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ABSTRACT 

The Minimum Cost Network Flow (MCNF) Problem is to send flow from a set of supply 

or source nodes, through the arcs of a network, to a set of demand or destination nodes, 

at minimum total cost, and without violating the lower and upper bounds on flows 

through the arcs. The MCNF framework is particularly broad, and may be used to model 

a number of more specialized network problems including Assignment, Transportation, 

Trans-shipment problems, the Shortest Path Problem and the Maximum Flow problem. 

The Network Simplex Method (NSM) is a part of the bounded variable primal simplex al-

gorithm, specifically for the MCF problem. The basis is represented as a rooted spanning 

tree of the underlying network, in which arcs represent variables. The method iterates 

towards an optimal solution by exchanging basic and non-basic arcs. At each interaction, 

an entering arc is selected by some pricing strategy, and an arc to leave the basis is as-

certained. The construction of a new basis tree is called the pivot. There are many strat-

egies for selecting the entering arc, and these determine the speed of solution. 

This seminar report contains three chapters. In the first chapter I tried to discuss some 

basic idea of network systems such as their mathematical character, modeling the mini-

mum cost network flow problem in standard linear programming form, graphical repre-

sentation and matrices representation of the minimum cost network flow. Moreover the 

general minimum cost network flow problems and Application of the modeling in the se-

cond chapter and one of the solutions methodologies (network simplex method) is dis-

cussed in the third chapter, I apply the concepts of the first and the second chapter for 

the generating optimum solution for minimum cost Network flow problems using sim-

plex algorism. 
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Introduction to Networking 

Networks are familiar diagrams in electrical theory; they are easily visualized in trans-

portation or communication systems like roads, railways, pipelines, nerves or blood ves-

sels, A large variety of mathematical problems are present by networks. Particularly 

those which involves sequential operations or different but related states or stages, are 

conveniently described diagrammatically as networks. Sometimes a problem with no 

such apparent structure assume a mathematical form which is best understood and 

solve by interpreting it as a network.  

 A network, in its more generalized and abstract sense is called a graph. In recent years 

graph theory has been a subject of much study and research by mathematicians and has 

found more and more applications in diverse areas. In the field of operation research 

graph theory play a particularly important role as quite often the problem of finding an 

optimal solution can be looked upon as a problem of choosing the best sequence of oper-

ations out of a finite number of alternatives which can be represented by a graph. 
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NOTATIONS  

 An activity in a given network is represented by an arrow (edge). 

 An event in a given network is represented by a vertex. 

 Matrix by A  

 Cost of edge i  to j by Cij 

 Supply/demand values by ”b”, b ∈ R 

  We denote the vertex by  Vi,  i=1,2.3. . . . n 

 G is a graph 

 Let “e” be the edge from vertex i to vertex j, then we write e = (i  j) or eij. 

 Yi is simplex multiplier or node potential 

 rij is reduced cost 

 XB is basic edge 

 XN is  non-basic arc 

 CN is cost of basic arc  

 aij is entries of a matrices 
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                                                               Chapter 1 
                                                      Network systems 

1.1 Network Flows 

A wide variety of engineering and management problems involve optimization of net-

work flows that is, how objects move through a network. Examples include coordination 

of trucks in a transportation system, routing of packets in a communication network, and 

sequencing of legs for air travel. Such problems often involve few indivisible objects, and 

this leads to a finite set of feasible solutions. For example, consider the problem of find-

ing a minimal cost sequence of legs for air travel from A.A to Cairo. Though there are 

many routes that will get a traveler from one place to the other, the number is finite. This 

may appear as a striking difference that distinguishes network flow problems from line-

ar programs. The latter always involves a polyhedral set of feasible solutions. Surprising-

ly, as we will see in this chapter, network flows problems can often be formulated and 

solved as linear programs. 

In relation of studying this problem, the network system is very helpful for the fact that 

the mathematical characteristics of the network models are so special that by exploiting 

these structural properties, we use it for the study of our problem.  

An important economic application of network system is the description of projects, 

where projects are set of finite sequence of activities. Since projects are represented by 

networks, the first section of this seminar is devoted to the network systems, since the 

network system is the basic element.  

      1.1.1 Network 

A directed graph, or network, G = (V, E) consists of a set V of vertices and a set E ∈ V × V 

of edges. When the relation E is symmetric, G is called an undirected graph, and we can 

write edges as unordered pairs {u, v} ∈ E for u, v ∈ V. The degree of vertex u ∈ V in graph 

G is the number | {v ∈ V : (u, v) ∈ E or (v, u) ∈ E}| of other vertices connected to it by an 

edge.  
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A walk from u ∈ V to w ∈ V is a sequence of vertices v1,  …  vk  ∈  V such that v1 = u,  

vk = w, and  (vi , vi+1) ∈  E for i = 1, . . . , k−1. 

In a directed graph, we can also consider an undirected walk where (vi, vi+1) ∈ E or 

(vi+1, vi) ∈ E for i = 1, . . . , k − 1. A walk is a path if v1, . . . , vk are pair wise distinct, and a 

cycle if v1, . . . , vk−1 are pair wise distinct and vk = v1. A graph that does not contain any 

cycles is called acyclic. A graph is called connected if for every pair of vertices u, v ∈ V 

there is an undirected path from u to v.  

Networks are especially convenient for modeling because of their simple non mathemat-

ical structure that can be easily depicted with a graph. This simplicity also reaps benefits 

with regard to algorithmic efficiency. An endless variety of models involve optimization 

over such networks. Many cannot be expressed in any straightforward algebraic way or 

are very difficult to solve. Our discussion starts with a particular class of network opti-

mization models in which the decision variables represent the amounts of flow on the 

arcs, and the constraints are limited to two kinds: simple bounds on the flows and con-

servation of flow at the nodes. They are especially easy to describe and solve, yet are 

widely applicable. Some of their benefits extend to certain generalizations of the net-

work flow form, which we also touch upon. 

In a network, each arc or edge is associated with some numerical value (real number), 

variably called its cost, weight, length (distance) or some other variable depending on 

the application. It is denoted as cij for each arc (i, j) ∈ A. Weights of the arcs are very im-

portant because some algorithms impose further restrictions on weights. A path is a se-

quence of distinct arcs/edges connecting two specified nodes in a network. Each 

arc/edge must have exactly one node in common with its predecessor in the sequence 

and no node may be visited more than once. A path may be either directed or undirected. 

If a path begins and ends at the same node it is called a cycle. In an undirected network 

there are many cycles. However, note that the definition of path must satisfy.  
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Network optimization is a special type of linear programming model. Network models 

have three main advantages over linear programming: 

1. They can be solved very quickly. Problems whose linear program would have 1000 

rows and 30,000 columns can be solved in a matter of seconds. This allows net-

work models to be used in many applications (such as real-time decision making) 

for which linear programming would be inappropriate. 

2. They have naturally integer solutions. By recognizing that a problem can be formu-

lated as a network program, it is possible to solve special types of integer pro-

grams without resorting to the ineffective and time consuming integer program-

ming algorithms. 

3. They are intuitive. Network models provide a language for talking about problems 

that are much more intuitive than the \variables, objective, and constraints" lan-

guage of linear and integer programming. Of course these advantages come with a 

drawback: network models cannot formulate the wide range of models that linear 

and integer programs can. However, they occur often enough that they form an 

important tool for real decision making 

1.2 Defining some basic terminologies that I used in this seminar report 

Under this sub section, some words and terms that are used frequently in this seminar 

report are defined as:-  

Definition 1:- A network is a flow diagram consisting of activities and events connected 

logically and sequentially, or a network is a graph which consists of a set of nodes (verti-

ces) and a set of arcs (edges or links) connecting various pairs of nodes where each arc  

has specified orientation (in the case where it is termed as directed graph). 

Definition 2:-   A node is said to be initial node or source if it has only outgoing arrows or 

edges. 

Definition 3:- A node or vertex is called terminal or sink, if it has only incoming arrows or 

edges. 
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Definition 4:- An event in a given network is the commencement or completion of an  

activity. 

Definition 5:- An activity in a given network is the actual performance of a given task, 

that is, it is a work required to complete the specific event. 

Definition 6:- Let G = (V .E) be a directed graph, and Let F = {e1,e2,e3,e4,………,en} in E  be a 

finite sequence of edges , then the sequence F is called a chain if and only if there is a se-

quence of vertices {v1,v2,v3,……vn} in V. 

Definition 7:- A path in a network is a directed chain. 

Definition 8:- A directed chain beginning and ending at the same node is a directed cycle. 

Definition 9:- A network is connected provided that there is a directed path between  

every pair of node.  

Definition 10:- A network that is without any directed cycle is called acyclic network, 

Definition 11:- A network consisting of directed cycle is called cyclic network. 

 Direct path: Any two or more nodes connected directly or there exists a directed 

path that connects every node.  

 

                                                         Fig 1.1 

 Indirect path: for any two or more nodes, there is no single edge direct simple path 

that connects the nodes. 

 

Fig 1.2 

Definition 12:- If e = (i, j) then e is said to be incident from vertex i to vertex j. 

Definition 13:- Two edges e1=(i, j) and e2 =(r, s) are said to be adjacent if j= s or s =i. 

Definition 14:- A cycle connecting vertex i and j is called a loop if i = j. 
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Graphical guideline for network /graphical modeling of network 

The following guideline should be followed for the better drawing of network diagrams. 

 Arrows are not vectors; they are never used to show duration through its length. 

 Orientation between arrows should be chosen to suit drafting convenience. 

 As far as possible, we should use straight arrow, curved arrows are not preferable. 

1.3 Representation of networks by matrices:  

There are several representation of networks in a matrix form, under this sub section we 

focus on some important representation of networks in a matrix form,  

    1.3.1 Representation by Incidence matrix  

Define the incidence matrix A = (aij) as 

                1 if arc pj starting in node i 

aij =     -1 if arc pj ending in node i 

               0 otherwise 

Example 1.1 consider the following network whether the small circles represent nodes 

with their representative numbers in them and each ej represent  sjth  arrow or arc. 

 

 

 

 

      

   

                                                                          Fig 1.3  

The corresponding matrix representation of the above fig 1.3 is given as follows. 

                                                           X12     X14    X23   X24    X34     X45    X51                             

































1100000
0111011
0010100
0001101
1000011

 

   3 

  4    5 

   1 2 
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Note  

1. The first row consists of the numbers 0 and 1 only which shows that V1 is a source.  

2. The 5th row consists of the number 0 and -1 only which shows that V5 is a sink  

3. We see that it is not connected and not cyclic that is start from vj for any j and one               

     cannot return to vj. 

        1.3.2 Representation by adjacency matrix 

Define the adjacency matrix A= (aij), i= 1,2 ………… ,n 

                                                            j= 1,2,…………,n 

                                              1      1  if there is an arrow from vertex i  to vertex j  

                                                     0  otherwise  

Example 1.2  

From the network in the above figure 1.3, we can represent by adjacency matrix. 

                                                                      X12     X14    X23   X24   X34   X45   X51                             























1100000
0111011
0010100
0001101
1000011

 

Note: 

1. V1 is a source since the first column has elements only 0, no arrow comes from any     

    other vertices to v1. 

2. v5 is a sink since all elements of the 5th row are 0 only, that is no arrow emanates    

    fromv6 

3. The number of 1’s in each row shows the number of arrows coming to vj 

4. Given the matrix one can draw a network representing it.  

     

 

 

 aij=                        
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  1.3.3 Representation of a network by value matrix. 

Let fi: (i,j)           R+ be a function that assigns appositive real number to each arrow (i,j) in 

a network. Let cij be defined by: 

                                          f(i,j)  if there is an arrow (i ,j) connecting the vertices vj to vj 

                                ∞  if there is no arrow (i ,j) connecting the vertices vi to vj 

We consider the following  

1. We have only one sink node 1, since the last row has only ∞ and source (node 8), 

since the first column has only ∞. 

2. In row 1 the number of numbers that are not  ∞  shows number of arrows from vj 

3. In column j the number of numbers that are not ∞ shows the number of arrows 

 to vj. 

4. We see that since the diagonal of the matrix is only  ∞ we conclude that the given 

Network is not cyclic  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

cij=    
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Chapter 2 
Minimum cost network flow 

2.1 Minimum cost network 

 As I have already mentioned it a wide variety of engineering and management problems 

 involve optimization of network flows .that is, how objects move through a network, in-

cluding coordination of trucks in a transportation system, routing of packets in a com-

munication network, and sequencing of legs for air travel. Such problems often involve 

few indivisible objects, and this leads to a finite set of feasible solutions. For example, 

consider the problem of finding a minimal cost sequence of  legs for air travel from Addis 

Ababa to Jimma  though many routes that will get a traveler from one place to the other, 

the number is finite. This may appear as a striking difference that distinguishes network 

flows problems from linear programs.  As we will see in this chapter, network flows 

problems can often be formulated and solved as linear programs. 

Graphs can be used to model many real networked systems. For example, in modeling air 

travel, each node might represent an airport, and each edge a route taken by some flight. 

Note that, to solve a specific problem, one often requires more information than the to-

pology captured by a graph. For example, to minimize cost of air travel, one would need 

to know costs of tickets for various routes. When there are many paths from root or Ori-

gen to the destination or sink, naturally want to take the cheapest or shortest one. If  cij  

represents the cost or distance of travel along arc  (i  j). Then you want to solve :  

Minimize ∑cij 

      Example 2.1:- the numbers 2, 3 & 4 are different place that found between the origin 

1and distination5,The arcs represent routes bettween any two placeses . 

 

Figure 2.1                                                         



          Minimum Cost Network Flow Problem and  Network Simplex Method 

 

July 2015 G.C  9 
 

Where, the number of arcs limited to those that represent paths within the network. 

Clearly, if the network is undirected, then the shortest path problem is much the same as 

the minimum spanning tree problem, except that it minimizes over paths rather than 

spanning trees. You can also imagine the problem on a directed network, however. In the 

directed shortest path problem, you must be able to travel a path from origin to destina-

tion without going “backwards” along any arc. 

The min-cost flow problem consists in determining the most economical way to 

transport a certain amount of good (e.g. oil, oranges, cars ...) from one or more produc-

tion   facilities to one or more consumption facilities, through a given transportation 

network (like :- a hydraulic network, a distribution network, a road network etc.). It 

should be emphasized from the outset that the mathematical model lends itself to repre-

sent a variety of problems that have nothing to do with the shipment of goods, and there-

fore we use the more abstract notion of flow. 

As usual, the nodes of the network may be associated with physical places (cities, ware-

houses, industrial facilities, stations ...), and the arcs to one-way communication links 

(road sections, railways, pipe line ...) among these places. Note that one does not lose of 

generality considering the arcs oriented (i.e., one-way) rather than un oriented (i.e., two- 

way). In fact, each two-way arc can be represented by means of a pair of arcs pointing in 

opposite directions between the same two nodes. 

All of the above models are special types of network flow problems. The minimum cost 

network flow model represent the broadest class of problem that can be solved much 

faster than liner programming while still retaining such nice properties as integrality of 

solution and appeal of concept. 

 Like the maximum flow problem, it considers flows in network with capacities. 

 Like the shortest path problem, it considers a cost for flow through an arc, 

  like the transportation problem ,it allows multiple sources and destinations, 
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 In fact all of these problems can be seen as special cases of the minimum cost network 

flow problem. 

Fundamental information concerns about minimum cost network flow: 

• The amount of flow produced or consumed at each node; 

• Transportation costs between two nodes; 

• Possibly, an upper limit on maximum flow on each arc (i.e., capacity). 

For each node i, i =1,... , n, an (integer) number bi is given, representing the amount of 

flow produced; (if bi > 0) or consumed (if bi < 0) at node i. The nodes that produce flow 

are sometimes referred to as sources and bi as supply. Nodes that consume flow are 

called sink and bi as demand. If bi=0,   node i  dose not consume nor produce flow that is 

it is a transit node. Note that, this classification into three types of nodes is completely 

independent of the structure of the network, but it is defined only by the values of supply 

and demand. 

2.2 Spanning Tree: 

In a network, spanning tree is a collection of arcs that form a tree and connect to every 

node. A spanning tree is a useful pattern for cheaply interconnecting all the nodes in a 

network. The number of arcs in the spanning tree equals the number of nodes minus 

one, and between any two nodes there is a unique path along the tree. Since there are 

only finitely many spanning trees within a network, this minimization is well defined. 

However, a large network may contain a very large number of spanning trees, so it is not 

immediately clear how much work may be involved in finding a minimum one. 

Applications include the design of various types of distribution networks in which the 

nodes represent cities, centers etc.; and edges represent communication links (fiber 

glass phone lines, data transmission lines, cable TV lines, etc.), high voltage power 

transmission lines, natural gas or crude oil pipelines, water pipelines, highways, etc. The 

objective is to design a network that connects all the nodes using the minimum length of 

cable or pipe or other resource. The minimum cost spanning tree problem also appears 
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as a sub problem in algorithms for many routing problems such as the traveling sales-

man problem. 

        Some basic properties of spanning tree 

 In a graph with “n” nodes, a tree with n-1 arcs from a spanning tree.  

 If an arc added to as panning tree then unique cycle is created.  

 If an arc is removed from a spanning tree, then the tree is decomposed in to two 

new trees. 

 A circuit in a network is a collection of arcs that are connected together in a circle, 

while a tree  is a collection of arcs that are connected together without containing 

any circuits or Tree is formed by a connected subset of the graph that contains no 

cycles 

     Economic Interpretation 

• Imagine you are the only company that produces the commodity what price should 

you sell the commodity for at each node? 

2.3 Characteristic of Minimum Cost Network Flow  

 Any network flow problem can be cast as a minimum-cost network flow program. 

A min-cost network flow program has the following characteristic : 

 Variables  

 The unknown flows in the arcs, the xi, are the variables.  

 Flow conservation at the nodes 

The total flow into a node equals the total flow out of a node. It makes things easier 

later if we follow the convention of writing the flow conservation equation at a 

node as:  

   ∑      ∑   =   

       −            

  Source and sink nodes 

Some nodes are connections to the environment surrounding the network. At these en-

tryway nodes, there may be a net gain of flow into the network (source node), or a net 
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loss of flow out of the network (sink node). To emphasize that flow conservation still 

holds at source and sink nodes shown on the network diagram. The phantom arc will 

be an inflow for a source node, and an out flow for a sink node. 

Now we use a similar convention for writing the flow conservation equation at the 

source or sink node:  

   ∑      ∑   =  i 

       −            

When written this way, bi is a positive constant for a source node, and a negative con-

stant for a sink node. The magnitude of  bi  is the amount of flow in the phantom source 

or sink arc. Note also that the relationship may not be an equality relationship: inequali-

ties are common for sources and sinks. For example, the flow of water exiting a supply 

network must be at least 20 liters per minute, or the flow of oil entering a refinery net-

work must not exceed 10,000 barrels per day. 

 When all of the flow conservation equations (or inequalities) are written following 

the outflows – inflows convention, it is easy to see what type of node is associated 

with each relationship by looking at the value of the right hand side constant. The 

constant will be zero for a simple flow conserving node, positive for a source node, 

and negative for a sink node.  

   Bounds on the arc flows 

There may be upper and lower bounds on the flows in the arcs (i.e. the variables in the 

model. xj  ≥ lj  is a lower bound on an arc flow, and xj ≤ uj is an upper bound on an arc 

flow. For example, the maximum flow of water through a particular pipe is limited be-

cause of the pipe diameter and interior roughness, so an upper bound is applied. 

Upper bounds are easy to understand, but why might there be a nonzero lower bound? 

This might represent the minimum required production rate at a factory (e.g. 250 vehi-

cles per day required at the output arc of an automobile plant) or a minimum flow rate 

through steam piping to prevent condensation. 
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• The default arc flow bounds are a lower bound of zero and no upper bound. It is 

not unusual for almost all of the arcs in a network model to have the default 

bounds, with only a few arcs having specified upper or lower bounds, typically 

those at the “edges” of the network, representing, say, upper limits on the rates of 

raw materials flowing into the network and lower limits on the production the rate 

at the main outflow from the network.  

 Some modeling systems will allow a negative lower bound on an arc flow. My strong 

advice is do not do this! The meaning of a negative flow is a backwards flow in the arc. 

This immediately destroys the best feature of a network model, the intuitive under-

standing of the system that you gain by looking at the network diagram. You expect the 

flows to follow the directions indicated by the arrowheads, but the arrowheads may lie 

if you permit negative flows. There are other ways to accommodate two-way flow, if 

necessary, such as pairing oppositely oriented arcs between two nodes. Cost per unit of 

flow. There is a cost per unit of flow, cj associated with each arc. In many network mod-

els, the cost per unit of flow is zero for most of the arcs, with costs being typically asso-

ciated with arcs at the “edges” of the network. The default value of cj is zero.  

 Economic Interpretation 

 If the price was lower, then you would lose money 

 If the price was higher, then a competitor could undercut your price  

    Objective function 

• In a minimum cost network flow problem, the objective is to find the values of the 

variables (the xj) that minimize the total cost of the flows over the network:  

                    Minimize∑     
 
    

Of course, the solution must respect all of the constraints: flow conservation at the 

nodes, and the upper and lower flow bounds on the arcs. 
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Economic Interpretation 

•  You don’t want to lose business, so you also plan to ship over each arc 

• You want to ship as much as possible 

• You must also adjust the rest of your schedule to conform with demand 

Network  problems can be cast as minimum cost network flow programs. 

There are three parameters associated with each arc: 

 The lower flow bound, l 

 The upper flow bound, and   u 

 The cost per unit of flow.  c 

The arc labeling convention that we will use shows a triple of numbers in square 

brackets, [l, u, c]. l is the lower bound on the flow in the arc, with a default value of ze-

ro if not explicitly specified; u is the upper bound on the flow in the arc, with a default 

value of infinity if not explicitly specified; c is the cost per unit of flow in the arc, with 

a default value of zero if not explicitly specified.  

 For example, an arc having a lower flow bound of zero, and upper flow bound of 

25, and a cost per unit of flow of $6 would be labeled [0, 25, 6]. If the upper and 

flow bounds on the arc differ, then the node relationship is an inequality.  

 As we have seen, the network diagram contains all the information needed to de-

rive an associated linear programming model via a straightforward mechanical 

writing of the constraints and objective function. For this reason, we will assume 

from here onward that a properly labeled network diagram is the formulation.  

   The linear programming version of the network model has some very interesting   

properties. Look at the left hand sides of all of the constraints. What do you notice? 

All of the coefficients there are 0, +1, or –1. This is because all of the node relation-

ships are simple summations of flows, and the remainders of the constraints are 

simple bounds. But this fact has some very important consequences.  



          Minimum Cost Network Flow Problem and  Network Simplex Method 

 

July 2015 G.C  15 
 

   The second important consequence is this: if all of the constraint right hand side 

values are integers  and if all of the pivot operations are simple additions and sub-

tractions, then we can guarantee that the solution values of the variables at the op-

timum will also all be integers. This is known as the unimodularity property.      

 Make the origin node a source of exactly n units of flow, with no cost per unit of 

flow. The label on the phantom arc should be [n, n, 0].  

•  Make each destination node a sink of exactly one unit of flow, with no cost per unit 

of flow. The label on the phantom arc for each destination node should be [1,1,0].  

•   The unimodularity property will permit only integer amounts of flow in an arc. 

Some arcs will have no flow, and some will have a flow equal to some positive in-

teger less than or equal to n, the maximum amount of flow introduced at the origin 

node. If you mark the arcs that have a positive flow, then the marked arcs will form 

a tree on the diagram. The shortest route from the origin to each destination node 

is actually discovered backwards: trace the route from the destination node back 

to the origin via marked nodes. Because the marked arcs form a tree, there is only 

one shortest route for each destination node. The routes to several destination 

nodes may share an arc, which is why the flow in some arcs may be greater than 

one. 

Network problems can be cast as minimum cost network flow programs. 

bi = net supply (are flow out – are flow in) at node i 

uk = capacity of are k(i.j)  

The value of bi is determined by the nature of node i. in particular  

bi > 0 if i is a supply node; 

bi < 0 if i is a demand node; 

bi = 0 if i is a transshipment node. Also, let  

Koi = set of arcs leaving node i 

KTi = set arcs terminating at node i.  
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                                                                  Minimize∑    

 

   

 

              ∑      ∑   =              = 1…    

                                                                ∈           ∈    

   ≤    ≤            = 1…   

    2.4 Some Application of the model: 

 Let cij denote the cost of going from node i to node j, Then the minimum path prob-

lem is (p)  Find the least cost path. 

 Let cij be represented by the time taken to travel from node i to node j, then the min-

imal path problem is (p) Find the minimal duration path  

 Let cij denote the time needed to perform activity (i,j) then, the minimal path prob-

lem is (P) Find the minimal time needed to complete the whole project  

 Let  cij be represented by the distance between nodes i and j than the minimal path 

problem is given by (P) Find the shortest route between node i and node j.  

 Connect a number of base stations minimizing the total cost of construction 

 Find a time schedule (start and completion times) for activities in a project 

 Find how much goods should be transported from each supplier to each point of de-

mand, using which links in a transport system 

Note: Generally in this applications, cij  Further more nodes may not be connected direct-

ly, which can be indicated by letting cij = ∞, and some times, the so called triangle in-

equality cij +ckj  doesn’t hold for all possible i,j and k. Here we assume that if a net-

work contains cycles, the total lengths of every cycles path is not negative, otherwise by 

repeatedly traversing this cycle, the objective function can be made arbitrarily small, 

therefore without imposing any further restriction, on the problem as stated, an un-

bounded solution occur. 

The MCF formulation is particularly broad and can be used as a template upon which a 

number of network problems may be modeled. The following are some examples. 

1.  Shortest Paths 
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2. Maximum Flow 

3. The Assignment Problem 

4. The Transportation Problem 

5. The Transshipment Problem 

6. Travel problems 

All of the problems described so far in this section involve finding the shortest or cheap-

est subset of arcs from among a finite, though perhaps very large, collection. You will see 

later than some of them are reasonably easy to solve, while others are in a certain sense 

impossibly hard 
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Chapter 3 
Network Simplex Method 

3.1 Contemporary Solution Methods 

A variety of solution methods for the MCNF problem are described in the literature. The-

se may be categorized into a number of principal approaches, namely primal, dual, pri-

mal dual and scaling algorithms. For example, negative cycle and primal simplex (as its 

name suggests) are both primal algorithms, while dual methods include successive 

shortest paths and a specialization of the dual simplex method for LP problems. Ford’s 

Out-of-Kilter algorithm is perhaps the best known primal-dual method. But I try to ana-

lyzing the Primal Network Simplex Method in greater detail. 

These are some of the algorithm that used to finding minimum cost network flow 

1. Negative Cycle Algorithm 

2. Primal-Dual and Out-of-Kilter Algorithms 

3. Specialization of LP Dual Simplex 

4 .Scaling Algorithms 

5. Relaxation Algorithms 

6. Network Simplex Method 

To use the best method that help us to solve any kind of network is based on the type of 

constrained and objective function like multiple objective function ,linearity and coeffi-

cient of the decision ,supply or demand and cost. Based on these factors the speed of  

algorithm. 

To compare and contrast the speed of the algorithm is difficult to calculate  since we per-

form using computer but we can measure the speed through the number of iteration and 

steps that we use to find the optimal solution. 
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So that we try to measure the worst case or the maximum number of  that needed to 

solve  linear programming problem having  ‘n ‘ variable and ‘m’ constraints: 

1. Using simplex method  

O(mn)  number  of  on arithmetic operation  each round and 2n-1 number of 

 iteration  

2. Using network simplex method  

O(n2) number of operation and ‘m’ number of iteration  

3.2 Network Simplex Method 

We look more closely at a linear programming problem in its standard form, and de-

scribe the simplex method, which is one of the most successful approaches for finding 

the optimal solution for such problems. Let us concentrate on the problem of finding a 

vector x solving such that: 

                                          Minimize  cx 

                            subject to Ax = b, x ≥ 0. 

There is no restriction in assuming that the linear system Ax = b is solvable, for other-

wise, there would be no feasible vectors. Moreover, if A is not a full-rank matrix, we can 

select a sub matrix A* by eliminating several rows of A, and the corresponding compo-

nents of  b*, so that the new matrix A* has full rank. In this case we obtain the new, 

equivalent, LPP 

                                        Minimize cx 

                          subject to A* x = b* ,x ≥ 0, 

Where b* is the sub vector of  b obtained by eliminating the components corresponding 

to the rows of A we have previously discarded. This new LPP is equivalent to the initial 

one in the sense that they both have the same optimal solutions, but the matrix A* for 

the reduced problem is a full-rank matrix. We shall therefore assume, without loss of 

generality, that the rank of the m × n matrix A is m (remember m = n) and that the 

linear system A*x = b* is solvable .There are special feasible vectors that play a cen-
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tral role in the simplex method. These are the solutions of the linear system Ax = b 

with nonnegative and at least n - m null components. In fact, all of these external points 

or basic solutions obtained by solving all square  m × m linear systems Ax = b where  n - 

m components of x are set to zero, and discarding those solutions with at least one nega-

tive component. 

The very special linear structure of an LPP enables us to concentrate on these basic so-

lutions when looking for optimal solutions. we can find optimal solutions for an LPP by 

looking at all solutions of the system Ax = b with at least n – m zeros, discarding 

those with some negative component and by computing the cost of the remaining ones, 

decide on the optimal vector. This process would indeed lead us to one optimal solution, 

but the simplex method aims to organize these computations in a judicious way so that 

we can reach the optimal solution as soon as possible without having to go through an 

exhaustive analysis of all extreme points. In some cases, though, the simplex method ac-

tually goes through all basic solutions before finding an external solution. This situation 

is however rare. 

3.3 For network flow problems the simplex algorithm is simplified in the following way 

Initialization 

• Find a spanning tree for the given network. 

• Find the basic solution for the spanning tree using flow balance equation  

• A*XB = b* . 

• If all flows are non-negative XB ≥   then the spanning tree flow is basic feasible  

solution. 

Main Iterative step 

• The main step start with the basic feasible solution .To check optimality  

• First compute the simplex multipliers (yi) 

• Secondly calculate the reduce cost (rij) by using the simplex multipliers. then 

• Check optimality condition  
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» rij =   if   ≤ xij≤ uij  

» rij ≥   if xij=0 

» rij ≤   if Xij=uij  

If it satisfies the optimality condition the current basic feasible solution is optimal 

If rij has some negative components, we can, in principle, lower the cost by letting those 

components of non-basic arc XN become positive. 

Choose an arc (i j) with negative reduced cost to send as much flow as possible around 

the basic cycle and adjust the new spanning tree. 

Laving Cycle Rule  

The arc entering the spanning tree creates a cycle. In this cycle, choose a leaving are that 

satisfies.  

  The flow is in the opposite direction as the flow of the entering arc  

   It has minimum flow of all such arcs.  

Update Flows 

• Let xmin be the flow of the arc leaving the spanning tree. Note that if both entering 

and leaving arcs are included, there is a cycle. Only for arcs in this cycle: add xmin to 

the arcs whose flow is opposite to the leaving are, and subtract xmin from the flows 

corresponding to arcs whose in the same direction as the leaving are.  

Update the simplex multipliers  

• If the entering arc goes from the non-root sub tree to the root sub tree, then dec-

rement the duals in the non-root tree by the value of the cost variable of the enter-

ing arc.   

• Update the reduced cost and check optimality condition  

Stopping criterion 

• If all components of r turn out to be nonnegative, there is no way to lower the cost, 

and the present extreme point is indeed optimal. We have found a  solution for our 

problem. 
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No solution 

• Even if we can lower and lower the cost,  (some components of  r ≤  ) and none of 

the components in Xb will ever reach zero. (on choice as leaving arc)The problem 

does not admit an optimal solution because we can reduce the cost indefinitely.  

Network Simplex Method 

 We look more closely abut LPP in its standard form, and describe the simplex 

method, which is one of the most successful approaches for finding the optimal so-

lution for such problems. 

  The network simplex algorithm maintains a feasible spanning tree structure at 

each iteration and successively transforms it into an improved spanning tree 

structure until it becomes optimal. 
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Example 3.1  

 

                                           Fig 3.1 

Data is sent from serves in nodes 1 and 2 to terminals in nodes 3, 4, 5.  

Cost for traffic in the link between i and j is Cij  

Aim: minimize the total cost for the data traffic. 

THE NETWORK OPTIMIZATION PROBLEMS CAST AS LLP 

                                                 Minimize ∑cijxij               
                   all arcs  

                                                              s.t   x12+x13=40 

-x12+x23+x24=35 

-x13-x23+x34+x35=-30 

-x24-x34+x45=-25 

-x35-x45=-20 

xij≥      all flows in the links. 

bi= denotes external flow in/out to node i.  

That is:  Flow in if bi ≥  , and flow out if bi ≤  . 

 Cij= cost for traffic /flow 

Modeling in graph 

G = (N, B) 

Where        N =  set of nodes. 

                   B = set of arcs 
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                                                 Fig 3.2 

B = {(1, 2), (1, 3), (2, 3), (2, 4), (3, 4), (3, 5), (4, 5)} 

              ρ1         ρ2           ρ3            ρ4          ρ5          ρ6          ρ7          

                                   N = {1, 2, 3, 4, 5} 

b  =  { b1, b2, b3, b4,  b5} 

    =  {40, -35, 30, -25, 20} 

Cij =  { 2, 5, 2, 2, 1, 1, 2 } 

        { C12,   C13,  C23 ,  C24,  C34,  C35,  C45} 

Then represent by incidence matrix A 

xij  = flow in arc (i, j) 

If the flow xij goes in the direction i  to j, then xij≥  . 

Otherwise  xij≤  . 

Where   xij- unity 

                         1   if   k € (i, j) 

           Xik=     -1   if   k € (j, i) 

                         0   Otherwise 

 

It is easy to see that 

αTA=      where αT =   (1 1  1  1  1  1  1  1)T  

The rows are thus linearly dependent and it is possible to eliminate the last row to ob-

tain the reduced incidence matrix A*. 
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That means;  

 

Some of the spanning tree of the network are : 

 
 

 

 
Fig 3.3  

                         

 

 

 

                     Fig 3.4                 

 

 

 

 

    Fig 3.5    
                                         

 

 

 

 

   Fig 3.6 
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Let take one of the spanning trees and then apply network simplex on it. 

 

 

 

 

 

                                          Fig 3.7  

In this case  

N = {1, 2, 3, 4, 5}  

B = {(1, 2), (2, 3), (2, 4), (4, 5)}   are the basic arcs and  

BN = {(1, 3), (3, 4),and  (3, 5)} are the non-basic arcs. 

Now determining feasible basic solution of the given spanning tree by using flow balance 

ABXB=b 

N = {1, 2, 3, 4, 5}  

B = {(1, 2), (2, 3), (2, 4), (4, 5)}   are the basic arcs and  

BN = {(1, 3), (3, 4),and  (3, 5)} are the non-basic arcs 

The incident matrix is given by 

























1100
0010
0111
0001

 

   b =   (b1,     b2,     b3,     b4,     b5) 

         =  40, 35, 30, -25, 20    

 

 

 

 

 5 

 4 2 

 1 3 
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Now determining feasible basic solution of the given spanning tree by using flow 

balance 

ABXB=bB                   
























1100
0010
0111
0001





















45

24

23

12

x

x

x

x

     























25
30

30
40

   

 

Determine basic solution      

                  X12= 40 

                -X12 + X23 + X24 = 30 

                -X24 = -30  

                -X24 + X45 = -25 

THAT IS;       x12=40        x23=45         x24=30    and   x45=20   

Thus 

 XB=b*                


















45

24

23

12

b

b

b

b

 = 


















20
25
50
40

 ≥         

                   XB = feasible basic solution.  

         To check is this optimal?  

Determining simplex multiplier     

                   Assume ym=0 

                          yi– yj= cij  

   (i, j) ∈ XB = {(1, 2), (2, 3), (2, 4), (4, 5)}    

               Y = {y1, y2, y3, y4, y5} 

 And Cij  = { C12, C13, C23 , C24, C34,  C35,  C45}    

              = (2, 5, 2, 2, 1, 1, 2)  
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y4 - y5 = C45 

y2 - y3 = c23 

y2 - y4 = c24 

y1 - y2 = c12 

                                                             Since y5 = 0 

y4= 2 

y2= 4 

y3 =2 

y1=6 

Determine reduced costs. 

• rij= cij– yi+ yj         v ∈ (non-basic arcs) 

                                AN =  






















010
111
000
001

 v  ∈ ( (1 3 ),(3 4),(3 5) ) 

Determine reduced costs 

• r13 =c13- y1 + y3=5-6+2=1 

•  r34=c34-y3+y4=1-2+2=1 

•  r35=c35-y3+y5=1-2+0=-1 

• Since:  r35<0 then the current basic feasible solution (XB) is not optimal. 

• Thus x35 is entering arc and now we have to choose (Determine) the leaving arc by 

using quotient test. 

• Since:  r35<0 

• Let x35=  t  =  arcs (3,5) is enters the basis. 

Determine the leaving arc by using quotient test 

            = min (  ̅ 
 ̅  
 ,  ̅    ) =

 ̅ 

 ̅  
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                                           Fig 3.8 

- (Determine) the leaving arc by using quotient test. 

- X23 = b*23 + t = 30 + t 

- X24 = b*24 − t = 45 − t 

- X45 = b*45 − t = 2  – t                                  

XB=b*= 


















20
25
50
40

 ≥         

tmax = 20   when x45 =0 

XB= {(1, 2), (2, 4), (2, 3), (3, 5) , 

- which is a new basic feasible solution is this optimal 

- Simplex multiplicators 

yi – yj= cij       Be (all basic arcs) 

                           y1 - y2 = c12            assume y5=0 

                           y2 - y4 = c24         y3=c35=1 

  y2 - y3 = c23   y2=c23+y3=2+1=3 

   y4 - y5 = C45        y4=-c24+y2=3-2=1 

Y1=C12+Y2=2+3=5 

Y`= 5, 3, 1, 1, 0 
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- Reduced cost 

rij= cij– yi+ yj       

for all (i, j) € (non-basic arc) 

             XN  = {(1, 3), (3, 4), (4, 5)}   

             r13 =  c13- y1 + y3=5-5+1=1 

             r34  =  c34-y3+y4=1-1+1=1 

             r35  =  c35-y3+y5=2-0+1=1 

                all rij ∈ v > 0,  

 Thus the basic feasible solution XB is optimal 

 

The significance of the network simplex algorithm 

 It is a lot faster than the usual simplex algorithm. The number of pivots is  the 

same, but each pivot is much faster  

   It gives another view of the simplex algorithm, and its operations.  

  It shows how network algorithms can be much faster.  

 

ADVANTAGE OF SOLVING MINIMUM COST NETWORK FLOW PROBLEM 

Contrast with the simplex algorithm  

 The network simplex algorithm is the simplex algorithm, but without the tableaus  

 Bases correspond to spanning trees  

 The basic feasible solution is found by sending flow in arcs  

 The reduced costs are found by finding the simplex multipliers explicitly.  

 The leaving arc is found by sending flow around a cycle.  

The Network simplex algorithm provides another opportunity to visualize the simplex 

algorithm. In this case, one can visualize the algorithm in multiple dimensions (that is 

lots of variables), as opposed to the lectures on geometry where we were restricted to 

two or three dimensions (that is, two or three variables).  
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We will not be using tableaus. Nevertheless, we will still compute basic feasible solutions 

as well as reduced costs. To carry out these computations, we will work directly on the 

network.  
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Conclusion 
In this seminar report the first thing that is done is the an alizarin of network sys-

tems, which is done in two parts. The first part is concerned with modeling and 

representing network and the second part is concerning with solving the mini-

mum cost network flow using network simplex method. 

In modeling and representing network I try to discuss representing any network 

flow graphically and in matrix form. 

In the second part of the seminar is a deal with the application of the first part of 

the seminar in such a way that the network system that discussed in the first part 

is taken to solve any minimum cost network flow problem using simplex algo-

rism. 

From the foregoing discussion, we draw the following conclusions 

 The Minimum Cost Flow Problem has a rich history, and it forms a frame-

work upon which a wide range of theoretical and practical problems may be 

formulated and solved. 

 There exist, at present, three dominant solution paradigms, namely the 

Network Simplex Method, Relaxation algorithms and Scaling algorithms. 

The superiority of any one method is a highly contentious issue. 

 The area of PC-based implementations of NSM is under-researched, but we 

believe that such implementations may offer a real alternative to the large 

scale codes now prevalent 

 Simple pricing strategies, in general, out-perform their more complicated 

counterparts, mainly due to the elimination of expensive computational 

overhead. 

 The entire field of network flow theory and practice offers a plethora of fer-

tile research opportunities, exemplified by the dedication of the First DI-

MACS Implementation Challenge to the development of more efficient 

methods for the solution of the Minimum Cost Flow Problem. 
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