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Abstract

In this thesis, the direct segregated Boundary Domain Integral Equations (BDIES)
for the Mixed Boundary Value Problems (MBVPs) for a scalar second-order
elliptic Partial Differential Equation (PDE) with variable coefficients in an un-
bounded (exterior) 2D domain is considered. In this thesis, we formulate the
exterior 2D domain of the direct segregated systems of BDIEs for the MBVPs
for a scalar second-order divergent elliptic PDE with variable coefficients. The
aim of this work is to reduce the MBVPs to some direct segregated BDIEs with
the use of an appropriate parametrix (Levi function). We examine the charac-
teristics of corresponding parametrix-based integral volume and layer potentials
in some weighted Sobolev spaces, as well as the unique solvability of BDIEs and
their equivalence to the original MBVPs. This analysis is based on the corre-
sponding properties of the MBVPs in weighted Sobolev spaces that are proved
as well.
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Notations and Abbreviations

a Multi-index in N3, o = (g, o).

e The length of the multi-index «, |a| = ay + as.

x A point in the plane R%, z = (21, x2).

z The multi-index notation for the power of z, x® = z{*z52.
0~ The multi index notation for derivative operator, 0% = 07" 95.
Q An open set in R2.

0N Boundary of Q.

Outward normal to €.

=

Gradient operator.
Laplace’s operator.

The set of test functions.

U9 b«

The set of all continuous linear functionals over D.

The space of rapidly decreasing test functions.

& O

The space of linear continuous functionals on S.

supp(u) The support of w.

) Dirac’s delta function.

F Fourier transform operator.

Tr, Restriction operator on a set I'y.

T+ Co-normal derivative operator inside and outside of 2.
vt The trace operator inside and outside € .

WkP(Q)  Sobolev spaces of order k.



H*(Q)
()
PDE
BVP
BIE
BDIE

Bessel potential spaces.
weighted Sobolev space .
Partial Differential Equation.
Boundary Value Problem.
Boundary Integral Equation.

Boundary Domain Integral Equation.



Introduction

Mathematical modeling of inhomogeneous media (such as functionally graded
materials or materials with damage-induced inhomogeneity) in solid mechanics,
electromagnetics, thermoconductivity, fluid flows through porous media, and
other branches of physics and engineering frequently involves partial differential
equations (PDEs) with variable coefficients.

When the PDE coefficients are not constant, there are typically no explicit
fundamental solutions available, which makes it impossible to solve Boundary
Value Problems (BVPs) for such PDEs numerically. However, for an extensive
range of variable-coefficient PDEs, an explicit parametrix (Levi function) linked
to a fundamental solution of corresponding frozen coefficient PDEs can be uti-
lized instead. This reduces BVPs for these PDEs in interior domains to BDIE
systems for additional numerical solution of the latter. see e.g, [4,6,20,21,22,25].

The primary objective of this study is to demonstrate the reduction of mixed
problems with variable coefficients in exterior domains to certain systems of
BDIEs. Additionally, we aim to explore the distinct sovability of BDIEs and
their equivalence to the original BVP in the weighted Sobolev spaces. To achieve
this, we extend to exterior domains and weighted spaces, using the techniques
developed in [25] for interior domains and standard Sobolev (Bessel potential)
spaces.

The characteristics of the related boundary value problems are crucial to the
BDIE analysis. Today, a lot of research has been done on variable-coefficient
BVPs in bounded domains, see e.g. [10,13]. In particular, the analysis of
segregated boundary-domain integral equations for variable-coefficient mixed
boundary-value problems 3-dimensional unbounded domains can be found in
[5]. Nonetheless, due to the logarithmic term in the parametrix of the related
partial differential equation, the BDIEs in the two-dimensional case show unique
characteristics when compared to the higher dimensions. As a result, in order to
guarantee the invertibility of the layer potentials and, consequently, the BDIEs’
unique solvability, we must impose requirements on the function spaces.



Chapter 1

Preliminaries

The fundamental definitions and characteristics of several topics that we utilize
in the dissertation will be covered in the upcoming chapter. Since we deal in
two dimensions, we concentrate on the theories in R%.Let 9; = Op, 1= 8% for
j = 1,2. A vector of the form o = (a1, a3), where each component «; is a

non-negative integer, is called a multi-index of order

lo| = a1 + s

. . lal
Given a multi-index «, we define 0%u = D%u(z) = % = 071 0g2u(x),
«@ a1 .02

% = x]" g

1.1 Vector Space

Definition 1.1. Let F be a field. A set V is called a vector space over F if
there is an operation of addition

(z,y) »x+y
on V , and a scalar multiplication function
A\ z)—

from F xV to V| such that the following Azxioms are satisfied:

Axioms for vector addition

Al. If u and v are in V, then u+v is in V.

A2. u+v = v+u for all uw and v in V.

A3, u+ (v+w) = (u+v) +w for all u, v, and win V .

A4. An element 0 in V exists such that v+0 = v = 0+v for every v in V.

A5. For each vin V, an element -v in V exists such that -v+v=0 and v+(-v)=0.
Axioms for scalar multiplication

S1. If visin V, then av is in V for all a in F.



S52. a(v+w) = av+aw for all v and win V and all a in F.
S3. (a+b)v = av+bv for all vin V and all a and b in F.
S4. a(bv) = (ab)v for all vin V and all a and b in F.

S5. 1v = v forallvin V.

Sub Space

Definition 1.2. Let V be a vector space, a nonempty subset U of V is called a
subspace of V if U itself is a vector space under the operations of V.

Theorem 1.1. Let V be a vector space over a field R and U be a nonempty
subset of V. then U is said to be a subspace of V if and only if for all uy,us € U
and for all a,b € R,auy + bug € U.

Proof. = Since U is a subspace of V by assumption, it then implies U it self is
a vector space under the operations in vector V. and hence , au; and buy € U
by S1 and auq + bus € U by Al.

< by assumption we have for all uy,us € U and for all a,b € R, auy + buy € U.
then one can easily verify that the 10 axioms are satisfied; by taking suitable
choose of a,b € N O
1.2 Normed Vector Space

Definition 1.3. Consider a vector space V. A norm is a real-valued functional
[l.|| on V that is given for each real number « and each f and g in V, so that,

(The Triangle Inequality)

1F =+ gll < [1£1] +lgll

(Positive Homogeneity)
llaf1] = leI£]]
(Nonnegativity)
|fI| >0 and ||f|]|=04if and only if f=0.

By a normed vector space, we mean a vector space together with a norm, that
is, (V. I1ID-



Semi Normed Space

Definition 1.4. Consider a vector space V. A semi norm is a real-valued func-
tional |.| on V that is given for each real number o and each f and g in V, so that

(The Triangle Inequality)
[f +al <[fI+ gl
(Positive Homogeneity)
af| = lel|f]
(Nonnegativity)

|f| >0 and |f| = 0 does not necessarily imply f = 0.

By a semi normed space we mean a vector space together with a semi norm.
that is (V,|.]).

Example 1.1. Define a function p:S— [0,00) by p(z)=|lim, o ¥n|;z={tn}
for all convergent sequence {1, }. One can easily verify that the function satisfies
the three conditions. However, p is not a norm. This is because if we take the
sequence 1={1} then p(x)=|lim, o L|=0.

Banach Space

Definition 1.5 (Cauchy Sequence, Convergent Sequence). Assume that V is a
Normed space and that {S,} is a sequence of points in V.

I A sequence {S,} is considered to be Cauchy if, for each € > 0, there is a
N € N such that

m,n >N = ||z, —zn|| <e€

1L if
lim ||z, — || =0,
n—oo

then {S,} converges to a point x € V.

Definition 1.6. If every Cauchy sequence in a normed space V converges, then
V is referred to as a Banach space.



1.2.1 LP Spaces

Assume that the open set  C R? is non-empty. LP(Q) is the linear space of
measurable functions v : Q — R for p € [1,00) in such a way that

LP(Q) = {u : = R : u is measurable and / |u(x)|Pdr < oo in Q} .
Q

The norm in LP(Q2) is defined by

ooy = [ / |u(w>|pdx] R (L1)

The space L*°(2) counsists of all essentially bounded measurable functions v :
Q—Nie

L(2) = {u: Q2 — R:wu is measurable and ||ul|(q) < oo in Q}.

The norm in L*°() is defined by
||U||L<X>(Q) = esssup|u(z)] (1.2)
e

Definition 1.7. The L (Q)(p-locally integrable) consists of all measurable
Sfunctions in Q such that

lu(z)Pde < oo
Q/

I;P

loc

(Q)={u:ueLP(Q)VY cc Q,Q compact }

Definition 1.8. Let o be a multi-index andu € L} (Q). Ifw € L}, () satisfies

loc loc
the following conditions, it is referred to as the « th -weak derivative of u.

[ ulepta)dn = (1) [ w)p)s Vo e CF@)
Q Q

Remark 1.1. We can use integration by part if u(zx) is sufficiently smooth to
have a continuous derivative Du.

/Qu(:v)Daap(x)d:E = (—1)l /QDau(x)cp(:c)dx Vo € C5°(2)

Hence, the classical derivatives is also a weak derivatives.

It is very easy to show that||-||1»(q) is a norm for p € {1,2,00}. The primary
challenge in showing that || - || » () is a norm for different values of p is proving
the triangle inequality, also referred to as the Minkowski inequality (see Lemma
1.3 below). First, we use Young’s inequality and then the Holder inequality to
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show the Minkowski inequality.

For p € [1, 00], we define its conjugate ¢ by the relation
1 1
-4+-=1 (1.3)
p q

Here we adopt the convention 1/0o = 0. It is easy to see that 1 < ¢ < oo.
Moreover, 1 < g < o0 if 1 <p <oo,q=1if p= 00, and ¢ = o if p = 1. For
p # 1,00, we obtain from the defining relation (1.3) that its conjugate is given
by the formula

We first introduce Young’s inequality.

Lemma 1.1 (Young’s Inequality). Let a,b> 0,1 < p < oo, and q the conjugate
of p. Then

aP b
ab < — + —.
p q

Proof. Let us restate the above lemma in an equivalent form as follows:
Let o, 8 € [0,00), and let A € (0,1). Then

B < Aa+ (1 - N)B.
is also Young’s inequality. Define f : [0,00) — R by

fO) =0 =N +x—t, tec[0,00).
Then for each t € (0, 00)

Oy =x—xrt=x(1-t"1).

Since A —1 < 0, we have f'(t) <0 for t € (0,1) and f/(t) > 0 for ¢t € (1, 00).
Hence

0=f()<ft)=1—-A+ X —t* Vte]0,00). (1.4)
If 8 =0, then the Lemma holds trivially.

Assume 3 # 0. Then by substituting £ = 5 in (1.4) we get

A
<g) <1-A+ A% or a7 < (1= )+ Aas™! (1.5)

Multiplying both sides of (1.5) by 8 > 0, we have

BN < A+ (1 - N)B.

This implies that,
a? bl
ab < — + —.
p q

11



Lemma 1.2 (Holder’s Inequality). Let p € [1,00] and q be its conjugate. Then
for any u € LP(Q) and any v € L1(Q),

/ u(@)o(@)|dz < Jullpllo],

Proof. The equality follows trivially if either u=0 or v =0. Assume that u # 0

and v # 0, then we have the following;:

1 1
x)v(x x)P\ P x)|?\ ¢ 1|u(z)|? 1 |u(x)|?
el _ (u(e) ) () ) BTG LA TC T ——
[ullpllvllq [[ullp [[v]lq p ullp Hullq
lu(x)v(x)|de < /| WPde + —— /|v )|9dx
||u|p||v||q/ pllullp allvl|d
Ll 4+ o]
~ pllullb qllv[1
_1. 1
P q

=1
O

Lemma 1.3 (Minkowski’s Inequality). Let 1 < p < oco. If the functions u and
v belongs to LP(QQ), then,

lut olly < lullp + ol Va.o € L2(Q)
Proof.
(Il + o]l,)" / u(@)o(@)Pde = / fu(@)o(@)|fu(z)o(@) P~ d
g/ (@) Juz)o() [P 1dz+/ fo(a) fu(z)o() P~ dz
1
< lull, ( [ ut@yota)ie- de) ol ( / |u<w>v<w>|<“>qu)
Q
= (lully + ) ( / ua)o(a)|*1ds
1
= (lully + ol) ( [ ute |pdx)
= (lully + lolly) (l + v]l)3
Hence (|lu+ v||, )p75 < |lullp + ||v|lp, but since p — p =1 we get:
O

lu+vllp < llullp + vl
Theorem 1.2. The Spaces LP is a Banach space.

12



Proof. Let {f,},~, be a Cauchy sequence in L?, and consider a subsequence

{fox ey of {fn} Wlth the following property ank+1 f"kHLP < 27 for all
k > 1. We now consider the series whose convergence will be seen below

F@) = For (@) + D (frss (@) = far (7))
k=1

and

9(z) = |fo, (x |+Z|fnk+1 — fo(2)]

and the corresponding partial sums

m

Sm(f)(zx) = Jna (z) + Z (fnk“('r) — fru (x))

k=1

and

Sm(9)(x) = [ fr, (z |+Z\fnk+1 — fo (@)]

The triangle inequality for LP implies

Hsm(g)”LP S ”fnl”LP +Z ||fnk+1 - fnkHLP

k=1

S ||fﬂ1||Lp + 227]6

By allowing m to approach infinity and utilizing the monotone convergence
theory see [9, page 83], it can be shown that | f? < co. Consequently, the series
defining f and f € LP converge almost everywhere. We now show that f is the
sequence {f,}’s intended limit. Given that the telescopic series construction
yields a (m—1)*"" partial sum of this series that is exactly f,, , we may conclude
that

Jon (@) = f(z) ae.

To prove that f,, — fin LP as well, we first observe that

[f(@) = Sm(£)(@)" < [2max (|f ()], |Sm (£) () ])]”
< 2°[f (@) + 27 [Sm (f) ()"
< 2 g(a)P

for all m. Then,by applying the dominated convergence theorem we obtain
| fr. — fll;» — 0 as m tends to infinity.

13



Finally, Since {f,} is Cauchy then for any € > 0, there exists N such that
for all n,m > N we have || f, — fm| » < €/2. If ny, is chosen so that n,, > N,
and || fn,, — fll.» < €/2, then the triangle inequality implies

[ = Fllge < Mfn = Frnllpe + 1o, — flle <€

whenever n > N. This concludes the proof of the theorem.

1.3 Inner product Space

Definition 1.9. Let V be a vector space over C (or over R). Assume that the
function
(., Y VxVi=Cor (., . ):VxV—R

is defined for any u,v € V and satisfies the following axioms

1. {u,v) = (v,u) or, for the field R, (u,v) = (v, u);
2. (ou + Bv,w) = a{u,w) + S{v,w);

3. (u,u) > 0;

4. {(u,uy =0 if and only if u = 0.

Theorem 1.3. Let Q C R%, and let f,g and h be any element in L*(SY) then,
(9= [ f@gla)ie (16)

is an inner product on L?(£2)
Proof.
0= [ f@u@d = [ o) (@)
={g. /)

= off,h) + Blg, h)

o f) = /Q f(@) (@) = / £ () da

> 0; since f2(m) >0

14



:/Qf(m)f(m)dx:/ﬂfQ(m)dx

=0; if and only if f? =0 implies that f = 0.

This concludes the proof of the theorem. O

Hilbert Space

Definition 1.10 (Cauchy Sequence, Convergent Sequence). Assume that V is
an Inner Product space and that {S,} is a sequence of points in V.

I A sequence {S,} is considered to be Cauchy if, for each € > 0, there is an N
€ N such that

m,n >N = (Yn, Ym) < €

II. if

lim (y,,y) =0

n—oo
then {S,} converges to a point y € V.

Definition 1.11. If every Cauchy sequence in an Inner Product space V con-
verges, then V is referred to as a Hilbert space.

Lemma 1.4. The following equation is the L? norm induced by the inner prod-
uct (1.6).

1/2
1l = VR [ Sz m} = 1]z L7)

Proof. The case Positive Homogeneity and Nonnegativity is trivial. so let us
check the triangle inequality case.
let f and g be in L? then,

|f+g||—(/|f . |2dx)

1/2
@+ 2 s @) + o))

<
([1r@pas+2 [ (ot | |g<a:>2dx)l/2

LF1Z + 20 £llgll + lgl1?) 2 by Holder's Inequality

<(
(If +92)""
171+ llgll



Corollary 1.1. The Spaces L? is a Hilbert space.

Proof. We have proven by Theorem 1.2 that L? is a Banach space with respect
to the norm (1.7) and hence L? is a Hilbert space. O

16



Chapter 2

Distributions

2.1 Test and Distributions

2.1.1 The space of test functions D({2)

We denote the space C*(Q), the space of k- times continuously differentiable
functions equipped with the norm, for an open bounded domain Q C R? and
k € Ng.

Ifller@y =D, suplo®f(x)|

|a|<kzeQ

The set of all functions that are infinitely differentiable in €2 is represented by
C°(€). That is: for any integer k > 0,

C®(Q) ={u:ueCHQ) forallk}

The closure of the set where u does not vanish, {x € Q: u(z) # 0}, is the
support of a continuous function u in €2, and represented by supp u.The space of
infinitely differentiable functions with compact support is denoted by C§° ().

C5e () = {u e C®(Q) : suppu CC Q}

Definition 2.1. The set of all infinitely differentiable functions in £ with com-
pact support is called the set of test functions D(2). We also denoted the set
D(Q) by C5°(Q)

D(Q) = {p € C(Q) : supp(yp) is compact in Q} .

Example 2.1. For z € R?, let

17



We assert that, o*(x) = % for any multi-indiz o, for some poly-
nomial P,. For |z| < 1, We can distinguish and infer inductively in «, that
©*(z) = Py(x)e el for some polynomial P, where t = m More-
over, *(x) = 0 for |x| > 1. Thus, the formula above for ¢ is verified in
the case |x| # 1. Since the exponential increases faster than any finite power,
Pa(2)(z) _ Pa(@)t"*l|4k

(I—]e2)* ™ et
findings (inductively) with k = 0 shows that ¢ is continuous at |x| = 1,
and using k = 1 shows that it is likewise differentiable and has a zero deriva-
tive there. Hence, the formula that we claimed holds for any x. In addition,
we also observe from the fact that % is continuous and bounded for any a.
Hence, ¢ € D(Q) for any open set Q containing the closed unit disc. As a
result o is infinitely differentiable and we can show that its n*" derivative has

— 0 as |z = 1 (ie., ast — oo ). Applying these

the form o™ (z) = p, (:13, ﬁ) o(x) for some polynomial p,(s,t) and Hence
peCs° (RQ) with compact support. supp ¢ = {(a:,y) cx? 4y < 1} and it is
differentiable infinitely.

Remark 2.1. i. If pi(x) and ps(x) are test functions on Q, so is Crp1(x) +
Copa(x) for any C1,Co € R. Hence, the space D(Q) is a real linear space.
it. If a € C°(Q) and ¢ € D(Y), then ap € D(Q)

Convergence in D(Q)) : if there is a compact subset E of Q with supp
(pn) CE, n€ N and 0%, — d%p uniformly on E,Va € N3 , then we call a
sequence {¢n}, ., in D(Q) converges in D(2) to ¢ in D(Q).

2.1.2 The space of distributions D'(2)

Definition 2.2. Let Q be a domain in R? and D(Q) be the space of test func-
tions. The set of distributions(or generalized functions) is a collection of all
complez valued linear continuous functionals u over D().

The above definition can be interpreted as follows:

1. A distribution f is a functional over D(2), meaning that there is a (complex-
valued) number associated with each ¢ € D(Q).

(fro) = f(p)

2. A distribution f is said to be linear functional over D(2), if ¥, ¢ € D(Q)
and A, p are complex numbers such that

(£s 2o + ) = X, ) + plf,¥)

3. A distribution f is said to be a continuous functional over D(2), if ¢ — ¢
as k — oo in D(Q) such that

<fa§0k>4><f750>a k — oo

The set of all distribution specified in € are denoted by D’(Q)
Convergence in D'(Q) : if (un, ) = (u,¢) in C as n — oo, VYo € D(Q)

18



,2then a sequence of distributions {u,} said to be convergent to v in D’(2). And
it is expressed as u, — u in D'().

Distributions, which are definable in terms of locally integrable functions are
said to be regular distributions. The remaining generalized functions are called
singular distributions.

Example 2.2. The Dirac delta distribution §, which is defined by (0, ) =
©(0), Vo € D(Q) is singular distribution. The Dirac delta distribution cannot

be evaluated at points, it makes sense to say that it vanishes except at origin.
Thus, supp(d) = {0}.

Remark 2.2. Since every test functions are locally integrable, L, .(Q) C D' ()
and hence D(Q) C D'(Q)

o We define multiplication of a distribution f, by a € C*°(Q) as {(af,p) =
(f,ap) for all ¢ € D(Q).

e However multiplication of two arbitrary distributions is mot possible in
general. For instance,

1 1 1 1
0=0-P—=(x0 —=(d -—=9 — =9
PL = (@0)P = ((o))PL = o) (21 ) =000
Definition 2.3. If (u, @) = 0 for all ¢ € D(E), then we say that a distribution
u € D'(Q) vanishes on an open set E C Q. If their difference vanishes on

E, then the distributions are said to be equal on E. The support of u is the
complement of the greatest open set on which u vanishes in Q.

Definition 2.4. Let u € C*(2), where k is a positive integer. Then for multi-
index a,|a] < k and ¢ € D(Q), we have the following integration by parts
formula:

(Du, p) = / Du(z)p(z)dz = (1)l / u(@) D p(x)dx = (~1)l°! (u, D)

Example 2.3. Let f € D'(Q). Then the derivative of f with respect to x;,j =
1,2 is defined as:

<§’xfj,gp>:—<f,§;p_> for all ¢ € D(Q)

J

This motivates the definition of the derivative D%u of the distribution u €
D'(Q) :

(D%u, ) = (=1)1*l (u, D) (2.1)

Since u € D'(Q) the functional D*u, defined on the right hand side of
equation (2.1), is linear and continuous :

19



(D, pi) = (=1)'* (u, D) — (=1)!*! (u, D) = (D, )
for, if pr, — ¢ as k — oo in D, then also 0%¢pr — 0%¢ as k — oo in D.
Therefore, D%u € D’.

Example 2.4. If 0 € Q and § € D'(Q) is the Dirac distribution, then D%
given by

(D8, 0) = (=1)1*1 (6, D%p) = D*¢(0)

2.1.3 The space S (R?) and &' (R?)

Definition 2.5. The space of basic functions S (Rz) is the collection of all func-
tions infinitely differentiable in R? that decrease together with all their deriva-
tives, as |x| — oo, faster than any power of |x|~1 i.e.

S (RQ) = {(p cC™ (RZ) : sup ‘x“@ﬁgo(x)‘ < 0o for all multi-indices a&ﬁ.}

z€ER?

We define the norm in S (R?) as:

P
2

lellp = sup (1+|z*)* [D*(z)], ¢ € S(R?), peW

la|<p

Clearly, [l¢llo < [lelli < flefl2 < -
The space & (RQ) is usually called the Schwartz space. The space S (Rz) is

a larger class of functions than the space D (Rz), ie, D (Rz) cS (Rz) (S (Rz)
does not coincides with D (Rz)). An example of this would be the function,

o(x) = e~171” which doesn’t contain a compact support so it does not belong to
D (RQ) but belongs & (RQ).
Convergence in S (RQ) : if for all multi-indices a, 3

220 (¢ (x) — ¢(x)) — 0 uniformly for 2z € R?
then a sequence of basic functions {¢,} in S (R?) said to be convergent to ¢ in
S (R?).
Since the basic functions from S are locally integrable in R?, then the operation
of Fourier Transform F(¢) and F~!(y) are defined in S (R?).

Definition 2.6. Let p(£) € S (RQ). Then the integral transformation

b= Flele) = FeoulplO] = [ (@ %de, 2R

1s called the Fourier transform of ¢ and

F @) = FlLlo(@) = [ plee s, e r?

is the inverse Fourier transform of ¢

20



The following proof illustrates that Fourier transform can be differentiated
under the integral sign any number of times which implies that they belongs to
the class of C'*

0 Flella) = [ (-izng ol i = Fl(-izneel (@) (22

R2

Hence it follows that F[p] € C* (R?).
Furthermore,

Flo%¢] () = - 9% p(€)e” P TdE = (i2mz) Fly) (x) (2.3)

From equations (2.2) and (2.3), for 5 < o we obtain

e’ D Flp|(x) = 2" F[(~i2n€) ] (z) = F [D? ((=2im)*Pe%0)| (x)  (24)

It follows from equation (2.4) that o and 3 the magnitudes x® D*Flyp](x)
are uniformly bounded with respect to x € R?

oD Flgl(@)] < (2m)* [ D7 (670 as

This means that Flp] € S. So the Fourier transform maps the space S into
itself.

Note That 2.1. if p € S (R?), then Fp € S (R?) ,F ' Fp = and FF 1o =
p. where

—1 ) = ei27rw-£
Flel@) = [ o

= [ wleem g
= Flgl(~a).

It is known that @ € S (R?) and if u € S (R?) then, F : S (R?) —» S (R?) is
a linear operator.

Definition 2.7. A distribution of slow growth, or tempered distribution, is any
continuous linear functional on the space S (RQ) of basic functions; and is de-
noted by S’ (R?).

Note That 2.2. if f € S'(R?), then (f,¢) € R or C for all ¢ € S(R?).
Since D (RQ) cS (RQ), we can observe that S’ (RQ) cD (RQ). The Fourier
transformation is extended to the class S’ (R2). Let u € & (RQ), a functional
Flu] € 8’ (R?) is called the Fourier image of u, if

<-F[u]790> = <U»}—[<P]>aVSD €S (RQ)
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Definition 2.8. Let u € &' (R?). Then the Fourier transform Flu] and the
inverse Fourier transform F~1[u] are given by

(Flul, o) = (u, Flel)  and  (F'[u],¢) = (u, F'¢]) Vp €S (R?)
Example 2.5. Let p € S (RQ). Then

(Fl6], ) = (6, Flel) = Flel(0)
But by the definition of the Fourier transform

which implies F§ =1

Note That 2.3. if f € S’ (R?), then Ff € S’ (R?) ,F 'Ff=f and FF ' f =
f-

Theorem 2.1. F and F~! are continuous on S’ (RQ).

Proof. Suppose that f, — f in & (RQ). Then (f,,p) — (f,¢) for every ¢ €
S (R?). Hence
(Fasp) = (fus @) = (£,0) = (},)

s0, fn — f in 8’ (R?).
A similar argument holds for the inverse Fourier transform. O

Definition 2.9. Let ¢ and i be functions in S (Rz), the convolution ¢ * 1 is
defined by

(px1)(z) = /R2 o(r —y)Y(y)dy

Remark 2.3. For ¢ and ¢ be functions in S (RQ), then F(p *1¢) = FoFi).
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Proof. Now from definition of Fourier transform,we have:

Flosv) = [ (prvpemsas

N /Rz (/R,Z pla— y)l/}(y)dy) e~ E ge

= / P (y) (/ oz — y)e_’?”'gdg) dy (by interchanging the order)
R2 R2

= / ¥ (y) </ ga(u)en“(“”)'gdu) dy (by replacing u = £ —y and d§ = du)
R2 R2

/ (p(u)ei%ru-gdu) efi27ry<§dy
R2

= ([ etiemcan) ([ weeray)
R2 R2

O

As the product of two distributions are not generally defined, the convolution
of tempered distributions is also not generally defined. However if one factor is
inS (RQ), these problem will be solved. that is if f € S’ (RQ) and ¢ € S (RQ),
then f 1 is defined by

(f*v,0) = (f,d* )
Definition 2.10. Let f,g € D’ (RQ). Then the convolution of f(x) and g(x) is
defined by:

((f*9), ) = (f(2)g(y), p(x+y)) = (f(2), (9(y), p(x + v))) = (9(y), (f(2), p(z +y)))

Note That 2.4. This definition is meaningful under the conditions: either f or
g has compact support or in one dimension, the support of f and g are bounded
from the same side.

Remark 2.4. The operator convolution is commutative i.e fxg=g=x* f.
The convolution of any distribution f with the § function is always equal to f

fxd=6xf=f
Indeed, for all ¢ € D (R2),

(0 f,0) = (0(2)f(y), p(x+y)) = (f(y),(d(x), p(x +y)))
= (f(),p(y) = (f, )
Hence, 6« f = f.

23



If the convolution f * g exist, then the convolution D%f % g and f * D%g
exists and

D*fxg=D"(f*g)=fx*D".

By the definition of distributional derivative

(D(f *9)s0) = (=1)1 (f % g, D)
(=1 *Ng(y) f(x), D¥¢(z +y))
(=1 g(y). (f(2), D¥¢(z +y)))
= (9(), (D[ (x), p(x +y))) = (Df *g,¢)
Thus, D*f g = D*(f x g) and using commutativity, we also find f* D*g =
D*(f = g).
For more detailed information on this topic, readers are encouraged to refer to
[28].

1
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Chapter 3

Sobolev space

We will use distributions to define an important class of function spaces for
PDEs, the Sobolev space. As we have seen, every function in LP(Q) is actually
a distribution, therefore it has a distributional derivative. Sobolev spaces are
useful tools in the analysis of boundary value problem.

3.1 Integer and Fractional order Sobolev spaces

3.1.1 Integer order Sobolev spaces

We always interprete f € LP with 1 < p < oo as tempered distribution. In
particular, D®f € S’ make sense for all o € NZ.

Definition 3.1. Let k be a non negative integer and 1 < p < oo and let ) be
nonempty open subset of RZ. Then we define Sobolev space W;“(Q) of order k
to be the set of all distribution u € LP(Q) such that D*u € LP(Q) for |a| < k.
That is

Wr(Q) = {ue LP(Q) : D*u € LP(Q),Vo € N, |a| < k}

Remark 3.1. Here, of course, D%u is viewed as a distributional derivative of
u on Q.
In W}(2), we define a norm by

1
(fQ i<k | Dul? dx) l<p< oo

||UHW;(Q) =
o] <k €SSSUPq | Dyl P =00
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Example 3.1. Let 1 < p < 0o, we have

ou |P
=1
2
02 |P
p — p
”“”Wﬁ(sn*/Q ful ozios;| | *
du ] 2w P K| P |
P _ p d
lellvws o) /Q |ul oz, > |ar0, Jri]z:l 92707, pe

3.1.2 Fractional order Sobolev spaces

To define the Sobolev space of fractional order, we denote the Slobodeckii semi-
norm by

|u(x) —uly)”
|u|>\pgz_/ﬂ dedyfor0<)\<1

Definition 3.2. For s = A+ r with a real number A € (0,1) and an integer
r > 0, we define the Fractional order Sobolev spaces as:

Wy () = {u € Wy (Q) : [0%uly , g <00 for |a| = 7“}

In W3 () we define the norm

||UHW;(Q) = HUHW;(Q) + Z |5au|§,p,9

|ae|=r

Sobolev space-second definition

Definition 3.3. Fors € R, we define a continuous linear operator J7° : S (RQ) —
S (Rz) called the Bessel potential of order s, by

T u(x) :/ (1+ ¢ )%a( )e?merde ¢ e R (3.1)
R2
In this way, we have

Famse (TPulz)y = (1 +1€P)* a(€)
Indeed
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(Faose (TPul@)) ) = (TPu(), Feura(9(8))) = | T u(@)Femsa[p()]da

R2
:/ / 1+\5|2§a )e 2T A () da
R2 JR2
= [ [ i) e s
R2 JR2

= [ i) aeelene = ((1+1) o). 0(6))
R2

Therefore,

Fone AT ul@)} = (1+ ) ()
It follow from (3.1) that (J*u,v) = (u, J*v) for all u,v € S (R?). Since,

[ [ G+l aemsde] vy
R2 R2

:/ / (1+|§|2)§a(g)ei%g‘lv(x)dxdg
RrR2 JR2
= [ (+1eR)F aemealeye

= [ [ @) utee g dedo
R> JR2
= /R2 u(z) T v(x)de = (u, T°v)
Therefore, (J*u,v) = (u, J°v).
Note That 3.1. for all s,t € R, we have the following:
T =77 (T ' =T97°, J°= identity operator

Using the definition of Bessel potential we have

(JTu,v) = g Ju(x)v(z)dr = /

(7° T u,0) = (T'u, T*0)
= | Jw(2)T"v(z)dx
R2
:/RIZ/R2 (1+‘€|2)%A 127r§:vd€/ 1_|_|£| )%A( ) zng.wdfdx

= /R2 /R2 (1+ ‘5|2)§,& € 612ﬂ5'£d5 (1+ ‘f| )% (/RZ ﬁ(f)€i27r£'xd€) da

= [ ([ 016 a@ereac ) vwyte = [ 7 tutentagas
= (T*Ftu,0)
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which implies that J5tt = 7°57°.
And also,

TOu(z) = / (11 162)F a(e)eerde = [ a(€)e™ v de = u(x)
R2

R2

which follows J° = identity operator.
Finally, let (\75)_1 be the inverse of operator J*, then

(u,v) = <j5 (JS)*lu,v> - <(jS)*1u,j8v> (3.2)

Using the identity operator J°

(u,v) = <j0u, 11> = <‘75+(75)u,v> = <\75t775u, 11> = <‘775u, jsv> (3.3)
From (3.2) and (3.3) follows that
() gow) = (T, T)

which implies (js)_1 = J 5.

The Space H* (R?)

For any s € R, we define the Sobolev space W3 (R?) = H* (R?) of order s as
follows:

Definition 3.4. For s € R, we denote by H® (RQ) the space of distributions u €
S’ (R?) such that (1+[¢]2)% a(€) € La (R).
H* (R?) ={ue S (R?): Fuue {T u(x)} € Ly (R}
—{ues (RY): (1+1¢P)  ag) € Lo (RY) |
We equip this space with the inner product

(o) = (T0.T0) = [ (1+1€R)" @)

and with the associated norm || - || 7+ (r2) defined by

[ull e r2) = /(s w) e r2) = |T " ul| ., Rey

Note That 3.2. The Bessel potential J° : H® (RQ) — Lo (RQ) s a unitary
isomorphic. In particular, since J° = identity operator so that J%u = u, and

1O (R?) = L, (R?)
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Remark 3.2. 1. WJ(Q) = L*(Q).
2. In particular p=2, we have W (Q) = W*(Q).

The case p = 2, which is denoted by Wk (Q) = W*(Q) = H*(Q) is of special
importance because these are even Hilbert spaces with the inner products given
by

(u, v) ge(e) = / Du(x) D (z)dx
|| <k
In particular, for k = 1, the space H'(f2), expressed as follows,

Oui

Lq

Hl(Q){u;ueLQ(Q) and eL2(Q),¢1,2}

And the inner product in H*(2) is given by

o Ou v
(0,0 sy = /D%)D(ﬁmi/ M+Z/amm

la|<1

=AJWMW%AV@WW

while the norm is given by

lullFroy = lullZ, @ + IIVullZ, @

If t > s > 0, then we can see that, u € H(Q) implies that u € H*(Q). We
have the inclusions u € H'(Q2) € H*(Q) C H°(Q) = La(9Q).

Theorem 3.1. [18,page 98/ H~*(R?) is the dual space of H*® (R?), i.e.,
H—* (R2) is the space of all linear functionals on H*® (R2).

Since D (R2) is dense subset of H*® (Rz), the dual space of H® (R2) is space
of distributions, i.e, H ™% (R2) cD (Rz). For any non-empty open set, 2 C R2,
the space H*({2) consists of restriction on Q of distributions from H* (R?), i.e.,

H*(Q) = {u:u=v|, forsome veH* (R}

equipped with norm

ul|gs () = inf ul| gs
llull 20 . l[ull rr= (r2)

We denote by H*(€) the closure of D(Q) in H* (R?), which can be charac-
terized as

H*(Q)={g:9€ H* (RZ) ,supp(g) C Q}
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(see e.g., [13,Theorem 3.29]. The space H*(f2) consists of restrictions on Q
of distributions from H* (R?),

H*(Q) = {glq:9 € H* (R}
and HF(Q) the closure of D(Q) in H*(£2).

Note That 3.3. For s > 0, we can identify H* () with the subset of functions
from H*(2), whose extensions by zero outside Q belong to H* (Rz), i.e., identify

functions u € H*(Q) with their restrictions, u|, € H*(Q) (see, [8], [23], [17]).

3.2 Weighted Sobolev Spaces

Definition 3.5. Let Q be an open set in R?. We denote by W(Q) the set of all
measurable function a.e. in § positive, finite and locally integrable functions.

Elements of W(Q2) will be called weight functions. Every weight gives rise to
a measure on the measurable subsets E of {) through integration. This measure
will also be denoted by w. Thus, w(E) = [}, wdz for measurable set E C Q.

Definition 3.6. Let Q C R? an open set and w € W(Q). For 1 < p < oo, we
define LP(Q),w) as the set of measurable functions f on Q such that

1/p
I fllLe(0w) = (/Q prwda:> < 00

For w(z) = 1 we obtain the usual Lebesque space LP(S).

Definition 3.7. Let 1 < p < co and let w be a weight. We say that w € B,(Q)if
(a) w=Y®=1) s locally integrable, when p > 1;
(b) ess sup,cp ﬁ < 0o for all ball B, when p =1.

Definition 3.8. Let Q C R? be open set, 1 < p < 0o and k a nonnegative
integer. Suppose that the weight w € B,(Y). We define the weighted Sobolev
space WFP(Q,w) as the set of functions u € LP(Q,w) with weak derivatives
D%u € LP(Q,w) for |a| < k. The norm of u € W*P(Q,w) is given by

1/p

llwer@m = | 3 / D% wilz

la| <k
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Chapter 4

Laplace Equation And The
Fundamental Solution

4.1 Laplaces Equation

Definition 4.1. A second order linear PDE that is written in the following
form is called the Laplace’s equation:

02 o
A=+ =0 4.1

" <8x% * 8:10%) u(@) (4.1)
A function u(z) which has continuous second partial derivatives and solves

Laplace’s equation (4.1) is called a harmonic function.

Note That 4.1. The inhomogeneous version of Laplaces Equation is the Pois-
son’s equation, and it can be written as:

—Au = f(z)

The Fundamental Solution

Consider Laplace’s equation in R?,

Au=0 zeR2%

It is evident that a large number of functions w satisfy this equation. Any
constant function is, in particular, harmonic. Furthermore, a solution can be
any function of the form u(z) = a1x1+asxs for constants a1, as. But in this case,
our goal is to identify a specific Laplace equation solution that will enable us
to resolve Poisson’s problem. We search for a radial solution because Laplace’s
equation is symmetrical. That is, we look for a harmonic function u on R? such
that u(x) = w(|z]). Radial solutions are a logical choice since they convert a
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PDE into an ODE, which is typically simpler to solve, in addition to being a
logical choice because of the symmetry of Laplace’s equation. As a result, we
search for a radial solution.

If u(xz) = w(|z|), then

Ug; = %w'(\ﬂ) |z # 0 where i = 1,2
x
which implies
22

By definition we have, Au = Uy, 2, + Uspya,
Substitute the expressions for ug,, and ug,., into this equation:

Bu=(o/(el) - (e + w'(a) )+ prw'el - Dot el + (o))

Now,by putting all like terms together we obtain:
Au = i / "
U= (lz]) +w™(lz)
Letting r = |x|, we see that u(x) = w(]z|) is a radial solution of Laplace’s
equation implies w satisfies

1
Lt ) ) =0
Therefore,
-1
w// — 7/{1}/
r
T |
w
— Inw' =—-Inr+C
C
= w'(r) = —
r

which implies w(z) =e;1lnr + es
From these calculations, we see that for any constants ej, es, the function
u(z) =epln|x| + e (4.2)

for z € R%,|z| # 0 is a solution of Laplace’s equation in R? —{0}. We notice that
the function u defined in (4.2) satisfies Au(x) = 0 for x # 0, but at z = 0, Au(0)
is undefined. We claim that we can choose constants e; and e; appropriately so
that

—Agzu=24
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in the sense of distributions. Recall that ¢ is the distribution which is defined
as follows. For all ¢ € D,
(6,0) = ¢(0)

Below, we will prove this claim. For now, though, assume we can prove this.
That is, assume we can find constants ej, e; such that u defined in (4.2) satisfies

—Agu=9§ (4.3)
Let ® denote the solution of (4.3). Then, define

w@) = [ =)y
Formally, we compute the Laplacian of w as follows,
—Ayw = — - A, ®(z —y) f(y)dy

== /. Ay @(z —y) f(y)dy

= | baf(y)dy = f(x)
R2

That is, w is a solution of Poisson’s equation! Of course, this set of equalities
above is entirely formal. We have not proven anything yet. However, we have
motivated a solution formula for Poisson’s equation from a solution to (4.3). We
now return to using the radial solution (4.2) to find a solution of (4.3).

Define the function ® as follows. For |z| # 0, let

O(z) = %ln|z| (4.4)

We see that ® satisfies Laplace’s equation on R? — {0}. As we will show in
the following claim, ® satisfies —A,® = §. For this reason, we call ® the
fundamental solution of Laplace’s equation.

Theorem 4.1. For ® defined in (4.4), ® satisfies

—A,®=9

in the sense of distributions. That is, for all f € D,

JRCIEEE

Proof. Let Te be the distribution associated with the fundamental solution ®.
That is, let Tg : D — R be defined such that

(Tof) = [ @@ (@)is
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for all f € D. Recall that the derivative of a distribution T is defined as

(va):_(T’f/)

for all f € D. Therefore, the distributional Laplacian of ® is defined as the
distribution Thg such that

(TAq)a f) = (T‘I)a Af)
for all f € D. We will show that

and, therefore,

(Tae, f) = £(0)

which means —A_,® = § in the sense of distributions.
By definition,

(Ts. Af) = / B(r)A S (x)dx

R2
Now, we would like to apply the divergence theorem that can be found after
the end of the proof on (Theorem 4.2), but ® has a singularity at = 0. We get
around this, by breaking up the integral into two pieces: one piece consisting of
the ball of radius § about the origin, B(0,d) and the other piece consisting of
the complement of this ball in R%. Therefore, we have

(Ty, Af) = / B(a)A f () dx

RZ
- / B(2)Af(x)d + / B(2)A f(z)dz
B(0,6) R2-B(0,9)
=K+1L
We look first at term K. the term K is bounded as follows,

/ In |x|dx
B(0,5)

)

27 o
/ / In |r|rdrd0
o Jo
é
/ In |r|rdr
0

< C'ln 8|52

< C'|Af| L
s

/ iln\:c|Af(:r)d:E
B(0,5) 2

<C

<C

Therefore, as 6 — 0,|K| — 0.
Next, we look at term L. Applying the divergence theorem, we have
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0P
/RQB(O’&)@(x)Azf(a:)dx :/R2B(0,5) qu)(x)f(x)dx—/ — f(x)dS(x)

a(R2—B(0,5)) On

+/ @(x)gdS(x)

8(R2—B(0,6)) on

_ / 9% ¢ (2)dS(x) + / o(2) 2L as(a)
a(R2—B(0,5)) N a(R2—B(0,5)) on

=L1+ L2

using the fact that A,®(z) = 0 for + € R? — B(0,6). We first look at term
L1. Now, by assumption, f € D, and, therefore, f vanishes at co. Consequently,
we only need to calculate the integral over 9B(0, €) where the normal derivative
n is the outer normal to R? — B(0,8). With a simple computation, we can
observe that

T

«P(2) = /73
Vad(@) = 5
The outer unit normal to R? — B(0,4) on B(0,§) is given by

T

~ al

Therefore, the normal derivative of ® on B(0,4) is given by

CA U D .
on  \ 2m|z|2 lz| ) 27|z

Therefore, L1 can be written as

1 1
flx)dS(z) = — flx)dS(x
/33(0,5) 27|z (0)dS(r) = 575 2B(0,5) (z)d5(z)
Now since f is a continuous function, then
1
— flx)dS(x) — f(0) asd—0
555 o TS = 5O

Lastly, we look at term L2. Now using the fact that f vanishes as |x| — +o0,
we only need to integrate over 9B(0,d). Using the fact that f € D, and,
therefore, infinitely differentiable, we have

| ewglasw)| <|F [ e@ase
9B(0,5) on on L>=(8B(0,5)) Y 9B(0,6)
<c B (2)|dS ()

8B(0,5)
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C

21 JaB(o,s)

© s a5 (z)
27 9B(0,5)

c
= | m|o])(2ro)
= 6| 3]

| T |z||dS(x)

Therefore, we conclude that term L2 is bounded in absolute value by
Co|In |4
Therefore, |L2] — 0 as 6 — 0. Combining these estimates, we see that
/ B(2)Ay f(2)dz = lim K + L1 + L2 = £(0)
R2 5—0
Therefore, our theorem is proved. O

Remark 4.1. From our discussion before the above theorem, we expect the
function

wiw) = [ B =)y = f

to give us a solution of Poisson’s equation.

4.2 Greens Identities

Let us first state the Divergence theorem as the following:

Theorem 4.2 (Divergence Theorem). Let 2 be a bounded solid region with a
C' boundary curve O5). Let n be the unit outward normal vector on 9S). Let F
be any C vector field on Q = 02| JQ Then

/V.FdV:/ FondS
Q aQ

where dV is the volume element in Q and dS is the surface element on OS2.

Greens Identities

Green’s Identities form an important tool in the analysis of Laplace equation.
Let u,w € C%(Q). Then we have

Theorem 4.3 (First Green’s Identity).

/qudx:—/ Vu~dex+/ ua—wds
Q Q o0 On
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Proof.

i=1
B 22: du  dw »w
— Oz; Oz Ox?
= VuVw + uAw

Integrating with respect to dx on €,

/Vu~dex+/qud:c:/V(qu)d:E
Q Q Q

= / uVw - ndS
aQ
= / ua—wdS
o On
Therefore,
ow
uAwdr = — | Vu-Vwdz + u——dS (4.5)
0 Q a0 On
O
Theorem 4.4 (Second Green’s Identity:).
/(qu — wAu)dr = / (uaw . w(‘?u) s
Q o0 671, 871
Proof. First consider the following equation,
ou
wAudr = — | Vu-Vwdzr + w—dS (4.6)
Q Q o On

Subtract equation (4.5) from equation (4.6), we get second Green’s identity
0 0
/(qu — wAu)dx = / (uw - wu> ds
Q 80 on on

Theorem 4.5 (Third Green’s Identity:).

uf/ ua—q)d5+/ CI)a—udS:/q)fdx
oo On oo On Q

Proof. Assume that u is the solution of a PDE Awu = f and using ®(z,y) as w(x)
in the second Greens Identity we obtain the following third Greens Identity as:
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0P ou
AD — DA = — -0
/Q(u w)dz / < o an) ds
& / uAdPdr — / PAudr = / dS / —dS

0P
@/Qu(x)é(x— )dm—/@Audm—/Q 8ndS /Q %ds

o0 ou
< u(y) — u—dS—l—/ d—dS = /<I> dx
) /em on on On Q f

4.3 Potential Theory

Double and Single Layer Potentials

The Dirichlet, Neumann, and Mixed BVPs are solved in potential theory using
the single and double layer potentials. Thus, in a moment, we shall define the
potentials for both the single and double layers. It is known that

o= In |z — y| n=2
‘1>(fﬂ—y)={27r
(

—1 1
nn—Datm) e—yrz =3

is the fundamental solution of Laplace equation Au = 0 in R™, where |z — y| is
the distance between two points x = (z1, %2, ...,2,) and y = (y1, Y2, ..., Ys) in
R™, a(n) is the volume of unit sphere in R™; which can be obtained similarly as
(4.2) obtained. under this particular section we consider the general R™ case,
which ofcourse works for R2.

Let h be a continuous function on 02. The single layer potential with h is
defined as

Va(z) = — " h(y)®(x — y)dS(y) x € RM\0Q

The double layer potential with h is defined as

Wal(z) = —/mh@)a@

an, (x —y)dS(y) x € R%\0N. (4.7)

Theorem 4.6. For a continuous function h on 0, AVa(z) = AWa(xz) =0
for all x ¢ 99.

Proof. We will prove Wa(x ) 1s harmonic for all z ¢ 9Q. Similar proof work
for Va(z). Fix z € R?\0Q, 2 Dy ® (2 — y) is smooth function for all y € 9Q and

®(x —y) is harmonic for all x 7é y implies that A, aq> (a: y) =0 for all y € 9.
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Therefore, using the fact that our integral is finite and 3 (;L‘ — y) is smooth,
we conclude that

o
A Wa(z) = —A, h(y)=—
A(2) [ g

_ / M) De o~ )dS(y)
o Y

(z —y)dS(y)

Lemma 4.1 (Gauss’s Lemma). Consider the double layer potential,

0P

Wal(x) = — —(x —y)dS
a(z) -~ 8ny( y)dS(y)
Then,
0 x et
WA(.%‘) =<1 z €N
1/2 x€9Q
Proof. First, for x € QF,
oo
Wa(x) = — ds
s@) == [ G- ist)
/A B(z — y)dS(y)

using the Divergence Theorem and the fact that ®(z — y) is smooth for
yeQxeNr.

Now, for x € Q, ®(xz — y) is not smooth for all y € Q. In order to overcome
this problem, we fix € > 0 sufficiently small such that B(x, €) is contained within
Q. Then on the region Q — B(xz,¢€), ®(xz — y) is smooth, and, consequently, we
can say

o[ o =S
- /8 O (o y)dS(y)

(Q—B(z,¢€)) 3%

o0d 0P
= [ (@ —ydS(y) + / = (2w - y)dS
/8 @i [ S yas)

where n is outer unit normal to Q — B(x, €).
As mentioned above,
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Yi — T4

‘I)yi(xfy) = W

For y € 0B(x,¢€), the outer unit normal to @ — B(z,€) is given by

_y-z

Therefore, for y € 0B(z,¢€),

;Z(x ) =V, 8y — ) n(y)

y—x y—x
na(n)ly —z|™ |y — x|

ly —xf?
na(n)ly — z|" !
1
na(mly — o]

Therefore,
oD 1
—m—deyz/ —————dS(y)
/BB(x,e) a”y( JdSw) 9B(z,e) Na(n)]y — z|"~1 (
=y
= dS(y
’I’LO((TL)En_l OB (x,€) ( )

=1

Therefore, we conclude that

0 2 (¢~ y)dSE)

OB(x,€) any

® (&~ y)ds(y) + /

a0 Ony

O
= | —(z—19)dS(y)+1
mlany( y)dS(y)

which implies

o
o 6ny

(z—y)dS(y) =1

Last, we consider the case z € 9. In this case, g‘i (x —y) is not defined at

y=u. Fix x € 09. Let B(x,¢€) be the ball of radius € about z.
Let

Q. = Q-ONB(z,e), C.={ycdB(x,e):n(z)y<0}, C.=NNC., Co=0(QNB(z,e)-C.
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First, we note that

0= /QE Ay®(z —y)dy (4.8)
[ 2 w-pasw
o0Q. Yy

— /m_én a—ny(a: —4)dS(y) + /C 6—%(95 — y)dS(y)

where n, is the outer unit normal to €.
Now, first we recall that

T—y
o —y)=—— Y
Vol =) = e =g

For all y € C., the outer unit normal is given by

y—x
n =
(y) -

Therefore,

o® 1
Joy g« 0950 = [y =S

1
= e J,, 50

Next, we use the fact that

/. ()~ | asw

€

In fact, as we will show below,

/ dS(y) = /C dS(y) + 0 (") (4.9)

C. e

We omit the proof of (4.9) for now and will return to it below. Assuming
this fact for now, we have
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C.
which implies
Rk 1 1 .
_ — - n n 4.1
[ e =St = oy [ grat)e T 0] (@10
1 1 n
2" na(n)o(6 )

1
na(n)

— [ - 9dSw + g+ O

which implies

[ @ ist) =~ — s 0e)
o

0 Gq 871, na(n)

Taking the limit as ¢ — 07, we have

- [ - wase) -
14]

o Ony

From the fact that Cgq — 0.
Now we will prove (4.9).
Claim: For C, and C. as defined above, we have

[ asw) = [ dsw) o)
C. C.

Proof. We just need to show that the surface area of C, — C, is O (€"). The
surface area is approximately the surfaces area of the base times height. Now
the surface area of the base is O (e"_Q). Therefore, we just need to show that
the height is O (62).

Without loss of generality, we let z = 0. Now, by assumption, 0Q is C2.
Therefore, ) can be written as the graph of a C? function f : R®~! — R such

that f(0) =0 and V f(0) = 0. Therefore, if y € C. — C¢, then

2
|yn| < ‘f(y17y27"'7yn71) < C’| (?Jlay27~-~>yn—1)| < C|y‘2 < 062

using Taylor’s theorem. Therefore, the height is O (62) and the claim follows.
O
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Theorem 4.7. Let h be a continuous function on 02 and xg € 0. Then

(i) lim Va(x)=Va (x0)

TEQ— T
.. . 8VA($) o 1 8VA (SC()) . 8VA(:E) - 1 GVA (.7;0)
(m) xelélgxo ong B §h (xo) + 87713,’ xeglzlflwo ony - _§h (xO) + Tnx

(i) lim WA(x):—%h(xo)—&-WA (o),

lim
zeQT—x0 z€NQ—x0

Wa(z) = %h(xo) + Wa (z0)

Proof. (i) Let x € Q,xg9 € Q. We have
Va@) =~ [ @(wy)h(y)dS(y) and
0

Va (o) = — /a @ (z0.9) h(1)dS(y)

‘We need to show that

lim VA(JZ) =Va (.230)

rEQ—x0

That is for all € > 0 there exists a § > 0 such that |Va(z) — Va (zo)| < € for
| — xo| < 0. Now,

Va(z) = Va (zo) = — o h(y) [®(z,y) — @ (z0,y)] dS(y)

By assumption, & is continuous, and as we know ®(z, y) is smooth for y # x.
Therefore, to get a bound on |Va(x) — Va (20)|, we divide 9 into two pieces:

(1) B (z0,7) N O

(2) 92 — B (xg,7v) N ON. We look at these two pieces below. First for (1),

[Va() = Va (wo)| < [h(y)[ L= (B (x0,7) N O%)

/ B(z.y) — ® (20,y) dS(y)
B(zg,v)NON

By assumption, h is continuous. Therefore, for all € > 0 there exists a v > 0
such that |h(y)| < € for |y| < v and —y < zp < 7. In addition that

/ () — @ (w0,9) dS()| < ©
B(xo,y)NOQ

using the fact that Va is defined for all € R. Therefore, we conclude that
for any € > 0,|(1)] < C1€ for v chosen appropriately small. Next, for (2), we
use the fact that ®(x,y) is continuous in z for x away from y. Consequently,by
making (02 — B(xg,7y) N OQ) = IQ* we have

[Va(x) = Va (20)] <

[h(y)|= (097) |®(2,y) — @ (20, y)| L™ (07) | o dS(y)
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Now, first  is bounded on 9€2. Therefore, |h(y)| < C. Next, | [ dS(y)| < C'.
Lastly, using the fact that ®(z—y) is continuous in z uniformly for y, we conclude
that there exists a § such that

|®(2,y) — P (z0,y)| L™ (002") < €

for |z — zo| < 0. Therefore, |(2)| < Cq€ if |z — x| < v where J is chosen
appropriately small. Consequently, for e > 0 choose € > 0 such that C7é+ Ch€ <
€. Then choosing v > 0 sufficiently small such that |(1)] < C1€ and § > 0
sufficiently small such that |(2)| < C3€ when |z — 2| < §, we conclude that

[Va(z) — Va (z0)] < C1é+ Caé < e for | — x| <6

Proof of equation (ii) is similar to the following Proof of equation (iii).
We will prove only the first case, when =z € Q7. The second case works
similarly. Let 2 € Q7,z9 € Q. We have

Wate) == [ b g (o= 0)is(y
= [ ) 22w y)ast) +h o) [ ST y)as(y) ~ bz [ O
o Y oQ Y o0 Y
=~ [ o) b)) o = S0
o Y

=I(x)

using the fact that
0d
— —(x—y)dS(y) =0
| e = wds)

for z € QF, proven in Gauss’ lemma. Similarly,

Wateo) == [ hw) g (o0~ 1) dS(o)

Ny

- _ /BQ [h(y) — h (z0)] 887@ (zo —y)dS(y) — h (:co)/8 68£ (z0 — y) dS(y)

y Q Oy

== [ 100) = b o) g (0~ ) dS(y) + 31 z0)
o Y

=1 (xo) + %h (z0)

again using Gauss’ lemma. Therefore,

Wa(e) ~ Wa (w0) = I(z) ~ T (a0) ~ 3 (wo)

which implies
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Wa(z) = I(z) — I (z0) — %h (20) + Wa (0)

Therefore, to prove our theorem, we need only show that

lim  [I(x) —I(z9)] =0

QT =20
where
oD
@) =— [ [hy) = k(@) 22 (e - y)ase)
o0 Y
Now,
I@)-M%)Lﬂww)h@ﬁ[gi@y)giﬁmy)dﬂw

We need to show that for all € > 0 there exists a 6 > 0 such that |[I(x) —
I(20)] < € for |x — x| < 0.

By assumption, h is continuous, and as we know ®(z — y) is smooth for
y # x. Therefore, to get a bound on |I(z) — I (zg)|, we divide 9Q into two
pieces:

(1) B (20,7) N 00

(2) 9Q — B (x0,7) N 0. We look at these two pieces below. First for (1),

‘— /BQ [h(y) = h (x0)] [gjy(w -y) - %I) (zo — y):| dS(y)’

Y

< [h(y) —h (330)|Loc(B(mo,v)maQ)

o O
Z(x—y) — — (20 —y)dS
/B o any( Y) any( 0o —¥)dS(y)

By assumption, h is continuous. Therefore, for all € > 0 there exists a v > 0
such
that if |h(y) — h (zg)| < € if |y — zp| < 7. In addition,

7 <C
nogn Ony

o o®
/ (=) = - (a0~ ) d5(0)
B(zo,7) Ty

using the fact that Wa () is defined for all x € R. Therefore, we conclude
that for any € > 0,

(1) < C1e

for v chosen appropriately small. Next, for (2), we use the fact that aaTq)(x -
Y
y) is continuous in z for x away from y. Consequently, we have
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0P o0
‘— Lo ) = b0 [ G =) = 5 0 = )] as)

o oD
/ dS<y)]
L (0Q2—B(zo,v)NON)

T%(x—y)—a—%(xo—y)
Now, first h is bounded on 9. Therefore, |h(y) — h(zg)] < C. Next,
|[dS(y)| < C'. Lastly, using the fact that g—i(aj — y) is continuous in z uni-
formly for y, we conclude that there exists a § > 0 such that

< [h(y) = h(zo)| Lo

o® 0
87%(15*31)*87%(500*@

for |z — x¢| < 8. Therefore,

<
L (092—B(xo,vy)NON)

[(2)] < Gt

if |x — 0| < & where § is chosen appropriately small. Consequently, for € > 0
choose € > 0 such that

Cié+Cré<e
Then choosing v > 0 sufficiently small such that

()] < Cre
and § > 0 sufficiently small such that

(2)] < Caé
when |z — x| < d, we conclude that

[I(z) — I (zo)| < C1é+ Cré<e
for |x — xg| < 0, implies that

[I(z) =1 (z0)| < e
Therefore, we have shown that
li I(x)—1 =0
peam - [I(z) = I (wo)]

Consequently,

. 1
= dm | I(2) = I (20) = 5h(x0) + Wa (0)

= —%h (x0) + Wa (z0)
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Therefore, we have the following jump relation. Where the proof can be
found on [24, Theorems 3.17 and 3.18.]

Theorem 4.8. let g € H2(Q), go € H2(Q). Then
Y Vag(y) == Vagi(y)
T Waga(y) == %gg(y) +Wag2(y)
T*Vagi(y) = %501(5) + Wagr (v)

where y € 0.
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Chapter 5

BDIEs for
Variable-Coefficient Mixed

BVP in 2D Unbounded
Domain

5.1 Basic Notations and Function Spaces

Let Q = Q%be an unbounded open domain in R? such that the complement
Q™ := R%\Q is bounded open domain. Let the boundary dQ = 9Q~be closed
and infinitely smooth curve. The space of infinitely differentiable functions
having compact support in Q is denotes by D(£2) and its dual space, the space
of distributions, by D’(€), while D(Q) is the set of restrictions on 2 of functions
from D (R?). The spaces H*(Q2), H*(02) denote the Sobolev (Bessel potential)
spaces. We also denote H*(I'1) = {g : g € H*(T),supp g C T1},H*(Ty) =
{rr,g9 : g € H*(I')},where I'; is a proper submanifold of a closed surface I" and

rr, is the restriction operator on I'y.Moreover for s = —% we define the subspace

H,? () of H-2(Ty) as :H.,2(Ty) := {rr,g : g € H 2() : (g,1)r = 0}
We shall consider the following second order partial differential equation, with
variable coefficient

Au(z) = Z

where u is unknown function; f(x) and a(z) > ag > 0 are given functions in .
We will further use the weighted Sobolev spaces. Let

G@W“@>=f@)xeg (5.1)

0

p(z) := (1 + |I|2)1/2 In (2 + |$\2)
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For any real a, we denote by L? (p%; Q) the weighted Lebesgue space (see,
g., [12]) consisting of all measurable functions g(z) on € such that gp* €

L?(Q), i.e.,
9l 2 s [/ 9(@)p* (@) dw] < oo

The space L? (p; Q), equipped with the norm ||- || L2 (p~;0) and appropriate inner
product, is a Hilbert space. The weighted Sobolev space H!(2) is defined by

HY Q) :={ge L?(p Q) : Vge L*(Q)} (5.2)
and for its norm we have Hg”?—tl(ﬂ) = ||g||%2(p,1;9) + HVg||2L2(Q)7 while

|g|3_tl(9) = Z?:1 Ja g—ag = ||Vg||%2(m is the square of the semi-norm.
The space D (R?) is dense in H! (R?), see e.g., [1, Theorem 7.2]. This implies
that the dual space of H' (R?), denoted by H~! (R?), is a space of distribu-
tions. Using the corresponding property for the space H'()), one can prove
that D(Q) is dense in H!(Q). The trace operator yTon 9 defined on func-
tions from H!(Q), satisfies the usual trace theorems. This allows to define in
particular the subspace

Ho(Q) = {g € H' (Q) 1779 =0}

It can be showed that D( ) is dense in H3(Q2) and as a result, its dual space
is a space of distributions. Let us denote by H!(€) a completion of D(Q) in
H!' (R?), and HLQ) = [Hl(ﬂ)]/, HL(Q) = [7—71(9)}/ are the correspond-
ing dual spaces. The inclusion L? (p; Q) C H~1(Q2) holds and a distribution f
in the dual space #~'(Q2) has the form f = 37, gil + fo, where g; € L? (R?)
and is zero outside Q, fo € L? (p;Q), cf. e.g., [15, Eq. (2.5.129)]. This implies
that D(Q) is dense in H~1(Q) and D (R?) is dense in H~! (R?).

Lemma 5.1. The space H' () contains constant functions.
Proof. Let C € R then from (5.2) the result follows. O

Note That 5.1. Lemma 5.1 implies that, the space of real constants, R, is
a closed subspace of H*(Q)). Thus we can define the quotient space H'(2)/R,
which is a Banach space, and its norm is given by Hu + RH’HI(Q)/R = mfceRH u—+

cllar). The dual space (H'( )/R) is identified with H™*(Q) L R, i.e.,
(’Hl(Q)/R)I = H~Y(Q) L R since they are isometrically isomorphic (see e.g.,
~ I

[13,Lemma 2.12(ii)]). Similarly, (Hl(Q)/R) — H1(Q) LR.

The following Poincaré-type inequalities hold (cf. [2, Theorems 1.1 and 1.2]).

Theorem 5.1. (i) The semi-norm | - |31 (q) defined on H*(Q)/R is a norm
equivalent to the quotient norm, i.e., there exist positive constants ki, Ky such
that
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k1ol o) < ol @)r < Kilvly )

(i) Moreover, the semi-norm |- |31 (q) is a norm on Hy(Q) equivalent to the
norm || - |ly(q), i-e., there exist positive constants ko, Ko such that

kalvlai ) < Il < Kalvln e

For u € H*() and the coefficient a(x) € Loo(2), PDE (5.1) is well defined
in the distributional sense as (Au v) = —(aVu,Vv)q = —&(u,v), for any
v € D(Q), where &(u,v) := [, E( x)dr, E(u,v)(z):= Vo(z)- a(z)Vu(z).
Unless stated otherw1se we henceforth assume that there are some constants
ap, a1 such that

a € Lo (RQ) and 0 < ag < a(z) < a; <oo for a.ex € R? (5.3)

To obtain boundary-domain integral equations, we will also always consider
the coefficient a such that

a € C'(R?*) and pVa € L™ (R?) (5.4)

(see, e.g., [10]) for u € HY(Q2), if u € H}(QF), then from the trace theorem
it follows that, ytu € H%(BQ), where vT = 'ygﬂis the trace operator on 0f2
from the exterior domain Q.

For the operator A, similar to [5] for the three dimensional case, we introduce
the space, H'0(Q; A) := {g € H'(Q) : Ag € L? (p; Q) }, where the norm is given
by its square, ||g||3_[1,0(Q;A) = ||g||§_[1(9) + HAQH%Z(/;;Q)' For u € H10(Q; A), as in
the 3D case, [5], we define the canonical co-normal derivative T+ u € H~2 (99)
similar to, for example in [ 7, Lemma 3.2] and [ 13, Lemma 4.3] as

<T+u,w>aQ = /Q [(’yflw) Au+ FE (u,'yflw)] dr Yw € H%((?Q)

where 4T, : H2(99) — H'(Q) is a bounded right inverse to the trace oper-
ator vt : H1(Q) — H?(99), and (-, -)aq represents the duality brackets among
the spaces H~2(8Q) and Hz(9Q) which extends the Ly(8€) scalar product.
The operator T+ : H10(Q; A) — H —3 (09) is continuous and gives the continu-
ous extension to H0(€2; A) of the classical co-normal derivative operator a2,
where -2 = 4"V - n and n = ntis normal vector on 0 directed outward the
exterior domain 2. When a = 1,we employ for T+ the notation TX, which is the
continuous extension on H%(Q; A) of the classical normal derivative operator
Op-Similar to the proofs available in [7, Lemma 3.4] (see also [23] for the spaces
H*%(Q; A)), one can prove that for u € HLO(Q; A) and v € H1() the first
Green identity

(THu,y% ), = /Q[UAU + BE(u,v)ldz Vv € H'(Q) (5.5)
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holds true. Then, for any functions u,v € H%(Q; A) we have the second
Green identity,
— <T+v, 7+u>

(5.6)

o2

/Q[vAu — uAvlde = (T u,yv) 00

Remark 5.1. If a satisfies condition (5.3) and the second condition in (5.4),
then [|gall1 ) < Cillglln ), Hg%”Hl(Q) < a9l (), where the constant Cy

and Cy are independent of g € HY(Q), this means, a and 1/a are multipliers in
the space H'(Q).

5.2 Mixed BVP in Exterior Domain

Let 0Q = 0Qp U 0y, where 9Qp and 0Qy are relatively open, non-empty
and non-intersecting parts of 92 with an infinitely smooth boundary curve ¢ =
00N (N 00Qp We will derive and analyze the system of BDIEs for the following
mixed BVP: L

Given f € L2(p;Q) L R, ¢y € H..2(00y) and o € H2(8Qp), find a
function u € H0" (€; A) such that:

Au=f inQ (5.7)
ytu=¢py ondQp
TTu=1y on 0y

Let us denote by Ay = [A, T+, 44" « HYO(A) — L2(p:Q) L R x

_1

H,.2(00Qy) x Hz(00p), the left hand side operator, which is evidently con-
tinuous. Similar to the proof in [5] for the three-dimensional case, one can
prove the following assertion in the 2D case.

Theorem 5.2. Under conditions (5.3), the Mized problem (5.7)-(5.9) is uniquely
solvable and its solution can be written as u = AX; (f, o, <po)T, where the op-
erator Ay L (p; Q) x H™2(0Qy) x H2(8Qp) — HYO(Q; A) is continuous.

5.3 Parametrix-Based Potentials in Exterior Do-
main

A function P(x,y) is a parametrix (Levi function) for the operator A if A, P(z,y) =
0(x — y) + R(x,y), where § is the Dirac-delta distribution, while R(z,y) is a
remainder possessing at most a weak (integrable) singularity at « = y. In
particular, see e.g.,[20] the function

_Injz —y

P(l‘,y) - 27T(1(y) ’ €,y € R2 (1)
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is a parametrix for the operator A(z,d,) given by:

where
SIS o R

Let u € D(Q2). For any fixed y € , let B-(y) be an open ball centered at y
with a sufficiently small radius e > 0, and let B,.(0) be an open ball centered
at the origin with a radius r large enough to contain 02 and the support of w,
put Q. := (2N B,(0)) \B:(y), we have R(-,y) € L?(p; ) and thus P(-,y) €
H10 (Q.) by (2). Applying the second Green identity (5.6) in Q. with v = P(y, -)
and taking usual limits as ¢ — 0, cf. [14], we get the third Green identity in
Q, := QN B.(0),

u+Ru—V (TTu) + W (vTu) = PAu (5.10)
for u € D(Q). Here,

Pyly) = / P(z,y)g(x)dz, Rgly) = / R(z,y)g(x)dz, yeR® (5.11)

are, respectively, the parametrix-based Newtonian and remainder potentials,
while

Vgly) = — /8 Pla)g(e)dSs Woly) = - / (T, P(2,)] g(2)dS,, y € RO\,

o0

(5.12)

are the parametrix-based single layer and double layer potentials. Deducing

(5.10) we took into account that v = 0 in Q\B,.(0) C Q\ supp u. Since no term

in (5.10) depends on r if r is sufficiently large, we obtain that (5.10) is valid in
the whole domain Q for any u € D(Q).

From definitions (1)-(3) and (5.11)-(5.12) one can obtain representations of

the parametrix-based potential operators in terms of their counterparts for a = 1

(i.e., associated with the Laplace operator A ), cf. [4,5],

2
1 1 1 1
Pg=—Pag.Vg=_—Vag. Wg=-Walag), Rg=—— > 05 [Pa (90;a)]
j=1
(5.13)
The Newtonian and the remainder potential operators given by (5.11) for
Q = R? will be denoted as P and R, respectively, and the relations similar to
(5.13) hold for them as well.
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Invertibility of the Single Layer Potential Operator

The boundary integral operator Va : H~'/2(0Q) — H'Y?(0Q) is Fredholm
operator of index zero [13 Theorem 7.6]. Thus the relation (5.13), leads to
the same result for single layer potential V. For the three dimensional case,
the following holds. For o* € H~/2(99Q), if V4*(y) = 0,y € Q, then ¢* = 0,
which implies the invertibilty of single layer potential operator mapping from
H=12(09) to HY/2(09). But it is not true the two dimensional case. Tt is well
know see, [3 Remark 1.42(it)], [16, proof of thm 6.22] for some 2D domains
the kernel of the operator Va is non-zero, which by (5.13) also implies that
kerV # {0} for the same domains. The following example illustrates this fact.

Example 5.1. Take the density function ¢ =1 and Q = B(0, R) to be a disc
of radius R centered at the origin and 9Q = B(0, R) be the circular boundary
Rlnlyl, for |yl > R,

of the disc. We can show that a(y)Vé(y) = Vap(y) = {Rln R, for|y| <R.

Proof. Let ¢ = 1. Then
Vad(y) = o / In|y — z|dS
AP\Y) = njy—x T
27 Jiz|=r

If |y| > R, then the function g(x) = In |y — x| is harmonic in the disk B(0, R).
Then g(z) has the mean value property,

1

In|y| = g(0) = o ) |7Rg(x)d5£

Therefore,

1

— In|y —z|dS, = Rln|y|, for|y|>R (5.14)
27 J\z)=R
For |y| < R, in particular take y = 0,

(Vao) (0) = 1/ In|z|dS, = RInR
|z|=R

T or
The relation (5.14) implies that, the limit of the value of the potential when

|y| approach the boundary from exterior is given by

lim (Va¢)(y) = RInR for |y| =R

ly|l =R+

Furthermore, since the single layer potential is continuous on %2 we have

(Vad)(y)=RInR for |y|=R

To determine the value of the potential inside the disc for y # 0, we use the
maximum /minimum principle. Since the single layer potential is harmonic on
) it has neither maximum nor minimum in the disc. Let
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Co = (VA¢) (yo) for 0 < |y0| <R

If we assume Cy # RIn R, i.e., Cy is different from the value of potential
on the boundary, we will arrive contradiction of the maximum principle. Thus
(Vag) (y) is constant on . Therefore, (Va¢)(y) = RInR, for|y|<R. O

Remark 5.2. In the above example, if we take the value of R =1, and since
a(y) # 0, then (V@) (y) =0 in Q.

Example 5.1 shows that, the kernel of the operator V : H~Y/2(9Q) —
H'/2(99) contains non zero element for a unit ball, i.e., ker V # {0} for
Q = B(0,1), which means, the operators V is not one to one for this par-
ticular domain. Furthermore, the given example applies to the bounded case,
and one can also find similar examples for the unbounded case.

Theorem 5.3. The following spaces are subspaces of L? (p; ), H10(; A) and
Hs(0Q),H?*(T'1), respectively, Where T’y C 052

(i) L (p;Q) LR:={f € L* (5;Q) : {f,1)o = 0}
€] L0 (G A):={geH (Q):Ag € L*(p;Q) LR}
(1) H2.(09) = {10 € H*(@9) : (1, ) = 0}, H2,(Ty) := (€ A1) : (b, Iy
Proof. (i) let fand gbein L?(p;Q) L Rand o, 8 € R then af +Bg € L? (p; Q)
th
. (af + Bg,1)a = (af, 1)a + (Bg, 1)a

= Oé(f,1>Q +6<971>Q
=0

(ii) let fand g be in H*04(Q; A) and «, 3 € R then af + Bg € H10(Q; A) then
by linearity of an operator A and L? (p; Q) L R above,

Alaf + Bg) = A(af) + A(Bg)
=aAf + BAg
cL*(p;Q) LR

(i) let ¢ and  bein HE (0N) and «, 8 € R then avp + Bp € H*(99) then

(a4 B, 1)aq = (@, 1)aq + (B, 1)an
= 04<1/)7 1>3S2 + ﬁ<903 1>3$2
=0

Similarly the right handside of (iii) follows from the proof of item (iii). O

In order to have invertibility for the single layer potential operator in 2D,
we consider the following theorem.
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Theorem 5.4. If ) € H;ﬁ(@ﬁ) satisfies Vi) = 0 on 02, then ¢ = 0.
Proof. The theorem holds for the operator Va see, [13 corollary 8.11(ii)],

V=0
1
= 7VA’(/J =0
a(y)
=1 =0, (sincea(y)#0,= Va #0)
O
Lemma 5.2. If u € H'O (Q; A) then Tu € H;ké(aﬁ).
Proof. Employing the first Green identity (5.5) with v = 1, we have:
<T+u, 1>80 = /Q 1Au dx
= (Au, 1>Q
=0; since Auc L?(p;Q) LR
O

In addition to conditions (5.3) and (5.4) on the coefficient a, we will some-
times also need the condition
p*Aa € L™ (R?) (5.15)

Employing that the corresponding mapping properties hold true for the po-
tentials associated with the Laplace operator A, cf. eg. Section 8 in [19] and ref-
erences therein, relations (5.13) lead to the following assertion. see [27, Theorem 3]
and also [5, Theorem 4.1]

Theorem 5.5. The following operators are continuous under conditions (5.4).
P:H '(%R?) LR — H'(R?)
P:H Q) LR — H(R?)
R:L? (p~%R?) — H'(R?)
V: HLE(09) — HY(Q)
W H?(09) —» HY(Q)
while The following operators are continuous under conditions (5.4) and (5.15).
P:L?(p;Q) LR — H" (R* A)
R:HY(Q) = HYO(Q; A)
Vo HLE(99) = HYO(Q: A)
W H?(09) — HYO(Q; A)
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Remark 5.3. Similar to [23, Theorem 3.12] one can prove that D(Q) is dense
in HO(Q; A) also in L0 (Q; A) which then implies by theorem 5.5 and lemma
5.2, (5.10) holds for any u € H*" (Q; A).

The boundary integral (pseudo-differential) operators of the direct values
and of the co-normal derivatives of the single and double layer potentials are
defined by

V(y) = — / Pla, y)g(x)ds, Wy(y) = — / T,P(x,y)g(x)ds, yeT (5.16)
Wly) = — / T,P(e,y)g(x)ds, LEg(y)=TEWgly) yel  (5.07)

The mapping and jump properties of the operators (5.16)-(5.17) follow from
relations (5.13) and are described in details in [27].

Applying the trace and co-normal derivative operators to the third Green
identity (5.10), and using the jump relations for the potential operators we

obtain for u € H0" (Q; A),

1

§7+u + 7 "Ru — VT u+Wrytu =~"PAu  on 00 (5.18)
1
§T+u + T Ru — W T u+ LTy u=TTPAu  on 99 (5.19)

Conditions (5.4) are assumed to hold for (5.18) and conditions (5.4) and (5.15)
for (5.19). For some functions f, ¥ and ® let us consider a more general indirect
integral relation associated with equation (5.10).

U+ Ru—VIU+WS=P; inQ (5.20)
Lemma 5.3. Let u € HYO (0 A), f € L2 (p:Q) LR, W € HLZ(99), and ® €

Hz(0Q) satisfy equation (5.20) and let conditions (5.4) and (5.15) hold. Then,
u 1s a solution of the equation

Au=f inQ (5.21)

while
V(U -T%) -W (®—7"u) =0, inQ (5.22)

Proof. Since u € HO (€; A), by Remark 5.3 we can write the third Green
identity (5.10) for the function u. Then subtracting (5.20) from it, we obtain

VU Wt = PlAu—f] in©Q (5.23)
where U* := TTy — ¥ and ®* := 4Ty — ®. Multiplying equality (5.23) by a(y)

we get
—VAU* 4+ Wa (a(I)*) = PA[AU — f] in 2
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Equation (5.21) is obtained by applying the Laplace operator A to the previous
equation and considering that the functions on the left are harmonic potentials,
while the function on the right is the classical Newtonian potential. (5.22) is
obtained by Substituting (5.21) into (5.23). O

Lemma 5.4. Let conditions (5.4) and (5.15) hold.
_1

(i) If ¥* € H,,2(092) and VI* =0 in Q, then ¥* = 0.
(ii) If ®* € H2(09) and W®*(y) = 0 in Q, then ®*(x) = C/a(x), where C is
a constant.
(i1i) let O =Ty U2, where T'1 and Ta are nonempty non intersecting simply
connected sub-curves of 02 with infinitely smooth boundaries.

~_ 1 ~
if O* € H,2 (Ih), &* € H? (T2) and VIU*(y)-WU*(y)=0 in Q, then ¥*=0 and
d* =0 on 0.

Proof. The proof of item (i) follows from theorem 5.4, while the proof of item
(iii) is similar to the proof of [25, Lemma 2.12].

To prove item (ii), from the first Green identity (5.5) for the interior domain
Q~ employing for v(z) = C, A= Aju= W and for any y € €, the function
®dp = C satisfies the equation Wa® = 0 in the exterior domain 2 for any
C = const. Now let us check there is no other solution of the equation in  in
H? (092). By the Lyapunov-Tauber theorem TZWNI)A =T, WaPa = 0on 09,
which implies WA ®A = const inthe interior domain 2~ due to the uniqueness
up to a constant of the solution of the Neumann problem in Hz (7). Then
by the jump property of the double layer ®A = const. Applying the relation
Wg = 1Wa(ag) completes the proof of item (ii). O

5.4 BDIEs for Exterior Mixed BVP

To reduce the variable-coefficient Mixed BVP (5.7)-(5.9) to a segregated bound-
ary domain integral equation systems, Let us fix an extension &5 € H 3 (09) of
the given function ¢g in the condition (5.8) from 0€2p to the whole of 992 and
an extension ¥y € H;*% (09) of the given function ¢y in the condition (5.9)
from 9y to the whole of Q2. moreover ®; and ¥ are considered as known.

For a given function f in L? (p; Q) L R, assume that the function u satisfies
the PDE Au = f in Q. Then, we can reduce the BVP (5.7)-(5.9) to a system of
Boundary-Domain Integral Equations (BDIEs) and in all of them we represent
in (5.10), (5.18) and (5.19) the trace of the function v and in its co-normal
derivative as

1

Yu=8g+p, peH? (00y); Tru=o+vy, ¢eH.” (9p)

and will regard the new unknown functions ¢ and v as formally segregated
of u e HMO" (€; A). Thus we will look for the triplet

U= (u,t,0)7 = HYO (5 A) x Ho? (9Qp) x HE (90w)
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BDIE system (M11) . Obtained under conditions (5.4) and (5.15), using
equation (5.10) in €, the restriction of equation (5.18) on 9€Qp, and the restric-
tion of equation (5.19) on 9Qy, we arrive at the BDIE system (M11) of three
equations for the triplet of unknowns, (u,,¢),

u+Ru—-Vy+We=F in{ (5.24)
’)/+RU — V’(/J + WQO = ')/+F0 — (I)o on 8QD (525)
TYRu—-WY+LYo=TTF,— ¥, on 0Oy (5.26)

where
FO = Pf + V\IIO — W(I)Q in Q (527)

We denote the matrix operator of the left hand side of the systems (M11) as

I+ R -V w Fy
M= rea, TR —raa,V rea,W | L F = | raanyt Fo — o
roonTTR  —roayW' 7roan LT roox T Fy — tho

Note That 5.2. Due to the mapping properties of operators involved in M
1 ~
,The operator M : HYO"(Q: A) x H,.? (09Qp) x H? (9Qy) — HMO(Q; A) x

Hz (3QD)><H*% (0Qn) is bounded. And also F'* = 0 if and only if (f, ®o, ¥o) =
0

Proof. (<) evidently true.

(=) from equation (5.27) we have that Fy € H1°(2; A) and by our assumption
0 = Fp implies Fy € HL0" (©; A), Lemma 5.3 with Fy = 0 for u implies f =0
and V (¥y) — W (®g) = 0, in Q and The equalities v"Fy = ®; on IQp and
TtFy = ¥y on 00y, 1implies Py = g = 0 on Np and ¥y = g = 0 on
OQy that is, ¥y € H,.? (0Qp) and & € H? (8Qy). Lemma 5.4 (iii) implies
Py =Ty=0 O

BDIE system (M12). Obtained under conditions (5.4) and using equation
(5.10) in ©2 and equation (5.18) on the whole of 9, we arrive at the BDIE system
(M12) of two equations for the triplet (u,, ),

u+Ru—Viyp+Wep=F in{

1

3¢ +7TRu -V +Wo =7TFy—®; on 00
The left hand side matrix operator of the system is

w_[I+R -V W o Fy
MP= iy ;I+W}’f "[WFO—@O]

98



Note That 5.3. Due to the mapping propertzes of operators involved in M2
The operator M2 : H0" (Q; A) x H** (8p) x Hz () — HIO(Q; A) x
H% (09) is bounded.And also F*2 = 0 if and only if (f, ®g, ¥o) = 0

Proof. (<) evidently true.

(=) from equation (5.27) we have that Fy € H?(Q; A) and by our assumption
0 = F, implies Fy € H10" (Q; A), Lemma 5.3 with Fy = 0 for u implies f = 0
and V (Ug) — W (®g) = 0, in 2 and The equalities " Fy = ®( on 92, implies
&y = 0.Lemma 5.4 (i) implies ¥y =0 O

BDIE system (M21). Obtained under conditions (5.4) and (5.15) and
Using equation (5.10) in 2 and equation (5.19) on the whole of 9, we arrive
at the BDIE system (M21) of two equations for the triplet (u, v, ¢),

u+Ru—Viyp+Wp=F inQ (5.28)

1
5‘” + T "Ru—Weo+ LY p=T"Fy—¥; on 09 (5.29)
The left hand side matrix operator of the system is

M21 — I+R _V W :| f21 — |: F() :|

TR $I-W L* T+Fy — Wy
Note That 5.4. Due to the mapping propertzes of operators involved in M?*

\The operator M?' : H'O (4 A) x HL? (90p) x H (00x) — HYO(Q A) x
H*% (092) is bounded.

BDIE system (M22). Obtained under conditions (5.4) and (5.15) and
using equation (5.10) in ), the restriction of equation (5.19) on 9Qp, and the
restriction of equation (5.18) on 9y, we arrive for the triplet (u,, ) at the
BDIE system (M22) of three equations of "almost" the second kind (up to the
spaces),

u+Ru—-Vip+We=Fy in Q
1
§w + T "Ru—Wo+ LY p=T"Fy -V, on 09Qp
1
S+ TRU—VY+Wo=7"Fy—® on 00y

2
The matrix operator of the left hand side of the system (M22) takes form

I+R -V w Ey
M22 = TaQDT+R ToQp (%I — W/) TaQD£+ ,.7:22 = ToQp {T+FO — \I/Q}
roanY TR —Toqy V o0y (%I + W) roay {7 Fo — ®o}
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Note That 5.5. Due to the mapping properties of operators involved in M?2
_1 1

,The operator M2 : HYO" (Q; A) x H,.2 (8Qp) x Hz (0Qy) — HLO(Q: A) x

H~2 (0Qp)xHz (8Qy) is bounded. And also F?2 = 0 if and only if (f, ®o, ¥o) =

0

Proof. The proof follows in the similar way as in the Note that 5.2 proof O

5.5 Equivalence and Uniqueness Theorems

Theorem 5.6. Let go € H3 (0Qp), v € Hiy® (00), L2 (0:Q) L R and let
®y € H2(00) and Uy € H,.?(dQ) be some extensions of @y and by, respec-
tively, and conditions (5.4) and (5.15) hold.

(i) If a function u € L0 (% A) solves the BVP (5.7)-(5.9), then the triplet
(u’w, (p)7 where

THu— Wy = € Ho? (000) ,vHu — B = € HE (90y) (5.30)

solves the BDIE systems (M11), (M12), (M21) and (M22).
1

(i) If a triplet (u, 1, 0) € HWO (4 A) x H.,? (9Qp) x H? (0Qy) solves one
of the BDIE systems (M11), (M12) or (M22), then this solution is unique and
solves all the systems, including (M21), while u solves BVP (5.7)-(5.9) and

relations (5.30) hold.

Proof. (i) immediately follows from the deduction of the BDIE systems (M11),
(M12), (M21) and (M22).

(ii) Let a triplet (u,,¢)T solve BDIE system (M11) , (M12) or (M22). The
hypotheses of Lemma 5.3 are satisfied for the first equation in BDIE system,
implying that u solves PDE (5.7) in Q, while the following equation holds:

VI —Wo*=0 in 0 (5.31)

where ¥* = Uy + 1 — THy and ®* = &g + ¢ — yHu.

Suppose first that the triplet (u,,¢)? solves BDIE system (M11). Taking
trace of (5.24) on 9p using the jump relations of Theorem 5.6, and subtracting
(5.25) from it, we obtain

yfu=¢y on 0Qp (5.32)

i.e., u satisfies the Dirichlet condition (5.8). Taking the co-normal derivative
of Eq. (5.24) on 00y, using the jump relations on Theorem 5.6 and subtracting
Eq. (5.26) from it, we obtain

Ttu=19 on 0Qy, (5.33)

i.e., u satisfies the Neumann condition (5.9). Hence u solves the mixed BVP
(5.7)-(5.9).
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Taking into account ¢ = 0, P9 = g on dQp and ¥ = 0, ¥y = 1Py on Oy,
(5.32) and (5.33) imply that the first equation in (5.30) is satisfied on 9Oy
and the second equation in (5.30) is satisfied on 9Qp. Thus we have U* €
2 (0Qp) and &* € H* (9Qy) in (5.31). Let Ty = 9Qp, Ty = 8Qy. Then
Lemma 5.4 (iii) implies ¥* = ®* = 0, which completes the proof of conditions in
(5.30). Uniqueness of the solution to BDIE systems (M11) follows from (5.30)
along with Note That 5.2 and Theorem 5.2.

Finally, item (i) implies that triplet (u,,¢)T solves also BDIE systems
(M12), (M21) and (M22).

Similar arguments work if we suppose that instead of the BDIE systems
(M11), the triplet (u,, )T solves BDIE systems (M12) or (M22).

O

The situation with uniqueness and equivalence for system (M21) differs from
the one for other systems and from its counterpart BDIE system (M21) in [25],
particularly because item (ii) of Lemma 5.4 is different from its analog, Lemma
2.11 (ii) in [25]. This leads to the following assertion.

Theorem 5.7. Let o € H? (00p), 40 € Ho? (00y),f € L2(p:Q) L R

1

and let &y € Hz(0Q) and ¥y € H,,2(00) be some extensions of o and 1y,
respectively, and conditions (5.4) and (5.15) hold.
(i) Homogeneous BDIE system (M21) admits only one linearly independent
~ 1 =
solution (uo,z/)o,goo) € ’HLOL(Q;A) X H.2 (0Qp) x H3 (0QnN), where u is the
solution of the mized BV P

Au® =0 in  Q (5.34)
1
Toapy u = @ on  9Qp (5.35)
roayTTu’ =0 on 00y (5.36)
while
PP =T%u", o =+’ —1/a(x) on 0N (5.37)

(i) The non-homogeneous BDIE systems (M21) is solvable, and any its
~_ 1 ~
solution (u,v,p) € HLOL(Q;A) x Hy2 (00p) x Hz (9Qy) can be represented
as

u=1u+Cu’ in Q (5.38)
where 4 solves the BV P (5.7)-(5.9) and C is a constant, while

V=T a—Us+CY°, o= a—0s+C" on 00 (5.39)
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Proof. Problem (5.34)-(5.36) is uniquely solvable in Hl’OL(Q;A) by Theorem
5.2. Consequently, the third Green identity (5.10) is applicable to u°, leading
to

wWH+RWL -V 4+We? =0 in Q (5.40)
with notations (5.37), if we take into account that W(1/a(z)) = 0 in Q due
to the second relation in (5.13) and the equality Wal = 0 in Q (cf.the proof of

Lemma 5.4(ii)). Taking the co-normal derivative of (5.40) and substituting the
first equation of (5.37) again, we arrive at

1
§w° + T R — WP+ LT =0 on 990 (5.41)

Equations (5.40)-(5.41) mean that the triplet (uo,wo, (po) solves the homo-
geneous BDIE system (M21). We use the following steps to show item (ii) and
confirm that the homogeneous BDIE system (M21) has just one linearly inde-
pendent solution. First, we note that the deduction of the system (M21) and
the solvability of the BVP (5.7)-(5.9) in H1:%+(Q; A) entail the solvability of the
non-homogeneous system (M21).

Let now a triplet (u,1),¢) T € H10 (€ A) x fNL,:k% (0Qp) x Hz (0Qy) solve
(generally non-homogeneous) BDIE system (M21). Take the co-normal deriva-
tive of equation (5.28) on 02 and subtract it from equation (5.29) to obtain

Y+ Uy —Tru=0 on N (5.42)

Taking into account that ¢ = 0 and ¥y = ¥ on 9y, this implies that u
satisfies condition (5.9).

Equations (5.28) and (5.27) and Lemma 5.3 with ¥ =+ 4+ ¥, ® = ¢ 4+ P
imply that u is a solution of equation (5.7) and

V(U +o—THu) =W (dg+¢—qtu)=0 in Q (5.43)
Due to (5.42) the first term vanishes in (5.43), and by Lemma 5.4(ii) we
obtain

Oo+p—yTu=—-Cl/a(z) on 09 (5.44)

where C' is a constant. Taking into account that ¢ = 0 on dpQ and ®g = ¢
on df)p, we conclude that u satisfies the Dirichlet condition

ytu =g+ Cla(z) on O0p (5.45)

instead of (5.8). Introducing notation @ by (5.38) in (5.42), (5.44) and
(5.45) and taking into account (5.34)-(5.36) prove the claim of item (ii). The
case g = 0,P9 = 0,19 = 0,¥y = 0, f = 0 leading to the homogeneous BDIE
system (M21) also implies that @ for this case satisfies homogeneous BVP (5.7)-
(5.9) and thus @ = 0 in (5.38) and (5.39) meaning that the triplet (u®,°, ©°) is
the only linearly independent solution of the homogeneous BDIE system (M21).
This completes the proof of item (i) and of the whole theorem. O
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Conclusion

In this thesis, we have considered a second-order elliptic partial differential
equation with a variable coefficient in a 2D Unbounded domain, in appropriate
weighted Sobolev space. The right-hand side functions were from L2(p; Q) L R

and the Mixed data from the space H*_*% (0Qy) and Hz (09p). The BVP was
reduced to four systems of Boundary Domain Integral Equations and their equiv-
alence to the original BVP and Uniqueness property was shown.

The properties of a parametrix-based potential operator that contain loga-
rithmic singularity were investigated. Unlike properties in 3D case, The single
layer potential needs special consideration to be invertible, which is critical on
this study.

future work

Future work on the BDIEs for Variable Coefficient Mixed BVP in 2D Un-
bounded Domain, will consider the Fredholm properties and invertibility of the
corresponding BDIOs in weighted Sobolev spaces. and we will also consider
the Direct segregated systems of BDIEs for the Neumann BVPs for a scalar
second order divergent elliptic PDEs with a variable coefficient in an exterior
two-dimensional domain. and we will again consider the equivalence of BDIE
system to the original boundary value problems and the Fredholm properties
and invertibility of the corresponding BDIOs are to be analyzed in weighted
Sobolev spaces for in the future.
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