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ABSTRACT 

The hindered rotation of the diatomic molecuel Co in solid Ar matrix 

is discussed by propesing the distortion of the octahedral symmetry of the 

crystal field of the matrix in the vicinity of the impurity molecule to a 

lower symmetry, in particular tetrahedral symmetry. The solutions of the 

Schrodinger equation are obtained in general form using group theory analo­

gous to the well known Devonshire model. 

Numerical calculations of the energy levels and heat capacity for Co 

molecules in Ar are made for different strength of the crystal field. Qua­

litative agreement with experimental data in the temperature range 0.5 - 10K 

is achieved. Parameters characterizing the hindered rotation of Co molecule 

in Ar are predicted. 
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I NTRODUCTI ON 

The main aim of this theoretical work is to investigate the hindered 

rotation of diatomic molecules in crystal fields by determining the rota­

tional energy states of the molecules that are trapped in the Inert gas 

matrices (cryocrystals). This help us to get an accurate information 

about the rotational barriers and intermolecular forces. This in turn has 

got application in understanding the thermal and thermodynamic properties 

of the solid solutions (impurity molecules in inert gas matrices) such as 

heat capacity, linear expansion, dielectric constant and others; due to 

the fact that at low temperature rotational excitations are dominant and 

greatly influence these properties. 

Various experimental methods are employed to study the rotational 

motion of molecules in solids using infrared absorption, thermal conducti­

vity and specific heat measurements at low temperatures on crystal doped 

with impurity molecules. 

Many attempts are being done to interpret experimentally observed 

results using theoretical models. The first mathematical treatment of the 

problem was done by L. Pauling (1930)[1]. All such attempts are primarly 

concerned in solving the Schrodinger equation for a diatomic molecule 

placed inside a crystal for a known ,symmetry, of crystal potential field. 

Usually the nature and magnitude of this crystal field can not be accura­

tely known due to the various interactions of the impurity molecules and 

the host crystal atoms; as a consequence of which the solutions of the 

Schrodinger equation may not adequately describe all observed experimental 

investigations. 
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Since it is quite complicated to solve directly the Schrodinger equa­

tion for our system under study, we used throughout our work a group 

theoretical analysis inorder to simplify the steps towards the solution 

of the Schrodinger equation. The role of symmetry and group theory in 

facilitating the steps to obtain the eigenfunctions and eigenvalues of 

the Schrodinger equation is presented in the first chapter. 

In Chapter II we dealt about the rotation of diatomic molecules in a 

field of octahedral symmetry, known as the Devonshire model. Comparison 

of experimental results obtained from heat capacity and thermal expansion 

measurements on inert gas crystals such as Ar and Kr with impurity diatomic 

molecules of 14N2 , 15N2.and CO at low temperatures (2k to 12k) with the 

calculated values of the Devonshire model reveals the shortcomings of the 

model. 

In Chapter III, an extended model, the Devonshire-Manz-Mirsky (DMM) 

model will be treated. Though the DMM model takes into account factors 

which are ignored by Devonshire model such as host lattice relaxations or 

pseudorotation of cage, but still retains the octahedral symmetry of the 

field, is unable to give even a qualitative description for the results 

of thermal exapnsion measurements at low temepratures. Despite this, it 

worthmentioning that both qualitative and quantitative descriptions of 

experimental results on measurements of heat capacity at low temperatures 

(2k to 12k) on different solid solutions of inert gases could be very well 

understood in terms of this modified model. 

The inadequacy of DMM model in interpreting some experimental results 

may be, among many other reasons, due to its consideration of the symmetry 
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the crystal field to remain unchanged even when lattice distortion is 

evident. As pointed out by Manz and Mirsky[14] themselves, the lattice 

atoms always relax into new momentary equilibrium for a given momentary 

molecular orientation. But these equivalent reorientations of the atoms 

may not lead to restore their original symmetry from pure geometrical 

considerations. Such distortions suggest the original symmetry of the 

local field to be replaced by other lower symmetry and motivated us to 

propose the distorted configuration to posses another symmetry, for 

example a tetrahedral symmetry rather than octahedral symmetry. 

The rotation of diatomic molecules in a potential field having tetra­

hedral symmetry is discussed in Chapter IV. We tried to justify our 

proposal of the tetrahedral symmetry by the help group theory. Corres­

ponding rotational wave functions and energy eigenvalues are computed. 

The results of our heat capacity calculations are compared with recent 

experimental values for heat capacity measurements available from litera­

tures. Finally, conclusions and remarks are made in Chapter V. 
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CHAPTER I 

ROLE OF SYMMETRY AND GROUP THEORY 

1.1 Point Group Representations 

A transformation of a system to a position that is physically undis­

tingushable from its original position is accomplished through appropriate 

symmetry operations. Such operations could be performed with respect to a 

point, a line or a plane. The set of all symmetry transformations which 

leaves a given system invariant constitute the group of symmetry of that 

system. In all subsequent discussions, the group of symmetry referred in­

dicate the molecular pOint group of the system under consideration, i.e., 

all possible rotations, reflections and inversion which keep the system 

invariant when applied about the molecular crystal..axes-,-. 

Elements of a point group could be expressed either by the symmetry 

operations or by the square matrices corresponding to the symmetry opera­

tors. It is evident that these matrices also form a group which is isomor­

phic to the group of the symmetry operations which could be checked by 

listing the product of all pairs of elements, or by constructing the 

multiplication tables. 

Consider as example a point group whose symmetry elements are C
n 

axes 

and 30v plane, a c3v point group. The symmetry operators are given by 

" 1 0 0 
E:(olo)=1 

001 

tl3 0 
-! 0) = A 
o 

il3 0 
-! 0) = B 

o 1 
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t +t 13 0 
o :(+!13 -t 0) = C a 

o 0 

-il3 0 
-t 0) = D 
o 

-, 0 0 

0c:( 0' o)=F 
o 0 , 

(1.1 ) 

Any set of non-null square matrices which have the same multiplication 

table structure or form as that of the table of the symmetry operations of 

a given group is known as the representation of the group. The order of 

these matrices gives us the dimension of the representation. 

It is quite interesting to note that in addition to the matrices in 

Eq.(l), we can also construct other set of new matrices which multiply in 

the same manner as the operators of the group by subjecting each matrix 

T, A, B, C, D, F to a passive trasformation of the type 

(1. 2) 

where U is any non-singular matrix of the same order. This way we can 

obtain an infinite number of representations to a given point group. 

Additional representations of the point-group can be obtained by 

noting the block diagonal form of the matrices in Eq.(l). Partitioning 

these matrices into submatrices as given below, we get a set of matrices 

which mUltiply in the same way as those in Eq. (1) or (2). 

. 1'=(' 0) 
.- 0' 

A,=(-t -!13) 
tl3 -t 

B,=(-t !13) 
-il3 -! 

C,=(t tl3) 
il3 -t 

D,=(t -tl3) 
-t 13 -t F'=(-' 

0 ~) (1.3) 
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c) The condition that must be satisfied by two distinct irreducible 

representations i and j is that 

(1.5) 

where Xj(l~) and Xj(R) are the characters of the operator R in the i and j 

representations respectively and h is the total number of the symmetry 

operators in the group. Note that for an irreducible representation we 

always have 

• 2 
Elxj(R)1 :h (1. 6) 

The molecular point groups which are found to be the most important 

in the study of the rotation of diatomic molecules in cystals include the 

octahedral group (Oh) the tetrahedral group (Td) and the two lower symme-

tries which result from slight distortion of the octahedral group, i.e., 

tetragonal and trigonal groups. 

The octahedral group Oh is the largest of all point groups comprising 

48 elements (24 proper and 24 improper rotations). These include the iden­

tity operator E, eight proper rotations by 120 0 about the cube diagonals 

(8C 3 ), 6 proper rotations by 1800 about axes through the origin parallel 

to the face diagonals (6C 2 ), six proper rotations by 90 0 about the coordi­

nate axes (6C 4 ) and three proper rotations by 1800 about the coordinate 

axes (3C 2 ) which form the 0 group. The remaining 24 elements are 0 x i 

where i is the inversion operator, i.e., iE, 8iC3 's, 6iC2 's, 6iC
4
's and 

3iC 2 's. 

If six atoms are placed equidistant on either sides of the coordinate 
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axes from a common origin the resulting space figure will be that of a 

regular octahedron and the group of all symmetry operation of it consti­

tute the 0 h group, see Fi g.1. As shown in the fi gure, an octahedron has 

the same symmetry elements as a cube. 

SCJ /' / B 
I 

~ 
, 

:1 It 
~ \ , 
I \ / 

6C) 
\ ; 0 / 
\ )1-- ./- -

'f ' / 

1 
, , 

I ,I , 
... - --

:7 
)1'-- - - _ 

. . .. . 
~-.- ... -. . . -~--~.:~. 

,,I D 
;j.. 

I 
Fig.1a Fig.1b 

Fig.la: Rotational Syrrmetries of Fig.lb: Tetrahedron inscribed 

an octahedron in cube 

Figure 2 shows a regular tetrahedron ABCD inscribed in a cube. The 

set of operations which take the tetrahedron into itself constitute the 

tetrahedral point group Td • This point group consists of 12 proper 

rotational operations of the T group and 12 improper rotations i x T. The 

proper rotations include E, 3C2 ' S about the x,y,z axes respectively, 

8C 3 ' S about the body diagonals of the cube. 

The representations and group characteristics for both octahedral and 

tetrahedral point group are given in tables I and II. Using the notations 

used by Mulliken the types of conventions used for the irreducible repre-

.J 
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sentations are 

a) A,E and T stands for one, two and three dimensional irreducible 

representations respectively. 

b) If the irreducible representation is invariant under inversion we 

add the subscript g and if not u. 

c) If two non-equivalent irreducible representaitons are not distringui­

shed by the above rules we add numerical subscripts to differentiate 

them. 

0, • lC, 'C, 6C, 'C, i. )iC. 6iC. 6ie. SiC. 
A" 1 1 1 1 1 1 1 1 
A" 1 1 1 1 1 -I -I -I -I ··1 ChBtRct.ers Au 1 -I -I 1 1 1 -I -I E 1 T",. SCI A" 1 -I -I 1 -I -I 1 1 -I 

30, GiO, 6iC. 
E, , 0 0 -I , , 0 0 

A, 1 1 1 1 1 
E. , -I A, 1 0 0 -I -, .. , 0 1 -I -I 1 
T .. -I 0 1 E , , 1 -I 0 l -I 0 0 -I 1 -I 0 T, 3 ~I T .. J -I 1 -I 0 -l 1 -I 0 
T" l -I 

-I 1 0 T, 3 -I -I 1 0 -I 1 0 l -I -I 1 0 TO' l -I -I 1 0 -l 1 1 -I 0 

Table I. Representations of 0h group[lj Table II. Representations of Td group 

1.2 Advantage of Group Theoretical Analysis 

A prior knowledge of how the atoms in a given crystal are configura­

ted facilitates the proper choice of the symmetry operations (operators) 

which leave the Hamiltonian of the system invariant. Once this is known, 

the rotation of a molecule substitutionaly placed at one of the lattice 

points inside the crystal could be investigated by the help of group theory. 

The Hamiltonian of our system is specified relative to the equilibrium 
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nuclear configuration of the crystal atoms which in turn define its point 

group and the corresponding symmetry operations, say R, S, t, ... or 

operators OR' OS' 0T ..•. which operate on functions of coordinates. 

The time-independent Schrodinger equation is given by 

H1/I,v= E 1/1. v 
J' v J, 

(1. 7) 

where j = 1,2, .•. n distinguishes wave functions belonging to the energy 

level v. Now since the symmetry operations (operators) we employ leave 

the Hamiltonian invariant 

0R(H'II. v) = HO R 'II, J, J ,v 
(1.8) 

it fo 11 ows then (1. 9) 

using Eq.(8) and the fact that symmetry operators are linear operators 

= E (OR'll, ) 
]," 

(1.10 ) 

which tells us that OR 'IIj,,, is an eigenfunction of H with the same eigen­

value E", and hence it should be the linear combination of the n eigenfunc­

tions belonging to E". Therefore, 

OR '/I, = E'II, Y. j " J,v 1,\1 1,v 
(1.11) 

2 
where Y ij are a set of n constants which describe how the operator OR 

transform each of the n wave functions 'IIi,j' These constants could be 

represented by n x n square matrix R. Similarly for other operators of 
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the point group corresponding square matrixes could be known. 

For a given n-fold degenerate energy level, the set of n linearly 

independent wavefunctions ~ I v, ~ 2" ••• ~ " are transformed into " n, v 

linear combination of one another by the symmetry operations (Eq.(l.ll)), 

these n wavefunctions constitutes a basis for some particular representa-

tion f" of the point group. 

There is a unique representation of the group of the Schrodinger 

equation corresponding to each eigenvalue of the Hamiltonian. Knowing the 

dimensions of all the irreducible representations of a group of schrodinger 

equation, we can tell with no doubt the degrees of degeneracy possible 

in any problem[2]. It follows then a perturbation can lift degeracies 

iff its inc 1 us ion in the Hami ltoni an changes the i rreduci b 1 e representati on. 

Let us consider a demonstrative example to exhibit the power of 

group theoretical analysis in determining how each rotational energy levels 

split i.e., the lifting of the degeneracies associated with the levels 

under a crystal field of known symmetry. At this stage, it is necessary 

to note that the magnitude of such splittings could not be calculated 

unless an explicit expression of the crystal field is known. 

1.3 Splitting of Energy Levels Under Crystal Field 

When an atom or molecule is placed in a crystal various inhomogeneous 

electric fields act up on it. These fields will eventually distroy the 

isotropy of the free space. As a consequence, the symmetry group is reduced 
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from a full 3-dimensional rotation group and inversion to finite group of 

rotation and perhaps reflections. The free atom or molecule irreducible 

representation of the full rotation group which is based on spherical 

harmonics or angular momentum eigenfunction will be reduced with respect 

to such subgroup. 

This reduction of the dimension of the original irreducible represen­

tation causes the degeneracy associated with the full rotational symmetric 

group to be lifted. In other words, the free atom/molecule energy levels 

will be splitted by the crystalline field. As pointed out by Bethe[3] the 

degree of residual degeneracy is determined from the symmetry by the group 

theory with ultimate accuracy since no perturbation theory approximation 

is used. 

Furthermore, consider the case of intermediate crystal field splitting, 

i.e., when the crystal field splitting is between the spin-orbit energy 

and the separation of L-S term in the free atom case. Here the quantum 

numbers Land S remain good quantum numbers but not J. The crystal field 

which acts on the orbital motion of the electrons will split the (2L + 1) 

fold degeneracy. If the symmetry of the crystalline field is known to be 

an octahedral field, then the symmetry of the problem could be described 

by Oh group. Recalling 0h = 0 x i, we can use only the 24 proper rotation 

of the 0 group since the addition of inversion to form Oh bring no change. 

The character of 0 group is given below in Table III. 

-.- . 
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0 E 8C 3 3C 2 6C 2 6C 

f Al 1 1 1 1 1 I 

f A2 1 1 1 -1 -1 2 

f3 E 2 -1 2 0 0 

f4 TI 3 0 -1 -1 1 

f5 T2 3 0 -1 1 -1 

Table III. Character table of 0 group 

Let us consider an atomic term with angular momentum L. The spherical 

h,armonic Y~(e. $)' which, are, '(2L+l) ,fold degenerate in isotropic space form 

a basis for a representation DL of the rotational group. Now in the prese­

nce of the crystalline field, the isotropy of the field will be destroyed 

and the representation of the full group of all proper rotations will be 

reduced to a smaller subgroup which are expressible using some of the 

linear combinations of spherical harmonics. What is necessary to know at 

this point' is the characters of the -f; representation and the decomposition 

formula. 

The character of all the classes of a group element il) ~~ts.,given by 

= sin (L + ! )$ 
sin $/2 (1.12 ) 

where $ is the angle of the proper rotation; which yields for ~ D
L 

.. 

the following values of the characters. 
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xL(E) = 2L + 1 

x (e2) = x(n) = 

x (e3) = x( 2: ) = 

x (e,,) = x( ~) = 

The decomposition formula is given by 

where 

( -1) L 

1 L = 
{ 0 L = 

-1 L = 

1 L = 
{ 

-1 L = 

0,3, 

1,4, 

2,5, 

0,1,4,5 

2,3,6,7, 

... 
... 

(1.13 ) 

(1.14 ) 

(1.15 ) 

where h is the total number of the symmetry elements, tk is the k 

symmetry operation, Nk is the number of a given rotational symmetry 

operation and X;(tk) and XL(tk) are the character of the tk operation in 

the f; and DL representation respectively. 

Below are the characters tabulated for the first few of these repre­

sentation of the ° group. Then inspect what row of the irreducible 

representation or; are added in order to get to which row of DL represen­

tation they correspond. By doing so we can obtain a qualitative informa­

tion about the splitting of the energy levels. 
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0 E 8C 3 3C 2 6C 2 6C 4 

00 1 1 1 1 1 

0, 3 0 -1 -1 1 

°2 5 -1 1 1 -1 

03 7 1 -1 -1 -1 

°4 9 0 1 1 1 

Table IV. Characters of 0 group in DL representation 

How each energy level split under the octahedral field is schemetically 

given in Table V·, Note that only levels with L = 2,3 and 4 are split 

under the field. 

L 

0 + A, 

1 + T , 
2 + E + T2 

3 + A2+ T, + T2 

4 + A,+ E + T, + T 2 

Table V. Splitting of the rotational energy levels 

Moreover, the degenerate levels likely split to other states by consi­

dering other lower crystal field symmetries which result due to small 

fluctuation or departures from the proposed symmetry of lattice sites. 

These further splittings could be analysed by knowing the correct form of 

smaller group or the reduced rotational symmetry of the group and by 
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treating the problem step by step. 

For example, from the above result for L = 2 (D 2 = E + T2 ), a 

trigonal distortion produce a splitting of the triply degenerate T levels 

of the octahedral field into a doubly degenerate and a non degenerate 

level. 

The procedure we used for the determination of the spl itting of levels 

due to crystal fields is schemetically shown below for octahedral and tri-

gonal field. Fru space Cubic field Cubic litld plus 
1ri9CHlol distortion 

leO (11 
S 

(I) 
04 1----- (11 

A, 

(1) 
A, ! L" t 

(3) p ----- (3) 
T, ----{ (2) 

£ 

(1) 
A, (3) 

T, ----{ 

0---- { 

(2) 
£ (5) 

'-2 
(2) 

£ ---
(2) 

£ 

(1) 
A, (3) r, ----{ (2) 
£ 

(7) (I) 
A, £=3 F -"--- (3) 

T, ----{ (2) 
£ 

(11 
.42----- (11 

A, 

Fig.2. Splitting of levels under octahedral field and trigonal distortion[2] 

The discussion of this section clearly shows us two important outcomes 

which could be employed in the treatment of the rotation of a molecule in 
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a crystal field in the preceeding chapters; first, the degree of residual 

degeneracy of a molecular or atomic level in a given field of definite 

symmetry could be obtained by the use of group theory. Secondly, the 

various irreducible representation of a point group automatically gives 

indication how the set of degenerate eigenfunctions transform or what 

symmetry they have. 
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CHAPTER II 

HINDERED ROTATION OF DIATOMIC MOLECULES IN CRYSTAL FIELD OF OCTAHEDRAL 

SYMMETRY 

~, search for the knowledge of the rotational energy states of a rota­

ting molecule in a crystal field is quite essential in understanding the 

various properties of a solid solution. The obstacle towards the under­

standing of these energy states lie on one hand, how to solve the corres­

ponding Schrodinger equation directly which is usually complicated. Means 

of simplification of the problem as the same time obtaining accurate re­

sults is cumbersome. On the other hand the exact nature and magnitude of 

the field could not be easily found. To this end, many procedures, models 

and approximations are employed in order to justify the experimental re­

sults obtained. 

In attempt to give a clear picture of the rotation of impurity mole­

cule under the influence of crystal potential considerable research have 

been done by many scientists since the first time the problem was suggested 

by L. Pauling. Earlier treatments took the crystal potential to depend only 

on one angular coordinate. 

A more general approach which took both angular coordinates into 

consideration in a crystal field of definite symmetry gives us a better 

understanding of the problem. Among such approaches is the one proposed by 

A.F. Devonshire (1936)[IJ. He investigated the rotation of impurity 

diatomic molecules in a crystal field of octahedral symmetry which is a 

suitable representation of the field under which molecules move in a cubic 

crystals. 
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2.1 Devonshire Model 

In this model, Devonshire assumed the molecular impurity to be fixed 

to a lattice site of the host crystal, and its free rotational motion to 

be hindered by potential due to lattice forces. He neglects lattice vibra­

tions and possible lattice distortion due to the impurity, potential to be 

stationary and show the symmetry of the lattice. 

Consider a diatomic molecule whose moment of inertia is I, rotating 

under the influence of a potential energy V = V(e,$) having an octahedral 

symmetry. The time independent Schrodinger equation is given by 

(2.1) 

or in spherical polar coordinate this becomes 

(2.2) 

since the internuclear distance r is fixed, the rotation of diatomic mole-

cules is taken as rotation with two degrees of freedom; e and ~ describ­

ing the orientation of the molecular axes relative to the crystallographic 

axes. Hence, Eq.(2.2) reduces to 

1 
[sin e (2.3) 

where the bracketed term gives us the rotational kinetic energy operator 

of the molecule. The potential energy V = v(e,~) which reflects the 

symmetry of the system could be expanded in a series of surface harmonics 
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or set of angular momentum eigenfunctions since they span irreducible 

representations of the full inversion-rotation group that include 0h as a 

subgroup. In addition v(a,$) is invariant under the symmetry operations of 

the 0h group and transform according to the totally symmetric representa­

tion Alg • 

v(a,$) = (2.4) 

where Y&m are spherical harmonics of the D representation. 

Bethe[3] has proved that there are no spherical harmonics of degree 

less than four which have octahedral symmetry. An obvious choice and the 

simplest one for the form of the potential will then be the first non­

constant term of the series having the required symmetry which is: 

or 

= _ 1 III k[y4 + .L(y4 + y_4)] 
3 0 14' , 

V(a,$) = - k[P~(cosa) + -'- P:(cosa) cos,a] 
166 

(2.5) 

where k is a constant which indicate the depth or strength of such poten­

tial barrier and P;(cos a) are the associated legendre polynomials. More 

explicitly Eq.(2.5) could be written as 

V(a,$) = - k[ i {3-30 cos 2e + 35 cos'a + 5 sin'a COS'$ }] (2.6) 

The nature of the potential in which the impurity diatomic molecule 

moves could be studied using Eqs. (2.5) or (2.6). The projection of the 

equipotential lines on the plane a = n/2 is given in Figure 4. 
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Fig.3. Equipotential lines [from reference 1] 

For positive values of the potential barrier parameter k. the potential 

has six minima equal to -k at 

e = 0 or n • n/2 ~ = o. ± n or n 
2 

Since the impurity diatomic molecule is substitutionally placed at 

one of the lattice sites of the host crystal which form an octahedron for 

a unit cell. the six minimum points correspond to the configuration when 

the molecule is located at one of the six faces of the cube in which the 

octahedron is inscribed as shown in Fig.4a. 
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(b) 

Fig.4. The impurity molecule located at one of the six faces of the cube (a) 

and at one of the corners of a cube (b). 

The potential energy V(a,t) has eight maxima equal to 2/3k at 

_1 
a ; cos ± 1 

13 
t ; ± IT or ± 311 

4 4 

and these correspond to the configuration when the molecule is found at 

anyone of the eight corners of the cube as shown in Fig.5b. 

The dividing line between the potential maxima and minima is the 

equipotential curve V ; ~ k. Hnece, the depth of the six potential 

hollows will be tk and the eight potential hills will have a depth 

of ,5
2 

k. 

Coming back to the main task of solving the Schrodinger equation 

, a 
sin a a a 

(2.7) 
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this equation is invariant under the operations of the 0h group, i.e., 

(2.8) 

so that the eigenfunctions of the Hamiltonian could be chosen to be that 

of the symmetry operations of the group. In other words, any energy eigen-

function could be expressed as a linear combination' of spherical harmonics 

P;(cos e) cos m~. It should be known that the surface harmonics can not be 

simply assigned to any representation of 0h' we must obtain the correct 

linear combination of them for a given representation so that the eigen­

function will be the solution of the Schrodinger equation. 

(2.9) 

where wD is the eigenfunction for a given D representation, atm are 

D 
constants, \m is the spherical harmonics of a representation D and 

~ , m are running index. 

The solutions of the Schrodinger equation which are the eigenfunctions 

of the Hamiltonian corresponding to a definite energy level will form a 

representation of the octahedral symmetry. As shown in section 1.1 Tab.I 

0h group has ten distinct irreducible representations and hence ten 

different symmetry species of energy eigenfunctions are possible. Therefore, 

each energy level could be specified with respect to the symmetry type of 

irreducible representation the eigenfunctions span. 

In search of the proper series of the spherical harmonics which 

satisfy the Schrodinger equation, Devonshire employed the series of spheri­

cal harmonics of the tetragonal point group D4h 'which were known prior to 



24 

his work given in Table VI. 

°h D4h °h D4h 

A1g + A 19 A 1u + A 1 u 

A2g + B1g A2u + B1u 

Eg + A1g + B1g Eu + A 1u + B 1u 

T 19 + A2g + Eg T1u + A2u + Eu 

T 2g + B2g + E T 2u + B2u + E 9 u 

Tab.VI. Correspondence between representations of 0h and D4ho 

Such a correspondence is possible since 0h has a complete symmetry of 

the D4h [4]. So if a series for a given representation of D4h is known, then 

it will be also the correct series to one of the 0h representation to which 

it correspond or it will be one of the pair of solutions of the 0h group. 

The series of the 0h representation to which the different types of solu­

tion of the Schrodinger equation belong are given in Table VII. 

° 4h °h Series 

A19 A1g or Eg aO + aOpo + aOpo + a4 p4 cos 44+ ·0 22 44 4 4 
B1g A 2g or Eg a2p2cos 24 + a2p2 2 2 4 4 cos 24+ + a~p~ cos 64 

A 2g T 19 b~p~sin 44 + 4 4 
b6P6 sin 44+ 

E T 19 or T 2g a 1 p 1 cos 4 + a 1 p 1 COS4 + a3p3 cos 3$+ ••. 
9 2 2 4 4 4 4 

B 2g T 2g b2 p2sin 24+ 2 2 
b2p2 
4 4 sin24+ 

A 1u A1u or E b4p4sin44+ b4 p4 sin 44+ ..• u 5 5 7 7 

B 1 u A 2u or Eu b2p2sin 24 + 3 3 
b2p2 

5 5 
sin H+ •.• 

A2u T 1u aOpo + aO po + aOpo + a4 p 4 cos 4$ + ..• 1 1 3 3 5 5 5 5 

Eu T 1u or T 2u b 1 P 1 1 1 sin 4 + b 1 p1 
3 3 sin 4 + 

B2u T 2u a2p2 3 3 cos 24+ a2p2 
5 5 

cos 24+ 

Tab.VII Representations of 0h in spherical harmonics[1] 
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Note that the coefficients a;, b~ in the above series expansion are 

always chosen in such a way that the series will be the solution of the 

Schrodinger equation. 

Employing the same procedure as used in section 1.3 for determination 

of how the energy levels split under a crystal field of known symmetry, 

the rotational energy levels under the octahedral symmetry are split as 

shown below in Tab.VIII. 

~ 
~ 

0 .. A 19 5 .. Eu + 2T1u + Tzu 

1 .. T 6 .. A 19 + AZg + T1g + 2TZg 1u 

2 .. E + 9 T Zg 7 .. A Zu + Eu + 2T1u + 2T ZU 

3 .. A Zu + T1u + Tzu 8 .. A1g + 2E + 2T1g + 2TZg 9 
4 .. A1 + E 9 9 + T1g + T Zg 9 .. A 1u + Azu + E u + 3T1u + 2Tzu 

Table VI II. Splitting of levels under octahedral field 

Till this stage, we discussed the forms of the eigenfunctions which 

are solutions of the Schrodinger equation and the scheme of splitting of 

the rotational energy by the use of group theory by assuming only that 

the potential has an octahedral symmetry. 

The rotational energy values could now be computed by using the 

potential energy V(e ,~) given in Eq.(2.5) and the series of spherical 

harmonics for the representation we wish to solve. The Schrodinger equation 

needed to be solved is 

_._1_ ~(sine~) +_._1_ a2~ + [w+k(pO(coss)+ _1_ p4 (coss)cos 4~]~ = 0 (2.10) 
51n e as as 51n'e a~ 4 168 4 
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Where 
(2.10) 

and the rotational constant B is defined as B = 8~:I 

Upon substitution of the eigenfunctions in Eq.(2.10), we encounter products 

of spherical harmonics of the type 

[P.O(cos e) + P: (cos e)cos 4$]p,m {c~sm $ 
..,. ... I.- Slnmq. 

and are simplified by the following recurrence relations 

popm = (Hm) (t+m-1)(Hm-2)(t+m-3). 35 pm 
4 t (2~-5)(2l-3)(2t-1)(2H1) 8 t-4 

+ (t+m)(tm-1)(t2 -t-2-7m2) • §. pm 
(2 t -5)(2£-1)(2H1)(2H3) 2 t-2 

+ (3~2+6t3_3£2-6t-5m2)(6t2+6£-5)+35m4. 1 pm 
(2t-3)(2£-1)(2t+3)(2t+5) 4 t 

+ (~+1-m)(£+2-m)(t2+3£-7m2) 
(2£-1)(2~+1)(2t+3)(2£+7) 

+ (t+1-m)(£+2-m)(t+3-m)(£+4-m) 
(2t+1)(2£+3)(2£+5)(2£+7) (2.12) 
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P4pm = 105 m+4 420 -------=-=-=------ p £+4 - -----="-----
4 t (2t-5)(2t-3)(2t-1)(2t+1) (2t-5)(2t-1)(2t+1)(2t+3) 

+ ____ ----"6.::.30"-____ p mH_ 420 
(2t-3)(2t-1)(2t+3)(2t+5) t (2t-1)(2t+1)(2t+3)(2t+7) 

105 + __________ pm+4 
(2H1)(2H 3)(2 H5)(2H 7) t+4 (2.13) 

We are now in a position to obtain the energy values for a given 

representation. Suppose we wish to find the energy values of A'g represen­

tation of the 0h group. The series of A,g is sUbstituted in the Schrodinger 

equation and use the property of spherical harmonics 

[ 1 a . ii' 1 -- - Slns- +-­
sine ae ae sin 2e 

(2.14) 

Furthermore, we express all the terms in the equation as the sum of 

surface harmonics by using Eq.(2.12) and (2.13). By equating the coeffi-

cients of each spherical harmonics to zero, a system of linear equations 

between the coefficents such as given below is obtained. 

aO 
W + .! a ° k + .!!Q. a4 k = 0 ° 9 4 3 4 

(2.15 ) 

etc 
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The condition for these set of linear equation to be consistent is 

that the determinant should vanish, thereby the energy values, rather the 

roots of W is determined as a determinantal equation. 

Such calculation is lengthy and quite labourious when computed direc­

tly, but by the help of computers the determinant of large dimensions 

could be solved numerically. In such a way, few of the lowest roots of W 

corresponding to a representation can be obtained for different values of 

the constant k by taking the first few rows and columns. 

Devonshire's results of the rotational energy values as a function 

of k = k/B is plotted in Fig.5. 

TOo 

'. 
T" 

T,. 
TO, 

L 4 

L 0 

\ , 
-10 \ 

Fig.S Energy levels as a function of k/BI1J 
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These results give us the values of the rotational energy eigenvalues 

for the few low lyi ng energy 1 eve 1 s, upto ~ = 5 and for the range of the 

potential parameter K, between -40 and 40 in units of the rotational 

constant B. It is evident from Fig.5 that as the values of k/B increase 

the rotation of the molecule is highly hindered and for the value W = E/B 

to the left of the line W = tk, which is set of saddle points,the molecule 

is rotating. But to the right of this line since the gap between the energy 

levels is wide we can consider the motion of the molecule to be oscillation 

rather than rotation. 

A rather detailed and improved calculation with a better accuracy for 

the energy levels was computed by Sauer (1966)[5] for a wide range of the 

potential parameter k between -100 and 100. Sauer showed that the further 

we expand our angular momentum eigenfunctions, which are the spherical 

harmonics, of the series of the respective representation of the 0h group, 

the better will be the accuracy of the energy values. Infact the energy 

values obtained by Devonshire are found to be in good agreement with those 

obtained by Sauer for low lying energy levels. The discripancy between the 

two calculations are highly pronounced for larger values of the potential 

pa rameter k. 

2.2 Comparison of Devonshire Model With Experimental Investigations 

The validity of the obtained rotational energies and in general that 

of the Devonshire model is evaluated by comparing the experimentally 

obtained results with those calculated by the model. 
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All the experimental data[6,7,8] used for testing the reality of the 

model are taken from the measurements of the heat capacity and thermal 

expansion conducted on inert gas matrices containing different concentra-

tions of diatomic impurities at low temperatures, between 2k and 12k. 

These solid solutions include Ar-co, Ar-N 2, Kr-co, Kr-N2 and many others. 

These measurements are considered due to the fact that at low temperatures 

rotating impurities can introduce an appreciable, sometimes dominant cont-

ribution to the heat capacity and thermal expansion of solid solutions of 

inert gases and hence can be used to investigate the dynamics of the 

impurity molecule in these matrices. 

The contribution of the rotating impurity molecules to the heat capa­

city and to the linear expansion coefficient is the main indicators in 

analyzing the rotational motion of the molecules. 

The heat capacity of a given solid solution can be written as 

C = C . + ~C o (2.16) 

where Co is the heat capacity of the pure inert gas matrix under conside­

ration and ~C is the excess heat capacity which is given by 

~ C = ~C + ~ C 
rot mass 

(2.17) 

where ~Crot the contricution of the impurity molecules due their rota­

tional motion and ~Cmass is the contribution to the heat capacity that 

arises whenever the molar volumes of the host atoms and the molecule does 

not coincide which is related to the difference in mass and force constants 
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of the solution components. However, one can consider such systems where 

the molar volumes of the components coincide such as Kr - N2 and Kr - Co. 

In such cases we have 

or dropping the subscript 

(2.18) 

If the free energy of the solid solution is expressed as the sum of 

the free energies of the lattice of the matrix and that associated with 

the system of discrete impurity levels, the heat capacity of the solid 

solutions is computed from the Devonshire spectrum by using the relation[9] 

(2.19) 

where < E > is the average energy, k the 80 ltzmann constant and Tis the 

temperature. And the averaging is performed over the impurity molecule 

energy spectrum 

_E./kT 
E ( .... )9 .• 1 
i 1 < ..... > = --'------

E./kT 
E g.e- 1 
i 1 

(2.20) 

where E i is,. the energy Of' the W': 1 eve')" .. and g i is the degree of 

~~Sc degeneracy. $0 that comparison between calculated and experimental 

values of the excess heat capacity indicates the degree of accuracy of the 

computed energy spectrum. 
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In a similar way for discrete energy spectrum the excess coefficient 

of linear expansion of a solid solution could be computed by[6] 

6 a = _x_ [< er > - < Er > < E>] 
nkT 2 

(2.21) 

where n and x are the molar volume and the compressibility of the 

solution and the Gruneisen parameter for the i-th level of the impurity 

is defi ned by 

r. = _ J..- a Ei a k 
1 Ei a k a v (2.22) 

where K is the parameter defining the depth of the potential barrier and V 

is the volume of the system. By the help the above relation the coefficient 

of thermal expansion could be obtained from the enrgy spectrum of the model. 

A more reliable information about the model could be obtained by comparing 

the calculated and experimental value of the coefficient of linear expan­

sion (CLE) since it involves both the rotational energy values and the 

potential field strength parameter or rather on the magnitude of the 

hindering crystal field. 

The results of experimental investigations on both heat capacity and 

thermal expansion exhibited that Devonshire model is incapable of explain­

ing the obtained experimental dependencies[6,7,9][10]. The failure of 

Devonshire model to interpret experimental results even qualitatively is 

observed for many systems studied. 
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4 6 8 

Fig.6 Excess heat capacity of solid 

solutions Kr-Co per 1 mole of 

impurity. O-experiment, ...•• 

o 
" 0 

Ib 

calculation of Ofl. [From Ref.G] 

T, I< 

.~ 

-8 

Fig.7 Experiment and computed temeprature 

dependence of the excess coefficients 

of linear expansion for Ar-Co. 

O-expt and solid curve calculation of 

Devonshire model [6] 

Fig.6 for instance show that the heat capacity behaviour for Kr-Co 

system is quite different from that predicted by Devonshire model. In 

addition Fig.?, a comparison of the excess CLE computed by the model and 

the experimental values clearly shows the weakness of the model. In 

Devonshire model negative values of CLE are predicted below 6K whereas 

the experimental values in this region correspond to the maximum positive 

CLE values. Even in the region where the impurity effect is very small or 

negligble, the model predicts maximum effect. 
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Existing data on the low temperature heat capacity, thermal expansion 

and spectroscopy[ll] of a molecular impurity in atomic cryocrystals exhibit 

unquestionably that the Devonshire model completely fails in interpreting 

the rotation of diatomic molecules in atomic inert gas matrices. 

2.3 Shortcomings of Devonshire Model 

The inadequency of Devonshire model to interpret experimental findings 

in mainly its neglect of possible lattice relaxation of the surrounding 

host atoms that result when the impurity molecule is placed in a crystal[7]. 

Devonshire calculated the energy spectrum by considering the crystal lattice 

to be rigid, thereby ignoring lattice vibrations and lattice distortions by 

the impurity. The model also does not take into account impurity-impurity 

interactions. As pointed by Kalnoi[12] the presence of impurities around 

an impurity imposes a distortion in the local vicinity of the chosen 

impurity, as a result of which additional splittings of the Devonshire 

spectrum will be observed. 

Other observations[13] also show that the separation of the lattice 

motion and that of the molecule leads to a noticable descripancies between 

the calculated and experimental values regarding higher rotational states 

of the impurity molecule. 

Moreover, the octahedral symmetry of the potential, which reflects 

the symmetry of the lattice may not be the same when the impurity is 

replaced due to the non-spherical shape of the impurity molecules and the 

anisotropy of the intermolecular interactions resulting in anisotropic 

nature of the relaxations of the surroundings of the molecules. 
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Based on these observations, the model must be modified by taking 

into consideration the major factors which are neglected. Such an attempt 

in extending the Devonshire model was done by Manz and Mirsky[14] latter 

called the Devonshire-Manz-Mirsky model which considers the influnce of 

lattice relaxations into a minimum energy configuration for a given impu­

rity molecule configuration. 
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CHAPTER III 

EXTENSION OF DEVONSHIRE MODEL. [DEVONSHIRE - MANZ - MIRSKY MODEL] 

The neglect of lattice distortion being the main weak point of the 

Devonshire model, Manz and Mirsky studied the rotation of diatomic molecu­

les in a crystal by considering the influnce of the relaxations of the 

lattice near the impurity molecule as well as the intermolecular interac­

tion[14] in order to modify the Devonshire model. 

The subsequent consequences of these relaxations on the rotational 

energy spectrum in general, and on the magnitude of the crystal field in 

particular is discussed. Although a rearrangement of the surrounding host 

atoms due to the rotating molecule is explained as a pseudoration of the 

relaxation region, they proposed that such a rearrangement took place much 

more rapidly than the molecular rotation and hence the octahedral symmetry 

of the crystal field will be restrored; thereby ruling out the possibility 

of lowering of the symmetry of the field. 

3.1 The Geometry of Co Molecule in Argon Matrix 

For demonstrating how a relaxation of a soft lattice and its pseudoro­

tation result due to the rotation of an impurity molecule, we consider a 

typical example, the rotation of Co molecule in Argon matrix. The geometry 

of the Co molecule for a given orinetation and the corresponding lattice 

relaxations are studied by using force-field calculations[14]. 

A Co molecule is known to be ellipsoidal in shape and has a volume of 

26.9A 3
·• This molecule is fitted into a single vacancy substitutional site 
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provided by the volume of a single Ar atom in the crystal whose volume is 

27.7A 3
• 

The favourable orientation of the Co molecule in the vicinity of the 

distorted Ar lattice is such that the total interaction potential energy V 

will have its global minimum 

V - V = 6 V = mi n o (3.1 ) 

where Vo is a constant reference value defined conventionaly as the sum 

the interaction potential of the undistorted Ar atoms and that of the free 

Co molecule. 

The total interaction potential[14,15] will consist the interamolecu-

lar potential V ,the interaction potential between all Ar atoms in the 
mol 

matrix V and that of between the Co molecule and Ar atoms of the matrix 
mat 

V . Hence we write the interaction potential as 
Ar-Co 

V = V coo + V AT + Vmol-mat (3.2) 

The interamolecular energy is expressed using Morse potential where 

the necessary parameters are taken from the gas-phase spectra and from 

solid state properties 

V ( ) = D(e - 2~(r-re) _ 2e - ~(r-re) ) 
mol r-r e (3.3) 

where r = IRe - Rol is the internuclear distance between the carbon and 
o 

oxygen atom, re = 1.283A is the equilibrium moleculear gas phase distance, 
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o = 1083.22kJ/mol and 
°_1 

B = 2.2996A . These parameters[16] are taken 

as to fit the spectroscopic vibrational frequency w = 2169.8cm- 1
• 

Using the atom-atom approximation, the interaction potential of the 

matrix and the interaction potential of the matrix and the molecule which 

consists of pair wise C-Ar and O-Ar atom-atom potentials are given respec­

tively as 

V 
mat 

n 
= t ~ VA A (R .. ) 

itj=l r- r 1J 
(3.4) 

where the summations are carried over all the Ar atoms of the lattice 

located at a distance Rp i = 1,2, ... n and Rij , Ri - c and Ri - o are distan­

ces from the ith Ar atom to the jth Ar atom, to the carbon and oxygen atom 

respectively. 

The interaction potentials of Eqs.(3.4) and (3.5) are given by the 

(6 exp.) Buckingham[17] form as 

ViR) (3.6) 

where the numerical parameters A,B and a are chosen as to fit the known 

solid state properties. 

The reference value Vo defined earlier is also given by 

n 
V = V (0) + t ~ V (R 0) 

o mol i:f:j=o Ar-Ar ij 
(3.7) 
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Using equations (3.2) to (3.7) and the condition for global minimum energy 

Eq.(3.1) could be written as 

(3.8 ) 

The minimization procedure employed by Manz and Mirsky involves two 

steps using CYBER175 computer. First they[14] found the approximate 

minimum by varying the center of mass and orientation of Co molecule and 

in the second step the Ar matri~ with the impurity is allowed to relax 

into minimum energy configuration by successively increasing the relaxed 

and undistorted sites. 

Rather than the detailed minimization used it is the results obtained 

that is of great importance for our discussion here. It was obtained that 

the global minimum is always attained when the molecule is oriented along 

the (001) crystal axis. With respect to this energetically preferable 

orientation further minimization by considering the relaxation of the whole 

lattice show that the 8 nearest neighbour atoms in the polar configuration 
o 

will be pushed away from the molecule by approximately O.05A from their 

original equilibrium position and the 4 nn atoms in the equatorial confi-
o 

guration are attracted by to the molecule by O.06A. Fig.8 shows such 

host atoms shift into new momentary equilibrium positions for different 

molecular orientations. 
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(001) (0/0 ) 

Fig.8 Shift of host atom due to a rotating molecule[13] 

As a consequence, the first 12nn atoms or the first shell of Ar 

atoms relaxed into its optimal shape which is roughly ellipsoiddal. The 
o 

major and minor axes devating by 0.06A from the radius of the undistorted 
o 

sphere of the first shell of the Argon atoms r = 3.756A and the potential 

minimum being -0.16KJ/mol.[14]. 

Other shells distortions are not appericiable as the deviation of the 
_ 4 0 

atoms in these shells are of the order of 10 A. So that their contribu-

tion to 6V is completely negligble, as should be expected since the 

Co-Ar potential will be very small for distant shells. 

The likely conclusion that could be drawn out of this is that the 

optimum configuration of the Co molecule in Ar matrix is determined by the 

molecular relaxation and the first shell atoms relaxations. This is in 

agreement with studies conducted using polyatomic molecules as impurity 

in matrices by Craig et al[18] and with other investigations[19,20]. 
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3.2 Effects of Rotating Molecule Orientation and Cage Deformation 

As a result of the crystal atoms relaxations into a momentary new 

equilibrium positions for a given molecular orientation, the rotating 

molecule always finds itself trapped in a cage which has different shape 

from the undistorted lattice spherical cage[13]. Whenever the lattice 

relaxations are faster than the rotation of the molecule, the shape of 

the distorted cage resenbles the shape of the rotating impurity molecule. 

All the time as the rotating molec~le changes its orientation the 

cage deformation too will follow the molecule and will be oriented along 

the molecular orientation. Fig.9 shows this rotation of the molecule 

trapped in pseudorotating cage. 

• r>A'( . 
. , . 

-.' 

. (e . 

o 0 
\. ~.l 
.~\~ IG"-).·· iC' ~ /, L:6J \0 . . ' . 

Fig.9 Rotating molecule trapped in synchronously rotating cage. The black-white 

ellipsoid represent the molecule, the black dots are the host nn atoms, heavy 

continuous lines the distorted cage and thin curves show the undistorted 

spherical cage(13) 

We call such a cage pseudorotating since it is set up by cooperative 

small deviations of the nn host atoms and not by actual rotation of these atoms. 
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J. Manz[13] clearly formulated that due to the syncronous cage 

pseudorotating and molecular rotation two main effects are observed which 

influence the rotational energy spectra of the molecule in the host lattice. 

These are: 

a) increase of moment of inertia of the rotating molecule 

b) replacement of the Devonshire cell potential of the undistorted 

lattice by a new relaxed lattice potential. 

These two effects deserve detail treatment and explanation for they 

are important points leading to the modification of the Devonshire model. 

3.2a Effective Moment of Inertia of a Rotating Molecule 

It is observed that the moment of inertia of a molecule rotating in a 

pseudorotating cage sometimes exceeds by 50% than that of the moment of 

inertia of the molecule in the gas phase. The considerable increase of 

inertia influences the rotational or liberational energy spectra of matrix 

isolated molecules. 

Calculations based on lattice relaxations exhibit two effects which 

lead to an increase of the effective moment of inertia of the rotating 

molecule. The first one being the contribution of the effective rotation 

of the molecular center of mass around the center of interaction which is 

given by 

(3.9) 

+ + 
where a = IRe; Reml is the distance of the center of interaction from 

the center of mass and M is the mass of the molecule. This moment of inertia 
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is independent of the molecular orientation. If the rotating molecule is 

homonuclear a = 0 and the contribution of 6Ic; is zero. 

The second contribution for an increase of inertia comes from the 

synchronously pseudorotating cage. The magnitude of this inertia could 

be estimated from the values obtained from lattice relaxations. As seen 

from Fig.9, when the guest molecule rotate through an angle 9 between 

o and 2n, the equilibrium position of the neighbouring atom i oscillates 

around its undistorted lattice site according to a simple harmonic motion 

given by 

(3.10) 

Note that the factor 2 indicates the double speeded pseudorotation in 

comparison to the molecular rotation. The average kinetic energy of this 

pseudorotating cage is 

T = t E M; 
rot i 

6 r.2 
1 

(3.11) 

where the sum extends over all nn atoms. 

If the moment of inertia due to the pseudorotating cage is 6[ 
cage 

then a molecule rotating with a frequency w induces a pseudorotation of 

its cage with kinetic energy 

T = t 6 [ w2 
rot cage 

(3.12) 
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So using the above two equations, an estimate of the magnitude of 61 cage 

is computed by 

6 I : 2 EM. 6 r' 
cage i 1 i 

(3.13) 

The total effective moment of inertia associated with the molecular 

rotation and pseudorotation is given by 

= I + 61 + 61 
o ci cage 

(3.14) 

o 
For instance for Co molecule in Ar, Manz and Mirsky[14] found a: O.25A, 

o 02 02 
H. : O.06A and hence 61 . = 1.75 AmuA, 61 : 3.46 AmuA • With the 

1 Cl cage 
02 

gas-phase molecular moment of inertia 10 = 8.73 AmuA , the total effective 

moment of inertia 
02 

leff: 13.94 AmuA exceeds by 12% that the inertia in 

the gas phase of the molecule. 

In Devonshire model the contributions 61c; and 61cage were neglec­

ted in calculating the rotational energy values, despite the fact this 

contribution is worth considering. 

3.2b Effective Crystal Potential 

Another aspect of DMM model consideration as a consequence of lattice 

relaxation and pseudorotation is the replacement of the Devonshire poten­

tial ii(e,$), Eq.(2.6), by an effective potential ii(e,$). Since the distance 

between the molecule and the nn atoms differ from that of the unrelaxed 

Devonshire lattice, the rotating molecule in a given (e ,$) orientation 

faces a new renormalized crystal field in the relaxed lattice hence the 

corresponding interaction potential ii(e,$) will be different from that of 

the Devonshire cell potential. 
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Though the field is different, the DMM model assumes that the octa­

hedral symmetry of the field will not change[13]. The main reason given 

for the restortation of the symmetry is since the relaxations of the atoms 

in the vicinity of the molecule takes place much faster than the molecule's 

rotation and the corresponding equivalent reorientations of the impurity 

will lead to equivalent geometrical distortion, and hence the field 

retains it original symmetry. 

The new renormalized crystal field is given by 

(3.15) 

where Kv(e,$) is the Devonshire unrelaxed potential, Vo is a constant and 

K is the new renormalized potential barrier parameter. The constants Vo 
and K are the two adjustable parameters of the model. 

The interaction potentials of the unrelaxed and relaxed lattice for 

Co in Ar are shown in Figs.l0 and 11 respectively. Eventhough the approxi­

mately constant ellipsoidal shape of the cage may suggest a smooth variation 

-'--'-'-L' JfJJ'~ 
30° 60° ¢-- 900 

Fig.l0 Potential energy V(e,~) for Co 
in Ar[13) 

difference V-Vo is not necessarly constant. 
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Fig.ll Relaxed potential energy V(e,~) 
for Co in Ar[14) 
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For Co in Ar when the molecule is oriented in (001) direction the 

lattice relaxation result in decrease from V(O°,OO) = 0.16KJ/mol(min) and 

V(54.7°, 45°) = 0.79KJ/mol (max) to Vo(O°,OO) = - 0.16KJ/mol(min) and 

Vo(54.7°, 45°) = 0.16KJ/mol. It could be seen that the potential barrier 

has reduced from 6V = 0.63KJ/mol to 6VO = 0.32KJ/mol which asserts the 

condition that the potential energy of the molecule should be minimum and 

the consideration a new potential to be reasonable. 

The minimum and maximum values for V(e,$) of Devonshire potential 

were given by -K and 2/3 K (section 2.1), so that the minima and maxima 

of V 0 are obta i ned from 

Vo (0° ,0°) = Vo 

Vo(54.7°, 45°) 

K 

= V + ~ K o 3 (3.16) 

Hence the parameters ~ and K for Co in Ar have the values 0.03KJ/mol 

and 0.19KJ/mol respectively so that the value 6Vo= 0.32KJ/mol could be 

obtained. 

Hence the effect of the relaxations and pseudorotation could be consi-

dered as a renormalization of the molecular rotation constant B through 

the increase of moment of inertia and the barrier parameter K due to the 

renormalized field. 

Since the rotational constant B is inversly proportional to the 

moment of inertia, an increase in the moment of inertia yields a reduction 

of the rotational constant, i.e., the renormalized rotational constant 

(3.17) 
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and also the new barrier parameter is chosen as to given the appropriate 

VD(e,~). 

Once the proper value of K/B for a given system is known, the rota­

tional energy values of the rotating molecule can readily be obtained from 

the Devonshire's spectrum. On the other hand if experimental results of 

the rotational energy values are known, one can determine the rotational 

constant and the barrier parameter by choosing the value of K/B which fits 

best the experimental curve. 

3.3 Test for the Validity of DMM Model 

The results of many experimental investigations on the measurements 

of heat capacity and coefficient of thermal expansion on inert gas materi­

ces at low temperatures has been used to interpret these results in the 

framework of DMM model by varying the two adjustable parameters K and B. 
The systems used for these studies include Ar and Kr matrices containing 

Nitrogen and Co molecules of different concentrations in the temperature 

range 2K-12K[6,21,22]. 

The experimental curves of the excess heat capacity obtained for 

various matrices are compared with those calculated by the model (cf. 

Fig.12a,b,c,d). The comparison reveals that the experimental results 

of the excess heat capacity could be better described by the DMM model 

than those predicted by the Devonshire model. This good agreement between 

the computed and the experimental values is achieved for the respective 

chosen parameters of K/B. 
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However results of experimental investigations of the excess thermal 

expansion of the above solid solutions depart considerably from the curves 

calculated by the model. (cf. Fig.13a,b,c). In particular Fig.13b and 13c 

show substantial difference completely unpredictable by the model. Since 

the coefficient of expansion involves not only the energy spectrum like 

heat capacity, but also on the change of the energy spectrum with respect 

to the potential barrier, it is much more sensitive to the degree of inacu-

racy of the model. 
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3.4 The Need for an Alternate Model 

It has been shown that experimental results on heat capacity that 

could not be interpreted by Devonshire model are better understood in the 

framework of the DMM model. This should not obscure the fact that best 

agreements between computed curves and experimental values are attained 

by choosing the K/B values as to get the best possible fit. Even with 

such freedom,_ of choices of the values of the parameters, the model does 

not accurately describe the experimental results in the whole range consi­

dered. The DMM model predicts a peak values for heat capacity calculations 

below 2K which need to be further investigated. The model is also unable 

to explain the experimental dependencies obtained for thermal expansion 

measurements for the solid solutions considered. 

These shortcomings suggest the need to have a model that can describe 

the rotation of diatomic molecules in inert gas crystals. This may be 

achieved by calculating the energy spectrum of a rotating molecule in a 

crystal field whose symmetry is lower than octahedral group. The choice 

of a lower symmetry could be understood from geometric consideration such 

that the relaxed lattice may not have the same symmetry as the undistorted 

lattice symmetry. 

Furthermore, since the lattice distortion is caused by the impurity 

molecule, employing the rotational spectrum of the molecule calculated in 

the undistorted lattice symmetry can not serve as a proper description for 

the rotation of the molecule. As to the question, to what lower symmetry 

the distortion lead we proposed a strongest distortion, a tetrahedral one, 

than the suggested tri gona 1 and tetragonal symmetry[9], for these on ly 

give spl itting of the lowest lying excited rotational energy levels Tlu and Eg• 
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CHAPTER IV 

ROTATION OF DIATOMIC MOLECULES IN FIELDS OF TETRAHEDRAL SYMMETRY 

4.1 Reduction of Symmetry Group 

The possible lattice distortion due to the rotation of diatomic mole­

cules in crystal may result in the reduction of the symmetry group of the 

crystal to a lower subgroup. 

The symmetry of a slightly distorted octahedron may be reduced to 

lower groups such as trigonal and tetragonal point groups[23]. For instance, 

if the octahedron of atoms are distorted by an elongation along one of the 

C
3 

axes (Fig.l) the rotational symmetry will be reduced to a trigonal D3 

group. Similarly a distortion along the C4 axes may lead us to a tetragonal 

D4h group; in which case four of the six atoms which form the octahedron 

are now placed at the corner of a square and the remaining two will be 

located above or below this plane of this square. 

As far as the octahedral symmetry levels are concerned the two fold 

degenerate levels split into two nondegenerate levels under the influence 

of additional tetragonal field and the three-fold levels will aplit into 

one nondegenerate and one two fold degenerate level under the influence 

of both tetragonal and trigonal fields. The scheme of splitting of the 0h 

levels under additional field is shown below: 
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A + 1 A1 A + 19 A 19 
A + 2 A2 A + 29 A 19 

E + E E + A19 + B19 9 

T1 + A + E T + A + E 2 19 29 9 
T2 + A + E T 29 + B + E 1 29 9 

Table IX. Splittings of the 0h levels under (a) trigonal (b) tetragonal distortion 

The trigonal and tetragonal fields are of interest for study of the 

rotation of molecules inside a crystal fields. Instead we chose a lower 

symmetry of the 0h group, the tetrahedral Tel group, which result in a 

more stronger distortion of the lattice (octahedron of atoms) than the 

above two. We expected the result for tetragonal and trigonal symmetry 

should lie between those of the 0h and the tetrahedral groups. The confi­

guration of the lattice atoms providing the crystal field and the symmetry 

elements of the Td group are given in sect.I.I. 

Since the lattice atoms are considered to provide the crystal poten­

tial field possessing the symmetry of their configuration, so a reduction 

in symmetry leads us to change the form of the potential function to that 

having the new symmetry. 

Ballhausen[24] has shown that we can take over all the theo~ developed 

for the 0h point group and apply it for the tetrahedral point group. Further­

more, by noting the correspondence between the representations of 0h and Td 

groups, the rotation of diatomic molecules in a crystal field having tetra­

hedral symmetry could be investigated. Therefore, hereafter we followed 

Devonshire's procedure to determine the form of the eigenfunctions and the 

rotational energy levels. 
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4.2 Rotational Wavefunctions and Energy Levels 

We are now concerned in solving the Schrodinger equation (Eq.2.7) of 

a diatomic molecule rotating in a field v(e ,f) possessing tetrahedral 

symmetry. 

1 a ---
sin9 aa 

This equation is invariant under the operations of the Td group. 

Bethe[3] has proved that the only spherical harmonics of degree less 

than four and possessing the required tetrahedral symmetry is 

(4.1 ) 

Hence, we used the simplest form of the potential energy 

2 
v(e,t) ; -K P3 (cos e) sin 2f (4.2) 

which could be written as 

V(e,f) ; - 30K sin 2 e cose sin. COSf (4.3) 

Referred to the axes through the midpoints of opposite sides of the 

fundamental tetrahedron (i.e., a tetrahedron of points of a unit sphere 

where V(e,.) has min values), see Fig.14, the potential has minimum value 

of - ~K at each vertex and has a maximum value ~K at each vertex of the 
YO /3 

conjugate tetrahedron. 
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Fig.14 Fundamental (ABCD) and conjugate (AIB'C'D') tetrahedral with the 

fundamental octahedron of the 0h group. 

Since the Schrodinger equation is invariant under Td operations, its 

solutions i.e., the rotational wavefunctions must belong to the represen-

tations of the Td group; A1 , A2, E, Tl and T2 as given in Sect.I.I, Tab.II. 

For the case of free rotation V(e,$) = 0, the solutions are all 

spherical harmonics of degree £ having energy E = £ (£ + 1) in units of the 

rotational constant B. This degeneracy will be partially removed under the 

influence of the tetrahedral field and the solutions split up as shown in 

Table X. This scheme of splitting of the rotational energy levels under 

tetrahedral field is obtained by employing the method used in Sec.l.3. 
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£ £ 

° A, 7 A,+ E + 2T,+ 2T2 

1 T2 8 A,+ 2E + 2T,+ 2T2 

2 E + T 2 9 A,+ A2+ E + 2T, + 3T2 

3 A,+ T, + T2 10 A,+ A2+ 2E + 2T,+ 3T2 

4 A, + E + T, + T 2 11 A,+ 2E + 3~ + 3T2 

5 E + T, + 2T2 12 2A,+ A2+ 2E + 3T,+ 3T2 

6 A,+ A2+ E + T,+ T2 

Table X. Splitting of levels undet tetrahedral field 

As the solutions of the Schrodinger equation are series of spherical 

harmonics, the different types of linear combinations of these harmonics 

are determined by inspecting the correspondence that exists between the 

representations of the octahedral group and the Td group. For instance, 

since the 0h group has the complete symmetry of the tetrahedral Td group, 

the expansion in splherical harmonics of a wave function which is of a 

type A, of Td group will consists of terms of functions of the type A'9 

and A2u under the operations of the corresponding 0h group. 

The correspondence between the representation of the 0h and Tdrepre­

sentation is listed below: 

Td °h 
A, A '9 and A 2u 

A2 A 'u and A 29 

E E,u and E '9 
T, T '9 and T 2u 
T2 T 'u and T 29 

Table XI. Correspondence between Td and 0h groups. 
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A comparison between the relationships of the symmetry types of T d 

and 0h symmetries with the series of expansion of representation of Oh 

given in Sect.2.1, Tab.VII yields the following types of series of 

expansion of spherical harmonics for the different representations of the 

Td group. 

Td representation Series 

A, aO + 
° 

aO 
2 

po + aO 
2 4 

po 
4 + a4 

4 
p4 
4 cos H+ 

+ b2 
3 p23 sin 2 + b2 2 . 

5 Ps slnH + .•• 

E 

T, 

+ b 2 P 2 sin 2 ~ + b2 p2 sin 2 $ + •. 
2 2 4 4 

Table Xl I. Types of solutions of the Schrodinger equation and their representations 

Once the series of spherical harmonics for a given type of represen-

tation is known, we can compute the rotational energy levels as a function 

of the potential barrier parameter K for aparticular form of the potential 

energy. Unlike the Devonshire potential, the change of the sign of K results 
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only in the interchange of the fundamental and the conjugate tetrahed­

rons[25J. Also the energy levels plotted as function of K will be symmet­

rical about the line K = 0, so we considered only positive values of K in 

calculating the energy values. 

Upon substitution of the eigenfunction and the form of the potential 

energy function Eq.(4.2) in the Schrodinger equation, we need to know the 

expansions of the products 

P: (cos 9 )sin 29 P;( cos 9) cos m ~ 

or P:(cos 9 )sin 29 P;(cos 9) sin m ~ (4.4) 

in terms of spherical harmonics. These product could be simplified by the 

use of the recurrence relations of the associated legendre polynomials. 

Here we shall present only the results obtained which are useful for the 

computations. These are given in series of p:-2 and 

p2 .pm = 15 (i- m+5)(i- m+4)(i- m+3)(t- m+Z)(t- m+1) 
3 i (a+1)(a+3)(a+5) 

_ 15 (t - m +3)(i - m +2) (t - m +1 )(t +m)(t +3m - 2) 

(2£-1)(2H 1)(2U5) 

_ 15 ( t- m + 1 )(Hm)( t +m - 1){ t + m - 2){ t - 3m + 3) 

(21- 3)(2 t+ 1)(2 H3) 

+ 15(Um)(U m -1 )(t+ m -Z)(t+m -3)(U m -4) 

(U- 3)(2£-1)(2£+ 1) 

as follows: 

p m-2 

t +1 

p m-2 
t -1 

pm-2 
t-3 
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p m = _---'-1::-5 --'(.:::.2_---'.m--'.+'--1CJ.)___ p m+2 

2 (22+1){22+3)(22+5) 2+3 

p m+2 + 
2-1 

15(2- 3m - 2 ) 

(22-1){22+ 1){2£+5) 

pm+2 
2+1 

__ 1_5-,-(_2 +_m--')--'--___ p m+2 

(22 - 3){22 - 1){22 + 1) H 

Our equation to be solved could be written as 

sin e 

where 

~ (sine ~) + _1_ a
2

.p + [W+ K P~(cos e )cos 2~]1jJ = 0 
ae ae sin2e a ~2 

W = f 
B 

K 
k = -

B 
and h2 

B ---
8 TI 2 I 

(4.5) 

It was shown in Tab.X how the solution of the Schrodinger equation 

split for a given energy level 2. We then take the series for the diffe­

rent representations and substitute for '~ in Eq.(4.5). Using the recurre-

nce relations, every term is expressed as a sum of spherical harmonics and 

equating the coefficients of each separate harmonics to zero yields a set 

of linear equation. The condition that should be satisfied by these set 

of equations to be consistent gives us an infinite determinantal equation 

for W corresponding to each different type of solution in Tab.XII. An 

approximate solution of this infinite determinant is obtained by taking 

the first few rows and columns and solve the eigenvalues using computer, 

in which we took 9x9 determinant for each series. 
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Since the determinant is arranged as to contain W = E/B along its diago­

nal element, the eigenvalues obtained will be the values of the few low­

lying energy level. 

The computed values W for few arbitrarly chosen values of the field 

strength parameter K are given in Tab.XIII, A plot of the energy levels 

as a function of K/B which enables us to compare the variation of the 

energy values of the levels with respect to the field strength is given 

in Fig.I5. 
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Synvnetry W = EtB 

Species !5 = 0 !5 = 1 !5 = 2 !5 = 3 !5 = 4 !5 = 5 !5 = 6 !5 = 8 K !5 = 15 !5 = 20 B B B B B B B B ii = 10 
B B 

Al 0 -0.7 -2.61 -6.42 -8.69 -12.35 -16.28 -24.59 -33.31 -56.23 -80.09 

T2 2 0.93 -1.57 -5.83 -8.32 -12.07 -16.14 -24.53 -33.29 -56.22 -80.09 

E 6 5.84 5.34 4.13 3.31 1.62 -0.13 -4.82 -10.46 -27.11 -45.87 

T2 6 6.01 5.77 4.52 3.86 1. 65 0.3 -4.54 -10.29 -27.07 -45.86 

Tl 12 11.57 10.42 8.36 6.7 5.3 1.86 -3.72 -9.86 -26.97 -45.83 

Al 12 11.85 11.48 10.9 10.53 10 9.24 7.44 5.01 -4.12 -16.94 

T2 12 12.44 13.37 14.46 14 13.7 12.41 10.06 7.19 -2.98 -16.49 

T2 20 19.78 19.23 19 18.44 18.9 17.51 15.12 11.64 0.61 -12.89 

E 20 19.65 19.23 18.8 17.36 16.60 15.06 12.57 9.75' 0.11 -13.02 

Tl 20 20.19 20.44 20.78 20.57 20.25 19.26 16.58 12.96 1.37 -12.59 

Al 20 20.63 22.22 24.94 26.31 28.35 29.43 29.64 27.67 21.23 14.33 

T2 30 29.71 29.22 29.08 27.5 28.6 25.79 24.2 22.31 16.38 8.99 

Tl 30 29.96 29.85 29.8 26.69 28.9 29.79 29.88 24.41 23.01 12.81 

E 30 29.85 29.61 30.6 28.46 26.9 26.66 24.39 21.88 15.42 18.15 

T2 30 30.28 31.13 33.4 30.8 32.29 35.3 33.3 34.33 27.94 18.15 

Table XI I I Energy values for different K/B values 
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4.3 Comparison Between Calculated and Experimental Data for Heat Capacity 

of Co in Ar Matrix. 

In order to analyze the applicability of the proposed local distortion 

of the symmetry of the crystal field from octahedral to a tetrahedral one, 

we made a comparison bin experimental data[26] and the present calculated 

values. We used the experimental data obtained from heat capacity measure-

ment in the temperature range from D.5K to 10K in Co-Ar crystal system. The 

impurity concentrations considered are 0.07, 0.12 and 0.26 mole %. These 

data show a wide scattering in the temp range 5K-10K and only approximate 

values are taken. 

From the calculated energy spectrum, the corresponding heat capacity 

values for a particular temperature are obtained from the relation 

< E> = 

E· 
- 1 

rE.g.e kT 
1 1 

where the average energy 

and E; is the energy of the ith level of the impurity molecule, g; is its 

degeneracy and n is the impurity concentration in mole %. From the above 

relation, the contribution of the impurity molecule to the heat capacity 

of crystal system, i.e., 6C is calculated for the temperature between 0.5-

10K in step 0.5K using computer for different values of K. 

The results of heat capacity calculations are compiled in Tab.XIV(a)-(f) 

for values of the hindering potential parameter ~ = 1,2,3,4 and 5. The 

rotational constant 2.77°K for Co molecule is used. 
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The temperature dependence of the heat capacity calculated from the 

energy spectrum of tetrahedral field for Co-Ar system under consideration 

for different values of the field strength parameter K are plotted together 

with experimentally obtained values, in Figs.(15)-(18). 
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~ = 1 ; B=2.77K K 
B = 2.77K B B = 2; 

Represen-
E,Jxl0- 23 T(OK) 

IIC Repre- IIC 
E. 9 n n Ei E Jxl0- 23 T("K) 1 tation (Jmole-1K- 1) senta- 9 , 

J mole-1K-1 tion 

EO Al 0 0.5 0.25 Eo Al 0 0.5 

El T2 3 6.18 5.28 El T2 3 2.86 

E2 E 2 24.83 1.5 8.45 E2 E 2 21.88 1.5 

E3 T2 3 25.6 2 7.86 E3 T2 3 23.21 2 

E4 Tl 3 46.87 2.5 6.71 E4 Tl 3 36.09 2.5 

E5 Al 47.94 3 6.08 E5 Al 39.02 3 

E6 T2 3 50.19 3.5 5.93 E6 T2 3 44.26 3.5 

E7 T2 3 78.23 4 6.06 E7 T2 3 60.5 4 

E8 E 2 77.73 4.5 6.31 E8 E 2 60.5 4.5 

E9 Tl 3 79.79 5 6.59 E9 Tl 3 63.84 5 

E10 Al 81.48 5.5 6.8 ElO Al 68.77 5.5 

Ell T2 3 116.1 6 7.1 Ell T2 3 88.16 6 

E12 Tl 3 117.1 6.5 7.3 E12 Tl 3 90.21 6.5 

E13 E 2 116.7 7 7.5 E13 E 2 89.24 7 

7.5 7.6 7.5 

8 7.78 8 

8.5 7.89 8.5 

9 7.99 9 

9.5 8.06 9.5 

10 8.12 10 

Table XIV. (a) _ (f) Calculated excess heat capacity from the tetrahedral field 

spectrum. 

2.58 

8.47 

6.44 

4.17 

2.9 

2.38 

2.37 

2.67 

3.15 

3.72 

4.31 

4.89 

5.43 

5.92 

6.36 

6.74 

7.06 

7.33 

7.55 

7.~2 
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~ = 3 B=2.77K ~ = 4 ; B = 2.77K 
B 

E. 
Represen-

E,Jxl0- 23 1('K) 
6C Repre- 6C 

1 tation 9 n E. E,Jxl0- 23 1("1<) n 
(J mole -I K-l) 1 ~enta- 9 

J moie-l K-l tion 

Eo Al 0 0.5 8.12 Eo Al 0 0.5 6.9 

El T2 3 2.26 5.16 El T2 3 5.4 2.1 

E2 E 2 40.34 1.5 2.46 E2 E 2 175.2 1.5 0.9 

E3 T2 3 41.83 2 1.36 I E3 T2 3 183 2 0.5 

E4 Tl 3 56.51 2.5 0.86 E4 Tl 3 224.7 2.5 0.3 

E5 Al 66.27 3 0.64 E5 Al 280.6 3 0.2 

E6 T2 3 79.84 3.5 0.61 E6 T2 3 331.3 3.5 0.2 

E7 T2 3 97.2 4 0.77 E7 T2 3 395.5 4 0.3 

E8 E 2 96.43 4.5 E8 E 2 380.3 4.5 0.45 

E9 Tl 3 103.3 5 1.81 E9 Tl 3 427.2 5 0.7 

El0 Al 1 120 5.5 2.3 El0 Al 511 5.5 1.04 

Ell T2 3 135.74 6 2.9 Ell T2 3 528.4 6 1.44 

E12 Tl 3 138.5 6.5 3.5 E12 Tl 3 516.6 6.5 1.9 

E13 E 2 141.5 7 3.87 E13 E 2 542.4 7 2.4 

7.5 4.07 7.5 3 

8 4.6 8 3.5 

8.5 5.2 8.5 4.07 

9 5.7 9 4.6 

9.5 6.2 9.5 5.2 

10 6.7 10 5.7 

Table XIV (c) Table XIV (d) 
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K 
ii = 5 B = 2.77K K 

ii = 2 B = 1.5K 

Represen-
E,Jxl0- 23 bC Repre- bC 

E. 9 WK) n E. E,Jxl0- 23 T('1<) I tat i on (J mole- 1K- 1) I senta- 9 n 
-1 -1 tion J mole K 

Eo Al 0 0.5 4.6 Eo Al 0 0.5 8.23 

El T2 3 1.06 1.18 El T2 3 1.55 4.8 

E2 E 2 53.3 1.5 0.49 E2 E 2 11.92 1.5 2.66 

E3 T2 3 53.48 2 0.26 E3 T2 3 12.57 2 2.4 

E4 Tl 3 67.42 2.5 0.16 E4 Tl 3 19.54 2.5 3.2 

E5 Al 85.37 3 0.11 E5 Al 21.13 3 4.26 

E6 T2 3 99.5 3.5 0.1 E6 T2 3 23.97 3.5 5.3 

E7 T2 3 119.3 4 0.13 E7 T2 3 32.75 4 6.3 

E8 E 2 110.6 4.5 0.21 E8 E 2 32.75 4.5 7.1 

E9 Tl 3 124.5 5 0.34 E9 Tl 3 34.57 5 7.7 

E10 Al 155.4 5.5 0.55 E10 Al 37.24 5.5 8.2 

Ell T2 3 156.4 6 0.81 Ell T2 3 47.74 6 8.6 

E12 Tl 3 157.5 6.5 1.1 E12 Tl 3 48.8 6.5 9 

E13 E 2 150 7 1.5 E13 E 2 48.32 7 9.1 

7.5 1.92 7.5 9.17 

8 2.37 8 9.19 

8.5 2.83 8.5 9.15 

9 3.32 9 9.05 

9.5 3.81 9.5 8.9 

10 4.3 10 8.7 

Table XIV (e) Table XIV (f) 
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Results of Comparison 

The DMM model gives a good interpretation for experimental heat 

capactiy measurement by arbitrarly varying the two adjustable parameters 

of the theory the potential barrier parameter K/K and the effective 

rotational constant B/B[13]. Unlike the DMM model, the results of calcu­

lation using tetrahedral field spectrum showed that a definite value of 

the potential barrier K could be known for a given system in order to 

explain the hindered rotation of molecules in inert gas in the whole 

temperature range under consideration. 

In our case a good qualitative agreement between the experimental 

and calculated curves is obtained for the barrier parameter ~ = 2 (Fig.18). 

Peak values of excess heat capacity observed experimentally for the diffe­

rent concentration around O.7K is also predicted by our calculation at 

O.5K. Minimum heat capacity contribution by the impurities in both experi­

mental and our calculation lies in the same temperature range 1.5K- 3K. 

For the values of the barrier parameter ~ < 2, the obtained depen­

dence could not explain experimental results, but rather they are closer 

to the free rotor spectrum which gives high heat capacity anomalies in 

the range iK-2K; as an illustration the result for ~ =1 is given in Fig.16. 

Higher values of the potential barrier K/B, i.e., for more stronger 

field, the computed heat capacity values have no agreement with the experi­

mental data as shown in Fig.19(a). Eventhough the heat capacity dependence 

for these higher values of K/B does not describe the experimental investi­

gations, their'pattern exhibit that the heat capacity anomalies are 
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observed to shift towards the lower temperature range and give much lower 

heat capacity values as the field strength increase. (See Fig.19(b)). 

Such situation is to be expected since when the field strength increases, 

as a result of the tetrahedral symmetry spectrum, the ground state (A,) 

and the first excited state (T 2 ) are closer and hence their contribution 

to heat capacity of the matrix is considerable at very low temperature, 

T < O.5K. ·At the same time the spacing between the first excited level 

and higher excited levels increases with the increase of the barrier 

parameter K/B and their contribution to heat capacity is very little. So 

in general we obtain very low heat capacity values (Fig.20). This is also 

evident from the point of view that when the spacing or energy gap between 

the excited levels increase the probability of the higher states to be 

occupied by the impurity molecules will be very small and their contri­

bution to the heat capacity due to rotational excitation will be minimum. 

The higher excited levels occupation is more probable when the temperature 

increase sufficiently and enable the molecules to gain enough energy kT 

necessary to overcome the energy gap to be excited to higher levels. 

Furthermore, as a consequence of the lowering of the local crystal 

field symmetry to a tetrahedral, we did not obtain highly degenerate 

levels in the lowest energy region, as is the case in DMM model. [Compare 

A, + T2 and A,g+ T,u+ T2g levels in Figs.15 and 5 respectively]. Some 

studies propose that DMM model weakness i.e. its perdiction of a very 

high anomaly for T < 2K could be improved if additional splittings of 

the lowest T,u level is considered which could be attributed to lattice 

deformation in the vicinity of the impurity molecules. But instead of 

dealing on further splittings of one or two levels it is more reasonable to 
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assume the lattice distortion to lower the symmetry of the local crystal 

field, as in our case, in which not only the splitting of T
lu 

is achieved 

but also other levels giving comparatively better results for heat capa­

city anomalies. 

Our calculated heat capacity results for T > 5K should have approached 

the theoretically predicted rotational heat capacity value Crot =8.3IJ but 

we obtained a bit higher value 9.IJ (see Fig.I8). 

A considerable quantitative agreement between experimental and 

calculated value could be obtained if interactions between the lattice 

atoms and the rotating molecule is taken into account. For instnace when 

the rotational constant of Co molecule B = 2.77°K is reduced to B = I.5K 

(Fig.I8), a much better agreement is achieved. 
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CHAPTER V 

CONCLUSION 

There are large number of works devoted to understand the rotation 

of impurity molecules dynamics and spectrum in a crystal field since the 

first mathematical description of the problem was formulated by L. Pauling 

(1930). A general model that explain the hindered rotation for wide range 

of energies and rotational quantum numbers does not yet exist. 

The solutions of the Schrodinger equation for diatomic molecules 

rotating in an octahedral symmetry crystal field (a more accurate repre­

sentation of the field in solids), the Devonshire model, which gives the 

rotational energies as a function of the field strength is reviewed. 

Though this model is unsuccessful in interpreting experimental results 

of heat capacity and thermal expansion measurements in inert gas matrices 

at low temperatures [0.5 - 12K] taking into account the crystal lattice 

to be rigid, the idea of using the principles of group theory in order to 

simplify the complication of solving the Schrodinger equation is found to 

be relevant. 

The modified Devonshire model, DMM model, which takes into account 

the interaction between the rotational motion of impurity molecules and 

lattice vibrations, retaining the octahedral symmetry of the local crystal 

field, by renormalizing the rotational constant of the molecule and the 

magnitude of the crystal field is discussed in Chapter 3. This model 

suggests that a rotating impurity molecule' always finds itself trapped 

in a pseudorotating cage. According to the two effects of this synchronously 
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rotating cage considered in DMM model, i.e., minimization of the molecule­

crystal interaction potential and an increase in effective moment of iner­

tia. The model employes two adjustable parameters; the reduced barrier 

and rotational constants for describing experimental heat capacity and 

thermal expansion observations at low temperatures in inert gas matrices 

with diatomic molecules as impurities. Though it describes the experimental 

results better than the Devonshire model, it was suggested that appreciable 

agreement both qualitatively and quantitatively could be achieved by consi­

dering the splitting of the low lying energy levels. But on the other hand 

the splitting of the low-lying levels gives an indication for the distor­

tion of the octahedral symmetry to a lower summetry since these levels are 

more sensitive to change symmetry of the crystal field than the higher 

levels (compare Fig.15 and Fig.5). 

Furthermore, taking into account the evidences in literature for the 

possibility of the distortion of the symmetry of the local crystal field 

around the impurity, we proposed to investigate the rotation of diatomic 

molecules in a crystal field with symmetry lower than octahedral, the 

tetrahedral symmetry. To this end our work is brouhgt into line with that 

of the procedure employed by Devonshire by noticing the connection between 

the tetrahedral Td and octahedral Oh point groups. Using the calculated 

energy spectrum for a diatomic molecule in tetrahedral crystal field, 

numerical calculations of heat capacity for Co-Ar system is done for 

some value of the crystal field strength in the range of temperature from 

o.5K - 10K. 

It was found that experimental data for small concentrations (~ 0.26 

mole %) of Co in Ar can be described qualitatively in the temperature 



78 

range 0.5 - 10K. A quantitative agreement could be reached for the whole 

temperature ranged considered only when lattice interaction is considered. 

We also obtained the parameters which characterize the hindered rotation 

of Co molecule in solid Ar matrix. As a result, the rotation of the 

molecule in tetrahedral field (RIB = 1:33 BIB = LBM is found more freer 

than in octahedral symmetry (RIB = aD;, BIB = 2.5) \ 

Another important result achieved is that only two levels with low 

energy (A 1 + T2 ) are obtained in contrast to the three levels (A 1g+ T1u + 

T 29) for octahedral symmetry. This enables us to obtain a decrease in the 

occumpation of energy levels at lower temperatures and consequently a heat 

capacity peak comparable to experimental values in the low temperature 

region (T < lK) is achieved. But in the case of the three level system of 

octahedral symmetry field, it predicts a rather high heat capacity anoma­

lies quite different from experimental values. 

So our proposition, the reduction of the symmetry of the local crystal 

field in which the diatomic molecule rotates to a tetrahedral one, is a 

good alternative for modifying DMM model. But for quantitative description 

of experimental results, it is quite necessary to study the effects of 

interaction between the rotation of the molecule and the relaxations of 

the surrounding host atoms. 
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