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Symbols and notations
~, =, homotopic maps

~, homeomorphic spaces

=, isomorphic groups

ker (f), kernel of a homomorphism

I =1'=[0,1] € R, the unitinterval.

D" = {x € R™: |x| £ 1}, the unit n-disk.

S"™1 = {x € R":|x| = 1}, the unit sphere of dimension n-1.

§* = {x € R?*:|x| = 1}, the one dimensional sphere, circle group.

§% = {x € [%|x| = 1}, the infinite dimensional sphere.



Introduction

One of the basic problems in topology is to determine whether two given two topological
spaces are homeomorphic or not. Showing that two spaces are homeomorphic is a matter
of constructing a continuous mapping from one to the other having a continuous inverse,

and constructing continuous functions is a problem that we have developed techniques to
handle.

But the topological properties we have studied up to now do not carry us very far in
solving the problem. For instance, how does one show that the plane R? is not
homeomorphic to three-dimensional space R3? As one goes down the list of topological
properties—compactness, connectedness, local connectedness, metrizability, and so on one
can find no topological property that distinguishes between them. As another example,
consider such surfaces as the 2-sphere S?, the torus T (surface of a doughnut), and the
double torus T#T (surface of two-holed doughnut). None of the topological properties we
have studied up to now will distinguish them.

So we must introduce new properties and new techniques. One of the most natural such
properties is simple connectedness. Roughly speaking, one says that a space X is simply
connected if every closed curve in X can be shrunk to a point in X. The property of simple
connectedness, it turns out, will distinguish between R2 and R?3; deleting a point from R3
leaves a connected space remaining, but deleting from R2 does not. It will also distinguish
between S2 (which is simply connected) and the torus T (which is not). But it will not
distinguish between T and T#T; neither of them is simply connected.

There is an idea more general than the idea of simple connectedness, an idea that includes
simple connectedness as a special case. It involves a certain group that is called the
fundamental group of the space. Two spaces that are homeomorphic have fundamental
groups which are isomorphic. And the condition of simple connectedness is just the
condition that the fundamental group of X is the trivial (one element) group.

How can we distinguish between S* and T°?



Figurel. Torus, 7°. Figure 2. Sphere, §° .

A closed loop on S* can always be deformed into a constant loop: but this fails on 7"
Thus the proof that S2 and T2 are not homeomorphic can be rephrased by saying that the
fundamental group of S2 is trivial and the fundamental group of T is not. The fundamental
group will distinguish between more spaces than the condition of simple connectedness
will. It can be used, for example, to show that T and T#T are not homeomorphic; it turns
out that T has an abelian fundamental group and T#T does not.



Important Definitions and Theorems
1. The pasting lemma: Let X = AUB, where A and B are closed in X. Let

f:A—>Yand g:B— Y becontinuous. If f(x)= g(x)forevery xe An Bthen fandg

f(x), ifxe A

combine to give a continuous function h(x) = 3 :
g(x) ifxeB

2. Definition: A space X is said to be arcwise connected or pathwise connected if any two
points of X can be joined by an arc. The maximal arcwise-connected subsets of X, called
arcwise connected components (arc components) of X, form a partition of X.

3. Definition: A space X is locally arcwise connected if each point has a basic family of
arcwise connected neighborhoods.

4. An arcwise-connected space is connected, but the converse is not true. A space which is
connected and locally arcwise connected is arcwise connected.

5. Theorem (Seifert-Van Kampen Theorem, special case)
Suppose X =U UV ,where U and V simply connected open are subspaces of X with

U NV nonempty and pathwise connected then X is simply connected.

Homotopy of Paths
The homotopy of paths plays an important role not only in the course complex analysis, in
evaluating complex integrals but also in the study of the fundamental group.

Before defining the fundamental group of a space X, we shall consider paths on X and an
equivalence relation called path homotopy between them. And we shall define a certain
operation on the collection of the equivalence classes that makes it into what is called
algebra of groupoid.

Definition: If fo and f1 are continuous maps of the space X in to the space Y, we say that fo is
homotopic to fi if there is a continuous map F: X x 1 —Y such that

F(x, 0) = fo(x) and F(x, 1) = fi(x) for each xe X . Here (I= [0, 1].).
The map F is called homotopy between fo and fi. If fo is homotopic to fi, we write fo~Fi.
If fo ~f1 and fy is a constant map, we say that fo is nu/lhomotopic.

Now we consider the special case in which fis a path in X.



Definition: If f: [0, 1] —X is a continuous map such that f (0) =xo and f (1) =x;, we say that f

is a path in X from xo to x1. We also say xo is the initial point, and x; is the terminal point, of
the path f.

Remark: From now on we use the interval I= [0, 1] as the domain for all paths.

Definition: Two paths fo and f;, mapping the interval I=[0,1] into X , are said to be path

homotopicif they have the same initial point xp and the same terminal point x1 , and if there
is a continuous map F: I x| —X such that

F(s, 0) =fo (s) and F(s, 1) =fi(s), F(0,t)=xo and F(1,t)=x; for eachs el and each t €.
We call F a path homotopy between fy and fi. See Figure 1.
If fo is path homotopic to f;, we write fo~ fi.

If we imagine the parameter t as representing time, then the homotopy f represents a
continuous “deforming” of the map fo to the map fi, as t goes from 0 to 1.

t 4 F

: /’_\‘
1>t

0 1 s

A J

The first condition says simply that F is a homotopy between fy and f1, and the second
condition says that for each t, the path f, defined by the equation f,(s) = F(s,r) is a path
from Xo to xi. Said differently, the first condition says that F represents a continuous way of

deforming the path fo to fi, and the second condition says that the end points of the path
remain fixed during the deformation.



Lemma The relation ~ is an equivalence relation.
Proof: Given paths f, f; and f2.To check the properties of equivalence relation.
Now the homotopy F: 12— X, between fand fis given by F(s,t) = f(s) Vs,re [l .

We must show that F (s, t) is continuous and that F(s, 0) = F(s, 1) = f(s).

Given ¢ > 0 we wantto find & > Osuch thatif 0 < J(s -5,)° +(t—t,)* <& then
|F(s,0) = F(s:80)| < €.

Now |F(s,) = F(sq.ty)| =|/(s)— f(5,)|, and since f is continuous on I given & > 0 thereisa
& > Osuch that if 0 <|s —s,| < 5'then \f(s)— f(s,)| < &, but this implies

[F(5,1) = F (50,80 = | /()= f(s0)] < &

Thus F is continuous on I x I. Clearly, F(s, 0) =F(s, 1) =f(s).So ~ is reflexive.

Suppose fo~f1, we need to show that fi~fo. Since fo~fi, there is a homotopy F: 12 — X such
that F(s, 0) = fo(s) and F(s, 1) = fi(s).

Define H: 12 — X by H(s, t) =F(s, 1-t) foralls t €l. We have H(s, 0) = F(s, 1) =fi(s), and
H(s, 1) =F(s, 0) =fo(s).The continuity of H is followed from the continuity of F.

Hence, H(s, t) is a homotopy between f; and fo.So ~ is symmetric.

Now it remains to show that ~ is transitive, i.e. if fo~fiand fi~fzthen fo~f.

Since fo~fi there is a homotopy F: 12— X such that F(s, 0) =fo(s) and

F(s, 1) =fi(s) forsel.

Similarly, since fi~f2, there is a homotopy G: I = X such that

G(s, 0) =fi(s) and G(s, 1) =fz(s) for all se l. Let us define a mapping h: I2 = X by

F(s,2t) for 0<t1<1/2
G(s.2t-1) for1/2<t<1

forallsel.

h(s, t) ={

Note that h(s, 0) = F(s, 0) = fo(s) and h(s, 1) = G(s, 1) = fa(s) h(s, 1/2) = F(s,0) =G(s, 1) =
fi(s)



Mapping h(s, t) is well defined, since if t=1/2, we have F(s,2t) = fi(s) =G(s, 2t-1) and since
h'is continuous on the two closed subsets | x [0, 1/2)and 1x [1/2, 1] of I2, it is continuous
on all of 12, by the pasting lemma.

Thus h(s, t) is a homotopy between fo and f2. So ~ is transitive. See figure 2.
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Therefore, the relation ~ is an equivalence relation.

Definition: The family of all continuous maps from | into X, which are homotopictoa
continuous map f, is called the homotopy class of f, denoted by [f].

Examplel. Let f and g be any two maps of a space X in to R It is easy to see that fand g are
homotopic; the map

F(x, t) = (1- t)f(x) + t g(x) is a homotopy between them . It is called a straight-line
homotopy because it moves the point f(x) to the point g(x) along the straight line segment
joining them.

If fand g are paths from xo to x1, then F will be a path homotopy. This situation is pictured
in Figure 3.More generally, let A be any convex subspace of R". (This means that for any
two points a, b of A, the straight line segment joining a and b is contained in A.).Then any
two paths f, g in A from Xo to x1 are path homotopic in A, for the straight-line homotopy F

between them has image in set A.



Example 2 Let X denotes the punctured plane, RZ-{0}. The following paths in X,

f(s) = (cosms,sinms) , g(s) = (cosms, 2sin 7s ) are path homotopic ; the straight line
homotopy between them is an acceptable path homotopy. But the straight line homotopy

between fand the path h(s) = (cos s, -sin ns ) is not acceptable , for its image does not
lie in the space X= R2-{0}.See figure below.

This example illustrates the fact that you must know what the range space is before you

can tell whether two paths are path homotopic or not. The paths fand h would be path
homotopic if they were paths in R2.

Now we define a certain operation on path homotopy classes as follows:

Definition: If fis a path in X from xo to x1, and if g is a path in X from x; to x2, we define the
product f.g of fand g by

f(2t)  forte[0,1/2]

(Fe)®)= {g(2!—l) forte[l/2,1]

The function f.g is well- defined and continuous, by the pasting lemma; it is a path in X
from xo to x2,.We think of fe g as the path with first half the path fand second half the path

E.

The product operation on paths induces a well-defined operation on path-homotopy
classes, defined by the equation

[f]. (g] = [f.g]

Step 1let hy, ha, ha be paths such that hi~ h3 then we will show h e h, ~h, eh,
Since hi~ h3,a homotopy h:I1* = X exists: h(s, 0) = hy (s) and h(s, 1)= ha(s)

h(2s,t) se€[0,1/2]

We define H: [2 —X by H(s'r)={h (2s-1) se[1/2,1]
2 ]

h(2s,0) se[0,l/2]_{h1(2ﬂ BElOE Lok o 36) se0i]

s SR ={h2(25—1) sel/2] [h@s-Dsell/2]]

h(2s,1) s€[0,1/2] {hs @syr seIDM2] o ohe) s efo)

A Hl)= {h2(2s—1) se[l/21] |m2s-1)sell/2]]



The continuity of H follows from the continuity of h and h2. Hence, h, o h, ~h, o h,

Step 2Suppose hi~hsand ho~ hs By step 1, we have that h, e h, ~h, ok,
Similarly, we can show that A, eh, ~h eh,
The homotopy will be

h(2s) se[0,1/2)

G:1' > X by G(s,0)=1 |
h'2s-11) sell/2,1]

Where his the homotopy between hz and hs.
Thus, [, ®h] = [/ ]e[h,)[h; @ hy]=[h,])e[h,] and (A )elhy]=h]e[h,]
We have h,®h, ~h;oh, ~h,oh,

Hence, if [ 1=1h;] and [h,)=[h,],then [h|e[h,]=[h;]e[h,]

Lemma The equivalence relation and the product we have defined are compatible in the
following sense: If fo ~ fiand g,~ g, then f, ®g,~ f, ® g, (itis assumed, off course, that

the terminal point of fy is the initial point of & )
Proof: First let’s draw diagram for the above statement




Since fo~ f1,a continuous map hi(s, t) €l exists: hy(s, 0) =fo(s), hi(s, 1) =fi(s)
Since &~ & »acontinuous map ha(s, t) el exists: ha(s, 0) =g, (s), ha(s, 1) =g, (5)

To show g,/; ~ &/, Itsuffices to show that a continuous function H(s, t) Z exists:

H(s, 0) = (&o/o)(s) and H(s, 1)= (g, /,)(s)Define H(s, t) = ha (hi(s, t), t).
Then, H(s, 0) = hz (hi(s, 0), 0) = ha (fo(s), 0) = &; (fo(s)) = (&o/So)(S)
H(s, 1) = ha2 (hi(s, 1), 1) = hz2(fa(s), 1) = &, (fi(s))= (&/1)(s)
And since hy and hz are continuous so is their composition, and H is also continuous.
Thus, H is a homotopy between &/, and g, f, .

Lemma The multiplication of equivalence classes of paths is associative.
Proof: Let [h1], [hz], [h3] represent equivalence class of paths hy hz and hs respectively.

To show ([A,]®[h,])e[h]=[h]e([h,]*[h;]).It suffices to show that
(h oh,)eh, ~h, e(h,eh)
h, (41) fort €[0,1/4]

h,(4t-1) forte(l/4,1/2]
h(2t-1)  forte[l/2.]]

! h e h,)(2t) forte[0,1/2]
By definition ((h, ®h,)ehy)(t) = {i '(2!_2)1) e e[[uz 0"
3 »
h,(21) fort €[0,1/2]
={h,(41-2) forte(1/2,3/4]
h(41-3) forte[3/4,1]

h, (2t) fort €[0,1/2]

and (h, o (hy @ hy))(t) = {(h2 o hy) (2 -1) fort€[1/2,1]

The homotopy between (h, ®h,)®h, and h, ®(h, ®h,)is defined as follows:

( 4s 1
——— 0,— l+r)]
hl(l-H'J forse[ 4(

1
H(s,t) =< h,(4s—-1-1) forse[%(lﬂ),z(ZH)]
h{l—d'(lﬁs)] forse[%(z-l-f).l]

2-t



Then, H is continuous as hs, hz and h; are and by the pasting lemma. And

|
h, (4s) forse[o,z] h(2s) ﬁme{o

|

|

s I I T{=((heh )-h)(s) .
H(s,0)=<h,(4s=1) forse|— T } hoo(h, o h))s)

J-Iu W |-

H(s, )={h(45-2) forse [

I
' 3
hh,(2s-l) forSE[E,lJ h(ds-3) forse %

Thus H(s, t) is indeed the homotopy between (h,oh,)eh, and h e(h, eh,).

Lemmalet &, :[0,1] > x € X denote the equivalence class of the constant map of [0, 1]

onto x € X'. Let ¢ be an equivalence class of paths with initial point x and terminal point y.
Then &, @ =@ and peé =9

Proof:Let e:1 — X be the constant map such that e(/) = {x}andlet f:1 - X bea
representative of the path class¢.

To show & @ = @, it suffices to prove that ee f ~ 1.

X, 56[0,1;]
Define F:1° - Xby F(s,1)= (25-1”) [l-r ]
1 , se|—,1
1+1 2
1 1
X = [O, —] e(2s), se [0.—]
Then, F(s,0) = : e 1 21_ (eo f)(s) for s€[0,1]
f(2s-1), se{g,l] f(2s~l),se|:5,l]

F(s,1)= {;(’S)’ :[;’01] = f(s) forse[0,1],thisistruesincex e ¢.

The continuity of F is followed from the continuity of eand f and the pasting lemma.

Thus F(s,r) is the required homotopy between ¢ f and f.And hence we have ¢ =0.

Now we show that p e &, = ¢ . We use the above procedure.

10



Lete, :/— X bethe constant map such that e, (/) = {y} andlet £:1 > X bea

representative of the path class ¢ .We want to show pef =@ ietoshow fee ~f

() o<
=1  se 0.—(1+:)]
Define G:1* = X by G(s,f)={ \1*! 2

Vs s€e B-(lu), 1]
f(ZS), se[(},l] £(25), se[O,l}

2 2

1 I ] =(f.£‘} )s)

Vs 36[5,1] ey(2s—l),se[5,l]

f(s), Sie [0,1]

Vs =il

Then G(s,0) =

G(s, 1) ={ = f(s) for sel0,1].

The continuity of G is followed from the continuity of e, and / and the pasting lemma.

Thus G(s,t) is the required homotopy between fee and f.And hence we have
pes, =¢.

Definition: For any path f:1 — X, let f denote the path defined by /()= f(1-1), 1€/
The path f is obtained by traversing the path f in opposite direction. Thatis,
7(0)= f(1) and f(1)= £(0). See figure below.

Note that 7 has the same shape as of f, but t is drawn in opposite direction.

Lemma Let y and y denote the equivalence classes of the paths f and 1, respectively.
Then,

yoy = 5 ;c y =&, ,where x and y are the initial and terminal points of the path 1.
x? y?

b}



Proof: First let's show yey =& Itis sufficient to show that fef ~€, where €isthe

constant path at the pointx.

._.
:
e

f(2s), se|0,

|

+ N

-
(]

-
IS | |

Define ;‘-‘:!1—)beF(s,r)=<f(1_;), se[l—g—l,

f(2-2s), s€ ]—t{,l
k 21
' 1
2s), b
f(2s) se{ 2] 7(25). se[U. l:! i
Then, F(s5,0)=4 f(), 5=l =y 12 =(fe f)s)and
| 2 f(2s-1), se[—,l]
£@2-2s), se[—-,l] 2
! 2
f(25)$ 5s=0
F(s,1) =1 1(0), SE[0,|]= f(0)=x=e(s) for se[0,1]
J@2=2s), "g=1

Since F is continuous by pasting lemma, F(s,)is the homotopy between fe / and e.

Thus' y.; = ‘g,t i
Now let’s show, yey = ¢, . Itis sufficient to show that fof ~ e,, where €, is the constant
path at the point y.

1(29), s€e [0,%(1 ~1)

- 1 1
Define G :I* - X by G(s,t) =4 f(1-1), SE[EU“’),;(H'I)

f(2-2s), se [%(; +1),1

12



£(2s), SE [0, l]
2

B | o=

. £(2s), s € [0.
Then G(s,0) = 1 fQ), § = =

= l
v }—(25-1). s el =
f(2-25), se[ ] JEss=1) E[z"}

.

_7'(25), = |:0, %] 4 7(25‘), SE€E [0,]5]

= e e (f* f)s),and
_f(2s—1),se|:*,lil f(2s—1),se[—,l]
2 2
Z(Zs), s=0
Gs, 1)=1/(0), s€[0,1]= £(0) = £(1) = y = e(s) for s €[0,1].
f(2-2s), s=1

Since G is continuous by pasting lemma, G(s,7)is the homotopy between fef ande,

Therefore, yey = &,
From now on we will denote the path class ybyy ™. The conditions of the above lemma
characterize » ' uniquely.

Lemmalf f, , f,:1 = X, suchthat f; ~ ﬁ,thenﬁ»-?,.

Proof: Since f, ~ f,there is a continuous map F:/* — X Such that F(s,0)= f,(s)and
F(s,1)= f,(s) Vsel.

DefineG : I* — X by G(s,t) = F(1-s,t) .Then G(s, t) is continuous as F is. And
G(t,0)=F(1-1,0)= f,(1-1)= 7;(:) and G(t,))=F(1-t,1)= fi(1-1)= 7,(:) i el0,1]

Thus G is the required homotopy between j_’o and 7’,

The lemmas just proved showed that all path classes in X satisfy the axioms for a group, if
the product of two paths is always defined.

13



Definition: A path, or péth class, is called closed, or a loop, if the initial and terminal points
are the same. The loop is said to be based at the common end point.

(or a continuous function a:/ — X suchthat a(0) = a(l) = x is called a loop in X based at
the point x. See the first figure below.)

[0, 1] 2t

Let x be any point of X; since the conditions in the above lemmas are satisfied, the set of all
loops based at x is a group. This group is called the fundamental group or Poincaré group of
X at the base point x and is denoted by mi(X, x).

ie. (X, x)= { [y] y is a loop based at x} is a group with respect to the multiplication
[r]2]= [y2] and with neutral element &, = {x}.

Note: The fundamental group is introduced by the great French Mathematician Henri
Poincare((29 April 1854 - 17 July 1912)) in 1895(Analysis Situs, J. Ecole Polytechn.
1(1895), 1-121).

Definition: If for any 7 € 7,(X, x) such that y ~&_, then the fundamental group of X is
trivial. That is 7z, (X, x) = {1}

14



Definition: Let f;, f; :[a, b] = X be two paths in X such that f,(a) = f,(a). £, (5) = /,(b) (i.e.
the two paths have the same initial and terminal points).We say that these two paths are
equivalent, denoted by f,~ f,,ifand only if there exists a continuous map

f :la,b]xI — X, such that

£.0)= £,0)
fnm=ﬁm}“w“

f(a,s)=f0(a)=f,(a) I
1) = fu®)=£,B)]

Theorem If X is arcwise connected, the groups m (X, x) and m(X, y) are isomorphic for any
two points X, yeX.

Proof Let x and y two points in X, and let y be a path class with initial point x and terminal
point y (hence, xandy belong to the same arc component of X). Define a mapping
w:m,(X,x) > m(X,y) by u(@)=y 'ay,for a e m (X, x).

The map u is well-defined because the product operation of loops is well-defined i.e.if a is
a loop based at x, then y'ay isaloop based aty. Itis pictured below.

Then fora, B € 7,(X,Xx),
wae =7 (s By =r"@r*r B = (7)o (y " Br) = u(@) *u(p)

Thus uis a homomorphism of 7, (X, x)intom, (X, ) -
Also v: 7,(X, )~ 7, (X,X) byv(B)=1Br" s P€ 7,(X,y) isa homomorphism.
Since, for &, 8 € 7,(X,¥),

Whe B)=7(Ae By =y o1BY" = Ay Yo 7By ) =vA) e v(B)

15



Thus vis a homomorphism of 7, (X, y)intor, (X, x) .
Also, @)(B) =u((B) =u(yBy )=y By "y = BYP en,(X,y).

and (vu)(@)=v(@)=vyar")=y(yay"yy"' =a Ya € x,(X,x).

Thus the composed homomorphisms vu and wv are the identity maps of

7,(X,x) and (X ,y) respectively. Whence, u and v are isomorphisms, each of which is
the inverse of the other. Therefore, ,(X,x) and x (X, y)are isomorphic.

Remark: Given two base points x, andx, in X, we cannot in general expect any relationship

between 7,(X,x,) and 7,(X,x,).For example, if x, and x, do not lie in a common
connected subset of X, there can be no relationship.

Consider the disjoint union X of a circle and a point x, (See fig. below)

\ Y

. .'l']

For x,in the circle, 77,(X,x,) has non trivial elements, whereas z,(X,x,)is clearly trivial.

Also, if X is not arcwise connected, we can expect no relationship between these groups.
Consider the space X = X, U X, U X, c R*,where X,is the graph of

sin(1/x) for0<x<1, X, = {O}XI and X,isacircle tangent 1o the yaxisat (0, 1) with center

to the left of the y axis(See fig below).
For x, € X,, 7,(X,x,)is trivial. But for x, =(0,1), 7, (X ,x,) has non-trivial elements.
i
Y

el 1A
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The Effect of a Continuous Mapping on the fundamental Group
We now see how continuous maps effect z,:

Let ¢ : X — Y be a continuous mapping, and let f,, f, : / — X be pathsin X .
Then if f,~ /,, then ¢f, ~¢f, represented by the composed functions.

proof: Since fo ~f1, there is a homotopy F: 12 — X such that F(s, 0) = fo(s) and F(s, 1) = fi(s)

To show ¢f, ~ ¢f, . Define G: 1> - Y by G(s,1) = p(F(s, 1))

Then, G(s,0) = @(F(s, 0)) = (f,(5)) = (@, )(5) , G(5,1) = 9(F(s, 1) = (£, (5)) = (@, )(5)

and since G is continuous as it is composition of continuous maps, G is the required
homotopy between ¢f, ~ ¢f, .

Note: If ¢ : X — Y is a continuous map and if fos /i i1 — X be paths in X

with fo (1) = £,(0), then ¢(fy * /) = (@) * (@) ie.

o(f20)  for t€[0,1/2] _{(%)(2:) for 1€[0,1/2]

olf,@-1) for te[/20]  {(@h)2-N) for te[1/2]] =(eo)* (@)

o(f,® /) ={

fort €[0,1]
Definition: (Based map) Suppose that ¢ : X — Y is a continuous map that carries the point

x, of X to the point y,of ¥, denote this by @: (X,x,) = (Y, »,).1f fisa loop in X based at

x,, then the composite o f : 1 = Yisaloopin Y based at y,.

Definition: Let ¢ (X,x,) = (¥, ;) bea continuous map. Define @, : 7,(X, %) = 7, (Y, ,)
by ¢.([f]) =[¢° f].The map ¢, is called the homomorphism induced by ¢ relative to the

base pointx, .

The induced map is well-defined since homotopy f, of loops based at x, yields a

composed homotopy ¢f, of loops based at y,, and so if [fo] = [f1], then
VAR AR CARAVAL
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Theorem Let a denotes the path class that contains a homotopy f, of loops based at x, i.e.

a=[f,],t €1 and denote ¢,(a) =[¢f, ]the path class that contains the paths ¢f, . ¢,(a) is
the image of the path class a in the space ¥ . Then we have the following:

If @ and B are path classes in X such that ¢ e f is defined, then
o.(aeB)=(p.a)e(p.p).
For any point x€ X,¢,(¢,) = Gli)®

p.(a™)=(p.a)".

If y :Y — Zis also a continuous map, and id, : X — X is the identity map, then

d) (ve). =v.o.

e) id,.(a) = a for any path class @ in X ; i.e. id, is the identity homomorphism.
Proof: By definition of the mapg,, i.e.¢,([f]) =[@° f], we have that

a= [f, ] b= [g,] such that f,g, is defined fort € /.Then @, (a) = [(q",] o.(f)= [gpg,] and

a-f=[f][z]=lf2]
o.(a P=0.lf, gl=lo° (/- ))=lo° /) (0o 8)]=0 £ ][0 8 )= 0.()-0.(B)
Let & =[e], e:7— X be the constant map such that e(/) = {x}, denote the

equivalence class of the constant map of [0, 1] onto x € X. Then poe = {@(x)}is the

constant path in Y.and, ¢,(¢,) = . le]= [poe]= [o(x)]=¢,.-

o.(a ) =0.[£]" =¢.[ﬁ"]=[¢°ﬁ"]

but (95 1) (s) = (@o £)1=5) = p(f, A=) =0/ ) = (9o [ N)ie(pe )" ==/,
Thus, ,(a™) = (p.a)™".

d) (w).(f)=(w¢)°(f)=(w(qoof))w.(rpof)=w.fp.(f)
e) idy (a)= "dx.[f:]z ["d.r P f:]= [j;]: a

18



Thus the mapping ¢ > @, preserves composition and identity maps. In the language of
category theory, such mapping is called a functor.

Theorem If ¢ : (X.x,) = (¥.@(x,)) is a homeomorphism, then ¢, : 7, (X, x,) = 7, (¥, ¢(x,))

is an isomorphism.

proof: Let @' :¥ = X, and [a],[] € 7,(X,x,), then for 9o~ =id,, ., and

(p_l cp= id(.\’.xu)’ we have(id(l’.rn))* = ((0-1 2 (0)' g9 ((0 b )o ".dv'r.{‘f.wl % “,similar!y

(‘;D-I ). o = I‘dm(){'.):.,}

0. is homomorphism: @, ([a][B]) = ¢.([ap)) = ¢ ([aB]) = (pe @)(p> ) = ¢.(aDe.(FD-

¢.is monomorphism: Let ¢, ([a]) = ;) » then poa = £, , = (@oa)t) =&y () VI E]
= a(t)= 0" (€, O) =07 (@(x)) =%, =& () VI €. Thus, [a] =, -

¢.is epimorphism: Lety € 7,(¥,@(x,)), then @' ((0)) = @' (#(1)) = x, and since ois

continuous @ 'y € 7, (X,X,)-
Therefore, ¢, is an isomorphism with ("), =(p.)"

Thus the fundamental group is a topological invariant in that homeomorphic spaces have
isomorphic fundamental groups.

Definition: Two continuous maps @,,, : X = Y , are homotopic if and only if there exists a

continuous map ¢ : XxI —> Y such that for x € X, o(x.0) = 9, (x), @(x,1) = @, (x)-
Notation: If two maps @, and ¢, are homotopic, we shall denote this by ¢, =,

Here ¢, (x) = @(x.t) for any (x,1) € XxI.Thenforany tel, ¢ :X Y is a continuous

map and as t varies from 0 to 1 @ is continuously deformed to ;.

19



Definition: Two maps @y, ¢, : X — Y, are homotopic relative to the subset A of X , ifand

only if there exists a continuous map ¢: X x / - ¥ such that ?(x,0) = @, (x),
o(x,1) =, (x).
pla,) =¢o(a) = p(a)acd tel (e %lx = (91'» ), denoted by ¢: ¢, = @, rel A.

forx € X, and

Theorem: Let 9,9, : X' =¥ be maps that are homotopic relative to the subset {x}.Then

. = 0 -1 (X, X) > 1, (Y9, (x)), i.e. the induced homomorphisms are the same.

Proof: Let ¢y, : X — ¥ maps that are homotopic relative to the subset{x}.

Then exists a continuous map ¢ : Xx/ — ¥ such that 9(x,0) = gy (x),
o(x,1) = ¢, (x).
A={x}, p(x,1) = @, (x) = ,(x), t € I. Let fbe aloop in X based at x, then ¢,  f and @, = f are

loops in Y based at@, (x) = ¢, (x), define ﬁ(s‘, 1) =@(f(s)1) then F is the required

homotopy between @, o f andp; o f ie.[¢, > f1=[@,° 1. So.0, (1= 0, f1=10, ° /]
=¢, [ /], since fis arbitrary loop in X based at x, we have ¢, =g, .

for x € X, and since

Definition: A subset A4 of a topological space X is called a retract of X if there exists a
continuous mapr : X — A4 (called a retraction) such thatr(a) = a foranyae A.

ie.amap r: X — Xsuchthat r(X)=4 and r| =id,.

Equivalently, denoting by the inclusion, i: A & X a retraction is a continuous map r such
that

roi=id, thatis, the composition of » with the inclusion map is the identity of A.

For instance, any space retracts to a point in the obvious way (the constant map yields a
retraction).

Definition: A subset 4 of a topological space X s called a deformation retract of X if there
exists a retraction r: X — Aand a homotopy f : X x I — X such that

f(x,0)=x }xe X,
fx, 1) =r()

flat)=a, ac A, L€l
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ie.afamilyof maps f: X > X, tel: fi=id,, f(X)=A .and f|. =id, Vel
where the associated map f(x, £)= f/(x) V¥xe X is continuous

in other words, a deformation retraction is a homotopy between a retraction and the
identity map on X. The subspace A is called a deformation retract of X

Remark 1. A retract need not be a deformation retract. For instance, having a single point as

a deformation retract would imply a space is path connected(in fact it would imply
contractibility of the space).

2.A coriltinuous map r from X into A is a deformation retraction if it is a retraction
and its composition with the inclusion map is homotopic to the identity map on X. In this

formulation, a deformation retraction carries with it a homotopy between the identity map
on X and itself.

Examples
1. LetS' = {x eR*:|d= 1}, be the circle. Then S' x S'is a torus, with a center circle §' x {0},

The homotopy f(x,y,f) = (x,(1-1)y)shows that the solid torus can be deformed onto the

center circle, so S x {0} = §'is a deformation retract of §'xS'.

Proof Let X =S'xS' and A=S'x{0} .Then X ={(x,y):x € R*,yeR*|d=1,|y=1}and
A={(x,0):xe R*|x|=1}.Let r: X — Abe such thatr(x, y) = (x,0), Vx € X then, ris

retraction of X, then . Define a homotopy f: X'x /= X by
fx,y.0)=(x,(1=1)y) , x,ye X and 1 € [.Then,

f(x,3,0)=(x,y) and f(x,y,1)=(x,0)= r(x) Vxe X and f(a,0)= (a,0) € A.Thus Ais the

deformation retract of X .

But 4=S' and hence S'is the deformation retractof §' xS'.

2.Let X =[0,1] , A=1{0}.Then fx,n)=(01-0x shows that A is a deformation retract of X .

Proof Let r: X — Abe the retraction of X, then r(x)=0 Vxe X . Define a homotopy

fiXxI—> Xbyf(x,)=>1-0x,X€ X and t€ 1.Then, f(x0)=x, f(x,1)=0=r(x)
Yxe X and £(0,r)=0.Thus 4is the deformation retract of X .
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3. Let B denote the z-axis in R3. Consider the space R*-B.It has the punctured x-y plane,
(R* ~0)x0, as deformation retract. The map f defined by f(x,y.2,0) = (x,y,(1-1)z) isa
deformation retraction.

4.S" is a deformation retract of R? - {(0,0)}.

Proof: Define 7: R? — {(0,0)} — S* defined by r(x) =

i’ then for every

x € R = {(0,0)},r(x) € S™.Then, r a retraction.

o
L7

Ifi:S! & R? — {(0,0)}, then i o 7:R? — {(0,0)} = R? — {(0,0)} is just regarded as a map
into R? — {(0,0)}. Since R? — {(0,0)} contains the line segment joining x and r(x)

X

For every x € R? — {(0,0)},
F(x,t) = t((ior)(x)) + (1 = t)x is a homotopy from idgz_(g0) to i T

(ie. F(x,0) = x, F(x,1) = (i o r)(x)and satisfies F(a, t)=t((io r)(a))+(1-t)a=ta+
a-ta=aforalla€Standallt€[01].)

So, §' is a deformation retract of R* —{(0,0)}.

Theorem: If 4 is a deformation retract of X, then the inclusion map i:A < X induces an
isomorphism of 7,(4,a)onto 7,(X,4a) forany a€ 4.

Proof: Let r: X — A bearetractionand i:A © X the inclusion map. For any point a € A,
consider the induced homomorphisms

i, :7,(A,a) > m,(X,a),and T, 7, (X,a) > 7, (4.a).

identi i f the grou
Then riis the identity map of 4and r.i,is the identity homomorphism of the group

n.(Aa).
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i, :7,(A,a) = 7 (X,a)is amonomorphism: Let [7]1€ 7, (4,a)and i,([]) =

. 1¢,}. a and ebe
the representatives of [¥] and & . Then

i.(a)(1) = () V't & I whichimplies (ioa)(1) = e(1) Vr & I ie. (a)(r) = e(t) ¥1 « Jora = .
Thus [7] =&, - So i, is also injective.

i, :m (A,a) —> 7, (X,a)is an epimorphism: Let[8) € ,(4,a).1f £ : X = X, te/ isthe

deformation retraction, then the composition f,:/ — X gives a homotopy of £ toaloop
in 4,

ie. [,p0)=f,B)= f,(a)=f(al)=aand
1oB(s) = f(B(s5),0) = B(s) ie. fup = Balso f,f(s)= f(B(s),)) = r(p(s)) ie. f,f=rp
Since r is a retraction rf € m,(4, a).So i, is also surjective. As required.

Example In the above examples, the corresponding spaces are homeomorphic to the
corresponding deformation retracts.

Definition: A topological space X is contractible to a point if there exists a point  x; € X

such that {x, } is a deformation retract of X.

Definition: A topological space X is simply connected if it is arcwise connected and
(X, x) = {1} for some (and hence any) x € X .

Corollary:1f X is contractible to a point, then X is simply connected.

Proof Let X be contractible to a point then there exists a point X, € X such that {x, | isa

deformation retract of X .

That is there is a retraction r: X = {x,} of Xi.e.r(x) =X, ¥x € X and a homotopy

0=
FiXxl—> X suchhat L x}xeX, F (ot =%» 1EL
f(x,1)=x

Now f(x,t)e X for all xe X,l€ I.Define F:1— Xby F(1)= f(x,n)for xe X,rel.

Then F(0)=f(x,0)=x,F(1)=f(x,1)=xoand F(t)=f(x,t)e X for xe X.1€ 1.
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Thus F is a path in X, with initial point x and terminal point xo, and F(I)c X . Thus X is
arcwise connected. ’ cCA.

Now we show 7 (X, x) = {1} .Let y : I — X be aloop based at x, Define H: X xI — X by

H(s, 1) = f((s),r) where f:XxI— X suchthat f(x,0)=x

fx 1) =x,

}xe.x’. f(x:0y=xq; L€ 1
Then H(s, 0) = f(7(s) ,0)=y(s) ,s e Iand H(s, 1)= f(y(s) ,])=x, ,and
HO, )= f(7(0) ,0)=f(x, ) =%, , H(, )= f(y(1) ,0)= f(x,, 1) = x,

Thus 7 ~ X, and hence since y is arbitrary, we have z(X, x) = {1}.

Example 1 A subset X of the plane or, more generally, of Euclidean n-space R"is called
convex if the line segment joining any two points of X lies entirely in X.

Any convex subset of R" is contractible to a point. In particular the unit disk D?is
contractible to a point.

Proof:Let x, € X be arbitrary, define f: X x/—> X by the formula f(x.1)=(1-1)x +1x,

Forany (x, 7)€ X x I (i.e. f(x,t)is the pointon the line segment joining xand x, which
divides it in the ratio (1-t): t).Then f is continuous, f(x,0) = x.and f(x1)=x,.

Example 2 The unit (n-1)-sphere §™is a deformation retract of D" {0}, the closed unit n-

dimensional disc minus the origin.
Proof: Define f : X x I — X ,where X = D" -{0}= {x eR":0<|x< 1}, by the formula

X5 s
f(qu')=(l—a')J«c+ri Then fis continuous, f(x,0) = X, f(x,l)=HeS ',and

2
if xeS™" then f(x,f)=x foralltel.

In particular, for n=2, we see that the boundary circleisa deformation retract of a
punctured disc.
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The fundamental group of a circle

So far we only know 7z,(X)for X c R"convex and in that case r,(X)={1}
A )=ilg.

We now turn to techniques for calculating 7, of given spaces

The circle S' is path connected, and thus its fundamental group is independent of the
choice of the base point. The natural base pointis x, = (1, 0)e §' .

. N LS
Theorem: 7,(S") = Z .Intuitively the homotopy class of aloop on S'depends only on how
many times it winds around the circle and in what direction.

We will show that the homotopy class of a loop at x, € S'is uniquely determined by the
direction and the number of times it “wraps around” S, if x, = (1,0), then the elements of

7,(S', x,) are represented by the maps

a,:I->S

a, (s) = (cos2ms, sin2/ms) for n=0, £1, £2, £3,...
and n —> [, ]is an isomorphism of Z onto 7, (S*, x.)

Definition: Given continuous maps f: X =Y, p:E->Y. If there exist a continuous map

f:X - E such that p07=f then we say that f liftof f to E

The map e: R — S'is defined by e(r) = exp(27il). Then e is continuous,
e(t, +1,) = e(t, Je(t,)and, e(t,) = e(t,)if and only if 7, - t,is an integer. It follows that

GL_,_ 21152 homeomorphism of the open interval (-1/2,1/2)onto S'\{exp(zi)}.

Let log: S' \ {exp(zi)} - (-1/2.1/2) be the inverse of e| -

Definition: A subset X  R"is called starlike from a point x, if, wheneverxe X , the closed

segment [x,,x] from x,to x lies inX.
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Lemma (Existence) Let X be compact and starlike from x, € X . Given any continuous map

1
f: X Smand any 1, € Rsuch that e(f,) = f(x,), there is a continuous map f : X —» R
such that f(x,) =f,and e f(x)= f(x)forall xe X.

proof Clearly we can translate X so that it is star like from the origin; hence there is no

loss of generality in assumingx, =0. Since X is compact, f is uniformly continuous and

there exists &> 0 such thatif “x -x| <é, then |f(x)= f(x")| < 2.Since X is bounded there

exist a positive integer nsuch that= i “ <& Vxe X.Thenforeach 0< j<nand all xe X

G+bx x| _ e ||<gand {(j+1)x}_f[j_x] by
n n n n

It follows that the quotient fU+Dx /n)/f(jx In) is a point of S' \ {exp(w 1)} .

Let g, : X > S" \{exp(zi)} for 0< j <nbe the map defined by

f((+Dx/n)

&0 =" 1 Gxlm)

Then for all x € X, we see that f(x)=f (0)g,(x)g,(x)...8,.1(x).
We define : X - Rby

f(x) =1, +log(gy(x)) + log(g, (x)) + ...+ 108(g,,-, (x)).

Since ? is the sum of n+1continuous functions from X fo R, itis continuous. Clearly
70)=t, and eo f = f .

Lemma (Uniqueness) Let X be a connected space and let f,g:X - Rbe maps such that
e07 =eog and f(xo) = g(x,) for some X, € X.Then f g.

Proof Leth = ?—g;){ P R,Sinceeof =eog, echisthe constant map of X to 1€ S

Thus his a continuous map from X fo R, taking only integral values. Because X s

connected, A is constant, and since A(x,) = 0, h(x)=0 VxeX.
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4 |

Let a: I — S'beaclosed path atl. Because I is starlike from 0 and a(0) =1=e¢(0)it follows
froT the above lemmas there exists a unique lifting @ : / = R such thate - @ = a . Because
e@(1) = a() =1, it follows that @(1)is an integer. We define the degree of a by

deg(a) = a(l).
Lemma Let & and J3 be homotopic closed paths in ' at 1. Then, deg(a) = deg(f).

proof Let F :1x I —> S'beahomotopy for « and 8. Because Ix Iis starlike subset of R’
from (0,0) , it follows that there is a (unique) lifting F + Ix I — Rsuchthat F(0,0)=0and
¢oFF=Fand F(0,0) = FQ,n=1Vte I.Thus F(0,r) and F(1,1) take on only integral values
for all t € I. 1t follows that F(0,f)must bea constant and F(1,r)ymust be a constant.
Because F(0,0)=0,F(0,)=0 forall . Let &, 3 : 1 — R be the maps defined by

G(1) = F(1,0) and B(1) = F(11). Then @(0) = f(0) =0, eod =a and es = p.Thus
deg(a) =@(1) = F(1.0)= F,n = F,) = (1) =deg(B)-

It follows that thereisa well-defined function deg from 7, (S')) to Z defined by
deg([a]) = deg(a)

Theorem The function deg is an isomorphism of groups 7, (S')toZ.

Proof. To Prove that degisa homomorphism, let & and J be two closed paths in S " at land
let aff bethe closed path which is their pointwise product in the group multiplication of

S'. Let &‘,E:!—)Rsuchthat &"(0)=E(0)=0,eoa’=a ancfeoﬁ=ﬁ.Let
7=g+f:1->R.Then

7(0)=0 and e(7)=ap - Thus
deg([a]* [BD = deg([aﬁ]) =y()= a(l)+ E(I) = deg(la]) +deg([B))-

The map deg is an epimorphism: For any integer 7, let @:I— Rbe the path defined by
@(t)=tnand leta=¢€° G:1—S'.Then, deg(|a)) = n.The map degisa monomorphism: If

deg(la]) -0, then there is a path a1 — Rwith goy=a=0 and ecd =@ . Since Ris

contractible, & = &;and a=e° a=eok =6
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Example 7, (S") =1for n>2.
Proof: Casel.For2<n<w,

Letp = (0,...,0,1) € R"*'and q = (0, ...,0, —1)be the “north pole” and the “south pole” of
S"respectively.

we show that if n > 1, the punctured sphere S — p is homeomorphic to R".

Define f: (§™ — p) = R™ by the equation

f(x) = f(xszw_,an,) =

P LR
The map f is called stereographic projection. (If one takes the straight line in R™** passing
through the north pole p and the point x of S — p, then this line intersects the n — plane
R" x 0 © R™*! in the point f(x) x 0). One checks that f isa homeomorphism by showing
that the map

g:R™ - (S" — p) given by

L2
1+|y|?

9(¥) = 91, Y2 1 ¥n) = (T%’l—zyi, '"';T—yﬁy"' 1 )is the right and left inverse for

f.

Also the reflection map (X1, ..., Xp) Xn41) = (X1, 000 Xn) ~Xp41) defines a homeomorphism of
S — p with S" — g, so the latter is also homeomorphic to R™.

Now we prove the theorem. Let U = S" — pwith V = S" — q be the open sets of S". Note
that for n > 1, the sphere S™ is path connected. This follows from the fact that the spaces
U and V are path connected (being homeomorphicto R*)and U NV = (1,0, +:;0) €S™.

And for n = 2, the sphere S™ is simply connected. The spaces Uand V are simply connected,
being homeomorphic to R". Their intersection equals S™ — p — q, which is homeomorphic
under stereographic projection to R" — 0. The latter space is path connected, for every
point of R" — 0 can be joined to a point of S"~'by a straight-line path, and S"-1 is path
connected for n > 2. Then by the Seifert-Van Kampen Theorem, special case, we have

x,(S")=lfor n=22,

Case 2. Forn=w, S* = {£ € I* :[¢| =1} (“infinite dimensional sphere”). Where /*

denote the set of sequences & =(&,,5;,--) of complex numbers that are square su mmable
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g 12 3l : .,
(g\m.\ <o) with its usual inner product (< £,n >= Z. £i7, ) and corresponding norm (

2|’ =<&.&>). I*is a metric space (d(,7) = |& -7 )and so a topological space, and
S* ={£ el” :[¢| =1} is a subspace of /*.

To show 7,(S”) = li.e. $”is contractible.

Let T :1* = I be the shift operator T(¢&) =T(&,,¢,....) = (0,£,.&;,...)

We show that 7 is an isometry with no eigenvalues.

T isinjective: As,ifx EkerT = Tx =0= (0,6,,85,..) = (00,..) =2 §=0Vi=12,..=2
ker T = {0}.

T is surjective: Fory = (0,73,m1,.) € 12,3x = (94,1, -.) € [* such that Tx = y.
Thus, T is bijective.

Also, [ITxlI2 = 11(0, &3, &2, I = (€0, &2, - )I? = lIx]I%.Thus T is isometry .

Now we show T has no eigen values.

Let A € K be the eigen value , then
r ot 01T = Ax 2 (0,E1, B ) = A1) oo () 2 (060,820 ) = (W K ) =
A&, =0and A§j4q =il = 1,2,.=2A=0o0r

'fl =0 and Afi-H. = fi,i = 1,2,...

if A=0,then (*) = § = 0 vi which is a contradiction. if § = 0, from A§i41 =
& we have §; = 0 Vi which is again a contradiction.

Thus T has no eigen values.

Now, let x € S%, then IIxll =1, Tx = (0,4, w)>TX € S®and hencex = Txisa
bijection.

Define F: $* x I = S¥by

(1-t)x+Tx

F(x,t) = el

Then, since (1 — t)x + Tx # 0 vx € §®,F is continuous and
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F(x,0) = = = ids»(x) i.e.Fy = idgw, F(x,1) = —= T

I e = 1|~ which implies id . =T}

il

Now we show that 7'

o3 & x'lJ = (],0,0,...) .

Define G:T}S, xI —>S"by G(x,t) = (704X ohen G(x,0) = =2

l(1=t)xo+Txll m =X and
X
G(xn 1) o S— — 7 -
TR

Le. T\S‘ = X,

Therefore, id . is null-homotopic and hence $”is contractible to a point, and since $* & [*

is pathwise connected, we have that 7,(S7)=1.

The fundamental group of a product space
Let X.Y, and Abe topological spaces. If f:4— X xYisanymap, let us denote the

coordinates of f(a)by (f,(a), f;(a)) for any point a € 4. Then f, and f,are maps of
A into X and Y, respectively, and itis well known f is continuous if and only if both

f, and f,are continuous.

Also if we denote by p: X xY — X and q: X xY — Y, the projection of the product space
onto its factors, then f, = pf and [, = qf .

Now let us apply this for4=1, the unit interval. We see that thereis a natural one-to-one
correspondence between paths f:1 = X xY and in the product space and pairs of paths

fiil>X, f:I>Xn the factors. Also it holds f, = pf and f,=qf as before.

Theorem If X and Y are path connected, then the fundamental group of the product space,
(X xY, (x,y))is naturally isomorphic to the direct product of the fundamental groups,
n (X, x)xx, (Y, y). The isomorphism is defined by assigning to any element a €

(X xY. (x,»), the ordered pair (p.«, q.a),where p:XxY—=>X and q: X xY = Y the
projection of the product space onto its factors.

ProoflLet us denote the fundamental group of the product space by 7, (X xY, (x,y ).
Choose base pointsx, € X , ¥, € Y, then(x,,y,) € X xY then we have continuous

projections p: X' x Y - Xandg: XxY =Y and thus the induced homomorphisms
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p. (X xY,(x,y) > 7 (X,x)and g, : 7, (X xY,(x,y)) = 7,(F,»)
and thus a homomorphism ¢ : 7, (X xY,(x,,,)) = 7, (X, x, ) x 7, (¥, ¥,) defined by
[a] = (p.la], g.la])

We show ¢ is an isomorphism. ¢ is onto: Let ([£], [¥) € r (X)xx,(Y)then a =(f, y)isa
loop in X xY with p(a) = pBand g(a)=y sothat p([a]) = ([AL.I7]-

¢ is one-to-one: Suppose ¢([a]) = &,.¢,)=¢51le pea~e, via F and gea~e, via g

then H(s,t) = (F(s,1),g(s,1))is the required homotopy fora and ¢, , e lal=¢&.
Thus ¢ is an isomorphism.
Example Torus: 7% = S' x 8" (T =2ZxZ.

Proof: Since T? = S' x S'and S'is path connected, we have by the above theorem that
7,(S' xS") = 7,(8")x7,(S") and 7,(S")= Z implies 7,(T*)=ZxZ . Geometrically, the

representatives of two generators for zr,(Tz)are described below.

Figure Two representatives of generators of the torus.

In general, for n-torus we have 7, (8" x.x8")=Zx..xZ.

Corollary If ¥ is simply connected then 7, (Y x X) = x,(X) for any X.
For instance, cylinder S' x[0,1] scircle s'  solid torus §' x D* = circle s

Proof Assume Y is contractible. Choose ¥, € Y and a homotopy F:Yx I =Y such that

F(»,00=y, FO, D= from id, to the constant map with value y,.
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Define
f:XXY*')XX{J’o}:f(x’J’)=(x’J’u), X x{y,} = XxY :i(x, y,)=(x, ¥)

Thus, F oi=id .y, - Define G:(Xx¥)xI = Xx¥by  G((x,.y)0) =(x.F(y.0))

G((x.7).0) = (x, F(y,0)) = (x, y) =id ., (x,y),and
G((x. ). ) = (6 Fr.D)) = (x,2,) = (e )X, y)s0 ie f ~id,,,.

Therefore, X x Y=Xx{y}=X.
Example 1.7,(S* xS) = Z.

2.Since7,(S°) =1, 8% x S'and S*are not homeomorphic spaces.

Applications
1. The No-Retraction Theorem (Dimension 2)

g1 is not a retract of D2.

Proof Since D? is contractible, any map defined on D? is nullhomotopic, and in particular
» would be so too. But this would be a contradiction, since the composition of r with the
inclusionS® © D2, which isid, , would also be null homotopic. Such r cannot exist.

2. Brouwer’s Fixed Point Theorem (Dimension 2)

Any continuous map f: D* — D*has a fixed point. (i.e. there is a point x, € D such that
c f(xg) = x)

Proof Let f:D* —»D*: f(x)#x Vx€ D?.We use it to build a retraction r: D' — S'thus

contradicting the existence of this retraction.

rix)

32



2 2. L
Let x € D?, then f(x) # x Vx € D"implies xand f(x)determine aline tx+(1-1)f(x), 1€ R

On this line the norm is a quadratic function of ¢.
e+ =0 f G = @x+ =07 ()).x +0=1) £ (x))

=l = F@ +2/G)(x= £ +|f ()]

This quadraticis < 1for 0<7< 1( D?is convex). Thus, there is a unique ¢, 21 for which it

takes the value 1. The quadratic equation gives this ¢,as a continuous function of x ( f(x)

is continuous and the denominator 2f(x).(x - f(x)) is nonzero). Thus, the map r: D' s'
defined by

r(x)=tx+ (1-1,)f(x)

is continuous. By definition, r(x) € S'and,ifxeS', thent, =1,and we getr(x) = x. Thisis a

contradiction. Thus, there is x € D*such that f(x) =x.

3. Fundamental theorem of algebra

Every non constant polynomial with complex coefficients has a root.
Thatis, if f(z)=2" +1::"_,2:’"I +..taz+a, n> 0, Gy, Qyseees@yy € C,
then there exists z, € C such that f(z,)=0.

Proof: Assume f does not have a root, the mapping z - f(z)would determine a map
f:C>C-{0yie f(z)#0Vze C and we show that this impliesn=0.

The plan is to construct, in two steps, @ homotopy relative to {0, 1)}from e’ to the trivial
loop at 1in S'and then appeal to ...to conclude n=0.
fre™) f(r)
For each Iy a (=
ach fixed r >0 define @, y a,(s) lf(re"“ y f(r)]

Then, a,(b‘)\ —1Vseland af(o)-;ar(l):limplies each a,isaloopat 1in §'
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Moreover, &, (s)=1Vs el and F(s,t)=a,,(s)is a homotopy relative to {0, 1} from &,to a

so [a,]=[1]i.e. ¥r 20 (all of the &, represent the trivial element of 7,(S") ).

Now fix some r such thatr > max{l,

a,.,|\a,-o| + ... +|agl} .

Then on |z =7,

12"‘ =r"=rr" > (la,,|+9,2 +...+]au\)|z""|= |a"_,“:""l+ ]a"_zlz""l+ ...+|u0“z”"
> la, |2+ la,-a]z" +otlag| (r>1)
zlan_,z"”' +...+a,,|

So ‘z". 21{:,,_,:"" +...+a°| onlz|=r . (*)
Now V1 e I, define f,(z)=2"+ t(a, z"" +..+a,),(So that fo(z)=2"and f(2)= f(2)).

Then f,(z) has no roots on |z| = because 0= f,(2) implies

-t
-

0= \z" +(a, 2"+t au)‘ le"l—tlan_lz"" +...+aol 2 —|a,,_,z"" +...+au|

i.e lz] gla, 2™k ac‘and this is impossible onlz[ =rby (*).
2axi
Now for this fixed rand ¢ € I define F(s, 1) = /. '(”"1 ) 1,()
|, £,0)

Then F:I* — S'iscontinuous (1re2“‘" = |r[ =rand f,(z)#0 for [z[ =r),and

F(s,m:"”' )' " _ g (fi(2)=2")

F(s, )=a,(s) (f; =) F(0, 1) = F(l, n=1

F:e®™ =a,rel {O’I}This implies n=0i.e. f(z)has degree 0.

And therefore,
n erefore <1 rel{0, 1}
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