ො௕ߪ
ற൯.                                                 (4.32)  

 We then define the quadrature operators of the superposed light as 

ܿା̂ = ܿ̂ற + ܿ̂                                                           (4.33)   

and   

ܿ̂ି = ݅(ܿ̂ற − ܿ̂).                                                       (4.34)   

Thus, in view of (4.3) and (4.4) and along with (2.25) and (2.26), one can put 

(4.33) and (4.34) in the form                            
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ܿା̂ = − ଶ௚

఑
൫ߪො௔

ற + ො௕ߪ
ற + ො௔ߪ +  ො௕൯                               (4.35)ߪ

and 

ܿ̂ି = − ଶ௚
఑
݅൫ߪො௔

ற + ො௕ߪ
ற − ො௔ߪ −  ො௕൯.                             (4.36)ߪ

One can easily establish that 

                    [ܿ̂ି , ܿା̂ ] = 2݅ ఊ೎
఑

௔ߟ̂) −    ௖).                                       (4.37)ߟ̂

It then follows that 

∆ܿା∆ܿି ≥
ఊ೎
఑

〈௔ߟ̂〉| −    (4.38)                                       .|〈௖ߟ̂〉

Introducing (2.45) and (2.47) into the above expression yields 

                     ∆ܿା∆ܿି ≥
ఊ೎
఑
ቚ (ఊ೎ାఊ)య

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቚ.                      (4.39)   

And for ߛ = 0 , we have 

∆ܿା∆ܿି ≥
ఊ೎
఑
ቚ ఊ೎మ

ஓౙమାଷΩమ
ቚ.                                             (4.40)   

Furthermore, the variances of the quadrature variance for the superposed light 

modes is given by 

(∆ܿ±)ଶ = 〈ܿ̂றܿ̂〉 + 〈ܿ̂ܿற〉± 〈ܿ̂றଶ〉 ± 〈ܿ̂ଶ〉 ∓ 〈ܿ̂ற〉ଶ∓〈ܿ̂〉ଶ − 2〈ܿ̂ற〉〈ܿ̂〉.              (4.41)   

With the help of the expression given by (4.29), we see that 

〈ܿ̂〉 = 〈 ොܽ〉 + 〈 ෠ܾ〉.                                                       (4.42) 

On account of (2.25) and (2.26) along with (2.42) and (2.43), we easily find 

〈ܿ̂〉 = 0.                                                            (4.43) 
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So that on account of (4.43), we have 

(∆ܿା)ଶ = 〈ܿ̂றܿ̂〉 + 〈ܿ̂ܿற〉 + 〈ܿ̂றଶ〉 + 〈ܿ̂ଶ〉                      (4.44) 

and  

(∆ܿି)ଶ = 〈ܿ̂றܿ̂〉 + 〈ܿ̂ܿற〉 − 〈ܿ̂றଶ〉 − 〈ܿ̂ଶ〉                    (4.45)   

On account (4.31) and (4.32) along with (2.6) and (2.7) one can easily arrive at 

(∆ܿା)ଶ = ఊ೎
఑

+〈௔ߟ̂〉] 〈௕ߟ̂〉2 + +〈௖ߟ̂〉    (4.46)               [〈ො௖ߪ〉2

and 

(∆ܿି)ଶ = ఊ೎
఑

+〈௔ߟ̂〉] 〈௕ߟ̂〉2 + 〈௖ߟ̂〉 −    (4.47)               .[〈ො௖ߪ〉2

Substitution of (2.44), (2.45), (2.46) and (2.47) into the aforementioned equations 

results in 

(∆ܿା)ଶ = ఊ೎
఑
ቂଶΩ

మ(ଶఊ೎ାఊ)ା(ఊ೎ାఊ)యାଶΩ(ఊ೎ାఊ)మ

(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎
ቃ                 (4.48)   

and 

(∆ܿି)ଶ = ఊ೎
఑
ቂଶΩ

మ(ଶఊ೎ାఊ)ା(ఊ೎ାఊ)యିଶΩ(ఊ೎ାఊ)మ    
(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎

ቃ.              (4.49)   

      On the basis of (4.48) and (4.49), we observe that the superposed light is in a 

squeezed state and the squeezing occurs in the minus quadrature. 

In the absence of spontaneous emission (ߛ = 0), we have 

(∆ܿା)ଶ = ఊ೎
఑
ቂସΩ

మାఊ೎మାଶΩఊ೎
ஓౙమାଷΩమ

ቃ                                       (4.50)   

and 
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                         (∆ܿି)ଶ = ఊ೎
఑
ቂସΩ

మାఊ೎మିଶΩఊ೎
ஓౙమାଷΩమ

ቃ.                                     (4.51)   

Fig. 4.3 Plots of the quadrature variance of the superposed light modes (∆ܿି)ଶ at steady state 
[Eqs.(4.49) and (4.51)] versus Ω for ߛ௖ = 0.5, ҝ = ߛ ,0.8 = 0 (green curve) , and 
ߛ  = 0.1 (blue curve). 

 

Fig. 4.3 clearly indicates that the quadrature variance of the superposed light 

modes is lesser in the presence of spontaneous emission. 

We see that for Ω = 0 Eqs. (3.14), (4.39), (4.48) and (4.49) take the form 

ത݊ = 0                                                                     (4.52) 

∆ܿା∆ܿି ≥
ఊ೎
఑

                                                           (4.53) 

(∆ܿା)ଶ = (∆ܿି)ଶ = ఊ೎
఑

                                             (4.54) 



29 

 
 We observe that Eqs. (4.52), (4.53), and (4.54) describe a two mode coherent 

vacuum state. We intend to calculate the quadrature squeezing of the 

superposed light modes relative to the quadrature variance of the coherent 

vacuum-state level given by Eq. (4.54) 

      We then define the quadrature squeezing of the superposed light modes by 

ܵ = (∆௖ష)೎
మି (∆௖ష)మ

(∆௖ష)೎
మ  .                  (4.55) 

Now with the aid (4.49) and (4.54), one can put Eq. (4.55) in the form 

ܵ = ଶΩ(ఊ೎ାఊ)మିΩమఊ೎
(ఊ೎ାఊ)యାଶΩమ(ఊ೎ାఊ)ାΩమఊ೎

.                               (4.56) 

And for ߛ = 0, we have  

ܵ = ଶΩఊ೎ିΩమ

ஓౙమାଷΩమ
.                                                 (4.57) 

One can also be put (4.57) in the form 

ܵ = ଶఎିఎమ

ଵାଷ஗మ ,                                                    (4.58) 

in which ߟ = Ω
ఊ೎

. 

      The plots in Fig. 4.3 indicate that for ߛ = 0 the maximum quadrature 

squeezing of the superposed light modes is 43% below the coherent vacuum- 

state level and this occurs at Ω = 0.22 [1]. We can clearly see that the degree of 

squeezing of the superposed light modes increase for 0 < Ω < 0.23 and then 

decreases for 0.53 < Ω < 0.7.       
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Fig 4.4 Plots of the quadrature squeezing at steady state [Eqs.(4.55) and (4.56)] versus Ω for 
௖ߛ = 0.5, ҝ = ߛ ,0.8 = 0(green curve) , and  ߛ = 0.1(blue curve). 

 

On the other hand, the maximum quadrature squeezing of the cavity modes is 

46.5% below the coherent vacuum-state level for ߛ = 0.1 and this occurs at  Ω =

0.28 . Furthermore, the degree of squeezing for the superposed light modes 

increases for 0 < Ω < 0.29 and then decreases for 0.29 < Ω < 0.7. 
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  Chapter 5 

Conclusion 

     In this thesis we have studied the statistical and squeezing properties of the 

light generated by a coherently driven nondegenerate three-level atom in an open 

cavity coupled to a vacuum reservoir via a single-port mirror. Applying the large-

time approximation scheme, we have obtained the steady state solutions of the 

quantum Langevin equations. We have carried out our analysis by putting the 

noise operators associated with the vacuum reservoir in normal order. 

Using the steady state solutions of the quantum Langevin equations, we have 

calculated the mean photon number, the variance of the photon number, and the 

quadrature variance for the separate light modes and for the superposition of the 

two light modes. We have seen that the mean photon numbers of the two light 

modes are the same for ߛ = 0  and ത݊௔ > ത݊௕ for ߛ = 0.1. In addition, our results 

show that light mode ܽ is in general in chaotic state while light mode ܾ is in a 

chaotic state for ߛ௖ << Ω. Our calculation of the quadrature variance of the 

superposed light modes indicates that they are in a squeezed state and the 

squeezing occurs in the minus quadrature. 

It so turns out that the maximum quadrature squeezing of the superposed light 

modes is 43% for ߛ = 0 and 46.5% for ߛ = 0.1 below the coherent vacuum-state 

level. 
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