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Abstract

In this paper, we shall study linear elliptic partial differential equations of second order,

Lu :Za” (X)u; +Zbi(x)ui +c(x)u=0

on a bounded domain Q < R" with regular boundary 0. The coefficients a;;, bjand c are

assumed to be continuous. We will see that if u is a solution of the PDE then it attains its
maximum/minimum onoQ).

Key words: - maximum principle, elliptic PDEs, Laplace equation, Dirichlet problem,

Harmonic  function, existence and uniqueness, A prior bounds
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1. Introduction

The maximum principle, which is employed in the study of partial differential equations,
enables one to get an idea regarding the uniqueness, approximation, boundedness and
symmetry of the solution. Indeed, the maximum principle enables us to obtain information
about solution of differential equation and inequalities without any explicit knowledge of
the solutions themselves, and hence can be regarded a valuable tool in mathematical
researches.

E. Hopf extended the Maximum Principle for harmonic functions, i.e. the fact that a har-

monic function cannot have an interior maximum unless it is constant is extended to more

general elliptic partial differential equations. Basically, the Maximum Principle rests on the
2

following observation, let Q c R be

a domain, if
u:Q — R

2
a smooth such that u € C (Q2) and it has a maximum value at a point X, € Q, then

Vu(x,)=0 and V?u(x,)<0

2
where Vu and V?u are the gradient and the Hessian of u at the point X, € Q € R . In

particular, a harmonic function cannot have an interior maximum unless it is constant. The
maximum of E. Hopf can be considered as a classical result in the theory of second orders
elliptic PDE. At this point, we mention that the maximum principle for harmonic functions
is believed to be known to Gauss on the basis of the mean value theorem.

The maximum principle for harmonic function is one of the basic results in the classical
theory of PDEs. It guarantees that every solution of the Dirichlet problem for the Laplace
equation with bounded boundary data is bounded. In his work, Poincare gave a complete
proof in a rather general domain of existence and uniqueness of a solution of the Laplace
equation for a continuous Dirichlet boundary data. He introduces an iterative method that
relies on solving the Dirichlet problem on a ball in the domain and makes extensive use of
the maximum principle and Harnack’s inequality.

For equations of higher order, the maximum principle has been established only for domains
with some regularity conditions. It was shown to be true for operators with analytic
coefficients in smooth domain of dimensions two and higher. In the early 1990s, it was
extended to three-dimensional domains diffeomorphic to a polyhedron or having a Lipchitz
boundary. However, in general domains no direct connection to the maximum principle
exists. In the modern theory of partial differential equations, the seminal paper of E.Hopf on
the maximum principle for linear elliptic differential equation has a central place. This
paved the way for others like J.schauder, to start their treatment of partial differential
equations by functional analytic methods. Elliptic partial differential equation is a typical
one.



The maximum principle claims that solutions of some second order scalar elliptic partial
differential equations cannot have a maximum in the interior of the domain. The basic idea
is straightforward. Consider, for the sake of demonstration, the Laplace’s equation

Au = 0.

If u has a maximum at a point x and the second derivatives of u do not all vanish at x, then
Au is negative at x, but this is in contradiction to the equation. The only case left to be ruled
out is that of degenerate maxima where all second derivatives vanish. This can be done by
an approximation argument that removes the degeneracy.

The maximum principle can also be used to show that solution of elliptic PDEs must be
non-negative. This is important for quantities, which have a physical interpretation as
densities, concentrations, probabilities, etc. The maximum principle also leads to easy
uniqueness results. The maximum principle itself can be used to construct existence proofs.
As a recent application of the maximum principle, we may mention “viscosity solution” for
Hamilton —Jacobi equation.

In general, maximum principles play an important role in the theory of PDEs, particularly in
uniqueness theorem for boundary value problems for elliptic equation, specially the
Dirichlet and Neummann problem in n-dimensional. Again, we have seen interior sphere
property and existence of solution.

This paper is organized as follows, in the next section i.e. in chapter two we give an
overview of elliptic, uniformly elliptic and degenerate elliptic partial differential equations,
in chapter three we visit the maximum principle for second order elliptic partial differential
equations in higher dimensions in chapter four we see the Dirichlet problem followed by
summary.



2. Elliptic partial differential Equations

In order to facilitate the understanding and application of maximum principle first we give
some definition and notation.

Definition 2.1:- A partial differential equation (henceforth abbreviated as PDE) in a domain
Q < R™is a relation of independent variablesx € , an unknown function u defined in Q
and a finite number of its partial derivatives. Solving a PDE is to find this unknown
function. The order of a PDE is the order of the highest order derivatives in the relation.
Hence, for a positive integer m, the general form of an m-th order PDE in a domain Q —R"
is given by

F(x,u, Vu(x), V2u(x), ..., V™u(x)) = 0 for any x € Q. (2.1)
Here F is a function, which is continuous in all its argument and u, is a C™-function in Q.

APDE is linear if it is linear in the unknown functions and their derivatives; with
coefficients depending on independent variable x otherwise, it is nonlinear.

A general m-th order linear PDE in Q is given by
Z ag(x)0%u = f(x) forx € Q. (2.2)
|lalsm

Here a,, is called the coefficient of d%u. A PDE of order m, with coefficients depending on
independent variables x and derivatives of solutions of order less than m. In general, an m-th
order quasilinear PDE in Q is given by

Z a,(x,u, ..., V™" )0 = f(x,u, ..., V™" 1) for x € Q. (2.3)

|alsm

Several PDEs involving one or more unknown functions and their derivatives form a
differential system.

Our main points is to view second order linear PDEs.
2.1 Second order partial differential Equations

Now to see second order linear PDEs and classified it according to its leading coefficient
matrix.

Definition2.2:- Let Q <R™ be a domain with n € N, where the continuous coefficient
functions a;;(x), b;(x),c(x):Q >R € Cc°(Q) fori,j=1,..,n are defined. Furthermore,

let the matrix (al-j)?j=1 is symmetric for allx € Q.The linear partial differential operator of
the second order

L:C?*(Q) - C°(Q) is defined by

3



n

Lu = Z al-j(x)uxl.xj + Z b; () uy, + c(x)u(x),x € Q (2.4)

i,j=1 i=1

For the operator L and a function f in Q, we consider the equation
Lu=f inQ (2.5)

The function f is called the non-homogeneous term.

We now turn our attention to the classification of second order linear PDEs inR™

Consider the coefficient matrix A = (ai,-)fl.
,j=1

(@) o (A)cR\{0}
(b) Ai, 4; € 6(A); 0 (A) = {A: det(Al — A = 0)}

(Where 2;, A;are Eigen values of the n x n matrix A=(a;;))
We shall suppose that (2.4) is

1. Parabolic if exactly one of the eigenvalues is zero and all the others have the same sign

2. Hyperbolic if none of the eigenvalues are zero and one of them has opposite sign of the
(n-1) others.

3. Elliptic if the eigenvalues of A= (a;;) are all positive or all negative.

When we see second order linear differential equation in R, where complete classification
are available.

Let Q be a domain in $R? consider

2

2
Z a;j (x)uxixj + z b; () uy, + c(x)u = f(x) in Q (2.6)
i=1

ij=1
Here we assume that A = (aij) is a 2x2 symmetric matrix.

Definition2.3: - Let L be a differential operator defined in QcR"™ as in (2.6)

1. Lisellipticat x € Qifdet (a;(x)) > 0;
2. Lis hyperbolic at x € Qif det (a;;(x)) < 0;
3. L s parabolic at x € Q ifdet (al-j(x)) = 0.

For the operator L in (2.6), the symmetric matrix A always has two Eigenvalues. Then

4



L is elliptic if the two Eigenvalues have the same sign.
L is hyperbolic if the two Eigenvalues have different sign.
L is parabolic if one of the Eigenvalues vanishes.

The n-dimensional Laplace operator A is defined by

n

Au = Z Uy, (2.7)

ij=1

Obviously, the Laplace operator is elliptic. The Laplace operator in two dimensions can be
expressed in polar form

1

1
Au =y, + ;ur + r—zugg (2.8)

The equation Au = 0 is called the Laplace equation and its solutions are called harmonic
functions. In this case, (a;;) is the identity matrix. Note that A is invariant under rotations. If
x = Ay for an orthogonal matrix A, then

n n
Urin; = z Uy, (2'9)
i=1 i=1
For a non-zero function f, we call equation Au = f the Poisson equation.

2.2 Sign —definite operators

Before to define uniformly elliptic operators and degenerate elliptic operators first of all let
as state about sign- definite operators.

Definition2.4 An n x n matrix A is said to be
(a). positive semi-definite if and only if VTAV > 0,VVeR™ \ {0}
(b). positive definite if and only if VTAV > 0, VVeR™\{0}
(C).negative semi-definite if and only if VTAV < 0,vVeR™ \ {0}.
(d).negative definite if and only if VTAV < 0, vVeR™\{0}.

Now using definition (2.2) or by considering sign-definite operators we can define
degenerated and uniformly elliptic operators.



2.3. Degenerated elliptic operators

The linear partial differential operator of second order in (2.3) is named elliptic (or
alternatively degenerated elliptic) if and only if the quadratic form VAVT > 0 for all V

eigenvectors of matrix A:(aij)?j=1 (or show that A is positive semi-definite.

n

n
i.eVTAV = z a;;(x)v;v; >0 | or Z a;; (X)v;v; =0

ij=1 Lj=1

forallV = (vy vy, ... v, )eR™\ {0} and all xe Q is satisfied

2.4. Uniformly elliptic operators

When we have the ellipticity constants 0 < m < M < +oo such that
n

mV|2 < Z ay; () vy < MIV]?
ij=1

forallV = (vyv,, ..., v,) € R™\{0}.

and for xeD holds true ,the operator L is called uniformly elliptic. On the other hand, the
matrix A= (aij)?jzl is apositive definite .i.e VTAV > 0 forall Ve R™\ {0}(V =
eigenvectors of A).

Remark: - A uniformly elliptic differential operator is elliptic and an elliptic differential
operator is degenerating elliptic. The Laplace operator appears for a;;(x) # 0,b;(x) =
c(x) = 0withi,j = 1,...,n and is consequently uniformly ellipticwithm =M =1. In
case c(x) =0, xe Q,we use the notation Mu(x) =Lu(x), and we call it the reduce differential
operators.



3. Maximum principle for second order elliptic PDEs in R"

Maximum principles provide powerful tools for linear and nonlinear elliptic equation of
second order. One of the important tools in studying harmonic function is the maximum
principle. In this section, we discuss the maximum principle for a class of elliptic
differential equations slightly more general than the Laplace equation.

Throughout this section, we shall consider a second- order linear operator of the form (2.6)
in definition (2.2).

3.1 Weak maximum principle

Theorem3.1 Assume that Lu > 0( or, respectively Lu < 0) in a bounded domain Q and
that c(x) =0 in Q. The maximum (or respectively the minimum) of u is achieved on 9Q.

Proof: - If Lu > 0 in  ,then u cannot achieve its maximum anywhere in Q. Suppose it did,
say at the point x,.Then all first derivatives of u vanish at this point, and hence

62
= — 1
aU axl-axj u (3 )

But at a maximum the matrix of second partial derivatives is negative semi-definite and we
conclude that Lu(x,) < 0 a contradiction.

Lu

For the general case, consider the function u, = u + € exp(yx,). we find

Lug = Lu + e(y*ay; +yby) exp(yx,) (3.2)

We now choose y large enough so that y2a,; + yb; > 0 throughout Q. This is possible
since a,, is positive and continuous on Q .Then Lu, > 0 for any positive £.we conclude
that

maxu, = maxu 3.3
ax U, = max (33)

Then letting € — 0 we get the result maxg u, = maxyq U, this implies that u is a
Maximum at the boundary. However, u may assume a maximum at many points.

We have the following corollary of the above theorem.
Corollary3.1 Let Q be bounded and assume ¢ < 0in Q. Let Lu = 0(or respectively Lu <
0. Then
< + . > = —
maxu < r%%xu (or, resp.,mﬁmu > r%nu ) (3.4)

Q
Here ut = max(u, 0),u~ = min(u, 0). In particular, if Lu = 0 in Q, then



m(_?xlul = r%?lxlul (3.5)

Proof:-If u < 0 throughout Q, the corollary is trivially true. Hence, we may assume that
Ot =Qn{u>0}+#0.0nQ" wehave — cu = 0,and hence

62

ajj——=—u+b
H axiaxj

—u> .
lOXiu_O (3.6)

Hence, weak maximum principle implies that the maximum of u on the closure of QFis
equal to its maximum ondQ*. Since u =0 on Q™ N Q, this maximum must be achieved on
the boundary of Q (0Q0).

3.1.1 Comparison principle

Corollary 3.2 Let Q be bounded and c < 0.If Lu < LvinQandu = v on dQ,thenu >
vin Q.

Proof:-If Lw =0 in , then the maximum principle and the above corollary show that
max|w| < max (maxg w, — ming w)
< max (maxgo W™, — minggw™)
< maxyq|w|

Applying this now to w=u-v with w=0 on 0 then it follows that w = 0 in Q.

u—v=2w
u—v=0
u=v

3.2 Strong maximum principle

Weak maximum principle states that u assumes its maximum at the boundary. However, u
may assume its maximum at many points, and therefore the theorem does not rule out the
possibility that some of these points are interior. The strong maximum principle states that
this is impossible, unless u is a constant.



3.2.1 Interior sphere conditions (Hopf’s Boundary Lemma)

Figer 1

Lemma 3.2.1:- Suppose that Q lies on one side of Q). AssumeLu > 0, and let x,, be a point
on the 0Q such that u(x,) > u(x) forevery x € Q.Also assume that, in a neighborhood of
xo, 00 is a ¢? — surface and that u is differentiable at x, Moreover, suppose that either

1. c=0
2. ¢<0andu(xy)=0,or
3. u(xy) =0

Then Z—Z (x9) > 0, where Z—Z denotes the derivatives in the direction of the outer normal
todD.

Proof - Since 0Q was assumed c?, we can choose a ball B (y) such that Bx (y)c D and
Xo€ 0Bg(y). Here R and y denotes the radius and center of the ball.

For 0 <r = |x — y| <R, define

v(x) = exp(—ar?) — exp(—aR?). (3.7)
We find

Lv(x) = exp(—ar?) [4a2aij(xi - ) (% —y;) — 2a(ay + bi(x; — y))| + cv. (3.8)

Now let A = Bg(y) N Bg,(xy), with R’ Chosen small. For large enough a, we have Lv >
0in A. Moreover, if we choose & > 0 small enough, then u — u(x,) + ev < 0ondA N
0Br1(xy), and also on 0A N dBg(y),where v = 0. Thus we find L(u — u(xy)) + ev >
—cu(xy) = 0inAand u — u(xy) + ev < 0 on 0A.

If ¢ < 0, the weak maximum principle implies that, u — u(x,) + ev < 0 throughout A. we
take the normal derivative at x,, and obtain

du dav
R > —o—— = — 2
In (xo) = e (x9) = 2aRexp(—aR*) > 0, (3.9)

9



This implies the lemma.

If u(xy) = 0, then, by assumption, u is negative in Q. Now let ¢*(x) = max(0, c(x)). We
find that (L — c*)u = Lu — c*u = Lu = 0, and hence we can apply the argument above
with L — ¢ in place of L.

Remark: - The above lemma still holds if the matrix a;; is only positive semi — definite and
n is not a null space.

Because of Hopf’s boundary lemma, we can also proof strong maximum principle.

Theorem3.2.2 Assume Lu = 0(Lu < 0)in Q(not necessarily bounded) and assume that u
is not constant. If ¢ = 0, then u does not achieve its maximum (minimum) in the interior of
Q. If ¢ <0,u cannot achieve a non-negative maximum (non-positive minimum) in the
interior. Regardless of the sign of c, u cannot be zero at an interior maximum (minimum).

Proof: - Assume that u is its maximum M at an interior pointand let Q™ = Q n {x; < M}. If
Q7is not empty, and then dQ~ N Q is not empty. Let y be a point in Q™ that is closer to
0Q~ than to dQ and let B be the largest ball contained in Q~and centered at y. Let x,be a
point on B N dQ~ .Then we can apply Hopf’s boundary lemma to B .We conclude that Vu
is nonzero at x,, this contradicting the assumption that u assumes its maximum there. Hence
u does not achieve its maximum (minimum) in the interior of Q.

10



4. The Dirichlet problem

Dirichlet problems are named after Lejeune Dirichlet, who proposed a solution by various
methods, which become Dirichlet principle.

Dirichlet problem is a problem of finding a function, which solves a specified differential
equation in the interior of a given region that takes prescribed values on the boundary of the
region.

Given a function f that has values everywhere on the boundary of a region in R", is there a
unique continuous function u twice continuously differentiable in the interior and
continuous on the boundary , such that u is harmonic in the interior and u=f on the boundary
This requirement is called the Dirichlet boundary condition. The main issue is to prove the
uniqueness and existence of the solution of the Dirichlet problem using the maximum
principles.

Au+cu=finQ

u = gonadQ (4.1)
Where g is known function on the 9 or Q.

Example: - Find the solution of PDE of second order where the values of the solutions are
prescribed along a closed curve. Consider the equation

Au+cu=finQf:QCR" >R}
u = ¢ onadll
Where ¢ < 0 is a give function position in (1 and f is a positive function on 0{).
4.1 Subsolutions

We shall need a notion of sub solutions to the Dirichlet problem, which does not require
them to of class €?(Q) . The definition is motivated by the maximum principle.

Definition4.2 A function u in €°(Q)is called subharmonic (superharmonic ), if for
every ball B with B = Q and every functionh e C(B) with h harmonic in B and u <
h(u = h) on 0Q,we have u < h(u = h) in B. A sub solution (super solution) of the
Dirichlet problem is a function ue C(Q) which is sub harmonic (super harmonic) and such
that u < g(u = g)on Q.

Clearly, if Au > 0, then u is also subharmonic in the sense of the new definition. We note
the following property;

1. The strong maximum principle holds, i.e. if u is sub harmonic and v is superharmonic
with v > uon dQ, then either v > uin Q or v = u everywhere. we prove this by
contradiction.

11



Assume that u — v has its maximum M at some pointx,e Q, where M > 0. If u-v =M
throughout Q, it follow that u=v; hence we may assume that there are points in Q where
u — v # M. In that case, we can choose X, in such a way that there is a ball B Q centered
at x, such that u-v does not equal M on all of boundary of B. Let w and ¥ denotes the
harmonic functions on B which are equal to u and v, respectively, on the boundary of B. We
find

M = (u—v)(x) < (@—v)(x) (4.2)

In addition, the right—hand side is strictly less than M by the strong maximum principle for
harmonic functions. Hence we have a contradiction. An immediate consequence is that
every sub solution for the Dirichlet problem is less than or equal to every super solution.

2. Let u be sub harmonic in D and let B be a ball with B&D.Let# be the harmonic
function on B satisfying & = u on dB. then the function

_ (u (x), xe B
UG = { u(x) xe D\ B

(4.3)
is also sub harmonic in D. U is called the harmonic lifting of u with respect to B.

3. If uy, u,, ..., uy are sub harmonic, then max {u,, u,, ..., uy} is also sub harmonic.

4.2 Uniqueness

A consequence of comparison principle is the uniqueness of solution of the Dirichlet
problem in a bounded domain. Now discusses the uniqueness of solution of a class of
boundary- value problems with general boundary condition.

Theorem 4.2.1:- Let Q be a bounded domain inR™ and u € C2(Q) N C() be a solution of
Au+cu=finQ
u = ¢ on 0} (4.4)
For some f € C(Q) and ¢ € C(3Q).1f c(x) < 01in Q, then u is unique solution.
Proof: - Suppose u and v are any two solution of Dirichlet problem given above on Q.
Let w =u-v .w satisfies Au + cu = 0 in Q and w = 0 on (), then by linearity of the problem
Aw=Au—-Av=f—f=0inQ
w=u—v=¢—¢=00ndQ

Now applying maximum principle to w, we see that;

12



0 = mingg w(x) < ming w(x) < maxgw(x) < maxgow(x) =0
That isw = 0 and so u — v = 0. This implies that u = v.

Another problem used to show uniqueness of solution is Neumann problem. We have seen
this next.

Theorem 4.2.1:- Suppose ( is bounded C*-domain in R™ ¢ is continuous function in Q and
a is a continuous function ondQ. Let u € C2(Q) n C1(Q) be a solution of the boundary
value problem

Au+cu = finQ

O | = ondQ 45
5, Fau=g on (4.5)

For some f € C(Q) and ¢ € C(9£). Assume, in addition that ¢ < 0 in Q and a > 0 on 9.
Then u is the unique solution if c #0ora #0.If c=0anda =0, u is unique up to
additive constants.

Proof: - Suppose u is a solution of the homogenous problem

Au+cu=0inQ

u
—+au=0o0n
on

Case 1-c # 0 or a # 0.suppose that u has a positive maximum at x, € Q . If u is a positive
constant, there leads to a contradiction to the condition c #0inQora # 0 on

0Q,0therwise x, € 00 and Z—Z(xo) > 0 by Hopf lemma, which contradicts the boundary
value. Therefore u = 0.

Case 2 - ¢ = 0and a = 0. Suppose u is a non-constant solution. Then its maximum in Q is
assumed only ondQ by strong maximum principle say atx, € dQ. Again Hopf lemma

implies that Z—Z (x0) > 0; this contradiction show that u is a constant.

Remark: - The boundedness of domain D is essential, since it guarantees the existence of
maximum and minimum of uin Q. The uniqueness does not holds if domains are
unbounded.

Example: - (1) u = sin x is a nontrivial solution of the problem
u”" +u=0in(0,m) u(0) =u(m) =0
This example is equally important for non-positiveness of the coefficient c.

(2) Consider the Dirichlet problem in an unbounded domain Q

13



Au=0inQ
u = 0 on 00
First, we consider the case Q = {x € R™: |x| > 1}. we have a nontrivial solution u given by

log|x| forn =2
|x|?™™ forn >3

u(x) = {

Note that u — oo as |x| = oo for n=2 and u is bounded for n > 3. Next, we consider the
upper half space D = {x € R™: x,, > 0}.Then u(x) = x,, is a non-trivial solution, which is
unbounded.

Theorem4.2.2:- The solution of Dirichlet problem continuously depend on the boundary
value there assigned.

Proof: - Let u and v be two solution of Dirichlet problem in Q satisfying
lu—v|<e,e>=0 onQ (4.6)

According to maximum principle their difference u-v cannot exceed € and less than — € in
the interior of D, otherwise it would achieve a positive maximum or a negative minimum
there. It follow that the inequality |u — v| < &,& > 0 is valid inside D too, which provides
us with consistently satisfactory statement about continuous dependence values.

= |w|<e inQ
But|w| =0 onadQ

Hence by maximum principle w=0 throughout .

u-v=0inQ
u=v onQ

Hence, the solution is unique.
Now applying maximum principle to the general second order PDE.

Consider the general elliptic equation

n n
> Gyt + Y. bty + cu=0,c <0 a7
i,j=1 i=1

We consider elliptic equation with ¢c=0 .And assume that the remaining coefficients are
continuous. It is clear that in this case any u=a, a constant can be a solution of Dirichlet
problem.

14



Maximum principle states that constants are the only solutions, which can assume a
maximum, or a minimum in the interior of their domain Q, no solution can possess a
maximum or a minimum at an interior point of its domain of existence.

Every solution of Dirichlet problem achieves its maximum and minimum values on the
boundary of Q (9Q) of any region Q where it is known to be continuous.

4.3 Existence

In this section, we will establish existence of solution for the Dirichlet problem.
Specifically, we shall prove existence theorem. It will be evident from the proof that the
assumption that 9Q is of a class €2 can be relaxed; for example; all convex domain are
permissible.

The proof will be based on the ideas of Perron, which make use of the following notations.
We call v a subsolution (supersolution) if Av > 0(Av < 0)inQandv < g(v = g) on Q.
Obviously subsolutions exists, e.g., every sufficiently small constant is a subsolution. The
maximum principle (weak form) shows that if u is a solution, then v < u for every
subsolution (this why we call them subsolutions). Thus, the point wise supermum of all
solutions (which is a well-defined function) gives us an obvious candidate for a solution. If
we can show that this function actually solves the problem, our existence proof will be
complete. Before we prove this, we first need to develop a number of prerequisites.

4.3.1 The Dirichlet problem on a ball

One of important properties of the Laplace equation is its spherical symmetry. The equation
is preserved by rotations about some point a € R™. Hence, it is plausible that there exists
special solutions that are invariant under rotations about a. We begin this section by seeking
a harmonic function u in R™which depends only on r = |x — a| for some fixed a € R™ by
setting v(r) = u(r), we have

n —
Au=v" + " v' =0, (4.8)
c1+cylogr forn=2
and hence v(r) = {63 + 2 forn >3 (4.9

where c; are constants for i=1,2,3,4. We are interested in solution with a singularity such
that

ov
Jada =1 foranyr >0 (4.10)

9B,

Hence we set for any fixed a € R"

15



( 1
—logla — x| forn=2

[(a,x) = { Zf (4.11)
_ 12-n
ka)n(Z—n)la x|*"forn =3,

where w,is the surface area of the unit sphere in R™. In summary, for any fixed a €
R™ I'(a,.) is harmonic in R™\{0},i.e.,

A,T(a,x) =0foranyx # 0 (4.12)

and has a singularity at x=a. Moreover,

or

f —(a,x)dS, =1 foranyr >0 (4.13)
on,

0By (x)

The function T is called the fundamental solution of the Laplace operator.
Now to discuss the Dirichlet boundary-value problem

Au=finQ

u = ¢ on 9}

Finding Green’s function involves solving a Dirichlet problem for the Laplace equations.
Meanwhile, Green’s functions are introduced to solve Dirichlet problems. We need to break
this cycle. In fact, we can construct Green’s functions explicitly for special domains. the
next result yields an expression for Green’s functions in a balls.

Theorem4.1.1:- The Green’s function in a ball By R™ is given by

R
ﬁx —%y‘) forn = 2, (4.14)

1
G(x, y)— <10glx—y| log

e JT I P U L 2
Y= Do, Y ¥ R

For x=0, we have

2-n
) foranyn > 3 (4.15)

1
G 0’ - - 2-n __ RZ—n fi >3
0,y) 2=, (Iyl ) foranyn

and G(0,y) = i(loglyl —logR) foranyn =2

Proof:-We need to adjust the fundamental solution by adding a harmonic function so that
the sum vanishes on the boundary. Fix an x # 0 with |x| < R, and consider X € R"/By

given by X = —x In other words, X and x are reflexive of each other with respect to the

|2
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sphere dBg. Note that the map x — X is conformal, i.e., preserves angles. For |y| = R, we

have by the similarity of triangles

Xl R ly—xl

R IXI ly—xI
which implies
R

|y—x|=%|y—X|=|l%|y——x| for any y € dBg.

[x]

Therefore, in order to have a zero boundary value, we take for n > 3.

[

¥
figure4 1 The reflection
about the sphere

Gxy) = 1 ( 1 (R)”‘Z 1

(2 -, \Ix —y" 2 \|x|

ly — X|"2

(4.16)

(4.17)

We point out that the second term is smooth for y € By, since X & By .The case n=2 is

similar.

Next, we calculate normal derivatives of the Green’s function on sphere.

Corollary4.1.2 Suppose G is the Green'’s function in By as in theorem 4.1.1 .Then

17



RZ_ |x|2

G
W(x, y) = forany x € B and y € 0B;.
y

wpR|x — y[™

2
Proof:- We only consider the case n > 3 with X = P we have

1 . R \"2 i
G(x,y)=m<|y—x|2 () - )

for any x € Bz and y € dBy. Hence we get for such x and y

6. (xy) = 1<yl xq (R)n‘zyi—xi>: yi R*—l|xf?
4 wp \ly —xI* \Ixl/ ly—XI") " w,R? lx = yI|"

Ix]

by (4.3) (ly—xl = %ly—Xl y——x| forany y € GBR)

in the proof of theorem 4.1.1 with n; = % for |y| = R, we obtain

n

aG( )_Z G (x.y) = 1 R?—|x|?
an, LY)= g by oY "~ wyR’

X — n
£ lx =yl

This yields the desired results.
The function in corollary 4.1.2 denoted by K(x,y) , i.e.,

— |x|?

K(x,y) = ————
(x y) wanx_yln

forany x € Bg,y € 0Bp.

It is called the Poisson kernal and has the following properties.
(K1) K(x,y) is smooth for any x € B, and y € 0Bg,.
(K2) K(x,y) > 0 for any x € B and y € 0Bj.

(4.18)

(4.19)

(K3) For any fixed x, € 0Bg,lim,_,, K(x,y) = 0 |[x| < R uniformly in y for [y — x,| >

§>0.
(K5) AyK(x,y) = 0 for any x € Bg and y € 0Bj,.

(K5) faBR K(x,y)dS, = 1 for any x € B.

Here (K1), (K2) and (K3) follows easily from the explicit expression for K and (K4) follows

easily from the definition K (x,y) = aG("”

taking a C2(Bg) harmonic function u, we conclued

u(x) = fK(x,y)u(y)dSy for any |x| < R.

9Bg
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This is called the poisson integral formula . Then we have (K5) easily by taking u = 1.

Now, we are ready to solve the Laplace equation in a ball with prescribed Dirichlet
boundary value.The most old — fashioned way to prove existence of solutions is to give a
formula for them. We now obtain an explicit solution for the Dirichlet problem on a ball.

Theorem 4.1.2 Let B be the ball of radius R centered at the origin and let g be continuous
on dB. then the function

R?* — |x|? g
= das 421
0 =R o=y *2D)
B

is of class C?(B) and satisfies Au = 0. More over, for every ye 0B, we have

lim

x—>yu(x) = g(}’) (4.22)

Here w,, denotes the volume of the unit ball in R™, and the notation ds,, in the surface
integral indicates the variable of integration.

Proof: - Since we can differentiate under the integral, u is in fact of class C*in B and it is a
simple calculation to show that it is a harmonic function. It remains to establish (4.1.2). Let

K(x,y) = RE — Jal” €B,y € dB
Y Rl —y =Y '
and
Y(x) = fK(x,y)dSy. (4.23)

0B

The above 1 (x) is the special case g=1in (4.1.1); hence v is harmonic. It is also obvious
that v is a radially symmetric function. For radially symmetric functions, Laplace’s
equation reads

Upp +—u, =0
r

Moreover, the only solutions of this equation, which are regular at the origin, are constants.

Hence ¥ (x) = ¢(0) = 1.

Now let x,e dB and let € > 0 be given. Choose § = 0 so that |g(y) — g(xy)| < € for

|y — x| < 6 and let Mbe an upper bound for g on dB. For |x — x| < g, we have

lu(x) — g(xo)| =

f K,y (g(y) — g(x0))dS,

0B

19



< f K919 — gxo)l dS, (4.24)
ly—xol|<é

+ f K(x,y)1g(y) — g(xo)ldS,
ly—x0|26

2M(R? — xR
(%)

As X— x,, the last term on the right-hand side tends to zero and the theorem follows.

Definition4.1The Laplace operator A is defined on a C2-function u in a domain®™ given by

n
Au = z Uy (4.25)
i=1

L

The equation Au = 0 is called the Laplace equation and its C2-solutions are called harmonic
functions. We have seen this in section (1).

By simple calculation that harmonic functions satisfy the mean value property.
Theorem 4.1.1:-Let Q be a domain in R™ and u € C?(Q) be harmonic in Q. Then
1
u(x) = = j u(y)ds, forany B,.(x)cQ (4.26)
e

Where w,, is the area of the unit spheredB; in R™.
Proof:- Take any ball B,.(x)cD. For any p € (0,7), we apply the Green’s formula in B, (x)
and get

Ju 1 Ju
f Au = f %dszp f %(x+p<p)dsw
B, (x) 3B,(x) 9B

0
= p”‘lﬁ f u(x + pw)ds,

9B,

Hence for the harmonic function u, we have p € (0,7)
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d
% f u(x + pw)ds, =0

Integrating from 0 to r, we obtain
fu(x +rw)ds, = fu(x)dsw = u(x)wy,
aBl aBl

or
1
u(x) =— f u(x +rw)ds,
“n g

A simple change of variables yields the desired result.

The above theorem asserts that harmonic functions equal to their mean-value properties,
mean-value on a sphere and mean-value on a ball.

Definition:- We assume that Q is a domain in R™. Foru € C(Q),

I.  u satisfies the first mean-value property if

f u(y)ds, forany B,.(x)cq.

0By (x)
ii.  usatisfies the second mean-value property if

j u(y)dy foranyB,.(x)cQ,
Br(x)
Where w, denotes the surface area of the unit sphere in R™we note that w,r™ tis the

surface area of the sphere 9B, (x) and “”;rnis the volume of the ball B,.(x).

The two definitions are equivalent. In fact, if we differentiate two to get one.

For function u satisfying mean-value properties, u is required only to be C2.

Now we prove maximum principle for harmonic function.

Theorem4.1.2:- Let u € C%(Q) N C(Q) be harmonic in Q. Then u assumes its maximum
and minimum only ondQ unless u is a constant.

proof:- we prove only for the maximum. Set

G = {x ED:u(x) =M = mgxu} cQ (4.27)
It is obvious that G is relatively closed; namely, for any sequence {x,,}cG,ifx,, > x € Q

thenx € G. This follow easily from the continuity of u. Next, we show that G is open. For
any x, € G, take B, (x,) = for some r > 0 by mean value property, we have

u(x) = wnrn—l

u(x) = wnrn—l

M = u(xy) = J u(y)dy <M nnfdsz
WnT
Br(x0)
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This implies that u = M in B, (x,). Hence G is relatively closed and open in Q.
Therefore, either G= @ or G=(Q. A similar argument can be used to prove the minimum.

Definition4.3.1 Let f,, be a sequence of real valued functions defined in a sub set Q of R™.
Let x € Q.The sequence is called equicontinuous at x if, for every ¢ > 0,thereis§ > 0,
independent of m, such that | f,,,(y) — fin(x)| < € for ye Q with |y — x| < 6.

If a sequence f,, is equicontinuous at each point of a compact set S, it is uniformly
equicontinuous, i.e., § in the definition above can be chosen independently of x € S (it is not
necessary that Q=S). We note that a sequence of function is equicontinuous at x if there
exists a bound (independent of m) for the derivatives in some neighborhood of x.

Theorem4.3.2 (Arzela-Ascoil).Let f,,, be a sequence of real- valued functions defined on a
compact subset S offR™. Assume that there is a constant M such that|f,,,(x)| < M for every
m € N and every x € S. Moreover, assume that the sequence f,, is equicontinuous at every
point of S. Then there exists a subsequence, which converges uniformly on S.

We remark that (with rather obvious modifications) the theorem can be extended to the case
where S is a compact set in an abstract topological space and the values of f,,, are in
complete metric space.

Proof: - Let=x; i eN be a sequence of points that is dense in S. The sequence f,,(x;) is
bounded; hence, it has a convergent subsequence. That is, we can choose a sequence
my; such that fml,-(xl) converges as j — oo, similarly, we can choose a subsequence m;;

of a sequence fmy, such that fing; (X) converges. Since
m,; is a subsequence of my, fmzj(x) converges as well. Next, we choose a subsequence
mg3; of a sequence m,; such that,fm3j converges also at x; we precede in this manner ad
infinitum. Finally, consider the “diagonal” sequence fmjj. Except the first n-1 terms,
my; is a subsequence of m;;; hence fi, , (x;) converges foreveryi e N. To simplify
notation, we shall set g; = fp, .in the following.

To conclude the proof, we show that the sequence g,, is uniformly Cauchy. Let & > 0 be
given. The g,, , being a subsequence of the f,,, are uniformly equicontinuous on S; hence

there is a & = O0suchthat|g,,(y) — gm(x)]| < g whenever |y — x| < 8. Since S is
compact, there is a K € N such that for every xe S there exists i € {1,2, ..., K} with

|x; —x| < 8. Now choose N large enough so that |g,,(x;) —gr(x)]| < § for
m, kN and every i€ {1, ..., K}.For m,k > N and arbitrary xe S,

We now have
|gm () — g O < 1gm(x) — gm (XD + 1gm (X)) — g (x| + (g (x;) — g ()] < €
Forsomeie{l,..,K}.
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Below, we shall have to apply the Arzela — Ascoli theorem to sequence of harmonic
functions. In this particular case, we have the following result.

Theorem4.3.2 Let Q is a domain in R™.Let f,, be a sequence of harmonic functions on (,
which is uniformly bounded, i.e., |f,,(x)| < M for every xe D and me N.Then f,,, has a
subsequence, which converges to a harmonic function on Q, uniformly on compact subset of
Q.

Proof: - Let Qp = {xe Q:|x| < k,dist(x,0Q) > 1/k }.Then Q is compactand QA =
Ur=1 Q. If X is inQg, then, in a neighborhood of x, we can represent f,, by a Poisson’s
formula, using a ball centered at x with radiusl/Zk. This yields uniform estimates for the
derivatives of f;,, on Q. In particular, the f,, are equicontinuous on;,. By the Arzela-
Ascoli theorem, we can extract a uniformly convergent subsequence on each(,,, and using a

diagonal argument similar to that used in the proof above, we obtain a subsequence
converging on all of Q, uniformly on each(;.

It remains to show that the limits of this subsequence is harmonic. To see this, we simply
note that harmonic functions are characterized by the property that they obey Poisson’s
formula on every ball. If Poisson’s formula is obeyed by all functions in a uniformly
convergent sequence, it also holds for the limit.

In this section, we shall establish existence of solution for the Dirichlet problem.
Specifically, we shall prove the following theorem:

Theorem4.2.3 (Existences of the solution of Dirichlet problem) Let Q be a bounded domain
in  R™ witha C? — boundary . Then for any function ge C(3€), there is a unique
ueC?(Q) N C(Q)satifing Au = 0 and u = g on 9Q.

Proof: - We now construct a solution following the Perron method. Let

Sy = {veC(Q): v is subharmonic, v < g on 9Q}.

sup

Define u(x) = ves,

v(x) < oo. this is well defined, because every subsolution is less than or
equal to every supersoltion sub/supersoltion exist by choosing appropriate;

vo(x) = ngli)ng = const €5,. (4.28)
Bounded from above by
v(x) = max g = const (4.29)

Step 1- u is harmonic in Q.

Let x be an arbitrary point in Q and v,, be a sequence in S; such that v,,, (x) - u(x).From
above v, is bounded (by any supersoltion), we may also assume it is bounded from below;
if necessary, replacev,, by max(v,,, vo,), where v, is any subsolution. Choose R such that
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the closure of B = Bi(x)is contained in Q and let V,,, be the harmonic lifting of v,,with
respect to B. Then V,(x)—>u(x) and, by theorem 4.2.2 above,
Vi has a subsequence ;,,, which convergesonB to a harmonic function v; the

convergence is uniform on every compact subset of with v < u in B and u(x) =v(x).We aim
to show that v=u in B.

Assume on the contrary that v(y) < u(y)forsome yeB. Then there exists a function WeS,,
such that v(y) < W(y).Let wy, = max(W,V;,, ) and let W, be the harmonic lifting of wy
with respect to B. As before, a subsequence of W,, converges to a function w, harmonic in B.
Then since vy, <V, <w, < Wy, we have v <w. Moreover, as v, (x) - u(x), and
wy € Sg,we have v(x) =w(x). Hence, the strong maximum principle applied to the harmonic
function v-w on B implies v=w in B, thus contradicting the choice of W.

Step 2- u satisfies the boundary data.

It remains to show that u is actually continuous up to dQ and assumes the given boundary
data. Let & is a point on 0. Since 9 was assumed of class C?, there is a ball B = Bz(y)
in the exterior of Q@ suchthat BN Q = @ and B N Q = {&}.

We now define

R¥"—|x—vy|*™ ,n>3

w(x) = lx -y (4.30)
g R ,n=2

Then

1. w is subharmonic (actually harmonic) in (.
2. w>00nQ\{¢}, w&)=0.

A continuous function with property (1) and (2) is called a barrier at ¢ relative to Q. We
have

Then forn> 3

y

) = 0 (Ix =y - =)
= — — _ —(n+1) Xi—Yi)~ (xi— yl) -n
=(n 2)[ nlx —y|~ S x - yl ]

So then summing over the index | we have

n
z 0? w(x) = (n—2)[n|lx —y|™ —n|x — y|"?|x — y|?]
=0
Similarly for n=2
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|x — vl

— i~ i)z —
= R|~2x — | 52+l — y1 7]

820 (x) = o) (|x —y|-1w>‘

And 0fw + 02w =0

Hence w is harmonic. Furthermore, w > 0 on O \ {¢} and w(§) = 0. Now we areina
position to prove continuity.

Lete > 0 be arbitrary, let m=max,p|g|, let §, k be positive constants such that |g(x) —
g(s)<efor x€dN, xr—¢<dand kwxr>2m for all ¥ € 2such that r—¢>d.The existence of

k > 0 isensured by% > 0 on acompact set 3Q N {|x — &| > §}

Since, for xe 0Q with |x — &| < § we have
g(®) — & — ko (x) < g(x) — kn(x) < g(x),
And for x € dD with |x — &| = § we have
g@&) —e—ko(x) < glé)—e—-2m=<-m-e<g(x)
Then the function g(&) — € — kw(x) is a subsolution. Similarly, for xedD we have
9 +e+kw(x) = g(x)

Hence, the function g(¢) + € + kw(x) is a supersoltion. Hence we obtain that;

g&) —e—kwlx) <u®) < g + ¢+ ko).
Since w(x) - 0as x = &, u(x) - g(é).

4.4 A priori estimates

Proving the uniqueness of boundary value problems is an important application of
maximum principles. Equally important or more important is to derive a prior estimates,
essential steps consists of construction of auxiliary functions. Next, we derive a prior
estimate for solution of Dirichlet problem.

Theorem4.4.1:- Suppose u € C2(Q) n C(Q) satisfies
Au+cu=f inQ
u=¢ ond
for some f € C(Q) and ¢ € C(9Q). If c(x) < 0, then
<
mélxlul < r%%xkpl + Cméaxlfl (4.31)
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Where C is a positive constant depending only on n and diam(Q).
If Q = BR(xo), then
2
max |u| < max + — max
BR(xo)l | aBR(JCo)l(pl 2n BR(xo)lfl
This follows from the proof below easily.
Proof: - we construct an auxiliary function w in Q such that

@ A+ wtuw)y=Q+c)wtf<0,or(A+c)w<+f inQ;
) wtu=w+¢=00orw=+@ondQ

Set
F=m€X|f| ) ¢=H§3X|<P|

We need
Aw+cw < —-FinQ

w > ® on d)

(4.32)

Without loss of generality, we assume that () is contained in a ball of radius R and centered

at the origin, i.e.Qc Bg. Set
F
= +—(R? — |x/|?
w =@+ (R~ |x|?)
Then by ¢ < 0and |x| < R in Q, we have

cF
Aw + cw = —F+cd>+%(R2— |x|?) < —F

(4.33)

We also have w < @ on dQ. Hence w satisfies (a) and (b), by comparison principle, we

conclude -w < u < win ,and in particular,
1
lu(x)| < ® + %(R2 — |x|>)F foranyx € Q

This yields the desired results.

Now consider a class of general boundary value problems.

Theorem 4.4.2:- Suppose u € C2(Q) n C1(Q) satisfies
Au+cu=finQ

O o = 00
5. tau=¢ on
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For some f € C(Q) and ¢ € C(3Q).If c(x) <0in Q and a(x) > a, on 9L for a positive
constant a,, then

mé;\xlul <C (r%%xlgol + mé;\xlfl) (4.34)

Where C is a positive constant depending only ona, and diam(Q).If c=0inQand a =
0 on 0Q, the homogenous problem in the above theorem (with f =0inQandg =
0 on 0Q) admits a nontrivial solution u = 1 in Q. Hence there does not hold a sup-norm
estimates in this case.

Proof: - By assuming Q. By for some R > 0, we prove

1 1 /1+ R?
suplu| £ —max|p| + — + R? | max|f]|
Q a Q

a, 09 2n 0

Set

¢ = r%%X|<P| JF = mgXIfI
and

1 1 (1+ R?

v(x)—— —( +R2—|x|2>F

ao 2 ao

Then
AMN+cv=—-F+cv<-Fin(}

and

v F 1+ R?
—+av——CI>+2— —2xn+a + R? — |x|?

on Qo n lo

F
2<D+%(—2xn+1+R2)2d> on 9Q

Where n is the unit exterior normal vector of 0Q withw =v+u

We have
Aw +cw < 0in ()

dy
—+aw =0 onadf)
0x

It is easy to prove thatw > 0 in Q or |u| < vin Q.

This yields the desired results.
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Summary

Overall, it is important to understand the power of various form of maximum principle in
the study of PDEs. Using relatively simple and only few technical tools, one can achieve a
wide variety of results concerning the behavior of solutions and properties of elliptic
differential operators. Many of the proof use similar approaches and the results obtained
extend well to more general cases for the most parts.

In this paper, we shall use this idea in the study of second order elliptic equation. The
maximum principle for second order elliptic equations is well known. Here we shall show
that properties of weak and strong maximum principle in linear operator. When we see weak
maximum principle can be, prove for inequalities of the form X, jjUyx; 2 0. On the

other hand, strong maximum principle can be proving by using interior sphere condition.

In general, we see the uniqueness and existence of solution of some boundary problem
especially in the Dirichlet problem in a bounded domain, which is a consequence of
comparison principle. Furthermore, possible application of maximum principle is to obtain a
prior estimate for the gradients of the solution u and Au.
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