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Abstract

This paper is highly dependent on the work of Ruyun Ma and it stabilizes
some conditions for the existence of positive solutions to the boundary value
problem

u" +a(t)f(u) =0, te(0,1)

u(0) =0, au(n) = u(l),

where 0 < n < land 0 < a < % We show the existence of at least one

positive solution if f is either superlinear or sublinear by applying the fixed
point theorem in cones.
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Notations

The set of all real numbers.

The set of all complex numbers.

Euclidean norm of z = (z1,29,....,2,) € R ie |z
(3o =),

The set of continuous function on [0, 1].

The set of continuous function f : [0,00) — [0,00), whenever f
the function of w.

The set of continuous function «a : [0, 1] — [0,00), whenever a
the function of ¢.

The boundary of €2

Closure of the set (2

i

18

is



Chapter 1

Introduction

We recall that explicit ODE of n'* order can be given by
u™ + f(z,u,..,u" V) =0.

Here u is the unknown function.

1.1 Boundary value problem
In a boundary value problem for an n* order differential equation
u™ + f(z,u,..,u" V) =0;

the n additional conditions that (we expect to) define a solution uniquely are
not prescribed at a single point a, as in the case of the initial value problem,
but at two points a and b that are the end points of the interval a < xz < b
where the solution is considered. Boundary value problems for (real) linear
second order equations

u" +ar () + ag(x)u = g(x) for a<xz<b (1.1)

are particularly important because of numerous applications in science and
technology.



1.2 Boundary conditions

The three most common types of boundary conditions for (1.1) are the
boundary conditions of the

first kind : u(a) = n, u(b) = n,
second kind : w'(a) = n, u'(b) = g,
third kind : au(a) + agu/(a) = ny, Bru(b) + o' (b) = 1o

Obviously, the first two conditions are special cases of the third, which is
also called a Sturmian boundary condition. There are also other boundary
conditions such as

u(a) — u(d) = m, u(a) — d®) = 0.

When 1y = 1, = 0, these are called periodic boundary conditions for the
following reason: If the coefficients are continuous, periodic functions with
period I = b—a and if u(z) is a solution to (1.1), then v(x) := wu(x+I) is also
a solution of the differential equation. If u satisfies the periodic boundary
conditions described above, then v(a) = wu(a) and v'(a) = u'(a). This
implies © = v by the uniqueness theorem for the initial value problem. In
other words, u is a periodic function with period .

1.3 Nonexistence and Non uniqueness

In contrast to the initial value problem, where general existence and unique-
ness theorems are available, cases of non uniqueness or nonexistence arise
in very simple boundary value problems. Consider the simplest example:
u” = 0. The solutions are linear functions u(z) = a + bzx. A boundary
value problem of first kind is always uniquely solvable, while one of the second

kind has no solution if 7; # 7y and infinitely many solutions if n; = ns.



The paper is divided in five chapters including this introduction.The rest of
the paper is organized as follows. The second chapter is about three point
boundary value problem and the main theorem is stated in this chapter. Def-
initions, some important concepts like the Fixed point theorem are discussed
in chapter three. In chapter four , we provide some property of solutions and
various lemmas, which play key roles in this paper. The proof of the main
theorem and application example will be given in chapter five. And in the
last part we get reference materials that I have used to write the paper.



Chapter 2

Three Point Boundary Value
Problems

In this paper, we consider the existence of positive solutions to the equation
u' +a(t)f(u) =0, te(0,1) (2.1)

with the boundary condition
u(0) =0, au(n) =u(l) (2.2)

where 0 < 1 < 1. Our purpose here is to give some existence results for
positive solutions to (2.1)-(2.2), assuming that an < 1 and f is either super-
linear or sublinear. Our proof is based up on the Krasnoselskii’s Fixed Point
Theorem in a cone. From now on, we adopt assumptions,

(Asl) the function f is a continuous function of w,

(As2) a:[0,1] — [0,00) is continuous and there exists zo € [, 1] such that
a(xg) > 0.

Set fo = lim,_ o+ @, foo = limu_mo@. Then fy = 0 and f, = o©

corresponds to the superlinear case, and fy = oo and f,, = 0 correspond to
the sublinear case.



2.1 Asymptotic Order of Nonlinear Term
Given the second order nonlinear ODE
u+alt)f(u)=0;, 0 <t < 1,
we say that the nonlinear term, a(t)f(u) is
flw)

= 0 and/or lim,_ =~ = oo.

f(w)

u

i, superlinear, if lim,_,o+

fw _ (w)

i, sublinear, if lim, o+ =;> = oo and/or lim, s fT = 0.

Evidently, if the nonlinearity term is superlinear then f(u) outpaces(dominates)
the linear function g(u) = u, whereas in case of sublinearity it decays(grows
slower) than g(u) = u. And hence, one can interpret the limits

lim M:fo and lim szoo
u—0t U u—oo U

as a measure of the growth of the function f(u) in view of the growth of
g(u) = u.
Let f, ¢ : U — Y be two functions. Suppose that g(u) # 0, for all u € U

and lim,,_,~ % = foo-

Case 1: g grows faster than f
= g outpaces f
= limy, e 54 =0
i.e. g has greater asymptotic order than f.

Case 2: f grows faster than g
i.e. f has greater asymptotic order than g.

Case 3: f and g have the same growth rate.
= lim,.e % is finite and nonzero
ie) < fio < oo.In this case, we say that f and g have the same
asymptotic order.

2.2 Local Asymptotic Order

Here in this subsection, we consider asymptotic relation between functions
in a neighbourhood of a given point o, € U.
Let f, g : U CR — R be given xg € U be fixed.



If there exist k& > O(constant) and neighbourhood B(zy) of z such that
x € B(xo) NU implies |f(z)] < k|g(z)| then, we say that f and g have the
same asymptotic order as x — xg.

Notation: f(x) € O(g(z)) (as = — x0)

Define a relation ~ on O(g(z)) as follows:

Claim! 7 ~

[~ hiff f—h o€ O(y(x)) (as x— xo)

2

is an equivalence relation in O(g(z)).

Justification:

L

i,

il

since f —f = 0

we have |f(z) — f(z)|=0 < |g(x)| for all x €U
thus,x € B(xog) NU = |f(z) — f(z)| < |g(2)]

= f—f € O(g(x)) (as x — xg)

= 7 ~7 is reflexive.

Let f,h € O(g(z)) (as © — xy) such that f~h
= there exist k>0 and B(xy) such that

z € Blxo) NU = [f(x) — h(z)| < klg(z)|

= [h(x) = f(2)] < klg(z)|

=h ~ f

7 7

~ 7 is symmetric.

Let fi1, fa, f3 € O(g(x)) (as x — xp) such that fi ~ fo and fo ~ f3
= there exist k1, ky > 0 and Bj(zg), Ba(zo) such that

x € Bi(xo) NU = [f1(z) — fo(x)] < kifg(x)| and

x € By(wo) NU = [fa(x) — f3(x)| < holg(z)]

Thus, for B(xg) = Bi(x9) N Ba(xg) and k = ky + ko,

z € B(zo) NU = [fi(z) — f3(z)] |fi(z) = fo(z)| + [ fa(z) — f3(2)]
kilg(z)| + kalg(z)]
(k1 + k2)|g ()]

= klg(x)|

IAINA

=fi ~ f3
” 7

~ 7 18 transitive.

Consequently, 7 ~ 7 is an equivalence relation.



2.3 Positive Solution

By the positive solution of (2.1)-(2.2) we understand a function u(¢) which
is positive on 0 < ¢ < 1 and satisfies the differential equation (2.1) and the
boundary conditions (2.2). The main point of this paper is to prove the
following theorem , which is the main theorem for this paper.

Theorem 2.1. Assume (Asy) and (Asz)hold. Then the problem (2.1) —(2.2)
has at least one positive solution in the case

i, fo=0 and fo = oo(superlinear) or

i, fo=00 and fs = 0(sublinear)



Chapter 3

Krasnoselskii’s Fixed Point and
related theorems

3.1 Definitions

Definition 3.1.1. Boundary condition is the set of conditions specified for
the behavior of the solution to a set of differential equations at the bound-
ary of its domain. Boundary conditions are important in determining the
mathematical solutions to many physical problems.

Definition 3.1.2. A Banach space is a vector space x over the field R of
real numbers, or over the field C of complex numbers, which is equipped with
a norm and which is complete with respect to that norm, that is to say, for
every cauchy sequence {x,}2, in X their exists an element z in X such
that lim,, o ©,, = x, i.e. lim, o || z, — 2 ||= 0 simply a Banach space is a
complete normed vector space.

Definition 3.1.3. An operator is called completely continuous if it is con-
tinuous and maps bounded sets in to precompact sets.

Definition 3.1.4. Let f(z) be a differentiable function on an interval I. As-
sume that f’(x) is also differentiable on I.

i, f(z) is concave up on I if and only if f"(x) >0 on I
ii, f(x) is concave down on I if and only if f"(x) <0 on I

Definition 3.1.5. A function f defined on some set X with real or complex
values is called bounded, if the set of its values is bounded. In other words,
there exists a real number M such that | f(z) |< M, for all x in X.



Definition 3.1.6. Let S be a set.

Let (X, || . ||) be a normed vector space.

Let B be the set of bounded mappings S — X. This is a vector space.
For f € B the supremum norm (sup norm) of f on S is

I llee = sup {|l f(z) |- = €S}

Definition 3.1.7. Let E be a real Banach space. A non empty closed convex
set KC FE s called cone of E if it satisfies the following conditions;

1, v € K, A\ >0 implies \x € K;

1, v € K, -xr € K implies x=0.

3.2 Krasnoselskii’s Fixed Point and related

theorems

Theorem 3.1. [/, 9] (Krasnoselskii’s Fized Point Theorem ).

Let E be a Banach space, and let K C E be a cone. Assume €1,y are open
subsets of E with 0 € Q4,1 C €y, and let

A: KN\ Q) = K

be completely continuous operator such that

o JAu || <[|u|, ue KNo, and || Au || >||u ||, uwe KNy, or
i, |Au || >[|u]|, wve KNo, and || Au || <[ u |, ue KNOIQs.
Then A has a fived point in K N(Qy \ Q).

Theorem 3.2. (Ascoli-Arzela Theorem)
If a sequence {f,}>2, in C(z) is bounded and equicontinuous then it has a
uniformly convergent subsequence.

In this statement

i, "F C C(z) is bounded” means that there exists a positive constant
M < oo such that | f(z) |[< M for each x € X and each f € F, and

ii, 7F C C(z) is equicontinuous” means that for every € > 0 there exists
d > 0(which depends only on €) such that for z,y € X,

d(z,y) < implies | f(x)—f(y) |[< e for allf € F,where d is the metric on X.

Proof. We have three steps to prove the Ascoli-Arzela Theorem.
Step I. We show that the compact metric space X is separable, i.e., has a
countable dense subset S.



Given a positive integer n and a point x € X. Let

1 1

B(r, n) ={ye X: dz,y) < n}
the open ball of radius %, centered at x. For a given n, the collection of
all these balls as x runs through X is an open cover of x, so (because X is
compact) there is a finite sub collection that also covers X.
Let S,, denote the collection of centers of the balls in this finite sub collection.
Thus .5, is a finite subset of X that is ”% -dense” in the sense that every point
of X lies within Tll of a point of S,,. We know that the union S of all the sets
S, is countable, and dense in X.
Step II. We find a subsequence of {f,,} that converges pointwise on S. This
is a standard diagonal argument. Let’s list the (countably many) elements
of S as {z1,22,...}. Then the numerical sequence {sf,(z1)}>°, is bounded,
so by Bolzano-Weierstrass it has a convergent subsequence, which we will
write using double subscripts: {fi,(z1)}5>;. Now the numerical sequence
{fin(z2)}52, is bounded, so it has a convergent subsequence {fo,(x2)}52 .
Note that the sequence of functions fs, -, since it is a subsequence of
{fin}s,, converges at both xjandz,. Proceeding in this fashion we obtain
a countable collection of subsequences of our original sequence:

fin fig fis

fo1 fo2 fo3
fs1 fza fas

where the sequence in the n-th row converges at the points x1,...,z, , and
each row is a subsequence of the one above it. Thus the diagonal sequence
{fnn} is a subsequence of the original sequence { f,,} that converges at each
point of S.

Step III. Completion of the proof. Let {g,} be the diagonal subsequence
produced in the previous step, convergent at each point of the dense set
S. Let € > 0 be given, and choose § > 0 by equicontinuity of the original
sequence, so that d(x,y)< ¢ implies | g,(z) — gn(y) [< § for each z,y € X
and each positive integer n. Fix M > % so that the finite subset Sy, C S that

10



we produced in Step I is d-dense in X. Since {g,,} converges at each point of
S, there exists N > 0 such that

nym > N aimplies | gu(s) — gm(s) |< % forall s € Sy. (3.1)
Fix x € X. Then x lies within ¢ of some s € Sy, so if nm > M:

| 9n(2) = gm(2) [ <1 gn(@) = gn(s) | + [ 9n(5) = gm(s) | + [ gm(s) = gm(2) |

The first and last terms on the right are < £ by our choice of  (which was
possible because of the equicontinuity of the original sequence), and the same
estimate holds for the middle term by our choice of N in (2.1). In summary:
given € > 0 we have produced N so that for each x € X,

m,n > N implies | g,(z) — gn(z)| < §+§+§:€,

Thus on X the subsequence {g,} of {f,} is uniformly Cauchy, and there-
fore uniformly convergent. This completes the proof of the Arzela-Ascoli
Theorem. ]

Theorem 3.3. (First mean value theorem for integration)

If G: [a,b] — R is a continuous function and ¢ is an integrable function that
does not change sign on the interval (a,b), then there exists a number  in
(a,b) such that

b b
/ GH)p(t)dt = G(x) / o(t)dt. (3.2)

In particular, if ¢(¢) = 1 for all t in [a,b], then there exists x in (a,b) such
that

/ b G(t)dt = G(z)(b— a). (3.3)

More commonly written as:

, ! - / ' Gyt = G() (3.4)

The value G(x) is called the mean value of G(t) on [a,b].

Proof. With out loss of generality assume the one-signed function ¢(t) > 0
for all t(the negative case just changes direction of some inequalities). It
follows from the extreme value theorem that the continuous function G has
a finite infimum m and a finite supremum M on the interval [a,b].

11



From the monotonicity of the integral and the fact that m < G(t) < M, it
follows from the non-negativity of ¢(t) that

mh:/meﬂﬁfa/ZXﬂw@Mtg/MMM@Mt:NM

L:L%@ﬁ

denotes the integral of ¢(t). Hence, if I = 0, then the claimed equality
holds for every x in [a,b]. Therefore, we may assume I > 0 in the following.
Dividing through by I we have that

where

mg%A%WM@ﬁSM

The extreme value theorem tells us more than just that the infimum and
supremum of G on [a,b] are finite; it tells us that both are actually attained.
Thus we can apply the intermediate value theorem, and conclude that the
continuous function G attains every value of the interval [mM], in particular
there exists x in [a,b] such that

this completes the proof. O]

12



Chapter 4

Property of Solutions

4.1 Uniqueness
Lemma 4.1. Let an # 1 then for y € C|0, 1], the problem
u" +y(t)=0, te(0,1) (4.1)

u(0) =0, au(n) =u(l) (4.2)

has a unique solution

ut) == [ - [ a-oueas

Proof. Since we have u” 4+ y(t) = 0, rewriting this differential equation as

u” = —y(t), and integrating twice by using Theorem 3.3 , we obtain

u(t) = — /Ot(t — s)y(s)ds + At,
where . )
Al —an) = —a/o (n — s)y(s)ds + /0 (1 —s)y(s)ds.
Then,

ult) = — /0 (t — s)y(s)ds + t(—a /0 ! (gn__;g)y(s)ds%— /0 (gl__jg)y(s)ds)

[ oo+ = [ = ooy

[]

at

1—an

=~ [=sptspas -

1—oan

13



Lemma 4.2. Let 0 < % < 1. Ify € C[0,1] and y > 0, then the unique
solution u of the problem (4.1)-(4.2) satisfies

u>0, tel0,1].

Proof. From the fact that u”(z) = —y(x) < 0, we know that the graph of
u(t) is concave down on (0, 1) (by definition 3.1.4). So, if u(1) > 0, then the
concavity of u and the boundary condition «(0) = 0 imply that u > 0 for
t €10,1].

If u(1) < 0, then we have that

and

This contradicts the concavity of u.
This completes the proof. n

4.2 Existence of positive solutions

Lemma 4.3. Let an > 1. Ify € C[0,1] and y(t) > 0 fort € (0,1), then
(4.1)-(4.2) has no positive solution.

Proof. Assume that (4.1)-(4.2) has a positive solution u. If (1) > 0, then
u(n) > 0 and

1
u(l) _ auln) _ uln) (4.5)
1 1 n
this contradicts the concavity of u. If u(1) = 0 and wu(r) > 0 for some

7€ (0,1), then

u(n) =u(l) =0,7#17 (4.6)
If 7 € (0,n), then u(7) > u(n) = u(1), which contradicts the concavity of w.
If 7 € (n,1), then u(0) = u(n) < u(r) which contradicts the concavity of u
again. [

In the rest of the paper, we assume that an < 1. Moreover, we will work in
the Banach space C[0,1], and only the sup norm is used.

Lemma 4.4. Let 0 < %} < 1. Ify € C[0,1] and y > 0, then the unique
solution u of the problem (4.1)-(4.2) satisfies

inf t) >

i ult) 2 ]

where v = min{am, 21 py.

l1—an

14



Proof. We divide the proof into two steps.
Step 1. We deal with the case 0 < a < 1. In this case, by Lemma 4.2, we
know that

u(n) = u(l) (4.7)
Set
u(t) = [|ul (4.8)
If ¢t <n <1, then
min u(t) = u(l) (4.9)
ten,1]
and
1) —
ulf) < u(t) + “H =20 -y
_ 1
= u(1)[1 — —=
u(vft - 2]
1—an
= u(l
Waa—
O
This together with (4.9) implies that
. a(l —n)
> — 4.1
win o) = 2 ul (4.10)
If n <t <1, then
min u(t) = u(l) (4.11)
ten,1]
From the concavity of u, we know that
ulm) o, w#) (4.12)
Ui t

This is
min u(t) > anlu|. (4.13)

Step 2. We deal with the case 1 < a < 71] In this case, we have

u(n) < u(l) (4.14)

15



Set
u(t) = |lull (4.15)

then we can choose t such that

n<t<1 (4.16)

(we note that if ¢ € [0,1]\ [, 1], then the point (1, u(n)) is below the straight
line determined by (1,u(1)) and (¢, u(t) This contradicts the concavity of u.
From (4.14) and the concavity of u, we know that

min u(t) = u(n) (4.17)

ten,1]

Using the concavity of v and Lemma 4.2, we have that

um) 5 ) (4.18)
n t
This implies
min u(t) > n||ul. (4.19)
t€[n,1]

This completes the proof.
Corollary 4.1. Assume(As1) and (As2) hold. If A is given by

Ay(t) = — /0 (t—s)a(s)f(y(s))ds — : —atom /On(n — s)a(s) f(y(s))ds
= [ 1=l s o)

and let a cone K in C[0,1] be

K :={y/y e C[0,1], y >0, min y(t) > ~|yl/}
n<t<1

Then A: K — K is completely continuous.

Proof. Let ¢,¢ € C[0,1]. In view of (Asl), given an € > 0 there exists a
d > 0 such that for ||¢ — 9| < 6 we have

€ B ' (1 —s)a(s) .
f(¢)_f(w>‘<P[2+oz(l—n)] , where P_/o B d

sup
te€[0,1]

16



Using (*) we have for t € (0,1),

(46)(0) = (A0)(0)| < [ (1= s)als)

F(6(5)) = J((s))|ds

" [ = s - rwas

— [ a=sa)|s66) - swis)|as
< [(1= an)P + aP + P]| f(6(s)) = J((s)|ds
< Pla+a(l =) sup [(¢) - f(v)

te(0,1]

<€

Thus, A is continuous. Also, by Lemma 4.4 AK C K. Thus, we have
shown that A: K — K. Next, we show that f maps bonded sets into bounded
sets. Let D be a positive constant and define the set

S = {xeC0,1]: |z|]] < D}.
Since (Asl) holds, for any x,y € S, there exists a § > 0 such that if
|z —y|| <4, implies ‘f(x) — f(y)’ < 1. We choose a positive integer N so
that 6 > Z.
For y(t)e CJ[0,1], define y;(t) = jy%, for j = 0,1,2,...,N. For ye S,

‘jy(t) =Dy
N N

ly; — yjall = sup
t€(0,1]
|

[yl

< — <
_N_

D
— J.

N <
Thus,|f(y;) — f(y; — 1)’ < 1. As a consequence, we have

N

Fy) = £0) = (fuy) = fly; — 1)),

Jj=1

which implies that
V@ﬂsfﬂﬂ@—f@—ﬂkﬂﬂw
<N+ ‘ f (O)’.

17



Thus, f maps bounded sets into bounded sets. It follows from the above
inequality and (*),that

ol < o [ 0= s

1—an
1
<

<t [0 gaw o)

< P(N + ]f(o>‘).

Next, for t € (0,1), we have

@@ﬂwz—Aa@ﬂmm@—

1
1—an

AQU-ﬁM@ﬂMﬂws

1—an

A(l—@d$ﬂM$M&

Hence,

[ 1= st ot

< PV +|£0)))

MAwwﬁsl_an

Thus, the set
{(A4y) : y € K|yl < D}

is a family of uniformly bounded and equicontinuous functions on the set
t € [0,1]. By Ascoli-Arzela Theorem, the map A is completely continuous.
This completes the proof. n

18



Chapter 5

Proof of Main Theorem

5.1 Proof of Theorem 2.1

In this section the proof of theorem 2.1 will be given, as stated earlier. The
proof totally depends on lemmas given in previous section.

To prove the theorem we have to consider two cases. The first case is super-
linear case and the second case is sublinear case.

i. Superlinear case. Suppose that fy =0 and f,, = oco.

We want to show the existence of positive solution of (2.1)-(2.2).

Now (2.1)-(2.2) has a solution y = y(t) if and only if y solves the operator
equation

at

yt) = — / (t — s)als)f(y(s))ds —

t
1—an

=: Ay(t) where, A(1 —an) = -« /On(n — s)a(s)ds +/0 (1 — s)a(s)ds.

[t ftu(s)as

/0 (1 = s)a(s)f(y(s))ds (5.1)

Denote

K ={y/y € C[0,1], y >0, min y(t) > ~|y|}. (5.2)
n<t<l1

We know that k is a cone in C[0,1]. Moreover, by lemma 4.4, AK C K.
From corollary 4.1 we have also that A : K — K is completely continuous.
Now since fy =0, we may choose H; > 0 so that f(y) < ey, for 0 <y < Hy,
where € > 0 satisfies

€

— Om/o (1= s)a(s)ds < 1. (5.3)
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Thus, if y € K and ||y|| = Hi, then from (5.1) and (5.3) we get

i) < o [ s
[ et
< o [l 5.
< /01(1 ~ S)a(s)dsH.
Now if we get
Q= {yeCl | ol < ), 59

then (5.4) shows that [[Ay[| < [|y|, for y € K N 0. A
Further, since f., = oo, there exists Hy > 0 such that f(u) > pu, for u > Hs,
where p > 0 is chosen so that

[
pr Om/n (1— s)a(s)ds > 1. (5.6)

Let Hy = max{2H;, 2} and Qp = {y € C[0,1] | |ly| < H}, then y € K
and ||y|| = Hs implies

‘ > > H
nrgtlgly(t) > |yl > Ha,
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v

Hence, for y € K N 0,

[
1Ayl = p— om/n (1= s)a(s)ds[lyl = llyl-
Therefore, by the first part of the Krasnoselskii’s Fixed point Theorem, it
follows that A has a fixed point in K N (€2 \ ©4), such that H; < ||lu|| < Hs.
This completes the superlinear part of the theorem.

ii. Sublinear case. Suppose that fy = co andf,, = 0.

We first choose Hz > 0 such that f(y) > My for 0 < y < Hs,

where

My (5 _770”7) /n (1 - s)a(s)ds > 1. (5.8)
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By using the method together (5.7), we can get that

an

Ay(n) = — / "(n— s)a(s) f(y(s))ds / (0~ s)a(s) f(y(s))ds

L—anJy

1 / (1 - s)a(s) f(y(s))ds

1 —an Jo
> / (1= s)a(s)f(y(s))ds (5.9)
77 1
—an /77 (1 —s)a(s)My(s)ds
77 1
| 0= sl
> H3.

Thus, we let Q3 = {y € C[0,1] | ||y|| < Hs} so that
Ayl = [lyll, vy € KNoQs.

Now, since f, = 0, there exists H; > 0 so that f(y) < \y for y > Hy, where

A > 0 satisfies
A

1—an

[/0 (1—s)a(s)ds] <1 (5.10)

we consider two cases:

Case(a). Suppose f is bounded, say f( ) <N for all y € [0, 00).
In this case choose Hy = max{2Hj;, -°— fo (1 —s)a(s)ds}
so that for y € K with ||y|| = Hy we have

at

Ay(t) = — / (t = $)a(s) f(y(s))ds —

t

/0 (1~ s)a(s) f(y(s))ds

IN

< Hy.

and therefore ||Ay|| < ||y]|-
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Case(b). If f is unbounded, then we can understand from (A1) that
there is Hy : Hy > max{2H3, %H4} such that

fly) < f(Hy) for 0 <y < H,.

(we are able to do this since f is unbounded). Then for y € K and ||y|| = Hy4
we have

Ay(t) = — / (t — $)a(s)f(y(s))ds —

¢ 1
1—an /0 (1 —s)a(s)f(y(s))ds
n 1
S 1— an /0 (1 B S>a(5)f(H4)d$
1 1
= 1—an /0 (1 = s)a(s)\Hads
< Hy.

Therefore, in either case we put

Q :={y € CI0, 1 [ |yl < Ha},

and for y € K N JQy we have ||Ay|| < |ly||. By the second part of the
Krasnoselskii’s Fixed Point Theorem, it follows that BVP (2.1)-(2.2) has a
positive solution. Therefore, we have completed the proof of Theorem 2.1.
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5.2 Prototypical Example

Example 5.2.1. Consider the following boundary value problem

"+ (1 —t)u®>=0, te(0,1) (5.11)

u(0) =0, au(n) = u(1),

where 0 < <1 and 0 < a < % Now we need to check that weather the

conditions are satisfied or not. To start checking,
1. et f(u) = u? then we know that f € C([0,00),][0,00))
2. let a = 1-t, then a € C([0,1],]0,00)), there exist xy € [n,1] such

that axq > 0.
3. since  f(u) = u?, we have fo = 0 and foo = oo (superlinear
case) , because lim,_,o @ = lim,_,q "72 =0 and lim,_ o @ = limy, 00 “72 =
00
Hence, a function u(t) is positive on 0 < t < 1.
Example 5.2.2. Consider the following boundary value problem
u' + (1 —t)e =0, tc(0,1) (5.12)

u(0) =0, au(n) = u(1),

where 0 < <1 and 0 < a < % Now we need to check that weather the

conditions are satisfied or not, just like that of what we have done in the
above example. To start checking,

1. let f(u) = e™, then we have f e C([0,00),]0,00))
2. let a =1—1t* then a € C([0,1],[0,00)), there exist xq € [n, 1] such

that axg > 0.
3. since f(u) = e, we have fo = 0o and f = 0 (sublinear case)
, because
i L i €
u—0 U u—0 U
. 1
= lim —
u—0 yek
=00
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and

—u

lim M = lim €
u—oo U u—o00 U

1
=lim —=0
u—oo el

Thus, a function u(t) is positive on 0 < t < 1.
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