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Abstracts 

Considering a sawtooth-shaped symmetric periodic potential, we devise a model 

ratchet potential by subdividing the potential balTier on one side along the 

reaction path. For this new model of ratchet potential we examine the inter-well 

escape rates of a Brownian particle using the known supersymmetric potential 

approach. We show the existence of an optimal number of barrier subdivision at 

\\'hich a unidirectional motion of the Brownian particle takes maximum speed of 

nonstationary transport. We find that this speed is substantially larger than the 

maximum speed that occurs for the classic ratchet potential. This may suggest the 

best possible way of extracting useful work from random the1l11al background. 
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Chapter 1 
Introduction 

j\llacroscopic motion of a particle results in general from the action of 

macroscopic external forces or potential gradients. FrOln thennodynam­

ics it is known that the long time motion of the particle in an isolated 

system is diffusive and symmetric. In other words, according to the sec­

ond law of thermodynamics, no stationary transport of particle occurs 

under equilibrium fluctuations. To obtain a stationary motion, one has 

to break sOlnehow detailed balance. 

To illustrate some implications of the second law of thennodynamics 

from the molecular or kinetic point of view, Feynman [1] devised a Brow­

nian motor which has been the basis of many models. Vanes sit in a box 

with gas at a certain temperature and are subjected to Brownian fluc­

tuations. The vanes are coupled to a ratchet device which, supposedly, 

should "rectify" these fluctuations to provide motile power. The ratchet 

sits in a box at some other temperature and can itself perfonn random 

walle. Feynman showed that this contraption obeys precisely the fornlU­

las for a Carnot cycle, so it is a Brownian analog of a steam engine. He 

argues convincingly that such a ratchet machine will not provide work or 

net motion when the vanes and the ratchet are at the same temperature 

or immersed in a single thermal bath. 

A model related to Feynman's ratchet device was devised and used 

by Magnasco [2] in order to understand biological motors. In this let-
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tel' Feynman's conclusion concerning the output of the ratchet when the 

vanes and the ratchet are immersed in a :single thermal bath was :shown 

to happen only for an ideal thermal bath, one in which time correlations 

are negligible. It meaJlS a ratchet can extract energy (for free) out of 

the time correlated pieces of colored (non White) thermal bath remarking 

that the sufficient ingredients needed to generate motion and forces in the 

Brownian domain is loss of symmetry and substantially long time corre­

lations. This same author, :tvIagnasco, explored in another letter [3] the 

relationship between the nonequilibrium fluctuations and the fact that 

adenosine triphosphate (or ATP) carries energy, and showed that the 

ratchet described in [2] is a little Brownian machine that eats none qui­

librium fluctuations and walks while a chemical cycle is a little Brownian 

machine that eats chemical energy and generates nonequilibrium fluctu­

ations. 

The effects of a zero-average randomly fluctuating potential barrier 

or net force on the motion of Brownian particles in asymmetric periodic 

potentials (ratchets) have been studied extensively by Astumian and Bier 

[4]. In this study it was shown that a zero-average randomly fluctuating 

potential barrier or net force can cause a particle on a nonsynunetric 

periodic potential to move up hill against a constant applied force so long 

as the period of the oscillation, or, equivalently, the correlation time of the 

fluctuation, is not much shorter than the relaxation tinle of the reaction. 

In other words it means that for a very high frequency of fluctuations, 

which also have a correlation time approaching zero, net flux does not 

occur. 
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In contrast to jVlagnasco's finding [2], another condition for which bro­

ken symmetry dynamics emerges was reported in a work by Hondo and 

Sawada [5J. In this work, asymmetry of the periodic potential is shown 

as unnecessary condition if certain chaotic noise works as a driving force. 

It is argued that the only condition to produce asymmetric motion is an 

asymmetric distribution of unstable fixed points of the chaotic noise. A 

large anlOunt of work has been done recently related to rectification of 

Brownian motion and have been reviewed by Julicher et al. [6J. 

In a more recent work by Brilliantov and Strizhak [7J the nlOtion of the 

Brownian particles in a ratchet potential under equilibrium white noise 

was considered. In this study a right-left asymmetry for the mean first 

passage times (MFPT) of the interwell transitions was found as a result 

of potential asymmetry. This property of the MFPT gave rise to the 

nonstationary transport phenomenon. 

In the present work, we address the problem of nonstationary transport 

for a particular kind of ratchet potential. The classic ratchet potential 

is made up of asymmetric sawtooth-shaped periodic potential barriers. 

Our particular kind of ratchet potential, on the other hand, is made by 

converting a sYlmnetric sawtooth-shaped potential barrier to an aSyln­

metric one by subdividing only one side of each potential barrier. Using 

this model ratchet potential we have studied the motion of a Brownian 

particle under equilibrium white noise in the high friction limit. We will 

show that, in the asymmetrically barrier subdivided potential we have 

devised, the Brownian particle will have a unidirectional nonstationary 

transport with a velocity that attains a maximum value at an optimal 
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number of barrier subdivision. The magnitude of this velocity is very 

large when compared with the maximum value of the velocity that could 

be attained for the motion that occurs for the classic ratchet potential 

case [7]. This result gives basic information about how useful work can 

be extracted from random thermal background through the Inechanism 

of asymmetric barrier subdivision. As such it is relevant to problems of 

tiny heat engines like molecular motors. 

The rest of this thesis is organized in the following manner. In chap­

ter 2, we first introduce Kramers' model bistable potential problem [8] 

and then briefly present two methods of getting the celebrated Kramers' 

reaction rate. The first method is the classic method which Kramers' 

and Brinkman [8-11] used while the second method uses supersymmetric 

(SUSY) technique [12-16] to extract the reaction rate. In chapter 3, the 

expressions for the escape rates of a Brownian particle over the barriers 

in a classic ratchet potential is derived using SUSY approach and the 

result is compared with that found from NIFPT method [7]. In chapter 

4, we introduce our model potential which is an asymmetrically barrier 

subdivided model potential that we form~ from a symmetric sawtooth­

shaped potential. Using SUSY technique we derive the expressions for 

the escape rates of a Brownian particle over the barrier from one well 

to the adjacent well and vice versa. These expressions are numerically 

solved, and then the effects of asymmetric barrier subdivision on a uni­

directional motion of Brownian particles are discussed in chapter 5. In 

our concluding remarks we summarize the main results and discuss their 

implications. 
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Chapter 2 

Kramers' Reaction Rate and Methods of finding it 

'rVe discuss Kramers' reaction rate based all his lllodel [8-11L TIl<' IlIoci('1 

consists of a classical particle of mass 17l that moves in OlH'-dillH'llsiollal 

double well potential field U(x) as shown in fig. (2.1), 

U(x •• 
VO-Va 

1 

Xo x 

Fig. (2.1). Potential U(x) with two bistable states Xa and Xb. Escape occurs 
via the forward rate ka and the backward rate kb, respectively, 
and Vo - Va and Uo - Ub are the corresponding activation energies. 

where x denotes the particle coordinate that corresponds to t.he l'<'ad.ioll 

coordin?-te. The two minima of the potent.ial kllOWII as loca.l st.ahl(' st.at.('s 

are at Xa (left of the origin) and ;l:b (right. of t.ll(' orir.>;ill). Th(' Illaxillllllll 

of U(x) separating these t.wo states known a,<,; t.rallsit.ioll staLl' is at. i.ll<' 

ongm xo. 

The particle is originally caught in either of the pot.(~llt.ial wplls, 1)l1t. it. 



may escape from~ one well to the other in the course of time by passing 

over the potential barrier. The transition of the particle from state :r" via 

the transition state Xo to the final state Xb or vice versa is represented as 

a chemical reaction. The energy necessary for the passage through the 

transition state Xo is supplied by a heat bath at temperature T which is 

constituted of the reacting particle and a medium in which the particle 

is embedded. The total effect of the heat bath on the reacting particle 

is described by a fluctuating force ~(t) and by a linear damping force 

-nvyx, where I is a damping rate. These forces enter Newton's equation 

of motion of the particle in the form of the Langevin equation: 

mx = -U'(x) - mix + ~(t) (2.1 ) 

where prime and dot indicate differentiation with respect to the coordi­

nate x and the time t, respectively. The fluctuating force ~(t) denotes 

Gaussian white noise with zero mean, 

< ~(t) >= 0 (2.2) 

and 

< ~(t)~(t') >= 2ml kBT6(t - t') (2.3) 

where kB is the Boltzmann constant. 

In a model representing a chemical reaction the potential barrier is 

considered high as compared to the thermal energy kBT. In such cases 

the reaction will relax toward one of the minima of the potential and 

the system will stay there for an extremely long time until eventually 

the accumulated action of the random force will drive it over the barrier 

into a neighboring metastable state. Although rare, such events will 
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surely occur within finite time. The average of this escape time equals 

the inverse of the escape rate from one local stable state to the other. 

Therefore, rate processes are phenomena that are characterized by rare 

events that take place on a long time scale when compared to the dynamic 

time scales characterizing the states of local stability. 

For strong friction, the particle undergoes a creeping motion, and the 

Langevin equation, Eq. (2.1), then becomes 

x = -U'(x) + ~(t). (2.4) Tn, Tn, 
From Eq. (2.4) we obtain via Ito calculus [17] the corresponding Fokker-

Planck equation which is usually called the Smoluchowski equation(SE): 

op(x, t) = D~ [~ (3U'( »] (> ) '" '" '" + x P x,t ut uX uX 
(2.5) 

where p( x, t) is the time dependent probability density associated with the 

particle position, D = k:,~ is the diffusion constant, T is the temperature 

and (3 = (kBT)-I. The SE holds when both -U'(x) and p(x,t) are 

constant in the thermal length scale l(kBT)L 
'Y 111 

In the next two sections we will present two ways of solving the SE for 

a general bistable potential. In the first section we present the original 

method used by Kramers' while in the second section we present the 

supersymmetric (SUSY) method that has been recently introduced [12-

16]. 

2.1 Kramers' Method 

The steady state solution of Eq. (2.5) is 
e-f3U (x) 

po(x) = J e-f3U(x) dx' 
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Consider the probability current density in the SE: 

j(:o, t) = -D [~+ (3U'(X)] p(x, t). Eh; 
(2.6) 

Multiplying both sides of eq. (2.6) by efJU(x) and integrating from x = x" 

to x = Xb, one obtains the exact relation 

l~b ef3U(x)j(x, t) dx = -D [efJU(Xb)p(xb, t) - efJU(xa)p(x,/) t)] . (2.7) 

Kramers [8J and later Brinckman [11 J assumed that the current density 

j (x, t) near the top of the barrier is spatially constant in space after a 

transient period and that local equilibrium is established near the two 

minima. Then j (x, t) is removed from the integrand on the left hand 

side of eq. (2.7) leading to a factor j(O,t). Introducing as coarse grained 

variables the particle numbers in the left and right well 

1
0(=) 

n"(b)(t) = p(x, t) dx 
-=(0) 

(2.8) 

and using eq. (2.7) with eq. (2.8) leads to the kinetic equations 

(2.9a) 

(2.9b) 

where the rate constants follow from eq. (2.7) as 

k,,(b) = D[lxb 
efJU(x) dx 1°(=) e-fJU(x) dxr1. 

Xa -=(0) 
(2.10) 

The eigenvalues of the rate matrix in eq. (2.9) are Ao = 0 and Al = k" +kb• 

For a high barrier, assuming parabolic shapes around the extrenm of U(x) 

and using the Taylor expansion, k" and kb can be approximately evaluated 

and we finally get the celebrated Kramers' reaction rate 

(2.11) 
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In this equation, eq. (2.11), U~', U~ and ut' denote the second derivatives 

of U(x) evaluated at the re:,;pective coordinates (L, 0 and b, whereas Ua, Uo 

and Ub denote the corresponding values of U(x) at these coordinates. 

Note that ka(b) corresponds to the rate of escape from the left (right) well 

to the right (left) well. 

2.2 The Supersymmetric (SUSY) Method 

The SUSY method [12-16] is one ofthe methods by which we can calculate 

the escape rate for idealized potentials. It involves converting the SE 

to a Euclidean Schrodinger equation and finding the eigenvalues of the 

equation. 

vVith the ansatz 

(2.12) 

the SE, eq. (2.5), is converted to a time independent Euclidean Schrodinger 

equation for 'P 

with H+ = A+ A being positive semidefinite, where E+ = b, 

and 

A = ~ + ~,6U'(x) 
dx 2 

A+ = -~ + ~,6U'(x). 
dx 2 

(2.13) 

(2.14) 

(2.15) 

This Hamiltonian H+ corresponds to the motion of the particle in the 

potential 

(2.16) 
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For a high potential barrier, the escape rate is determined by the smallest 

non-zero eigenvalue, A1 = DE~, of the SE where E~ is the eigenvalue of 

the first excited state of eq. (2.13). On the other hand, this eigenstate is 

degenerate with the ground state <p~(x) of the 'supersymmetric partner 

potential' V_(x) given by 

1 1 
1Qx) = [-,Bu'(x)F + -,BU"(x) 

2 2 
(2.17) 

which corresponds to the Hamiltonian H_ = AA+ so that 

(2.18) 

and 

E~ = E~. (2.19) 

The problem is thus simplified to finding the ground state eigenvalue of 

this 'partner' potential. ~We will be using this method in the next chapter. 

Besides these two methods, there are other methods such as the mean 

first passage time (MFPT) method [9, 10, 17] that can also be used to 

determine the escape rates which essentially give the same result. Since 

SUSY method is more exact and more suited for the kind of potentials 

we consider than the other methods, for the rest of our work we will use 

it to determine the escape rates. 

In the next chapter we will take the classic ratchet potential and using 

SUSY method extract the local right and left escape rates. vVe will then 

use these escape rates as an input for the coarse grained potential profile 

to find the velocity of the current that arises for nonstationary transport. 
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Chapter 3 
Classic Ratchet Potential 

To realize the effectiveness of our model potential (that will hc' iutm­

duced in the next chapter) in generating a probability C1llTC'llt" WC' haw 

considered the motion of Brownian partiC\ps in a chu;si{' mt.{'hd, POi.c'ltI,ial 

under the internal white noise discussed in [7], INe derivp tlw c~X]lrc'ssiOllS 

for the escape rates of a Brownian particle froIll (1)(' wdl to thc' adja­

cent well and vice versa over the barrier starting from t.lw SE, C~<j. (2.S), 

for the ratchet potential given in [7] using SUSY method. In fact., these 

expressions have already been found in [7] by MFPT uwt.hocl. 

liVe consider a Brownian particle in a periodic ratdwt. pot.c'ut.ial a:-; 

shown in fig, (3.1) 

... 
L,+2L, x 

Fig, (3.1). 

To determine the escape rates from one well to t.lw lwighhorillg w('ll alld 

vice versa, let us consider the region from;1: = -(LI +L1 ) to ;/: = 1'1 + I,~, 
liVhen Uo is large compared to kilT, thili n~gioll {'a.u hc' a.ppmxilll,ti,('d 

as a bistable W-potential with the out(~r lines (~xt.c'.llclillp; 1,0 illfinily as 

1 1 



shown in fig. (3.2). UncleI' this condition, the escape rat.es can 1)(' e<lsily 

determined. 

U(x) 

L, x 

Fig. (3.2). 

Let the escape rate to the right and that. to t.lw kft. lw d!'llOt.f'c\ hy /,:" 

and kb, respectively. VYe find the escape rate t.o the rir;ht. lISillr; t.he SUSY 

method by considering fig. (3.3) shown next. 

U(x) 
k, 

o x 

Fig. (3.3). 

Using the formula for the supersYl11metric 'part.ner' pot.ellt.ial r;iv(,ll ill 

eq. (2.17) one can writ.e the corresponding sll])('rsyulllld.ric 'parl.lH'r' 

potential V_(x) for the potential shown in fir;. (3.3) as 
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V_ex) 

-L, o x 

Fig. (3.4). 

Note that we have approximated the slope t.o t.h(' idt. of ;t: = - L, I.() 1>(, 

equal to the slope in the region - L, < :1: < 0 t.o simplify t.he lllatilC'llla.ticai 

complication. The effect of this approximation is ul'gligibk in th(' cas(' 

when the thermal energy k:BT is much less t.han t.h(' lmrri('[' iwighl.. 

\iVith Uo = f3~0 one obtains 

T( ( .) = 1 1 '1'~ 

{ 

LU~ + 2 LUO 8 (x + L 1) - (/uo + ,"0) Ii ( :r ) , 
I - X 2 

"0 
L2, 

2 

The corresponding Euclidean Schrodinger equation is 

where H_ is the corresponding Hamiltonian 

if ;1: :s: 0; 

:/: > O. 

As explained earlier in section 2.2, we solve Euclidpan Schrhdillgcr ('qllik 

tion, eq. (3.1), to find the eigenvalue E~, which ill this cas(' is !"I'lal.('c1 t() 

the escape rate to the right as k:" = DE~, wiwn' D is diffllSioll constant. 

liVe now solve eq. (3.1) considering the followiug t.hrc'(' !"I'gions: 

Region I I Region II I Region I II .. o x 



Let us consider that IPo(x) be the ground state wave function which is 

the solution of eq. (3.1) in region I. That is 

The solution of this equation can be written as 

where Ao and Bo are constants to be determined from the boundary 

conditions and K = J~ - E~. 
In region II we consider two solutions as IPO' (x) and IPI (x) just at the 

right of x = - Ll and at the immediate left of x = 0, respectively. 

Solving eq. (3.1) one can, therefore, write the solutions as 

and 

where A~, Bb, Al and Bl are constants to be determined from the bound-

ary conditions. 

In region III we consider only one solution likewise in region I. If this 

solution is IPl'(X), then solving eq. (3.1) one can obtain 

where A~ and B~ are constants that we determine from boundary condi­

tions and q = J~ - E~. 
To determine the constants we use the boundary conditions: 

i) IPo(x) = IPo'(x) at x = -Ll, 

14 



ii) rpj(x) = rpo/(J;) in region ii, 

iii) rpj/(x) = rpj(x) at x = 0, 

iv) J-L! [-~ + V_(x)] dx = J-L! EO In I dx or drol(x) - d'Po(x) = 2.!!.Q.ln (x) 
-L, dx 2 -L, -1'0 dx d:c 1" 1'0 

at x = -L j , 

rO+ d2 •• _ rO+ 0 • v) Jo- [- dx2 + V_(x)] dx - Jo- E_rpol dx 

or d'P11(X) - d'P1~X) = - 110(.l + .l)rpj(x) at x = O. 
dx dx L, L2 

From (i) and (iv) we obtain 

Ao + Bo = A~ + B~ 

and 

( 
I ') 110 ( ) K Ao - Bo - Ao + Bo = 2- Ao + Bo . 

L j 

These equations can be simplified to 

and 
I 110 110 

Bo = -L Ao + (1 + -)Bo 
IK LjK 

or 

(
1 - 0: -0:) (Ao) 

0: 1 + 0: Bo 
(3.2) 

From (ii) we have 

This implies that 

A -A' e-"L, 
1 - 0 ~ 

and 
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or 

(3.3) 

From (iii) and (v) we obtain 

and 

Simplifying these equations one can obtain 

A~ = 

and 

E~= 

or 

(3.4) 

Now we substitute (t) in eq. (3.4) by its value in eq. (3.3). Then we 

substitute(~~) by its value in eq. (3.2) and obtain 
o 

( 
e-"L, 0) (1 -Q; -Q;) (Ao) 

o e"L1 Q; 1 + Q; Eo' 

This equation relates the amplitudes of the ground state wave function 

at the left of x = -L[ with that of the right of x = O. Such method is 

known as a matrix transfer method used in [15]. 
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,'Ve reduce the constants in this equation to two using the boundary 

condition at infinity. That is we require Ao = E; = 0 so that t.he solutions 

'Po (x ) and 'Pl /(X) are finite in the regions x < - Ll and x > 0, respectively. 

Hence the above equation will become 

J\![12) (0) 
j\;[22 Eo 

where 

M) (1 + tlo (L,+L2) + !i... 12 _ 2 2q L,L2 2q 

1\1.[, - 1 _ tlo (L,+L2) _ !i... 
22 2 2q L, £2 2q 

This implies that 

M22Eo = 0 

and 

In order that the solution will be nontrivial j\;[22 = 0 must hold. That is 

[
1 K, lto (Ll + L2)] ( -I<L , ) [1 K, lto (Ll + L2)] (1 ) I<L, u - - - - - -ae + - + - - - +a e -
2 2q 2q L1L2 2 2q 2q L1L2 

which implies that 

(3.5) 

E~ is very small when compared with 110 in the low noise high barrier 

limit (or k~"r ~ 1). Hence we expand K, and q binomially and take the 

terms in which there is no higher order of E~. That is 

". -n --
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q= u~ -Eo = UO(1_EOL§)1/2~ 'Uo _~EoL2, 
L§ - L2 - u~ L2 2 - tlo 

Therefore the terms in eq, (3,5) can be simplified as 

Thus, eq, (3,5) will become 

,!ole neglect the second term on the left comparing it with the first and 

then get 

Comparing (LI - L2)e-21<£1 with (L1 + L2) we neglect the former and 

obtain 
2u2e-2J<f~1 

EO = 0 , 
- LI(LI + L 2) 

Consider the exponential part 

L 2 E O 
" ,!ole neglect ~ comparIng wlth L 

"0 

That is e-21<£1 ~ e-2uo , 

Therefore, the final expression of the escape rate from the left well to the 

right well of fig, (3,2) is 

k = DEo ~ D2'llo2 e-2uo 

(/ - (LI + L 2)LI 
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calculated there, is the average time that a random walker, starting from 

Xo inside the initial domain of attraction, takes to leave the domain of 

attraction for the first time. At weak noise this MFPT, t(xo), becomes 

essentially independent of the starting point [9], that is, t(xo) ~ tMFPT 

for all starting configurations away from the immediate neighborhood of 

the separatrix. If we note that the probability of crossing the separatrix 

in either direction equals one half, the total escape time say Te equals 

2tu FPT. Thus the rate of escape k itself is given by k = 21 1 . Hence we 
MFPT 

can use the total escape time to the right or left concerning the potential 

in fig. (3.2) as 
1 

Ta(b) = k 
arb) 

(3.8) 

where ka and kb are respectively given by eqs. (3.6 and 3.7). This equation 

shows that Ta f= Tb for the potential with aSYlmnetry. 

As a consequence of the left-right aSYlmnetry in the escape time, the 

systell1~ develops directed motion in approaching towards stationary prob­

ability distribution, Peq '" e -;,~<;) , which is current free, if no density gra­

dients is present in the system. Thus, any initially localized distribution, 

say p(xo, to; x, t) = c5( x - xo)(t - to), evolves to the Peq( x), defined on the 

ratchet, with left and right boundary -Loo, Loo ~ L. In the sequence 

of the time scales, that characterize the Brownian motion in the over 

damped case, the shortest time scale corresponds to the intrawell relax-

ation time say T. The next time scale is related to the interwell tran­

sition times, Ta(b)' Finally, Too '" (ly- )Ta(b) defines the global relaxation 

time. Under condition e"~'Ir ~ I, the following hierarchy of time-scales 

holds, T ~ Ta(b) ~ Too, and the nonstationary transport takes place for 
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Ta(b) ~ t ~ Too. To describe the nonstationary transport we introduce 

t.he population of them-t.h well of fig. (3.1) as 

jL(m+l) 

nm(t) = p(x, t) dx 
L(m) 

and write the kinetic equation: 

(3.9) 

Vlfe transform n", in the discrete space to n( x) in continuous space co-

ordinate for small L by Taylor expansion of n( x + L) and n( x - L) in 

powers of L and obtain the coarse grained equation: 

on(x,t) ~ _Von(x,t) +iJo2n(x,t) (3.10) 
m fu fu2 

with V = L(ka - kb) and iJ = bL2(ka + kb). Eq. (3.10) shows that 

the ensemble of Brownian particles moves with a constant velocity 17 , 

which depends upon what we define as the net escape rate, k+ = ka - kb. 

The distribution width that depends upon ka + kb is described by the 

renormalized diffusion coefficient D. 

Using their corresponding values in eq. (3.6) and eq. (3.7) we get an 

expression for the net escape rate explicitly as 

(3.11) 

vVe now look for the particular L1 and L2 relation that gives the largest 

net escape rate. Let L2 be fixed and Ll varies. That is 

where 
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dk+(LJ) = _ C (~_~) + C (-1/LI2) . 
dL I (LI + L 2)2 Ll L2 (Ll + L 2) 

\Ve know that dk;l~d = 0 at the maximum or minimum value of k+. 

This implies that 

(3.12) 

\Vhen we compute d2klftl at Ll = L2(1 + 12), we obtain a value which 
1 

is greater than o. This shows that k+ takes the maximum value to the 

left when LI = L2(1 + 12) and takes the maximum value to the right 

1 L - L2 
W len 1 - (1+v2)" 

Now we substitute Ll in eq. (3.11) by (1:~) and find the maximum net 

escape rate to the right: 

(3.13) 

Let us suppose that the ratchet potential we are dealing with is symmetric 

in such a way that LI and L2 in eq. (3.6) or eq. (3.7) are substituted 

by Lo = (Ll~L2). In such a case the expression for the escape rate to the 

right which is also that to the left will be found as 

(3.14) 

'vVe express Lo in terms of L2 : 

\;I,Then we divide k~]QX by ko, we obtain 

(3.15) 
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From the observed result we see that the maximum net escape rat.e that 

can be extracted due to potential asymmetry is as large as ko. Since the 

nonstationary transport velocity is directly related to the net escape rate 

(17 = L( ka - kb) = Lk+), the largest possible value of 17 is when k+ = ko. 

In other words, the fastest nonstationary transport that can happen for 

the classic ratchet potential is when k+ = ko. 

In the next chapter, we will introduce our model ratchet potential, 

find the right- and left- escape rates and then find the corresponding net 

escape rate. This will then enable us to find the nonstationary transport 

velocity for our model ratchet potential and compare this with that of 

the classic ratchet potential. 
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Chapter 4 
Asymmetric Barrier Subdivision in a Periodic Poten­

tial 

As we tried to explain at the beginning of chapter two, the escape rate 

of the Brownian particle from a state of local stability to its neighbor­

ing minima can happen only via noise-assisted hopping events. vVe also 

mentioned that the respective barrier height that separates the adjacent 

minima is usually much greater than the thermal energy kBT and the 

reaction proceeds with a very small rate. But this reaction can turn out 

to proceed at a substantially higher rate by a mechanism developed by 

j\lIulugeta B et al. [15J. The mechanism is subdividing the barrier height 

along the reaction path into a number of discrete steps each requiring a 

smaller barrier crossing without changing the total height and width of 

the barrier. The effect of this mechanism for a model IV -shaped simplified 

bistable potential was verified in their study [15J. That is, subdividing 

the barrier increases the escape rate that attains a maximum value at 

the optirnal number of barrier subdivision. This result is much greater 

than the escape rate over the potential barrier for the original ,iV-shaped 

potential of no barrier subdivision. 

In chapter 3, we have discussed the nonstationary transport of Brow­

nian particles by internal white noise in the classic ratchet potential ad­

dressed earlier in [7J. As was shown there, it is the right-left asymmetry of 



the inter-well mean first passage times (or equivalently ('scap(' rat.('s) for 

the Brownian particles in a ratchet pot.cntial Hnde]' inte],llal whiLe' Il()is(' 

that gives rise to the nonstationary transport. The right-left. aSYlllllwt.r,Y 

of the MFPT, in this case, occurs as a result. of t.ll(' spaJ.ia.l aSYllllllC't.ry 

of the ratchet potential. But, now, hased on thp pH·pet. of the Ilwcha-

nism of barrier subdivision shown in [15] we envisage hpre an alt('l'llaLiw 

scenario where the asymmetry of the interwell MFPT COllH'S frOlll as,Ylll-

metric barrier subdivision of a symmetric sa.wtoot.h-shaped poLell t.ial. III 

other words, we take a symmetric sawtooth-shapc~d pot.l'nLia.l shoWll III 

fig. (4.1), 

U(x) 

-2Lo o x 

Fig. (4.1). 

and then subdivide the potential hills on one sick only t.o gf't. a part.iclliar 

type of ratchet potential shown in fig. (4.2) . 

.... 
111-1 

. N-l 
Uo 

Fig. (4.2). 

. N-l 

m+} X 

'lVe expect motion of a Brownian pmtide over this lllOdd pot.('llt.ial t.o 
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have a unidirectional motion with a velocity of [.';reat.er Imt[.';ni tude Lilall 

in the classic ratchet potential shown in chapter 3. Tlw lllain hody of O\ll' 

work will dwell on quantitatively finding the strength of such unidin'('­

tionalmotion and comparing it with that of the classic rat.dld. pot.ential. 

4.1 Asymmetric barrier subdivision and their parameterization. 

To come to the calculation of the escape rates frolll one wdl t.o tll!' ad-

jacent well and vice versa over the potential barrier of fi[.';. ('1. 2), we first. 

consider an element of the potential shown in fig. (L1.1) which is a Sylll­

metric liV-shaped potential of barrier height Vo and width 2Lo wherl' Lo 

is each distance from the left minimum and the right. minimulll point.s to 

the central maximum points 0 shown in fig. (4.3). Vie t.hell subdivide, 

the potential barrier of fig. (4.3) on one side only and parameterize t.he 

subdivision in a physically reasonable manner so that. it b(,C:OI11('s t.]l!' l'J(.-

ment of the potential in fig. (4.2). The same procedure of approxilllatdy 

taking an element of the periodic potential as a histahle potplltial was 

used in the previous chapter on page 11 wlwn fimlin[.'; t1w ps('ap(' rat.('s. 

U(x) 
A 0 , 

Uo 

-Lo o x 

Fig. (4.3). 
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\Ve now subdivide the barrier between the ini tinl (ldt lllinillllll11) and th(' 

transition (central maximum) states into a serirs of slwdlcr (·()llll<'cl.illi', 

barriers of two equally spaced steps and leave the harrier bdwe(~n t.lw 

transition state and the final (right minimum) statp as it. is showll in 

fig, (4.4). 

... 
) 

iu, 

... --------~~---r--.----L~----____ ~L_ ____ ~~ x 
-L, -(a+b)-a o Lo 

Fig, (4.4), 

\Ve then parameterize the subdivision in a physically reasonable lWlllllt'r 

so that we can examine the effect of asymmetric barrier :-mbdivisioll otl 

the net escape rate to the right systematically. That. is we' choos(' U
1

, [i~ 

and the associated widths a, b (shown in fig. (4.4)) in such a way t.hat 

Uj > U2 and a > b. \Ve also choose ~ = (~2 to sirnplify the calculat.ioll. 

\Vith this choice the relations that we can havr aIllOlli', th(~ parallH't('rS 

UI , U2, Cl, b, Uo and Lo are 

La = 2((. + Ii 

from which one can also get ifJ, = ;", 
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\Ve introduce a parameter p defined as 

= U2 -~ 
P - 2U

l 
- 2a' 

\~That we have done so far concerns only the barrier subdivided into two 

equally spaced discrete steps. This can be generalized. That is we can 

accordingly subdivide the barrier into N number of equally spaced dis­

crete steps so that the relations among the parameters for N > 2 will 

be 

La = Na+ (N -l)b, (4.1a) 

Ua = NUl - (N - l)U2, (4.1b) 

_ (N - 1) U2 (N - 1) b 
p = NUl = Na . ( n4.1c) 

Such parameterization is physically reasonable as it not only keeps the 

barrier height and its width fixed, but also keeps the area under the 

barrier approximately constant as N is varied. The aim is, given Ua and 

La, to find the net escape rate for different values of barrier subdivision 

consistent with the high barrier limit. vVe thus use the SUSY method 

and find first the escape rate to the right and then to the left. 

4.2 The escape rate to the right 

The problem of calculating the rate at which a Brownian particle escapes 

from the left well to the right well surmounting the subdivided potential 

shown in fig. (4.4) is handled by considering the right minimum as ab­

sorbing boundary and the left at infinity as reflecting boundary as shown 
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in fig. (4.5). Such type of consideration is usual in such t.ype. of prohl('1l1. 

U(x) 

~ A, 

U,' 

L, 

Fig. (4.5). 

The supersymmetric 'partner' potential 11_ (:1:) of tll(' pot.ential shown in 

fig. (4.5) is calculated using the formula in Pq. (2.17) aile! ShOWll ill fig. 

( 4.6). 

Y(x) 

-Lo -(a+b)-a o x 

Fig. (4.6). 

If we require that 1l0l = ~f3Ul and 110 = ~(3Uo, then 

{ 
(= J2 + ~[6(x + 2a + b) - 6(J' + a + b) + 8(:" + a)) - ("'-'- + ""- )0(:/), V_(:r) = a a 1/ /'11 

(""-)2 
La ' 

if ;1" < II' - , 

.1" - II. 

(II.:!) 

(Note that we have made the slope to the left of :I: = - L[) ('qllaJ t.o _I:,' , 

as we have done in chaptpl" 3 to find k".) 

The corresponding Hamiltonian H _ (:1:) iii 

d2 

H-Cc) = --1 2 + 11_(:1:) 
( :1: 
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and the corresponding Euclidean Schrodingcr equation to hc' sol vee! is 

(1.:3 ) 

Therefore we find E~ by solving eq. (4.3) in each of the following I'q>;ions: 

Region I Region II 

-(2a+b) -(a+b) 

Let the solution(s) in: 

-region I be denoted by 'Po( x), 

Region III Region iv Region v 

-a o x 

-region II near x = -(2a + b) be denot.ed by <p(J'(;/:), and ;r = -(II + h) 1)(' 

denot.ed by 'Pl(:r), 

- region III near x = -(a+b) be denoted by <pd:r) and that near ;1; =-(1 

be denot.ed by 'P2(X), 

- reglOn IV ncar a: = -(L he denoted by 'P2'(:r) and that lW<l1' ;/: () hC' 

denot.ed by 'P3(X), 

-region v be denoted by 'P(a:). 

Choosing two solutions in the same region iii adv<lntagc,olls whell wc' 11SC' 

transfer matrix met.hod. Thus solving eq. (4.3) ill ('neh of til<' regions wc' 

can write the respective solution as: 

(x) - A' e- K (x+2 a+b) + n' ,,(,,+20+b) 'PO" - 0 of', 
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where K = jU~i2 - E~, q = j~~:~ - E~, Ao, Bo, A~, Bb, AI, B I , All, B;, 

A2 , B 2 , A~, B~, A 3 , B 3 , A and B are constants to be determined from the 

boundary conditions. 

The wave functions in the adjacent regions of each boundary formed 

due to delta potentials are continuous at each of the respective bound­

aries. So we match the ground state wave functions of the adjacent re­

gions at each of the respective boundaries. vVe also use a relation between 

the derivative of the functions at the boundary of the adjacent regions 

that can be obtained from integration of eq. (4.3) across each boundary 

wherever there is the delta potential. These boundary conditions can be 

written in equation form as: 

a) 'PO(x) = 'PO' (x) at x = -(2a + b), 

b) 'POI (x) = 'PI(x) in region ii, 

c) 'PI(x) = 'PII(x) at x = -(a + b), 

d) 'PV(x) = 'P2(x) in region iii, 

e) 'P2(x) = 'P21(X) at x = -a, 

f) 'P2/(x) = 'P3(x) in region iv, 

g) 'P3(x) = 'P(x) at x = 0, 

1) d<pOI(x) d<po(x) - 2 lIOI t ,- (2 b) 
1 dx - ~ - a'PO(x) a x - - a + , 

1
') d<pll(x) d<pl(x) - 2UOl t ,- ( b) 

dx - ~ - - a'PI(x) a x - - a + , 
j) d<P2

1
(x) _ d<p2(x) _ 2.'!Ql(() at x = -a, 

dx dx - a r2(x) 

k) d<p(x) _ d<p3(x) = _(.!!.Q. + .'!Ql) at x = ° 
dx dx Lo a 'P3(x) . . 
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From the boundary conditions expressed in (a) and (h) we obtain 

A~ + Bb = Ao + Bo 
and 

which can be simplified to 

and 

or 

where 0: = !!.ill. 
an, 

From b) we have 

which implies that 

and 

or 

A' - ( 1(01)A 1101 B 0- 1-- 0-- a 
ClK ClK 

B ' - 1101 A (1 'llOl)B 0-- 0+ +- a 
ClK ClK 

(
1 - 0: -0:) (Ao) 

0: 1 + 0: Bo 

(AI) (e- Ka 

~) (A~). BI 0 e"" Bo 
From the boundary conditions in c) and i) we have 
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and 

This implies that 

and 

B' - UOI A (1 '(01 )B 1 - -- 1 + - - 1 
ar;, ar;, 

or 

(A~) = (1 + 0' 0') (AI), 
Bl -0' 1 - 0' Bl 

(4,6) 

Now the condition in d) is applied, 

That is 

which implies that 

and 

or 

(A2) (e-"b 0) (A~) 
B2 0 e"b B;' 

From, the boundary conditions in e) and j) we get 

and 
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which can be simplified to 

(A~) (1 -Ct -0;) (A2). 
B2 0; 1 + 0; B2 (4.8) 

From f) one can finally arrive at 

(4.9) 

Finally we consider the boundary conditions expressed in g) and k) 

that lead to 

and 

or 

(4.10) 

where 

( 

1 + " + "01 + Uo 2" 2g 2ag 2Loq 
Q= 

1 Il. liOl tio 
2" - 2q - 2ag - 2L01 

(4.11) 

~---

1 -. /u0
2 EO anc q - V L02 - -' 

Now we have got eqs. (4.4 - 4.10). vVe combine them using transfer 

matrix method. That is we start with eq. (4.10) and substitute (~:) in 

it by its value in eq. (4.9) and obtain 

(A) = (Q11 Q12) (e-"a ~,,) (A~). 
B Q21 Q22 0 e B2 

Now we substitute (~1) by its value in eq. (4.8) and obtain 
2 

(A) (Q11 Q12) (e- tw 0) (I-a -0;) (A2) 
B - Q21 Q22 0 e"a 0; 1 + a B2 ' 
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One can keep on doing the same thing and finally get an equation: 

(A) (Qll Q12) (e-"" 0) (I-a -a) (e-"b 0) 
B Q2l Q22 0 e"a a 1 + a 0 e"b 

(1 + a a) (e-"a 0) (1 -a -a) (Ao) -a 1 -a 0 e"" a 1 + a Eo· 

This equation relates the amplitudes of the ground state wave function 

in the left region of x = -Lo: 

with the amplitudes of the wave function in the right region of x = 0: 

Here we require Ao = B = 0 so that we can have a well behaved function 

as Ixl --> 00. So the equation that we will be dealing with is 

( 4.12) 

where 

L = (Qu 
Q2l 

o ) (1-a -a) 
e"a a 1 + a 

(4.13) 

and 

T = (e-"b 0) (1 + a a) 
o e"b -a 1 - a 

(
e-"a 0) (I-a -a) 
o e"a a 1 + a 

( 4.14) 

'vVe started with the barrier subdivided into two steps and obtained 

the relation between (~) and (~J as shown in eq. (4.12). One can do 
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similarly for the barrier subdivided into N > 2 nUlTlber of steps and get 

a general relation for N > 2 as 

or 

(A) = (NIll 
o 1\Ib 

( 4.15) 

where 

( 
Nill j\112 ) 

LTN- l= . 
1\;[21 j\122 

( 4.16) 

From eq. (4.15) we have 11112EO = A and 1\;[22Eo = O. 

This implies that 

( 4.17) 

for the fact that Eo = 0 gives a trivial solution. 

From eqs. (4.13,4.14 and 4.16) we obtain 

(4.18) 

and 

L= ((1-a)QIle-,a+Q12ae,a Qll(-a)e-,a+ Q12(l+a)e,a), (4.19) 

(1- a)Q21e-,a + Q22ae,a Q21(-a)e-,a + Qn(l + a)e,a 

( 

(1 - ( 2)e-,(a+b) + a 2e,(a-b) -a(1.+ a)c,(a+b) + a(l + a)e,(a-b)) 
T = . ('1.20) 

-a(l - a)e-,(a-b) + a(1 - a)e,(a+b) (1- ( 2)e,(a+b) + a 2e-,(a-b) 

vVe find the elements of matrix T N - 1 by decomposing matrix T as a 

product of three matrices as used in [15J. 

~~~::ei~~ T (~~T' 0 ) provided that Al and A2 are the eigenvalues of T 
o A2 

that are given by 

(4.21a) 
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(4.21b) 

and R is the right eigenvector of T that are expressed as 

( 4.22) 

and r is the inverse of R which is the left eigenvector of T: 

( 4.23) 

\Vith the decomposition T = RAJ', T N - 1 will, therefore,become 

where 

(R ,(N-I) R ,(N-I) 
" 111'1lAI + IZI'21Az Tj,-I = 

(N-I) (N-I) 
R21l'll A, + Rzz 1'21 Az 

R ,(N-I) R >f N - I)) 
111',Z A , + I2 1'ZZAZ 

R ' >fN-I) + R ' >fN-I) . 
21712A1 22122/\2 

(4.24) 

We, therefore, substitute L 21 , L22 , Tif- 1
) and TJ~v-I) in eq. (4.18) by 

their corresponding values from eqs. (4.19 and 4.24) and then equate it 

to O. That is 

R Q ,(N-I) "a R Q ,(N-l) na R Q ,(N-l) n" 0: 121'22 22A2 e - 0: 211'12 21Al e- - 0: 221'22 2//\2 e- + 

( )R Q ,(N-l) "a ( )R Q ,(N-I) f'" 1 + 0: 211'12 22/\1 e + 1 + 0: 221'22 22A2 e = O. 

Substituting l' and R by their respective values from eqs. (4.22 and 4.23) 

will yield 

T ( ' N-l ,N-I)[(l )Q -tOa Q tOll] 12 A2 - Al - 0: 21e +0: 22e + 
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This is the equation that we will be using to evaluat.e E~ ll1uncrically, for 

a given 1(0, Lo, p and N. The escape rate to tlw right, /\Il i:-; t.hell givnl 

by Aa = DE~ 

4.3 The escape rate to the left 

The problem to be solved in this section is more or less similar to that we 

have gone through in section 4.2 except that this t.iIlle escaping is frolll 

the right well to the left well of the potential showII in fig. (4.4). The 

boundary condition that we have to consider is thus the vice versa of t.he 

previous one. That is, the left minimum at x = - Lo is t.akcll a,~ absorbing 

boundary whereas the reflecting boundary is considered at infillit.y froIll 

the right side as shown in fig. (4.7). 

U(x) 
Ab 

... 

lUI 

Fig. (4.7). 

x 

The supersymmetric 'partner' potential 11_ (x) of the potential shown in 

fig. (4.8) V-ex) 

~ 
I I I 

-(a+b) -a 0 L, X 

Fig. (4.8). 
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is found from the formula in eq. (2.17). If we re<jllin' that 1101 &/3U 1 

and Uo = ~(jUo, then 

{
("OJ. )2 + ~ [-8(.1: + a + b) + 8(:z: + (l) I - ("ill. + "<L )iI(.r), 

V_ (x) = a a a ['0 

( !'.ll)2 + .2!'Jl8(x - L ) Lo Lo 0 , 

if.r'OlI: 

:r > II. 

The corresponding Hamiltonian H_(:r) is 

d2 

H_(x) = --I 2 + V_(:z:) 
ex 

and the corresponding Euclidean Schrodinger equation is 

'Ve find EO! by solving eq. (4.27) using transfer matrix !1H'thocl in the' 

regions shown next 

Region I I Region II I Region III Region iv Region v 
I 

-(a+b) -a Q Lo 

Let us denote the solution as <PI (:r) in the left region of :r = - (0.+/1) a.nd 

<p~(x) in the right region of x = L Q. In each of the rest thn)(' regions We' 

choose a pair of solutions at different positions with different amplitlldr)s. 

Let the solution( s) in: 

-region II near x = -(a + b) be denoted by <pd:r) and that llf'<Lr :1: = -1/ 

be denoted by <P2(X), 

-region III near x = -a be denoted by <P2'{:Z:) and lWaJ" :/: = 0 1>(' dC'llot.r'd 

by <P3(X), 

-region iv near x = 0 be denoted by <p:;{r) andllf'ar :t: = Lo ])(' rkllot.r'd 

by <P4(X). 

So we solve eq. (4.27) in each regIOn and write t.he COIT('s]lOl}(iing 

solution using the above notation as: 
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() A' -qx B' qx 'P3' X = 3e + 3e , 

'P4'(X) = A~e-q(x-Lo) + B~eq(x-Lo), 

1 . /"01' EO' -. /t/o' EO' A B A' B' A B A' B' wlereK=y--;;:s-- -,q-YL
o
'- _, i, 1, 1, i, 2, 2, 2, 2, 

A 3, B 3 , A;, B~, A4 , B4 , A~ and B~ are constants to be determined from 

the boundary conditions. 

The wave functions in the adjacent regions of each boundary formed 

due to delta potentials are continuous at each of the respective bound-

aries. So we match the ground state wave functions of the adjacent re­

gions at each of the respective boundaries. vVe also use a relation between 

the derivative of the functions at the boundary of the adjacent regions 

that can be obtained from integration of eq. (4.27) across each boundary 

wherever there is the delta potential. These boundary conditions can be 

written in equation form as: 

a) 'P1(x) = 'P1'(x) at x = -(a + b), 

b) 'Pi'(x) = 'P2(x) in region ii, 

c) 'P2(x) = 'P2' (x) at x = -a, 

d) 'P2'(x) = 'P3(",) in region iii, 

e) 'P3(",) = 'P3'(x) at x = 0, 

f) 'P3'(x) = 'P'l(x) in region iv, 
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g) 'P4f (X) = 'P4(X) at x = La, 

h) d<plf(x) _ d<pl(x) = _ 2.'!Ql(nl (,,) at x = - (a + Ii) 
dx dx a r x , 

.) d<p2f (x) d<p2(x) _ 2 !lOI t .-
1 ~ - dx - a'P2(x) a x - -el, 

.) d<p3
f
(x) _ d<p3(x) - _(.'!.Q. + .'!Ql) at x - 0 J dx dx - Lo ,,'P3(x) . - , 

1) d<P4f(X) _ d<p4(x) - 2.'!.Q. (.) t . - L 
C dx dx - Lo 'P t ! x a x-a· 

vVhen we use the boundary conditions a) and h) we obtain 

and 

This is equivalent to 

and 

or 

(BA~I) = (1 + 0: 0:) (A ) -0: 1- 0: B: 
where 0: = .'!Ql. 

"fO 

From b) we obtain 

and 

or 
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From the boundary conditions expressed in c) and i) we obtain 

and 

which is equivalent to 

(
1 - 0; -0;) (A2). 

0; 1 + 0; B2 
( 4.30) 

From d) we obtain 

A _A' -IW 
3 - 2e 

and 

or 

(A3) (e-1W 0) (A~) 
B3 0 e"a B~' 

(4.31 ) 

From e) and j) we get 

and 

I I (tlOl uo)( ) -qA3 + qB3 + KA3 - KB3 = - - + - A3 + B3 
a Lo 

which is equivalent to 

( 4.32) 

where 

( 4.33) 
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From the boundary conditions expressed in c) and i) we obtain 

and 

which is equivalent to 

(A~) (1- a -a) (A2) 
B~ a 1 + a B 2 ' 

( 4.30) 

From d) we obtain 

and 

or 

(4.31 ) 

From e) and j) we get 

A~ + B~ = A3 + B3 

and 

which is equivalent to 

( 4.32) 

where 

( 4.33) 
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From f) we obtain 

A -A' c-qLo 
4 - 3 

and 

or 

(~:) C-~LO c~LO) 
From g) and k) we get 

and 

which is simplified to 

where 15 = J1JL. 
Loq 

(A~) B' . 
3 

(4.34) 

( 4.35) 

As we did in section 4.2, we combine here also eqs. (4.28-4.35) into 

one equation that relates (~!) with (~:). So substituting eq. (4.34) into 

eq. (4.35), we obtain a relation between (~~) and (~D. vVe keep on 

substituting until we arrive at the equation: 

(~!) = (1 15 15 1 ~ 15) (e-~LO e~LO) (~~~ ~~:) (c~ha c~a) 

(1-0; -0;) (e- hb 0) (1+0; 0;) (AI) (4.36) 0; 1 + 0; 0 c"b -0; 1 - 0; B I . 

Here we demand Al = B;j = 0 in order that we can have a well behaved 

function as Ixl --+ 00. Thus eq. (4.36) becomes 

( 4.37) 
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where 

S=(1-0 _o)(e-QLO O)(Qll Q12) 
o 1 + 0 0 eqLo Q21 Q22 

(4.38) 

and 

W = (e-"a 0) (1 -DC -DC) 
o e"a DC 1 + DC 

( 
e-"b 0) (1 + DC DC) 

o e"b -DC 1 - DC 
( 4.39) 

From eq. (4.37) we can conclude the general expression that relates the 

amplitudes of the groundstate wave functions at the left of x = - (a + b), 

(~'), with that at the right of x = L o, (~), for the barrier subdivided into 

N> 2 as 

That is, 

( 4.40) 

where 

(4.41 ) 

From eq. (4.40) one can obtain 

1v112
1 B = AI and i11&2B = O. B = 0 results in trivial solution. Thus we 

require J11&2 = O. That is, 

where 

and 

( 

Qll(1-li)e-qLO - Q21lieQLo Q!2(l-li)e-qLO - Q22DeqLo) 

S = Qlllie-qLo + Q21(1 + li)eqLO Q12lie-qLO + Q22(l + li)eqLo 

( 4.42) 

(H3) 

0'(1 - O')e-,(aH) - 0'(1 _ a )e-,(a-b)) . 

(1 - O'2 )e,(aH) + O'2 e,(a-b) 

( 4.44) 

44 



Following the same method that was used to find the elements of TN-I, 

eq. (4.24), in section (4.2) we obtain 

nrN- 1 = (D I \ I(N-l) D d \ I(N-l) 11(ll"l + 12 21A2 

/N-t IN-l D 2dll Al ( ) + Dnd21 A2 ( ) 

D I \ I(N-l) D I \ I(N-l)) 11 (12-'1 + 12( 22A2 
(4.45) 

D I \ I(N-l) D I \ I(N-l) 
21 (12"1 + n( 22A2 

where A!' and A2' are the eigenvalues of 'V which are expressed as 

(4.46a) 

(4.46b) 

and D is the right eigenvector of'vV and d is the inverse of D: 

( 

1 
D= AI'-Wll 

W 12 

(4.47a) 

and 

d = (/\2',- TVI,l) ( ,1 - A)~~~ll') . (4.47b) 
A2 - Al _(A1 -Wl1) 1 

W12 

Hence putting for 5 21 , TVI2N- l , 5 22 and Hl22
N- l their corresponding 

values in eq. (4.42) one can obtain an equation: 

W12 (A;(N-ll - A'I(N-ll) [e- qLo8Qll + eqLO(l + 8)Q2d 

+ [(/\; - Wl1)A~N-ll - (A~ - Wll)A~(N-ll] [8QI2e- qLO + (1 + 8)Q22eQLo] = O. 

( 4.48) 

For a given uo, La, p and N, root of this equation will give us the value 

of E~. The escape rate to the left, Ab, is then given by Ab = DE~ 

In the following chapter, the inter-well escape rates will be evaluated 

numerically for various kinds of potential profile, that is, for different 

values of Uo, P and N. These local escape rate values will then be used 

as an input to determine the unidirectional motion that arises for non-

stationary transport. This result of unidirectional motion will then be 
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compa.red with the unidirectional motion one finds for the classic ra.tchet 

potential. 
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Chapter 5 
Results and Discussion 

5.1 Effect of asymmetric barrier subdivision on the net escape 

rate 

Now we consider eqs. (4.25 and 4.48) which contain variables E~ and 

EO:, respectively. In these equations the total barrier height 1£0, the slope 

of the local barrier height p, and the width under the potential from the 

maximum to either the right or the left minimum point Lo are assumed 

to be known. The parameters 1£0l, a and b are expressed from eqs. (4.1a 

and4.1b or 4.1c) in terms of lto, La = 1, P and N as 

'1 - liD , - Lo 'b _ pLo 
101 - N(I-p) ' a - N(J+p) , - (N-I)(J+p)' 

vVe have solved these equations, eq. (4,25) and eq, (4.48), numerically 

for E~ and EO:, respectively, using a FORTRAN program on a computer 

for specified values of 'Uo, La, and N, The corresponding escape rates are, 

therefore, expressed from the relation /\0 = DE~, discussed in section 2.2, 

That is the escape rate to the right denoted by /\" is 

(5.1) 

and the escape rate to the left denoted by /\b is 

(5,2) 

where D is the diffusion coefficient. 
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Vve denote the amount by which escape rat(' to thC' rir;ht f'x('('('ds ('s('ap<' 

rate to the left by /\+ given by 

(5.3 ) 

'vVe call A+ as net escape rate. This net escape ratC', /\+, is !lOW ('ollipan'd 

with the escape rate, A~, from one well to the adja('('llt w<>ll for t.h(' PO­

tential of no barrier subdivision as a function of p, IIU and N. Fir;. (5.1) 

is a plot of the ratio ~ versus N for fixed p and various valu('s of /1.11 
a 

p=0.8 

+ + + 8 + uo= 10.0 + 
+ 

+ 
+ + 

'* '* '* '* u0=8.0 '* '* 6 '* '* '* 

"A)ta 
+ 

<> <> <> <> 
u0=6.0 <> 

<> 
<> <> 

'* <> 

4 -

<> 
X X X 

X 
X u0=4.0 X 

:< 
X 

" 
X 

2 ~ 
, 

-~ ~-- I __ L __ 

5 10 15 20 

N 
Fig. (5.1). 
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while fig. (5.2) is plot. of the same variahles for fixed Il.() and various valu('s 

of p. 

8 + 

+ 

000 
o 0 

6 
p=O.8 <1> <> 

<> 0 

+ 

o 
4 

);();();( 

);( + 
p=O.6 );();( 

);( 

2 

);( 
);();( 

);();( 

x x x x x 
P=OA x x x x 

x x x x x 

o 5 10 15 20 25 30 

N 
Fig. (5.2). 

From the plot.s in both figures we see t.hat. /\+ aWies as a rl'slllt. of 

barrier subdivision. For the specified values of fI awl 'U.() tll<' lWll!:uit.lIe!e of 

A+ varies with the numher of ha!Ti(~r :mhe!ivisioll aIle! rt'ad}('s Illaxillllllll 

value at an optimal number of barrier suhdivision, Nol" At. t.he opl.iliial 

number of barrier subdivision, as shown in fil!:. (G.1), A+ is as I aTI!:(' as: 

3.3A~ for 1£0(= 4), 5.L\~ for 1l0(= 6), G.8A~~ for 'U.()(= 8) aile! ~U/\:: for 
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'llo( = 10). That is /\+ increases as 'llo increases and reaches a value as 

high as 8.3 times A~ for 'llo( = 10) while Nap remains constant (here 9) 

suggesting that the steepness of the local barrier height determines Nap. 

But for specified value of barrier height (in our case 'llo = 8), as shown 

in fig. (5.2), both optimal number of barrier subdivision Nap and the net 

escape rate A+ increases as p increases. 

(Note that in both figures we have chosen a > band Ul > U2 . This 

choice restricted N to have values greater than or equal to 2, 3, 6 and 11 

respectively for p equal to 0.4, 0.6, 0.8 and 0.9.) 

It is now appropriate to compare net escape rate for classic ratchet 

potential with the net escape rate for our model ratchet potential. The 

net escape rate for the classic ratchet potential is at most equal to /\~ and 

independent of 'llo. On the other hand, the net escape rate for our model 

ratchet potential depends on N, p and 1lo and can attain substantially 

large values. 

The results verified in fig. (5.1) and fig. (5.2) are general. Thus, 

there is an optimal value of barrier subdivision, Nap, at which the net 

escape rate to the right reaches the maximulTr value. This effect, the 

effect of asymmetric barrier subdivision on the net escape rate of the 

Brownian particle, has a consequence of a net unidirectional IIlOtion of 

the Brownian particle. ,Ve describe this motion for a potential of period 

2Lo shown in fig. (4.2) in the high barrier low noise limit. Each distance 

from the central maximum point to the adjacent right or left minimum 

point is equal to L o, and the barrier height is Uo. Therefore the rate 

at ~which the particle escapes from any well to the neighboring right or 
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left well over the respective barrier height is respectively denoted by /\" 

or /\b which is the same as the corresponding escape rates to the right 

and to the left found for the asymmetric barrier subdivided 'iV-shaped 

potential. As was verified for 'iV-shaped asymmetric barrier subdivided 

model potential A+ = /\a - Ab has a non-zero positive value that reaches a 

maximum value at an optilual number of barrier subdivision. The occur­

rence of A+ with non-zero value, as already discussed for ratchet potential 

in chapter 3, results in directed motion for the time scale which is much 

more greater than the :tvIFPT. So the motion of the Brownian particle in 

the asymmetric barrier subdivided model potential is likewise that in a 

ratchet potential of fig. (3.1). Hence the same coarse grained equation, 

eq. (3.10), can govern this motion. In this equation the constant velocity 

11 with which the ensemble of Brownian particles move was described as 

(5.4) 

The corresponding velocity denoted by v for the motion in the potential 

of fig. (4.2) is, therefore, described as 

(5.5) 

If we suppose L1 + L2 = 2Lo, then the escape rate to the right for the 

potential of no barrier subdivision shown in fig. (4.3), A~, is exactly 

equal to ko. ·Where ko is the escape rate to the right or left described in 

eq. (3.13). Thus the maximum net escape rate over the barrier of the 

ratchet potential of fig. (3.1) shown in eq. (3.15) is exactly equal to /\~ 

and the maximum possible velocity that can be attained clue to potential 

asymnletry is 

(5.6) 
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while the maximum velocity that can be attained for the motion in asym­

lnetric barrier subdivided model potent.ial which is reached at an optimal 

number of barrier subdivision is 

2L \ lila" 
V ma" = 0/\+ (5.7) 

where N;,ax is; for instance, 8.3/\~ when p = 0.8 and 1£0 = 10, 8.8/\~ when 

p = 0.9 and tto = 8. The value of N;"'x can increase than this when 'Uo 

increases. This shows that V max can be much larger than 11,,,ax' Therefore 

a Brownian particle can move with a substantially large velocity in our 

modified ratchet potential. 

5.2 The effect of asymmetric barrier subdivision on the current 

In the previous section we discussed the net escape rate, A+, that could 

occur as a result of asymmetric barrier subdivision. Now we discuss its 

effect on the probability current. Let us, therefore, consider fig. (5,3). 

Because of the net escape rate to the right, particles that are supplied 

to say ('In - I)-well with energy a few kBT below the barrier height Uo 

leave the well over the barrier to 'In-well after thennalization, In m-well 

also they are first thermalized and then removed to ('In + I)-well. In a 

similar way they move to the next well and so on until they are eventually 

renlOved by the sink at the right end. (Note that this process as we 

mentioned in chapter 3 takes place in a finite time which is much greater 

than the time needed for the escaping from one well to the adjacent well 

which in turn is much greater than the relaxation time in each well.) 

If particles are continuously fed into the well at the extrenle left by a 
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source, then clue to the net escape rate to the right they will move to 

the right and also removed continuously if a sink exists at the extreme 

right. This results in a steady-state current j. So we deal with a motion 

in which the net escape rate over the barrier is constant by considering a 

stationary situation in which a steady-state probability current from one 

well to the adjacent right well is lTmintained by a source and a sink. The 

total probability flux (which usually is normalized to one particle) over 

the barrier is given [9J by the product of the net escape rate frOlTl say 

m-well to (m + I)-well, A+, and the population of the m-well, n m . This 

can be written as 

(5.8) 

From this equation we see that as a result of asymmetry j, which is zero 

over the original "'V-shaped potential of no barrier subdivision, could 

increase until the maximum value is attained at an optimal number of 

barrier subdivision. 
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riel' heights and for local barrier heights of steeper slope. However, the 

optimal number of barrier subdivision is determined only by the slope of 

the local barrier height. 

The net escape rate that occurs as a result of asymmetric barrier sub­

division gives rise to the nonstationary transport of Brownian particles 

with a certain velocity. The possible maximum value of velocity was 

found to be much larger when compared with the corresponding velocity 

for the motion that takes place for the classic ratchet potential. 

Finally, we remark that we have devised a model ratchet potential 

through the mechanism of asymmetric barrier subdivision in which a 

random thermal noise could be used to produce a unidirectional motion 

or in other words to do a useful work. This result gives basic informa­

tion about how best useful work can be extracted from random thermal 

background. 
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