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ABSTRACT

This project is a reading material in all Complex Analysis. It deals mainly with the class

of Analytic Functions on an open set (.

Our purpose is to describe this class of analytic functions is complete metric space with
defined metric space. As a consequence we prove the set of all continuous function is

complete metric space.

Let F be family of analytic function in a region ;. We prove that F is a normal family.

provided that F is locally bounded.

We also briefly discuss applications to the normal families of analytic functions.
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INTRODUCTION

One of the remarkable features of the space of analytic functions in one variable is that
the compactness and convergence. This simple fact lies at the heart of many key results in
basic complex function theory- for example the completeness of many important function

spaces.

Let G © Cis a region. We wish to take the set of all analytic functions on ¢ denoted by
1 ((7). and make it into a metric space. We will define a metric such that convergence in

this metric space is the same as uniform convergence on compact subsets of (7. we will

call this the space of analytic functions on G. It is known that there exists a sequence of

compact subsets E, € G such that £, € int£}, . such that U;’_, intE,, = G and such that
i 2 is any compact subset of G, then £ € E,, for some n. Now define the quantity p, (/. g)
for /. g € H(G) as

pn(f.8) == Sup{lf(2) — g(2)]}.

ZEE“

We define the metric on / (G) as

( ),_i(l)“ Pn(f.8)
U= L1G) TeamtD
This can be shown to be metric. Furthermore. it can be shown that the topology generated
by this metric is independent of the choice of E,,. even though the actual values of the
metric do depend on the particular £, we have chosen. Finally. it can be shown that
convergence in p is the same as uniform convergence on compact subsets. It is known
that if you have a sequence of analytic functions on G that converge uniformly on
compact subsets. then the limit is in fact analytic in G. and thus /7 (G) is a complete
space. We can similarly define the space of continuous functions, and treat /7 (() as

subspaces of that. That is, // () would be a subspace of €' (. C).



Let F be a family of analytic functions on a region ¢ © C. We will define normal and
locally bounded family of analytic functions. Finally, it can be shown that locally

bounded family of analytic functions is normal. which is a famous Montel’s Theorem.

This project report has two parts. In the first part we collect logether various definitions

of metric spaces and the topology of C.

In the second part. first we prove that C(G. Q), the set of all continuous functions from an
open set G in € to a complete metric space € is complete metric space. As a consequence

we prove the famous Arzela-Ascoli Theorem.

Finally, we shall see /1 ((), the collection of analytic functions on an open set G in C. is
closed in C(G. C). We complete this report proving famous Hurwitz's Theorem and

Montel’s Theorem.




CHAPTER |

PRELIMINARY CONCEPTS

1.1. METRIC SPACES
1.1.1. DEFINITION

A metric space is a pair (X, d) where X is a set and d is a mapping from X x X into R

which satisfies the following conditions:

1) d(x,y) =0 ie. dis finite and non-negative real valued function.

1) d(x.y) = 0ifand onlyifx — y
i) d(x. y) = d(y. x) (symmetry)
1v) d(x, z) < d(x, y) + d(y. ) (triangle incquality)

forx, y,ze X.

Example:-(a) Let X = R or C and defined by

d(zy,23) = |71 — 7,].

This metric space is called a Euclidean metric space.

(b) Let .X be a non-empty set and defined by

_(Oifx=y
d(x,y)—[l if x #y.

This metric space is called a discrete metric space.

Open Ball: Let (X, ¢) be a metric space. If @ € X and r = 0. then the set

(x:xeX,d(x,a) <1},

denoted by B(a: r) is called the open ball with centre a and radius r.
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The open ball B (a: r) on R is the bounded open interval (@ - r. a + r) with mid-point a

and total length 2r. The open ball B (a: r) on Cis the set



{zeC:|lz—a| <1}

Open Sets: Let (X, d) be a metric space. A set G € X is open if for cach x in G there is an
r>0suchthat B(x; r) c G.

Example:- (a) The set G = {z € C:a < Rez < b} is open.

(b) Theset S = {ze C: Rez < 0} U {0} is not open.
Note that the empty set @ and the full space X are open sets.
Observe that in any metric space (X, d). each open ball is an open set.

Closed Sets: Let (X, d) be a metric space. The set G € X is said 1o be closed if the
complement G€is open. Equivalently, G € Xis closed if {z,} € G and z,, — z imply

z€ Q.

Interior:- Let (X, o) be a metric space and S a subset of X0 A point x € S is called an
interior point of S if there exist an open ball B(x; r) such that B(x;r) € S. The interior

of S. denoted by int S. is the set of all its interior points.
Observe that int S € S. It is easy to verify that S is open if and only if § = int S.

Closure: Let (X, d) be a metric space and S a subset of X. A point x € X is called a
closure point of S if every open ball centered on x contains at Ieast one point of S. In

other words, a point x € X is a closure point of S if

B(x;r) nS# 0 forallr > 0.
The closure of S. denoted by ¢l S. is the set of all its closure points.
Observe that S © ¢l S.

Closed Ball: Let (X. d) be a metric space. Let @ € X and let r > 0. Then the set

{xe X:d(x,a) <71},

denoted by B(a: r) is called the closed ball with centre a and radius r.




It can be casily proved that in a metric space (X, d). cach closed ball is a closed set.

For, letd(x,a) > r.thenr, = d(x,a) —r > 0.

Ifd(y,x) < ry. then
d(a,y) = d(a,x) - d(y,x)

>d(a,x)—n
=d(a,x) - |d(a,x) —r|
=7,

This shows that B(a;r)¢ = S€ is open. and thus, S is closed.

In general. it is not true that in every metric space the closure of every open ball of radius
r is the closed ball of radius r.
Here is an example. Let (X, &) be a discrete metric space (i.e.. d(x,y) = 1if x # y,

d(x,y) =0).

Then
B(a;1) = {xe X:d(x,a) < 1} = {a};

{xe X:d(x,a) <1} = X;
B(a;1) = {a}

Limit Point: let (X, d) be a metric space and S a subset of X. A point x € X is called a
limit point (an accumulation point) of S if each open ball B(x;r) contains at least one
point of § different from x. In other words., a point x € X is a limit point of § if

Blx;r)n (S —{x}) # 0@ foreachr > 0.

It is clear that every limit point of a set must be a closure point of that set. The set of all

limit points of S is called the derived set of S. and is denoted by S .




Note that cl § = § U S". Also. note that S is closed if and only if it contains all its limit

points.

Example:- (a) Let X =Rand § = [1%1‘ }
() is the limit point of S.
(b) Let X =Cand S = [0,i) U {i}.

The set of all points of [0, 1] is a limit point of S but / is not.

Boundary: Let (X, d) be metric space and S a subset of X. A point x € X is called a
boundary point of S if every open ball B(x; r) intersects both § and S¢. In other words, a
point x € X is a boundary point of S if

Bx;r)NS #0 and B(x;r) NS £ 0 forallr > 0.
I'he boundary of S, denoted by 5. is the set of all its boundary points.

Note that
08 = gS8¢

1.1.2. CONVERGENCE AND COMPACTNESS

Let (X. o) be a metric space. Let {x,} be a sequence in X. The sequence {x,} is said 1o be
convergent to x in X if for every € >0 there is an integer n, such that

d(x,, x) < € forn = n,.

In symbols, we write

limx, =x

Note that a sequence in a metric space can have at most one limit.

Dense Set: Let (X. ) be a metric space and S a subset of X' The set Sis called dense in X

ifcl§S = X.

I:xample: The set @ of rational numbers is dense in R.




Cauchy Sequence: Let {x,,} be a sequence in X. We say that {x,,} is a Cauchy sequence
if for every € > 0 there is an integer n, such that

d(xpy, x,) < € form,n = n,.
Note that a convergent sequence in X is a Cauchy sequence in X but the converse is not
true. As an example, consider X = (0,%) with d(x,y) = |x —y|. and define the
X x o . ’
sequence by x, = = I'hen the sequence {x,} is a Cauchy sequence in X that does not
converge in X,

A metric space (X, d) is said to be complete if every Cauchy sequence in X converges in

X The simple example of complete metric space is:

R or € with the usual metric

dx,y) =[x = yl;
Observe that the set @ of rational numbers is not complete.

Diameter: Let (X. d) be a metric space and S a subset of X. The diameter of S. denoted
by diams. i1s defined as
diam$ = sup{d(x,y): x, ye S}

The set S is called bounded if diam$ < +x.

Uniform Convergence: Let X be a set and (€2, p) a metric space and suppose £. /. fo. ...
are functions from X into . The sequence {f, | converges uniformly 10 [ wrillen

= u—lim f, —if for every € > 0 there is an integer N (depending on € alone) such that
p(f(x), fu(x)) < € forallxinX, whenevern 2 N.
Hence,

sup { p(f(x), fn(x)):x € X} < €

whenever n > N.



1.1.3. CONTINUOUS FUNCTIONS

Let (X,,d,) and (X,,d;) be metric spaces. The function f:X; = X, is said to be
continuous at a € X, if for ecach € > 0 there exists 8 > 0 such that

d, (f(x),f(a)) < e when ever d,(x,a) < 6.
Note that § depends on € as well as on a.
The function f: X; — X, is said to be continuous if it is continuous at cach point of X,.

Uniform Continuity: Let (X,,d;) and (X,, d,) be metric spaces and let f: X, —= X, be a
function. We say that fis uniformly continuous if for every € > 0 there exists § > 0
(depending only on €) such that

dy(f(xy), f(x3)) < € when ever d, (x;,x;) < 8.

Note that every uniformly continuous function is continuous but the converse is not true.

. et F 1
As an example, Let X; = (0,1) and X; = R both with d(x,y) = |x — y|. Then f(x) = =
is continuous. but not uniformly continuous.
1.1.4. COMPACTNESS

Let (Y. d) be a metric space. A collection {G;} of open subsets of X is said to be an open
cover of Xif X © U, G;. Let S be a subset of X. The set S is said to be compact if every
open cover of S has finite sub cover. In other words. there is a finite number of sets

Gy, Gy, ..., Gy in the collection {G,} such that

S§cG,uG, V.. .UG,
Note that the empty set and all finite sets are compact.

The set S = {z € C: |z| < 1} is not compact.



A metric space (X, d) is said to be sequentially compact if every sequence in it has a

convergent sub-sequence.

Totally Bounded Set: Let (X, d) be a metric space and £ a subset of .X. The set £ is said
to be totally bounded if for every r > 0 there exists a finite number of points xy, x5, ..., X,

such that
n
0N o= U B(x;; 7).
i=1

Note that a compact metric space is totally bounded but the converse is not necessarily
true. As an example, take

E=(01),X=R, with d(x,y) = |x =yl

Let (X,,d,) and (X;, d,) be metric spaces. Let f: X, = X, be a function. and let I be a

subset of X;. We call fan open mapping if / (/) is open when ever £ is open.,
Similarly. we call fa closed mapping if /(£) is closed whenever £ is closed.

1.1.5. CONNECTEDNESS

Let (X, d) be a metric space and S a subset of X. The set S is said to be disconnected if
there exist two disjoint non-empty open subsets G and /7 of .Y such that G intersects S and
/1 intersects S. and S € G U H. In this case the pair G, / is said to form a disconnection

of §.
A set S in a metric space X is said to be connected if it is not disconnected.
Examples:- (a) The set / of all positive integers is disconnected in R.
LetG = {x eR:x < %} and H = {x €R:x > -}]
It is immediately verified that the pair G. /] form a disconnection of /.
(b) The set E of all positive rational numbers is connected in R.

Let G = {x e Rix < V2}and H = {x € Rix > V2}.

9



The pair G, H form a disconnection of £,

(c) Consider the sets G ={xeR: —1<x < ul, H={xeR:u<x<2}
where 0 <x < 1. Then G and /1 split the interval [0. 1] in to two disjoint
non-empty subsets whose union is [0, 1]. But since G is not open it does

not follows that [0, 1] is a connected set in R.

Note that in order to show that a set is connected we need to show that no disconnection

can exist.

Component: A subset D of a metric space X is a component of X if it is a maximal
connected subset of X. That is, D is connected and there is no connected subset of X that
properly contains D.

Example:- (a) A subset X = [0, 1) U{1 ¢ i :n =1} of Cis not connected. since there is

3
no way to connect {2} and | =

5 !, Therefore X is not connected. The

(7
I =
-

components are [0, 1), {2}. {=}.

(2), {1 +=)

L8
w

(b) A subset X = C ~ (4 N B) of € where 4 - [0. ») and
B={z=rcisO:r=0.0<0<mn}isnot connected. since there 1s no way
to connect (2, 1) and (1, ~2). The k — th component is given by

C— {4 N B} where

A = [2nk —2n,2nk)

B={z=rcis6:r =802nk -2n <6< 2k}, k € {1,2,3,...}.
Region: Let S be a subset of the complex plane C.
If S is open and connected. then S is called a region.
1.1.6. INFINITE SERIES IN C

Consider the infinite serics

10



%

Zzﬂ=z11+zl+"'

n=0
Where the z, are arbitrary complex numbers,

Associated with this series is the sequence of its partial sums

Sn =2ZotzZy+ v+ 2+ 2,

We say that the series Y;,_ z, converges to z i lim,,_,, S, exists and is equal to z if for

every € > 0 there is an integer n; such that

n
Z Zx — z| < € whenevern 2 n,
k=0

If this is the case. we say that z is the sum of the infinite series. that is,

‘i

Z=ZZ,,.

k=0

If f,is in C for every n > 0 then the series  Yn-g fuconverges to /if for every € > 0 there

is an integer N such that

oo
an— fl < € wheneverm = N.
n=0

1.2. ELEMENTARY PROPERTIES OF ANALYTIC FUNCTIONS

1.2.1. LiMmiTs AND CONTINUITY

et Q be an open subset of the complex plane C.
Let / be a function on Q. Let 4 be a complex constant. We say that

lim f(z) = A

Z=Zq

if the following condition is satisfied.

Given € > 0 there exists a number & > 0 such that if z€Q and |z = 2| <4, then

If(2) - Al <.

= 2



Note that this definition of a limit implies that z may approach z; from any direction in
the complex plane C. For example, let us take

(x+y)*
I =g F

It can be easily seen that

A e
limllim /()] = 1= lim]lim f (2)

But a long the path y = mx. we have

y _(14+m)?
HiGe = 14 m?

The limiting value here depends on m and hence

Iing f(z) does not exist.
2=

1.2.2. COMPLEX DIFFERENTIABILITY

L.et €2 be an open set in the complex plane €. Suppose /is a function on €. The function /
is said to be differentiable at a point z, of Q if

i f(z) = f(2)
im =

il A z{]

exists. The derivative is denoted by f (2p). Note that the limit is independent of the path

along with z = 7, in the complex plane.

Analytic Functions: A function /s said to be analytic at a point zy, if it is differentiable
throughout some &-neighbourhood of zy. A function /'is analytic in a region il it is al

every point of the region.

Observe that a function which is differentiable at a point, need not necessarily be analytic

at that point. Example (v) below illustrates this fact.

Example:- (i) If n is a positive integer, then f(z) = z" is differentiable in the entire

complex plane.

(if) f(z) = Rez and f(z) = Imz are not differentiable.

12



(iii) f(2) = —l- is differentiable in € — {0},
(iv) f(z) = Z is not differentiable.
(v) f(z) = |z|* is differentiable only at = — 0.

A path in a region G  Cis a continuous function y : [a, b] = G for some interval |a. b|

in R .

Iy : |a,b] = Cis a rectifiable path and /'is a function defined and continuous on the
tracc of y then the (line) integral of f along y is

b

ff(r(r))dy(t)-

a
This line integral is also denoted by fy f = fy f(z)dz.

An entire function is a function which is defined and analytic in the whole complex
plane C.

Zeros of an analytic function: If f: G — Cis analytic and @ in G satisfies / (@) = 0 then

a is a zero of f of multiplicity m > 1 if there is an analytic function g: G — Csuch that

f(z) = (z — a)™g(z) where g(a) # 0.

13



CHAPTER 11

COMPACTNESS AND CONVERGENCE IN THE SPACE OF
ANALYTIC FUNCTIONS

2.1. METRIC ON C (G, Q)

L.et  be an open set in Cand let (Q. d) be a complete metric space. We denote by

C'(Gr. Q) the set of all continuous functions from ¢ to €.
In order to introduce a metric on C (G, ) we first prove a theorem about subsets of €.

Theorem 1. I G is open in C then there is a sequence {E,} of compact subsets of G such

that G=Uy-, Ey,. Moreover, the sets E, can be chosen 1o satisfy the following conditions:
(a) E, € int Epyq;

(b) EE € G and E compact implies E C E,for some n;

(¢c) Every component of C-Ey contains a component of Cy,-G.

Proof:- For each positive integer n, define

:
E,={z|z]| < n}n{z:zeGandd(z,C-G) = 5} ;
=RB(0;n)

i=Fn
since B(0; n) is bounded then Ey,is bounded and it is the intersection of two closed

- ~ - T » | 3 Y e ar 2
subsets of € . E,,is closed. Hence by Theorem 3.4 131 g is compact. For

1
H, ={z:|z] < n +1}n {z:zeGand d(zC - G) > ___n+1}'

itis clear that H,is open and
B & Hy € s

Thus the property (a) holds. We claim that G=Uy-; Ey. To show this. suppose that z € G.
since G is open. there is € > 0 such that B (z:€)c G. In panicutur. for any w € C,-G.

1 - : - 2 < :
: : a4 zl en z € F, and also
|z- w| >¢ choose n €N such that n > - and n > |z| I'hen =

14



z€ B(0;n), that is . z€ E,. It follows that G = Un=1 £y . as required. We also get that
G = Up=,intE,. Further, for any compact £ with £ c G. it is clear that F c

Un=1 intEy, and E c E, for some n. This gives part (b).

To see part (¢), Let K be the unbounded component of C.,- E,, (2 €..-G) and let  be the
unbounded component of Cq -G. Then K > {z:|z| >n}. weK and K 5 F since
Coo- En 2 Coo-G. So if D is a bounded component of C,,- E,it contains a point z with
A ;
diz, C-G) < - But, then there isw € € -GG with |w — 2| < %zmd zE€ B(u':l e CarBa
n
Since disks are connected and z is in the component D of €, - E,,. then B( w:r—lI & LIS

Dy is the component of €~ G that contains w it follows that D € ). =
Remark:- We can find E, for each of the following choices of -

a) ( is an open disk.

leta €C and r > 0 such that G = B (a, r). Set

1
E, = B(a,r— -5)

where a ball of negative radius is to be understood as the empty set. Depending on
the size of r. a finite number of £, may be empty. not violating the condition
E,C int Ep,4,q, and obviously G=Uy- .

b) ( is an open annulus.

Let a € C be the center of the annulus with radii #, R, 0 < r < R <« so that

G —ann(a. r. R). Define

i i
E, = ann(a,r+-,R—7)

again with the interpretation that an annulus with inner radius larger than the outer
radius is the empty set.

¢) G ={z€ C|lmz| <1},

15



IFor this open set G define

!:'n={z=x+iyEE:x,yER,|x|Sn]n{z=x+gye(;x'ye ff.lyisl—ll-
n

Although G is unbounded each E,is bounded and closed and hence compact and
G=\JTy By
d) G=C-L.

Iere we can define
n 1
@:gecmqsmn(UBu?y
j=-n

an intersection of closed set. one of which is bounded, hence E,is compact. Also

Iy < int E, 44 by definition and G- U, -, E),.
Lemmal. If (S. d) is a metric space then

_d(s.t)
K = T346.0

is also a metric on S. A set is open in (S, d) if and only if it is open in (S, ). a sequence is
a Cauchy sequence in (S, d); it is a Cauchy sequence in (S, p).

- s aest) .. i R e o
Proofi- To show that i:S x S = R, u(s,t) = Toden B ¢ metric we proof that u

satisfies the conditions of a metric function.

48 s well defined in the nonnegative real numbers
1+d(s.t)

0 if and only if d(s. 1) = 0 and since d is a metric It

For s. 1 € S the value u(s,t) =

because d is a metric. Also u(s. 1)
follows that s = 7. The metric d is symmetric and therefore u is also. It remains to show
the triangle inequality. Let therefore s. 1. u € S. The metric d satisfies the triangle

inequality

(1) d(s,u) < d(s,t) + d(tu).

16




I'he function f(£) = 7 is a strictly increasing, concave function on the interval [0.7).

Thus if d(s,u) < max{d(s,t),d(t,u)}. then also H(s,u) < max{u(s,t), u(t,u)} and

by non negativity of u also
us,u) < u(s,t) + u(t,u).

If instead max {d(s,t),d(t,u)} < d(s,u) then

1 1
i Tl
1+d(s,u) o [1 +d(s,t)’1+d(t,u)]'

Together with equation (1) we have

d(s,u) - d(s,t) + d(t,u)
1+ d(s,u) - 1+ d(s,u)

u(s,u) =

__d(st) d(t, u)
= TFatw " 1+dE0)

d(s,t) d(t,u)
= 1+dG.0 T T+dw

u(s, )+ ult,u),

which gives the triangle inequality.

To show that the metrics d and u are equivalent on S, let O be on open set in (S, @) and let
x €O. There is ¢ €(0. 1) such that By(x, £) € O. Choose o positive such that 0 < i—; then
B,(x. ) € By(x. ¢). Similarly. if O is an open set in (S. u) and 0 is such that x € B,(x. 0) ©
O then choose &> 0 with £ < 1—% which implies By(x. £)€ B,(x. 0). Since this can be done
for any element x € O. open sets in (S. @) are open in (S, u) and vice-versa.

The fact that exactly the open sets in (S. d) are open in (S. #) leads to the statement about

Cauchy sequences. Assume that {x,} is a Cauchy sequence in (5. d). To see that it is

Cauchy in (S. u) let & > 0 be arbitrary but fixed. By the above there is a 0 small enough

17



that By(x. d) € B,(x. &) and o depends only on ¢, but not on x €. Since {x,} is Cauchy
in (S. d) there is N € N such that d(x,,, x,,) < & whenever m. n > N and therefore also

W(Xm, Xp) < &lorm .n> N.The opposite statement holds with a similar argument.
Theorem 2. If G=Uy; Enwhere each Eyis compact and E,, € intE,,, ,. define

(2) Pn(f9) = sup {d(f(2),9(2)): z € Ey)
Jor all functions fand g in C(G, Q). Also define
w 1 n (F;
(3) p(f.9) = Z(—) Bl )

2/ L+p(f,9)"

n=1

then (C(G, Q), p) is a metric space.

Proof:- Since % < 1 for all 1 =0, the series in (3) is dominated by Z(i—)" and must
converge. It will be shown that p is a metric for €' (G, ).1t is clear that p (/. ) = p (2. /).
Also. since each p , satisfies the triangle inequality. the preceding lemma can be used to
show that p satisfies the triangle inequality. Finally, the fact that G=Uy~, E,gives that
/~ g wheneverp (f.2)=0. m

Theorem 3. Define the metric p as in (3). If €>0 is given then there is a & = 0 and a

compact set £ < G such that for fand g in C (G, £2).

(4) sup {d (f(2).8(2)):z€ E} < 6 = p(f.8) < €

(_'Unvgrse[y' IfG > and a Compac{ set I are gi'ven. there is an € = 0 Sh‘(.'h that _ﬁu‘j'undg

in C(G.Q),
(5) p(f.g) < € = sup{d(f(2),8(2)):z€k} < 5.

Proof:- Let € > 0 be fixed let m be a positive integer such that

> () <3

n=m+1

18



Put £ =E,,. For suitably chosen § > () we have

1!
—_—
W 26 where () <t < §.

By our hypothesis fand g are functions in C' (G, £2) where

sup {d (f(2),g(2)): z€ E} < 6.
Since E, € E,=Eforlsn<m,
p?‘l(f: g) < é
Therefore,
pn(f.8)

1
——<—¢ forl < n<s m
1+pﬂUag) 2

IHence

p(f,g)=i(%)n%

n=1

o i Dol I\ pa(f.8)
:ZG’) T ;(E) Tl B

n= n=

SH GG

n=1 n=m+1

Conversely, Let E and & are given.

Since

G = U B = U intk,
n=1 n

=1

and £ is compact, there is an integer m = 1 such that £ € Ep,.

19



From this we have

pm (f,8) = Sl.lp[d (f(/)- g(z)): ZE Em}

> sup {d (f(2),8(2)): z € E}.

Now choose € > 0 such that

s
0 < s < 2™ implies 3 - < 6.
Hence
t < I d.
1+t € impliest <

Thus if p(f, g) < € then

SO e

and this implies

(1)’“ pmlf8) B

2/ 14 pm(f.8)
that is,
Pm8)  _ om,
14 pm(f.8)
and this gives
pm(f.8) < 8.

Hence the theorem is proved. m

Lemma 2. (a) 4 set O € (C (G, Q),p) is open if and only if for each fin O there is a

compact set £ and a 8 > 0 such that
0> {gd(f(2).8(2) <8 z€E}

20



(b) 4 sequence {fp} in (C (G, Q),p) converges 1o f if and only if {fy} converges to f

uniformly on all compact subsets of G.

Proof:- (a) If O is open and /€ O then for some € > (0. 0 o 12: p (/. g) <€ }.But now the
first part of the preceding lemma says that there is a8 > 0 and a compact set £ with the
desired properties. Conversely, if O has the staied property and /¢ O then the second part

of the lemma gives an € > 0 such that O D{g: p (/. g) <€ }: this means that O is open.

(b) Suppose first f, = f in the sense of the p - metric. For large n we have then
p(fn, f) < € and consequently, ,O['(fn‘ f) < 2'e. But this implics that f, = / uniformly
on E;with respect to d — metric. Since every compact k£ is contained in an £, it follows

that the convergence is uniform on £,

Conversely. suppose this is true for all compact £ subsets of (. Then it is certainly true

for all ;. Hence for all i,

Pilfn. f)
15k pi(fmf)

r I 1
Let € > 0 and choose N so that X2y 4, 5; < € choose 7, so that

pi(fu f)
L+ pi(fu f)

If'i < N, we know E; c Eyand hence

pilfn f) < v f)

=0 foralli.

<€ foralln = n,.

Now
% o)
S1ap 5" 5e5" 5

and

TN e
TR LT

1‘:
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Thus.

5 = l pi(fu. f)
p(fn»f)—zzlm

il pilfu f) Z o)
2140 ) Ls 04 (o)

Since this is true for any £, /, > finp.m

Corollaryl. The collection of open sets is independent of the choice of the sets |E,}.
That is. if G=Uy-, E'y where each E'yis compact and E'y € int E',,,, and if wis the
metric defined by the sets {E'y} then a set is open in (C (G, Q), u ) if and only if it is
open in (C(G, Q), p).

Proof:- This is a direct consequence of part (a) of the preceding lemma since the

characterization of open sets does not depend on the choice of the sets £, ).
Theorem 4. C (G, Q) is a complete metric space.

Proof:- Suppose { f,} is a Cauchy sequence in C (G, €). Then the restrictions of the
functions f,to £ gives a Cauchy sequence in C (£, ) where £ is compact and £ © G,
That is, for every € > 0 there is an integer N such that

p(fu(2), fn(2)) < € forall zin E and for n,m > N.
By Theorem 3, for every 8 > 0 there is an integer N such that
(6) sup {d(f(2), fu(2)):z€ E} < § forn,m 2 N.
Hence {f,(z)} is a Cauchy sequence in Q. Thus there exists a point /(z) in € such that

f(z) =lim fu(2).

We now got a function f: G - Qand have to prove that f'is continuous and
plfuf) 0.
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|.et £ be compact and fix 8 > 0. Choose N so that

sup [d(ﬂi(z),fm(z)):zf!;'] <4d

holds for n.m >N. If z is arbitrary in £ but fixed then there is an integer m > N so that

d(f(2), fn(2)) < 6.

By triangle inequality, we get

d(f(2), fu(2)) < d(f(2), fu(2)) + d(f(2), fi(2))
< 64 6 = 26

for all » = N. Since N does not depend on z we have

sup {d(f(z),f,1 (2)):z€E} -0

as n— o . Hence {f,} converges funiformly on every compact set in ;. Thus f is

continuous. Finally. it follows from Lemma 2(b) that

plfn,f) = 0.m

A family F is said to be normal in C (G, Q) if every sequence {f,} of functions f, € F

contains a subsequence which converges uniformly on every compact subset of (.

Note that this definition does not require the limit functions of the convergent

subsequences to be members of F.

Lemma 3. 4 set F < C (G. Q) is normal if and only if its closure is compact.

Theorem 5. 4 set F < C(G, Q) is normal if and only if for every compact set Ec Gand

8> 0 there are functions fi....f in F such that for [ in F there is at least one k.

| <k < n. with

sup {d(f(2). fx (2)):z€ E} < 8.
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Proof:- Suppose F is normal and let £ and § > 0 be given. By Theorem 3 there is an
€ > 0 such that (5) holds. But since F~ is compact. F is totally bounded. To sce this.
suppose F ~ is compact then by Theorem |1 49" F- s totally bounded. Thus. since F

F~ then by Theorem5.2.7 *! F is totally bounded. So there are fis s Juin F such that

Fe| Juog. <o
k=1

But from the choice of € this gives

n

= U{f d(f(z),fk(z)) <8,z€L};

k=1
that is. F satisfies the condition of the proposition.

FFor the converse, suppose F has the stated property. Since it readily follows that ™ also
satisfies this condition, assume that F is closed. But since C'(G. €2) is complete F must be
complete. And. again using Theorem 3. it readily follows that F is totally bounded. From

Theorem I1. 4.9 "'Fis compact and therefore normal.m

Theorem 6. Let (X, dy)be a metric space for eachn = 1 and let X = [T~y X, be their
cartesian product. That is, X = {& = {X, }: X,€ X, for eachn 2 1}. For § = {xp ] and n =

\Vnl in X define
i (xm Vn)
7 dn) = Z( ) 1+ d,(xn yn)

then (1., X,,. d). where d is defined by (7), is a melric space. i L ]
= 1., X,, then &% > & = {x,} if and only if xk = x, for each n. Also. if each

_y ds in

(Xn, dy) is compact then X is compact.

T : ‘\ enace we hav cach axioms are
Proofi- To show ([13; X,. d) is a metric space We have to show that each axi

satisfied.

i) Since dp,(x,,, yn) = 0.n 2 1 therefore
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L Bl %)
Gn——22__y >
; E 1+dﬂ(xm yn) ('f"?) =0
ii) Let d(&.n)=0then

n n(xm yn)
Z() l+d(xn 3. =0

this gives that dp (X, yn) = 0. So this implies that x,, = y, .n> 1. thatis. € - .

Conversely, suppose § = n then x, = y,.n 2 1.Then

_m}n dn(Xn, Yn) n_Gn(tn Xn) mln I
Alem = ;(2) 14,03, o Z( ) 1+ d, (% %) Z(E) 140 0

w0 am =Y (5) pmas - Y () S0mm g

n=1 n=

iv) Since d,, is a metric for all n > 1 therefore d,(Wy, Yn) < dp(Wy, Xp) + dp(Xn, Vo).

n=|

_ N Ln dn (W o)
d(w,n) = RZ;(}) 14 dy(Wn, Yn)

< i(l)n dn(Wn; x}]) + dn(xm yﬂ)
1+dn(wn, x'n) + dn(xn’ }’n)

= 1 - dp(Wn, Xn) - l n dp(Xn, Yn)
= ZI(E) 1+dn(wm X")+ ;(2) 1+ dn(xn' yn)

d(w, &) + d(&.m

Hence, ([, X,. d) is metric space.

Suppose d(é¥. &) — 0: since

d (X,’.f, xn) an({k {)
1 -Edronsxn)
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To see this

d(fk,f) = Z (%)“ dn(x#ikxn) then (E)" l—f;%kx—n)—) < d(¢%,¢)
n\*n: x!‘l

forn>=>1

and this implies

d‘n(x#a x‘n)
1 Fid (%, %)

< 2Md(¢%,¢)

we have that
q dy (x,"§ Xn) 1|
k=01 +dy(xK, x,)

This gives that xX - x, foreachn > 1.
Conversely, suppose xX — x,, for each n > 1. Then

dn(xrj:: Xn)

1 4+d.(xk %) s e e

Thus.

d(fk:f) = Z (l)" dn(x::' *n) =2 0ask = o
2) 1+d,.(x8 %) = :

n=1
Hence, &K - ¢,

Now suppose that each (X, d,,) is compact. To show that (X, d) is compact it suffices to
show that every sequence in X has a convergent subsequence: this is accomplished by the

Cantor diagonalization proccss.'

o gk — : ) Tl A
Let é% = {xX} € X for each k > 1 and consider the sequence of the first entrics of the £*;

that is, consider {x¥}°_, c X;. Since X; is compact there is a point x; in X} and a

1 n, T - . i ) ; : )

Cantor diagonalization process is a technique of proving staten
hlﬁlqucnccs. cach of whose terms is an infinite sequence by operation o
1" sequence for each n: used to prove the uncountability of the real numbers

1ents about infinite
n the n'™ term of the

26



subsequence of { x¥1 which converges 10 it. We are now faced with a problem in
notation. If this subsequence of {x{}7_, is denoted by {xf "Y1, there is little confusion at
this stage. However, the next step in the proof is to consider the corresponding
subsequence of second entries {x:J }j=1 and take a subsequence of this. Furthermore. it is
necessary to continue this process for all the entries. It is casy to see that this is opening
up a notational Pandora's Box.” However, there is an alternative., Denote the convergent
subsequence of {x¥} by {x¥:keN;}, where Ny, is an infinite subset of the positive
integers N. Consider the sequence of second entries of {¢%: k ¢ Ny }. Then there is a point

x; in X; and an infinite subset N, c N, such that

lim {x5: k € Np} = xz. (Notice that we still have lim {x¥: k ¢ N,} = x, .) Continuing this
rocess gives a decreasing sequence of infinite subsets of N. N, o N,.... : and points

P £ £5¢q 1 2 P

Xpin X such that

(8) lim{xk : keN,} = x,

Let kjbe the j“‘inlegcr in N;: and consider {f"‘f}: we claim that &% - & ={x,) as j—» o,
‘To show this it suffices to show that
kj

(9) T = 0im iy
k!—ow

& - ~ . k 4 . . + . TRl y
for each n > 1. But since N; € N, for j 2 n, {x,) 1 j = n} is a subsequence ol

(XK k € N, ). So, (9) follows from (8).m

A setF © C(G. Q) is equicontinuous at a point 7y in G if for every €> 0 there is a

6 > 0 such that for |z — z,| < 6.

d(f(2).f(2)) < €

S ' . Pl BN T are 158> 0
for every f'in F. F is equicontinuous over a set K ¢ G il lor every € = 0 there is a &

such that forz and z'in K and |z — 2’| < 6,

d(f(2).f(z)) < €

“ Pandora’s Box - a complex situation with problems and pitfalls
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forall fin F.

FFor the purpose of this note. the most significant feature of equicontinuity is that it

bridges the gap between point wise convergence and normal convergence.

Lemma 4. Suppose F © C (G, Q) is equicontinuous at each point of G; then F is

equicontinuous over each compact subset of G,

Proofi- Let . G be compact and fix € > 0, Then for cach w in £ there is a Oy > 0

such that

AFW)fW)) < e

for all /'in F whenever |w — w'| < 8,,. Now {B(w; 8,,): w € E} forms an open cover of

E: by Lebesgue's Covering Lemma(l14.8) " there is a 8 > 0 such that for cach = in £.
B(z: 8) is contained in one of the sets of this cover. Soif zand 2" arein Fand |z - 2| < &
there is a w in E with 2 €B(z 6) € B(w; §,). That is, |[z—w|<$, and

|z = 7| < 8,,. This gives d(f(2), f(w)) < ;€and d(f(z),f(W)) < ~€ :s0 that

d(f(2),f(z)) < d(f(2).f(w)) + d(f(w),f(2))

N
<§E+26_

and F is equicontinuous over /. ®

Theorem 7. | Arzela-Ascoli Theorem | A ser F € C(G,9) is normal if and only if the

Jollowing two conditions are satisfied:
(a) for each z in G, {f(z): f € F } has compac! closure in 2.

(b) F is equicontinuous at each point of G.

: - aach = in G the map of
Proof: - First assume that F is normal. Notice that for each z in G the map <

' e -1 ils image 1s ¢ acl
C(G. Q) - Q defined by /~ f(z)is continuous; since F~ is compact ils IMage IS COMPEe

in Q and (a) follows. To show (b) fix a point Zgin G and let € > 0. If R > 0 is chosen 50
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that £ = B(zp; R) © G then £ is compact and Theorem 5 implies there are functions

fisooorfn in F such that for each / in F there is at least one fi with

(10) sup {d(f(2), fi(2)): z€ E} < %

But since each fis continuous there is a 8,0 < § < R, such that |z = z,] < & implies

that

d(fi (), felz)) < %

for1 < k < n. Therefore, if |z —2z,| <6, f € F. and k is chosen so that (10) holds,

then
d(f(2),f(20)) = d(f(2), fi(2)) + d(fi(2), fi(20)) + d(fi(2). [ (2))

<€+E+E_
S e

That is. F is equicontinuous at 7.

Now suppose F satisfies conditions (a) and (b): it must be shown that F is normal. Lct
{Zn | be the sequence of all points in G with rational real and imaginary parts (so for z in

G and & > 0 there is a z, with |z — z,| < §). For cach n > 1 let

Xy ={f(z)feF} cl);

from part (a). (X,,. d) is a compact metric space. Thus, by Theorem 6. X [ln=y Xnis @

compact metric space. For /in F define f in X by
f = [f(zl)' f(ZZ)' ]

Let {fi} be a sequence in F so {fi} is a sequence in the compact metric space X. Thus
there is a ¢ in X and a subsequence of {fi} which converges to f. For the sake of
convenient notation. assume that € = lim fy. Again from Theorem 6.

(11) ;1'—{2: fu(zn) = (W}
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where { 2 {Wn }

It will be shown that {fi} converges to a function fin C (G, Q). By (11) this function f
will have to satisfy f{zn) = Wy. The importance of (11) is that it imposes control over the
behavior of { fi} on a dense subset of G. We will use the fact that { fx} is equicontinuous

to spread this control to the rest of G.

To find the function fand show that { f, } converges to /it suffices to show that { fi)isa
Cauchy sequence. So let £ be compact set in G and let € > 0; by Theorem 3 it suffices to

find an integer J such that for &, j > J.

(12) sup {d (fk(z),fj(x)):zns I:‘] < ¢

Since £ is compact R = d(E. 0G) > 0. Let £ = {z: d(z. E) < %R}: then £; is compact and
c int £, < ;< G. Since F is equicontinuous at each point of G it is equicontinuous

on K; by Lemma 4 So choose 6, 0 < § <;1£R. such that

(13) d(f(2).f(z1) < 5

for all /in F whenever = and z' are in £, with |z — 2’| < 8. Now let D be the collection

of points in {z,} which are also points in £ that is
D = {252,684}

3 : 1 : - ; 1 ;
If z € £ then there is a z,with |z — z,| < 8; but § <ZR gives that d(z,, £) <ZR. or that

Zn € ). Hence {B(w: 8): w e D} is an open cover of E. Let w,.... wy€ D such that

n
E c UB(W,-;S)
i=1

' : 1 T > ¢ '_ '2'
Since lim,,_, ., fie(wy) exists for 1 < i <n (by (11) there 1s an integer ./ such that / k=.J

€
(14) d (fiwd. i) < 3
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for i=l,..., 1.

Let z be an arbitrary point in £ and let w;be such that Iw; = z| < 8. If k and i are larger
than./ then (13) and (14) give
d(fe(2). i) < dUfi@), W) + dCew), fiw)) + d(fj(m),  (2)

<E+E+E_
RN i

Since z was arbitrary this establishes (13).m

2.2. SPACES OF ANALYTIC FUNCTIONS

The class of analytic functions in G will be denoted by # (G) where G is an open subset

of C. In the following theorem we will prove that // (G) is closed in C (G.C).

Theorem 8. Let {f,} be a sequence in H (G). Suppose that f belongs to C (G.C) such that

fa = J- Then fis analytic and
fn(k) - f%) for each integer k > 1.

3 e = |
Proof: - We will show that f is analytic by applying Morera’s Theorem (IV. s.10)1
Consider a disk D © G and take a triangle 7' inside D. Since 7'is compact, {f;} converges

to funiformly over 7.

Hence
limf [ f f
T T

But. Since each f, is analytic. we have

limfrf;=j;f=0

Thus /'must be analytic in every disk /2 € G and this gives that /1s analytic n G
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k 5 =
To prove that fn( ) > f®, consider D = B (@ r) € G. Then there is a number R > r such
that B(a: R) © G. Let y is the circle |z — a| = R then Cauchy's Integral Formula we have

forz€D,

CORS CIOIEE 3 ke (L) (K

emi ), (w—z)k+i
Hence. using Cauchy's Estimate,
s e, k!'M,R
(15) 16 () = F¥ ) SW,
where My = sup {lfo(W) = fW)I: Iw —a| = Rand |z~a| < 7. Since f, - .

lim M,, = 0. Hence, it follows from (15) that

R f®uniformly on B(a; 7).

Now let £ be an arbitrary compact subset of G and let0 < r < d(E,0G). Then there
are @y, ... ,apin E such that £ c U}, B(aj;r). Since fnm - f%) uniformly on cach

B(a;; ). the convergence is uniform on £, Hence the theorem is proved. m

Observe that we have considered /1 () as a subset of C (G.C) and the metric on /1 (G) is
the metric which it inherits from (G.C).

Since " ((;.C) is complete metric space we have the following results.

Corollary 2. H (G) is a complete metric space.

Corollary 3. Let f,: G - C is analytic. If $2-, f,(2) converges uniformly on compact

Sels to [ (z) then for a positive integer k,

+a]

fO@ = ) P

n=1
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Note that the above result has no analogue in the theory of functions of real variable. For
B o N
example. Let f,(x) = ~x" for 0 < x <1. Then 0= u- Jim fn i however the

sequence of derivatives {f;} does not converge uniformly on [0, | ].

Theorem 9 [Hurwitz's Theorem| Ler G be region and suppose the sequence {f,} in
H (G) converges to f- If f£0,B(a; R) © G, and fiz) # 0 for |z — a| = R then there i

an integer N such that for n 2 N, fand f, have the same number of zeros in B(a; R).
Proof: - Since f(z) # 0 for |z — a| = R.
8 =inf{|f(2)|:|z—a| =R} > 0.

But f, = funiformly on {z : |z — a| = R } so there is an integer N such that if # > A and

|z — a] = R then
1
If(2) = fa(@D] < 58 < |f(2)] < If(@)] +Iful2)]

Hence Rouché’s Theorem (V.3.8)!" implics that /and £, have the same number of zeros

inBla: R). m

Corollary 4. If { f,} © H (G) converges to fin H (G) and each f,never vanishes on G

then either [ = 0 or f never vanishes.

Proof: - Assume that there is a w € G with / (w) = 0 and that fis not identically zero.
Then there exists a circle y with center w such that closure of interior of the circle y (cl

int (y)) is subset of G and f{z) # 0 for all = € ¢l int(y) - {w}.

Therefore the numbers N of zeros of fin int(y) satisfics

1Lof 2
= — | —dZ ._1
M=) 7k

4

But, since f,(2) # 0 forall zin G ;"% is analytic in G
(z
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dz = lim fn(2) _

[£@ oY
f@ el f@
14 ¥

Hence it contradicts our assumption. Therefore the required is satisfied. m

A set F € H(G) is uniformly bounded on a sct E if there exists a real number M such

that
[f(z)| <M forallf €F andall z € E.

Remarks:- Certainly the uniform boundedness of a family implies that each member of
the family is bounded. On the other hand, each member of the sequence {f,(z)} of
functions f,,(z) = nz is bounded in the disk [z] < R, but there is no bound that works for

every member of the family.

A set F € H(G) is locally bounded if for each point a in (5 there are constants M and
r > 0 such that for all f/in F.
[f(2) <M, for|z—a| <r.

Alternately, F is locally bounded if there is an » > 0 such that
sup{|f(2)|: 1z —al <r,feF} < oo

Remarks:- The sequence f,,(2) = T:l/—_; is locally bounded. but not uniformly bounded in

the disk |z| < 1.

Lemma 5. 4 set F in H (G) is locally bounded if and only if Fis uniformly bounded on

each compact subset G.

Proof:- Let F be locally bounded and suppose £ is a compact subset of G. For each point
in E. choose a neighborhood in which. F is uniformly bounded. This provides an open
cover for £. According to the Heine - Borel Theorem. there exists a finite sub cover of E.

That is. there are finitely many z; € E and €; > 0 such that

n
Ec UB(zt-,ﬂ), where |f(z)] < M, for all f € F and all z € B(z;; €)).
=1
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Then F is uniformly bounded on £, having for a bound M = max{M, M,, ..., M,}.

The converse is immediate from the fact that the closure of a neighborhood of a point is a

compact set. . m

Theorem 10[Montel's Theorem| A family F in I (G) is normal if and only if F is
locally bounded.

Proof:- Suppose F is normal but fails to be locally bounded; then there is a compact set
L2 G such that sup {|f(2)|: z€ £, f € F} = co. That is. there is a sequence { £,} in F
such that for a positive integer n. sup {|f,(2)|: z€ E} = n. Since F is normal there is a

function /in //((;) and a subsequence Vngd such that £, = f.
But this gives that
sup{[f,(2) = f(2)|: z€ E} = 0 as k — o

If|f(z)] < M forzin L.
ny < sup{|fo, (2) = f(2):z€ E} + M ;

since the right hand side converges to M. this is a contradiction.

Now suppose F is locally bounded; the Arzela - Ascoli Theorem will be used to show
that F is normal. Since condition (a) of Theorem 7 is clearly satisfied. we must show that
F in equicontinuous at each point of (5. Fix a point @ in GG and € > 0: from the hypothesis
there is an > 0 and M > 0 such that B(a: r) € G and |f(2)] € M forall z in B(a: r) and

for all fin F. Let |z —a| < %r and / € F: then using Cauchy's Formula with

y(iD=a+re*. 0<t1<2nm.

f(w)(a - z)

(w—a)(w—2z)

dw

1
(@~ f()] = 5

14

<—la -1z
r
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Letting 6 < min {::-r. #G} it follows that [a — z| < § gives |f (a) - f(2)| < € for all f

inF.m

Some Applications of Normal Families

One can use Montel’s Theorem to prove many useful results. I present two of these here.
1. Aset F c H(G) is compact if and only if it is closed and locally bounded.

Proof:- If F is compact, then F is closed (a general property that holds in any metric
space). In order to show that F is locally bounded, we will use the following device. Let
£ be any compact subset of (. Then [ = sup {|f (2)]: z € '} is a continuous map from
[1(G) into R. Thus. sup{ [f(2)|: z € E'} for each f € F is a compact subset of R .Then /
is uniformly bounded for each z in £ Hence. by lemma 5. F is locally bounded.
Conversely, if F is closed and locally bounded. then F is closed and. by Montel’s

theorem. normal. Therefore, by Lemma 3. F is compact.

Example:- Let G be open and £ B (a: R) € (. Define F to be the set of all £ € C (G)
such that |f(z)] < 1forallz€ G and /(z) = 0 forz € G — E. Show that F is a closed

and bounded subset of € ((7), but F is not compact.

Solution:- et f — T (f) be the suggested map. Since |[f | < 1on G and /= 0 on the
boundary of £, the integral over £ is greater than 0 and 7"is well defined. If /, € F and
fo — fithatis.  d(f,. /) — O.then f, = [ uniformly on £, hence 7(f, ) — T(/). so that
1" is continuous. If F were compact, then 7' (¥) would be a compact. hence bounded.

subset of the reals.

If 0 < r <R, let fbe a continuous function from G to [0, 1] such that f=1on D = B (a. r)

and /= 0 off £ (Urysohn’s lemma)."*! Then

ffl_f(x+z’y)|dxdy 2] j ldxdy — j f ldxdy
E D E

as r — K. Thus 7 (F) is unbounded. a contradiction.
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2. Vitali’s Theorem If G is a region and {f,} € H(G) is locally bounded and [ € H(G)
that has the property that A= {z € G : limf,(z) = f (2)} has a limit point in G
then f, —f.

Proof:- The sequence {f,} is a locally bounded sequence in /(() and by Montel’s

Theorem then {f,} is normal. so there is a subsequence | fa.} € /o that converges to [

in 1(G).

Suppose that /, + f in H(G) then there must be a compact set £ ©  the convergence is

not uniform on £. In other words there must be an ¢ > 0 so that for all n €N there is

Zn € Ewith | fy(2,) — f(2,)| = €. By compactness of £ extract a subsequence of {2, !.

say {zy, | that converges to a point z, € £.

The sequence {f,} is locally bounded. so in particular the subsequence ! fn,, 1 With
indices corresponding to {z, | is. and again by Montel’s Theorem now applied to the
subsequence and again the completeness of //((;) there is an analytic function g such that
fn,— & in H(G). On the set A4 of points of point wise convergence f,(z) — / and
fn(:} =

Now G is a region and 4 has a limit point in G so by the Identity Theorem (Corollary
IV.3.8)"" already / = ¢ on G which gives a contradiction on the set £ and the point =,

because

lfnm(zn,,,) A f(znm)l = |_C}(ZU) o f(zn)| 2 &
Hence we can conclude that f,— fin H (G).

Example:- Let / be a locally bounded analytic function on D(0, 1) with the property that
for some 6, f(re'?) approaches a limit L as r — 1. Fix a € (0. g) and consider the

region S(6. «) in Figure. Prove that if z € S (0, a) and z — e'? | then f{z) — L.
Solution:- 1f z is a point on the open radial line S from 0 t0 €'?. then
1 ; ) 3 1
ELU b (o 7, ] s '1 e elg + (=)z
() e —e) = | ) )
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also lies on S, and approaches e'?as n — w.

By hypothesis, f,converges point wise on S. Since S certainly has a limit point in
S (0. ). Vitali's theorem implies that f,converges uniformly on compact subsets. Given
¢ > 0 there exists 8 > 0 such that if z € S (0. @) and |z - e'?| <&, then |z - w| < € for some
w € S. It follows that by choosing z sufficiently close to e'?, we can make f(z) as close as

we wish to L. as desired.

en‘i

Figure

3. Prove that in any region & the family of analytic functions with positive real part is

normal. Under what conditions is it locally bounded?
Proof'- Take e/ and if Ref > 0
le=/| = e Rl < 1.
Then the family is locally bounded.

Hence, by Montel’s Theorem the family is normal.

4. If Fis a family of analytic functions, which is not normal in G. show that there is a

point z,€ G such that Fis not normal in any neighborhood of z,.

Proof:- Applying contra positive of Lemma 5 and Montel’s Theorem.
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