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AbstrClo..: r 

lntcTc::;t ~n thin films ar'ise::; :bptt, iT':> rl a :t hcoretic<il 

point of viC'w and from the wi d\! ran.ge cf ajlplica~j(jn~ t:"hey 

c~l n uffer. All the ad\'antages andlppli-:a 'ions of thin 

films arc too R\.1ny to ment10n. But some of them are, their 

~15e, as comJ'XIct technological devices , corrosion pr otect ion s , 

optl('al ln strUlrlcnt s and se nso rs of sc i entific research . 

The a im of the present paper con s i sts i n t he t heore tical 

i n vestignt ion of fjrst - order phase transitions in physi­

sorbed J1IoIlolayers. Here by, mainly thermodynamic methods are 

applIed . Therefore, first a thermodynamic theory of homo­

g\;neou::; 'Inti heterogeneous monol a yers is developed . 1n pa r ti ­

c'lLlr, general C'quations for the curvature dependence of the 

Ii 'C ('051011 :Ir(' obtai ned. It 15 shown that curvature 

dependencf..' of I inc t ension is of importance only fo r ve r y 

small 2-u cl lister... . A general thermodynamic analysis of 

first-OJ Ie!' pb~c transitions , starting from metastable 

in tL.tl ·;t,:ttc:-', is given . It is shown that in real si t ua tion s , 

whC'n Jrp1ction effects are taken into acco unt , the transit i o n 

pro( cl~ds vu;l three main stages : a stage of nucleation and 

po:';sd)lt.' simul tnne-ous growth, a stage of indepcndent grow t h 

of the clustcrs, the ir number being nearly constant a nd a 

third stage of competitive gro\-Ith of Ostwald ripening . Th e 

T't'",lIlts are lna]ogous to phase transitions in 3- d systems , as 

Wi}':; Jis(.'\l~seJ hy Sc hmel zer [19 , 201, Ulbri ch ct.al [1]. Based 

on the thermodynam i c investigation, a kinetic description of 

th e growth of single and ensemble of 2- d clusters is devel oped . 

It is ~h(l\.;n thnt in the stage of independent growth, the 

meiln r:tdius of the ensemble of cl uste rs grows as, R'\o t fo r 

k..l.n{'tlc limited growt h and as n2 '\o t for diffusion limited 

gro,,",th . Moreover, a kinetic theory of Ostwald rlpening in 



monolayers is dcvt'lnpc c! which :lllo\Js <.. dl'."t..:Tiptioli of the whole 

course of the process . Tn the asyn'pl:'::'tic r..;,gS..;,n, t-.j'e rC".:;ul ts 

coincide with the prcd.i.ctLons obtJ.jned fi-rst uy Li:-£.ilitz and 

Slvozov [23]. 

The results :.lre u ('d for a theoretical explanation of the 

computer simulation of a first - order phase transition in a 

physisorbed monolayer carried out by Kock et.al . [4]. That 

is, first the asymptotic result of R2", t for the case of Ost ­

wald ripening in klnetic-l imi ted growth is reconfirmed. In 

addition , the developed theory allows the interpreta tion for 

the initial slow increase of the mean clus ter size , R, in the 

first stage of Ostwald rIpening. 

The analysIs, carried out here , is for isotherml condi ­

t ions and one component systems . A general iza tion to o t her 

types of constraints, e.g., adiab<ltic conditIons and multi­

compont:nt systems is possibl c . 
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h.1 pter ene 

rntroduc tlon 

1 . 1 Surface 1hf::rmodynal1ics 

Classical thcrmodynanics has been deve l oped org inially 

for the- descrjpt.1on or llrge iI\.: • ...::roscop i c systems where SUT-

(ac(' cffe<.:.ts may be ncgll.'Cted. lo\,ever , if the s urface area 

to volume ra t io is not nC'gligihle , sur face con tri bu t i o n s may 

dctc r min0 the thcrmodynJnic prIJpcrties of th e s y s t e m o f 

interest Tn parti.cular this may be the case for sys t ems 

consisUng of different nea r l y homogeneous phases, divi ded 

by inhomoyeneous interfi1c iul r egions . 

Tht' basic concepts for :..i des('rjption of ther mo dynam ic 

propertles of s\lr""'1cc~ were deve l oped in t he works o f Jo siah 

Will ianl G.ibhs, Van lIer l\aols and Guggenheim. Gibbs a nd van 

der W:wJ s developed theories.fo heterogeneou s sys t e ms , in 

that Gtbhs ('onsidered the interface of zero t h ick ness wh il e 

van JeT Waals con5ldcl"cd a ...::ontinuous va r iation of t he the rmo -

dynam i c pa r:.lmeters of the inhomogeneous 5ur f a ces a nd Guggen ­

hl~im treated the interfacC' &IS a three d i mensional thermodyna -

mi c ph<1se with a ~(,Tt<'tin volume. 

1.2 Surface Effects and Phase Transitions 

Surfac<.' effects ure impoTt3nt in the cou r se of fi r s t-o rdt!r 

pha sc t ra ns i t ions Iil th n.'('! d imC'nsional sys t erns· beca use t h e new 

"'rrom no\o<. on ""3 rds threc-Jimensional is to be sho r t e ne d 
by (~ - D) :Ind two-dimen)ional by (l-DJ. 
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phase can develop first in small amounts with a large inter­

face and evolves to :.1 buJ k phase in the course of the transi­

tion. The kinetics of both formation and growth of physi.cally 

new phases can be understood only if surface effects are 

properly considered for metastable states, i.e . states which 

are stable against small fluctuations and unstable for larg.e 

fluctuations; because existence of metastable states are 

direct consequences of surface effects. Moreover surface 

effects determine the whole course of first-order phase tran­

sitions. 

The main topiC of our investigations is the theoretical 

description of first-order phase transition In adsorbed layers. 

Hereby we understand phase transition as qualitative changes 

in structure or response' of a physical system to a variation 

of external parameters, as temperature pressure, electric and 

magnetic fiel ds. 

1.3 Adsorbed La yers 

Mechanism 'of their Forma tion 

Adsorption is the mechanism of attachment of foreign 

particles onto a surface called the substrate or adsorbent. 

The aJsorbed substance is called an adsorbate . There are two 

fundamentaJ adsorption processes: physisorption and chemisorp ­

tion. These adsorption types differ mainly in the magnitude 



- 3 -

of till·ir interaction with the substrate. Tn physisorptio n, 

the coupling .trcngth betw~en adsorbate-adsorbent is weaker 

than in chemisorption which can rC5ul t in the form tion of a 

new surface chemical compound. 

Some methods of adsorption are elcctrodcposition a nd 

vacuum deposition. In the former certain io n ic sol ut i on s c a n 

release chemicals to be adsorbed at the substra t e electrode . 

In physjsorption, particles may be removed from a bulk part 

by evaporation and sputtering and forced to stick on t o a s ub ­

strate in a vacuum. 

1.4 Adsorhed Layers as 2-d Systems 

Adsorbed layers I!1.'iY be divided with respect to t he so lu­

bility of tho: adsorb{;d p<lrticles in the adjacent bul k phases. 

For instanLe, if a solute is added to some liquid solvent, 

often a lowering of the surface tension occurs co nnected wi t h 

a relative enrichment of the surface with solute particles . 

The region that is enriched with such particles usua ll y be ing 

of a molecular size can be considered as a mo nola yer o r Gibb s ' 

layer. On the other h.:lnd, different s ubstances whic h a r e 

insolubl e in the adjacent bulk phase may form mo no la ye r s whic h 

can he calh'd insoluble films or inso l uble laye r s. 

Hoth types of monlayers can be treated theo r etically in 

the same \\3y. Moreover, in the variation of the phys i ca l s t a t e , 

the thicknes~ of the layers can be considered as constant a nd 

,,"C' may denote th(!m .'is 2-d ~ysterns. 
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1.5 Theorcbcal Description of Phase Transitions in 

Monolayers, Achievements and OUT Aim 

Monolayer systems have been theoretically predicted a nd 

experimenta 1 y verified to show most, if not all, of the 

thermo dynamic propertit!s of the bulk phases. I n particula r, 

it wa!" found thiit as in 3-d systems, f irst - orde r phase transi ­

tion may occ ur i n 2 -d systems. (2, • . . , 9 ] . However , the inten­

sities and the q'Jantitative values of thermodynamic parameters 

describing th e transition process i n 2-d systems may not be 

the S:lme to that of the 3-d systems, i.e. types of transitions 

are possible, which h~v(: no analogue in 3-d systems (e .g . c om­

mens..tratc-incommensurate transitions) [5, 7]. Phase transitio n 

in monolayer systems have been studied intensively by metho ds 

of computer $imulations and experimen ta l investigations , which 

a short account of such investiga t i on s is to be presente d in 

eha p t er Two, a nd the r esul ts obta ined ~ c re rewn rd in g. 

[2,4, 5, 6,7] . 

The objective of t he paper i s a t heore t ica.l investi gation 

of fir<;t-ordcr phase trans i tions in 2- d systems , specifically 

it emphasiz.es on the investigation of th e transition process 

s t arting fro m n,etastable initial states via. t he forma tion 

and gro",·th of monolayer cl uste rs with a h ighe r surface density 

compared with the initial homogeneo us initial state. 

1he study \',.'"ill test if the general scenar io of the phase 

t ransition and the methods of theoretical description applied 
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for the invc~tigations of phase tran!)itions in 3-d systems [1] 

arc ...:qually ,-0' lid nlcso for i -d sy~tems . 

Here we will widely use thermodynamic mcth;Jds. Conse ­

quently, we have to formul~te first a thermodynamic theory of 

homogeneous and heterogeneous mono] ayers, that is discusse d 

in Chapter three to quicken our arguments in the subsequent 

chapters. This theory is developed based on Gibbs approach 

because this seems the most natural and consequent c)'tnn<: -i"'l 

of classical theT'1lodynamics to heterogeneous systems . 

Based on the- thcTITtodvnolJllc descriptions developed in 

eh. (3), a static description of the main stages of the 

transjtion for djffcrent thermodynamic constraints is stud i ed 

in Chapter four. 

Under a therf:1odynamic approach the kinetics of growth of 

enscnblcs of clusters and Ostwald ripening in 2-d systems is 

djscusscd IT. Chapter five. 

1 . 6 Application of Thin Films 

The rapid development of resea reh on thin films is 

stimulated by their Hide applications . Thin films are used 

as compac t technological dev ices as in: computer memories , 

in the manufaeture of optical instruments, in surface protec ­

tions, in the reduction of water evaporations from re$ervo irs 

and bf".:au~e of their rhinr·ess and good sensitivity they are 

manuCactured for m£'dicat uses , and biological research as in 
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intravascular pressure measurements , in the continuous moni ­

toring of orvan fnnctionings, as sensors of concentration of 

gaseous components and 10ns in the blood stream and tissue 

cel l s {lO~11~12J. Thus the investigation of the properti es 

of thin films is not only of theoretical interest but ha s a 

great technological releva nce. 

• 



Chal t r Two 

Recent Theoretical ProuH':"lon~ and Ixperill ntal Findings 

on rl~!;(; fr .. m It Ion ill "10 no I ,yers 

Investigations of thln f Ilm 11 g!"ncr 1 anu monoIayt:rs 

in particular have OJ long history conncc.tcu I ir~l mainly with 

the works of Rayleigh, Po, kcls, O('vaux, t-tl'r""t"lin, Langmuir and 

Ad;)nl. lIowever, it was only in tlit' 135t dcc3des, when the 

consldcrabl elapse in tilae hetwccn theory ,Inu experiment 

started to be narrowed by jngencous expcTuncntal ists that t he 

study has com(' to be lively, prol1luHng and inviting field of 

research in physica chc:nn!:otry wIth :1 lrtrg!" number of applica-

tion~. 

Mod.:rn surfacL anillysis t{chnlqucs sllch as the low-oner­

gy-L'lcctron-diffraction (LJ:f:I)) arc becoming inform.1tive on the 

structUT(' and theTTlIodYll3mic propt:rtics of adsorbed mo nolayer 

films. In particulilr it is sho,,"n that physisoTl"oed monolaycrs 

may exist in ditfcrent phasc5 and a~ a result of the variation 

of some external parameters, phase transjtion may occur 

[2,5,6,7J. On one hand su:h 2-d phase transitions show simi ­

larities to the con"esponding transitions in 3-d system, and 

on the other hand phases and phase transitions may exist which 

have no analogue in 3-d systcms.(S,6.10]. These differences 

are believed to occur due to d1fferences in dimensionality 

and thn adsorbate-adsorbent interactions. 

To have some impr!"c;sion on thf' current state of cxperi -

mC'ntal and theoretical jnves tigations on ph.1SC transltions in 
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adsorbed layers, SOlnt' r~s(:aTch stu(:ic by di f[crcnt authors 

are <:;umma r 'ii: cd belo ... ·• 

J .G. Dash 

Between two and three Dimensions [7j 

Astriking qualitative simil",rilY between phases of 

ads o rbed mono layers <lod 3 typica 1 ~-d gJ $-.1. i quid-solid pha se 

dia gr am for Xenon (see fig, 2.1) indic atcs the existenc (' of 

a 2- d triple point and ':he 2-d gas-liquiJ critical point 

shown in the fig . The COTfcsponding c itical and triple 

point temperatures are approxim:ltely: Tc (2-d) ~ llSo
k 

Tc (3-d) ~L90ok; It(Z-d) ~)OOOK , T
r

(3-u) ::I:: 165°k. Dash further 

discussed the hchavior of SOIHI monola)<:Ts 'It low temperatures . 

In this , the quadratic tempera"'uTc d£'pendcncc of the heat capa ­

city of incommensurate adsorbed 501 id rr.ollolay(' rs (C '\, 7 2) cont­

rasted with the Deayc cube law for 3-d solids (C'\.13) is 

stressed t.o be a difference a ttriolltcd to systems of reduced 

djmenSlon . 

F .F. Abraham 

"Melting in 2- d is first order: An I~~otherrral lsob3 Tic 

~lonte-Carlo Study" [21 

An isothermal -isoba ric Monte-Carlo computer study of a 

monolayer Lcnaard-Jones <:;ystem carl'iec out by F. Abraham givcs 

the- inforrmtion that rrelting in ... - d is first order; d~sproving 

the theoretical suggestjons fon,':lrdcd bv Jlalperin and t\elson 



Fig. 2.1: Phase digs., 

a) for 3-d Xemn and 

b) 2-d Xenon (after J . G. 

Dash) (7) 

9-

,''-
::I a 
~ BulK xenoll. 
u 

...!. 
~ 

':=1 J 
e 
UJ 
~ 

'" ~ 
.... z 
<> l:l 50kd t Vdf>O( 

t:: 
~I 

b 
'?i~ 1 Mono/artr xenOn 

tl i .. " 
Solid of Vdpor 

TEMPERATuRE (K) 

501i</ 

v 

• 



- I J -

Tn this study, II 11lImher of atoms, (N • 1Sh ~tom5) as a 

sample syctcm ilt II flxeJ n:dLKcd PH ,sure j'. Pc'l€. • 0.05 

was considered. The I".ho j~c nf low pl'f'ssure w~'S int('ntional, 

s:incc Nelson and tlalpcTJn prcclict('d tn.J1 incIting l.ran~iUon to 

be 3 first-order ot high preS~lJl-CS anJ 5c~ond·~rd~T 1t low 

pressures . The di.:q::r:tm of the redlll.'crl l"quil ibr'ul!' dCII:dLy 

.p. po"- and reduced enthalpy per ttom, ht • HINc for the L-.} 

sys t em against reUlk.:CU t\.'mpl·r,ltun' '1"' • KT/c ,1('(' !(hown in 

fig. (2 . 2), with rand (1 hcing thf!"dopth or the wC'll"ilnd"sl'Zc 

paromctcrs"rcspcctivC'ly. A snap ~hot ph.'turc (or tho ch:lngc 

from cry"tallinc order to liquHl iJisflTdcT i~ -:hown in 11~. (2.3) 

From the discontinuitlcs .ill thl' dcnsif J and the enthalpy 

at the transjtjon tt>!llfJcratur r-· 0,4H, (s~c flg, lo2L Abra­

ham concluded that "thC' eJ.i'.tence of tlet;I-su,bllily ~crtainly 

demonstrates that mel t.lT'g in 2-d 'io' ids I.; .J (J.Tst-order phasC' 

transitl.on." 

Koch , et .at. 

COf.lput('r siu:ulation study of "DI'IlJI1'iC"s of Phase Separation 

in 2-d fluids" [4] 

In this research a molecul3r drnamic~ computC'r simulation 

study of the evolution of a 2- d fluid system of many atolJls 

(5041) interac ting by the -J JXJtcntiaJ was ca rrjed out jointl y 

by S.N. Koch, R.C. Desai and Fof. I\hrataa ~.4). Tho computer 

simUlation resL,lt for a KinetIc lirrit(:d gro'olth of clu~ters 
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0.9 

Fig. 2.2: Equilibrium 

density and enthalpy per atom 

against temperature for the 0.' 

Lennard-Jones system at a 

constant pressure. (After ~d 
<1.- 0.7 F.F . Abraham) [2) ,.::. 
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show tha t the la te time gl"OW tr lil w fo r the a vera ge c 1 us teT 

size in an i~o [h~fma 1 c,:,ndi tion is proportional to tl. A 

sketch of the computer Tf'5Ul ts for the 1.\·era~c c1 uster size, 

R(t) against time is shown by fig (2.4). From thC' figure it 

is an evident that at an early swgc the phase ~cparation 

II (olIo I by t 1 for the process depends on time nearly as t 15 we: 

latc stage. The difference is suggested by the statement, 

"The time developing intclatomic morphologics may be character ­

ised as wave creation and growth until local maxiru in density 

approaches the condensed 1 iquid density followed by \oi;3Ve neck-

ing or break up leading to the creation LInd subscqur:-nt growth 

of rracrosc:opic ClU5tC1'5." 

J.M. Gar, ct.al. 

"Low-Energy-E] eC tron-Diffrac tion (LEED) Studles 0 [ 

Ethane Fi)ms on Graphite." [6] 

Properties of ethflne monolaycrs have been investigated 

by the LEED method in the temperature range of·63.9-100K . 

The stcdy showed an ample variety of 2-d phases; in which 

there were three solids, 51' S2 and S3; a well correlated 

li4U1d, 1
2

; .. Iattic...: fluid, II" l.n isotropic liquid, Land 

a hypercdtical fluid, F . All these names were codified by 

the authors. The phase diagraM (see fjg. 2.5) accompanied by 

the table on p. 14 shows the characterstic of the various 2- d 

phases. 
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Fig. 2.4: Cluster ~ize R(t) against time in the dynamics of phase 

separation in 2-d fluids. (After S.W. Koch . et .• l.) (4J 
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St rue ture 

Recta ngul ar commen surate 4/3 

herringbone packing lying 

down mo l ec ul e s 

Area per 
Molecules TCll\)Crarure 

a/Ao 2 Range (IQ 

21 T<65 

rectangular comme ns ur ate l Oxl{3 17 . 5 T<57 

pac king unknown 

hexagonal comme nsurate 3 x 13/sao 15 . 7 T< 8 5 

11 Lattic e fluid comme ns urate 2 x 2 2] 6S T 95 

12 Well co rr elated l i quid 16 . 5~!Z1 57<T<95 

ircmmensura te 

L 

F 

Isotropic l i quid cont.inious loss of 

positional and bond orientational 

order. (high- tcl1lJ. ~) 

21 <3<24 

Ilyperc ritical fluid, Te (2-d)'''-l30 lS.7-a<" 

95<T<130 

T>I30 
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Some isothermal gas- II transition curves which all have 

a struc t ure of a sharp vertical ste p giving an impression of 

a first-order phase transition are sho wn in fig. (2 .63). The 

plot of th e position of the step on a log (P) against lIT 

diagram is shown by II in fig . (2 . 7) . The slope of this c lapey­

ron 1 inc gives a val ue of the la tent hea t of condcn sa tioo of 

phase II' Its value wa s found t o be Q(II) • 5 . 9 ! 0.2 K eal/mole. 

In addition some s elected isotherms of the 2- d 12-53 transi­

tion are shown in fig (2 . 6b) all with a structure of vertical 

step being a sign of the first -order phase transition. Th is 

transition is c learly assur ed by the coexistence of the 12 and 

53 LEED pattern s alo ng the Vertical part of t he isotherm. A 

plot of the t ransition tempe r ature and pressure as in the c a se 

of 2-d gas - II ' transition js given by 1 inc 53 (see fig . 2.7) . 

The isosteric heat transition is given by Q(l2-S3) '"' 7.4 :!: 0 . 2 

Keal/mol e . 

The LEED study carried out by th e authors has shown the 

well correlated liquid phase structure of 12 and the existence 

of an iso t rop ic 2-d 1 iquid L upto the cr itical tempe r a ture, 

T
c 

:= l30K. Recallin g the 3-d critical temperature, Tc (3-d)'"'305 . SK 

for ethane, a rat io of Tc (2 -d )/Tc (3-d) = 0.42 is obtained. This 

is o ne example of the special proper ties of matter of r educed 

dimensionality that has been confirmed by others [7] . 
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10 It 1'1-

'. 
Fig . 2. 7: Vap:>T pressure Vs . inverse temperature phase 

dig. of ethane adsorbed on graphite . II refers 

to 2d gas-II transition, 53 refers to 12-53 
transition, "2(second-laycr condensation) and 3d 

(bulk condensation)" (Mtcr J .M. Gay , et.al.) [6J . 
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M.E.Fisher 

An "apologia " and "overv'ew" of ". t f d' .L iln In er ace wan CT.lng 

in pure a nd impure pha ses" [5 J • 

M. E. Fisher cons i ders the sc hemtic phase diagram for a 

2-d phase tra n si t ion i n adsorbed monolayers given in fig . (2.8) 

for a n a t omic or molecular species adso r bed on a planar crys ­

ta l lin e a dso r b ent. Th e figur e does not necessarily il l ustrate 

all the fea t ures' t o correspond to 3 spec ific Tcal system . 

Fis h er argue s t hat at a giycn tempCT..ItuTc, T and monolayer 

coverage, n , the coexistence of a gas and a liquid phase may 

be observed. When the tempera ture rcaches the neighbourhood 

of the critical value, T , it is expected that the difference 
c 

in coverage diminishes as an asymptotk power law given by 

nLiq - ngas:tBC*-l)B as *-1 ~ O. B l~ thl! critical ampli ­

tude, B is an experimental cdtical exponent which Onsagcr 

predicted to be i for 2-d system and which has experimentally 

been ver i fied by Kim and Chan [9J in a model of lattice gas 

system of methane adsorbed all gr aphite at Tc ~ 68.67 K. B was 

found in their specif ic-heat analysis data to be e "" 0.l27 l' 0.20. 

MneovcT, the prose diagram of fig. (2 .8) sho'ft'~ the possibil ity 

of occ ure nce of phases and phase tTDnsitions which h3\'e no 

ana l ogue i n a 3- d system. 
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(,\£tcr M. E. Fisher, [51. 
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Cha pter Three 

Therrodyramic Investigttions of First-order Phase Transition in 2- D Systems 

3.1 Basic Equations for Homogeneous Layers 

As mentioned in the introduction, a general overview of 

the fundamental thermodynamic descriptions for homogeneous and 

heterogeneous layers is now to be discussed in order to develop 

a basis for the succeeding chapters . 

As a leading pos tula te, in the thermodyna mic desc ription 

of 2-d layers we assume that the results obtained by Gibbs 

approach in the description of surface effects in 3-d systems 

are valid for 2- d systems . Hence for a 2-d homogeneous layer 

we ha ve 

dUf • 

Uf 
• 

q 
Tds f • r lJ,dn'f 

i=l 1 1 

q 
TS

f 
+ t •. dn.{ 

i=1 1 1 

q 
1: n. fdiJ' + Ada 

i:::1 1 1 

• odA 3 .1 

• oA 3 . 2 

• 0 3 . 3 

u
f 

is the internal energy, T, the temperature , Sf the 

entropy, \.Ii the chemical potential, nif the number of particles 

or moles of the i th component, a the surface tension, A the 

surface a rea of the considered surface region. 

A weak,layer-substrate interaction (physisorption) and 

thus the possibilit'y of an independent time evolution of the 

layer is assumed. Consequently, in a state of thernGI equi -
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libriuln, the chemical potcf,tial, surface tension and tempe­

rature are the same throughout :he Inycr. This assumption 

can be derived from the neces,alY equillbrium condition, 

which for the case of constant entropy , sf' constant surface 

area, A, and constant number of moles, Il if , on the s urfac e 

we obtain 

(3 .4 ) 

Since eq . (3.1) is of the same structure as the corrcs -

ponding equation describing 3-d nomogeneo us systems, the 

condition for s t abl e equilibrium are given by 

-l 
L o~ifonif > 0 

i-I 
(3 . 5) 

where 0 denotes infinitesimal dcvi.ntjon from the ccns'" vol 

stc:!te. From eq. (3.5) a number of relations valid fo r stable 

equllibrium sUtes can be deduced. T( we assume, e .g. 150 -

termal conditions dnd take n
if 

and '\ a~ inuependent variables, 

,,"'e get 
q 
l: 

i=l 

q aJ.lif 
z -­

j=13nJf 

q 
+ 

30 
n .. 

J 1 

(3 . 6) 

> 0 

q,being the numb er of the diffcr~nt componen t s. This condition 

is always fulfilled if ~ll. major subdetermHl.ants and the de t er ­

min.1.nt of n~'ltrix. J in (3 .7 ) <irc posltivc 
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'"1 f '"If · .. . ... all 1£ 
'nlf 'nZf an-qf 

'" 2f '"If · .... .. '"If 
'nlf 'nlf 'nqf 

J " 

~ ~ · .. .... '"qf 
anlf an 2f 'nq f 

'a air · ...... 'a 
anIf an 2f an-qf 

In particular it follows tha t ineq. (3.8) 

(~) 
aA T,n· f J . 

For non-equi! ibrium 

replac cd by 

> 0 'k () an jf T,A,n if 
> 

processes in the layer , 

q 

L ll.dn'f + adA 
. 1 1 1 
1" 

'"1£ 
---a7\ 

'"2f 
---a7\ 

(3 . 7) 

'" f a¥ 

'a 
---a7\ 

have to be fulfil l ed . 

0 (3 . 8 ) 

eq. (3.1) has to be 

(3 . 9) 

for a constant temperature eq. (3.9) can be expressed as 

~ 
< Lll,dn. f + adA 
- (:'1' 1 

(3 . 1~) 

and f or an isothermal closed system of constant surface area 

it is given by 

dF < 0 f 
(3 . 11 ) 

where here the 2-d Helmholtz free energy, Ff of the surface is 

defined in t he usual way by 

(3 .12) 



- 23 -

If the surface area is varjable but the surface tension of the 

considered layer is constant, \ve lTk1.y have eq. (3.13) instead 

of eg. [3 .10) 

(3 . 13) 

and the 2- d Gibbs func tion is defined by 

(3 . 14) 

The above definitions arc introd uced to nnke the properties 

of 2-d potentials similar to the corresponding potentjals i n the 

3-d casco 

3.2 Thermodynamics of Adsorbed Heterogeneous Layers 

in [qui! ibrium Sta tes 

For the development 0 [ th€' theory. the coexistence of t wo 

different and nearly homogeneous layers in thermodynamic equi­

librium is considered . Th e coexistence of such two phases 

impl ies the presence of an inhomogeneous interfac i3.1 regio n 

(see fig. 3.1). In addition it is assumed tha t our system i s 

not disturbed by external fiel ds like magnetic and elec t r i c 

fields . ~foreover all particles that hit the substrate a r e 

assumed to stick to it and as monolayer coverage is appr oached , 

late arriving and impinging pa r ticles will hit occupied areas 

Hnd rebound wjthout influencing the layer . 
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, . 
~ , I' , , 

ctiP 
f 3 ~ 

Fig CLI) a monolayer model fig. of two different hooogcncou!S 

regions a and a with an inhomogeneous intC'lfacc region, (1- 8. 

land 2 specify lines sepa rat ing t he homogeneou s regions from 

the inhomogeneous one. 3 is an ideal di viding line. 

Co nsidering an i nfinitesinnl part of the intr-rfacial 

region of fig. (3.1), we postulate (2) thn t for fixed po'>ilians 

of lines 1, 2, and 3 the intl.!rnal energy of the infinitesimal 

section can be expressed by 

du '" Tds ... 
q 
r \l.dn. 

i "'I 1 1 
(3 .15) 

where at equilibrium, the values T, 1nd \,I. arE" equal to the , 
correspo nding vaLues of the surrounding ph'ls('c:. The :jubscript 

"f" is omitted for c onvenience . 

Going over from the ac tua! interface region to an idea J· 

ized dividing model, (1 ine 3~ in the a - B region whcre this 

line divides t he region into two parts with the same propcr-

tics as in the homogeneou s regions , n <lnu 6 respectiveJ y the 

internal energy o f ea ch homogeneous pha.;;c for a fixed position 

of line 3 is given by 

q 
du = Tds + E u.dn. (a) 

a • i "'1 1 la 
(3.16) 

q 
dUe Tds e + t ~.dn·B (b) 

. 1 ~ 1 ,-
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5ubtnll..::ting these tlquations from eq. (3.15) it ghes 

q 
d(u-u - ue) = 'J'd(s-s -, ). t ,. (n.-n. - no ) 

a -) B i=1 1 1 In 18 

Defining the lin e excess quar1tities by 

uL "" u -u. - u • • sL=s - s. - s • • n ,' L= n n n 
1-' p i - io - i6 

eq . (3.17) my be exp r essed as 

q 
+ r }..lodn.

L i=1 1 J 

(3 .17) 

(3 .19) 

The 1 ine excess quantities introduced here are excess qu..'lnti ­

ties over the va lues wh i ch would desc r ibe the film system 

consisting of two un iform pa r ts (14]. The above relatio ns a rc 

valid for any arbit r ary position of ] incs 1 and" and can be 

identifies wi.th t he bound:nies of the syc;tcm as a whole . 

Taking the length 1 and curvdture c of the ideal dividing 
I J J J 

line :l~ an additional thermodynamic variables, the correction 

term, dUL is expressed in the following way (Postulate 3) . 

q 
+ 1: ]..I. dn. L + Kdl + Cdc 

i=1 1 1 

(3 . 20) 

;( and C are paramete r s t hat can be functions of T, lJ i , 1 and c. 

Dependi n g on the pos i tio n of t he d i viding line , K and the para ­

meter, C,can have different values . It is possible to define 

the position of the dividing line i n such 3 \oay that C = a 
(to he c;hown later). This special position of the dividing 

line is nallled as line of tension and K as the line tension [15] . 
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From the exteflsive characters tics of 5 1 V niL' and the inten-

SIve charactcTstic of c and by Euler ' s theorem we can have eq . 

(3.21). 
q 

+ ElJ.n'L+ Kl 
i=l 1. 1. 

(3.21) 

out of which we ha ve eq. (3.22) in regard to cq . (3 . 20) . 

q 
+ L n'LdlJ' 

i "'l 1. 1. 
• Cdc (3.22) 

With the imposition of C = 0 , we obtain 

q 
sLdT + E n'LdlJ' + IdK = 0 

i= 1. 1. 
(3 . 23) 

cq . (3.23) is analogous to the Gibbs adsorption equation . For 

the isothermal case it gives 

(3.24 ) 

If the position of the bounda :' i es of the system as a whole and 

o( the dividing line varies, cqs. (3 .16) have to read as 

d u 
o 

Td + ~ ".dn. ::: 5 . 1 1 1. 
• l' 

du =­a 

+ a ciA • • (a ) 

(b) 

(3.25) 

and the total change of th e inernal e nergy 0 f OUT considered 

system is 

where, 

q 
du = Tds + E lJ .dn . + a dl\ 

i =1 1. J. a Il 

u = u + u
o
+ u., 5 .. 5 + 5 + sL,n.=n. +no -+n'l a ... L a 8 1. 10. 18 1 

(3.26) 

(3.27) 
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Applying eq. (3.4) and tak ing the constraint, A • '\ + AS = 

constant , into account. the mcchan"ical cq uilbrium condition 

rea ds as 

dl + ax 
a 

de 
C CIA : 0 (3.28) 

a 

For a mi n imum value of uL' a minimum length of a closed curve, 

1,of the ideal dividing line is required. This minimunl is 

reached for a circle and eq. (3.28) is reduced to cq. (3.29). 

a _ (] + K 
a e r (3.29) 

a 

r is the radius of the circular region of the -l-ph'1SC . If w( 
a 

rearrange cq. (3.29) we obtain 

c 
~ 

(3.30) 

a 

This is analogous to the Yo,lllg-I.....1place rdntion givt'n for 3-d 

case [16]. 

Redefining the position of the dividing 1 inc in a W.:l y tha t 

the physical state of the system is not affected, i.e., 

u J T, s, ~i' n
i

, 00:' aS being constants, eq . (L26) yields 

[ell ] + 
dAa 

C[~~]:O 
n 

(3 . 31 ) 

where the square brackets denote the special variation consj­

dered. Moreover, fOT such type of variation, ('q (3.12) leads 

to eq. (3.32). 

I [dK] • C [de] (.>.32) 
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Eqs. (3 . 31) and (3 . 32) give .. 
aa-O~+K [~~]+l[~:] = 0 (a) 

(J -cr +~+ 
a ~ r 

a 

a a 

[!!...] 
dr 

a 
= 0 (b) 

(3 . 33 ) 

This is the 2- d analogue of the generalized 3- d Young-L.::lplace 

equation [16J . Eq. (3 . 33b) describes the variation of K with 

a change of the position of the dividing curve and the physical 

state being unvaried. There ITk'1y exist a specific poSition of 

this line , in which K has an extremum value defined by 

+...':. = 0 
r 

a 

Comparing egs. (3.29) and (3.33b), we obtain 

c = 0 lIT? 
" 

(3 . 34) 

(3.35) 

Thus we come to the conel usion , that for the 1 ine of tension, 

(C = 0) . K has an extremum value compared with all other poss­

ible definit ion s o f the dividing line. This extremum is 

aminimum since 

K .....,.. 
r 

a 

> 0 (3.36) 

For t he line of tension be i ng the dividing line, the mechanical 

equilibrium condition can be expressed by the modified 2-d 

Young-Laplace eq. (3.37). 
a -
" 

(3 .3i) 
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3.3 Non-EquilIbrium Stu tes of Ilctero ~cneolls La ycrs 

ancI the Thermodynamic Potentials 

To general ize the thermodyn3 mie desc riptions of hetero -

gencous la ye rs we po 5 tu1a tC' (4) tha t in non-equil ihrium 5 ta tes , 

each of the 2- d bulk phases and the boundary -phase arc in a 

sta te of intrinsic thermodynami.c equil ibrium described by 

q 
U = 1 S + a A + r ". n. 

a a a a a i=l la 1a 

q 
(a) 

du = T ds + a dA + E }..1. dn. 
a a a a a i::'l la 1a 

q 
uB 

= T BSB + °eAe+. E Piani~ 
1"'1 

(b) (3 . 38) 
q 

dUB = TBds B 
+0 dA +.'~ .. dn·B B B ]:1: 1P 1 

q 
UL = TLs L + Kl + ElJ"LIl'L 

i=1 1 1 
(c) 

q 
dUL = TLds L+ Kdl + E I.L. L dn. I . 1 1 1 . 

P 

t-k:>reovcr th e 2-d analogue of the Gibbs adsorption and the Gibbs 

d · . th elves Itavc to be fulfl'lle d as (3 . 39) . a sorptIon equat10ns ems 

q 
0 (a) dT + A do + En. d~. = S 

a a a a i=1 1 0 la 

q 
SBdTB + Aadcrs+ r n. d . B 

i=1 16 jJl 

~ 0 (b) (3 . 39) 

q 
0 (C) 

SLdTL + 1 dr< + J.. n 'I diJ iL • 
i "'1 1.. 
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Tn principle, To' TB, via ' .,lis' Go and Os and K lMy be measured 

directly from their respective phases. But TL and ~lL cannot 

be determined di Teet] y from the adjacent homogeneous phases and 

thus \V'e postulate (5) that these parameters are eqwl to the 

resrective variables of the phase with a higher 5urfrtcf' de nsity 

a-phase in our case [11,151. This will lead to tile physically 

satisfactory conclusion that K is determined by the properties 

of the surface with higher surface density. 

Considering an evolution of a 2-d cluster (a-phase) of 

higher density compared with the medium (a-phase) . we may thus 

write eq . (3.40) for the internal energy of the considered 

system (c luster in the otherwise 
q 

u = T ~ + a A + l: 1.1- 'it + '1'050 

homogeneous medium). 
q 

Tn \\'hich we 

The change 

a a Q la 10 p p 
+ 0aAa +. 1: ~ iBnie + Kl 

l=1 

have introduced the notations: 

"- "- + niL 5 • 5 +5
L 

n. • n. 
• • , ,. , . 

in in terna 1 energy, dU
J 

is: 

d~ 
q "-

du • T + cr dA + 1: ~. dn. 
• « « • i=1 la la 

q 
+ Tad5~ + cradAa + r \.I·sdn· s+ <d1 

i.-l 1 1 

Considering the constraints 

"-5 • 5 « 
+ 5a 

• const. 

A • A • + A~ • const. 
, 

const. n i 
• n. + ni.S= ,. 

(3 .40) 

(3 . 41 ) 

(3.42) 
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for cquil ibrium process the lnternal energy is expressed by 

cq. (3.43) 

du = (T - To)d~ + (0 -0 + 
a p a Q: 8 ~)dA 

r a 
a 

+ 

and the equ ilibrium conditions are obt.., i ned as 

T = TD J ~. = p. 
n P 1a 16 

a-a +~ =0 a e r • 

(3.4 3) 

(3 . 44 ) 

Once we have the internal energy expression , the othl" r 

thcr!Jlotiynamic potentials may be introduced easily. If t he 

temperature is constJ.nt, the Helmholtz free energy is defined 

b ) cq. (3.45) below. 

F = u - Ts (3.45) 

From eq . (3.40) anel the above considered equations , we can have 

cqs. (3.46) 

(:1.46) 

It is evident from eq. (3.46), that K is in some approxir.ntion the Ilcler 

ho1 tz free energy per unit length of the dividing line. Tt £OllOI-'5 , tln t 

I(' > 0 otherwise the ClllSCl"Y lI'o\Jld di~solve 3nd :1 Two-phase 

system waul d not eval ve 
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The Gibbs func tion is similarly defined by 

G = u-Ts-aA A :: A + A = can 5 t-
o S 

For aS = 0 = constant, eq. (3 . 47) gives cq . (3 . 48) 

q 
G = (0 - 0 )A + L 

Ct B Q i =1 

~ q 
).I.n·+1:tJ ·n .+ 

1« 11). i=l 113 IS 

dG 
q ~ q 

'" (0 -os)dA + r ).I. dn . + r ll'sdn.
s

+ "dl 
0. Ct i=] lex la i=l 1 1 

(3 . 47) 

(3 . 48) 

These are the f undamental thermodynamic potentials we wil l need 

in our work, because they con t ain all the t ll ermodynamic i nforma­

tion about the monolayer systems for the constraints we will 

discuss in detail in the next chapters. 

3.4 Stability Investigation 

The stability analysis we go over in this section is 

developed for the case of a circular 2-d single cluster (a) in 

the homogeneous medium (3) and can be genera ted easily to many 

c l us ters . As a n a pproxima tion we ass ume a ze r o val ue of the 

co rrection terms niL. In addition constancy of the temperature 

is supposed . The equilibrium states aTe then determined by 

q 
6G = (0 - a + ~)6A + , (u· - u ·

s
)6n .• 0 

o S r n. 1 ~a 1 ~a • l' 

(3 . 49a) 

or 

OF = (0 ci a (3 + ~) 6A + ~ (u· - u·
6

)6n1 - 0 
r 0 i =1 la 1 a 

0 

(3 .4 9b) 
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For beth of the cases we considered, these stdtcs arc stable 

staft> .: if they fulfill the inequalIty requir('ments of (3.50). 

6 2p > 0 or 0 2G :> 0 (3.50) 

.rr n. and A are taken as the i n dependent variables , then the ,. . 
inequal ity expression s 0 [ D . SO) yield 

• 

[3. 50• ) 

This can he written in the form of 

> 0 (3 . 5(lJ) 

q 30 aOa 
+ E (.2- + _) oA on. + 

. 1 an. an ' Q n., r Cl JCl 
J~ JCl Jp ] a 

This inequality holds always if the principal subdeter­

minants and the determinant J of rotrix (3 . 51) arc positive 
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ClUl a d).llB ''1.0 'uH ''1.. ''1. a -+-- - + - · . Cln1a ''1. ~ • · -+--(ln
Za 'nza ,A M • a 

i)IJZa d1J2B "z. '"za dJ.lZa 3l,12B -+-- -+- · . · · ''1.. ''1. a 
--+-anZa 'Uza aAa Me 

J " (3 . 51 ) 

;)jJ ga + <1l,l 913 ~t!.+~ · • · DJ.lga + ~ 
''1.0 ''1. a "'Zo "'za Ma Me 

30a (laS 30a cO'S a0o. aae II:" 
--+-- --+-- · . · · --+----
'1] 0 ''1.a anZa dn

ZS dAn MS 2nr3 
o -

due to the intrinsic stability conditiun C'f each hOTOOgeneous 
phases (cf~ section 3.1), all subdeterminants aTE' positive and 

the condition for stabU i ty is onl Y lV'hen J > O. 

For our special case of a one component system, the stabi­

lity condition is reduced to inequality form of 3.52) below. 

'" '"a dl1a. '" a 0 -+ ,A + --'n ana "~Is 0 Q 

> 0 (3 _52) 

'a 'aa 'a 'aa • 
I~+ 

0 + ax- 'Aa - -, an 'na znr 0 0 0 

IJ
a

, all and iJ
a

, 0
6 

can be consideTcd as functions of t:le surface 

densities ra and r'
B 

respectively as it can he shown below. 
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For isothermal conditions we can write the variation 

of the lIelmhol tz free energy for the hulk a - phase as 

dF • " a dA • • 

out of which 0(1 a nd v· a re t o be ,. 

o. 
3F 

"." (--2-) 1a an. T, A ,no 
1a Q)a 

(3.53) 

Since F i s a function of the independent variabl es A a nd • • 
n. t it is obvious, that for the one co mponent ca5e , 
1. 

or 

o ... a tn , A ) • • • 
".(n,A) 

lJ a a a a 

a :" (r ) • •• 
•• • " (r ) • • 

r : • 
n. 
r • 

(3 . 54 ) 

Moreover, for iso thermal conditions and one component 

system we obtajn, from eq. (3 . 39a); 

and the p<ntial derivatives of the surfac e tension can be 

expressed in terms of the chemical potentials as below . 



dO dll 
__ Ct = _ r __ s!. = _ 
an a an 
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3a e 
= r 0 '" e 
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all ar r __ a ---!!. 
aar an 

" " 

ao dJ,l ar r 2 

'" 0 a a = r " " aAo - aar- aA = A "!'r 
" " a " 

aaa r2 a"a = a 
aAs Aa ara 

. - r d'oJ 

" " A3f 
" a 

(3.55) 

The partial derivat ive of the chemical potentials with respect 

to Aa can be transformed to a derivative with respect to ra as 

. - f 
a 

A 
" 

Thus instead of inequality (3.52) we my have (0 . 57). 

1 a \J a 1 aVa r 'V fa aVa a a 
A ar + 

Aaar a - A rr- - ~ ara • " a " > 0 

a" r 2 CI\.I a 
2 r av ra ra '.a < 

a " a a 
A ar- +-- - -3 - Aar ~ dr. Aa ar s ZnT 

" " a • a 

when (3.57) is evaluated we get 

< --- > 0 

(3.56) 

(3.57) 

(3 . 58) 
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From the stability condition of C>. Sa) the following conclusions 

can be developed. 

When the characterstic potential is F, it means , if the 

constraints are given by 

A ~ A~ + Ao = canst . T' const ~ p , • , 

n = n 
a + Os = canst. 

the variation of the size of the cluster leads to a depletion 

which is a variation of the state of the medium. As a result , 

a stable equil ibrium state - eval ution of a cluster of fi nite 

size in the otherwise hooogeneous medium (a-phase), is possible . 

In contrast, if depletion effect does not occur, us- ),IS(rs) 

is constnnt and a finite sized state clust£-T cannot evolve and only lUlstable 

equil ibrium states are possible. 

All the arguments and the resul ts obtained are qualita ­

tively similar to 3-d case [17,181. Under the same footing , 

the stability analysis can be carried out for any other con-­

straints and also for t he case where many clusters exist in 

the system. 

3.5 Curva ture Dependence of Line Tension 

The parameters of a 2-d c1 uster in equil ibrium with the 

medium in which both belong to a one-component sy~tem under 

isotherml conditions, are (cf. cq . (3 . 44) given by: 
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U • 
a 

U • U 
~ 

" 
(3 . 59) 

a - o~ + - • 0 
a r 

a 

The line of tension is chosen as the dividing line and fo r a 

given size of the clusters, the line tension , Ie has a properly 

defined value. It is of i nteres t to inves t igate how this l i ne 

tension depends on the size of the cluster . Such an analys i s 

is ca Tried out now to c~cck, under which cond i tions such a 

dependence has to be taken into account. 

From eqs . (3.59) WI.: Cali have 

dU a • du~ • du (3 ) 

do - do • - d (~) (h) 
(I t3 f a 

and from the Gibbs adsorption isotherms of ,eqs. (3.61), 

cq. (3.60b) 

A do + n d~ = 0 
a a a a 

is reduced to 

K . (r - r 1 du = - d (Tl • 
~ a a 

(r ~- r 1 du 
d< od (; l . = -,u:- -a a a 

(3 1 

(bl 

(3 . 60) 

(3.61) 

(3 . 62) 

Again for isothermal conditlUns and n one component system 

cq. (3.23) reads: 

UK ." - • • I. 
(3.63) 
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and thus from eqs . (3.62b) alld 3.63) we have 

\I.'here, 

[!. + 
0/ 

• • 

1 - -jd< • r 
a 

I - <d (-) 
r 

a 

A L 
r - r a 8 

IS a 2-d Tolman coefficient . 

Rearranging eq. (3.64) we have 

dIn( <) = -dIn [l+.!..J+~' 
T T 

a a 
I+(./r ) 

a 

The general solution of this different:ial eqwtion is given by 

dr ) 
a 

T 
r a 1 a. 

- - dr r ar 
I +(./r) 

(3 . 64 ) 

13-6!d 

2q. (3.65) is one form of the most general thermodynamic rela -

tion that describe the curvature dependence of the line tension . 

It is qualjtatively analogous to the expression for the curva­

ture dependence of surface tension [16]. 

When'Y is constant eq. (3.65) is reduced to eq . (3 . 66) 

(3 . 66) 

and it is the 3-d analogue of 2-d Tclmn cqLBtion {or the curvature depe:nd-

ence of line ten$ion 116]. 
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From cq. (3.66) and also from [hI:' gt'ncral CXi)TCs~ion of 

eq . l3.6S), it is evident that thf' region ,,"here a curvnture 

dependence of 1 ine tension bet:om~s important is determined 

by the value o f ' . To determine' ll"t U"i discus~ 1n addi­

tio n to Gibbs ' dividing line of tension also another dividing 

line (see fig. 3 2), ca lled 3S the' t"quiood'cll1ar dividing 

linc , defined by " L S O. 

For the Gibbs' dividing line (C· 0), the total number of 

particles, ",are expressed by: (eL eq. 3.27). 

n ~ n + n +"L ~ r A tr A ~ Il, 
0. B (leI"lf\· 

(3.67a) 

For the equimolecular dividing lint' ""e have for n as 

n = (e1 
n 

o 
+ nee) 

e (3.67b) 

The superscript, e, indicate<; the equli.oleclilar divi.ding line. 

Fig. 3.2: Model fig. fOT( )he two arbitrary 
interface'; , XG' X e of tJ finite 2-d 
system. 

X and X(e) i n fig . 3.2, are the position of Gibbs' dividin(l 
G 

line, (C '" 0), and the position of the cqulnolccular dividi 'l g 

line respectively. 
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By the conservation of particles, 

13.681 

Rearranging eq . (3.68) we obtain <'q. (,3.69). 

(.1.69) 

Since the djstance between both di\Jiding I incs is, in 

general . very small - less than tIl..:' '""idth of tbe interfacial 

region , If is also much less th.ln thIs \r.lt>th .'lnd in a good appro -

ximation,K ca n be taken as :t con!'t~nt. 



CILaptcr Four 

Formation .of 2- D Cluster" lInt1C'r !Iii ((,ICllt Con5trnint~ 

4 . 1 l-hcrmodynamic Analysis of the form:,' ion of onr 2-11 rlll" l rr 

Till now a discussion of the ge neral th('rmnctyn~mic t heory 

of Il c t e rage neou s 2-d systems without nny legilrd to the procr~s 

of for mation o f clusters is given . 

lIe r c a s s peci a l case<; , two tht"Tmodrn:lmlc potcnti1I", th(' 

Gibhs function and the I1c lmholtz frC'e ellr l gy orr ;l1l~ly2('d 

und er the const raint s 0B· cr • canst., 1 • const., n E (on~;;t. 

:tnd 1\ .. canst. J T = con"t., n ~ canst rf'c;pC'ctiv,.,.ly whirh 

give adcquate descri.ption for the an<llyc;is of cltl5tC'r forma-

tion (see also Ch . 3) . 

As a model system an adsorbed til ill film Jrv~loped on and 

suppo r ted by a firm base or suhstratC' is .1 sll!Tocd 15 in fig. 

(4.1) be lo w. 

• 

o 0 

u· 
0.(3 

Fig. 4.l: ~bdcl system for the study of ~...,1 pinS\..- tr ,1I1"itinnc; . 

In the transi tion that] cad!: to the forrri<l t Ion r f one a-ph.] se 

cluster, thC' two potenti;lls are descTihrJ hy Ic"f. Pq . 3.16 

and 3.48). 
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'" A (0 - UD) + n (~ -~ ) + n~D+Kl o a p a a ~ p 
(a) 

(4 • I ) 
F 

lie t. '" n A +n ).J .. c A 
Q Q a aBe (b) 

As usual, A i s the surface area, n, the number of moles , 

o • the surface tension, u, the chemical potential. 1 the 

length of t he boundary line betwC'en the two phas(>s Jnd "' . the 

] in e ten sion . The thermodynam ic pal'nmetcTs wi th a suhscript 

a co rrespond to the cl ust e r (a-phase) a nd with R subscr ip t B 

correspond to the medium (a - phasC'). Eqs. (4.1) arf" t'qua lions 

of heterogeneous systems. For a homogcn(:llus plt:lse, parti­

cularly for the initial metastable stat"!, thc~c potentials 

arc described by 

G E iJn Hom . (a) 
(4 . 2) 

FHom ' '" }.In +aA (b) 

Since the change in pot entials rather than the mere potentials 

themselves arc of jmportanc e , first the change i n Gibbs ' 

fu nct ion s with respect to certain parameters, l:ike the size 

of the cluster is given by 

(4 • 3) 

6G" n (lJ - lJ) '" A (0 - a.,) +1(1 
a(lj3 (lap 

As lJ and a are funct i ons o f the surf:Jcf' concentration, r , hoth 

values arc constan t in the Gibbs pott>nti'il ca .. e :Jnd is cqual 
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to the values for the homogeneous metast :1 :;ll" state , (aS. 0, 

IJe= lJ) · Moreover from the Gibbs ad~orltlOn rell).tion of the 

form: 

do '" - r d 1.1 a a a f1 . 4 ) 

and a reasonable assumption of the incompressibility or thc' 

2- d liquid (a-phase) we get : 

(4 . 5) 

where J.l (a) is the chemical potential of the particle~ I" the 
a 

cluster for a value of the sUl'facc tension 'Jein)1: eqwl +. 0 the 

external tension (1" Th us suhsti.tuting cq. (4. ) i'1to cq. (4.3) 

we obtain eq. (4 . 6) as follows. 

(4 . 6) 

The change of the Gi bbs function with the si:e of ttlC cl uster 

is then given by 

dllG:; 2nr f' (\.l-lJ)i 2fiK 
dr n (.( a B 

a 

(4 • 7) 

and the critical cluster size is deteTm~ncd to be 

(4 • B ) 

I t can then be said, from eq . (4.8), that;l phase transition 

may proceed only if the chemic~] potcTltiai of the medium, 

(a - pha se) is greater than tht' ch(',nic:ll potential of the pilrtkl('s 
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in the cluster (a-phas~). Othe rwi se , 6G as n [unction of r 
n 

would be a mo notonically increasing fune tion and the homo-

geneous ini tial s ta te is globally stable . In tile test [or 
the stability of the equilibrium state of ('q. (4 . 8) we oht.lin: 

. - (4 .9) 

li e nee, t he potential, 6G being the potent iil l f o r the case of 

constant su rfac e t ension as a constraint ha s on l y one extremum , 

a maximum. The above an al ytic argument s arc ve rifi ed by 

fig . (4 . 2) . 

Fig. 4.2: Desc ription of the thcrm:x1ynamtc potential 
changes as a ftm:tion of the size of c luster 
(cf . 3-d case) [1) 

TIle figure shows that for a cluster of size r < T • the cluster shrinks. a C 

[n contras t , for a c lust er of size r >r , lIG has to decreac;c, fulfilling a c 

the c riterion of evolutio n to equilibrium wh ic h results in 

a further growth of th e cl uster. A cluster of size ra"" rc 

has a n equal chance fOT shrinking as it has for g rowing and 

it i s un stabJ e . 

An equival ent argument for the above description is as 

fo llows: 
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From eqs. (4.6) and (4.10), eq. (4 . 11) is formulated. 

= -

(4.10) 

(4 . 11) 

Eq . (4 .1 1) has the same structure given for 6C in fig . (4 . 2) 

but in a dimensionless form . 

For the second considered type of constraints , A, n and 

T being constant , the characterstic potential is the Hclmholtf 

free energy. Its change for the case of formation of onc 

cluster is given, from eqs. (4.1b) and (4.2b), as 

AF = Aa(oa - oa) + na(~a-~a) + n (~B-~) 

+ A(ofj-a) + k" 1 

From the incompr essibi lit y of the cluster, we can have 

(4 . 12) 

1 u (0 )= " (0 ' ) - -r (0.- 0') (4 . 13) . 0 . • 
and, 

(4 . 14 ) 

where 0" and 1J refer to the homogeneous phase and are constant . 

a' is the value of (J for the 2- d liquid-vapor saturation state 

and n is the total milDer of II'Onomers in the considered system. The 
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36F 
-< 
3r 

a 
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2nr (.'-0.)' 2nr r [" (0') _" (0 )J a I.l no. a B 8 

aus au 30 30 
- n - +- n -1. + A --..! _ A _8 + 2nK" 

oar ar ar aaT a Cl Cl (l 

2JIr (o '-oa) + 2nr r (1-1'-1-1 ) + 2IT" 
a ~ a a B 

jJ(o')::ru ' 
a 

(4.1 S) 

Appl ying the iso thermal Gibbs adsorptio n Tela tion fo r the 

B -pha se 

d. < 
6 

and introducing a mean value , <rs> in the interval (r l,r) 

we have 

(4.16) 

where a t the saturation state , ).Ia(ol) .1-1
8

(0 1) .. lJ l. 

Eq . (4 . 15) is tben r ewr itten as: 

3AF 
aT a 

= -
(4 .1 7) 

+ 2nr r (u ' - \.1.,)+ 2nIC 
a a p 

For a phase transition to occur, \.IS must be greater 

than IJ ' (Le., liS (CJ
a

) > lIa(a ' ) E \.lsC( 1 » 3nd moreover 

36F/ar < O. 
a 

The ex trema a re oval ua ted from 
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(1' - 0 + 
6 

r (loti _ V )+ ....!S.. 

r • 

r 

• 6 r • 
(r -• <ra»("'-"a) 

= r ext . 

• 0 

+ < 

(a) 

(4 . 18) 

• 0 (b) 

(4.19) 

Fo r s tability t e st , a2 11F/ 3r
2 

is computed a t the ex trema . • 

2 
_ 2ih:: [ 1 _ 14 

r < • 
a"a ar a 

(r -r) --] 
B a a r ar a • 

(4 . 20) 

r is the COllcent r a tlOn of pa r t iclcs in the homogeneous initial 

phase . For very small cl uste rs we obtain 

· - 2n< 
< 0 r • 

(4 . 21 ) 

whic h corresponds to a critical s tate of the c lus t er . And 

for large cl usters eq. (4.20) is Tcdoced to 

a2 11F 
4nA (r-r ) 2 a"a 

• • • > 0 
7 -A-

(1 -A ) ~ ara 
• • 

(4 . 22) 

A 

which corresponds to a stabl e c l uster . 
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The charactcTstic potential, Ll.r has two extrema, a 

maximum that corresponds to a the rmodynamically unstabl e 

cluster and a minimum corres ponding to a thermodynamically 

:::. table cluster . The behavio r of lIF as a functio n of cl uster 

size is briefed 1' n £ ,' (4 2) g , , • AG and l!.F have different 

number of extrema. AG has onl y a maximum because the s ur ­

face tension is kep t cons tant in the system by the t r:m sla ­

tion of the I-d j nterface in the course of the t ra nsit i on. 

(see fig. 4 . 1) and 6F has an nddjtional extremum (n minimum) 

due to dep] etion effec ts . 

4.2 Depletion Fffects and the .... ork of Formation of Critica l 

Clusters in 2- D System 

From the point of view of classical thermodynamics the 

homogeneous initial state would exist for ever, sincc
J
3ccord­

ing to thermodynamics}evolution proce~ses are connec t e d with 

a decrease of the thermodynamic potentials For G r espectively . 

But in every rcal system spo ntaneous deviations from the 

equilibrium s t ate - fluctuations, occur which a r e not c on ­

sidered in classical thermodynamics . 

Of pa r ticular impo r tance faT the noclea t ion process a r e 

fluctuations l eading to the evolution of clusters with the 

cri t ica l size,r
c

' Such clusters can be formed also in a 

reversible the r modynamic process, if an external work is 

done on the system. This work of fonm.tion of critical 

• 
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clusters, W is equal to W z 6F W G c or • 6 c Tespec tivcly for 

both of the considered cases. 

According to classica 1 nuclea tion theory, the nuclea tion 

rate, I, i.e. the number of critical clusters formed per unit 

time is given by 

I = 10 exp w [- x:'I' } 
B 

(4.23) 

If depletion effects can be neglected, ~~ is gjven by 

<l c 
2 

(4.10) 

It is eviden t from both these cqs. that 1 decreases rapidly 

with an increas ing cluster size. Therefore, phase transitions 

ip layers occur only if the critical cluste r contains for 

about two to ten particles . 

~ow if the $tate of the medium is a ffected by the forma -

tion and gnJwt't of the clusters, i.e., if depIction effects 

occur, the critical c..luster size is affected by these varia ­

tions. Let us now analyse the influence of depletion effects 

on the work of forma tion of the c ri tical c 1 listers. He re, as 

an exa mple, the c ase of constant surface area and constant 

temperature is consideredj where F is the characterstic 

potential. 

From eq. (4.14) we have, 

llF "" A (a' -a) +n (u' -uS) + r<!+AW. 
a S a 

(4 . 24) 

where the depletion effect term, 6W is: 
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At the extremum, ~F is given as in the following. 

"F • - K 
A + td + lIW 

f.t a 

~F £ KTIr + uW 
a 

(4.25) 

In the absence of depletion effect, lIW • 0, we have the 

minimum work for critical cluster formation of eq. (4.26) 

(cf. eq. 4.10). 

"F c (4 . 26) 

But in general lIW is not equal to zero. To fInd out the 

properties of 6W, let the parameters 06 and \.IS be functions 

of Os and AS represented by 

(4 . 27) 

and let us denote these independent variables for a while by 

Xl and XZ' Bya trancated Tayler expansion of 013 and \.Ie we 

have: 
2 

2 '0 + , ar."X.+ I ' 

"
=1' l' , " J . 

2 , 
+i~AX.+ 

. l'A. , ,. , 

• 
(a) 

"X .• x. 
1 ) 

(4.28) 

(b) 
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and the depletion effect tcrm reads 

2 
ow " A {E (~ + 

i"1 'Ai 

Using isothermal Gibbs adsorption Tela tion this will reduce 

to 

+ n 

From the rela tion: 

we get 

oW " -

A <10 '" 
aX i 

2 
!E(,~,a 

i,i"1 ax; iXi 

(4.29a) 

- n 

(4.29b) 

From the intrinsic equilibrium condjtion (cf. eq. 3.5), we 

obtain 

Hence, 

2 
E (&A a 0' 

i,i"1 ""Tj iXi 
+ an (ljJ )lIX.lIX. ar. ar. 1 J 

J 1 

2 
1 E (aA Cia + an 
'. . 1 ar ar ax. '. ar)OX.OX. 

1. J 1 
I,J= J 1 J 

> 0 (4.30) 

< 0 (4 .31 ) 

The depletion effect term, llW in the 2-d cluster formation 

is negative analogous to the 3-d case [I} 
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Moreover, depIction effects also result in a variation 

of the radius and the number of particles in the critical 

cluster. To account for this effect it is realize(] that r 
S 

can be expressed as: 

n-n 
flJ '" Q 

p A-A 
a 

The parameters of the critical clusters are given by: 

f1 : "aCr.) - "sCr s) : 0 Ca) 

f2 : 0aCro) -osUS) + : • 0 (b) 

• 

C4 . 32) 

(4 . 33) 

Talling eq. (4.32) in to account it can be concluded that 

eqs. (4.33) represent two equations of the type 

for the determination of the parameters of the critical 

clusters. 

(4.33c) 

To obtain expressions faT the dependence of the para­

meters of the critical clusters on depletion effects we start 

with the argument, that with nn increasing size of the total 

system depletion effects·will become less important. There­

fore, the analysis may be reduced to the consideration of the 

dependence of the parameters of the critical clusters on the 
, , 

total size of the system, provided the j~itial representation 

is kept constant (see fig. 4.3) . 
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nAT 

® (II 

It~A+oA, T 

/3 r ~n 
@ I 4A 

Fig. 4.3: MJdel used for the investigation of the jnfluence 
of depletion effects on the parameters of the 
critical clusters. 

The two systems, represented in fig. 4.3, differ by the total 

number of particles, n and the total surface area, A. Accord­

ing to eq. (4.33), also the parameters of the critica l cluster 

will be different. And for the systems in fig. (4 . 3) we can 

formulate eqs. (4.34). 

n (1) (2' A+M) = n (n ,A) n )= n (n+6n, 
• n n • 

(4 • 34 ) 
A (1) = A (n,A) ; A (2). A (n+On, A+6A) 

n " n n 

Expanding in a Tayler series and neglec tins; higher order tenn~, 

the following eqs. (4.35a) and. (4.35b) are obtained for 6n 
n 

and 6A . • 
an. an 

6n + • 6A M = a,;;-n a n (4.35.) 

6A = aA. 6A + aAa 6n 
n 1lA an 

or an an 
6n = (r l,: + af)6A 

a (4.35b) 
aA aA 

M - (f an'" aJ:)6A a 
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From cq. (4.33c), eqs. (4.36) are al so formula ted. 

H. an H. aA af. ---l 0 
+ aT- 0 at: (a) an aA aA = -

0 0 

(4 . 36) 
at. an H. ail af. • ---l 0 + ---l 0 ---l (b) an : -an an aA an 0 a 

The Jacobi determinant, J, of eqs. (4.36) is given by (4.37) 

below. 
HI ail 

a(fl,fZ) an- ar 
0 0 

.J : 

a Cn ,A ) = (4.37.) 
a 0 HZ HZ 

an ar 
0 0 

For the partic;lar case of cqs. (4.33a,b), the Jacobi deter -

minant is 

.J :: (4.37b) 

Using Crame rs rule, 

an an aA aA 
a a a a 

""""§'j1 ' aA ' aT J ---an 

are evaluated by the following eqs. (4 . 38). 
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(4.38 ) 

Prom Eq::;" (4.35h) and '1.38), the following can be obtained. 

and 

h n :::: -
Q 

oA on • --:r Q 

M 
oA - -T Q 

oA • 
M 

Q --:r 

'£1 ·J I HI 
r- • 'TA ;iX-an 

Q 

HZ HZ fZ 
(1.39.) 

"-- . 'TA TTl ,,, 
Q 

a(f1 ,£Z) ,(fj,£Z) 

[farn ,nl .... ~Tn ,A) J 
Q ' . 

af] af] • f 1 

an aA + r-I an , 
Q (-1.39b) 

HZ afZ \.If., 

Ian; 'TA + r-" _11 

Substitt,ting the l"xpresslons of fl and [2 of C'qs. (4.33) into 

eqs. (4 . 39a) and (4.39b) ,t ridJs: 
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and this again can be simplified to 

M = 
" 

'" a 
'iT 

" 
For the variation of density of the cluster we have 

1 
A 

a 

(bn-rM) 
a a " 

(4.40b) 

substituting the values of linn and llAa we get it to be 



, 
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M = M [_ 1 
" J All 

" " 
, ) 

2;;;> (4 . 41) 

" 
To discuss the results, we realize first that the deter­

minant , J, of eq. (4.37b) is identical with the determinant, 

J, that was discussed in the stability investig~tions of 

Chapter 3. Therefore, according to eq. (4 .40b), the size of 

the critical cluster decreases and the siz~ or the stable 

cluster increases wIth an increasing surfocr area, A. This 

results in an increasE' of the critic.:lI clusteT size and an 

increase of tile wcrk of formation of th e cl"trieal cluster 

with a decreasing sjze of the sy~ten! 

Going back to (lUI" initial 5' ~tcm - the dependence of the 

parameters of the critical c1ust('1' on nf'plction cffl.~ct<;, 'we 

may conclude, that depletion lead:- to thC' incTC'3se of the size 

of the critiC<11 clusters. Since this I ncrement is a linear 

function of the variation of the st'-He of the medium) 

(cf. eq . 4.40b), it is thu E'tfec(and TJiJt the term AW that 

deteTmines the variations of W due to ~epletion. Therefore, 

depletion resul ts in an illcrea5e of the WOI k of format ion 

of critical clus t eTs and thus in J Jecrease of the nucleation 

rate. 

4.3 Generalization to En~emblcs or 2-0 Clustt:rs anrJ the 

Scenario of Phase Tnlnsition 

What has been discussed about t h , challge of the " thermo-

d 1 t ;01 . c- Ju s ' - r ,,_ -, dynamic potentials uc to (in eVO ,} ~ 0 - .. 
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re sult of phase transition can he gcncnJ1izcd to ens('mhlcs 

of clusters. 

For the evolution of N distinct cl usters ou t of the 

homogeneous me t astable initial state . the chan~c in the 

considered thermodynamic potentials is gin'n by (cf. eqs . 

4.6 and 4 . 14) : 
• 

oG • ~ [n (i) (u (i) (a) 
i:l a Cl (a) 

(4 .4 2) 

of = 

The subscript (i) refers to the different cluster ... . For N 

identical clusters, eqs. (4.42) .If(' rewritten as 

6G = N [n (u (a) - uB(a)) + dJ a 0 

of = N [A (a'-a Jon . (u (a'J - uB(aBB+.l] a a a a 

(4 . 43) 

[ eqs. (4 . 43) depend on the' number of cl usters , The potent ials 0 

N and their size. For a constant number, K, the extrema of 

are computed in the 'Same c;:Ise as for a single the potentials 

cluster . (ef . cqs. 4.7 an 1 LIS) 
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For the stabil ity test, 

FOT G we obtain 

, 
+ -]. a 

ra 

a2~G 
~ • 2rrNr (. (0 ' ) - .s(o» ar a a 

a 

2JINIC 
-- < 0 r 

a 
(a ITI3ximum) • 

(4 .44 ) 

(4 . 45) 

Moreover hG for the N number of cluster can be:: a:i C'q. (4 . 46) 

,. 
2(~) J 

rc 
• N~G 

I (4.46) 

TC and AGe being the c r itical values of the Gibbs free ene r gy 

for a single cluster and oGl a value of single cluster. 

The extrema (only a maximum) of 6[, is increa.sing at a 

f i xed critical radius, TC as N incrcJs~s and CTosses the same 

point in the r - axis irrespective' of th(' number N . • 
Let us now _d i scuss AF at the extrema, it gives 

a2~F , 2rrNr [ (rS - r ) ----2 a a 
ar 

a 

By e val uating are/ara as 

H" _ 2nNr,.. 

• - 2 J 
ra 

(r - r ) 
" 

(4.47) 
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a2 1lF = 2nNK 
(y + 1) -;;r -~ (4.48) r 

Q 
Q 

where, 
(r-ri 2A r N I:llJ e y = " Q KA 
(1-*)3 ara 

From eq. (4 . 48 ) t wo cond i tions can be predic ted. 

1) a2 H 
-;;r < 0 implies 1 +y >0 , 

being the condition for the critical st.lte . 

2) a2 H 0 impl ies 1 +y < 0 -;;r > , 

being the condition for the stable stdte, (stable . if 

the number of clusters is fixed). 

For an analysis of the qualitative behavior of llF as a func-

tion of N, the 2-d Gibbs Thomson equation (4.49), obtained 

from eg . (4.44) is differentiated with respect to N taking 

into account that r is a function of N and evaluated at the 
Q 

extrema. 

(0'-0 ) +r ( JJI_ IJ ) + J( = 0 
B a a Ta 

dT 
Q 

aT 

..'S.J=O 
r 

Q 

(4.49) 



dr 
a aN • 

- ~2 -

+~ 1 
rg 

+..!..] 
r a 

The number of eq. (4.50) can be t f Tansormed into: 

• ~(y) 
a 

and the denominator i s : 

• - --z (y+l) 
r 
" 

.... hcrc y is that determined above . Thus we gel 

dr 

aT' 
At the crit lc~l s tate, 

- r 
a 

(l+y-l) < 0 , consequently, dr /d~" 0 
a 

and at the s table state , 

(1.y -J ) > 0, consequentl y, dr /dN < 0 a 

(4.S01 

(4 . 51) 

(4 . 52) 

(4 . 53) 

To f i nalize the analysjs of this sCl:Uon, Lt't us cV:lluatc 

dtoF/dN a t t he extrema. 

.. ocnr 
a 

arQ 3AF 
aJif + aJif 

._d,.O 
l 

(4.5-11 
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From all the argum('nts for Ai! as 11 Ihf'Tmodynamic poten­

tial for the phase transition in the forrqotion and growth 

of 2-d clusters, it can be said thnt the positicn of llF(r
o

) 

for the critical state increast'5 wlth the number of clusters 

and for the stablu state it de~rcases wtth the number of 

cl usters, N, until both extrema coincirlc in .'\ common point 

called the inflexion point characteriz.ed by 

(L 55) 

This point corresponds to the maximum po~~iblf' numl:cT of 

clusters, Nc of the considered system. The function or(ro ) 

for a definite number of cluster!'" is sho~n in f1g. (4.4a). 

Fig. 4.43: 

·rj~. '.4b 

llF as a function of Ta for f1 givC'n number of 

identical clusters. The V8rll1tion of the 

position of the extrema of 

of- the number of cluster", 

arrow~. 

r as <I function 

N is indic~tcd by 

h func tion AF • AF(r.) for dtffcTrnt presents t c 
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v11ue~ of tilP number of cluste r s. Based on tlli~ figur~ n 

el:neral scpnario of first-order phase transit jon in 2-d 

systems, startin g from me-tastable initial states may he 

o~v(>loped . 

fig 4.4b: The main stages of a first-ordor tTan~ition 

in 2-d system: nucleat ion and possible simul ­

taneous growth (dotted curve), independent 

growth of the clusters (da shed curve). Ostwald 

ripenJng (dashed-staTed curve). 

lhe transition stages in fig. (4.40) are analogous to 

the 3-d case [21]. To name them, first a stagf' of IlUCleatlon 

and a possible simultaneous growth of the alTc~dy formed 

5upercritical cluste r s (dotted curve), suhsequ(,"!Itly a s('cond 

stage of nearly independent growth of tllc clusters with nn 

almost constant number of them (dashed curve) and a third 

stage of competitive growth or Ostwald rellening where fflono-

mers leave the smaller clusters and diffuse over to the larg<' 

ones because the former have a higher vapo r pressure (22) 

resulting in a decrease of the nllmber of cltlster~ in the 

system and an increase of thpir mean radius (da~llcd-st8rcd 

curve) . 
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The Tesul ts of the thermodynamic desc ription developed 

in the preceding chapters are n01-.1 to be applied to the kinetic 

description of the growtll of clusters. In this study, jt will 

be assumed. that growth proceeds by accretion. 



Ch~pter Five 

Kinetics of Phase Transi tion in Adsorbed Mondayers 

So far a static thermoJynamic deScTlption of the phase 

transition was discussed. The consideration of the kinetic 

pro":l!ss when matter or energy or both are transported between 

parts of the S) ~tem is to follow in this chnpter . The rate 

of transport process of thermodynamic quanti tics is the ObJect 

of study ~f physical kinetics. 

Transport processes of material particles in a fi nite 

2-d !-;ystcm are in general described by the flux, j of a 

physical quantity , z defined as the amount of thE' considered 

quantity crossing a unit length (cf . unit area) in 3 unit 

time. ~tathematicaly it can be cxpres~ed by: 

1 dz 
lz=tiIT 

(5 .1 ) 

The flux of m<1ttcr in diffusion, the flux at heat in 

thel l l1l conJuction and t he flux of ch~\rges in a conductor are 

a few examples of kinetic processes. F~ch of these fluxes is 

caused by a gradient of a physical qu:mtity like cOllC'entration 

of particles, temperatures, and electric potential. In the 

case or 2-d kinetics of phase trans ition the objective of the 

study is the flux of matter by diffusion. 

5.1 Kinetjcs 0"£ Cluster Growth by [,i ffusion 

III the kinetics of phase tr3ns~tion of 2-d sy~tems, ~he 

3-d analogue to the 2-d diffu<;lon equatIon i5 e),.pTe~sed by 



+ 
J • -

D.r. 
1 1 ........-1>". AB' 1 
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(5.2) 

Djl fi ~i are the partial diffusion coefficient, the surface 

concentration and the chemical potential of the i-th compo -

nent in the system respectively . KB is the 801 tzman constant 

and T the absolute temperature . The negative sign in the 

equation indicates the direction of duffusion being to ..... 3 rds 

decreasing concentration or what is equivalent is towards 

decreasing chemical potential. Assuming a perfect mixture, 

~. can be expressed by: 
1 

(5.3) 

(0 ) 
"i 

is the chemical potential in a standard stBte, and 

(5 .4 ) 

with A and "t being the area and total number of moles , 

respectively. X. is the mole fraction of the i-th component. 
1 

The gradient of eq. (5.3) reads for this case 

KBT 
= K TVln(r.) • ___ vr. 

B ~ r. 1 
1 

(5 . 5) 

) and (5.5). eq. (5.6) is obtained fOT Then from eqs. (5 . 2 

perfect mixtures. 

j .• -D.v r. 
1 1 1 

(5.6) 
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For a one component system , eqs. (S.2) and (5.6) arc: 

+ 
J • -

+ 

!!.!:.e.v 
K T "S 

B 

J--Dvrs 

(a) 

(b) (5 . 7) 

where Pa and ra refer to the chemica l potential and surface 

concen tration of the a-phase. Bas ed on eq. (5.7a), now a 2-d 

cluster growth equation i s to be developed fO llowing the 

approach introduced by Schmelz e r (20] faT 3 ... d clusters . Here .. 

by, is sta rted with the consideration of 3region of the inter ... 

[ace between two coexisting phases (see fig, 5.1), consis t ing 

of two homogeneous par t s of the 1 iquid (Cl) tJnd vapor (6), 

divided by an inhomogeneous region with the width 10 , Eq . 

(5.7a) when refered to such system is writt,n 8S: 

whe re, 

+ - Dr s 
J • 1CI' 

B 

(5 .8 ) 

O~aa. Va-Va and cr is a unit vecto r perpendicular to the 

surface of the a-phase . JI. l~' 

}lJ. 

Fig. 5 . 1: 

, • 
~et' p 
, 

T .. 
, ", 

, . 
• 

a) Schematic dig . for 
the transport process 
h~~~ppn coexisting phasts. 

L-------;T 

b) ~(T) at constant 
SliTher tens ion. 
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The pI asc transition process may commence at any point in 

the m"'1'3stable st-ate interval (1,2) of the a-phase (sec fig. 

S.ib). Therefore, for a condensation process to occur, 6\laS 

must be positive. Equation (5.8) can be generllliz.ed noW' as 

follOws. 

From the thermodynamic point of view, a process in a 

5 ys ten\ will take place, if the characters tic thermodynaJRic 

potential, ~J decreases. Therefore, the thermodynamic poten­

tial ch:lnge, .6.¢I connected with the increment of particles, 
) 

60 jn the a-phase can be taken as the thermodynamic driving 
u 

force of the transition; and eq. (5.9) is obtained. 

K T S· 

(5.9) 

Since growth rate may depend on the number of partjcleS :in 

the ",-phase we can go over to the limit 110«-> 0 and get 

e4 . (5.JO). 

(5 . 10) 

As a special case let us t ake + to be the Gibbs function , 

£T t and • _a_constan t. 
G under the constraints 0 '" cons. 8 

written as: 

Consequently, 

and 

r '" r r; const. alSO and 4G i 5 
~ 

(5 .11) 
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Thea the general expTes~ion for the d 
ensity of flux: through 

tilt.' lJlI.Crta..:.c is to be written as 

or 

1 J' + - e r r • 

j '" nr 
I~O 

• B 

I( 1 1 " 
1- [- - +.- J C 

a Te Ta. T 

eq. . . 
where TC is the critical radius (cf. 4 8) 

can be said of 

dn • at • _ j znr 
a 

(5 .1 Z) 

Mo r eover , it 

(5 . 1:1.) 

and as<iu:rjng, again, incompres!libility of the cluster phase , 

we ge t: 

I'll II ~ 

anu 

dr • at . 

[fom \';'1.. 

r < 
u 

> 

l.5.1 3b ) 

rc it 

rc it 

Dr 
r ' K T • B 

it can 

impl ies 

implies 

(5.13b) 

be conclUUf"d that when 

dr a 0 at 
, 

(5 .14 ) 

dl" • 0 at > 

T. 

The first inequality (5 .14a) leads to a shrinkage and con se ­

quently to the disappearance of the cluster ,'hile inequ3l
it

y 

(5.l4b) leads to a further glowth , For a Jorge cluster, 

liT «liT and thUS we have 
• c 



dr 
Q 

dt 
ur = 
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< 1 r" ~r ) 
o c 

(5.15) 

To complete the derivation and give a full argument , we 

hJve to define the parameter 10 which \\'35 introduced as the 

wi.dth of the inhomogeneous region between the coexlsting 

phases. Thus for (interface) OT kin('tic 1 imited gr owth, 10 

has to be a constant, of the order of a molecular di.mC'nsion 

and for diffusion limited growth it has to be equal to the 

radius of the cluster to a good approxim..1tion [8,20). There-

fore, the sol\..1.tion .)f el(- (::;.15) 1.:> 

r 
Q 

for diffusion limited gl'owth, 

r 
Q 

1 t r;;-

1 (r ~ t) . 
Q 

for kinetic limited growth, (Ta'" t) . 

(5 . 16a) 

(5.16b) 

These results can be obtained also by the diffusion - equa­

tion (S.7b) [1]. The method outlined here has the advantage 

( g [1)) and allOWS 
that it has a widder applicability; seC e . . 

f 
approach to the kinetic 

in addition the development 0 a n('W 

h we a~e going to diSC USS 

desc ription 
of ostwald ripening tat 

dev
eloped first by Schmelter [20,11 

This approach waS no,,", . 
t
ranSItions )n 3- d systems . 

in application to phase 
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o Growth of Ensembles 5.2 Generalization to the Kinetics £ 

of Clusters: Ost· ... ald Ripening 

The growth equation of an aroitrary cluster, (1) out 

of a number of clusters in a t:onsidered system is given by 

(see eqs. (5.10), (5.13a)) 

,1 i ) 

~) 
a 

1 

llTI o 

(a) 

(5 .1 71 

(b) 

The thermodynamic potential t t, can be replaced by o.G o r o.F 

given by eqs. (4.4l). 

In the absence of depletion of the medium by the growth 

of clusterS of a new phase, • = AG, and clusters devel op 

independeutl y by the growth law .qua tions developed for 6G (r ) a 

in the previous chapteT, where TC is a constant . In con­

trast, when the growth of each cluster is i nfl uence d by th e 

size and total number of all other cl usters in a finite syste .. 

of constant surface area in which the charac t e r sti
c 

po t ent i.
1 

is 4 • 4F, the growth equation is tha t given by eq . (5 .13) 

again; but now r depends on the numbe r of s i ze of . 11 c l uste r s 
c 

in the system. However, in the second stage of the phase 

transition (dashed-curve, sec fig . 4.4b) clusters do not .ffect 

each other and most of them grOW at the expense of f r ee ",rtiel

es 
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(IOOnomers) of the mediu:il (B-phase) \"ith r "'t for kin(;tic 
Q 

lii.lit ~J. grc ... · .. ":, ~d as r~ '" t for diffusion liHlited gro\litt.. 

For the analysis of the kinetic equations of competitive 

growth or Ostwald ripening of clusters (sec the valley points 

of fig. 4.4h, dash-stared c.urve) we start with cq. (5 . 17b) 

under the additional assumption that .111 the mass of the new 

phase is even' y distributed among N identical clusters. For 

all pO~5ihlc numbers of N identical clusters, ard • - AF"we 

obta in 

dR Nat 1 

~ 
dN 
uli 

where th e foUowing Te-placf'rt'tcnt is nade. 

(5.181 

(5.19) 

.o.r i ~; I; ivon now by eq. (4 . 43). exprc.ssion (5.19) .is notivatcd 

by the arguMent that in the course of Ostwald ripening, the 

thermodynamic driving force is the decrease of the thermo-

'"l'th the decrease of the number dYl).amic potential connected ... 

d d the mean radius of the of c] usters. R! 5 ccnsi ere as 

stage of the phase transition. 
ensembl e of cl ustcrs in this 

F we ·.lave: Tom the previous chapter 

dH 
Olr ' I(nR 

dN 
arr , -
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where 

Thus <;.q •• .J • p,J yieJ.-

(, . 20) 

Whe.n 3. ,'1' .'.',,' C·(J C .' f ' on'pedon actor , b is ll."rodu..:.ed lnto 

eq. (S.2 r
J) t .... _""mpLnS:ltc t'.e db:)ve apPl"oxirmtiOJl' 

b Te\\,· ittcn 1S 

, f 
Tt 

, , , 

eq. (, . :0) 

, 

c th lCi lietic df'scr:ptiun of Ostw .. ld ripening, 

1 r ,... ... ~ ry t'cPJ:l ~Ln c~~criblng thE" tHil'.!-evuI ut on of the 

nU;;I·)(~r ..... ~ ~ l''5tC''rs has tn aCcoJ'lp,lny it. To c!evel opc this 

SI:!lpl Lme • .: ~ary ·~'1..lati.op let us !jtaTt with th(' ti"lic derivative 

Gt '::"'vb T" I;-.~ n ,"'n ;).'tion . It reads: 

d' - 0';- d". 
l' '" j< 'a<It-

R
, 

\0,1 ... ~;:c \'31ue of 

dR 
<IT 

c < 
;;T 
" 

(5.11) 

d" .. 
<IT 

, 
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(r-r ) 
" 

d NA 
ate /.) 

equation (5.21) can be rewritten a~ eq. (5.23) 

R(r-r )2 

" NA 
(1 __ ")3 

A 

This is written in a compac::. form as 

(5.22) 

(5. B) 

(5,24) 

Equation (5.24) gives the time-evolutiun of the number of 

clusters. The two cqs. (S.20b) and (5.24) can be solved by 

numerical methods. In the a.symptotic region where the syste. 

attal.T!S its saturation density r'R= r' and y-1 is tending to 

zero, eq. (5.200) gets the font of 

3bDr'K ... 

r2K T 
" B 

" 
(5.25) 

f d
. ff' ., d h (1 = R) " ·nd 1't will ha ve the 

or 1. USlon lImIte growt, 0 "-

form 

2 
R(t) 

.. 2bDr ' K t 

"~KBT 10 

for kinetic 1 imited growth . 

(5 . 26 ) 

Asymptotic solutions tOT the pTOcess of Ost".ld npenlOg 

in the 3-d Clse were obtained fir~t by Liishitz and SIY02.0
V 
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[23J If their method is appiied t th 2 o P -d case considered 

hen: , he a':'YJ,lptoLc solution for diffl..ision limlted growth 

is given hy eq. (5.27) 

( 5. 27) 

Since the resul ts of Lifshitz and Slyozov are cor rect in the 

asymptotic region we set b of eq. (5.25) equal to 

b 
4 = "[1 

(5.28 ) 

to get ~n agreement with the results obtained in this lirnll-

ing casco Let us go over again to eq. (5.24). 

d 
<IT 

NA J'? 
( ( a - u -[ n -) J = - } ~l n (R ) A ot 

(5 . 24 ) 

Since y-l < 0, it follows that the total Slirface area or the 

total lI'<J.ss of the new phase increases "'ith t...me. Tn the' 

asymptotic region (y- l --+ 0) the equation 1 S reduced to 

and th us 

d NA 
<IT [In(~)J = 0 

NA 
u 

A • 
Nn r 

a 
nr a 

= constant. 

(5 . 29) 

(5 . 30) 

Th f 
'ny variation in the roSS 

erc 'ore, in this limiting case, Q 

. . ,,""'ng all th e clusters. 
consists only in a redistrlbution ~u~ 

n eq . (5 . 30) le t uS 
To obtain the value of the ..:onst"Jnt 1 

analyse the Gibbs Thomson equa tion in the asymptotic region. 

J 
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in h'h i ch the foI1o\"ing is obtained. 

0 1 _ 0 + r (~t -~ ) ::: 0 a a a 

since 1 • 0 
~ 

" 
Moreover, 

and we have: 

11'-lJ :.0 e 

Again, 

Nn 
:\;"e (r (1 - n")) 

(5.,1) 

(5 . ,2) 

(5.33) 

(5.,4) 

Since the Jensity of the liquid lS I~uch moTe greater than that 

of the Initial gas phase, t-.A,,« A, and 'We can negJect thi~ 

term .;:ompared with 1. Expanding vB aboLlt the inHial stage , 

Nn X r -t' % 0 and neglecting higher ol'der terms the followjng 

is obta ined 

= " a (r-rx) 

"Then 

(X) 

3 (r - rxJ (x) 
a X 

_ a ~ (V \ » n (~ . 'sa) 



or 
.'!n 

a r 
n y­

o 
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'" ~ -~ 1 ~ '" const. 
r ail • (5 . lSb) 

This equation is equivalent to eq. (5.30) and gives In addi ­

tion an estima te of the constant . T f' d o In the time evolution 

of the number o f clusters, in the asympto t ic region it is 

possible to wrl t e 

n N '" 
ITr R2 

a 

(5.l6) 

Substituting the value for R2 (t) obtained from cq. (S . 2S) in 

eq. (5.35), N(t) for d iffusion limited growt h is to be 

N (t' 
- 2/ 

!i 1 t 3 
a~ 

and for the klnetic - l imited growth, N(t) is given by 

;; (t) ,r 1 t - 1 a; 

(5.l7) 

(5 . 38) 

The computer simulation resul ts of firs t-order phase 

trans itions in 2-d sys tem carried out by Koch and coworkers 

(4] is theoretica 11 y asc eTta ined in the work of this paper . 

That is, the asymptotic condition for the mean radius :> f a 

l -d clus t er in the Os twald ripening is related with time as 

2 f the slOW and 
R (t),q for kinetic -1 imited growth; while or 

early stage predictions of the computer, an approximate 
. . t 

Value, y;.;; -1, in the ne ighbourhood of t he inflexIon pO lO 

can p 
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The theoretical analysis, rarricd out Jlcrc is for iso­

thermal conditions and one compor~ent system case. Similar 

analysis foX'. other constraints, like, adiabatic conditions 

and rolll ticomponent system case , can be dcvelopt:::d. 
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Discussion 

~n the present paper a thermodynamic description of 

physisorbed monolayer s was developed . Based on this theory, 

a thermodyn.1'1ljc analysis of first order ph35C t r ansition 

in mono]nyers and a kinet i c deSCTlpticn of the process were 

presented. 

The analysi s was carried out under a specia l co nsldera­
tion of isot herma l const raints and on e component syc;tems. 

\'ery oiten , however , it is more appropriate to .15sumc adia ­

batic conditions and to consider mulu-~ompon('nt systc,lIs. 

Moreover, sometimes the apprOXiCl3tlon of an Incompressible 

cluster phase m.,y be crude. 

It is bclic\.ed, that ~imilaJ inve~t gatio ns a~ fOJ 3-d 

sys terns can be considcTf!d as .. flr~" proo', th", t the )!Iethod 

can also be applied for 2-d syo;tcms with qualitatively the 

same result tn these m(1re gcn('ral sitai.lt 1 n!'t. 



1. 

2. 

- b1 -

Refe rene es 

H. Ulbricht, J.?chmelzer~ F. Sch"'eitze r and R. Mahnke 
ther'!l0dynamlcs of finite systems 3n\1 the kinet h s' 
of flTst order phase Transitions, on p.lhli~ati()n. 

F.F. Abr~ham, ~eltiJig in 2-d is fL:st - oTuer: an iso ther. 
mall sobarlc Mon te Carlo S,-udy, Ph}"s. Rev. [ett . ~ . 
1980, 463 . 

3. M. Paunov and A. Milchev, 2-d Phase transition oJt hlth 
densities , Phys . Sta t. Sol 73, 1982, 339 . 

4. S .I\'. Koch, R.C. Desai and F.F. A.brahTm, DyOilmics of 
phase separa t lon in 2- d f1uI J~. J Phys. Rev. A.2Z, 
1983, 2152 . 

5. M.E. Fisher, I nt erface wanderin g in ad sorhed and bulk 
phases, J. Chern. 'ioc . FaT. '.ran5. I , 32, 1986, 1570 

6. J . M.Gay, J. Suzanne and R. Wang, Phasr. transition thermo­
dynamics and 5 tructural ;l n al)'si~ oi !ithllnc Hlm~ 
adsC'rb('d on Graphi te , .1 Chell'l. £oc . F'1l"a. Tran. II , 82, 
1 98" , 1609 . -

7. .J.G . Dash, Between two ancl three di'l'IcnS10ns, fl I1y ... Today 
:)8,1985, 26. 

8. J.A . M:1. r'1usec, Theorv of late stagt.· pha'>f': sq18.rltl0n In 

2-d, J. Chern . fhy,. 81 (2). IYd4, '76. 

9. I I. K. Kim and M.H.~I. Cha n, LxpeT~mcntal determination of 
a 2·d liquid - vapor cTltic.ll .. pnint e-xprmcnt, Phys. 
Rev. Lett . ~, 1984, l~O. 

10 . Andrey Milchev, 2-d phase tran~itio;ls, elect ·ochemH.al 
Ac tJ, 28 , 1 83 , 941 . 

11. K.D. Leaver and B.N. Chapman, Thin films [Wykehall Publlca­
tions (London) Ltd. 1971 J. 

12 . Z. IL Meiksin, Til':'" and thick fi;ms for hybrid aicroelc-ctro­
nic s [Lexington Books, D. C. Heath and Comp.'lnv, Lexing­
ton, Massachusetts, Toronto, 197~1. 

1 3 . Duncan ,I. Shaw, rnf'rodoction to colloid and surfa<.:.e chcl:i­
stry, [ Butterworth and Co (pl.ibl ishers' Ltd., I.ondon, 
3ra [dition, 1980:1. 



- 82 -

14. Reiss, Methods of thermodynamics (Plaisdel Pub. Compo 
U.S.A~, 1965). 

15. Arthur W. Adamson, Physical chemistry of s'.lrfaces, 3rd 
Edition. (John Wiley and Sons, New York, 1976). 

16 •. J. Schmelzer and R. Mahnke, General formulae for the 
curva ture dependence of dropl ets and bubbl es, J. 
Chern. Soc.· Fara. rYans., 82(1) , 1986,1413. 

17. J. SchmelzcT, Diss. fi, Wi1helm-Pieck-Univer~itat Rostock , 
Thermodynamik finiter systeme und die kinetik von 
thermodynamischcn pha senubergangen , 1985. 

18 . Schmelzer J. and Schweitzer, F. , Thermodynamics of hetera 
geneous systems; stability analysis, wiss. zcitsch­
rift der WPU Restock, in press. 

19. 

20. 

21. 

J . Schmel zer , The curvature dependence of ::iurface tension 
of small dTJplc.ts. J. Chern. Soc. Para. Trans. 82(1), 
1986, 142l. 

Schmcizer, J., Z. nhys. Chern. (Lcip!ig), 266, 1985, 1057. 

Schmelzer J.; Ulbricht, H. , Thermodynamic~ of finIte 
syst~ms and the kinetics of first order phase transi­
tions, J. Colloid and Interface Science, tn press. 

22. Richard W. Vook, Nucleation and growth of thin fUms , 
Optical Engineering, Q, 1984, 343. 

23. Ufshitz, I.M.; Slyozov, V.V., J. Phys. Chern. Sol, 19 , 
19\.,1,35. 



Declaration 

I , the undersigned, dec]arc that this th('sis 1<; r!ly 

original work, done under thc supervision and guidance 

of Dr . Sc. J. Schmel:':er, and all sour ces of !'!li ten31 

used for the thesis have been duly acknowl edged in the 

body of the thesis and the rc~crence. 

This thesis has bl!cn suh.nitted rOT t'xamjnation with 

my approv~l as UniveTsity Advisor. 


