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ABSTRACT

The theme of this thesis is the irvestlgatlon of collective
and thermodynamical properties of highly-excited Bouse-gas, By
excited gas is meant a gas in which there exicst 2 slgnlficﬁn:
number of excited particles, The number of excited particles
depends on external sources (laser illumination, electron beans,
etc.) and can be arbitrary. In typlcal cases the number of ex-
cited atoms N is smaller than the number of particles in the
ground state. As is well known the energy of interaction
between particles in the same guantum state is proportional to
1/ where R is the distance between particles, This short-
range interaction is responsible for the collective properties
of the conventional gas such as condensation and phase transi-

tions.

The interaction between differently-excited particles is
proportional to 1/R? and can be attractive as well as repulsive,
Thus, the availability of even a comparatively small number of
excited particles can and does lead to a significant change of

the properties of the gas compared with the non-excited gas.

The properties of such excited gas are investigated on
the basis of the second-quantized Hamiltonian and the method of
equations of motion of Green functions. This method yields, in
a most natural and direct way, the energy-spectrum of elemen-
tary excitations and the thermodynamical functions of excited

gas.
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INTRODUCTION

On the macroscopic level the properties of gases, liquids,
and solids are determined, ultimately, by the interactions
between the particles that constitute them. As far as we deal
with atoms and molecules, in this case, these are electrical

interactions.

The main purpose of this paper is the investigation of the
collective and thermodynamic properties of an excited Bose gas.
By excited gas we shall understand a gas in which a definite
amount of atoms are excited to the first level of electron
excitation. It will be shown below that the interaction between
differently excited atoms is much larger than the interaction
between similarly excited atoms, This means that even a small
concentration of excited atoms can give significant contribution
to the thermodynamical functions of the excited gas. In parti-
cular an excited gas with comparatively small number of excited

atoms will be non-ideal.

Due to strong resonance interaction between excited and
non-excited atoms which is connected with the interchanging of
excitation between differently excited atoms and which is
proportional to 1/R?, (R = distance between atoms) one can
expect collective properties of such a gas, The first investi-
gation of collective properties of non-excited gas at low tem-
peratures had been done by Bogolubov, In this paper we also

considered the Bogolubov case using the thermal Green's function

method which is the more natural one in the treatment of the

emmer lmder ensambe ) e



The second and main problem we have considered is the
energy of spectrum of elementary excitations in an excited

Bose-gas with a comparatively small number of excited atoms-

where the interaction between differently excited atoms gives
rise to a significant change of the energy spectrum of

elementary excitations. Apart from the appearance of another

branch, the availability of excited atoms leads to the appear-
ance of an energy-gap for Bogolubov's phonons and a changed

velocity of sound.

The third and main problem considered here is the energy
spectrum of elementary excitations in an excited Bose-gas when
the number of excited atoms 1s still small but we can neglect
the interactions among non-excited atoms and also the interac-

tions among excited ones.

The last problem considered in this paper is the excited
Bose-gas at high temperatures. We have obtained the energy
spectrum of elementary excitations and analysed its thermody-

namic properties.



CHAPTER 1

QUANTUM CONSIDERATIONS OF THE INTERACTION BETWEEN ATOMS.

(VIRTUAL DIPOLES)

VAN DER WAALS FORCES

The prototype of our discussion is the problem of determi-
ning the energy of interaction of two atoms which are situ-

ated at a great distance from each other.

In the solution of this problem we apply perturbation
thecry, regarding the two isolated atoms as the unperturbed
system, and the potential energy «f their electrical inter-
action as the perturbation, As is known the 1St order
correction to the required energy of interaction of the
atoms is determined as the diagonal matrix element of the
perturbing Hamiltonian, calculated with respect to the un-
perturbed wave functions of the system which are expressed
in terms of products of the unperturbed wave functions for

the isolated atoms,

The total Hamiltonian of the system of two interacting

atoms is

. 2
H Ho + uo + U(R) {1.1)

where U(R) is the perturbing term given by the operator of

dipole-dipole interaction [1] , (2]

4,.4, -3d,.80 d,.5
U(R) = 22 3 A sl (1.2)
R

1H and 2Hn are the Hamiltonians of the isclated atoms.

~



Let us consider two atoms in the ground states. In
s-states the diagonal elements of the perturbing
Hamiltonjian are zero since in s states the Y-function

is a function only of r implying, on the average, spheri-
cal symmetry in the distribution of charges in the atom.
This amounts to evaluating the mean values of the dipole
moments of the atoms and they vanish in s-states, So the
15t order correction term to the energy of the system of
two atoms vanishes and we go over to the next correction

term which is the second order.

In the special case of two atoms in their ground states,
the 2"d order correction to the ground energy of the two
atoms depends on the distance and can be considered as

the interaction energy [2]

UR) = - B¢ (1.3)

where A is a positive constant which depends on the type

of atons.

Thus, two atems in normal s-states, at a great distancg
apart, attract each other with a force (- g%) which is
inversely proportional to the seventh power of the dista-
nce. The attractive forces between atoms (dipoles) are
the Van der Waal's forces, These are short range forces
effective over distances of the order of atomic diameters

and are a minor effect in the present problem. The constant
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A in (1.3) depends, not only on the states of the two
atoms, but also on their mutual orientation, i.e., on
the value of the projection of the angular momentum on

the axis joining the atoms.

INTERACTION O DIFFERENTLY EXCITED ATOMS

RESONANCE INTERACTION

As a special case consider the interaction of two

similar atoms in different states. The unperturbed

system (the two isolated atoms) has here an additional
degeneracy due to the possibility of interchanging the
states of the atoms (excitation jumps from one atom to the
other). Accordingly, the correction in the first approxi-
mation will be given by the secular equation with the
interaction term (1.,2), in which the non-—-diagonal matrix
elements ﬁf the perturbation appear as well as the diagonal

ones.

Consider the case where the 18% atam is in the ground
state and the 2P atom in the 1°% excited state, The wave

function of the 15t atom is given by

b100(1) ARy (r) A e7F/2

and that of the 2"% atom by



w21_1(2)f\aR21(r) sin © e_1°

\bnG(Z) NRZI(II cos 0

'1:211(2)~ Rzl{r} gin € e“’

The set of wave functions corresponding to the system of
two differently excited atoms in S and P states are then

"1 = Vy00(t) ¥211(2) | ¥ = 400020 ¥y, 1)

’

=
n

r

il

’

Each of the wavefunctions corresponds to the same energy

B ile, 51) where ¢ is the energy of the ground state

of one atom and £, is the energy of the 13% excited state

of the other atom.,

The correction, E(l}. to the energy ' E in the first

approximation of perturbation theory is given by the secu-
lar equation, Eﬂ

(1)
~E Ujp » v » Uy

(1)
Uy  UpamE " 'v » .« Uyg = 03 (1.5)

U3y

U (1)

61 Usz . o » UGG-E |-




where

- = - -
Uyy =< ?11U1?j » = J¥{U%,dr  is the matrix element

of the perturbing Hamiltonian given by (1.2) on the wave
functions (1.4). Due to symmetry conditions all diagonal
matrix elements vanish and only the matrix elements

Taking the linear combinations of the wave functions of
the excited atom, we can choose them in such a way that

they will transform like ccmponents of the vector r:

Ox=V21-1M211 ¢ Oy¥a117Vany ¢ 9%Va30 ¢

Then, the set of wave functions given by (1.4) correspond-
ing to the system of two differently excited atoms, can be

written as

[¥ >=10, (D) 0 (20>=]0> x> 5 [¥>=]4_ (219, (1)>=]|x>|0>

[¥p>=10, (1) 8, (2)>=]0>]y> 7 [¥g>=[4, (210, (1)>=|y>[0>  (1.6)

[¥y>=10,(1)4,(2) >=[0>|2> ; [¥>=|9_(2)¢, (1)>=|2>]0>

This, then, is a-case of 6-fold degeneracy and

6
j£1{<¢itao+ulﬁj>«-niif Cy =0 . (1.7}

with the z-axis chosen in the direction of the unit vector

ff , the perturbing Hamiltonian U takes the form

dlxdzx + dlydzy ~ 24

n!

lzdzz

U=



“ B =

The solution of (1.7) gives the following values for the

1%t gorrection to the degenerate energy level (so+51).[!]

= -— = » = zx
1,2 "t R B3 "’ Egg=tgr o .

where

K = <ofd,[x>* = <0la |y>* = <0|d,|2>*

So the 6-fold degenerate level (e,*e,) splits into four
levels among which the levels (:°+elt %i)still have 2-fold
degeneracy. The linear combinations which correspond to

these levels are

199> =2 U0, (10, (20> + [8,(2) ¢,(1)>)
two fold degenerate

Wy =
[¥5> =51 185000, (2)> + o (2) 9,(1)>)

+

92> =20 10, (104, (2)> + [9,(2) 8, (1)>) (L.8)

|9 =10y (16,(2)> = [3,(2) 8,(1)>)

two fold degenerate

P

Ty ok
a2 =5lle (Lo (21>

195(2) by(112)

-

V3> =216, (110, 207 = [65020 8,0)5)

It can be shown that the expectation value of the dipole

moment in all antisymmetrical states in (1,8) equal; to
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zerc and has non-zero meaning for symmetric states.
Congidering the pair of differently excited atoms, the
ﬁrobability of dipole transition from one of the states
in equation (1.8) to a state where both of them are in
the ground state (probability is proportional to dipole
matrix element), it is clear that the antisymmetric
states in (1.8) are long-lived states with respect to
dipole transitions. So among the interacting pairs of
differently excited atoms we have short-lived symmetrical

8 seconds which is the time of dipole

states (life-time ~~10"
transition [5])and long-lived antisymmetrical states with

the forbidden dipole transitions,
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CHAPTER 2

THE CONCEPTION OF ELEMENTARY EXCITATIONS

| The ideal guantum Bose gas at T = O creates the so-called
| "condensate" when all particles occupy the level with zero
energy and zero momentum, This can be, most easily, seen

from the Bose distribution

n, = m v (2.1)
4 ei -1
1 At T=0 uy=0 and
l
; n o= —k
. k € (k)
eT-l

2
has singularity n,_, % = E:{k} - !%] This means

that all particles have energy (k) = 0,

In the case of non-ideal gas a macroscopic part of the

particles are still in the condensate state; but there
| are some (small amount of) particles with non-zeroc momen-
' tum even at T = O, The more ramoved from ideality the

gas is, the more the number of particles with
e(k) ¥ 0.

The theory of such weakly non-ideal degenerate Bose gas

was developed by Bogolubov [6]and demonstrates that
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particles with e(k}) % ©C can be described in terms of

phonons. These elementary excitations have the following

dispersion law,

s 2 2g2
Ek) = V[eoa] + vle? . (2.2)

In the long-wavelength limit (k + O) egn.(2.2) reduces to
E(k) = UBK " (2.3)

which corresponds to the phonon part of the excitation
spectrum of a Bose liquid with Ug identified as the velo-
city of sound. In the case of large momenta, the excita-

tion spectrum is given by

b 4
E(k) = e{k) = {m (2.4)

and the gquasi-particles turn out to be the (real) free
particles. This agrees with the general conclusions of
Landau's theory about the energy-spectrum of condensed

sysetems at low temepratures [6] .

This result for the phonon case turns out to be extremely
general. It appears now that, in most many-body systems,
it is possible to perform a transformation t from the
system of strongly interacting particles to a set of
approximately independent elementary excitations above
the ground state, Thus, the transformation may be written

in the form |10 |:



w: TR e

-+ - ) e 'b R N - 5 %
f:H=iH(pi,ri, - 5£jv.r1.rj : pipj}
emall
_[_ _________',/ﬁ..._...f{ -~ na
L
> H'=E+ SE(K)AA + f(...nk...ak...) . (2.5)

Here H' is the second quantized Himiltonian of the system

of interacting particles; the transformation t is unders-
tood to contain the necessary transformation to the
second-quantized fogm. Eo is the ground state energy of

the interacting system; E(k) is the energy of the elemen-
tary excitation ('dispersion law' or 'excitation séectrum'):
A;,Ak, (ﬂ;ak) are creation, destruction and number operators
for the elementary excitations. The small term in egn. (2.5)

describes the interactiocns between elementary excitations.

Thus, at low temperatures the energy spectrum of a many-
body system can be built as a sum of the energies of
elementary excitations which can be considered like non-
interacting (ideal) particles, This means that at low
temperatures, where excitations with snall energies are
important and the number of them is small, the interaction
of elementary exfitatiqns leading to decomposition of
excitations (which occums only for fairly large energies)
and the scatterinag of excitations by one another (which
becomes important only when the number of excitations is

fairly large) are no longer important. The weakness of
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the interactions between excitations at low temperatures
enables them to be regarded as an ideal gas of elementary
axcitations (quasi-particles) with specific dispersion
law, E(k)[8]. As temperature increases the number of
elenentary excitations increases and the interaction

between them becomes significant.

THE GREEN FUNCTION METHOD. (7] , [B].

One can ask how one can find the dispersion law of these

quasiparticles in the particular cases. The most simple

way is to start with the second-quantized Hamiltonian of

a system,

H=Ze (k)a a, + = kiky Uk k, >ar ar (2.6)
E k% ¥ 2V kil 1781 s, 7K. - y

ki+ki = kl+k2 {conservation of momentum) .

where

a; + @ are creation and annihilation operators;

<k!k

1K3 31U0lkok;> = is the matrix element of interaction

with <k'k‘|UIk2kl> = Iwk.oki Ulry,x.)dy ¢kld’ld’2

U being the potential energy of pair interaction; and k
is the get of quantum numbers which describes the single

particle state Py -



At the first steps of theory the only way for finding

the dispersion law of elementary excitations was looking
+

for a suitable transformation from old operators al't,ak

+
to new operators bk'bk 80 as to reduce the Hamiltonian

(2.6) to the diagonal form
+ o
Bﬂik(k}bkbk +E, . (2.7)

Eo is the enecrgy of the grouﬁd state and E (k) the energy
of the guasiparticles or elementary excitations. b; and b,
are creation and annihilation operators of excitations:with
energy E(k). Unfortunately this method works cnly in the
case of gpecial Hamiltonjians which can be obtained from

the general one using some physical approximations.

At the end of the 50's the powerful methods of quantum
field theory have been introduced into statistical physics
and the physics of condensed matter, These methods are now
very widely used and called the method of Green functions.
The most medrtant featueres of this method are the follow-
ing:

We introduce the thermal Green function [7]

051]:;)- o (t}([a;it) = ak.i'O)];> (2.8)
kl

whare
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At the first steps of theory the only way for finding
the dispersion law of elementary excitations was looking
for a suitable transformation -from old operators a;'ak

+
to new operators Dby ,b, so as to reduce the Hamiltonian

(2.6) to the diagonal form
H=}S('F:(k}blibk +E, (2.7)

Eo is the enrrgy of the gl‘O'LII;ld state and E(k) the energy
of the guasiparticles or elementaryl excitations, b; and bk
are creation and annihilation operators of exclitations:with
energy E (k). Unfortunately this method works only in the
case of special Hamiltonians which can be obtained from

the general one uszing scme physical approximations.

At the end of the 50's the powerful methods of quantum
field theory have been introduced into statistical physics
and the physics of condensed matter, These methods are now
very widely used and called the method of Green functions.
The most important featueres of this method are the follow-
ing:

We introduce the thermal Green function M

8. {t) = - i0 <o, (t) a, ( (07]3>
Ay

Where
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i&(t} is the creation operator in the Heisenberg represen-

tation
“ _ _iHt _¢ iRt |
ak(t) = e ak(C) i
(B is the Hamiltonian eqn.(2.6)); ©6(t) is Heaveside's

step function; [:]; stands for the commutator in case of
Bose particles or anticommutator in case of Fermi particles;

< > means thermodynamical average

<[afe) , a (0)])> = i‘la') trie® "k e) , ag07))

7z = Tr[e’efﬁ + 8 18 the reciprocal of the absolute tempera-
ture in units of rec’procal of energy. Here we have put
Boltzmann's ccnstant Koy and Plancks constant F equal to

unity.

The Green function (2.8) permits one to find the energy
spectrum of elementary excitations. Taking the Fourier
transform of (2,8) and demanding

-1

Gl (w) = O (2.9)
ak_ '

one can find the dispersion law, ie., the dependence of
the energy, w(k), of zlementary excitations on momentum K

as the roots of equation (2.2).




The discributior of particles in the momentum space is

] ~1 ® dw +
nk <ak(t) ’ ﬁk(t] = i._{, é;ém’fm Gakgﬂk)- {2510)

The Green function (2.8) has a structure of the type

s 1
Gakg';(’ T o-w (k) !

and using the Dirac identity

P -
RTKIZIE = Grotky *AT8 (wmu(R))

One can select the imaginary part of the Green function

{2.8] -

1f the energy of elementary excitations and their distri-
bution ny in momentum space are known, then one can work
cut the thermodynamical properties of the system. The

internal energy, for instance, is given by

<E» = !!‘u(k)nk

On the basis of E(V,T) we can find all thermodynamical

properties.

The problem now is how to find the Green function. Below
we shall use the method of equations of motion for the
Green function proposed by Tyablikov Eﬁl. The equation of

motion for the Green function (2.3) has the form
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1,1 () = = 8 (8) By 0 (1)< G, t) .8, 0)5 (2.11)

and can be obtained from eqn. (2,.8) directly by differenti-
ation with respect to time. The time derivative of a:{t}

is given by the standard formula

ay (t) = -1[ay (), i (2.12)

In the real cases the interaction term in the Hamiltonian

(2.6) generates the Green function of higher order of the

type

G He) + w =100t) <[a (t)al (tlag, () 4 a, d0)]>
2 ak,.k';%f [E*: k; kr k :] ;

So we also need the equation for G;‘ % . But
The By Mo
1

¥
such an equation will involve the Green function of still
higher order and sc on. Eventually we arrive at the infinite
chain of coupled equations for the Green functlons of
different ordq;a. On some physical grounds we can cut the
system of equations for the Green functions and obtain the

closed finite system, Examples of such procedures are

demonstrated below,
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SECOND=-QUANTIZED HAMILTONIAN OF EXCITED GAS.

The main goal of this work is the investigation of the
properties of an excited Bose gas. This is a gas in which
the number of excited atoms is not determined by Maxwellian
distribution

AFy

Nlr\;e-' (Ey = the energy of excited atom),

but depends on external conditions [gaser illumination,
electron beams, etcg]. Using the laser one can create and

maintain the constant number of excited atoms Eﬂ.

It can be shown [4] that, for example, in excited gas the
lifetime of excited atom is f\JlO“B seconds, but the
characteristic time of Maxwellization of gas under normal

=1l caconds. Sc we can assume that there

conditions is ~w10
is equilibrium in the kinetical degrees of freedom, but
the electron degrees of freedom are not in thermodynanmic

equilibrium.

Let us consider an excited gas in which N, atoms are
excited to the lSt excited level and No atoms in the ground

state with the usual situation

(-
o
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The Hamiltonian of our system in which interactions can

be zaken into account in the dipole-dipole approximation

is
N (d,.d.,)=3(R..,. ) (R, .
a—: i%*”’*z 0. e b i n b e R O O
2 jl !ﬁj‘ijr'
l)j
where

Hamiltonian of the jth atom,

operator of kinetic energy of the jth atom,

> S
i

and the 3%¥d term is the energy of dipole-dipole
interaction. We have also

N = e .

We find the second-quantized Hamiltonian for excited gas

using the following field operators

iK.R

i, R)= g Eagtotx) + By (r)]e™™
(2.14)

Al -iK.R
E(r,n)aiﬂ% E[a{tﬁ;(r) + bk+¢:'(r)]e i )

Here and helow we shall assume, for the sake of simplicity,

that the excited state is non-degenerate and ¢, (r) may
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momenta (interchanging of excitation is possible only in
this case), the Hamiltonian (2.15} takes the form (in the

limit YV »=»; g = transferred momentum + 0)

U
H= +N o 4] { ) _.9
i Nn o ‘\‘ - af {I"} ak k+)k k.} v k.-k‘ akt akl ak ak +
) 1
U* + i 2
+ 39 k‘:(akbk-ﬁ-bkak]] ; (2.16)
The term (N ¢ 4+ N e ) is the energy of the electrons'
v

learees of freedom for the non-interacting particlesz and
wee shall drop it hereafter, it being understood that we
measure energy from (Norc + N}sl); £(k) = 3 is the
rinetic energy of a particle of mass M; U, is the Fourier
transform of the interaction between non-excited atoms,

N US is the Fourier transform of the interaction between

differently excited atoms.

It can be shown (see Chapter 1) that, in the dipole-dipole

dpproximation

U, 2 u* (2.17)

So, oven in the conditions when N <«N_ the last term in
(2.16) describing the interaction of differently excitéﬁ
atoms can significantly change the energy spectrum of

such a gas, We have neglected the interaction between excited

atoms on account of their relatively smal! number., We shall

onsider three cases,
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WEAKLY NON-TDEAL BOSE-GAS AT LOW TEMPERATURES 0%

In the absence of excited atoms, the Hamiltonian (2.16)

reduces to Bogolubov's Hamiltonian

H =Ey(k)a?a + o S Ay, a,
" S A T T (3.1)
L@

k!k?

i

k' + k' =k +k
1 3 } 2

#or simplification ¢ f the Hamiltonian (3.1) we use the
following considerations, First of &ll we consider the
case of low temperatures, T:=0. At T = O most of the

particles should be in the state with 2zero momentum

k=0 3
NO — NO—‘N *

So we can neglect the non-commutativeness of

i =k Ly
k=0 a}(:{) i ak:{) ak.—:o i 1 (3,2a)

t
and a as c-numbhers.
ma treat =g ¥ Pk=o

=G

=0 T %
But aka; - a;ak = I8k €0 (3.20)
\ . - k=0 ¥ +¢ = N
and NO = No + ak1R
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The application of perturbation theory now means the
expansion of the interaction term in powers of small
values ak#o i ak?o - Doing this one can get up to
second-order terms. There are no 15t order terms since

these would not conserve momenta.

UN _ B Foks. 1
Hy =5 +%k=}|;t{3f»_,{k)+-—‘7—){akak-!-a_.ka_k) +
U_N
o ¥4
t 5 (apa_pta_ja.)l (3.3)

For the determination of the energy levels it is
necessary to reduce the Hamiltonian (3.3) to the diagonal
form, It can be dene by appropriate linear transformation
as in the case of N,N. Bogolubov [6]. We shall arrive at
the well-known solutions by the Green function method as

described in the previous chapter.,

we shall 15% find the equation(s) of motion for the

ke

a, la, ) operator(s).

.-'1}: = -1[3;,[4;] = 1 {(g (k]+2A)a;(t}+2Aa_k} (3.4)

where we have put =1 and

Uoh

B e

2V
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The eguation of motion for the Green function G * =G

A ap

1G, (t) =-6(t}ﬁkk.-(}tki+zé)c,ft)-zacztti (3.5a)
involves the Green function C = G, . The equation of

a_x i

motion for G?vis

iG, (t) = 26, (t) + (& (k)+28)G, (¢) . (3.5b)

The system of eguations (3,5) represents the closed chain
of eguations for determining G & G, . Passing to the

Fourier transform of these equations we get

S = Lw-{ek)+22]1G, (w) - 2A G, (w)
{3.6)
0 = 20 G, (w)+iut(e (k) +28) 16, (0)

The solution to (3.6) is

c _E(k) + g(k)#2A _ . _ _c(k)+2A-E (k)

G, lw) = ‘2.&:"('}2)@7(2@ k) Skk! ZE (k) (eolk) +E (k) Sk
(3.7)

_“'TﬁéTFT""TET ¥ . 5
Gg (w) = = BTk VB J&kk, E 7 TE k!

and the energy spectrum of elementary excitations

£ (k) =Ve’ (k) + UZK’ (3.8)
Pol i 1t
where U. = 2 is the velocity of sound, This resu
s
mY

»
coincides with Bogolubov's [&;.
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The transformation required to put the Hamiltonian (3.3)

in the form

E +

R, s o + I E(XK)b'b
B 3

——— e k“k

ground state

(3.9)

is suggested by eqn.(3.4) and can right-away be written

in the form

- ) _

bk/h; being annihilation/creation operators for quasi-
particles that obey Bose commutation rules; Uk' vk are
real numbers whose values are still to be determined,

and

b, (t) = by (0) exp (iE (k) t]
(3.11)

b, (0) exp(-iE(k)t].

i

. b, (t)
Using equations (3,10) and (3,11) the Green functions

G,(t) and G,(t) may be out in the form

G, (t) = iG(t)U}iexp(iEt)Gkk.-iO(t)V;expf-iEt)ﬁkk,
' (3.12)
G,(t) = ie(t)ukvkexp(iﬂtiskk.-iG(t)Ukvkexp(-iEt)Gkk.
Taking the Fourier transform of (3,12) we obtain
2 2
U v
k gl X % (3.13a)
t & el ' \
G| (u) N_E Rkk ,‘,4,13 kk
U,V 0.V
k k - kX 3 (3.13b)
= 6 ' " -
Gz ) w=E kk w+E kk
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On comparing equations (3.13) and (3.7) we see that

op =% (1/ /17 + 1)+ v2 =y [1/ Visrp - 1)
(3.14)
Uiy =~ ’i(l'k/ Vi-f';)
with
P = 2BAE+2R) ; E =Vei+4cp = za(_ 1} -*1"'}

which coincide with [8).

Tt will be useful to note that Bogolubov used for the
diagonalization of the Hamiltonian (3.3) the algebraic

method introducing the operators of quasiparticles bk
.{.
bk = Uea, + Vil o

The necessary coefficients of this U-V transformation
were obtained from the condition of the vanishing of non-
diagonal terms. The Green function method, as we have
seen, systematically and directly yields not only the
dispersion law for elementary excitations but also the

sought-for transformation is indicated in the equations

of motion of the operators involved.
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CHAPTER 4

ELEMENTARY EXCITATIONS IN AN EXCITED BOSE-GAS AT LOW

TEMPERATURES .,

Let us consier an excited Bose-gas with a comparatively
small number of excited particles. We shall take into
account the interactions among non-excited particles and
between differently excited particles and shall show
that even in the case when the number of excited partic-
les is small their contribution to the energy spectrum

of elementary excitations is significant,.

We shall start by assuming that the ground state of an

excited Bose-gas is as follows:

{n the Ground State there exist the macroscopic number of

particles in the state with k = 0 . We denote them as
W° - N 3 NP N (4.1)

A comparatively small number of particles have non-zero

momenta ; i.e.,

= =0
g a}tak«ng A w* (4.2)
k$o ko

Expanding the Hamiltonian (2.16) in powers of small operators



e

brig? Prio WP to second order terms we

15

a 1
ayi0 r %20’

obtain
F(k}nta + T r(k}b+b +2A I (a,a -|-szr a.) +
gimg ¥ I TARISTRT cds  EE o k™ =k “-kk
kfo kfo o
ok ¥ +
RS Zh,c,k;o (akbk + bkak) F (4.3)
Where
*
Ef_): f‘.‘f‘-‘NO + ZA]N‘ 7 o P H 1 v
(4.4)
N
- . = 2A -2 2 EZ =..‘_ <« 1
E(k)=ctk) + 2B = IR N
Equation (4.3) is obtained on the assumptions that
Nl*< NO

so that we have improved N, in accordance with

Nk#o +
= k#0

]
a2y = No
leaving N as it is.

ve the form
The equations of motion of our operators ha

ot ) + t }

a, = i{E + 2A.tb, + 2A 2 g

= RN S (4.5)
", & + +'||

by = ife(k)b, + 2A E3’
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The closed system of equations of motion of the Green's
functions needs also é-k and E_k which can be obtained

from (4.5) by taking adjoints and substituting k by -k,

Introducing the following Green's functions

G, (t) = ~i0(t)<[al (t), a, (0)]>

G, (t) = ~to(e) <[by(t), a, (0)]>

(4.6)

G,(t) = -ie(t)<[a_, (t), a,, (0)]>

G, (t) = -ie(t)<[b_ (t), a,, (0f]> :

we can cobtain the closed system of equations of motion of
the Green's functions (4,6)
iG, (t) = -B(£) &, -E(K)G, (t) =~ 2A,£G, (t) - 2A G, (t)

1G, (£) = = 2A,£6, (£) - £ (K)G, ()
(4.7)

2RG(t) + E(KIG, (t) + 2A G (L)

163{1:}

1G, (£) = 2A£G,(t) + ¢ (k)G (t)

Passing to the Fourier transform of (4.7) one can arrive
at the system of linear algebraic equations from which

one can obtain the equation for the energy spectrum of

elementary excitations w (k).

(o2 k)=e? ) = (u? k)= 00)) fae (k) A _-2(c (k) +2A_-22,) (2A,) 67+

+ 4{2}.‘]2-’,}-{4(2?%‘)’6:(k}+- tk)a ) e? -

-2(2A1]’[E(k)+AJE"} = 0 (4.8)
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we shall seek the solution to (4.8) in the form

@ =00, ¢ 2= w?-g’ (4.9)

which corresponds to keeping terms . &2 and neglecting
“ in (4.8). Then step-by-step approximation yields the
two branches which we shall designate by mé(k} , and w; (k)

z 2 i;_ 2 2 22
i) wh £° +4¢ AOC1+{AO§,} J+ 12 A!{, (4.10a)

H

1#

A
s 3 2 . 1 282 L P __’ QJ
e i 1) W E,- ﬁo(ZAlg)J (ZAlg} [i-k{AnE) . (4.10b)
The condition
A Jl\J -
elk) » 2{35124- 21\!& +I§——€}"

0

is imposed on (4,10b) in order for the second branch of

excitations to possess non-imaginary energies,

Thus we see that there exist two sets of elementary

excitations for the excited Bose-gas with the dispersion

laws.
e e s

i) mB(kl 31/4-4&':\ (1+{2-—-r) + IZIA,EI’ (4,11a)
\/ v* u*n u* NN
o5 e TR |
= e=4 (=) + 2—-{ 4.11b)
11) wg (k) ( (g v) ( JJ (




The ESt set of excitations (4.11a) exigts at all momenta

but with an energy gap o given by
/'— U, 243 g3 NN,
a =V (3- 5o (2A,80° = (4.12)
) Vv

connected with the presence of

Thus the energy 9ap is

excited particles since in the limit N> O A »0 . If

we calculate the energy of elementary excitations from

5{k0) =A , then for ) k. AW have the conventional

phonon pranch

(k /:E————-* U* (k-k,) (4.13)
limit =
where U; is the velocity of sound given by
27 B
g =y —2r ~ ey M, (4,14)
s M s

and o*
Pt o
UO

whence the aforementioned appearance of an energy-gap

(egn.4.12) for the pogoluboVv phonons and an increase in

the velocity of sound by a factor of /v >1 (egn.4.14) .

7he second set of excitations {(4,11b) existsonly at

momenta greater than the critical value kﬁ

A, - Kl j Y
k. = Nm({-—'--'.)" + A E,-/H-{——-f'l" } (4.15)
o] A_ 1 h“
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Now, we consider the excited Bose gas in which we can
negiect the interaction among non-excited particles. In

this case the Hamiltonjian has the form

+ t IR
H*=E + T (B a, +E,b.b,) + 2A. £ ( +b, a, ). (4.16)
0" 1o 12 YE 2By by 5 4o ay by +by a,

Where

2 Ny

E = 2AN ; Eleg <1
4]
¥,
E =B (k)=c(k)-2A £%; E, (k}=e(k)=-2A, A=
3 =§ 1 2 v

0
The expression (4.16) is obtained by improving both N/
and N? according to

'y
N =N - I a,a
0 0 k*o k“k

0 b. b
Nl = Nl - kio Xk °

The equations of motion for our operators have the form

-1’ + +|.
= i{ E (kx)a, + 2A_fb |
'k k 1k

' (4.17)

. 4

b = i{ E, (k)b + 2A, B} .



- 33 -

Using the Green function method as employed earlier in

his paper, one can arrive at

1Y e, (2] Sk
1457 w=w, 1+£° w=e,

=

ot

G T(JJ
P g

G +{w) =6 + - £ e, 1
aibif bkéiz [;+£j}[;*w3 w=u, ks
(4.18)
LI
6 4 e, f 1] Jee
bkbk‘ W= y 1#E w=w,

The spectrum of elementary excitations in this case also

has two branches and may be written as

f

m’fk’ - ?(k}
(4.19)
U;N
v

where B=§ N = total number of particles.

In this particular case the spectrum of elementary excita-
tions w, (k) depends on the sign of U: , the Fourier

transform of th& interaction potential between differently
excited particles. In the case of attractive potential the

elementary excitations have the character of dressed

particles defined at all momenta

‘2|)§

s (k) = e(k) + 2



a Jhs

in the case of repulsive potential the elementary
excitations with the +ve energy exist above a critical

value kg of momentum

*
UON

k = {4 m}sj .

v

It is interesting to investigate the linear combination
of operators of real particles ak/a: ’ bk/b; which
correspond to the above mentioned quasi-particles, As

usnal, we may right away write the sought-for transfor-

mation [see eqn.(é.lﬂj as

a, = Ukak + Vk‘;k (4.20a)
by = Vo = By (4-20b)
satisfy

where U7 + Vg =1 , and the new operators a Ay

the Bose commutation relations. We then find the coeffi-

v \E_‘ﬂ (4.21.)
- k - -
N N

The dispersion law (k) corresponds to the symmetrical

combination (4.203) and uz {k) to the mtismﬂtrical

combination (4.20b).
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CHAPTER 5

EXCITED BOSE GAS AT HIGH TEMPERATURES

Here we shall consider the excited gas in which the number,
Nn' of excited particles is comparatively less than the number,
NU, of non-excited particles but sufficiently big enough to
allow us to neglect the interaction between the non-excited

ones.
The Hamiltonian in this case has the form
% (5.1)
4=E, + T{ep~ =) (aya khyy) + ['“akbk*bkak_) ‘
k 2V
This familtonian should be diagonalized under the following
conaditions:
P(aja, + bib) =N
ol - K Pk
. (5.2)
5 - IL'L N
L bby = N4
X
where N =N+ N, Ais the total number of particles;
Q

t=1
i

It is convenient to pass to a new Hamiltonian
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g H - N + AN E, or

U* : U* U* 3
0 o T * 0 tol ot &
§'=r(e,~—~via a +L{c,~—=-p+X)b, b. +—[7 (a b, + 7
x X3gg Frx Eay L P8

The interaction term in this Hamiltonian is a complex one. In
the general case it generates the higher order Green functions,
So we decided to simplify the Hamiltonian reducing it to the

quadratic form

H=E +1 [ (k) =1} a,a, +7 (e (k) 3+ ))b, b, +& ¥ (a, b, +b, &, ) (5.4)
”k( )kkk( )by 0y £ (ayby oy
vhere
U 5 ik
A = — % <a.b, +b a, >
e o S %

Introducing such a 4 is equivalent to introducing a self=

consistent fiald in the following sense. On the pasis of the
lamiltonian (5.4) we can find the Green functions G-.‘:bu“, and
ns wl‘!"iﬂﬁh. will depend
ly this means
4
X

he energy spectrim of elementary excitatio
M 1 and after this we shomld determine A. Physical

' ct through
hat pairs of qifferently excited particles interact th

Ole average field A.
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using the previously described Green function method
we can diagonalize Hamiltonian (5.4),

B = S, (), ()4, (king (k)] (5.5)

where

, (k) = ¢ ()= + 2-01%0) (5.6)

r

L

2
o =1 + & &
A.'Z

w,(kl

. -1 w, (k) -1
n, = [exp( )~ 1] ; Dg = &xp( )-ﬂ
iy T

with still undetermined n , ) and A. For determination of

these guantities we should use the constraints (5.2) and the

defining equation for A,

N o= I{n, (k) + nB(_I:D

k
= & (5.7
Q- Ny) = I Ly (k1 -ng B}
*
Q =.~22 £iny(k)-ngK)J
v k A B
From the defining expressions for the energy of quasiparticles:
an see that

wn:(k) , one can see that n,?7g -« prom (5.7) one c
attractive potentials

the last equation can be solved only for

(U* €0} . Tn the general case the golution of €
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can be obtained only numerically, We have considered the
case of large temperatures when quantum statistics reduces to

the classical one. In this case the equations (5.,7) take the

form,
= f II]] 2 - -—.

3/

QN -8,)= V(gig)  expl(u= 2)/1)2 sinh(}D) (5.8)

o~ o "W mT 3/% A Q
Q0 = ju’| () ~ expllu- 5) /712 sinh(s5)

The energy of cur system is obtained on the basis of the

Hamiltonian (5.1) and may be written down as

E(V.T,u,2,A ) = 2 NT -2-‘;1 N(1-22) . (5.9)

2
with

»

r = N
1"N

% should be determined from the first two of
energy E in (5.9)

In (5.9)

’

equations (5.8). The knowledge of the total

ur
permits us to find all the thermodynamical functions of @

System. Below we shall consider some limiting cases.



T Ideal Excited Gas:

which means U *0 , s0'that A g . In this case the

energy (5.9) reduces to the expression for an ideal gag

=} |
E=2nr ,

and the first two of egn(5.8) give ug

(5,10

II. Non-ideal Excited Gas:
If we consider the case of fairly high temperatures when

I0* N
LOL &
TV

then, due to the smallress of the interaction energy In
comparison with the kinetic enex':gy of particles, we can~”

determine A self consistently. But we can finc the

correction to the energy of the ideal gas by directly sub-

stituting into the interaction term of the Hamiltonian (5.1} -

- = + -£ (k) 4p=)
‘2 a, > = exp { E%M} and <b]'<bk) = expl ) jus
This gives the result
E = INT + ?;Nlﬂ_o‘Zﬂflz,slz 23/7 ] W 511)
2 VZ ‘ m?f
that
The introduction of a self-consistent field means
oo urN pations
=2 1 . So let L_>1 ., *hen combining the eq

TV v
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(5.8) we gbtain

.

Q= 3 A
' 1-_72; tanh 2-%

(5.12)
2!0*|N
L B

A =

(1 - 22)

X
As far as ) . UjN then Eg > 1 and we can approximately

3 2
put tanh 32 = 1 | mhen l+45;-5~ - TI%EF and we can find A,

In this way we obtain the following expression for the

energy
) U NN -
v

Using the thermodynamical relation
E=F+TS=F—T[§§:~}
\Y

where F ig the free energy of the system, we can find the
free energy and the equation of state for excited gas
when interaction is important and gas is strongly non-

ideal,
- (5‘14)

PV = NT-2(U* NN /V) 2

We can also rewrite this equation in the form of Van der

Waal'g equation, introducing the volume of particles b
(P + a/V*) (V ~ b) = NT .

Thus we can consider all phenomena for the excited gas

which can be described by Van der Waal's equation.

.
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CONCLUSTON

The weak?y non-«deal Bose gas at T=0 has been considened

by the method cf Green functions, The nesults coincdde with

Bogolubcv's obtained by another method.

The excized Zvse gas witn the smalf number of excited pant-
icles which strongly interact with non excited particles due
to nescnance interaction has been considened by the same
method. The spectaum of elementany excifations has been
obtained and disacussed. There ane two fypes of elementary
exoitations: the finst type veduces to Bogolubov's quasd-
paxtictes at N, + 0 . At N4 0 the eneagy gap appears, Fok
the tecond type of elementary excitations at small momenta,
K - ¢ . the enngy, u‘{ﬁl, is imaginany which means that 1
they ane net stable at K~ 0, We connect this instability

with the possible creation of pairs of dif4enentty excited

panticte: with excitation jumping between them (rescnance
With i{ncheasing temperature
¢ be deatroyed and

exchange of ercitation energyl.
and thenefone ineneasing K such pairs wit

we have wefd-defined elementary exeitationd m‘[k}.

: : " non-
The excited Bose gas in which the interaciion be twee

considened.
excited partecled can be negtected has also been cond

n encrgy gap (bet-

In cases (2) and (3] the appearanct o4 a
gstem) hat

excited states of the &

ween the ground state and
L enengy gap can
been predieted. The availabitity of such an au -
: (dity «4n
a weaker criterioh of supenflusddidt

possibitly Lead %o
gut this needs @

the excited Liquid at low tomperatures.



The cxclfed Bose gas at high temperatures has been
anacdened 4n The approximation of the sel§-consistent
Lietd by the Green function method, The self-consistent
{ield may be intrnoduced 4n the case of attractive 2
intenaciion between differently excited particles u; <0,
The vne gy specitum of elementanry excitations has been
obtained. The system of equafions, from which the
oquaticn o4 state may be evaluated, has been derived,
[imcting cases of the equation of siate have been

rnalysed.
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