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Abstract

We discuss the statistical and squeezing properties of squeezed coherent state, squeezed
vacuum state and displaced squeezed vacuum state. We also study the quantum properties
of the superposition of squeezed coherent and squeezed vacuum states as well as the

superposition of displaced squeezed vacuum and squeezed vacuum states.

It so turns out that the mean photon number of the superposed state is the sum of
the mean photon number of the separate squeezed states. In addition, we note that the
superposition of a coherent state and a squeezed vacuum state is the displaced squeezed

vacuum state.

Furthermore, the superposition leads to a two-fold increase in the degree of squeezing.

Unlike the individual squeezed states, the squeezing occurs for 0 < r < %ln 2.

Vil



Acknowledgements

First of all, I would like to express my heart felt gratitude to Dr. Fesseha Kassahun, my
advisor, for his many suggestions and continuous support and friendly approach through
out this research. His tireless follow up and his consistent support will be in my memory

forever.

My strongest thank is also addressed to my mother Getenesh Assefa and my intimate
Friends. They are the backbone of my success. With out their push and support, this
stage is unthinkable to be fruitful.

[ am also thankful to Abubeker Ali for his patient support in collecting and sending
me my salary for entire two years.

viil



1. Introduction

Developing new states of light has been an important topic in quantum optics and
quantum information theories [7]. Squeezing is one of the interesting nonclassical features
of light that has been attracting attention and studied by many authors [1-10]. Hence,
there has been considerable interest in attempts to produce purely quantum states of
light such as squeezed states and the analysis of the quantum properties of these states

generated by various quantum optical systems.

In squeezed light the fluctuations in one quadrature is below the coherent level at
the expense of enhanced fluctuations in the other quadrature, with the product of the

uncertainties in the two quadratures satisfying the uncertainty relation [1, 4].

Squeezed states are produced by various optical processes such as subharmonic gener-
ation and second harmonic generation [1, 2]. These states exhibit the nonclassical feature
of squeezing.

Squeezed states have several potential applications such as in low-noise communica-
tions, precise measurements and detection of weak signals [8-10].

We discuss the statistical and squeezing properties of squeezed coherent state |7, r),

squeezed vacuum state |r) and displaced squeezed vacuum state |\, r).

We also study the quantum properties of the superposition of squeezed coherent and
squeezed vacuum states as well as the superposition of displaced squeezed vacuum and

squeezed vacuum states.



2. Squeezed States

It is possible to generate states of light in which the fluctuations in one quadrature is
below the coherent state level at the expense of enhanced fluctuations in the canonically
conjugate quadrature such that the uncertainity relation is not violated. Such states of
light are called squeezed states.

We consider here squeezed coherent state, squeezed vacuum state and displaced squeezed
vacuum state. We find the mean photon number, the normally-ordered variance of the

photon number and the quadrature variance of these squeezed states .

Moreover, using the antinormally-ordered characteristic function, we calculate the Q
function of various squeezed states. Finally, with the help of the resulting Q function, we
determine the photon number distribution.

2.1 Squeezed Coherent State

A squeezed coherent state is defined by

[y, r) = 8(r)1v), (2.0.1)
where 7 is a complex number and
§(r) = e3(@=a") (2.0.2)

is a squeeze operator, with r being the squeeze parameter taken to be real and positive

for convienence.

Observable quantities associated with a single-mode light are represented by operators
formed by taking Hermitian combinations of @ and af. The most important of these are

the plus and minus quadrature operators defind by
a, =a' +a, (2.0.3)

a_ =i(a' —a). (2.0.4)



These operators satisfy the commutation relation
lay,a_] = 2i. (2.0.5)

A single-mode light is said to be in a squeezed state if either Aa, < 1 or Aa_ < 1 such
that Aa,Aa_ > 1. A squeezed state for which the equality holds is called a minimum
uncertainity state.

2.1.1 The Q Function

The Q function is an important tool in quantum optics. Knowing this function, all
the nonclassical effect can be predicted and the different moments of the operators can
be evaluated. We now proceed to determine the () function for a squeezed coherent state.

The @ function is expressible interms of the antinormally-ordered characteristic function

as
1 * *
Qla*,0) = - / P2y (2)el= 050"), (2.0.6)
T
where the antinormally-ordered characteristic function ¢,(z) is defined by
da(2) = Tr(pe > %), (2.0.7)
This can be rewritten as
da(2) = Tr(|ly,r){y,rle "), (2.08)
where
5=yl (2.0.9

is the density operator for a squeezed coherent state. Using the unitarity property of the

squeeze operator and applying the trace operation, we obtain

Ba(2) = (y|le™" e O] y), (2.0.10)

where a(r) and a'(r) are defined by

a(r) = &'(ras(r) (2.0.11)



and

Applying the Baker-Hausdorff identity

- A1 A
AP — A+B+3IAB]

one finds
Ga(2) = €77 % (Y|eaplzdl (r) — 2*a(r)]]7).

Furthermore, taking the derivative of (2.0.11) with respect to r, we have

In view of the fact that

we see that

and

d . R
%aT(r) = —a(r).

(2.0.12)

(2.0.13)

(2.0.14)

(2.0.15)

(2.0.16)

(2.0.17)

(2.0.18)

These are coupled differential equations. In order to decouple these diferential equations,

we defferentiate once more (2.0.17) with respect to  and then we see

d? | )
ﬁa(r) =a(r).

The solution of this second order differential equation can be put in the form

a(r) = bye” + bye ™.

We then see that

(2.0.19)

(2.0.20)

(2.0.21)



and

This leads to

- . .

bl——§(a—aT)
and

- . .

bg——é(a—i-aT)

Substituting (2.0.23) and (2.0.24) into (2.0.20), we obtain
a(r) = acoshr — a'sinhr
and its complex conjugate is taken to be
a'(r) = a' coshr — asinhr.

Now inserting (2.0.25) and (2.0.26) into (2.0.14), we get

Ga(2) = e‘éz*z(ﬂezp[(z coshr 4 z*sinhr)a’ — (zsinhr 4 z* coshr)a]|y).

Applying the Baker-Hausdorff identity once more, we have
ba(z) =  exp[—2*zcosh®r — coshrsinhr(z*? + 2%) /2]

X (y|exp(z coshr 4 z* sinhr)a’

xexp — (zsinhr + 2" coshr)aly).
We then see that

¢o(2) =  exp[—z*zcosh®r — coshrsinhr(2*? + 2%)/2
+(v* coshr — ysinhr)z — (ycoshr — 4" sinh r)z*],
so that on combinig this result with (2.0.6), there follows
d*z

1
Qa*,a) = — / —exp|—2*zcosh?r — coshrsinhr(2*? 4 22)/2
T) ™

(2.0.22)

(2.0.23)

(2.0.24)

(2.0.25)

(2.0.26)

(2.0.27)

(2.0.28)

(2.0.29)

+(v* coshr — ysinhr — a*)z — (ycoshr — 4" sinh r — «)2*](2.0.30)



Thus on performing the integration employing the relation

d2
/ —Zexp[—az*z + bz + cz* + A2® + Bz*
T

1/2
_ {m] / p{abc;— fci:BBbQ] weo 2031
we obtain
Qlara) = M api—ata — tanhr(a® + 0% — 42— %) /2
+sechr(y*a + ya™) — vl (2.0.32)

2.1.2 Mean Photon number

We seek to determine the mean photon number for a squeezed coherent state. To this

end, the expectaton value of n is expressible interms of a squeezed coherent state basis as
(Ry = (y,rlataly,r). (2.0.33)
On account of the definition given by Eq. (2.0.1), this expression can be rewritten as
(n) = (v|8"(r)atas(r)|v). (2.0.34)
Applying the unitarity property of the squeeze operator
s(mstm =1 (2.0.35)
and using the definitions given by Eq. (2.0.11) and (2.0.12), we have
(i) = (yla'(r)a(r)]y). (2.0.36)
In view of (2.0.25) and (2.0.26), we get

() = (yla'aly) cosh® r — (v]a™|y) coshrsinhr

—(y|a®|y) coshrsinhr + (y|aa'|y) sinh?r. (2.0.37)
Arranging the operators in normal order employing the commutation relation

[a,a'] =1, (2.0.38)



one readily finds

(R) = |ycoshr — 4" sinh7|* 4 sinh? 7. (2.0.39)
2.1.3 Normally-ordered variance of the Photon number

The normally-ordered variance of the photon number is defined by
S (An)? = (02 ) — (R)? (2.0.40)

where :: denotes normal ordering of the quantum mechanical operators. For a squeezed

coherent state, the expectation value of : 72 : is expressible as
(2% :) = (y, rla™a?|y,r). (2.0.41)
In view of (2.0.1), we write
() = (13T ()ala2s()). (2.0.42)
Now applying the identity given by (2.0.35), for the squeeze operator, we have
(R2 ) = (y]8T(r)aTs(r)8T (r)a’s(r)8T (r)as(r) 5T (r)as(r)|y). (2.0.43)
On account of (2.0.11) and (2.0.12), we see
(- 2 2) = (yla"(r)a*(r)]y). (2.0.44)
Now taking into account (2.0.25) and (2.0.26), we can write
(: 12 :) = (y][a' coshr — asinh7]? x [acoshr — a' sinh7]?|7). (2.0.45)
Upon multiplication, there follows

(%) = 4(yla'aly) cosh? rsinh? r — 5 coshrsinh® r[(y]a'|y) + (v]a*|)]
+(y|a™|y) cosh? r sinh? r 4 4(v|aa?|y) cosh? r sinh? r 4 2sinh* r
+(v|a?a?|y) cosh* r — 2 cosh® r sinh r[{(y]|a"a|y) + (y|a'a®|y)]
+(y|a*|y) cosh? r sinh? r 4 4(v|a'a|y) sinh* r 4 cosh? r sinh? r

—(7y|a*|7) cosh® rsinh r — (y|a'?|~y) cosh® r sinh r. (2.0.46)



It then follows that

(:7%:) = —2cosh®rsinhr(y*y* +7*7) + 49*24* cosh® r sinh” r
+7*24% cosh® r — cosh® r sinh r(7*? 4+ 4?) + 4y*ysinh* r
+ cosh? r sinh® r(y* + 4**) — 5 cosh rsinh® (2 + 7*?) (2.0.47)

+4~*~ cosh? r sinh? r + 2 sinh® r + cosh? r sinh? r.
Employing this result along with (2.0.39), Eq. (2.0.40) can be put in the form

: (An)? ;= —cosh®rsinh7(y*? 4+ +?) — coshrsinh® r(49*% + 3+?)
+2+*vsinh® r + 2y*~ cosh? r sinh? 4 cosh? r sinh? r

—2 coshrsinh?® r(y*y + 7*v%) + v*24%sinh? r + sinh® r.  (2.0.48)

Now rearranging or collecting similar terms, the normally-ordered variance of the photon

number for a squeezed coherent state finally takes the form

: (An)? .= sinh®r(cosh?r 4 sinh®r) — cosh® r sinh (72 4 ~?)
— cosh 7 sinh® r[2(v*3y + v*4*) + (492 + 372)]

+7*ysinh®r(2sinh® 7 + 2 cosh® r 4 4"y sinh®r). (2.0.49)



2.1.4 Photon number distribution

The photon number distribution P(n) is the probability of finding n photons in a given

single-mode light. So that, the photon number distribution is expressible interms of the

Q function as!

T @271

n! da*mdan

P(n) = [Q(a", a)e*™]

o, (2.0.50)

Now in view of (2.0.32), this expression can be rewritten as

h 2n
P(n) = Se;! T@pr[—'}/'}/* + tanh T('YZ + '}/*2)/2}W
xexp[—a(a® + a*?) + b(y*a + va*)] o =a=0, (2.0.51)
where
1
a=3 tanhr, (2.0.52)
b = sechr. (2.0.53)
On account of the power series expansions
Z (2.0.54)
= Z : (2.0.55)
= Z (2.0.56)
k
Z (2.0.57)
!
expression (2.0.51) can be put in the form
SGChT _ * 4 tanh 2 *2 2
P(n) = eqpl= 7Y Htanhr (7P 4y7)/2]
l *k z+]bl~c+l 8271 ] )
Y 2i+k %2541 . 2 0 58
% z'j'k'l' dandarn (a “ )la:a =0 (20.58)

'For the derivatin of Eq. (2.0.50) see K. Fesseha, fundamentals of quantum optics(Lulu, United States
of America, 2008).
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so that carrying out the differentiation using the identity

o" m!
m m—n 2.0.
s = n)!.CE (2.0.59)

and applying the condition « = a* = 0 , we find

sechr

P(n) = " exp[_W*‘Hanh7"(’72+’Y*2)/2]
Lotk (o Yidg petl - | . |
Yoy*(—a) o (2i4+K) (25 + 1)
82itkn02itin. (2.0.60
x% R @t k=)l (2 4 1= i e (20.60)

Hence in view of the property of the Kroncker delta , we see
k=mn—2i, (2.0.61)

l=n—2j, (2.0.62)

and on taking into account that a factorial is defined for non negative integers, we have

tanh” r
P — . * h 2 *2 9
(n) om aoapn CEPIYY + tanhr (v 4+ 97 /2]
[n] ; [n] ;
(=1l A"b., (=1)n! by
_— nes —_—(—=)" 2.0.63
(Zaman e (S amoanter ™) eos)
where [n] = 5 for even n and [n] = (";1) for odd n. And hence, the photon number
distribution can be put in the form
tanh” r
P — o * h 2 *2 92
(n) om aaap  CEPITYY + tanhr (v 4+ 97 /2]
2
H,( DA (2.0.64)
V2 coshrsinhr
where
H (' 9)n 2 2.0.65
n(fﬂ)—km(ﬂf) (2.0.65)

is a Hermite polynomial of order n.
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2.1.5 Quadrature variance

The variance of the quadrature operators a, and a_ are defined as
(Aay)? = (a2) — (a4)? (2.0.66)

and

(Aa_)* = (a*) — (a_)? (2.0.67)

respectively. On account of (2.0.3) and (2.0.4), these quadrature variances can be rewrit-

ten in the form
(Aay)? =1+ 2(a'a) + (@) + (@%) — (a)* — (a")? — 2(a")(a) (2.0.68)

and

(Aa_)? =1+2(@a'a) — (a™) — (@%) + (a)* + (a")* — 2(a')(a). (2.0.69)
In a squeezed coherent state, the expectation values of a'? is expressible as
(') = (y,rla’y,r). (2.0.70)
In view of Eq. (2.0.1), we write
(@) = (18" (r)ats(r)v). (2.0.71)

Now applying the unitarity property of the squeeze operator given by Eq. (2.0.35), we
see that

(@) = (y]5%(r)ats(r)5(r)a's(r)|v). (2.0.72)
On account of (2.0.12), we can write
(@) = (v1a(r)lv). (2.0.73)
In view of Eq. (2.0.26), we see that

(@™ = (y|a™|y) cosh® r — 2(vy|a'a|y) coshr sinhr

+(7y|a*|y) sinh? r — cosh r sinh . (2.0.74)
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It then follows that

(a') = ~4*%cosh®r — 2y*y coshr sinh r

++%sinh? 7 — cosh rsinh 7. (2.0.75)

On the other hand, the expectation value of a' in a squeezed coherent state basis is

expressible as

(') = (v, rla'y,r). (2.0.76)
This expression is equivalently written as
(@) = (15" (r)a's(r)ly). (2.0.77)
In view of (2.0.12), we write
(@) = (ylat(r)). (2.0.78)
Taking into account Eq. (2.0.26), we see that
(@’ = (y|a'|y) coshr — (v|a|y) sinhr. (2.0.79)
This expression yields
(a"y = 4% coshr — 7 sinhr. (2.0.80)

Following a similar procedure and in view of (2.0.11), (2.0.25) or taking the complex

conjugate of Eq. (2.0.75) and (2.0.80), one can show that

(a®*y = ~4%cosh?r — 2y*vycoshrsinhr
+~*%sinh®r — coshrsinh (2.0.81)
and
(@) =~y coshr —~"sinhr. (2.0.82)

Upon substitution of (2.0.39), (2.0.80), (2.0.81) and (2.0.82) into (2.0.68) and (2.0.69),

the variance of the plus quadrature takes the form

(Aay)? = 2sinh®r — 2coshrsinhr + 1, (2.0.83)



from which, using the definition of hyperbolic sine and cosine, we have

627“ — 2+ 6—27‘
4 )
2r 6721"

4

sinh?r =

coshrsinhr =

In view of theses relation, expression (2.0.83) finally takes the form
(Aay) =e™™
and the variance of the minus quadrature turns out to be

(Aa_)? = e*.

13

(2.0.84)

(2.0.85)

(2.0.86)

(2.0.87)

We easily observe that, for » > 0, the variance of the quadrature operators show that

the fluctuations in the first quadrature are below the coherent and vacuum noise level

with enhanced flactuations in the second quadrature. It then immidiately follows that

a squeezed coherent states are minimum uncertainity states having unequal uncertainity

associated with each quadrature.
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2.2 Squeezed Vacuum State

A squeezed vacuum state is generated by the action of the squeeze operator on the

vacuum state:

r) = 5(r)|0), (2.0.88)

where §(r) is the usual squeeze operator.

2.2.1 The Q Function

We proceed to detemine the () function for a squeezed vacuum state. To this end, the

Q function for a single-mode squeezed vacuum state is expressible as
* 1 2 (z*a—za™)
Qa",a) = = [ d°z¢a(2)e : (2.0.89)
s

where the antinormally-ordered characteristic function ¢,(z) is defined by

¢a(2) =Tr (ﬁe‘z*dez‘ﬂ). (2.0.90)
This can be written as
da(z) = Tr(|r)(rle "), (2.0.91)
where
p=|r)(r| (2.0.92)

is the density operator for a squeezed vacuum state. Applying the trace operation and
using the definition for a squeezed vacuum state given by Eq. (2.0.88) and in view of the

identity (2.0.35), for a squeeze operator, we obtain
$a(2) = (0]~ 4 e |0), (2.0.93)

where a(r) and a'(r) are defined by (2.0.11) and (2.0.12). Applying the Baker-Hausdorff

identity given by Eq. (2.0.13), one finds

ba(2) = e 27" (0|explzal (r) — z*a(r)]|0), (2.0.94)
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So that introduction of (2.0.25) and (2.0.26) into (2.0.94), yields
Ga(2) = e 27 (Olexp[(z coshr 4 z*sinhr)a’ — (2* coshr + zsinh 7)a]|0). (2.0.95)
Now applying the Baker-Hausdorff identity once more, we have

¢a(2) =  exp[— zz* cosh®r — coshrsinhr(z*? + 2%)]
x (0|exp(z coshr + z* sinhr)a'
xexp — (zsinhr + 2* cosh r)al0). (2.0.96)
It then follows that
¢a(z) = exp| — 22" cosh® r — coshrsinhr(z* 4 22)]. (2.0.97)
On account of this result along with Eq. (2.0.89), there follows
1

Qa™, a) = — / d*zexp| — 22" cosh® r + z*a — za™* — coshr sinh r(2** 4 2%) /2]. (2.0.98)
T

Thus on performing the integration employing the relation (2.0.31), we find

sechr

Q<&*>O‘) =

exp| — a*a — tanhr(a 4 o) /2]. (2.0.99)
One can also arrive at the same result by setting v = 0 in expression (2.0.32).

2.2.2 Mean Photon number

We next proceed to derive the mean photon number for a squeezed vacuum state. In

view of (2.0.88), the mean photon number of the squeezed vacuum state is expressible as

(1) = (rlalr), (2.0.100)
which can be rewritten as
(i) = (013" (r)a'as(r)|0), (2.0.101)
where
n=d'a (2.0.102)
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is the number operator. Applying the unitarity property of the squeeze operator and on

account of (2.0.11) and (2.0.12), we have
(n)y = (0la'(r)a(r)|0). (2.0.103)
In view of (2.0.25) and (2.0.26), we write
() = (0]a'a|0) cosh? r — (0|a'?|0) cosh r sinh 7 + sinh?r
—(0]a?|0) cosh r sinh r + (0|a’a|0) sinh? 7. (2.0.104)

It then follows that
(R) = sinh?r. (2.0.105)
2.2.3 Normally-ordered variance of the photon number

We seek to determine the normally-ordered variance of the photon number for a
squeezed vacuum state. To this end, the expectation value of (: 72 :) in a squeezed

vacuum state basis can be expressed as
(%) = (rla™a®|r), (2.0.106)
so that using Eq. (2.0.88), we equivalently rewrite in the form
(: 02y = (0|5"(r)a®a25(r)|0). (2.0.107)

Applying the unitarity property of the squeeze operator and taking into account (2.0.11)
and (2.0.12), we have
(a2 ) = (0]a™(r)a?(r)|0). (2.0.108)

In view of (2.0.25) and (2.0.26), we write

(: 12 :) = (0|(a' coshr — asinhr)? x (acoshr — a' sinhr)?|0). (2.0.109)
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Upon multiplying we are left with

(%) = +8(0]a'a|0) cosh? r sinh? r 4 4(0|a™a%|0) cosh? r sinh? r
+(0]a™]0)) cosh® r sinh® 7 + 2 sinh® r + cosh? r sinh” r
—4(0|a'|0) cosh r sinh® r — (0]aa'|0) cosh r sinh® r
—2(0|a'|0) cosh r sinh®  — (0]aa|0) cosh r sinh® r
—2(0|a’a*)0) cosh® r sinh 7 — (0|a*|0) cosh® r sinh r
+(0[@*|0) cosh? r sinh? r — 6(0|a?|0) cosh 7 sinh® r
—(0]a™|0) cosh® 7 sinh r — (0|a!?|0) cosh® r sinh r
—2(0|a’a*)0) cosh rsinh® r + 4(0|a'a|0) sinh* r
+(0]a"?a?|0) cosh® r — (0|a'®a|0) cosh® r sinh . (2.0.110)
Putting the operators in normal order using commutation relation given by (2.0.38), we

obtain

(: A% 1) = cosh? rsinh®r + 2sinh*r. (2.0.111)

Employing (2.0.105) and (2.0.111) into (2.0.40), the normally-ordered variance of the

photon number for a squeezed vacuum state takes the form
. (An)? := cosh? rsinh? 7 + sinh*r. (2.0.112)

In view of (2.0.105), this expression can be put in the form
: (An)? :=n(2n + 1). (2.0.113)

We can also arrive at the same result by setting v = 0 in the normally-ordered variance

of a squeezed coherent state (2.0.49).
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2.2.4 Photon number distribution

Now applying (2.0.99) along with (2.0.50), the photon number distribution is express-

ible as
sechr  0°" 2, w2
Pln) — —a(erar ]y 2.0.114
(n) n! 804”804*"[ M =or=t ( )
In which
1
a= §tanh T. (2.0.115)

On account of the power series expansions

—aa? (_a)i i

paa? _ Z o (2.0.116)
—a) .

efaa*2 — Z ( a) 04*2], (20117)

J

expression (2.0.114) can be put in the form

sechr (—a)™ 9% o
Pn) = =72 gangge (@0 amee—o (2.0.118)

]
So that carrying out the differentiation using the identity given by (2.0.59) and applying

the condition a = a* = 0, one finds

sec hr —a)™ (29)! 27)!
P(n) = — Z( Z.!;! (25 _)n)! (2](. - )n)!égi,nézj,n. (2.0.119)

ij

Hence in view of the property of the Kronecker delta, we see that
; (2.0.120)

: (2.0.121)

and on taking into account that a factorial is defined for non-negative integers, we have

(—1)"n! tanh™ r

Pn) = 2”(%!)2 coshr

(2.0.122)

forn =0,2,4... and

P(n)=0 (2.0.123)
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forn=1,3,5...
We then observe that the probability of finding odd number of photons in a squeezed
vacuum state is zero due to the fact that the photons are always generated in pairs.
2.2.5 Quadrature variance
We next proceed to determine the quadrature variance for a squeezed vacuum state.
To this end, we find the expectation value 4. In a squeezed vacuum state, the expectation

values of a'? can be expressed as
(@) = (rla™|r). (2.0.124)
Using (2.0.88), we write
(a™) = (0[5 (r)a™5(r)|0). (2.0.125)
Applying the unitarity property of the squeeze operator given by (2.0.35), we have
(@) = (0]a™|0) cosh® r — 2(0|a'a|0) cosh 7 sinh r
4-(0]@*|0) sinh® r — cosh r sinh 7. (2.0.126)

It then follows that

(a™) = — coshrsinhr. (2.0.127)

In a similar way , one can show that
(a" = 0. (2.0.128)

Applying (2.0.127) and (2.0.128) along with their complex conjugate together with Eq.
(2.0.105) into Eq. (2.0.68) and (2.0.69), the quadrature variance for the plus quadrature

takes the form
(Aay)? = 2sinh®r — 2 coshrsinhr + 1. (2.0.129)

In view of (2.0.84) and (2.0.85), the quadrature variance for the plus quadrature finally
takes the form

(Aap)? =e ™ (2.0.130)



and the quadrature variance for the minus quadrature turns out to be
(Aa_)2 — 62r

showing that, for r > 0, the squeezing occurs in the plus quadrature.

20

(2.0.131)
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2.3 Displaced squeezed vacuum state

A displaced squeezed vacuum state is defined as

A, ) = D(X)S(r)|0), (2.0.132)
where
D()\) = M A (2.0.133)
and
S(r) = e2@-4") (2.0.134)

are the usual displacement and squeeze operators respectively.

2.3.1 The Q function

We now proceed to derive the QQ function for a displaced squeezed vacuum state. To

this end, the Q function for a displaced squeezed vacuum state is expressible as
* 1 2 (z*a—za™*)
Qa",a) = = [ d°z¢a(2)exp : (2.0.135)
s

where the antinormally-ordered characteristic function ¢,(z) is defined by

Gal(z) = Tr(pe =2 "). (2.0.136)
This can be rewritten as
Ba(2) = Tr(|A,r)(r, Ae™* %), (2.0.137)
where
p=|Ar)r Al (2.0.138)

is the density operator for a displaced squeezed vacuum state.
Applying the trace operation and using the definition for a displaced squeezed vacuum

state given by (2.0.132), we write

da(z) = (051 (r) DT (N)e= 24T D(X)5(r)|0). (2.0.139)
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Using the unitarity property of the squeeze and displacement operators, this expression

can be inturn written as
Ga(2) = (08 (r) DT (N)e = *D(N)3(r)s" (r) DT (A)e** D(A)3(r)|0).

In view of the transformations

st (r) DT (N)GTD(N)3(r) = sT(r)(al + A")3(r) = a(r) + A7,
Eq. (1.0.140) can be expressed in the form
ba(2) = (0lexp(—2*\ — z*a(r))exp(z\* + za'(r))]0).
On account of the identity given by (2.0.13), we write
1 * * *
Ga(2) = e:vp(—éz z— 2" A+ 2\")
x (0|exp[—2*a(r) + za'(r)]]0).
Taking into account Eq. (2.0.25) and (2.0.26), we have
1
Ga(2) = exp(—ﬁz*z — Z"A 4 2\Y)
x(0|exp[(z coshr + z* sinhr)a’
—(z* coshr + zsinhr)al[0).
Applying Baker-Hausdorff identity once more, we obtain

ba(2) =  exp[zA* — 2"\ — 2"z cosh®r
— coshrsinhr(2? + 2*%) /2]
x (0|exp(z coshr + z* sinhr)al

xexp — (2" coshr + zsinhr)al0).
It then follows that

ba(2) = exp[zA* — 2"\ — 2"z cosh® r — coshrsinh r(2% + 2*%) /2],

(2.0.140)

(2.0.141)

(2.0.142)

(2.0.143)

(2.0.144)

(2.0.145)

(2.0.146)

(2.0.147)
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so that on combinig this result along with (2.0.135), we have

* 1 dQZ * 2 * *
Qla*,a) = — | —exp[—z"zcosh®r + (A" —a¥)z
) w

+(av — A)z* — coshrsinh r(z* + 2*?)/2]. (2.0.148)

Thus on performing the integration employing the relation given by (2.0.31), the Q func-

tion for a displaced squeezed vacuum state finally takes the form

h
oee Texp[—a*a — A*A + tanh (A" a™ + A\«)

Q(a”,a) =
+Aa* + Mo — tanhr(a? + o + A2 + \*2)/2]. (2.0.149)

On the other hand, the displaced squeezed vacuum state can be casted into the form

of a squeezed coherent state. From the definition of a displaced squeezed vacuum state,

we have
A, ) = D(\)3(r)|0). (2.0.150)

Using the unitarity property of the squeeze operator

S(r)St(r) =1 (2.0.151)
and expanding the displacement operator in normal order
D(\) = e 2V eV (2.0.152)
the displaced squeezed vacuum state can be rewritten as
A7) = e NS ST e S (r) ST (r)e 48 (r)[0), (2.0.153)
so that on account of (2.0.11) and (2.0.12), we have
I\, r) = e 2V AG (1) (=N 1a) gy, (2.0.154)
Applying the Baker-Hausdorff identity and noting that
(2.0.155)

Aal(r), =\ a(r)] = A\,
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one obtains

A7) = g(r)e[kd*(r)*/\*&(r)]|o>' (2.0.156)

With the aid of (2.0.25) and (2.0.26), the displaced squeezed vacuum state finally takes
the form

Ay =S(r)), (2.0.157)

where

v = Acoshr + \*sinhr. (2.0.158)

This shows that the squeezing and the statistical properties of the displaced squeezed
vacuum state can be obtained from the squeezed coherent state by making use of Eq.

(1.0.158). So that one can obtain Eq. (2.0.149) by making use of (2.0.158) into (2.0.32).

We next seek to show that the displaced squeezed vacuum state is the superposition
of coherent state and a squeezed vacuum state. To this end, the Q function for the

superposition of coherent state and a squeezed vacuum state is expressible as

1 0
* — - d2 d2 * *
Q" a) 7T/ nd=yQ(n*,n + —an*)Q(v Y+ 87*)
xexp(—a‘a—n*xn—"y+a'n+an’

+a'y + oyt — 0ty —ny"). (2.0.159)

Using (1.0.99), one can write the () function for a squeezed vacuum state to be

. sechr . .
QY v+ 87*) = —eap[—y"y — tanhr(y” +77)/2]
. 0 ’
xexp[—y Fre tanh r(2787* + 87*2)/2]' (2.0.160)

On the other hand, we note that, the Q function for coherent states is given by?

1
Q(a*, a) = —exp|—a*a+ N'a+ Aa™ — A"l (2.0.161)
m

2for the derivation of Eq.(2.0.161) and (2.0.159), see K.Fesseha, fundamentals of quantum optics(Lulu,
United states of America, 2008).
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This expression is equivalently rewritten as

0 1 0 0
877*) 7Te;z:p(n n+Nn+ " —n 877*+)\ o A*A) (2.0.162)

Qn*,n+

Then in view of Eq. (2.0.160) and (2.0.162) expression (2.0.159) can be written in the

form
Qo a) = sec hr epl =0 aAN)
Vs
9’1 0% ) ) ) P s
— eap[=n =y A+ AT+ ot
+a'y+a(y’ +9")
* * a *
xexp(—n* + A )877* exp(—n+a —)n
8 2
X 2 —v+a—n), (2.0.163
exp[(—7" + CW)@'}/* + aav*]exp( Y+a—n)y, )
where

1
a=—3 tanh r. (2.0.164)

On account of the power series expansion
capl(—iy + X} g leap e
on*

= (=n"+X)" & (—n+a—y)n*
=> f 5 <P (2.0.165)

i

and carrying out the differentiation, we write

o
—exp(—n +a —)n" = exp(—=A"n+ Na — A"y). (2.0.166)

cxp(—n + 45,

In a similar fashion, we have

82

+a

o T g aepl=yFa =y

exp[(—7" + 2a7)

.
—7* 4 2a7) 22 + a2 .
s I ;lm Gl W (2.0.167)
j .
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Using Bionomial expansion, this expression can be written as

2
conl(—" + 201) - + aggleon(=y + o~y
B 1 J! . ok O o
E Z?%: G- R
xerp(—y + a —n)y*. (2.0.168)

Performing the differentiation, we obtain

82
+ aw]ew(—v +a—n)y

*

exp[(—7" + 2a7) e

= exp(—ay* + an® + aa’® — 2aam). (2.0.169)

Appling Eq. (2.0.166) and (2.0.169) into (2.0.163), we get

h
e Texp(—a*a — XA+ a)X + aa?)
d2?7 * * * 2
x [ —exp(—n'n+ An* + a*n — 2aan + an”) (2.0.170)
s

Q(a*’ CE) =

d2
X / %exp(—y*v + a*y — Ny + ay*?). (2.0.171)

Now performing the integration employing the relation given by Eq. (2.0.31) with respect
to v we have

sechr

exp[—aa — XA+ aX* +a(a® + a*?) + aA*? — 2aa* \*]
d27] * * * 2
X ?e:cp[—n n+ (o — 2ac)n + An* + an”]. (2.0.172)

carrying out the integration once more with respect to n and replacing the value of a, we

left with
Qa*, a) = expl—a’a — XA+ a* A + aX" + tanhr(a" A" + o))
T
—tanhr(a® + ™ + A2 + \*%) /2 (2.0.173)

which is in agreement with the Q function obtained in Eq. (2.0.149) verifying that, a
displaced squeezed vacuum state is the superposition of coherent state and a squeezed

vacuum state.
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2.3.2 Mean photon number

We are now in a position to determine the mean photon number for a displaced
squeezed vacuum state. To this end, the expectation value of the number operator n in a

displaced squeezed vacuum state basis is expressible as
(R) = (r,Na'a|\, r). (2.0.174)
In view of (2.0.132), we write
() = (0|57 (r) DY (N)afaD(N)3(r)]0). (2.0.175)
Applying the unitarity property of the displacement operator, we have
(n) = (0|37 (r)[a'a + Xa' + X a + A*\)5(r)|0). (2.0.176)

Moreover, using the unitarity property of the squeeze operator once again and taking into

account (2.0.11) and (2.0.12), we get
() = (0@’ (r)a(r)|0) + A(0[a’ (r)[0) + A*(0la(r)|0) + A*A. (2.0.177)
Applying (2.0.25) and (2.0.26), we see that

(Ay = (0]a'a|0) cosh? +(0|a'al0) sinh? r — (0]a'?|0) cosh r sinh 7
—(0]a?|0) cosh r sinh 7 + A(0]a’|0) cosh r — A(0|a|0) sinh r
+A*(0]@|0) coshr — A*(0|a’|0) sinh r + A\* X\ + sinh?r. (2.0.178)
It then follows that
(R = \*A\ + sinh®r, (2.0.179)

which is the sum of the mean photon number for a coherent state |[A) and the mean photon

number of a squeezed vacuum state |r), found in (2.0.105).
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2.3.3 Normally-ordered variance of the photon number

The expectation value of : 72 : for a displaced squeezed vacuum state is found to be
(:n2 ) = (r, Naa® |\, r). (2.0.180)
In view of (2.0.132), we write
(2% ) = (0[8"(r) DT (\)al*a* D(N)3(r)[0). (2.0.181)

Applying the unitarity property of the displacement operator and in view of the transfor-

mations given by Eq. (2.0.141) and (2.0.142), we have

(a%:)y = (0[sT(r)[a™a? + 22a™a + A% + 20 tata® + 4 hata

F2XN2aT + X267 4 2020 + A2A?)5(r)|0). (2.0.182)

Moreover, using the unitarity property of the squeeze operator and taking into account

(2.0.11) and (2.0.12), we get

Gt = 4NN0]al(r)a(r)]0) + 2X*X2(0]at ()]0)
FA*2(0[a2[0) + 202\ (0]a(r)|0) + A*2\2
+2X*(0la' (r)a*(r)|0) + (0la™(r)a*(r)|0)

+2X(0[a™(r)a(r)|0) + A*(0]a'?(r)|0). (2.0.183)
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On account of (2.0.25) and (2.0.26), one can see that
(:n?:)y = (0|[a™ cosh? rsinh®r — a'a® cosh® r sinhr + a'aa’ cosh? r sinh? r
+aa'a cosh? rsinh? r — aa' cosh 7 sinh® r 4+ a* cosh? r sinh? r — 2A*a3 cosh? r sinh r
+a2a?% cosh® r — aaa’ cosh® rsinhr — a™a cosh® rsinh 7 + 2\*\%a' cosh r
+a'aa’a cosh? rsinh? r — a'aa’ cosh rsinh®  — 2\*A\2a sinh - + A\*2a% cosh? r
—aa'a® cosh® rsinh r + aa'aal cosh? rsinh? r — \*2aa’ cosh rsinh r
—a*a’ coshrsinh® r — a*a’a cosh rsinh® r — 2A*2A\a’ sinh 7 + A*?\?
+a2a? sinh* r + 2Xa™a cosh® r — 2Xa™ cosh? r sinh r — \*2G'a cosh r sinh r
—2Xa'a? cosh? rsinh r 4 2Xa’aa’ cosh r sinh? - + A*2a2 sinh? r + 2A*?\a cosh r
—2Xaa'a cosh® rsinh r + 2Aaa' coshr sinh® r — 4A*AG” coshr sinh r + 4\*Aaa’ sinh® r
+2Xa° cosh rsinh? r — 2Xa2a sinh® r + A\2a™ cosh? r — 4\*\a'? cosh r sinh r
—\2aTa cosh rsinh r — A2aa’ cosh rsinh - + A%a2 sinh? r 4+ 4\*Aa'a cosh? r
+2X*a"a? cosh® r — 2X\*aTaa’ cosh? rsinh - 4+ 2A\*aa’a cosh r sinh? r — 2\*aa'? sinh? r
—2X\*a™a cosh? rsinh r + 2X*a' cosh r sinh? +2)\*a2a’ cosh r sinh? 7]]0). (2.0.184)
Arranging the operators in normal order using the commutation relation given by Eq.
(2.0.38), one readily obtains
(:7%:) =  cosh®rsinh®r + 2sinh® 7 + 4\*Asinh® r
+A2)\% — coshrsinh r(A*? + \?). (2.0.185)
Employing this result along with (2.0.179) into Eq. (2.0.40), the normally-ordered vari-
ance of the photon number for a displaced squeezed vacuum state takes the form
: (An)?:=  cosh®rsinh®r + sinh® r 4+ 2\* A sinh®r
— coshrsinh 7(A* + \?), (2.0.186)

which can be inturn rewritten in the form

. (An)? := |Acoshr — X*sinh7|> — A\*A + cosh? r sinh? r 4 sinh? 7. (2.0.187)
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From this, we see that, when we set A = 0, we easily obtain the normally-ordered variance
of the photon number for a squeezed vacuum state and on the other hand, when we put
r = 0, we arrive at the same result of the normally-ordered variance of the photon number
for a coherent state.

2.3.4 Photon number distribution

Since the squeezing and the statistical properties of the displaced squeezed vacuum
state can be obtained from those of the squeezed coherent state by making use of (2.0.158),

one can obtain the photon number distribution for a displaced squeezed vacuum state to

be

tanh” r
nl2" cosh r
Acoshr + A*sinh r 2

v 2coshrsinhr

where H,(x) is a Hermite polynomial given by Eq. (2.0.65).

P(n) = exp[—A*A — tanh r(\? + \*?) /2]

X | Hy (

(2.0.188)
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2.3.5 Quadrature variance

We next seek to determine the quadrature variance for a displaced squeezed vacuum
state. To do so, we first determine the expectation value of a'?. The expectation value of

a'? in a displaced squeezed vacuum state basis is expressible as
(@) = (r, \a|\, 7). (2.0.189)
Using the definition given by (2.0.132), this can be rewritten as
(a'?y = (0|57 (r) DT (Va2 D(N)3(r)|0). (2.0.190)
Applying the unitarity property of the displacement and squeeze operator, we write
(a'?) = (0|57 (r) DT (NatD(N)3(r) 5T () DT (N)at D(N)5(r)|0). (2.0.191)

On account of the transformation given by Eq. (2.0.142), expresion (2.0.191) can be put

in the form

(a'?)y = (0]a™(r)[0) + 21*(0|a' (r)|0) + A*2. (2.0.192)
Moreover, on account of (2.0.25), we have
(a™y = (0[a™|0) cosh? r — 2(0|a'a|0) coshrsinhr
4-(0]a?|0) sinh® 7 — cosh r sinh r + \*?

+2X*(0a’|0) cosh r — 2A*(0]a|0) sinh 7. (2.0.193)

It then follows that

(a™) = \*? — coshrsinh 7. (2.0.194)

On the other hand, the expectation value of a' is expressible as
(@’ = (r, Maf |\, r), (2.0.195)
which can be inturn written as

(a'y = (0|51 (1) DT (N)at D(N)5(r)|0). (2.0.196)
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In view of (2.0.142), we have
(a') = (0[5 (r)[a’ + A*]3(r)[0). (2.0.197)

We note the that

s'(rats(r) = a'(r), (2.0.198)

so that the above expression can be put in the form

(a"y = (0]a’(r)|0) + \*. (2.0.199)
On account of (2.0.25), we write
(a') = (0]a'|0) coshr — (0|a|0) sinh r 4 A*. (2.0.200)
It then follows that
(@’ = \*. (2.0.201)

Applying (2.0.194) and (2.0.201) along with their complex conjugate together with Eq.
(2.0.179) into (2.0.68) and (2.0.69), we get

(Aay)* = 2sinh?r — 2 coshrsinhr + 1. (2.0.202)

On account of (2.0.84) and (2.0.85), the quadrature variance of the plus quadrature finally
takes the form

(Aap)? =e ™ (2.0.203)

and the quadrature variance for the minus quadrature turns out to be
(Aa_)? = e, (2.0.204)

which is the same result found in (2.0.86) and (2.0.87) for a squeezed coherent state
|7, 7) and a squeezed vacuum state, |r) found in (2.0.130) and (2.0.131), showing that the

squeezing is occured in the plus quadrature.
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3. Superposition of Squeezed States

Great attention has been given to produce the superposition of squeezed states. These
states have more interesting and distinicte features such as squeezing. We consider here
the superposition of a squeezed coherent state and a squeezed vacuum state as well as
the superposition of a displaced squeezed vacuum state and a squeezed vacuum state.
To this end, we find the ) function using the method of finding the @) function for the

superposition of two different states but having the same frequency.

Using the resulting ) function, We consider the possibility of describing the mean
photon number, the photon number distribution and the quadrature variance for the
superposition of the above mentioned states.

3.1 Superposition of Squeezed vacuum States and Squeezed Coherent State

In section (2.1), (2.2) and 2.3, we introduced, the statistical properties of a squeezed
coherent state, a squeezed vacuum state and a displaced squeezed vacuum such as the Q
function, the mean photon number, the normally-ordered variance of the photon number,

the photon number distribution and the quadrature variance.

In this section we seek to determine the () function for the superposition of a squeezed
vacuum state and a squeezed coherent state. With the aid of the resulting ) function, we
calculate the mean photon number, the photon number distribution and the quadrature
variance.

3.1.1 The () Function

We now proceed to determine the () function for the superposition of a squeezed coher-

ent state and a squeezed vacuum state. To this end, the () function for the superposition
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of two light beams in different states but having the same frequency is expressible as?

1 9 0
Qatia) = 1 [ EBENQE B+ 500 0+ 50)
xexp| — oo — BB —n'n+ "B+ af" + o'y + an’

—3*n — Bn']. (3.0.205)

Using Eq. (2.0.32), one can write

0 h
GG 85*) - = r@-rp[—ﬁ*ﬁ — "y —tanhr (6% + B* — 4% — v*?) /2
+sechr(y* B+ v57)]
0 9?2
xexp|—0* % — tanh r(2 686* W)/Q
+7"sechr a(; J (3.0.206)

On the other hand, using Eq. (2.0.99), we have

0 B sechr

877*) B T

Qn* expl—n*n — tanhr(n*? +n*) /2]

. 0 0?
xexp[—n'—— — tanhr(2n— + 5 =)/2]. (3.0.207)

6’ on*

Introducing (3.0.206) and (3.0.207) into Eq. (3.0.205), we get

2
Qa",a) = sech Ceapl—a’a — 4"y + tanh (42 +77%)/2]
d?f3 d?
< [ 2 a6 oty — tanh (5 4 57+ P 4 ) 2
+sechr(v* B+ v08") + a5 + a’n)
0 2 .
xexp[(—=B" + 2a0 + bv*)aﬁ* + aaﬁ,&]efcp(a —B-n)B
a 2
42 —n—B)n* 0.2
xexp[(—n" + 2an) o + aan*z]emp(a n— 06, (3.0.208)
where
a= —% tanhr, (3.0.209)

3for the derivation of Eq. (3.0.205), see K. Fesseha, Fundamentals of quantum optics(Lulu, United
states of America, 2008).
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b = sechr. (3.0.210)

Expanding in power series, we get

) o2 )
erpl(—0" + 205 +W)66* +aaﬁ*2]€(“‘ﬁ‘”)ﬂ
1 8 82 .
=) =5 * —F-n)5*
Xl: l(=5" + 28+ 07" 7+ agale (3.0.211)

This can be inturn rewritten using Binomial expansion as

0 0? .
exp[(—B* + 2a8 + by*) o5 + aaﬁ*z]e(o‘_ﬁ‘mﬁ

-y i WP+ 200+ 0078 08 0% assenr(3.0.012)
U

Carrying out the differentiation one finds

0 0? .
exp[(—0" + 2a8 + b’y*)aﬂ* + aaﬁﬂ]e(“’ﬁ’”)ﬁ

= exp(by o — by* B — by'n — af® + aa® + an® — 2aam). (3.0.213)
In a similar manner, we write

2
[(—n* + 2an) 0 + 4 ] (a=n=B)n*
exp|(—n an B &077*2 e

= exp(aa® — an® + aff® — 2aaf3). (3.0.214)

Applying Eq. (3.0.213) and (3.0.214) into (3.0.208), we obtain

sech?r

Qla*, ) = exp[—a*a — vy + tanhr(y* + v*2) /2 + ay*sechr — o® tanh 7]
d26 * * * 2 *2
x [ ——exp|—F*F + (atanhr + a*) G + f*ysechr — tanhr(5° + ) /2]
T
dzn * * * 2
x | —exp[—n*n+ (atanhr + o — v*sec hr)n — tanhr(n? + ni3).215)
7
Thus on performing the integration employing the relation given by (2.0.31), the Q func-
tion for the superposition of squeezed coherent state and a squeezed vacuum state finally

takes the form
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1
Q(a*,a) =  —exp[—(cosh?r + sinh®r)a*a — y*y + coshr(v*a + va)
m

+sechr(v*a* + ya) — coshrsinhr(a? + a*?)]. (3.0.216)

3.1.2 Mean photon number

We next seek to calculate the mean photon number of the superposition of a squeezed
coherent state and a squeezed vacuum state. To this end, the expectation value of n

interms of the () function is expressible as

(n) = /dzaQ(a*,a)na(&*,a), (3.0.217)
where
ne(a®, ) = aa” —1 (3.0.218)

is the c-number function corresponding to the operator function 2(af, @) in the antinormal

order. On account of Eq. (3.0.216) and (3.0.218), expression (3.0.217) can be written as

*

W= e
d2Oé 2 : 2 * * *
x [ —exp[—(cosh” r + sinh” r)a*« + cosh r(y*a + ya*)

T

+sechr(y*a* + ya) — coshrsinhr(a? 4+ o?)]aa® — 1. (3.0.219)

This is equivalently rewritten in the form

() = e
2
X di% d—Oéex]D[—(cosh2 r + sinh® r)a*a 4 (v* coshr + ysinhr 4 a)a
a T

+(ycoshr +~*sinhr + b)a* — coshrsinhr(a® + a*?)] — lo—poo, (3.0.220)
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so that performing the integration employing the relation given by (2.0.31), we see

(n) = dii% exp| —v*y + (cosh®r + sinh? r)[y*y cosh® r +~” cosh 7 sinh 7
+~*2 cosh r sinh r + by* cosh 7 + ay cosh 7 + ay* sinh r + ab
+7*ysinh® r 4 bysinh r] — cosh r sinh r[y? cosh? r 4+ 4~*y cosh r sinh r
+2by cosh r + v*?sinh? 4+ 2by* sinh r 4+ b* + v*2 cosh? r

+2av* coshr + 7* sinh® r + 2aysinh r + a?]] | — Lop—o. (3.0.221)

Hence, carrying out the differentiation and applying the condition a = b = 0, one easily
finds

(R) = |7y coshr —~v*sinhr|* + 2sinb?r, (3.0.222)

which is the sum of the mean photon numbers for a squeezed coherent state |7y, r), found
in (2.0.39), and for the squeezed vacuum state |r), found in (2.0.105).

3.1.3 Photon number distribution

We next proceed to determine the photon number distribution for the superposition

of a squeezed coherent state and a squeezed vacuum state. To this end, applying Eq.

(2.0.50) together with (3.0.216), the photon number distribution can be written as

n) = —exp(—
n! cosh? r + sinh? r” da*"dam
xexplaa + a*a* — b(a® + a**)]a—ar—o, (3.0.223)
in which
h *sinh
g = YOS+ SIAT (3.0.224)
cosh”r + sinh” r
and

h 7 sinh
p= T (3.0.225)
cosh® r + sinh” r

On account of the power series expansions

—ba? (_b)z i
et = ZT&Q’ (3.0.226)
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. b)Y .
et =y ua*%, (3.0.227)

ok, (3.0.228)

*[
et =y (@) o (3.0.229)
!
expression (3.0.223) can be put in the form

1 7y
P(n) = —exp(—
(n) n! P cosh? r + sinh? r
(_b)iﬂaka*l " 2i+k %2541
X
2 WD darmdan [o* e

(3.0.230)

a=a*=0’

ijkl
so that carrying out the differentiation using the identity given by (2.0.59) and applying

the condition @ = o* = 0, one easily finds

1 gilel
Pn)= — -
(n) n! e cosh? r 4 sinh? 7“)
y Z (=b)Haka* (20 + k)! (25 +1)!
iR (20 +k—n)l (25 +1—n)

O2itkadayiin. (3.0.231)
Hence in view of the property of the Kronecker delta, we see that
k=n—2i (3.0.232)
[ =n—2j, (3.0.233)

and on taking into account that a factorial is defined for non-negative integers, we have
cosh” rsinh" r vy

P(n) = exp(—
() n!(cosh? r 4 sinh? r)n o cosh? 7 + sinh? r

d ‘ ) |
ﬂ a4 \n-2i M a_* e
X(%i!(n—Zi)!(\/l‘)) ><Zjl<n—2j)<\/l_)) ), (3.0.234)

where [n] is defined by [n] = 2 for even n and [n] = 25 for odd n.

Finally the photon number distribution can be put in the form

P(n) cosh” rsinh" r ( ~*y
n) = exp(—
n!(cosh® 7 + sinh?7)n P Cosh + sinh? r
hr +7*sinh ?
y Hn( 7y coshr 4 v*sinhr ) 7 (3.0.235)

\/4(COSh3 rsinhr 4 cosh r sinh® r)



39

where
— (2z)" 2 (3.0.236)
is a Hermite polynomial of order n.

3.1.4 Quadrature variance

We now proceed to determine the quadrature variance for the superposition of a
squeezed coherent state and a squeezed vacuum state. The variance of the plus quadrature
is defined by

(Aay)? = (@) — (ai)> (3.0.237)

In view of (2.0.3), this expression can be put in the form
(Aay)? =1+2(a"a) + (a™) + (a®) — (a)* — (a")* — 2(a')(a). (3.0.238)

On the other hand, on account of (2.0.4), the variance of the minus quadrature is turns

out to be
(Aa_)? =1+2(a'a) — (a™) — (a®) + (@) + (a")* — 2(a')(a). (3.0.239)
The expectation value of af? interms of the @) function is expressible as

(a™) = /dQO./Q(CM*,Oé)CY*Q, (3.0.240)

2

where a*? is the c-number variable corresponding to the operator af?. On account of

(3.0.216), expression (3.0.240) can be written in the form
<dT2> — e VY

X / CZQTaexp[—(cosh2 r +sinh® r)a*a + coshr(ay* 4 a*y)
+sinhr(a*y* 4+ ay) — coshrsinhr(a? + a*?)]a*?. (3.0.241)

This can be inturn written as

<&T2> — e~V
& [« 5 5
Xos —exp[—(cosh” r + sinh” r)a*a + (7" coshr + v sinh r)«
a ™

+(ycoshr + ~* sinh 7 + a)a* — coshrsinh r(a® + a*?)]4=o. (3.0.242)
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Now carrying out the integration using the relation given by (2.0.31), we obtain

*

<&T2> - e~V
X j—; exp[(cosh® r + sinh® r)[y*y cosh® r + *? cosh r sinh r
+avy*sinh 7 + 4 cosh rsinh 7 + 4*y sinh® r + a7 sinh 7]
— cosh 7 sinh 7[y? cosh?  + 4%~ cosh r sinh r + 2a~y cosh r

+v*2 sinh® 7 + 2ay* sinhr + a® + y*2 cosh® r + 4 sinh®r]]|  (3.0.243)
a=0

Upon differentiation and applying the condition a = 0, one readily finds
(@™ = 42 cosh®r + ~?sinh® r + *? cosh? r sinh* r
—2~*2 cosh® r sinh? r — 2y*y cosh® r sinh
—2~*~ cosh r sinh® r 4+ 42 cosh? r sinh? r
—~2 cosh? rsinh® r + 47"y cosh® r sinh® r
—2coshrsinhr. (3.0.244)

Following the same procedure, we obtain the expectation value

(&T> — ~* cosh® r + ~* cosh r sinh r + ~ cosh? rsinh r

+sinh® r — 2 cosh? rsinh r — 27* cosh 7 sinh? 7. (3.0.245)

Thus upon substitution of (3.0.245) and (3.0.244) along with their complex conjugate to-
gether with Eq. (3.0.222) into (3.0.239) and (3.0.238), the variance of the plus quadrature

finally takes the form

(Aay)? =27 —1 (3.0.246)

and the variance of the minus quadrature turns out to be

(Aa_)?* = 2e* — 1. (3.0.247)
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Figure 3.1: The graph for the quadrature variance (Aa, )? vs the squeeze parameter r for
the superposition of squeezed coherent state and a squeezed vacuum state.

It is worth mentioning that for 0 < r < % In 2, the squeezing occurs in the plus quadrature
showing that for the superposition of a squeezed coherent state and a squeezed vacuum
state, r does not take all values between 0 and oo as the quadrature variance of the indi-

vidual squeezed states.
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3.2 Superposition of Squeezed vacuum and displaced Squeezed vacuum

states

In this section, we determine the @ function, using Eq. (3.0.205) for the superposition

of the displaced sqeezed vacuum state and a squeezed vacuum state. With the aid of the

resulting ) function, we find the mean photon number, the photon number distribution

and the quadrature variance for the superposition of these two squeezed states.

3.2.1 The Q function

We seek here to determine the () function for the superposition of a displaced squeezed

vacuum state and a squeezed vacuum state. To this end, in view of (2.0.149), the @

function for a displaced squeezed vacuum state can be written as

0
op*

Q"B+ 777) =

where

sec hr

exp|—03* 5 — XA+ A+ BN — 2a(5*\* + B))

+a(B* + B2 + N+ 2
82
+ a@ﬁ*Q]’

xexp[(—2a\ — [ + A" + 2a03) (3.0.248)

0
op*

1
a=—3 tanh . (3.0.249)

Using this expression along with Eq. (3.0.207) into Eq. (3.0.205), we have

sechr

Q(O‘*uco =

exp

[—a*a—A* Aa(A24+2*2)]

2 2
x / OTN =56 + 0 + B2 + 1P + 17%)
m m

—n*'n + B*A+ BN — 2a5° N — 2a6\ + o + o)
0 0?

xexp[(—F" —2aX+ \" + 2aﬁ)8_ﬁ* + a@ﬁ*Z

9 8 .
o + aw]ew(a —n—pF)n".

xexp[(—n" + 2an)

Jexp(a — B —n)B"

(3.0.250)



Expanding in power series, we have

. 0 0?
exp[(—=5* — 2a\ + X" + 2a/3) o5 8&*2]

1 d?
=> F[(=5" = 201 + X"+ 20p3)

8ﬁ el

xexp(a — 3 —n)5".

This can be inturn rewritten using Binomial expansion as

62

exp[(—0" — 2a\+ \* + 2a03) — Oﬁ Gﬁ*Q]

Z Z il(=p* — Qa/\ + AN+ 2aB3)7 9 o4 9%
B i! (2 —j)! op*i=i— 0p*%

xexp(a - B npe*.

Carrying out the differentiation, one readily finds

. 0 0?
exp[(—fF* — 2a\ + X" + 2a3) o5 55*2]

1 i![(=3" — 2aA + X" + 2a8) (o — B — )]~
:Z?‘Z 1 — 5)! :

xal (a - n)2je(a—ﬂ—n)ﬂ*.

This can be rewritten as

2
exp[(—0" — 2a\ + \* + 2a[) 0 0

o3 85*2]

_ Z z'_l![(_ﬁ* — 2a\ + N+ 2aB8)(a — B —1n) +ala — B — )2

wexp@B=ms"

It then follows that

82
= exp(—2aa\ + 2af\ + 2an\ + X'a — BN*

exp[(—03" — 2a\+ \* + 2aﬁ)

— X' — aB* + aa® + an® — 2ana).
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(3.0.251)

(3.0.252)

(3.0.253)

(3.0.254)

(3.0.255)
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Using this expression along with Eq. (3.0.214) into Eq. (3.0.250), we obtain

sech?r

exp[—a*a — A+ Na — 2ada + 2aa® + a(\? + 1))

X dz?ﬁexp[—ﬁ*ﬁ + (o = 2a0)f + (A — 2a\*)B* + a(B3* + 3?)]

d2
X / %exp[—n*n + (2aX + a* — X* — 2aa)n + a(n® + n*?)]. (3.0.256)

Thus performing the integration employing the relation given by (2.0.31), the @ function
for the superposition of a displaced squeezed vacuum state and a squeezed vacuum state

finally takes the form

1
Q(a*,a) = —exp[—(cosh®r + sinh®r)(a*a + A*A — Ma — Aa*)
7T

+coshrsinh7(2X\a + 2X* a* — o — ™ — A2 — A\*)]. (3.0.257)

One can also obtain the same result by making use of Eq. (2.0.158) into (2.0.216).

3.2.2 Mean photon number

We next proceed to determine the mean photon number for the superposition of a
displaced squeezed vacuum state and a squeezed vacuum state. To do so, the expectation

value of n interms of the () function is expressible as

(n)y = /dQOzQ(oz*,oz)na(oz*,a), (3.0.258)
where
ne(a*,a) =aa —1 (3.0.259)

is the c-number function corresponding to the operator function A(af, @) in the antinormal

order. In view of (3.0.257) and (3.0.259), expression (3.0.258) can be written in the form

(A) =  exp[(cosh®r + sinh? r)A\*\ — cosh 7 sinh (A2 + \*)]
d2
X / —Oéexp{ — (cosh?r + sinh®r)a*a + ((cosh? 7 + sinh?® r)A*
7r
+2X coshrsinhr)a + ((cosh® r + sinh? 7)A + 2X* cosh r sinh r) a*

— cosh rsinhr(a? + 04*2):| aa” — 1. (3.0.260)
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This can be inturn written in the form

(hy =  exp[(cosh® r + sinh® r)\*\ — cosh rsinh r(A? + A\*?)]
2
X s d_aexp — (cosh®r + sinh®r)a*a + ((cosh?r + sinh® r)A\*
da db T

+a+2coshrsinhr)a + ((cosh® r + sinh? 7)A + b+ 2X* coshr sinh r) a*

— cosh rsinhr(a? + a*Q)] — 1a—p=0, (3.0.261)
so that performing the integration employing the relation given by (2.0.31), we get
(ny = exp { — (cosh? 7 + sinh® 7)® A* A + 4(cosh® r + sinh? ) cosh? r sinh® r

—(cosh® r + sinh? 7)? cosh 7 sinh (A% 4+ A\*?) + 4 cosh® 7 sinh® r(A? + \*?)

X %%exp [(cosh2 7+ sinh® 7)*A*A + (cosh® r + sinh® r)? cosh r sinh 7 \*2
—4X\*? cosh® rsinh® r — b® cosh 7 sinh 7 — 4\* A(cosh® r + sinh? 7') cosh? 7 sinh? r
+a(cosh? r + sinh? )% + ab(cosh? r + sinh® r) — 4bA* cosh® r sinh® r
+bA*(cosh? r + sinh? )2 + A?(cosh? 7 + sinh® r)? cosh 7 sinh r

—4a cosh? r sinh? 7 — 4A? cosh® r sinh® 7 — a? coshrsinh r| — 1,09 (3.0.262)

Carrying out the differentiation and applying the condition a = b = 0, the mean photon
number for the superposition of the displaced squeezed vacuum state and a squeezed

vacuum state turns out to be
(R) = N*A + 2sinh®r, (3.0.263)

which is the sum of the mean photon number of the displaced squeezed vacuum |\, ) found
in Eq. (2.0.179) and a squeezed vacuum state |r) found in Eq. (2.0.105) Showing that,
the mean photon number is increased than the mean photon number of the individual
superposed states.

3.2.3 Photon number distribution

We nex seek to determine the photon number distribution for the superposition of

squeezed vacuum state and a displaced squeezed vacuum state. To this end, applying Eq.
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(2.0.50) together with (3.0.257), the photon number distribution can be written as

1
P(n) = Eexp[—)\*)\ — a(N + X))
. a?n

J— * *) kK 2 *2
X Samgan CPLA" + 20X )a + (A + 2a7)a” —a(a® +a™)], (3.0.264)

where

h r sinh
@=L (3.0.265)
cosh” r + sinh” r

On acount of the power series expansions

exp(—aa?) = Z %oﬂ (3.0.266)
exp(—aa™?) = Z (_;‘L)] o (3.0.267)

J
exp(A" + 2al)a = Z Wt{:ﬂak, (3.0.268)

- !

exp(A + 2a\")a” = Z %ﬁ)\*)la*{ (3.0.269)

expression (3.0.264) can be put in the form |

Pln) = nlexp[—A*A —a(X 4+ A7)

» gk; 2 (k) oam)

so that carrying out the differentiaiton using the identity given by Eq. (2.0.59) and

applying the condition @ = o* = 0, we easily obtain

1
P(n) = n—exp[—)\*)\ —a(A\? 4+ \*?)]
a) (N + 2a\)F (A + 2ar7)!
% zk; AR
ij

(2i 4+ k)! (25 + 1)
(2i+k—n) (27 +1—

Y 04k 02 +1n- (3.0.271)

Hence in view of the property of Kronecker delta, we see that

k=n—2i (3.0.272)
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l=n—2j, (3.0.273)

and on taking into account that a factorial is defined for non-negative integers, we obtain

n

Pn)= Teapl-X"A — (A + A7?)]
n

(_1)271' N+ 2a\ n—2i (_1>Jn| 4 2a0* « poi
X(Zi!(n—%)!( Vva ) )<Z]'(n—2j>'( Ja ) Z%J9274)

i .

where [n] = § for even n and [n] = @ for odd n. Finally the photon number distribu-

tion can be put in the form

cosh” rsinh" r
P(n) = —XNA —a(A? 4+ A2
() n!(cosh® r 4 sinh? r)» eap| al )

o ()\(cosh2 r + sinh? ) + 2\* cosh r sinh r
\/ 4(cosh® rsinhr + cosh r sinh® )

X

) r, (3.0.275)

where H,(x) is a Hermite polynomial of order n given by Eq. (3.0.236). One can also

arrive at the same result by making use of Eq. (2.0.158) into (3.0.235).
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3.2.4 Quadrature variance
We seek to determine the quadrature variance for the superposition of a displaced
squeezed vacuum state and a squeezed vacuum state. To this end, the expectation value

of @™ interms of the  function is expressible as

(a™) = /dQOzQ(a*,oz)oz*Q, (3.0.276)

where a*? is the c- number variable corresponding to the operator a?. In view of (3.0.257),

one can write

(™) = exp[—(cosh®r + sinh? r)A\*\ — cosh7sinh (A2 + \*?)]
d2a 2 : 2 * * *
x [ —exp[—(cosh” r + sinh” r)(a*a — X*a — Aa™)
s
+ coshrsinh r(2\a + 2\*a* — o® — a*?)]a™. (3.0.277)

This can be rewritten as

(™) = exp[—(cosh®r 4 sinh? r)A*\ — cosh 7 sinh (A% 4+ \*?)]
d2 d204 2 - 1.2 * 2 s 12 *
x@ Texp[—(cosh r + sinh” r)a*a + [(cosh® r + sinh” r) A

42 cosh 7 sinh rAJa 4 [(cosh® r + sinh?® 7)A + 2 cosh r sinh 7 A* 4 a]a*

—coshrsinh7(a? 4+ a*?)]4—o. (3.0.278)

Thus performing the integration employing the relation (2.0.31), we get
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(™) = exp[—(cosh®r + sinh? r)*\*\ + 4(cosh? r + sinh? 7) cosh? r sinh? r A* \
—(cosh® r + sinh® 7)? cosh 7 sinh (A% + A*?) 4 4 cosh® r sinh?® 7(A? 4+ \*?)]
X C;d—;exp[(coshz 7+ sinh? r)3\*\ + (cosh? 7 + sinh? r)? cosh 7 sinh r \*?
+-aX*(cosh® r + sinh?® 7)* 4 (cosh? r + sinh? )% cosh r sinh 7A? — 4a\* cosh® r sinh? r

—4X*? cosh® rsinh® r — a” cosh 7 sinh 7 — 4\*A(cosh® r + sinh? r) cosh? 7 sinh? r

—4)? cosh® r sinh® 7 ,—o. (3.0.279)

Now carrying out the differentiation and applying the condition a = 0, one easily finds

(dT2> = (cosh2 r + sinh? r)iIAE — 8(Cosh2 r + sinh? r)? cosh? r sinh? r\*2

416 cosh® 7 sinh* r\*2 — 2 cosh rsinh r. (3.0.280)

Following the same procedure, one can show that

(@) = (cosh?r + sinh? 7)2\* — 4 cosh® r sinh? r \*. (3.0.281)

Employing Eq. (3.0.280) and (3.0.281) along with their complex conjugate together with
Eq. (3.0.263) into Eqs. (3.0.238) and (3.0.239), one readily finds

(Aay)? =27 —1 (3.0.282)

and

(Aa_)? =2e* — 1. (3.0.283)



50

Figure 3.2: The graph for the quadrature variance (Aa, )? vs the squeeze parameter r for
the superposition of displaced squeezed vacuum and a squeezed vacuum state.

We see that the squeezing occurs in the plus quadrature for 0 < r < %ln 2.

On the other hand, the degree of squeezing of the superposed states is expressible as
1—(Aay)?, (3.0.284)

where (Aa,)? is the quadrature variance of the superposed states. In view of Eq.

(3.0.282), the degree of squeezing can be rewritten in the form
2(1 —e™ ), (3.0.285)

where

1—e? (3.0.286)

is the degree of squeezing for the individual states. This shows that the superposition

leads to a two-fold increase in the degree of squeezing.
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4. Conclusion

We have discussed the statistical properties of the squeezed coherent state, the squeezed
vacuum state, the displaced squeezed vacuum state, the superposition of squeezed coher-
ent state and the squeezed vacuum state as well as the superposition of a displaced

squeezed vacuum state with that of the squeezed vacuum state.

We verified that a displaced squeezed vacuum state is the superposition of coherent
state and a squeezed vacuum state where, as r — 0, we obtain the coherent state. On
the other hand, when A — 0, we left with the squeezed vacuum state verifying that the
displaced squeezed vacuum state is the superposition of the coherent state and a squeezed

vacuum state.

We noted that the mean photon number of the superposed state is the sum of the

mean photon number of the separate squeezed states.

We also observed that, for the superposition of a squeezed coherent state and a
squeezed vacuum state as well as for the superposition of the displaced squeezed vac-
uum and a squeezed vacuum state, the squeezing occurs in the plus quadrature for
0<r< %an showing that, like the separate squeezed states, r does not take all values

between 0 and oo.

In addition, we determined that the superposition leads to a two-fold increase in the

degree of squeezing.
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