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ABS"'RACT 

The theme of thi~ thesict fa the lrvestiqaLlon of c~ll.pr.tlve 

and thenuodynamica 1 properties of nigh) y-e:~(;j t(·o bvse-qc:.s = . . B~I 

excited gas i9 meant a qa.s in · .... hlch there e.d~t z s 19r.J fi=a:l": 

number of excited particles. The nwnber of excited particles 

depends on external sources (laser illumination, electron beams , 

etc. ) and can be arbitrary. In typical cases the number of ex-

cited atoms N is smaller than the number of particles in the , 
ground state. As 1s well known the enerqy of interaction 

between particles in the same quantum state is proportional to 

Iii where R is the distance between particles. This short-

range interaction is responsible for the collective proper t i es 

of the conventional gas such as condensation and phase trans i -

tions. 

The interaction between differently-excited particles is 

proportional to llR s and can be attractive as well as repuls ive . 

Thus, the avaU-3bllity of "'ven a comparatively small number of 

excited particles can and does lead to a significant change of 

the properties of the gas compared with the non-excited gas. 

The properties of such excited gas are investigated on 

the basis of the second-quantized Hamiltonian and the method of 

equations of motion of Creen functions. This method yiel ds , i n 

a most natural and direct way, the energy-spectrum of elemen­

tary excitations and the thermodynamical functions of excited 

gas. 
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INTRODUCTION 

On the macroscopic level the properties of gases , liquids . 

and solids are determined, ultimately, by the interactions 

between the particles that constitute them. As far as we deal 

with atoms and molecules, in this case, these are electrical 

interactions. 

The main purpose of this paper 1s the invesLigation of the 

collective and thermodynamic properties of an e xcited Bose qas . 

By excited gas we shall understand a gas in wh ich a definite 

amount of atoms are excited to the first level of electron 

excitation. It will be shown below that the interaction between 

differently excited atoms is much larger than the interaction 

between similarly excited atoms. This means that even a small 

concentration of excjted atoms can give significant contribution 

to the thermodynamical functions of the excited gas . In parti­

cular an excited gas with c~nparatively small n~~ber of excited 

atoms will be non-ideal. 

Due to strong resonance interaction between excited a nd 

non-excited atoms which is connected with the interchanging of 

e xcitat i on between differently excited atoms and which is 

proportional to IjRJ", (R::r distance between atoms) one can 

expect collective properties ot such a gas. The first investi­

gation of collect i ve properties of non-excited gas at low tem­

peratures had been dOI,e bj Roqol ubov. In this paper we a1 so 

considered the Bogolubov case using the thermal Green's function 

method which is the more natural one in the trf>atmenl of the 

... _..1 •• ___ hI ....... 
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The second and main problem we have con Gldered is the 

energy of spectrum of elementary excltatlons in an excited 

Bose- gas with a comparatively smal number of excited atoms­

where the interaction between differently excited atoms gives 

rise to a significant change of the energy spectrum of 

elementary excitations. Apart from the appearance of another 

branch, the availability of excited atoms leads to the appear­

ance of an energy-gap for Bogolubov's phonons and a changed 

ve l ocity of sound. 

The third and main problem considered here is the energy 

spect rum of e!ementa?y excitations 1n an excited Bose-gas when 

the number of excited atoms 1s still small but we can neglect 

the i nteractions among non-excited atoms and also the interac­

tion s among excited ones. 

The last problem considered in this paper is the eXCited 

Bose-gas at high temperatures . We have obtained the energy 

spectrum of el~nentary excitations and analysed its thermody­

namic properties. 
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CHAPTER 1 

QUANTUM CONSIDERATIONS OF THE INTERAC'I'ION BETWEEN ATOMS. 

(VIRTUAL DIPOLES) 

VAN DER WAALS FORCES 

The prototype of our discussion is the problem of determi-

nlng the energy of interaction of two atoms which are situ-

ated at a great distance from each other. 

In the solution of this problem He apply perturbation 

theory, regarding the two isolated atoms as the unperturbed 

system, and the potential energy of their electrical inter-

action as the perturbation. As is known the 1st order 

correction to the required energy of interaction of the 

atoms is determined as the di.agonal matrix element of the 

perturbing Hamiltonian, calculated with respect to the un-

perturbed wave functions of the system which are expressed 

in terms of products at the unperturbed wave functions for 

the isolated atoms, 

The total Hamiltonian of the system of two interacting 

atoms is 

+ U (R) (1.1) 

where U(R) is the perturbing term given by the operator of 

dipole-dipole interaction (1) , [2J 

dlod2 -3(dl o ~) (d2°~) 
U(P.) ~ (1.2) 

R' 

IH .... and 2H ..... are the Hamiltonians of the isolated atoms. 
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Let us consider twa atoms in the ground states. In 

a-states the diagonal elements of the perturbing 

Hamiltonian are zero since 1n 5 states the ~-function 

is a fUnction only of r implying, on the average, spheri-

cal symmetry in the distribution of charges 1n the atom. 

This amounts to evaluating the mean values of the dipole 

moments of the atoms and they vanish in s-states. So the 

1st order correction term to the energy of the system of 

two atoms vanishes and we go over to the next correction 

term which is the second order. 

In the special case of two atoms in their ground states, 

the 2nd order correction to the ground energy of the two 

atoms depends on the distance and can be considered as 

the interaction energy (2J 

U CR) = (1. 3) 

where A is a positive constant which depends on the type 

of atoms. 

Thus, two ~oms in normal s-states, at a great distance 

apart, attract each other with a force (- ~~) which is 

inversely propor~ional to the seventh power of the dlsta-

nee. The attractive forces between atoms (dipoles) are 

the Van der Waal l s forces. 'rhese are short range forces 

effective over distances of the order of atomic diarnebers 

and are a minor effect in the present problem. 'fhe constant 
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A in (1.3) depends, not only on the states of the two 

atoms, but also on their mutual orJentatlon, i.e., on 

the value of the projection of the angular momentum on 

the axis joining the atoms. 

INTERACTION OF DIFFERENTLY EXCITED ATOMS 

RESONANCE INTE~£TION 

As d special case consider the interaction of t wo 

similar atoms 1n different states. The unperturbed 

system (the two isolated atoms) has here an additional 

degeneracy due to the possibility of interchanging t he 

states of the atoms (excltatlon jumps from one atom to the 

other) . Accordingly, the correction in the first approxi­

m~tlon will be given by the secular equation with the 

interaction tenn (1.2), 1n which the non-diagonal matrix 

elements of the perturbation appear as well a9 the diagonal 

ones. 

Consider the case where the 1st atom is in the ground 

state and the 2nd. atom 1n the 1st excited state, The wave 

function of the 1st atom 1s given by 

0100 (1) 

and that of the 2nd atom by 
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The set of wave functions corresponding to the system of 

two diffe rently excited atoms in Sand P states are then 

(1. 4) 

Each of the wavefunctions corresponds to the same energy 

E == (EO + c1 ) ."here £0 is the energy of the ground state 

of one atom and £1 is the energy of the 1st excited state 

of the other atom. 

The correction, E(l). to the energy in the first 

approximation of perturbation theory is given by the secu-

lar equation. [3J 

U -E (1) 
11 U12 • 

U _E(l) 
22 • = 0 (1.5) 
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where 

of the perturbing Hamiltonian given by (1.2) on the wave 

fUnctions (l.4). Due to symmetry conditions all diagonal 

matrix elements vanish and only the matrix elements 

Taking the linear corubinatlons of the wave [unctions of 

the excited atom, we can choose them in such a way that 
~ 

they wl1l transform like components of the vector r: 

Then, the set ot wave functions given by (1.4) correspond-

ing to the system of two difforently excited atoms, can be 

wrjtten as 

If2>~I~ (l)~ (2»~lo>'y> o y 

This, then, 1s a_case of 6-told degeneracy and 

(1. 6) 

(1. 7) 

With the Z-axis chosen 1n the direction of the unit vector 

~ , the perturbing Hamiltonian U takes the form 

U _ d1xd 2x + d1yd2y - 2d1zd 2z , 



- 8 -

The solution of {1.7) gives the following v a l ues f or the 

1s t correction to the degenerate energy level (£0+£1) .[4] 

Ell) _ • !'I Ell) _ • ~. 
1,2 R 3,4 u 

. , 

whe r e 

So t he 6- f o l d degenerat e l eve l h;o+E: 1 ) s plits into four 

levels among whj ch t he leve ls teo +£1 ! ~3) stil l have 2-fold 

degeneracy . The line ar combinations which correspond to 

these levels are 

I~X, ='!!I~ (1)$ (2» + 1~0( 2 ) $ Ill>}} s "2 0 x x 
t wo fo ld degenerate 

i"Y' -~11¢ (1)$ (2» + I~ (2) ¢ Il)'} 
s "-2 0 Y 0 Y 

I~z>='!'fi' (1)$ (2» + 1¢0(2) ¢.(l » } s -"2 0 Z 
(1.. 8) 

I~> -hi 1~0(1)$x(2 » - 1~0(2) ~xl l» } } 
two fol d degenerate . " 

i o/r> -hi I ¢o(l) ¢y I2 l> - 1~0(2 ) ¢y (l» } 

I o/~> -A< 1$0 (1 ) ¢z t2) > - I¢o (2 1 ~z ( l» } 

It can be shown that the expectation value of the dipole 
I 

moment in all ant1eynznetxical states i n U . S} e qual s to 
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zero and has non-zero meaning f or symmetric states. 

Considering the pair of differently excited atoms, the 

probability of dipole transition from one of the states 

in equation (l .8) to a state where both of them are -in 

the ground state (probability is proportional to dipole 

matrix element), it is clear that the anti symmetric 

states in (1.8) are long-lived states with respect to 

dipole transitions. So among the interacting pairs of 

differently excited atoms we have short-lived symmetrical 

states (life-time """""'10- 8 seconds which is ~ time of dipole 

transition (5J) and J.ong-lived antisymmetrlcal states with 

the forbidden dipole t r.::tnsitlons. 

. -. 
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CHAPTER 2 

THE CONCEPTION OF ELEMENTARY EXCITATIONS 

The ideal quantum Bose gas at T ~ 0 creates the so-called 

"condensate" when all particles occupy the level with zero 

energy and zero momentum. This can be, most easily, seen 

from the Bose distribution 

(2 .1) 

At T·:o:< 0 l.J = 0 and 

has singu:larity nk={) -+ ~ k'] I! (k) ="2ii • This means 

that all particles have energy ~ (k) ~ O. 

In the case of non-ideal gas a macroscopic part of the 

particles are s~111 in the condensate state; but there 

are some {small amount ofl particles with non-zero momen-

tum even at T ~ O. The more removed fram ideality the 

gas is, the more the number of particles with 

.(k) + 0 

The theory of such weakly non-ideal degenerate Bose gas 

was developed by Bogolubov [6J and demonstrates that 
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particles wi tt~ £: (k) l' 0 can be described in terms of 

E,hol'ons. Tlleee ,elementary excitatton.:3 havp. the following 

dispersion law, 

E(k) (2 .2) 

In the long-wavelength limit (k ~ 0) eqn. (2.2) reduces to 

(2 . 3) 

which corresponds to the phonon part of the excitation 

spectrmu of a Dose liquid with Us identified as the velo­

city of sound. In the case of large momenta I the excita-

ticn spectrum is given by 

E(k.: €:\k) (2 . 4) 

and the qUdsi-particleR tl1rn ':'lUt to be the (real) free 

partic]es. This agreF!s ",tth the general conclusions of 

Landau I s theory about. the energy-spectl'wo of condensed 

systems at low tem~~pratures (6] 

This result for the phonon case turns out to be extremely 

general. I~ appears now that, in most many-body systems , 

it is possible to perform a transformation t tram the 

system of strongly interacting particles to a set ot 

approximately independent elementary excitations above 

the ground state. Thus, the transformation may be written 

in the form 10 I : 
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• 

~'-T\a 11 
,,--~.+ .... 
f (. •• "k ... "k .. ) (2.5) 

Here H' 13 th~ s~~ond quantiz~c H, miltonian of the system 

of interacting particles; the transformation t is unders-

tood to contain the necessary transformation to the 

seconr.-quantized fnrm. Eo is the ground state energy of 

t.he interacting systcn'; E (k) is the Itmcrqy of the elemen-

tary excitation ('dlepl"Tsio.. law' t.r 'exc1tation spect rum'); 

• t Ak,Ax. (AkAx) are rea~ .on, de~tructlon and nur.Wer operators 

for th", elem~nti;J.ry excltl.t C'ns. Thfl: small ~erm in eqn. (2.5) 

describeR the interaCLl.ons Lct"'e~Jl ele..llentary elCcltations. 

ThuB, at ,low tfWperatures ":!.f' energy speC'trnm of a many-

body system c U1 L~ bUilt djll. a sum of the energies of 

elementary e~citations which can be consjdered like non-

inte4actlng (jdeal) particles. Th16 mean~ that at low 

temperatures. where cxclt.:::.tions with Slilall energies are 

important dnU the n ..... :nber of their. .1.8 small, the interaction 

ot elementary excitatiops leading to decomposition of 

excitations (which oecum only for fairly large energies) 

and the scattering of excitations by one another (which 

becomes imporiant only when the nlwher of excitations is 

fairly largel are no longer iInport,'lnt. "'he wel'lkness of 
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the interactions between excitations at low temperatures 

enables tp~m to be regarded as an idea! gas of elementary 

excitations (qua5i-partlcl(~s) '.11th specific dispersion 

law, E{k) [8J. As temperature increases the number of 

elementary excitations increases and the interaction 

between them becomes significant. 

II. 1'HE GREEN FUNCTION METHOD. [7J , [8]. 

One can ask how one can find the dispersion law of these 

guasiparticles in the particular cases. The most simple 

way is to start with the aecond-quant17ed Hamiltonian of 

a system. 

H~~E(k)a:"k + ivkfkfkik2IUlk2k1>a~iaZ2'k2akl' 
K1k2 

where 

k'+k' == 1 2 (conservation of momE'nttun). 

t a k ' ~ 'are creation and annihilation operators; 

(2.6) 

U being the potential energy of pair interaction; and k 

is the set of quantum nt1mb~r!"l which describes the single 

particle state ~k' 
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At the first steps of theory tht.: onl.) way for finding 

the dispersion law 0 .... element.:lry excitatlons was looking 

for a suitable transformation ·from old operators a k ,ak 
+ 

to new operators bk,bk so as to reduce the Hamiltonian 

(2.6) to the diagonal form 

(2.7) 

EO is the en~rgy of the ground st~te and E(k) the energy 

of the quasiparticlcs or elementary excitations . b~ and bk 

<lre creation and annihilation operators of exclitations w.lth 

energy E(k). Unfortunntel:y this method works only in the 

case of special 'Llll\ilton.1..'lns which can be obtained from 

the general one using some physical approximations. 

l .. t the end of the 50' s tho? powerful .methods of quantum 

field theory have been introduced into statistical physics 

and the physics of condensed matter. These methods are now 

very w.idely used and called the method of Green functions. 

The most important featueres of this method are the fol low-

ing: 

w~ introduce the thermal GreE'n function (7] 

(2 . 8) 

where 
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At the fl1:~t steps of theory the anli' way for finding 

the dlspar~ ... on la-"" of element ry excitations was looking 

for a 3uit.:: . .:)le tran~formatlon -frort' old operators ak,ak 
to new ope=otors so as to reduce the Hamiltonian 

(2. 6) to the diaqonal form 

(2.7) 

EO is the ent" rgy of the ground st..1te and E (k) the energy 

• of the (lUasi~3rtlcles or elementary excitations. b k and b
k 

are creati). and annihilation operators of e-xc1tatlons with 

energy E lkl. U:lfortunntel"y this method works only in the 

case o.f' spL .... ~d.l 'hmiltonl.:ms which can be obtained from 

the gener.:u or ~ t:~ ing same physical approximations. 

At the ::>nd ")f ct:e 50 I S th~ powerful methods of quantwn 

field theor} 'Ia"c been introduced into statistical physics 

and t he phy~j C5 of condensed matter. These methods are now 

very Widely used and called the method of Green functions. 

The most i..mportant featueres of this method are the £0110w-

ing: 

We introduce the thenna1 Green function (7] 

(2 . 8) 

Where 
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at. (t) 1s the creat ion operator in the H('1~enberg represen­

tation 

-HIt e , 

(H is the Hamiltonian eqn. (2.6»: 0{t) 1s Heaveslde's 

step function; []::;. stands for the commutator in case of 

Bose particles or antlcommutator 1n case of Fermi particles; 

< > means thermodynam1cal average 

7. = Tr[c...e HJ ' S J.S the reciprocal of the i\bsolute tempera-

ture iT. units uf re(~'procn.l of energy. Here we have put 

Boltz~ann's ccn~tant KH, and Plancks constant t equal to 

unity. 

The Green functIon (2.B) permits one to finn the energy 

spectrum of elementary exe! ta·_~ Jons. Taking the Fourier 

transform of (2,8) and demanding 

(2.9) 

one can find the dispersion law, ie., the dependence of 

the energy, w (k), of s:le.mentary cxc.i..at i cns on momentum K 
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The discribulior (: f\1.1't ic1 es in the momc·n tum space is 

, "k(tl = (2 . 10 I 

The Green function (2.8) has CI st:ructure of the type 

dnd using the Dirac iuent:l.ty 

1 p 
"-~ (t) 1(. ~; '" (k) 

One Ciln select the imag i.nary part of the G:t.een funct i on 

12.81 . 

If the energy of eleme:1tat'Y f'xcitations and their distri-

bution nk in momeontum SD<lCe <.Ire known. then one can work 

cut the thermodynandcal p-opert les "f the syst.em . The 

internal energy, for illstance, 1s given by 

<E'> 

On the basis of E(V,T) we can find all thermodynami cal 

properties. 

The prob lem now is how to find the Green function. Below 

we shall use the method of equations of motion for the 

-" Grecn function propos~d by Tyablikov L9~. The equation of 

motion for the Green :unc.t-lon '2.3) 1):)5 the form 



I 
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(2.11) 

and can bf' obtained from eqn ? 8) llre('t.1y I,y d1f '-~retlt.i­

ation with respect to timf;'". The- timp -It'r1vaU.ve f 08:' (t) 

is given by the standard fonnula 

(2. 1 2) 

In th~ real cases the intera.ct jon term in the Ham! ltonian 

(2.6) generates the Green fUlI<.lh',n Oi. hlqher ordp.r of the 

type 

So we a1.;;0 need the equ"r l:,ITl f r' . But 

such an cq:JatJ.,m will involve f-he ; .. H,n function of still 

higher order and 80 on Ever~tuaJ.l.y W'~ lrT1 -f' at the infinite 

chain of coupled equatlons.c~ the Gr~en functions of 

different orders. On same phYLical grounds we can cut the 

system of equations f.or the Gl ~~Il fuoell,"8 and obtain the 

closed finite system, FxampJes of !'Illch procedu'res ,"lre 

demonstrated below. 
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I. SZCO~'D-QUANTIZED HAMILTONIAN OF F..xCITED GAS. 

'l'he main goal of this ',t/ork is the investlgat10n of the 

pr0t*rties of an excited Bose gas . This 1s a ga~ in which 

the nWllber of excited atoms is not de~ermine(; by }la,xwell:1 an 

(li ,t.r1but'on 

(E,= the energy of excited atom), 

! 1.1+ depends on external conditions ~a~er illumination, 

t 1 ect 'on beams , etc J. Using the laser one eeln create and 

~i'I:.l.nt<lin the constant number of excited atans [4J. 

lictiMe of excited 

that, for exarr,ple I in exe! ted gas 

-8 atom 1s ~]O seconds, but the 

the 

cnalaceristic time of Maxwellizat10n of q3~ under norma] 

,"~onrl1tl.ons is --vlO- ll seconds. So we ('an assume that there 

1 S Pqi. i dbrj urn .1n the )d netlcal degrees of freedom, but 

'the electron degrees of freedom are not 1n t:hermodyn.lmic 

Dqu~librium. 

Let us consider an excited gas 1n which Nl atoms ar~ 

excited to the 1st excited level and No atans in the gro1md 

state with the usual situation 
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The fiamlltonian of our system 1n which interactions can 

bPI >:.akeu j.nto account, in the dipole-dipole approximat i on 

is 

N 
IF -

:i"=1 

N ld •. d
J
., ) - 3(T.: .. , .d.) (ii'j. ' .d. , ) 

+ E J _ JJ J _J J 
j=l 
j'>j 

I Rj - Rj ' I' 
(2 . 13) 

where 

r1~ "" Hamilt.onian of the j th atom, 

?~ 
~ ~ operator of kinetic energy of the jth atom, 
2.": 

and the 3rd term is the energy of dipole-dipole 

tnLerac:tion. We have also 

.J 
H.~ (r Ir~ , ., .,r. ) = E • (r. fr. , •.• ,ro n ) • 

J s J~ J2 In s s )1)2 J 

We fi,nu the second-quantized Hamiltonian for exciteu gas 

using the following field operators 

, 1 
l(r,R)=/il 

+ + 

rt' bkt','(r»)e-iK.R ); Lak9a (r) + • 
K 

(2 . 14) 

• 

Here and bel')w vlf' ~ha 11 assume, for the sake of simplicity, 

that t.he excited state is non-deaenerace and ¢ 1 (r) may 
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mOffi('n ta (in terchang '1n-; of cxcit ation is possible on) y in 

his case) f the 1-!affilltunian (2.1S) tat.e!'1 t.he form (in the 

imi l ,,>-..,..; q - transft"'rred momentmo 0) 

11· N +1\,) 
r) 0 1 

U* o 
+ 2v 

+ .1. 

nk' ilk ' ilk a k 
1 ? 2 

+ 

(2.16 ) 

r:l~ term fN t- + N f ) is t.he energy of the electrons' o 0 J I 

J~'('TeCS of freedom for the non-1nterClctinq partJcles and 

.. H:'i1l11l drop it here.tfter, jt being und"'Tstood that we 

K' 
"ICClsure enf'r<JY from (No 0 + N , ' I); !-:(k) == 2M 1s the 

e.>nerqy of d particle of mass M; Uo is the Fourier 

~:ri1nsforrn of the interaction between non-excited at-oms , 

Wi; u* js the FOul-ter trr1nSform of the interaction between 
o 

rilfip.rently excited atoms. 

! l Cdn be shown (see Chaptet" 1) that , in the dipole-dipole 

.:'/ u· 
o 

(2.17) 

);0, ('ven in the conditions "'/hen Nj«No the last term in 

2.1G) describing the interaction of differently excited 

tl.tl.)ms can signiUcantly change the energy spectruln of 

sue!) d gu<=;o We havp neqlrcted the interaction t.etween excited 

dt-0rns n1, account of thetr relatively small number. We shall 

, .r:;::ider lhree cases. 

, 
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In "he absen(;e of exc't.:cd atom~, +:he liD.. i1toni,u' (2.16) 

r('(!\ ces to Bogol ubov' s IU,miltoni:1n 

"f ' k 
JJ. \- a 
2v k 'k' k' 

k k 

k' + }:' 
I 

k + k , 

i'or sjT!lp1ification f the H<lmil:"oni.lO (3.1) we us~ '".Iw 

f\ 1 owina considE'.rdtL,ns. First of ,tIl we conslder the 

,:;tlse or 10W Lernpt:"raturcs. T 0. At T (\ most of the 

N - t-.i • 
o 

s.) WP can neglect the non-(;ommut,ltivenpss of 

+ 
ak=o d k .::o - uk:-=c ak~:o 1 

. md treat 
...aK=O 

I 

~I.k=o ..,. uk=o 

-:::: .." k=o 
'0 

.'15 c-numners . 

/N' 
o 

k + 0 

.- ,,; 

(3.2a) 

(3 . 2~ \ 
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"":'r,e ,l:)plication 0[ ?r>rlurh;lt:iol1 t:eory nn· .... me"lns thr. 

e\{:,ans '_en of tr.e in~·.er,"1ctlo;1 term in pCwerf; of sm,1]l 

ak'to ' "k-..o . 001n9 thig one can qet up to 

~et;ond-order terms . There: ,1rf:' no 1st ordf'J" tenns s1nce 

the Sf":' 'I(>ul c.;, not Con:;('rve '!lomf'nta . 

U N 
}I . 0 
B 2V 

the !cterminat'on of the encrqy .levels it is 

(J. 3) 

eo::·~·,.lry to rcrluce the lidffiiltoniln (3.3) 0 the diagonal 

f· Tr, . Tt: r..:dn Le ,jnnp ~)y !!)prOpridte lincnr transformation 

.. ~. j'1 c}\t , case or N 'IJ !-logC'lubOl' ~J. \>o'e shnll arrivE" at 

1T" (>11-knowr. sol '-ltlons b': the Gret'n function method as 

e~· ~Ti LeG. in the iiTcvious ..:hapter. 

-,'oj(' ~ba.ll t st fJnd t.he equatlnn(s) of motion fer tt.f' 

''''hl~ n~ we have put 1; 0:: 1 and 

" 
U , 

o 

(J • 4 ) 
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The equation of Tr'lotion for the Green funr.tion G '" ,.. G 
a1.:: ak' 

(1.5a) 

~nvolvcs the Grcen function G .,. Gt. . The cqiJat10n of 
i't_kak , 

l['lot ion for G~ is 

fJ.5b) 

The :~ystem of equations (3.5) represents the closed chain 

Fotl":"i(>r' tri'll1sform ()f thegp ~(1uations w( qet 

=: .:.,-( (k)+2j'1JjC;I{'~) - 2A G,(ud 

C3. 6) 

o 0 

The solution to (3.6) is 

C 1 (·oJ) 0 
r. (k) + £ i~t2A 
ITTh)~(k - EOi)) ~kk' -

(k) +2A-£ (k) 
2E (k) {Wlkl 1£ (kl] c'i

kk
, 

(3.7) 

A \ + 
A , 

G, I'd - E(kl {"'T')-E~) k' E (kTF(kHF (kl] kk' 

d h spectrum Of elementary excitations an t e energy 

(3 .8) 

, 
",here Us =- 1s the velocity of sound. This result 

, <-S' 
{'(, incidcs with Boqolubov ~ I... ~. 
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The transfonnation rf'qutred to put the tlamiltonlan (3.3) 

. n the form 

E 
~ 

ground state 

+ E 
kfO 

(3. 9) 

is suqqcsted by eqn. (3 . 4) and can riqht-away be written 

in t.he form 

(3.10) 

, 
bk/bl~ being annihilation/creation operators for quas1-

par t .l::les that obey Bose commutation rulesf Uk ' Vk are 

real nllmbers whose values aTe still to be determined , 

dnd 
+ 

exp(iE (k) tJ b
k 

(t) = b
k 

(0) 

(3.11) 

b
k 

(t) = ~ (0) exp(-iE(k)t] • 

U:;ing equations (3.10) and (3,11 ) the Grren functions 

G I (t) dnd G, (t) may be out in the form 

G,l t) .. iO(t)U~exp(iEt)okk,-iO(t)V~exp(-iEl)5kk' 
(3.12) 

Taking the Fourier transform of (3.12 ) we obtain 

U' V' 
k 

\k' 
k 

\k' G 1 ( w) = -
,-E ;1:+1:: 

(3.13.) 

UkVk 
Uk Vk 

\k' G
2 

(w) = 6kk , 
I,., -E u,l +E 

(3 . 13b) 
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On comparing equations (3.1 3) and (3.7) we see that. 

u' = ., [1/ Il2 
k k 

wi th 

.... hich coincide with [8). 

r~ will be useful to note thdt 8ogo1uhov used for the 

di"qonallzation of the Hamiltonian (3.1) the alqcbrilic 

method introducinq the operators of quasi particles b
k 

Th(' necessary coefficients of this u-v trans{ormation 

I) .14) 

wC're ovtained from the condition of the vanishing of non-

diaqonal terms. The Green function method, as we have 

seen, systematically and directly yields not only the 

dispersion law for elementary excitations but also the 

sought-for transformation 1s indicated in the equations 

of motion of the operators involved . 
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CHAPTER 4 

~.!.>EME~'rl\R."! EXCITATIONS r~.~~:ITED BOSE-CA~ AT LOW 

TEJ.t.PERATURES • 

[. Let us consier dn excited Bose-q~s with a compara tively 

.3mllll number of e xcited particles. We shall take into 

~rcount the interactions among non-excited particles and 

between differently excited particles and shall show 

that even in the case when the number o f excited partic-

ie.::: is small their contrinution to the energy spectrum 

of l~lemcntary excitations is significant . 

vi~ sr'tt] 1 start uy assuming that the groond stilte o f an 

cxcit~d Bose-gas is as f ollows : 

Ir. t~'e Ground rt.ate there exist the macroscopic number of 

p~rtL~les in thf' state with k "" 0 . We denote lhem as 

N ; o 
)(=0 

~ , N 
I 

(4 .1 ) 

l\ comparative ly s:nall number o f particles have non-zero 

momenta: i.e., 

k-o 
'" N , (4 • 21 

Expandinq the Hamiltonian (2.]6) in powers of small operators 

/ 
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+ 
a J. ,elk.' bt....,..... )1.1 0 up to second order t e-s we 

kTO ~ ~T" ~ ~.~ 

obtain 

H1=E + o 

Where 

+ 2A , 

E J.. N + 2A N o 0 0 1 I 

kfo 

+ 2A o 

U N o 0 
; Ao=-

2V 

F ( ) (k) + 2A - 2A : 2 o l' 

Equation 14 . .3) is obtained o n t he a ssumptions t hat 

so t L It we helve i mproved No in accordance with 

Nk+O + 
+ l: akak 

= No 
0 k+o 

lea"J in(t N a it 1 -' s. S. 
1 

(4 . 3) 

14 . 4) 

The equaL ions of motion of our operators have the form 

( 4 • 5) 
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The closed system of equations of motion of the Green ' s 

functi.ons needs al so a_k and b_
k 

ilhich can be obtained 

from (4.5) by taking adjoints and substituting k by - k. 

Introducing the following Green's functions 

G, (t) ~ -i0(t) <[a~ ( t), ak , (OJ] > 

G, (t ) = -i 8( t) ~IT>~ (t) , ak' (O)J> 

(4 . 6) 

G, (t) = -i 0(t ) "' ~_k(t) , ak , (00 > 

G, (t) = -i 0( t)~ U;.k (t) , ak , (00) 

we can obtain the closed system of equations of motion of 

the Green's fUnctions (4,6) 

. 
iG. (t) = - , (t) 6

kk
, - E (k) G, (t) - 2A,tG,{t) - 21\ G~ (t ) , o . 

iG? (t) = - 2Alf.:Gl{t) - «k)G,(t) 

(4 .7) 

iG .1 (t ) = 2Ao G (t) + E(k)G
j 
(t) + 2A lrG~ it) , 

iG, (t) = 2Al;:G~{t) + ,(k)G, (t) 

Passing to t he Fourier transform of (4.7) one can arri ve 

at the system of linear algebraic equations from which 

one can obtain the equation for the energy spectrum of 

elementary excitations II.! (k ) . 

+ 4(2A)l 2 r j-{4(2A 1)2(!:- (k)+ (klAJr l -

2(2A,)'«(k)+A,)"} = a ( 4. 8) 
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)iut .. o!" to (4.8) in the fom 

+ 
, ,,,J" - t (4.91 

'11; J..ch corresponds to keeping terms _. (2 and neglecting 

-"t in (4.8). Then step-by-step approximation yields the 

two branches wh1ch we shall designate by I"~ (k) , and (j)~ (k) 

A 
11 w' 

B 
(- +4 A r 1+(-1.11 :1+ 12 

ot.. p.." J 

iii [-

The condition 

, (k/ 

1 ( I'" 2A 21\ 1 r. --' 
o 

o 

- (2A, F,I 

(4.10a) 

(4.10bl 

is iropost':d on (4 lOb) 1n order for the second branch of 

excitations to possess non-imaginary t·ncrqles. 

Thus we see th~IL there exist two :-::ets of ("lernentary 

excitdtions for the excited Bose-g~s with tht dispersion 

laws. 

il "s (kl (4.Jl~1 

* r.-= * U oI:"j IN 1 U 
-(2- ~) (, +(2-

V t: u 
(4.11bl 
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.... he Jst set of f>)(C +-ati_'Jns (.1.11a) exist~ at all nOOlenta 

but y.·ith an ener9Y~ 
given by 

\ 14.]2) 

v 

Thus the energy gap is connected with the presence of 

exci ted particles since in the li~ni t N I" 0 
'\ ... 0 . If 

we calculate the energy of elementary excitations from 
wP have the conventional 

(k
e

) == 1. , then for k'" K 

phonon branch 

~ __ t- k-k ) 
(4.13) 

k-K 5 
.... ' 0 

~here u. 15 the v@lo;ity f soun~ T V~n b 
s 

u* == I'!:' 
(4.14) 

5 

and 
K 

'Whence the aforerrtentioned .lp"lcar nee f an eneroy-q"'p 

(~n. 4 .l2) for t~e Boqolubov ph>nons aed an lncre •• " in 

the velocity of sound by a '.ctor 0' , ~'l leqn.
4 

.14). 

'l'he second set of exr.:lt.lti"'ns (4.11bl ex1st~onlY ;st 

momenta greater than the ~rltl ~l alup k 

4 15) 

) + " • + l\ 



- 32 -

II. N0W, VIe consider the excited Bose gas in which we can 

nel.1.ect the interaction among non-excited particles . In 

t.his case the Hamiltonian has the form 

H'=E .... 
o 

Where 

[ 

kto 

; 

E,(k)=r(k)-2A 

(4.16) 

The expression (4.16) 1s obtained by improving both N7 
and NO according to 

1 

N , N 

N - N 1 
[ 

k '0 

The equations of motion for our operators have the form 

(4.17) 
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i t.\1e recn function method as employed earlier in 

plIler, onf'> Cdn arrive at 

+ ~:~V w-w, 

tSkk I 

,,' - W
l 

G t (w) = G ... (w) = 6:<)f=< 1 J6 .J.kbk , bkak 1 w-w
2 

kk' 

(4.18) 

G (w) 
= ~::j 'kk' 

+ [i+l" 
6kk , 

bkbk , .Il-' I '''''-'''''2 

The cpectrum of elementary excitations in this case also 

has two branches and may bf> written as 
, 

., 1 (k) (k) 

( 4.19 ) 
U'N 

, (k) - • (k) - 2 --"-
V 

where N -N + N, ". tot<Jl nwuber of pl!rtlcles. 

In this partlcul c case the spcc~rt~ of eleMentary excita­

tions til, (k) depends on the silJn of U· , the Fourier 

ransform of the interaction potentl,ll between differently 

excited particles n the case of ~ttractlve potential the 

elementary exe itations h,'\vc thf" chdr.1 ter ot dressed 

(k (k J .. 2 N 
v 
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n the case of repulsive potential the elementary 

excitations with the +ve enerq' exist above a critical 

val 'Je 1(0 of momentum 

U*N 
o m) ~ 
V 

I~ 1S interesting to investigate the linear combination 
• t 

of operators of real particles ilk/ak ' b~k which 

correspond to the above mentioned quasi-particles. As 

u!:ua', we may right away write the sought- for transtor­

"'latjon (see eqn. (4.17)J as 

(4 . 20.) 

u + V' = 1 k k 
, and the new '1pCIutors iJk~ k satisfy 

the Bose commutation relations. We then find the coeffi-

The dispersion law 

tN,"' 
V =\I~ kiN 

w (kl corresponds 1 . 

combination (4.2Ca) and w (k) to the , 
combination (4.20bl . 

(4.2),) 

~o the syronetrical 

antlsynnetr1cal 
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CHN'TER 5 

E XCITED BOSE GAS AT HIGH TEMPERlITURES 

H,::. 'e 'IIe s hall consider the excited gas in which the nwnber, 

N , of exc i ted particles is comparatively less than the number, , 
N~ , of non-exc i t E! d particles but suffici ently big enough to 

a llow us to Ileq lect the interaction between t he non-excited 

one~ . 

nt H.:l1.d l t onian in this case has the form 

k 

U! 
-) 

2V 
(5.1 ) 

1'h;.., J 'f\ I tor: J . ..l n should be diagonillized under the following 

c.n jons: 

, 

W'lPr( ' N 

E 

~ N + N o , 

N , 

=N t +N, ' o 0 

is the total number of particles; 

• 

It 1s convenient to pass to a new Hamiltonian 

(5.2) 
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H' = H - )IN + AN -E or 
, 0 

15 .3) 

The Interaction tenn in this Hamiltonian is a complex onc. In 

the general case it generates the higher order Green functions. 

So we decided to simplify the Hamilton ian reducing it to the 

qUi!dratlc fOrM 

where 

Introducl.nq such a \ is equivalent to :I.ntruducing a self" 

::onsistent fiuld in the following sense. On the basi s of the 

G tb ( ~I and 
~amiltonlan (5.4) we can find the Green functions ak: k 

·h excl·tations which will depend 
t e energy spectrum of elementary 

• Physically this rtlcans 
m \ and after this we should determine '.J. 

:hat pairs of dlfferE!lltly 

)OIue ave1'"'age field 11. 

1 i nteract thrQugh excited partie es 
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U::;ing the p reviously described Green f 

~ can d~agonallze Hamiltonian (5.4), 

wt-'ere 

with 

fI ' = ~f", (k)n,(k)+<> (k)n (k)) 
k tl 2 B 

(k) ~ (k)-p+ 

1 + 6' 
4 -

" w, (k) 
(exp( )-
L '£ 9

_' 
1 . , 

unction method 

(5.6) 

with still unde termined ~, 1, and 6 . For determination of 

these y:uantitles wc sh ould use t he constraint!l (5.2) and th~ 

defining e Tua· ... o n for !\ , 

(5.7) 

U' 
Q ~ _ ,~ El n,,(k)-nB (]<)) 

V k 

FrOOl. t he defining expressions for the energy ot quasiparticles. 

'" (k (5.7) one can see that 
I,'} ) • one c an see that n A > nB • From 

th tive potentials 
e last equation can be solved only for attr)C 

(U. < solution of tre systfJII lS. 7) 
0) ..... n the general case the 
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can be obtaJ,n0<3d only n.umerically. WC' ha>le conside red the 

case of large tempe ratures when quant um statistics reduc~1 to 

the cla5sl.cul one . In this case the equations (5 . 7) take the 

form, 

Q(N -N ) = 
J 

'Q = ,u* ' 
" 

v( mT ) l !' expf (jJ-2nlI'" 

roT 3./2 
( 2ii1I"' ) exp { ()J -

cosh (lO, 
2"' 

~)/T )2 10 s1nh In) 

~)/Tl2 )0 
s1nh 12T) 

The enero~' of o ur system is obtained un th~ basis of th(> 

lIamil tcmian (5.1) and mal' be written down a s 

~·~(V.T.>-,.).,6 ) 

with 

,- :'ll/N 

_ 3 NT , 

In (5.;;) \ ) , '\ should be dctennlncd from lhe first t",o of 

(5 8) 

(5 . 91 

knowledge of the total energy E i n (r;. 9) equations (3.8) _ The 

permits us to find all the t he rmodynamica l funcllon~ of our 

system. Below we shdll cons ider some limi ting cases . 



- 39 -

I. Ideal Excite d Gas : 

which f.le;\I1S u~ + 0 • so f~hat o . h. t.hJs cas.' th - .• 
en13rgv ~ ~, 5t} rf.!:1uces 1:0 the expression f or an ideal ~as 

and the first t~'o of eqn '5 .81 givE: Ufo 

~ ~rrti,;j '. = T 9n --I-·j . 
'J vrn'T' I ( 

,. , 
.' 

" J.=nn-) o N, 15.1nl 

II. Non-ideal Excltf'd r,as : 

If ~.'(' cr"'>"1sider the case of fairly high tcmper .. ,tures ',o/'lcn 

IU~l~ 
.L.2.1 <.< 1 

1'V 
, 

thei·. ,j,l(; co the Sl':lallress of the lntel'a~t. on ~ne!lY 1n 

C01"p<,p'.lson w-,':.th tr.e k inetic energy of particl~s, W~ r:aJ"l" 

-ietcrn.L1€ :l s""'lf e.)neis t ently. But we can fi'1 t tht' 

CorI"'c"].OT, to the enf'Tgy of -the idea l ga~ by directly sub'" 

terM of the H"':niltonian (" .1) s1itli.UJ"I.:t int.o the lnter'1.CliCJ.~ In ~ 

exp I 

E ' := 7NT + 

ana 

'/' 
2 

(5.11) 

T!le introd'.lction of a self-consis t ent fiel d means cha+: 

U*N o --
rv 

u *t; 
1 . S.) l"~ ": 2- > 

TV 
Then combining the ~ultlons 
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(5.8) we obtai~ 

c ~ 1::4i" tanh gg 

(5.12) 
2'U* ' N 

,~.:;. 0 
(1 - h) • 

Y 

As far: as A - U*N then.\Q > 1 .) 2T and we can approximately 

put tanh 6' 1 1 • Then l+ 4 ~ ' 76>=1"' d )'''' 0-2,x)'2 an we can find 1. 

In this way we obtain the following expression for tf}e 

energy 

E = ~T , U* N N 
_2~1~ 

Y 

USing the thermodynamical relation 

E z F + TS z F - T 

(5.ll) 

Where F is t he free energy of the system , we can find the 

free energy 3nd the e quation of state fOT excited gas 

When i nt e r action is important and gas is stronrJly non­

idf!'.:ll, 

PY = NT-l CO* N N .fV) o I 0 ' 
(5.14) 

We can also rewrite this equa t ion in t he forro of Van der 

Waal's equation, introducing the volume of particles b 

(P + a/Y' ) (V - b) = NT 

Thus we can consider all phenomena f or the excited qa!> 

which can be described by Van der WaaI's equation . 
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CONCLUSION 

/. The. to)Q,a.;"~u lIOn (de!!! go~" g<l6 at T"!O ha.t. been c0l16 <dtHd 

! . 

OU U{I. ".eO' ~d v6 Gt.v.e:n: ~UI1('t,(OIl~. The lle6 ul t4 cO -<'r!c'<dQ. klith 

dogvtubc,"a obtained by anothe:1l method . 

H! gat wi.trt th~ 4matl. uumbe.Jt 06 uc.i.,ted pu t­

,if-it!! 1J_~idi ~t'tf hply {It.te.ltac.t w.ith )IOPl exc.ited paJttulu due 

to "~1:!6 .. ','a, (' ~),teJta.c..t.iott hac. be.e.P'! c.Ot1.4 ,(.delled by the. 4a", e 

met:: "d . ,h. 'prc:(' l'Ium 06 "_te.rne.nta lty exu.ta. t£on4 hac. bun 

ell C'.! dlle! du u.~.Hd. Thelte. a/i.e. .two typu 06 l'.ltfltlltt1JtIj 

~X~~ 'It "')If: tfl(1 6il!.6t .t~'re ~'!duC{!6 t o 6ogolubov'4 QU/14.i­

l'l.t'if ~'3 nt ~l -.. 0 • At N,+ 0 the. U1Vl91J gap appea't.6, Folt 

tlr .. 'C r,a iff 06 e(e.menta..'L!I "J.ci.A t.iOt16 at 61f1all mOlllel1to, 

o 
t:1(1/1 :/-1.e Ct.6 ,able. at K O. We. C.OHJle.ct th.Lt. .('rl4 .tabUalj 

,('.(tl H tr 0 I./,ie. c.H'at-iOI1 aE paU11J ('~ di,66e1t.en.tty f'l: iied 

p,7'Lt; .. f. ~ r~l{t:. ('.:{Ci tation j ump.(.ng be.t\lJeen tll".1fI {II.U CI1 4rtCf. 

,1'11' t' ,<. 

a~ er~,i.ta.t.{ OI1 eileIL9~d. with .(.)1C ILe4.6.ing tupt!./latultf. 

~6M'!e i,:c.I!.e.a.6.i.I1,9 K .!Juc fJ pa(..H wilt be de6 :t'to!fed and 

If' . • 
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Ti! 'I: rei ~~ ~~ ga.6 at hi.gh .(:PIIlpe.latu.'H.6 "11..6 bu." 

tone 1ppItOX(mati.t''''I (l~ .tht2 H.'6."ol1.5.i.stt!.I1t 

b 

~ ./ <'::1, be ;. ;!.t,toduc.l'd .i.r. tlte. e.a..H. 06 att1!ac..t(v," 

I1t : .. :,1 bl?t.wl?£tl d.(~6e.I';.e.nUIj excited pall.,t.i.clu U· <0 
o 

" , 

00 a 1. The .6lj.6tem 06 equaCion06. 6/tom which the. 

1. ~ tate ~ay be I! Ih1fu.a..te d, ha.6 bun dtld.lle.d. 

, 
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