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ARSTRACT

The thame of this theasis is the investigation of collective
and thevnodynamical propeviias of highly~excited Bose-gas. By
excited gag is weant a gas in which there exist a significant
humber of excited particles, The nunber of excilted particies
depends on external sources (laser 1lllumination, electron beams,
etc.) and can be arbitrary. In typical cages the number of exe
clted atoms N, is smaller than the number of particles in the
ground state, As is well known the energy of interaction
between particles in the sare gquantum state is proportional to
1/% where R is the distance between particles, This short-
range interacltion is regponsible for the collective properties
of the conventional gas such ag condensation and phase transi-

tions,

The interaction between differently-excited partilicles is
proportional to 1/R? and can be atiractive as well as repulsive,
Thus, the awailability of aven a comparatively small number of
exclted particles can and does lead to a significant change of

the propertiles of the gas compared with the non~excited gas.

The properties of such exclted gas are investlgated on
the basis of the second-guantized Hamiltonian and the method of
equatlions of motion of Green functions. This method yields, in
a most natural and divect way, the energy-spectrum of elemen-
tary excltations and the thermodynanical functilonsg of excited

gas.



11,

I1Y.

IV'

VI,

VII »

VIIL,

CONTENTS

IntrOdUCthTl » + [ [} * [} L] 4 € v v L3 ’ L T L * *

Chapter 1

Quantun Considerations of the Interaction
Betwaen ALOMS . . « v 4 4 4 s o v a4 e 4

1) Van der Waal's FOorces ., .« v o v s « o » o @
2) Resonance Interaction Between Differently

Excitn@d AtOI'(lS L L] 4+ ® ¥ 3 ] L] L] 4 L] [ + L »

Chapter 2
1} The Conception of Elementary Excitations , .,
2}  The Green Function Methoed ., , , . . . . .

3} SECOND-QUANTIZED HAMILTONIAN OQF EXCUTED GAS.

Chapter 3

Weakly Non-Ideal Bose-~Gas At low Temperatures

Chapter 4
ELEMENTARY BXCITATIONS IN AN ERXCITED BOSE-~GAS AT

LOW TEMPERATURES . + + « « + s 0 o o e v v o

Chapter 5

EXCIVTED BOBE~GAS AT HIGH TEMPERATURES . . . ., .
C()NCIJUSION 3 (] 3 q ] + L] L} ¢ ® . L] > & T . » - L]

ReEferentes « o v v« v v s 4t v v e e v e e

Page

o

10
13

18

22



INTRODUCTION

On the macroscoplc 1evei the properties of gases, liquids,
and solids are determined, ultimately, by the intexactions
between the particles that constitute them. As far as we deal
with atoms and molecules, in this case, these are electrical

interactions.

The main purpose of this paper is the investigation of the
collective and thermodynamic properties of an excited Bose gas,
By excited gas we shall understand a gas in which a definite
amount of atoms are excited to the first level of elactron
excitation. 1t will be shown below that the interaction between
differently excited atoms is much larger than the interaction
between similarily excited atoms. This means that even a small
concentration of excited atoms can give significant contvibution
to the thermodynamical functions of the excited gasg. In parti-
cular an excited gas with couparatively small nunber of excited

atoms will be non-ideal.

Due to strong resonance interaction bhetween excited and
non-excited atoms which is connected with the interchanging of
excltation between differently exciled atoms and which is
proportional to 1/R*, (R = distance between atoms) one can
expect collective properties of such a gas, The first investi-
gation of collectlve properties of non-excited gas at low tem-
peratures had been done by Bogolubov, In this paper we also
considered the Bogolubov case using the thermal Green's function
method which is the wore natural one in the treatment of the

many-body problem.



The second and wain problem we have consldered is the
energy of gpectrum of elementary excitations in an excited
Boge~gas with a comparatively small number of exclted atoms=-
where the linteraction between differently excited atoms gives
rise to a significant change of the energy spectrum of
elementary excitations, Apart from the appearance of another
branch, the availability of excited atoms leads to the appear-
ance of an energy~gap for Bogolubov's phonons and a changed

velocity of gound.

The third and main problem considered here is the energy
gspectrum of elementary excitations in an excited Boge-gas when
the number of excited atoms 1s still small but we can neglect
the interactions among non-excited atoms and also the interac-

tions among excited ones,

The last problem congidered in this paper is the excited
Bose-gas at high temperatures. We have obtained the energy
spectrum of elementary excitations and analysed its thermody-

namic properties.



CHAPTRER ).

QUANTUM CONSLDERAYIONS OF THE INTERACTION BETWEEN ATOMS.

(VIRTUAL DIPOLES)

VAN DER WAALS FORCES

The prototype of our discussion is the problem of determi-
ning the energy of intervaction of two atoms which are situ-

ated at a great distance from each other,

In the solution of this problem we apply perturbation
theory, regarding the two isoclated atoms ag the uﬁperturbed
system, and the potential energy of thelr electriaél inter~
action as the perturbation, As is known the 15t order
corraction to the requlred enerqgy of interaction of the
atoms is determined as the diagonal matrix element of the
perturbing MHamiltonlan, calculated with respect to the un-
perturbed wave functiong of the system whilch are expressed
in terms of products of the unperturbed wave functions fox

the izolated atous,

The total Hamiltonlan of the system of two intervacting
atoms ig

1 2,
Bo= CHOOF TH U{R) .(1.1)

where U(R) is the perturbing term given by the operator of
dipole-dipole interaction [1} Czj
4.4, i3(§1,ﬁ)(32.ﬁ{

R) = it el e Do

, | (1.2)
R3

lﬁo and 2HO are the Hamlltoniang of the isoclated atoms,



Let us consider two atoms in the YOG statgs‘ In
g-gtatey cthe disgonal e¢lemente of the perturbing
Hémilﬁonian axre zero since in g states the Y-function

is a function only of ¢ implying, on the average, spheri-
cal gymmetry in the distribution of charges in the atom.
This anounts to evaluating the mean values of the dipole
moments of the atoms and they vanish in s«states, So the
15t order correction term to the energy of the system of

two atoms vanishes and we go over to the next correction

term which is the second order,

In the gpecial case ol two atoms in their ground states,
the 214 order correction to the ground energy of the two
atomsg dependsg on the distance and can he considered as

the interaction enexgy {2

U(R) = - “;s (}.3)

where A is a positive congtant which depends on the type

of atoas.

Thus, two atemws in normal s-states, at a great distance
- by ctd s _ e Gl .

apart, attract each other with a force (- ﬁﬁ) vhich is

inversely proportional to the seventh power of the dista-

nece, The attractlive forees between atoms (dipoles) are

the Van der Waalls forces, Thege are short range forces

affective over distances of the order of atomic diameters

and are a miner effect in the present problem,. The congtant



A din {1.,3) depends, not only on the states of the two

atons, but alse on thelyr mutual ovientation, L.e., on

the valus of the proijection of ths angular momentwin on
K . ot

the axls jodining the atoms,

INTERACTION OF DIFFERENTLY EXCITED WTOMS

> e e e e e i

RESONANCE INTERACTION

Az a speclal case consider the interaction of two

similay atoms in different states., The unperturbed

systenm (the two isolated atoms) has here an additional
degeneracy due to the possibllity of Interchanging the
states of the atoms {(excitation jumpg from one atom to the
other}. Accordingly, the correction in the first approxi-
mation will be given by the secular equation with the
interaction term {(1.2), in which the nonwdiagonél matrix
elements of the pgrturbation appaear as well as the diagonal

ones,

Consider the case where the 18U atom 18 in the ground
state and the 2084 atom in the 1Y axcited state., The wave

function of the 1%Y atom is given by

Dioo L) ARy g (r) mo e /2

211(]

and that of the atom by



I

MY e = EREs ~ 73‘,:{‘4.’
L«"p'l,,..]_(“) m.f1<21(1.) gin 6 e

¢210(2)ﬁ*wfR21{x) cos O

oy N e b
w211(2),mg Rzl(fj gin 0 e

The set of wave functions corresponding to the system of

two differently excited atoms in $ and P states are then

Vo= Wyge () Vol 20 Wy = by (2) ¥pyg (1)
Yy = Uiop (0 @) Y = dyaa®) Uyl (1.4)
o o= Byon (L) Unp(2) 0 ¥ = 60 (2) 9py ()

Bach of the wavefunctions corxresponds to the same energy
B (50 + 5]) vhore €5 is the enerqgy of the ground state
of one atom and 6y is the energy of the 15% axcited state

of the other atom,

The correction, E{lj, to the enargy = E - in - -the " filrst

’

approximation of psriurbation theoxry is given by the secu-

lar ecquatlion, Eﬁ]

ey
Uyqg=e Uyy ¢ v v Upg
L (1)
Uy UgymB 70 v v Ung = 0 ; (1.5)
e
U-Gl U52 c ot ¥ U66 B




Cuneits

functiong (L.4). bDue to gymaetyry conditions all diagonal
matrix¥x elements vanish and only the matrix elements

0. .

147 9 7 Uggr UG3 ; Are RON-Zaro,

Taking the linear comnbinations of the wave functlong of
the excited atom, we can choose them in such a way that

. w L . ) ] . ¥
they will transform like components of the vector o

KPR YRR RL P IEEAN 2V PS RS PSR NI P PV

Than, the set of wave Dunctions given by (1,4) correspond-

ing to the systen of two differently excited atoms, can be

writbten ag

».3::.
—
s
e
S
o
—
2
it
N
i
3
o
N
i
W
-

=10 (2) 0, (1) 2= x> 0>

-

[¥yr=lo, (U)o, ) forfy> 5 [¥g>=[o (2) ¢, (A)>=lyrjor  (1.6)

Wyr=ig, (104,420 == [0 7> 5 [Yeo=|g_(2)¢, (1) >=[z>]0>

’

This, then, is a.cage of 6~fold deyenevacy and

)
AR b, > - BB, .
jii{ sgl]HO*U[vj> &4 Cy

=0 {1.7)

With the z-axis chosen 1n the direction of the unit vector

£
a o,




e selution of {(30,7) given the following values for the

g oty

RS aoyrection to the degenayvate enavgy lavel iﬁo%ﬁl)qiél

1,2 TR et Byt e Bglg vt e -

fax? <Q|ﬂy]y>2 = <0fd

S0 the 5-Lold degenerate level (e +e,) splitg into four
levels among which the levels (gé+s?z %g)gtill bave 2-fold

dsgenerasy. The linear gombinations which correspond to

thege leovels are

(2) @K(13>}“

Lo
“Q 2
two fold degenerate
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[Wie =2l 1o, (1) 0, (205 = 19,23 6, (1)>)

two fold degenesrate
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Tt can be shown that the expschation value of tha dipole

mament in all anbtisymmetcical gtates in (1,8} eguals to
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aeilo and nas
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Considaering the pair of diffevantiy excited atowns, the

probability of dipole transition fram ons of tho states

in eguation (1.8} to a astate where both of them are in
the ground state (probabllity is proportional to ﬁipole
matrix element), 1L is cleay that the anti am@tr?

3 (3

gtates in (1.8} ave long-lived gstates with respecht to
dipole transitions. ‘S@ among the interacting palvs of
differently excited atoms we have short-lived symmetrical
atates {1ifewtimafﬂgiﬂwg saconds which ﬁ?%he%ﬁﬂ%;éfﬁipolg
transition igz}andflﬁﬁgﬁiiveé antigymmetrigal states with

the forbidden dipols transitions,



! BXCLTATIONS

Eat e 2 A i e

The ldeal guantum Bose gas at 7 = O creates the so-called
Pocondensate when all parx
anergy and zevo momentum, This can bae, mogt easily, seen

from tha Bose distribution

Ny = q.?“;'—"""“*;" ¢ (2.1)

At T =0 uy=0 and

11 k = "‘S_‘“‘

e - 1
_ . 1 2
has singulagity ng . =@ o [o{k) = 3ﬁ‘je This means

that all particies have energy e(k) = 0,

tn the cage of non-ideal gag a macrogcopic part of the

i1 the condensate sgtate; but there

e
»

particles ave still
are some {small amount of) partlcles with non-zero momens
tum even at T = O, The move removed from ideality the

gaa is, the more the nunber of parblcles with
e(k) * 0,

The theory of much weakly non-ldeal degenerate Bose gag

was developed by Bogolubov [Ejand demonstratas that



oarbioioss with ofk) 5 0 <on bha desovibed in tevmn of

rations have the following

¢ (530 + viR? (2.2)

,?u
1_,

In the long-~wavelength limit (k -+ O) egn.(2.2) reduces to

EBlkY = UK (2.3)

wilch corresponds to the phonon part of the excitation

gpectrum of a Dose liquid with U, identified as the valo-

city of gouwd. In the case of large momanta, the excita-

tion spasotoum 1s given by

v

2 {k} 2 gi{k) = R {(2.4)

and the guasl-eparticles turn out to be the (real) froe

articiaes. This agrees with the general conclusions of

‘g:.

W‘

Landauw's thoovy aboul the enevgy-gpectrum of condensed

gyataens at low temepratures ,{6

This yasult for the phonon case turns out to be extremely
general, It appears now that, 1n most many-body systems,
it im possible to perform a transformaﬁion v from the

system of stvongly interacting pacticles Lo a set of

,

approximately independent elementary excltations above

g
o

ground state, Thuas, the tvanaformation may be written



e N " -
CRHERH (D, L0, ) ViDL 0. o paps) >
) b S 4 ! 4 ) =T

-+ Hi=g Gik i T
» H o }i {k )I‘i]\f}

Bere H' iz the second quantized Hawlltonian of the system

ot

of lntevacting particles; the trangformation t© 1s unders-

o'

tood to contain the necessgayy transfommation to the

second~guantizaed Lo, EO ig the ground state ensrgy of
ding system; E(k) 12 the enervgy of the elemen-

tary excitation (fdispersion law'! or ‘excitation spactrum’);
gf,ak, {ﬁkig) ara creation, destruction and number operators

for the elementary excitationg. The ammall term in egn. {(2.5)

degserinas the interactions between elementary excitationsg.

Thys, a{ low temperatures the enevay specttum of a many-
body system can Le hullt ag a zsum of the energies of.
alonentary excitations which can be coansgiderad like non-
invaracting {(ldeal) particles, This mezng that at low

ﬁamperaﬁufest:whﬁrt exclitations with small ensyigles are
tmportant and the number of thewm is small, the intevraction
of elenmentary excitations leading to decomposition of
excitations {which occus only for fairly large energles)
and the gcattering of excliatlong by one anothaer (which

bacowes jnportant only when tha nunber of excitations is

fairly large) are oo longer imporiant. The weakness of



s,

intaractions hotyesp groibationg at Low tannavatures

gxoitationg {(guagi-particies) with spsciflilc digpoarsion

law; E(k)f Ea As tempevabure increagses the nunbay of

elemantary exoitabionsg incrsasas and the interaction

batween them becomses signiflicant.

One can ask how one can fiand the dispergion law of these
guasipavticles in the particular cases. The most simple

5

way iz to starl with the second-gus zed Hamiltonian of
way o gta with the =ze wanti Hamiltond o ki

a gyatem,

i . . . + ,;,.
hay a, b owws b JRIBY UK, 28 o8 v, a (2.6}
Uk ERVE S ' R S B I R A I 5 T s S ot
172 18y Rp Ky
iiﬁj

o
£l

= fe, ot {consarvvation of momeantum) .

n
"
s e

~1\..

gt

¥
Tl

4

ez

¥
Al

.

¥
A

whare

' . . L
Ay Fyoare creation and anninilation opavators;

<kikiUfkyky > = is the matelx element of interaction

with skikyUlkyk, > = Sy by, UGE, 2004, ¢ A2 d2
12 P2 ’ LIS 1Y Ve My
i 2%1 ket ey , k, i, Y Y,

U haing the potential energy of paly lateraction; and k

£

ig the ast of guantum pumbers which describes the single



— i g-} e

Av, the Yirst steps of thoory thoe galy way foo finding

the digpsiosion low of elenenbtary excliavions vas looking

=%

n

fox & sultable transiormation from old operators aé,a?

to new operators b b g0 as to reduce the Hamiltonian
* k17K :

(2.6} to the diagonal form

oy
hk + B, {(2.7)

HL—“—}EE (}i)i)k o

B, 38 the encrgy of the ground state and E(k) the enerqy

£

icles oy elementary excitations, bf and by

k k

are ocrcatlon and annihllation oparators of ex¢ibations.yith

e

of the guagiparx

cnergy FB(k). Unfortunately this wethod works only in the

-

case of apecial Hamiltonlang which can be obtained from

thae ygenenid ane waing some physical approximaitions.

At the ond of the 5013 the powerful methods of guantum

field theory have benn introduced inbo statistlesl phyaics

and the physics of condenaed mattesr,. Theso methods are now

very widely uged sand called the method of Green funciions.
The most important featueres of this method are the follow-
ing:

We introduce the thermal Green function|7)
¥ !

y= - g0 <la) (6, a, 0f ]y (2,8)
&y i Lk fURT T
Kk

whayre
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S
A R de dhe oveation cnovator o bhe (Indsonbaeo

;"., 1‘!_
G) e LHE

' U AHe v
) - ‘—ik {
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{(H iz the Hamiltonian eqgn. (2,06)); O{t) is Heaveslde's

stoap function; E:jg gtands for the commitatbor in case of
Bose particles or anticomnutator iun case of Fermi partlcles;
< > means thermodynamical average

<E§£(t) ; ;3_}_;({3)-}:? = {(t} , fﬂ.kg((}):g}

3

AW

7 = Trie " 5 is the recipyocal of the absolute tempera-

Y, 6 s

ture in units of reciproeal of enccgy. Here ve bhave put

u
i

e
{

Boltzmann ‘s constant K, and Plapch: 11 to

1 equ

unity,

=

The Grzen fonchicon (2.8]) pammits one to find the energy
spectrum of elaementary exclitatlons. Taking the Pouviler

transiorn of {(2.8) and dewanding

GT 4m) = 0 , (2.9)
<.
one can find the dispevsion law, ie., the dependence of
the energy, wlk}), of elamentarcy excitations on momentum K

a5 the rooits of amguatiion (2.9},



Gor

The distribution of particoles in

vhe momen tum space 18

SRRAL G Loy, (Z2.10)

[

The Green function (2.8} hasg a structure of the type

] % o A; e inmn
i’a k%ﬁj w-m {k)

and using the Divac ideantity

J— .,-‘..a:iif - i = g..,.,»,E. S,
wew k) c1E - {1

¥
s
‘i

a8 Lw-m(R))

One can seloct the imaginary part of the Green funcition

(2.8} .

Lf the energy of elamentsyy excitations aond their distri-

bution I in monebton spece are known, then one can work

-
ot

ut the thermodynamical properties of the

tiny

yvaten. The

intaernal enavdy, for dngtanee, is given by

<> o= Jwu{k)n, .

On the basis of B(V,T) we can find all thevwodynamical

proporties. -

5 s

The problem now is bhow to find the Green functlon. Below
we shall use the method of equations of motion for the
Green fiunctlon proposed by Tyablikov [91, The eguation of

moLion Toy the Greesn funcihion (2.8 has the Form



U

and can be obtained from con. (2.8} directly by

1’1-
|_
“J
[
~
o
mA
L

i

ah

~

ation with vespect to time. The time derivative of a (i)

ig given by the standard foymula

d{” “if:”-i(fj , (2.12)

In the real caszes the interaction term in the Hamilbonian

(2.6) generates the Graen function of

-

iigher orvder of the

type

- - g - +
G Ne)y soad0 ey <ta, (Bya, {t)a,, (t) , a ((,)j
- : e - W R T A FoRR

S Ay B G ] 1 I, Ty L

i 'z K
So we also nead the eguation for ¢+ ] . But
¢!;: d}(, dk? d]"\':
1 e 2

the Greepn function of still

such an aquation will involve
|

o
Yl
ol
i
i
—
[~
L"J"
i
1]

bigher order and zo on. Bventually we arrive at the
chain of coupled sguationz for the Green functiong of

different ovdexs. On some physical grounds we can cnt the

SEa

- s

system of cguations for the Jdraen functions and obtain the
closed Finlte sgystem, Lxamples of such procedures ave

demonstrated bhalow,



The main goal

properties of an axcited RBose

fthe nwibey of ewxcited atoms is not

Adeterinined

tigation of the
iz & gas in which

by HMaxwaellian

distyibution
. -~ iy X P . ; .
TR A {(By= the energy of excited atom),
but depends on external condiflions Elaset 1Lllumination,
. 3 , . .
alectron baams,; fﬁvgs aing the laser ons can croate and
maintain the constant muiher of excited atoms Lé],

- P t
It can be chown [4] i

e
|

thal, for example,

8

atomn 1s #0110 G

of HRaxwelllzation o

TUToAsconas . 5o

conditions is

e

is equilibrivwm in the kincetical degrees

the electyron degrees of freaedom ave not

equilibriun,

Let us consider an excited gas in which
. 5 AL ‘s . -
axeited to the 177 excited level and N

[

atate with the usual situabion

N, s< N,
O

o1

CO

o
+

xcited gag the

mndg ;s bhut the

gas undary normal

that there

— L aT
1

Fraodom, but

in tharmodynanic

ﬂj atos are
atoms in the ground



TORLan o Gur in which interactions Ccan

L

e teshen inbe accoont in the dipole-dipole approximation

where

the jﬁh at@m;

i

Hamilitoni

M)
s
-~
L
*—

i

w& : pparatory of Rinetle ensyrgy of the ﬁLh at.om,
i - s -

interaction., Wo have also

O .
HI¢ (v, ;0. ; oeo;¥u ) == o & (¥, 0, ,000,7, ) 2
I N § 7 : 578 :

[

We find the second-guantized Hani;tonian for excitad gas

using the following field operators

By plage, () v by (e H

(2.14)
r,;r i " o - >J£e‘§
2lo, R G ’iﬁz-') L)+ by ey e T

Here and below we shall assome, for the zsake of gimplloity,

that the sxcited state iz non-dsgenerate and &, {x) may



corresoond 1o one of & {4 (v, oy oo (v}, fuch a
siituation can e oigansacd by cxpovimentally applying

ey ] .

to an excited gas a strong magnetic fleld leading to

the removal of degeneracy with the condition that the
Zeeman splittiang
ARone Ko,
B
in (2,14) R is the coordinate of the center of mass of
i ) =+ {-> + KA T n 3 '
the atow; ¥ rl,rn,,,,,fnl is the set of electrons' co-

ordinates; a;/ak are the creation/annihilation operatovs
. ¥
- . = -.‘ ° !
for particles in the ground steate L@a(rlj 5 bk/bk are

creation/annihilation operators for pavticles in the

excited state (f(r))i

. g
rotlowing the standard prDCQdufengJ

1
4 .

b= (L () Y(har, + 50y (1) (2)00(1,2) ¥ (2) ¥(1) dy, drs

we gevy the second-quantized Hamiltonian for excited gas,

W1 L -1

u* . |
-y e (k) wn ¥ (o a, +h, b “Ya, . a,, e
H~NOaOrN1€]+iLh(h) 5] (e Phpbptsg & U tal ey, ay, ay 8y

kik; i ; 2 1
k, K,

1 « v BN L 5
Foime ¥ a a, & 2 a, b, i
55 Ug(@{ag g by by b bybyy s ay b 2ay by ay by

k'k ) 2 2 } vz o 12 2 i
12

Not ing that resonance intersction means the intornction

between differently excited.atoms moving with the same



momenta (intecchanging of excitaltion is pogsible coly in
this case), the Hamiltonian (2,15} takes cvhe form (in the

limit V¥V » o ; ¢ = trangfeorred momentuw » Q)

il
, , . + o .t
H=N ¢ +N o +ihe (k)Y (a a, +h b T Ly, ALy &y & +
H ND" 0%\\!] e }]: kY Y dy )kka 5 Er t b Ay ap
}’\1 o 1 o ) ¥
Ué - . kL k,
t o5y {g(akbk+hkak)} . (2.16)

The term (NOEO N e y is the energy of the electrons'

dearecys of freedom for the ron—-interacting particles and

we zhall drop it hereaftey, it being understood that we

2
. ‘ K
il i 8 i 1 c Y ¥ [ . P O - I~ i = Tl 84
wmeasure enargy from ‘ﬂoﬁo : J?_i); v {k) 514 is the

-

kinelbic energy of a particlie of mass M; UO is the Fouriler
transform ol the interaction between non-excited atoms,
and U; is the Fouricery transform of the interaction baetwyeen

differently excited atoms,

it can be shown (see Chapter 1) that, in the dipole-~dipole

approximation
[N ¢ 34 (2.17)
0 O

5o, even in the conditions when NI<<N0 the last term in
(2.16} describing the interaction of differently excited
atoms can significantly changoe the enargy spectyrum of

such a gasg. We have neglected the interaction between excitad
atoma on aceount of their relatively small number. We shall

conslder three cases,
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WEAKLY NON-TDEAL BOSE-GLE AT 1OW TEMPERATURES T-0,

T the absoencee of excibad atoms, the Hawiltontan (2. 16)

reduces to Bogolubov's damilionian

I } .
H o= (kya,a, + =22 Y a,,s,,a, & (3.1)
B S AN A i e
1oz
k Kk ‘
P2

for slmpilfication o ¢ the Hamiltonian {3,1) we use the
followling considerations. Plrst of all we consider the
sase of fow temperatures, 1 -G, a0 T =~ O most of the
particles should be in the state wilth zero womentum

k=

N SN =N,
(_‘.

So o wo can negleclt the non-commutaliveness of

+ ’ .
a a - A - = 1 3.2

0 k=0 o Mkzo (3.2a)
;A as ¢c-numnbers.

and tyreat
k=0

S,
* k=0 e e )
o= \/N = ¢YNO = N VR

<) O ! [§]

But a,a. - a,a, = ko4 C 3.,7m
ut ki e Lo PO (3.9%

and N, o= Y aa = W -

S AN



The application ol occoturbation thoory now means the
1

evpanszion of vho intacaci lon Leom in powers ol small

values A, a . hodng this one can get up Lo
‘ Skdo T ko 4 ’ &) k
. VR SRR N S, [ TR I . i al . A terma 5 .
second-order terms, Thero are no order bterms since

these would not conserve moment:a,

For the determination of the aenergy  devels it is
necessary to reduce tLhe familtonian (3.3} to the diagonal
Foerm., Tt can be done by anpropriate linear transfocmation
as in the case of N.N. Bogolubnoy fi}. We shall arrive at
the well-koown solationz by tha Grazen function method as
described in Lbe provious chapter.

We shall 18t find the agquation{s) of motion for the

s N
ak(ak) oparator{s),

. 1.

RO R o S T STPTIP N1
a = L[ak,H&} i L(}(k)4£ﬂ ak(t)%zﬂa“kj {(3.4)

where we have put H o= 1 and

A = e



The agquai o of motlon for obhoe Green funotion 6% = 0

o 1
1, it
e

TG, Y e S *.KE{E ( (_3:_)—&—2{-.] GyR)=-200, (8) {3.5a)

ianvolves the Green fuancition Gﬁ a7 G, « The equation of
1 g, U ¥ ~ - N
=¥k

motion for G, is

iG {t) = Zf’.]f\('ﬁil(t} + (z:(l{)~!=1%z’§£}n(i:) . 3.5

The gsystem of equnations (3.5) repregents the closed chain

of eauations for detormining G, & G, . Pagsing to the

Fourier transform of Lhese cooguations we getl

iﬁk' Ly (vt (%) Wﬁj f(ﬁ‘.1 {ts) - R2A G, {w)

F

(3.6)

The solubion to {(3.0) is

+ B k) P24 : e (k) +2p-E (k)

Dl =0 ) kT ZE) o) R T0T Sk

(3.7)

* : TE e e ey _.Z.\_)__. e e 2 e Y N [ -.}} ey e g a e, 7 .
o l0) = YOG E ) e T ETRYERRNIERYT ke

and the energy spectrom of elementavy excitations
YT I T
(k) :VQ (k) + U;K {3.8)

2 . . .
where U = ~5-  ig the veleocity of sound, This regult
.3

i
A

coincides with Bogolubov's 8]



he transform

in the form

Hy

is suggested

in the form

ot
bk/bi being

particles tha

real numbers

ation reguired to put the Hamiltonian (3.3)

L)
O
Comvengm?
ground state

by eqn.(3.4) and can right-away be written

Ub, + Vb (3.10)

Kk K

annihilation/creation operators for quasi-
t ohey RBose comuutation ruleg; Uk’ Vk are

whose values are still to be determined,

and
KS EN - -
bk(t) = bﬁ(O} exp(iﬁ(k)ﬁ]
' (3.11)
by (£) = b, (0) exp(-in(k)1t],
Using equations (3.10}) and (3,11) the Green functions
G, (t) and G, (t) may be put in the form
G, (t) = iO(t)Uéexp(iRt)Gkk,in(t)V;exp(“iEt)ﬁkk,
(3.12)
G, {t) = iO(t)Ukvkexp(iEt)skk,~i®(t)Ukvkexp(—iEt)6kk,
Taking the Fourier transform of (3,17} we obtain
U’ v?
Ko, Yk
Gy (w) = —— &?k' . e Gkk‘ (3.13a)
L h Wt '
U, v UV
. . k'k - k'k
G, {w) = . Gkk' = 6kk' (3.13b)
w5k wtE
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On comnparing cguations (3.13) and (3.,7) we see that

up s (1 /) ) v e (1 VIS <)
| (3.14)
o v, = o 5/ vT:ﬁ?)
with

TN

' = 2RAEF2D) ;B =V e P 4aen = 28 \/E/Fﬁ - 1 ;}

which colncide with [g},

It will bhe useful to note that Bogolubov uged for the
diagonalization of the Hamiltonian {3.3) the algebraic
method introducing the operators of quasiparticles bk

1-

Py = U KAk

& 4+
X S T

The necegsary coefficilents of this U-V traneformation
were obtained from the condition of the vanishling of non-~
dlagonal terms., The CGreen function method, as we have
seen, systematically and directly yields not only the
dispersion law for elemgntary excitations but also the
sought~Ffor transformation is indicated In the equations

of motion of the operxators ianvolved,
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CRAPTER 4

ELEMENTARY EXCITATIONS TN AN EXCITED BOSE-GAS AT LOW

RES,

Let us consieor an excited Bose-gas with a comparatively
small number of excited particles. We ghall take into
account the interactions among non-excited particles and
between differently excilted particles and shall show
that even in the c¢ase when the number of excited partic-
les is small their contribulion to the enerqgy spectrum

of elamentary excitatlons ls significant,

We shall starvt by asguming that the ground state of an

excited Bose~gas 1g ag follows:

.

in the Ground State there exist the wacroscopic number of

particles in the state with k = 0 . We denote them as

RE70 (4.1)

>
<

A comparatively gsmall nuwber of particles have non-zero

momenta ;0 L.e.,

S k=g - . KO
S oa,a, €N 5 oby b, ¥ N (4.2)
ko k7K o_ ko K7k 1

~

Bxpanding the Mamiitonian (2.16) in powers of small operatoxs



a ay yo by g, by ap o gecond order terms we
kdo 7 ko’ Tkio’ Tkilo {

obhtain !

e A e .
F LIS 1) - " » - -It A 5 - - S0 3, & Aoy &
H L04 'L E{L)akakz i L(k)bkbk t QAO -X {1k“wk‘amk3k} +
hfo ko kfo
+ 2AM, 50 (afb + bfa } (4.3)
A ¢ »k.%;o k i k k i{: * Te
Wheaere
k
R U n.
BoeA N b 2a M oA =02 A =00
g - IV V
{4.4)
Ny
7 PPN . T > 7 . 2 e
L(k) I (k} 4 1525.10 33&1(3 : £ Nr) < 1

fguation (4.3} is obiained orn the assumptions that

N << N
&

i
50 that we have lnproved No in accovdance with

o .t
O L

leaving Nl ag it 1s,

The equations of motion of onr operators have the form

LS .‘.
Al

R + . .
= 1{h(k)ak + Aﬂ}gbk

2R A, }

EAY

e

+ == ~ - '; EENS o
bj{ = _L{ 13 “{) i)k ¥ Zf\} ya

2

iy



The closed gsysten of eqguations of motion of the Green's

Ll v
funciions naeds also s ! and b
. <k =k

dhich can be ohlained

from (4.5) by taking adjoints and substituting k by k.

Introducing the following Green's Ffunctions

G, (t) = ~iolt) <€}ik(t), Ay f(‘)}l>

G, (6) = «do) bl ), a, O]
{4.6)
G, (&) = -iele)<fa , (t), a,, (O}
G, (t) = ~ialey<fb_, (t), a,, (0]}>
we <an obtaln the closed syustem of eguations of motion of

the Green's functions (1,6)

1G,(6) = ~§(L) 6 B )G, (£) = 28,86, (£) ~ 2R G, (C)

iG, (£} = = 2A,06G () - a(k}(}?(t)

H

(4.7}

1
[
-~

o
o

G (t) (). OERIG, (L) b 2B £G, ()

qu {(ty = ?,!-'\.15;(33 (v} + ¢ (k)Gla {(£)

Passing to the Fouriler transform of {(4.7) one can arrive
at the systemn of linear algehralc egquations from which
one can obtailn the equation fov the energy spectrum of

elementary excitations w(k}).

(0 G)me? ()] "= (0? ) =e? ) a0 G a =2 (e () 42n_~2n ] (2,067

4(?A3)2(}?(k)+p(k}A¥]Ez

SEICT PRI CICIRT Y RS SR (4.8)



we shatl sesk the solution oo {(4.8) In the Toom

which corresponds to keeping terms . £’ and negleating
A - e . W b
~ 7V in {4.8). Then step-~hy-step approximation yilelds the

. - o 2
two branches which we shall designate by o

B(k} , and m (k)

1) m;’; e oe? dar A ] 1+ (A y 71 12 A% T {4.10a)

TrGet) | (4.10b)
The condittion

v l{ky » 2{%

is dmpoesed on (4.10b) in ovder for the second branch of

excitabions to posdgess non-inaginary enérgles,

Thus we see that there exist two sets of elementary
excitationg for the excited Bose-gas with the dispersion

laws,

(4.11La)

S e ot e oy

Z

}g’] ) {)___g) j (4.11D)

Vo



ok

£

The 170 ol of oxcitations {(4,11a) exists gt all momenta

bul with an A owpiven by

—

ST g A -
VA E T S P T C O S (4.12)
' €1 v ;

Thus the energy gap is connected with the presence of
excited particles since in the limit N -~ O A+ O, IE
we calculate the energy of elementary excltations from

a(ko) =4 , then for K » ko we have the conventlonal

phonon branch

N T T T L (4.13)
T3 v 1\ "_ 39 - {
Limit ~5-~0 =+ O

* v 54y o . - '
where U° is the velocity of sound given by

[

o
s
i

A (4.14)

W

and L

Whenoee the aforementioned appeavance ol an energy-gap
(g 4.12) for the Bogolubov phonons and an increase in
the velocity of sound by a factor of Ve >1  (egn.4.14).
he second sel of excitations {4.11b) existsonly at

miomenta greatar than the critical value k

. f“-j_”
i dm k {T\v_. . (/)) Lo
X

[

h"i

s
o
J‘\.’\:

ey
P
.

Do

K S (4.15)

O




Now, we cohaider bthe excited fosae gasg in whioh we can
neglect the intevaction among non-excited partlcles, Tn
this case the Hamiltonian has the form

) . 1. g . ) ' + i
H'=F 3 ¢ (B &, ¢ ‘b)) + 2A L £ (a. b, Vb &, ), (4.16)
{ ¢ 7 ¢ [ K
bl k"! o 1 K 1 }{*";t() k7k Kk
Whare

B 2A N ;BT e < 1

. Uty
g R (K)=e (k)28 275 g (kR)=e(k)=27, 3 A :;——

. o . 0
The evpression (4.16) is obtained by jmproving both No

: O o .
and N1 aceonding to

63 . R 1
Ny =N e 511;31.
L O 1 LA 2
ko
39

- +,
RJ = N} hkbb ,

kt%lo "

e

The equations of motion for our operators have the form

. . + s
- e 4 AR O P RIS T S o S
d_k il B . ik} d,}{ - Z2A | ("Uk_}

(4.17)

= 3 E2

(bl vo2n, b b



Using the Green Hiumction method ag enployed earlier In

this naner FEERSIEL AR SRS RN o RV CENTES

5 2 . tg N
.S Rk !

1 ,;,._;". . wmia
VN (R0

G i (LLJ )
akak f

Whil g

bgak‘ l1+£2 Wi e, ) oREY

{4.18)

2 & )
R B SUE B S i
: = |2 L N .
bkbk‘ 1+ W W,

The spectrwn of elementary excitations in this case also

hag twoe branches and may bhe written asg

-

o}}(k} = {k)

(4,19}
U*HN
w, (k) = e(k) - 9 9
: v

wnere ¥ = N+ N = total number of particles,

In this particular case the gpectrum of elementary excita-
tions w, (k) depends on the sign of U: , the Fourier
transform of the interaction potantial between differently
excliad particles, In the case of attractive potential the
particles defined at all momenta

tug

w (k) = ef(x) + 2 Lwo,
v



Las
=N
T

in the case of repulsgive polentlal the cloementary

axcitations with Lhe tve energy exist above a critical

value kg of moment g

USN
k = {4 e omi?
Y

Tt is intaeresting to investigate the linear combination
ol operators of real pavticles ak/ai : bk/b; which
correapond to the above mentioned quasi-particles, As
neual, we may vight away write the sought-ifor transfor-

mat ion [see eqn‘(4.17)} as

a, = Upa,  + WR, | {4.20a)

b, = Vk“k - U%&k (4*205)

wheve 07 + ve = 1, and the new operators o, /M, satisfy
. - ¥
the Boge. commutation relations. We then find the coeffil-

cients U

kot Vi

Uk . \/ wl ; V]r, \)F_. R (4,21, }

The dispersion law w (k) corresponds to the symmetrical
combination (4.2Ca} and m?(k) to the antisymmetrical

combination {4.20b).
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Here we shall consider the excited gas in which the number,
N, of excited particles 1s comparatively less than the number,
N , of non-excited particles but sufficiently blg enough to
allow us to neglect the interaction between the non-encited

oneas.

The Hamiltonian in this case has the form

I}#’ . 1] 5
[} T

. : b b 0., T + 4
o e, =Y ala th) by + — 1Y {a b, ¥hya )J {5.1)
Q " k . Kk KRR 29k ¥k 7k ke

..-.
bt
u

=

This Hamiltonian should be diagonalized under the following

condlitions:

where N = N + N is the btotal nuwmber of particles;

‘o 7 OtO 7"1-'1 €

It is convenient Lo pass to a new Hamiltonian



HY = B - N + AN ~F  or
1 o
U U U ot
, o oyt . 0 sy Ol Ty + I P
{red (o=t e p)ag a2 (o=~ = u X)) b, b (L(ﬁgh Th, a,,} (5.3)
. K oy K7k I k 2y Kk 2K K7k ]{]i)

The Interaction term in this Hawlitonian is a complex one. In
the general case it generates the higher ovder Green functions,
S50 we decided to siwplify the Hamiltonian reducing it to the

quadvatic form

- - - RE . BN ~ e 2 ~
H ioiitt(k) H}ikik i(kil) p%%)akbk {_i(dkbk+hkak) {5.4)

where

i » 4

} H 3
A o= =2y fa,b1vb;ah>
Vo k '

Intyoducing such a A is eguivalent to introducing a self-
consistent Field in ithe following sense. On the basgis of the

Hanilitonian (5.4) we can find the Green functions Gqu (4) and
I
: kk

the enerqgy spectrim of elementary excitalions which will depend
on A and after this we shonld detexmine A. Physically this means
that patrs of differently excited particles interact through

some avervage field A,
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Daing the proviously described Green function method

we can diagonalize Handltoniao (5.4),

o= ple k), (k) )4 , ong ()Y (5 L w5

K o
where
w, (k) = rk)-qt A2 1) (5 . =z
f
with

- w, (k) vy
Ay = ((:}'p ("-—M ~)= f] = jeXp (wim-—f—-)* 1.% '

i{l f‘l‘e
with still undetermined p , A and A . For determination ofl
these quantities we should use the constraints (5.2) and thie

defining eqguation for A,
Wow i, k) vy (})

QMg M) = 2 (g () ey () (5.7

=
Q = po z{n (}x)“ﬁ k)l .

v k

From the defining expregsions for the energy of qu:i%jpaftj(“ =

W, (k) , one can see that ny Py Prom (5.7} one can see that

the last equation can be solved only for attractive potentialg

82

(U* €0}, Tn the general casze the solution of the system (5.7)
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