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ABSTRAT 

This paper addresses the dependency of solution of differential equation on initial data and 

control parameter. To reduce the dimension of the system, we use center manifold reduction 

method. Mainly, the paper focus on the cases of static bifurcations occur and non bifurcation. 

We transformed the fixed points and control parameter to zero. This greatly helps us to use 

lower order approximation of Taylor series. Finally, by using center manifold reduction and 

Taylor series expansion we construct the normal form of such types of bifurcations. 
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                                                                 INTRODUTION 

Nowadays, the word “bifurcation” has come to mean not only the splitting of rest points 

(regardless of the number of rest points involved), but any change in the qualitative behavior 

of a system of differential equations as a parameter is varied. Many important problems in 

the operation of physical systems can be interpreted as static bifurcations, i.e., bifurcations 

associated with a change in the equilibrium point structure of the underlying equations. This 

change occurs when a control parameter is varied in state space. 

 

When one thinks of simplifying dynamical systems, two approaches come to mind. Namely, 

reduction of the dimensionality of the system and elimination of the nonlinearity. Two 

rigorous mathematical techniques that allow substantial progress along both lines of 

approach are center manifold theory and the method of normal forms. These techniques are 

the most important, generally applicable methods available in the local theory of dynamical 

systems. The idea of normal forms in the study of bifurcations is similar to the idea of normal 

forms for matrices (e.g. the Jordan Normal Form) to obtain a simple representation of the 

dynamical system. i.e., make bifurcations easy to represent and provide a useful framework 

for theory building. 
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                                                CHAPTER 1 

OVERVEIW OF BASIC CONCEPTS 
In this chapter we introduce some basic facts and notations that are essential for the 
subsequent work. 

 

1.1 CONTINUOUS DEPENDENCY OF SOLUTIONS 

Consider the system of differential equations  

ݔ̇                                                          = ,ݔ)ܨ  (1.1)                                                                 (ߤ

Where ܨ:ℝ௡ ⟶ℝ௡ and ߤ is parameter. A solution of this system is a function  

:ݔ  ܫ ⟶ ℝ௡  defined on some open interval ܫ ⊆ ℝ such that, for all  ݐ ∈  ,ܫ

(ݐ)ݔ̇ =    (ߤ,(ݐ)ݔ)ܨ

Geometrically, (ݐ)ݔ is a curve in ℝ௡ whose tangent vector ̇(ݐ)ݔ exists for all ݐ ∈  and ܫ

equals ((ݐ)ݔ)ܨ.                                                                                                                                                             

 

Definition Let ܨ: ܫ × ܷ ⟶ ℝ௡ , where ܷ ⊆ ℝ௡  be open set and ܫ be open interval, then ܨ is 

said to be  

ܮ ∃  continuous w.r.t x iff ݖݐℎ݅ܿݏݐ݌݅ܮ ݕ݈݉ݎ݋݂ܷ݅݊ (݅  ∈ ℝ such that  

,ݐ)ܨ‖    −(ݔ ,ݐ)ܨ ‖(ݕ ≤ ݔ‖ܮ − ݕ,ݔ∀  ,‖ݕ ∈ ܷ and ∀ݐ ∈  ܫ

.ݓ  ݏݑ݋ݑ݊݅ݐ݊݋ܿ ݖݐℎ݅ܿݏ݌݅ܮ (݅݅  .ݎ ,ݐ)∀  iff ݔ ݐ (ݔ ∈ ܫ × ܷ ∃ a neighborhood ܬ × ܸ     

     such that ܨ/(ூ×௏)∩(௃×௏) is uniformly Lipschitz continuous.              

                                                                                                                                             

Recall, Picard-LindelÖf theorem, if  ܨ is ܿݏ݌݅ܮℎ݅ݓ  ݏݑ݋ݑ݊݅ݐ݊݋ܿ ݖݐ. .ݎ  then the initial ݔ ݐ

value  problem 

൜̇ݔ = ,ݔ)ܨ (ߤ
(଴ݐ)ݔ = ଴ݔ

 

has unique solution. 
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Theorem   Every continuously differentiable function in ℝ௡  is Lipschitz continuous. 

Proof  Let  ܨ:ℝ௡→ℝ௡ be ܥଵ 

Fix any two points  ݕ, ݔ ∈ ℝ௡ and define the function ݂: [0,1] → ℝ௡  as 

݂(θ) = x)ܨ + y)ߠ − x)) 

then,  ݂(0) = (x) and ݂(1) =   (y)ܨ

Furthermore, by chain rule ݂ is differentiable and  

݀
ߠ݀ ݂

(ߠ) = ݔ)ܨ∇ + ݕ)ߠ − ݕ)((ݔ −  (ݔ

Where, (ݓ)ܨߘ is the Jacobean matrix of ݂ at ݓ. 

൦=(ݓ)ܨߘ

డ௙భ(௪)
డ௪ଵ

⋯ డ௙భ(௪)
డ௪௡

⋮ ⋱ ⋮
డ௙೙(௪)
డ௪ଵ

⋯ డ௙೙(௪)
డ௪௡

൪ 

Where, డ௙೔(௪)
డ௪௝

   is the partial derivative of the ݅ −  ℎ component of ݂ with respect to theݐ

݆ −  .ℎ  coordinateݐ

 

By definition of ݂ and then by fundamental theorem of calculus, we have  

(ݕ)ܨ − −(1)݂=(ݔ)ܨ ݂(0) = ∫ ݂ ′ଵ
଴  ߠ݀(ߠ)

= ቆන ݔ)ܨ∇ + ݕ)ߠ − ߠ݀(ݔ
ଵ

଴
ቇ ݕ) −  (ݔ

= ቆන
߲ ௜݂

݆ݓ߲

ଵ

଴
ݔ) + ݕ)ߠ − ቇߠ݀(ݔ ݕ) −  (ݔ

Where, ݅, ݆ = 1,2, … … , ݊ 
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Now    ‖(ݕ)ܨ − ‖(ݔ)ܨ = ቛቀ∫ ݔ)ܨ∇ + ݕ)ߠ − ଵߠ݀(ݔ
଴ ቁ ݕ) −  ቛ(ݔ

≤ ብන ݔ)ܨ∇ + ݕ)ߠ − ߠ݀(ݔ
ଵ

଴
ብ‖ݕ −  ‖ݔ

 

We use the notation ‖. ‖ for both the vector norm and its associated matrix norm.Notice that, 

by triangular inequality for the integrals, 

We have,    

ብන ݔ൫ܨ∇ + ݑ)ߠ − ߠ൯݀(ݔ
ଵ

଴
ብ ≤ න ݔ)ܨ∇‖ + ݑ)ߠ − ‖(ݔ

ଵ

଴
 ߠ݀

≤ ݔ)ܨ∇‖ + ݒ)ߠ − ఏఢ[଴.ଵ]‖(ݔ
௦௨௣ න ߠ݀

ଵ

଴
 

≤ ݔ)ܨ∇‖ + ݒ)ߠ − ఏఢ[଴.ଵ]‖(ݔ
௦௨௣  

 

Furthermore, by equivalence of matrix norm, we have  

∃ ܿ଴ > 0 ∶ ‖ܣ‖ ≤ ܿ଴‖ܣ ∀   ,  ∞‖ܣ ∈  ℝ௡×௡ 

Thus, to establish Lipchitz continuity, we fix an arbitrary point  ݖ ∈ ℝ௡ and estabilish a 

bounded for  ∫ ݔ)ܨ∇ + ݕ)ߠ − ଵߠ݀(ݔ
଴  in an appropriate neighborhood B of z. 

 

Let  ܤ =  B(ݖ) ܮ, with ܮ arbitrary.  

Since, f is continuously differentiable on ܤത , which is closed and bounded, then, there 

exists  ߣ଴    such that 

 ฯ
߲ ௜݂

݆ݓ߲ ฯ௪ఢ஻(ݓ)
௦௨௣ ≤ , ଴ߣ ∀݅, ݆ ߳ [1,݊] 
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Since, each continuous function (߲݅ݓ ௜݂) is bounded on a closed and bounded set B 

(Weierstrass theorem). Now, given ݔ, ݔ it follows that ,ܤ ߳ ݕ + ݕ)ߠ − (ݔ  ∈   for all ܤ 

,0] ߳ ߠ 1] because B is a ball, 

So,  ฮ∇ܨ൫ݔ + ݑ)ߠ − ൯ฮ(ݔ ≤
 ఏ∈[଴,ଵ]

ௌ௨௣ ܿ଴݊ߣ଴ =  ߣ

 

Thus,  ‖(ݕ)− ‖(ݔ)ܨ ≤ ݕ‖ߣ − ݔ,ݕ∀, ‖ݔ ∈  ܤ

Where, λ is a Lipschitz constant, then F is Lipchitz continuous on ܤ௅(ݖ)   

 

Since, z is arbitrary from ℝ௡ 

 

             Therefore, ܨ is Lipschitz continuous. 

 

Theorem  Consider the first order system  

ݔ̇ =   (ݔ)ܨ
Where, ܨ:ℝ௡ → ℝ௡ is ܥଵ. 

Suppose (ݐ)ݔ  is a solutions of this system on the closed interval [ݐ଴,  ଵ] with initialݐ

condition ݔ(ݐ଴) = ܷ ଴, then there is a neighborhoodݔ ⊂ ܴ௡   of ݔ଴ and constant ݇ such that, 

if  ݕ଴ ∈ ܷ, then there is unique solution also defined on [ݐ଴, (0)ݕ ଵ]  withݐ =  .଴ݕ

Moreover (ݐ)ݕ satisfies, 

(ݐ)ݕ| − |(ݐ)ݔ ≤ ଴ݕ| − ,଴ݐ]߳ ݐ ∀, ଴|݁௞(௧ି௧బ)ݔ  [ଵݐ

i.e  the solution depends continuously on the initial data.  

 

Proof Since, ܨ  is ܥଵ function by uniqueness and existence theorem, there exists a unique 

solution on [ݐ଴,  ଵ]. It also belongs to the maximal interval of existence. To prove continuousݐ

dependency, we need the following auxiliary lemma.   
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Lemma (Gronwall inequality):  Let ݃(ݐ) be continuous  and non negative real valued 

function on the interval [ܽ,ܾ], Now suppose that there exist positive constant ݇ଵ and ݇ଶ such 

that ∀ݐ ߳ [ܽ, ܾ] the following holds   ݃(ݐ) ≤ ݇ଵ + ݇ଶ ∫ ௧ݏ݀(ݏ)݃
௔  then, for all ݐ ߳ [ܽ, ܾ], 

≥ (ݐ)݃ ݇ଵ e൫௞మ(௧ି௔)൯. 

 

Proof Let ܷ(ݐ) be a function which satisfies U(t) = ݇ଵ + ݇ଶ ∫ g(s)ds୲
ୟ . But then ܷ(ݐ) is a 

strictly positive differentiable function on  [a, b]  and 

(ݐ)′ܷ =  ݇ଶ ݃(ݐ) ≤ ݇ଶ ܷ(ݐ) 

⟹     
(ݐ)′ܷ
(ݐ)ܷ ≤ ݇ଶ 

⟹  logܷ(ݐ)− logܷ(ܽ) ≤ ݇ଶ(ݐ − ܽ) 

⟹  logܷ(ݐ) ≤ ݇ଶ(ݐ − ܽ) + logܷ(ܽ) 

                                             ⟹ (ݐ)݃  ≤ (ݐ)ܷ ≤ ܷ(ܽ) e௞మ(௧ି௔)     

≥ (ݐ)݃   ∴                              ݇ଵ e௞మ(௧ି௔) 

      

Proof  Let ݔ(t) and (ݐ)ݕ be solutions for the system over the interval ܫ = ,଴ݐ]  ଵ]  with initialݐ

condition  ݔ(ݐ଴) = (଴ݐ)ݕ  ଴ andݔ =  .଴, respectivelyݕ

Let ܳ = max௧∈ூ|(ݐ)ݔ −  |(ݐ)ݕ

Assume the maximum is attained at some point ܽ ∈   and ܫ 

ܳ = (ܽ)ݔ| − |(ܽ)ݕ ≤ ቚ∫ ݔ) ௔−(ݏ)′
௧బ

ݕ   ቚݏ݀((ݏ)′

≤ ∫ หݔ −(ݏ)′ ݕ ห௔(ݏ)′
௧బ

  ݏ݀

        ≤ ∫ หܨ൫(ݏ)ݔ൯ − ห௔((ݏ)ݔ)ܨ
௧బ

 ݏ݀

≤ ∫ (ݏ)ݔ|݇ − ௔|(ݏ)ݕ
௧బ

  ݏ݀

Where, ݇ is Lipschitz constant. 
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Now  

−(ݐ)ݕ (ݐ)ݔ = (଴ݐ)ݕ − (଴ݐ)ݔ +  ∫ ൯(ݏ)ݕ൫ܨ] − ௔((ݏ)ݔ)ܨ
௧బ

  ݏ݀[

If we let  (ݐ)ݒ = (ݐ)ݕ| −  |(ݐ)ݔ

Then,  (ݐ)ݒ ≤ (଴ݐ)ݒ + ∫ ௧ݏ݀(ݏ)ݒ݇
௧బ

 

 

By the Gronwall’s inequality leads to  

(ݐ)ݒ ≤  ௞(௧ି௧బ)݁(଴ݐ)ݒ

Hence    |(ݐ)ݕ − |(ݐ)ݔ ≤ (଴ݐ)ݕ| −  ௞(௧ି௧బ)݁|(଴ݐ)ݔ

≤  ଴|݁௞(௧ି௧బ)ݔ−଴ݕ|

This completes proof of the theorem. 

 

Theorem   Let ̇ݔ = ,ݐ)ܨ ,ݔ  is ܨ be a system of first order differential equation for which (ߤ

 ߤ Then the flow of  this system depends continuously on the parameter .ߤ and ݔ ଵ in bothܥ 

as well.  

 

Proof   Consider the system      

ప̇ݔ         = ,ݐ)ܨ (௜ߤ,௜ݔ
(଴ݐ)௜ݔ = ܽ  

 

Since ܨ is  ܥଵ function then, ܨ is Lipschiz continuous. There exists a unique solution 

(଴ݐ)ݔ with initial condition (ݐ)ݔ = ܽ 

Let ݔଵ(ݐ) ܽ݊݀ ݔଶ(ݐ)  be solutions of the system  

 

W.L.O.G, assume ݐ ≥   ଴ݐ
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−(ݐ)ଵݔ| |(ݐ)ଶݔ  = ቚ∫ ,ݏ)ܨ] (ଵߤ,(ݏ)ଵݔ − ,ݏ)ܨ ௧ݏ݀[(ଶߤ,(ݏ)ଶݔ
௧బ

ቚ  

                       ≤ ∫ (ଵߤ,(ݏ)ଵݔ,ݏ)ܨ| − ௧|(ଶߤ,(ݏ)ଶݔ,ݏ)ܨ
௧బ

  ݏ݀

                    

≤ ∫ (ଵߤ,(ݏ)ଵݔ,ݏ)ܨ|] − ௧|(ଶߤ,(ݏ)ଵݔ,ݏ)ܨ
௧బ

+ ,ݏ)ܨ| −(ଶߤ,(ݏ)ଵݔ ,ݏ)ܨ   ݏ݀[|(ଶߤ,(ݏ)ଶݔ

                     ≤ ∫ ଵߤ|ଶܮ] − ଶ|௧ߤ
௧బ

+ (ݏ)ଵݔ|ଵܮ −   ݏ݀|[(ݏ)ଶݔ

Let  ܺ(ݐ) = ଵߤ|ଶܮ − |ଶߤ + −(ݐ)ଵݔ|ଵܮ  |(ݐ)ଶݔ

   ⟹ (ݐ)ܺ  ≤ ଵߤ|ଶܮ − |ଶߤ + ଵܮ ∫ ௧(ݏ)ܺ
௧బ

 ݏ݀

 

By Gronwall’s inequality, we have 

(ݐ)ܺ ≤ ଵߤ|ଶܮ −  ଶ|e௅భ (௧ି௧బ)ߤ

 

Consequently , 

(ݐ)ܺ = ଵߤ|ଶܮ − |ଶߤ + −(ݐ)ଵݔ|ଵܮ |(ݐ)ଶݔ ≤ ଵߤ|ଶܮ −  ଶ|݁௅భ(௧ି௧బ)ߤ

(ݐ)ଵݔ|ଵܮ                ⇒ − |(ݐ)ଶݔ ≤ ଵߤ|ଶܮ − ଶ|݁௅భ(௧ି௧బ)ߤ − ଵߤ|ଶܮ −  |ଶߤ

≤ ଵߤ|ଶܮ − ଶ|൫݁௅భ(௧ି௧బ)ߤ − 1൯ 

 

∴ (ݐ)ଵݔ|   − |(ݐ)ଶݔ ≤
ଶܮ
ଵܮ

ଵߤ| − ଶ|൫݁௅భ(௧ି௧బ)ߤ − 1൯ 

This completes the proof of the theorem. 

i.e  it shows that the solution depends continuously on the parameter.    
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1.2 FIXED POINTS AND LINEARIZATION 

The fixed points of the autonomous system 

ݔ̇ =  (ߤ,ݔ)ܨ

Is a point ݔ∗ ∈ ℝ௡; such that  (ߤ,∗ݔ )ܨ = ૙. 

A location in the state space where this condition is satisfied is called a singular point. At 

such a point, the integral curve of the vector field ܨ corresponds to the point itself. Also, an 

orbit of a fixed point is the fixed point itself. 

Suppose that we have a non linear autonomous system of ODE’s written in vector form 

ݔ̇ =  (1.2)                                                                        (ߤ,ݔ)ܨ

Where, ܨ:ℝ௡ → ℝ௡  is ܥଵ and  ߤ ∈ ℝ. Suppose that  ݔ∗ is a fixed point. 

i.e  (ߤ,∗ݔ )ܨ = ૙  

        Now take   డி
డ௫

 =  Dܨ 

 

The right hand side of   (1.2) 

ݔ̇ = +(ߤ,∗ݔ )ܨ
ܨ߲
∗ฬ ௫ݔ߲

ݔ) − (∗ݔ  + ⋯ 

                                 = డி
డ௫
ቚ

 ௫∗
ݔ) − (∗ݔ  + ⋯                                                       (1.3) 

 

The partial derivative in the above equation is to be interpreted as the Jacobean matrix. If the 

components of the state vector ݔ are (ݔଵ,ݔଶ, …  are  ܨ ௡)்  and components of a rate vectorݔ,

,ଶܨ,ଵܨ) … ்(௡ܨ, , then the Jacobean is  
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ܦ =

⎣
⎢
⎢
⎡
డிభ
డ௫భ

   ⋯ డிభ
డ௫೙

⋮ ⋱ ⋮
డி೙
డ௫భ

⋯ డி೙
డ௫೙⎦

⎥
⎥
⎤
  

 

Now define   ݔߜ = ݔ −  ∗ݔ

Taking derivatives implies   ̇ݔߜ =  ݔ̇

If  ݔߜ is small, then only the first term in equation (3.2) is significant. Since the higher order 

term involves powers of our small displacement from the fixed point, and then we have,   

ݔߜ̇ =  ݔߜ∗ܦ

Where, ܦ∗ is the Jacobean evaluated at the fixed point. The matrix ܦ∗ is constant. So this is 

just a linear system of differential equation. According to the theory of linear differential 

equations, the solution can be written as a superposition of the terms of the form  ݁ఒೕ௧. 

Where ൛ߣ௝ൟ is the set of eigenvalue of the Jacobean. 

 

The eigenvalues of the Jacobean are in general complex numbers. 

Let   ߣ௝ = µ௝ +  ௝ݒ݅

Where, µ௝   ௝ are respectively the real and imaginary parts of the eigenvalues, thenݒ ݀݊ܽ 

                  ݁ఒೕ௧ = ݁µೕ௧  . ݁௜௩ೕ௧ 

 

The complex exponential in turn can be written  

݁௜௩ೕ௧ = cos൫ݒ௝ݐ൯ + ௝ݒ)݊݅ݏ݅  (ݐ
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The complex part of eigenvalue, therefore only contributes on oscillatory components to the 

solution. 

 

It is the real part that matters. If any one of the  µ௝ > 0, then ݁µೕ௧ grows with time and hence 

the solution of the system will tend to move away from the fixed point. 

 

Definition  A fixed point ݔ∗ is called hyperbolic or non degenerate when the Jacobean  ܦ∗ 

has no eigenvalue with zero real part, otherwise non hyperbolic. 

 

Definition A fixed point ݔ∗ of the differential equation (1.2) is stable if all the eigenvalues of 

 .have negative real part (∗ݔ the Jacobean evaluated at) ∗ܦ

 

Definition A fixed point ݔ∗ of the differential equation (1.2) is said to be unstable, if at least 
one of the eigenvalues of ܦ∗ have positive real part. 

 

Example   Given the ODE 

ݔ̇                                                          =  ݕ

ݕ̇                                                          = ݔ − ଷݔ −  ݕ

The fixed points are (0,0),(1,0) and (-1,0). 

 

The Jacobean matrix is 

ܦ = ቎

ௗ௫̇
ௗ௫

ௗ௫̇
ௗ௬

ௗ௬̇
ௗ௫

ௗ௬̇
ௗ௬

቏  

= ቂ 0 1
1 − 2ݔ3 −1

ቃ 
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Evaluating the Jacobean at the fixed point (0,0),we get 

∗ܦ = ቂ0 1
1 −1ቃ 

The eigenvalues are 

ଵߣ   = ିଵା√ହ
ଶ

  , 

ଶߣ  = ିଵି√ହ
ଶ

 

Then the fixed point (0, 0) is unstable. 

 

Evaluating the Jacobean at the fixed points (1,0) and (-1,0), we get the eigenvalues, 

ଵߣ   = ିଵି√଻ ௜
ଶ

 , 

ଶߣ   = ିଵା√଻ ௜
ଶ

 

Therefore, the fixed points (1,0) and (-1,0)  are  stable fixed points. 

 

Note  If some of the eigenvalues have zero real part while the others are all negative, this 

can’t be decided on linear stability analysis. 

 

Example   Consider the following example 

൜ ݔ̇ = ଶݔ
ݕ̇ =   ݕ−

The only steady-state solution for this system is the origin. All other solutions (except those 

on the y-axis) move to the right and toward the x-axis. On the y-axis, solutions tend along this 

straight line to the origin. Hence the phase portrait is as shown in below. 
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The linearization of the system at the origin is, 

 

For which all points on the x-axis are fixed points, and all other solutions lie on vertical lines 

 ccx , ℝ. The problem here is that the fixed point for the linearization system at the 

origin is not hyperbolic. When a linear planar system has a zero eigenvalue or a center, the 

addition of nonlinear terms often completely changes the phase portrait. 
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1.3 CLASSIFICATION OF FIXED POINTS 

When all of the eigenvalues of ܦ have nonzero real parts, the corresponding fixed point is 

called a hyperbolic fixed point, irrespective of the values of the imaginary parts; otherwise, it 

is called a non hyperbolic fixed point. 

 

There are three types of hyperbolic fixed points: sinks, sources, and saddles. If all of the 

eigenvalues of ܦ have negative real parts then,  x approaches to the fixed point ݔ∗ of (1.2) 

as ݐ → ∞. Therefore, the fixed point ݔ∗ of (1.2) is attractive. 

 

An attractive fixed point is called a sink. If the matrix ܦ associated with a sink has complex 

eigenvalues, the sink is also called a stable focus. On the other hand, if all of the eigenvalues 

of the matrix  ܦ associated with a sink are real, the sink is also called a stable node. A sink is 

stable in forward time (i.e. ݐ → ∞.,) but unstable in reverse time (i.e. ݐ → −∞).  

 

If one or more of the eigenvalues of  ܦ  have positive real parts, then x moves away from the 

fixed point ݔ∗ of (1.2) as t increases. In this case, the fixed point ݔ∗ is said to be unstable.  

 

When all of the eigenvalues of ܦ have positive real parts, ݔ∗ is said to be a source. If the 

matrix ܦ associated with a source has complex eigenvalues, such a source is called an 

unstable focus. 

 

On the other hand, if all of the eigenvalues of the matrix ܦ associated with a source are real, 

the source is also called an unstable node. A source is unstable in forward time but stable in 

reverse time. Because trajectories move away from a source in forward time, the source is an 

example of a repellor. 
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When some, but not all, of the eigenvalues have positive real parts while the rest of the 

eigenvalues have negative real parts, the associated fixed point is called a saddle point. 

Because a saddle point is unstable in both forward and reverse times, it is called a non stable 

fixed point. 

 

A non hyperbolic fixed point is unstable if one or more of the eigenvalues of  ܦ have positive 

real parts. If some of the eigenvalues of ܦ have negative real parts while the rest of the 

eigenvalues are distinct and have zero real parts, the fixed point ݔ =  of (1.2) is said to be ∗ݔ

neutrally or marginally stable. 

 

 If all of the eigenvalues of ܦ are distinct, nonzero, and purely imaginary, the corresponding 

fixed point is called a center. 

 

 

 

 

 

 

 

 

 

 

 

 

 



16 
 

CHAPTER 2 

NORMAL FORMS 

We will construct normal forms of smooth continuous systems depending on a scalar control 

parameter µ near their fixed point. Previously we have seen linearization is not a guarantee to 

decide the stability of non hyperbolic fixed point (if at least one of the eigenvalue real part is 

zero and the other is negative). Now we transform the fixed point to the origin and use higher 

order Taylor series expansion and center of manifold. Before non linear system let us see first 

linear system 

 

2.1 LINEAR SYSREM 

We consider the linear system 

ݔ̇ =  (2.1)                                                                               ݔܣ

Where, ܣ ∈ ℝ௡×௡. In this case, the trivial solution ݔ∗ = 0 is a fixed point of this linear 

system.  

 

We denote the eigenvalues of A by ߣ௜ , ݅ = 1, 2, . . . , ݊, and the corresponding eigenvectors 

(generalized eigenvectors) by ݌௜ , ݅ = 1, 2, . . . , ݊. The eigenvalues are the roots of the 

characteristic equation. 

ܣ)ݐ݁݀                          − (ܫߣ = 0                                                                    (2.2)   

The eigenvector ݌௜ corresponding to a distinct eigenvalue  ߣ௜  is given by 

௜݌ܣ                            = ௜݌௜ߣ                                                                            (2.3) 
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The generalized eigenvectors corresponding to an eigenvalue ߣ௠ with multiplicity 

݊௠  are the nontrivial solutions of 

ܣ) − ݌(ܫ௠ߣ = 0, ܣ) − ݌ଶ(ܫ௠ߣ = 0, … .  , ܣ) − ݌௡೘(ܫ௠ߣ = 0              (2.4) 

 

If an eigenvalue is complex-valued, then its corresponding eigenvector and generalized 

eigenvectors are also complex-valued. 

 

Introduce the transformation 

ݔ                        = ܻܲ                                                                              (2.5) 

Where, ܲ ∈ ℝ௡×௡, ܲ = ,ଶ݌ ଵ݌] …  ௜ is an eigenvector݌ ௡] and݌,

                      ܻܲ̇ =  (2.6)                                                                         ܻܲܣ

Multiplying (2.6) from the left with the inverse ܲିଵ of ܲ, we obtain the normal of (2.1) as 

                            ܻ̇ =  (2.7)                                                                              ܻܬ

Where, ܬ = ܲିଵܲܣ is called the Jordan canonical form of A.  

 

2.1.1 System with Distinct Eigenvalues 

If the eigenvalues of A are distinct, then  ܬ is a diagonal matrix  with entries  

௜ߣ   , ݅ = 1,2, … ,݊; that is 

ܬ                                     =

⎣
⎢
⎢
⎢
⎡
ଵߣ 0 . . . 0
0 ଶߣ . . . 0
. . . . . .
. . . . . .
0 0 . . . ⎦௡ߣ

⎥
⎥
⎥
⎤

                                                           (2.8) 
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Then, (2.7) can be rewritten as 

              ܻ̇(௠) = ݉    ,௠ܻ(௠)ߣ = 1,2 … . , ݊                                             (2.9) 

Where, ܻ(௠) ݅s the ݉-ݐℎ component of ܻ. Therefore, 

                 ܻ(௠) = ܿ௠݁ఒ೘௧ , ݉ = 1,2, … , ݊                                              (2.10) 

Where, ܿ௠  is a constant. 

 

It follows from (2.10) that ܻ(௠) ⟶ 0  as ݐ ⟶ ∞, when ߣ௠ lies in the left-half of the complex 

plane, ܻ(௠) ⟶ ∞ as ݐ ⟶ ∞, when ߣ௠  lies in the Right-half of the complex plane, and 

ܻ(௠) = ܿ௠ for all time when ߣ௠  lies on the imaginary axis.  

 

Therefore, the origin of (2.1) is attractive if all of the eigenvalues ߣ௠  of the matrix A lie in 

the left-half of the complex plane, unstable if one or more ߣ௠  lie in the right-half of the 

complex plane, and neutrally or marginally stable if one or more ߣ௠  lie on the imaginary axis 

with the rest of the eigenvalues being in the left-half of the complex plane. 

 

2.1.2 System with Repeated Eigenvalues 

If the number of distinct eigenvalues of  A is k < n, then ܬ is a block if all of the ݌௜ are 

eigenvectors; otherwise, it has the form 

ܬ                =

⎣
⎢
⎢
⎢
⎡
ଵܬ ∅ . . . ∅
∅ ଶܬ . . . ∅
. . . . . .
. . . . . .
∅ ∅ . . . ⎦௞ܬ

⎥
⎥
⎥
⎤

                                                           (2.11) 

 

Where,  ∅ represents a matrix with zero entries and 
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௠ܬ                  =

⎣
⎢
⎢
⎢
⎡
௠ߣ 1 0 . . . 0
0 ௠ߣ 1 . . . 0
0 0 ௠ߣ . . . .
. . . . . . .
0 0 0 . . . ⎦௠ߣ

⎥
⎥
⎥
⎤

                                              (2.12) 

We consider a system with repeated roots and a non diagonal ܬ. 

 

  Example             ܣ = ቎
ܽ ଵ

ଶ
(ܽ − ܾ)

− ଵ
ଶ

(ܽ − ܾ) ܾ
቏ 

Where, ܾ ≠ ܽ the eigenvalues of this matrix are ߣ = ଵ
ଶ

(ܽ + ܾ) with algebraic multiplicity 

two.  

The corresponding eigenvector and generalized eigenvector are 

ଵ݌ = ቂ−1
1 ቃ,      and      ݌ଶ = ቈ

−1
1 + ଶ

௕ି௔
቉ 

Then,    ܲିଵܲܣ = ܬ = ቎
ଵ
ଶ

(ܽ + ܾ) 1

0 ଵ
ଶ

(ܽ + ܾ)
቏ 

 

  And (2.7) yields 

൝
ܻ̇(ଵ) = (ଵ)ܻߣ + ܻ(ଶ)

 
ܻ̇(ଶ) =              (ଶ)ܻߣ

                                                         (2.13)                             

 

The general solutions of (2.13) can be expressed as 

ܻ(ଵ) = ܿଵ݁ఒ௧ +    ଶ݁ఒ௧  andܿݐ

                                                     ܻ(૛) = ܿଶ݁ఒ௧ 
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2.2 NONLINEAR SYSTEM 

Consider the nonlinear autonomous system of  ܱܧܦ′ܵ 

ݔ̇ =  (2.14)                                                                     (ߤ,ݔ)ܨ

To investigate the behavior of a fixed point (ߤ,∗ݔ∗), where ݔ∗ ∈  ℝ௡and, ߤ∗  ∈  ℝ 

We apply a small perturbation  ܻ and obtain, 

ݔ                       = ∗ݔ + ܻ                                                            (2.15) 

Substituting (2.15) in to (2.14) yields 

                     ܻ̇ = ∗ݔ)ܨ +  (2.16)                                                           (ߤ,ܻ

We note that the fixed point ݔ =  of (2.14) has been transformed into the fixed point ∗ݔ

 ܻ = 0 of (2.16). 

Assuming that ܨ is at least twice continuously differentiable (i.e.,ܥଶ), expanding (2.16) in a 

Taylor series about ݔ∗, and retaining only linear terms in the perturbation leads to  

ܻ̇ = (∗ߤ,∗ݔ)ܨ + ܻ(∗ߤ,∗ݔ)௫ܦ + ܱ(‖ܻ‖ଶ) 

Or 

                 ܻ̇ ≈ ܻ(∗ߤ,∗ݔ)௫ܦ ≡  (2.17)                                                            ܻܣ

Where, A is the matrix of first partial derivatives evaluated at the fixed point (ߤ,∗ݔ∗), is 

called the Jacobean matrix. 

 

 If the components of ܨ are 

,ଶݔ,ଵݔ)ଵܨ … , ,ଶݔ,ଵݔ)ଶܨ,(௡ݔ … ,(௡ݔ, … ,ଶݔ,ଵݔ)௡ܨ, … ,  (௡ݔ
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then,  

ܣ =

⎣
⎢
⎢
⎢
⎢
⎡
డிభ
డ௫భ

డிభ
డ௫మ

. . . డிభ
డ௫೙. . . . . .

. . . . . .

. . . . . .
డி೙
డ௫భ

డி೙
డ௫మ

. . . డி೙
డ௫೙⎦

⎥
⎥
⎥
⎥
⎤

  

We have transformed the problem of determining the local behavior of the fixed point ݔ∗of 

(3.17) in to that of determining the behavior of the trivial solution of the linear system (2.17). 

We say ݈݈ܽܿ݋ ܾ݁ℎܽݎ݋݅ݒ because we have considered a small perturbation and linearization of 

the vector field. 

 

The Hartman–Grobman theorem states that the trajectories in the vicinity of a hyperbolic 

fixed point ݔ =  of (2.14) are qualitatively similar to those in the vicinity of the hyperbolic ∗ݔ

fixed point ܻ = 0 of (2.17).  

 

The Shoshitaishvili theorem is applicable to non hyperbolic fixed points. From these    

theorems, it follows that,  

(a) The fixed point ݔ =  of the nonlinear system (2.14) is stable when the fixed point∗ݔ

       ܻ = 0 of the linear system (2.17) is asymptotically stable. 

 (b) The fixed point ݔ =      of the nonlinear system (2.14) is unstable when the fixe point ∗ݔ

      ܻ = 0 of the linear system (2.17) is unstable, and  

(c) Linearization cannot determine the stability of neutrally stable fixed points (including     

      centers) of (2.14).  
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In case of neutrally stable fixed points, a nonlinear analysis is necessary to determine the 

stability of ݔ∗ It will be necessary to retain quadratic and, sometimes, higher-order terms in 

the disturbance  ܻ in the Taylor-series expansion of (2.17). 

 

According to the Hartman–Grobman theorem, there exists a continuous coordinate 

transformation (i.e., a homeomorphism) that transforms the nonlinear flow into the linear 

flow in the vicinity of a hyperbolic fixed point. 

 

 Further, such a coordinate transformation would be a differentiable one because the method 

of normal forms yields transformations in the form of power-series expansions. 
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CHAPTER 3 

CENTER MANIFOLD REDUCTION 

One of the main methods of simplifying dynamical system is to reduce the dimension of the 

system. Center manifold Theory is a rigorous mathematical technique that makes this 

reduction possible, at least near fixed points. 

                

                              3.1 CENTER MANIFOLD 

Definition A bijective map ݂:ܯ⟶ ܰ is called diffeomorphism, if  both ݂ and ݂ିଵ are 

differentiable(if  ݂, ݂ିଵ ∈ ௥ܥ , ݎ ≥ 1, ݂ is called ܥ௥- diffeomorphism).  

 

Definition A manifold is a subset of ℝ௡ such that, for some fixed integer k ≥ 0, each point in 

the subset has a neighborhood that is essentially the same as the Euclidean space ℝ௞ . 

 

To make this definition precise we will have to define what is meant by a neighborhood in 

the subset, and we will also have to understand the meaning of the phrase “essentially the 

same as ℝ௞ .” However, these notions should be intuitively clear In effect, a neighborhood in 

the manifold is an open subset that is diffeomorphic to ℝ௞ .  

 

Definition Two manifold ܯ and ܰ are diffeomorphic, if there is a smooth bijective map ݂ 

from ܯ to ܰ with a smooth inverse. They are ܥ௥- diffeomorphic, if there is  ܥ௥ map between 

them whose inverse is also ܥ௥ . 

 

Points, lines, planes, arcs, spheres, and tori are examples of manifolds. Let us recall that a 

curve is a smooth function from an open interval of real numbers into ℝ௡.An arc is the image 

of a curve. Every solution of a differential equation is a curve; the corresponding orbit is an 

arc. Thus, every orbit of a differential equation is a manifold. 
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Consider the differential equation 

ݔ̇ = ݔ ,(ݔ)݂ ∈ ℝ௡                             (*) 

with flow ߶௧, and let S  be a subset of ℝ௡ that is a union of orbits of this flow. If a solution 

has its initial condition in S, then the corresponding orbit stays in S for all time, past and 

future. 

 

Definition  A set  ܵ ⊆ ℝ௡   is called an invariant set for the differential equation (*) if, for 

each x ∈ S, the solution ݐ ⟼ ߶௧(ݔ), defined on its maximal interval of existence, has its 

image in S. Alternatively, the orbit passing through each x ∈ S  lies in S. If, in addition, S  is a 

manifold, then S  is called an invariant manifold. 

 

A curve ݕ = ℎ(ݔ) defined for |ݔ| small (|ݔ| <  is said to an invariant manifold for the ,(ߜ
system of differential equations 

ݔ̇ = (ݕ,ݔ)݂
ݕ̇ = ,ݔ)݃  (3.1)                                                                  (ݕ

If  the solution (x(t),y(t)) of (3.1) through (ݔ଴,ℎ(ݔ଴))  lies on the curve ݕ = ℎ(ݔ) as long as 
 .remains small (ݐ)ݔ

 

Consider the system          

൜̇ݔ = ݔܣ + ,ݔ)݂ (ݕ
ݕ̇ = ݕܤ +  (3.2)                                                       (ݕ,ݔ)݃

Where, ܣ ∈ ℝ௡×௡, ܤ ∈ ℝ௠×௠ such that ܴ݁(ߣ) = (ߣ)∀ 0 ∈  and (ܣ)ߪ

(ߣ)ܴ݁  < (ߣ)∀ ,0 ∈ ଶ functions with  ݂(0,0)ܥ The function ݂ and ݃ are .(ܤ)ߪ = ૙,

∇݂(0,0) = ૙,  ݃(0,0) = ૙,∇݃(0,0) = ૙.  
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If ݂ and ݃ are identically zero then, (3.2) has the two obvious invariant manifolds ݔ = 0 

and ݕ = 0. The invariant manifold ݔ = 0 is called the stable manifold and on the stable 

manifold all solution decay to zero exponentially fast. 

 

The invariant manifold ݕ = 0 is called the center manifold. In general, an invariant manifold 

ݕ = ℎ(ݔ) for defined for small |ݔ| with ℎ(0) = 0,ℎ′(0) = 0 is called a center manifold. 

 

Definition The stable manifold of a fixed point ݔ଴ for an autonomous differential equation 

with (local defined) flow ߶௧ is the set of all points ݔ in the domain of definition of  ߶௧ such 

that lim௧⟶ஶ ߶௧(ݔ) =  ݔ ଴ is the set of all pointsݔ ଴. The unstable manifold of a fixed pointݔ

in the domain of definition of  ߶௧ such that lim௧⟶ିஶ ߶௧(ݔ) =  .଴ݔ

 

We consider the local dynamics near a non hyperbolic fixed point ݔ∗of the nonlinear system 

(2.14), where ܨ is an analytic vector function of ݔ. According to the center-manifold 

theorem, there exists a ܥ௥ , ݎ ≥ 2 local center manifold for the nonlinear system (2.14) 

near ݔ∗.Furthermore, if none of the eigenvalues of this fixed point lies in the right-half of the 

complex plane, the long-time dynamics of (2.14) can be reduced to determining the dynamics 

on the center manifold. 

  

Theorem consider the first order differential equation (3.2) then, we have a local center 

manifold ݕ = ℎ(ݔ), |ݔ| <  ଶܥ where, ℎ is  ߜ

 

Proof  Let ߰:ℝ௡ ⟶ [0,1] be a ܥஶ function with ߰(ݔ) = 1 when |ݔ| ≤ 1 and 

(ݔ)߰  = 0 when|ݔ| ≥ 2. 
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For ߝ > 0 define ܨ and ܩ by  

,ݔ)ܨ (ݕ = ݂ ቀ߰ݔቀ
ݔ
ቁߝ ቁݕ, ,ݔ)ܩ   , (ݕ = ቀ߰ݔ)݃

ݔ
ቁߝ  (ݕ,

The reason that the cut-off function ߰ is only a function of ݔ is that the proof of the existence 

of a centre manifold generalizes in an obvious way to infinite dimensional problems. 

 

 

We prove that the system 

൜̇ݔ = ݔܣ + ,ݔ)ܨ  (ݕ
ݕ̇ = ݕܤ + (ݕ,ݔ)ܩ                                                          (3.3) 

has a centre manifold ݕ = ℎ(ݔ), ݔ ∈ ℝ௡ for small enough ߝ. Since F and G agree with ݂ and 

݃ in a neighborhood of the origin, this proves the existence of local centre manifold for (3.2). 

Moreover, we can show that the existence of lipschitz center manifold for (3.3) and ℎ  is ܥଶ 

function. 

         
      
N.B  In general equation (3.2)  

     i)  Does not have a unique center manifold.  

    ii)  If ݂ and ݃ are ܥ௞, (k≥ 2), then ℎ is ܥ௞. But, if  ݂ and ݃ are analytic, then does not have   

         an analytic center manifold.   

 

For each eigenvalue ߣ of  ܦ there is an associated subspace of ℝ௡-the eigenspace ܧఒ. For 

simplicity we assume ܦ is diagonalizable then our definition of  ܧఒ depends only on whether 

 .is real or complex ߣ

When ߣ is real, ܧఒ is simply the subspace spanned by the eigenvectors,ߣ ∈ ℝ 

ఒܧ = ݒ} ∈ ℝ௡|(ܦ − (ܫߣ ∙ ݒ = ૙} 
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When ߣ is complex, then the eigenvectors are also complex; furthermore, since D is assumed 

to be a real matrix, if ݒଵ +  the complex-conjugated vector ,ߣ ଶ is the eigenvector forݒ݅

ଵݒ −   .ߣ̅ ଶ is an eigenvector forݒ݅

 

The eigenspace ܧఒ  in this case is spanned by the real and imaginary parts of the eigenvectors 

for ߣ . 

ఒܧ = ൛ݒ ∈ ℝ௡ห(ܦ − ܦ൫(ܫߣ − ൯ܫߣ̅ ⋅ ݒ = ૙ൟ 

An eigenvalue ߣ corresponds to a "mode" of the system that is stable, unstable, or neutral, 

depending on whether ܴ݁ߣ < ߣܴ݁,0 > ߣܴ݁ ݎ݋ 0 = 0, respectively.  

We divide the eigenvectors (and generalized eigenvectors) of ܦ into three sets according to 

these possibilities and form the stable subspace ܧ௦, unstable subspace ܧ௨, and center 

subspace  ܧ௖.   

௦ܧ = ݒ|ݒ} ݊ܽ݌ݏ ∈ ఒܧ ߣܴ݁ ݀݊ܽ  < 0 } 

௨ܧ = ݒ|ݒ} ݊ܽ݌ݏ ∈ ఒܧ ߣܴ݁ ݀݊ܽ  > 0 } 

௖ܧ = ݒ|ݒ} ݊ܽ݌ݏ ∈ ఒܧ ߣܴ݁ ݀݊ܽ  = 0 } 

These subspaces span the phase space, ℝ௡ =   .௖ and they are invariantܧ⨁௨ܧ⨁௦ܧ

If  the solution (ݐ)ݔ ∈ ௦ܧ , then as ݐ ⟶ +∞ the trajectories converges to fixed point. If  

(ݐ)ݔ ∈ ݐ ௨, then the trajectories converges to fixed points asܧ ⟶ −∞. 

 

3.2 APPROXIMATION OF CENTER MANIFOLD 

Next, we describe how to construct the center manifold in the neighborhood of a non 

hyperbolic fixed point with some of the real part of the eigenvalues being zero and the real 

parts of all of the other eigenvalues being negative. 

 

We assume that the fixed point has been shifted to the origin and that the linear part has been 

transformed into a Jordan canonical form; that is, we consider the system, 
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௞ݔ̇ = ௞ݔܬ +  (ݔ)ܨ

Where, ܬ ∈ ℝ௡×௡  

 

⟹     ൝
ݔ̇  = ݔܣ + (3.4)                                                                         (ܻ,ݔ)݂

 
ܻ̇ = ܻܤ + (3.5)                                                                        (ܻ,ݔ)ܩ

 

                                                                                        

Where, ܣ ∈ ℝ௠×௠, ܤ ∈ ℝ(௡ି௠)×(௡ି௠) such that ܴ݁(ߣ) = (ߣ)∀ 0 ∈ (ߣ)ܴ݁ and (ܣ)ߪ < 0 

(ߣ)∀ ∈  .ܻ ݀݊ܽ ݔ are vector-valued nonlinear functions of  ܩ and ݂ and (ܤ)ߪ

According to the center-manifold theorem, there exists a center manifold 

                    ܻ = ℎ(ݔ)                                                                                  (3.6) 

Moreover, the dynamics of the system (3.4) and (3.5) is qualitatively similar to the dynamics 

on this manifold; that is, 

ݔ̇ = (ݔ)ܣ + ,ݔ)݂ ℎ(ݔ)) 

Substituting (3.6) into (3.5) 

ℎ̇(ݔ) = (ݔ)ܣ + (ݔ)ℎܤ +  ((ݔ)ℎ,ݔ)ܩ

      ⇒    ℎ′(ݔ)݂[ݔ,ℎ(ݔ)] = (ݔ)ܣ + (ݔ)ℎܤ +  (3.7)                                 ((ݔ)ℎ,ݔ)ܩ

Then after construct approximate solutions of (3.7). 

 

Example    Consider the system 

ݔ̇ = ܽଵݕݔ 

ݕ̇          = ݕ− + ܽଶݔଶ 
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Where, ܽଵ and ܽଶ are constants. Clearly, the origin is a fixed point, and its associated 

eigenvalues are ߣ = 0, ߣ ݀݊ܽ = −1, the origin is non hyperbolic and the center and stable 

subspaces are one-dimensional. Consequently, the center manifold is one-dimensional. 

 

To calculate the center manifold and the dynamics on this manifold, we note that 

ܣ = ܤ,0 = ,ݔ)݂,1− (ݕ = ܽଵݕݔ, ,ݔ)ܩ ݀݊ܽ (ݕ = ܽଶݔଶ 

Hence, (4.5) becomes 

                   ℎ′(ݔ)ܽଵݔℎ(ݔ) = −ℎ(ݔ) + ܽଶݔଶ                                                       (3.8) 

We seek an approximate solution of (3.8) 

ℎ(ݔ) = ଶݔܽ + ⋯                                                                          (3.9) 

⟹     2ܽଶܽଵݔସ + ଶݔܽ − ܽଶݔଶ + ⋯ = 0 

 

Equating to zero the coefficient of ݔଶ, we obtain ܽ = ܽଶ.Hence, the center manifold is given 

by 

ݔ̇ = ܽଵܽଶݔଷ + ⋯                                                                 (3.10) 

We note that linearization is not sufficient for determining the stability of the origin because 

its associated eigenvalues are ߣ = ߣ ݀݊ܽ 0 = −1.  

 

However, including the nonlinear terms, we find from (3.10) that the origin is unstable when 

ܽଵܽଶ > 0 and stable when ܽଵܽଶ < 0. 

 

 

 



30 
 

CHAPTER 4 

STATIC BIFURCATIONS 

We know that the matrix ܣ in (2.17) and the associated eigenvalues are functions of the 

control parameter µ. Let us suppose that, as µ is slowly varied, a fixed point ݔ∗ becomes non 

hyperbolic at a certain location in the state-control space. Then, if the phase portraits before 

and after this location are qualitatively different, this location is called a bifurcation point, 

and the accompanying qualitative change is called a bifurcation. 

Consider the first order system 

ݔ̇ = ,ݔ)݂  (4.1)                                                                    (ߤ

Where, ߤ ∈ ℝ  and ݔ ∈ ℝ௡. 

A bifurcation point of (4.1) is a value of  ߤ at which the solutions of (4.1) change their 

behavior. In other word, ߤ =  is a bifurcation point of (4.1) if the phase portrait of (4.1) for ∗ߤ

ߤ < ߤ and ∗ߤ >  .are different ∗ߤ

 

Definition A bifurcation is said to be local bifurcation if the bifurcation occur in the vicinity 

of fixed point. In other words, we have considered a small disturbance ܻ on the fixed point 

and linearized the vector field. 

 

Definition A static bifurcation is local bifurcations of fixed points occurs at a certain value of 

= ଴  sayߤ  .଴ , if the following conditions are satisfiedߤ

 a)  ܨ(ݔ଴,ߤ଴) = 0   

 ܾ)  The Jacobian matrix ∇ܨ  at (ݔ଴,ߤ଴) has a zero eigenvalue while all of its other     

      eigenvalues have negative real parts. 
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According to the center-manifold theorem, analysis of the the dynamics of an n-dimensional 

continuous system near one of its fixed points can be reduced to the analysis of the dynamics 

on its center manifold. 

 

In our case (static bifurcation), the system is reduced to one-dimensional center manifold.  

Now, we consider bifurcations of the one-dimensional dynamical system. 

ݔ̇                                 =  4.2)                                                                          (ߤ,ݔ)݂

Where, ݔ and ݂ are scalar and  ݂(ݔ,  .ߤ and ݔ is a smooth function of (ߤ

 

We assume that (ݔ = ߤ,0 = 0) is a non hyperbolic fixed point of (4.2); that is, ݂(0,0) = 0 

and ௫݂(0,0) = 0. Expanding ݂(ߤ,ݔ) in a Taylor series for small ݔ and ߤ. 

We obtain, 

ݔ̇               = ఓ݂ߤ + ଵ
ଶ
൫ ఓ݂ఓߤଶ + 2 ௫݂ఓߤݔ + ௫݂௫ݔଶ൯                                         (4.3) 

                      +
1
6 ( ఓ݂ఓఓߤଷ + 3 ௫݂ఓఓߤݔଶ + 3 ௫݂௫ఓݔଶߤ + ௫݂௫௫ݔଷ) + ⋯ 

 

Next, we consider the following four cases: 

    (ܽ) ఓ݂ ≠ 0 ܽ݊݀ ௫݂௫ ≠ 0 ;               (ܾ) ఓ݂ ≠ 0 , ௫݂௫ = 0 ܽ݊݀ ௫݂௫௫ ≠ 0 

                         (ܿ) ఓ݂ = 0 ܽ݊݀ ௫݂௫ ≠ 0   ܽ݊݀     (݀) ఓ݂ = 0 ܽ݊݀ ௫݂௫ = 0 

 

We want to show that the first case corresponds to saddle − node bifurcation, the second 

case corresponds to a non bifurcation, the third case correspond to transcritical bifurcation, 

and the fourth case corresponds to pitchfork bifurcation. 
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4.1 SADDLE-NODE BIFURCATION 

We consider the case  ఓ݂ ≠ 0 ܽ݊݀ ௫݂௫ ≠ 0. As ݔ ⟶ ߤ ݀݊ܽ 0 ⟶ 0 (4.3) tends to 

ݔ̇                     =  ఓ݂ߤ + ଵ
ଶ ௫݂௫ݔଶ + ⋯                                                                (4.4) 

When  ఓ݂ߤ ≠ 0, the fixed points of (4.4) are 

∗ݔ                      = ±ට
ିଶ௙ഋఓ
௙ೣ ೣ

                                                                               (4.5)  

Which exist only when ఓ݂ ௫݂௫ߤ < 0. The eigenvalue associated with this two fixed points are  

ߣ                       = ± ௫݂௫ට
ିଶ௙ഋఓ
௙ೣ ೣ

                                                                           (4.6) 

 

It follows from (4.5) that there are two branches of fixed points in the neighborhood of 

(ߤ,ݔ)  = ߤఓ݂ ݎ݋݂ (0,0) < 0 ݂݅ ௫݂௫ > 0  ܽ݊݀ ఓ݂ߤ > 0 ݂݅ ௫݂௫ < 0  then, it follows from (4.6) 

the upper branch is stable and the lower branch is unstable if ௫݂௫ < 0 and that the upper 

branch is unstable and the lower branch is stable if ௫݂௫ > 0. 

 

This bifurcation of the non hyperbolic fixed point at the origin as µ passes through zero is 

called ݂݈݀݋ or ݐ݊݁݃݊ܽݐ or ݈݁݀݀ܽݏ −  .݊݋݅ݐܽܿݎݑ݂ܾ݅ ݁݀݋݊

 

Example  Consider the system 

ݔ̇                       = ,ݔ)݂ (ߤ = ߤ +  ଶ                                                            (4.7)ݔܽ

Clearly,  ఓ݂ = 1 ܽ݊݀ ௫݂௫ = ܽ = ±1 

 



33 
 

When ܽ = −1, the system doesn’t have any fixed points for ߤ < 0 but has the two non trivial 

fixed points 

ݔ = ඥݔ  ݀݊ܽ   ߤ = −ඥߤ 

For  ߤ > 0 The Jacobean matrix has a single eigenvalue given by 

ߣ =  ݔ2−

Thus the fixed point  ݔ = ߣ because ݁݀݋݊ ݈ܾ݁ܽݐݏ is ߤ√ < 0, and the fixed point ݔ =  is ߤ√−

an ݁݀݋݊ ݈ܾ݁ܽݐݏ݊ݑ because ߣ > 0 

 

On the other hand, when ܽ = 1, (4.7) doesn’t have any fixed point for ߤ > 0 but has the two 

nontrivial fixed points. 

ݔ = ඥ−ݔ  ݀݊ܽ   ߤ = −ඥ−ߤ 

 

for ߤ < 0, the Jacobean matrix has a single eigenvalue given by 

ߣ =  ݔ2

Thus, the fixed point ݔ = ߣ because ݁݀݋݊ ݈ܾ݁ܽݐݏ݊ݑ is ߤ−√ > 0, and the fixed point  

ݔ  = ߣ because ݁݀݋݊ ݈ܾ݁ܽݐݏ is a  ߤ−√− < 0. 

 

In Figure –2 (a) and (b), display the different fixed-point solutions of (4.7) and their stability 

in the ݔ −  space. We use broken and solid lines to depict branches of unstable and stable ߤ

fixed points, respectively. 

 

We note that ݂(ߤ,ݔ) = 0 and ௫݂(ݔ, (ߤ =  and hence there is a non hyperbolic ,(0,0) ݐܽ 0

fixed point at ߤ = 0. 
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Moreover, we note that there is a change in the number of fixed points from zero to two as ߤ 

passes through zero. Thus, the origin of the ݔ −  space is a static bifurcation. It is clear ߤ

from Figure -2 that the stable and unstable branches meet at the bifurcation point and have 

the same tangent. 

 

Therefore, this bifurcation is called a tangent bifurcation. Although branches of stable and 

unstable nodes meet at this bifurcation point, the tangent bifurcation is also called saddle-

node bifurcation because, in higher-dimensional systems, branches of saddle points and 

stable nodes meet at such static bifurcation points. 

 

Equation (4.7) is the normal form for a generic saddle-node bifurcation of a fixed point of a 

continuous system 

µ

0.0

0.20.0

-0.4

X X

µ
-0.20.10.05 0.15

0.2

0.4

-0.2

-o.4

-0.2

0.0

0.2

0.4

-0.15 -0.1 -0.05 0.0
(a) (b)

Figure-2 ,in the vicinity of saddle node bifurcation  (a) x’=µ-x² and  (b) x’=µ+x²    
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4.2 NON BIFURICATION 

We consider the case ఓ݂ ≠ 0, ௫݂௫ = 0 ܽ݊݀ ௫݂௫௫ ≠ 0. As ݔ ⟶ ߤ ݀݊ܽ 0 ⟶ 0      (4.3) tends to 

ݔ̇                      = ఓ݂ߤ + ଵ
଺ ௫݂௫௫ݔଷ + ⋯                                                      (4.8) 

It has only one nontrivial fixed point when ఓ݂ߤ ≠ 0 given by 

∗ݔ                      = ቀି଺௙ഋఓ
௙ೣ ೣೣ

ቁ
భ
య                                                                     (4.9) 

The eigenvalue associated with this fixed point is 

ߣ                        = ଵ
ଶ ௫݂௫௫ ቀ

ି଺௙ഋఓ
௙ೣ ೣೣ

ቁ
మ
య                                                                 (4.10) 

It follows from (4.9) that this fixed point exists on both sides of ఓ݂ߤ and it follows from 

(4.10) that it is stable when ௫݂௫௫ < 0 and unstable when ௫݂௫௫ > 0.  

Although, the fixed point is non hyperbolic because ݂(ݔ, (ߤ = 0 and ߣ = 0 at ߤ = 0, this 

fixed point is not a bifurcation point because there is no qualitative change either in the 

number of fixed-point solutions or in the stability of the fixed-point solutions as ߤ passes 

through zero in the state-control space. 

 

Example   Consider the system 

ݔ̇ = ,ݔ)݂ (ߤ = ߤ −  ଷݔ

Clearly,  ఓ݂ = 1 and ௫݂௫௫ = −6 

We have only one fixed point namely  

∗ݔ = ߤ
ଵ
ଷ 
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µ

0.0

0.0-1.0
-1.0

X

-0.5

0.5

0.1

-0.5

0.5 1.0

Figure-3

                                                                

This solution is depicted in Figure 3.At the origin of the ݔ − ,ݔ)݂,space ߤ (ߤ = 0 and ௫݂  has 

a zero eigenvalue, implying that ݔ = 0 is a non hyperbolic fixed point at  ߤ = 0. 

However,(0, 0) is not a bifurcation point because there is no qualitative change either in the 

number of fixed-point solutions or in the stability of the fixed point solutions as µ passes 

through zero in the state-control space. 

 

4.3 TRANSCRITICAL BIFURCATION 

We consider the case ఓ݂ = 0, ௫݂௫ ≠ 0 . As ݔ ⟶ ߤ ݀݊ܽ 0 ⟶ 0 (4.3) tends to 

ݔ̇ = ଵ
ଶ

( ఓ݂ఓߤଶ + 2 ௫݂ఓߤݔ + ௫݂௫ݔଶ) + ⋯                                    (4.11)                                                       

Whose fixed points are, 

∗ଵݔ =
− ௫݂ఓ + ඥ ௫݂ఓ

ଶ − ఓ݂ఓ ௫݂௫

௫݂௫
 ݀݊ܽ  ߤ

∗ଶݔ =
ି௙ೣ ഋିට௙ೣ ഋ

మ ି௙ഋഋ௙ೣ ೣ

௙ೣ ೣ
 (4.12)                                                     ߤ
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They exist when ௫݂ఓଶ − ఓ݂ఓ ௫݂௫ > 0. Their associated eigenvalues are 

(∗ଵݔ)ࣅ = ට ௫݂ఓ
ଶ − ఓ݂ఓ ௫݂௫  ݀݊ܽ   ߤ 

(∗ଶݔ)ࣅ                    = −ඥ ௫݂ఓ
ଶ − ఓ݂ఓ ௫݂௫  (4.13)                                               ߤ 

Therefore, ݔଵ∗ is stable when ߤ < 0 and unstable when ߤ > 0 . On the other hand, ݔଶ∗ is 

unstable when ߤ < 0 and stable when ߤ > 0. In this case, we have two branches of fixed 

points that interchange stability at (0, 0). Therefore, the bifurcation of the non-hyperbolic 

fixed point at the origin as ߤ passes through zero is transcritical bifurcation. 

 

Example   Consider the system 

ݔ̇                             = ,ݔ)݂ (ߤ = ݔߤ −                                                        ଶ                                                          (4.14)ݔ

    ⟹    ఓ݂ఓ = 0, ఓ݂௫ = 1 ܽ݊݀ ௫݂௫ = −2 

 

There are two fixed points  

ݔ =  ݐ݊݅݋݌ ݀݁ݔ݂݅ ݈ܽ݅ݒ݅ݎݐ         0

ݔ           =  ݐ݊݅݋݌ ݀݁ݔ݂݅ ݈ܽ݅ݒ݅ݎݐ ݊݋݊            ߤ

  

The Jacobian matrix  ௫݂ = ߤ −        has a single eigenvalue  ݔ2

ߣ = ݔ ݐܽ  ߤ = 0 

ߣ   = ݔ ݐܽ  ߤ− =  ߤ
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The fixed point ݔ = 0 is a non hyperbolic fixed point at ߤ = 0. At this point, a static 

bifurcation occurs because there is an exchange of stability between the trivial and nontrivial 

branches.  

The bifurcation point in Figure-5 is a transcritical bifurcation point. We point out that all of 

the branches that meet at this bifurcation point do not have the same tangent. 

                   

µ

0.0

0.0-0.2
-0.2

X

-0.1

0.1

0.2

-0.1

0.1 0.2

Figure -5    In the vicinity of a transcritical bifurcation.

 

Equation (4.14) is the normal form for a generic transcritical bifurcation of a fixed point of a 

continuous system 

 

4.4   PITCHFORK BIFURCATION 

We consider the case ఓ݂ = 0, ௫݂௫ = 0 . As ݔ ⟶ ߤ ݀݊ܽ 0 ⟶ 0 (5.2) tends to 

ݔ̇                           = ௫݂ఓߤݔ + ଵ
଺ ௫݂௫௫ݔଷ + ⋯                                                  (4.15) 
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Whose fixed points are 

ଵݔ                           = 0, ଶݔ = ට
ି଺௙ೣ ഋఓ
௙ೣ ೣೣ

ଷݔ   ݀݊ܽ    = −ට
ି଺௙ೣ ഋఓ
௙ೣ ೣೣ

                           (4.16) 

The second and the third fixed points exist only when ௫݂ఓ ௫݂௫௫ <  .ߤ

The Jacobian matrix in this case   ௫݂ = ఓ݂௫ߤ + ଵ
ଶ ௫݂௫௫ݔଶ 

Has the single eigenvalue  

(ଵݔ)ߣ                   = ఓ݂௫ߣ   ,ߤ(ݔଶ) = −2 ఓ݂௫ߣ  ݀݊ܽ   ߤ(ݔ ଷ) = −2 ఓ݂௫(4.17)                         ߤ 

 

Consequently, the trivial fixed point is stable when ఓ݂௫ߤ < 0 and unstable when  ఓ݂௫ߤ > 0. 

On the other hand, the nontrivial fixed points exist and are stable when ௫݂௫௫ < 0 and 

ఓ݂௫ߤ > 0and exist and are unstable when ௫݂௫௫ > 0 ܽ݊݀ ఓ݂௫ߤ < 0. 

 

Example   Consider the system 

ݔ̇                        = ݔߤ +  ଷ                                                                     (4.18)ݔܽ

  ⟹    ఓ݂ఓ = 0, ఓ݂௫ = 1 ܽ݊݀ ଵ
଺ ௫݂௫௫ = ܽ = ±1 

Where, ߤ is again the scalar control parameter.  

 

There are three fixed points, 

ݔ =  ݐ݊݅݋݌ ݀݁ݔ݂݅ ݈ܽ݅ݒ݅ݎݐ     ; 0

ݔ            = ±ටିఓ
௔

 ݐ݊݅݋݌ ݀݁ݔ݂݅ ݈ܽ݅ݒ݅ݎݐ݊݋݊  ; 

In this case, the Jacobian matrix 

௫݂ = ߤ +  ଶݔ3ܽ
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We have single eigenvalue 

ߣ = ݔ ݐܽ   0 = 0 

ߣ         = ݔ  ݐܽ  ߤ2− = ටିఓ
௔

 

Consequently, the trivial fixed point is stable when ߤ < 0 and unstable when ߤ >  0. 

On the other hand, when ߙ <  0, nontrivial fixed points exist only when ߤ >  0 and they are 

stable. However, when ߙ >  0, nontrivial fixed points exist only when ߤ < 0 and they are 

unstable.  

µ

0.0

0.2-0.2

-0.4

X X

µ
-0.20.0-0.1 0.1

0.2

0.4

-0.2

-o.4

-0.2

0.0

0.2

0.4

-0.1 0.0 0.1 0.2
(a) (b)

Figure-4 ,in the vicinity of a pitchfork bifurcation  (a) supercritical pitchfork 
bifurcation (a=-1) and  (b) subcritical pitchfork bifurcation (a=1)     

 

  

The bifurcation diagrams correspond to ܽ = −1 ܽ݊݀ ܽ = 1. In both cases, we note the 

following at (0,0). 
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,ݔ)݂ (ܽ) (ߤ = 0   

(ܾ)  ௫݂  has a zero eigenvalue,  

(c)  The number of fixed-point solutions for ߤ < 0 is different from that for ߤ > 0, and   

(݀)  There is a change in the stability of the trivial fixed point as we pass through ߤ = 0.    

          Hence, the origin of the state control space is a bifurcation point. 

 

When ܽ = −1, two stable branches of fixed points ݔ = ݔ  and ߤ√ =  bifurcate from the ߤ√−

bifurcation point, as shown in Figure -4 (a). When ܽ = 1, two unstable branches of fixed 

points ݔ = ݔ and  ߤ√ =   .bifurcate from the bifurcation point, as shown in Figure –4(b)  ߤ√−

 

The bifurcations observed in Figure -3 (a),(b) are called pitchfork bifurcations because the 

bifurcating nontrivial branches have the geometry of a pitchfork at (0, 0). 

 

Specifically, the bifurcation in Figure-3 (a) is called a supercritical pitchfork bifurcation, and 

the bifurcation in Figure -3(b) is called a subcritical or reverse pitchfork bifurcation.  

 

In the case of a supercritical pitchfork bifurcation, locally we have a branch of stable fixed 

points on one side of the bifurcation point and two branches of stable fixed points and a 

branch of unstable fixed points on the other side of the bifurcation point.  

 

In the case of a subcritical pitchfork bifurcation, locally we have two branches of unstable 

fixed points and a branch of stable fixed points on one side of the bifurcation point and a 

branch of unstable fixed points on the other side of the bifurcation point. 

 

Equation (4.18) is the normal form for a generic pitchfork bifurcation of a fixed point of a 
continuous system 
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CHAPTER 5 

NORMAL FORM OF STATIC BIFURCATION 

Consider reduction of the nonlinear continuous system (2.14) near a static bifurcation fixed 

point to its normal form. We assume that the fixed point has been shifted to  ݔ = 0 and its 

corresponding control parameter has been shifted to ߤ = 0.  

Moreover, we expand (2.14) in a Taylor series for small ߤ ݀݊ܽ ݔ obtain 

ݔ̇             = ݔܣ + ߤܾ + ݔߤܤ + ,ݔ)ܳ (ݔ + ,ݔ)ܥ (ݔ,ݔ + ⋯                                 (5.1) 

Where ܣ = ܤ,ܨ௫ܦ = ,ܨఓ௫ܦ ܽ݊݀ ܾ = ,ݔ) ݐܽ ܨఓܦ (ߤ = ,ݔ)ܳ ݀݊ܽ (ߤ,0) ,ݔ,ݔ)ܥ ݀݊ܽ (ݔ  are (ݔ

bilinear and trilinear column vectors involving quadratic and cubic terms, respectively.  

Because the fixed point (ݔ, (ߤ = (0,0) is a static bifurcation point, one of the eigenvalues of 

the matrix ܣ is zero and all of its other eigenvalues are in the left-half of the complex plane.  

 

Next, we will see how can use the method of center-manifold reduction to compute the 

normal forms of saddle-node, transcritical, and pitchfork bifurcations. 

 

To compute the normal form of the static bifurcation of (5.1) at the origin  

First, calculate the eigenvalues ߣଵ, ,ଶߣ … ,  ௡ and eigenvectors (generalized eigenvectors)ߣ

,ଶ݌,ଵ݌ …   .ܣ ௡ of matrix݌,

Second, we arrange the eigenvalue of ܣ so that ߣଵ = 0 and ݌ଵ be the corresponding 

eigenvector. 

Third, introduce the transformation ݔ = ܻܲ and obtain 

 ܻ̇ = ܻܬ + ܲିଵܾߤ + ܲିଵߤܻܲܤ + ܲିଵܳ(ܻܲ,ܻܲ) + ܲିଵ(5.2)         (ܻܲ,ܻܲ,ܻܲ)ܥ 

Where, ܲିଵܲܣ = ܬ ∈ ℝ௡×௡ and it can be rewritten as, 
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ܬ                          = ൤0 0
0 ௦ܬ

൨                                                                            (5.3) 

Where, ܬ௦ ∈ ℝ(௡ିଵ)×(௡ିଵ) whose eigenvalues are ߣଶ, … ,  ௡ߣ

Fourth, let ௦ܻ ∈ ℝ(௡ିଵ) and ௦ܻ = ( ଶܻ, … , ௡ܻ). 

We can write (5.2) as 

                     ଵܻ̇ = ෠ܾଵߤ + ∑ ௜௡ߦ
௜ୀଵ ௜ܻߤ + ଶ݂( ଵܻ, ௦ܻ) + ଷ݂( ଵܻ, ௦ܻ)                                   (5.4) 

And  

                    ௦ܻ̇ = ௦ܬ ௦ܻ + ෠ܾ௦ߤ + ߞ ௦ܻߤ + ߤ෠ܻܤ + )ଶܨ ଵܻ, ௦ܻ) + )ଷܨ ଵܻ, ௦ܻ)                       (5.5) 

Where, ෠ܾ = ܲିଵܾ, ଶ݂ ܽ݊݀ ܨଶ are the first and last (݊ − 1) components of ܲିଵܳ(ܻܲ,ܻܲ) and 

ଷ݂ ܽ݊݀ ܨଷ the first and last (݊ − 1) components of  ܲିଵܥ(ܻܲ,ܻܲ,ܻܲ). 

 

To determine the dependence of the center manifold on µ, we augment (5.4) and (5.5) with 

the additional equation 

ߤ̇                         = 0                                                                                             (6.6) 

Because the ௜݂  ௜ are polynomials and hence infinitely differentiable, there exists a localܨ ݀݊ܽ 

center manifold of the form 

                        ௦ܻ = ℎ( ଵܻ,(5.7)                                                                                      (ߤ 

Where  ℎ is a polynomial function of  ଵܻܽ݊݀ ߤ such that 

                     ℎ(0,0) = 0, ௒భℎ௜(0,0)ܦ  = 0, ఓℎ௜(0,0)ܦ = 0                                         (5.8) 

Where, ℎ௜ are the scalar components of ℎ 
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Substituting (5.7) into (5.5) yields, 

ℎ′( ଵܻ)ൣ ෠ܾଵߤ + ଵߦ ଵܻߤ + ∑ ௜௡ߦ
௜ୀଶ ℎ௜( ଵܻ)ߤ + ଶ݂( ଵܻ, ℎ( ଵܻ))൧  

                        = )௦ℎܬ ଵܻ) + ෠ܾ௦ߤ + ߞ ଵܻߤ + )෠ℎܤ ଵܻ)ߤ + ]ଶܨ ଵܻ,ℎ( ଵܻ)] + ⋯                  (5.9) 

To solve (5.9), one approximates the components of ℎ( ଵܻ,  with polynomials.The (ߤ

polynomial approximations are usually taken to be quadratic to the first approximation and 

do not contain constant and linear terms so that the conditions (5.8) are satisfied. Substituting 

the assumed quadratic polynomial approximations into (5.9) and equating the coefficients of 

the different terms in the polynomials on both sides, one obtains a system of algebraic 

equations for the coefficients of the polynomials. Solving these equations, we obtain a first 

approximation to the center manifold ௦ܻ = ℎ( ଵܻ,   .(ߤ

 

Finally, substituting this approximation into (5.4), we obtain the one-dimensional dynamical 

system. 

                ଵܻ̇ = ෠ܾଵߤ + ଵߦ ଵܻߤ + ∑ ௜௡ߦ
௜ୀଶ ௜ܻߤ + ଶ݂[ ଵܻ,ℎ( ଵܻ)] + ଷ݂[ ଵܻ,ℎ( ଵܻ)]                      (5.10) 

Describing the dynamics of the system (5.1) on the center manifold. 

 

Example Construct a normal form of a system 

                        ൝
ଵݔ̇ = ܾଵߤ + ଵݔ2 − ଶݔ2 + ଵݔߤ + ܽଵݔଵଶ                                          (5.11)

  
ଶݔ̇ = ܾଶߤ + ଵݔ4 − ଶݔ4 − ଶݔߤ4 + ܽଶݔଵݔଶ                                     (5.12) 

                                 

The coefficient matrix of this system at (0, 0, 0) is given by  

ܣ = ቂ2 −2
4 −4ቃ 

 Its eigenvalues are ߣଵ = ଶߣ ݀݊ܽ  0 = −2 and their corresponding eigenvectors are 
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ଵ݌ = ቂ11ቃ ,  ݌ଶ = ቂ12ቃ 

Hence  

݌ = ቂ1 1
1 2ቃ    and  ି݌ଵ = ቂ 2 −1

−1 1 ቃ 

Next, we introduce the transformation 

ቂ
ଵݔ
ଶቃݔ = ቂ1 1

1 2ቃ ൤
ଵܻ

ଶܻ
൨ 

Substitute in to (5.11) and (5.12) and obtain 

                  ܻ̇ଵ = (2ܾଵ − ܾଶ)ߤ + 6 ଵܻߤ + 10 ଶܻߤ + (2ܽଵ − ܽଶ) ଵܻ
ଶ                                    (5.13) 

+(4ܽଵ − 3ܽଶ) ଵܻ ଶܻ + 2(ܽଵ − ܽଶ) ଶܻ
ଶ 

                  ܻ̇ଶ = −2 ଶܻ + (ܾଶ − ܾଵ)ߤ − 5 ଵܻߤ − 9 ଶܻ(5.14)                                                      ߤ 

−(ܽଵ − ܽଶ) ଵܻ
ଶ + (2ܽଵ − 3ܽଶ) ଵܻ ଶܻ − (ܽଵ − 2ܽଶ) ଶܻ

ଶ 

We seek the center manifold of (5.13) and (5.14) in the form  ଶܻ(ݐ, (ߤ = ℎ( ଵܻ,  (ߤ

and rewrite (5.13) as 

ܻ̇ଵ = (2ܾଵ − ܾଶ)ߤ + 6 ଵܻߤ + 10ℎߤ + (2ܽଵ − ܽଶ) ଵܻ
ଶ                               (5.15) 

+(4ܽଵ − 3ܽଶ) ଵܻℎ + 2(ܽଵ − ܽଶ)ℎଶ 

Substituting (5.15) and the expression for the center manifold into (6.14) yields 

ℎ′[(2ܾଵ − ܾଶ)ߤ + 6 ଵܻߤ + 10ℎߤ + (2ܽଵ − ܽଶ) ଵܻ
ଶ] =  −2ℎ + (ܾଶ − ܾଵ)ߤ 

    −5 ଵܻߤ − 9ℎߤ −(ܽଵ − ܽଶ) ଵܻ
ଶ + (2ܽଵ − 3ܽଶ) ଵܻℎ − (ܽଵ − 2ܽଶ)ℎଶ + ⋯                    (5.16) 

Whose approximate solution can be expressed as 

            ℎ = ଵ
ଶ

(ܾଶ − ܾଵ)ߤ − ଵ
ଶ

(ܽଵ − ܽଶ) ଵܻ
ଶ + ⋯                                                            (5.17) 
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Substituting (5.17) into (5.15) yields the following one-dimensional equation describing 
the dynamics on the center manifold.  

ܻ̇ଵ = (2ܾଵ − ܾଶ)ߤ + ൤5(ܾଶ − ܾଵ) +
1
4

(ܽଵ − ܽଶ)(ܾଶ − ܾଵ)ଶ൨ ଶߤ + (2ܽଵ − ܽଶ) ଵܻ
ଶ 

     +[6+ ଵ
ଶ

(ܾଶ − ܾଵ)(4ܽଵ − 3ܽଶ)] ଵܻߤ −
ଵ
ଶ

(ܽଵ − ܽଶ)(4ܽଵ − 3ܽଶ) ଵܻ
ଷ                          (5.18) 

There are two possibilities: (ܽ) ܾଶ ≠ 2ܾଵ  and (ܾ) ܾଶ = 2ܾଵ. In the first case as: 

ଵܻ ⟶ 0 and ߤ ⟶ 0 (5.18) tends to 

                        ܻ̇ଵ = (2ܾଵ − ܾଶ)2ܽ)+ ߤଵ − ܽଶ) ଵܻ
ଶ                                                         (5.19) 

 

Therefore, the origin of (5.11) and (5.12) undergoes a ݊݋݅ݐܽܿ݅ݎݑ݂ܾ݅ ݁݀݋݊ ݈݁݀݀ܽݏ as 

when ܽଶ ݋ݎ݁ݖ ℎ݃ݑ݋ݎℎݐ ݏ݁ݏݏܽ݌ ߤ ≠ 2ܽଵ.When ܽଶ = 2ܽଵ, the origin of (5.11) and (5.12) is 

 .ݐ݊݅݋݌ ݊݋݅ݐܽܿݎݑ݂ܾ݅ ܽ ݐ݋݊

 

When ܾଶ = 2ܾଵ ܽݏ  ଵܻ ⟶ ߤ ݀݊ܽ  0 ⟶ 0 (5.18) tends to 

      ܻ̇ଵ = ቂ5ܾଵ + ଵ
ସ

(ܽଵ − ܽଶ)ܾଵଶቃ ଶߤ + [6+ ଵ
ଶ
ܾଵ(4ܽଵ − 3ܽଶ)] ଵܻߤ + (2ܽଵ                        (5.20) 

And therefore, the origin of (5.11) and (5.12) under goes a ݊݋݅ݐܽܿ݅ݎݑ݂ܾ݅ ݈ܽܿ݅ݐ݅ݎܿݏ݊ܽݎݐ  as 

when ܽଶ ݋ݎ݁ݖ ℎ݃ݑ݋ݎℎݐ ݏ݁ݏݏܽ݌ ߤ ≠ 2ܽଵ   

 

When ܽଶ = 2ܽଵ ܽݏ  ଵܻ ⟶ ߤ ݀݊ܽ  0 ⟶ 0 (5.18) tends to 

            ܻ̇ଵ = (6 − ܽଵܾଵ) ଵܻߤ − ܽଵଶ ଵܻ
ଶ                                                    (5.21) 

And therefore, the origin of (5.11) and (5.12) under goes ܿݐ݅݌ ݈ܽܿ݅ݐ݅ݎܿݎ݁݌ݑݏℎ݂݇ݎ݋ 

 .݋ݎ݁ݖ ℎ݃ݑ݋ݎℎݐ ݏ݁ݏݏܽ݌ ߤ ݊݋݅ݐܽܿ݅ݎݑ݂ܾ݅
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CONLUSTION 

In this paper we have seen the cases bifurcations occur when one of the eigenvalue 

being zero. The dimension of the system is reduced to one dimensional center manifold. 

It depends on the coefficient of Fourier series expansion. Saddle node bifurcation occur 

when ఓ݂ ≠ 0 ܽ݊݀ ௫݂௫ ≠ 0, transcritical bifurcation occur when ఓ݂ = 0 ܽ݊݀ ௫݂௫ ≠ 0 and 

pitchfork bifurcation occur when ఓ݂ = 0 ܽ݊݀ ௫݂௫ = 0. 

 

Finally we can construct normal forms for each type of bifurcations. Thus,  ̇ݔ = ߤ +  ଶݔܽ

ݔ̇  = ݔߤ − ݔ̇ ଶ andݔ = ݔߤ +  ଷ are the normal form saddle-node, transcritical andݔܽ

pitchfork bifurcations, respectively. 
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