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0. INTRODUCTION

It is known that numerical methods play a vital role in solving a broad and important
class of optimization problems. Almost all numerical methods for determining the
optimum of a given non-linear objective function are iterative and starting from a
given initial estimate for the solution they proceed by generating a sequence of new
estimates, each of which represents an improvement over the previous ones. ;

The most effective numerical methods are based upon some variant of Newton’s
method for finding a zero of the gradient of the objective function. But Newton’s
method must be modified in various ways in order to produce a robust optimization
algorithm.

Newton’s method was shown to be locally q-quadratically convergent. This means
that when the current solution approximation is good enough, it will be improved
rapidly and with relative ease. Unfortunately, it is not unusual to expend significant
computational effort in getting close enough. In addition, the strategies for getting
close constitute the major part of the program and the programming effort, and they
can be sensitive to small difference in implementation. Therefore, it is necessary to
modify the Newton’s method so as it can converge to the solution, from any starting
point. ,

This paper will be devoted to the two major approaches proceeding from a solution
estimate out side the convergence region of Newton’s method. The two major
approaches are line- searches approach and model-trust region approach.

The remainder of this paper contains 3 chapters. In chapter 1, we introduce the
Newton’s method designed for systems of ‘non linear equations, and will set the
framework for the class of algorithm we want to consider. Chapter 2 discusses the
first major global approach, modern versions of the traditional idea of back tracking
along the Newton direction if a full Newton step is unsatisfactory. Chapter 3
discusses the second major approach, based on estimating the region in the local
model, underlying Newton’s method, can be trusted to adequately represent the

function, and taking a step to approximately minimize the model in this region. Both



approaches are derived initially for unconstrained minimization problem; their
application to solving systems of non linear equations is the topic of the last section
of Chapter 3.

We will denote the solution by x, . Usually we will be speaking of a single iteration,
and will denote the current iterate by x, and the new iterate by x, . The first iterate
will be denoted byx,, the sequence of iterates by{x, }, the vector of first partial
derivative of fat x by Vf(x), the matrix of second partial derivatives of fatx, i.e. the

Hessian Matrix, by V? f(x) , and the end of a proof by //.
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1. NEWTON’S METHOD

This chapter begins our consideration of multivariable problems by deriving and
discussing Newton’s Method for systems of nonlinear equations, the quickly

convergent local method that will be the basic model for our algorithms.

1.1 THE NEWTON’S METHOD

Newton’s method is usually used to determine the solution of a system of non-linear
equations:

given F:R"— R" | find x, € R"suchthat F(x,)=0 (1.1.1)

where F is assumed to be continuously differentiable.

In this section we derive Newton’s method for problem (1.1.1) and discuss its local
convergence characteristics.

Newton’s Method for problem (1.1.1) is derived by finding the root of an affine
approximation to F at the current iterate x, which comes simply and naturally from

Newton’s Theorem for multidimensional case, that is

F(x,+p)=F(x,)+ xv].ff(z)dz 3 (1:1.2)

Xe

where J(z) is the Jacobian matrix of Fat z.

Therefore, it seems reasonable to approximate the indefinite integral by

_‘.‘:'(z)dz ~J(x,) p (1.1.3)

e

and get the affine approximation to F at perturbation p of x_,

M. (x,+p)=F(x,)+J(x,)p. (M, stands for current model)
(1.1.4)



Next we solve for the steps” that makes M, (x, +s")=0, giving the Newton

iteration for (1.1.1). Solve,
J(x,)s" =-F(x,)
x, =x,+8". (1.1.5)

(An equivalent way to view this procedure is that we are finding a simultaneous zero

of the affine models of the n-component functions of F given by

M), (x, +s")= fi(x )+ Vfi(x) -s", i=l..,n (1.1.6))
Since x, is not expressed to be the exact solution to (1.1.1) but only to be a better
estimate than x, , we make the Newton iteration (1.1.4) into an algorithm by applying
it iteratively from a starting guess x, .

We have the following:

ALGORITHM 1.1.1: NEWTON’S METHOD FOR SYSTEMS OF NON
LINEAR EQUATIONS

Given F:R"— R" continuously diffcrentiable and x, € R":

Then at each iteration k, solve
J(x; )5, =—F(x;),

Xy = T8y

(1.1.7)

1.2 THE FAST LOCAL CONVERGENCE OF NEWTON’S
METHOD

1.2.1 RATE OF CONVERGENCE

Given an iterative method that produces a sequence of points x,,x,,X;....
From a starting guess x,, we want to know, if the iterates converge to a solution

x,, and if so, how quickly. If we assume that we know what it means to write



lima, =0 (1.2.1)

k—o

for a real sequence {a;}, then the following definition characterizes the properties we

will need.

Definition 2.2.1: Letx, e R, x, € R, £=0,1,2,...then the sequence
{ X, Y={x5:%,s %5 5%5.:..} 18 said to convergeto x, if

=0. (12,0

hmlxk =
k—w

If in addition, there exists a constant c€ [0,1) and an integer £ > 0 such that

for all k= k.

[ — x| <clx, —x, (1.2.3)
then { x, } is said to be g-linearly convergent to x,.
If for some sequence {c, } that converges to 0,
[x,m = Sck’xk =X » (1.2.4)

then { x, } is said to converge g-super linearly to x,.
If there exist constants p >1, ¢>0 and & > Osuch that { x, } converges to x,

and forall £ > IAc ,

¢ (1.2.5)

)xkﬂ - X

< c|xk - X,
then { x, } is said to converge to x, with g —order at least p.

If p =2 or 3, the convergence is said to be g-quadratic or cubic,

respectively.

In practice, g-linear convergence can be fairly slow, where as q-quadratic or g-

super linear convergence is eventually quite fast.



The main advantage of Newton’s method is that, if x, is close enough to a solution

x, and J(x,) is non singular, the elements x, generated by Algorithm 1.1.1
converge q-quadratic ally tox, .

For example, let

Fx) X+ —3
xX)=
x!+x3-9
which has roots at (3,0)" and (0,3)", and let x, =(1,5)" . Then the first two iterations
of Newton’s method are

J(x, )SU =—-F(x,),
13

1 1 3 8
S, = — , S8, = 4
2 10[° 17 0 11

8

X, =Xy +S, ® (—0.625,3.625)T,
J(x,)s, ==F(x)),

1 0 _;;
S, = : =

_% 24_9 ! _1;; 7| 14s

272

x, =x, +5, ~(-0.092,3.092)".

Newton’s method seems to be working well here; x, is already quite close to the

root (0, 3) . On the other hand, Newton’s Method naturally will be no better at

converging from bad starting guesses for multi variable nonlinear problems.
For example, if

e.\'l _1
F(x)= ’
e.": —]
x, =(0,0)", and x, = (-10,-10)7, then

x, =(-11+€",-11+")”

~(2.2x10%,2.2x10*)",



which is not a very good step! Therefore the convergence characteristics of Newton’s
Method indicate how to use it in multidimensional algorithms: we will always want to
use it in at least the final iterations of any non linear algorithms to take advantage of
its fast local convergence, but it will have to be modified in order to converge the
solution, from any starting point. Such type of algorithm is said to be globally
convergent algorithm or global method, which is the task of this paper.

1.3 THE QUASI-NEWTON FRAME WORK

The basic idea in forming a successful non linear algorithm is to combine a globally
convergent strategy with a fast local strategy in a way that derives the benefits of
both. The frame work for doing this is out lined in algorithm below. The most
important point is to try Newton’s Method, or some modification of it, first at each

iteration. If it seems to be taking a reasonable step —for example, if f decreases in a

minimization application—use it. If not fall back on a step dictated by a global method.
Such a strategy will always end up using Newton’s Method close to the solution and
thus retain its fast local convergence rate. If the global method is chosen and
incorporated properly; the algorithm will also be globally convergent. We will call an

algorithm that takes this approach Quasi-Newton.



ALGORITHM 1.3.1: QUASI-NEWTON ALGORITHM FOR NONLINEAR
EQUATIONS OR UNCONSTRAINED OPTIMIZATION [FOR OPTIMIZATION,
REPLACE F(x,)BY Vf(x,)AND J, BY H,=V*f(x,)].
Given F:R"— R" continuously differentiable, and xo € R"

At each iteration k& we will do:

1. Compute F(x, ), if it is not already done, and decide whether to stop or

continue.

2. Compute ./, to be J(x, ), or an approximation to it.
3. Apply a factorization technique to ./, and estimate its condition
number. IfJ, is ill- conditioned, perturb it in an appropriate manner.
4. Solve J,s) =-F(x,)
5. Decide whether to take a Newton step, x,,, = x, +s, , or to choose

x,,, by a global strategy. This step often furnishes F'(x, ) to stepl.

1.4 DESCENT DIRECTIONS

We will start our discussion of global methods by considering the unconstrained

minimization problem.

min f: R"— R, xeR" , (1.4.1)

because there is a natural global strategy for minimization problems: it is to make
sure that each step decreases the value of f. There are corresponding strategies for
systems of non linear equations, in particular, making sure each step decreases the
value of some norm of F:R"— R". However, by using a norm, one is really
transforming the problem of solving the systems of equations F(x) = 0 in to the

problem of minimizing a function, fR"— R where

r=5IF; (142)



Therefore, this paper will discuss global strategies for unconstrained minimization. In
the last section of chapter 3 we will apply these strategies to systems of non linear
equations, using the transformation (1.4.2).

The basic idea of a global method for unconstrained minimization is geometrical

obvious: take steps that lead “down hill” for the function /. More precisely, one
chooses a direction p from the current point x, in which f decreases initially, and a
new point x, in this direction from x, such that f(x,)<f(x,). Such a direction is
called a descent direction. Mathematically, pis a descent direction from x_, if the
directional derivative of f at x, in the direction p is negative, i.e. if
Vi(x,)" p<0. (1.4.3)
Descent direction forms the basis of some global methods for minimization and are

important to all of them, and therefore they are the topic of this section. The only

direction we will consider for minimization is the Newton direction
s =-H'Vf(x,), where H, is either V’f(x,) or an approximation of it.
Therefore, it is natural to ask, whether the Newton direction is a descent direction. By
(1.4.3) the direction s" is a descent direction if and only if
Vi(x,) s" =-Vf(x,)H,'Vf(x,) <0,
which is true if H f'l or equivalently, /1, is positive definite This guarantees not only
a descent direction but also a quadratic model with a unique minimizer. Furthermore,
if the Newton direction is a descent direction, it is guaranteed that for sufficiently
small positived ,
f(x. +dp) < f(x,),

That is, the function value will be decreased. Therefore, in all our methods for
unconstrained minimization, the model Hessian /_ will be formed or coerced to
make it positive definite.

A second natural question is the following. As long as one is taking steps in

descent directions, what is the direction p in which f decreases most rapidly from x?

Since, for a given perturbation vector p, the directional derivative of f in the



direction p is directly proportional to the length of p, we can pose our question about

a most rapid descent direction for a given norm as

minV/'(x)" p subject to|p| =1,
peR”

-~V @)
[vr @,

direction is the steepest downhill direction from x in the /; norm, and it is referred to

which, in the /; norm, has solution p = . Thus the negative of the gradient

as the steepest -descent direction.
A classical minimization algorithm due to Cauchy is based solely on the steepest-
descent direction. But it is not a computational method, because each step contains an

exact one dimensional minimization problem and the convergence is only linear.

—_—

However, when our global strategy must take step much smaller than the Newton

step, we will see that it may be take steps in or close to, the steepest descent direction.



2. LINE SEARCHES

2.1 THE LINE SEARCHE APPROACH

The first strategy we consider for proceeding from a solution estimate outside the
convergence region of Newton’s method is the method of line searches. The idea of a

line search algorithm is the following:

ALGORITHM 2.1.1: Given a descent direction p, , we take a step in that

direction that yields an “acceptable “x,,, .i.¢,

at iteration k:

Calculate a descent direction p, ,

Set x,,, =x; + A4, p, for some A, >0 that makes

X,,; an acceptable next iterate.
How ever, rather than setting p, to the steepest descent direction—Vf(x,), we will
use the Quasi-Newton’s direction —H,'Vf(x,), whereH, =V*f(x,) + p I is
positive definite with g, =0, if V? f(x,) is safely positive definite. This will allows
us to retain fast local convergence.

The term “line search” refers to a procedure for choosing A, in the above

Algorithm 2.1.1. The common procedure now is to try forA, =1(the full quasi-

Newton step) first and, if 1 ,=1 fails to satisfy the criterion in use, to back track in a
systematic way along the direction defined by that step. Computational experience

has shown the importance of taking a full quasi-Newton step whenever possible.

Failure to do so leads to forfeiture of the advantage of Newton’s method near the

solution. Therefore, it is important that any procedure for choosing Ay allow A4,=1

e

near the solution. Since there is no compelling reason to confine our discussion to line

L\Y



search in the quasi-Newton’s direction, we consider the search for x, =x, +4,p a
long a descent direction p from the current solution estimate x_ .

While no step—acceptance rule will always be optimal, it does seem to be common

sense to require that
S (x) < (%) (2.1.1)

but this simple condition dose not guarantee that { x, } will converge to a minimizer
of .

If very small reductions in f are taken relative to the lengths of the steps, then any
limiting value of {f(x,,,)} may not locally minimizer.
For example, let f(x)=x?, x,=2. If we choose {pi }={(-1)k+1},{lk }= {2+3(2°
+Dy}, then {x, } ={2,;,;,1§(‘1,,,}= {(-1)* (142}, each p, is a descent direction
from x,, and f(x,)is monotonically decreasing with ll_’rpu f(x,)=1.0f course this is

not a minimum of any sort for f; and furthermore {x, } has limit points +1, so it does

not converge .

fix)

Xy X3 |/4 X2 Xg
] | 1

—— ‘_l._~_ s %.... et —— A\’{ \’{_ .
el w 1 2
Figure 2.1.2

In Figure 2.1.2 we show the monotonically decreasing sequences of iterates that don’t

converge to the minimizer.



We can fix this by requiring that the average rate of decrease from f(x.) to
f(x,) be at least some prescribed fraction of the initial rate decrease in that

direction; that is we pick an o €(0,1) and choose A, from among those A > 0 that
satisfy

[ +ap) < f(x)+adVf (x) p .
Equivalently, f(x,) < f(x.)+aVf (xc)r (x, =x_.)-. (2.1.2)
It is possible also that if the steps are too small, relative to the initial rate of decrease
of f; then any limiting value of {x,} may not be a local minimizer of 1 .
For example consider the same function with the same initial estimate ,and let us take
(e} =F1h{Ad =%, then {x,}=f,2.2.2.,,]={142%}, cach p, is again a

descent direction , f(x,) decreases monotonically, and ,lcim x, =1, which is not a
-0

minimizer of f .

11



fix)

Figure 2.1.3
In Figure 2.1.3 we can see also that monotonically decreasing sequences of iterates
that don’t converge to the minimizer.

To ensure sufficiently large steps; we will require that the rate of decrease of f in

the direction p at x, be larger than some prescribed fraction of the rate of decrease in
the direction p at x_; that is,
VI () P VI G+ Ap) P2 V() P (2.1.3)
Equivalently,
VA, (x, —x.) = BVf(x.) (x, —x,), for some fixed constant § € (a,1).
In practice, (2.1.3) generally is not needed because the use of a back tracking strategy

avoids excessively small steps.

12



2.2. CONVERGENCE RESULTS FOR PROPERLY
CHOSEN STEPS

The following theorem is due to Wolfe. It shows that given any descent direction

P, there exist x, + 4, p, satisfying (2.1.2) and (2.1.3).

Theorem 2.2.1: let /: R"— R be continuously differentiable on R". let x, € R",
p, €R" obey Vf(x,)" p, <0, and assume {f(x, + Ap,)/ A >0} is
bounded below. Then if0 < < £ <1, there exist 4, > 4, > 0 such that
Xpy =X, + A, p, satisfies (2.1.2) and (2.1.3), if 4, € (4,,4,) .

Proof. Sincea <1, f(x, +Ap,) < f(x,) +aAVf(x,)" p, forall 1>0

sufficiently small. Since f(x, +Ap,) 1is also bounded below, there exist some

smallest positive :1 such that
) =f(x, +Ap)=f(x)+aAVf(x,) p,. (2.2.1)

Thus any x e (x,,x) satisfies (2.1.2). By mean value theorem, there exist de (0, :1)

such that
FG)= £() = VS G+ 2p,) (- x,)
=Vf(x, +p,)" Ap,
and so from (2.2.1) and (2.2.2),
Vf (x +Ap)" b =af (x,)" i > BIf(x) (22.3)
since & < 8 and Vf(x,)" p, <0.By the continuity of Vf, (2.2.3)

(2.2.2)

still holds for A in some interval (4,,4,) about 2. Therefore, if we restrict

(4,4,)to be in (0,:1),xk+] =x, + A, p, satisfies (2.1.2) and (2.1.3) for any
A € (A, 4,).1

13



Theorem 2.2.2: let f:R"— R be continuously differentiable on R", and assume
there exists ¥ = 0 such that
“Vf(z) = Vf(x)”2 < }/”z - x“2 (2.2.3)

for every x, ze R". Then, given any x, € R”, either fis
unbounded
below, or there exists a sequence {x,}, £=0,1,..., obeying (2.1.2),
(2.1.3) and either

Vi(x,) s, <00rVf(x,)=0 (2.2.4)
and s,=0, for each &k =0, where

8y 15Xy = %y

Furthermore, for any such sequence, either

(a) Vf(x,) =0 forsome k =0, or

(b) }irgf(xk) =—0o0 , Of

(c) Hmm =iy

o sl
Proof. For each k, if Vf(x,)=0,then (a) holds and the sequence is constant
subsequently. If Vf(x,) # 0, then there exists p, ,e.g. p, =—Vf(x,) such that
Vf(x,) p, <0. By Theorem 2.2.1 cither / is unbounded below, or there
exists 4, >0 such that x,,, =x, + 4, p, satisfies (2.1.2) and (2.1.3). In order to
simplify notation, let us assume that |p,[, =1,s0 4, =|s,|,. This constitutes no loss

of generality.

So far we see that either f is unbounded below, or { x, } exists, and either
{ x, } satisfies (a) or else s, # 0 for every k. We must now show that if no term of

{s.} 1is zero, then (b) or (c) must hold. It will be useful to have

s Vf(xk)rsk

el

14



By(2.1.2) and 4,0, <0 for every &, for any j >0,

ICHRVICAED W ENIEN

Hence, either

=+ [~
lim f(x;) =—c0 or - > A0, isconvergent,ie. —Y A0, <.
g o0

k=0 k=0

In the first case (b) is true and we are finished, so we consider the second.

In particular, we deduce that}im/lkcrk =0. Now we want to conclude

thatlim, ,, o, =0, and so we need to use condition (2.1.3), since it was imposed to

ensure that the steps don’t get too small.

‘We have for each k that
Vf(ka)TSk = ﬁvf(xk)TSk
and so
[V ) =V GOl s 2 (B-DVF(x,)"s, >0,
by (2.2.4) and S <1. Applying the Cauchy-Schwarz inequality and (2.2.3)

to the left side of the last equation , and using the definition of o, , gives us

0<(B-DA0, <7ls |’ =2,

S0
-1
A, Zﬂ—crk >0
and
A0, SEGE <0.
Thus

15



0=limA0, < limo; <0,

k—w }/ k—o

which shows that

limo, =0,

k—w

i.e. (¢) is true and completes the proof.//

The above theorem is also due to Wolfe .It shows that if any sequence {x, }is
generated to obey Vf(x,)" (x,, —x,)<0,(2.1.2) and (2.1.3) then, unless the angle
between Vf(x,) and (x,,, —x,) converges to % as k— oo, either the gradient

converges to 0, or fis unbounded below of course ,both may be true. We comment

T

below that the case where the angle between Vf(x,) and (x,,, —x,) approaches Z

can be prevented.

Note that while Theorem 2.2.2 applies readily to any line-search algorithm, it is
completely independent of the method for selecting the descent directions or the step
lengths. Therefore, this theorem gives sufficient conditions for global convergence, in
a weak sense, of any optimization algorithm, including the model-trust region
algorithms on chapter 3.

Theorem 2.2.3 due to Dennis and Mor'e, shows that our global strategy will permit

full Quasi-Newton steps x,,, =x, — H,'Vf(x,)close to a minimizer of f as long as

— H;'Vf(x,)is close enough to the Newton step.

16



Theorem 2.2.3: Let /:R"—R be twice continuously differentiable in an open
convex set D, and assume that V* f € Lip,(D) .Consider a sequence
{x,} generated by x,,, =x, + A, p, where Vf(x,)" p, <0 for
all kand A, ischosen to satisfy (2.1.2) withan « <% , and

(2.1.3). If {x,} converges to apoint x, € D at which V*f(x,) is

positive definite, and if

‘Vf(xk) +V2f(xk )P, ”2 _
Dy

lim ‘

k—=o

0, (2.2.5)

2

then there is an index &, 20 suchthat forall k>k,, 4, =1 is

admissible.

Proof. The proof is really just a generalization of the easy exercise that if f(x) isa

positive definite quadratic and p, =-V*f(x,)”'Vf(x,), then Vf(x,)" p, <0 and

X4y =X, + p, satisfies (2.1.2) for any & S% ,and (2.1.3) forany f=0.

We set
v/ )+ V2 f(x)p
Py = . (2.2.6)
' A
First we show that
lim|p, || =0.

By now familiar argument, if ¥ is near enoughx,, then V’f(¥)" exists and is

positive definite, and if,u"=||V2f(x‘)"H , then %y"S“VZf(E)"”SZy".

Therefore, since

V&) P _p Vi )P (V) +V F)P) P
4] A A

and p,"V2f(x,)p, >+ 4P|, (2:2.6) and (2.2.5) show that for & sufficiently large,

v, r
O B, (”); ) ] Pe> Gu-polpd 2 i olpil- i)
k

17



Since from Theorem 2.2.2 we have

T
hmvf(xk) pk =0,
o]
The inequality (2.2.7) implies
}i}}},"Pk |=0.

We now show that A, =1 satisfies (2.1.2), for all k> k,. From the mean value
theorem, for somex, €[x,,x, + p,]. We get
S+ p) =)=V () P+ 30 VI E)P
or
[ +p) = f(x) =39 (%)
= (V) + V2 f(x)p) Py
= @)V 0P b+ 42 [V G -V )y
<3 (o + 7Dl (2:2.8)
because of (2.2.6) and by the Lipschitz continuity of V* £ . Now choose &, so that for
k >k, ,(2.2.7) holds and
pi +7|pi|| € 3 #min(B,1-2a). (2.2.9)
If k=k, , thend, =1 satisfies (2.1.2) because from (2.2.8), (2.2.7), and (2.2.9)

follows

SG+2) = f@) S5V ()" by + 5 =200 i
<5 (1-(1=-2a)Vf(x,)" p,
=aVf(x,)" p,.
To show that (2.1.3) is satisfied by A, =1 fork >k, , we use the mean value

theorem again to get, for some z, € (x,,x, + p,), that

VIi(x +p) b = (Y (x)+ V2 f(z,)p) Py
=(Vf(x)+V? fx)p) pe+ pi’ (V2 f(z,) =V f(x,)) Py

This implies

18



’Vf(‘rk E) pk)rpk‘ Yo npk ”2 + 7"?& ”3
<Lp,J

<=pVf(x)" py
by (2.2.6), the Lipschitz continuity of V£, (2.2.9) and (2.2.7) . This yields
Vi(x, +p) pe = Y (x,) p, for k>k, . Thus A, =1 eventually satisfies (2.1.2)
and (2.1.3), and so it is admissible. Finally, The lim, ,, p, =0 and (2.2.5) implies
that Vf(x,)=0.//

2.3 STEP SELECTION BY BACKTRACKING

We now specify how our line search algorithm will choose A, .As we have stated, the
modern strategy is to start with A4,=1, and then, if x, + p, is not acceptable,
“backtrack”(reduce A,) until an acceptable x, + 4, p, is found. The framework of

such an algorithm is given below.

ALGORITHM 2.3.1: BACKTRACKING LINE-SEARCH FRAMEWORK
Given « e(O,%), O<l<u<l M=l

While f(x, + A, p,) > f(x,)+aA,Vf(x,) p, , do

Ak := pAk for some pe[lu] ;(* p is chosen a new each time by

o

the line search*)
Xpew =X + A Dy _
In practice, o is set quite mall, so that hardly more than a decre_:_:lse in function value is

required. Our algorithm uses o =107,
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2.3.1 STRATEGY FOR REDUCING 2, (CHOOSING p)

Define f(A):=f(x, + Ap,) which is the one-dimensional restriction of f to the line

through x, in the direction p, . If we need to backtrack, we will use our most current

information about fto model it, and then take the value of A that minimizes this

model as our next value of Ay in Algorithm 2.3.1.

Initially, we have
F0) = £(x,) and f'(0) = V/(x,)" ps 2.3.1)
FO)=f(x, +py). (2.3.2)

So if f(x, + p,) does not satisfy (2.1.2), that is }’(1) > }(0) +of"(0), then we model

A

f(4) by the one-dimensional quadratic model satisfying (2.3.1) and (2.3.2),

—_—

@ )= [}(? - ]‘_{0) — FUO + (04 + }«?,

and calculate the point

—£'(0)

A=
2SO~ FO~ 1]

(2.3.3)
for which m,'(2)=0.
Now

m, () =2 )~ 70~ 1'©)]>0,

since }(1) > }(0) + a}'(()) > ]A”(O) + }'(Q). Thus }L minimizes r;’zq (4) . Furthermore;

s

A>0, because f'(0)<0. Therefore we take i as our new value of A, in

T o=

Algorithm 2.3.1.

Note that since £(1) > £(0)+a f'(0), we have

N o —_—

3
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A<t
2(1-a)

In fact, if £(1) > f(0), then A < .. Thus (2.3.3) gives a useful implicit upper bound

u ~ . on the first value of p in Algorithm 2.3.1.0n the other hand, if £(1)is much

2

1

larger than }(0), Acan be very small but we impose a lower bound of /= in

Algorithm 2.3.1. This means that at the first backtrack at each iteration, if :15 Uil
then we next try A4, = % .
Example 2.3.2:(cf[3]) Let /:R"—>R and

FCoam) = i sy & =01 p, = F3-1F.
Let a=0.1 in (2.1.2) and f# =0.5 in (2.1.3).
Since Vf(x,)" p, = (6,2)(-3,~1)" =-20<0, p, is a descent direction for f(x)
fromx, .
Now considerx(1)=x,+Ap, If A=1, we get x, :=x,+p, =(-2,0" and
Vf(x,)p, =(-36,0)(-3,-1)" =108 >-10= AVf(x,)" p,. This implies that
x, satisfies (2.1.3), but f(x,)=20>1= f(x,)+aVf(x,)" p. so that x, does not
satisfy (2.1.2).

Therefore x, is not acceptable and a backtrack is needed. Then

ma(0)= f(x,) =3, m', (0)=Vf(x)" p, ==20,me(1) = f(x, + p,) = 20,
and (2.3.3) gives 4 =1 = 0.270,
Now x, + Q“Pc = (0.189,0.730)" satisfies condition

(2.1.2) witha =10, since f(x, + A p,) = 0.570 < 2.99946 = f(x,)+aAVf(x,)" p..

Hence the next is x, :=x_+Ap, .Continuing the process, the minimum of

+

f(x.+Ap,) occurs at A, =0.40.
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fIx)

§}ope = i
£'(0) !;

PR S

)
¥

i
L
' X

Figure 2.3.3

In Figure 2.3.3 we can see backtracking at the first iteration using a quadratic

model.

Now suppose f(4,)= f(x, +A,p,) does not satisfy (2.1.2). In this case we

need to backtrack again. Although we could use a quadratic model as we did on

the first backtrack, we now have four informations about f which are

}(O), £'(0), and the last values of }(it) . So at this and any subsequent backirack

during the current iteration, we use a cubic model of f. The calculation of A
proceeds as follows.

Let Aprev and A2prev be the last two previous values of 4, .Then the cubic that

R e

N

satisfies £(0), 1'(0), f(Aprev) , and f(A2prev) is

Mer(A) = a® +bA + F'(0)1 + £(0),

— -

where
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1 -1
[a] - 1 Aprev’ A2prev’ | f(Aprev)— f(0)— f'(0)Aprev
b) Aprev—A2prev| —A2prev Aprev : J", (A2 prev)— } 0)- },, (0)A2prev

Aprev’  A2prev

— Y -\f 2 _ p
Its local minimizing point is A = I =a ) i

3a

(2.3.4)

It can be shown that 3. is always real, if o < % in Algorithm (2.3.1). Finally, we
use an upper bound u =0.5 and a lower bound / = % for :1 This means that if
/1>% Aprev, we set the new A, = %Jprev and if A< lioﬂprerv, we set the new

A, = Aprev .

10
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3.MODEL -TRUST REGION

3.1 THE MODEL -TRUST REGION APPROACH

The underlying assumptions in line-search approach were that the direction would
be the Quasi-Newton direction, and that the full Quasi-Newton step would always
be the first trail step. The resulting backtracking algorithm incorporated these
assumptions to attempt global convergence without sacrificing the local
convergence properties of the Newton method, clearly the goal of any global
strategy. In this approach we see the same goal, but we drop the assumption that
shortened steps must be in the Quasi-Newton direction.

Suppose that the full Quasi-Newton step is unsatisfactory. This indicates that

our quadratic model does not adequately model f in a region containing the full

Quasi-Newton step. In line —search algorithms we retain the same step direction
and choose a shorter step length. In this trust region approach, when we need to
take a shorter step, we first will choose a shorter step length, and then choose the

step direction.

3.1.1 SELECTION OF A STEP OF MAXIMAL LENGTH §,
FROM ..

Now suppose that we have x, and some estimate J, of the maximum length of a
successful step we are likely to be able to take from x_. This raises the question:
How can we best select a step of maximal length 6, fromx,? From the
beginning we have taken the view that the Quasi-Newton step s is reasonable
because it is the step from x_to the global minimizer of the local quadratic model

m, (if the model Hessian H_ is positive definite). If we add the idea of bounding
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the maximal step length by &, > 0, then the corresponding answer to our question
is to try the step s, that solves

minm,(x, +5) = f(x,)+Vf(x,) s+5s H,s

(3.1.1)
lsfl, < ..

Problem (3.1.1) is the basis of the “model -trust region” approach to
minimization.

Its solution is given in Lemma 3.1.1 below. The name comes from viewing &,

as providing a region in which we can trust m, to adequately model f.

Lemma 3.1.1: Let

1. f :R">R be twice continuously differentiable.
2.H_ e R™™ be symmetric and positive definite.

Then
a. If |s(0)| < &,, then s(0) =s. is the solution of problem (3.1.1)

b. If [s(0)|> 6., then problem (3.1.1) is solved by

s(u):=—(H,+ul)'Vf(x,) FOR the unique x>0 such that

Jse0)] = 5.
(3.1.2)

c. forany #£ >0, then s(u) defines a descent direction for / from x_.

Proof. Let us call the solution to (3.1.1)s,, and let x, =x, +s,.Since the
Newton point x, +s is the global minimizer of m,, it is clear that if "sf ” <0,,

then 5" =, . Now consider the case when x, +s" is outside the step bound as in

figure 3.1.2.

Let ¥ be any point interior to the constraint region. That is ||J? =) <8,
Then Vm,_(x) # 0, so it is possible to decrease m_, from ¥ while staying inside

the constrained region by considering points of the from ¥ — AVm _(X).

25



—-Vim, (x, +5)

- -

.....

m,(x)
Figure 3.1.2

In Figure 3.1.2 we see x,, m, with minimum at x" surrounded by contours at
some increasing values of m_, and a step bound d, .

=0

c

This implies that 5§ can not be the solution to (3.1.1), so s, must satisfy |s,

unless [s(0) < &, . Also since the constrained region in problem (3.1.1) is closed and
compact, somes for which ||s " = ¢, must be the solution.

Now consider some s such that "S” =0,. For s to be the solution to (3.1.1), it is
necessary that if we move an arbitrary small distance from x, +s in any descent
direction for m,, we increase the distance fromx,_. A descent direction for m_ from
x,+s 1is any vector p for which

0>p'Vm_ (x,+s)=p"[H,s+Vf(x.)] . (3.1.3)
Similarly, a direction p from x, + s increase distance fromx, if and only if

pls>0. (3.1.4)
What we are saying is that for s to solve (3.1.1), any p that satisfies (3.1.3) must

also satisfy (3.1.4). Since Vm_(x_ +5) # 0, it implies that for some x>0,
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us =-Vm (x, +s)=—(H_s+Vf(x,)) Which is just (H, +pl)s=-Vf(x,).Thus
s, =s(u)=—(H,+u)"'Vf(x,) for someu>0, when HScN” >3 . Since u=20
and //, i1s symmetric and positive definite, (H, + g/)is symmetric and positive

definite. Therefore,

s(u)= —(H, + u)"'Vf(x,) is a descent direction for f from x,. In order to finish the
proof, we need to show that s, is unique. If 420 and
n(w) :=|s, = (&, + 1) v/ (x,)

then

’

= Vf ()" (@l +H) VS (x) _ =) (H o+ ) s()
Js e s

n'(u) =

and so 7'(#) <0 when Vf(x.)#0. Thus, if g >, 20, then “s(;tl)" <l|s(y2)l|

.This shows that s, is unique.
Lemma 3.1.1 is a fundamental for a step a minimization algorithm. But the

difficulty is that there is no finite method of determining the x, >0 with

, =ls @, -

ls(u,)|, = &, in the case of &, < ”H:’Vf(xc)

3.2 MODEL TRUST REGION ALGORITHM

There is no guarantee that the x, will be an acceptable next point, although we hope
it will be if &, 1is a good step bound. If x, is unacceptable, one reduces the size of the

trust region and minimizes the same quadratic model on the smaller trust region.

Therefore, a complete step of a trust —region algorithm will have the following form:
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Algorithm 3.2.1: A global step by the model —trust region approach
Given f:R"—=R, 8, >0,x, e R",H_ € R™ a symmetric and positive definite:
(1) s, == approximate solution to (3.1.1),
X, =X, +8,
(2) I x, 1s unacceptable, then calculate a new
value o, and repeat (1).
(3) If x, is acceptable, then use

o, =0

o 4

3.3 COMPUTATIONAL METHODS TO DETERMINE 4,

3.3.1 THE LOCALLY CONSTRAINED OPTIMAL (“HOOK”)
STEP

Our first approach for calculating the step, when“s(O)” >0,, is to find
s(u) :==—(H_ + )" Vf (x,)such that|s(x)| ~&,, and then make a trial step to
x, :=x,+s(u). ®: R—R be defined by

() =|sw)| -5, =0 (3.3.1)

In this case, for n=1 we take H_=h, € R,Vf(x,) = g. which gives
O(u) = [ -(u +he)'g. | - 0.. This suggests a local model of the form

(94
mc(ﬂ): ﬂ -{C-ﬂ_é‘C.

Notice that, we will use boldface for the current values of the quantities «_, ,, i,
that are changing in the inner iteration on y , and normal type for the current values of

d,,x.,Vf(x,),H, that come from the outer iteration and are unchanged during the
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solution of (3.3.1). Thus, the inner iteration’s last approximation p_ to y, is the exact

solution to (3.3.1).

The model m_ (4) has two free parameters ., B, . Therefore it is reasonable to choose

them to satisfy the two conditions:

M) = =5, = (W) = s(u,)] - 5, and

ﬂC+IJC
, a, s()" (H, +P1) " s(H)
el = =P, ) ==
SIS fstu. )],
This gives
a, :_M (3.3.2)
D'(u,)
() +5,)
=—— . 339
Be oy M (3.3.3)

Now that we have our modelm_ = (U) , we naturally choose Y, such that m_(u) =0

That is py, =%°~—Bc

Substituting (3.3.3), (3.3.2) and (3.3.1) in to this,
we get

DO(H ) +90, | PH,)
s 3.3.4
u+uc{ > [@%J (3.4

c

i Hs(uc)ll[ () }
A KX (T

4

as our iteration for solving ®(p)=0, and remember where we are in the iteration: We
have just made an x- step s(u_)fromx_tox,, and we now wantx, ,ie. we have
obtained 6, from J_by updating the trust region. Before we get ., we still have

(H_ + p_I) in factored form and so it costs only O(n”) to compute

s(u ) (H_+p 1) s(p.) _
s e

@ =5 )]-5, ana =
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In analogy with (3.3.4), we use

sG] @) (3.3.5)

Ho = 4. 5. D\ .

Notice that if the previous iteration took the Newton step (x_ = 0), then we find p,

by a different technique mentioned latter.
Another computational detail, important to the performance of the algorithm for
solving (3.3.1) is the generation and updating of lower and upper bounds u; and 1; on

M, which used to safeguard the steps. i.e. we restrict g, to be in [li,u+].We take

q = i(o), we then calculate
©'(0)
”iv =My = %
D'(W,)
along with each calculation of (3.3.4), and update the lower bound to
" . v/ (x),
li=max {l;,M, },where I is the current lower bound. Also, we take u, =5— as

c

our initial upper bound. Then, at each iteration, if ®(u,)<0, update the upper bound

to uy+= minf{u_,H, }, where u. is the current upper bound. If at any iteration

W, & [Lu.] we take p, by p,=max {(1,.u,)",10™u_ } (33.6)
Notice (3.3.6) is used to define g, whenever (3.3.5) can not be used because the

previous iteration used the Newton step.
Finally, we don’t solve (3.3.5) to any great accuracy; However, if

38, 36,
3* 0

} , we will accept the result as solution for (3.3.5). This is because

ool |

the trust region is never increased or decreased by a factor smaller than 2.
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Example 3.3.1: (cf[3]) Let flex)=x!+sxd+22, = =007
H =1z},

o, =% ,i4_ =0, then

Vv —62TH—140
f(xc)_(s) r.-O 2

£“=—H?Vf&J:%—%r4f,

5| =1.088.

Since ||s‘fV ” > ;5,_., the Newton step is too long, and we seek some x>0

Such that

[CH + )V (x,)

= {Bj“ y 3?} =[0.375,0.75] (see figure 3.3.2).

Since p_ =0 we get

®0) 0588 . .

_— ],

0 @'(0) 0.472

Ve, 6325
°T 5 05

c
1

o = (I,.u,)? ~3.97.

~12.6

Next we calculate

s(Mo) = —(H, +Hod) "' Vf(x,)
~ (—0.334,-0.335)".

Since [|s(4, )|, ~0.473€[0.375,0.75],

we take 2, =M, and x, = x, +s(u,) = (0.666,0.665)" as our approximate solution to

(3.2.1). Note that in this case we have not used iteration (3.3.4). One application of

(3.3.4) would result in

_O) sl _ ., —00271+0473
D'(Hy) 6 T ~0.0528 +0.5

c

3.49.

Hi =Ho
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and that s(y,) = (<0.343,-0.365) ,

s(,)], =0.5006 . Incidentally, (3.3.1) is solved

exactly by p, =3.496.

Figure 3.3.2
The figure 3.3.2 shows the “Hook” step for Example 3.3.1.

3.3.2 THE DOUBLE DOGLEG STEP

The double dogleg step method also finds the solution to problem (3.3.3). It

approximate the solution by a piecewise linear function connecting the “Cauchy point

“C.P., the minimizer of the quadratic model m, in the steepest-descent direction ,to

the Newton direction for m,_, as indicated in the figure(3.3.3).Then x, chosen to be

the point such that |x, —x_|. =&, unless |H,'Vf(x.)| <&., in which case x, is
P + clla c c ¢/, c +

the Newton point.
The specific way of choosing the double dogleg curve have two important

properties. First , as one proceeds along the piecewise linear curve from x, to C.P.,
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C.P.to N and Nto x, the distance from x, increases monotonically. Thus for

any o, SHH;‘Vf (xc)", there is a unique point x, on the curve such that

||.7c+ —-x,|,=06. Second, the value of the quadratic model m,(x, +s)decreases

monotonically as s goes along the curve from x, to C.P., C.Pto N and N tox! . This

makes the process reasonable.

Figure 3.3.3

In Figure 3.3.3 we show the double dogleg curve,x, = ¢.p.—» N — x.

The Cauchy point C.P. is found by solving
minm, (x, = AVf(x.)) = f(x.) = A|V/(x,)

AeR

s+ AVf(x) HVf(x,),

which has the unique solution
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TV ) HYV ()

Therefore,
CP = 'xc — /va(xc) ?
and if
VACH) "
S, SAVf(x.)|, = Vf()! )Y H lf(x )’

the algorithm takes a step of length &, in the steepest —descent direction:

0,
e,

In order for double dogleg curve to satisfy the first property stated above, it must
be shown that the Cauchy point C.P is no farther from x,than the Newton point x! .
Let

s =-AVf(x,),s" =-H'Vf(x,).

Then

op

2 V(e )H VS (x,)
s el
Vi (x)H . Vf(x,) Vf(x)H'Vf(x,)
: I, L=kl
(Vf (x)H Vf (x NVf (x ) H VS (x,) .

(3:3:4)

But
\V/ 4
” s )“" = <1, for a symmetric and positive definite
(Vf (x)H Nf (x )V (x )H VS (x,)
HeR™,
Thus,
s <rs"] <[s"]
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The point V' on the double dogleg curve is now chosen to have the form

N =x, —gH Vf(x,)

for some 7 such that y <7 <1 and
m, (x) decreases monotonically along the line from C.P to N . (3.3.8)

Since we know that m_(x) decreases monotonically from x_ to C.P. and from N

to x!, (3.3.8) will guarantee that m,(x)decreases monotonically along the entire

double dogleg curve.

To satisfy (3.3.8), 7 must be chosen so that the directional derivative along the line

connecting C.P and N is negative at every point on that line segment. Parameterize

this line segment by
x,(A)=x, +5°" + Ans" —s°") where 0<A1<1.
The directional derivative of m_ along this line at x, (1) is
Vi, (x, (A)" (5™ —5°7) = [Vf (x,) + H, (s + Aps” —s“" DT (ns™ —s5°7")

=(Vf(x )+ Hs ") (ps” —s7) +
Ans™ —SC"G')THC(T]SN —s°7).

(3.3.9)
Since H_ 1is positive definite, the right hand side of (3.3.9) is monotonically

increasing function of A. Therefore we need only require that (3.3.9) be negative for

A =1 to make it negative for 0 < A <1. But for 4 =1we get
(Vf () + H s P (™ =7 )+ Ans™ =57 ) H, (s =5°%)

= Vf (5 (5™ =557 )+ (Hs") (s —5°7) +
(ms"H ) (ns™ =s°") = (H s") (ps™ —5°7")
=Vf(x) (" —s*P)+ " H) (5" - 5°7)

=Vf(x,) (" =s"") = oVf (x,)" (™ —5°7), for 8" = —H'Vf (x,)

=(1=-mVf(x.) ps™ ~5")
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v/ G| v (x,)
Vf(x)H Vf(x,) |

= (I—U)Vf(xf)r[— nH ;'Vf (x,) +

fors" =-H_'Vf(x,)and

P = AV (x)= = |VF )| Vf(x)
Vf(x,)H Vf(x,)
L . _— V7)) v (x)”
=(1-mVf(x)" | —-nH_'Vf(x,)+ YV OE V()
o . — V7|’ HI'VI(x,)
=(1-mVf(x,)' | —nH, Vf(x”)Jer(xc)HCVf(xc) VGOV )

==y —mVf (5 )H 'V (x,).
Therefore the condition
Vim, (x, (1) (5" ~s5°7) <0
is equivalent to
(L-m)(y =mVf (x )H'Vf (x,) <0

which is satisfied for any 7 € (7,1).

Thus N can be chosen as any point in the Newton direction x, +7s” for which 7is

between 1 and y, where
s ACH
- Vf)H V(3 )V )H]Vf(x,)

Notice that if 7 =1, we get the single dogleg curve . But an earlier bias to the Newton

direction seems to improve the performance of the algorithm, and hence Dennis and

Mei suggest that 7 = 0.8y + 0.2, leading the double dogleg curve as figure 3.3.3.
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Example 3.3.4: (cf[3])Let f(x),x,,H_ be given as in Example 3.3.1, and let

5. =0.75.
Recall that

Vv —62), H. = ° ¥ o (=21
fx)=62, H, =5 | 8% =C5m1)

N
S(‘

Since

;= 1.088 > ¢_, the double dogleg algorithm first calculates the step to the

Cauchy point . Now
ep 40 \( 6 —-0.469
sl = — ~ :
512 \2 -0.156

Since Hs"‘" ”2 ~ 0.494 < 6, , the algorithm next calculates the step to the point NV .

It can be verified that

__(40*
Y= —32 ~ (0.684
(512)(7)

n=0.8y+0.2~0.747

z -0.320
g =ns w
‘ —-0.747

Since SR’ ~ 0.813>§_, the double dogleg step must be along the line connecting

C.P. and },\\/i.e.sc =g + /“L(s;‘\' —s“?)forthe 2 €(0,]), |

5, “ =, . The number A is

calculated by solving for the positive root of the

quadratic equation

A 2
P+ AN =57 = S,
2
Which is A = 0.867 . Thus,
& -0.340
s, =857 +0.867(s" —5“")
—.669

and
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Figure 3.3.5
In Figure 3.3.5 the double dogleg step of Example 3.3.4 is shown.

3.4 UPDATING THE TRUST REGION

If the pointx, found by using the techniques of subsection 3.3.1 or 3.3.2 is
unacceptable, one reduces the size of the trust region and minimizes the same
quadratic model on the smaller trust region. If x, is satisfactory, one must decide
whether the trust region should be increased, decreased, or kept the same for the next
step.
The condition for accepting x, is the one developed in Section 2.1,i.e.
F) < fx)+avf(x,) (x, —x,) (34.1)
where « is a constant in (0,%) which is usually a = 107 . If x, does not satisfy
i

(3.4.1), we reduce the trust region by a factor between . and % and return to the

approximate solution of the locally constrained minimization problem. The reduction
factor is determined by the same quadratic backtrack strategy used to decrease the

line-search parameter in Algorithm2.3.1. We model f(x, +A(x, —x.)) by the

quadraticm, (1) that fits f(x,),f(x,), and the directional derivative
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Vf(x,) (x, —x,) of fat x, inthe direction x, —x,.We then let the new trust radius

o, extend to the minimizer of this model ,which occurs at

= —Vf(x) (x, —x,)
2f (%)= fx)-Vf(x,) (x, ~%.))

|x+ =%, H If

(]

Thus,d, = 4,

1.1
A, — x|, 2 [Eé,,gac},

we instead set &, to the closer endpoint of this interval for the same reasons as in the
line-search algorithm.

Now suppose x, that satisfies (3.4.1). We need update &, to &, by comparing the
actual reduction Af = f(x,)—f(x,)to the predicted reduction
Af pea =m(x,)— f(x,) as follows:

28, Af 20.754f,

c red

5, =4%,  Af<0.14f,

+ red

&
2
o,, otherwise.

3.5 GLOBAL METHODS FOR SYSTEMS OF
NON-LINEAR EQUATIONS

We consider the following problem to solve a system of non linear equations.
Let F: R" —R". Then find x, € R" such that F(x,)=0. (3.5.1)

In this section we show how Newton’s method for (3.5.1) can be combined with
global methods for unconstrained optimization to produce global methods for (3.1.1).

The Newton step for (3.5.1) is
%, =x =J0x ) Flx ) (3.5.2)

where J(x,)is the Jacobian matrix of F* at x,.
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From Section 1.1 we know that (3.5.3) is locally g-quadratically convergent to x, , but
not necessary globally convergent. Now assume x,is not close to any solution x, of

(3.5.1). How would one decide then, whether to accept x,as the next iterate? A

reasonable answer is that “F {x. )“ should be less than ||F (xc)” for some norm “ |, a

convenient choice being the /, norm ||F (x)||2 =F(x)" F(x).

|
Let f(x):=5|F()|
Therefore, we have in effect turned our attention to the corresponding minimization

problem:

min f(x). (3:5.3)

xeR"

The descent direction for problem (3.5.3) is any direction p for which Vf(x,)" p <0,

where

n

V() =2 Y5 = SV (S ) = T F(x,).

Therefore, the Newton direction along s” =-J(x,)™ F(x,) is a descent direction,
since

Vi ()T sY = =F(x) J(x)J (@) F(x,) =~F(x,)" F(x,) <0
as long as F(x,)#0. The application of the global methods of Chapter 2 and
Chapter 3 to the non linear equations is now straight forward. As long as J(x,) is
sufficiently well conditioned, then J(x,)" J(x,)is safely positive definite, and the
Algorithm 2.1.1 and Algorithm 3.2.1 apply without change if we define the objective
function by %”F (x)||2 , the Newton direction by —J(x,)”" F(x,), and the positive
definite quadratic model by,

m,(x, +5) =L F(x,) F(x)+ (J(x) F) s +5s (@) J(x)s.  (3.54)
This means that in a line-search algorithm, we search in the Newton direction,
looking for a sufficient decrease in “F (x)|| . In trust region algorithms, we consider the

optimization problem :
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min n,;c (x, +5)
Is| <.

Ifo, 2 ||J (x,)”' F(x,)|, then the step attempted is the Newton step. Otherwise,

for the locally constrained optimal step, it is

=) Jx) D) T(x) F(x)  (3.55)

for u, such that”s”2 ~0,.

3

2 2
Example 3.5.1: (cf[3]) Let F: R>>R?, F(x) =[xl sz ’ ]
e +x, -2

which has the rootx, = (1,1)", and let x, = (2,0.5)".

Define f(x) = %F(x)r F(x).

P LR L
o P e Y ]

st = =J (%) ) = [‘ 3‘00]

Then

and

9.74
Our line —search Algorithm 2.3.1 will calculate x, = x, + 4,5, starting with 1, =1,
decreasing A, if necessary until /'(x, ) < f(x,) +10* A,V (x,)" 52 .

For 4, =1,

4N | 100 . 104
=T REEER T Lo | TR 1yt )

so that the Newton step clearly is unsatisfactory. Therefore we reduce

A, by a quadratic backtrack, calculating

/11 — —vf(xU)TS(']V = ) (356)
2Af(x )= f(x)=Vf(x)" 55 ]

In this case, /(x,) ~5.79x10°, f(x,)~2.89,

Vf(x,) s ==F(x,)" F(x,)~-5.77,
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So that (3.1.6) gives 4, ~4.99x107°.
Since 4, < 0.1, Algorithm 2.3.1 gives 4, =0.1,

o 1.70 Fix) 3.06
X, =X Asy = , I(x, )= :
mo Y 1147 3.21

This is still unsatisfactory, and so Algorithm 2.3.1 does a cubic backtrack, then a
backtrack yields 4, ~ 0.0659. Since 4, > '521 , the algorithm sets

1.85 2.40
A, =34 =0.05,x, =x,+0.055) » JF(x,)= :
2 =24 e AR [0.987] (%) [1.30}
This point is still unsatisfactory, since f(x,)~3.71> f(x,), so the algorithm does

another cubic backtrack. It yields A, = 0.0116, which is used since it is in the interval

[ﬁﬁi} = [0.005,0.025].
10772

Now we have

a1 1.965 2.238
x, =x, +0.016s;, = y AL .
0.613 0.856

This point is satisfactory, since
f(x,)~2.87<289~ f(x,)+107(0.0116)Vf(x,)" s, .
So we set x, = x, and proceed to the next iteration.

It is interesting to follow this problem further. At the next iteration,

N P [-1.22
U R L R

0.750 ] 5.77
M =x +s" » s F(xl)= ’
A {2.68 | G2) [18.13}

which is again unsatisfactory. However, the first backtrack step is successful. The

Algorithm 2.3.1 computes A, =0.0156, and, since this is less than 0.1, it sets
A =01,

v |1.84 2.07
x, =x +0.1s; = s  BAx) e ;
0.820 0.876

and the step is accepted, since
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f(x,)~2.53<287~ f(x,)+10™(0.)Vf(x,)" s .

At the next iteration, we get

—0.0756
y, ==J{x,) ' F ~ 5
5, (x,) (x;) |: 0.0437]
1.088 0.762
G ’ Fx') ~ 7
¥ TR T 0y )= 077

and so the Newton step is very good . From here on, Newton’s method converges

g-quadratically to x, = (1,1)".
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