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Abstracts

Considering a sawtooth-shaped symmetric periodic potential, we devise a model
ratchet potential by subdividing the potential barrier on one side along the
reaction path. For this new mode! of ratchet potential we examine the inter-well
escape rates of a Brownian particle using the known supersymmetric potential
approach.We show the existence of an optimal number of barrier subdivision at
which a unidirectional motion of the Brownian particle takes maximum speed of
nonstationary transport. We find that this speed is substantially larger than the
maximum speed that occurs for the classic ratchet potential. This may suggest the

best possible way of exfracting useful work from random thermal background.
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Chapter 1

Introduction

Macroscopic motion of a particle results in general from the action of
macroscopic external forces or potential gradients. From thermodynam-
ics 1t is known that the long time motion of the particle in an isolated
system is diffusive and symmetric. In other words, according to the sec-
ond law of thermodynamics, no stationary transport of particle occurs
under equilibrium fluctuations. To obtain a stationary motion, one has
to break somehow detailed balance.

To illustrate some implications of the second law of thermodynamics
from the molecular or kinetic point of view, Feynman [1] devised a Brow-
nian motor which has been the basis of many models. Vanes sit in a box
with gas at a certain temperature and are subjected to Brownian fluc-
tuations. The vanes are coupled to a ratchet device which, supposedly,
should “rectify” these fluctuations to provide motile power. The ratchet
sits in a box at some other temperature and can itself perform random
walk. Feynman showed that this contraption obeys precisely the formu-
las for a Carnot cycle, so it is a Brownian analog of a steam engine. Ile
argues convincingly that such a ratchet machine will not provide work or
net motion when the vanes and the ratchet are at the same temperature
or immersed in a single thermal bath.

A model related to Feynman’s ratchet device was devised and used

by Magnasco [2] in order to understand biological motors. In this let-




ter Feynman’s conclusion concerning the output of the ratchet when the
vanes and the ratchet are immersed in a single thermal bath was shown
to happen only for an ideal thermal bath, one in which time correlations
are negligible. It means a ratchet can extract energy (for free) out of
the time correlated pieces of colored (non white) thermal bath remarking
that the sufficient ingredients needed to generate motion and forces in the
Brownian domain is loss of symmetry and substantially long time corre-
lations. This same author, Magnasco, explored in another letter [3] the
relationship between the nonequilibrium fluctuations and the fact that
adenosine triphosphate (or ATP) carries energy, and showed that the
ratchet described in [2] is a little Brownian machine that eats nonequi-
librium fluctuations and walks while a chemical cycle is a little Brownian
machine that eats chemical energy and generates nonequilibrium fluctu-
ations.

The effects of a zero-average randomly fluctuating potential barrier
or net force on the motion of Brownian particles in asymmetric periodic
potentials (ratchets) have been studied extensively by Astumian and Bier
[4]. In this study it was shown that a zero-average randomly fluctuating
potential barrier or net force can cause a particle on a nonsymmetric
periodic potential to move up hill against a constant applied force so long
as the period of the oscillation, or, equivalently, the correlation time of the
fluctuation, is not much shorter than the relaxation time of the reaction.
In other words it means that for a very high frequency of fluctuations,
which also have a correlation time approaching zero, net flux does not

oc¢cur.




In contrast to Magnasco’s finding [2], another condition for which bro-
ken symmetry dynamics emerges was reported in a work by Hondo and
Sawada [5]. In this work, asymmetry of the periodic potential is shown
as unnecessary condition if certain chaotic noise works as a driving force.
It is argued that the only condition to produce asymmetric motion is an
asymmetric distribution of unstable fixed points of the chaotic noise. A
large amount of work has been done recently related to rectification of
Brownian motion and have been reviewed by Julicher et al. [6).

In a more recent work by Brilliantov and Strizhak [7] the motion of the
Brownian particles in a ratchet potential under equilibrium white noise
was considered. In this study a right-left asymmetry for the mean first
passage times (MFPT) of the interwell transitions was found as a result
of potential asymmetry. This property of the MFPT gave rise to the
nonstationary transport phenomenon.

In the present work, we address the problem of nonstationary transport
for a particular kind of ratchet potential. The classic ratchet potential
is made up of asymmetric sawtooth-shaped periodic potential barriers.
Our particular kind of ratchet potential, on the other hand, is made by
converting a symmetric sawtooth-shaped potential barrier to an asym-
metric one by subdividing only one side of each potential barrier. Using
this model ratchet potential we have studied the motion of a Brownian
particle under equilibrium white noise in the high friction limit. We will
show that, in the asymmetrically barrier subdivided potential we have
devised, the Brownian particle will have a unidirectional nonstationary

transport with a velocity that attains a maximum value at an optimal




number of barrier subdivision. The magnitude of this velocity is very
large when compared with the maximum value of the velocity that could
be attained for the motion that occurs for the classic ratchet potential
case [7]. This result gives basic information about how useful work can
be extracted from random thermal background through the mechanism
of asymmetric barrier subdivision. As such it is relevant to problems of
tiny heat engines like molecular motors.

The rest of this thesis is organized in the following manner. In chap-
ter 2, we first introduce Kramers’ model bistable potential problem [§]
and then briefly present two methods of getting the celebrated Kramers’
reaction rate. The first method is the classic method which Kramers’
and Brinkman [8-11] used while the second method uses supersymmetric
(SUSY) technique [12-16] to extract the reaction rate. In chapter 3, the
expressions for the escape rates of a Brownian particle over the barriers
in a classic ratchet potential is derived using SUSY approach and the
result is compared with that found from MFPT method [7]. In chapter
4, we introduce our model potential which is an asymmetrically barrier
stbdivided model potential that we form from a symmetric sawtooth-
shaped potential. Using SUSY technique we derive the expressions for
the escape rates of a Brownian particle over the barrier from one well
to the adjacent well and vice versa. These expressions are numerically
solved, and then the effects of asymmetric barrier subdivision on a uni-
directional motion of Brownian particles are discussed in chapter 5. In
our concluding remarks we summarize the main results and discuss their

implications.




Chapter 2

Kramers’ Reaction Rate and Methods of finding it

We discuss IKramers’ reaction rate based on his model {8-11]. The maodel

consists of a classical particle of mass m that moves in one-dimensional

double well potential field U(x) as shown in fig. (2.1),
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Fig. (2.1). Potential U(x) with two bistable states x, and xs. Escape occurs
via the forward rate k, and the backward rate k;, respectively,
and U - U, and Uy - U, are the corresponding activation energies.

where 2 denotes the particle coordinate that corresponds to the reaction
coordinate. The two minima of the potential known as local stable states
are at x, (left of the origin) and x; (right of the origin). The maxinunn
of U(x) separating these two states known as transition state is al the
origin xy.

The particle is originally caught in either of the potential wells, but it
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may cscape from one well to the other in the course of time by passing
over the potential barrier. The transition of the particle from state z, via
the transition state ag to the final state z; or vice versa is represented as
a chemical reaction. The energy necessary for the passage through the
transition state z( is supplied by a heat bath at temperature 7" which is
constituted of the reacting particle and a medium in which the particle
is embedded. The total effect of the heat bath on the reacting particle
is described by a fluctuating force £(t) and by a linear damping force
—m~yx, where « is a damping rate. These forces enter Newton’s equation

of motion of the particle in the form of the Langevin equation:
m& = —U'(z) — myad + £(t) (2.1)

where prime and dot indicate differentiation with respect to the coordi-
nate @ and the time {, respectively. The fluctuating force £(¢) denotes

(Gaussian white noise with zero mean,
<&(t) >=0 (2.2)

and

< ERER) >=2mykpTé(t — t') (2.3)

where kg 1s the Boltzmann constant.

In a model representing a chemical reaction the potential barrier is
considered high as compared to the thermal energy kgT'. In such cases
the reaction will relax toward one of the minima of the potential and
the system will stay there for an extremely long time until eventually
the accumulated action of the random force will drive it over the barrier

into a neighboring metastable state. Although rare, such events will

6




surely occur within finite time. The average of this escape time equals
the inverse of the escape rate from one local stable state to the other.
Therefore, rate processes are phenomena that are characterized by rare
events that take place on a long time scale when compared to the dynamic
time scales characterizing the states of local stability.

For strong friction -y the particle undergoes a creeping motion, and the

Langevin equation, Kq. (2.1}, then hecomes
~-U'(z) &t

5= “U@) | S0 (2.4)
Yy m'\/

From Eq. (2.4) we obtain via Ito calculus [17] the corresponding Fokker-

Planck equation which is usually called the Smoluchowski equation(SE):

ot ox

where p(x, t) is the time dep endent, probability density associated with the

ot) _po [ g ﬁU’(%)] p(z, 1) (2.5)

particle position, D = 7 T is the diffusion constant, 7" is the temperature
and 3 = (kgT)~!. The SE holds when both —U'(z) and p(z,t) are
constant in the thermal length scale #(%—)%

In the next two sections we will present two ways of solving the SE for
a general bistable potential. In the first section we present the original
method used by Kramers’ while in the second section we present the
supersymmetric (SUSY) method that has been recently introduced [12-

16].
2.1 Kramers’ Method

The steady state solution of E¢. (2.5) is
e—PU(2)
po(2) = fe UG g

7




Consider the probability current density in the SE:

d

i, = =D |+ 50 @) oo, (2.6)

Multiplying both sides of eq. (2.6) by /V(*) and integrating from a = ,

to ©* = =z, one obtains the exact relation
zp
/ V)i 1) do = —D [eﬁU("“’)p(mb,t) — eﬁU(“"’“)p(ma,t)] : (2.7)

Kramers (8] and later Brinckman [11] assumed that the current density
i(x,t) near the top of the barrier is spatially constant in space after a
transient period and that local equilibrium is established near the two
minima. Then j(x,t) is removed from the integrand on the left hand
side of eq. (2.7) leading to a factor j(0,t). Introducing as coarse grained

variables the particle numbers in the left and right well

na@y(t) = /_i(:;)) p(x, t) dx (2.8)

and using eq. (2.7) with eq. (2.8) leads to the kinetic equations
na(t) = —kana(t) + kpnp(t) (2.9a)
na(t) = kqna(t) — kynp(t) (2.9b)

where the rate constants follow from eq. (2.7) as

2y 0(00)
Kar) = D[/ ePU @) da:/ e PUE) dz] !, (2.10)
Eq —o0(0)

The eigenvalues of the rate matrix in eq. {2.9) are A\g = 0 and \; == k,+k;.
For a high barrier, assuming parabolic shapes around the extrema of U(x)
and using the Taylor expansion, k, and k; can be approximately evaluated

and we finally get the celebrated Kramers’ reaction rate

D
M= B2 e KO 1 (U O] L a.)
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In this equation, eq. (2.11), U

7, Uy and U} denote the second derivatives

of U(x) evaluated at the respective coordinates a, 0 and b, whereas U,, Uy
and U, denote the corresponding values of U(x) at these coordinates.
Note that k. corresponds to the rate of escape from the left (right) well

to the right (left) well.

2.2 The Supersymmetric (SUSY) Method

The SUSY method [12-16] is one of the methods by which we can calculate
the escape rate for idealized potentials. It involves converting the SE
to a Buclidean Schrodinger equation and finding the eigenvalues of the
equation,

With the ansatz

ple, 1) = go(:v)e_TlﬁU(”)e"M (2.12)

the SE, eq. (2.5), is converted to a time independent Euclidean Schrodinger

equation for ¢

Hipy = ELpy (2.13)
with H,; = A" A being positive semidefinite, where B = %,
d 1
A= -4 -pU'(z 14
da + 2)6 (=) (2.14)
and
At = _(—l + lﬁU'('v) (2.15)
T oda 2 e '

This Hamiltonian H corresponds to the motion of the particle in the

potential

Vi(e) = AU @) ~ 24U (a). (2.16)




For a high potential barrier, the escape rate is determined by the smallest
non-zero eigenvalue, A; = DEj_, of the SE where B! is the cigenvalue of
the first excited state of eq. {2.13). On the other hand, this eigenstate is
degencrate with the ground state ¢° (z) of the ‘supersymmetric partner

potential’ V_(x)} given by
1 / 2 1 "
V.(x) = LAV + SPU"(2) (2.17)
which corresponds to the Hamiltonian H_ = AA™ so that
H ¢ = F%" (2.18)

and

E' =E.. (2.19)

The problem is thus simplified to finding the ground state eigenvalue of
this ‘partner’ potential. We will be using this method in the next chapter.

Besides these two methods, there are other methods such as the mean
first passage time (MFPT) method [9, 10, 17] that can also be used to
determine the escape rates which essentially give the same result. Since
SUSY method is more exact and more suited for the kind of potentials
we consider than the other methods, for the rest of our work we will use
it to determine the escape rates.

In the next chapter we will take the classic ratchet potential and using
SUSY method extract the local right and left escape rates. We will then
use these escape rates as an input for the coarse grained potential profile

to find the velocity of the current that arises for nonstationary transport.
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Chapter 3
Classic Ratchet Potential

To realize the effectiveness of our model potential (that will be intro-
duced in the next chapter) in generating a probability current, we have
considered the motion of Brownian particles in a classic ratchet potential
under the internal white noise discussed in [7]. We derive the expressions
for the escape rates of a Brownian particle from one well to the adja-
cent well and vice versa over the barrier starting from the SE, eq. (2.5),
for the ratchet potential given in [7] using SUSY method. In fact, these
expressions have already been found in [7] by MFPT wiethod.

We consider a Brownian particle in a periodic ratchet potential as

shown in fig. (3.1)

? U(x)

2LiHL,)  ((Li+Ly)  -L, 0 L, L+l L,+2L, >

Fig, (3.1).

To determine the escape rates from one well to the neighboring well and
vice versa, let us consider the region from @« = —(L| + Ly) tow = L+ L,.
When Uy is large compared to kg, this region can he approxinatoed

as a bistable W-potential with the outer lines extending to infinity as

11




shown in fig. (3.2). Under this condition, the escape rates can he casily

determined.

Ux)

k,
TR,

Uo

-L, 0 L, X
Fig. (3.2).
Let the escape rate to the right and that to the left be denoted by i,
and ky, respectively. We find the escape rate to the right nsing the SUSY
method by considering fig. (3.3) shown next.

o)
k, ] b

Uy

Fig. (3.3).

Using the formula for the supersymmetric ‘partner’ potential given in
eq. (2.17) one can write the corresponding supersynunetric ‘partner’

potential V_(x) for the potential shown in fig. (3.3) as

{ (ﬁ_zUTol)z + 2/3%5(3; 4+ L)) — g(%'— 4 %)(‘)(:1:), if < ()

V_o(z) =
( 2%2)2, x> 0.




V.(x)

B
L, 0 X
Fig. (3.4).
Note that we have approximated the slope to the loft of & = — L, 1o he

equal to the slope in the region — 1) < 2 < 0 to simplify the mathematical
complication. The effect of this approximation is negligible in the case
when the thermal energy kg7 is much less than the barrier height.

With ug = ’G—gﬂ one obtains

ug u Up . .
Vo(z)=1{ 4 +2036(w + o) - (32 4 32)6(x), il a <0
E—g’ > 0.

The corresponding Euclidean Schrodinger equation is
Hogd = BV (3.1)
where H_ is the corresponding Hamiltonian

H_(2) = i + V_(a).

As explained earlier in section 2.2, we solve Euclidean Sclirédinger egua-
tion, eq. (3.1), to find the eigenvalue E°, which in this case is related to
the escape rate to the right as k, = DE°, where D is diffusion constant.,

We now solve eq. (3.1) considering the following three regions:

RegionI Region II | Region Il
-L, 0

5k 4

13




Let us consider that ¢g(x) be the ground state wave function which is

the solution of eq. (3.1) in region I. That is

( d2+u%> (2) = B ()

dz? = L2

The solution of this equation can be written as
oo() = Age"E ) 4 Bes@ti)

where Ay and By are constants to be determined from the boundary

2
- Uy
conditions and k = 4/ o= E°.
1

In region II we consider two solutions as ¢y (z) and ¢(x) just at the
right of # = —L1 and at the immediate left of @ = 0, respectively.

Solving eq. (3.1) one can, therefore, write the solutions as
pol(a) = Abe*“(””ﬂl) + Béeh'(?}-l-Ll)
and
pi{z) = Aje™™ + Bie™

where A}, By, A and B; are constants to be determined from the bound-
ary conditions.
In region III we consider only one solution likewise in region I. If this

solution is ¢, /(z), then solving eq. (3.1) one can obtain
pi1(z) = Ale™™ + Bie?

where A} and B{ are constants that we determine from boundary condi-

. u2 0
tions and ¢ = 4/ 7% — B,
2

To determine the constants we use the boundary conditions:
1) (@) = pot(z) at © = — L,

14




it} ¢ (2) = we!(x) in region ii,
iii) @ 1/(z) = p1(z) at @ = 0,
iv) f__g[—% 4+ V_(2)] de = f:LL;f E% @t dx or d‘”;’?") — doole) 9l ()

z de 7 T 1I4

at x = — 1L,

+ 2 +
v) foo_ [~ + V. (2)] da = foo_ E% @yl dx

L dpi{x)  dpi(m) 1 1 . .
or = — LT — —uo(L1 + E)(,Ol(:b) at ¢ = 0.

From (i) and (iv) we obtain

and
U
k(Ag ~ By — A+ BY) = 2L—‘1(A0 + By).
These equations can be simplified to
Up Up
Ay = (1 — —)Ay— —208
0 ( Lyﬁ;) 0 Llfi 0
and
B = " 414\
0 LIFL 0+( —I_Llh) 0
or

G- )6 62

From (ii) we have

where o = Iﬂ
R

Afoe—f;(;v+[/1) 1 Baeu(m-!-Lﬂ = Aje " + Bie*®,
This implies that
Ay = Age

and
By = Bye™!

15




or

G- ) () 53

From (iii} and (v) we obtain
A+ B = A’I + Bi

and
1 1
— A+ Big+ Ak — Bik = —ug(— 4+ —)(A1 + B)).
L Ly

Simplifying these equations one can obtain

1 Uy (Ll + LQ) K 1 U (Ll -+ Lg) A
Al === 4 -4 == | B
: [2+2q L, 22T 2 L, 2q| "
and
1 wg(dq+ L K 1 wy(Ly+ L K
B = 1 w(litls) & A+ ___UL_}__L)_I__ B
2 2q Iqls 2q 2 2¢ Lils 2q
or
1 ug (La--La) K 1 ug {L1+Ls #
AII - §+% LIy +27!— §+2_;(L1L2)_Z Ay 3.4
Bi) \l_wm(utl) & 1 _wlath) & | \B) (34)
2 Qq L1L2 2(] 2 2q L]_Lz 2q’

Now we substitute (féi) in eq. (3.4) by its value in eq. (3.3). Then we

L] ’ [ . L)
substitute A? by its value in eq. (3.2) and obtain
) b [
1y ug(bitla) o & 1 5 wllitls) &
AN (2 t o Ik, T3 3T LiL 3
Bi o _wgUntle} & g (Li+Ls + £
2q

1 1
2 99 LiLg 2 27 2 Lil,

e ®l1 l-a -« <A0>
0 eth a 1+a) \Bo

This equation relates the amplitudes of the ground state wave function
at the left of @ = —L; with that of the right of x = 0. Such method is

known as a matrix transfer method used in {15].
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We reduce the constants in this equation to two using the boundary
condition af infinity. That is we require Ay = B} = 0 so that the solutions
wo(2) and /() are finite in the regions © < —L; and = > 0, respectively.

Hence the above equation will become

(A'1) My My (0>
0/  \ My My \Bo

where
1y ug({latLs) %1 wglatls) &
(Mu 1\412) B (2 Yo i, T 27T L
VL wUntly) ok L wg(itle) | ok
A/IQI JM[Q? 9 2 L1l W9 2 29 Li1Lg + 24
el 0 l—a —a«
0 el o I+«
This implies that
MogBy =0

and

11/1-12-80 = All .

In order that the solution will be nontrivial Mss = 0 must hold. That is

1k w (LitLy (—ce™ 1) 4 l_}_imu_o L+ Ly (14a)eth a
2 2q 2q LlLQ 2 2qg 2q L1l

which implies that

(3.5)

E® is very small when compared with wug in the low noise high barrier
limit (01 T > 1). Hence we expand s and ¢ binomially and take the

terms in which there is no higher order of E°. That is

2y 1/2
) “0 o _ o o L7 Uy oL
v = — B 1 - K~ N — — ~—E
A L2 "L, ( ug) Ly 2 Twg’

17




u% — BV — o 21 - E° L )1/2 " Uy lEU Ly

1= L2 Lg U’(} LQ 2 Uy '

Therefore the terms in eq. (3.5) can be simplified as

Lhe oo 11’1]_@0
o 2 “0
Y Ll Lg 70
1—-42—=% (—Lj];z ) —2ugLy + 1/2&L1L2(L1 ~ L)
145 o (%) /2L, Ly(Ly + Ly)

Thus, eq. (3.5) will become

Vo5 LE°? _ 1 E°
———L1L2(L1 + Lg) + - 1 —3 L?Lg([/l + Lg) = 6_2"1—/1[ 2‘L!0L2 + __L]_L‘Z(I.Jl - Lg)]

o

We neglect the second term on the left comparing it with the first and

then get

E° ‘ _
_u—‘LlLQ[L1 + Ly — (L) — LQ)eﬁghLl] = —ugLqe 2,
0

Comparing (L; — Ly)e 1 with (L1 + L) we neglect the former and

obtain
0 _ 21536_2”1’1
T Ly(Ly+ L)

Consider the exponential part

2Ly /53— B 2up(1 _2_;,%1-:2)1,2
. —4ln —B_ —2u —
e 20l = o o e ¥a :

We neglect j—;%; comparing with 1.

That is e 2801 xg g2,

Therefore, the final expression of the escape rate from the left well to the
right well of fig. (3.2) is

D2uyg?
e
(L1 + L)Ly

*21.!0

k, = DE® ~

18




calculated there, is the average time that a random walker, starting from
xg inside the initial domain of attraction, takes to leave the domain of
attraction for the first time. At weak noise this MFPT, #(z), becomes
essentially independent of the starting point [9], that is, t(zy) = tyrpr
for all starting configurations away from the immediate neighborhood of
the separatrix. If we note that the probability of crossing the separatrix
in either direction equals one half, the total escape time say 7. equals
1

pTyp—, Hence we

2ty ppp. Thus the rate of escape k itself is given by k£ = Ty

can use the total escape time to the right or left concerning the potential

in fig. (3.2) as

1
Ta(b) = Fato) (3.8)

where k, and k&, are respectively given by egs. (3.6 and 3.7). This equation
shows that 7, # 7, for the potential with asymmetry.

As a consequence of the left-right asymmetry in the escape time, the
system develops directed motion in approaching towards stationary prob-
ability distribution, p., ~ e%%l, which is current free, if no density gra-
dients is present in the system. Thus, any initially localized distribution,
say p(xo, to;x,t) = 6(x — xg)(t — ty), evolves to the p.,(x), defined on the
ratchet, with left and right boundary —L.,, Lo > L. In the sequence
of the time scales, that characterize the Brownian motion in the over
damped case, the shortest time scale corresponds to the intrawell relax-
ation time say 7. The next time scale is related to the interwell tran-
sition times, 7,3). Finally, Too ~ (%%)Tﬂ(b) defines the global relaxation

U

time. Under condition e¥T > 1, the following hierarchy of time-scales

holds, 7 < 7,4y < T, and the nonstationary transport takes place for
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Tap) € t € T, To describe the nonstationary transport we introduce

the population of the m-th well of fig. (3.1) as

L(m+1)
nm(t) = /( p(a,t) do

L{m)

and write the kinetic equation:
'flm(t) = kbnm—l—l + kanm—l — (ka + kb)nm- (39)

We transform n,, in the discrete space to n(z) in continuous space co-
ordinate for small L by Taylor expansion of n{x + L) and n(xz — L) in

powers of L and obtain the coarse grained equation:

On(z,t) an('L t)  ~0n(w,t)
o~ o TP o

with V = L(k, — k) and D = %L2(ka + k). Eq. (3.10) shows that

(3.10)

the ensemble of Brownian particles moves with a constant velocity V,
which depends upon what we define as the net escape rate, ky = k, — k.
The distribution width that depends upon k, -+ k is described by the
renormalized diffusion coefficient D.

Using their corresponding values in eq. (3.6) and eq. (3.7) we get an

expression for the net escape rate explicitly as

(UO)Q DeFa? (i 1) a11)
kT ) 2+ L) |\ L) '

We now look for the particular Iy and L relation that gives the largest

IL'+:

net escape rate. Let 19 be fixed and L; varies. That is

1 1 1
k(b)) =Coirreoe | — — —
+) (L1 + Ls) (Ll Lz)

,ml Uy U
C (ABT) DeB

where
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dky (L) C (1 1) C )
e e - ——(—1/1,%).
dL, (Li+ L)2 \ L, Ly +(L1+L2)( /‘)

1k (L . ..
We know that - }Lll = 0 at the maximum or minimum value of k.

This implies that
Ly = Ly(1 £ V?2). (3.12)

When we compute %2—1 at Ly = Ly(1 + \/i), we obtain a value which
is greater than 0. This shows that k, takes the maximum value to the
left when L) = Lo(1 + \/ﬁ) and takes the maximum value to the right

when L =

Ly
(1+v2)°
Now we substitute L; in eq. (3.11) by i f) and find the maximum net

escape rate to the right:

~U,
s = 2 (Do )" e (3.13)
P 2 \ kT ) L2 '

Let us suppose that the ratchet potential we are dealing with is symmetric
in such a way that L; and Ls in eq. (3.6) or eq. (3.7) are substituted
by Ly M In such a case the expression for the escape rate to the

right which is also that to the left will be found as

. *ert (3.14)
0 4 kBT LOQ. -

We express L in terms of Ls:

1( Ly _ Ly (242
fo= (1+f L) 7(1+\/§)'

When we divide £7'" hy kg, we obtain

2
kmaa: 2 _
+ gk _ % (M) ~ 1. (3.15)

ko L3 1+ V2
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From the observed result we see that the maximum net escape rate that
can be extracted due to potential asymmetry is as large as k. Since the
nonstationary transport velocity 1s directly related to the net escape rate
(V = L{kqs — k) = Lk,), the largest possible value of V' is when %k, = k.
In other words, the fastest nonstationary transport that can happen for
the classic ratchet potential is when &k, = k.

In the next chapter, we will introduce our model ratchet potential,
find the right- and left- escape rates and then find the corresponding net
escape rate. This will then enable us to find the nonstationary transport
velocity for our model ratchet potential and compare this with that of

the classic ratchet potential.
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Chapter 4

Asymmetric Barrier Subdivision in a Periodic Poten-
tial

As we tried to explain at the beginning of chapter two, the escape rate
of the Brownian particle from a state of local stability to its neighbor-
ing minima can happen only via noise-assisted hopping events. We also
mentioned that the respective barrier height that separates the adjacent
minima is usually much greater than the thermal energy kg7 and the
reaction proceeds with a very small rate. But this reaction can turn out
to proceed at a substantially higher rate by a mechanism developed by
Mulugeta B et al. [15]. The mechanism is subdividing the barrier height
along the reaction path into a number of discrete steps each requiring a
smaller barrier crossing without changing the total height and width of
the barrier. The effect of this mechanism for a model W-shaped simplified
bistable potential was verified in their study [15]. That is, subdividing
the barrier increases the escape rate that attains a maximum value at
the optimal number of barrier subdivision. This result is much greater
than the escape rate over the potential barrier for the original W-shaped
potential of no barrier subdivision.

In chapter 3, we have discussed the nonstationary transport of Brow-
nian particles by internal white noise in the classic ratchet potential ad-

dressed earlier in [7]. As was shown there, it is the right-left asymmetry of
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the inter-well mean first passage times (or cquivalently escape rates) for
the Brownian particles in a ratchet potential under internal white noise
that gives rise to the nonstationary transport. The right-left asynunetry
of the MFPT, in this case, occurs as a result of the spatial asynnuetry
of the ratchet potential. But, now, based on the effect of the mecha-
nism of barrier subdivision shown in [15] we envisage here an alternative
scenario where the asymmetry of the interwell MFPT comes from asyin-
metric barrier subdivision of a symmetric sawtooth-shaped potential, In

other words, we take a symmetric sawtooth-shaped potential shown in

fig. (4.1),

3 4

Fig. (4.1).

and then subdivide the potential hills on one side only to get a particular

type of ratchet potential shown in fig. (4.2).

Fig. (4.2).

We expect motion of a Brownian particle over this model potential to




have a unidirectional motion with a velocity of greater magnitude than
in the classic ratchet potential shown in chapter 3. The main body of our
work will dwell on quantitatively finding the strength of such unidirec-

tional motion and comparing it with that of the classic ratchet potential.

4.1 Asymmetric barrier subdivision and their parameterization.

To come to the calculation of the escape rates from one well to the ad-
jacent well and vice versa over the potential barrier of fig. (4.2), we first
consider an element of the potential shown in fig. (4.1) which is a syi-
metric W-shaped potential of barrier height Uy and width 2L where Ly
is each distance from the left minimum and the right miniimuam points to
the central maximum points 0 shown in fig. (4.3). We then subdivide
the potential barrier of fig. (4.3) on one side only and parameterize the
subdivision in a physically reasonable manner so that it becomes the ele-
ment of the potential in fig. (4.2). The same procedure of approximately
taking an element of the periodic potential as a histable potential was
used in the previous chapter on page 11 when finding the escape rates,
AU(x)

Aao/ BN
AT 2-1,0

Uy
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We now subdivide the barrier between the initial (left minimumy) and the
transition {central maximum) states into a serics of smaller connecting
barriers of two equally spaced steps and leave the barrier hetween the

transition state and the final (right minimum) state as it is shown in

fig.(4.4).

A

r'd
Y

I I
-L, -(atb) -a 0 Lo

Fig. (4.4).

We then parameterize the subdivision in a physically reasonable manner
so that we can examine the effect of asymmetric barrier subdivision on
the net escape rate to the right systematically. That is we choose Uy, [,
and the associated widths @, b (shown in fig. (4.4)) in such a way that
Uy > Uy and a > b. We also choose %L = %* to stmplify the calculation,

With this choice the relations that we can have among the parameters

Uy, Us, a, b, Uy and Ly are

Lo=2a+0
Up = 2U, — U,
. ; . ot Yo b
from which one can also get 0 =
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We introduce a parameter p defined as

What we have done so far concerns only the barrier subdivided into two
equally spaced discrete steps. This can be generalized. That is we can
accordingly subdivide the barrier into N number of equally spaced dis-

crete steps so that the relations among the parameters for N > 2 will

be
Lo=Na+ (N —1)b, (4.1a)
Uy=NU; — (I\T — I)Ug, (41[))
(N-1U;, (N—-1)b
= = : 4.
P=""Nu, Na (nd-lc)

Such parameterization is physically reasonable as it not only keeps the
barrier height and its width fixed, but also keeps the area under the
barrier approximately constant as IV is varied. The aim is, given Uy and
Ly, to find the net escape rate for different values of barrier subdivision
consistent with the high barrier imit. We thus use the SUSY method

and find first the escape rate to the right and then to the left.

4.2 The escape rate to the right

The problem of calculating the rate at which a Brownian particle escapes
from the left well to the right well surmounting the subdivided potential
shown in fig. (4.4) is handled by considering the right minimum as ab-

sorbing boundary and the left at infinity as reflecting boundary as shown
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in fig. (4.5). Such type of consideration is usual in such type of problem.

?U(x)
[ T

L, -(aib) 0 L\ g

Fig. (4.5).
The supersymmetric ‘partner’ potential V. () of the potential shown in
fig. (4.5) is calculated using the formula in e (2.17) and shown in fig,

(4.6).

Fig. (4.6).

If we require that ug, = %ﬁUl and wug = %/JUO, then

1

V() { (FoL)? o 201 (8 - D - b — S(x+a+b)+8(x +a)] — (o 4 reyea), e <y
_{2) =

(2)% )
{1.2)
(Note that we have made the slope to the left of & = — Ly o« nal to =%

i1

as we have done in chapter 3 to find ko)

The corresponding Hamiltonian H () is
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and the corresponding FKuclidean Schrodinger ecuation to be solved is
H_ o' =E°". (-L.3)
Therefore we find EY by solving eq. (4.3) in cach of the following regions:

Region I Region II Region III Regioniv  Region v
4 1 1 | i P
-(2a+b) -(a+h) -a 0 X

Let the solution(s} in:
-region I be denoted by ¢q(2),
-region Il near @ = —(2a -+ b) be denoted by oy (a), and & = —(a 4 b) be
denoted by ¢ {2},
- region IIl near @ = —(a+b) be denoted by ¢(x) and that near z = —«a
be denoted by wq(2),
- region iv near @ = —a be denoted by ¢y (x) and that near = 0 be
denoted by ¢3{zx),
-region v be denoted by ¢(x).
Choosing two solutions in the same region is advantagcous when we use
transfer matrix method. Thus solving eq. (4.3) in cach of the regions we

can write the respective solution as:
(’00(1) — Aoe—u(a:+20+b) + B()GN(J"+2"+M,
wo(a) = A‘(’)e—n(x+‘2(4+b) + Baeﬁ(a:+2r1+[))’
(,01(?,) = Ale“fc(i'-i-a-i-b) + B](afc(a:+rr+h)’
(Pll(ﬁ;) = A’le"“(a"i““‘f'b) + Bt’]’cr‘i(iﬁ—"fl-kb)

(,02(:1;) = Age—fi(a‘+r€) _}_BQ()K('J:-F(!)‘

30




(1021(2,’) = A"ge—f»‘(:v-l-a) + BIQC.‘\:(;L'Jra)’
w3(x) = Age ™ + Bie™|

p(x) = Ae™™ + Be®,

o g — 0 _ ! ! ! !
where k= /& LT N v/ }f” — EY Ay, By, Ay, By, Ay, By, AY, B,

Ag, By, Ay, Bh, Ag, B3, A and B are constants to be determined from the
boundary conditions.

The wave functions in the adjacent regions of each boundary formed
due to delta potentials are continuous at each of the respective bound-
aries. So we match the ground state wave functions of the adjacent re-
gions at each of the respective boundaries. We also use a relation between
the derivative of the functions at the boundary of the adjacent regions
that can be obtained from integration of eq. (4.3) across each boundary
wherever there is the delta potential. These boundary conditions can be
written in equation form as:

a) Yoy = Py at @ = —(2a + ),

b) Qo) = @1y in Tegion ii,

c) Pi(m) = Pr at © = —(a +b),

d) @) = Pag in region iii,

€) Yoy = P at & = —

£) wa) = P30, in region iv,

g) Pa) = P at @ =0,

h) d%'(z) d“i“ﬂf”) = 258y, at @ = —(2a + b),

d‘f’l’(x _ dpigy

i) & =T 01901@) at v = —(a 4+ b),
oo

J) f‘Pz (.g) ds&:agr) — 2:401 (;02(@) at © — —a,
d -'-'7 d{P x ;

k) o o o 4 20y, at =0,
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I'rom the boundary conditions expressed in (a) and (h) we obtain

and

2&&01

—kAy+ kBy + KAy — kBy = ——(Ag + Bp)

which can be simplified to

Al =(1- “‘”)A0 Ly
akK aK

and

By =~y + (1+ —)By

G- ) () 40

From b) we have

or

oy o MO
where a = e

A66m5($+2a+b) 4 Béefc(x+2a+b) — Ale—m(z+a+b) + Blefc(m+a+b)

which implies that

Al AI —Ka

and

Bl B! Ka

(- (0 )G .

From the boundary conditions in ¢) and i) we have

or

"+ Bl = A + B

32




and
2’&0 1

—kAl + kBl + kAy - kB = (A1 + B)).

e

This implies that
U U
Al=(1+ ﬂ)A1 + ﬂBl
and

Bl =--24; 4+ (1- 2B
arK

ar

(gi) N (lj: ) ia) (ﬁj) (4.6)

Now the condition in d) is applied.

or

That is

Afle—fc(w+ﬂ+b) + Bletetatt) = goo—n(ata) 4 p,erleta)

which implies that

AQ AI —rb

and

BQ B! Kb

() -(0 L)) o

From the boundary conditions in e) and j) we get

or

Ay + By = Ay + By

and
2%0 1

—hAIQ + !\.BIQ + kAy — KBy = (AQ + Bg)

a
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which can be simplified to

! l—-a -«
@07 E e
By a 1+ a By

From f) one can finally arrive at

@2) N (B:G 8(3-@) (ﬁj) (4.9)

Finally we consider the boundary conditions expressed in g) and k)
that lead to
A+ B =As+ B;

and
—qA -+ ¢B + Azk — Bk = —(}% + %9)(/4—3 + Bs)
0

or

A Q1 Qo A

OB
Qa Qu/) \Ps

where

1 - .

1
2
1 K Ugl g 1 Iy oy Ug
57— 5T

2 2q 2aq 2Loq

2
and g = 1/E—E5—E9.

Now we have got egs. (4.4 - 4.10), We combine them using transfer

A 3

matrix method. That is we start with eq. (4.10) and substitute ( Ba) in

it by its value in eq. (4.9) and obtain

(A) B (Qn Qm) (6*"'“ 0 ) (A’g)
B Qu Qs 0 e/ \By/

Now we substitute (gz) by its value in eq. (4.8) and obtain

(A)_(Qu Q12 (eu"“ 0) l-a -« (AQ)
B) Qa1 Qu 0 e o 1+a) \B/)
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One can keep on doing the same thing and finally get an equation:

A Qu Qu\ (e 0 l—a -« e
(B) B (Qm Qm) ( 0 e’“’) ( o I—I—a) ( 0 efcb)
14+« Q0 e f ) l—a —a Ay
( @ 1_“’) ( 0 6’“’) ( o 1-I—o:) (Bo)

This equation relates the amplitudes of the ground state wave function

in the left region of @ = —Ly:
po(x) = Age "EH2HD) 4 g onlatla)
with the amplitudes of the wave function in the right region of 2 = 0:
o(z) = Ae™®® + Be®®,

Here we require Ag = B = 0 so that we can have a well behaved function

as |&| — o0o. So the equation that we will be dealing with is

A 0
= LT 4.12
(6)=2(s,) (112
Qu Q2 e ™ 0 l-a -«
L= ) (4.13)
Qo1 Qo 0 e a l+a
ek 14 o v
T =
0 e —a -«
e " 0 l—-a -«
) (4.14)
0 el o 1+«

We started with the barrier subdivided into two steps and obtained

where

and

the relation between (61) and ( gﬂ) as shown in eq. (4.12). One can do
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similarly for the barrier subdivided into N > 2 number of steps and get

a general relation for N > 2 as

A 0
— LTJV—-I
(0) (Bo>
A My My
0 Moy Mooy BO

N1 .RZ[H ﬂ'./[IQ ( )
LT = , 4.16
Mo Moy

From eq. (4.15) we have M98y = A and My By = 0.

or

where

This implies that

Moy =0 (417)

for the fact that By = 0 gives a trivial solution.

From eqs. (4.13, 4.14 and 4.16) we obtain

My = Lot Tip" " LoyTyy™ ! (4.18)
and
. (1 — a)Que ™ + Qe Qui{—a)e™™ + Qa1 + a)e (4.19)
(- Qe 1 Quac™  Qau(—a)e™ 4 Qap(1 + a)er ) '
(1 _ a?)eun(a+b) + a?efila—b) —0‘(1 1 a)e—a(a-]-b} + O.'(]_ + a.)er;(a-b)
fa(l . a,)eﬁn(a-—b) + Cl‘(l _ a,)er:{a-{-b) (l - Q.Z)en(a—l—b) + a,2e—-r:(afb}

We find the elements of matrix 7V~ by decomposing matrix T as a
product of three matrices as used in [15].
That is, T'= RAr,

A1 0
where A = ( ) provided that A\; and Ay are the eigenvalues of T
0 A

that are given by

M o= [T 4 Tog + /(Thy — To)? + 4T15T31) /2, (4.21a)
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Xy = [Tiy + Top — V/(T1y — Tag)? + 4T15T01) /2 (4.21b)
and R is the right eigenvector of T that are expressed as

1 Tis
R= AT (4.22)
A =T 1 '

T2

and r is the inverse of R which is the left eigenvector of T:

—1s

Ay — 17 1 As—T11

= ) 2
12

With the decomposition T = RAr, T¥~1 will, therefore, become

f_ F_
TJ\ ]:RAI\ 17,

where
N1 Ry )\gN_” + Riprar /\g\ul) an/\gj\m) + Rigrag ,\gN‘l)
T,' T = (V-1) {(N-1) (N -1} (N-1) . (424)
Iiari M + Ragra1 A Roaria + Ragrap Ay

We, therefore, substitute Ly, Lo, Tl(é\r_l) and Tg(év_l) im eq. (4.18) by
their corresponding values from eqs. (4.19 and 4.24) and then equate it

to 0. That is
(1-a) Ryyr12Qau A Ve 4 (1-0) RigrgaQai A e " paRir15QuA ™ Vet

O’R127‘22Q22/\g\’—1)6““ — aRzlruQQl)\(lN_l)e”““ — anggrggle)\é’vﬁi)e""“-}»
(1+ @) Rour12QaA" Ve + (14 @) Roprn Qe Ve = 0.

Substituting » and R by their respective values from eqs. (4.22 and 4.23)

will yield
Tm(}\zN*l - /\1Ngl)[(1 — o)1 + alQoee® ]+

[(/\2 - Tﬂ))\gN_l — ()\1 — TM)/\IALl][QQQ(l + ():)8’m — CL’lee_Ha] =0 (425)
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This is the equation that we will be using to evaluate £Y numerically, for

a given wy, Ly, p and N. The escape rate to the right, A,, is then given

by A, = DE?
4.3 The escape rate to the left

‘The problem to be solved in this section is more or less similar to that we
have gone through in section 4.2 except that this time escaping is fromn
the right well to the left well of the potential shown in fig. (4.4). The
boundary condition that we have to consider is thus the vice versa. of the
previous one. That is, the left minimum at z = — Ly is taken as absorbing
boundary whereas the reflecting boundary is considered at infinity from

the right side as shown in fig. (4.7).

/ 1_10 -(a!Fb) ‘—a 0 Ly X >
Fig. (4.7).
The supersymmetric ‘partner’ potential V_(2) of the potential shown in
fig. (4.8) Ay (x)
! !
I Y

— I —»
-(atb) -a 0 Lo X

Fig. (4.8).
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is found from the formula in eq. (2.17). If we require that uy, = ;3—/5(};

and uy = %ﬁUg, then

(Yor)2 4 [ §(a 4 a + D) + 8 + a)] — (Mo Feya(e), e <0
V.(z) = ’

(41.26)
(BE%)? + %@5(1 — Lo), @ > ()
The corresponding Hamiltonian H_ (z) is
H(2) =~ V(o)
AT) = = L
da?
and the corresponding Buclidean Schrodinger equation is
H_¢' = EY" . (4.27)

We find EY by solving eq. (4.27) using transfer matrix method in the

regions shown next

Region I Region 11 ‘ Region Il i Region iv Region v
| |
-(a+b) -a 0 ..Lg

—»

<

Let us denote the solution as ¢ () in the left region of & = —(a+) and
py(z) in the right region of ¥ = Ly. In each of the rest three regions we
choose a pair of solutions at different positions with different amplitudes.
Let the solution(s) in:

-region II near @ = —(a + b) be denoted by ¢ {x) and that near @ = —a«
be denoted by wq(z),

-region Il near = —a be denoted by o (z) and near 2 = 0 he denoted
by w3(),

-region iv near = 0 be denoted by @y (2) and near & = Ly be denoted
by pa(x).

So we solve eq. (4.27) in each region and write the corresponding

solution using the above notation as:

(,01(:17) — Ake*‘h’.(:t:—i—ﬂ-f'b) + BI({K(J:-}-Q—M),
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pr() = Al rEtatt) 4 plonatatt)
po(n) = Age D) 4 B elata),
oy(a) = Ape 0+ 4 Blerlata)
p3(z) = Aze™ + Bge"™,
py () = Age ™ + Bye,
() = Ayet—Le) 4. Bdeq(x—Lg))

pp(z) = Aje1@Lo) . Bl pt(e=1o),

SERVE- g =)y ! ! ' ! 1
where @ = \/ﬂ’ 1= \/—[f;—z—_E?_, Ay, By, A3, By, Ag, By, Ay, By,

As, By, As, B}, Ay, By, A and B) are constants to be determined from
the boundary conditions.

The wave functions in the adjacent regions of each boundary formed
due to delta potentials are continuous at each of the respective bound-
aries. So we match the ground state wave functions of the adjacent re-
gions at each of the respective boundaries. We also use a relation between
the derivative of the functions at the boundary of the adjacent regions
that can be obtained from integration of eq. (4.27) across each boundary
wherever there is the delta potential. These boundary conditions can be
written in equation form as:

a) Q1) = Pr(y) at @ = —(a+b),

b) @11y = Pa(yy in Tegion ii,

C) Pa(e) = P2 () b ¥ = —a,

d) o) = @30 10 region iii,

€) P3() = P3(a) ab @ =0,

f) ©3(2) = Payy in region iv,




8) ow(w) = pa(e) ab @ = Lo,
h) dpyigy dsm(,v) _9ln 901(.1,) at o = ((L + l)),

P do

i) e - 00 — gt at v = —a,

j) e - 0 — (s 4 gy at @ =0,
k) dsoé;(ﬂ/’) _ f"‘»zi;s) = 270p,(x) at a = Ly.

When we use the boundary conditions a) and h) we obtain
A+ B =A1+ B

and

2
—kAl + KB} + kA; ~ kB) = =L (A, + By).
a

This is equivalent to
u
Al=(1 + )A1 + ﬂBl
and

By =-"%4, +(1-2p

arK aw

(Af1>: 14+ o (Al) (4.98)
B —a 11—« By ‘

From b) we obtain

or

where o = ¥,
aIx

and

Bg Bie"b

(;12) N (e;"b ;-b) ( é) (4.29)

or




From the boundary conditions expressed in ¢) and i) we obtain
!
A+ By = Ay + By

and

—kA) + KBy + KAy — KBy = 2—(A2 + By)

which is equivalent to

(5
By

From d) we obtain

(4.30)

]
TN
‘—l
o |
o
P
+
tog
S——
SN
&>
\..._./

and

B3 BI Ra

G)-(5 L)) .

From e) and j) we get

or

and

o1
A B
(a ‘I'LO)( 3+ Bj3)

B-G e e

1 " Upl w1l K Mol

2 + 2¢ + Jagq + 2Log 2 2q + 2agq + QLoq
1 .
2

—qAy + By 4 kAy — kBy = —

which is equivalent to

where
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From the boundary conditions expressed in c) and i) we obtain
!
Ay + By = Ay + By

and

—kAL + KBy + kAg — kBy = 2—@(/12 + Bag)

which is equivalent to

! l—-a -«
@3) _ ( ) (gz), (4.30)
2 Q 1+« 2

From d) we obtain

AS A.f —kd

and

B3 I h(l

-0 )G asy

From e) and j) we get

or

A’ ‘|‘B3 A3+B3

and

U (i
—qAy + By + ks — KBy = (== + —° (As + Bs)

which is equivalent to
(A'S) _ (Qn Qm) (A3) (4.3
By Qu Qn/ \Ds

_Ug
( + 2q + 2aq + 2Lgg

where




Irom f) we obtain
! —ql.
Ay = Age™ 170
and

B4 = B:;BQLD

—qLs
G-(T @ e
By 0 etho By

From g) and k) we get

or

Ay + By = Ay + By

and

U
—qA + gBj+ g Ay — 4By = 25 (As + Ba)
0

which is simplified to
(Aii) [t (A4) (4.35)
B, o 1+6 By

As we did in section 4.2, we combine here also eqs. (4.28-4.35) into

o

where § = T
0q

one equation that relates (g%) with (gi) So substituting eq. (4.34) into
4
eq. (4.35), we obtain a relation between (g:) and (gﬁg) We keep on

substituting until we arrive at the equation:

(Ail) _ 1-6 -6 et 0 Qi Qo e 0
Bil 6 1 + ) 0O eqLG le Q22 0 e
l—a —« e "t 14+« o
(Al) . (4.36)
o 1+« 0 e ~a  1-—a) \B

Here we demand A; = B, = 0 in order that we can have a well behaved

function as || — co. Thus eq. (4.36) becomes

(‘é“) = SW ( ng) (4.37)
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where
1—-6 =6 et Qu Q2
S — (4.38)
5 146 0 edlo Qa1 Qo
and
e ™ 0 l-a -«
W =
0 eh® o 14«
ek 14+« o
. (4.39)
0 ekd —a 11—«

From eq. (4.37) we can conclude the general expression that relates the
amplitudes of the groundstate wave functions at the left of @ = —(a +b),

(‘g’), with that at the right of x = L, (g), for the barrier subdivided into

N > 2 as
A 0
— qmi/N-1

( 0) S ( B).
That is,

! M, M|

(A) _ i1 12 (0) (4.40)
0 ML, M, ) \B

where

Swh-! = Min M (4.41)
My, M) '

From eq. (4.40) one can obtain
Myy'B = A" and Mj,B = 0. B = ( results in trivial solution. Thus we

require My == 0. That is,

My = Sy Wig™ ™! + SpuWa," 1 = 0 (4.42)
where
. (%(l O~ Gl Qull - 9T - Qw&eﬂm) (1.43)
Quibe 0 + Qi (1 + 8)ete  Qrade 0 4 Qaa(1 + 8)erte
and
W ( (1 OL,z)e—u(adrb) + a2emkla-h) a(l — af)e—n‘(aer) —afl — 0,)6_,;(,1_5)
o(1 1 @)@ a1 4 a)esleth) (1 = ?)eslotd) | g2gsla—t)
(4.44)
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Following the same method that was used to find the elements of 7% !
eq. (4.24), in section (4.2) we obtain

N-1 Didy A" 4 Diadan o™V Dyydin M0 4 Dy Y (4.45)
Dardin "™ 7D 4 Doadan 2™ ™Y Daydiphy™ D 1 Doy dg"™N 1

where \;’ and Xy are the eigenvalues of W which are expressed as

A= Wiy + Wag + /(Wi — Wag)? -+ W19 Wa1] /2, (4.46a)
/\1’ = [I’I 11+ Woy — \/(W 11— IVQQ -+ 4”7121’1721]/2 (4.465)
and D is the right eigenvector of W and d is the inverse of D:
1 Wiy
. )\gr—I’Vn
D = (/\1,_”/11 : ) (4.47a)
Wi
and W
A - W 1 v
d= (22 =" , A (4.47D)
)\2 — )\l _(A] —Wn) 1
Wi

Hence putting for Syp, W 12N_1, Sy and Wy their corresponding

values in eq. (4.42) one can obtain an equation:

Wi ()\ S A’I(N_”) [e7706Q 1 + e (1 + 8)Qa]
+ [(,\ — W)X - WM)AQ(N“”] [6Q 127" + (1 + 6)Qa2e7"°] = 0.
(4.48)
For a given up, Ly, p and NN, root of this equation will give us the value
of EY, The escape rate to the left, );, is then given by A\, = DEY
In the following chapter, the inter-well escape rates will be evaluated
numerically for various kinds of potential profile, that is, for different
values of ugy, p and N. These local escape rate values will then be used
as an input to determine the unidirectional motion that arises for non-

stationary transport. This result of unidirectional motion will then be
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compared with the unidirectional motion one finds for the classic ratchet

potential.
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Chapter 5

Results and Discussion

5.1 Effect of asymmetric barrier subdivision on the net escape

rate

Now we consider egs. (4.25 and 4.48) which contain variables E? and
EY. respectively. In these equations the total barrier height ug, the slope
of the local barrier height p, and the width under the potential from the
maximum to either the right or the left minimum point Ly are assumed
to be known. The parameters ugy, a and b are expressed from eqs. (4.1a

and 4.1b or 4.1¢) in terms of wy, Ly =1, p and N as

w1 = FiLy @ = Wik 0 = mEN
We have solved these equations, eq. (4.25) and eq. (4.48), numerically
for E° and EY, respectively, using a FORTRAN program on a computer
for specified values of ug, Ly, and N. The corresponding escape rates are,

therefore, expressed from the relation Ag = DE?, discussed in section 2.2,

That is the escape rate to the right denoted by A, is

Mo = DEY| (5.1)
and the escape rate to the left denoted by A is

Ay = DEY, (5.2)

where D is the diffusion coefficient.
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We denote the amount by which escape rate to the right exceeds escape
A T g I

rate to the left by A, given by
Ay = D(E® — EY). (5.3)

We call Ay as net escape rate. This net escape rate, Ay, is now compared
with the escape rate, \’, from one well to the adjacent well for the Po-

tential of no barrier subdivision as a function of p, ug and N. Fig. (5.1)

. . A : . )
is a plot of the ratio §f versus N for fixed p and various values of
a

p=0.8
+ o+
g o0 T L
+
+
+ +
KX
¥
X - X
U;=8.0 «
b - X .
+
A/_}_/?\?a B & © © <
Ug=6.0 © &
x © M o
4 _
< x
X x x
r X §U=4.[] 4 < N
x S
2 1 1 1 1 I | — L 1 13 ,,,,,I 1] L. 1 1
5 10 15 20
Fig. (6.1).
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while fig. (5.2) is plot of the same variables for fixed wy and various values

of p.

T )
+ p=0.9 o
+
+
<&
b
&
<&
+
+
*
X
X %oy, g
1 1 ] 1 I i )3 1 i I 1- 1 1 1 E L._1 1 J
15 20 2H 30

Fig. (5.2).

From the plots in both figures we see that A, arises as a result of

barrier subdivision. For the specified values of p and ug the magnitude of

Ay varies with the number of barrier subdivision and reaches maximim

value at an optimal number of barrier subdivision, Ny At the optimal

number of barrier subdivision, as shown in fig. (5.1), A, is as large as:

3.3Ag for ug(= 4), 5.1A0 for ug(= 6), 6.8)\! for we(= 8) and 83N for
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ug(== 10). That is A, increases as wug increases and reaches a value as
high as 8.3 times AY for ug(= 10) while N,, remains constant (here 9)
suggesting that the steepness of the local barrier height determines V,,.
But for specified value of barrier height (in our case wy = 8), as shown
in fig. (5.2}, both optimal number of barrier subdivision Ny, and the net
escape rate A, increases as p increases.

(Note that in both figures we have chosen @ > b and U; > U,. 'This
choice restricted N to have values greater than or equal to 2, 3, 6 and 11
respectively for p equal to 0.4, 0.6, 0.8 and 0.9.)

It is now appropriate to compare net escape rate for classic ratchet
potential with the net escape rate for our model ratchet potential. The
net, escape rate for the classic ratchet potential is at most equal to A and
independent of uy. On the other hand, the net escape rate for our model
ratchet potential depends on N, p and wy and can attain substantially
large values.

The results verified in fig. (5.1) and fig. (5.2) are general. Thus,
there is an optimal value of barrier subdivision, N,,, at which the net
escape rate to the right reaches the maximum value. This effect, the
effect of asymmetric barrier subdivision on the net escape rate of the
Brownian particle, has a consequence of a net unidirectional motion of
the Brownian particle. We describe this motion for a potential of period
2Lg shown in fig. (4.2) in the high barrier low noise limit. Each distance
from the central maximum point to the adjacent right or left minimum
point is equal to Lg, and the barrier height is Uy. Therefore the rate

at which the particle escapes from any well to the neighboring right or
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left well over the respective barrier height is respectively denoted by A,
or Ay which is the same as the corresponding escape rates to the right
and to the left found for the asymmetric barrier subdivided W-shaped
potential. As was verified for W-shaped asymmetric barrier subdivided
model potential A\, = A, — A has a non-zero positive value that reaches a
maxinum value at an optimal number of barrier subdivision. The occur-
rence of A, with non-zero value, as already discussed for ratchet potential
in chapter 3, results in directed motion for the time scale which is much
more greater than the MFPT. So the motion of the Brownian particle in
the asymmetric barrier subdivided model potential is likewise that in a
ratchet potential of fig. (3.1). Hence the same coarse grained equation,
eq. (3.10), can govern this motion. In this equation the constant velocity

V' with which the ensemble of Brownian particles move was described as
V = L{k, — ky) = Lk,. (5.4)

The corresponding velocity denoted by v for the motion in the potential

of fig. (4.2) is, therefore, described as
V= 2LO()\a — /\b) = 2LOA+. (55)

If we suppose L + Ly = 21y, then the escape rate to the right for the
potential of no barrier subdivision shown in fig. (4.3), A2, is exactly
equal to ky. Where kj is the escape rate to the right or left described in
eq. (3.13). Thus the maximum net escape rate over the barrier of the
ratchet potential of fig. (3.1) shown in eq. (3.15) is exactly ecual to A’
and the maximum possible velocity that can be attained due to potential
asymmetry is

Vinaw = 2L, (5.6)
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while the maximum velocity that can be attained for the motion in asym-
metric barrier subdivided model potential which is reached at an optimal

number of barrier subdivision is
_ 2L APNCQ} 5 7
Umaz = 2407} ( : )

where AT is; for instance, 8.3A% when p = 0.8 and vy = 10, 8.8\ when
p = 0.9 and ug = 8. The value of A'** can increase than this when
increases. This shows that v,,,4, can be much larger than V,,,4,. Therefore
a BBrownian particle can move with a substantially large velocity in our

modified ratchet potential.

5.2 The effect of asymmetric barrier subdivision on the current

In the previous section we discussed the net escape rate, A, that could
occur as a result of asymmetric barrier subdivision. Now we discuss its
effect on the probability current. Let us, therefore, consider fig. (5.3).
Because of the net escape rate to the right, particles that are supplied
to say {(m — 1)-well with energy a few kT below the barrier height Uy
leave the well over the barrier to m-well after thermalization, In m-well
also they are first thermalized and then removed to (m + 1)-well. In a
similar way they move to the next well and so on until they are eventually
removed by the sink at the right end. (Note that this process as we
mentioned in chapter 3 takes place in a finite time which is much greater
than the time needed for the escaping from one well to the adjacent well
which in turn is much greater than the relaxation time in each well.)

If particles are continuously fed into the well at the extreme left by a
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source, then due to the net escape rate to the right they will move to
the right and also removed continuously if a sink exists at the extreme
right. This results in a steady-state current j. So we deal with a motion
in which the net escape rate over the barrier is constant by considering a
stationary situation in which a steady-state probability current from one
well to the adjacent right well is maintained by a source and a sink. The
total probability flux (which usually is normalized to one particle) over
the barrier is given [9] by the product of the net escape rate from say
m-well to (m - 1)-well, Ay, and the population of the m-well, n,,. This
can be written as

j - /\-I—nm- (58)

From this equation we see that as a result of asymmetry 7, which is zero
over the original W-shaped potential of no barrier subdivision, could
increase until the maximmum value is attained at an optimal number of

harrier subdivision.




rier heights and for local barrier heights of steeper slope. However, the
optimal munber of barrier subdivision is determined only by the slope of
the local barrier height.

The net escape rate that occurs as a result of asymmetric barrier sub-
division gives rise to the nonstationary transport of Brownian particles
with a certain velocity. The possible maximum value of velocity was
found to be much larger when compared with the corresponding velocity
for the motion that takes place for the classic ratchet potential.

Finally, we remark that we have devised a model ratchet potential
through the mechanism of asymmetric barrier subdivision in which a
random thermal noise could be used to produce a unidirectional motion
or in other words to do a useful work. This result gives basic informa-
tion about how best useful work can be extracted from random thermal

background.
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