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God made the stars and He set them
in the expanse of the sky to give light on

the earth, to govern the day and
the night, and to separate light from darkness .

And He saw that it zuas good.
Genesis 1:16-18
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Abstract

The braking index of a pulsar is expected to be 3 if it slows down under ordinary

magnetic dipole radiation . However, measured braking indices of young as well

as old pulsars are experimentally determined to be different from the above value.
Sometimes these get to large positive and negative numbers.

This is something that is not well understood. We will describe pulsar braking

index variations based on Relativistic plasma diffusion theory which is currently de-
veloped by us. Using this theory we will calculate the braking indices of four-young

well known pulsars and two old pulsars.
It is also important to establish whether the observed(measured) braking index

riots is time dependent. We will also derive braking indices of three pulsars as a

function of time and draw the graphs to show the time evolution of braking index.
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INTRODUCTION

It was not after the discovery of pulsars that they were convincingly identified with
isolated, rotating, magnetized neutron stars following the proposals by Gold and
Pacini at 1968. The key observations were the very stable, short periods of the pulsars
and the observations of polarized emission [1]. A pulsar is neutron star which emits

radiation that is pulsed due to rotation and powered by rotational kinetic energy.
Neutron stars are supported by neutron degeneracy pressure [2]. In theory, pulsar
masses range between O.OSMQ and 3MQ, where MQ is solar mass. Their radii range
between 6km and 100km [3]. Having those facts in mind , we can approximate the
initial angular — 0) of a rotating neutron star by

This predicts pulsar rotational frequency in the range of 80s-1 and 4.3 x lO4^"1.
Meanwhile, realistic equations of state predict that the average values of masses and
radii of neutron stars are approximated to be1AMQ and 10km respectively [4] . Using

these values the average initial angular frequency of neutron star is computed to be of
the order of lO3^"1. Hence pulsars are born with high rotational frequency. However,
they subsequently slow-down with time mainly as a result of loss of rotational kinetic
energy via the emission of high-energy particles, gravitational and magnetic dipole
radiations. Due to these slow down mechanisms the observed angular frequencies now
a days are very much smaller than the one1 indicated above. For instance the Crab
pulsar has angular frequency of 188s"1 (pulse period of 33ms) and an initial of order
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of 103s U
At the early era of neutron star evolution gravitational quadrupole radiation is

dominant over other breaking mechanisms. Without considering magnetic dipole

radiation, gravitational radiation is a strong decay mechanism within the first 106yrs

after which that due to photon and neutrino emissions become predominant. It is

interesting that, if the neutron star possessed a significant quadrupole moment in the

early stages of formation and evolution, it would radiate gravitational radiation for

which the braking index is 5, plainly inconsistent with the observed values for the

Crab pulsar [6].
The pulse periods of pulsars can be measured with very high accuracy indeed, and

one of the most important parameters is the rate at which the pulse period changes

with time ( P or H). For most pulsars the rate at which the pulse period increases

(O < 0) can be measured, and this can be used to derive an age estimate. The age of

neutron star is an essential parameter, which is relevant to the physics of supernova

explosions and, thereafter, the evolution of stars. Using those techniques the average

age of young pulsars is estimated to be 5 x 103 years [5].
The slowing down of pulsar can be described by a braking index, n, which is

defined by

i i( t ) = -A(f )n(t)"

where ft(f ) being angular frequency of rotation of star and A ( t ) being some function

of time [7]. The braking index provides information about the energy loss mechanism.
Among the most important of these is magnetic braking [8],(9],[10].

In order to produce pulsed radiation from magnetic pole of the neutron star ,
the magnetic dipole must be misaligned to the rotation axis [1] , This results in

the radiation of electromagnetic energy from the dipole, which is extracted from

the rotational energy of the neutron star. If the slow-down mechanism was due to

magnetic dipole radiation alone, the braking index, n, of pulsar would be 3. The
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The dynamics of the magnetic moment resulting from the magnetic and viscous

couplings between the various components of the neutron star as suggested by the
model has been shown to successfully address some of the current worrisome issues in

pulsar astronomy today such as the lack of long period pulsars in the galaxy , delayed

pulsar onset, and the problem of missing pulsars [22].
The theory of relativistic plasma diffusion as a possible source for Neutron star

magnetic fields is fully treated by Kebede [47]. In this issue, the fact that pulsar

fields are Neutron star internal temperature (T) and spin frequency (Q) dependent

[ B = T ) ] are clearly shown suggesting possible causes for field decay, which are

directly related to Neutrino and photon emissions as well as various pulsar braking

mechanisms.
One other area in which the new model will have contribution in is that of braking

index variations. It is very well known that measured values of braking indices of
pulsars show considerable variations from pulsar to pulsar and also from the canonical

value of 3 expected for the standard braking due to magnetic dipole radiation [29].
Observed indices greater than 3 are believed to be due to magnetic ohmic decay [11],
magnetic dipole alignment [12] even thought ohmic decay and alignment are still

controversial issues [31], [40],[41]. On the other hand low values of braking indices are

indicated to arise from secular increase in the dipole moment [7],[14], magnetospheric

currents [13],[15], pulsar winds[18], disk-assisted spin down[16]. However, so far no

direct analytic solution to the spin down low

n = -AH”

exists leading to the determination of the time evolution of the braking index. An
attempt has been made by Blandford and group(1983) to solve the spin-down law for

the braking index. The restriction on the time scale for field growth however limits
their theory. The method demonstrated by Johnston & Galloway [39] to solve the
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spin-down law by integration on works if n is kept constant while of course is very

doubtful.
As already indicated above the new model for neutron star surface magnetic fields

indicates that pulsar fields are pulsar frequency(fi) and internal temperature(T) de-
pendent. Since the time evolution of and T are easily derivable from the various_ *

braking rates (^) and well known cooling rates (^) this implies that exact anatytic

* decay laws for pulsar fields at various stages in the Neutron star’s life time could

be derived allowing the possibility of solving the spin-down law analytically for the

• braking index, provided accurate values of such quantities as f2, Cl and t. are known.

Indications are that braking indices will not be restricted to values between 0 and

3 as some authors try to show [15]. Rather we should expect arbitrary values(+/-)

outside of this range.
The thesis comprises four chapters. In the first chapter we develop general

overview of braking index of isolated pulsars. We require this chapter to derive the

relation for braking index and to distinguish between the theoretical and observed

braking indices.
In chapter two the magnetic decay laws resulting from magnetic dipole and grav-

itational quadrupole radiations will be developed. We then derive the decay law for

the surface magnetic fields as a result of the slow down based on the new model.

In chapter three, we will calculate the braking indices of four-young pulsars

in accordance with relativistic plasma theory, and show that the numbers agree

with the experimental value. In addition to this we will also calculate the brak-

ing indices of two more pulsars with large positive and negative values using align-

ment/counteralignment and magnetic field decay effects. Finally we will derive the

relation for braking indices of three pulsars as a function of time and drawn the graphs

showing the time evolution curve of braking indices. In the last chapter discussion

and conclusion will be given.
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Chapter 1

GENERAL OVERVIEW OF
BRAKING INDEX OF
ISOLATED PULSARS

1*1 Rate of spin-down of pulsar

Although neutron stars have now been recognized in a variety of stellar systems, radio

pulsars are by far the most common observed manifestation of neutron stars. The

emitted radio pulses allow us to measure the rotation rate of the underlying star.
The rotation rate is, in comparison with most other astronomical measurements,
exceptionally stable and easy to measure with high accuracy.
Almost every pulsar has precisely measured angular frequency, f2 and the rate of

change angular frequency with time, Cl. It is an experimental fact that the pulsar

spin rate, , has a negative derivative, Cl. This shows that pulsars slow-down with

time. Pulsar rotation frequencies are generally assumed to evolve according to the

spin-down law

Cl oc -ff 1 (1.1.1)

where is angular frequency of pulsar and n is braking index.

The spin-down rate is partly quantified by the braking index. This concept originates
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in a particular form of theoretically predicted spin-down law, as

Q = -AQn (1.1.2)

where A is positive torque coefficient which depends in general on moment of inertia,
I, and the various parameters that determine the magnitude of braking torque of

Neutron stars [23].
The observed (experimental) braking index riots which had been determined for

a few 3'oung pulsars, had been found to differ from the expected value for a rotating

magnetic dipole model. The braking index, n, is usually assumed to be 3 as pre-
dicted by the magnetic dipole model(where n=3 corresponds to the mechanism of

pure magnetic dipole braking ), but actually the four young pulsars with the best

determinations of braking index show values less than 3 [13] ,[7],

Based on the definition given above the braking index, n , can be found by differ-

entiating the equation with respect to time ;

H --AnW1"1 (1.1.3)

Dividing eq(1.1.3) by eq(1.1.2) we get

n = n2
(1.1.4)

where Q is a double derivative of the angular frequency with respect to time. The

braking index n may then be calculated from measured values of ft , Q and fi.
As we can see eq(1.1.2) and eq(1.1.4) are not equivalent . This can be seen from

the following two perspectives .
First, eq(1.1.4) follows from eq(1.1.2) only if A and n are kept constants. However,

given the type of parameters contained in the torque coefficient A, it is likely that A

will, in fact, be a function of time. If so, then eq(1.1.4) does not follow from eq(1.1.2)

and so is not equivalent to it.
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Second, eq(1.1.4) contains values that are defined ,and can be measured irrespec-
tive of what spin-down law the pulsar follows. In particular this formula does not

presuppose a spin-down law of the special t}'pe given by eq(1.1.2).
It is, therefore, a much more general spin-down parameter than that defined by the

exponent of eq(1.1.2) and is not necessarily related to any exponent in any particular

spin-down law. In fact, the actual spin-down followed by a pulsar law is probably not
of the type given by eq(1.1.2) at all except perhaps in some idealized approximation.
If so, then the spin down law does not admit the concept of a braking index defined

in the sense of eq(1.1.2), and we have no alternative to eq(1.1.4) as a definition.
The inequivalence of definitions in eq(1.1.2) and eq(1.1.4) means that we should

distinguish the parameter defined by them. Since all attempts at measuring the

braking index of a pulsar are based directly on eq(1.1.4) and not on eq(1.1.2), we

shall call the parameter defined by eq(1.1.4) the experimental, or the observational

braking index and denoted by

Thus;

nobs = (1,1.5}

Note from eq(1.1.5) that , since fi — Q(t ) , the observational braking index rtobs is in

general also a function of time. Hence we have no a priori guarantee that will
be constant. The naive derivation by which we passed from eq(1.1.2) to eq(1.1.4)
shows that , in some circumstances at least, these two definitions may be equivalent.
To determine those circumstances, suppose that the spin-down law has the form in

eq(1.1.2) with constant A and constant n , then the reasoning leading to eq(1.1.4)
shows that the exponent n of the braking law in eq(1.1.2) is equal in value to the

observational braking index n-obs defined in eq(1.1.5). In particular, this makes n^s

constant. In this case the theoretical braking index n and the observed braking index

n^s coincide.
If n^s is not constant but a given function of time , say n^s — nobs(t ) , A in eq(1.1.2)
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is not constant in time and hence the theoretical and experimental braking indices

are distinct parameters.

1.2 Time dependent parameters in the braking law

In view of the above discussion, it is important to establish whether n^s is time

dependent. Due to timing irregularities including glitches, post-glitch recoveries, and

timing noise, the measurement of Q in eq(1.1.5) requires very long data spans. So

far, only four pulsars have had their braking indices reliably measured.
For the Crab pulsar, Q, is larger than for others and the data span is such that

i

one can hope to obtain several measurements of Lyne, Pritchard and Graham-
Smith divided the data into 5-year spans and were able to determine four values of

Their conclusion is that n^s shows no appreciable time dependence. But, given

that the period covered by the data is small when compared to the pulsar’s lifetime,
it may perhaps be better to infer that , if there is any time dependence at all in n^,
then it is probably small [26],

The inconclusiveness of the current data on the time dependence of makes a

study of a slow time dependence in n and A relevant. Let us investigate analytically

the effects of such dependence by considering the braking law obtained from the mag-

netic dipole model , where we expect theoretically a braking index n=3. However, the

observed braking indices have values 1 < n < 3. Hence the deviation of experimental

braking index nobs from that of theoretical one, n=3 , is due to the variation of the

torque coefficient A, which cannot be held constant with respect to time [5].
Suppose now that n is constant, and that A — A(t ). Then eq(1.1.5) can be

rewritten as m A(f)fi
nobs - -n+ A(^ (1.2.1)

Note that the difference of value in n and riots is not the result of glitching in the
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pulsar,but of a continuous variation in the braking coefficient A. We can replace the

theoretical braking index n in eq(1.2.1) by 3. Where eq(1.2.1) reduces to

T^obs ^ T A (t ) Jnp( t )
(1.2.2)

where the subscript p represents present time .
Allen and Horvath have estimated the amount of continuous variation in the

torque coefficient A required to account for the measured value of n^s for the Crab

pulsar. Using eq(1.2.2) they estimate the amount of continuous variation in A for

Crab pulsar to be

M
A(t) -3 ^ 1.9 x 10 4 yr 1

It seems likely, therefore, that one will need to invoke some mechanism that leads to

a continuous variation of A to account for the measured values of the braking index.
In rotating dipole model, A is a function of several parameters related to the brak-

ing dynamics. These include the surface magnetic field strength Bp ) the inclination

angle a of the magnetic dipole axis to the rotation axis , and the moment of inertia

I of the star. We have derived equation for A in eq(3.1.5) as

A(i) ^
Bp(t )R6 sin2 a(t )

GIc?
(1.2.3)

where R is radius of the star and c is speed of light. Time dependence in any one of

the above parameters will result in A being time dependent and so cause theoretical

& observational braking indices to differ. The effect of time dependence in these

parameters(keeping I and R constant ) on the measured braking index is summarized

as follows.
Differentiating eq(1.2.3) with respect to time where Bp and a are both time de-

pendent parameters , we obtain

A(t) - 2 Bp(t ) a(t )
B(t ) tana

Bp ( t )R6 sin2 a(t)
6/c3 (1.2.4)
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where Bp(t ) and d(£) are time derivative of Bp( t) and a(t ). Several papers have

addressed the question of internal dynamics and its consequences for time dependence

of a [27], [28],[33],[5].
Upon substitutingeq(l.2.3 ) and eq(1.2.4) into eq(1.2.2) for A(t ) and A(f ) , eq(1.2.2)

can be rewritten as

W'obs ' ‘ 3 2 BP(t )
B(t ) + a( t ) cot a(i) (1.2.5)

The first term on the right hand side of eq(1.2.5) is that given by the ,standard >

model: a perfect sphere with constant magnetic field inclined at a constant angle to

the rotation axis. The first part of the second term describes magnetic field-decay ,

and the second part those of the effects of alignment/counteralignment .
According to eq(1.2.5) counteralignment and field growth ( Bp(t) > 0) decrease

n from its standard value, while field decay and alignment increase it above this

value [31]. Hence eq(1.2.5) gives us large positive and negative values of braking

index.
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Chapter 2

MAGNETIC FIELD DECAY OF
NEUTRON STARS DUE TO
MAGNETIC DIPOLE AND
GRAVITATIONAL RADIATIONS

2 •1 Introduction

As we have tried to note down in the introduction of this thesis, there is no satis-
factorily self-consistent theory for the generation of Neutron stars magnetic fields at

the present time* The current understanding is that it can either be a fossil remnant

(the standard picture) or it may be generated by surface thermal processes soon after

the formation of the Neutron star [19],[17]. Very recently, however, separated charges

have been suggested as more likely source for Neutron star magnetic fields where

ohmic decay is rejected[21], [2],[22],
In this chapter we are going to derive magnetic fields decay laws based on those facts.
According to the relativistic plasma diffusion theory developed by L.W.Kebede the

plasma density gradient which is inherent to the degenerate neutron star matter ini-

tiates some kind of stochastic diffusion on a macroscopic scale. As a result of which,
charges will separate with excess negative charges accumulating on the surface (crust)
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and almost the same amount excess positive charge is left behind at the core of neu-

tron star [22]. For the sake simplicity, let us assume the space charge established by

the diffusion process to be spherical symmetric.

2 »2 Magnetic Field Generated by Spinning Separated Charge

2.2.1 Vector potential and magnetic moment

Now, the vector potential associated with the spinning crust containing the separated

negative charge, Q, will be calculated as follows[24]. Consider a thin ring of radius R

with uniform surface charge density, a, From spherical symmetry the surface current

density, J , and resulting vector potential A have only ^-components. The surface

current element, of spinning spherical charge is given by

(2.2.1)
47TR

Where co is the spin frequency of the crust.The current density vector J can be written

as
.A - A

J = — sin ( j> i + J<t,cos (j) j (2.2.2)

Assuming that the charge distribution is uniform , it should n’t matter at which 4V

observation is made. Suppose we choose ( j> = 0. The vector potential is given by

(2.2.3)

Where dV' = rn sin Q' dO'dftdr' and

|r — r'| — [r2 + ra — 2?’/(cos9 cos 9' + sin 6 sin 6' cos (j>' )\5

Substituting eq(2.2.2) into (2.2.3) and integrating it over 4>' we get
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We have

. . I f J s cos ( f f r^ d r* sin &d&d(^= C J jT^Tj

1
|r - r'| /=0

(2.2.4)

(2.2.5)

Where cos 7 — cos 9 cos 0'+sin 9 sin 9' cos(<0 — </>') and 7 is the angle between r and r'.

Let define im > as r^ smaller ) and r as ? > (farmer). Hence eq(2.2.5) can be rewritten as

1 00 rl
UTTH =Y JTTP( (cos7) (2.2.6)
l 1 1 I i=o 7 >

Substituting eq(2.2.6) into (2.2.4) we get

1 f 00 l
A^(r, 0, 0) = - / cos0V'2^ >^-P;(cos^dr'dil' (2.2.7)

c J ;=o r>

Where dQ' = sin O'dQ'dft — — (/(cos 0' )d<f>' . From addition theorem we have

4n +l

«(c°s?) = 2U 1 ^W.WmlM) (2.2.8)
m=— /

Where Y/m(0, <£) is the spherical harmonics. Putting eq(2.2.8) into (2.2.7) the vector

potential become

](i)^(^^ ^O^(^0)P/(cos 0')<5(r'-^) cos 0V2(/7-'(/0'
(2.2.9)

Where Yim( 9 y <j>) is defined as

\Q\w 1
A^(r, 0, 0) - Rc J ^ 21+l^r'+i

(2-2-10)

Any arbitrary function #(0, 0) may be expanded in terms of spherical harmonics as

oo /

<?(0, ^) = E E Afmyfm (0, 0) (2.2.11)
/“ 0 7«=-?
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Where

Aim - / dttY!m(0 , 4> ) g( O > 4> ) (2.2.12)

and the prime represents complex conjugate. Finally the vector potential inside and

outside of the surface can be expressed as follows;

1) Inside the surface, A^in , ft — 0, l — l, r< = 7', and r> — R .Where eq(2.2.9)

reduces to

A fain — IQ\v
3Re

p CO

/ — ft ) ( cos 6 — cosd' ) Pi ( cosd' )d( cos 9 f )
^ o

Equation(2.2.13) integrates to

A<f>,out = -^-(^)sin 0

(2.2.13)

(2.2.14)

2) Similarly potential outside of the surface Afa0Ut (for <j/ = 0, l = 1, r< = i?, and? > —
r') is found to be

v4<£, out — )2 sin 0 (2.2.15)
3c r

The magnetic fields inside and outside the sphere of radius R carrying a uniform

surface charge density spinning with angular frequency co can be found by B — s/ x A

Using spherical polar coordinate. Thus

B- =

B,= J;(n4,) (2.2.16)

Up on substituting eq(2.2.14) and (2.2.15) into (2.2.16) the magnetic fields inside and

outside the spinning charge crust are found respectively to be

B - -TM* (2-217>
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and

Bout =
_^r~(-y)(3cos8er - k)

oC V
(2.2.18)

Where 6 is the zenith angle and er and k are unit vectors along the radial direction

and the spin axis respectively. Similar expressions may also be developed for spinning

separated positive charge at the core. Equations (2.2.17) and (2.2.18) clearly show

that neutron star magnetic fields generated by the spinning separated charges are

dipolar. This is in good agreement with observation [22].
Next, let us also calculate expression for magnetic dipole moment of neutron star. We

consider the properties of a general current distribution which is localized in a small

region of space[25]. Assuming |7'| » |?y| , let us expand denominator of eq(2.2.3) in

power of r* measured relative to a suitable origin in the localized current distribution.
Using eq(2.2.6) we can expand A(r) as

(2.2.19)

Using the definition of the Legendre polynomials this may be expanded in to

(2.2.20)

Where the first term in the expansion is the monopole term with the property

J v f

The second term in the expansion of the dipolar term, may be rewritten as

(2.2.21)

Where the quantity in the square bracket is magnetic dipole moment m

(2.2.22)
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Hence

A(i )D -
in x r

3c r
For m along the spin axis z

msin 6 -M 1 ) D = cr

(2.2.23)

(2.2.24)

Hence the magnetic field can be B — y x A(r ) D. For a point dipole of arbitrary

orientation the magnetic field can be shown to be

1
B(r) = 7^[3(m • r)r - m]cr

(2.2.25)

Where the magnetic field at the poles become

F t - —p ~ R*

or

m = ^ BPR3 (2.2.26)

The net magnetic dipole moment m of the neutron star may be written as

m — Yl'loore T I^crusf (2.2.27)

Where mcore and mcrust are contributions from the core and the crust respectively.

2 « 2 « 2 Magnetic dipole radiation from a general localized source

Let us consider the general problem of the radiation from a localized system of har-
monically oscillating charge and current densities p( r, t ) and J ( r, t ) and recognize that

we may make a Fourier time analysis to obtain a superposition of single frequency

components[25]; we take

p(r' ,t ) = p( r' )e~iwt

J(r', t ) = 3(r' )e~iwt

17
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Where J and p are required to satisfy V • J — i i o p by the continuity equation . The

potential arising from the charge distribution is then found by using a Lorentz gauge

Ajr
2A" = — f (2.2.30)

Where A‘l is a four -vector which is equal to A** — (|, A) and j f t = (pc, J) .Then the

solution to eq(2.2.30) is

= ~

c J d3r' J d t - t ) (2.2.31)

Hence the vector potential would be

« > -!/„SjgfV ««>
Where , k — ^ and R — |r — r' j.Then magnetic field is given by B — V x A and since

outside the source we have

V x B - — J
c l c

E = c2 v xB (2.2.33)

The integral(2.2.32) is generally intractable, and various approximations must be

employed. Because the radiation fields are frequently observed from a distance, larger

compared to the source dimensions, it is convenient to place the source roughly at

the origin and to express the vector potential in the spherical polar coordinates of the

observer. We separate the problem into three special region of interest;

a) In the near zone (induction zone ), where A:[r — r’| <C l(i? <C A) and e!fclr“ r, l ~ 1

and using eq(2.2.5) and r > ?•', eq(2.2.32) can be expressed as

_ 4TT Ylm(0,<f>)
, 2

b) In the far (radiation) zone , r » A and r » r* Where

A(r) = iyiLikw CA-̂ 21+ 1 r
j(iVW, <^V (2.2.34)

r — r/ (V r r * r
r

/

+
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Taking to be constant over the region of integration ,

A(r) = -— J J(r')e (2.2.35)

If in addition, the source dimensions vr are small compared to a wavelength A, then
krf « 1 and we can rewrite the vector potential as

A(r) = ~~~yVp(ryV

or

A(r) = — p (2.2.36)
Cl

Where p — f vrp( rf )dzrf is the electric dipole moment of the source.
c) In the intermediate zone,(where r >7

J and A are the same order), we must use the

exact expression of
jl*’ T^|f— ^ = 47Tik h^ ikrMkrjYUe, <ft ) (2.2.37)

|r 1 1 l tm

Where h\1^ = ji + ini is a spherical Hankel function of the first kind . With this

expansion, the general expression for the vector potential becomes

A(r) = / J(rWV)l£,(0,V)dV (2.2.38)
t ,m

Where ji ( krr ) is Bessel function. If the first term of the vector potential (2.2.38)
vanishes, or the source dimensions are not overwhelmingly small, the next(1=1) term

will contribute significantly to the field. This term will be seen to give rise to both

electric quadruple and magnetic dipole radiation. Using eq(2.2.38), the 1=1 term then

yields

A (r) = — hf\kr ) J 3( r' ) ji( kr' )(v r' )d3r' (2.2.39)

For small kr\ we approximate ~
i(where ( 21 +1)M = (2/ + l)(2i-1)(2/ — 3) —

Oorl .) which gives for 1=1 ,ji ( klJ ) ~\kr' . Thus ,1=1 term of the vector potential

19



may be approximated as

A(r) = ^h[ l\kr ) J J (i-’ )hr'( r r')dV (2.2.40)

Where h\̂kr ) = — ^-(1+ -j~ ) . Substituting this into eq(2,2.40) we get

, , J(r')(f • r')dV (2.2.41)
cr- \ ikr ) J

Using the identity

(» T0J = 5 (f r')J + (r • J)r' + (r' x J) x r

The first monopole term gives zero when integrated and the vector potential for the

magnetic dipole term is given by

ikeikrA(r)m = cr (2.2.42)

eikr
3r(m • f ) - m

Where 7̂ = ^ Hence magnetic dipole field is

Bm = r(r x m) - - 1 - -
cr c\ ikr J r

The relation iujB = V x E — iu>(V x A) suggest E — iojA Hence

ku

(2.2.43)

(2.2.44)

Finally let us find field decay associated with the magnetic dipole radiation. The

well-known dipole model [8] ,[9],[10] demonstrates how pulsar emission is derived from

the kinetic energy of rotating neutron star. In this oblique rotating version of the

model, it is assumed that a neutron star rotates uniformly in vacuum at a frequency

of Q, and possesses a magnetic dipole moment m oriented at an angle a to the rotation

axis. We assumed that the rotation is sufficiently slow that the star roughly remains

spherical. According to this model the external field of a neutron star is a pure dipole.
Hence the magnetic dipole moment is given by

m = 7770 ej| cosa+ e± sin acosQt + eVsin asin Qt (2.2.45)
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Where el and e± are unit vectors perpendicular to spin axis and ey parallel to
spin axis. The perpendicular components of m produce radiation, thus the parallel
component may be neglected from here on. Hence the magnetic moment will then be

given by

m — Re r t\ ~ntTUQ sin a(el + ie1)e (2.2.46)

Substituting eq(2.2.46) into (2.2.43) and (2.2.44) the electric and magnetic fields are

ei(kr-Ut )
(2.2.47)E = — k2 n?osina ^r x ((el + ieV) r

and

B = -k2mo sin Q (el + ie± )- f i r - (e l + ie± )
V

(2.2.48)

Where k = ^ is wave vector. Both of these fields are complex with an implied e lQt

time dependent. We have

el — er sin 0 cos ^ + e# cos 0 cos (f) — sin ( j>

el7 = er sin 0 cos <f) + e$ cos 0 cos (f) + e^ cos <fr

Substituting eq (2.2.49) into (2.2.47) and (2.2.48) we find

(2.2.49)

E = k2

r mo sm a e0(sin 6 — i cos <j> ) + cos #(cos0 + i sin 0 ) ei(kr-Qt ) (2.2.50)

The real field that is obtained from this is

E = k2

r ino sm a cos( kr— Qt ) ( eg sin. <p+e$ cos9 cos <p }+sin( kr — Qt ) I eg cos (p+e^ cos 9sin (pJ
(2.2.51)

We can find B by relation B = f x E as

B = k2

r mosin a cos( kr — fit) ^ — eo cos (p cos 9+e^ sin <j> J +sin( kr— Qt ) ^ eg sin <p+e^ cos 4>J
(2.2.52)

When (p = 0, because the emitted radiation is elliptically polarized, we have

E = k2

r rno sm a eg sin(fer — fit) + cos( kr — fit) cos 9 (2.2.53)
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This is circularly polarized along the polar axis (0 = 0, TT, RH and LH polarization

respectively) and linearly polarized along the equator {9 = -).
The energy flow per unit time (or energy flux or poynting vector) is given by

S = ^(E x B)
47r

(2.2.54)

Substituting eq(2.2.51) and (2.2.52) into (2.2.54) and taking the radial component

only we find
m2 4 c j n 2 y-Y,

1 — sin2 9 cos2{ kr — £lt — ( f>) (2.2.55)ra2fi4 sin2 a
D — 47rc?r2

Now along the poles, S is constant(appropriate for circular polarization), while along

the equator S varies between 0 and a maximum with frequency 2ft (which is appro-

priate for linear polarization). At a general observation angle (0, $), the observed

radiation flux varies with frequency 2 F r o m the above relation follows the expres-
sion

£>max —
fi477iQ sin2 a

47rc3?'2

c ___ ft4mo sin2 a cos2 6
&min — A o“o4TXC?rl

(2.2.56)

The total power loss due to radiation is just the flux of S through a sphere centered

on the neutron star.
(IE
dt — j> r2( S ) • ?da (2.2.57)

Which may be rewritten as

(IE f 04/7?O sin2 a
dt 47TC3?’2

1 — sin2 9 cos2(AT — Qt — <f) ),2 <Kl'

Or
dE 2f24777Q sin2 a
dt 3c3

B B?Since we have m ~ the rate of energy loss may rewritten as

sin2 a

(2.2.58)

dE
dt 6c3 (2.2.59)
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2.2.3 Magnetic field decay due to Dipole radiation

The energy carried away by the radiation originates from the rotational kinetic energy

of the neutron star which is given b}' E — ~7f22. Where I is the moment of inertia

which is constant for solo-neutron star.
According to relativistic plasma diffusion model magnetic field can be written as

20Q(t )
3cR

(2.2.60)

Where Q is magnitude of separated charges and R-radius of neutron star [2]. Using

eq(2.2.59) and (2.2.60) we find that the magnetic field decay due to magnetic dipole

to be

B(t ) =5(0) 1 , 8Q2 R4n4(0 ) sin2 a
i+ 27/c5

1
4

(2.2.61)

Where B(t — 0) — and fi(0) are magnetic field and angular frequency at t” 0

respectively[44],

2.3 Magnetic field decay law due to Gravitational radiation

2.3*1 Gravitational radiation

Einstein predicted the existence of gravitational waves by general relativity(GR.) in

1918. Gravitational effects can not propagate with infinite speed. Since the speed light

is the only Lorent.z-invariant speed, we expect that the gravitational effects propagate

in the form of wave at the speed of light. The disturbance in the gravitational

field propagates outward in the speed of light. Such a propagating disturbance is a

gravitational wave. The source of gravitation must therefore be the energy density.
However, it is impossible to construct a Lorentz-invariant theory of gravitation in

which the energy density is the only source of gravity. At each event in space-time,

there exist energy momentum-tensor, It is a machine that contain a knowledge

of energy density, energy flux density and momentum flux density. But what is
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I.

the energy density in one reference frame will be some combination of energy density,

energy flux density and momentum flux density as seen from another reference frame.
If the laws are to have the same form in all Lorentz- frames, then these quantities must

be source of gravitation, that is the tensor, must be the source of gravitation.

It will be best to explain this for a system consisting of a collection of non-interacting

particle(a cloud of dust) whose energy- momentum tensor is given by

= p -̂~ = pUW (2.3a)
d r d r

Where p is the mass density as measured in the local rest frame of the particles and

U f l — ^ is four velocity. The conservation law everywhere in space -time is satisfied

by the energy-momentum tensor of a closed system as

Tf = 0

We may just as well write as

= 0 (2.36)

Where the semicolon denotes the covariant derivative of the tensor field. It should

also be realized that the curvature of space-time and the strength of the gravitational

field are two different ways of describing the same thing .

In the next few sections we are going to find the rate of loss of rotational kinetic

energy of neutron star due to gravitational radiation.

2.3.2 The curvature of space-time

According to General theory of relativity, in the vicinity of massive bodies space-time

is curved. The curvature is described by a fourth rank tensor as

DA __ pA pA I pA pr? _ pA p^ /o o i \
1 1 tin,v ' 1 nr]1- fjis 1 vrj1 fin
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which is called the Riemann curvature tensor . are known as Christoffel sym-

bols,which are defined by the expression

F/L ~ 2^
QA + 9av, fi ” (2.3.2)

Where g^ is a fundamental metric tensor and g^Via is its derivative with respect to

xa . Flatness is equivalent to zero Riemann curvature, as in special relativit}' where

there is no gravity. For the Riemann curvature tensor, we can construct a tensor of

rank 2 by the processes of contraction of indices as

= -RJA.= + ri,r;A - (2.3.3)

This symmetric tensor is called Ricci tensor. Further contraction of R^K by g^ yields

the scalar curvature of space-time

R = = R\
The vanishing of the scalar curvature or even Ricci tensor is by no means sufficient

for space-time to be flat.In fact, outside matter (in vacuum) the gravitational field is

determined just by the equation R = 0. In the next section we will see how matter
determines the curvature of space-time. The Einstein field equations determine a

reflation between the curvature of space-time and the distribution and motion of

matter and fields(excluding gravitational fields). They are written in the form of

R^v — P/M'-R — — 87r(?T;t„ (2.3.4)

If we contract eq(2,3.4) by g^ v we obtain

R _ ItyR = -8TRGT >; (2.3.5)

by Einstein’s summation convention, Sf } — 4. Hence

R = STTGT// (2.3.6)
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By substituting eq(2.3.6) into eq(2.3.4), we can get another form of Einstein’s field

equations;

Rpv ~ (2.3.7)

Eq(2.3.7) clearly shows the effects of matter and its motion on the curvature of space-

time. A large curvature of space-time is equivalent to strong gravitational field , and

vice versa.

r

2.3.3 The linear equation for gravitation

Although Newton’s theory is not perfect, it is in excellent agreement with observation

in the limiting case of motion at low velocity in weak gravitational field. A weak

gravitational field is one in which space-time is nearly flat. With small perturbation

of metric about flat space-time as

.9/ii/ =%u + V i aT = vT -^ (2.3.8)

Where \h^ \ 1 and rjfll/ is a metric of flat space-time called the Minkowski metric

tensor. The quantities hvl/ and their derivatives regarded as terms of the first order

whose squares may be neglected. Linearized theory is often a weak -field approxima-

tion to general relativity. It is convenient to introduce the quantities

V hp_a — hp i V (2.3.9)

Using eq(2.3.2) we can rewrite the expression for the christoffel symbol in a weak field

approximation as

r;A = i(«r -m T h<x\)ti/ {Vckv T hav\A (??i/A 4“ A),Q:

Since the values of the Minkowski metric tensor are constants, their derivatives with

respect to the coordinates are zero. We can also neglect higher order terms in the
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derivatives of h. Hence the above expression for F£A is reduced to

Kx = ( hQX ,u + hQUiX - (2.3.10)

Furthermore,eq(2.3.10) indicates that the Ricci tensor given by eq(2.3.3) can be

rewritten, up to quadratic terms as

p pA pA

Applying the relation obtained in eq(2.3.10) and the commutative property of deriva-
tive, the above equation can be reduced to

or

2

1

V *htu/ ya\+ ^A ,tiis fyi .

D h^ax + h^tl/ h^ x hfi

Where is the D’Alembertian operator defined by
""" “ 2

(2.3.11)

d hfn, — Tj h/ j^aX (2.3.12)

let us show the possibility of satisfying eq(2.3.11), by the following two equations

R,IV = (2.3.13a)

and

hi* - h^lX -h$M = 0 (2.3.136)

We will show the possibility of this by adopting some particular convenient choice of

a coordinate system which is represented by the harmonic coordinate condition:

rA = gvX r^A = 0 (2.3.14)

To see that it is always possible to choose a coordinate system in which this holds,

we recall the transformation equation of the Christoffel symbol;

/A __ d x f X dxT dxa A d x p dxa d2x/ X

dxp dx'v dxtu Ta dxiu d x f {i dxpdxa
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The transformation equation of the metric tensor is also given by g',iv — §jr§^r <?Ta -
Multiplying the left and right hand sides of the transformation equation of the

Christoffel symbol by g,pv and §^7gra respectively, gives

p/A dx'x
dxP

V p - g p a 82x,x
dxpdxa

Hence if P' does not vanish, we can always define a new coordinate system x'x by

solving the second order differential equation;

pa d‘lx'X
=dxPdxa DXP

So that r/A = 0 in the x/ X coordinate system. Now let us turn to the harmonic

coordinate condition. If we substitute eq(2.3.8) and eq(2.3.10) into eq(2.3.14) and

higher order terms results in

I r f v r f x
2 ' ' h'Cci' yX /̂ aA,i/ hv\}a - 0

or

\r haA + ha,X ~ hX
>a = 0

If f i = v ,then — 1 . In this case for the above equation to be satisfied the

following harmonic coordinate condition should be fulfilled;

h\,A + hxA- h^a = 0 , or , hxiX = Ih^a (2.3.15)

From this we can conclude that

and

ha,Xu =\hxx,au (2.3.16a)

hi,Xa =\hXx,au (2.3.166)
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By adding eq(2.3.16a) and eq(2.3.1Gb) and applying the commutative property of the

derivative, we get h^ al/ - h^ Xl/ — h* aa = 0. This also satisfies eq(2.3.13b) . Now by

substituting eq(2.3.13b) into eq(2.3.11), we get

1R,tu = 7:02hf ,v
This also satisfies eq(2.3.13a). So, the harmonic coordinate condition satisfies both

conditions given by eq(2.3.13). By substituting eq(2.3.13a)and eq(2.3.13b) into eq(2.3.4),
we get

— D hpt/ — + hfu/
' jR — SirGT^f /

or
- (7fo„+ ĥ )R — — 167rGTpp

Compared to rj^ Ry hfll/ R is small and therefore may be neglected. This implies

2v ” VfivR — -167xGT^v

Finally if we substitute eq(2.3.6) into this equation, we get

2V ” M^GTx ) = -1GnGT^
or

tfhia,=-lGnGSpV (2.3.17)

Where Sfll, = Tfll/ — and the possible solution to the wave equation Eq(2.3.17) is

Where x' is the source point coordinate and x are the coordinates of the field points.
Eq(2.3.17) are called the field equations of linearized theory, since they result from

keeping terms linear in h^. Although it is true that the most spectacular results

of gravitational theory depend in a crucial way on the non-linearity on the field

equations, almost all of the results that have been the subject of experimental inves-
tigations can be described by the linear approximation.
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2.3.4 Plane waves

To the retarded solution given in the preceding section we can add any solution of

the homogenous equation
2V = 0 (2.3.18)

All solutions that satisfy these homogenous equations represent the gravitational

radiation coming from infinity (r »— > oo) and the equations are valid under the

harmonic conditions given by eq(2.3.15). The general solution of the homogenous

equation is a linear superposition of the solution of the form

hlit/ { x ) = e^exp^kxx* ) + e*
tl/exp(-ik\xx ) (2.3.19)

Where the matrix e^, and k\ are the polarization tensor and the wave vector respec-
tively. Substituting eq(2.3.19) into eq(2.3.18) we obtain

kakahw = 0

Since hftu ^ 0 the field equations(2.3.18) are satisfied if

= 0 (2.3.20)

We can also show that

~ ik^exp(ik\xx ) - ikfie£ exp( — ik\xx )

and

e£exp(ik\xx ) - exp{ — ik\xx )

So, the harmonic conditions in eq(2.3.15) are satisfied if

1u Pn (2.3.21)

Generally a symmetric 4 x 4 matrix such as e/u/ would have ten independent compo-
nents and the four relations given by eq(2.3.21) would lower the number to six. We
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shall now prove that out of these only two of them are physically significant. Suppose

we change the coordinate using the coordinate transformation

x* = xfi + e*l { x ) (2.3.22)

Where are functions of the coordinate. The corresponding transformation equation

of the metric tensor gives

= „_
dxa dxP '

de*1

5^ + —a dx°
<r + ~^ dx@ aa/?

As a result

=r-r= h“--^dxv dx^
Suppose we choose

(2.3.23)

e^ { x ) — i ê exp{ ik\xx ) — i ê exp{ — ik\xx ) (2.3.24)

This implies

and

fi
• — — el/ kfiexp(ik\xx ) — eu* k^exp( -ik\xx )

^ kwexp(ik\xx ) — e*1* kuexp{ — ik\xx )
CJX

By substituting eq(2.3.19),(2.3.25) and (2.3.26) into eq(2.3.23),we get

(2.3.25)

(2.3.26

h/ fll/ ( x ) — ef*wexp{ik\xx ) + e/ fit/* exp( — ik\XX ) (2.3.27)

Where
&y - eflv + Wlev + &V1 (2.3.28)

Harmonic coordinate condition is still satisfied if

(2.3.29)

We then conclude that e>(t t/ and rjiy represent the same physical situation for arbitrary

value of the four parameters, eM . In addition, due to the gauge condition given
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by eq(2.3.28) out of the six independent e^ s satisfying the harmonic coordinate

condition only G-4— 2 are physically significant. As an example, consider a wave

which propagates in the positive z-direction. So in this case A;1 — k2 — 0. So that

k° - k3 = k = k0 - — &3 (2.3.30)

Finally using harmonic coordinate condition we get

koev + kiei + fa&l + fae3 — o + e\ + e2 + 63)

Using eq(2.3.30), this may be reduced to

H4-4) = + 4 + 4 + 4)

But

e!‘ = r)
,,peup

Substituting eq(2.3.32) into eq(2.3,31) we get

k(e^ — e„o) — -k„( en + e22 4- 633 — eoo)

For u — 0, 3 eq(2.3.33) is reduced to

1(eo3 + Coo) — —
2 ^611 622 ^ 633

_ e°°^
1(^33 + £30) = + ^22 + 633 ~ Coo)

Combining eq(2.3.34) and (2.3.35),with et‘v is symmetric

603 = — 2^33 + e°°^
By subtracting eq(2.3.34) from eq(2.3.35),we get

en = -e22

(2.3.31)

(2.3.32)

(2.3.33)

(2.3.34)

(2.3.35)

(2.3.36)

(2.3.37)
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(2.3.41)ei2
“ — sin 0 cos9eu + cos2 0e12 — sin 0 cos 9en — sin2 #e2i

Prom which follows

e± = e'n =F ie\2 = cos20en + sin (? cos #ei2 — sin20en

+ sin 6 cos Qe<n ± i sin 6 cos 9en i cos2 Oe^
±i sin 6 cos 9eu ± i sin2 f?e2i (2.3.42)

Using relations cos # — , sin 0 = — a n d the symmetric property of

,eq(2.3.42) gives

e± — exp( ±i29 )e±

Where e± = Cn ^ ie12 . Any plane wave </> , which is transformed by a rotation of

an angle 9 about the direction of propagation into — elkQ^ is said to have helicity

h. Thus the physically significant components of the plane wave e± are those with

helicity ±2. So gravitation is carried by a wave of spin 2.

2.3.5 Generation of gravitational wave

Since gravitational waves can exert forces and do work, they carry energy and mo-

mentum. In a quasi- Minkowskian coordinate system in the sense that the metric

be approximated by g^u — rj^ + hvu and the part of Ricci tensor that is linear in

is given by
' d2hx _ d2hx _ d2hx g2/^

'

dxf‘dxK dxxdxK dxxdxt* * dxxdxx
So the exact Einstein equation in this approximation can be rewritten as

2 (2.3.43)

Where

R$ -\%un{l )X = -8nG(T„v + *„„)

t' flV — -U81T G J

(2.3.44)

(2.3.45)
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Where tensor tvt/ is simply the energy momentum tensor of gravitational field itself.
Like any other tensor it is divergence free in vacuum

= o (2.3.46)

We can compute t [iu as a power series in h and find that the highest term is quadratic

1

I ~ _ j_
hv ~ 8nG -\KA* + (2.3.47)

Where

2^ hpi/^ X +

-J(A«A,« + K,,A (ft” ,+ A~- (2 . 3.4 8)

Einstein made the assumption that in the empty space R$ = 0 . And then we can

drop those terms in i^w to get
1

f ~V 8TRG 'G - Ti’irG'nSr„,-, -x, (2-3.49)

We now have to calculate { R$ ). Finally we have to insert the plane wave solution

eq(2.3.19) into Jiffi to find

e { kfikuG\p kpk\eUp kxkpGpV') ^
+{ kxexp -\kpe\)* {kpeP,+ k„ep - kpepu) (2.3.50)

t 2 ( k\6vp 4" k„ep\ kp&\v ) { kxep + kp&px k^e^) y
Using the harmonic condition the above relation will be reduced to

{ R$ ) =

(422) = kpkv - ^ leAp
2

But i f v( R^u ) = kukt,[cxp' -||e^|2] , Since kvkv = 0

Hence ,the average energy -momentum tensor of plane wave will be

hv 8TXG ^

(2.3.51)

(2.3.52)
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or

<w = k f i kv
16TXG (2.3.53)

In particular for the wave travelling along z-axis as described in the preceding section

the average energy -momentum tensor takes the form

kft ki/(W) — 8TTG |6n|2 + |e12|2 (2.3.54)

or in terms of helicity amplitudes as

(i/it/) — k^ ku
87TG K|2 + |e_ 2

We wish to calculate the energy emitted in the form of gravitational radiation by a

system whose energy-momentum tensor can be expressed as a Fourier integral
CO

TMI/(x , t ) = / (iwTF(x,«)e “ ( + c,c
o

(2.3.55)

C TTlor as a sum ui rouner cumpuiierurS

^(x, i) = + c-c

Considering a single Fourier components the field emitted by the source is

V(x, t ) — 4G J^|^e(-"l+iwlx-x’i) + c.c (2.3.56)

Where

’S)it'(X ) co ) = TF(X, W) -^„,TAA(x, a;) (2.3.57)

Suppose that we observe this radiation in the far radiation zone >that is at distance

r — |x| , much larger than the dimension of the source (r A and x x') , and much

larger than toR2 and K So in the denominator |x-x5| ~ r ,while in the exponent we

may approximate |x-x*| ~ v — x' * x. So in the radiation zone the field becomes

V(x, t ) = J <S/il,(x^ w)e“ iwA xd3a.', (2.3.58)
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Since ru is large /i/u/(x, t ) looks like a plane wave i.e

V(x > 0 = eM„(x, w)e !'w(t r) (2.3.59)

Where

e^(x, w) = ~- J S^{ x\uj )e

The frequency of the wave is

(2.3.60)

00 — k° — A’o ; tot = kox0

t = x° ] 10 = A’0 = — k x (2.3.61)

It will be convenient to write explicitly in terms of the Fourier transform of T,
4Ge^ ( x ,co ) = ~ k, w) -^„„7*(k, w) (2.3.62)

Where

T/u/(k, w) = J Tftu( x\oj )e’ • XW

Applying the conservative equation

dx^ = 0 (2.3.63)

to the single Fourier component,we are considering Tjf ( x,t ) = T/‘(x, oo )e lwi -F c.c We
find

dT^x,LO ) _ {ojTo^ = 0 (2.3.84)dx*

Multiplying this with e
_
!kx and integrating over x we find that Tltv ( k ,oj ) is subjected

to the algebraic relations;

VC(k,w) = 0 (2.3.65)

Now let us calculate the power radiated per unit solid angle emitted in a direction x
. Since r » ^ = A, we can use for the energy flux vector of the value ( tt0 ) obtained
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by averaging over space-time dimensions larger compared with £ so that the power

radiated per unit solid angle is

But using eq(2.3.52), eq(2.3.65) may be expanded as

dP
dQ = eAt,* (x> w)e^(x- w) - ^ leA(x > w)!2

Using eq(2.3.65), eq(2.3.67) can be rewritten as

dP Go?
dPl 7T

1
T^(klW)TA,(k, W) - i|TAA(k > W)|2

dP Go?
dQ, 7r

A.ij)fm (k)Ti-? * (k , w)T(m(k , OJ )

Where

(2.3.66)

(2.3.67)

(2.3.68)

(2.3.69)

1 ... 1 1 . . 1
= 3u$jm 2kikm8n + — kikikjkm 4“ 24~ -Slmkikj (2.3.70)

is a projection tensor for gravitational wave. We now derive ^ from

dE
« =/%dt = 2GL "2[̂ (k.^(k, a,) - i«(k,^

or in terms of space-space component;

dE r°°^ = 2GAWm j W2rj'* (klW)Tta(klW)rfW

do?

(2.3.71)

2.3.6 Radiation by Rotating Neutron Star

Up to this point we made an approximation beyond the basic assumption that the

fields are weak. We now make a further approximation and assume that the source

radius R is much smaller than the wavelength (-) or OJR <C 1. Since most frequencies

emitted are the order (^) ( v is some typical velocity of the system ), Our assumption
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The Fourier transform of D{ j( t ) is

A*(*) = Ee-^ZVw) (2.3.84)

Since the quadrupole moment repeats when particles in the star move through one

-half of their orbit, frequency of the emitted wave is twice the orbital frequency, ie

oj = 2ft. For single Fourier component eq(2.3.84) becomes D^(2ft) = e2tQiDij(t ).
Hence the time average values of D\j will be

{Du(20)) = -{£22(20)) = i{ Dn{20)) = ± ( IU - In) (2.3.85)

Whereas the time-average of other components are zero. Finally substituting eq(2.3.85)
into eq(2.3.80), the power radiated by this system is given by

oor< J 2 J2
P( 20) = - jf ~06 (2.3.86)

Where I and e are the moment of inertia and the ellipticity c = ((/n — /22)//).
A neutron star emits gravitational radiation if its configuration is not axisymmetric

with respect to the rotation axis. The time evolution of angular frequency as a result

of gravitational quadrupole radiation can be computed by assuming that the magnetic

dipole is aligned in the direction of spin axis of the star, so that there is no magnetic

dipole radiation. Using eq(2.3.86); the rate of loss of rotational kinetic energy is given

by
dE
lit - =

32Glh2

5c5 O6

Hence the rate of slow-down will be

Q = -Afl5 (2.3.87)

Where A = 32^e2. Integrating this we derive the time evolution equation as

B( t ) = 5(0) 1 + 4Af24(0) '

I 1
-14

(2.3.89)

Where B{t = 0) — B(0 ) — is the same as the field due to magnetic dipole

radiation[43].
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is expressed as

(3.1.1)E = -m2
2

where I is the moment of inertia of Neutron star.
Using eq(2.2.59) the rate of loss of energy can be written as

d E _ Bp (i)i?6 sin2 a 4
6c3 (3.1.2)

Where a is the angle between B and B and R are magnetic field and radius of the
star respectively, and c is speed of light. Differentiating eq(3.1.1) with respect to time
(keeping I constant.) and substituting the result into eq(3.1.2) we obtain the relation

IQtt =S _ B*{t )R6 sm2 a
^4

6c3

or

(3.1.3)

where Q — ^ or derivative of Q with respect to time.
The power of Q in the eq(3.1.3) is exactly 3. However, the observed values of

braking indices of most of known-pulsars are different from value 3. Hence we can
replace 3 by n in the above relation as

n(t ) =-A(t)Qn(<) (3.1.4)

Where A(f ) is torque coefficient which is function of time and expressed as

Bp(t )Re sin2 aA( t ) = 6/c3 (3.1.5)

The braking index, n(t) , of Neutron star can be found using eq(3.1.4). By putting
this equation under absolute value eq(3.1.4)can be rewritten as

nn(0 =|«(t)|A-!(*) (3.1.6)
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Substituting both sides of eq(3.1.6) into natural logarithm we obtain an expression

for n(t) as

n(t ) = In A-1( t )m i lnf2(f ) (3.1.7)

Finally substituting eq(3.1.5) for A (t ) into eq(3.1.7) , eq(3.1.7 ) can be rewritten as

n(t ) = In 6/c3\Cl ( t )\ 1nQ(t )
-l

(3.1.8)
B%( t ) R6 sin2 a*

The above equation shows that n(t) is a function of time since both Bp{t ) , i l( t ) and

f l(t ) are dependent on time .

3.2 Braking index of pulsar due to magnetic dipole radiation ,Neutrino

emission and Gravitational radiation .

As we have seen in eq(3.1.8) above the braking index, n(t) , is expressed in terms of

Bp( t ) and other physical quantities .
Therefore, we have to express the total surface magnetic field , Bp( t ) , due to magnetic

dipole radiation , Neutrino emission and Gravitational radiation.
The expression for field decay laws due to magnetic dipole radiation, gravitational

radiation and Neutrino emission are given bellow.
We have magnetic field decay law due to magnetic dipole radiation from eq(2.2.61)

as

where

i
4

BM {t ) = B { 0) 1+ 7*

7 = 8Q2i?4fi4 (0) sin2 a
27/c5

(3.2.1)

(3.2.2)

And where Q and Q(0) are separated charge and initial angular frequency of rotating

Neutron star, respectively and t is time is time in j'ear.

44



The magnetic field decay due to Neutrino emission as calculate by I<ebede(2004) is

expressed as

BN { t ) = B{ 0) l + yr"^— )t
Pned

(3.2.3)

Where p and pneci are densities of Neutron star and nucleus respectively.
Using the fact that Neutron stars are compact as nucleus, we can approximate the

ratio, « 1. Hence eq(3.2.3) can be rewritten as

BN {t ) = B(0) 1+ yr
1
e

H (3.2.4)

Similarly the magnetic field decay due to Gravitational radiation given in eq(2.3.89)
as

BG(t ) = B(0) 1 + pt
i
4

where
4Aft4(0)

I

(3.2.5)

13.2.6'!
\

and

, 32Ge2/2
A ~

5c5 (3.2.7)

where G is universal gravitational constant (G — 6.67 x 10~&cmzjg.se(?) and e is

ellipticity of Neutron star.
The total surface magnetic field due to magnetic dipole radiation ,Neutrino emission

and gravitational radiation can be approximated as

Bp(t ) = BM (t ) BN (t )BG ( t ) (3.2.8)
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Hence upon substituting eq(3.2.1), eq(3.2.4) and eq(3.2.5)into eq(3.2.8), the surface

magnetic field of Neutron star can be expressed as

BP(t ) = B( 0) (1+71) * (1+ yr l t ) sl (1 + fh ) *

1
3

(3.2.9)

The final expression for the braking index of the three processes can be expressed in

terms of time by substituting eq(3.2.9) into eq(3.1.8) as

6/c3|fi(£)|
B2 ( 0) [(1 + 7t) '4l (l + yr~H ) ~^ (1 + pt )^ ] 3 R6 sin2 a

(3,2.10)

Hence the original magnetic field B(0) can be approximated as B [t — 0) = 1014-l6G

which is free parameter .

n(t ) = In lnft(f )
-l

3*3 Braking indices of four-known pulsars.

In this section we try to calculate the braking indices of four well-known pulsars ,

such as ;

the Crab, Vela, PSR 0540-69 and PSR. 1509-58.
The calculation is carried out by using eq(3.2.10) and based on data given for each

pltysical quantities in the equation for each pulsar.

The braking index of each pulsar can be calculated as follows.

3.3.1 Crab Pulsar(PSR B0531+21)

We have the following Crab-pulsar parameters.

Q(t ) = 188.12s-1

Q(t) - “ 2.42 x 10~V2

tp = 951yrs = 2.9991 x 1010sec (3.3.1)
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I = 10ibgcm2

ef» 3 x 10~4

a RS 80° , and , R — 106cm

Q(t = 0) f» 103sec
_
1

Using eq(3.2.10) and the above parameters we can compute braking index ,n, as

follows.
Prom eq(3.2.2) ,eq(3.2.7) and eq(3.2.6) the values of both 7 , A , and /3 for Crab pulsar

respective^ are

7 = 1.18275 x 10~8sec
_

1 = 0.37311j/ r
_

1

A = 1.581 x l02Ag.cm2 .sec3 (3.3.2)

and

P = 6.324 x lO^sec-1 = 0.1994953yr“ 1

Hence the expressions in eq(3.2.10) can be calculated using eq(3.3.2) as

1+ 7tp = 355.72

1+ ptp = 190.66 (3.3.3)

l + y i% x t p = 951

Upon substituting values in eq(3.3.1) and eq(3.3.3) into eq(3.2.10) with B(t = 0)

1014G for Crab, the value of braking index is given to be

n(t ) = 2.525 (3.3.4)

where the measured value of braking index of Crab pulsar is found to be n — 2.51±0.01

133], [26],
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3.3.2 Vela Pulsar(PSR B0833-45)

We liave the following Vela pulsar parameter

Q(t) = 70.36s
_ I

f i( t ) = -9.85 x 10~ns“ z

tp = 1.8 x 10V« = 5.67648 x 10usec (3.3.5)

I ----- 1045gem2

e & 3.3 x 10"4

a 65° , and , R — 106cm

fi(i = 0) « 103sec
_1

Using eq(3.2.10) and the above parameters we can compute braking index, n , as

follows.
Fiom eq(3.2.2) ,eq(3.2.7) and eq(3.2.6) the values of both 7 , A , and (5 for Vela pulsar

respectively are

7 = 1.00155 x 10
_
8sec

_
I = 0.31595yr

_
1

A = 1.9130 x 1024(7.cm2.sec3 (3.3.6)

and

/3 = 7.652 x 10~9sec-1 = 0.2413882/r
^1

where
l +' ytp = 5688.81

1 + ptp = 4344.6 (3.3.7)

1+ yr~l tp = 18001
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Upon substituting eq(3.3.5) and eq(3.3.7) into eq(3.2.10) with B( t — 0) « 1015G' for

Vela pulsar , the value of braking index is given to be

n(t ) = 1.62 (3.3.8)

where the measured value of braking index of vela pulsar is found to be n = 1.40±0.01

[34]-
3.3.3 PSR B1509-58

We have the following parameters for this pulsar.

Sl(t ) = 41.7s-1

fi(t) = -4.25 x 10-10s-2

tp = 1800yrs = 5.67648 x 1010sec (3.3.9)

I = 10i5gcm2

e « 10-4

ct RS 60° , and , R — 106cm

0(t = 0) « 103sec-1

Similarly using eq(3.2.2) , eq(3.2.7) and eq(3.2.6) the values of 7 , A, and (3 for this

pulsar respectively are

7 = 9.145 x 10-9sec-1 = 0.288486yr
_

1

A = 1.7567 x 1023</.cm2.sec3 (3.3.10)

and

P = 7.0268 x 10-1°sec-1 = 0.0221665?/?--1
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where

l + 7*p = 520.12

l + /3tp = 40.89 (3.3.11)

1 + yr~ltp = 1801

Upon substituting eq(3.3.9) and eq(3.3.11) intoeq(3.2.10) with B( t = 0) « 1.5xl014G

for this pulsar , the value of braking index is given to be

n(t ) = 2.897 (3.3.12)

where the measured value of braking index of PSR B1509-58 is found to be n =
2.837 ± 0.001 [35].

3.3.4 PSR B0540-69

We have the following parameters for this pulsar.

n(t ) = 124.66s'"1

Cl( t ) = -1.185 x 10
_9s“ 2

tp = 900y/’s = 2.83824 x 10losec (3.3.13)

I = 1045</cm2

e ft* 2.4 x 10~4

a « 14° , and , R — 106cm

Cl(t = 0) « 103sec~1

Similarly using eq(3.2.2), eq(3.2.7) and eq(3.2.6) the values of 7 , A , and (3 for

PSR B0540-69 respectively are

7- 7.133 x 10
_

losec
_
1 = 0.0225016yr-1
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A = 1.0119 x 1024g.cm2 ,sec3 (3.3.14)

and

/3 = 4.0476 x KT^ecT1- 0.1276845t/ r
_
1

where
1+^ = 21.245

1 + f3tp — 115.88 (3.3.15)

1+ yr~Hp = 901

Upon substituting eq(3.3.13) and eq(3.3.15) into eq(3.2.10) with free parameter B(t =
0) ^ 6.5 x 1014G for this pulsar , the value of braking index is given to be

n(f) - 2.281 (3.3.16)

where the measured value of braking index of PSR B0540-69 is found to be n =
2.01 ± 0.01 [36], [37].

3.4 Large positive and negative values of braking indices.
As we have tried to note down in the chapter one there are pulsars with large positive

and negative values of braking indices different from those values of four-young pulsars

above. The reason for this might be the time evolution of angle of inclination a(t ) of

magnetic dipole moment with rotation axis.
At this point it must be noted that there are two ways of time evolution of angle

a(t ) of pulsars.
1) A counter-aligning in which a(t) increases with time.
2) An aligning:- in which a(t ) decreases with time.
Using eq(1.2.5) derived in chapter one, let us find the expressions for observed

braking indices of alignment and couteralignments of a.
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Eq(1.2.5) is expressed as

Qp(t )
flp(0

3.4.1 Braking index due to alignment and field decay.
We can rewrite a(t ) cot a(t ) in the above equation as

d‘(f ) cot a*(t) — ^^r(ln[sin2ar(t) j)
/ j uC

For alignment , we adopt Jones’ model [38],[27] , which gives

sino'(t) = sinaoe"^7*

Hobs — ^ 2 BP{t )
BP (t )

~ + a(t ) cot a(t ) (3.4)

(3.4.1)

(3.4.2)

Where rc is the alignment timescale , which can be approximated as [31]

T „Mlnp(i)
(3.4.3)

Hence squaring both sides of eq(3.4.2) and putting the result in natural logarithm we

get

ln[sm2a(f )] — ln[sm2a0] — 2tjra (3.4.4)

Differentiating eq(3.4.4) with respect to time we obtain

jt(ln[sin2a(t)]) = -2/rn (3.4.5)

Substituting eq(3.4.5) into eq(3.4.1), then eq(3.4.1) can be rewritten as

d(i) cota(f ) = — l/ra (3.4.6)

For the case of field decay using the equation of the surface magnetic field approxi-
mation of eq(3.2.8) we obtain

Bp(t ) = I
Bp(t ) 3

B\i(t ) Bo(t ) BN ( t )
BM (t ) Bait ) + BN ( t ) I (3.4.7)
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Where the expression for B^ {t ) ,Bc(t ) and Bw(t) can be obtained from eq(3.2.1),eq(3.2.5)

and eq(3.2.4) respectively. Hence eq(3.4.7) can be rewritten as

Ml
BP(t )

1
3

7 + P + yr-i
(3.4.8)

4(1+ 7«) 4(1+ pt ) G(1+ yr~ H )
Where 7 and /3 given by eq(3.2.2) and eq(3.2.G) respectively.
Substituting eq(3.4.6) and eq(3.4.8) into eq(3.4) the expression for observed braking

index of alignment and field decay will be expressed as

„ 2
Hobs 3 + ^

7 + P + yr-1 3+ — Qp(t )
$7P(«) (3.4.9)

4(1 + 7«) 4(1 + (it ) 6(1+ yr~1t ) ra
Let us calculate the braking index of PSR 0540 + 23 ,with following parameters [39]

$7p(t) = 4.066sec~1, $7P(«) = — 2.55 x 10-13sec-2, $7(0) « 103sec
_1, R = 106cm,

e « 10~4, Q = 1027esu , tp = 105yr = 3.1536xl012sec , ra = 1.59451xl013sec=505,615.8yr

and a = 10°
Using those parameters the values of 7, P and A will be

7 = 3.6788 x 10-10sec-1 = 1.16015 x 10~V-1 , — 2 — 1

A = 1.756 x 1023#.cm2
,sec3 (3.4.10)

P = 7.0268 x lO^sec-1 = 2.216 x 10“ V
_
1

Finally substituting values of eq(3.4.10) , rQ ) and tp we obtain the value of braking

index

Hobs = 7.25 (3.4.11)

where the value of braking index of PSR 0540+23 is 11.81 ± 0.12 [40].

3.4.2 Braking index due to counteralignment and field-decays.

We can see that, due to counteralignment n reduces bellow its standard value. For

counteralignment ,we adopt [42] the form

a(t ) =\- (f - ao)^* (3.4.12)
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Where rc being the counteralignment timescale.
Differentiating eq(3.4.12) with respect to time we obtain

We can maximize the counteralignment effect by putting QQ = 0 at t=0 ,where the

above relation reduces to
4M = i(~)e-‘/T' (3.4.13)

Substituting eq(3.4.8) and eq(3.4.13) into eq(3.4) the expression for observed braking

index of counteralignment and field-decay will be expressed as

0
2

Hobs — 3+”
7 0 yr 37re l/Tc

cot a(t) Qp(t ) (3.4.14)4(1+ 7t) 4(1+ /?f ) 6(1+ yr~lt ) 2rc
Let us calculate the braking index of PSR 0950+08 , using the following parame-

ters ,[31]
flp(t ) = 3.951sec + fip(t ) = -3.578 x 10 15sec 2, 0(0) « 103sec it = 108cm,

e ft* 10-4, Q — 1027esu , tp = 5 x 106 = 1.5768 x 1014sec , rc = 1.10425 x 1016sec =
35, 015, 537.8yr and a = 12.3°.
Using those parameters the values of 7, A, and (5 for this pulsar will be

7 = 7.13625 x Kr10sec^ = 2.2505 x 10~V-2
_
-l

A = 1.725 x 1023<?.cro2.sec3 (3.4.15)

/3= 7.0268 x 10
_
losec

_
1 = 2.216 x 10“ 2yr

_
1

Finally substituting the values in eq(3.4.15), tp ,and rc from above into eq(3.4.14) we

obtain

Hobs ” 6.3o
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3.5 Time dependence of Braking index.

In previous three section we have calculated the braking indices of six-pulsars. As

we have seen the results those section there are pulsars with braking indices lying

between 1 and 3 and with large positive and negative values.
In this section let us see whether braking index is time dependent or constant in

time. According to the study carried out by Lyne, Pritchard and Graham-Smith(1993)

over 23-years of Crab pulsar rotational history, there is no as such appreciable time

dependence of braking index. But this is not an implication that braking index of

pulsar appears constant over a long period of time in the order of 100 years.

In the next subsections we will see the behavior of graph of braking index-verse-
time for three pulsars.

3,5.1 Time evolution of Braking index of the Crab pulsar.

According to the relativistic plasma diffusion model for Neutron stars developed by

Kebede, 2002, the angular frequency of spinning down solo Neutron star can easily

be found from eq(2.2.60) and eq(3.2.9) as

fip(t) = ft(0) (1+ 7*) 5(1+ yr 1t ) e (l + pt )-k
i
3

(3.5.1)

Using this equation we can obtain the expression for £7p(f ) (time derivative of f2(t)p)

as

+l+y/'
-4)+l+/ft)“ 4

(3.5.2)

Hence substituting eq(3.5.1) and eq(3.5.2) into eq(3.2.10) with 0(0) = 330.7sec
_

1

and -B(O) = 5 x 1013G for the Crab pulsar eq(3.2.10) can be rewritten as a function

(lp( t ) =
Q(0)

12
7 P 2y i

.(l + 7<) (1+ Pt ) 3(1+ yr~H )
m

(1+71)
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Figure 3.1: The graph of braking index of Crab pulsar verse time.

of time as
f 4.412xl07 fln < L +7? -4 0 2yr-1

(1+70'(1+00 ' 3(l+yr~lf

«(*) - {.[(l+7t) Hi+yr-'u)i(i+/3i) *]3 ;
In|l03[(l + 7<)

_
^ (1 + yr

_
It)

_
5 (l + 0t)

_
i] 31 (3.5.3)

where the values of 7 and /3 are given in eq(3.3.2) and t is time in years.
Using eq(3.5.3) the graph for braking index of the Crab pulsar verse time is shown

in Figure- 3.1.

3.5.2 Time evolution of Braking index of PSR 0540 +23 pulsar.
The braking index of PSR 0540 +23 was calculated in the previous section . In

this subsection we are going to write the braking index of this particular pulsar as a

function of time and draw the graph showing the time evolution of its braking index.

Upon substituting eq(3.5.1) and eq(3.5.2) into eq(3.4.9) for ^p(0
nP(£) , eq(3.4.9) will
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Figure 3.2: The graph of braking index of PSR 0540+23 verse time.

be reduced to

nobs = 5 +
12

T, 1 + TTTT^ +-12~... 1

(3.5.4)
(1+70 (1+00 1 3(l+yr-H)

Where the values of 7, /? and ra are given in eq(3.4.10) and t time in years.

Using eq(3.5.4) the graph for braking index of PSR 0540+23 verse time is shown

in Figure-3.2.

3.5.3 Time evolution of Braking index of PSR 0950 +08 pulsar.

The braking index of PSR 0950 +08 was calculated in the previous section. In this

subsection we are going to write the braking index of this particular pulsar as a

function of time and draw the graph showing the time evolution of its braking index.
Upon substituting eq(3.5.1) and eq(3.5.2) into eq(3.4.14) for

will be reduced to
Pp(t) , eq(3.4.14)

W-obs 5
127re l/Tc cot Q:(<)

T,c ^7T + 0 + 2yr-1

(1+7*) 1 (1+00 1 3(l+yr“ H)

(3.5.5)
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Where the values of 7, /3 and r„are given in eq(3.4.15) and a(t) is given in eq(3.4.12).

Using eq(3.5.5) the graph for braking index of PSR 0950+08 verse time is shown

in Figure-3.3.
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Chapter 4

SUMMERY AND CONCLUSION

f

4*1 Summary

As we have discussed in the introduction of this thesis Neutron stars are powered

by rotational kinetic energy and lose energy by accelerating particle winds and by

emitting electromagnetic radiation at their rotational frequency[39]. As a result , their

angular frequencies slow-down in time. This particular behavior has been interpreted

as evidence for evolution of the torque acting up on the star. The time dependent

behavior of the torque is closely linked to the important question of magnetic decay

and aligimient/counteralignment of the magnetic and rotational axes of a neutron

star[45]. The spin-down rate is quantified by the braking index as indicated by the

braking law[7].
It is an experimental fact that the braking index of a few well known young pulsars

had been found to differ from the expected canonical value 3 [7] ,[13]. As we have

shown in chapter 1 of this thesis, the torque coefficient, A, is time dependent through

surface magnetic field Bp(t ) and the inclination angle a(t ) of the magnetic dipole axis

to the rotation axis. Hence magnetic field decay and alignment/counteralignment are

responsible for this difference in theoretical & observational braking indices[31],[45].
However, since the early days of pulsar astronomy the question of magnetic field

decay has continued to be rather controversial. Soon after the discovely of pulsars
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Gunn Sz Ostriker(1969) suggested that magnetic field of a neutron star should decay

exponentially on a time scale of 4 x 106 years, because of ohmic dissipation of the

supporting currents. The same authors also presented observational evidence in favor

of field decay[ll). However, it was soon argued by others that ohmic decay cannot
be important since the interior of a neutron star is likely to be superconducting[46].

So far we have pointed out the weakness of existing theories for the sources of neu-
tron star magnetic fields and as well as on the models for magnetic decay laws. Very

recently, however, the relativistic plasma diffusion has been identified as a possible

source for neutron star magnetic fields [22]. The theory predicts that pulsars magnetic

fields decay as a result of various non-conventional processes which mainly include,

magnetic dipole radiation, Gravitational quadrupole radiation and neutrino and pho-
ton emissions. Based on this theory we have been able to address the worrisome issue

of braking index variations.
It is also important to note that the braking torque evolves through alignment/counteralignme

processes. The idea that the magnetic axis aligns/counteraligns with the rotation axis

was first analyzed analytically by Jones(1976). He suggested a simple exponential de-
cay of the inclination of angle a(t ) for both processes. Hence we have also considered

the time evolution of the angle of inclination a(t ) of the magnetic dipole moment with

the rotation axis as a possible source of braking index variations for older pulsars.

4*2 Conclusion

As we have shown in the previous chapter, the calculated braking indices of the

four well known young pulsars are in agreement with experimentally observed values.
This shows us that the relativistic plasma diffusion theory for pulsar fields properly

addresses dynamics of pulsar magnetic fields. Large positive indices^o&s > 3) are

obtained as a result of alignment(&(£) < 0 or angle decay) and field decay( Bp(t ) < 0).
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Whereas large negative braking indices are obtained as a result of counteralignment(d(i) >
0) and field decay{ Bp(t ) < 0).

According to the study carried out by Lyne, Pritchard and Graham-Smith(1993)
over 23-years of Crab pulsar rotational history, there is no as such appreciable time

variations of the braking index. But this is not an implication that braking index

of pulsars are constants over a long period of time in the order of 100 years and

over(Fig-3.1). By considering the magnetic field dec&y(£p(t) < 0), the braking indices

of young pulsars decrease with time. Whereas, for old pulsars with both field decay

and alignment/counteralignment in action braking indices increase with time( Fig-3.2

and Fig-3.3).
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APPENDIX

Torque decay of isolated pulsar

In the magnetic dipole model[8],[9],[10] the spin-down energy is carried away by

dErot
dt = /nn = 2

3c3 m 2 ( App.1)

Where the dipole moment m is given in(2.2,45) as

m — 771Q ey cos a + e± sin acos Qt + e±'sin asin fit ( App.2)

with a being the angle of inclination of magnetic axis w.r.t the rotation axis and S7

is angular frequency. We have

lmo|- BPR3

2 ( App.3)

where Bp is surface magnetic field and R is the radius of neutron star. Hence

m = BPR
2

3
ejL^2 sin acosQ,t + e±

f sin asin Qt* /

Imp = ^B„R6n4 sin2 a11 4 v

Then substituting (App.5) into (App.l)

d.Erot BpR^Q4 sin2 a

( App.4)

( App.5)

dt 6c3 ( App.Q )

But the rotational angular momentum of from star is

L = m ( App.7)
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*

The braking torque (i.e the radiation-reaction torque) acting on the star is thus:

= ( App.H )

From an isolated neutron star < 0, and hence N < 0. The change in magnitude

of the torque as a function of time is given by

d\ N\
dt = — IQ ( App.9 )

The term ’torque decay’ thus refers to a decrease in the magnitude of the torque.

t
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