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ABST RACT 

This project is a reading material in all Compk-.x Analys is. 11 deals mainly \\ ilh Ihe class 

of Analytic Functions on an open sci G. 

Our purpose is to describe this class of analytic functions is complete mel ri c space with 

dclincd met ric space. As a consequence we prove the SCI of all cont inuous function is 

com plete metric space. 

Let 'F be fam ily of analytic function in a region C. We prove that 'F is a normal I ~Hllil y. 

provided that 'F is loca lly bounded. 

We also britOy discuss applications to the normal fam ilies of analytic func tions. 
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I NT RODUCTION 

One of Ihe remarkable femures of the space of analytic functi ons in one vuri,lblc is Ihal 

the compactness and convergence. This simple raclties at the heart or man), kc) results in 

basic complex function thcory- for example the completeness orman), importalll function 

spaces. 

LeI G c 1: is a region. We wish to lake the SCI of all analytic function s on (; denoted by 

/I (G). and make it into a metric space. We will dc linc a metric sllch thai convergence in 

thi s metric space is the same as uniform convergence on compact subsets o f G. we will 

ca ll this Ihe space of anal ytic func tions on C. It is knowil that there exists a sequence of 

compact subsets En C C slIch that h'n C intEII + 1. sllch that U:;'=I intHn :;::; G and slich Ihat 

if I: is any compact subset of C. then H c HI! lor some II . Now define the quan tity PI1({.,I:) 

I(>rr~ E I/(G) as 

p,(f,g) .= Sup(l!(x) - g(x)ll. 
~ef:n 

We defi ne the metric on II (C) as 

f'(1)" p,,(f.g) 
p(f,g)'= L 2" 1+ p,,(f,g) 

)1"::: 1 

This can bc shown to be metric. Furthermore. il can be shown Ihal the topology generaled 

by this mclric is independent of the choice of Hn. even though Ihe actual va lues of Ihe 

metric do depend on the particular E'I we have chosen. Finally. it can be shown Ihal 

convergence in p is the same as uniform convergence on compact subsets. It is known 

that if you have a sequence of ana lytic functions on G that convcrgc uni form ly on 

compac t subsets. then the limit is in fac t analytic in e. and Ihus /I (6) is a complete 

space. We can similarly dcfinc the space of cOl11inuous fUllctions. and treat II (e) as 

subspaccs of that. That is. II (e ) would be a subspace of C (G. C). 
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Lel'F be a famil y of analytic functions on a region C c C. We will define normal and 

locally bounded fam ily of analytic func tions. Finally, it can be shown Ihat loca ll y 

bounded family of analytic functions is normal , which is a famous Montcl's ']'hcorcrn . 

This project report has IwO parts. In the first part we collec t together vari olls definitions 

of metric spaces and the topology ore. 

In the second part . first we prove thai ('(G. 0 ). the SCI of all continuous func ti ons from an 

opcn sct G in {; 10 a complete metric space n is complete metric space. As a consequence 

we prove the I~unolls Arzcla-Ascolj Theorem. 

Finally. we shall sec II ((i). the collec tion of analytic fUllctions on an open sct (j in C. is 

closed in C(C. C). We complete this report proving fiunous Ilu rwitz's Theorem and 

Monlel's Theorem. 
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CHAI'TER I 

PRELIM INARY CONCEPTS 

1.1. M ETIU C SI'ACES 

1.1 . 1. Ih:FINITIO N 

A m elric splice is a pair (X. eI) where X is a set and d is a mapping rrom X X X into IR 

which smis lics the fo llowing conditi ons: 

i) d(x. y) ~ a i.e. d is finite and non-ncgati \Ie rcal valued function . 

ii) d(x.y) 0 ifand only if x )' 

iii ) d(x. y) dey. x) (symmetry) 

iv) d(x. =)::; d(x.y) j dey . =) (triangle inequality) 

forx.y.zfX 

Exa mplc: -(a) Let X = III or (: and defined by 

d(x"x,) = lx, - 1.,1. 

This metric space is ctllled a Euc/itil!{111 mel r;c .,'l'fI( '(' . 

(b) Lei X be a non-empty SCi and defined by 

rOi{x = y 
d(x'Y) = (l i{x*y. 

This metric space is called a discrete melric space. 

Open Ball : Lei cr. d) be H metric space. I f a € X and,. ;::: O. then the sct 

[x: x f X, dCx, a ) < rj , 

denoted by /1(0: r) is called the open ball with centre a and radius r. 

The open ball /J (a: r) on iii. is the bounded open interval (0 - t. 0 ... r ) with mid-point a 

and total length 21'. The open ball /J (0: r ) on ( is the set 
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(x f C: Ix - 01 < r) 

Ope n Sets : Lei (X. eI) be a metric space. A SCI G c X is opell if for each x in (j then: is an 

r > 0 such 1ha1 /l ex; r) c C. 

Exa mplc:- (a) The sct C == {z E C: a < Rex < b J is open. 

(b) 'Ille set S = (x f C: /lex < 0) U (0) is not open. 

No te thal 1hc empt y sct 0 and the full space X arc open St.:!S. 

O bserve lhat in an y metric space (X. d). cm:h open ball is an opcn set. 

Closed Sets: Let ( .. r. d) be a metric space. The scI G c X is said to be dosed if the 

complement GCis opcn. Equivalently. Ci c X is dosed if 11.,, } c G and zn -. 7. imply 

= E G. 

Intc rio r :- Let (X. eI) be a metric space and 5; a subset or X. A point x f.\' is call\!d an 

il1lerior point o r S if there ex ist an open ball IJ (x; ,-) such thallJ (x; r) c .\', The interior 

DrS. denoted by int S. is the sci o r al! its interior point s. 

Observe 1ha1 inl S c S. It is casy to verify that S is open i r and only if S int S. 

Clos u re: Let (X, d) be a metric space and S a subset of X, 1\ poin t x f X is called a 

dos llre {Joi,,' of S if every open ball centered on x contains at least one point of S. In 

olher words. a poi nt x f X is a closure po int of Sir 

/3 (x ; r) n S '" 0 rorall r > O. 

The closure of S. denoted by cl S. is the SCi or all its closure points. 

Observe that S c cl S. 

Closed Ball: Let (.r. d) be a metric space. Let {/ E X and let r > O. Then th~ set 

(Xf X: d(x. a) ,; r). 

denoted by B(a: r) is called the dosed hull wi th centre (I and radius ,. . 
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It can be easil y proved that in a mctric space (X. d). each closed bal l is 11 closed SCI. 

For. lei d(x , a) > r. then r1 ;: d(x,a ) - r > O. 

[fd (y, x ) < r,. then 

cI (a,y) " cI (a, x ) - cI(y,x) 

> d(a.x) - 1"1 

~ d(a,x ) - [cI (a,x) - r[ 

= r. 

This shows thai Il(a; ry = SC is open. and thus. S is closed. 

In general. it is nOl1rllC that in eyery metric space the closure of every opcn ba ll of radi us 

r is the closed ba ll of radius r . 

Jl ere is an example. Let (X. d) be 11 di sc rete metri c space (i.c .. d (x, y) = 1 if x :1= y. 

d( x ,y) ~O) . 

Then 

/3 (a ; 1) ~ (xf X,d (x, a) < 1) ~ (a ); 

(Xf X,d(x,a) OS 1) ~ X; 

li(a; 1) ~ (a) 

Limit Point : let (X. d) be a metric space and S a subset of X A point x f X is called a 

limit point (an accumulation point) of S if each open ball B(x; r) contains at least one 

point or S difTeren t from x. In other words. a point x € X is a limit point of 5i if 

Il(x; r ) n (S - (x)) ,,0 ror each ,. > O. 

Ii is clear that every limi! poinl or a Sl.!( must be a closure poinl of th ,lI SCI. The 51.:1 o r all 

limit points ors is ca lled the derived set oj S. and is deno\('d b) S '. 
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Note that cI S = SUS' . Also. note that S is closed if and only i f it conta ins a ll li S limit 

points. 

EXlllnplc:·(a) LclX = lR and S = {l .i.~, ... }, 

o is the limit point ors. 

(b) Lc\ X= C andS = IO,i)u{i ). 

The SCI of all points of I D. 1 J is a lil11il point of S but i is not, 

Boundary : Let (X d) be metric space und ,S' a subset orx A point x € X is call ed a 

hOlllu/ary poilll of S if every open ba ll /3(x ; r ) in tersects both S and SC. [n olher words. a 

po int x E X is a boundary poinl ofS' if 

IJ(x; r ) nS * 0 and fl (x; r ) n .1" * 0 for a ll r > O. 

The boundary a I' S. denoted by as. is the sct orull ils boundary points. 

NolC Iha l 

as ;; i)SC 

1.1.2. CONVE nGE NCE 1\ 1'0'1> COM I' ,\ CTNESS 

LeI (X tI) be a melric space. Lei {XII} be a scqucm:c in X. The seq uence {x ll } is said \0 be 

cOl/ vergent to x in X if for every E > 0 there is all int eger no slich Ihal 

d(x,JI x) < f for 11 ~ IIO' 

In symbols, we wri le 

limxn ;;x 

ote thai a sequence in a metric space can have at mOSI one li mit. 

Dense Sct: I.et (X. d) be a melric space and S a subsel ofX. rhe SCi S is called dellse in X 

i fcl S= X. 

Example: The SCI Q ofralional numbers is de nse in Ill. 
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On 

C'lUchy Sequence: Lei {x ll } be a sequence in X. We say Ihal (xnl is 11 Cauchy sequence 

i r for every E > 0 there is an integer no such Ihal 

d(xm,x,J < f for m,n 2:: no. 

Note that a convergent sequence in X is a Cauchy sequence in X but Ihe converse is not 

true. /\s an example, consider X = (0, 00) wit h d(x.y) = Ix - YI. and delinc the 

sequence by xn = -=-, Then the sequence {x,!} is a Cauchy sequence in X 1hal docs !lO! 

" 
converge in X. 

/\ me tric space (X. d) is sa id 10 be comple/t! if ~\'cry Cauchy sequence in X converges in 

X. The simple example of complete metric spuce is: 

~ or ( with the usual metric 

d(x,y) = Ix - yl; 

Observe that the sct Q of rational numbers is not complele. 

I>i:amclt.'r: Let (.K. d) be a mel ric space Hnd .~. a subset or X. The dillllleter of S. denoted 

by diamS. is deli ned as 

diamS = sup{d(x, y): x, y< Sl 

The SCI S is called houI/ded if dia mS < + 00. 

Uniform Convergence: Let X be a SCI and (0. p) a metric space and su ppose/ .fiJi . ... 

arc functions fi·om X inlo n. The sequence l {II} cOl/verges fll1iJorl1l~I' 10 f wrillen 

l u- lim fn - if for every f > 0 there is <In inleger N (depending on f alone) such Ihat 

p(f(x),fn(X)) < f for all x in X. whenever 11 ~ N. 

l ienee. 

sup {pU(x).["(x )):x< Xl < < 

whenever n ~ N. 
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1. 1.3. CONTI NUOUS F UNCTIONS 

Let eX I, d l ) and (Xl' d2 ) be metric SpiICCS. The function f: X l -+ Xl is said to be 

CIJII/i"uOIlS at a E X I if for each E > 0 there exists 0' > 0 slich Ihal 

d,([ex).{ea)) < f when ever d, ex. (I ) < o. 

No te Ihal 0 depends on E as well as on o. 

The funct ion r Xl -+ X l is said \0 be cOII/il/llfJ US if il is con tinuous a1 each point or X \_ 

Uniform Conlinuit)': LeI (XI, d l ) and (Xl, ell) be I11 c.' lric spaces and le\ { :Xl -+ Xz be a 

function. We say that/ is IIl1 iftm,,/y cOII/iI/1I0 IlJ if lor l:\'CTY E > 0 there ex ists {j > 0 

(depending only on E) such that 

d, ([ex, ).{ex,)) < f when ever d, ex ,. x,) < o. 

Note that every uniformly continuous function is continuolls bUllhc converse is nOllruc. 

As an example. Lei Xl = (0,1) and Xl. = iii both with d (x,Y) ::;; Ix - Yi. Then {(x) :;;: ~ 
x 

is con tinuous. but not uniformly continuous. 

1. 1.4 . COM I' /\ CTNESS 

I,et (.Y. d) be a met ric space. A co ll ection {G'i} of opcn subsets of X is said to bc an opcn 

cover of Xi f Xc Uic1 G'i' LetSbca subsct ofX. The scl S is said to bec()lIIp acI ifevery 

open covcr of .\' has finite sub cover. In other words. there is a linitc number of sets 

G't. (;2' ... , Gn in the collection {G. } such that 

S c G I U G2 U ... U Gn 

Note thatlhe cmpty sct and all tinite sets arc compact. 

The SCI S = (70 E ([: Izl < 1} is nol compact. 
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/\ metric space Cx. d) is said to be .\'eqllel1tia/(r compact if e\ er) sequence in it has a 

convergent sub-sequence. 

T otally Bounded SCI: LeI (X. cf) be a metri c space and E a subset ofX. The SCI I:: is said 

to be totlilly bounded i f fo r every r > 0 there exists a fi ni te number of poinls Xl ,X;,!. " ', Xn 

sllch that 

" 
H e U Il (x,; r ), 

;= 1 

Note that a compact metric space is lotally bounded bUllhc converse is not necessarily 

true. /\ s an example. take 

E = (O,l),X = Hi, with cI (x,y) = Ix - yl, 

I.et eX 1-d I) and (Xl> dz) be metric spaces. I.el f: X I ..... X z be a fUllction. and let E be a 

subse t o r XI - We calif an open mapping i f r(l~) is open \\ he n c\ cr f is open. 

Similarl y_ we ca li f a closed mapping ifl (l:) is closed ,\ hcnc"cr I:' is closed. 

J . 1.5. C()NN t: cn~ ONESs 

LeI eX, d) be a metric space and S a subse t o f X The set S is said to be dj~"(,olll,ec'ed if 

there exist two disjoi nt non-empty open subsets C tlnd /I of X such that G intersects Sand 

/I intersec ts S. and S c G U H In thi s case the pair 6'. /I is said 10 fo rm a disconnec tion 

of S. 

A set S' in a metric space X is said to be cOllnected if it is not discon nected. 

EXlllnp!cs:- (a) The set I or all positi ve integers is disconnected in iii . 

I.ct G = {x f lR.: x < i} and II ;:: {X E lR: x > il 
It is immediately "eri ticd that the pair G. /I fo rm a di sconnection of I. 

(b) The SCi E or all positi ve rational numbers is connected in IR. 

Let G = {x f rnu < J2} and /I = {x f Hi: x > J2}. 
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The pair C.II form a disconnection or 1:.'. 

(c) Consider the sets G' = {x IE R: - 1 < x .5 II}, If = {x E at: u < x < 2) 

where 0 < x < I. Theil G and II splillhc intcnal 10. 11 in to \ \\0 disjoinl 

non-empty subsets whose union is 10. 11. But since G is not open it docs 

not follows thai rD. I I is a connected sct in lIt 

Note that in order to show that a SCI is connected we need to show that no disconnection 

can exis\. 

Component: A subset D of a metric space X is a compoll ent of X i f il is a maximal 

connected subset of X. Thai is. f) is connected and there is no connected subset of X 1ha1 

prope rl y contains D. 

EX~lmpJl':- (a) A subset X = 10. I) u{ 1 I !.: n 2':" I} or c is not connected. since there is 
" ., 

no way to connect ~ 2 } and { i}' Therefore X is not connected. The 

1" 1 
components arc 10.1). ~2}. lz}' {i}' .... II I;;}. 

(b)AsubscIX - (: (A n lJ)ot"C\\hercA IO.J)and 

B = {= = r cis 0: r 0.0 < 0 < o} is not COllllCclCcl. since IhICrc is no way 

to connect (2. I) and (I. 2). The k th componelll is given by 

{ - {A n IJ} where 

A = (2rrk - 2rr, 2rrk) 

and 

/J = (x = rcisO:r = e,2rrk -2rr'; e < 2rrk),k E (1 ,2,3, ... ). 

Region : Let S be a subsel or thc complex plane C. 

I t" S is open and connected. then5i is called a reg;o" . 

1.1.6. I NFINITE S EIU ES I N (: 

Consider Ihc inlinile series 
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I 1.11 = 700 + x\ + ... 
" : 0 

Where the Zn arc arbitrary complex numbers. 

Assoc iated with this series is the sequence of it s parlial sums 

Sn = 7.0 + XI + ... + 1.11 _ 1 + Zw 

We say that the series L~=o 7.n converges 10: if limn_" S'I exists and is equal 10 z if for 

every f > 0 there is an integer no such that 

" I Zk - 7. < € whenever n 2: 11 0 

k =O 

I r thi s is the casco we say that z is Ihe slim of Ihe infinite series. Ihal is. 

If (nis in C for every n 2: 0 then the series L~=o fl1 con vcrgcs lo / if lor every f > 0 there 

is an integer :\' such thu\ 

00 I fn - r < c whenever In ;;:: N. 

n == O 

1.2 . ELEMENTARY I'IWI'ERTIES 01" ANALYT IC f UNCTIONS 

1.2. J. L IM ITS A NI) CONTINUITl' 

Lei n be an open subset of the complex plane C. 

LeI! be a function on n. Lei A be a complex conSlant. We say Ihal 

lim [(x) = A 
l-ZO 

i f the following condition is satisfied. 

Given f > 0 there exists a number 8 > 0 such thai i f x f n and Ix - xol < 8, Ihen 

I[(X} - AI < E. 

11 



Note that this definition of a limi t impl ies that z may approach 7.0 frolll any directi on in 

the complex plane C. For example, let us take 

It can be eas il y seen that 

{ (z) = (x + y )' 
X l + y l 

lim!l im{(z) ! = 1 = lim! lim{Czll 
x-o y-O y - O x-o 

But a long the path y = IllX. we have 

(1 + In )' 
lim {(x) = . 
z-o l +m z 

The limiting value here depends on III and hence 

lim [(x) docs not exis t. 
z-o 

1.2. 2. COM I'LEX DIF FERENTIAH II.I TV 

Let n be an open set in the complex plane C. Suppose/ is a funclion on n. The function}' 

is said 10 be dijferelltitlble at a point 7.0 01'0 if 

. .{ (,--70 )'-----'-{ (,--70o",) 
Ilm -

Z-Zo 7. - 7.0 

ex ists. The derivative is denoted by ( (xo). Note thaI the limi t is independent o f the path 

along with x , Xo in Ihe complex plane . 

A naly li c FUllctions; !\ function/is said 10 be {l/UI~ptic: III (I poillt Zo , ifit is differenti ab le 

throu ghout some c-neighbourhood of xo. !\ function f is {l/UI~)'lic ill (I reJ:ioll i r it is al 

every poinl orlbe region. 

Observe that a funct ion which is dilTerentiable at a point. need not necessarily be analyt ic 

at that point. Example (v) below illustrates thi s fact. 

Ex:uu plc:- (i) If n is a positive integer. then f ez ) = zl1 is di ffe rent iable In the enti re 

complex plane. 

(ii) {(x ) = Rex and [(x ) = Imx arc not diOc rentia ble . 
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(iii) [(x) = ~ is differentiable in C - (0). 

(iv) f(z) = z is not dirrerentiable. 

(\,) f(z) = Ixl 2 is diOCrcntiablc onl y al = O. 

A path in a region Ge t[ is a continuous function y: [a, b ] -+ G fo r some intcnalla. bl 

in I~. 

I r y : I a, b I -+ I[ is a recti fiablc path and I is a function defined and continuous on the 

lraee or y then the (line) ifltegral oj J alollg y is 

b 

J [(yet) )ely(t). 

" 
This line in tegral is also denoted by f [= f [(")eI". y y 

An ell/ire f unctio" is a runc tion which is defined and nnalytic in the \\hole complex 

plane C 

Zcr-os of an analytic function: If f: G' -+ (; is analytic and a in Ci sati sfies/Cal = 0 then 

(/ is a zero of J oj milltiplici~" m ~ 1 if there is an analy tic fu nction g: G -+ I( slIch thaI 

[V) = (x - a)'"g(z) where g(a) '" o. 
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C HAPTER II 

C OM PACT NESS AND CONVERGENCE IN TH E SPACE OF 

A NALYTI C FUNCTI ONS 

2.1. M ETRI C ON C(G, 0 ) 

I .C1 G be an open sct in I[ and let (!l d) be u complete metric space. We dcnOic by 

('(G. n) the ScI of all continuous functions from G to n. 

In order to introduce a metric on ('(G. n) we first prove a theorem aboul subsets orc 

T heorem I. /fG is open in I( Ihen Ihere is a sequence {En} of compact subsels o/G .w d , 

lhal G=U~= l En. Moreover, the sets En can he chosen/o !wlisfy fh e !ollowinx conriiliol1s; 

(a) En C inl £n+l: 

(b) £ c G and E compact implies E' c Enfor some II: 

(e) t;very component o/Coo '£n contains a componenl of Coo -G. 

Proof:- For each positive integer 11. define 

1 
"n ~ k Ixl S n) n (x, 7.E G and el(x. C - G) " - ) ; . . n 

: - /1(O;n) :_ 1"1 -

since 11(0; n) is bounded then H
l1

is bounded and it is the intersection oflwo closed 

subsets 01'1(. f:"nis closed. Ilenec by Theorcm 3.4 PI f:'l1i s compact , I'-or 

li" ~ k Ixl < n + I) n [" x e G and ri Cx, C - G) > II ~ 1]' 

it is clear thai J-Inis open and 

Thus the property (a) ho lds. We c1aim lhat G=U~:: I En ' To show Ihis. suppose that ; E C. 

since G is open. thcre is E > 0 such that JJ (;: E) C C. In particular. for any \I' E CI;tl·G. 

17. - wI:;::: E choose n t N such that 1/ > ; and 11 > 17.1 · Then I. E "-" and also 

14 



X f 8(0; n) , that is . Z f En· It follows that G = U~= l Hn. as required. We also get that 

G = U:'= l intEn- Funhcr. fo r any compact E with £ c G. it is clear Ihal E c 

U~::l intt:n and £ c En for some n. This gives part (b). 

To sec part (e). Let K be the unbounded cOlll lmncllI of (a:>- 1:'11 (::J Cco-G) and leI F be the 

unbounded component of (00 -C. Then K ::J {z: 11.'1> II}. 00 e K and K :J "" si nce 

Coo· H'I ::J Coo-G. So if D is a bounded componenl or c w - fuil con tains a point = wi th 

d( .::. «:: -G) < 2., But. then there is WEI( -Ci wilh 1\\1 .::1 < !. and .:: f 8(11': 2. ) c C",,- 1:" 1' 
rt n n 

Since disks arc connected and .:: is in Ihe componenl J) 01' [00- 1:'/1' then B( II' :.!.) c D, If 
" 

f) I is the component of Coo· G that contains 11' it fo llows 1ha1 f) le D . • 

Rcm:lrk:- We can find En for each oflhe following choices o f G: 

a) Ci is an open disk. 

LeI a E C and r > 0 such that G = JJ (a. r). Set 

1 
/1 (a,/"--) 

11 

where a ball of negative radius is to be understood as the empty set. Depending on 

the size or 1". a tinite number of [:'n may be empty. not violating the conditi on 

f'le int I:"n+l' and obviously G=U~::: I I:"u· 

b) G is an open annulus. 

Let a E([ be the center of lhe anllulus with radii r. N. O"'S r < N < (Y. so Ihat 

G ann(a. 1". R). Define 

I I 
EI1 = ann (a, r + ~, 11 -;;) 

" "h I " t" tho t an annulus with inner radi us larger than the outer agam wil 11e mtcrprcla Ion a , . 

radius is the empty set. 

c) G = (" E C lim"i < I), 
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For thi s open SCI G define 

I,,, = (7. = X + iy E C 'x,y E 1I, Ixi ,; n) n (7. = X + iy E C: x,y E 1I,ly l'; 1 _ ~) . 
n 

Altho ugh G is unbounded each F is bounded and closed ·,nd h d 'n < ence compaci an 

(j-=U'~ = I En · 

eI ) C; = C - :I': . 

lle re we can defi ne 

E" = (7. E C: 17.1 ,; n) n 
;:-n 

an intersection of closed set. one o f whi ch IS bounded. hence Hn is compacl. Also 

Hne int Hn+1 by de fi nition and (i U ~ : l I:"n. 

I...CI11111<1I . If ( I). d) is a metric ,\p{u:e Ihen 

d(s, t) 
~ (s, t ) = 1 + d(s, t ) 

is also a me/ric on S A set is open in (S d) if and ollly ff il is open ill (S , 11): {J sequellce is 

a Cauchy sequence in (S, d): if is a Cauchy sequence in (5. 11). 

Proo/: - To show that W S x S ~ Ill . /1 (s , t) = rI (,\',I ) is a mel ric we prool' thai JI 
Ii (I (s. t ) 

sati s fies the conditions of a metri c funct ion , 

For s. rES the value /1 (.'>, l) = d (S, I ) is well defi ned in the nonnegativc rea l numbers 
1 +d (s,t) 

because d is a melric . Also p(s, r) = 0 if and on ly if d(s. r) 0 and sincc d is a melric it 

fo llows thai .\' - I. The metric d is symmetric and thercrore p is al so. It rema ins 10 sho\\ 

the triangle inequality. Let therefore s. r, /I E S. The met ric d sali sfies the triangle 

inequa li ty 

(1 ) d(s, u ),; d (s, t ) + d(t , II). 
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T he fu nction ret) I:f is a stric tly increasing. concave function on the illlcnuIIO. J ) . 

Thus ifd(s,u)" max[d(s,t), d(t,u)). then also ~ (s,u)" max[~(s, I ),~(t,u)} and 

by no n negativity of,u also 

I'(s, u) " 1' (.1', I) + 1'(1, u). 

Ifi nstead max [d(s,t), d(t,u)) < d(s,u) then 

1 ' I 1 1 < mill 1 1 + des, u) 1 + des, t)' 1 + d(!" u) , 

Together with cqu ation ( I) we ha ve 

() 
d(s,u) 

p S,u = < 
1 + d(s,u )-

d es, I) + d (I , u) 

1 + des, u) 

des, t) d(t, u) 
= + 

1 +d(s,u) 1 +d(s, u) 

des, I) d (I, u) 
" + .,.-==~ 1 + des, I) 1 + d (1. u) 

= 1'(.1", t) + I'(t , u), 

whic h gives the trian gle ineq uality. 

To show that the metri cs d and J1 are eq uivalent on S. let 0 be on open set in (S. d) and let 

x EO. T here iSl.' E (0, I) such thai Bd(x. c) c 0. Choose ij positive such that 6 <..!.-. then He 

Bix. 6) C Bd(x, I:). Similarly. if 0 is an open set in (S, p) and () is such that x E Up(x, () c 

o then choose c > 0 with f. ~ I~O which implies Bd(x.I:)C Bp(x. (j). Since this can be done 

lor any clement x EO. open scts in (S. eI) arc opcn in (S. p) and vice-\ ersa. 

The fact th at exac tly the open sets in (S. d) me open in (S. p) leads 10 the statement about 

Cauchy sequences. Assume that {XI!} is a Cauchy sequence in (S. eI). 1'0 sec that it is 

Cauchy in (S. J.l ) let I: > 0 be arbi trary but fixed. By the above there is a () smal l enough 

17 



that lJd(x. (j) c /3",(x. e) and (j depends only on t . but not on xES. Since {xn ~ is Caueh) 

in (S. d) there is N E N such that d(xm,xn) < Ii whenever m. 11 ~ N and therefore also 

Il(xm, xn) < 1: ror m .n 2: N. The opposite statemelll ho lds with a simi lar argument. 

Theorem 2. ((C=Ur;:=l En where each F.nis compacl and En C iIllEn-+,. define 

(2) Pn(f,g) = sup (d (f(l),g(l)): l E EnJ 

/iJl' al//imclions/ and gin C(G. G). A/so define 

(3) 
~ n 

([ ) '\' (1) Pn(f, g ) 
P ,g = ~ 2" 1 + p,,(f,g) , 

Ihen (C(C. 0 ). p) is a melric space. 

I' roo/:- Since ,:,::::; 1 for all I ~ O. the series in (3) is dominated by L(i)n and must 

converge. It will be shown that p is a metric for C (G. G).1t is clear tlmt p if.'!!) P ('!!.f) . 

Also. since each p 11 satislies the triangle inequality. the preceding lemma can be used 10 

show that p sat isfies the triangle inequali ty. Fi nal ly. the fact Ihat G- Ur;:=,l:"ngivcs thai 

I R \,vhcnevcr p if. g) =0 . • 

Theorem 3. Define Ihe melric p as in (3). {(c >O is gil'en then Ihere is a {j > 0 and a 

compacl .'leI E c G such Ih(ll fo r f and g in C (0, 0). 

(4) sup (d (f(z),g(z)) : lf f:] < 8 ;> P (f,g) < E. 

Conversely. ifl> > 0 and a compaci sel E are given. Ihere is an c > 0 slIch Illai/or f and g 

in C(G,O), 

(5) p(f,g) < E;> sup(d(f(z),g(z)):ZfEJ < 8. 

Prooj:- Let f > 0 be fi xed let III be a positive integer such thai 

f(~)n<~E 
1... 2 2 

n= m+l 
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Put J'..~ =Em · For sui tab ly chosen {) > 0 we have 

t 1 
-- < - E where 0 :5 L < o. 
1 + t 2 

By our hypothesis! and g arc functions in C (G, 0:) where 

su p {d ((V), g(x»): If 1:") < 6. 

Since Hn. C I:'m = F for 1:5 n:5 m. 

l ienee 

{l,U, g) < 6 . 

.!:p,,,-"(~f,~g)~ 1 -:- < - E for 1 :$ n :s m. 
1 + p"(f,g) 2 

~ " ,,(I) p,,(f, g) 
p (f,g) = L, '2 1+ p, (f.g ) 

n = 1 

f (I)' p,,([,g) f (I)' p,,(f,g) 
= L, '2 I+p" ([. g) + L, '21+p,,(f.g) 

" ", 1 n = III+1 

I I <-f+-E= E. 
2 , 

Conversely, Let E and {j arc given. 

Since 
~ 

U jntf" 
11 : 1 

and I:' is compact. there is an integer m ~ 1 sllch that E c fm' 
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From thi s we have 

Pm (f.g) ~ sup(d ([(7.).g(7.)): 7. < lOm] 

" sup (d ([Cz),gCz)): X< E). 

Now choose E > 0 such that 

J Icnce 

Thus i f per. g) < < then 

and this implies 

tha t is. 

and this gives 

o s s S Zm E implies 
s 

-1-< 8. - s 

, 
-- < 2mE impl ies t < 0'. 
1 + t 

(
l)m fJm({,g) 
:1 1 + Pm (f,g) «, 

Pm(f, g) <2m< 
1 +Pm(f,g) 

Pm (f. g) < Ii. 

J Icnee the theorem is proved. _ 

Lemma 2, (a) A set 0 c (C (G , fl),p) is open if and ollly if/or each/ in 0 Ihere is a 

compact set E alld a f> > 0 silch Iha! 

0:0 (g: d(f(l) ,g(l)) < Ii,l < £) 
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(b) A sequence {fn} in (C (G, il),p) converges 10 I if and only if Un} cOI1l'erges ro I 
IIniformly on all compact subsets o/G 

Proof:- (a) If 0 is open and 110 0 then fo r some 10 > O. 0 ::l (g: p if. ,1:) < 10 } .But no\\ the 

first part or the preceding lemma says that there is a 6 > 0 and a compact sct j:' with the 

desi red properties. Conversely. if 0 has the st<ued property andlE 0 Ihen the s..:cond part 

of the lemma gives an E > a such that 0 :::>{g: p if. g) < E }; this means \hal 0 is open. 

(b) Suppose first ,l;, - I in the sense of the p - metric. For large 11 we ha ve then 

p(fn,f) < E and consequentl y. Pi(fn, r) < 2i E. BUllhis implies that ttl....:,1 uniforml y 

on /:'jwi th respect to d - mctric. Since every compact I~' is contained in an I:'i il lollo\\ s 

thallhc cOll vergencc is uniform on H. 

COll\crscly. suppose thi s is Irue for all compm't ,~. subsels of G. Then il is ccrtainl) trll": 

lor all H!. Hence for all i. 

p,(f" f) .... 0 for al l i. 
1 + p,(f" f) 

1,(.:1 E > 0 and choose N so that Eb,N+ I ~ < E choose 110 so Ihat 

for all n ~ no. 

I I' i :5 N. we know Hi c ENand hence 

p,(f"f) "p,(f",f) 

Now 

and 
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Thus. 

~ 

P ([n.f) = \' 2. p;(fn.f) 
L 2' 1 + (J,([n.f) 
1= 1 

N ~ 

= \' 1 Pi([n.f) + \' 1 P,Cfn.f) 

~ 2i 1 + Pi (fu.{) ikl 2' 1 + P, (fn.{ ) 

< f + (3 

Since this is true for any 1::..(" -+ Jin p .• 

2f if n ~ 110 

Corolhtry l. The colleclion oj open sefs i.\· intiepentienl of fhe choice oj fhe sets {En ~ . 

lhal is. !rG=U ~=l f' n where each £'nis compact and E'n c int £'n -+ 1 anti ifr. is Ihe 

metric defined by the sets {£' n} then a sel is open in (C (G, 0 ). r. ) if and only if if is 

u{Jell in (C(G. Q ), pl. 

Proof:- This is a direct conseq uence of PUrl (<I ) or the preceding lemma slllce the 

characterizat ion of open sets docs not depend on the choice of the sets {I:"n } .• 

Theorem 4. C (G, n ) is a complete metric space. 

jlroof:- Suppose { in} is a Cauchy sequence in C (C, O).·I·hen the restrictions orthe 

functions in 10 E gives a Cauchy sequence in C (/;:. 0 ) where I~· is compact and E c c. 

That is. for every E > 0 there is an integer N such that 

PUn Czl.{mCzl) < f. for all z in E and for II. m 2: N. 

By Theorem 3. for every 8 > a there is an integer N such that 

C6l sup (d(rnCzl.{mCzl): H f} < 6 for lI.m 2: N. 

lienee ffn (= )} is a Cauchy sequence in Q. Thus there exists a point /(=) in n such that 

fVl = lim["Czl· 

We now got a funct ion f: G -+ n and havc 10 prove that J is continuous and 

P([n' f) -> O. 
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I ,C( I~' bc compact and lix 6 > O. Choose IV so that 

sup [d(r"(z).[,"(x)): z f q < J 

holds for n .m >N. I r = is arbi trary in E but fixed then there is an in tegcr 1/1 ;:::: N so that 

d(f(z).[,"(z)) < J. 

By triangle incquality, we gct 

d(t(z).["(z)) S d(t(x).[,,,Cz)) + d([,,, (z). [,, (z)) 

< 0 + 0 ; 20 

for all n ;:::: N. Since N docs not depcnd a ll = we have 

sup [d(r(x) .[,,(z)): Z f "l ~ 0 

as 11--+ 00. Ilencc {fl1} convcrges I uni formly on evcry compal.:( Sl.: t in C. Thus r is 
continuous. Finally. it follows from I.emma 2(b) that 

p(f"J) ~ O . • 

A family'F is said to be 1I0rmai in C (C. Q) if every sequence (fn) of function s {11 ['F 

contains a subscquence which I.:onvcrgcs uniformly on evcry compact subset o/"e. 

Note that this definition docs not require the limit functions of the convergent 

subsequences to be members o/" 'F. 

Lcmnut 3. A set 'F c C (G, Q) is normal {(and only !Ifts cfosure is compacl. 

Theorem 5. A set 'F c C(G, Q) is normal if and only iffiJr erery cOlI/pacl set E c C ami 

6 > 0 rhere are fimcrions fi ... j" in 'F such rh(lr lor I in '.f Ihere is (It least one k. 

I :5 k :5 n. wirh 

su p [d(r (z).{'(z)): Zf E) < Ii. 
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Proof:- Suppose r is normal and let £ and 6 > 0 be given. By Theorem 3 there is an 

f > 0 such that (5) holds. But since 'F - is compacL 'F is totall y bounded. To see this. 

sllppose 1'- is compac t then by Theorem 114.9111 'F - is totally bounded. Thus. since 'F C 

'F - then by Theorcm5.2.7 I ~I 'F is totally bounded. So there arc f l • ... ,fnin 'F such that 

" 
l' c U (f:P({,f,) < <} 

/,,; 1 

BllI from the choice of f this gives 

" 
l' c U (f: d(r(x),f,(x)) < 0,7. E H); 

k=1 

that is. l' sat isfies the cond it ion of the proposition. 

For the converse, suppose 'F has the stated property. Since it read ily follows thai 'F - al so 

sati s lics thi s condition, assume that 'F is closed. But since C(C. Q ) is complete 'F must be 

complete. And. again using Theorem 3. it readily follows that 'F is tOlally bounded. From 

Theorem II. 4.9 1111'i5 compact and therefore normal. _ 

Theor'em 6. LeI eXn. dn)be a metric space/or each n ~ I and let X =- n~= 1 Xn be 'heir 

carles ian product. That is, X "" {( =- {xn}: Xnf X n for each n ~ I}. For ( =- {XI! } alld '/ 

{Yn} in X define 

(7) 

then en ~= l Xno d). where d is defined by (7), is a metric space. Jf(k :;::: {X~}~= 1 is ;11 

X =. n~:: 1 Xn then (k -4 ( = {xn } if and only if x~ -4 Xn for each II. AI.w . if each 

(Xn• dn) is compact then X is compact. 

I~r()of:- To show ( n ~= l Xn. tI) is a metric space we have 10 show thaI each axioms arc 

satisfied. 

i) Since cln(xn, Yn) ~ O. n ~ 1 therefore 
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~ 

\ (I)n dn(xn. Yn) b 2 1 + dn(xn. Yn) = d((.~) " 0 

ii) Lei d((.~) = 0 Ihcn 

this gives Ihat dn(xn, Yn) = O. So this implies Ihal Xn ;;;: Yn .11 2::" I. 1ha1 is. { 1] . 

Conversely. suppose ( = 1] then xn = Yn' 1/ ~ l. lhcn 

d(C ~) 
f' 1 0 
L (2)n 1 + 0 = 0 
n = 1 

iii) d(( ~) = f' (~)n dn(xn. Yn) 
. L 2 1 +dn(xn. Yn) 

11"'1 

il') Since dn is a metric for all n ~ 1 therefore dn(wn. Yn) :5 dn(wn, X,I) ! cin(xn. YlI ) ' 

n ?: ] 

= d(w.O + d(C~) 

li enee. en:"'1 Xn , d) is metric space. 

Suppose d({k. () ~ 0: since 

d.(x~. x.) < 2'(/(('.0 , ) -1 + dn(xn, xn 
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To sec this 

then 

for 11 2::' 1 

and this implies 

we have that 

This gives that x~ ~ Xn for each n 2::' I. 

Conversely. suppose x~ ~ Xn for each n 2::' I. Then. 

Thus. 

00 

d(Ck C) _ '\' (1)" d"(x~, x") 
<, ,<, _ ~ - I.: ~ a as k ~ 00. 

2 1 + dn(x,l' xn) 
n= 1 

lienee. (k ~(. 

Now suppose that each (Xn• d n) is compac\. To show th<lt (.r. d) is comp<lct it suflices to 

show that every sequence in Xhas a convergent subsequence: this is accomplished by the 

C:lIltor di<l gonalization process. I 

Let (k = {x~} E X fo r each k ;;::: I and consider the sequence of the first entries of the { k: 

that is. consider {Xf};;'=l C XI. Since XI is comp.le l there is <I point x \ in Xl and a 

1 Cantor diagonalization process is a technique of proving statementS about infinite 
sequences. each of whose terms is an infinite sequence by operation on the nIh term orthc 
1/

111 sequcnce for cach n: used to prove the uneountability or the real numbers 
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subsequence of {x~} which converges to it. We are no\\ lileed \\ jlh a problem in 

notal ion. If this subsequence of {X~J~= l is denoted by {X~I } j: l there is little confusion at 

Ihis slage. However, the next step in the proof is to consider the correspond ing 

subsequence of second entries {x;l }j: l and take a subsequence of this. Furthermore. it is 

necessary 10 continue this process lor all the entries. It is easy 10 sec that Ihi s is opening 

up a nOlalional Pandora's Box.
2 

Ilowever. there is an alternat ive. Denote the convergent 

subsequence of {x~} by {X~:kE~l}' where~1' is an inJinile subsci oflhe positi ve 

integers P<l. Consider the sequence of second entries of {(k: k E fijt). Then there is a poin t 

X2 in X2 and an infinite subset P<lz C N1sueh that 

lim { x~: k E Nz} = X2. (Not ice that we still have lim {x~ : k E ~ z } - Xl .) Continuing thi s 

process gives a decreasing seq uence orinfinitc subsets of Rl. N1 ::J Nz • .. : and points 

xuin Xus uch that 

(8) 

Let kjbe Ihe jthinleger in N( and consider {(kj ): we clai m thaI (k j -+ ( ={xn} asj-+ 00 . 

To show this it suffi ces to show that 

(9) 

I· I . N N I· . > {X,k, ; .. j. >_ "~I IS a subsequence of or cae 1 n 2: 1. But slllec j C n or J _ II. 

{x~: k • No). So. (9) 101l0w5 leorn (8) .• 

J\ sCI'F C (.'(G. n) is equicolllbllwlIJ al (I p oil1l Zo in (j if lor every E > a Ihen: is a 

0 > 0 suc h that for Iz - Zo I < 8. 

d(f(z),[(zo)) < • 

~ G 'rf c 'ef)' E > 0 there is a 8 > 0 for everYIin 'F. 'F is equicoUfilllwtlJ over " Jeln C I or \ 

such Ihat lo r :: and z ' in K and Ix - x'l < 8. 

d(f(z).{Cz')) < • 

2 Pandof<" s Box a complex situation with problcms and pi1fall s 
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for all f in 'E. 

For the purpose of this note. the most significant feature of equicontinuit)' is that it 

bridges thc gap between point wise convergence and normal convergence. 

Lemma 4. Suppose'F c C (G, 0) is eqllicontinlloll.~· at each point of G: then'.F i.1 

equicontinuous over each compact subset ofG. 

I'roo}:- Let I~· c G be compact and lix r: > O. Then lor each lI' in /;" there is a Ow > 0 

such that 

d(f(w'), {(w)) 
1 

< -< 
2 

for all / in 'F whenever Iw - w'l < 5w. Now (/J(w; ow): W € /:"} forms un open emer of 

I:·: by Lebesgue's Covering Lemma(l 14.8) I II there is a 6 > 0 such that tor each : in I:. 

IJ(: : 8) is contained in onc of the sets of this cover. So if: and z' arc in I:'and Ix - 70'1 < 6 

there is a w in E with %" € /1(%'; 6) c H(w; ow). ThaI is. Ix - wi < 6w and 

17. - 7.'1 < Ow' This gives d(f(z).{(w)) < i< and d(f(z').{(w )) < i<' so that 

d(f(z).{V)) ,; d(f(z).{(w)) + d(f(w).{(z') ) 

1 1 
< -€ + -€ = € 

2 2 

and'F is cquicontilluous over E· .• 

Theorem 7. I ArI;ela-Ascoli Theorem I A set 'F c C(C,n) is normal/fond ollly if/he 

following two conditions are satisfied: 

(a) for each z in G, {fCz}: f f 'E ) has compact closure in 0: 

(b) 'F is equiconrinuous at each point a/C. 

N · that 'or each ; in G the map of J'roof : - First assume that 'F is normal. alice I ' 

CCC, .0) -+ .0 defined by /""" J(z)is continuous: since 'F - is compact its image is compaci 

. . . . G d 1'1 E > 0 If R > 0 is chosen so 
III .0 (Hld (a) follows. To show (b) fix a pmllixoin an c . 
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that E ;:: i3 (zo; R) c G then E is compact and Theorem 5 implies there are functions 

fl, ··· .fn in 'F such that for each I in 'F there is at least one fit. \\ ith 

(10) sup (d(r(x),f,(x)): lE Ii} < ~. 

But since each fit. is continuous there is a 6, 0 < 0 < R I such thm Iz - Zo I < 6 implies 

that 

for 1 .:5 k .:5 n. Therefore , if Iz - zol < 6. f E 'F. and k is chosen so that (10) holds, 

then 

E E E 
<-+-+ -:;::;E 
333 

Thai is. 'F is cquicolltinuo1l5 at 1.'0 ' 

Now suppose 'F satisfies condit io ns (a) and (b): it must bc shown that'F is normal. Let 

{zn} be the sequence orall points in G with rational rea l and imaginary parts (so for = in 

G and 0 > 0 there is a zn with 11.' - zol < 0). For each n ~ I lei 

from part (a) . (Xn. d) is a compact metric space. Thus. by Theorem 6. X = n~"' 1 Xn is a 

compact metric space. For/ in 'F definc I in Xby 

f = (f(x,),f(x,) . .. J. 

Let {fit.} be a sequence in 'F so {/l } is a sequcnce in the compaci melric space X Thus 

there is a ( in X and a subsequence of tid wh ich converges to/ For the sake of 

convenient notation. assume that ( = lim I~. Again from Theorem 6. 

(1 1) 
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Ii wi ll be shown that {flc} converges 10 a func tion {in C (G. n ). By ( I I) this function ( 

witl have \0 sat isfy j(zn) - wn· The importance of (11) is Ihal i l imposes (onlro1 O\l.:f Ihe 

behavior of { fk} on a dense subset of C. We will usc the facllha t {f/c} is cquiconlinuQlIS 

\0 spread this control to Ihe rcst of C. 

"]"0 fi nd the function! and show that { fk } converges to f it suffices to show that { flc} is a 

Cauchy scq llcnce. So let £ be compact sel in C and let E > 0; by Theorem 3 it sumecs to 

tind an integer J such that for k. j > .1. 

(12) 

Since /:.: is compact R = d(E. Be) > o. 1.ct 1:'/ = {z: d(z. E) S ~U}: then /:.:, is compact and 

I:" c inl E, c I:", c C. Since'.F is cquicontinuous al each point of G it is cquiconl inuous 

1 
on K, by I.emma 4 So choose 6, 0 < 6 < '2 R. such that 

(13) d(tV).{(z')) < ~ 

for all f in 'F whenever :: and :' CIre in f , wi th Ix - /1 < b, Now 1I:,'t J) be the colleclion 

of poi illS in {xll } which arc also points in E',: thai is 

1 

I r Z E I:: then there is a Z Il with Ix - zlll < 6; but 6 <;R gives that d{l.I1' E) < '2R, or 1ha1 

ZIl E f/' lienee { /J(w: 6): II' E D} is an open cover of E. Let w, ..... \V11 € D such that 

" 
E C U IJ(w,; 15) 

i:: 1 

Since Ji m
lc

_HX> tic (Wi) ex ists fo r I ~ i ~n (by ( I I) there is an integcr J such that j. k? J 

(14) 
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for i = I. .... n. 

Let = be an arbit rary point in E and let Wi bc such that IWI - xl < O. If k and i arc larger 

than.lthcn (\3) and (14) give 

d(f,(7.).[j(7.)) " d (f,(7.).[,( w,)) + d(f,(w') .{jCw,)) + cl C0Cw,),0C7.)) 

E E E 
< - + -+-=E 

3 3 3 ' 

Since = was arbitrary this establishes (13) . • 

2,2, S PA CES OF ANALYTIC FUNCTI ONS 

The class of analytic func tions in G wi ll be denoted by II (G) where G is an open subSd 

orc. In the fo llowing theorem we will prove that /I (G) is closed in C (C.C). 

Theorem 8. Lei {fn} be a sequence in H (G). Suppose Iha/ f belongs to C (G,C) slIch Ilwl 

fn -t f Thenfi.~· analytic and 

fnCk ) -t f Ck ) for each integer k 2:: 1. 

PrOOf: - We will show that r is analytic by applying Morera' s Theorem (I V. 5.10)1
1

1. 

Consider a di sk f) c G and take a triangle T inside D. Since T is compact. UIl} converges 

to/ uni formly over T. 

Ilence 

But. Since each fnis analytic. we have 

lim f, fn = i f = 0 

"1'1 / " "' C' d I '" ' C' ,Ila' {is llnalvlic in G. 1L1S. must be analyti c III every (hsk f) c Jan tllS glv S , • -

31 



To prove that In(le) --+ 1(1e). consider f) = 8(0: r) c C. Then thcre is a number R > r such 

that /3(a: R) c C. Let y is Ihe circle jz - a j ::; U then Cauchy's Integral Formula we ha\c 

JOrl: E D, 

k! f 
2m r 

fn(w) - f ew) 
'--;'-'-~;;7,-'- d w 

(w - Z)>+1 

llenec. usi ng Cauchy's Estimatc. 

(15) If/k)(z) _ f (k)(z)1 < k'Mn ll 
n - (N _ r)le H ' 

where M -n - sup ([ fn(w) - f(w)l: Iw - al ~ II land Iz - al ,; r. Since f" ~ f . 

lim Mn ::; O. lienee. it follows from (15) thai 

fn(k) ~ f (k) uniformly on ilea; r). 

Now Ict E be an arbit rary compact subset of C and let 0 < r < deE, ac). Then [here 

arc aI' ... ,anin I:..~ sllch Ihal E C UJ=1 H(uj;r). Since fn(le) -+ { (Ie) uniforml y on each 

H(a}; r). the convergence is uniform on E. Hencc the theorem is provcd .• 

Observe that we have considered /I (G) as a subsct of C (G.C) and the melrie on /I (G) is 

the metric which it inherits from C (C.[). 

Since C (C.[) is complete metric space we havc the following resul ts. 

Corollary 2. I-I (G) is a COmpl(!fe metric space. 

Corolla ry 3. LeI In: G --+ C is analytiC. If L~=l In(z) converges uniform/y oll compact 

sets to fez) then for a positive integer k. 

f (k)(Z) ~ L fn(k)(z). 

n= l 
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ote that the above result has no analogue in the theory of functions of real variable. For 
1 

example. Let tn (x) :; ;;: x1i for 0 ~ x :5 1. Then 0 ::;: U - lim In; howc\cr Ihc 

sequence of de rivatives {f;} docs not converge uniformly on 10. II. 

Theorem 9 II-Iunvitz's Theoreml Lei G be a region and slIppose the seqllence Un} ill 

H (C) converges to I If I'" 0, lira; II) c G, and j(z) '" 0 lor Iz - al = II then there is 

an integer N slIch thaI fol' n 2: N, f andj~ have rhe same number of zeros in B(a; R). 

Proof: - Since/(.:):;: 0 for Iz - al = R. 

/j = inf{l[V)llx - al = II} > O. 

But tn -+ / uniformly on {x : 17. - a I :; f? } so there is an integer N such that if 1/ ~ Nand 

Iz - al = II then 

1 
1[(70) - ["(70)1 < 25 < 1[(z)1 ,; 1[(70)1 + I["(z)l. 

l ienee Rouchc's Theorem (V.3.8)1 11 implies thatf and J" have the same number of zeros 

in lJ(a: R) . • 

Co rollary 4. /f {in} c f-I (G) converges fojin H (G) and each fnf/ever wlI1islies 011 G 

then either/=. 0 or/never vanishes. 

Proof: - Assume that there is a \\I (3 G wi th /(lI') =- 0 and that/is not identically Lcro. 

Then there e: .. is ts a ci rcle y with centef 11' sueh that closufe of interior of the circle y (ci 

int (y)) is slibset of G a"d/(:) '" 0 lor all : Eel int(y) - {" '}. 

Therefore the numbers tV orzeros or/in int(y) satisfies 

N = - --dx <! 1 
1 f ['(X) 

2ITi [(x) 

Bu\. si nce fnCz) :;:. a ror all = in G 

r 

f~(z ) is analytic in G 
fn(x) 
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J (,Cz) . J f~Cz) 
fC ') dz = Inn -- = O. 

x n-co In (x) 
y y 

li enee it contradicts ou r assumption. ·111ereforc the required is sati sfied . • 

A sct'F c I/CG) is uniformly h(JImdeil on a set 1-...· if Ihere ex ists a real number M such 

thai 

IfCz)1 S M for all f E l' and all z E I,. 

Remarks:- Certainly Ihe uniform bounclL:dness of a I~Hn ily implies thai each member of 

the hun ily is bOLJIlJl'd. On the other hand. caeh member of" lhe sequence ([,l(X)} of 

functions [,1(1.) = nx is bounded in the disk jxl :5 U. bUllhere is no bound that works lor 

evcry member or thc lilmily. 

A SCI 'F c II(G) is IO('fllly houmletl if for each point {/ in C; there arc constan ts M and 

r > 0 such thai for a ll / in 'F. 

IfCz)1 S M, for Iz - 0 I < r. 

Al ternalely. 'F is locally bounded iflhere is an r > 0 such Ihal 

sup(lfV)I: Iz - 01 < r.[ < 1'} < 00. 

I~ clllarks:- The sequcncc [,1(1.) = -'- is loca ll y bounded. bu t not uniform ly bo unded in 
l _ z ll 

the disk Izi < 1. 

Lemma 5. A set 'F in 1-1 (G) is locally hOllllded if and O/Ily if'Fis IlIIiformly hOllnded on 

each compact subset G. 

Proo/ :- Let 'F be locally bounded and suppose I:· is a compact subset ofG. For each point 

in J-:. choose a neighborhood in \\hieh. 'F is uniformly bounded. This provides an opcn 

cover for E. According to the I leine . Borel Theorem. there ex ists a linite sub cover of 1:". 

That is. there arc fini tely many Xi E E and E, > 0 such thaI 

" 
r: c U BCz" <,), where IfV)1 :;; M, fo r al l f E l' and all z E BCz,; Eo)' 

1= 1 
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Then'F is uniforml y bounded on E. ha ving for a bo und M = maxfM\. M2• "', Mn)' 

The converse is immediate from Ihe fact that the closure of a nei ghborhood of a poinl is a 

compac t SCI. . • 

Theorem IOIMontcl's Theorem/ A family l' in /I (G) is normal if and oll/y ifF is 

locally bOllnded. 

Proo/: - Suppose 'F is normal but fail s 10 be locally bounded: then th ere is It compact sc t 

I:' c (,' such that sup {ltV) I: Z E /;', rEF) = 00, That is. there is a sequence { {,,} in T­

such that lor a positive integer II. sup {If,,(z)l: 1.' E H} ~ fl. Since 'F is nOfmalthcn.: is a 

function f in II(G) and a subsequence ~rrt lt } such that fll k -t ( . 

BUllhis gives 1hal 

sup{l{", (x) - {(xli: x c I:") ~ 0 as k ~ 00, 

Irl{(x) 1 $ M lor = in h', 

"k $ SupU{",(Z) - {(xl i: x c Ii) + M ; 

si nce the right hand side converges \0 M. Ihi s is a contradicti on. 

Now suppose'F is local ly bounded ; the Arzela - Asco li Theorem will bc used to show 

Ihal'F is normal. Since condi tion (a) of Theorem 7 is clearl y sati sfied. we muSI sho w thm 

'F in equiconl inuQlIs al each poin t o f' C. Fix a point a in G and € > 0: from the hypothesis 

the re is an I' > 0 and I\;/ > 0 sllch that Fha: r) c G and Ifez)1 :5 M for all = in Il (a: r) and 

for all I in 'F. Lei 1= - a I < i,. and IE 'F: then using Cauchy's Formula \\i th 

y(i) a i re ll , 0:5 t :5 I n. 

I{(a) - {(x ) I = 2~ If, .,-'-{..:.( '_v ):..;(,-;a_-_x-" )...,. d w I 
(w - a)(w - 7.) 

4M 
$-Ia-zi 

r 
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LCll ing cS < m in {ir . 4~ f} il fo llows Ihal la - 7.J < 6 givcs If (a) - f(7. ) I < € for all r 
in 'F .• 

SOllIe Ap ll licOltiolls of Norma l Fami li es 

One C,lIl usc Mo ntel 's Theorem 10 prove man y use ful rl.!sult s. r prCSenl l\\O oflhese here. 

I. A set 'F c N (G) is compact if and only if if is closed and locally bOllnded. 

pNJof: - If :F is compact. then 'F is closed (n general properly Ihat holds in any mctric 

space). In order to show thai 'F is locally bounded, we will usc the following device. Lei 

I~' be any compact subset ofG. Then f -+ s up flf (7.)1: 7. € 1:" ) is a con linuoLLs map from 

" (ei ) int o lit Thus. s up{ If(7. ) I: 7. € J:'} lor each I € 'F is a compaci subse t o f 1m .Thcn! 

is unifo rm ly bounded lo r each :: in I:'. I lence. by lemma 5. 'F is locall y bounded. 

COll versely. if 1" is closed and locall y bounded. th~n 'F is closed and. by Montcl' s 

theorem. normal. T herd o n:, by Lemma 3. 'F is compact. 

EX llmp lc:- I.ct G be open and I:' fj (a : R) ~ ( ; . Ddi ne 'F to be the SCI of all f E (. (G) 

such Ihat If (7. )1 ::; 1 for a ll :: E (j and{(::) 0 lo r :: E G - /:" . Sho\\ that T- is a c losed 

and bo unded subset o f (. (ei) , but F is not compact. 

SOllllioll:- Let / - T (f) be the suggested rnaI' . Since If I $ 1 on G and r 0 on the 

boundary oj' F;, the integral ove r L is greater tha n 0 and T is we ll defincd. 11"/;, E F and 

j" - ./ that is. d(fn ,,/) - O. then [,1 -+ f unifo rmly on f, hence T(f,,) ..... T(/) . so tha t 

T is contin uous. If F were com pact. thcn T (F) WOll ld be a compac t. hence bounded. 

subset of the reelis. 

If 0 < r < R. let / be a cOnlinuous function from G to 10. II such that f = I on 15 iJ (a. r ) 

and I = 0 o ff J:' (Urysohn ' s lemma).I"1 Theil 

J J lf(X + iy)l dxdy" J J Idxdy ~ J J Idxdy 
~ D ~ 

as r - . N. T hus T (:F) is unbo unded. a contradic tion. 
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2. Vitll li 's Theorem /fG is a region and {f,,} c N(G) is locally bounded and I E /-I(G) 

lhal has the properly Ihal A = (z E G: limfn{z) = f (z)} has a /imif poinl ill G 

Ihen f" - f. 

Proof:- The sequence {f,,} is a 10c<llly bounded sequence in II(G) and by Morllcl's 

Theorem then {f,,} is normal. so there is a subsequence Unk} C U;,} Ihal converges 10 f 

in /I(G). 

Suppose 1hal .[" ~ ( in I/(G) then there must be a compact SC I I:" c G the convergence is 

not uniform on 1:.'. [n other words there must be an I: > a so that [or aliI/ E ru there is 

%nEEwithl/;J(l."n} - f(zn)1 ~ €.13ycompaclncssofEcxlracl a slIbscqucnccof{7.'l}' 

say {7. nm } that converges \0 a point ZI/ E E. 

rhe seq uence {{,,} is locally bounded. so in particular the subsequence {hIm} with 

indices corresponding 10 {7.n", ~ is. and again by Montel"s Theorem now applied to the 

s ubsequcnce and again the completeness of //(Ci) there is an anal ytic !"unction ~ such tha t 

fn", ~ III I/(G). On the set A of poin ts of point wise convergence {n(:) -. I and 

r.,(=) -' ~ . 

No" G is a region and A has a limit point in G so by the Identity Theorem (Corollary 

IV.3.X)111 already I g on G which givcs a contradic tion on the sct L' and the point:n 

beca llsc 

I renee we can conclude thatf,,- l in J-/ (G). 

EX:llnplc: - Letl be a locally bounded analyt ic function on D(O. I) wi th the property that 

for some 0, {Crew) approaches a limit L as r _ I . Fix a E (0. ~) and consider the , 
region ,)'(0. a) in Figure. Prove thai if: E S (0. a) and: -> eW . thcnj(:) -. L 

So/ution:· If.: is a po int on the open rad ial line S from 0 to e lo . then 

1 
(-) (x 
n 

(1 -
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a lso lies o n 5;. and approaches e!oas 1/ - 00. 

By hypothesis. In converges point wise a ll S. Since S certainly has a limit point In 

,,' (0. a ). Vitali's theorem implies thai fnconvcrgcs uniforml y on compact subsets. Gi ve n 

€ > 0 there exists (5 > 0 such Ihat if z E S (0. a) and 1= - e,ol < o. then Iz - wi < E for some 

HI E ,)', II follows that by choos ing z suffici entl y etose to e'o . we can makej{;) as close as 

\\ C wish \0 L as desired. 

S(O,a) 

Figu re 

3. Prove that in any region G the fami ly of Hlml )'lic functions with pos iti ve real pari is 

normal. Under what conditions is il local ly bounded? 

I'roof: - Take e - f and if Ref > 0 

Theil the famil y is locally bounded. 

li enee. by Manlel' s Theo rem the famil y is normal. 

~ . If 'F is a fam il y of analytic functions. which is not normal in G. show that there IS a 

point zoE G such that :Fis not normal in any neighborhood or zoo 

Pr(}oj:- Appl ying contra posi tive or I.elllma 5 and MOlltcl" s Theorcm. 
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