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e}wij:ed gas is meant a 90."1 in which thet'e exisi: a s.i9nificant 

number of exalted particles. Tlw number of ~jxcited part 1cles 

depends on external sources (la.ser illumination, electron beams, 

etc.) and can be arbitrary. In typical case" the number of ex-

cited atoms N .i" smaller than the number of pal;t.icles .in the 
1 

ground state. As.is \'1e11 lmoVin the energy of interaction 

between pa,'ticles in the same quantum Bt_ate is proportional to 

lid' ~Ihere R 1s the distance between partlcles. 'I'his short-

range interaction is responslblc 1:or tho coll()ct:i,ve properties 

of 1:he convelltional gas Huch as condensation and pha"e transi-

tions. 

'1'he int_m:action hel:vl8cn dlf ferently·-exci'ced particles 1s 

proportional to I/n 3 and can be 21ttnlctive as Vlell as repulsive. 

'rhus, t_he ava:llab.il.ity of even a comparaU.vely small number of 

excited -paxticles can and does l(-lad to 21 signU'icant change of 

the propertles of th,~ gas compared \~i til the non-(~xcited gas. 

The properties of Huch exc:l.tec1 (jas are invest.i.gated on 

the basis of the second'-quantJzecl Hilmil tonian and the method of 

equations of IUo-tion of Green functions. 1~hiB method yields I in 

a most natural and direct "THY, the enor(w~spectrulU of elllmen-

tary excitations and t:he t:hGl:l!lodynaroiGCll functions of excited 

gas. 
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I NTRODUC'l'I ON 
.-~~~-~~--- ..• ~~~.-,-~~~. 

On the mac1:oscop.i.c levol the [Y'cofJ8rtic!; 0 r (Jaf-:l(~S I liquids I 

and solids ,He determined, ultimately, by the interactions 

betv/een the particles that, constitute tlwm. As fal' as \'/e deal 

with atoms and molecules, in thin case, these are electrical 

in teractiol1s. 

'l'he main purpose of this paper .is the invesUgat_ion of the , 

collective and thermodynamic propertiefJ of an excited Bose qas. 

By excited gas we shall understand a gas in which a definite 

amount of atoms are excit_ed to the f11'st level of electron 

excitation. It ~Iill be shovm below that the .interaction between 

differently excited atoms is rollch 13r'Ter than the int(',raction 

betl1een sJ.mi1arly excit;ed at_oms. 'PhIs means that even a small 

concentrat.ion of excited atoms can give significant contrihut:ion 

to the thermodynamical functions of the excited gas. In parti-

cUlar an excited gcw wi-th comparatively small number 0.1: exctted 

atoms Vlill be non--ideal. 

Due to strong resonance interaction between excited and 

non-excited atoms which :l.s connected ~li th the interchang ing of 

excitation betv/een differently exclt(;'d atonw and "lhiGh is 

proportional to l/n', (R 0' distance between atoms) one can 

expect collective properties of. such a qas, '1'he first invest i-

gat ion of collective prop(~l:ties of non-excited <jas at lml tem~ 

peratures had been done by 13o<jolubov. In this pappy we also 

considered the Bogolubov case uslng the :l:c!1.'3.:1.'~JaL.s;E~f0I1_,f 13. ___ :t:~JI1E.t:ion 

method vlhich is the more nat.tu~al one in the trHatment of the 

roany"-body problem. 



t.rh(~ se(!OYtd ;:3.nd li121.i.:n p:r:obJ em we have: consldt?red ig -the 

energy of spectrum of elemental."Y excitaLLons 1n an excited 

Bose-gas I-lith a cOE!.I2..ClE~:t:i.Y_~l;[_".~.iI.al ~ number of excl.t.ed atoms­

where the interaction bet\-f(,en differently mwited atoms gives 

rise to a significant change of the energy spectrum of 

elementary excitations. Apart from the appearance of another 

branch, the ava1.1abi1ity of exc.tted atoms leads to the appear­

ance of an energy-gap for Bogolubov's phonons and a changed 

velocity of sound, 

'rhe third and main pronlem considered hen~ :Ls the energy 

spectrum of elementm:y excJ.tat.l.ons in an excited Bose-gas ~lhen 

the number of excit:ec1 atoms 1s sU.ll small but we can neglect 

the interactions among non"excitnd a1.'.onw and also the interac­

tions among exciU~d ones. 

'1'he last;· problem corlBic1ered 1n this paper is the excited 

Bose··gas at !~!:5LJ:l tmllperatures. We have obt:ained 1.'.he energy 

spectrtlJll of elementary excltations and analysed its thermody-­

namic propert,ieB. 



CHAP,:pgH ]. 

(VIR'fUAL DIPOU,S) 

VAN DEI< WAALS PORCES 
~. __ ~,~_~~~ ___ •• _~.e~_...".. _____ ~_ 

'1'he prototype of our cHscussion is the problem of dflt.ermi-' 

ning the energy of J.nteract.ion of t~lo atoms which are situ-

ai:ed at a great di8tance from each other, 

In the solution of this problem vIe apply perturbatj.on 

theory t regarding tho blo isolated atoms as the unperturbed 

syst.cm, and the potential energy of their electrical inter-

action aE; tlw pertuTbation. AB iB known the 1St order 

cornwtlon to the required energy Ol~ 1.ntoract10n of the 

atoms is determined as the diagonal matrix elemt~nt of t:he 

perturbj.l~g Hamiltonian, ealclllated I,d.th reBpect to the un" 

pcn·turbed I'lave funct:lons of the sYBtem whleh are expressed 

.in t.erms of product.s of the unperturbed \<lave funct,ions for 

t.he lsolated atoms, 

1'h0 tota1.Haml1tonian of the system of i:wo interactin'J 

at.oms is 

+ 211 -I- U(R) 
o (1. 1) 

Hhere U (1<) is the perturbJng t.erm glvfm by the operator of 

dlpole··dipole interaction CIJ t [2J 

<1},d2 -3«\1'~) (d2'~) 
(1.2) 

111 and 2n 'WE) the Hamllt:onians of t:he isolateCl atomB. o 0 



4 ~, 

Hamtl tonlan are zero since 1n 8 ~·~-tat.e::t the \il~-funct::Lon 

is a function only of r imply1n9, on the average, spheri-

cal symmet,ry in the distribution of chal:geB in U\8 atom. 

This amounts t:o evaluating the mean values of the dJpole 

moments of ,the atoros and they vanish in f3~stat,es. So the 

1 at order correction t:erm to the enel:gy of the system of 

two atoms vanishes and vie go oV(~r to the next, correction 

term which is the secono, order, 

In the spec.ial case of two atoms i.n their g-round st:ates I 

the 2nd ordor con:ection t.o the ground enH1:qy of the two 

atoms depends on the cUstMtCe and Cim be cOlHdderec1 as 

r' " the interaetion ene:cgy L2J 

tJ (Ri (1. 3) 

~Ihere A 1s a )?os:l.ti,ve const,ant wh:l.ch depends on j:,ilc type 

of atoms. 

'rhus I tl10 atollls in normal s-states I at a great distance 

au aparl, attract each othor \dth a ,£()rce (- em) ~Ihich is 

invenlcly proportional to the seventh power of the dista'-

nee. 'l'he attract:l.ve forces botv10cn atoms (dipoles) are 

the Van del' \'laal 1 s forces. 'rhese are short range forces 

effectlve over distances of the ordor of a-t::omi.c diameters 

and axe a Toino:t: effect, in the p:rElmmt probl em. 'rho constant 



t:h(} value of the p:coj(-:1ct:ton of the angular rnoment~lJTl1 on 

the axis jo1.ninq tlw al~omB, 

IN'l'ERAC'TION OF nH'l?EREN'l'I,y EXCT'l'ED ATOl~S ._ ..... __ ~_~ __ ~~. __ ~~_ .• ~,._. __ .__ ~"_,_~,,~_~_~ __ ~~_~O~~. __ ~~·_'"_~ __ ........ ~., __ .• _ 

HESONANCE IN1'RHAC'fION 
~-~.'~-------~-~"<'-"'-l"--' 

As a special caso consliler the inter-action of two 

similar al;oms In different states. 'flw unpertm:bed 

systmu (the t\>lO 1.501ated atoms) has here an additional 

degeneracy due to the possibility of tnterchallqing the 

states of i;he atoms (excttat.ion :jnmps from on(~ atom to the 

other), Accordingly, the correction tn the ftrst. approxi-

roaU.on ~liLL beqJven by t.he seculm: equat.ton I'l1th the 

interac-t:lol1 term (1,2 L, in I1h1.ch the non-di.ngonal matrix 

elpments of the perturbation appear as 11e11 as the diagonn1 

ones. 

Consider the ease \qhere the .1&1t atom is In the ground 

state and the 2nd atom in the 1 fit excIted I3tate, 'Phe ~lave 

function of the 1 st atOIn hJ given, by 

and thtH: of 'the 2nd atom by 



h ( ',) "" I') ( '" ) "" () \-"210 •. ,'"",,,,, '.21·t l.,.J.:) . 

'l'he set of I'/ave ,functions corresponding to the system of 

tvlO differently excited at.oms .tn Sand P states are then 

(1. <1) 

gaeh of the ~mv(l:t'unctlon;,) co:cresponds to the same energy 

vlh(!,re E: is the energy of t.he ground state 
o 

of one atom and ';1 )Al the emergy of the 1st excited state 

of the other a'tom. 

'l'he correction, To; (1) I teo the ,energy , E 

approximatlon ofp,~:cturbation theory is qiven by the seeu" 

1<1l: equat:lon, [3J 

U _",(l.) 
11' " 

Un 
u·,,(l) 

22-1' , 

, 

1)61 ])62 • • • 

• • U26 = 0 ; (1.5) 

I) ~F(l) 
66 ' 



---------------

functions (J. < tj), Dut" ':0 Byrwnni:ry conditions all diagonal 

rnat:ctx olemm'ltcs vanish and only the matrix elements, 

'1'akJ.n9 the linear cOlllb.inationn of the wave ;(llnctlons of 

th(~ elwlb,~d atom, ~m can choose them in such a way l:hat 

"'" they I'llll transform Itke components of the; vect:or r; 

'1'hOI1, thH S<1t of \'1<lV~' xunct.i.ons given by (1,4) cor;cospond-

Inq to I.:h,) sy"te'TI\ of two cUfforently excJ.teD. atoms, can be 

'ltl.t--i tt:on as 

1''l',;>~,'I'h (1)0 (2»'~lo>I'Y> 
;( '0 'y , 

(l. 6) 

'I'hhl, t.hen, ls a" case of 6··fold degeneraoy and 

(1. 7) 

i1 , thc~ pe:ctnrb:i.ng· H.1.miltonJcu.'l -0 takt'}s t:he forTo 



.-. B ,-

\7 (1) 
--'~! 1~ 

K 1"0 ) J: 
1\ 

?.:Jl 2 jp i .) "} 4 "" l~' , c, , , , 

where 

JOldC I e.', 2 .... z j( ... 

level (c, +C 1) split,s into four .J _ 

level" among "lhich trw level» (f- +8 1:t ~3) still have 2-fold o .. L'. 

de<jl111e:Cf\oy, 'l'he U.nem: combinations ~;hicJl correspond to 

these levels are 

t-_, 

,p (l»}~lc x 

\ 
<!>(1»}..J 

y 

I'll (2) </> (l»} o z 

1:vm fold degenerate 

'. (L8) 



proba.bility of dipole t:r.ansJ3:ion from one of tho state::> 

the ground st.«te (pJ:obabll:l.ty :lS proportional to dipole 

matrix element) f j.i; is olear '<.hat the antisymm,!>tr:l.c 

dipole transitions. So among the interacting pairs of 

<Ufferently e::wlted atoms we have short-lived sym:metrtcal 

" states (llfe··t:ilOe .9<" 10"·0 seconds "'hieh is thet)jJ\~of dtpole 

transit:lon [5]) ;md lonq~·l:tv£:d antiSyJ\u\l"~triQal states \-lith 

the forbidden dipole transitions. 
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'" 
'rile i.deal quantur/\ Boso gas at '1' '" 0 creates the so-called 

"condensate" \-lhen all pa:tU.cles occupy the level \'lith zero 

energy and zeJ:O rnomenturn. ~'his can be, mOBt eaf.l:Uy, seen 

fxom I:.h,,, Bos(o distribution 

(2,1) 

At 'I' '" 0 ]J '" 0 and 

, "" 1 ., nas slngq ,ilt."lCY !" k~' 
.~ (k) '" 2i,f J, 'Phis means 

that all part.:tcle" have energy €: (k) ~ 0, 

In the case of llon··:ldeal gu,s a macl:"oscopic part of the 

particles are st:.il1 in t.ht~ i:ondensate state i but t.here 

are some (small amount of) paxticles \'lith non-zero 1l10men-

tum even "t '1' "" O. The TOOY.'H r.amoved from ideal :tty the 

gas is I t:h9 mor{~ the number of part:l.oles ~lith 

1.-];;lB devGl(J}}ed by Bogolubov [6J [lnd demonstrates that 



(2,2) 

In the long"\vavelength 1 imtt. (k + 0) eqn. (2.2) reduces to 

(2.3) 

\qhich corrnsponds to the phonon pari: of the excitation 

8 Y)CCtJ.:'-UXtl of it Hos~~ IJo,uld '\\d.th U J.dent.ifi~Hl as the velo~ £- . S 

city of sound~ In the Gf1~:H.~ of la.t'lje mornenta, the excita·-

tion s-;poct:cum if,} qJven by 

E(k) ~ c (k) 
!{2 

~ ~~M (2.4) 

I~andan. t ~j theo:cy nbo\1)': t.h(~ enex:qY~'BPGctrum of condensed 

gent::x a1 ~ I-t~ appeaT~ nO'd that.; 1n. most rnany,,-sbody systems 1 

i 1:; i.e posBlble to perform a trallsf'orrnatlon T from the 

systeJn of: f3tx-ongly int,c~:cac{~.ing p<'\~L-tJ.C10S to a set of 

appx'ox :lmat.e ly lndeJx3ndent. (~lC::)Jnenta:cy (neei t.ations above 



.- l! 

--',-

(2.5) 

Here H l ~ts th(~ second quantized Hamiltonian of the Hystem 

of int;(?ractln<] pa:('ticl(~s; 1::.he t:ranf:~format.ion '{ 18 unders"'" 

t.ood t·o contatn tho neccH8(,1.XY -transformation to the 

the lnteracting system; E (}::) is t.he tmerqy of: the elemen·· 

t:O',ry exci·tatj.on (f disperBi.on lavl f or t exel tai':ion spectrum') ; 

.- 'i' 
1\.1 Ink' K • __ 

(J:tk_A~-F) £\:(,0 (~r(~f1 t"lon! destrnctton and rnuuber operators 
" 

for the eloITlent:axy excitatj ortS ~ lrh(~ small term :Ln eqn" (205) 

desc.'f'ths!? tho i.l!t(~:r:-ac:ti,ons bet:\'!{;~t:~H elenifJn-t-ax.'y exc.:itat:tons ~ 

i---'-y' --to'. - (-'-j-.-I) .. ~ll(.E~.t.ac _).l~g J.Lt,d< __ pr-n.:·tiGles t '£hiB :rneans that at low 

:i.mport:ant. dnd the ntuo.bcYt' of t}H~~m 1.61 small t the interaction 

of eloluent.ary e;wti:attons leadinci to decomposiU_Oll of 

e.xc:ttations <'dhiGh OCGUl~; only for _ro.:Ll:ly lurge energles) 

and th<1 gcaU~0ring of excitaLt<)nEl by one another (-"hiGh 

beC01l1CB l __ mport-:':ll1t only when the Humbor of excj.t:at.:.ions is 



II .. 

(2.6) 

(c.)nSEn;vai:ion of momentu:m) ~ 

is the nli'li.:.ej.x elillnent of interactIon 

U boin\J the pot:€:~nt.la.l energy of pa:lr :Lnt(H."action j and k 

."!.t.:' the get of \iu2.nturn nrHnb(~r~ \':hich de~icribes the single 



so as to :eeduce the Harnl1t.on.ian 

(2.6) to the diagonal fOhO 

(2.7) 

E J S thd 011eJ:gy of th.u ~p:ound st irt:(~ and E (k) the t-~n(1rgy 
() 

of the quasipaLticles 01.~ el0.mentary excit,at~ions# b{ and b k 

are cxc~at:Ll.)n and ann:lhilat ltH1 OpfOJl.'at,o.t's of !E\xcd)t:ai.:loHs ,.V/.tt.h 

cas(~ of spec;ial Ha.rnil tonJanH t:lh:Lch CDn hf.! obtained :from 

At~ the ond of the So ~ s t.b.;::~ powerful In(~l:hods of quantum 

vel'y \·~J.dely used And called thE"~ method of Gt(~(!n funct.ions ~ 

in~r : 

(2.8) 

vlhf~J:e 



{~t' (1-,) {,;:-; i~he (--'i--~(.~;"1 i,(ii') '·r;("'-.'11-~)[ ~~-\ {-fj(' lI{~:'i :",'~,·{):f):~'.1-·!,J ',~'(;p-('{::::;(~:n'-' 
;, 

(H is the Ham.il ton .tan mjl\. (2.6) ) ; ()(t_) 'Ul lfeave;ddc's 

S-t=.) fllhctl'C-' L-~-J-"- «1-"'l"11U]'- j'01' }-jl" -i) l""'~O' '~en', f • ';:,!. _. ,~}lli + <:)~C n _ ,_" ,~"--' c rnn\ __ Cc~L ).' ,~.u ~i::,,-bd 0: 

Bo£{o par1:icles or anticornrn.ut-_i~'{tOJ:.~ 1n caso of Fermi part.lcles; 

( i'-k'(O)1 } - ( 

unity< 

SpGctx:um of elenH:!rt~:a. i:y ext: i tat Ion g" fl'akinq the 'FourJer 

transform of (2.8) ilud d~'mi\n(U_nq 

(2.9) 

one can find t-.he dispe.L~sj,on lavl t 1e ~ 1 tht~ dependE::l'lce of 

the ene~c9Y J {ti (k) i of (demonta:cy Q){citation:3 on mornentnrn 1< 



n!--,:·-'~<{11~ (t~) ,\ (' 
;'~ 

J6 

1 

1 
(,:I:~"i(kj 

and using the Dirac identity 

(2.a), 

<E> 

p 
(~)-.:~-~\cnZr 

( " I ) .J ' \.0) < 

::tr d l, n , 

On t.ho basis oJ: E (V f~l') VJe GdIt find all theJ~m()dynanlicnl 

proport.ies ~ 

"Ile nhal1 use the rne:l.:hod of equatiol1f) of motion for the 

(2.10) 

(;n38D function proposed by 'Iyablikov [P:1. 'l'he eqnat:l.on of 



t.ype 

, I' !, \ 
, \ ' 

1 ", 
.'. ! 

:.) : V_j 
h 

" , 
'!\')}1 ' . (:~>il) 

t~if(tt: (If'rivativ(~ of 

(2.12) 

. But 

chain of coupled equi1ttons for t.lw Green functions of 

ays-tem of equations £(>:t Lt'!e (~rC~8)1 rUflct.ions and obta in t.he 



'rhe main goal of thls vlo.t'k :L::3 tho invo~~-Llgi:lLi()n of the 

dist.ribut:ton 

fiaser 111.uminatioD, 
~-~. 

"'" (-:!lectron bHaHls, etc_~J ~ 

It can be ShO"\'Jl1 [4] t.haL, fox.- (~xa:J(\t)J.c~ f ii'! {~xci.tec1 ga~:; the 

lifr~t.llOe of ex(':.i-l:€;d atom ts ,r~ __ ~<to'"r. Gcconds;, bu-L t:.h.e 

charactex·j.stic time of t~axwelllz~tj.on of gas und(~r normal 

concU tions 

the electl:'on (h:!tjYOCS of f:tf~c~dom D . ."CC nut in thc~:cmody.namic 

equilibr:lllln, 

Let us consider tln excited 9af; iII uhich Nl atoms Hl.~(~ 

~, \' 
exci ted to the l'~"C Gxc:U.:ed level and No atoms in t.he ':lround 

stat:e I'IJ.t.h the usual s:U:uatlon 

N o 



j'''l 
j ~ :> j 

.. 19 ~. 

H~ .~ 'fU'ih1:Ll t.on.i.an of 1:h(~ j th atom. 
J } 

§l (:r R) '" 1. 
." f IV 

,,-r 1 
0/' 11) .. - cT ,. ( "/(i 

(2.13) 

(2.14 ) 



nne 0; 

Zeeman ~,;plittinq 

'. E ',', K 'f' n - .. II .• 

In (2~]_4) ~ is the coordin~te of tile C011ter of DlilSS of 

Lbe atom; r,,::{:f i~ f'" ~ r ) i~, the r~et: of elect.rons I co" 
1 I ~: n 

ord.inat .. 8S' a~/a.k are'the Gl::e<'ltl.on/annthilati,f)n opel-a.tors 

for parlicle~:i in the qround state [tl{)(l-)J ; b;/b
k 

an:? 

creation/annihJlation OrH:~rat:ors for payt..iclQ~-=; in the 

excited sLa[-..(~ C\(L~) . 

.j. 
(1)'f ( 2 ) I) (1 , 2) '}' (2) 'I' ( 1) d : J <'iT 2 

IdP qet the s(~cond--quantizcd Hamiltonian foy exci.t.ed qas f 

Il~N,C .. +NjL,+l:[F (k)' 
CI U k 

1 
+"."v ;. , 

"* ·l· l ' + 
;, U (q) (;1'k' 3.k ' bJ b" + ])k' b k , 

k'k' 0 . < h .... , J? :%) /.; 
1 2 

k k 
1 2 

(2.15) 

bet'deen dif,feront.ly t.'xci.L.ed·.--lL-{)nlS H1nvJ.flq 'dit.h t.he Si'.il1!e 



] imi l V -}- (,' i q 

+N 
o 

-- 71 

t ri'JnsfC't'l'ed rnornentu1O 

lJ o 
N ); 

k'kt 
1 '2 

U* 
+ 2V (~( il~bk +b;~ "k )] ? 

k,k, 

'-

0) 

+ 

(2,16) 

1'h .. , term (N L -;- N ( ) i8 tehe energy of th8 electrons I o 0 1 1 

d(-:gyec~{ of .freedom for the non--i ntcractinq particles and 

ldC sllalJ drop it he"te-:lfter i it being" und~_~rg-tood t.hat Wt"! 
2: 

meaSIJrE' enc--:rqy fronl U\_/'o + n! '::: l)! ~-- (k) - ~'i:-; if:j the 

kint.~tiC' enery-y of iJ part.i.clc of ft1dSS I"Ji U is the Fourier 
o 

and Uk it,; t--=.he r'ouLi.cr LransroYn1 of the interact_ton hE~t.vleen 
o 

diff(~rcntly t":xcit.ed atoH1s~ 

It can be shown (see ChapU,·c 1) that, In t.he dipole-"dipole 

approxlrnat:ion 

Go, ev(~n in the 

u ' .. u* o 0 
(LI7) 

conditions \"hen N I «N. the last term in 
(l 

(7. .16) describJ.nq the interaction of eli ffert'nt] y excite'd 

atoms can signifj r::C1ntly chan<,1e l-:he enc~l-'0Y spectrum of 

such a qilB, Wp hav(-~ nnqlc-ctecl t:he intc:ract ion bet-\'leen excited 



JII tl"je abSenCf) of t:.")~cj Lc(·.! dt()rn~; I t.he flutlil+onidn (2. L6) 

reduces to Boqo) u};ov I s }1;tmiltonian 

H :, r~ 
B k 

x. I -I- k I --. k + k 
J 1 ; 

(1 . .\ ) 

F01' ~d"ntpi.trica-::-i()n (~~_:f lhc' IJ;Jmi"ltonian (3.1) we use the 

fullo\'llnq cons:i.de.cat1uns. Plr~yi.- ct all we conside:c t-h(~ 

But 

N 
o 

o , 
:<·:~o 

1\1 
"u 

k=o 

I· 

ak '~-',:) 

'l' o. At T - 0 most of the 

J (3 .~a) 

as c--numbers .. 

(3.?h\ 

('11 c! :::: N 
1', h 



• 

Vd]UC,g ". '1,._ iJo.-i lH.', l.hi~; nrlC can (Je t UI) Lo "k-+-o I '-kTU . -

the~:;e WOllJ.d n{)t COllSel'Ve rno!n(~nt._:l . 

• j. ';' 

(ilk' d'k+.:1 ; 1 (') k) 
,-, ,( '-'j 

(3.3) 

1:"0):- tl)E:~ det:er-mj.natioIl of tl1(l (~neJ:-q,:/ l('v(~ls it i:; 

l1eces:::-;ar')' to reduce th(~ l1amiltollian (-3.3) to the diagonal 

fot'll!. [t can Lie d()).Je lJ'y a~)I)yopt'idt-e lil'let;~c tr3.ns.to.cfoatioIl 

clcsc-cit.cd in l:l1C'. previ.ous chC1pter 

Ive 'ohalL 1 s t. ftnrl \tH] "0LliJ1'inrt (8) of motion for I:he 

" ilk (ilk) ope r" t.oe( co) , 

(·,here we have put '\1 .= 1 and 

U N o 



, 
j, lr! 
,'-, {, 

( (J) .,-;U}; 1 (I) c<J/>(;. «() (3,Sa) 

involves the (:r(>':~il , TI12 equaL ion of 

Illotion for C._, LS 

(3. ~;b) 

The f;y:3t:(~m of equat.ions (3! ~:') J.'f:-opresents the (-:lose() chain 

I"ou __ c t('O 1: tr<-)!\~,fonfl of thC~·~D C'(111ations \'J('; qe{ 

'.. k' K 
ii" 

o 

The ],oluLion 1:u (1.';) IS 

G f ;,j} -

_. 2/\ C
2 

(h)) 

and Lhp en,:~rqy spc·ct ~cnm 0:1: 01 ell1cntar'l exci tat i.ons 

E (k) 

? 

(3.6) 

(3.7) 

(3. B) 

wh{-:.re U··c 
s 

U N 
() 

is tl';e velocity of sound. This rCSlllt 
mV 

c()j,ncidcs w~_th f~ogolllbov\~ 



'1lbe t.ransformdLicHl rf~qu:i:cnd to put th(~ I1mnilt.onian (3.3) 

1.n tJH~ fo~clTl 

(3 • 9) 

is suggested by eqn. (3.4) and can Li.qht-avlay be I'lrit,ten 

in the form 

(3,10) 

"I bk/bk bein1 annihilation/creation operators fc)Y quasi-

particles that obey Bose commutation rules f Uk' Vk ar'~ 

rei'll numbers vlhose values are st]'11 to be d,~termined, 

and 
... 

bk (0) exp(iE (k)t] 

(3.11) 

Using equations (3.10) and (3,11) the Green i'unctlons 

G, (t) and G, (tl may be nut in the form 

(3.12) 

'l'aking the f'ouxier transform of (3,12) ',de obtain 

U' 'r 2 

G, ("J) 
k 

'\ck' 
\k 

Skk' (3.13a) ~. ,-

rJ)~~ g w+E 

G 2 {(0) 
UkVk 

°kk' 

UkVk 6kk , (3.13b) ., 

(J}~E w+E 



(3.14) 

\'lith 

\~hich coincJde \'lith [8J. 

It will be useful to note that Hogoluhov used for the 

cHagonalization of the Hmnilt.onian (3 . .3) the algebraic 

method introducing the operators of quusiparticles b k 

Tho noceGsary coeLficienLs Df Ul.l,; u-v t:ransformation 

\'lere obtained from the concli tion of l:he vanishing of non-

diaqonal terms. 1'ho Groon function method, as Ne have 

seen, systematically and direct.ly yields not only the 

dispersion laYl for elementary exc:itations but also the 

souqht···[or transfo.rmation is J.ndicated in the equations 

of moti.on of the operators l.nvolved. 
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I. Let us cansier an excited Bose-·gas wit:l} a comparatj.vely 

small number of excited pad:icles, \'Ie shall take into 

account the interact:ions aOlon9 non-excited part:iclcs and 

betvlCen eli fferent ly cxc.i.ted particles and shall show 

that even 1n the ca»" when the number of eNcit:ed partic-

les is s1na11 their Gont:y.!bul:ioll to t.he eneygy spectrum 

excited Bose-gas is ~s follows: 

In the GrJ.)und EtaL(-:" there exist Lhe XuuCJ.-oscop:i.c numbE~r of 

particlef3 in the stat.c ~'7i-Lh k = 0 . vie denote thf)m as 

N j o (4 .1) 

A coroprcca.tiv(~ly small number of po.rticles have non'~zero 

(4 ,2 ) 

Exp.-;tndinq t.he H.::uolltonidn (,), J 6) :i.n pO';--{(:'.cs of small operat.ors 



obtain 

H' ~>~g -+ 
o 

Where 

E··/> N + 21\ N o 0 0 1 1 
; A{):::: 

B(k)~~(k) + 2A - 2~ " n . I' 

-I 21, 
o 

j' 
+ b il ) k k 

U N o 0 

2V 

* U N o 0 A 1 ~---.-. 

V 

Bquation (4.3) is obta.i.nec1 on t.he assumptions that 

N ." N o 

so tJ)nt. we have _trnprovcd No in accordance with 

loaving N as it ls. 
. I 

N o 

(4 .3) 

(4.1) 

rrhe eqJ1(Jt~ions of rnot.i.q!l of onr operat~ors have the form 

-- irE (k)a;~,' + ').A}l»k·
I
.· + 2A a 1 } 

r 0 ~.',~ 

(4.5) 



ob Cd:L n(~d 

from (4 s 5) by takint] ad jOints an(1 '311bsLltui.:itl'] k by 

Introducing the following G:rC'GTl' f) functions 

G" (t:) 

, -j ()(t)< ["".k (t) ! 

'-iO(t)-<fk k (t) t il" (oL)' It r 

(4 .6 1 

vIe can obtaln thE'~ closed sy~Jt.ern of equatton~; of rnotion of 

the Green's func:ti_ons (4,6) 

. 
iG, (t) .... '·$(t) "kk,'·E(kH\ (t.) '0 21\,(G" (t) " 21\,G

3 
(tl. 

(4.7) , 
iG., (t) _. 2A"G,(tl + E:(kiG

j 
(t.) + 2A/,G" (1:) 

Passing t,o tho Fom:ier transform of (4,7) one can axt'ive 

at t.he syst:em of linear ulqel):Coj,c equat.ions frorn \·.1h1.ch 

one Gan obtain the equation for the energy spectrum of 

+ 4 (2A , ) 21;]{1J (21\ 1 ) , G ? (k) Ie (lz) A;J !: 2 

,. 2 (21\ I ) 3 (c(k )1)\ ,J f;'} 0 (4 .8 1 
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~2 + n [ ? 

" 
,. , 
~( ( 1 . <) 

wh.Lch cOr.re.BpO:nOn to kec~pin9 t.G.ems (' and nE~g lec!ting 

1) 

U) 

E ~ +4>: 

1 
2i\ 

u 

r1'he cond:Lt.Jon 

r(k) > 2 (£n 'I 
',J 

(<1.lOa) 

..r A] .;Cl 
(LAU'\H(·· U j 

1 L. ,A" .,~. 
(4.l0b) 

o 

i.H .iJnpor;jf:~d on (4, lOb) in o:cdpr fe)!' the second branch of 

E:~xc:itat .. :i.ons to pOS:;i(.'Fj~3 nOll,·-in'i<.:lt .. J ina,l"Y (;ne:cq:i.es ~ 

ThllS we see that thern exist two sets of elemelltary 

excitations for the excited Bose~'gas wittl tIle dJ_spersion 

laws, 

j) (4.Ha) 



/00 
Ii 

-~ ", 
2 /3 u* /N'-~I;r 

1\ \f (1-· 
() 

(21\ ! U' 0 o 1 (4 .12) o' ITF. ) 
() V 

Thus the energy qap 1£1 connect.ed vllt:h tile preSf~n(;e of 

excited particles since in the limit N.+ 0 i1 -> 0 . If: 

\'1(' calculate th" enel'CJY of elementary excitat.Ions from 

f (k ) ~. iI, 
<) 

I then for k :> k o 
have the conventional 

phonon branch 

whe.-ce U* is th{~' velocity of sound given by 
s 

and Uk 
" (2lj(l) " 1;2 + 

o 

r-·~~" 
i K. , 

(4.13) 

(4.H) 

(~qn. 4.] 2) for Lbe Lloqolubov phon!)IH. and an increase in 

the yeloc:1.ty of sound by a fact.or of !-;~'" 1 (eqn.4 .14) . 

'J'he second set oj' fe'xci taU.ons (<I .1Ib) exl et.) only at 

moml2!nt:a Cjl:'Hat.ex' th<'ln t.hl?! critical value ,KO 

k 
o 

-. j-\ r '. '0' i 4nl ~o (',00; n' \0 
". \-' 

I> .. l, 
(4.15) 



J)e'Jloct, tl)t? int('Yl":>.c:t.i.on amol!q 11on~=('lxcit(~d particles ~ In 

this ca~Je thc~ Hc:unJltonJan has the form 

H "0]'; {­
() 

F; ~F ·(k)"r(,.,'j .. )j\ ,.,. 
.. 1 'l· '-- l',_ .-. 1 '" , 

2A 1 i: E 
kJfO 

'I" i 
(a')}k +0] a J ) , ,,,- (<: 

< 1 

; 
U"N 

A Icc .• .2.. . .2-
V 

(4.16) 

14.16) i!> obtatncd by improving both NO 
<) 

NO 
.,. 

.. N 1: ':1kal~ 
0 0 

k1'O 
"" 1"-

NO ·1· 
.. N <~ l: bkb" . I I 

kc['O " 

'l'he equations of I(tOU.OD fO.1: OUt· oper«·tor:s have the form 

(4.17) 



G '1' (u) 

'"k ilk' 

G t (U) 

ilkhk I 

G ., «,,) 
bkbk , 

'-

.. 

G '! (OJ) 
b, .'1)< I 

,( 

(' [2 J 
G'~":'? 

/ 

S\" , d< 

1)1~-1J'r 1 

.. C;-'i: ~) [~;\) I - ';~-:\\J oRR' 

(4.13) 

~ 

r:~}f,:J °l>k' 1·'1 t.-I 
Y.."," + 

1.1) ~'tl) , (!),~(u 2 , 

The Bpect.,t'.uw ot clemQntaJ:Y (~xcitations in this case also 

!)\ ) (k) .. , (k) 

(4,19) 
DkN 

(k) (k) .. :1 0 
((\" -- [~ ,. 

V 

N -- N .~ N .~ total number of partj,cles. o ) 

In Ulic p.'Irt:lGular case the: spectrum of elomentary excita .. 

tlans (,)) (k) depends on 1:h(~ slgn of V* ,the FourIer 
o 

'c.ransrorm of the .lnterilct:loD pot.entlal between differently 

excH:ed part:Lch,s. In t.he C'ISC of attract.ive potenttal the 

particl.os defj.ne~ at ~ll.]. m~nonta 

(,) (k) 
:~ 

lu~1 
c(k) + 2·~- N 

V 
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k 
o v 

" m }' 

It, 1s interesting to _tnvestiqat(~ thf) linear combination 
. , 

()f operators of real, particles ak/a~ 
... 

,bk/b,~ Villi eh .. 
correHpond to the ahove mentJoned q\1asi.~-~p()rtlcl<.1s, As 

usual, WB may right away ViriLe tho sought-for tra~sror­

mat.lon (SBe cqn, (4.17):3 as 

(4.20a) 

the Bose· comml1tatJon :re 1 atJons. Wt;-~ th(-!n £1nd -the coeffi ~ 

r
'·~' N . 

V < '''I 1_' 
1. \) N 

(4.21.) 

(0 (k) con:osponds to l:he synunotrtcal 1 . 

combinaU.on (4.2Ca) and (')2(k) fo the antJ.synnnetrical 

combination (4.20b) 



<-' f I ;\1) '.1'1 ',' Yz 

He:ce vl€ shall c()nEJder the ox-c:Lted gas in t"rhich the number, 

N , of excl ted pa:ctcicles .is comparat.ivoly 1.08:0 than the number, 
I 

N , of non·'·excited p;,rt1c1es but sufftciently bJg enough to 
o 

al1o~1 us to neqlect t.he Intm'i\c·Liol1 between the non"'oxcited 

H"-='E 
o 

The Hwul1tonian in thls case has the form 

(5.1 ) 

IIlhJs ~l(Jfni ltonia";} sl).ould be dJilgonnl:Lzed under the following 

cond:Lt-:.ions: 

/. . N, 

N is the total l1Uln.b(~r. of pa:d:;\.cles; 

F' ~> N t: +N _ t: 
"0 0 () - lIe 

Ii: J..l L~ 
.0 eOnV811.ientr.o passLe; it ne~1 Ha,miltonlan 

(5,2) 



H' H .. pN 

(~;.3) 

'.rhe tnLeract-Lon U"rm 1n thi~> Hamiltonian is a complex one. In 

the general case it gt}ner;:\'te~3 the highet- order GrefHt func-tions ~ 

So 'tie (!eelded to simplify the Ham:\ Itonidl1 redud.ng H: to t.he 

qUddJ.:eJtlc fOL'rrt 

(5.4) 

consistent: fteld In the i'ollo';linCj sense, On the basi s of the 

Hamilton.i.an (5~4) we can find tlH~ GJ>:::~(-;n fune-tions G_ \ (1.1) ilnd 
elk )k 

Uw energy spectrtllll of elementary excitations wh.ich ~d_ll depend 

on .\ and after this vie should detm::mine /\. PhYfdcally thJs means 

thilL pairs of d:tffeH!iH:ly exeJi:ed paxtlcles .lllt.ernet through 



-- ---- ----------------------------

:3 7 <. 

H' -- ):(,,) (k)ll. (k)·H) .•. (k)n"l(k) 1 
1,1 j\ .< L: 
h 

whore 

\'11th 

nll, 

wi t.h still undetermined jl I A dnd ,\, For dctenn.inatton oj' 

def lnin') equa1: ton for ,\ I 

o (N .... N ) 
. 0 J 

0* 
Q _'M).<_l!. 1:[n, (k)"n

13
Ck)} 

V k \. 

From the defining expJ'essiorw :for the enenry of quaslpartlc 1.--0 '" 
~ , 

(t) 1 I 2_ (k) ,one can Bee that n A > nB f Prom (5. ~J) one (:a.n see "t.h :::.1'\:. 

the last; equat.ion can be solved only for attract:Lw; pot:ent:L:'t18 

(u* <; 0) . In tho qene:<:'il_l case the solution of l:.he Gyst<ell\ (.5,7) 
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