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Abstract

In this thesis, magnetic field decay due to gravitational radiation in neu-

tron star (NS) is theoretically studied. By considering the influence of the

“dynamo mechanism”on the generation of a strong magnetic field in NS.

A NS formed as a large star die in a type II supernova, and their magnetic

fields during formation is 1012 Gauss and 1015 Gauss for both magnetars

and pulars, respectively. But their magnetic field is decreased. Thus, this

study focuses on by how much does the magnetic field decay using the

mathematical calculation of decay law equation. Based on our findings,

we have two results. The first result shows that, the magnetic field of a

rotating NS depends only on the decaying time since the moment of inertia

is constant. The second result also shows, the magnetic field of a rotating

NS depends on the decaying time and rotational frequency since moment

of inertia varies as a function of rotational frequency. The variation in

moment of inertia causes to the variation in braking index as a function of

rotational frequency. Thus, the quadrapole magnetic field is decaying for

positive Ω̇ and increased for negative Ω̇, respectively.

x



Introduction

Our universe consists of elementary particles (electron, proton, neutron,

positron, neutrino, and photon, etc.) and massive bodies (stars, galaxies,

and so on). Stars are formed in molecular clouds in the interstellar medium,

which consist mostly of molecular hydrogen (primordial elements made a

few minutes after the beginning of the universe) and dust. The dust origi-

nates from the cool surfaces of supergiants, massive stars in a late stage of

stellar evolution [1].

Grains of carbon or the night sky contains myriads of stars including those

in the milky way, which is a side view of our galaxy looking along the plane

of the disc. Our galaxy includes about 1011 stars [2]. Beyond our galaxy

are billions of other galaxies. The nearest star is Proxima Centauri it is

about 4 light years away and the nearest large galaxy is Andromeda which

is about 2 million light year away. Our galactic disc has a diameter of

about 100,000 light years [3].

Basic factors in the formation of stellar objects are gravity, dust, gas pres-

sure, rotation, magnetic fields, winds and radiation from nearby young

stars and radiative shock waves [4]. Stars are believed to begin their life

as collapsing masses of hydrogen gas (protostars). As they contract, they

heat up (potential energy is transformed to kinetic energy). When the

temperature reaches about 10 million degrees, nuclear fusion begins and

forms heavier elements (nucleosynthesis), mainly helium at first [5]. The

energy released during these reactions heats the gas so its outward pressure

balances the inward gravitational force, and the young star stabilizes as a

1



2

main sequence star. The tremendous luminosity of stars comes from the

energy released during these thermonuclear reactions. This thermonuclear

fusion provides the energy for the great furnace, which drives stars through

various stage of combustion-hydrogen, helium, carbon, neon, oxygen, sili-

con, and magnesium [6]. After billions of years, as helium is collected in the

core and hydrogen is used up, the core contracts and heats further. The

envelope expands and cools, and the star becomes a red giant (larger in

diameter, redder in color) [7]. The next stage of stellar evolution depends

on the mass of the star, which may have lost much of its original mass as

its outer envelope ejected into space as a result of star’s explosion [7].

The explosion of the star is divided into two, namely, nova and supernova.

The term nova refers to a class of exploding stars whose luminosity tem-

porarily increases from several thousand to as much as 100,000 times its

original level [8]. Most novas are thought to involve special double-star sys-

tems (close binaries). The term supernova refers to a completely different

phenomenon: a supernova is any of the class of violently exploding stars

whose luminosity after eruption suddenly increases millions or billions of

times its normal level [8].

Neutron stars (NSs) are born due to the supernova explosion [9]. NSs differ

from normal stars in two fundamental ways. First, since they do not burn

nuclear fuel, they cannot support themselves against gravitational collapse

by generating thermal pressure [10]. Instead, NSs are supported largely by

the pressure of degenerate neutrons [10]. The second characteristic distin-

guishing NSs from normal stars is their exceedingly small size. Relative to

normal stars of comparable mass, NSs have much smaller radii and hence,

much stronger surface gravitational fields [11].

A NS is the remaining core of a massive star. Once it has exploded millions

of NSs populate our galaxy. Made almost entirely of neutrons (subatomic

particles with no electric charge), these stellar corpses concentrate more
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than the mass of our Sun with in a sphere of about 20 kilometer’s in diam-

eter.

In this thesis we will consider the complex magnetic fields of a compact

star called NS. Observations and theory suggest that complex quadrapole

magnetic fields prevail near the surface of NSs and play an important role

in the physics of rotation powered pulsars [10].

Objectives of the thesis is driving decay law equation for magnetic quadrupole

radiation in NS for both constant moment of inertia and moment of inertia

as a function of rotational frequency. And modeling (simulating) the decay

curve of this quadrupole field in 2-dimension.

The thesis is organized as follows. Chapter one deals with formation, birth,

classification and nature of NSs. Chapter two deals with the source of mag-

netic fields in neutron stars. Chapter three deals with power radiated due

to gravitational quadrupole radiation, magnetic field decay due to gravita-

tional quadrupole radiation when moment of inertia is constant and when

a moment of inertia varies as function of rotational frequency. Chapter

four deals with result and discussion. Conclusion is given in chapter five.



Chapter 1

Neutron Stars

1.1 Neutron star formation

Neutron stars are one of the possible end state for a massive star. Neutron

stars are formed as a large star dies in a type II supernova [9]. A type

II supernova occurs when the iron core of a super giant star collapses to

the density of an atomic nucleus (a few hundred million tons per cubic

centimeter). At such tremendously high densities, protons and electrons

fuse together to form neutrons. Hence the name “NSs”. The supernova

blows off much of the star, and you are left with the collapsed iron core of

a star (this happens to stars that have a mass about 8 to about 25 times

the mass of the Sun) [12]. The remaining iron core collapses down to about

20 kilometers wide, but it still maintains a mass between 1.5 to 5 times the

mass of our Sun. Neutron stars are typically about 20 kilometers or so,

about the size of a decent sized city. Neutron stars are immensely dense

and strong, a teaspoon sized NS matter would weigh about 100 million

tons. The crust of the NS would also be about 100 billion times stronger

than steel [13].

In general NSs come from two possible evolutionary scenarios, as shown in

Fig. 1.1 i.e

1. Stars starting in the upper mass range eventually becomes supernova

of type II or type Ib. They shed their outer layers, and leave a rapidly

spinning NS (a pulsar) as a final object [14].

4
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Figure 1.1: Neutron star formation

2. Stars of the lower mass range becomes White dwarfs. Those in a binary

system may accumulate mass, and becomes supernova type Ia and perhaps

a NS remains [14].

1.2 The birth of a Neutron Star

In cores larger than the Chandrasekhar limit (typically quoted as 1.4 M⊙),

electron degeneracy pressure will be generate, but the electrons will be-

come ultra-relativistic. Ultra-relativistic electrons provide a pressure that

has the same scaling as the gravitational pressure of the collapsing star,

which are unable to reach equilibrium state. This marks the beginning of

a NS [15].

As the core continues to collapse, the matter within it will continue to heat

up due to the release of gravitational potential energy. Enough free energy

is available that the following inverse beta decay reaction can occur.

p+ + e−+1.36 MeV → n+ ve
− [16].

Ordinarily neutrons generated in this fashion would be unstable, and the
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neutron would turn back into an electron and a proton within ∼ 10 min-

utes via beta decay. The degenerate electron gas in the star has filled all of

the available electron states in the core. There is no electrons of energies

≤ 1.36 MeV can be formed, which makes the neutrons stable [16].

1.3 Classification of Neutron Stars

Two other physical properties characterizes a NS, their fast rotation (or

spin) and their strong magnetic field. Astronomers have found different

classes of NSs based on these properties. Some of them are the fastest

spinning stars in the universe (up to thousands of revolutions per second);

they are named “pulsars” as they generate regular pulses of electromag-

netic radiation including radio, visible, X-ray and gamma-ray wavelengths

[7].

Another class of NS is known as a “magnetar”, due to their ultra-strong

magnetic field. Their magnetic field intensity is indeed about 1015 Gauss,

a thousand times more than an ordinary NS [17].

Their typical polar surface magnetic fields 1012−1013 Gauss and 1014−1015

Gauss, of pulsars and magnetars respectively. In addition to this, as-

tronomers can estimate the age of a supernova remnant (SNR) which is,

how long ago the supernova occurred. This is achieved by measuring the

properties of SNR, such as its size and the rate of expansion [18]. There-

fore, the burster remains radio “loud” (loud or loudness is where the ratio

between the radio to optical flux is greater than 10) for approximately 10

million years in the case of pulsars [7] and where as the burster eject bursts

of high-energy X-rays or gamma-rays for 10,000 years in the case of mag-

netars [17]. Magnetars are subdivided into soft gamma repeaters (SGRs)

and anomalous X-ray pulsars (AXPs) [2]. Pulsars are also subdivided into

Crab pulsar, Vela pulsar, Millisecond pulsar, etc [17].
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1.4 Nature of Pulsars and Magnetars

1.4.1 Pulsars

Let us start with idea of skater to express the general theory of rotation

(pulsar spin). So if the skater goes into a spin. Typically, a skater starts

off with arms and one leg spread out. As we draws our arms and leg in

towards our body, we starts spinning faster and faster. This is an exam-

ple of the law of angular momentum, which a complex way to understand.

When something spins and shrinks in size, but keeps the same mass, the

object spins faster. The same happens with a NS. The star has shrunk in

size, but maintained its mass, so it spins very fast. The record speed is

1122 rotations in one second, with the record slowest speed is one rotation

in 4.308 seconds [19].

Now, a NS has a solid core and a “liquid” mantle. Its crust is only about

an inch thick, but the solid core and “liquid” mantle gives the star a mag-

netic field, and with its mass and density, the field is about a trillion times

as strong as Earth’s [20]. An initial magnetic field strength of a pulsar is

B ∼ 100 Gauss [21]. Neutron stars emit high-energy beams at its North

and South magnetic poles as shown in Fig. (1.2), which is usually made

from material from a companion star. If these beams are pointed at Earth,

the NS rotates, they seem to pulse. So a pulsating NS is known as pulsar.

Generally all pulsars are NSs, but not all NSs are pulsars. All depends on

which way its energy beams are pointing.
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Figure 1.2: Neutron stars emit high-energy beams

1.4.2 Magnetars

It is believed that magnetars are a type of NS that were made during a su-

pernova explosion, similar to that of a pulsar [9]. They are one of the most

dense objects in the universe. It is theorized that the dynamo mechanism

may be the reason to their formation. Basically, if the spin, temperature

and the magnetic field of a NS are with in the right ranges it can convert

the heat and rotational energy into very strong magnetic energy [22].

Although NSs and a magnetar are similar in formation they hold very dif-

ferent characteristics which sets them apart from each other. For instance

magnetars rotate at a very slower rate, usually once every 8 to 10 seconds as

opposed to one or more rotations a second for NSs [23]. Another difference

between a magnetar and a NS is that a magnetar emits a steady glow of
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x-rays with more radiant power than could be supplied by the rotation of a

NS [17]. The magnetic fields made by a magnetar are about 1,000 trillion

that of the earth’s magnetic field and can reach surface temperatures of 18

million degrees Fahrenheit [24].



Chapter 2

The source of magnetic fields
in neutron stars

2.1 Dynamo Mechanism

The magnetic field of a rotating body of conducting gas or liquid develops

self-amplifying electric currents, and thus a self-generated magnetic field,

due to a combination of differential rotation (different angular velocity of

different parts of body), coriolis forces and induction [25]. The distribution

of currents can be quite complicated, with numerous open and closed loops,

and thus the magnetic field of these currents in their immediate vicinity

is also quite twisted. At large distances; however, the magnetic fields of

currents flowing in opposite directions cancel out and only a net dipole field

survives, slowly diminishing with distance [2]. Because the major currents

flow in the direction of conductive mass motion (equatorial currents), the

major component of the generated magnetic field is the dipole field of the

equatorial current loop, thus producing magnetic poles near the geographic

poles of a rotating body [26].

The magnetic fields of all celestial bodies are often aligned with the di-

rection of rotation, with notable exceptions such as certain pulsars [27].

Another feature of this dynamo model is that the currents are AC rather

than DC. Their direction, and thus the direction of the magnetic field they

10
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generate, alternates more or less periodically, changing amplitude and re-

versing direction, although still more or less aligned with the axis of rotation

[28]. If the gas or liquid is very viscous (resulting in turbulent differential

motion), the reversal of the magnetic field may not be very periodic [29].

2.1.1 Surface activity

Starspots are regions of intense magnetic activity on the surface of a star

(On the Sun they are termed sunspots). These form a visible component

of magnetic flux tubes that are formed with in a star’s convection zone.

Due to the differential rotation of the star, the tube becomes curled up and

stretched, inhibiting convection and producing zones of lower than normal

temperature [30]. Coronal loops often form above starspots, forming from

magnetic field lines that stretch out into the corona. These in turn serve

to heat the corona to temperatures over a million kelvins [31].

The magnetic fields linked to starspots and coronal loops are linked to flare

activity, and the associated coronal mass ejection. The plasma is heated

to tens of millions of kelvins, and the particles are accelerated away from

the star’s surface at extreme velocities [32].

Surface activity appears to be related to the age and rotation rate of main-

sequence stars. Young stars with a rapid rate of rotation exhibit strong

activity. By contrast middle-aged, Sun-like stars with a slow rate of ro-

tation show low levels of activity that varies in cycles. Some older stars

display almost no activity, which may mean they have entered to quiet [33].

2.1.2 Magnetosphere

Magnetosphere is a region of space surrounding a star that is dominated by

the stars magnetic field so that charged particles are trapped on it. A star

with a magnetic field will generate a magnetosphere that extends outward

into the surrounding space [34]. Field lines from this field originate at one
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magnetic pole on the star then end at the other pole, forming a closed loop.

The magnetosphere contains charged particles that are trapped from the

stellar wind, which then move along these field lines. As the star rotates,

the magnetosphere rotates with it, dragging along with it charged particles

[34].

As stars emit matter with a stellar wind from the photosphere, the mag-

netosphere creates a torque on the ejected matter [35]. This results in

a transfer of angular momentum from the star to the surrounding space,

causing a slowing of the stellar rotation rate [35]. Rapidly rotating stars

have a higher mass loss rate, resulting in a faster loss of momentum. As

the rotation rate slows, so as a result of the angular deceleration. By this

process, a star will gradually approach, but never quite reach, the state of

zero rotation [35].

After some massive stars have ceased thermonuclear fusion, a portion of

their mass collapses into a compact body of neutrons called a NS [27]. These

bodies retain a significant magnetic field from the original star, but the col-

lapse in size causes the strength of this field to increase rapidlly [28]. The

rapid rotation of these collapsed NSs results in a pulsar, which emits a nar-

row beam of energy that can periodically point toward an observer. Com-

pact and fast-rotating astronomical objects have extremely strong magnetic

fields [12]. The magnetic field of a newly born fast-spinning NS is so strong

(up to 1012 Gauss) that it electromagnetically radiates enough energy to

quickly (in a matter of few million years) slow down the star rotation by

100 to 1000 times [2]. The existence of such stars was confirmed in 1998

with the measurement of the star SGR 1806-20 [36]. The magnetic field

of this star has increased the surface temperature to 18 million K and it

releases enormous amounts of energy in gamma ray bursts [36].



Chapter 3

Gravitational Radiation

Disturbance in a gravitational field propagates out ward at a speed of light.

The propagating disturbance represents a gravitational wave. Any gravi-

tational wave can be decomposed into a superposition of plane waves [38].

In linearized theory(it is an approximation scheme in general relativity in

which the non-linear contributions from the spacetime metric are ignored)

one can consider a localized source of gravitational waves in steady oscil-

lation, radiating a periodic wave. But the exact theory stand on that the

energy of the sources decreases, to counter balance the energy carried off

by the radiation which has quadrupole nature. This quadrupole system is

used to approximate the gravitational radiation in the non-relativistic case

[37].

An axis symmetric object rotating rigidly about its symmetry axis has no

time varying quadrupole (or higher) moment, and hence does not radiate

gravitational waves. The axis symmetric objects rotating rigidly about its

symmetry axis means (I1 = I2), due to this the quadrupole moment be-

comes constant and no gravitational waves is emitted.

If the principal moments of inertia of an object are I1, I2 and I3 then ra-

diation will be produced if it rotates about the principal axis ê3 and is non

axis symmetric (I1 6= I2). Alternatively, it can radiate if it is axis symmet-

ric (I1 = I2), but the rotation axis is not the symmetry axis ê3 [12]. The

general case would be a nonsymmetric object rotating about an arbitrary

13
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axis. A possible physical application would be a pulsar where the rigid

crust can support a “mountain” [12].

3.1 The power radiated due to gravitational

quadrupole radiation

Figure 3.1: Rotation of NS by angle Θ = Ωt rotating rigidly about z-axis

X ′ = Rijx (3.1.1)

where

Rij =


cos Θ sin Θ 0

− sin Θ cos Θ 0

0 0 1

 (3.1.2)

is 3× 3 transformation (rotation) matrix about z-axis or ê3.

where Θ = Ωt and Ω= constant.

If the NS is rotating rigidly about z-axis with angular velocity as shown

in Fig. (3.1), then one can transform the coordinate from S frame to S ′
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frame or vice versa.

x1 = x′1 cos θ − x′2 sin θ.

x′1 = x1 cos θ + x2 sin θ.
(3.1.3)

x2 = x′1 sin θ + x′2 cos θ.

x′2 = x1 sin θ − x2 cos θ.
(3.1.4)

x3 = x′3. (3.1.5)

The moment of inertia in fixed coordinate system (S frame) or the second

moment of mass distribution is [12]

Iij =

∫
x′ix
′
jρ(x′)d3x. (3.1.6)

Where ρ(x′) is the rest mass density in S ′ frame.

In the study of stars rotation where there is a rotational symmetry about an

axis. which we call the x′3 axis. Then all the “off diagonal” terms becomes

zero.

I12 = I13 = I23 = 0. (3.1.7)

The moment of inertia of a rotating star or the components of the star’s

reduced quadrupole moment is defined as [12]

I ′ij(t) =

∫
xixjρ(x′)d3x′. (3.1.8)

Using this equation the components of I ′ij(t) can be derived, i.e,

I ′11(t) =

∫
x1x1ρ(x′)d3x′,

=

∫
(x′1 cos θ − x′2 sin θ)(x′1 cos θ − x′2 sin θ)(ρ(x′)d3x′),

=

∫
(x′21 cos2 θ − 2x′1x

′
2 cos θsin θ + x′22 sin2 θ)ρ(x′)d3x′,

= (I11 cos2 θ − 2I12 cos θsin θ + I22 sin2 θ),

(3.1.9)

Since I12=0, Eqn. (3.1.9) reduces to

I ′11(t) = I11 cos2 θ + I22 sin2 θ, (3.1.10)
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Using trigonometric identities cos2 θ = (1+cos 2θ
2

) and sin2 θ = (1−cos 2θ
2

) this

further reduces to

I ′11(t) =
1

2
(I11 + I22) +

1

2
(I11 − I22) cos 2θ. (3.1.11)

and also

I ′12(t) =

∫
x1x2ρ(x′)d3x′,

=

∫
(x′1 cos θ − x′2 sin θ)(x′1 sin θ + x′2 cos θ),

=

∫
(x′21 cos θsin θ + x′1x

′
2 cos2 θ − x′2x′1 sin2 θ − x′22 sin θcos θ)ρ(x′)d3x′,

=

∫
(x′21 − x′22 ) cos θsin θ + x′1x

′
2(cos2 θ − sin2θ)ρ(x′)d3x′,

= (I11 − I22) cos θsin θ,

(3.1.12)

using 2 cos θsin θ = sin 2θ this reduces to

I ′12(t) =
1

2
(I11 − I22) sin 2θ. (3.1.13)

following similar procedure give

I ′13(t) = I ′23(t) = I ′31(t) = I ′32(t) = 0. (3.1.14)

I ′21(t) =
1

2
(I11 − I22) sin 2θ. (3.1.15)

I ′22(t) =
1

2
(I22 − I11) +

1

2
(I22 − I11) cos 2θ. (3.1.16)

as well as

I ′33(t) = I33. (3.1.17)

Then using Θ = Ωt we have

I ′11(t) =
1

2
(I11 + I22) +

1

2
(I11 − I22) cos 2Ωt. (3.1.18)

I ′12(t) =
1

2
(I11 − I22) sin 2Ωt. (3.1.19)

I ′21(t) =
1

2
(I11 − I22) sin 2Ωt. (3.1.20)

I ′22(t) =
1

2
(I22 − I11) +

1

2
(I22 − I11) cos 2Ωt. (3.1.21)
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I ′13(t) = I ′23(t) = I ′31(t) = I ′32(t) = 0 and

I ′33(t) = I33. (3.1.22)

In general relativity the generation of gravitational waves is given quanti-

tatively by combining the third time derivative of the quadrapole moment

described above, with the appropriate coupling constant. The latter can

only depends on the constant G and c (for classical waves) and by di-

mentional analisis this constant must have the form G
c5

. The total power

radiated by a rotating NS is given by [12],

PGW = −1

5

G

c5
(
∂3I ′ij
∂t3

∂3I ′ij
∂t3

). (3.1.23)

From the above we have the values of I ′ij(t); so let us derivated that, at

θ = Ωt

I ′11 =
1

2
(I11 − I22) +

1

2
(I11 − I22) cos 2Ωt, (3.1.24)

∂I ′11

∂t
= 0 +

1

2
(2Ω)(I11 − I22)(− sin 2Ωt), (3.1.25)

∂2I ′11

∂t2
=

1

2
(2Ω)2(I11 − I22)(− cos 2Ωt), (3.1.26)

∂3I ′11

∂t3
=

1

2
(2Ω)3(I11 − I22) sin 2Ωt. (3.1.27)

following similar procedure give

∂3I ′12

∂t3
=
∂3I ′21

∂t3
= −1

2
(2Ω)3(I11 − I22) cos 2Ωt. (3.1.28)

Similarly

I ′13 = I ′23 = I ′31 = I ′32 = 0 and

I ′33 = I33. (3.1.29)

So that their 3rd derivation becomes zero for Eqn. (3.1.29).

Similarly

∂3I ′22

∂t3
= −1

2
(2Ω)3(I11 − I22) sin 2Ωt. (3.1.30)
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Then the power radiated becomes

PGW = −1

5

G

c5
(
∂3I ′11

∂t3
∂3I ′11

∂t3
+
∂3I ′12

∂t3
∂3I ′12

∂t3
+
∂3I ′21

∂t3
∂3I ′21

∂t3
+
∂3I ′22

∂t3
∂3I ′22

∂t3
),

= −1

5

G

c5
[(

1

2
(2Ω)3(I11 − I22)(sin 2Ωt))2 + (−1

2
(2Ω)3(I11 − I22) cos 2Ωt)2

+ (−1

2
(2Ω)3(I11 − I22) cos 2Ωt)2 + (−1

2
(2Ω)3(I11 − I22) sin 2Ωt)2],

(3.1.31)

PGW = −32

5

GΩ6

c5
(I11 − I22)2,

= −32

5

GΩ6

c5
I2ε2.

(3.1.32)

where ε = (I11−I22)
I

is the stellar equatorial gravitational oblateness and the

negative sign indicates the power dissipation.

3.2 Magnetic field decay due to gravitational

quadrupole radiation

As described in Chapter one, the measured magnetic fields at the poles and

the decaying time are 1012−1013 Gauss and 10 million years [7], respectively

in the case of radio pulsars where as 1014 − 1015 Gauss and 10,000 years

[17], respectively in the case of magnetars. From the astronomical data

one can observe that, the pulsar remains radio “loud” for a longer time

than magnetars and the stronger the original magnetic field of the NS is

the shorter will be the decaying time or vice versa. There fore, we can

conclude that the magnetic field is a non linear time dependent variable.

This approach leads to formulate (derive) the fundamental relationship

between magnetic field and decaying time.

Since the magnetic field is a non linear time dependent variable, then one

can apply the spin down law for magnetic field as [12]

Ḃ(t) = −kB(t)n. (3.2.1)

where n is the braking index, magnetic field decay due to gravitational

quadrupole radiation can be derived in two ways.
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¡. when the moment of inertia (I) is constant.

¡¡. when the moment of inertia (I) varies with the rotational frequency (Ω).

3.2.1 Magnetic field decay due to gravitational quadrupole
radiation when the moment of inertia is con-
stant

When the moment of inertia is constant, the braking index (n) is written

interms of rotational frequency as [12];

n =
ΩΩ̈

Ω̇2
. (3.2.2)

As a star emits radiation, the energy is extracted from its rotation. By

observing the luminosity of a star, we can estimated a rate at which star

is slowing down. The rotational energy of a uniform spinning sphere is;

Erot =
1

2
IΩ2. (3.2.3)

And the first time derivative of rotational energy is equal to power radia-

tion. From this the power radiated for gravitational quadrapole become’s;

PGW =
d

dt
(
1

2
IΩ2) = −32

5

GΩ6

c5
I2ε2. (3.2.4)

IΩ̇Ω = −32

5

GΩ6

c5
I2ε2, (3.2.5)

Depending on the above relation let us derive Ω̇ and Ω̈.

Then Ω̇ becomes

Ω̇ = −32

5

GΩ5

c5
Iε2. (3.2.6)

following similar steps Ω̈ becomes

Ω̈ = −32
GΩ4Ω̇

c5
Iε2. (3.2.7)

Now using the expression for Ω̇ and Ω̈ obtained above and Eqn. (3.2.2) we

have;
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n =
ΩΩ̈

Ω̇2
= 5. (3.2.8)

Using Eqn. (3.2.1) and n = 5 for pure quadrupole radiation.

dB(t)

dt
= −kB(t)5,

dB(t)

B(t)5
= −kdt,

(3.2.9)

Integrating Eqn. (3.2.9) ∫
dB(t)

B(t)5
=

∫
−kdt, (3.2.10)

−1

4
B(t)−4 = −kt+ c, (3.2.11)

Now let us solve the value of the constant (c) of integration using the initial

condition B(t = 0) = B0 we obtain;

−1

4
B(0)−4 = −1

4
B0
−4 = c, (3.2.12)

hence Eqn. (3.2.11) becomes;

1

4
B(t)−4 = kt+

1

4
B−4

0 , (3.2.13)

Using Eqn. (3.2.4) the power radiated for gravitational quadrapole radia-

tion in constant moment of inertia is,

PGw = IΩ̇Ω = −32

5

GΩ6

c5
I2ε2, (3.2.14)

from this Ω̇ becomes

Ω̇ = −32

5

GΩ5

c5
Iε2, (3.2.15)

The spin down expressed as a power law in terms of rotational frequency

for n = 5 is [12];

Ω̇ = −kΩ5, (3.2.16)

Insert Eqn. (3.2.15) in Eqn. (3.2.16) then we obtain:

Ω̇ = −kΩ5 = −32

5

GΩ5

c5
Iε2, (3.2.17)
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From this let’s solve the value of k i.e,

k =
32

5

G

c5
Iε2. (3.2.18)

Let us insert Eqn. (3.2.18) in to Eqn. (3.2.13),

−1

4
B(t)−4 = −(

32

5

G

c5
Iε2)t− 1

4
B−4

0 , (3.2.19)

B(t)−4 = 4(
32

5

G

c5
Iε2)t+B−4

0 , (3.2.20)

Then the general decay law or the magnetic field as a function of time

in constant moment of inertia due to gravitational quadrapole radiation

becomes

B(t) = [(
128

5

G

c5
Iε2)t+B−4

0 ]−
1
4 . (3.2.21)

where t = 0 B(t) = B0, but at t > 0 since [(128
5

G
c5
Iε2)t]� B−4

0 Eqn. (3.2.21)

reduced to:

B(t) = [(
128

5

G

c5
Iε2)t]−

1
4 . (3.2.22)

Based on Eqns. (3.2.21) and (3.2.22), We can conclude that for gravita-

tional quadrupole radiation emitting, the magnetic field B(t) of a rotating

NS is inversely proportional to the fourth root of the decaying time (t) and

moment of inertia of a rotating NS (I).

3.2.2 Magnetic field decay due to gravitational quadrupole
radiation when a moment of inertia varies as
function of rotational frequency

When a moment of inertia varies as a function of rotational frequency then

the braking index varies as a function of rotational frequency. we can know

derive the braking index interms of rotational frequency. The slowing down

of a rotating NS is proportional to the spin down expressed as a power law

in terms of rotational frequency as was shown in Eqn. (3.2.16) i.e,

Ω̇ = −kΩn. (3.2.23)
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For the gravitational quadrapole model, using Eqn. (3.2.2) the braking

index as a function of rotational frequency is,

n(Ω) =
ΩΩ̈

Ω̇2
. (3.2.24)

From the power radiated for gravitational quadrapole radiation Ω̇ and Ω̈

can be derived as follows:

PGW =
d

dt
(
1

2
IΩ2) = −32

5

GΩ6

c5
I2ε2. (3.2.25)

letting −32
5
G
c5

= C, we have

d

dt
(
1

2
IΩ2) = CΩ6I2ε2, (3.2.26)

1

2
[İΩ2 + 2IΩ̇Ω] = CΩ6I2ε2, (3.2.27)

Using the relation

İ = I ′Ω̇, İ ′ = I ′′Ω̇ and

Ï = I ′′Ω̇2 + I ′Ω̈, (3.2.28)

Eqn. (3.2.27) can be re-written as:

1

2
[I ′Ω̇Ω2 + 2IΩ̇Ω] = CΩ6I2ε2, (3.2.29)

From this Ω̇ becomes

Ω̇ =
2CΩ5I2ε2

I ′Ω + 2I
. (3.2.30)

following similar steps Ω̈ becomes

Ω̈ =
10CΩ4Ω̇I2ε2 + 4CΩ5II ′Ω̇ε2 + 4CΩ5I2εε̇− Ω̇2(I ′′Ω + 3I ′)

I ′Ω + 2I
. (3.2.31)

Now using the expression for Ω̇ and Ω̈ obtained above we have

n(Ω) =
ΩΩ̈

Ω̇2
=

10CΩ5Ω̇I2ε2 + 4CΩ6II ′Ω̇ε2 + 4CΩ6I2εε̇− Ω̇2(I ′′Ω2 + 3I ′Ω)

Ω̇2(I ′Ω + 2I)
,

(3.2.32)
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where Ω̇(I ′Ω + 2I) = 2CΩ5I2ε2

n(Ω) =
5Ω̇2(I ′Ω + 2I) + 2I′Ω

I
Ω̇2(I ′Ω + 2I) + 2Ωε̇

Ω̇ε
Ω̇2(I ′Ω + 2I)− Ω̇2(I ′′Ω2 + 3I ′Ω)

Ω̇2(I ′Ω + 2I)
,

(3.2.33)

n(Ω) = 5 + [
2ΩI ′

I
] + [

2Ωε̇

Ω̇ε
]− [

I ′′Ω2 + 3I ′Ω

I ′Ω + 2I
]. (3.2.34)

This equation is reduced to:

n(Ω) = 5 + n′(Ω) where n′(Ω) = [2ΩI′

I
] + [2Ωε̇

Ω̇ε
]− [ I

′′Ω2+3I′Ω
I′Ω+2I

].

Using our idea moment of inertia varies with rotational frequency, it is

possible to derive magnetic field decay law.

From Eqn. (3.2.1) and n = n(Ω)

dB(t)

dt
= −kB(t)n(Ω),

dB(t)

B(t)n(Ω)
= −kdt,

(3.2.35)

By integrating it we get,

− 1

n(Ω)− 1
B(t)1−n(Ω) = −kt+ c, (3.2.36)

By calculating the value of the constant (c) of integration using the initial

condition B(t = 0) = B0 Eqn. (3.2.36) becomes,

1

n(Ω)− 1
B(t)1−n(Ω) = kt+

1

n(Ω)− 1
B

1−n(Ω)
0 , (3.2.37)

From power radiated for gravitational quadrapole radiation when moment

of inertia varies as a function of rotational frequency.

PGW =
d

dt
(
1

2
IΩ2) = −32

5

GΩ6

c5
I2ε2, (3.2.38)

1

2
(İΩ2 + 2IΩ̇Ω) = −32

5

GΩ6

c5
I2ε2, (3.2.39)

The expression for Ω̇ becomes

Ω̇ = − 1

IΩ
[
32

5

GΩ6

c5
I2ε2 +

1

2
İΩ2]. (3.2.40)
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Using this the spin down expressed as a power law in terms of rotational

frequency is,

Ω̇ = −kΩ5+n′(Ω) = − 1

IΩ
[
32

5

GΩ6

c5
I2ε2 +

1

2
İΩ2], (3.2.41)

From this let us solve for k i.e,

k =
1

IΩ6+n′(Ω)
[
32

5

GΩ6

c5
I2ε2 +

1

2
İΩ2], (3.2.42)

k =
32

5

G

c5Ωn′(Ω)
Iε2 +

1

2

İ

IΩ4Ωn′(Ω)
, (3.2.43)

Now using İ = I ′Ω̇ we obtain

k =
32

5

G

c5Ωn′(Ω)
Iε2 +

1

2

I ′Ω̇

IΩ4Ωn′(Ω)
. (3.2.44)

Substituting Eqn. (3.2.44) in to Eqn. (3.2.37) gives

1

n(Ω)− 1
B(t)1−n(Ω) = (

32

5

G

c5Ωn′(Ω)
Iε2 +

1

2

I ′Ω̇

IΩ4Ωn′(Ω)
)t+

1

n(Ω)− 1
B

1−n(Ω)
0 ,

(3.2.45)

B(t)1−n(Ω) = (n(Ω)−1)(
32

5

G

c5Ωn′(Ω)
Iε2 +

1

2

I ′Ω̇

IΩ4Ωn′(Ω)
)t+B

1−n(Ω)
0 , (3.2.46)

The expression for magnetic field decay of NSs via gravitational quadrapole

radiation for the case where the moment of inertia varies with the rotational

frequency of the NSs becomes;

B(t) = [(n(Ω)−1)(
32

5

G

c5Ωn′(Ω)
Iε2+

1

2

I ′Ω̇

IΩ4Ωn′(Ω)
)t+B

1−n(Ω)
0 ]

1
1−n(Ω) . (3.2.47)

The variation in moment of inertia causes to the variation in braking index

as a function of rotational frequency. Based on the variation in braking

index the decay law has been obtained in Eqn. (3.2.47). From this result

we can summerized the magnetic field of NSs is decaying due to the power

radiated from the star, the rotational frequency of the NS and the decaying

time.



Chapter 4

Result and Discussion

We have found the magnetic field decay equation. So in our derivation of

the decay law of NSs due to gravitational quadrapole radiation for the case

moment of inertia is constant has been obtained in Eqn. (3.2.21) as,

B(t) = [(128
5

G
c5
Iε2)t+B−4

0 ]−
1
4 .

Depending on this finding we provide plot for the magnetic field decay

using all the constants from the appendix and the decaying time for both

magnetars and pulsars to compare the values obtained from this expression

with observational result.

Figure 4.1: This graph illustrates the magnetic field for constant moment
of inertia versus decaying time diagram for generic Magnetar.
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Figure 4.2: This graph illustrates the magnetic field for constant moment
of inertia versus decaying time diagram for generic Pulsar.

Figs. (4.1) and (4.2) shows magnetic field decay of NSs (magnetars and

pulsars, respectively) due to gravitational quadrapole radiation from Eqn.

(3.2.21) for special case where we take the moment of inertia is constant.

The above two plots clearly show how the magnetic field of both magnetars

and pulsars are decaying. Both plots are indicative of the magnetars and

pulsars magnetic field is decaying rapidly in the first milisecond. But as

the time is increased the magnetic field of both magnetars and pulsars is

decaying slowly.

Our result for magnetic field decay in constant moment of inertia is

generallized from the result in Fig. (4.3). So the plot indicates that the

magnetic field is decaying for both magnetars and pulsars. But in the first

three days the magnetars are decaying more rapidly than the pulsars.

The decay law for magnetic field due to gravitational quadrapole radi-

ation of NS for the case where the moment of inertia varies as a function

of frequency has been obtained in Eqn. (3.2.47) as,

B(t) = [(n(Ω)− 1)(32
5

G
c5Ωn′(Ω) Iε

2 + 1
2

I′Ω̇
IΩ4Ωn′(Ω) )t+B

1−n(Ω)
0 ]

1
1−n(Ω) .
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Figure 4.3: This graph illustrates the magnetic field for constant moment
of inertia versus decaying time diagram for both Pulsars and Magnetars.

If we consider pure quadrapole radiation the braking index n becomes

5, then the quadrapole magnetic field for moment of inertia varies as a

function of rotational frequency is reduced to:

B(t) = [(128
5

G
c5
Iε2 + 2I′Ω̇

IΩ4 )t+B−4
0 ]

1
−4 .

Using observed data for rotational frequency and time derivation of ro-

tational frequency for different pulsars we have ploted graphs for the mag-

netic field decay law in moment of inertia varies as a function of rotational

frequency.

Fig. (4.4) shows magnetic field decay of pulsars due to gravitational

quadrapole radiation from Eqn. (3.2.47) for special case where we take the

moment of inertia varies as a function of rotational frequency. The plots

in Fig. (4.4) clearly shows by how much the magnetic field is decaying

for pulsars their Ω̇ is positive. Both plots are indicative of the pulsars

magnetic field is decaying rapidly in the first milisecond. But as the time
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is increased the magnetic field of pulsars is decaying slowly relative to the

first milisecond.

Fig. (4.5) shows magnetic field decay of pulsars due to gravitational

quadrapole radiation from Eqn. (3.2.47) for special case where we take the

moment of inertia varies as a function of rotational frequency. The plots

in Fig. (4.5) clearly shows by how much the magnetic field is increased

for pulsars their Ω̇ is negative. Both plots are indicative of the pulsars

magnetic field is increased. As we can see the magnetic field is negative,

this indicates the polarity of the field.
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Figure 4.4: These graphs illustrates the magnetic field versus decaying time
in the case variable moment of inertia for some pulsars which have positive
Ω̇.
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Figure 4.5: These graphs illustrates the magnetic field versus decaying time
in the case variable moment of inertia for some pulsars which have negative
Ω̇.



Chapter 5

Conclusion

In this thesis we have calculated quadrapole magnetic field of a rotating

neutron star (NS) from power radiated and spin down law of the rotating

NS, when a moment of inertia is constant and moment of inertia varies as a

function of rotational frequency. Based on our derivation, The quadrapole

magnetic field indicated in Eqns. (3.2.21) and (3.2.47) shows, the NSs

magnetic field is decaying rapidly in the first milisecond in the case of

constant moment of inertia and in the case when moment of inertia varies

as a function of rotational frequency with positive Ω̇. But as the decaying

time increase the magnetic field of NSs decaying slowly relative to the first

milisecond.

So our decay law shows that in the first milisecond the NSs magnetic

field drops immediately to 108 G. When the time is increased from a milisec-

ond to ten thousand years, both magnetars and pulsars magnetic field de-

caying by four order. As the time increases from a milisecond to ten million

years, pulsars magnetic field is decaying by five order and six order in the

case when moment of inertia is constant and in the case when moment of

inertia varies as a function of rotational frequency with positive Ω̇, respec-

tively.

In the case when moment of inertia varies as a function of rotational

frequency with negative Ω̇ the pulsars magnetic field is increased rather

than decaying. The value of this magnetic field is negative. Thus, the
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negative sign indicates the polarity of the pulsars magnetic field.

The variation in moment of inertia causes to the variation in braking

index as a function of rotational frequency. Thus, when the braking in-

dex varies from the value for pure quadrapole radiation depending on the

rotational frequency of the NS, the quadrapole magnetic field is decaying.

We studied about magnetic field decay of NSs due to gravitational

quadrapole radiation in a special case the moment of inertia varies as a

function of rotational frequency. However, in our case the rotational fre-

quency is constant of position.

We suggest that further research in magnetic field decay due to gravita-

tional radiation in NSs when the rotational frequency varies with position

is likely to studied.



Appendix

The following constants and abbreviations have been

used in this paper for conversion or direct application.

A. Constants

1. Solar mass (M⊙) = 1.99 × 1030 kg ≈ 2 × 1030 kg

2. Solar radius(R⊙) = 6.96 × 108 m ≈ 7 × 108 m

3. c = 3 × 108 m/s is speed of light

4. 1T (Tesla) = 104 G(Gauss) are units of magnetic

field in mks and cgs systems

5. 1 lightyears = 9.45 × 1015 m

6. 1 ev = 1.602 × 10−19 joules

7. Gravitational constant(G) = 6.67× 10−11 m3kg−1sec−2

8. I = 1038 kgm2

9. B0P = 1012 Gauss

10. B0M = 1015 Gauss

11. tM = 104 year

12. tP = 107 year

13. ε = 10−4 − 10−5
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This table has contained frequency and another observational datas of
seven pulsars.

Name of pulsar Ω (Hz) Ω̇ Hzs−1 B0 G I’ G
Hz

Ref
PSR 0531+21 30.18 -3.848E-10 7.6E12 3.313E36 [41]
PSR 0833-45 11.21 -1.57E-11 6.8E12 8.92E36 [42], [40]
PSR 0329+54 1.4 -4.02E-15 0.45E12 71.428E36 [39]
PSR 2002+31 0.4737 1.39E-14 4.3E12 211.104E36 [43]
PSR 1915+13 5.138 1.30E-14 1.6E12 19.462E36 [43], [44]
PSR 1907+02 2.021 3.277E-15 2.1E12 49.48E36 [43], [45]
PSR 1541+09 1.336 -7.682E-16 0.12E12 74.85E36 [43]

B. Abbreviations

1. NSs is read as neutron stars.

2. SNR is read as supernova remnant.

3. SGRs is read as soft gamama repeaters.

4. APXs is read as Anomalous X-ray Pulsars.

5. BP (t) is read as Magnetic field of a pulsar.

6. BM(t) is read as Magnetic field of a magnetar.

7. B0P is read as initial Magnetic field of a pulsar.

8. Ω̇P is read as time derivative angular frequency of

a pulsar.

9. ΩP is read as angular frequency of a pulsar.

10. tP is read as decaying time of a pulsar.

11. B0M is read as initial Magnetic field of a magnetar.

12. ˙ΩM is read as time derivative angular frequency of

a magnetar.

13. ΩM is read as angular frequency of a magnetar.

14. tM is read as decaying time of a magnetar.
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