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ABSTRACT

The focus of this thesis is on the property and the use of Fourier analysis in different fields

containing differential equations. The Fourier transform of an integrable function £, is
F(&)=[f@)e = dx

We present properties of Fourier transform and visit Fourier transform in connection with

heat transfer in a conducting wire and wave propagation in an infinite bar.



1. INTRODUCTION

The Fourier transform is a valuable theoretical technique, used widely in fields such as applied
mathematics, statistics, physics, and engineering. However, the relationship between a function and
its transform is given by an integral, and a certain amount of tedious integration may be required to
obtain the transform in a given application. In general, the user of this mathematical tool is
interested in the functions and their transforms and not in the process of obtaining one from the
other, which, can be complicated and require care to avoid any small slip that might lead to an error
in the result. If the transform function could be obtained without integration, this would be
welcomed by most users. In fact, anyone performing many transforms in a particular field, such as
radar, where the spectra corresponding to various, perhaps rather similar, waveforms are required,
would notice that certain waveforms have certain transforms and that certain relationships between
waveforms lead to corresponding relationships between spectra. With the knowledge of a relatively
small number of waveform-transform pairs and the rules for combining and scaling transforms, a
very substantial amount of Fourier transform analysis can be carried out without any explicit
integration at all the integrations are prepackaged within the set of rules and pairs.

Definition: Let () be an open subset of R™ and 1 < p < co. We define LP () to be the space of all

measurable functions f: Q — R for which [|f]|,pq) < o, where

/
Ilircay = (1, IFPdx) "

Definition: A function f: R — C is Lebesgue integrable, written f € L1(R), if there exists a series

wy = Y71 fj, fj € C(R) which is absolutely summable, Z]f|f]| < o0 and such that

Y f1fi] < 00 = limy o wp(X) =37, f; = f(%)



1.1  Fourier series

Definition 1.1.1 A function f is said to satisfy Dirichlet’s conditions in the interval
—a<x<a,if

(1). f has only a finite number of finite discontinuities in —a < x < a and has no infinite

discontinuities
(i1). f has only a finite number of maxima and minima in —a < x < a.

Definition 1.1.2 Let f be a function with period 2 that is absolutely Riemann-integrable over a

period T. Define the numbers c,,n € Z, by

1 _i 1 _i
en =50 fOe ™ dt = - [T f(De ™ dt.

These numbers are called the Fourier coefficients of f, and the Fourier series of f is the series

int
ZnEZ Ch € .

Notice that the definition does not state anything about the convergence of the series, even less

what its sum might be if it happens to converge.

When dealing simultaneously with several functions and their Fourier coefficients it is convenient

to indicate to what function the coefficients belong by writing things like ¢, (f). Another commonly

used way of denoting the Fourier coefficients of f is f(n).

When we want to state, as a formula, that f has a certain Fourier series, we write
f(t)~ ZnEZ Cn et

1.2 Dirichlet’s kernels

It is a regrettable fact that a Fourier series need not be convergent. For example, it is possible to
construct a continuous function such that its Fourier series diverges at a specified point. We shall
see, in due time, that if we impose somewhat harder requirements on the function, such as

differentiability, the results are more positive.

~3~



It is however true that the Fourier series of a continuous function is Ces'aro summable to the values

of the function, and this is the main result of this section.

We start by establishing a formula for the partial sums of a Fourier series. To this end we shall use

the following formula:

. 1
_ i N inu _ Sin (N+E)u
Lemma 1.2.1 Dy(u):= ( + YN, cosnu) = 2nZ —_yet = —Zmin%u
Proof : The equality of the two sums follows from Euler’s formulae. Let us then start from the

“complex” version of the sum and compute it as a finite geometric sum:

i(2N+1)u

i - 1-e
ZnDN(u) =2ﬁ=—Neln = e lNuZ‘rl Oe =e lNu 1—eiu

ei(N+%)u (e—i(N+%)u _ ei(N+%)u>

W w
62(8 2—62>

—iNu

=e

. . 1
e INWHINTDU —2jsin (N+7)u _ sin (N+3)u

[ . ..o 1 - 1
ez 2Lsm2u sinJu

The function Dy is called the DIRICHLET kernel.

When discussing the convergence of Fourier series, the natural partial sums are those containing all

frequencies up to a certain value. Thus we define the partial sum sy (t) to be :

1 , .
sn(t) =5a0 + YN_.(a,cosnt + b,sinnt) = ¥N__, c,e™

Using the Dirichlet kernel we can obtain an integral formula for this sum, assuming the ¢, to be the

Fourier coefficients of a function f.

sn(6) = ey cae™ = TNo_y o 7 f(w) e du. e

= 2" fW) TNy e du = [T Fu)Dy(t — u) du

sin (N+ )u

=—f f@—w)——x—
~4 ~



In the last step we change the variable (t — u is replaced by u) and make use of the periodicity of
the integrand. We shall presently take another step and form the arithmetic means of the N + 1 first
partial sums. To achieve this we need a formula for the mean of the corresponding Dirichlet

kernels.

.1 2
Lemma 1.2.2 Fy(u) = ——YN_. D, (u) = — (smz(N+1)u>

1
N+1 2n(N+1) \  sinju



2. THE FOURIER TRANSFORM

The concept of the Fourier series seems intuitively very reasonable: that any periodic
function can be represented by a sum of elementary periodic functions, either sine and cosine
functions or, equivalently, complex exponentials. The frequencies of the elementary functions are
integer multiples (including zero, giving a constant function) of the repetition frequency of the
periodic function. The sum may turn out to be infinite, but users of this mathematical tool are
generally content to let mathematicians justify such a sum, determining the conditions under which
it converges; however, for problems arising in practice, in physics or engineering, for example, it is
“‘obvious’’ that such a sum does converge. Thus, we can put for f'a real or complex function of a

real variable, with period X [sothat f (x + X) = f (x)],

f() = Eiig ancos (5-) + Zizq bysin (

2 21nx
X

X

nx 2minx/X

) = Xn=—oo Cn€
(2.1)

(By expressing the trigonometric functions as complex exponentials, we can relate ¢, to a,, and b,,.
From now on we restrict our attention exclusively to the complex exponential series.) The
coefficients of the series are found by integration over one cycle of the function, so that, for

example,

1 (xo+X/2 i
Cp = }f;:O_X/Z f(x) e 2™nx/X gy (2.2)

The Fourier transform can be obtained as the limiting case of the Fourier series when the period is
increased towards infinity and the fundamental frequency falls to zero. In this case, as X — oo we
put n/X - y,1/X - dy, ¢, = g(y) dy, where g is a continuous function replacing the discrete

series ¢, and the summations in (2.1) become integrals.

Thus (2.1) and (2.2) become, respectively,

fo) =[" g(y)e*™™dy (2.3)

and
gy = [Z F(x) e72m*Y dx
(2. 4)



Suppose f : R — C is an £* function. Its restriction to (—/, /) clearly lies in £2 (=1,1) for any
[ > 0. On the interval (—[, 1) we can always represent / by the Fourier series:

f(x) = oo Cre ™™/ (2.5)

Cp = %f_llf(x) e”mX/ldx, neL (2.6)
Let A = % and ¢, = nA¢ = nT” The pair of equations (2.5) and (2.6) then take the form

f(X) = = 2% C(&r)e A 2.7)

C(&n) = 2ley = [, f(x) e n*dx (23)
If we now let [ — oo, that is, if we allow the period (-1, 1) to increase to R so that f loses its
periodicity, then the discrete variable ¢&,, will behave more as a real variable &, and the formula
(2.8) will tend to the form

c(®) = 2, f(x) e ¥ dx (2.9)
The right hand of (2.7), on the other hand, looks very much like Riemann sum which in the limit as

[ — oo approaches the integral

fG) =55, € ds (2.10)
Thus, the Fourier coefficients C,, are transferred to the function C(§), the Fourier transform of f,
and the Fourier series (2.5) which represents f on (—1,1) is replaced by the Fourier integral (2.10)
which presumably represent the function f on (—oo, 00).
Definition(2.1): For any f € L1(R) we define the Fourier transform of f as the function f: R = C
by

f© =J f)e ¥ dx 2.11)
A sufficient condition for f(x) to have a fourier transform is that f(x) is absolutely integrable on
(—o0,00). The convergence of the integral (2.11) follows from the fact that f(x) is absolutely
integrable.
We also use the symbol F(f) instead of f to denote the Fourier transform of f.
Since |e"5"| =1, we have |f(€)| < fjooolf(x)l dx < o

That is f is a bounded function on R by the linearity of the integral

~7 ~



Fleifi +c1fs) = o1 F(f) + ¢, F(fy,) for all ¢i,c, € C and all f;, f, € LY(R) ,which means that
the Fourier transformation F: f — f is linear.

. N (L]|x|<a
Example2.1: For any positive constant a, let f(x) = {0’ lx| > a
a _ 1

Then fo(§) = [ e ® dx=—-(e7%) | = =

(e~ — e8a) = ?sin (ad)

Note that lim,_,o, £, (§) does not exist and that f(x) = 1 does not lie in L(R).

yi o
Y
2a
. _ 2sinag
— L ey=f(x y=f 6= =5
Y o - A ANV
—-d a X \/ \/ \/ \/ a

Example 2.2: Let f(x) = e !

A _ 0 _.E 0 _ —.E
f)=[_ efe™™dx+ [ e e " dx

0 b
= lim (f e(1-ix dx) + lim <.[ e(-1-i)x dx)
b——oo0 b b— 0

1 1
1-i§  1+i¢
2

T 1+42

When |f] is integrable over R (i.e when f € L1(R), we have seen that its Fourier transform is
bounded. But we can also prove that f is bounded.

This result relies on a well-known theorem on real analysis, the Lebesgue dominated convergence
theorem, which states the following.

Theorm 2.1: Let (f,:n € Z) be a sequence of measurable functions in LY(I) wherel is a real
interval and suppose f,, = f point wise on 1. If there is a positive function g € LY(I) such that
lfn]l < g(x) forallx € I,n € N then f € L*(I) and

limn e [, fadx=[ f(x)dx

Proof :



Suppose |f,| < g(x) and g is integrable, fl |fnl du < fl gdu < . So f, is integrable. f is
measurable ( as a point wise limit of measurable functions) and then, similarly,

|f ()| < limyLo0lfn(%)] < g(x) implies that f is integrable too.

This proof does not work properly if g = co for some x. We know that g(x) < co almost
everywhere. So we can take E = {x € R: g(x) = oo} and multiply g and each of the functions f;,
and f by 1 — yg to make sure all the functions have finite values. As we are changing them all
only on the set E' of measure 0, this change does not affect the integrals or the conclusions. We
assume then all have finite values.

Let h, = g — fn, so that h,, > 0. By Fatou’s lemma
liminfy, o J; (g = f)dp = f; liminf(g — f)du = f; (g = f)du
and that gives
liminf(f, gdu—J, fudu) = [, gdu— limsup [, fudyt > [, gdu—J, fdu
or

limsup [ fadu < [ fdp (*)

n—-oo

Repeat this Fatou’s lemma argument with g + f,, rather than g — f,,.
We get

liminf [, (g + fu)du = J; liminf(g + f)du = f; (g + f)du
and that gives

ligi;lf(f, gdu+ |, fndu) = [, gdu +liminf [ fodu> [, gdu+f, fdu

lir?_lglffl fadu= [, fdp oo (**)
Combining (*) and (**) we get
J; fdu <liminf [ fodu < limsup J, fadu< |, fdu
Which implies

J, fdu= 117?_1)i£ff1 fadu = limsup [ fodu= [ fdu
n—-oo

~0~



And that gives the result because if limsupa, = liminfa, (for a sequence {a,}, it implies that
n—-oo

n—->0oo

lim a,, exists and lima,, = limsupa, = liminfa,. [
n—oo n—oo n—ooo n—oo

In order to study the behavior of f as & — oo, we need the following result, often referred to as

Riemann Lebesgue Lemma.

|Lemma 2.1 Let f be a piece wise smooth function on R
i. If [a, b] is a bounded interval, then limg| o f;f(x)eif"dx =0

ii.  Iff € L), then limpgo [ . f(x)e¥*dx =0

Proof:

(1). Let x4, X3, X3,... , X, be the points of discontinuity of f and f' in (a,b), arranged in
increasing order, and a=xg and b= x,.1. We then have
f: f(x)e*dx =¥n_, f;:‘“ f(x)e%*dx and it suffices to prove that

limyg|o o0 f;kk“ f(x)e%*dx = 0 for all k.
Integrating by parts,

, X ;
f;fkkﬂ Flx)el*dx = %f(x)e‘fx | ;Zl _%f;{k+1 F(x)e*dx

And the right hand side of this equation tends to 0 as [¢]| — oo.
(ii). Let ¢ be any positive number. Since |f]| is integrable on (—o0, ), we know that there is a

positive number L such that

o) . L .
|f_oof(x)e‘fxdx - f_Lf(x)e‘fxdxl < Ju fdx < %
But from (i), we also know that there is a positive number K, such that
L .
|f_Lf(x)els‘xdx| <Zforall |§] > K

Therefore, if || > K, then |f_°°oof(x)eifxdx| <e

We have therefore proved the following theorem

Theorem 2.2 For any € L'(R) , the Fourier transform f(&) = f_oooo f(x)e %*dx is a bounded

continuous function on R. If, furthermore, f is piecewise smooth, then

~ 10 ~



limg|e f(§) = 0 (2.12)

2.1 The Fourier Integral

The main result of this section is Theorem 2.3.1, which establishes the inversion formula for the
Fourier transform. The proof of the theorem relies on evaluating the improper integral | Ooo % dx.

Which is known as Dirichlet’s integral. To show that this integral exist, we write

b smx

dx +lim,,_,, [, —dx (2.13)

fooo smx fl sinx

Because the function > T is continuous and bounded on (0, 1], where it satisfies 0 <™ < 1, the

first integral on the right hand side of (2.13) exists. Using integration by parts in the second integral

b smx cosb b cosx
Jy —dx=cos1———[ =

—,—dx, and noting that

cosx

|fbcosxd|_ _f—d

=1

We see that limy,_,, f dx exists. Hence the integral f —dx is convergent. Now we know

Dirichlet’s integral exist, it remains to determine its value.

Lemma 2.1.1
foo sinx

T
0 de =3 (214)

Proof:

~11 ~



- —0<x<m

Define the function f(x) = {*  2singx’
0, x=0
Then f and f' are both continuous on [0, 7r].
By lemma (2.1(i1)) then
limyg) e [, f (X)singxdx = 0

Therefore, f 2 dx = limgo Js s sinx g

T smfx

= limg_e0 f

T smg‘x

= limg_,o0 - f

lTl—X
2

7 Sin (n+ )x

= limg 0 - f

smEx
Going back to the Dirichlet’s Kernel

. 1

1 , . 1 sin (n+-)x

D, = =Y"___ e then we write D, = ———2—
n ZHZ =-n n 2m sin%x

0o sinx

we conclude that [~ —dx = limp,_, f D, (x)dx ==

Theorem 2.1.1: Let f be a piece wise smooth function in Ll(R) if

&) =J7 f(x)e %*dx,£ €R
Then

limL_,mif_LLfA(f)eis‘de = %[f(x+) + f(x7)]

2.2. Properties of Fourier Transform

(2.15)

(2.16)

2.17)

The following theorem gives the fundamental properties of the Fourier transformation under

differentiation. The formula for the transform of the derivative is particularly important, not only as

a tool for solving linear partial differential equations, but also as a fundamental result on which the

existence of solutions to such equations is based.

Theorem 2.2.1 Let f € L1(R)
(1) If f' € LY(R) and f is continuous on R, then
FUE =F(HE).EeER
~12 ~



(ii) If xf(x) € LY(R), then F(f) is differentiable and its derivative
;—5 F(f)(&) = F(—ixf)(é),€ € R is continuous on R.

Proof:
(1) |f'| being integrable, its Fourier transform F (f') exists and

FUFE) = [7 f'(0)e ¥ dx.
The continuity of f’ allows us to write f;c f'(t)dt = f(x) — £(0).
Hence the two limits
limy s £ () = £(0) + lim_ Jy £ (©dt exist.
But because f is continuous and integrable on R, xl—1>I-iI-loo f(x) =0.
Now integration by parts yields
F(FE) = Fe | = +ig [T f(x)e ¥ dx

=& F(H&)
(ii) M =" f()Md

X

In the limit as A — 0, we obtain
i(E+Ax_ ,—iéx
T(f)(f) = Aim f_mf( )—edx
By hypothesis, the limit
e~ lE+AHx _ p—iéx
A§
|xf (x)| € LY(R) for every & € R.

Alggm0 f(x) = —ixf (x) e %* is dominated by

Therefore, we can use Theorem 2.1 to conclude that
— T(f)(s‘) = [ [—ixf (0)]e %¥dx = F(~ixf) ().
Usmg induction, this result can be generalized.

Corollary 2.2.1: Suppose f € L(R) and n is any positive integer.

(i) If f® e LY (R) foralll1<k<n and if f® Y is continuous on R, then
F™IE) = @)"F(H(E).
(i) If x"f(x) € L1(R) then

~ 13 ~



5 FHE = F(=)"HE
The integrability of |x™f(x)| on R may be viewed as a measure of how fast the function f(x)
tends to zero as x — 100, in the sense that f(x) tends to O faster when n is larger. As the order
of differentiability (or smoothness) of f increases, so does the rate of decay of f.
A good function, g(x) is a function in C*(R) that decays sufficiently rapidly that g(x) and all of

its derivatives decay to zero faster than x|~V as |x| —» oo forall N > 0.

Definition 2.2.1: Suppose a real or complex valued function g(x) is defined for all x € R and is
infinitely differentiable everywhere, and suppose that each derivative tends to zero as |x| — oo
faster that any positive power of (x™1), or in other words, suppose that for each positive integer N

and n,
lim s x¥N g™ (x) = 0
Then g(x) is called a good function

Usually, the class of good functions is represented by S. The good functions play an important role
in Fourier analysis because the inversion, convolution, and differentiation theorems as well as many
others take simple forms with no problem of convergence. The rapid decay and infinite
differentiability proper-ties of good functions lead to the fact that the Fourier transform of a good

function is also a good function.

Good functions also play an important role in the theory of generalized functions. A good
function of bounded support is a special type of good function that also plays an important part in
the theory of generalized functions. Good functions also have the following important properties.
The sum (or difference) of two good functions is also a good function. The product and convolution
of two good functions are good functions. The derivative of a good function is a good function;
x™g(x) is a good function for all non-negative integers n whenever g(x) is good function. A good
function belongs to LP(a class of pt" power Lebesgue integrable functions) for every pin 1 < p <

co. The integral of good function is not necessarily good.

~ 14 ~



Theorem 2.2.2 The Fourier transform of a good function is a good function. The Fourier

transform of a good function f(x) exists and is given by

F& = [T fx)e ¥*dx

Differentiating f(£§) n —times and integrating N times by parts, we get

F0 @) < [E25 17, emi#x Lo(—ix)mf(x)]dx

(= lk)N

1
< o 7 i o ax

Evidently, all derivatives tend to zero as fast as |k| ™" as |k| = oo for any N > 0 and hence, f(§) is

a good function. |
2.3 The Inverse Fourier Transform

Theorem 2.3.1 (Inversion theorem) suppose that f € L*(R). That f is continuous except for
a finite number of finite jumps in any finite interval, and that f(t) = % (f&*) + f(t7)) for all
t. Then

f(to) = limy ey [*, fw)ei®odw (2.18)
for every t, where f has left and right derivatives. In particular, if f is piecewise smooth( i.e

continuous and with a piecewise continuous derivative), then the formula holds for all t, € R.
: 1 (A ; ;

Proof: put s(ty, A) = limy_, Zf_Af(a))e“”tOda)

and rewrite this expression by inserting the definition of f(w):

s(to, A) =~ ,(J_, f(e~ " dt)e" o dw

dt

eiw(fo—f)] w=A
ito-t) low = —A

- 2n f— (f:qu(t)eiwto—i(utdw) dt = if—oooof(t) [
L FOFEER A =Lt~ 0 d

~ 15 ~



Switching the order of integration is permitted, because the improper double integral is absolutely
convergent over the strip (t,w) € R X [—A, A], and in the last step we have put t, —t = u. We are
now in a situation very much the same as in the proof of Fourier series; but there is a complication

in as much as the interval of integration is unbounded. Then we can write

205 flto —w) = du = f(to—) = = [ (f (b — u) = f(to—))

u

SsinAu

du (2.19)

u

Now let € > 0 be given. Since we have assumed that f € L!(R), there exists a number X such

that
%f;olf(to —w)|du < e.

changing the variable, we find that

f; 5"’:‘“ du = fAO;L:tdt — 0as A — oo. (2.20)

The last integral in (2.19) can be split in to three terms:

X (f(to—w)— =) . 0 inA oo (sinA
Ef f(to uuf(to ) SlnAudu+%fX (f(to_u))sm udu_%f(to_)fx (sm u)d

-0 u u

=Il+12+13

The term I3 tends to zero as A — oo because of (2.20). the term I, can be estimated:

| = |2 17 (f (b — w) = du| < 2 [21f (to — wldu < e.

u

f(to—w)—f(to)
—u

In the term I; we have the function u — g(u) = . This is continuous except for

jumps in the interval (0, X), and it has the finite limit g(0*) = f/(t,) as u v 0; this means that
g 1s bounded and thus integrable on the interval. By the Riemann-Lebesgue lemma, we

conclude that I; = 0 as A — oo. All this together gives, since € can be taken as small as we
.2 o
WlSha ;fo f(tO - u)

A parallel argument implies that the corresponding integral over (—oo, 0) tends tof (t,+). Taking

sinAu

du— f(ty—)as A — oo.

u

the mean value of these two results, we have completed the proof of the theorem [

~ 16 ~



3. APPLICATIONS OF FOURIER TRANSFORM

3.1 Heat Transfer in an Infinite Bar

As Fourier series served us in the construction of solutions to boundary-value problems in
bounded space domains, we now show how such solutions can be represented by Fourier integrals
when the space domain becomes un-bounded. The question of the uniqueness of a solution obtained
in this manner, in general, is not addressed here, as it properly belongs to the theory of partial
differential equations. But the equations that we have already introduced (Laplace’s equation, the
heat equation, and the wave equation) all have unique solutions under the boundary conditions
imposed, whether the space variable is bounded or not. This follows from the fact that, due to the
linearity of these equations and that of their boundary conditions, the difference between any two
solutions of a problem satisfies a homogeneous differential equation under homogeneous boundary
conditions, which can only have a trivial solution.

Example 3.1.1
Suppose that an infinite thin bar has an initial temperature distribution along its length given by
f(x). We wish to determine the temperature u(x,t) along the bar for all ¢ > 0. To solve this
problem by the Fourier transform, we assume that f is piecewise smooth and that |f| is integrable
on (—oo,00).

The temperature u(x, t) satisfies the heat equation
U =kuyy —0<x<o0,t>0 (3.1)
And the initial condition

u(x,0) = f(x),—0o<x < o0 (3.2)
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We resort to separation of variables by assuming that
u(x, t) = vx)w(t)
Substituting into Equation (3.1), we obtain the equation

v'(x) _ 1w'()
v(x)  k w(o)

—o<x<oo,t>0
Which implies that each side must be a constant, say —A2. The resulting pair of equations leads to
the solutions

v(x) = A(A)cosAx + B(A)sinAx

w(t) = c(L)e k4t
Where A, B, and C are constants of integration which depend on the parameter A. Since there are no
boundary conditions on the solution, A will be a real (rather than a discrete) variable, and A = A(A)
and B = B(A) will therefore be functions of A, and we can set C(1) = 1 in the product v(x)w(t).

Corresponding to each A € R, the function
u, (x, t) = [A(D)cosAx + B(D)sindx]e k4t

therefore satisfies equation (3.1) A(1) and B(A) being arbitrary functions of 1 € R.
We do not lose any generality by assuming that A > 0 because the negative values of 4 do not
generate additional solutions. u; (x,t) cannot be expected to satisfy the initial condition (3.2) for a
general function f, so we assume that the desired solution has the form

1 p©
ulx,t) = Efo uy (x,t)dA

= %fooo[A(/l)cos)lx + B(M)sinAx]e ¥t 43 (3.3)
At t = 0, we have

1 (oo .
u(x,0) = - ) o [A(A)cosAx + B(A)sindx] dA (3.4)
=f(x), xR

By Theorem 2.3.1, we see that Equation (3.4) uniquely determines A and B as the cosine and sine

transforms, respectively, of f:
AW = [ f») cos(y) dy
B = [, f () sin(Ay) dy
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Substituting back into (3.3), and using the even and odd properties of A and B, we arrive at the
solution of the heat equation (3.1) which satisfies the initial

condition (3.2)
u(x,t) = %f_oooo f_oooof(y) [cos(Ay) cos(Ax) + sin (Ay)sin(Ax)] e ***tdydA

=217 1% fO)lcos(x — y) Al e ¥4t dyda (3.5)
The solution (3.5) can also be obtained by first taking the Fourier transform of both sides of the heat
equation, as functions of x, and using Corollary 2.1 to obtain
@, = k(i?0(§, t) = —k&*a(§, t)
The solution of this equation is
(&, ) = ce k&t
Where, by the initial condition, ¢ = @(&,0) = (&)
Thus, as a function in &,

(g, 1) = f(§e
is the Fourier transform of u(x, t) for every t > 0, and u can therefore be represented, according to
Theorem 2.3.1, by the integral
u(x,t) = [7 f(§e ™ ettxdg
= — [T ) e ¥V dyle et etéxdg

=5 I e e g dy
Here the fact that | f (§)|e"‘52t is integrable on —oo < ¢ < oo allows us to replace the Cauchy
principal value in (2.17) by the corresponding improper integral, and the change of the order of
integration in the last step is justified by the assumption that |f| is integrable. Now, because e ket

is an even function of £,we have

1 oo} (o) —
u@,t) == 7 fO) [y cos(x — y)ge ™Kt d¢ dy
which coincides with (3.5).

Using the integration formula

—z2

fooo Coszfe—bfzdf = %\/%eﬁ forallze R,b >0 (3.6)

We therefore have
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—(y—x)?

u(e t) = == f) e+ dy

1 (o] —
= ﬁf_mf(x + 2. /mkp)eP" dp

Integrating by parts, verify that this last expression for u(x, t) satisfies the heat equation. It also

satisfies the initial condition

u(x,0) = f(x)

Example3.1.2

The corresponding boundary-value problem for a semi-infinite bar, which is insulated at one end, is
defined by the system of equations

U = Ky, 0 < x < 00 (3.7)
u,(0,t) =0, t>0 (3.8)
u(x,0)=f(x), 0<x <o (3.9)

The solution of equations (3.7) by separation of variables leads to the solutions obtained by
example 3.1,

u(x,t) = [A(A)cosAx + B()L)sin)tx]e"klzt, 0<A<
For each solution in this set to satisfy the boundary condition at x = 0, we must have

6u,1

= —kA%t _
ox x:O—AB(A)e =0forallt>0

If A = 0 we obtain the constant solution uy = A(0), and if B(1) = 0 the solution is given by

u, (x,t) = A(A)cosAxe kAt (3.10)

That means (3.8), where 0 < A1 < oo, gives all the solutions of the heat equation which satisfy the
boundary condition (3.8).

In order to satisfy the initial condition (3.9), we form the integral
u(x,t) = %fooo uy (x, t)dA = %fooo A()cosAxe k¥t

When t =0
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u(x,0) = %fomA(A)cos/lxd)l (3.11)

By extending f as even function in to (—oo, 00), we see from the representation (3.11) that A(A)
is the cosine transform of f. Hence, with f € L1(R),

A@) = 7, f(¥) cos ydy = 2 [" f (¥) cos Aydy
and the solution of the boundary-value problem is given by
u(x,t) = %fooo fooof(y) cos Ay cosAxe ¥’ tdyda (3.12)

Using the identity 2 cos Ay cos Ax = cos A(y — x) + cos A(y + x) and the formula (3.6), this
double integral may be reduced to the single integral representation

u(x, t) = fwf(y) [e—(y—x)2/4kt + e—(y+x)2/4-kt]dy

1
2vVmkt Y0

To obtain explicit expression for the solution when

2

(1, 0<y<a
f(y)—{o’ s

We can use the definition of error function given by

erf(x) = \/%fox e P’ dp,

to write
1 a2 _ 2
u(x,t) = wmfoa[e -2)?/akt | g=(r+2)?/akt] gy
1 (a—x)/zx/_ _ (a+x)/2\/_ .2

:if(a—x)/Zx/_ —p? dp + L f(a+x)/2\/_ —p? dp

1 a+x
- —erf (2\/_) + Eerf (ZM)
From the properties of the error function for all ¢ > 0,
u(x,t) > 0asx - o
u(x, t) - erf (ﬁﬁ) asx -0

and that, for all x > 0, u(x,t) >0 ast - o



ast — oo,

u(x t)—>{1 when0 <x<a
’ 0 when x > a

Thus, at any point on the bar, the temperature approaches 0 as t — oo; and at any instant, the
temperature approaches 0 as x — oo. This is to be expected, because the initial heat in the bar

[f(a*)+f ()]
2

eventually seeps out to oo, It is also worth noting that u(a, t) — % = as t =0, as

would be expected in the following figure.

Figure Temperature distribution on a semi-infinite rod.
3.2 Non-Homogeneous Equations

The nonhomogeneous differential equation y —y’" = f can be solved directly
by well-known methods when f is a polynomial or an exponential function, for example, but such
methods do not work for more general classes of functions.
If f has a Fourier transform, we can use Corollary 2.1 to write
y+ey=f

Thus the solution of the differential equation is given, formally, by
- 2 1
y@) = F 7 (f©O) z57) 00 (3.13)

We know the inverse transforms of both f and (§2 4+ 1), but we have no obvious method for

inverting the product of these two transforms, or even deciding whether such a product is invertible.
Now we show how we can express F~1(f.§) in terms of f and g under relatively mild

restrictions on the functions f and g.
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Definition 3.2.1 Let I be a real interval. A function f: 1 — C is said to be locally integrable on I if
|f| is integrable on any finite subinterval of 1.
Thus all piecewise continuous functions on I and all functions in L1(I) are locally integrable.
Definition 3.2.2: If the functions f,g: R — C are locally integrable, their convolution is the
function defined by the integral
(f* @) = [, f(x = Hg(t)t
for all x € R where the integral converges.
By setting x — t = s in the above integral we obtain the commutative relation
(F* ) = [, f($)glx = s)ds = g = f(x) .
The convolution f * g exists as a function on R under various conditions on f and g. Here are
some examples.
1. If either of the function is absolutely integrable and the other is bounded.
Suppose f € LY(R) |g| <M then
If » gl <[5 1f(x = Dllg®]de
<M [ZIf®)ldt < oo.
2. If both f and g vanish on (—o0, 0), in which case
F* ) = [0, fx = Dg©de = [[f(x — Dg (D)t
3. If either f or g is bounded and vanishes outside a finite interval, then f * g
is bounded.
Theorem 3.2.1 If both f and g belong to L1(R) and either function is bounded, then f = g also
lies in L1(R) and
F(f+9) =fg. (3.14)
Proof: For f * g to have a Fourier transform we first have to prove that |f * g| is
integrable on R. Suppose, without loss of generality, that |g| is bounded on R
by the positive constant M. Because
lf(x =g < MIf(x — )]
And M|f(x —t)]| is integrable (as a function of x) on (—oo,00) for all t € R, it follows that the

integral
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frg@)=[" flx—Dg®at
is uniformly convergent. Consequently, for any a > 0, we can write
Jy 1f * g@)ldx = {7, f(x = )g(D)dt|dx
< S, f = Dg(o)]dedx
= [, [J1f (& = g ()] dedx
= [ lg®1 [{1f (x = O] dxdt
<9I If G — )] dxdt
= [ laatl [ If (x = £)l dx
This inequality holds for any a > 0, therefore |f * g| is integrable on (0, o).

Similarly, |f * g| is integrable on (—oo, 0) and hence on R.
To prove the equality (3.8) we write
F(f =)@ = [T, [, flx = Dg(©e *dt dx
= [, 5 f (x = e e g (t)e =" dxdt
=f(©)3©)
Where the change in the order of integration is justified by the uniform convergence of the
convolution integral. ]

Using Equation (3.8) and the result of Example(2.1) we therefore conclude
that a particular solution of y — y'" = f is given by

y@) = F 7 (F) 757)

=f+(Ge @ (3.15)
=27 f G = 0eae
== [7 f(®)e (3.16)

This integral expression satisfies the equation y — y"' = f. provided f is continuous.
In this connection, it is worth noting that the kernel function e "=l in the integral representation of

y in equation (3.16) is no other than Green’s function G (x, t) for the SL operator

L=—2+1 (3.17)
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On the interval (—oo, o), subject to the boundary conditions lim,_, 4, G(x,t) = 0; for the
nonhomogeneous equation Ly = f is solved, formally by

y() = L7 = [ G, )f (t)dt
This solution tends to 0 as x — +00,as it should, being continuous and integrable on (—oo, ).
Under such boundary conditions, the solution of the corresponding homogeneous equation
y —y" = 0 namely c,e* + c,e™, can only be the trial solution.
To solve the same equation y — y"' = f on the semi-infinite interval [0, o) we need to impose a
boundary condition at x = 0, say y(0) = y,.

In this case the same procedure above leads to the particular solution

1 oo
70 =5 [ Fee

But here the homogeneous solution
Yh(x) =ce™, x>0
Is admissible for any constant c. Applying the boundary condition at x = 0 to the sumy =y, + y;
yields
1 oo -
Yo=3J, f(He tdt+c

From which ¢ can be determined. The desired solution is therefore

1 poo —lx— 1 o - —
y@) =3 O tdt + (yo =5 f;” F(De ™ dt) e
If y, = 0, that is, if the boundary condition at x = 0 is homogeneous, then

y) =5 J; f©)(e7 "t — e+l

And, once again, we conclude the green’s function for the same operator(3.17)) on the interval

[0, 00) under the homogeneous boundary condition y(0) = 0 is now
GG t) =2 f, f(e)(e™t — ele+tl)dt,

3.3 Application to PDEs

The usual difficulty with PDEs is that the solution involves more than one independent variable.
The transform method allows us to reduce one independent variable. We commonly try to
transform the x — dependance through Fourier transform, provided that the domain is infinite,

e —oo < x < oo,
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Consider the function u(x,t), with —oo0 < x < oo, t > 0. Let
U(w,t) = Flulx,t)] = fjooou(x, t) el ¥ dx (3.18)
Be the fourier transform of u(x, t) with respect to x. The original function u(x, t) can then be
recovered from the fourier inverse transform:
uxt) = — [ U(w,t) e do (3.19)
[note that in (3.18) and (3.19) t plays no role; it may be regarded as arbitrary.] this is very similar to
our previous method of writing the solution in the form of an eigenfunction expansion when the

domain is finite.

With (3.19), taking derivatives with respect to x is now:
U (x,t) = %ffooo(—iw)U(w, t) e % dgy
U (0, 1) = — [ (—iw)?U(w,t) e"*da (3.20)
u(x, t) = %fjooo Up(w, t) e “*dw
U (6,6) = o= [ Uy (0, t) e™ % doy (3.21)
Provided of course that these integral exists. At this point, there is no need to worry about these

mathematical issues of integrability because we don’t even know what U(w, t) is yet.

3.3.1. The Wave Equation in an Infinite Domain

Upe = CPUyy, —0 < x < 00, >0
u(x,t) > 0asx » +oo
u(x,0) = f(x)

ut(xJO) =0,—oo<x<oo

(3.22)

We assume the solution to be of the form of an integral (3.19) which we substitute in to PDE(3.21).
This yields, using (3.20)
iffooo(Utt(w, t) + c?w?U(w, t))e *dw = 0
Which is the same as
F YUy + c20?U) =0 (3.23)
So by taking F of the above equation
Uy + cw?U =0 (3.24)
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. . o 92 ) .
This is an ODE; the partial derivatives Py have been converted to (—iw)?, an algebraic

multiplication. The ODE in t is to be solved subject to the folloing initial conditions:
u(,0) = 227, U@, 0)e™dw = f(x) = 5= [, F(@)e " do.
These imply:
Ui(w,0) =0 (3.25)
and
U(w,0) = F(w) (3.26)

Where the Fourier transform F (w) of f(x) is known if f(x) is known.

The general solution to the ODE (3.24) is
U(w,t) = A(w) sin(cwt) + B(w) cos(cwt).
The ICs(3.24) and (3.25) can be used to determine the constants A and B to be
B(w) = F(w) and A(w) = 0. Thus
U(w,t) = F(w)cos (cwt).
(3.27)
We recover u(x, t) by substuting (3.27) back into (3.19).

u(x,t) = FU(w,t)] = i [2 U(w, t)e"“*dw
= if_moo F(w)cos (cwt)e “*dw
(3.28)

Typically one cannot perform the integral explicitly unless F(w) is known. In the particular case of

the wave equation however, progress can be made by noting that
1, ; .
cos(cwt) = E(ew‘”t + e~icwt)
and so (3.28) can be written as
1 oo 1 o _ 1 o 1 .
ulx,t) = Zf—ooEF(‘“)e lwx=ct) q.) + Zf—ooEF(‘“)e w(x+ct) 4,
= >f(x—ct) + 3 f(x +ct) (3.29)
i 1 (> —iwx
Since f(x) = — f_mF(w)e dow

So
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flx —ct) = iffoooF(w)e"i“’(x‘“)dw and f(x+ct) = ifjoooF(w)e_"“’(x“t)dw
The physical interpretation of the solution (3.29) to the wave equation (3.21) is that an initial
displacement of f(x) will split in to two shapes for t > 0, each with half the amplitude of the
original shape, one propagates to the left and one propagates to the right, both with speed c. The
quantity c is therefore called the wave speed.
3.3.2 Diffusion Equation in an Infinite Domain
Up = AUy, —0 < x < 00,8t >0

u(x,t) > 0asx —» too (3.30)
u(x,0) = f(x) —0 <x < o0 '

We assume a solution of the form of an integral (3.19) and substitute it in to the PDE (3.30). this
yields, using (3.20)
ifjooo(Ut + a?w?U) e "“*dw = 0

Which implies

U+ a?w?U =0 (3.31)
The ODE (3.30) is solved subject to

U(w,0) = F(w) (3.32)

Which is obtained by taking the fourier transform of (3.30)

The solution is

U(x, t) = A(w)e @@ = F(w)e @@ (3.33)
The final solution is obtained by substituting (3.33) into (3.19)
u(x,t) = ifjoooF(w)e‘“z“’zt_"“’x)dw (3.34)

For the special case of
f(x) = ae_(x/L)z

Since F(w) = F(f(x)) = alvme~®)*/4
Then

= aL —(Lw)?/4—a? w?t—iwx)

u(x, t) an_oo \/Ee dw

Can be evaluated by completing squares

u(x,t) = aTL_f“ o~ (@Pt+2 D ~iwx g,

2\m Y —
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_ Ok -x?/(ad?t+1?) (3.35)

T VaaZt+1?
The physical interpretation of the solution (3.35) is that an initial concentration near x = 0 an initial
with width of approximately 2L spreads out in to a wider and wider region while its amplitude at
x = 0 decreases monotonically to zero. This is a typical behavior of solutions to the diffusion
equation. The underlying physical process reduces gradients and spreads any initial

concentration/heat to wider regions.

CONCLUSION

The last section on application demonstrates the use of Fourier transform in solving problems
involving differential equations. These transforms are very useful for solving differential or integral
equations for the following reasons. First, these equations are replaced by simple algebraic
equations, which enable us to find the solution of the transform function. The solution of the given
equation is then obtained in the original variables by inverting the transform solution. Second, the
Fourier transform of the elementary source term is used for determination of the fundamental
solution that illustrates the basic ideas behind the construction and implementation of Green’s
functions. Third, the transform solution combined with the convolution theorem provides an elegant

representation of the solution for the boundary value and initial value problems.

Generally from this thesis we see that Fourier transform is very useful when dealing with
differential and integral equations that could be difficult to solve. So it is beneficial to have a firm

understanding of how to use Fourier transform and about Fourier transformation.
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