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Abstract

In this project paper we investigated solution for interior Dirichlet problem as main
parts. First, we showed uniqueness and continuity of Dirichlet problem in bounded region
using maximum and minimum principle. Next, we transform the Laplace equation in two
dimensional Cartesian coordinate to Laplace equation in two dimensional polar coordinate.
Finally, the Dirichlet problem in bounded domain using separation of variable and Fourier
series by appealing to annular region, rectangular region, heat equation and potential theory

were discussed.
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Introduction

The Dirichlet problem is named after Peter Gustav Lejeune Dirichlet, who proposed a solu-
tion by a variation method which becomes known as Dirichlet principle. The existence of a
unique solution is very plausible by the 'physical argument’: any charge distribution on the

boundary should, by the laws of electrostatics, determine an electrical potential as solution.

However, Karl Weierstass found a flaw in Dirichlet’s argument, and a rigorous proof of
existence was found only in 1900 by David Hilbert. It turns out that the existence of

solution depends delicately on the smoothness of the boundary and the prescribed data.

The Dirichlet problem turned out to be fundamental in many areas of mathematics and
physics, and the efforts to solve this problem led directly to many revolutionary ideas in
mathematics. In mathematics, a Dirichlet problem is a problem of finding a function which
solves a specified partial differential equation (PDE) in the interior of a given region that

takes prescribed values on the boundary of the region.

The Dirichlet problem can be solved for many PDEs, although originally it was posed
for Laplace’s equation and the problem can be stated as follows:
Given a domain Q C R™ and a function f : 00 — R, the Dirichlet problem is to find a

function u satisfying

Au=0 1in Q
u=f on ON.

For a simple version of Dirichlet problem, we consider the following more general form of
the problem. Let Q2 be a region with boundary 02 , and let f be a real continuous function
defined on 02 . The problem of Dirichlet consists in finding a function u satisfying following

conditions:
1. w is continuous in 2 U 0f).

2. w is harmonic in €.

3. u= f on 0N



This requirement is called the Dirichlet boundary condition. The main issue is to

prove the existence of a solution; uniqueness can be proved using the maximum principle.

The purpose of this project paper is to show how to solve and solution to interior Dirich-

let problem in bounded region for annular, rectangular, heat equation and potential theory.

The content of this project paper is organized as follows: In introduction, we visited about
overview of the Dirichlet problem in bounded region. In chapter one, we confirmed the
uniqueness and continuity, and the maximum and minimum principle. In chapter two, we
discuss on the Fourier series and method of separation of variables. Finally, in chapter

three, the Dirichlet problem in bounded region were discussed.

vi



Chapter 1

Harmonic function and The Maximum Principle

1.1 Harmonic Function

Definition (Harmonic functions): Let Q2 C C be a domain. A function v : Q — R is

harmonic if it is twice continuously differentiable on €2, and
Uzz + Uyy =0

Note:

e The first condition implies that the partial derivatives ug, Uy, Ugs, Uzy, Uyz, Uy, €Xist

and are continuous on ).

e The second-order partial differential equation defining the condition on u is called

the Laplace condition. It can also be written
Au =0

where A stands for the set of partial derivatives above.

1.2 Boundary Value Problem

A boundary-value problem is finding a function which satisfies a given partial differential
equation and particular boundary conditions. There are three basic types of boundary

conditions that are usually associated with Laplaces equation. They are

Dirichlet Boundary Value Problem (BVP) : If the boundary condition (BC) are
of Dirichlet type i.e., if the solution u(z,y) to Laplace equation in a domain 2 is specified

on the boundary 012 i.e.,
u(z,y) = f(z,y) on 09,

1



where f(x,y) is a given function. The Laplace equation together with Dirichlet bound-
ary condition (BC)are called Dirichlet problem/Dirichlet boundary value problem
(BVP). The Dirichlet problem for the Laplace equation is of the form

Au(z,y) = 0in Q; u(z,y) = f(z,y) on 0.

Neumann Boundary Value Problem (BVP) :The BC are of Neumann type if the

directional derivative g—z along the outward normal to the boundary is specified on 0 i.e.,

ou

5 (@.y) = g(x.y) for (v,y) €00,

In physical terms, the normal component of the solution gradient is known on the bound-
ary. The Laplace equation together with Neumann BC are called the Neumann BVP/

Neumann problem which is written as

Mu=0in Q 94ay) = glr.y) for (r.y) € 0.

The Neumann problem will have no solution unless we assume that the average value of

the function g on 052 is zero. This assumption is known as the compatibility condition

Lo
aq On o0 '

Robin’s Boundary Value Problem (BVP): The boundary conditions are called Robins
type or mixed type if Dirichlet BC are specified on part of the boundary 02 and Neumann
type BC are specified on the remaining part of the boundary 0€2. For example,

a_n+c<u_g>zo7

where ¢ is a constant and g is a given function that can vary over the boundary. The
Laplace equation together with the Rabins/Mixed BC known as Rabins BVP / Mixed
BVP.



1.3 Maximum and Minimum Principles

Before we prove the uniqueness and continuity theorems for the interior Dirichlet problem

for Laplace equation, we first prove the maximum and minimum principles.

Theorem 1.3.1. (The Maximum Principle) Let Q2 C R? be a smooth domain with a
boundary 0. Let Q = QU OS). Let u satisfy

Ugg + Uyy = 0 in (1.3.1)

and let u be continuous on Q. Then u attains its mazimum on the boundary OS2 of €.

Proof. Let

M= max {u(z,y)} = maz {u(z,y) : (v,y) € 0

Let us suppose that the maximum of u on Q is not attained on 9. Let P = (x,,y,) €
Q((xo,yo) ¢ 0) such that u attains its maximum at P. Let My = u(x,,y,). Then My > M.

Define
My— M

(@ w)’ -t () en

v(z,y) = u(z,y) +

and R is the radius of a circle with center at (x¢,yo) and containing . Notice v(zg,yo) =

u(zo, yo) = Mp. On 0L, we have

My — M
v(x,y)§M+0T<Mo

Now v attains its maximum in Q (since v(zg, yo) = My and v(z,y) < My on 0f2), say at

Q(x1,91). So
Vgg + Vyy <0 at Q) (1.3.2)

But on Q
My — M

>0 (1.3.3)

Vpz + Vyy =

Now (1.3.2) and (1.3.3) leads to a contradiction (at (). Thus, u attains its maximum on 0.



Remarks: If u in Theorem 1.3.1 is not constant, we actually have proved that the maxi-

mum of u on () is attained at point in €.

Theorem 1.3.2.(The Minimum Principle): If u(x,y) is harmonic in a bounded do-

main Q and continuous in Q = QUISY, then u attains its minimum on the boundary 0 of ).

Proof. The proof follows directly by applying the preceding theorem to the harmonic
function —u(x,y).
As a result of the above theorems, we see that u = constant which is evidently harmonic

attains the same value in the domain €2 as on the boundary 0f2.

1.4 Uniqueness and Continuity Theorems

Theorem 1.4.1. (Uniqueness Theorem): The solution u (if exists) of the Dirichlet
problem,namely,

Au = 01in and u = fondf2

1S UNLQUE.
Proof. Let u;(z,y) and us(z,y) be two solutions of the Dirichlet problem. Then wu; and

Uy satisfy

Au; =0, Auy=01in Q,
up = f, us = fondfd.

Since u; and ug are harmonic in , (u; — ug) is also harmonic in Q. But

u; — ugy = 0 on 0N,

The maximum-minimum principle gives

ul—u2:0



at all interior points of €2. Thus, we have

U1 = U2

Therefore, the solution is unique.

Example 1.4.1: Let D = (z,y)eR?: 22 +3* <1 = (r,0) : 0 < 6 < 2w. Consider the
Dirichlet problem
Au = 01n 2

u(1,0) = cosf —sinfh, 0<6 <27

Consider u(x,y) = z —y. Obviously Au = 0. On the boundary = = cosf and y = sinf
and hence u(x,y) = —y = cosf —sinf on 9. Thus, u(x,y) = x — y is a solution of the
Dirichlet problem. By uniqueness theorem, u(z,y) = = — y is the unique solution of the

given problem.

Theorem 1.4.2.(Continuity Theorem):  The solution of the Dirichlet problem de-

pends continuously on the boundary data.

Proof. Let u; and us be the solutions of

Auy =0 in(,
up = f1 on 09,
and
Aus =0 in €,
us = fo  on 09,
If v = u; — uo, then v satisfies
Av=0 1inf(),



v=f1—fo ondf.

By maximum and minimum principles, f; — fo attains the maximum and minimum of v

on 0N . Thus, if |f; — f2| < &, then
—& < Umin < Umaz < € on 0.
Thus, at any interior point in €2, we have
—€ < Upiin LU < Uppae < €.

Therefore, |v| < € in Q. Hence,

lup — us| < €.

Theorem 1.4.3: Let {u,} be a sequence of functions harmonic in Q and continuous in
Q. Let f; be the values of u; on 0. If a sequence u,, converges uniformly on OS2, then it

converges uniformly in €.

Proof: By hypothesis, {f,} converges uniformly on 0€2. Thus, for € > 0, there exists

an integer N such that everywhere on 0f)
|fo — fm| <&, forn, m > N.
It follows from the continuity theorem that for all n, m > N
[, — um| < e

in 2, and hence, the theorem is proved.

1.5 Laplace in Polar Coordinates

The Laplace’s equation in two dimensional Cartesian coordinate is given by

Ugg + Uyy = 0

If the boundary of the region is a circle, then we must use polar coordinate (r,6) . Let us

find the equivalent Laplace’s equation in polar coordinates.

u(z,y) — u(r,0)

6



The first issue we face is that we do not know what the Laplacian is in polar coordinates.

Normally we would find u,, and u,, in terms of the derivatives in 7 and 6. We would need
to solve for r and 6 in terms of x and y. While this is certainly possible, it happens to be
more convenient to work in reverse. Let us instead compute derivatives in 7 and € in terms

of derivatives in x and y and then solve. First
T, =cosl, rg = —rsinb, y, = sinf, yp = rcosb.

Next by chain rule we obtain
Uy = Uyt + Uyt = cos(0)u, + sin(f)u,,

Upp = €OS(0) (Ugz Ty + Ugy Yy ) + 8I0(0) (Uyp®r + Uyyyy)
= c08%(0) Uy + 2 cos(0) sin(0)uy, + sin®(0)u,,.

Similarly for the 6 derivative. Note that we have to use product rule for the second deriva-
tive.

Up = UyTy + UyYp = —rsin(0)u, + r cos(f)uy,

ugg = —1cos(8)(ugzo + Usyyp) — 7sIN(0) Uy + 17 cos(0) (UyeTy + UyyYo)

= —rcos(0)u, — rsin(f)u, + r?sin®(0)ug, — r*2sin(0)ug, + r* cos®(0)uy,.

Let us now try to solve for u,, + u,,. We start with r%u(;g to get rid of those pesky r2. If

we add u,, and use the fact that cos?(f) + sin*(6) = 1, we get
1

1 :
5 Uoo + Upp = Ugy + Uy — . cos(0)u, — . sin(6)uw,,.



But all we are lacking is %ur. Adding it we obtain the Laplacian in polar coordinates:
1 1
—Ugp + ;ur + Upp = Ugy + Uyy = Au. (1.5.2)
’

Therefore,

1 1
Uy + Uy =0 <= Upp + 2u, + 5ugg = 0

(In Cartesian Coordinate) (In Polar Coordinate)



Chapter 2

Fourier Series and Method of Separation of variables

2.1 Fourier Series

Fourier series is a very powerful tool in connection with various problems involving partial

differential equations.

The functions

1, cosz, sinx, ..., cos2x, sin2x, ...

are mutually orthogonal to each other in the interval [—m, 7| and are linearly independent.
Thus, we formally associate a trigonometric series with any piece wise continuous periodic

function f(z) of period 27 and write

flx) = ag+ Z(ancosnaﬁ + by sinnx)

n=1

= ag+ a1cosT + ascos2x + azcos3x + ... + bysinx + bycos2x + bzcosdxb + ...
Definition 2.1.1: Function f is a periodic function if there is an a > 0 such that
flx+a)= f(z), VzeR. (2.1.1)

If this is the case a is called a period for f . Note that the period is not unique, but if there

is a smallest such a, it is called the prime period of f .

Let f be a function of period 27. We would like to get an expansion for f of the form

1

fz) = 500 + Z [a,, cos(nx) + b, sin(nz)], (2.1.2)

n=1

where the a,, and b,, are constants. Remember that sin(nz) and cos(nzx) are periodic with

period 27.



If we integrate (2.1.2) term-by-term, we get

™

/_: f(z)dx = %ao /: dx + ni {an /:r cos(nx)dx + by, /_7r Sin(nx)d:cl _ (2.1.3)

=1

Since

—T

/ dx = 2m, / cos(nzx)dz =0, / sin(nz)dz = 0, (2.1.4)
solving for ag gives

ap = %/_ﬂ f(z)dx. (2.1.5)

Lemma 2.1.1 Let n,m € N. We then have the following equalities:

/ sin(ma) cos(nx)dz = 0, (2.1.6)
/ sin(mz) sin(nz)dx = T, (2.1.7)
/ cos(max) cos(nx)dr = Toym, (2.1.8)

where ¢, is the Kronecker delta defined by

Proof. Equation (2.1.6) is trivial as sin(mz)cos(nz) is odd. For equation (2.1.7) we

compute, for n # m,

/7r [—cos {(m +n)x} + cos {(m — n)x}|dx

—Tr

/ " sin(ma) sin(na)ds =

—Tr
s

{— sin {(m +n)z} N sin{(m —n)z}
m-+n m-—-n -

S NI~ N

(2.1.9)

10



If n = m we have

/ " sin(ng) sin(na)dz = / ' {%S(z”x)} da

—T —T

=

1
2 2n
. (2.1.10)

Similar computations yield equation (2.1.8).
Thus, to find a, and b,, multiplying both sides of equation (2.1.2) by cos(mz) and inte-

grating term-wise gives

i 1 s e s
f(x)cos(mzx)dxr = 500 / cos(mx)dx + Z an / cos(nzx) cos(mx)dx
-7 —m n—1 —m

+ an/ sin(nx) cos(mz)dz. (2.1.11)
n=1 T

The first term on the right-hand side is trivially zero for m # 0. Using Lemma 2.1.1 for

the remaining terms give

T o0

f(z)cos(mz)dx = Zanwénm
- n=1
= Tap (2.1.12)
and hence
1 ™
Uy = —/ f(z) cos(mzx)dx (2.1.13)
™ —T

Note that this also holds for m = 0 (which is the reason for the factor of 1/2).

Multiplying equation (2.1.2) by sin(mx) and integrating term-wise, we similarly obtain

by, = % ' f(z)sin(mzx)dx (2.1.14)

Definition 2.1.2: Suppose f is such that

an = %/j f(z)cos(nz)dz, b, =— /7T f(z) sin(nz)dz (2.1.15)

—Tr



exists. Then we shall write

f(z) ~ %ao + Z [ay, cos(nz) + by, sin(nz)], (2.1.16)

and call the series on the right-hand side the Fourier series for f , whether or not it

converges to f . The constants a, and b, are called the Fourier coefficients of f.

2.2 Superposition Principle

A linear PDE can be written in the form
Lu] = f, (2.2.1)

where L[u] denotes a linear combination of u and some of its partial derivatives, with co-

efficients which are given functions of the independent variables.

Definition: (Superposition principle): Let u; be a solution of the linear PDE
Llu] = fi

and let uy be a solution of the linear PDE

Then, for any constants ¢; and co, ciu; + cous is a solution of

Liu] = c1f1 + ca fo.
That is,

L[clul + C2u2] = lel + CQfQ. (222)

In particular, when f; = 0 and f; = 0, implies that if u;and uy are solutions of the homo-

geneous linear PDE L[u] = 0, then cju; + cous will also be a solution of L{u] = 0.

12



Remark: Note that the principle of superposition is not valid for nonlinear partial differ-

ential equations.

2.3 Method of Separation of variables

In this section we discuss the application of the method of separation of variables in the
solution of PDEs. In developing a solution to a partial differential equation by separation
of variables, one assumes that it is possible to separate the contributions of the independent
variables into separate functions that each involve only one independent variable. Thus,

the method consists of the following steps

1. Factorize the (unknown) dependent variable of the PDE into a product of functions,
each of the factors being a function of one independent variable. That is, u(x,y) =

X (@)Y ().
2. Substitute into the PDE, and divide the resulting equation by X (z)Y (y).
3. Then the problem turns into a set of separated ODEs one for X (z) and one for Y (y).

4. The general solution of the ODEs is found, and boundary initial conditions are im-

posed.

5. u(z,y) is formed by multiplying together X (z) and Y (y)

13



Chapter 3

The Dirichlet Problem in Bounded Region

3.1 Dirichlet Problem and Principle

The Dirichlet problem for Laplaces equation on 2 C R™ consists of finding a function «

which satisfies the following conditions

Au(z) =0, x¢€Q;
u(z) = g(x), x €N (3.1.1).

The inhomogeneous Laplace equation is known as Poissons equation. The Dirichlet problem
for Poissons equation is to find a function v € C?(Q), such that for a given function,

f € C%9Q), the following conditions hold

Au(z) = f(x), =€
u(x) =0 x € 0N (3.1.2).

Note that by adding a solution of the Dirichlet problem for the Laplace equation on the

same set one gets a solution for an inhomogeneous continuous boundary condition.

The problem (3.1.1) can be considered as a minimization problem according to the fol-

lowing principle.

The Dirichlet principle: Let
S ={weC*Q), w=g on N}

and let
1
I(w) = -/ V| dz.
2 Ja

14



A function u € S is a solution to the Dirichlet problem for Laplaces equation on Q, (3.1.1),
if and only if
I(u) = min I (w).

weS

Proof: Suppose u is a solution of (3.1.1). Then for any w € S,
0 = / Au(u — w)dx
Q

= —/ |Vu|2d:v—|—/Vqudx
Q Q

1
< —/\Vuﬁdx—l——/ (IVul* + |Vw|?) dz
0 2 Ja

1 1
= ——/ |Vu|2dx+—/ V| d.
2 Q 2 Q

/|Vu|2d:p§/|Vw|2dx,
0 Q

I(u) = min I(w).

weS

Therefore

and since w € S was arbitrary

Next suppose that w € S minimizes I. Let v € C? be such that v = 0 for x € Q. Then
u+ ev € S for all €. Define
J(e) = I(u + ev).

Since u minimizes I, J must have minimum for e = 0. Now
J(e) = / (]Vu]2 + 2eVuVu + GQ\VU|2) dx,
Q

implies

J'(e) = / VuVv + 2¢| Vol d,
Q

so that
ou

J(0) = — /Q (Auods + /8 Gevdola) = - /Q (Au)ds

15



Now J'(0) = 0 implies
0= /(Au)vdaz,
Q

for all v € C?(Q2) such that v = 0 for x € 99, thus Au = 0.

3.2 The Dirichlet Problem for the Annuli

We formulate the Dirichlet problem for the annulus in polar coordinates as follows:

1 1
PDE: uy + —uy + —ugg = 0, 71 <71 <712, (3.2.1)
T T

BC = u(ry, 0) = f(0), f(6 +2m) = f(6),
u(ry, ) = g(0), g(6 + 2m) = g(0),
PC : u(r,0+2m) = u(r,0), ri <r <y,

Y

where —oco < # < oo and PC stands for "periodically condition”. Here, f and g are

continuous periodic function with period 27 .

Using separation of variables, we seek solutions of the form
u(r,0) = R(r)T(0).

Substituting this into the PDE in (3.2.1) and separating variables, we obtain

/1 1

R'("TO) +r'RT®) +r2R(r)T"(6) =0
— TQRH(%J)TR,(T) - —% —c=+*(b > 0).
This leads to the two ODEs
T"(0) + ¢T'(0) = 0, (3.2.2)
r*R"(r) + 7R (r) — cR(r) = 0. (3.2.3)

16



Note that we get periodic solutions of period 27 , when b = n and ¢ = +b*> = n? , for n =

0,1,2,... In this case, solving (3.2.2) we obtain
T.(0) = a,cosnb + b, sinnf, n=0,1,2, ... (3.2.4)

where a,, and b, are arbitrary constants. With ¢ = n? | equation (3.2.3) for R(r) is the

Cauchy-Euler equation

R +rR (r) —n®R(r) =0 (3.2.5)
This equation can be solved by taking R(r) = r™. Substituting this into the (3.2.5), we
get

or

= 1" 1s a solution if m = +n.

For n > 1, the general solution is

(1) cr™ +d,r™™, forn=1,2,3, ...,
n\T") =
Co + dolog(r), forn=0.

Putting together the expressions for T,,(6) and u,(r, ), we obtain
Uo(r,0) = a, + a,log(r), (3.2.6)

Un(r,0) = (apr™ + apr™") cos(nd) + (b,r™ + Bur ") sin(nd), n > 1. (3.2.7)

By the superposition principle, we obtain a more general solution of (3.2.3) as

u(r,0) = u(r,0) + > un(r,0) (3.2.8)

17



Suppose that f(#) and g(#) have Fourier series of the form

A < :
f(o) = > + ngl A, cosnb + B, sinnd, (3.2.9)
(6)—%+ ;O C,, cosnf + D, sinnd (3.2.10)
g\v) = 9 2 n n -4

Comparing Fourier coefficients in the equations u(re,0) = f(6) and u(ry,0) = g(0), we

obtain
A, C,
a, + a,log(ry) = 5 a, + a,log(r) = > (3.2.11)
anry + oy = Any apr + oy = G, (3.2.12)
bary + Bury™ = By burt + Bury " = Dy, n=1,2,3, ... (3.2.13)

Solving for a, ,q, from (3.2.11), a, ,a, from (3.2.12) and b,, ,5, from (3.2.13), we obtain

. %Co log ry — %Ao log 7“17 a, = M (3.2.14)
log Q log @
. Anr;n _ Cfnrgn7 a, = Cnrg - Anrfn’ (3215)
Qn _ Q*n Qn - an
y, — D = Dary” g, = Dnrs = Buri (3.2.16)

where ) = 15/ . This provides us with the constants a,, b,, ¢,, d, in terms of the given

Fourier coefficients A,,, B,,, Cy,, D,, of f(0) and ¢(0) .
Thus, the solution of (3.2.1), where f(#) and ¢(#) are given by (3.2.9)-(3.2.10), is
u(r,8) = a, + o, logr + Z {[anr™ + cr "] cosnf + [b,r™ + Br "] sinnd} (3.2.17)

n=1

where a,,, ay, by, B, are defined by (3.2.15)-(3.2.16).

18



Example 3.2.1: Solve the following Dirichlet problem

Uy + =+ 22 g, 1<r<?2
roor

u(1,0) =1+ 4cos(20),

u(2,0) =2+ 5sin(f),

u(r,0 4 2m) = u(r,0), l<r<2.

Solution: Using the formulas (3.2.17) with A, =2, C, = 4, Ay =4, C; =5 and all other
A,, B, C,, and D,, equal to 0. Note that @ = ry/r; = 2.

Equating the Fourier coefficients in the BC with those of u(r, ) in (3.2.17), using r; = land
ro = 2, we obtain

ao + aplog(l) =1, a,+ a,log(2) = 2,
1
by + 61 =0, 2514'551:5,
as +as =4, 2%ay 4+ 27205 = 0.
Solving (3.2.14) for ag and ayp, (3.2.15) for b; and 5; and (3.2.16) for as and aq, we obtain

1

= @) by =10/3, [B1=-10/3, ay=—4/15, «ay=64/15

a, =1, a,

All other systems in (3.2.14)-(3.2.16) have solutions zero. The solution of (3.2.17) is then

log(r) 10r 10071\ | —4r?  64r—2
0)=1 —_— = 0 20).
u(r,6) T og(2) +( 3 3 ) snlO) + {5+ 5 ) cos(20)
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3.3 The Dirichlet Problem for the Disk

The Dirichlet problem in a disk of radius r, and center at (0,0) can be expressed as

PDE: wp+—+"%_0, 0<r<r, —7<6<7  (33.1)
T T

BC': u(ro,,0) = f(0), —m<6<m,

where f(0) is a given periodic, continuous function of period 27 (f(6 + 27) = f(0)). To

solve the above problem, we use the method of separation of variables.

Step 1: (Writing the ODEs): Seek solutions of the form
u(r, ) = R(r)T(0),

where 0 < r < r, and —7 < r < 7. Substituting (3.3.1) and separating variable yield

11

R'(r)T(0) + 7R (r)T(0) + r2R(r)T" (§) = 0.

r?R'(r) +rR (r) B " (6) B
= Rn  Tme "

Which leads to the following two ODEs:

T"(0) + kT(6) = 0, (3.3.2)
r*R"(r) 4+ rR (r) — kR(r) = 0. (3.3.3)

Step 2. (Solving the ODEs):

Case (a): When k < 0, the general solution to (3.3.2) is the sum of two exponentials.
Hence we have only trivial 27-periodic solutions.

Case (b) : When k = 0, we find that T'(0) = Af+ B is the solution to (3.3.2). This linear
function is periodic only when A = 0, that is, 75(0) = B is the only 27-periodic solution

corresponding to k = 0.
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Case (c): When k > 0, the general solution to (3.3.2) is
T(0) = Acos (@9) + Bsin(VED).

In this case we get a nontrivial 27-periodic solution only when vk = n, n = 1,2,3, ...

.Hence, we obtain the nontrivial 2m-periodic solutions
T,.(0) = A, cos(nf) + B, sin(nd) (3.3.4)

corresponding to Vk =n, n=1,2,3, ...
Now for k =n? n=0,1,2,..., equation (3.3.3) is the Cauchy-Euler equation

r*R"(r) + rR (r) — n*R(r) = 0. (3.3.5)

When n = 0, the general solution is
R,(r)=C+ Dlnr.

Since Inr — oo as  — 07 this solution is unbounded near » = 0 when D # 0. Therefore,
we must choose D = 0 if u(r, ) is to be continuous at » = 0. We now have R,(r) = C and

50 uo(r,0) = Ro(r)T,(0) = C'B. For convenience, we write u,(r, ) in the form
Uo(r, 0) = %, (3.3.6)
where A, is an arbitrary constant.
When k =n?, n=1,2, ... the general solution of (3.3.3) is given by
R, (r) = Cuyr" 4+ Dpr™".
Since ™" — oo as r — 07, we must set D,, = 0 in order to be bounded at » = 0. Thus

R,(r) = Cyr"
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Now for each n = 1,2, ... ; we have the solutions
u(r,0) = R, (r)T,(0) = Cpr" [A, cos(nf) + B, sin(nh)].
By superposition principle, we write

u(r,0) = Ao +i0 r" [Ancos(nd) + Bysin(nf)] .

n=1

This series may be written in the equivalent form

u(r,0) = =2 + Z (%) [A,, cos(nd) + By, sin(nd)], (3.3.7)

n=1

where the A,,’s and b,,’s are constants. These constants can be determined from the bound-

ary condition. With r = r, in (3.3.7), we have

A (o9}
=5 + ; [A,, cos(nf) + By, sin(nd)] .

Since f(0) is 2m-periodic, we recognize that A,, B, are Fourier coefficients. Thus
1 ™
= —/ f(0)cos(nd)dd, n=0,1,.., (3.3.8)
™ —T

= %/_: f(0)sin(nd)dd, n=1,2,.., (3.3.9)

We now summarize the Dirichlet problem for a disk as follows.

In the Dirichlet problem (3.3.1), if

A, —i—i A, cos(nd) + By, sin(nf)] .
= — cos(n sin(n

2 n=1
then the solution is given by

To

u(r, 0) = % + Z (L) [A,, cos(nd) + By, sin(nd)],

n=1
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where A,, and B, are given by (3.3.8) and (3.3.9), respectively.

Example 3.3.1: Solve the following BVP

PDE: up+—+%_0, 0<r<l,
T T
BC:  u(1,0) = £(6),

where f(0) =1+ rsinf + g sin(30) + r cos(46).

Solution: Here r, = 1. Note that f(#) is already in the form of Fourier series, with

1 n=1
2 forn=0 and 1 forn=4
0 for other n
0 for other n
The solution of the BVP is
u(r,0) = Ao +§: T n[A cos(nf) + B, sin(nh)]
) - 2 o o n n
3
= 1+4+rsinf+ 5} sin(36) + r* cos(40).
3.4 The Dirichlet Problem for a Rectangle
Consider the following Dirichlet problem in a rectangle:
PDE :uzp +uyy =0, 0<z<a, 0<y<b, (3.4.1)
BC :u(x,0) = fi(z), u(x,b)= fo(x), 0<z<a, (3.4.2)

U’(O7y) = gl(y)7 u(a,y) =92 0 < Yy < b.

Let us show how the method of separation of variables is still applicable for the BVP. Since

the BC are nonhomogeneous, we are required to do some preliminary work.
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By the principle of superposition, we seek the solution of the above BVP (3.4.1)-(3.4.2) as

u(@,y) = ui(z,y) +ua(w,y) + us(2, y) + ua(z, y),

where each of uq, us, uz and uy satisfies the PDE with one of the original nonhomogeneous
BC, and the homogeneous versions of the remaining three BC. These problems are then

solved by the method of separation of variables.

Let us consider solving the following problem, as an example:

Example 3.4.1 Solve the Dirichlet BVP:

PDE :ugp +uyy, =0, 0<z<a, 0<y<b, (3.4.3)
BC :u(z,0) = f(z), u(x,b)=0, 0<z<a, (3.4.4)
u(0,y) =0, u(a,y)=0, 0<y<b.

Applying the method of separation of variables to solve this problem.

Step 1: (Reducing ODEs)

Separating variables, we seek for a solution of the form

u(r,y) = X(z)Y(y).

Substituting this into (3.4.3), we obtain

and hence,

for some constant k, which is called the separation constant. This leads two ODEs

X"(z) — kX(z) =0, (3.4.5)
Y (y) + kY (y) = 0. (3.4.6)
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Step 2:(Solving the resulting ODEs)
Case I: When k > 0, set kK = A2, where A # 0. In this case, the solutions of ODEs are

X(z) = [AeM + Be ],
Y (y) = [C cos(Ay) + Dsin(Ay)].

Therefore, the solutions of PDE wu(z,y) are given by

u(z,y) = [Ae™ + Be **][C cos(Ay) + D sin(\y)].

Case II: When k = 0, the solution of ODEs are linear are given by
X(xz) =(A+ Bzx), Y(y) = (C+ Dy).

Therefore,

u(z,y) = (A+ Bzx)(C + Dy).

Case III: Suppose k < 0, set k = —)\2, where A > 0. The solutions of ODEs are given by

X(x) = [Acos(Az) + Bsin(Azx)]
Y (y) = [Ce™ + De ]

Thus , the solution of PDE is
u(z,y) = [Acos(Ax) + Bsin(A\z)] [Ceky + De—,\y] '

Step 3: (Applying the BC)
Using the boundary conditions u(0,y) = 0 and u(a, y) = 0 for the product solution obtained
for the case I (k > 0) leads to the equations

A+B=0, AeM+ Be?* =0,
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which has a trivial solution A = 0 and B = 0. Thus, only the trivial solution u(z,y) = 0
is possible. Similarly, use of boundary conditions u(0,y) = 0 and u(a,y) = 0 also leads to
a trivial solution u(x,y) = 0 for the case II (k = 0). Let us examine the product solution

obtained in case III (for k < 0) i.e.,
u(z,y) = [Acos(A\z) + Bsin(A\x)][Ce 4+ De Y]
Using the boundary condition u(0,y) = 0 yields A = 0. The condition u(z,y) = 0 gives
[Bsin(A\a)][Ce™ + De Y] = 0.
For a non-trivial solution,

B#0 = sinAa=0

= Xa=nw or )\:n_w7 n=1,23,..
a

Therefore, the sequence of non-trivial is given by

U (z,y) = sin <_n7m> [C’ne% + Dne_%
a

Applying the BC u(z,b) = 0, we obtain

sin (_nm:) [C’ne%b + Dne_nTﬂb} = 0
a

n=123,..

__nwb )

(& a

Therefore, the solution now takes the form

2071 nmT(y— nmw(y—
un<gj7y) — sin (mm:) {6 (z b) e (z b)}/2

b
a e_n%

= 2(32 sin (mm*) sinh (—mr(y — b)) .
e a a a
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Setting ¢, = 2% and using superposition principle, we obtain

e a

u(z,y) = i ¢y sin (%) sinth <@> .

n=1

To satisfy the remaining nonhomogeneous BC, we must have

u(z,0) = f(z) = i Cp Sin (%?) sinh (_Zﬁb> ,

which is a half-range Fourier series. Therefore,

) —nmb 2 [ . [nTT
cnsmh< - ) = 5/0 f(zx)sin <T> dz,

and this implies

2 “ . (nTT
Cph = m/{) f(l’) sin (T) dx. (347)

Therefore, the required solution to the problem (3.4.3)-(3.4.4) is
= . [/nTTy . nm(y —b)
— n _— h —_—
u(z,y) nEZI Cp Sin ( - ) sin ( - >

with the coefficients ¢,, computed from (3.4.7).

3.5 The Mixed Boundary Value Problem for a Rectangle

Let us consider the following Neumann problem for a rectangle:

PDE :ugy +uyy =0, 0<z<a, 0<y<b, (3.5.1)
BC :uy(x,0) = f(x), uy(z,b) =g(x),0 <z <a, (3.5.2)
up(0,y) = h(y), uz(a,y)=k(y) 0<y<b.

This problem has no solution, unless the following compatibility condition holds:

/Oag(l’)dx _ /Oa flz)dx + /Obk(y)dy _ /Ob h(y)dy = 0
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Solution: If u(z,y) is a solution of (3.5.1), then

b a
0 = //(um—l—uyy)dazdy
o Jo
b a a b
= / / Ugrdrdy + / / Uyydydx
o Jo o Jo
b

- /”wxmw—uamwwy+/WWAmw—uAamwx

Z%@@A%@@+Aiwméﬁmw,

Remark: The compatibility condition is an immediate consequence of the following special

case of Greens theorem

/Vu.ndSZ/umdy—uydx:// (U + Uyy) dzdy,
c c R

i.e., the flux of the gradient of u through the boundary is the integral of Au in the interior.

Note that we only require that u, and u, be continuous on the closed rectangle.

3.6 Heat Equation

Consider a thin bar placed along the x-axis of homogeneous material. Let u(z,t) represent

the temperature (of cross section) of the bar at position z and at time ¢.

We study the temperature of the bar where heat flow is occurring. Using the separa-

tion of variables method combined with Fourier series, to solve the heat equation

PDE : 4ug =u, 0<zxz<m, t>0; (3.6.1)
BC: wu(0,t) =0, t>0; (3.6.2)
u(m,t) =0, t>0; (3.6.3)
IC: u(z,0)= f(zx), 0<z<m, (3.6.4)

Thus we have, respectively; a PDE; two boundary conditions; and an initial temperature

condition.
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The idea is to assume the PDE (3.6.1) has a special form, namely
u(z,t) = X (x)T(t) (3.6.5)

and then to suitably adjust the form by incorporating the conditions(3.6.2), (3.6.3) and
then, in the final step, we employ (3.6.4).

"

From (3.6.5) we have: u, = X'(2)T(t); upe = X (2)T(t) and v, = X (x)T'(t), , so our
PDE (3.6.1) becomes

Mgy = 1y = 4X7 (2)T(t) = X (2)T'(1).

Separate the variables to form

X'(x) T
X(x) ~ AT() (3.6.6)

Now since left hand side of (3.6.6) only depend on x and since right hand side depend on

t, we must have a constant v such that

X// TI

we form two ODEs from (3.6.7)

T = 44T — T(t) = Ce™, C — constant

X" = vX — Charcterstic equation A\ =1~

Thus
Ar+ B, ~v=0

X(z) =4 AeV" 4 Be V7™ 4> 0
Acosy/—vyx + Bsiny/—yzx, v<0

We now introduce (3.6.1) and (3.6.2) to determine which values of v leads to nontrivial
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solutions. The BCs (3.6.1) and (3.6.2) yield

u(0,t) = X(0)T(t) =0 — X(0) =0
u(m,t) = X(m)T(t) =0— X(m) =0 (3.6.8)

Case I, y=0: X(z) = Az + B and (3.6.8) yield

X(0)=A0+B=0 so B=0 and

X(m)=Ar+0=0 so A=0.

But this yields the trivial solution.
Case II, v > 0: X(z) = AeV7* + Be V7 and (3.6.8) yield

X(0)=A+B=0 so A=—-B
X(7) = AeV"" + Be V7" =0  we form

A(e\ﬁ7T —e’ﬁ”) =0, so A=0

But this yields the trivial solution.
Case III, v < 0: X(z) = Acos\/—yz + Bsin/—vx and (3.6.8) yield

X(0)=A=0 so A=0.

Ignore case B = 0 (trivial solution) and consider sin /=7 = 0 which holds when /=7 =
nm, n=1,2,3,...s0 we have /—y=n, n=1,2,3, ...

Thus we have formed a sequence of functions
Xn(x) = Bysinnz, n=1,23,.. B,, = constants
From T'(t) = ce® to form

T.(t) = C’ne"m%, n=123,.. C,, = constants
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From our assumed form u(x,t) = X (2)T'(t), we can form a sequence

up(z,t) = X,(2)T,(t) n=1,2,3,...
= (B,sinnx) (Cne_4"2t>

—4

= bye "*t gin ng (b, = B,C,)

Since (3.6.1), (3.6.2) and (3.6.3) are linear and homogeneous, every sum of solution is a

solution. Hence we can form
(o) oo
_ _ —4n2t
u(z, t) = Up(z,t) = bpe sin nx
n=1 n=1

To determine b,, we use (3.6.4)
u(z,0) = f(z) = Z by, sin na
n=1

From the above, we see that if we can write our initial temperature u(z,0) = f(x) as an
infinite sum involving then we may calculate the b, and hence determine the exact solution

to the problem.
If u(z,0) = f(x) = sinz — 2sin 3z then we may write it as

u(z,0) = f(z)=sinx —2sin3z = ansinnz
n=1

= bysinx + bysin2x + bysin3x + bysindx + ...

and equating the coefficients we see that:b; = 1;b3 = —2 and all the other b; must be zero.

Thus, our solution
o
—An2t
E b,e 4" sin na
n=1

simplifies to

36

u(z,t) = e *sinz — 2e % sin 3.
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3.7 Potential Theory

Let ®(x) denote the fundamental solution of Laplaces equation. That is, let

Let h be a continuous function on 0€2. The single layer potential with moment A is

defined as

az) = - /8 h)®e — y)dS(y). (3.7.1)

The double layer potential with moment A is defined as

ie) = - /a ) h<y>§—$<x —)dS(y). (3.72)

we will prove that for a continuous function h, (3.7.1) and (3.7.2) are harmonic functions
for all = ¢ OS.

Theorem 3.7.1: For h a continuous function on 052,
1. u and u are defined for all x € R™.
2. Au(x) = Au(z) =0 for all x ¢ 05
Proof:

1. We prove that u is defined for all x € R™. A similar proof works for u. First, suppose

x ¢ 0. Therefore, %(m —y) is difined for all y € 9. Consequently, for all z ¢ 99,

we have
- 0o
a(z)] < [h(y)|Loo(on) a—(x —y)[dS(y) < C.
a0 | Oy
Next, consider the case when z is in 0€). In this case, the term g—z(m — y) in the

integrand is undefined at © = y. We prove u is defined at this point = by showing

that the integral in (3.7.2) still converges. We need to look for a bound on



Recall

—3In |z — y| n=
r—y) =9 ° )
ey ey R P e S
Therefore,
Ti — Y
d, (r—vy) =
yz<x y) na(n) ’y_x’n7
and,
0P
a—vy( —y) = V,@(z—y)o(y)

(x —y).vy
na(n) ly — x|’

where v(y) is the unit normal to 002 at y.
Claim: Fix x € 0f). For all y € 0€) there exists a constant C' > 0 such that

(= y)ly)| < Clz -yl

Proof of Claim: By assumption, 092 is C?. This means at each point x € 0,
there exists an 7 > 0 and a C? function f : R"! — R such that - upon relabeling

and reorienting if necessary - we have
QN B(x,r)={z € B(x,r)|zn > f(z1,.- -, 2n-1)}

Without loss of generality (by reorienting if necessary), we may assume x = 0 and
v(z) = (0,...,0,1). Using the fact that our boundary is C?, we know there exists an
r >0 and a C? function f: B(0,r) C R ! = R.

First, consider y € 02 such that |z —y| > r. In this case,

1
(@ —p)o@)| <z -yl < o —yP=0C0) |z —y.

Second, consider y € 02 such that | — y| < r. In this case, we use the fact that

[z —y)vy)] = [z—-y).(v(z)+v(y) —v(@))
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< @ —y)o@)] + (@ —y).(o(y) = v(@))|

= |l + 1z —y).(v(y) —v(z))].

Now,

Un = (Y1, Yn-1)

where f € ¢?, f(0) =0 and Vf(0) = 0. Therefore, by Taylor’s Theorem, we have

lynl = 1f(W1,- - Yn1)|
< Cly,- yn)]
< Clyf
= Cle—yl",

where the constant C' depends only on the bound on the second partial derivatives
of flyr, ... yn—1) for |(y1,...,yn_1)| < r, but this is bounded because by assumption
f € C*(B(0,r)). Next, we look at |(z — y).(v(y) — v(z))|. By assumption, 9Q is C?
and consequently, v is a C! function and therefore, there exists a constant C' > 0
such that

[o(y) —v(@)| < Cly —xf.

Therefore,

[(z = y).(v(y) —v(@)| < Cly —=f.

Consequently, our claim is proven. We remark that the constant C' will depend on 7,
but once z is chosen 7 is fixed.

Therefore, we conclude that for = € 092, all y € 012,

o T —y).v
Py (z —y) (y)n
Vy na(n) |y — |
2
|z —y|
B C
o — gy
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Therefore,

)y [ -0 = )| 510

|
Q\
2
=
=
QO
S
|
|
s
Q
=2
=
A

1
< O/ —3dS(y) < C
0

n—2
Q |z —yl

using the fact that 02 is of dimension n — 1. Therefore, we conclude that u is defined

for all z € 002 and consequently for all x € R™ as claimed.

2. Next, we will prove that Au(x) = 0 for all x € Q. A similar proof works to prove
that Au(x) = 0. Fix z € Q. We note that for all y € 09, g%(x — y) is a smooth
function. Further, using the fact that ®(z — y) is harmonic for all = # y, we conclude
that Azg%(x —y) = 0 for all y € 99Q. Therefore, using the fact that our integral is

finite and gTq)(x — y) is smooth, we conclude that
Yy

Agii(z) = —Axégh(y)g—i(x—y)ds(y)
_ / M)A 5 (2~ y)dS(y)
a0 Uy

= 0.

In the above theorem, we showed that as long as h is a continuous function on 0f2, then
u and u, defined in (3.7.1) and (3.7.2), respectively, are harmonic functions on 2. Con-
sequently, if we can choose h appropriately so that our initial condition will be satisfied,
then we can find a solution of our particular problem. For a moment, consider the interior

Dirichlet problem
Au=0, €

u=g, x €

As proven above, for h a continuous function on 02, u defined in (3.7.2) is harmonic. Now,

if we can choose h appropriately, such that for all x € 02,
lim u(x) = g(xo)

rEQ—x0

then we will have found a solution of the interior Dirichlet problem.
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Theorem 3.7.2: Let h be a continuous function on 0. Define the double layer potential

Let x, € 092. Then
_ 1 _
lim a(x) = §h(:c0) + u(x,)

TEQ—T,

Proof: Let x € Q, g € 0€). we have

() = —/m h(y)g—i(x —y)dS(y)

0P oD 9%
- - /89 h(y)a_vy(l’ —y)dS(y) + h(ﬂc’o)/ a—vy(a: —y)dS(y) — h(:zco)/ a—vy(x — y)dS(y)

il

89 o0
= = [ 1) = haw)) 5o = S0 + o)
I(l‘) + h(l’o),

using the fact that
0o
— —(x—y)dS(y) =1 for z €,
d

Q a'Uy

and also Gaus’s Lemma. Similarly,

d(w) = — /a ) W) 22 (2 - y)dS(y)

Il
~
—~
8
N
_l’_
|
=
8
<

which implies
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Therefore, to prove our theorem, we need only show that

mel(lzrgmo [I(z) — I(z0)] =0,
where

Ia) = - / [b(w) ~ b(ao)] O yyds(y).

Now,

I(2) = I(mg) = — /

o0

1) — h(ao)] [g—‘% _y)- §£< )| dsw).

We need to show that for all € > 0 there exists a 6 > 0 such that |I(x) — I(x¢)| < € for

|z — x| < §. By assumption, h is continuous, and as we know ®(x —y) is smooth for y # x.

Therefore, to get a bound on |I(z) — I(zo)|, we divide 02 into two pieces:

1. B(zg,7y) NN
2. 00 — {B(xg,v) N ON}.

We look at these two pieces below. First for (1),

-/ ) o) ota =) = oo ) aso)

o, v,
< [h(y) — h(x0)|L°°(B(zo,7)ﬁ8Q)/

B(x0,7)n%)

0o o0d
(‘9_vy T — y) - 8—%(1’0 - y)’ dS(y).

By assumption, h is continuous. Therefore, for all € > 0 there exists a v such that
|h(y) — h(xo)| < €if |y — 20| < 7. In addition,

/B(l‘o Y)NOKY)

using the fact that u is defined for all € R. Therefore, we conclude that for any € > 0,

0D 0P
——(z—y) — — (g — <
9o, T —y) a0, (o y)‘ dS(y) < C

(D] < Cié

for « chosen appropriately small.

Next, for (2), we use the fact that 22 (z — y) is continuous in z for = away from y. Conse-
Y
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quently, we have

o0d 0D
— h — h(z —(x—vy) — — (g — ds
\ / B = ) Hy( = oo yﬂ <y>\
o0d od
< Ih(y) = hlao)l e | 22 (@ = ) = 22 (g y) /ds<y>\.
i dv, dv, ’ Lo (8Q—{ B(zo,7)NOQ}

Now, first £ is bounded on 9. Therefore, |h(y) — h(zg)| < C. Next, | [dS(y)| < C Lastly,

using the fact that a_q:(x — y) is continuous in x uniformly for y, we conclude that there
Ovy

exists a > 0 such that

0 0P -
a—(ﬁ—y)—a—(xo—y) <,
Uy Uy Lo (9Q—{ B(z0,7y)NO}

for |x — x| < d. Therefore,

(2)] < Cpe

if |x — x| < § where 0 is chosen appropriately small.

Consequently, for € > 0 choose € > 0 such that
Cié+ Cy < e
Then choosing v > 0 sufficiently small such that
(D] < Caé

and § > 0 sufficiently small such that

when |z — 2| < ¢, we conclude that
|I(z) — I(zo)| < C1é+ Ca€ <,

for |z — x| < 9, as claimed.
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Therefore, we have shown that

lim [I(z) — I(z0)] = 0.

T—T0
Consequently,
im a(z) = lim [I(z) — I(zo)] + ~h(as) +
A, 1) = dm, ) = ol ghi) +ulw)
1 _
= ih(xg)—l—ﬂ(x)
as claimed.

Now, let us use this theorem to construct solutions of the interior Dirichlet problems as
well as the Neumann problems.

We begin by considering the Interior Dirichlet Problem,

Au=0, €
u=g, =€

For a given function h, define the double-layer potential u(z) associated with h as

e) =~ [ b~ n)dS(y).

Uy
We already proved that u is a harmonic function in 2. In addition, we proved that for
T, € 0,
_ 1 _
lim u(x) = éh(xo) + u(z,).

z€N—x,0

Therefore, if we can find a continuous function A such that for all z, € 02

ole) = ghia) = [ 1) 3o = )ity

and we define

i(z) = — /BQ h(y)g—z(iﬁ —y)dS(y),

for that choice of h, then u will give us a solution of our interior Dirichlet problem.
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Now, we consider the Neumann problems. We will find solutions below as single-layer

potentials. Consider the Interior Neumann Problem ,

Au=0, €
%:g, x € 0N.

First, we note a compatibility condition on the boundary data in order for a solution to

exist. By the Divergence Theorem, we know

/ Au = —dS
a0 o O

Therefore, in order for a solution to exist, we need

/mg(y)dS(y) =

For a continuous function h, define the single-layer potential

a(e) = — / h()(y —a)dy,

From Theorem 3.7.1, we know that « is harmonic in 2. In order to choose h appropriately
so that our boundary condition will be satisfied, we extend the notion of normal derivative
to points not in 9N as follows. Let z, € 9 . Let v(z,) be the outer unit normal to Q at

x,. For t < 0, such that x, + tv(z,) is in §2, we define
i"(t) = Vu(z, + tv(x,)).v(x,).

In a manner similar to the proof of Theorem 3.7.2, we can show that

tlir(?* i (t) = —%h(xo) + %(l’o)
- _%h(%) — /BQ h(y)gj: (2o — y)dS(y).
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Therefore, if we can find a continuous function A such that for all z, € 012,

glan) = ~ghan) = [ b)g (a0~ )dS()

o0

then by defining the single-layer potential

a() = — /a h{)(e — 1)as(),

for that choice of h, u will give us a solution of our interior Neumann problem.
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Summary

Given a function f that has values everywhere on the boundary of a region in R", there
is a unique continuous function u twice continuously differentiable in the interior and con-

tinuous on the boundary, such that u is harmonic in the interior and v = f on the boundary.

We established the existence of the solution of Dirichlet problem in different bounded
regions like rectangular ;| annular , heat equation and potential theory. For instance, for

the interior of annular region

PDE : urr—i—lu?«%—%u@g:O, ry <r <nrg
T T
BC: U’(T279):f(0)’ f(0+27r):f<0)7
u(r,0) = g(0), g(0+2m) = g(0)

PC: u(r,0+2m) =u(r,0), mn <r<r

by separation of variables. The solution to the interior Dirichlet problem is

o0

Zr" ay, cos(nd) + b, sin(nh)] .
n=0

For a given function f, which is periodic and continuous on given boundary condition, we

conclude that the Dirichlet problem for bounded region have a solution.
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