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Abstract

This work focuses on the study of interplay between superconductivity and spin density

wave in Fe- based superconductors.The effect of magnetic ordering state on transition

temperature(TC) has been investigated in Fe–based superconductors with in the BCS

theory,irrespective of the pairing mechanism.

The expression for the transition temperatures(Tc and TSDW ) as a function of super-

conducting order parameter(∆S) and magnetic order parameter(∆SDW ) has been obtained

using the model Hamiltonian for the system and Green’s function technique and their ap-

plication have been studied.And their values has been calculated numerically for suitable

values of system parameters.

The interplay of magnetic ordering state and superconductivity have been found cru-

cial for enhancing TC .It is also found that the presence of magnetic ordering state does

not increase TC rather it decreases,but the suppression of this state should increase the

superconducting transition temperature(TC).

On the other hand,for suitable value of the parameters,we report the magnetic or-

der dependent phase diagrams Which shows the interplay of superconductivity and spin

density wave in some Fe based superconductors.

The results are in general agreement with experimental observations and theoretical

models of ferropnictides.
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Chapter 1

Introduction

The Rocky Road To High Temperature Superconductivity

Superconductivity is a phenomena occurring in a certain materials at low temperature,

characterized by the complete absence of electrical resistance.The story of high tempera-

ture superconductivity has its Genesis in the stars, particularly in one star, our sun. In

the 1860′s un usual spectral lines were observed from the emitted light of the hot incan-

descent gases in the chromosphere’s of the sun. These spectral lines appeared unrelated

to any then known substances on earth. The gas was given the name Helium deriving

from the Greek Words Helios—sun. At the turn of the century, helium was discovered

on earth, and in 1908, the Deutsch scientist, Kamerlingh ones, succeeded in liquefying

helium gas at a temperature a few degrees above absolute zero. This set the stage for the

discovery of superconductivity.

In 1911 superconductivity was first observed in mercury by Dutch physicist Heike

Kamerlingh Onnes of Leiden University [6]. When he cooled it to the temperature of liq-

uid helium, 4.2 degrees Kelvin (-452 F, -269 C), its resistance suddenly disappeared. The

Kelvin scale represents an ”absolute” scale of temperature.Current was flowing through

the mercury wire and nothing was stopping it, the resistance was zero. (See Figure 1.1

which shows a graph of resistance against temperature of a mercury wire which Onnes

produced.) According to Onnes, ”Mercury has passed into a new state, which on account

of its extraordinary electrical properties may be called the super-conductive state”.The

1
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Figure 1.1: Graph of resistance against temperature for a mercury wire.

experiment left no doubt about the disappearance of the resistance of a mercury wire.

Kamerlingh Onnes called this newly discovered state, Superconductivity. The tem-

perature at which this transition starts is called the critical temperature(Tc ). In one of

Onnes experiments he started a current flowing through a loop of lead wire cooled to 4

K. A year later the current was still flowing without significant current loss. Onnes found

that the superconductor exhibited what he called persistent currents, electric currents

that continued to flow without an electric potential driving them. Onnes had discovered

superconductivity, and was awarded the Nobel Prize in 1913.

Superconductors, materials that have no resistance to the flow of electricity, are one of

the last great frontiers of scientific discovery. Not only have the limits of superconductivity

not yet been reached, but the theories that explain superconductor behavior seem to be

constantly under review.Whenever a new scientific discovery is made, researchers must

strive to explain their theories. By 1933 Walther Meissner and R. Ochsenfeld discovered
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that superconductors are more than a perfect conductor of electricity, they also have an

interesting magnetic property of excluding a magnetic field[7].

Because of Faraday’s law, the magnetic field inside a superconductor cannot change

because there is no emf due to the lack of electric resistance. Thus to prevent this, a

current is induced in the superconductor which cancels out the external field.

A superconductor will not allow a magnetic field to penetrate its interior. It causes

currents to flow that generate a magnetic field inside the superconductor that just bal-

ances the field that would have otherwise penetrated the material. This effect, called the

Meissner effect, causes a phenomenon that is a very popular demonstration of supercon-

ductivity.The Meissner Effect will occur only if the magnetic field is relatively small. If

the magnetic field becomes too great, it penetrates the interior of the metal and the metal

loses its superconductivity.The Meissner effect is so strong that a magnet can actually be

levitated over a super-conductive material.[7]

In subsequent decades other superconducting metals, alloys and compounds were dis-

covered. In 1941, niobium-nitride was found by Aschermann,Friederich,Justi and Kramer

to super conduct at 16 K. In 1953 vanadium-silicon displayed super-conductive proper-

ties at 17.5 K. And, in 1962 scientists at Westinghouse developed the first commercial

superconducting wire, an alloy of niobium and titanium (NbTi).

The first widely-accepted theoretical understanding of superconductivity was advanced

in 1957 by American physicists John Bardeen, Leon Cooper, and John Schrieffer.They

developed a model that has since stood as a good mental picture of why superconductors

behave as they do. The model is expressed in terms of advanced ideas of the science

of quantum mechanics, but the main idea of the model suggests that electrons in a su-

perconductor condense into a quantum ground state and travel together collectively and

coherently. In 1972, Bardeen, Cooper, and Schrieffer received the Nobel Prize in Physics

for their theory of superconductivity, which is now known as the BCS theory, after the

initials of their last names.[8]
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The mathematically-complex BCS theory explained superconductivity at tempera-

tures close to absolute zero for elements and simple alloys. However, at higher tem-

peratures and with different superconductor systems, the BCS theory has subsequently

become inadequate to fully explain how superconductivity is occurring.

Another significant theoretical advancement came in 1962 when Brian D. Joseph-

son, a graduate student at Cambridge University, predicted that electrical current would

flow between two superconducting materials - even when they are separated by a non-

superconductor or insulator. His prediction was later confirmed and won him a share

of the 1973 Nobel Prize in Physics. This tunneling phenomenon is today known as the

”Josephson effect”.

Rapid cooling techniques leading ultimately to film preparation techniques (sputtering,

thermal evaporation, E- beam evaporation, etc.) were developed leading to the discovery

in 1971 of a record high Tc of 23 k in Nb3Ge. Researchers next turned to preparation of

Nb3Si which was expected to have a Tc near 30 k. Where as NbGe had an of stoichio-

metric equilibrium A 15 phase, Nb3Si had none. In addition to film growth techniques,

high pressure synthesis techniques were used in attempts to produce this material[27].

A significant advance on the road to high Tc materials occurred in 1972 when super-

conductivity was discovered in PbMO6S8.... a ternary superconductor. The significance

of this discovery was that it broke the hold of binary super conductors as being the only

high Tc materials. Most of the empirical rules developed for the binaries were invalid for

the ternaries and synthesis become much more sophisticated.

In the late 1970s and early 1980s superconductivity was discovered in the heavy

fermions systems and in nearly magnetic systems[28].Such researches become fashion-

able even though these systems did not necessarily have high Tc value. New pairing

interactions were sought with the hope of eventually using the new interaction for high

Tc superconductors.

The next major mile stone in this direct route to high Tc occurred in 1973 when
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Johnston discovered super conductivity in LiT iO3 at temperature as high as 13 k[29].

Thus removing the belief that super conductivity in the oxide materials was limited to

very low temperatures. In 1975 ,superconductivity was discovered in PbBiBaO3 at 14 k

to represent another member to the growing class of higher temperature oxides[30].

There were many reports of high temperature superconductors in organic materials in

the early 1970s. In 1973, Heeger reported super conducting fluctuations in TTF −TCNQ

molecules at temperature as high as 77 k. It was claimed that an electronically driven

structural transformation (Pieierls instability) occurred at temperature slightly higher

than the supper conducting Tc; hence bulk super conductivity was not observed.[31]

The 1980’s were a decade of unrivaled discovery in the field of superconductivity. In

1964 Bill Little of Stanford University had suggested the possibility of organic (carbon-

based) superconductors. The first of these theoretical superconductors was successfully

synthesized in 1980 by Danish researcher Klaus Bechgaard of the University of Copen-

hagen and 3 French team members. (TMTSF )2PF6 had to be cooled to an incredibly

cold 1.2 K transition temperature and subjected to high pressure to super-conduct.

Many new phenomena have been seen in these organic materials in addition to su-

perconductivity. At present the maximum Tc (under pressure) is 8 k in β − (BEDT −

TTF )2I3. There is some evidence that the mechanism for super conductivity in the or-

ganic materials is not the electron- phonon interaction and there are also speculations

that P wave pairing interactions are occurring[33].

Shortly thereafter, super conductivity was discovered in SrT iO3 the first oxide super

conductors and the first perovskite superconducting materials[34]. Although Tc of these

materials were below 1 k, history must regard these reports as major milestones in the

road to high temperature superconductivity since they started the interest in these types

of materials, which persisted on a limited basis until the discoveries of super conductivity

as in LaBaCuO5[36] and Y BaCuO[35].
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Then, in 1986, a truly breakthrough discovery was made in the field of supercon-

ductivity.Georg Bednorz and Alex Mller, working at IBM in Zurich Switzerland, were

experimenting with a particular class of metal oxide ceramics called perovskites. Bednorz

and Müller surveyed hundreds of different oxide compounds. Working with ceramics of

lanthanum, barium, copper, and oxygen they found indications of superconductivity at 35

K, a startling 12 K above the old record for a superconductor. What made this discovery

so remarkable was that ceramics are normally insulators. They don’t conduct electricity

well at all.[36]

Müller and Bednorz discovery triggered a flurry of activity in the field of supercon-

ductivity.In January of 1987 a research team at the University of Alabama-Huntsville

substituted Yttrium for Lanthanum in the Müller and Bednorz molecule and achieved

an incredible 92 K Tc. For the first time a material (today referred to as YBCO) had

been found that would superconduct at temperatures warmer than liquid nitrogen - a

commonly available coolant. Additional milestones have since been achieved using exotic

- and often toxic - elements in the base perovskite ceramic.

The world record Tc of 138 K is now held by a thallium-doped, mercuric-cuprate

comprised of the elements Mercury, Thallium, Barium, Calcium, Copper and Oxygen.

The Tc of this ceramic superconductor was confirmed by Dr. Ron Goldfarb at the National

Institute of Standards and Technology-Colorado in February of 1994. Under extreme

pressure its Tc can be coaxed up even higher - approximately 25 to 30 degrees more at

300,000 atmospheres.

In recent years, many discoveries regarding the novel nature of superconductivity have

been made. In 1997 researchers found that at a temperature very near absolute zero an

alloy of gold and indium was both a superconductor and a natural magnet. Conventional

wisdom held that a material with such properties could not exist,Since then, over a half-

dozen such compounds have been found. Recent years have also seen the discovery of the

first high-temperature superconductor that does not contain any copper (2000), and the
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first all-metal perovskite superconductor (2001).

Also in 2001 a material that had been sitting on laboratory shelves for decades was

found to be an extraordinary new superconductor. Japanese researchers measured the

transition temperature of magnesium diboride at 39 Kelvin - far above the highest Tc of

any of the elemental or binary alloy superconductors.While 39 K is still well below the

Tc’s of the ”warm” ceramic superconductors, subsequent refinements in the way MgB2 is

fabricated have paved the way for its use in industrial applications. Laboratory testing has

found MgB2 will outperform NbTi and Nb3Sn wires in high magnetic field applications

like MRI.Laboratory testing has found MgB2 will outperform NbTi and Nb3Sn wires in

high magnetic field applications like MRI.

The most recent ”family” of superconductors to be discovered is the ”pnictides”. The

first report of superconductivity in an iron pnictide, specifically in F-doped LaOFeP

below 5 K in 2006 [1], was hardly noticed and only two years later, On 23rd February,2008,

a group from Tokyo Institute of technology published paper in (JACS) Journal of the

American society, in which they reported that the fluorine doped lanthanum Oxide Iron

Arsenide super conducts at 26 K.The discovery of superconductivity below a critical

temperature (Tc) at 26 K in LaO1−xFxFeAs gave birth to what many have already

christened the iron age of high-temperature superconductivity.

After the publication of this paper within month a Chinese group from Beijing reported

that they replaced Lanthanum (La) with Cerium (Ce) and boosted Tc to 41 k. Another

group from china replaced Lanthanum (La) with samarium (Sm) and raised Tc to 43 k.

By replacing La with rare earth ions of smaller radii the critical temperature increased

from 26 K in LaOFFeAs to 55 K in SmOFFeAs within a couple of days.

Since the discovery of cuprates in 1986 no other material has reached a supercon-

ducting transition as high as 55 K. The discovery in early 2008 of the new class of high

temperature superconductors has broken the monopoly in the cuprates in the physics of

high temperature superconducting compounds. At present dozens of HTSC compounds
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are known to have of superconducting transitions Tc temperatures exceeding 24 K.

The iron age of high-temperature superconductivity is not only providing a new class of

high-Tc compounds, it could also provide the clearest examples of magnetism-mediated

superconductivity. The interplay between Superconductivity and magnetism has been

an interesting topic in condensed matter physics.Therefore,in this study we attempt to

investigate theoretically the interplay between superconductivity and spin density wave

in ferropnictide superconductors.

Therefore,we present a model study for the interplay between SDW and SC which in-

corporates,two competing physical processes involving the electron-hole (SDW) like pair-

ing of opposite spins with a net momentum difference (Q) between the conjugates and

electron-electron (SC) pairing of opposite spins with zero total momentum.Such a model

study can also provide an important understanding regarding the effect of the presence

of antiferromagnetic(SDW) order on the pairing symmetry of the superconducting state.

Our main concern therefore boils down to study of the phase diagram,comprising of the

magnetic ordering temperature and superconducting transition temperature as a function

of magnetic order parameter (∆SDW ). Interestingly enough,we obtain the phase diagram

which resembles to most of Fe pnictide superconductors.

The rest of the paper is arranged as follows.In chapter 2 we provide the experimental

studies of magnetism in the Fe based superconductors and its influence on superconduc-

tivity.In chapter 3 we present the Greens function technique (Retarded double time) we

are using to solve the self consistent gap equations.Chapter 4 contains the mean field

model Hamiltonian for the interplay between Sc and SDW together with the respective

gap equations and transition temperatures.Chapter 5 is devoted to discuss the results

obtained from our model calculations and finally we conclude in chapter 6.



Chapter 2

Review Literature

2.1 Introduction

The first report of superconductivity in an iron pnictides, specifically in F-doped LaOFeP

below 5 K in 2006 , was hardly noticed and only two years later, when F-doped LaOFeAs

was reported to super conduct below 28 K, the potential of iron pnictides as high-

temperature superconducting materials was realized [41]. Following this discovery, more

than 50 new iron superconductors with the same basic structure were discovered with Tc

reaching up to 56 K .The common motive is a planar FeAs layer in which the Fe atoms

form a square lattice, tetrahe- drally coordinated with As atoms placed alternatingly

above and below the hollow centers of the squares. Instead of As, the ligand could be

another pnictogen (P) or a chalcogen (X=Se or Te), but for simplicity, in this paper we

shall refer to it as As.[55]

These superconductors are divided in four main families depending on their 3D crystal

structure This structure is shown in Fig. 2.1 [31]: The iron chalcogenides are simple

tetragonal (st) with the FeX layers stacked on top of each other (11 family). The iron

pnictides have the FeAs layers separated by alkali metals (111 family), or by rare-earth

oxygen/fluoride blocking layers (1111 family as in Fig.2.1), in st stacking, or by alkali-

earth metals (122 family) in body-centered tetragonal (bct) stacking.

The discovery of superconductivity in F doped LaFeAsO with TC of 26 K [1] created

9
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Figure 2.1: Crystal structure of the 1111, 122, 111, and 11 materials.

a flurry of excitement in the condensed matter physics community. Substitutional re-

placement of the rare earth ion led to a rapid increase in the superconducting transition

temperature. Denoting the chemical formula of these so-called 1111 materials by RFeAsO,

F doping resulted in the following optimal transition temperatures: 52 K for R = Nd [2],

52 K for R = Pr [3], 55 K for R = Sm [4], 41 K for R = Ce [5], 36– 50 K for R = Gd [68],

46 K for R = Tb [9], and 45 K for R = Dy [9]. To date, the highest transition temperature

for the Fe-based superconductors is 56 K observed in a sample of Gd1−xThxFeAsO[10].

These superconducting transition temperatures make the Fe-based materials second

only to the cuprates and they, therefore, represent the second family of high-Tc super-

conductors. It was later shown that F doping was not necessary and similar transition

temperatures could be obtained for the case of oxygen deficient RFeAsO1−y : 28 K for R

= La [11, 12], 42 K for Ce [11], 53 K for Nd [11– 13], 48 K for Pr [11, 12], 55 K for Sm [11],

53 K for Gd [14, 12], 52 K for Tb and Dy [12]. Both the F doped and oxygen deficient

samples show the same trend for Tc as a function of rare earth ion. Crystal structure of the

1111, 122, 111, and 11 materials. At room temperature, the RFeAsO materials crystallize

in the P 4/nmm tetragonal space group resulting in a layered structure with FeAs and

RO layers [15] (see figure 2.1 above). This layered structure is reminiscent of the cuprates

with FeAs planes taking the place of the CuO layers. The square planar arrangement of
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(likely) magnetic Fe is similar to the cuprates and leads one to naturally speculate that

magnetism may play as essential role in the superconducting pairing. Shortly after the

initial activity on the 1111 materials, superconductivity was also discovered in related

materials possessing identical FeAs layers with differing spacers.

The discovery of superconductivity with Tc of 38 K in Ba1−xKxFe2As2 [16] was

of particular interest as it was quickly realized that large single crystals of these 122

materials could be grown (unlike the 1111 family). Structurally, at room temperature,

the 122 materials exhibit the ThCr2Si2 crystal structure (space group I 4/mmm ). As is

clearly shown in figure 2.1 above, the FeAs layers are very similar to the 1111 materials

although neighboring layers along the c-axis have an inverted arsenic coordination.

For both the 1111 [17] and 122 [18] materials, it was quickly realized that replacement

of Fe with Co would also result in superconductivity, albeit with a reduced TC when com-

pared with doping between FeAs planes. Such behavior is in contrast to that observed in

the cuprates where disorder in the copper oxide plane was found to destroy superconduc-

tivity. Superconductivity was also discovered in the 122 materials upon electron doping on

the Fe site with Ni [19], Rh [20, 21], Ir [21] and Pd [20, 21] or by isoelectronic replacement

of Fe with Ru [22, 23]. Interestingly, electron doping with Cu [24]or hole doping with

Cr [25] does not yield superconductivity.The large number of potential dopant’s together

with the availability of single crystal samples has made the 122 family of compounds the

topic of considerable experimental focus.

Superconductivity was also discovered in LiFeAs [37–39] and Na1−xFeAs [40] (111

materials) sharing the same FeAs plane with Li or Na as the spacer as shown in figure 2.1

above. Transition temperatures of 18 K (for LiFeAs) and 12–25 K (for Na1−xFeAs) [40]

have been observed dependent on the precise Na concentration. Interestingly, supercon-

ductivity seems to appear in the 111 materials in purely stoichiometric material without

chemical doping. Finally, the Fe(Se, Te) family of compounds (11 materials) also exhibits

superconductivity with a maximum transition temperature (under ambient pressure) of
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15 K. The alpha phase of FeSe is a superconductor with a transition temperature of 8 K

[42].

Structurally, the FeSe plane is very similar to the FeAs plane in the aforementioned

materials (see figure 2.1 above) indicating that the presence of As is not a requirement

for superconductivity. Band structure calculations [43] suggested that FeTe may have

enhanced superconducting properties. However, pure FeTe is not a superconductor [41]

but is complicated by the presence of excess Fe, i.e. the actual chemical formula is

Fe1+yTe [44]. It has been suggested that this excess Fe is magnetic and may act as a

pair breaking moment destroying superconductivity [45]. Nonetheless, the doped mate-

rial, Fe1+yTe1−xSex does exhibit an enhanced Tc of 15 K with the maximum transition

temperature observed for x near 0.5 [41].

The structures of the 1111, 122, 111, and 11 families of materials are shown in figure

2.1 above. The common feature is the presence of an identical FeAs (or FeSe) plane. An

interesting trend can be seen in figure 1–the larger the separation between layers, the

higher the observed optimal transition temperature. Two-dimensional (2D) magnetism

occurs in the regions of highest Tc and, thus, may be favorable for superconductivity.

This trend led to attempts at further separating the FeAs layers and superconductiv-

ity with fairly high transition temperatures have been observed in Sr2V o3FeAs with a

spacer of Sr2V o3 and Tc of 37.2 K [46], and doped Sr2Sc0.4Ti0.6FeAsO3 with a spacer of

Sr2Sc0.4Ti0.6O3 and TC onset of 45 K (although the resistivity does not reach zero until 7

K) [47]. Although these temperatures still do not exceed the 56 K in the 1111 materials,

they are quite high particularly in the case of Sr2V O3FeAs as this material is nominally

stoichiometric. There is hope that doping of this and related materials could lead to an

increase in transition temperature.

Shortly after the discovery of superconductivity in LaFeAsO1−xFx , calculations in-

dicated that conventional electron–phonon coupling was insufficient to explain the high

transition temperatures [48], as was later verified experimentally [49]. As will be explained
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below, a ubiquitous magnetically ordered state is present indicating magnetism in close

proximity to superconductivity leading one to naturally consider the interplay between

magnetism and superconductivity in these materials. In the following section, we will

review experimental studies of magnetism in the Fe- based compounds and its influence

on superconductivity.

2.2 Phase Diagrams

2.2.1 1111 materials

The first evidence for the importance of magnetism in the Fe-based superconductors

was the concentration dependent phase diagram presented with the initial discovery of

superconductivity in F doped LaFeAsO [1]. An additional phase was clearly present at

low F concentration which vanished at doping levels where superconductivity appears

although the exact nature of this phase was unclear. It was soon shown that the undoped

LaFeAsO parent compound exhibited spin-density wave (SDW) order below about 150 K

[15, 50] consistent with a
√

2×
√

2× 2 unit cell.

Unexpectedly,LaFeAsO also exhibited a structural phase transition [15] at a temper-

ature slightly above the magnetic ordering temperature. The low temperature structure

was originally described by the monoclinic P 112/n space group [15] but it was later

clarified that the correct low temperature space group is the orthorhombic Cmma [51]

(note that both notations accurately describe the observed structure). There is clear

competition between magnetism and superconductivity as the magnetically ordered state

is destroyed in the fluorine doped, superconducting samples [15, 50].

The phase diagram of RFeAsO1−xFx as a function of doping has been carefully stud-

ied for R = La [52] (figure 2.2(a)), Ce [53] (figure 2.2(b)), Pr [56] and Sm [54, 57] (figure

2.2(c)). The phase diagrams were experimentally determined using the following tech-

niques: R = La, µSR,57Fe Mossbauer spectroscopy and x-ray diffraction [52]; R = Ce,
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neutron diffraction, resistivity and magnetization [53]; R = Pr, x- ray diffraction, resis-

tivity and magnetization [56]; R = Sm, µSR [54] and x-ray diffraction [57]. For R =

Nd, a partial phase diagram [58] was determined using resistivity measurements. In all

cases measured, the x = 0 parent compounds show a structural phase transition at a

temperature slightly above the transition to magnetic ordering with a typical structural

transition at 150 K and SDW ordering at about 140 K.

In general, doping causes a suppression of both the structural and magnetic phase

transitions and as these are suppressed, superconductivity emerges. The fundamental

difference between materials with different rare earths comes in the behavior near the

emergence of superconductivity. For R = La and Pr, the structural and magnetic tran-

sitions vanish in an abrupt step-like manner as a function of doping at the onset of

superconductivity [52, 56], as shown in figure 2.2(a) for the case of R = La. For the case

of R = Ce, the magnetic transition appears to vanish continuously to very low temper-

atures and superconductivity emerges at a concentration where this transition has been

completely suppressed [53] (see figure 2.2(b)).

However, the structural transition has some range of concentrations where supercon-

ductivity coexists with this phase transition [53]. Finally, the case or R = Sm, shown in

figure 2.2(c), looks similar to R = Ce in that the transitions are suppressed gradually and

there appears to be overlap between the structural transition and superconductivity [57].

However, unlike the case of Ce, the Sm phase diagram shows a region where magnetic

ordering coexists with superconductivity [54]. This suggests that the destruction of long

range magnetic order is not a necessary condition for the emergence of superconductivity.

Figure 2.2 Experimentally determined phase diagram for (a) LaFeAsO1−xFx,b)CeFeAsO1−xFx

and c)SmFeAsO1−xFx
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2.2.2 122 materials

As mentioned previously,the AFe2As2 family of materials has numerous doping possi-

bilities. The basic behavior of the superconducting materials can be described by con-

sidering the phase diagrams for Ba1−xKxFe2As2(hole doping between the FeAs planes)

and BaFe2−xCoxAs2 (electron doping within the FeAs plane). Both materials share the

same BaFe2As2 parent compound. As in the case of the 1111 parent compounds, Ba-122

exhibits both a structural phase transition (in this case from the room temperature tetrag-

onal I 4/mmm space group to the low temperature orthorhombic Fmmm space group [59,

60]) and the magnetic transition to a long range ordered, SDW state.

However, unlike the 1111 materials, both the structural and magnetic phase transitions

occur at the same temperature in the Ba-122 parent compound [59–61]. Doping with

either K [62, 63] or Co [34, 64, 65] causes a suppression of the structural and SDW

transitions as in the 1111 materials. For Co doping, as x increases, the two transitions

no longer appear at the same temperature with the structural transition occurring first
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upon cooling [64] as shown in figure 2.3(d). In both cases, superconductivity emerges as

the SDW order is suppressed. For K doping, the superconducting region starts for x ∼0.1

and the maximum Tc of 38 K is reached for x∼0.4 [62, 63]. For Ba(Fe1−xCox)2As2 ,

superconductivity is first observed for x∼ 0.03 and the maximum Tc of 23 K is seen for

x∼0.07 [34, 65]. Interestingly, for both K and Co doping, there is a region of the phase

diagram where the SDW state and structural transition coexist with superconductivity.

Coexistence of superconductivity and magnetism has been a recurring theme in the

study of superconducting materials [68–71].For the doped 122 materials, the question of

whether the SDW and superconducting states are microscopically coexisting or phase sep-

arated has received considerable attention experimentally. For hole doping with K, 75As

NMR [72], µSR [73] and magnetic force microscopy [73] consistently indicate distinct

regions which are magnetically ordered and nonmagnetic regions as expected for micro-

scopic phase separation. Furthermore, analysis of micro strain measured with x-ray and

neutron diffraction was interpreted as being consistent with electronic phase separation

[74].

Although most measurements on the K doped samples are consistent with a phase

separation scenario, 75Fe-Mössbauer measurements indicate a sample which is completely

magnetically ordered as expected with microscopic coexistence of the SDW and super-

conducting states [75]. For the case of Co doping, both 75As NMR [76] and µSR mea-

surements [77] indicate that all the Fe sites participate in the magnetic order as would

be expected for coexistence of superconductivity and SDW order. One 75As NMR study

directly compared the cases of K and Co doping and concluded phase coexistence for Co

doped samples and separation for the case of K doping [78]. Finally, we note neutron

diffraction measurements on Co doped samples [66, 67] showed that the magnetic Bragg

peak intensity of the SDW state is suppressed on entering the superconducting state.

This certainly shows a very strong interaction between the superconducting and SDW
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Figure 2.2: Experimentally determined phase diagram for BaFe2−xCoxAs2 and
Ba1−xKxFe2As2
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Figure 2.3: (a) Resulting phase diagram of Ba(Fe1−xCox)2As2 with inclusion of high res-
olution x-ray diffraction measurements in the region where superconductivity and mag-
netism coexist. (b) Shows the reentrant nature of the structural phase transition.

states. It could be interpreted that this suppression is due to the same electrons partic-

ipating in both the SDW and superconductivity favoring a phase coexistence scenario.

However, in a phase separation scenario, a proximity effect could cause the superconduct-

ing regions to interfere with the SDW regions causing a reduction in the SDW volume

consistent with the observed Bragg peak intensity reduction. Hence, it is difficult to

make any strong conclusions about the implications of this observation for the question of

phase coexistence. Interestingly, the details of the phase diagram in the region where the

structural and magnetic transitions cross the superconducting dome have recently been

explored with high resolution x-ray diffraction [79]. These measurements indicate that the

shape of the line in the x–T phase diagram representing the tetragonal to orthorhombic

transition changes on entering the superconducting state and bends to lower values of

x [79] as shown in figure 2.4(a). As such, clear reentrant behavior is seen in a crystal

of Ba(Fe0.938Co0.062)2As2 where the system transforms from tetragonal to orthorhombic

and back to tetragonal on cooling [79] (see figure 2.4(b)). This shows a strong interaction
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between the structural transition and superconductivity and it was proposed that the in-

teraction was actually one between magnetism and superconductivity with the influence

on the structural transition resulting from magneto-elastic coupling [79].

2.2.3 11 materials

Finally, we discuss the phase diagram of the FeSexTe1−x family of materials. As men-

tioned previously, these materials form with excess Fe with the largest amount of extra

Fe observed near the Te-rich side of the phase diagram. Initial measurements of the

Fe1+yTe1−xSex [41] family of compounds showed superconductivity with Tc as high as 15

K for x∼ 0.5 existing for all values of x except very near x = 0 where superconductivity is

destroyed. This suggests a different phase diagram from other Fe-based superconductors.

However, single crystal specific heat measurements on the Te-rich side of the phase dia-

gram indicate bulk superconductivity only for concentrations near x = 0.5 [80]. With this

in mind, the phase moment diagram was re–investigated and indicated magnetic order

for small x which coexists with superconductivity over a range of concentrations [55] (see

figure 2.5(e)) in a manner very similar to the doped 122 materials andSmFeAsO1−xFx .

As mentioned previously, materials with low Se concentrations have a tendency to form

with excess Fe. Measurements of the phase diagram with samples intentionally grown

with Fe1.1 [81] show an additional spin glass phase which coexists with superconductiv-

ity over much of the measured concentration range. This shows the sensitivity of these

materials to stoichiometry and, in particular, the amount of excess Fe present.

Although, as discussed above, there are some differences in the concentration depen-

dent phase diagrams of various Fe- based superconductors, inspection of phase diagrams

for pnictides family shows that there are some common features. All materials exhibit a

SDW state at low concentrations and this state is suppressed with doping allowing for

the emergence of superconductivity. This shows strong similarity to the generic cuprates

phase diagram and is evidence for the interplay of magnetism and superconductivity in
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Figure 2.4: Experimentally determined phase diagram for e)Fe1.03Te1−xSex

the Fe-based materials.

2.3 Magnetic order

The parent compounds of both the 1111 and 122 materials are metals which exhibit SDW

order. The high temperature (T > TN) paramagnetic state is characterized by magnetic

susceptibility with an unusual linear temperature dependence (χ ∝ T ) [82, 31, 83–86].

This behavior is neither Pauli- nor CurieWeiss-like and is reminiscent of the (T > TSDW )

behavior of metallic Cr [87]. In the following section, we will provide an overview of the

magnetic order which evolves out of this unusual paramagnetic state in the 1111, 122,

and 11 family of materials. Examination of the magnetic ordering can shed light on the

magnetic interactions and the nature (local moment or itinerant) of the magnetism in

these materials.
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Figure 2.5: (a) In-plane magnetic structure for the 1111 and 122 parent compounds.(b)
Magnetic structure for 11 materials

2.3.1 1111 materials

As discussed above, it is well established that the undoped parent compounds exhibit

some form of antiferromagnetic long range order. This was first observed in LaFeAsO

where the magnetic structure was characterized by the ordering wave vector (1
2

1
2

1
2
)T =

(101
2
)o (where the subscripts T and O refer to the tetragonal and orthorhombic structures,

respectively) and the low temperature ordered magnetic moment was 0.36 µβ[15]. At this

point, we note that the ordering wave vector in the orthorhombic cell (i.e. (101
2
)o ) differs

from the wave vector listed in [15] as the later wave vector is relative to the unit cell

of the magnetic structure where the unit cell is doubled along the c-axis. The observed

wave vector is consistent with a magnetic unit cell of size
√

2a×
√

2a× 2c relative to the

tetragonal cell. This ordering is consistent with stripe-like anti-ferromagnetic order with

ferro-magnetically coupled chains along the tetragonal (110) direction coupled anti-ferro-

magnetically along the in- plane perpendicular direction (see figure 2.6(a) above). The

doubling of the unit cell along the c-axis indicates antiferromagnetic interactions between

neighboring planes.The magnetic moment direction could not be uniquely determined
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in this measurement but the observed intensity is consistent with moments lying in the

a –b plane. The magnetic moment observed is much smaller than the 2.2 µB moment

observed in metallic Fe. Measurements of LaFeAsO1−xFx shows that the magnetic mo-

ment is rather independent of concentration for x < 0.03 and is zero for x > 0.05 [88].

More concentration points are required to determine how abruptly the magnetic moment

vanishes with fluorine concentrations between 3 and 5 percent.

The nature of the ordered state in these materials has been a topic of considerable

study. The calculated Fermi surface for LaFeAsO consists of electron cylinders near the

M point and hole cylinders and a 3D hole pocket around the Γ point [89]. Further

investigations indicated good nesting of these components separated by the 2D wave

vector (1
2

1
2
)T consistent with the observed magnetic structure [90, 91]. This led to the

suggestion that the observed antiferromagnetic state is a SDW induced by Fermi surface

nesting [91]. In addition to this Fermi surface nesting scenario, it has been proposed that

near-neighbor and next- near-neighbor interactions between local Fe moments are both

antiferromagnetic and of comparable strength leading to magnetic frustration [92–94].

Changes of the ordered magnetic structure with different rare earth elements (RFeAsO)

have been extensively studied with neutron diffraction as well as local probe methods. The

ordering wave vector of (1
2

1
2

1
2
)T observed for R = La [15] is also observed for R = Nd [98].

However, for R = Ce [53] and R = Pr [99] the ordering is described by the wave vector

(1
2

1
2
0)T suggesting ferromagnetic coupling between planes. This suggests rather weak

inter–plane coupling which is strongly influenced by the rare earth ion and the associated

induced structural changes. Unfortunately, for the case of R = Sm, the high absorption

cross-section for Sm makes neutron scattering measurements very difficult.

A particularly interesting case is that of Ce where neutron scattering indicated a

much larger magnetic moment of 0.8 µ B [53] more than twice the size of any other

rare earth. Thus, on the basis of these neutron diffraction results, the Fe moment size

varies considerably with rare earth element. However, a contradictory picture is obtained
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from 57Fe Mossbauer measurements. Such measurements for R = La indicate an internal

magnetic field of 4.86 T [103], 5.19 T [50], and 5.3 T [104]. For the other rare earths, the

internal field was measured to be 5.2 T [105] and 5.3 T [106] for R = Nd, 5.06 T [106] for

R = Ce, and 4.99 T [106] for R = Pr.

For the parent compounds with magnetic rare earth ions (i.e. Pr, Ce, Nd, and Sm),

the rare earth moments order at low temperatures. The Pr moments in PrFeAsO order

below 14 K [99, 101] with a fairly complex ordered structure with Pr spins along the c-axis

[99]. There is coupling between the Pr and Fe moments and the ordered moments at 5 K

were reported to be 0.84 µB for Pr and 0.48 µB for Fe [99] (an independent measurement

indicated moments at 1.4 K of 0.83 µB for Pr and 0.53 µB for Fe [101]). Note that

the Fe moment is enhanced from the value of 0.35 µB observed for temperatures above

the Pr ordering temperature [101]. Ce moments in CeFeAsO order below ∼4 K with

moments lying primarily in the a –b plane [53]. As in the case of Pr, significant coupling

between the Fe and Ce moments is observed with low temperature ordered moments of

0.83 B and 0.94 µB for Ce and Fe respectively which can be compared to the Fe moment

of 0.8 µB at 40 K [53]. Nd spins in NdFeAsO order below 2 K and form a collinear

arrangement with antiferromagnetic coupling along the orthorhombic b axis [102]. The

ordered moments below 2 K were found to be 1.55 µB for Nd and 0.9 µB for Fe indicating

a strong enhancement when compared to the Fe ordered moment of 0.25 µB observed for

temperatures between the Fe and Pr ordering temperatures [98]. Finally, despite the large

absorption cross-section of Sm, low temperature measurements on SmFeAsO indicated Sm

order at 1.6 K [100]. The determined Sm spin structure is quite different than the other

rare earths in that ferromagnetic sheets of Sm moments are stacked antiferromagnetically

along the c-axis and the ordered Sm moment is 0.6 µB [100]. In contrast, the cases of

Pr, Ce, and Nd have rare earth moments coupled antiferromagnetically along the b axis

despite differences in the moment direction [99, 53, 102]. Note that for all measured cases,

the Fe ordering arrangement exhibits ferromagnetic coupling along the orthorhombic b
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axis with an antiferromagnetic arrangement along the a–axis.

2.3.2 122 materials

The temperature dependent structure of the AFe2As2 parent compounds has been care-

fully studied forBaFe2As2 [59, 60], SrFe2As2 [84, 114, 113], CaFe2As2[120] and EuFe2As2[114].

In all cases the room temperature tetragonal space group is I 4/mmm and the materials

transform to a low temperature orthorhombic Fmmm space group with a 45 rotated cell

in the a b plane. The room temperature I 4/mmm space group is different than the P

4/nmm space group of the 1111 materials in that it contains two FeAs layers per unit

cell. In contrast to the 1111 materials, the 122 parent compounds exhibit a structural and

magnetic transition at the same temperature as shown in measurements on BaFe2As2

[60, 110], SrFe2As2 [111–113, 121], and CaFe2As2 [115].

Neutron diffraction experiments on the 122 materials find larger ordered magnetic

moments than in the 1111 materials which are fairly consistent for different members of the

AFe2As2 family with 0.99 µB [110] observed in single crystal measurements on BaFe2As2

(grown with Sn flux), 0.87 µB [60] in powder measurements on BaFe2As2, 0.94 µB in

single crystals of SrFe2As2 , 1.01 µB [112] in powder measurements on SrFe2As2 and

0.8 µB in single crystals of CaFe2As2 . This consistency of the ordered moment occurs

despite a large variation in transition temperatures ranging from 90 K in BaFe2As2 grown

with Sn flux [110] to 220 K in crystals of SrFe2As2 [111].

Finally we discuss the evolution of the magnetic structure with doping. Most measure-

ments have focused on Ba(Fe1−xCox)2As2as the crystals are considered to be homoge-

neous. Neutron scattering measurements have indicated a magnetic structure character-

ized by the same (101)O wave vector as the BaFe2As2 parent compound for concentrations

of x = 0.04 [67] and x = 0.047 [66]. However, NMR measurements on a sample with x

= 0.06 indicate a distribution of internal fields [76] and 57Mossbauer measurements on

single crystals with x as high as 0.045 indicate a distribution of hyperfine fields [122].



26

Both observations [76, 122], as well as NMR measurements on other underdoped samples

[127], were taken as evidence that the SDW order evolves from commensurate for the

parent compound to incommensurate in the presence of Co doping. Modeling the NMR

line shape yields the prediction of a small incommensuration with magnitude ∼ 0.04 [76].

2.3.3 11 materials

The structural and magnetic properties of the 11 family of compounds is complicated

by extreme sensitivity to stoichiometry and the presence of excess Fe. As an example,

nearly stoichiometric FeSe0.97 crystallizes in the P 4/nmm tetragonal space group while

a small variation in concentration to FeSe1.06 induces a phase change and the material

exhibits a hexagonal structure [128]. Furthermore, superconductivity in Fe1.01Se with

Tc ∼8 K is destroyed by increasing the amount of excess Fe and no superconductivity is

observed down to 0.6 K in samples of Fe1.03Se [129]. The phase of interest with respect

to superconductivity is the α phase (curiously this phase is occasionally referred to in

the literature as the β phase). Magnetic ordering is observed in samples close to the

Te endpoint member of the Fe1+yTe1−xSex family. Structurally, Fe1+yTe exhibits the

PbO crystal structure with a space group of P 4/nmm at room temperature for values

of y ranging from 0.068 to 0.14 [44, 117]. At low temperatures, a first-order structural

transition is observed (transition temperature ∼65 K [130]) and the low temperature

space group is the monoclinic P 21 /m for samples of Fe1.076Te [44] and Fe1.0681Te [117].

On the other hand, a small change in x to Fe1.141Te Te changes the low temperature

unit cell to orthorhombic with the Pmmn space group [44] again providing evidence for

sensitivity to stoichiometry. In both the orthorhombic and monoclinic unit cells, there

is no cell doubling or cell rotation when compared to the tetragonal cell and, hence, the

Miller indices of Bragg reflections are the same for all unit cells [44].

The wave vector observed in the 11 materials is different than that observed in the

1111 or 122 materials with an in-plane wave vector of (1
2
0)T as opposed to (1

2
1
2
)T seen in
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both the 1111 and 122 compounds. Interestingly, this happens despite calculated Fermi

surfaces that are very similar suggesting that the 11 materials should be susceptible to

a nesting instability with the same (1
2

1
2
)T nesting wave vector [43]. Calculations indicate

that excess Fe in these materials is magnetic [45], consistent with the conclusions of

neutron structure refinements [44].

2.4 Spin density wave state

The SDW state is a kind of antiferromagnetic state with the electronic spin density form-

ing a static wave.The density varies perpendicularly as a function of position with no net

magnetisation in the entire volume.The SDW transition occurs when the spatial spin den-

sity modulation is due to delocalization or initinerant elec trons rather than the localized

one.Usually in the normal state the density ρ↑(~r) of electron spins polarized upward with

respect to any quantization axis is completely can celled by ρ↓ of downward polarized

spins.

In the SDW state,however,the difference σ(r) = ρ↑(~r)−ρ↓(~r) is finite and modulate in

space as a function of the position vec tor ~r in the SDW state.Such tendency of forming

SDW ground state takes place when a system possesses nested pieces of FS together

with intermidiate coulomb correlation.In the case of the SDW transition it is the wave

vector dependent static magnetic susceptibility which develops a singularity at ~q = ~Q

i.e.,χ(q, ω)|~q = ~Q, ω = 0 = 〈〈S+(q, t);S−(−q, t)〉〉ω|q = Q,ω = 0 → ∞ where S± are the

spin raising and lowering operators and ~Q is known as the nesting wave vector which

determines the periodicity of the SDW. This singularity in the magnetic susecptibil ity is

an artifact of the nesting property of the FS given by

ε~k = −ε~k+ ~Q
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2.4.1 The coexistence of SDW and SC

Usually,magnetism and superconductivity are expected to be mutually exclusive phenom-

ena i.e, they are unlikely to occur simultaneously in the same com pound.Superconductivity

(including in the high temper ature superconductors) is known to be due to Cooper pair

formation of electrons of opposite spins and momenta whereas magnetism requires spin

polarisation.Therefore, naturally one order would inhibit the other.

Furthermore,like superconductivity (electron-electron pairing), the transverse SDW

state is also a result of condensation of electron-hole pairs of opposite spins but with a

mo mentum difference of Q between the conjugates.Hence, when any of the orders (either

the SC or the SDW) set in,the FS is instable with respect to that condensate state.

In other words,if one of the phases (say SDW) sets in first, and exists all over the FS,

then there will be no carrier available to form cooper pairs and hence no su perconductiv-

ity.This would also be equally true in case of the SDW state, had the superconductivity

appeared first. However,in reality we do see the coexistence of the two phases as is al-

ready discussed earlier.In what follows we discuss two different scenarios where both the

presence of SDW state and SC coexist.

A.The case of an isotropic SDW-state : SC can arise over the SDW backg

round

If the nesting of the FS is perfect the entire FS could be isotropically gapped due to the

formation of the SDW state transforming the system from a metal to an in sulator.In

order to build superconductivity over such an insulating phase one needs to dope the

system with charge carriers.

In the event of doping the system with holes,or equivalently removal of electrons from

the lower filled (valence) SDW band, there will be deviation from perfect nesting of the

FS resulting in a local suppression of the SDW gap.This is so because, the gain in elec

tronic energy resulting from the formation of the SDW state is lowered due to removal of
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electrons from the va lence band.This local suppression of the SDW gap acts as a potential

well for the injected hole,in which it gets self-trapped forming the so called spin bag.

On creating two holes it is energetically favourable for them to dig a deeper well and

stay together provided the two holes have opposite spins to avoid Pauli exclusion prin

ciple.This is however nothing but a local Cooper pair and if such bags with two holes

of opposite spins move coherently,the system will be superconducting.This is the essence

of Schrieffers spin bag model for high tem perature superconductivity and hence is an

example where superconductivity can arise over the SDW state.

B.Anisotropic SDW state : SC can coexist wit SDW

The above case is however,physically resonable only when the hole concentration is very

small.But in reality superconductivity in most of the systems (specially high Tc systems)

appears only after large doping.So,it is likely that the SDW state will be completely

suppressed in particular directions of the FS whereas it would still exist in the rest of the

FS which still nests (anisotropic SDW).Such situation may also appear due to particular

topology of the FS of a system without doping i.e,the system may have nested pieces of

FS only in certain di rection and no nesting in other direction resulting in an anisotropic

SDW state.

In the regions of the FS where the SDW gap vanishes (i.e,the lower and upper SDW

bands merge together),the pairing interaction between the SDW quasi particles can take

place leading to superconductivity.In both the cases discussed above,the origin of super-

conductivity is fundamentally different from that in conventional superconductors.

In contrast,in the cases where nesting is not perfect either due to peculiar topology

of the FS or due to dop ing,the SDW gap will appear only in the nested part of the FS

allowing for the superconducting instability in the rest of the FS.But in such a case,the

origin of superconducting pairing may arise be due to any other mechanism including the

BCS phonon exchange.
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Mathematical Techniques

In this chapter we will review the Green
′
s function formalism which is used to obtain the

expressions for superconducting transition temperature TC ,magnetic ordering tempera-

ture TSDW and order parameters (∆S and ∆SDW ).

3.1 Green
′
s function formalism

The Green’s functions are useful because they are flexible enough to describe the effects of

retarded interactions and all the quantities of physical interest can be derived from them.

Green’s functions or propagators play the most important part in the field theoretical

treatment of the many body problem.There are different types of Greens functions;one

particle,two particle...n particle,advanced,retarded,casual,zero temperature,finite temper-

ature, real time,imaginary-time and so on.

In our discussion we used only the retarded Double-time Green’s function.It is defined as

Gr(t, t
′
) ≡ 〈〈Â(t); B̂(t

′
)〉〉 (3.1.1)

= −iθ(t, t′)〈[Â(t), B̂(t
′
)]〉 (3.1.2)

where 〈〈....〉〉 is the abbreviated notation for the Green functions,and 〈..〉 denotes averaging

over a ground canonical ensemble θ(t, t
′
) is the step function. Â(t), B̂(t

′
) are operators

in the Heisenberg representation which can be expressed as the product of the quantized

30
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field operators ,that is, Â(t) = exp(iHt)A(0)exp(−iHt),h = 1

θ(t) =

{
0, t < 0;

1, t > 0
(3.1.3)

also [A,B]is a commutator or anti commutator that is [A,B] = AB − ηBA,η = ±the

sign of η is positive if A and B are both Bose operator and negative if they are Fermi

operators. In order to obtain the equation of motion we differentiate equation (3.1.1)with

respect to t as,

i
d

dt
Gr(t− t

′
) = i

d

dt
〈〈Â(t); B̂(t)〉〉 (3.1.4)

= δ(t− t′)〈[Â(t); B̂(t
′
)]〉+ 〈〈[Â(t); Ĥ]; B̂(t

′
)〉〉 (3.1.5)

Taking use of between heavy side step function θ(t)and Dirac δ function,

θ(t) =

∫ t

−∞
δ(t)dt,

therefore
d

dt
θ(t) = δ(t). It is known that A(t) and B(t

′
) satisfy equation of the form

,i
d

dt
= [Â; Ĥ]Now equation of motion becomes,

i
d

dt
Gr(t− t

′
) = δ(t− t′)〈[Â(t); B̂(t

′
)]〉+ 〈〈[Â(t); Ĥ]; B̂(t

′
)〉〉

To solve this equation it is convenient to work with Fourier transform of this equation .A

care full analysis shows that the function depends on t and t
′
through (t− t′).Thus we can

write Gr(t, t
′
) = Gr(t− t

′
).

Now let Gr(ω) be the Fourier transform of Gr(t− t
′
) such that,

Gr(t− t
′
) =

∫ ∞
−∞

Gr(ω)e−iω(t−t′ )dω

Gr(ω) =
1

2π

∫ ∞
−∞

Gr(t− t
′
)eiω(t−t′ )d(t− t′)

and the δ function can be defined as

δ(t− t′) =
1

2π

∫ ∞
−∞

e−iω(t−t′ )dω
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Then equation (3.1.5)becomes,

ωGr(ω) = 〈[Â(t); B̂(t
′
)]〉+ 〈〈[Â(t); Ĥ]; B̂(t

′
)〉〉ω (3.1.6)

since the Fourier transform of G(t) is

G(t) =

∫
G(ω)exp(−iωt)dω

from which we can show that
∂

∂t
= −iω Fourier transform of G(t). Then ωG(ω) can be

written as

ω〈〈A,B〉〉ω = 〈[Â(t); B̂(t
′
)]〉+ 〈〈[Â(t); Ĥ]; B̂(t

′
)〉〉ω (3.1.7)

since 〈〈A,B〉〉ω denotes the Fourier transform of the green’s functions involving the oper-

ator A and B. It satisfies the equation of motion (3.1.5),where the double brackets 〈〈....〉〉

indicates the Fourier transform of the corresponding Green function.The single brackets

〈...〉 indicate the thermal average over the canonical, that is

〈F 〉 =
Trexp(−βH)H

Trexp(βH)
(3.1.8)

Where β =
1

(kBT )
,KB is the Boltzmann constant.H is the Hamiltonian of the system

considered.

From the analytical properties of the Green’s function it follows that the correlation

function 〈B̂(t
′
); Â(t))〉 can be obtained from the equation of Green’s functions by

〈B̂(t
′
); Â(t))〉 = i lim−→

ε→0

∫ ∞
−∞

(
〈〈A;B〉〉}ω+iε − 〈〈A;B〉〉}ω−iε

)
exp(β}ω)− 1

(3.1.9)

3.1.1 Green
′
s functions formulation with reduced Hamiltonian

To solve the properties of superconductivity,we will use BCS-type Hamiltonian (or reduced

Hamiltonian), which is given bellow

Ĥ =
∑
k,σ

εkC
†
kσCkσ −

∑
k,k′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑ (3.1.10)
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where V (k, k
′
) define the matrix element of the interaction potential.C†kσ(Ckσ) is the

creation( annihilation) operator of an electron specified by the wave vector k and the spin

σ.εkis the energy of the one electron measured relative to the chemical potential. To get

the equation of motion we apply Green’s function techniques;

Defining;

G↑↑
k,k′

= 〈〈Ck↑, C†k′↑〉〉 (3.1.11)

And writing the equation of motion for 〈〈Ck↑, C†k↑〉〉 ;

ω〈〈Ck↑, C†k↑〉〉 = δkk′ + 〈〈[Ck↑, HBCS];C†
k′↑〉〉 (3.1.12)

Now let us eliminate[Ck↑, HBCS] Using the Hamiltonian (3.1.10)

[Ck↑, HBCS] = [Ck↑,
∑
k,σ

εkC
†
kσCkσ −

∑
k,k′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑] (3.1.13)

Evaluating the relevant commutator[Ck↑, HBCS] using the Hamiltonian (3.1.10), we finally

obtain after decoupling higher order Greens functions in to lower order using mean field

approximation;

(w − εk)〈〈Ck↑, C†k↑〉〉 = δkk′ − V
∑
k,k′

〈〈C†−k↓Ck′↓C−k′↑;C
†
k↑〉〉 (3.1.14)

= δkk′ − V
∑
k,k′

〈Ck′↓, C−k′↑〉〈〈C
†
−k↓, C

†
k↑〉〉

From the relation

∆ = V
∑
k,k′

〈Ck′↓, C−k′↑〉 = V
∑
k,k′

〈C†−k↑, C
†
k↑〉

Where ∆ is the energy gap

Therefore equation (3.1.12) becomes;

(w − εk)〈〈Ck↑, C†k↑〉〉 = δkk′ −∆〈〈C†−k↓, C
†
k↑〉〉 (3.1.15)

Which is the equation of motion for 〈〈Ck↑, C†k↑〉〉.
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Now let us calculate the 2nd equation of motion for 〈〈C†−k↓, C
†
k′↑〉〉;

Similarly the equation of Green function〈〈C†−k↓, C
†
k′↑〉〉 can be obtained as before by eval-

uating the relevant commutators.Finally we obtain;

(ω + εk)〈〈C†−k↓, C
†
k↑〉〉 = −V

∑
k

〈〈C†k↑C
†
−k↓Ck↑, C

†
k↑〉〉 (3.1.16)

= −V
∑
k′

〈C†
k′↑C

†
−k′↓〉〈〈Ck↑, C

†
k↑〉〉

But,∆ = V
∑

k〈C
†
k↑C

†
−k↓〉 ,therefore;

(ω + εk)〈〈C†−k↓, C
†
k↑〉〉 = −∆〈〈Ck↑, C†k↑〉〉 (3.1.17)

From equation (3.1.15) and (3.1.17),we have;

(w − εk)〈〈Ck↑, C†k′↑〉〉 = δkk′ −∆〈〈C†−k↓, C
†
k′↑〉〉 (3.1.18)

(ω + εk)〈〈C†−k↓, C
†
k′↑〉〉 = −∆〈〈Ck↑, C†k′↑〉〉 (3.1.19)

Since δkk′ = 1 iff k = k
′
,then

〈〈Ck↑, C†k↑〉〉 =
1

w − εk

(
1−∆〈〈C†−k↓, C

†
k↑〉〉
)

(3.1.20)

substituting equation (3.1.20) in equation (3.1.19)yields

〈〈C†−k↓, C
†
k↑〉〉 = − ∆

ω 2 − ε2k −∆2
(3.1.21)

The superconducting order parameter ∆ can be given by the relation,

∆ =
V

β

∑
k,n

〈〈C†−k↓, C
†
k↑〉〉 (3.1.22)

Then equation (3.1.22) becomes;

∆ =
V

β

∑
k,n

− ∆

ω 2
n − ε2k −∆2

then let us define

ω n =
(2n+ 1)iπ

β
, ε2k + ∆2 = Ẽ2

k
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so,

∆ = V∆β
∑
k,n

1

(2n+ 1)2π2 + β2Ẽ2
k

(3.1.23)

and from the relation,

tanh(
x

2
)

2x
=
−∞∑
n=∞

1

(2n+ 1)2π2 + β2x̃2

Equation (3.1.23) becomes,Where, x = βẼk

1

V
=
∑
n

tanh(
βẼk

2
)

2βẼk

Changing the summation in to an integral with cut off energy ±}ωD from the Fermi

level,we get;

1 = N(0)V

∫ ±}ωD

±}ωD

tanh(
β
√
ε2k + ∆2

2
)

2
√
ε2k + ∆2

dεk

as T → Tc,∆→ 0

1

N(0)V
=

∫ ∞
0

tanh(
εk

2kBTc
)

εk

Integrating gives

Tc = 1.14
ε̃k
kB
e
−

1

λ

Where λ = N(0)V ,and N(0)is the density of state at the fermi level

Then, ε̃k = }ωD

Tc = 1.14
}ωD
kB

e
−

1

λ

And from the relation, θD =
}ωD
kB

Therefore ,

Tc = 1.14θDe
−

1

λ (3.1.24)



Chapter 4

Theoretical Formulation

4.1 The model Hamiltonian

The purpose of this work is to study theoretically the interplay between spin density

wave and superconductivity in Fe–based superconductors and to find the expression for

the superconducting transition temperatures and magnetic ordering temperatures as a

function of order parameters.

We take the following Hamiltonian as with ref.[113] to describe the interplay between

superconductivity and spin density wave.

Ĥ = Ĥ1 + Ĥ2 (4.1.1)

Where;

Ĥ1 =
∑
k,σ

εkC
†
kσCkσ −

∑
k,k

′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑ (4.1.2)

Ĥ2 = I
∑
k,Q

C†k↑Ck+Q↓C
†
k′↓Ck′−Q↑ (4.1.3)

Where,C†kσ(Ckσ) are creation (annihilation) operators of an electron having the wave vec-

tor k and spin σ.In equation (4.1.1)the first term represents for the one electron en-

ergy,while the second term describes BCS type. The term (4.1.3) represent the on site

Coulumb interaction;I =
U

N
with U being the on site Coulumb energy and N the number

of the molecules.

36
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4.2 Equations of motion

In our present analysis to obtain the self–consistent expression for order parameter and

transition temperatures(TC and TSDW ) as a function of order parameter (∆S and ∆SDW )

respectively, we apply Green’s function technique.

Defining

G↑↑
k,k′

= 〈〈Ck↑, C†k′↑〉〉 (4.2.1)

And writting equation of motion;

ω〈〈Ck↑, C†k′↑〉〉 = 〈[Ck↑, C†k′↑]〉+ 〈〈[Ck↑, Ĥ];C†
k′↑〉〉 (4.2.2)

First let us calculate the commutator [Ck↑, H] using the Hamiltonian(4.1.2) then, the

equation of motion for 〈〈Ck↑, C†k′↑〉〉 is given by ;

ω〈〈Ck↑, C†k′↑〉〉 = δkk′ + 〈〈[Ck↑, Ĥ];C†k′↑〉〉 (4.2.3)

Using the commutation relations,

[Â; B̂ + Ĉ] = [Â, B̂] + [Â, Ĉ] (4.2.4)

[Â; B̂Ĉ] = [Â; B̂]Ĉ + B̂[Â; Ĉ] (4.2.5)

[ÂB̂; Ĉ] = Â[B̂; Ĉ] + [Â; Ĉ]B̂ (4.2.6)

[Â; B̂Ĉ] = {Â; B̂}Ĉ − B̂{Â; Ĉ} (4.2.7)

[ÂB̂; Ĉ] = Â{B̂; Ĉ} − {Â; Ĉ}B̂ (4.2.8)

and

[Ckσ, C
†
k′σ

] = δkk′ = 1, iffk = k
′
, Otherwise0. (4.2.9)

[Ckσ, Ckσ] = [C†kσ, C
†
kσ] = 0 (4.2.10)

Now let us eliminate[Ck↑, H] Therefore

[Ck↑, H] = [Ck↑;

(∑
k,σ

εkC
†
kσCkσ−

∑
k,k′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑+U

∑
k,Q

Ck↑, C
†
k↑Ck+Q↓C

†
k
′↓Ck′−Q↑

)
]
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Then;

[Ck↑, H] =
∑
k,σ

εk[Ck↑;C
†
kσCkσ]−V

∑
k,k′

[Ck↑;C
†
k↑C

†
−k↓Ck′↓C−k′↑]+U

∑
k,Q

[Ck↑;C
†
k↑Ck+Q↓C

†
k′↓Ck′−Q↑]

(4.2.11)

=
∑
k,σ

εk[Ck↑;C
†
kσCkσ]− V

∑
k,k′

(
[Ck↑, C

†
k↑C

†
−k↓]Ck′↓C−k′↑ + C†k↑C

†
−k↓[Ck↑, Ck′↓C−k′↑]

)

+U
∑
k,Q

(
[Ck↑;C

†
k↑Ck+Q↓]C

†
k′↓Ck′−Q↓ + C†k↑Ck+Q↑[Ck↑, C

†
k′↓Ck′−Q↑]

)
(4.2.12)

=
∑
kσ

εk

(
{Ck↑, C†k↑}Ckσ+{Ck↑, Ckσ}C†kσ

)
−V

∑
k,k′

{Ck↑, C†k↑}C
†
−k↓Ck′↓C−k′↑+C

†
k↑{Ck↑, C

†
−k↓}Ck′↓C−k′↑

+C†k↑C
†
−k↓{Ck↑, Ck′↓}C−k′↑ + C†k↑C

†
−k↓Ck′↓{Ck↑, C−k′↑} (4.2.13)

+U
∑
k,Q

(
{Ck↑, C†k↑}Ck+Q↓C

†
k′↓Ck′−Q↑−C

†
k↑{Ck↑, Ck+Q↓}C†k′↓Ck′−Q↑+C

†
k↑Ck+Q↓{Ck↑, C†k′↓}Ck′−Q↑

−C†k↑Ck+Q↓C
†
k′↓{Ck↑, Ck−Q↑}

)
since {Ckσ, Ckσ} = {C†kσ, C

†
kσ} = 0, {Ckσ, C†k′σ} = δkk′ = 1, iffk = k

′

[Ck↑, H] =
∑
kσ

εk{Ck↑, C†k↑}Ckσ − V
∑
k,k′

{Ck↑, C†k↑}C
†
−k↓Ck′↓C−k′↑ (4.2.14)

+U
∑
k,Q

{Ck↑, C†k↑}Ck+Q↓C
†
k
′↓Ck′−Q↓

= εkCk↑ − V
∑
k′

C†−k↓Ck′↓C−k′↑ + U
∑
k′ ,Q

Ck+Q↓C
†
k′↓Ck′−Q↑ (4.2.15)

In general our equation of motion becomes;

ω〈〈Ck↑, C†k′↑〉〉 = 1 + 〈〈
(
εkCk↑ − V

∑
k′

C†−k↓Ck′↓C−k′↑ + U
∑
k
′
,Q

Ck+Q↓C
†
k′↓Ck′−Q↑

)
;C†k↑〉〉

since k = k
′
,Then δkk′ = 1

Substituting equation (4.2.15) in equation (4.2.3) yields;

= 1 + 〈〈εkCk↑, C†k↑〉〉 − V
∑
k′

〈〈C†−k↓Ck′↓C−k′↑, C
†
k↑〉〉+ U

∑
k′ ,Q

〈〈Ck+Q↓C
†
k
′↓Ck′−Q↑;C

†
k↑〉〉



39

Rearranging and defining the energy gaps (∆S and ∆SDW )

= 1 + εk〈〈Ck↑, C†k↑〉〉−V
∑
k,k′

〈Ck′↓, C−k′↑〉〈〈C
†
−k↑, C

†
k↑〉〉+U

∑
k′ ,Q

〈C†
k′↓, Ck′−Q↑〉〈〈Ck+Q↓;C

†
k↑〉〉

(4.2.16)

Defining;

∆S = V
∑
k′

〈Ck′↓, C−k′↑〉, ∆SDW = U
∑
k′ ,Q

〈C†
k′↓, Ck′−Q↑〉

Then we have;

(ω − εk)〈〈Ck↑, C†k↑〉〉 = 1−∆S〈〈C†−k↓, C
†
k↑〉〉+ ∆SDW 〈〈Ck+Q↓, C

†
k↑〉〉 (4.2.17)

Similarly the equation of motion of Greens function 〈〈C†−k↓, C
†
k′↑〉〉 can be obtained as be-

fore by evaluating the relevant commutators. Then the equation of motion for 〈〈C†−k↓, C
†
k′↑〉〉

becomes;

ω〈〈C†−k↓, C
†
k′↑〉〉 = 〈〈[C†−k↓, Ĥ];C†

k′↑〉〉 (4.2.18)

Then solving for the commutator [C†−k↓, Ĥ];

[C†−k↓, Ĥ] = [C†−k↓;

(∑
k,σ

εkC
†
kσCkσ−

∑
k,k′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑+U

∑
k,Q

C†k↑Ck+Q↓C
†
k′↓Ck′−Q↑

)
]

(4.2.19)

Similarly using the commutation relations (from equation (4.2.4) to (4.2.10))we have;

[C†−k↓, Ĥ] =
∑
k,σ

εk[C
†
−k↓, C

†
kσCkσ]− V

∑
k,k

′

[C†−k↓, C
†
k↑C

†
−k↓Ck′↓C−k′↑] (4.2.20)

+U
∑
k,Q

[C†−k↓, C
†
k↑Ck+Q↓C

†
k′↓Ck′−Q↑]

=
∑
k,σ

εk[C
†
−k↓, C

†
kσCkσ]− V

∑
k,k

′

(
[C†−k↓, C

†
k↑C

†
−k↓]Ck′↓C−k′↑ + C†k↑C

†
−k↓[C

†
−k↓, Ck′↓C−k′↑]

)
(4.2.21)

+U
∑
k,Q

(
[C†−k↓, C

†
k↑Ck+Q↓]C

†
k′↓Ck′−Q↑ + C†k↑Ck+Q↓[C

†
−k↓, C

†
k′↓Ck′−Q↑]

)
=
∑
k,σ

εk({C†−k↓, C
†
kσ}Ckσ − C

†
kσ{C

†
−k↓, Ckσ})
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−V
∑
k,k′

(
C†k↑C

†
−k↓{C

†
−k↓, Ck′↓}C−k′↑ − C

†
k↑C

†
−k↓Ck′↓{C

†
−k↓, C−k′↑}

)
(4.2.22)

+U
∑
k,Q

(
{C†−k↓, C

†
k↑}Ck+Q↓C

†
k′↓Ck′−Q↑ − C

†
k↑{C

†
−k↓, Ck+Q↓}C†k′↓Ck′−Q↑

+C†k↑Ck+Q↓{C†−k↓, C
†
k′↓}Ck′−Q↑ − C

†
k↑Ck+Q↓C

†
k′↓{C

†
−k↓, Ck′−Q↓}

)
since {Ckσ, Ckσ} = {C†kσ, C

†
kσ} = 0, {Ckσ, C†k′σ} = δkk′ = 1, iffk = k

′

= −
∑
k,σ

εk(C
†
kσ{C

†
−k↓, Ckσ})− V

∑
k,k′

(
C†k↑C

†
−k↓{C

†
−k↓, Ck′↓}C−k′↑

)

+U
∑
k,Q

(
{Ck↑, C†k↑}Ck+Q↓C

†
k′↓Ck′−Q↓

)
(4.2.23)

[C†−k↓, Ĥ] = −ε−kC†−k↓ − V
∑
k′

C†
k′↑C

†
−k′↓Ck↑ − U

∑
k′ ,Q

C†−k−Q↑C
†
k′↓Ck′−Q↑ (4.2.24)

We can also obtain the equation of motion for higher order Green’s function 〈〈C†−k↓, C
†
k′↑〉〉,then

substituting equation (4.2.24) in to (4.2.18) yields;

ω〈〈C†−k↓, C
†
k↑〉〉 = 〈〈

(
− ε−kC†−k↓ − V

∑
k

C†k↑C
†
−k↓Ck↑ − U

∑
k′ ,Q

C†−k−Q↑C
†
k′↓Ck′−Q↑

)
;C†k↑〉〉

= −ε−k〈〈C†−k↓, C
†
k↑〉〉 − V

∑
k
′

〈〈C†k↑C
†
−k′↓Ck′↑, C

†
k↑〉〉 − U

∑
k′ ,Q

〈〈C†−k−Q↑C
†
k′↓Ck′−Q↑;C

†
k↑〉〉

Rearranging and defining the energy gaps

(ω+ε−k)〈〈C†−k↓, C
†
k↑〉〉 = −V

∑
k

〈C†k↑C
†
−k↓〉〈〈Ck↑, C

†
k↑〉〉−U

∑
k,Q

〈C†
k′↓Ck′−Q↑〉〈〈C

†
−k−Q↑;C

†
k↑〉〉

(4.2.25)

Then from the relation

∆∗S = V
∑
k

〈C†k↑C
†
−k↓〉 ∆∗SDW = U

∑
k,Q

〈C†
k′↓Ck′−Q↑〉

We get;

(ω + ε−k)〈〈C†−k↓, C
†
k↑〉〉 = −∆∗S〈〈Ck↑, C

†
k↑〉〉 −∆∗SDW 〈〈C

†
−k−Q↑;C

†
k↑〉〉 (4.2.26)
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Similarily the equation of motion of Green’s function 〈〈Ck+Q↓, C
†
k′↑〉〉can be obtained as

before by evaluating the relevant commutators.

writting the equation of motion,

ω〈〈Ck+Q↓, C
†
k′↑〉〉 = 〈[Ck+Q↓, C

†
k′↑]〉+ 〈〈[Ck+Q↓, Ĥ];C†

k′↑〉〉 (4.2.27)

ω〈〈Ck+Q↓, C
†
k′↑〉〉 = δk+Q,k′ + 〈〈[Ck+Q↓, Ĥ];C†

k′↑〉〉 (4.2.28)

Evaluating the commutator [Ck+Q↓, Ĥ] using the Hamiltonian (4.1.1)

[Ck+Q↓, Ĥ] = [Ck+Q↓,
∑
k,σ

εkC
†
kσCkσ−

∑
k,k′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑+U

∑
k,Q

C†k↑Ck+Q↓C
†
k′↓Ck′−Q↑]

(4.2.29)

using the commutation relations

[Ck+Q↓, Ĥ] =
∑
k,σ

εk[Ck+Q↓, C
†
kσCkσ]−

∑
k,k′

Vk,k′

(
[Ck+Q↓, C

†
k↑C

†
−k↓]Ck′↓C−k′↑+C

†
k↑C

†
−k↓[Ck+Q↓, Ck′↓C−k′↑]

)

+U
∑
k,Q

(
[Ck+Q↓, C

†
k↑Ck+Q↓]C

†
k′↓Ck′−Q↑ + C†k↑Ck+Q↓[Ck+Q↓, C

†
k′↓Ck′−Q↑]

)
=
∑
k,σ

εk{Ck+Q↓, C
†
k′σ
}Ckσ − C†kσ{Ck+Q↓, Ckσ}

−
∑
k,k′

Vk,k′
(
{Ck+Q↓, C

†
k↑}C

†
−k↓ − C

†
k↑{Ck+Q↓, C

†
−k↓}

)
Ck′↓C−k′↑

+C†k↑C
†
−k↓
(
{Ck+Q↓, Ck′↓}C−k′↑ − Ck′↓{Ck+Q↓, C−k′↑}

)
+U

∑
k,Q

(
{Ck+Q↓, C

†
k↑}Ck+Q↓ − C†k↑{Ck+Q↓, Ck+Q↓}

)
C†
k′↓Ck′−Q↑

+C†k↑Ck+Q↓

(
{Ck+Q↓, C

†
k′↓}Ck′−Q↑ − C

†
k′↓{Ck+Q↓, Ck′−Q↑}

)
since,{Ckσ, C†k′σ} = δkk′ = 1 ,iff k = k

′
,Otherwise 0.

And {Ckσ, Ck′σ} = {C†kσ, C
†
k′σ
} = 0

[Ck+Q↓, Ĥ] =
∑
k,σ

εk{Ck+Q↓, C
†
k
′
σ
}Ckσ + V

∑
k,k

′

C†k↑{Ck+Q↓, C
†
−k↓}Ck′↓C−k′↑ (4.2.30)

+U
∑
k,Q

C†k↑Ck+Q↓{Ck+Q↓, C
†
k
′↓}Ck′−Q↑
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= εk+QCk+Q↓ + V
∑
k′

C†−k−Q↑Ck′↓C−k′↑ − U
∑
k′ ,Q

C†
k′↑Ck′+Q↓C

†
−k↓ (4.2.31)

Substituting equation (4.2.31) in to equation (4.2.28) yields;

ω〈〈Ck+Q↓, C
†
k′↑〉〉 = δk+Q,k′+〈〈

(
εk+QCk+Q↓+V

∑
k,k′

C†−k−Q↑Ck′↓C−k′↑+U
∑
k′ ,Q

C†
k′↑Ck′+Q↓Ck↑

)
;C†

k′↑〉〉

(ω−εk+Q)〈〈Ck+Q↓, C
†
k′↑〉〉 = δk+Q,k′+V

∑
k,k

′

〈〈C†−k−Q↑Ck′↓C−k′↑;C
†
k
′↑〉〉+U

∑
k′ ,Q

〈〈C†
k′↑Ck′+Q↓Ck↑;C

†
k′↑〉〉

(ω−εk+Q)〈〈Ck+Q↓, C
†
k
′↑〉〉 = δk+Q,k′+V

∑
k,k′

〈Ck′↓C−k′↑〉〈〈C
†
−k−Q↑;C

†
k
′↑〉〉+U

∑
k′ ,Q

〈C†
k
′↑Ck′+Q↓〉〈〈Ck↑;C

†
k
′↑〉〉

(4.2.32)

Defining the order parameters i.e;

∆∗∗S = V
∑
k,k′

〈Ck′↓C−k′↑〉, and ∆∗∗SDW = U
∑
k′ ,Q

〈C†
k′↑Ck′+Q↓〉

Equation (4.2.32) becomes;

(ω − εk+Q)〈〈Ck+Q↓, C
†
k′↑〉〉 = δk+Q,k′ + ∆∗∗S 〈〈C

†
−k−Q↑;C

†
k′↑〉〉+ ∆∗∗SDW 〈〈Ck↑;C

†
k′↑〉〉 (4.2.33)

similarly the equation of Green’s functions 〈〈C†−k−Q↑, C
†
k′↑〉〉 can be obtained as before by

evaluating the relevant commutator. Writting the equation of motion

ω〈〈C†−k−Q↑, C
†
k′↑〉〉 = 〈〈[C†−k−Q↑, Ĥ];C†

k′↑〉〉 (4.2.34)

Evaluating the commutator[C†−k−Q↑, Ĥ] using the Hamiltonian(4.1.1)

[C†−k−Q↑, Ĥ] = [C†−k−Q↑,

(∑
k,σ

εkC
†
kσCkσ−

∑
k,k′

Vk,k′C
†
k↑C

†
−k↓Ck′↓C−k′↑+U

∑
k,Q

C†k↑Ck+Q↓C
†
k′↓Ck′−Q↑

)
]

(4.2.35)

Using the commutation relations;

[C†−k−Q↑, Ĥ] =
∑
k,σ

εk[C
†
−k−Q↑, C

†
kσCkσ] (4.2.36)

−
∑
k,k′

Vk,k′ [C
†
−k−Q↑, C

†
k↑C

†
−k↓]Ck′↓C−k′↑ + [C†−k−Q↑, Ck′↓C−k′↑]C

†
k↑C

†
−k↓
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+U
∑
k,Q

(
[C†−k−Q↑, C

†
k↑Ck+Q↓]C

†
k′↓Ck′−Q↑ + C†k↑Ck+Q↓[C

†
−k−Q↑, C

†
k′↓Ck′−Q↑]

)
= −

∑
k,σ

εkC
†
kσ{C

†
−k−Q↑, Ckσ}+

∑
k,k′

Vk,k′ ({C
†
−k−Q↑, C−k′↑}Ck′↓)C

†
k↑C

†
−k↓

−U
∑
k,Q

C†k↑Ck+Q↓{C†−k−Q↑, Ck′−Q↑}C
†
k′↓

since, {Ckσ, C†k′σ} = δkk′ = 1, iffk = k
′
, Otherwise0.

And {Ckσ, Ck′σ} = {C†kσ, C
†
k′σ
} = 0

[C†−k−Q↑, Ĥ] = −ε−k−QC†−k−Q↑ + V
∑
k′

C†
k′↑C

†
−k′↓Ck+Q↓ − U

∑
k′ ,Q

C†
k′↑Ck′+Q↓C

†
−k↓ (4.2.37)

Substituting equation (4.2.37) in equation (4.2.34) yields;

ω〈〈C†−k−Q↑, C
†
k′↑〉〉 = 〈〈

(
−ε−k−QC†−k−Q↑+V

∑
k′

C†
k′↑C

†
−k′↓Ck+Q↓−U

∑
k′ ,Q

C†
k′↑Ck′+Q↓C

†
−k↓

)
;C†

k′↑〉〉

(ω+ε−k−Q)〈〈C†−k−Q↑, C
†
k′↑〉〉 = V

∑
k′

〈〈C†
k′↑C

†
−k′↓Ck+Q↓;C

†
k′↑〉〉−U

∑
k′ ,Q

〈〈C†
k′↑Ck′+Q↓C

†
−k↓;C

†
k′↑〉〉

(ω+ε−k−Q)〈〈C†−k−Q↑, C
†
k′↑〉〉 = V

∑
k′

〈C†
k′↑C

†
−k′↓〉〈〈Ck+Q↓;C

†
k′↑〉〉−U

∑
k′ ,Q

〈C†
k′↑Ck′+Q↓〉〈〈C

†
−k↓;C

†
k′↑〉〉

Defining the order parameters;

∆∗∗∗S = V
∑
k′

〈C†
k′↑C

†
−k′↓〉, and ∆∗∗∗SDW = U

∑
k′ ,Q

〈C†
k′↑Ck′+Q↓〉

(ω + ε−k−Q)〈〈C†−k−Q↑, C
†
k′↑〉〉 = ∆∗∗∗S 〈〈Ck+Q↓;C

†
k′↑〉〉 −∆∗∗∗SDW 〈〈C

†
−k↓;C

†
k′↑〉〉 (4.2.38)

Generally we have four coupled equations of motion,they are;

(ω − εk)〈〈Ck↑, C†k′↑〉〉 = δk,k′ −∆S〈〈C†−k↓;C
†
k′↑〉〉+ ∆SDW 〈〈Ck+Q↓;C

†
k′↑〉〉 (4.2.39)

(ω + ε−k)〈〈C†−k↓, C
†
k′↑〉〉 = −∆S〈〈Ck↑;C†k′↑〉〉 −∆SDW 〈〈C†−k−Q↑;C

†
k′↑〉〉 (4.2.40)

(ω − εk+Q)〈〈Ck+Q↓, C
†
k
′↑〉〉 = δk+Q,k′ + ∆S〈〈C†−k−Q↑;C

†
k
′↑〉〉+ ∆SDW 〈〈Ck↑;C†k′↑〉〉(4.2.41)

(ω + ε−k−Q)〈〈C†−k−Q↑, C
†
k′↑〉〉 = ∆S〈〈Ck+Q↓;C

†
k′↑〉〉 −∆SDW 〈〈C†−k↓;C

†
k′↑〉〉 (4.2.42)
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we have assumed that

∆SDW = ∆∗SDW = ∆∗∗SDW = ∆∗∗∗SDW

∆S = ∆∗S = ∆∗∗S = ∆∗∗∗S

ε−k = εk,−εk = εk+Q, ε−k−Q = −εk,

ω − εk
ω + εk

u 1, k = k
′
=⇒ δk,k′ = 1, δk+Q,k′ = 0

Rearranging;

〈〈Ck↑, C†k′↑〉〉 =
1

ω − εk

(
1−∆S〈〈C†−k↓;C

†
k′↑〉〉+ ∆SDW 〈〈C†k+Q↓;C

†
k′↑〉〉

)
(4.2.43)

〈〈C†−k↓, C
†
k′↑〉〉 =

1

(ω + ε−k)

(
−∆S〈〈Ck↑;C†k′↑〉〉 −∆SDW 〈〈C†−k−Q↑);C

†
k′↑〉〉

)
(4.2.44)

〈〈Ck+Q↓, C
†
k′↑〉〉 =

1

ω − εk+Q

(
∆S〈〈C†−k−Q↑;C

†
k′↑〉〉+ ∆SDW 〈〈Ck↑;C†k′↑〉〉

)
(4.2.45)

〈〈C†−k−Q↑, C
†
k′↑〉〉 =

1

ω + ε−k−Q

(
∆S〈〈Ck+Q↓;C

†
k
′↑〉〉 −∆SDW 〈〈C†−k↓;C

†
k′↑〉〉

)
(4.2.46)

Substituting equation (4.2.46) and (4.2.43)in to (4.2.44),yields;

(ω + ε−k)〈〈C†−k↓, C
†
k′↑〉〉 =

−∆S

(ω − εk)

(
1−∆S〈〈C†−k↓;C

†
k′↑〉〉+ ∆SDW 〈〈C†k+Q↓;C

†
k′↑〉〉

)
−∆SDW

(ω + ε−k−Q)

(
∆S〈〈Ck+Q↓;C

†
k′↑〉〉 −∆SDW 〈〈C†−k↓;C

†
k′↑〉〉

)
∆S

(ω − εk)
=

[
∆2
S

(ω − εk)
+

∆2
SDW

(ω + ε−k−Q)
− (ω + ε−k)

]
〈〈C†−k↓;C

†
k
′↑〉〉

−∆S∆SDW

[
1

(ω − εk)
+

1

(ω + ε−k−Q)

]
〈〈Ck+Q↓;C

†
k′↑〉〉

Similarly substituting equation (4.2.43) and (4.2.46)in to (4.2.45),yields;

(ω − εk+Q)〈〈Ck+Q↓, C
†
k′↑〉〉 =

∆S

ω + ε−k−Q

[
∆S〈〈Ck+Q↓;C

†
k′↑〉〉 −∆SDW 〈〈C†−k↓;C

†
k′↑〉〉

]

+
∆SDW

ω − εk

[
1−∆S〈〈C†−k↓;C

†
k′↑〉〉+ ∆SDW 〈〈C†k+Q↓;C

†
k′↑〉〉

]
−∆SDW

ω − εk
=

[
∆2
S

ω + ε−k−Q
+

∆SDW

ω − εk
− (ω + εk+Q)

]
〈〈Ck+Q↓, C

†
k′↑〉〉
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−∆SDW∆S

[
1

ω + ε−k−Q
+

1

ω − εk

]
〈〈C†−k↓, C

†
k′↑〉〉

Rearranging the above equations yields;

−∆S =

[
ω2 − ε2k − (∆2

S + ∆2
SDW )

]
〈〈C†−k↓, C

†
k′↑〉〉+ 2∆S∆SDW 〈〈Ck+Q↓, C

†
k′↑〉〉 (4.2.47)

∆SDW =

[
ω2 − ε2k − (∆2

S + ∆2
SDW )

]
〈〈Ck+Q↓, C

†
k′↑〉〉+ 2∆S∆SDW 〈〈C†−k↓, C

†
k′↑〉〉 (4.2.48)

Solving for 〈〈C†−k↓, C
†
k′↑〉〉

〈〈C†−k↓, C
†
k′↑〉〉 =

−∆S

[
ω2 − ε2k − (∆2

S + ∆2
SDW ) + 2∆2

SDW

]
[
ω2 − ε2k − (∆2

S + ∆2
SDW )

]2

− (2∆SDW∆S)2

(4.2.49)

Similarly,solving for〈〈Ck+Q↓, C
†
k′↑〉〉

〈〈Ck+Q↓, C
†
k′↑〉〉 =

∆SDW

[
ω2 − ε2k − (∆2

S + ∆2
SDW ) + 2∆2

S

]
[
ω2 − ε2k − (∆2

S + ∆2
SDW )

]2

− (2∆SDW∆S)2

(4.2.50)

Applying factorization theorem for equation (4.2.49) above we have;

−∆S

[
ω2 − ε2k − (∆2

S + ∆2
SDW )

]
[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
− (2∆SDW∆S)

][(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]

=
A[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
+ (2∆SDW∆S)

]+
B[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
A+B = −∆S, 2∆S∆SDW (B − A) = 0

A =
−∆S

2

and

B =
−∆S

2

−2∆S∆2
SDW[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

][(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]
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=
A[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
+ (2∆SDW∆S)

]+
B[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
A+B = 0, 2∆S∆SDW (B − A) = −∆SDW (2∆S∆SDW )

A =
−∆SDW

2

and

B =
∆SDW

2

Finally we will have;

〈〈C†−k↓, C
†
k′↑〉〉 =

−∆S[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]
− ∆S[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
+

∆SDW[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]− ∆SDW[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
− (2∆SDW∆S)

]
Collecting the terms which have similar denominator we obtain;

〈〈C†−k↓, C
†
k↑〉〉 =

−(∆S + ∆SDW )

2 [ω2 − ε2k − (∆S + ∆SDW )2]
− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]
(4.2.51)

In similar fashion,applying factorization theorem for 〈〈Ck+Q↓, C
†
k′↑〉〉

∆SDW

[
ω2 − ε2k − (∆2

S + ∆2
SDW )

]
[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
− (2∆SDW∆S)

][(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]
=

A[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]+
B[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
A+B = ∆SDW , B = A

A =
∆SDW

2

and

B =
∆SDW

2
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2∆2
S∆SDW[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

][(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]
=

A[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]+
B[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
A+B = 0, (B − A) = ∆S

A =
−∆S

2

and

B =
∆S

2

Therefore;

〈〈C†k+Q↓, C
†
k↑〉〉 =

∆SDW[(
ω2 − ε2k − (∆2

S + ∆2
SDW )

)
+ (2∆SDW∆S)

]

+
∆SDW[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
− ∆S[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
+ (2∆SDW∆S)

]+
∆S[(

ω2 − ε2k − (∆2
S + ∆2

SDW )

)
− (2∆SDW∆S)

]
Rearranging yields;

〈〈C†k+Q↓, C
†
k↑〉〉 =

(∆S + ∆SDW )

2 [ω2 − ε2k − (∆S + ∆SDW )2]
+

(∆SDW −∆S)

2 [ω2 − ε2k − (∆S −∆SDW )2]
(4.2.52)

4.2.1 For superconducting order parameter and transition tem-

perature

Using equation (4.2.51),

〈〈C†−k↓, C
†
k↑〉〉 =

−(∆S + ∆SDW )

2 [ω2 − ε2k − (∆S + ∆SDW )2]
− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]
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Where ∆S is the superconducting order parameter (analogues to the BCS order parame-

ter) and ∆SDW is the magnetic order parameter.

Using the relation for ∆S i.e;

∆S =
V

β

∑
k,n

〈〈C†−k↓, C
†
k↑〉〉

And the sum may be changed in to an integral by introducing the density of states,N(ε),

1

V

∑
k

−→ 1

(2π)3

∫
d3k =

∫ ∞
−EF

dεN(ε)

The summation with respect to k and n extends over all allowed pair states.Therefore;

∆S =
V

β

∑
k,n

{
−(∆S + ∆SDW )

2 [ω2
n − ε2k − (∆S + ∆SDW )2]

− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]

}
N(ε)dε

∆S =
V

β

∑
k,n

∫ ∞
−εF

dεN(ε)

[
−(∆S + ∆SDW )

2 [ω2
n − ε2k − (∆S + ∆SDW )2]

− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]

]
Attractive interaction is effective for the region −}ωb < ε < }ωb, Assuming the density of

states doesn’t vary over this integral.Then the expression becomes;

∆S = 2N(ε)
V

β

∑
k,n

∫ }ωb

0

dε

[
−(∆S + ∆SDW )

2 [ω2
n − ε2k − (∆S + ∆SDW )2]

− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]

]

Now changing ω −→ ωn,and using the Matsubara frequency; ωn =
(2n+ 1)π

β
,ω2
n=−(2n+ 1)2π2

β2
;

2∆S = 2N(0)
V

β

∑
n

∫ }ωb

0

dε

 −(∆S + ∆SDW )[
−(2n+ 1)2π2

β2
− ε2k − (∆S + ∆SDW )2

]


−2N(0)
V

β

∑
n

∫ }ωb

0

dε

 −(∆S −∆SDW )[
−(2n+ 1)2π2

β2
− ε2k − (∆S −∆SDW )2

]


Let Ẽ2
1 = ε2k + (∆S + ∆SDW )2,and Ẽ2

2 = ε2k + (∆S −∆SDW )2 therefore;

2∆S = 2N(0)V β
∑
n

∫ }ωb

0

dε

 (∆S + ∆SDW )[
(2n+ 1)2π2 + β2Ẽ2

1

] +
(∆S −∆SDW )[

(2n+ 1)2π2 + β2Ẽ2
2

]

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Using the relation ;

tanh(
x

2
)

2x
=
∑
n

1

(2n+ 1)2π2 + x2

So We can rewrite the above equation as follows ,Where x = βẼ and x = βẼ2

2∆S = 2N(0)V β
∑
n

∫ }ωb

0

dε

(∆S + ∆SDW )
tanh(

βẼ1

2
)

2βẼ1

+ (∆S −∆SDW )
tanh(

βẼ2

2
)

2βẼ2


Let N(0)V = λ ;

2∆S

λ
=

∑
n

∫ }ωb

0

dε

{[
∆S + ∆SDW√

ε2k + (∆S + ∆SDW )2

]
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

}

+

{[
∆S −∆SDW√

ε2k + (∆S −∆SDW )2

]
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

}
(4.2.53)

Let us study the above equation for the case T −→ TC

As T −→ TC ,∆S −→ 0

Using equation (4.2.53),

2

λ
=

∫ }ωb

0

dε


(

1 +
∆SDW

∆S

)
√
ε2k + (∆S + ∆SDW )2

 tanh(
β
√
ε2k + (∆S + ∆SDW )2

2
)

+

∫ }ωb

0

dε


(

1− ∆SDW

∆S

)
√
ε2k + (∆S −∆SDW )2

 tanh(
β
√
ε2k + (∆S −∆SDW )2

2
) (4.2.54)

let,
2

λ
= I + L (4.2.55)

Where

I =

∫ }ωb

0

dε


(

1 +
∆SDW

∆S

)
√
ε2k + (∆S + ∆SDW )2

tanh(
β
√
ε2k + (∆S + ∆SDW )2

2
)



L =

∫ }ωb

0

dε


(

1− ∆SDW

∆S

)
√
ε2k + (∆S −∆SDW )2

tanh(
β
√
ε2k + (∆S −∆SDW )2

2
)


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LET US SOLVE FOR I

I =

∫ }ωb

0

dε

[
1√

ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}

+

∫ }ωb

0

dε

[
∆SDW

∆S

√
ε2k + (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}
(4.2.56)

At T = TC ,∆S = 0

The first integral of equation (4.2.56)can be calculated as follows using the relation,

tanh(
x

2
)

2x
=
∑

n

1

(2n+ 1)2π2 + x2
,where ωn =

(2n+ 1)π

β

For ∆S = 0 ∫ }ωb

0

dε

[
1√

ε2k + ∆2
SDW

]
tanh

{
β
√
ε2k + ∆SDW )2

2

}

=

∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2k + ∆2

SDW

(4.2.57)

Using Laplace’s transform and Matsubara frequency ,ωn =
(2n+ 1)π

β
,the above integral

becomes;

=

∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2

−
∫ }ωb

0

∆2
SDWdε

2

β

∞∑
n=−∞

1

(ω2
n + ε2)2 + ....

=

∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
SDWdε

2

β

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 + ...

But the sum becomes;

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 = 2
∞∑
n=0

1{(
(2n+ 1)π

β

)2

+ ε2

}2

And from the expression;

2
∞∑
n=0

1

(a2 + ε2)2
= 2

∞∑
n=0

1

a4

(
1 +

ε2

a2

)2 = 2
∞∑
n=0

1

a4 (1 + x2)2
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Where,

x2 =
ε2

a2
a =

(2n+ 1)π

β

Then, ∫ }ωb

0

dε

[
1√

ε2k + ∆2
SDW

]
tanh

{
β
√
ε2k + ∆SDW )2

2

}

=

∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
SDWdε

2

β
2
∞∑
n=0

1

a4 (1 + x2)2

Let

I1 =

∫ }ωb

0

dε
tanh(

βε

2
)

ε

I2 = −
∫ }ωb

0

∆2
SDWdε

4

β

∞∑
n=0

1

a4 (1 + x2)2

Now let us evaluate I1;

I1 =

∫ }ωb

0

dε
tanh(

βε

2
)

ε

Let Y =
βε

2
and dε =

2

β
dY

I1 =

∫ y

0

dε
tanhy

y

= ln ytanhy|y0 −
∫ y

0

ln y

Cosh2y
dy

At low temperature,tanhy = tanh(
~ω

2kBT
) −→ 1

I1 = ln y − ln(
π

4
)e−c

I1 = ln y − ln(
π

4γ
)

Where γ is the Euler’s constant.γ= 1.78

I1 = ln 1.13

(
~ωb
kBTC

)
(4.2.58)

For the second integral I2, i.e;

I2 = −
∫ }ωb

0

∆2
SDWdε

4

β

∞∑
n=0

1

a4 (1 + x2)2
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Where x2 =
ε2

a2
,x =

ε

a
,dε = adx ,a2 =

(
(2n+ 1)π

β

)2

I2 = −4∆2
SDW

β

∞∑
n=0

1

a4

∫ }ωb

0

adx
1

(1 + x2)2 + ...

I2 = −4∆2
SDW

β

∞∑
n=0

1

a3

∫ }ωb

0

dx
1

(1 + x2)2 + ...

But,a3 =

(
(2n+ 1)π

β

)3

I2 = −4∆2
SDW

∞∑
n=0

β2

[(2n+ 1)π]3

∫ }ωb

0

1

(1 + x2)2dx+ ...

I2 = −4β2∆2
SDW

π3

∞∑
n=0

1

[2n+ 1]3

∫ }ωb

0

1

(1 + x2)2dx+ ...

From the laws series and Zeta function;

I2 = −
{

4β2∆2
SDW

π3

}{
7

8
ζ(3)

}{π
4

}
Where ζis Zeta function; and∫ }ωb

0

1

(1 + x2)2dx =
π

4
,
∞∑
n=0

1

[2n+ 1]p
= (1− 2−p)ζ(p),

So,
∞∑
n=0

1

[2n+ 1]3
=

7

8
ζ(3); ζ(3) = 1.202

Therefore,

I2 = −
(

∆SDW

πkBTC

)2
8.414

8
(4.2.59)

Therefore equation (4.2.57) becomes the sum of equation (4.2.58) and (4.2.59)i.e;∫ }ωb

0

dε

[
1√

ε2k + ∆2
SDW

]
tanh

{
β
√
ε2k + ∆SDW )2

2

}
= I1 + I2

= ln 1.13

(
~ωb

2kBTC

)
−
(

∆SDW

πkBTC

)2
8.414

8
(4.2.60)

=⇒ The second integral of equation (4.2.56) becomes;

I3 =

∫ }ωb

0

dε

[
∆SDW

∆S

√
ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}
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Applying l’Hopital’s rule

=

∫ }ωb

0

lim
∆S−→0

{
d

d∆S

(
dε

[
∆SDW

∆S

√
ε2k + (∆S + ∆SDW )2

tanh
β
√
ε2k + (∆S + ∆SDW )2

2

])}

d

d∆S

(
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

)

= Sech2

{
β
√
ε2k + (∆S + ∆SDW )2

2

}{
β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}
And

d

d∆S

(
∆S

√
ε2k + (∆S + ∆SDW )2

)
=
√
ε2k + (∆S + ∆SDW )2+∆S

{
2β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}
Substituting the above derivatives in (I3)yields;

I3 =

∫ }ωb

0

lim
∆S−→0

dε∆SDW

Sech2

{
β
√
ε2k + (∆S + ∆SDW )2

2

}{
β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}
√
ε2k + (∆S + ∆SDW )2 + ∆S

{
2β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}


I3 =

∫ ~ωb

0

dε
∆2
SDWβSech

2β

2

√
ε2k + ∆2

SDW

2(ε2k + ∆2
SDW )

(4.2.61)

Therefore combining equations (4.2.60) and (4.2.61) gives;

I = ln 1.13

(
~ωb

2kBT

)
−
(

∆SDW

πkBTC

)2
8.414

8
+

∫ ~ωb

0

dε

∆2
SDWβSech

2

(
β

2

√
ε2k + ∆2

SDW

)
2(ε2k + ∆2

SDW )

(4.2.62)

Using the relation=⇒ Sech2x = 1− tanh2x

I = ln 1.13

(
~ωb

2kBTC

)
−∆2

SDW

(
1

πkBTC

)2
8.414

8
+

∫ ~ωb

0

dε
∆2
SDW

2kBTC(ε2k + ∆2
SDW )

−
∫ ~ωb

0

dε

∆2
SDW tanh

2

(
β

2

√
ε2k + ∆2

SDW

)
2kBTC(ε2k + ∆2

SDW )
(4.2.63)

From the integral of special functions and the help of FORTRAN language;∫ ~ωb

0

dε
∆2
SDW

2kBTC(ε2 + ∆2
SDW )

=
∆2
SDW

2kBTC
arctan(

~ωb
∆SDW

)
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=
∆SDW

4kBTC
ln

∣∣∣∣~ωb + ∆SDW

~ωb −∆SDW

∣∣∣∣ (4.2.64)

Similarly,let us solve for L

L =


(

1− ∆SDW

∆S

)
√
ε2k + (∆S −∆SDW )2

tanh(
β
√
ε2k + (∆S −∆SDW )2

2
)


L =

∫ }ωb

0

dε

[
1√

ε2k − (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}

−
∫ }ωb

0

dε

[
∆SDW

∆S

√
ε2k + (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}
(4.2.65)

At T = TC ,∆S = 0

The first integral of equation (4.2.65) can be calculated by applying the previous method;

For ∆S = 0 ∫ }ωb

0

dε

[
1√

ε2k + ∆2
SDW

]
tanh

{
β
√
ε2k + ∆SDW )2

2

}

=

∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2k + ∆2

SDW

(4.2.66)

Since,
tanh(

x

2
)

2x
=
∑

n

1

(2n+ 1)2π2 + x2
,where ωn =

(2n+ 1)π

β

Using Laplace’s transform and Matsubara frequency ,ωn =
(2n+ 1)π

β
,the above integral

becomes;

=

∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2

−
∫ }ωb

0

∆2
SDWdε

2

β

∞∑
n=−∞

1

(ω2
n + ε2)2 + ....

=

∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
SDWdε

2

β

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 + ...

But the sum becomes;

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 = 2
∞∑
n=0

1{(
(2n+ 1)π

β

)2

+ ε2

}2
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And from the expression;

2
∞∑
n=0

1

(a2 + ε2)2
= 2

∞∑
n=0

1

a4

(
1 +

ε2

a2

)2 = 2
∞∑
n=0

1

a4 (1 + x2)2

Where,

x2 =
ε2

a2
, a =

(2n+ 1)π

β

Then, ∫ }ωb

0

dε

[
1√

ε2k + ∆2
SDW

]
tanh

{
β
√
ε2k + ∆SDW )2

2

}

=

∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
SDWdε

2

β
2
∞∑
n=0

1

a4 (1 + x2)2

Let

L1 =

∫ }ωb

0

dε
tanh(

βε

2
)

ε

L2 = −
∫ }ωb

0

∆2
SDWdε

4

β

∞∑
n=0

1

a4 (1 + x2)2

The value of L1 and L2 can be obtained using the method that we have used previously

to solve equation I ( from page 49-51);Then we have

L1 = ln 1.13

(
~ωb
kBTC

)
(4.2.67)

L2 = −
(

∆SDW

πkBTC

)2
8.414

8
(4.2.68)

Therefore equation (4.2.66) becomes the sum of equation (4.2.67) and (4.2.68)i.e;∫ }ωb

0

dε

[
1√

ε2k + ∆2
SDW

]
tanh

{
β
√
ε2k + ∆SDW )2

2

}
= L1 + L2

= ln 1.13

(
~ωb
kBTC

)
−
(

∆SDW

πkBTC

)2
8.414

8
(4.2.69)

=⇒ The second integral of equation (4.2.65) becomes;

L3 = −
∫ }ωb

0

dε

[
∆SDW

∆S

√
ε2k + (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}
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Applying l’Hopital’s rule

L3 = −
∫ }ωb

0

lim
∆S−→0

{
d

d∆S

(
dε

[
∆SDW

∆S

√
ε2k + (∆S −∆SDW )2

tanh
β
√
ε2k + (∆S −∆SDW )2

2

])}

d

d∆S

(
tanh(

β
√
ε2k + (∆S −∆SDW )2

2
)

)

= Sech2

{
β
√
ε2k + (∆S −∆SDW )2

2

}{
β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}
And

d

d∆S

(
∆S

√
ε2k + (∆S −∆SDW )2

)
=
√
ε2k + (∆S −∆SDW )2−∆S

{
2β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}
Substituting the above derivatives in equation (L3)yields;

L3 =

∫ }ωb

0

lim
∆S−→0

dε∆SDW

Sech2

{
β
√
ε2k + (∆S −∆SDW )2

2

}{
β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}
√
ε2k + (∆S −∆SDW )2 + ∆S

{
2β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}


L3 =

∫ ~ωb

0

dε
∆2
SDWβSech

2β

2

√
ε2k + ∆2

SDW

2(ε2k + ∆2
SDW )

(4.2.70)

Therefore combining equations (4.2.69) and (4.2.70) gives;

L = ln 1.13

(
~ωb
kBT

)
−
(

∆SDW

πkBTC

)2
8.414

8
+

∫ ~ωb

0

dε

∆2
SDWβSech

2

(
β

2

√
ε2k + ∆2

SDW

)
2(ε2k + ∆2

SDW )

(4.2.71)

Using the relation=⇒ Sech2x = 1− tanh2x

L = ln 1.13

(
~ωb
kBTC

)
−∆2

SDW

(
1

πkBTC

)2
8.414

8
+

∫ ~ωb

0

dε
∆2
SDW

2kBTC(ε2k + ∆2
SDW )

−
∫ ~ωb

0

dε

∆2
SDW tanh

2

(
β

2

√
ε2k + ∆2

SDW

)
2kBTC(ε2k + ∆2

SDW )
(4.2.72)

From the integral of special functions and the help of FORTRAN language;∫ ~ωb

0

dε
∆2
SDW

2kBTC(ε2 + ∆2
SDW )

=
∆2
SDW

2kBTC
arctan(

~ωb
∆SDW

)
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=
∆SDW

4kBTC
ln

∣∣∣∣~ωb + ∆SDW

~ωb −∆SDW

∣∣∣∣ (4.2.73)

since,
2

λ
= I + L

Using equation(4.2.63) and (4.2 72) we have,

2

λ
= 2 ln 1.13

(
~ωb
kBTC

)
− 2∆2

SDW

(
1

πkBTC

)2
8.414

8
+ 2

∫ ~ωb

0

dε
∆2
SDW

2kBTC(ε2k + ∆2
SDW )

−2

∫ ~ωb

0

dε

∆2
SDW tanh

2

(
β

2

√
ε2k + ∆2

SDW

)
2kBTC(ε2k + ∆2

SDW )
(4.2.74)

Using equation (4.2.73),equation (4.2.74) can be written as;

1

λ
= ln 1.13

(
~ωb
kBT

)
+

∆SDW

4kBTC
ln

∣∣∣∣∆SDW + ~ωb
∆SDW − ~ωb

∣∣∣∣

−∆2
SDW

(
1

πkBTC

)2
8.414

8
−
∫ ~ωb

0

dε

∆2
SDW tanh

2

(
β

2

√
ε2k + ∆2

SDW

)
2kBTC(ε2k + ∆2

SDW )
(4.2.75)

Let

a =
1

4kBTC
ln

∣∣∣∣∆SDW + ~ωb
∆SDW − ~ωb

∣∣∣∣ m =

(
1

πkBTC

)2
8.414

8

n =

∫ ~ωb

0

dε

tanh2

(
β

2

√
ε2k + ∆2

SDW

)
2kBTC(ε2k + ∆2

SDW )

1

λ
= ln 1.13

(
~ωb

2kBT

)
+ a∆SDW −m∆2

SDW − n∆2
SDW (4.2.76)(

1

λ
+m∆2

SDW + n∆2
SDW − a∆SDW

)
= ln 1.13

(
~ωb

2kBTC

)
kBTC = 1.13~ωbexp−

(
1

λ
+m∆2

SDW + n∆2
SDW − a∆SDW

)

kBTC = 1.13~ωbe
−

1

λ
+m∆2

SDW +n∆2
SDW−a∆SDW


(4.2.77)
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4.2.2 For the spin density wave order parameter and tempera-

ture

From equation (4.2.52) we have;

〈〈Ck+Q↓, C
†
k↑〉〉 =

(∆S + ∆SDW )

2 [ω2 − ε2k − (∆S + ∆SDW )2]
+

(∆SDW −∆S)

2 [ω2 − ε2k − (∆S −∆SDW )2]

Where ∆S is the superconducting order parameter (analogues to the BCS order parame-

ter) and ∆SDW is the magnetic order parameter.

Using the relation for ∆SDW i.e;

∆SDW =
U

β

∑
k,n

〈〈Ck+Q↓, C
†
k↑〉〉

And the sum may be changed in to an integral by introducing the density of states,N(ε),

1

U

∑
k

−→ 1

(2π)3

∫
d3k =

∫ ∞
−EF

dεN(ε)

The summation with respect to k and n extends over all allowed pair states.Therefore;

∆SDW =
U

β

∑
k,n

∫ ∞
−εF

dεN(ε)

[
(∆S + ∆SDW )

2 [ω2
n − ε2k − (∆S + ∆SDW )2]

− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]

]
Attractive interaction is effective for the region −}ωb < ε < }ωb Assuming the density of

states doesn’t vary over this integral.Then the expression becomes;

∆SDW = 2N(ε)
u

β

∑
k,n

∫ }ωb

0

dε

[
(∆S + ∆SDW )

2 [ω2
n − ε2k − (∆S + ∆SDW )2]

− (∆S −∆SDW )

2 [ω2 − ε2k − (∆S −∆SDW )2]

]

Now changing ω −→ ωn,and using the Matsubara frequency; ωn =
(2n+ 1)π

β
,ω2
n=−(2n+ 1)2π2

β2

and the relation ;

tanh(
x

2
)

2x
=
∑
n

1

(2n+ 1)2π2 + x2

2∆SDW = 2N(0)Uβ
∑
n

∫ }ωb

0

dε

− (∆S + ∆SDW )
tanh(

βẼ1

2
)

2βẼ1

+ (∆S −∆SDW )
tanh(

βẼ2

2
)

2βẼ2


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Where,Ẽ2
1 = ε2k + (∆S + ∆SDW )2,and Ẽ2

2 = ε2k + (∆S −∆SDW )2

Let N(0)U = λ1 ;

2∆SDW

λ1

=
∑
n

∫ }ωb

0

dε

{[
−(∆S + ∆SDW )√
ε2k + (∆S + ∆SDW )2

]
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

}

+

∫ }ωb

0

dε

{[
∆S −∆SDW√

ε2k + (∆S −∆SDW )2

]
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

}
(4.2.78)

Let us study the above equation for the case T −→ TSDW

As T −→ TSDW ,∆SDW −→ 0

Using equation (4.2.78),

2∆SDW

λ1

=
∑
n

∫ }ωb

0

dε

{[
−(∆S + ∆SDW )√
ε2k + (∆S + ∆SDW )2

]
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

}

+

∫ }ωb

0

dε

{[
∆S −∆SDW√

ε2k + (∆S −∆SDW )2

]
tanh(

β
√
ε2k + (∆S −∆SDW )2

2
)

}

2

λ1

=

∫ }ωb

0

dε

 −
(

1 +
∆S

∆SDW

)
√
ε2k + (∆S + ∆SDW )2

 tanh(
β
√
ε2k + (∆S + ∆SDW )2

2
)

−
∫ }ωb

0

dε


(

1− ∆S

∆SDW

)
√
ε2k + (∆S −∆SDW )2

 tanh(
β
√
ε2k + (∆S −∆SDW )2

2
) (4.2.79)

Let,
2

λ
= I +R (4.2.80)

Where

I =

∫ }ωb

0

dε

 −
(

1 +
∆S

∆SDW

)
√
ε2k + (∆S + ∆SDW )2

tanh(
β
√
ε2k + (∆S + ∆SDW )2

2
)



R = −
∫ }ωb

0

dε


(

1− ∆S

∆SDW

)
√
ε2k + (∆S −∆SDW )2

tanh(
β
√
ε2k + (∆S −∆SDW )2

2
)


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LET US SOLVE FOR I

I = −
∫ }ωb

0

dε

[
1√

ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}

−
∫ }ωb

0

dε

[
∆S

∆SDW

√
ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}
(4.2.81)

Where

I = −
∫ }ωb

0

dε

[
1√

ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}

I3 = −
∫ }ωb

0

dε

[
∆S

∆SDW

√
ε2k + (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S∆SDW )2

2

}
At T = TSDW ,∆SDW = 0

Let us solve for I;

I = −
∫ }ωb

0

dε

[
1√

ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}

For ∆SDW = 0

I1 = −
∫ }ωb

0

dε

[
1√

ε2k + ∆2
S

]
tanh

{
β
√
ε2k + ∆S)2

2

}

= −
∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2k + ∆2

S

Since,Ẽ2 = ε2k+(∆S+∆SDW )2 and
tanh(

x

2
)

2x
=
∑

n

1

(2n+ 1)2π2 + x2
,where ωn =

(2n+ 1)π

β

Using Laplace’s transform and Matsubara frequency ,ωn =
(2n+ 1)π

β
,the above integral

becomes;

= −
(∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2

−
∫ }ωb

0

∆2
Sdε

2

β

∞∑
n=−∞

1

(ω2
n + ε2)2 + ....

)

= −
(∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
Sdε

2

β

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 + ...

)
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But the sum becomes;

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 = 2
∞∑
n=0

1{(
(2n+ 1)π

β

)2

+ ε2

}2

And from the expression;

2
∞∑
n=0

1

(a2 + ε2)2
= 2

∞∑
n=0

1

a4

(
1 +

ε2

a2

)2 = 2
∞∑
n=0

1

a4 (1 + x2)2

Where,

x2 =
ε2

a2
a =

(2n+ 1)π

β

Then,

−
∫ }ωb

0

dε

[
1√

ε2k + ∆2
S

]
tanh

{
β
√
ε2k + ∆S)2

2

}

= −
(∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
Sdε

2

β
2
∞∑
n=0

1

a4 (1 + x2)2

)
Let

I1 = −
∫ }ωb

0

dε
tanh(

βε

2
)

ε

I2 =

∫ }ωb

0

∆2
Sdε

4

β

∞∑
n=0

1

a4 (1 + x2)2

By Applying the method we have used previously we can obtain the value of I1 and I2.

Therefore;

I1 = − ln 1.13

(
~ωb

kBTSDW

)
(4.2.82)

I2 =

(
∆S

πkBTC

)2
8.414

8
(4.2.83)

Therefore combining equation (4.2.82) and (4.2.83)i.e;

−
∫ }ωb

0

dε

[
1√

ε2k + ∆2
S

]
tanh

{
β
√
ε2k + ∆S)2

2

}
= I1 + I2
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I = − ln 1.13

(
~ωb
kBT

)
+

(
∆S

πkBTC

)2
8.414

8
(4.2.84)

=⇒ The second integral of equation (4.2.81) becomes;

I3 = −
∫ }ωb

0

dε

[
∆S

∆SDW

√
ε2k + (∆S + ∆SDW )2

]
tanh

{
β
√
ε2k + (∆S + ∆SDW )2

2

}
Applying l’Hopital’s rule

I3 = −
∫ }ωb

0

lim
∆SDW−→0

{
d

d∆SDW

(
dε

[
∆S

∆SDW

√
ε2k + (∆S + ∆SDW )2

tanh
β
√
ε2k + (∆S + ∆SDW )2

2

])}

d

d∆SDW

(
tanh(

β
√
ε2k + (∆S + ∆SDW )2

2
)

)

= Sech2

{
β
√
ε2k + (∆S + ∆SDW )2

2

}{
β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}
And

d

d∆SDW

(
∆S

√
ε2k + (∆S + ∆SDW )2

)
=
√
ε2k + (∆S + ∆SDW )2+∆SDW

{
2β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}
Substituting the above derivatives in equation (I3)yields;

I3 = −
∫ }ωb

0

lim
∆SDW−→0

dε∆S

Sech2

{
β
√
ε2k + (∆S + ∆SDW )2

2

}{
β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}
√
ε2k + (∆S + ∆SDW )2 + ∆SDW

{
2β(∆S + ∆SDW )

2
√
ε2k + (∆S + ∆SDW )2

}


I3 = −
∫ ~ωb

0

dε
∆2
SβSech

2β

2

√
ε2k + ∆2

S

2(ε2k + ∆2
S)

(4.2.85)

Therefore combining equations (4.2.84)and (4.2.85) gives;

I = − ln 1.13

(
~ωb

kBTSDW

)
+

(
∆S

πkBTSDW

)2
8.414

8
−
∫ ~ωb

0

dε

∆2
SβSech

2

(
β

2

√
ε2k + ∆2

S

)
2(ε2k + ∆2

S)

(4.2.86)

Using the relation=⇒ Sech2x = 1− tanh2x

I = − ln 1.13

(
~ωb

2kBTSDW

)
+ ∆2

S

(
1

πkBTSDW

)2
8.414

8
−
∫ ~ωb

0

dε
∆2
S

2kBTSDW (ε2k + ∆2
S)
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+

∫ ~ωb

0

dε

∆2
Stanh

2

(
β

2

√
ε2k + ∆2

S

)
2kBTSDW (ε2k + ∆2

S)
(4.2.87)

From the integral of special functions and the help of FORTRAN language;∫ ~ωb

0

dε
∆2
S

2kBTSDW (ε2 + ∆2
S)

=
∆2
S

2kBTSDW
arctan(

~ωb
∆S

)

=
∆S

4kBTC
ln

∣∣∣∣~ωb + ∆S

~ωb −∆S

∣∣∣∣ (4.2.88)

Similarly,let us solve for R

R = −
∫ }ωb

0

dε


(

1− ∆S

∆SDW

)
√
ε2k + (∆S −∆SDW )2

tanh(
β
√
ε2k + (∆S −∆SDW )2

2
)


= −

∫ }ωb

0

dε

[
1√

ε2k − (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}

+

∫ }ωb

0

dε

[
∆S

∆SDW

√
ε2k + (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}
(4.2.89)

At T = TSDW ,∆SDW = 0

The first integral of equation (4.2.89) will be;

= −
∫ }ωb

0

dε

[
1√

ε2k + (∆S −∆SDW )2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}
For ∆SDW = 0

= −
∫ }ωb

0

dε

[
1√

ε2k + ∆2
S

]
tanh

{
β
√
ε2k + ∆S)2

2

}

= −
∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2k + ∆2

S

(4.2.90)

Since,Ẽ2
2 = ε2k+(∆S−∆SDW )2 and

tanh(
x

2
)

2x
=
∑

n

1

(2n+ 1)2π2 + x2
,where ωn =

(2n+ 1)π

β

Using Laplace’s transform and Matsubara frequency ,ωn =
(2n+ 1)π

β
,the above integral

becomes;

= −
(∫ }ωb

0

dε
2

β

∞∑
n=−∞

1

ω2
n + ε2

−
∫ }ωb

0

∆2
Sdε

2

β

∞∑
n=−∞

1

(ω2
n + ε2)2 + ...

)
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= −
(∫ }ωb

0

dε
tanh(

βε

2
)

ε
−
∫ }ωb

0

∆2
Sdε

2

β

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 + ...

)

But the sum becomes;

∞∑
n=−∞

1{(
(2n+ 1)π

β

)2

+ ε2

}2 = 2
∞∑
n=0

1{(
(2n+ 1)π

β

)2

+ ε2

}2

And from the expression;

2
∞∑
n=0

1

(a2 + ε2)2
= 2

∞∑
n=0

1

a4

(
1 +

ε2

a2

)2 = 2
∞∑
n=0

1

a4 (1 + x2)2

Where,

x2 =
ε2

a2
a =

(2n+ 1)π

β

Then,

−
∫ }ωb

0

dε

[
1√

ε2k + ∆2
S

]
tanh

{
β
√
ε2k + ∆S)2

2

}

= −
∫ }ωb

0

dε
tanh(

βε

2
)

ε
+

∫ }ωb

0

∆2
Sdε

2

β
2
∞∑
n=0

1

a4 (1 + x2)2

Let

R1 = −
∫ }ωb

0

dε
tanh(

βε

2
)

ε

R2 =

∫ }ωb

0

∆2
Sdε

4

β

∞∑
n=0

1

a4 (1 + x2)2

Applying similar method as we have done previously;

R1 = − ln 1.13

(
~ωb

kBTSDW

)
(4.2.91)

R2 =

(
∆S

πkBTC

)2
8.414

8
(4.2.92)
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Therefore equation (4.2.90) becomes the sum of equations (4.2.91) and (4.2.92)i.e;

−
∫ }ωb

0

dε

[
1√

ε2k + ∆2
S

]
tanh

{
β
√
ε2k + ∆S)2

2

}
= R1 +R2

= − ln 1.13

(
~ωb
kBT

)
+

(
∆S

πkBTC

)2
8.414

8
(4.2.93)

=⇒ The second integral of equation (4.2.89) becomes;

R3 =

∫ }ωb

0

dε

[
∆S

∆SDW

√
ε2k + (∆S −∆S)2

]
tanh

{
β
√
ε2k + (∆S −∆SDW )2

2

}
Applying l’Hopital’s rule

R3 =

∫ }ωb

0

lim
∆SDW−→0

{
d

d∆SDW

(
dε

[
∆S

∆SDW

√
ε2k + (∆S −∆SDW )2

tanh
β
√
ε2k + (∆S −∆SDW )2

2

])}

d

d∆SDW

(
tanh(

β
√
ε2k + (∆S −∆SDW )2

2
)

)

= Sech2

{
β
√
ε2k + (∆S −∆SDW )2

2

}{
−β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}
And

d

d∆SDW

(
∆SDW

√
ε2k + (∆S −∆SDW )2

)
=
√
ε2k + (∆S −∆SDW )2 −∆SDW

{
−2β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}
Rearranging yields;

R3 =

∫ }ωb

0

lim
∆SDW−→0

dε∆S

Sech2

{
β
√
ε2k + (∆S −∆SDW )2

2

}{
−β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}
√
ε2k + (∆S −∆SDW )2 + ∆SDW

{
−2β(∆S −∆SDW )

2
√
ε2k + (∆S −∆SDW )2

}


R3 = −
∫ ~ωb

0

dε
∆2
SβSech

2β

2

√
ε2k + ∆2

S

2(ε2k + ∆2
S)

(4.2.94)

Therefore combining the result of the first and the second integral (4.2.93) and (4.2.94)

respectively)gives;

R = − ln 1.13

(
~ωb

2kBT

)
+

(
∆S

πkBTC

)2
8.414

8
−
∫ ~ωb

0

dε

∆2
SβSech

2

(
β

2

√
ε2k + ∆2

S

)
2(ε2k + ∆2

S)
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Using the relation=⇒ Sech2x = 1− tanh2x

R = − ln 1.13

(
~ωb

2kBTSDW

)
+ ∆2

S

(
1

πkBTSDW

)2
8.414

8
−
∫ ~ωb

0

dε
∆2
S

2kBTC(ε2k + ∆2
S)

+

∫ ~ωb

0

dε

∆2
Stanh

2

(
β

2

√
ε2k + ∆2

S

)
2kBTSDW (ε2k + ∆2

S)
(4.2.95)

From the integral of special functions and the help of FORTRAN language;∫ ~ωb

0

dε
∆2
S

2kBTSDW (ε2 + ∆2
S)

=
∆2
S

2kBTSDW
arctan(

~ωb
∆S

)

=
∆S

4kBTSDW
ln

∣∣∣∣~ωb + ∆S

~ωb −∆S

∣∣∣∣ (4.2.96)

since,
2

λ1

= I +R

Using equations 4.2.87 and 4.2.95, we have;

− 2

λ1

= 2 ln 1.13

(
~ωb

2kBTSDW

)
− 2∆2

S

(
1

πkBTSDW

)2
8.414

8
+ 2

∫ ~ωb

0

dε
∆2
S
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Generally;
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Let;

X =
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− 1

λ1

+ ∆2
SZ + ∆2

SY −∆SX = ln 1.13

(
~ωb

kBTSDW

)

kBTSDW = 1.13~ωbe

(
1

λ1

−∆2
SZ−∆2

SY+∆SX

)
(4.2.98)

4.2.3 For pure superconducting state

For pure superconducting system (∆SDW = 0 or magnetic effect is zero),We can ignore

the ∆SDW term from equation(4.2.53), we get,

∆S

λ
=

∫ ∞
0

∆Stanh(
β
√
ε2k + ∆2

S

2
)√

ε2k + ∆2
S

dεk (4.2.99)

To obtain temperature dependent of energy gap of equation(4.2.99).we used the same

technique to solve the first equation ,

1

λ
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2
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1

2 (4.2.100)
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4.2.4 For pure SDW State

For pure SDW system (∆S = 0) we can ignore the ∆S term from equation (4.2.78).we

get;

2∆SDW

λ1

= −2

∫ ∞
0

∆SDW tanh(
β
√
ε2k + ∆2

SDW

2
)√
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dεk (4.2.101)
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dεk

For the case,T −→ TSDW ,∆SDW −→ 0
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Integrating as we have done previously gives,
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= ln(1.13
~ωb
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Then,

kBTSDW = 1.13~ωbe
1

λ1

TSDW = 1.13θDe

1

λ1 (4.2.102)

Where θD =
~ωb
kB



Chapter 5

Results and Discussions

The interplay between the Sc and SDW state is mainly studied by self consistently solving

the gap equations with fixed set of parameters. Two distinct set of results are obtained.

i) The superconducting transition temperatures (TC) as a function of magnetic order

parameter (∆SDW ) and ii) The magnetic ordering temperature (TSDW ) as a function of

superconducting order parameter (∆S). Furthermore,in computing the self self consistent

solutions of equations for the cases ∆S = 0 and ∆SDW = 0,pure SC and pure SDW states

are also obtained.

The magnetically ordered state of some materials vanish abruptly with the appear-

ance of superconductivity,in others superconductivity emerges precisely as the magnetic

order is destroyed,and still others exhibit coexistence between the magnetically ordered

and superconducting states.This issue of phase coexistence in doped,LaFeAsO1−xFx,

Ba(Fe1−xCox)2As2 and Fe1.03Te1−xSex has been most carefully examined in this paper.

The transition temperatures TC and TSDW has been calculated numerically as a function

of order parameters using equations (4.2.78) and (4.2.98) respectively, assuming constant

density of states around Fermi level with cut off energies ~ωb.Taking ~ωb= 0.0862ev.

To map out the phase boundary between the SDW and SC phases, we first cal-

culate TC(∆SDW ) which is determined using equation (4.2.77).We consider the cases

λS=0.2 ,0.26, and 0.28 for doped compounds , LaFeAsO1−xFx,Ba(Fe1−xCox)2As2 and

Fe1.03Te1−xSex respectively and corresponding TC(∆SDW ) are shown in fig.(5.3).
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Figure 5.1: A graph of energy gap (∆) Vs Temperature(T) for doped LaFeAsO1−xFx(Blue
color),Ba(Fe1−xCox)2As2 ( Red color) and Fe1.03Te1−xSex( Yellow color)

TSDW (∆S) is also calculated numerically using equation (4.2.98) considering λM =

0.47, 0.48 and 0.35 for doped compounds , LaFeAsO1−xFx,Ba(Fe1−xCox)2As2 and

Fe1.03Te1−xSex respectively and corresponding TC(∆SDW ) are shown in fig.(5.4).The com-

putation of TC(∆SDW ) and TSDW (∆S) yields that; Both temperatures decreases with the

increase of the order parameters.

Now we will discuss the results of our model calculations. The expression we get for

pure superconductors (equation 4.2.134) are similar with BCS expression and it is clear

that the energy gap (∆) which is the measure of pairing energy, decreases with increasing

temperatures (T) until it vanishes at transition temperature (TC) as shown in fig (5.1).



71

Figure 5.2: A graph of magnetic ordering temperature ( TSDW ) Vs magnetic order pa-
rameter (∆SDW ) for doped LaFeAsO1−xFx(Blue color),Ba(Fe1−xCox)2As2 ( Red color)
and Fe1.03Te1−xSex( Yellow color)

In figure 5.2,TSDW Vs ∆SDW is plotted for LaFeAsO1−xFx,Ba(Fe1−xCox)2As2 and

Fe1.03Te1−xSex.It is clear from fig.5.2 that the magnetic ordering temperature TSDW

increases with ∆SDW .Although increase in TSDW for small values of∆SDW is small but

increase is rapid for higher values of ∆SDW .In any case our results shows enhancement of

TSDW with magnetic order parameter (∆SDW ) .

Figure 5.3 below shows variation of transition temperature TC with ∆SDW .Although

the transition temperatures of the three doped compounds are different,it is clear from

fig.5.3 that transition temperatures decreases with the increase of the magnetic order

parameter(∆SDW ). Therefore the figure demonstrates the influence of the SDW order

parameter (∆SDW ) on the SC transition temperatures(TC).

Comparing the figure 5.2 and 5.3 we find that the magnetic order parameter suppresses

the superconducting transition temperatures and it enhances the magnetic ordering tem-

peratures.
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Figure 5.3: A graph of superconducting transition temperature (TC) Vs magnetic or-
der parameter (∆SDW ) for doped LaFeAsO1−xFx(Blue color),Ba(Fe1−xCox)2As2 ( Red
color) and Fe1.03Te1−xSex( Yellow color)

Figure 5.4: A graph of magnetic ordering temperature (TSDW ) Vs superconducting order
parameter (∆S) for doped LaFeAsO1−xFx(Blue color),Ba(Fe1−xCox)2As2 ( Red color)
and Fe1.03Te1−xSex( Yellow color)
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Figure 5.5: The phase diagram of the SDW and SC for doped Ba(Fe1−xCox)2As2

Figure 5.4, Also shows the graph of magnetic ordering temperature (TSDW ) Vs the

superconducting order parameter (∆S). Although the compounds have different values of

TSDW , the magnetic ordering temperature (TSDW ) of all doped compounds decreases with

the increase of the superconducting order parameters(∆S) as shown in fig 5.4. Generally

fig 5.4 shows the superconducting order parameters(∆S) suppresses the magnetic ordering

temperatures (TSDW ).

In fig 5.5 we have plotted the superconducting transition temperatures (TC) and mag-

netic ordering temperatures (TSDW ) evaluated at TC =26 k and TSDW=140 k Vs magnetic

order parameters (∆SDW ) for doped LaFeAsO1−xFx.Clearly the figure demonstrates the

strong competition between the SC and SDW phases emphasizing the coexistence of SDW

and superconductivity at low magnetic order parameter. More precisely an extended re-

gion of phase coexistence with 0.002≤ ∆SDW ≤0.009 with the maximum transition tem-

perature inside this region of ∼9 k is observed. When the magnetic order parameter is

further increased we obtained pure SDW phase for 0.009≤ ∆SDW ≤ 0.021.

In fig 5.6 also we have plotted the superconducting transition temperatures (TC) and
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Figure 5.6: The phase diagram of the SDW and SC for doped LaFeAsO1−xFx

magnetic ordering temperatures (TSDW ) evaluated at TC =24 k and TSDW=138 k Vs mag-

netic order parameters (∆SDW ) for doped Ba(Fe1−xCox)2As2.Here we find that, the co-

existence of the SDW and SC phases at low magnetic order parameters for TC < TSDW .In

fact the SC phase is dominant in the low magnetic order parameter region where as SDW

phase is observed at large magnetic order parameter values. More precisely, the graph

shows the coexistence of the SDW and SC phases in the region of 0.004≤ ∆SDW ≤0.010

and the maximum TC of 8 k is seen for ∆SDW ∼0.0085 in this region. As a result in the

region 0.010≤ ∆SDW ≤0.020 we have observed a pure SDW phase. This result nicely

corresponds to the doped 122 compounds.

In fig 5.7 we have presented the phase diagram of the SDW and SC phases for doped

Fe1.03Te1−xSex.Clearly the figure demonstrates the SDW and SC phases coexist micro-

scopically in the region 0.0022≤ ∆SDW ≤0.0044.Also the superconducting transition tem-

peratures TC is very small∼0.5 k in this region. When ∆SDW >0.0044 superconductivity

disappears and we obtain a pure SDW phase. As shown from fig.5.7 the region of coexis-

tence is small as compared to other doped compounds.The phase coexistence of the SDW

and SC phases in forropnictides have been reported in many papers.This fact is evidenct

from our results, which clearly shows, superconductivity is destroyed by increasing the
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Figure 5.7: The phase diagram of the SDW and SC for doped Fe1.03Te1−xSex

magnetic order parameter(∆SDW ), which is in agreement with ref. [112].

In conclusion we can say that our theoretical model provides a microscopic ground

work towards explaining the interplay of superconductivity and SDW in Fe based super-

conductors.

It is a very well known fact that the first evidence of interplay between the SDW and

SC in the Fe pnictide superconductors was the presence of magnetism in the concentration

dependent phase diagram. This fact is also evident from our results, which clearly shows,

the presence of magnetism in the magnetic order parameter (∆SDW ) dependent phase

diagram.

Considering the case of interplay between SDW and SC we therefore find that the

magnetic order parameter suppresses the superconducting transition temperature and as

a result both the SDW and SC phases coexist at low magnetic order parameter for TC <

TSDW and separate for TC > TSDW .



Chapter 6

Conclusion

In this paper, we examine the interplay between the Spin density wave and superconduc-

tivity in Fe pnictide superconductors. We have obtained the self consistent gap equations,

and the expressions for the transition temperatures and order parameters with the com-

bination of Green function technique. By calculating the temperatures as a function

of order parameters, we have presented possible cases of phase coexistence /separation

among the SDW and superconducting phases.

In our study the issue of interplay between SDW and superconducting state Such as

been most carefully examine in doped LaFeAsO1−xFx,Ba(Fe1−xCox)2As2 and Fe1.03Te1−xSex

and they exhibits coexistence between the magnetically ordered and the superconducting

states which is similar with most experimental measurements.

The phase coexistence of SDW and Sc for TC < TSDW in LaFeAsO1−xFx,Ba(Fe1−xCox)2As2

and Fe1.03Te1−xSex was shown in fig. 5.5, 5.6 and 5.7 respectively. In doing so, we em-

ployed a systematic way of determining the phase separation/coexistence between SDW

and SC orders. We found that if TC is larger than TSDW then, the two orders phase

separate, but coexist for TC < TSDW .

The phase diagram in the TC - ∆SDW and TSDW - ∆SDW plane, the ∆SDW de-

pendence of the superconducting transition temperature(TC) and the magnetic order-

ing temperature (TSDW ) were shown, Here we found that the superconducting transition
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temperature(TC) decrease with the increase of order parameter (∆SDW ),while the mag-

netic order temperature (TSDW )increases with increasing magnetic order parameter.

Further more when the magnetic ordering parameters is further increased we observe

that the superconducting transition temperature decreases sufficiently rapidly from its

maximum value.

In general,our results clearly shows the fact that,superconductivity is destroyed by

increasing the magnetic order parameter (∆SDW ).On the other hand,the suppression of

magnetic order parameter(∆SDW ) is important for the emergence of superconductivity

and for enhancing the superconducting transition temperature(TC).

Therefore the present paper presents as extensive study of a very strong interplay and

coexistence between the SDW and superconductivity. We would like to further point out

that,there are some differences in the magnetic order dependent phase diagrams of various

Fe- based superconductors,inspection of phase diagrams for pnictide family shows that

there are some common features.

All compounds exhibit a magnetically ordered state,which suppresses the the super-

conducting states.Therefore this shows an evidence for the interplay between SDW and

Superconductivity in Fe pnictide superconductors.

Finally,we remark that the shape of the electron Fermi surfaces take quite different

forms for different class of the pnictides,the effect of the FS shapes on the phase coexistence

was studied in ref.[116].Also the effect of magnetism on the phase separation/coexistence

will be interesting.We are currently applying the present method to understand how the

phase coexistence/separation phenomenon depends on magnetic ordering state.
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