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Symbols a nd notations 
- , :=:::, homotopic maps 

:=:::, homeomorphic spaces 

==, isomorphic groups 

ke r (f) , kernel of a homomorphism 

/ = / ' = [0.1] cR. the unit interval. 

0 " = (x E R" : Ixl :5 1]. the un it n-disk. 

5"- 1 ::;; {x E R" : Ixl = I}, the unit sphere of dimension n-l. 

51 = {x E R2: Ixl ::;; I}, the one dimensional sphere, circle group. 

500 
::;; (x E [ 2: Ixl = 1 }, the infin ite dimens ional sphere. 



In t l"oduction 

One of the basic problems in topology is to determine whether two given two topological 

spaces are homeomorphic or not. Showing that two spaces are homeomorphic is a matter 

of constructing a continuous mapping from one to the other having a continuous inverse, 

and constructing continuous functions is a problem that we have developed techniques to 
handle. 

But the topo logical properties we have studied up to now do not carry us very far in 

solving the problem. For insta nce, how does one show that the plane R2 is not 

homeomorphic to three-dimensiona l space R3? As one goes down the list of topological 

properties-compactness, connectedness, local connectedness, metrizability, and so on one 

ca n find no topologica l property that distinguishes between them. As another example, 

cons ide r such surfaces as the 2-sphere 52, the torus T (surface of a doughn ut), and the 

doub le torus T#T (su rface of two-holed doughnut). None of the topological properties we 
have studied up to now will distinguish them. 

So we must introduce new properties and new techniques. One of the most natural such 

properties is simple connectedness. Rough ly speaking, one says that a s pace X is si mply 

connected if every closed cu rve in X can be shrunk to a point in X. The property of simple 

connectedness, it turns out, will distinguish between R2 and R3; deleti ng a point from R3 

leaves a con nected space remaining, but de leting from R2 does not. It wi ll a lso distinguish 

between 52 (wh ich is simply connected) a nd the torus T (which is not). But it will not 

distinguish between T and T#T; neither of them is simply connected. 

There is a n idea more genera l than the idea of sim ple con nectedness, an idea that includes 

si mple connectedness as a special case. It involves a certain group that is ca lled the 

fundamenta l group of the space. Two spaces that are homeomorphic have fundamental 

groups which are isomorphic. And the condition of simple connectedness is just the 

condition that the fundamenta l group of X is the triv ial (one element) group. 

How can we distinguish between S 2 and r 2? 
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Figure1. Torus, T 2. Figure 2. Sphere, S . 

A closed loop on S2 ca n always be de formed into a consta nt loop: bu t this fails on T2 

.Thus the proof that S2 and T2 a re not homeomorphic can be rephrased by saying that the 

fundamental group ofS2 is trivia l and the fundamental group of T is not. The fundamental 

group will distinguish between more spaces than the condition of simple connectedness 

wil l. It ca n be used, for example, to show that T and T#T are not homeomorph ic; it turns 

out tha t T has an abelian fundamen ta l group and T#T does not. 
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Important Definit ions a nd Theore ms 

1. The pasti ng lemma: Le t X = A UB , where A and B are closed in X. Let 

f: A -+ Y and g: B -+ Y be continuous. If lex) = g(x) for every x E An B then f and g 

com me to give a conti nuous unction hex) = . b·· f { f(X), ifx E A 
g(x) if xe B 

2. Definition: A space X is sa id to be arcwise con nected or path wise con nected i f any two 

points of X can be joined by an a rc. The max imal a rcwise-connected su bsets of X, ca ll ed 

arcwise connected components (arc components) of X, fo rm a pa rtition of X. 

3. Definiti on: A space X is loca lly arcwise connected if each poin t has a basic family of 

a rcwise connected neighborhoods. 

4. An arcwise-connected space is connected, but the conve rse is not true. A space which is 

connected and locally a rcwise connected is a rcwise connected. 

5, Theorem (Se ife rt·Va n Kampen Theorem, special case) 
Suppose X = U uV , where U and V simply connected open a re subspaces of X with 

Un V nonempty and pa th wise connected the n X is simply connected. 

Homotopy of Paths 
The homotopy of paths plays an importan t role not only in the course complex analysis, in 

eva luating complex integrals but also in the study of the fu nda menta l group. 

Before defin ing the fundamental group of a space X, we shall consider paths on X and an 

equiva lence relation called path homotopy between them. And we sha ll define a ce rta in 

opera tion on the co llection of the equ ivalence classes that makes it into what is ca lled 

algebra of groupoid. 

Definition: Iffo and fl are conti nuous ma ps of the space X in to the space Y, we say that fo is 

homotopic to fl if there is a continuous ma p F: X x I ~Y such that 

F(x, 0) = fo(x) and F(x, 1) = ft(x) fo r each X E X. Here (1= [0, 1].). 

The ma p F is call ed homotopy between fo and fl. If fo is homotopic to fl ' we write fo-fl. 

Iffo - fl a nd fl is a cons tant map, we say that fo is nullhomotopic. 

Now we conside r the spec ial case in which f is a path in X. 
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Definition: Iff: [0, 1] -->X is a continuous map such that f (0) =x, and f (1) =X!, we say that f 

is a path in X from Xo to XI. We a lso say Xo is the initial point, and XI is the termina l point, of 
the path f. 

Remark: From now on we use the interval ]:;;; [0, 1] as the domain for all paths. 

Definition: Two paths fo and fl. map ping the interval 1==[0,1] into X, are said to be path 
homotopic if they have the same in itial poi nt Xo and the sa me terminal pOint XI, and if there 

is a continuous map F: I x I ~x such that 

F(s, 0) = f, (s) and F(s, 1) =fl(S), F(O,t)=x, and F(l,t)=xl for each s E I and each t E l. 

We ca ll F a path homotopy between fo and fl. See Figure 1. 

If fo is path homotopic to fl. we write fo- fl. 

!fwe imagine the parameter t as representi ng time. then the homotopy f represents a 

continuous "deform ing" of the map fo to the map ft. as t goes from 0 to 1. 

t F 

1 ~ !' 

f~ I ,t ~ 
Xo ( 

, 1 , \.. ./ 

The first condition says simply that F is a homotopy between fo and f). and the second 

condition says that for each t, the path f. defined by the equation f. (s) = F(s,1) is a path 

from Xo to Xl. Said di ffe rently. the first condition says that F represents a continuous way of 

deforming the path fo to fl. and the second condition says that the end points of the path 

remain fixed during the deformation. 
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Lemma The relation - is an equivalence relation. 

Proof: Given paths f. fl and fz.To check the properties of equivalence relation. 

Now the homotopy F: I' --> X, between f and f is given by F(s, t) = f(s) '1S, 1 E I 

We must show that F (s, t) is continuous and that F(s, 0) = F(s, 1) = f(s). 

Given E > 0 we wantto fi nd 8 > Osuch that if 0 < J(s - l'0)2 + (t - /0)2 < 8 then 

Il'(s, ,) - F(so ,/0 )1 <C . 

Now IF(s,/) - F(So,/o)\ = I/(s) - l(so)l, and since fis continuous on I give n c > 0 there is a 

0 > Osuch that if 0 <Is -sol < o'then l!(s) - f(so)1 < &, butthis impl ies 

IF(s ,/)- F(so"o )1 = If(s) - f(so)1 < £ 

Thus F is conti nuous on I x I. Clearly, F(s, 0) =F(s, 1) =f(s).so - is reOexive. 

Suppose fo-fl' we need to show that fl- fo. Since fo-fl' there is a homotopy F: Il -4 X such 

that F(s, 0) = foes) and F(s, 1) = h(s). 

Defi ne H: I' --> X by H(s, t) =F(s, l-t) for all s, t E l. We have H(s, 0) = F(s, 1) =f\ (s), and 

H(s, 1) =F(s, 0) =fo(s) ,The continuity of H is followed from the continuity ofF. 

Hence, H(s, t) is a homotopy between fl and fo.So - is symmetri c. 

Now it remains to show that - is transi tive, i.e. if fo- fl and fl-fl then fo- fl. 

Since fo- f\ there is a homotopy F: I' --> X such that F(s, 0) =fo(s) and 

F(s, 1) =f\(s) for SE I. 

Similarly, since fl-fl. there is a homotopy G: Il -4 X such that 

G(s, 0) = f\(s) and G(s, 1) =f, (s) for all s E I. Let us define a mapping h: I' --> X by 

{
F(S ,2t) 

h s t -( , ) - G(s,2/ - 1) 

f or 0 5 15 1/ 2 
for all SE I. 

for 1 / 2 ~ / 5 1 

Note that h(s, 0) = F(s, 0) = foes) and h(s, 1) = G(s, 1) = f, (s) h(s, 1/ 2) = F(s, 0) =G(s, 1) = 

f\ (s) 
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Mapping h(s, t) is well defined, since ift=I / 2, lVe have F(s,2t) = f1(S) = G(s, 2t-1 ) and since 

h is continuous on the two closed subsets I x [0. 1/ 2] and I x 11 /2, 1] of 12, it is continuous 
on all of 12, by the pasti ng lemma. 

Thus h(s, t) is a homotopy between fo and f2. So - is transitive. See figure 2. 

X, 

1 F / ~ 
Xo 

G 

1/ 0 1 ---I 

Therefore, the relation - is an equ iva lence relation. 

Definition: The family orall continuous maps from J into X, which are homotopic to a 
continuous map f, is called the hamotopyc/assoff, denoted by [fj . 

Examplel. Let f and g be any two maps of a space X in to R2. It is easy to see that f and g are 
homotopic; the map 

F(x, t) = ( 1- t)f(x) + t g(x) is a homotopy between them . It is ca ll ed a straight-line 
homotopy because it moves the point rex) to the point g(x) along the straight line segment 

joining them. 

If f and g are paths from Xo to XI, then F will be a path homotopy. This situation is pictured 
in Figure 3.More generally, let A be any convex subspace of Rn. (This means that for any 
two points a, b of A, the straight line segment joining a and b is contained in A.).Then any 
two paths f , g in A from Xo to Xl are path homotopic in A, for the straight·line homotopy F 

between them has image in set A. 
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Example 2 Let X denotes the punctured plane, IF-(O}. The following paths in X, 

f(s) ;;: (cos ITS, sin ITs), g(s)::; (cos ITS, 2sin ITs) are path homotopic; the straight line 
homotopy between them is an acceptable path homotopy. But the straight linc homotopy 
between f and the path h(s)::; (cos ITS , -si n ITs) is not acceptable, for its image does not 
lie in the space X::; R2-(O}.See figu re below. 

This exa mple illustrates the fact that you must know what the range space is before you 
can tell whether two paths are path homotopic or not. The paths f and h would be path 
homotopic i f they were paths in R2. 

Now we define a certain operation on path homotopy classes as follows: 

Definition: If f is a path in X from Xo to XI, and if g is a path in X from Xl to Xl , we define the 
product f.g of f and g by 

(f.g)(t) = {
f(2t) for I e [0,1 / 2] 

g(2/ - 1) forI e [1 /2, 1] 

The function f .g is well- defi ned and continuous, by the pasting lemma; it is a path in X 
from Xo to xl.We think off. g as the path with first half the path f and second half the path 
g. 

The product operation on paths induces a well-defined operation on path-homotopy 
classes, defined by the equation 

[n . [g] = [f.g] 

Since h,_ h3,a homotopy II: I ' --> X exists: h(s, 0) = hi (s) and h(s, 1)= h3(S) 

{

1I(2S, /) se [O,1/ 2] 
We define H: I' -« by H(s,t) = h,(2s - I) s e [1 / 2, I] 

_{h(2S,0) Se [O,1/ 2]= { h,(2S) se[O, 1/ 2] = (II, . II, )(s) se[O,iJ 
Thus, H(s,O)- 1I,(2s - l)se [l / 2, 1] 1I, (2s-l)se[1/2,1] 

. _{h(2S, I) Se [O, II2]= {h, (2S) se [O,1 / 2] =(II, . ", )(S) se [O, I] 
AIsolI(s,I)- 1I, (2s- l )s e [1 /2, 1] 1I,(2s- l )se [1 / 2,1] 
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--- -

The continuity of H follows from the continuity of h and hz. Hence, " • • "2 _It) . "2 

Sim ilarly, we can show that " • • li z - " • • h. 

The homotopy wi ll be 

G : I ' -> X by G(S,I) = { h,' (2s) s e [0 ,1/ 2] 
h (2s- I, I) se [1 / 2,1I 

Where his the homotopy between hz and h4. 

Thus, [h, oh,] = [h,]o[h, ],[12, oh, ] = [h, ] o[h, ] and [12,] o[12, ] = [12 ,] o[h,] 

Hence, irlh,] =[h, ] and [h, ]=[h, ],I12en [12,] o[12, ]=[12, ]o[12, j 

Lemma The equivalence relation and the product we have defined are compatible in the 

following sense: Iffo __ f1 and go- g., then 10· go- f. • g. ( it is assumed, off course, that 

the terminal pOint of fo is the initial point of go ) 

Proof: First let's draw diagram for the above statement 

I . g. 

~ 
k>lo-----"o 0 1f----+--1 

~ g,~ 
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Si nce fo - f" a continuous map h,(s, t) e I exists: h,(s, 0) = fo(s), h, (s, 1) =f,(s) 

Since g, - g , , a continuous map h,(s, t) e I exists: h,(s, 0) = g, (s), h,(s, 1) = g , (s) 

To show go/o - gt!; ,It suffices to show that a continuous function H(s, t) E Z exists: 

H(s, 0) = (g, / , )(s) and H(s, 1)= (g,j, )(s)Define H(s, t) = h, (h,(s, t), t) , 

Then, H(s, 0) = h, (h,(s, 0), 0) = h, (fo(s), 0) = g, (fo(s)) = (g, / , )(s) 

H(s, 1) = h, (h,(s, 1), 1) = h, (f,(s), 1) = g , ( f,( s))= (g ,j, )(s) 

And since hI and hz are continuous so is thei r composition, and H is also continuou s. 

Thus, H is a homotopy between g,/ , and g,j,. 

LemmaThe multiplication of equiva lence classes of paths is associative. 

Proof: Let [h I]. [hz], [h3] represent equivalence class of paths hI. hz and hJ respectively. 

To show ([h, J. [h, ]) ' [h, J = [h, J. ([h, J . [h, ]) .I t suffices to show that 

(h, ' h, ) . h, - h, . (h, . h, ) 

By definitlOn «h . h ) . 11 )(1)= = h, (41 I) /Orl e [11 4,11 2) 
. . {(h, . h, )(21) /orl e [0,1I2] { II,(41)_ /Orl e [0, 1I 4) 

, " h, (21 - 1) /or l e [1I2,1) h, (21 - 1) /orl e [1I2, 1) 

{

II, (21) /Orl e [0,112] 
h 21 orle [0,1I2J , 

and (h"(h" h, ))(t)= { ,( ) fi , = h, (41 - 2)/0I'l e [1I2, >/ 4J 
(h, . II, )(21- 1)/orl e [1I2, 1] 11, (41-3) /0I'l e [3 / 4,1) 

The homotopy between ("I. h1) . ill and hi • (Ill • "l ) is defined as follows: 

II,C~, ) /ors e[o,; (1 +1)] 

fI (s, l) = 1I, (4s-I-I) /orse[;(I +I),;(2+I)] 

11,(1- 4~ =:) ) /ors e [;(2 + 1), I] 

, 



Then, H is continuous as hI. h2 and h3 are and by the pasting lemma. And 

",(4, ) fo"+~l ~(2s) forJE[O,~] 
IJ (" O) = " , (4, - 1) fo" e [~ ~l = ((h" "' ) ' h, X') II( I) " (4 2) fi [ I J l = (~ ' (h, ' '')>» 

4 '2 s, = ,~ $- or SE '2'4 

h,(2, - I) fo"e [~'l l ~ (4s - J) fO"'[~' I] 

Thus 1-1 (5, t) is indeed the homotopy between (hi . 112) e ll) and "I. (11.
1

• hl ) . 

Lemma Let ~ .. : [0, I] ~ X E X denote the equivalence class of the constant map of [0, 1] 

onto x E X. Let qJ be an equivalence class of paths with initial point x and term inal point y. 

Then ( o ~= ~ and ~ o ~, = 91 . 

Proof' Let e: 1 ~ X be the constant map such that e(l ) = {x} (II/d iet f : 1 -+ X be a 
representative of the path class cp. 

To show ~ .. rp = ({J J it suffices to prove that e . f -- f . 

Define F: / ' .... X by F(s, i) = 

x, 
Then, F(s, O) = 

1 {2s - i), 

[ i) ,(2, ), se 0,-

[

i 2] = (, o /)(s) for se [O, i] 
1 (2s - i),s e - , i 

2 

F(s I)={ x, s= O =/(s) lor se IO,Ij,thisis true sincex e 91 . 
, I {s), s e [0, i J 

The continuity of F is followed from the continuity of e llnd f and the pasting lemma. 

Th us F (s, t) is the requ ired homotopy between eo I and I · And hence we have~,91 = ~ . 

Now we show that 'P - ~y = 'P. We use the above procedure. 
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Let., : I -> X be the constant map such that . , (1 ) = {y} and lei /: I X be a 

represen tative of the path class qJ .We want to sho,v ' . h / / (fJ e ., y = rp I.C. tDS ow e e , -

Define G: I ' -> X by G(S, I) = 

[ (2s\ 
Then G(s, O) = 

y , 

y, 

/(2s), s e [O,~] 

[

I = (/ o. , )(s) 
' , (2s - I),se 2,1] 

G(s, I) = {[(s\ s E [0,1] = [(s) fors E [O, \] . 
y, s = I 

The continuity of G is followed from the continuity of e" ami f and the pasting lemma. 

Thus G(S, I) is the required homotopy between f . e, and!. And hence we have 

q> - f, , =f{J . 

Definition: For any path [: 1-> X , let [ denote the path defined by /(1) = /(1- 1), 1 e I 

.The path f is obtained by traversing the path f in opposi te direction. That is, 

[(0) = [ (I) and /(1) = [(0). See figu re below. 

Note that I has the same shape as of f, but it is drawn in opposite direction. 

Lemma Let rand r denote the equivalence classes of the paths f and f, respectively. 

Then, 

Y. r = ~~, r. r = c; y' where x and yare the initial and terminal points of the path / . 
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Proof: First let's show y . Y = ~~ .It is sufficient to show that f . 7 _ e ,where e is the 
consta nt path at the poi ntx . 

Define F: / ' -->X byF(5, 1)= 1(1-1), 

[ (25), [ I-I] 5e 0'2 

[I-I 1+ 1] 5E --
2 ' 2 

1(2 - 25), 
[

I + 1 ] SE - 2-,1 

[(2s), seH] 
I 

s=-

se[~,~ ] 
Then, F(s , 0) = [ (I), 

[ (2 - 25), 

1(25), 5 E [o,.!.] 
= _ [12]= (f ' [)(5)and 

1(25- 1),5E -, 1 
2 

{

/(25)' S = 0 

F(5, 1) = 1 (0), 5 E [0, 11= 1(0) = x = e(5) lor 5 E [0,11 

1(2 -25), 5 = 1 

Since F is continuous by pasting lemma, F(s,l) is the homotopy between f . f and e. 

Thus, y . y =~ .. . 

Now let's show, r. y =~)' . It is sufficient to show that f • f - e Y' where ey is the constant 

path a t the point y . 

1(25), 5E[0'~(I-I)] 
Define G :/ ' -->X by G(5,1)= 1(1-1), 5E[~(I - I ) , ~(t+ I )] 

1(2 - 25), 5 e [~(t + 1), 1] 

12 



f(2s), 

Then G(s, O) ~ f( I), 

f( 2 - 2s), 

f(2s ), s+~] 
~ 1 (2s - I),' e [~.r 

se[o,~] 
f(2s), s e[o, ~] I 

S= - ~ 

2 1(1- (2s -I)), s e [~, I] se[H 

f(2s), s e [o,!] 
2 -

[

I ] ~ (f . f)(s) ,and 
f (2s- I), se -, I 

2 

{

f(2S)' s ~ 0 

G(s, I) ~ [(0), s e [0,1] ~ 1(0) ~ f( l ) ~ y ~ e(s)fars e [O, IJ. 

f(2-2s), s ~ I 

Si nce G is conti nuous by pasting lemma, G(s,/) is the homotopy between f . J and ey 

Therefore, r· r = ~Y ' 

From now on we will denote the path cl ass r by r-I 
. The conditions of the above lemma 

characterize y -l uniquely. 

Lemma If fo ,f,: 1 --> X, such that fo - I., then f o - I. . 

Proof Since fo - .t; there is a continuous map F: / 1 -) X Such that F(s, 0) = fo(s) and 

F(s, I)~ I, (s) Vse l. 
DefineG: I ' --> X by G(s,l) ~ F(I-s,1) .The n G(s, t) is continuous as F is. And 

G(I,O) ~ F(I-I,O) ~ f,( I -I) ~ f o(l ) and G(I, I) ~ F(I-I,I) ~ 1.(1- 1) ~ f ,(I) VI e [0, II 

Thus G is the required homotopy between 10 and J; . 

The lemmas just proved showed that all path classes in X sa tisfy the axioms for a group, if 

the product ortwa paths is always defi ned. 
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Defini tion: A path, or path class, is called closed or a /oo'n 'If th ' ' t' I d ' I ' , Y' e Inl 13 an termma pomts 
are the same. The loop is said to be based at the common end point. 

(or a continuous fu nction a : I -+ X sucJllhat 0(0) = a(l} = x is called a loop in X based at 
the point x. See the first fi gure below,) 

, 

The figu re below shows homotopy of loops based at a point x. 

Let x be any point of X; since the conditions in the above lemmas are sa tisfi ed, the se t of all 
loops based at x is a group. This gro up is ca ll ed the fundamental group or Poincare group or 
X at the base point x and is denoted by Trl(X, x). 

i. e. lT l (X. x ) = { [y): r is a loop based at x} is a group with respect to the multip lica tion 

[y ][;.] = [y;. ] and with neutral element ~, = {x}, 

Note: The fundamental group is introduced by the great French Mathematician Henri 
POi nca re« 29 April 1854 -17 July 1912)) in 1895(Analysis Si tus, J, Ecole Polytechn, 

1(1895), 1-121) , 

Definition: Iffor any r E Jr
1
(X, x) such that r -~~ , then the fund amenta l grou p of X is 

t rivia l. Tha t iS lf, (X, x) = (I) 

14 



Definition: Let 10'1. :[a, b]-t X be two paths in X such that Io (a) = I. (a)'/o(b) = J.(b)(Le. 

the tWO paths have the same initial and terminal points).We say that these two paths are 

equivalent, denoted by 10 - J; ,if and only if there exists a continuous map 

I: [a ,b]x! -t X , such that 

1(1,0) = lo(t)} 
1(1,1)= /,(1) IE[a,b] 

I(a,s) = lo (a) = I,(a)} 

I(b,s) = 10 (b) = I, (b) 
s E ! 

Theorem If X is arcwise connected, the groups TtI (X, x) and th(X. y) are isomorphic for any 

twO points X, ye X. 

Proof. Let x and y two points in X, and let r be a path class with initial point x and terminal 

point y (hence, x and y belong to the same arc component of X). Define a mapping 

u : ~ , (X , x) -t ~,(X,y) by lI(a) = r -'ar, for a E ~, (X, x). 

The map u is well-defined because the product operation ofloops is well-defined Le. if a is 

a loop based at x, then y-1ay is a loop based at y. lt is pictured below. 

-
Then fo r a,p E ~,(X ,x), 
u(a • P) = y -' (a . P)y = y-' (ay . y-' P)y = (r -'ar) · (y-' Prj = lI(a) . lI(P) 

Thus uis a homomorphism of 1r1(X ,x)intoJr,(X ,y). 

Also v: Jr,(X ,y)-t Jr ,(X,x) byv(P) = yPr-' , P E ~, (X,y) is a homomorphism. 

Since, for ;(, p E ~,(X, y) , 

v(}, • Pl = y(;( . PV' = y(;(y -' • yfJ)y-' = (rA y-') · (yPr -' ) = v(A) . v(P) 
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Thus vis a homomorphism of Jr,(X ,y)in loJr ,(X,x). 

Also. (l/v)(P) : l/(v(P)) : u(ypy-') : y-' (ypy-')y : P 't P E .7 , (X,y). 

and (vl/)(a): v(l/(a)): v(yay-' ) : y(yay-')y -' : a 't a E " ,(X ,x). 

Th us the composed homomorphisms VII and ltv are the identi ty maps of 

Jr I( X, x) and JrI(X,y) respectively. Whence, 1/ ami v are isomorphisms, each of which is 

the inve rse of the other. Therefore, Jr l (X ,x) and Jr I (X . y) are isomorphic. 

Remark: Given two base points Xo and XI in X, we cannot in general expect any relationship 

between JrJX,xo) and Jr\ (X,x\). For example, if Xo and XI do not li e in a common 

connected subset of X, there can be no relationship. 

Consider the di sjoint union X of a circle and a point x\ (See fig. below) 

For Xo in the circle, JrI(X,X
O

) has non trivial elements, whereas JrI(X ,X1) is clea rly trivial . 

Al so, if X is not arcwise connected, we can expect no relationship between these groups. 

Consider the space X = X\ V X 2 V X l C R2, where XI is the graph of 

sin(l ! x) for 0 < x < 1, X 2 = {O}x I and X 3 is a circle lan gent 10 the ya,isat (0, I) with center 

to the left of the y axis(See fig below). 

For x EX" (X x lis trivial But for x = (01) 1l' \(X,x1) has non·trivial elements. o l ' I ' 0 . I ' , 
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The Effect of a Continuous Mapping on the fundamental Group 
We noW see how continuous maps effect Jr1 : 

Let ({J: X 4 Y be a continuous mapping, and let /0' 1. : I X be paths in X . 

Then if 10 - It, then q:fo"'" <pf. represented by the composed functions. 

Proof: Since fo -f1, there is a homotopy F: I' --> X such that F(s, 0) ~ foes) and F(s, 1) ~ f1(s) 

To show ifo - <pI, · Define G: I ' --> Y by G(S,I ) = ",(F(s, I) 

Then, G(s, O) = <p( F(s , 0)) = <P(/o(s» = (ifo)(s),G(s, I) ~ ",(F(s, I» = ",(I. (s» ~ (qf, )(s) 

and since G is continuous as it is composition of continuous maps, G is the requi red 

homotopy between if, - if, . 

Note: If ({J: X 4 Y is a continuous map and if / o'/. : I 4 X be paths in X 

with 10 (I) ~ I. (0), then <P(/o • I.) ~ (if, ) · (qf,) i.e. 

{ 
",(/, (21» 

<P<I, • I , XI) = <P<I, (21 -I» 

10" E (0.1] 

1o, I E (O,1 / 2] { (q(, X21) 
10' IE(l / 2,1] = (q(, X21 - 1) 

for I e (O, 1121 
10' l e (1 / 2.1] = «q(, ) ' (q(,)XI) 

Definition: (Based map) Suppose that ({J: X 4 Y is a continuous map that carries the point 

x, of X to the point yoof Y, denote th is by \,: (X,xo) --> (Y,y, ) . If I is a loop in X based at 

xo' then the composite ({J 0 /: J 4 Y is a loop in Y based at Yo· 

Definition: Let <p : (X , x, ) --> (Y,Yo) be a continuous map. Define \" : Jr , (X, x, ) --> Jr , (Y ,Yo) 

by \'. ([fD = [<p 0 !l.The map \'. is ca lled the homomorphism induced by \' relative to the 

base pointxo. 

The ind uced map is well-defined since a homotopy j,of loops based at xoyields a 

composed homotopy 'If. ofloops based at Yo' and so if [foJ ~ [ftJ. then 

\'. [f, J ~ [if, J = [qf, J = <p, [I. J. 
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Theorem Let a denotes the path class that contains a homotopy /, of loops based at Xo i.e. 

a = [r,},/ E I and denote \V. (a) = [qi, jthe path class thatcontainsthc paths qi, . \V. (a ) is 

the image of the path class a in the space Y . Then we have the following: 

If a and p are path classes in X such that a . P is defined, then 

\V. (a • fJ) = (\V. a ). (\V.fJ)· 

For any pOint x E X,\V.(~,) = ~"" , . 

f/!. (a" ) = (\V. a)" . 

If IjI : Y 4 Z is also a continuous map, and idx : X 4 X is the identity map, then 

e) id x. (a) = a for any path cl ass a in X; i.e. id x. is the identity homomorphism. 

Proof.- By definition of the map\V .. Le. (P. ([I]) = [(p o I ), we have that 

a = [r,} , fJ = [g, } such that I.g, is defined for / E I.Then \V. (a) = [qi, J, \v. (fJ) = [lpg, J and 

a fJ = [r, } [g, } = [r,gJ 

\V. (a · fJ) = f/!. [r, . g,} = [\V 0 (I. . g,)j = [«(p o I, )(\V o g,)j = [\V 0 I, J. [\V 0 g, J = \V. (a) \V. (fJ) 

Let ~.f = [e ], e: I 4 X be the constant map such that e(l) = {x}, denote the 

equivalence class of the constant map of[O, 1] onto x EX . Then ({J oe = {.-p(x)} is the 

constant path in Y. and, \V'<O = \V. [e J = [(p o e J = [(p(x)J = ~"", . 

\V. (a " ) = \V. [r, J" = \V.ld= l\Vo d 

but (\V 0 I. )" (s) = (\V 0 I. )(1- s) = q>(1, (1- s)) = \V(I," (s» = (\V 0 f. " )(s) Le. «(p o 1,),' = (p O f. " . 

Thus, f/!.(a " ) = (\V.a)". 

d) ('I'\V) . (f) = ('I'(P) 0 (f) = ('I'(\V 0 I» = '1' . (\V 0 I) = 'I' .\V. (f) 

e) idx .(a)=idx.[r,J = [idx ° I, }=[r, }=a 
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Thus the mapping rp H <Po preserves composition and identity maps. In the language of 

category theory, such mapping is called a functor. 

Theorem If'll: (X,x. ) --> (Y,rp(x. » is a homeomorphism, then 'll, :",(X, x. ) --> " ,(Y, q>(x,)) 

is an isomorphism. 

Proof: Let '1' -' : Y --> X , and [a 1,[Pl E ", (X ,x.) then [or " 0 ,.- ' = id and , .". .". {r,l'( .... n 

<P ~ l 0 ({J = id( x ,x
Q

) , we have (id(x ."'o» ' = «({J - 1 0 ({J). = <po 0 (<p - I) . = id .I (r . .c .... )) ,similarl y 

(qJ ~ I ). o <p. = id1r\ ( x ,xo) 

'1', is homomorphism: rp,([a l[P]) = '1'. ([ap]) = 'I' 0 ([ap]) = ('1' 0 a).(rp o P) = '1'. ([a ])'1'. ([PIl . 

tp. is monomorphism: Let <p.([aD = ~"("")' then tp oa = ~"("'J => (<p oa )(t) = ~P("J (t ) 'rI t e / 

'1'. is epimorphism: Let y E ", (Y,rp(x. » , then '1' -' (y(O» = '1'-' (y(I» = x. and since '1' -' is 

Therefore, ({J. is an isomorphism with(l'p-l) . = (tp.r
l 

Thus the fundamental group is a topological invariant in that homeomorphic spaces have 

isomorphic funda mental groups. 

Definition: Two continuous maps ({Jo' ({JI : X -+ Y, are homotopic if and only if there exists a 

continuous map'll: Xxl--> Y such that for x E X,q>(x,O) = rp. (x) , q>(x,l) = rp,(x). 

Notation: If two maps fPo and fP. are homotopic, we shall denote this by fPo::::: fIJI 

Here <PI (x) = fP(x,t) for any (x,!) e X x /. Then for any t e /, fIJI : X -+ Y is a continuous 

map and as t varies from 0 to 1 fPo is continuously deformed to fIJI' 
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Definition: Two mapsq?o.IPI : X --io Y , are homotopic relative to the subset A of X ifand , 

only if the re exists a continuous map ffJ: X x J -+ Y such that 9'<x,O) = tpo(x), f d 
",/ 1)_ or x E X,a n 
\V,.t, - ~, (x). 

q>(a,/ ) = (Vo(a ) = (V, (a ), a e A, I e I . (Le. ~ol, = (V,I, ), denoted by (V: ~o ~ ~, rei A. 

Theorem: Let ({JO, tpl : X ---+ Y be maps that are homotopic relative to the subset {x}.Then 

({Jo. = flJlO : 1l'1 (X, x) ---t Jl'l(Y lPo(x» , i.e. the induced homomorphisms are the same. 

Proof Let (!JU, qJl : X ---t Y maps that are homotopic relative to the subset{x). 

Then exists a continuous map rp : XxI -+ Y such that lp(x,O) = <Po (.t ), fo r x E X and si nce 
(V(x, I) = (V,(.' ) ' ' 

A=(x),(V(x ,/) = (Vo(x) = (V, (x) , I e I. Let [ be a loop in X based at x, then (Vo. f alld (V, • f are 

loops in Y based .t(Vo(x) = (v, (x), defi ne F(s, I) = (V(J(S) , I ) then F isthe requi red 

homotopy between (VO • f alld (V, • f Le. ((Vo • f l = (9', • f l · SO'(Vo.l f l = [(1)0· JJ = [(I>, • JJ 
= <PI. Ill, since f is arbitrary loop in X based at X, we have fPo. = (fJ1. ' 

Defi nition: A subset A of a topologica l space X is called a retract of X if there exists a 
continuous map r : X --+ A (ca ll ed a retraction) such that r(a) = a f or any a E A. 

i.e. a map r:X --tXsuch that r(X) = A and rL = id ,4 . 

Equivalently, denoting by the inclusion, i: A '-+ X a retraction is a conti nuous map r such 

that 

r 0 i = id A that is, the composition of r with the inclusion map is the identity of A. 

For instance, any space retracts to a point in the obvious way (the constant map yields a 

retraction). 

Definition: A subset A of a topologica l space X is called a deformation retract of X if there 

exists a retraction r : X --+ A and a homotopy f: X x I --+ X such th at 

f( X,O)=x } X xe , 
f (x, I) = r(x) 

f(a ,/) =a, aeA, l e / . 
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i.e,a family of maps /, : X ~X, I E I : 10 ::: idx . J;{ X)= A ,uml /,L = idA "It E I 

where the associated map [ (x , I) = J; (x) Vx E X is continuous. 

In other words, a deformation retraction is a homotopy between a retract ion and the 
identity map on X. The subspace A is called a deformation retract of X. 

Remark 1. A retract need not be a deformation retract. For instance, having a single point as 
a deformation retract would imply a space is path connected(in fact it would imply 
contractibi lity of the space). 

2. A continuous map r from X into A is a deformation retraction if it is a retraction 
and its com position with the inclusion map is homotopic to the identity map on X. In this 
formulation, a deformation retraction carries with it a homotopy between the identity map 

on X and itse lf. 

Examples 

1. Let SI = {x E R2 : I~ = I}, be the circle. Then SI x SI is a toru s, with a center circle Sl x to}. 

The homoto py f (x,y, l) = (x,(I - I)y ) shows that the solid torus can be deformed onto the 

center circle, so Sl X {o} == SI is a deformation retract of SI x SI. 

Proof Let X = S ' X S ' and A = S' x to} ,Then X = {(x ,y): x E R' ,Y E R' ,Ix! = I, \YI = I}and 

A = {(x,O) : x E R' ,Ixi = I}, Let r: X -> A be such that,(x, y) = (x,O), 'Ix E X then, r is 

retraction of X, then . Define a homotopy f : X x J ~ X by 

l (x , y ,l ) = (x , ( I - I)Y) , x,y E X and / E l.Then, 

X d I (a /) - (a 0) E A .Thus A is the 
l(x, y ,O)= (x,y ) and l(x, y , I)=(x ,O)= ,(x)'1x E an ,- , 

deformation retract of X . 
f SI Sl 

But A == S I , and hence S I is the deformation retract 0 x . 

) hows th at A is a deformation retract of X . 
2.Let X= [0, 1] , A = {O}.Then l (x , I)= (I - I XS 

} _ 0 "Ix E X . Define a homotopy 
Proof Let r : X -> A be the retraction of X, then rex - 0) _ f(x 1) = 0 = ,(x) 

d I Then I(x - x , ' I: X x I -> X by f (x, l) = (1 - I)X , x E X an I E , • , 

d f tion retract of X . 
'1x E X and f( O,I ) = O.Thus A is the e orma 
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3. Let B denote the z·axis in R3. Consider the sp RJ B . ace . . It has the punctured x-y plane 
(R ' - 0) x 0, as deformatIOn retract The map f defined b _ _ ' y f(x,y,_ ,I) - (x y (1 - 1)-) Is a 
deformation retraction. •• -

4.5' is a deformation retract ofR' - (0,0»). 

Proof Defi ne r: R' - (0,0») -> 5' defined by rex) =.!.. h f lx i ' t en or every 

x E R' - (O,O»),r(x) E S'.Then, r a retraction. 

Ifi :S ' '" R' - (0,0»), then i. r: R' - (0,0)) .... R' - (0,0)) is just regarded as a map 
into R' - (0,0»). Since R' - (0,0») contains the line segment joining x and rex) 

For every x E R' - (0,0»), 

F(x,t) = t(i. r)(x») + (1- t)x is a homotopy from idR' _llo.O)) to i · r . 

(i.e. F(x, 0) = x,F(x, 1) = (i. r)(x)and satisfies F(a, t) = t(i . r )(a») + (l - t )a = to + 
a - to = a for all a E 5' and all t E [0,1).) 

So, S' is a deformation retract of R' - (0,0)). 

Theorem: If A is a deformation retract of X, then the inclusion map i: A 4 X induces an 

isomorphism of ;rrJA, a) onto "1 (X ,0) for any a eA. 

Proof: Let r : X ~ A be a retraction and i: A 4 X the inclusion map. For any point a EA. 

consider the induced homomorphisms 

i_ : ",(A,a) -> " ,(X,a), and T, : ",(X ,a)'" " ,(A ,a) . 

Then ri is the identity map of A and r.i. is the identity homomorphism of the group 

" ,(A,a). 
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i , :If,(A,a)-->Jr,(X,a)isamonomorphism: Let Ir ) EIf(Aa) d ' (II) {') 
I , an I . r = .,. ,a and t! be 

the representatives of [r] and ~a' Then 

i, (a)(I ) = e(l) 'I I E I which implies (i oa)(I) = e(l) 'I I E I i.e, (aXI) = e(l ) 'I I E l ora = e , 

Thus [r ) =4. · So i, is also injective. 

i, : If, (A ,a) --> Jr , (X ,a) is an epimorphism: LetlP) E 1f,(A ,a) . If !. : X --> X , I E I isthe 

deformation retraction, then the composition [,p: I ~ X gives a homotopy of p to a loop 

in A, 

10P(s) = l(fJ(s), O) = fJ(s) i.e. loP = fJ also J.P(s) = I(P(s), I) = r(fJ(s» i.e. l,fJ = rfJ 

Since r is a retraction rp E 1f,(A, a). So i. is also su rj ective. As required. 

Example In the above examples, the corresponding spaces are homeomorphic to the 

corresponding deformation retracts. 

Definition: A topological space X is contractible to a pOint if there exists a point :Co E X 

such that {xo} is a deformation retract of X. 

Definition: A topological space X is simply connected if it is arcwise connected and 
1f,(X , x) = {I} for some (and hence any) x EX. 

Corollary: If X is contractible to a pOint, then X is simply connected. 

Proof Let X be contractible to a point then there exists a point Xo E X such that {xo} is a 

deformation retract of X . 

That is there is a retraction r : X ---. {xo} of X i.e.r(x) = Xo "ix E X and a homotopy 

I: X x I --> X such that l(x,O) = x }x E X, l(xo, l) = xo' lei. 
I(x, I) = Xo 

Now l(x, I)E X lor all xEX,I E I. Define F : I-->Xby F(I) = 1(.<,1) for XEX ,I E I . 

Then F(O) = l(x,O) = x ,F(I) = I (x, 1) = x, and F(I) = l(x, l ) E X for x E X,I E I . 
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Thus F is a path in X, with initial paint x and terminal point xo, and F(I)C;; X . Thus X is 

arcwise connected. 

Now we show ,,(X, x) = {I} .Let y: I -+ X be a loop based at x, Define Il : X x I -+ X by 

Il( s, I) = f (y(s) , I) where f: X x I -+ X such that f (x, O) = x } X f( ) _ 
f ( 1)

- xe . XI , I -XI ' l e I . 
x, - Xo 

Then If (s, 0) = f( y(s) ,0)= y(s) ,s e I and If (s, I) = f (y(s) ,I) = x, ,a nd 

Il (O, I ) : f (Y(O) ,I) : f (x" I): x, , If(I, I): f(y( l) ,1)= f(x" I) = x, 

Thus r .... Xo and hence since r is arbitrary, we have lZ"(X , x) = {I}. 

Example 1 A subset X of the plane or, more generally, of Euclidean n-space R ~ is ca lled 

convex if the line segment joining any two paints of X lies entirely in X. 

Any convex subset of R" is contractible to a point. In particular the unit disk D2js 

contractible to a point. 

Proof: Let x, e X be arbitra ry, define f : X x I -+ X by the formula f(x, l) = (1- I)X +IX, 

For any (x, t) E X x I (Le. f(x ,t) is the point on the line segment joining x and Xo which 

divides it in the ratio (l-t): t).Then f is continuous, f (x ,O) = x,and f (x, l) = xo· 

Example 2 The unit (n_l)_sphereS,,-l is a deformation retract of D" - {o}. the cl osed unit n­

dimensional disc minus the origin. 

Proof: Define f : X x I -+ X, where X = D" - {oj = ~ E R" : 0 < \~ $ 1), by theformula 

x f X S"·' I 
f (x ,l) = (I - I)X + I \x\ . Then f iscontinuous,f(x,O) = x, (x ,l) : \x\ e , (1111 

if XES"· ' ,Ihen f (x,l) = X for all I E J. 

In particular, for n;::::2, we see that the boundary circle is a deformation retract ora 

punctured disc. 
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The fundamental group of a circle 

So far we only know If, (X) for X .;; R" convex and in that case iT ,(X) = {I). 

We noW turn to techniques for calculating ll', of given spaces. 

The circle S' is path connected, and thus its fundamental group is independent of the 

choice of the base point. The natural base point is .to = (I, 0) e S' . 

Theorem: ll' ,(SI) == Z .Intuitively the homotopy class ofa loop on SI depends only on how 

many times it winds around the circle and in what direction. 

We will show thatthe homotopy class of a loop at Xo E S' is uniquely determined by the 

direction and the number of times it "wraps around~ S', ifxo = (I,D) , then the clements of 

" ,(S I, xo) are represented by the maps 

a ,,: I-t S' 

a" (s) = (cos21lJ1s. sin 21lJ1s) for n = o. ± I. ± 2. ± 3 •... 

and n -40 [a ,, ] is an isomorphism of Z onto " )(SI, xo)' 

Definition: Given continuous maps f: X --t Y, p: £ -t Y . If there exist a continuous map 

J : X --> E such that p o 7 = f then we say that J liftof J to E 

The map e: R -40 SI is defined by eel} = exp(21Tit) . Then e is continuous, 

e(/ I + / 2) = e(/ , )e(1 2) and, e(/ ,) = e(t 2) if and only if t , - t2 is an integer. It fo llows that 

e\ is a homeomorphism of the open interval (-1/2.1/ 2) onto 5' \ {cxP(iT i)). 
H I2.112) 

Let log: S' \ {exp(Jr i)} --> (- 1/ 2.1/ 2) be the inverse of e\,_,,,.,,,,' 

Definition: A subset X ~ R" is caJled starlike from a point .to if, whenever x e X. the closed 

segment [xo, x] from Xo to x lies in X . 
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Lemma (Existence) Let X be compact and starlike from Xo e X , Given any continuous map 

[ : X -> S ' and any I, e R such that e(I, ) = [(x, ), there is a continuous ma p 7: X R 

such that I (x , ) = I, and e o 7(x) = f(x) fo r all x E X . 

Proof Clearly we can translate X so that it is star like from the origin; hence there is no 

loss of generality in assumingxo -= 0, Since X is compact, f is uniformly continuous and 

there exists e > 0 such that ir[\x - x'il < e, then ~f(x) - f(x')~ <2 . Since X is bounded there 

exist a positive integer n such that Ilxll < E 'VX EX, Then for each 0 S j < n (md all x E X 
n r :I)X - i:\\ = 11:11 <& and f( (j : I)X)_ ~j:) < 2. 

It follows that the quotient f«(j + I) x I )J(jx I n) is a point of S ' \ (exp(1T i )}. 

Let g , : X -> S' \ (exp(1T i)} for 0 $ i < n be the map defined by 

f«(j+ I)x l n) 
g,(x) = f(jx l n) 

Then fo r all x eX , we see thatf(x)= [(O)g, (x)g,(x) ... g._,(x). 

We define I: X -> R by 

I(x ) = I, + log(g,(x» + log(g, (x» + ." + log(g._, (x)). 

Since 7 is the sum of n + 1 continuous functions from X /0 R , it is continuous, Clearly 

1(0) =1, ond e ol=f · 

d I f- - . X -> R be maps such that 
Lemma (Uniqueness) Let X be a connected space an _et ,g. 

eo 1= c o g and I(x, ) = g(x, ) for some x, e X. Then f = g. 

_ _ . f- - 0 - eo h is the constant map of X to I E S I . 
Proof Leth = f - g: X -> R. SlOcee o - e g, 

k' only integral values. Because X is 
Thus h is a continuous map from X to R, ta 109 

. h( )-0 h(x) =Ollx e X. 
connected, h is constant, and Since Xo - • 

" 



Let a : I ---+ SI be a closed path at I. Because I is starlike from 0 and a (O) = I = e(O) it follows 

from the above lemmas there exists a unique lifting a: I ---+ R such that e 0 a = a . Because 
«a(I)) = a(l ) = I, it follows that ii(l)is an integer. We define the degree of a by 

deg(a) = a(I). 

Lemma Let a and Jl be homotopic closed paths in S' 01 I. Then, deg(a) = deg(Jl). 

Proof. Let F: I x I -t Sl be a homotopy for a and p. Because I x I is starlike subset of R2 

from (0,0), it fo llows thatthere is a (unique) lifting F: I x I --> R such that F(O,O) = Oand 

e o F = F and F(O,I) = F(I ,I) = I 'II e I. Thus F(O,I ) and F(I,I ) take on only integral values 

for all I e I. It fo llows that F(O ,/) must be a constant and F(I,t) must be a constant. 

Because F (O,O) = O.F(O,I) = OJor 0111. Let ii ,P: 1--> R be the maps defined by 

a(l ) = F(I.ol and P(I) = F(I,I). Then a(O) = P(O) = 0, eoa = a and e o P = Jl. Thus 

deg(a) = a (l ) = F(I.ol = F(I,I) = F(I,I) = P(I) = deg(Jl). 

It fo llows that there is a well.defined function deg from H l (SI,I) to Z defined by 

deg([ a D = deg( a) 

Theorem The fun ction deg is an isomorphism of groups H I (Sl ,I) to Z. 

Pr oof. To Prove that deg is a homomorphism, let a and Jl be twO closed paths in S ' 01 I and 

let aJl be the closed path which is their pointwise product in the group multiplication of 

S'. Let ii,p: 1--> R such that a(O) = P(O) = O, eoa = a and eop = Jl. Let 

y = a + P : I --> R . Then 

y(O) = ° and e(y) = aJl . Thus 

dcg([ a ] ' IJlD = dcg(1 aJll) = y (l) = ii( l ) + P(I) = deg([ a D + deg(l Jll). 

The map deg is an epimorphism: For any integer n, let a: I --> R be the path defined by 

a(l ) = In and leI a = e o a : I --> S' . Then, dcg(la l) = n .The map deg is a monomorphism: If 

deg(la l) = ° , then there is a path a: I --> R with ii(O) = a(l ) = 0 and e o a = a . Since R is 

contractible. a::::;o; and a = e o ii:::: e o ~o = ~I 



Example ", (S" ) " I for n 2: 2. 

Proof: Case 1. For 2 ~ n < 00 , 

Let p = (0, ... ,0,1) E Rn+land q = (0, ... ,0, -l) be the "north pole" and the "south pole" of 

sn respectiveJy. 

we show that ifn ~ 1, the punctured sphere S" - p is homeomorphic to R" . 

Define f: (5 n - p) .... Rn by the equation 

1 
{(x) = {(x,X, .... h+'.) = 1- x (x, .x, . ... ,xn) 

n+' 

The map f is called ste reograph ic projection. (If one takes the straight li ne in R"+I pass ing 

through the north pole p and the point x orS" - p. then th is line intersects the n - plane 

R" x 0 C R" +l in the point/ex) x 0). One checks that f is a homeomorphism by showi ng 

that the map 

g: Rn .... (5n - p) given by 

gey) = g(Yt. Yz •... ,Yn) = (l+:YI2 Yl' ... 'l+:y!2 Yn. 1 - 1+:YI2) is the right and left inverse fo r 

f. 
Also the refl ection map (Xl' ... , Xn • Xn+l) --+ (XI •.. ' . X n• -Xn+l) defines a homeomorphism of 

Sn _ p with Sn _ q, so the latte r is also homeomorphic to R", 

Now we prove the theorem. Let U = sn - p with V ::; Sn - q be the open sets of Sn. Note 

that for n 2: 1, the sphere Sn is path con nected. This follows fro m the fact that the spaces 

U and V are path connected (being homeomorphic to R") and U n V ::; (1,0, ,,' ,0) E S". 

And for n 2: 2, the sphere S" is simply connected. The spaces Uand V a re simply connected, 

being homeomorphic to Rn. Their intersection equals Sn - p - q, wh ich is homeomorphic 

under ste reographic projection to Rn - O. The latter space is path connected, for every 
point of R" _ 0 can be joined to a poi nt ofS"-1by a stra ight·l ine path, and S"- 1 is path 

connected fo r n 2: 2. Then by the Seife rt·Van Kampen Theorem, special case, we have 

" , (S" ) " I for /I 2: 2. 

Case 2. Forn = 00 , S" = {~E [ 2 : ~~I = I} (" infinite dimensional sphere~). Where [ 2 

de note the set of sequences ~ = (41'~2 , ... )of complex numbers that a re square summable 
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• (L:, 1~"12 < GO) with its usual inner product « ~ . 11 >= f~ii .. ) and corresponding norm ( - ~ 
14~' =< ~,~ » . I ' is a metric space ( d(~ , ~) =~ - '1I)and so a topological space, and 

S· = gEl' : I~ ll = I} is a subspace of I ' . 

To show 7rl (S"' ) == I i.e. S" is contractible. 

Let T: I ' --> I ' be the shift operator T(~)= T(~,. ~" ... ) = (O,~,.~" ... ) 

We show that T is an isometry with no eigenvalues. 

T is injective: As , if x E ker T => Tx = 0 => (0, {" {" ... ) = (0,0, ... ) => {, = 0 Vi = 1,2, ... => 

ke r T = (O). 

T is surjective: For y = (0,7/1.111' ... ) E 12. 3x = (1h . '11 . .. ,) E 12 such that Tx = y. 

Thus, T is bijective. 

Also, lITxll ' = 11 (0, {"{,, .. . ) 11 ' = II ({"{,, ... ) 11 ' = IIx ll '.Thus T is isometry . 

Now we show T has no eigen values. 

Let A E K be the eigen value. then 
3x *' 0: Tx = .lx => (O,{" {" ... ) = .l({, .{" ... ) ....... (. ) => (0, {, .{" ... ) = (.l{".l{" ... ) => 

.l{, = 0 and .l{,+, = {" i = 1,2, ... => .l = 0 or 

{, = 0 and .l{,+, = {" i = 1,2, ... 

if A;:: 0, then (*) ~ (i = 0 'Vi which is a contradiction. if {1 = O.[rom ..l{i+l = 

(i we have {i = a Vi which is again a contradiction. 

Thus T has no eigen values. 

Now, let x E S~, then IIxll = 1. Tx = (O.{" {, . ... ) => Tx E S~a nd hence x .... Tx is a 

bijection. 

( l - r)x+Tx 
F(x, t) = 11( 1- t ):t+Txll 

Then. since (1 - t)x + Tx '* 0 Vx E SQO , F is continuous and 
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F(x, O) = 11: 11 = ids~ (x) i.e .F, = ids~ , F(x, 1) =.!!... = Tl which implies id _ Tl IT1'I ' Is-- r ' IS"" 

Now we show that rl .... ~ Xo = (1,0,0, ... ) . 

Defi ne G: rl . x I .... S" by C(x, t) = (1-f),,+T% then C( 0) = ~ - d s II(t - t )Xo +Tl'U X. 1%01 - Xo an 

Tx 
C(x,1) = IITxll = 71,_ 

Therefore. id s~ is null-homotopic and hence Soo is contractible to a poi nt. and si nce Sri:> ~ /2 

is path wise connected, we have that H I (S"" ) = 1. 

The fundamental group of a product space 
Let X . Y, and A be topological spaces. If f: A ~ X x Y is any map,let us denote the 

coordinates of f(a) by (J, (a)./,(a)) for any point a EA. Then J, alld f , are maps of 

A in 10 X and Y, respectively, and it is well known f is continuous if and only if both 

J, and /2 are continuous. 

Also i f we denote by p : X x Y -t X (md q : X x Y -t Y, the projection of the product space 

onto its factors, then 1; = pi and 12 = (if . 

Now let us apply this for A = J , the unit interval. We sec that there is a natural one- ta-one 
correspondence between paths f : J ~ X x Y and in the product space and pairs of paths 

II : I -+ X , 12 : I -+ X in the factors. Also it holds I I = pi and 12 = (if as before. 

Theorem If X and Ya re path connected. then the fundam ental group of the product space. 

11" I (X x Y, (x ,y)) is naturally isomorph ic to the di rect product of the fundamental groups, 

11"1 (X , x) )( 11", (Y, y) . The isomorph ism is defined by ass igning to any element a E 

1I" ,(X x )' , (x,y). the ordered pair (p ,a , q.a), where p : X )( Y ~ X and q : X x Y ~ Y the 

projection of the product space onto its facto rs. 

proofLet us denote the fundamental group of the product space by 1I" ,(X x Y, (x,y»). 

Choose base points Xo EX, Yo E Y , then (xo,Yo) E X x Y then \ve have continuous 

projections p: X x y ~ X and q : X x y ......) }' and thus the induced homomorphisms 
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p. : ", (X x y ,(x,y)) .... ", (X ,x) and q. : " , (X x I' , (x, y)) " , (Y,y) 

and thus a homomorphism 11': " , (X x Y,(xo. yo)) " , (X ,x.)x " , (Y.y. ) defined by 

[a] .... (p .[a ], q.[a]) 

We show II' is an isomorphism.q:>is onto: Let (lPUr!) e 1f,(X)xlf,(y) then a = (P. r) is a 

loop in X x Ywith p(a)=pand q(a)=rsothatq:>(la)) = ([PI,lr ))· 

<p is one-ta-on e: Suppose /pUa D = (~ ~ ) = ~ i.e. p o a - e via Fond q 0 a - e via g ~o ' Y. " ~o ,. 

then H(s,J) = (F(s,t) ,g(s ,t )) is the required homotopy fo r a and" ) i.e· lal = ~ . ... ',.. 

Thus <p is an isomorphism. 

Proof: Since rl = S' x S' and S' is path connected, we have by the above theorem that 

", (S' x S') " ", (S ') X If, (S') and If, (S') "Z implies If, (T ' ) " Z x Z . Geometrically, the 

representatives of two generators for Jr,(T2
) are described below. 

Figure Two representatives of generators of the torus. 

In general, for n-torus we have lr, (s' x ... x S') == z x ... x Z . 

Corollary If Y is simply connected then Jr ,(Yx X) == If ,(X) for any X. 

For instance, cylinder S' x [O, 11 ::.circle 5' ,solid toruS S' x 0
2 

:::: circle S' 

Proof. Assume Y is contractible. Choose Yo E Y and a homotopy F : Y x I 4 }' such that 

F(y.O) = y, F(y, \) = y. from id , to the constant map with value y • . 
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Oefine 

!: X x Y->X x {Yo}: !(x,y)=(x, Yo), i :X x(y, } X Y ( x : i x, Yo) = (x, Yo) 

Thus, F 0 i = id.h , ,, ,· Define G : (X x Y) x I -+ X x Y by G«x,y), I) = (x, F(y, I» 

G«x,y),O) = (x, F(y,O)) = (x, y) = id x., (x ,y). and 

G« x,y), I) = (x , F(y, I)) = (x,Yo) = (i 0 f)(x,y)so i 0 / . id J( .r · 

Therefore, X x Y ~ X x (Yo) " X . 

Example 1. Jr, (S ' X S') " Z. 

2. Si ncell"JS l ) == I, S 2 X Sl and S3 are not homeomorphic spaces. 

Applications 
1. The No-Retraction Theorem (Dimension 2) 

-
Sl is not a retract of D2. 

Proof. Since D 2 is contractible, any map defined on D2 is null homotopic, and in particu lar 
r would be so too. But this would be a contradiction, since the composition of r with the 
inclusionSl 4 D2. which is id Sl , would also be null homotopic. Such r cannot exist 

2. Brouwer's Fixed Point Theorem (Dimension 2) 

Any continuous map I: D2 --) D2 has a fixed point. (Le. there is a point .to E 0
2 

such Ihal 

. / (xo) = xo) 

Proof. Let f : D2 --) D l : I(x) '# x '<Ix E D2. We use it to bu ild a retraction r : 0
1 

....... Sl thus 

contradicting the existence of this retraction. 

r,'} 
D' 

s' 
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Let xED' , then /(x) " x 'Ix E D' implies x and f(x) determ',ne a I' (I ) metx + - t f(x), l e R 

On this line the norm is a quadratic function of t . 

~/X + (I - 1)/(x)II' ~ (Ix + (I-/)f(x) ).(IX + (I - /)/(x)) 

~ llx- f(x)~' + 2f(x).(x- f(x»1 + I!(x~' 

This quadratic is 5. 1 for 0 ~ t ~ 1 (D 2 is convex). Thus, there is a unique ' \ ~ I for which it 

takes the value I. The quadratic equation gives this 'I as a continuous funct ion of x (/(x) 

is continuous and the denominator 2f(x),{x - J(x» is nonzero). Thus, the map r : 0
1 

Sl 

defined by 

r(x) ~ I,X + (I - I,)/(X) 

is continuous. By definition, rex) E S' and, if XES' , then,. = I , and we getr(x) = x . This is a 

contradiction. Thus, there is xED! such that lex) = x . 

3. Fundamental theorem of algebra 

Every non constant polynomial with complex coefficients has a root. 

then there exists Zo E C such that /(zo) = o. 
Proof' Assume f does not have a root, the mapping Z H j(z)wQuld determine a map 

f: C --> C _ (OJ i.e. f(t)" 0 'It E C and we show thatthis implies n ~ O. 

The plan is to construct, in two steps, a homotopy relative to to, l }from e
2

- to the trivial 

loop at 1 in SI and then appeal to ... to conclude n = O. 

, f(r. ' · ' ) / f(r) 

For each fixed r" 0 define a, : / --> S by a, (s) ~ If(re'~) ' f(r)1 

Then, la , (s)1 ~ 1 'Is E I and a,(O) ~ a , (I) ~ 1 implies each a , is a loop at 1 in S' 
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Moreover,a o(s) = I \Is E / and F(s.l) = an(s)is a homotopy relative to (O, 1) from a, to a, 

so [a , ] = [I] i.e. \lr" 0 (a ll of thea , represent the trivial element of iT ,(S ' ) ). 

Now fix some rSuch thatr > max (I ,la"_,I.la"_,1 + ... + 1",1) · 

Then on Izl = r, 

Iz"1 = r" = rr"-' > (Ia"_, l+Ia"_,1 + .. + laol)lz"-'1 = I,, "_ , ~ z "- ' I + 1,,"_,1' "-'1 + ... + ,\, "-'1 

" la"_,II, "-' I+ la"_,II, "-'I + ·· ·+Iaol (r > I) 

So [z"l ~ la"_lz "-l + ... + 0 0 \ on 1z1 = r ...... (>It) 

Now \II E / , define f,(z) = ," + I(a"_,z"-' + ... + ao),(50 that f, (' ) = z" and j, (t ) = f( z)) . 

Then [, (z) has no roots on 1z1 = r because 0 = j, (z}i mplies 

i.e. \z"\ :5 [a"_lz"_1 + ... + uo\ and this is impossible on ]z[ = r by ("). 

Now for this fixed r and tEl define 
F s I _ f, (re '~' ) 1 f ,(r) 

( , ) - If,(re '~' ) ' f, (r)1 

Then F: / ' --> S' is continuous ( Ire '~'1 = H = rand f, (z) ~ 0 for Izl = r), and 

(f, (z ) = z") 

F(s, I) = a ,(s) (f, = j) F(O, I) = F(I. I) = 1 

And therefore, 
F : e'-' ~ a , rei (O,I) This implies n = 0 i.e. f( ' ) has degree O. 

~ I rei (O, I) 

" 
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