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ABSTRACT

This project discusses the concept of Fourier transform of a function f in L' (R) Space with its
properties theorem, inversion theorem, Fourier sine and cosine transforms theorem, Plancherel’s
and Parseval’s identities theorem and the applications of Fourier transform in partial differential
equations, Shannon’s sampling theorem and Heisenberg’s inequality.

Therefore the purpose of this project is to solving certain problems in partial differential
equations like for example Heat equation, Wave equation , and Laplace equation, to solve some
complicated integrals shortly and simply, and it works in Shannon’s sampling theorem and
Heisenberg’s inequality.

This project uses some definitions and theorems as a preliminary from some real analysis and
Fourier analysis books.
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Introduction

Chapter 1

Introduction

The Fourier transform is a mathematical operation that decomposes a function in to its
constituent frequencies, known as a frequency spectrum. For instance, the transform of a musical
chord made up of pure notes is a mathematical representation of the amplitudes (and phase) of
the individual notes that make it up. The composite wave form depends on time, and therefore is
called the time domain representation. The frequency spectrum is a function of frequency and is
called the frequency domain representation. Each value of the function is a complex number
(called complex amplitude) that encodes both a magnitude and phase component. The term
Fourier transforms refers to both the transform operation and to the complex-valued function it
produces. Frequency is the number of occurrences of a repeating event per unit time. It is also
referred to as temporal frequency. The period is the duration of one cycle in a repeating event, so

the period is the reciprocal of the frequency.

Fourier theory is a branch of mathematics first invented to solve certain problems in partial

differential equations. The most well-known of these equations are:

Laplace’s equation,

0 O™ _ 0 foru(ey) a function oft iabl
oz ayz =0 or u(x, y) a function of two variables
The wave equation,
0% 29U foru(x, 6) a function of two variabl
5z C 32— 0 or u(x, t) a function of two variables,
The heat equation,
ou  0%u _ .
——k—==0, for u(x, t) a function of two variables,
ot 0x?

In the heat equation, x represents the position along the bar measured from some origin, t
represents time, u(x,t) the temperature at position x, time t. Fourier was initially concerned

with the heat equation. Incidentally, the same equation describes the concentration of a dye
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diffusing in a liquid such as water. For this reason the equation is sometimes called the diffusion

equation.

In the wave equation, x represents the position along an elastic string under tension, measured
from some origin, t represents time, u(x,t) the displacement of the string from equilibrium at

position x, time t.

In Laplace’s equation, u(x, y) represents the steady temperature of a flat conducting plate at the

position (x,y) in the plane.

Since both the heat equation and the wave equation involve a single space variable x, we
sometime refer to them as the one dimensional heat equation and the one dimensional wave

equation respectively.

Laplace’s equation involves two spatial variables and is therefore sometimes called the two-
dimensional Laplace equation. Laplace’s equation is connected to the theory of analytic
functions of a complex variable. If f(z) = u(x,y) + iv(x,y), the real and imaginary parts

u(x,y),v(x,y) satisfy the Cauchy-Riemann equations,

Ju OJv Ju  0Ov
ox oy’ dy  ox’

Then
0’u _ 0%v _ 0%u
ax2  9xdy  dy?
Or
0°u 0°u 0
d0x?  0y?
Similarly,
0%v N v
ox2 = dy?
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Heat conduction and wave propagation usually occur in three space dimensions and are
described by the following versions of Laplace’s equation, the heat equation and the wave

equation;

0°u 0%*u 0%*u

a2 Tz T oz =Y

ou 62u+62u+62u _o
ot ax2  dy? 9z2)

0%u 0°u 0%*u 0%*u
A2 + -|- =
at? 0x? dy? 0z2

The Fourier transform is a generalization of the complex Fourier series in the limit as period p

approaches to infinity.

I use some definitions and some theorems like for example Fubini’s theorem and Tonelli’s

theorem as a preliminary to understand the topic Fourier transform.

Fourier transform has an application in partial differential equations like for example to solve
Laplace equation, Heat equation and Wave equation and also used to solve many complicated
differential equations that are not easily solved using the other methods, so in this project I used
Fourier transform to solve partial differential equations of Laplace equation, Heat equation, and

Wave equation.

In this project I included the definition and properties of Fourier transform and theorems like
inversion theorem, Fourier sine and cosine transforms theorem, Parseval’s and Plancherel’s

theorem, and Shannon’s sampling theorem and Heisenberg’s Inequality.
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Preliminaries

Chapter 2

Preliminaries

2.1 Piecewise continuous and piecewise smooth functions

Definition: For a given function f(x) the right-hand and the left-hand limits at the point x, are

defined as follows:

flxo*) = Jim () = lim_ fC0),

X—X
X>Xg

and

™) = Jim fO) = lim_f(),
X—Xo
x<Xg
We say f(x) has the limit at x = x, provided f(xq™) = f(x™). The function f(x) is said to be
continuous at a point x, provided lim,_,, f(x) = f(x,) and both lim,_,, f(x), f(x,) exists,

and it is continuous in an interval & < x < f if it is continuous at each point x fora < x < f5.

Definition: A function f(x) is called piecewise continuous (sectionally continuous) on an

interval a < x < f if there are finitely many points & = xy < x; < -* < x, = 8 such that:

1. f(x) is continuous on each sub- interval xp < x < x1,%; < X < Xz, oo, Xppq < X <
X,,and

2. On each sub interval (x;_, x;) both f(x,_;7) andf (x), ™) exist, that is, are finite.
Note that the function f (x) need not be defined at the points xy.
We shall denote the class of piecewise continuous functions on & < x < 8 by Cp(@, B).

Definition: A function f(x), ¢ < x < f3, is said to be piece wise smooth (sectionally smooth) if
both f(x) and f '(x) are piece wise continuous on @ < x < f3. The class of piecewise smooth

functions on a < x < B is denoted by C*p(a, B).

Graduate project report At Addis Ababa University January/2012



Preliminaries

Note that f'(x) is piece wise continuous means that f'(x) is continuous except at Sy, ..., Sy,

(these points include xg, x4, ..., X, where f(x) is not continuous) and on each sub interval
(xk—1, %) both f'(xx_1 ™) andf '(x,7) exist. Here f'(s;%) = lim, g+ f'(x)and f'(s;7) =

limx—>s]-‘ f’(x)-

2.2 Measure theory

1.

The measure of open intervals:
We define

pd =b—-a
Where I denotes the open interval (a, b).

The measure of open sets:

Define

#(6) = ) u(W)

Where G is an open set and {1, } is the sequence of component intervals of G. If one of the
components unbounded, we let u(G) = . [If G # @, then G can be expressed as a finite
or countably infinite disjoint union of open intervals: G = U I. If G = @, the empty set,
define u(G) = 0] this definition is a natural one; it conforms to our intuitive requirement
that “the whole is equal to the sum of the parts.”
The measure of bounded closed sets:
Define

u(E) = b —a—pu((a,b) \g)
Where E is abounded closed set and [a, b] is the smallest closed interval containing E.
Since [a, b] = EU([a, b] \g), our intuition would demand that:

u(E) + ,u((a, b) \E) = b — a and this becomes our definition.

Definition: Let X be any set, and let A be a non empty family of subsets of X. We say A is an

algebra of sets if it satisfies the following conditions:

1. e A
2. fAeAandB € A, thenAUB € A.
3. IfA € A, then X \,€ A
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Definition: let X be a set, and let M be a family of subsets of a set X. We say that M is a o-

algebra of sets if M is an algebra of sets and M is closed under countable unions; that is,

if {A,} € M, then
UAk €M
k=1

Definition: the collection B of borel sets is the smallest g-algebra which contains all of the open

sets.

It is also the smallest o-algebra which contains all closed sets and the smallest -algebra which

contains the open intervals.

A set which is a countable union of closed sets is called an F; (F for closed, o for sum). Thus
every countable set is an F, as is, of course, every closed set. A countable union of sets in F; is

again in F,.

Since

@) :Q[a+_b_1]

Each open interval is an F, and hence each open set is an F.

We say that a set is a G if it is the intersection of a countable collection of open sets (G for

open, § for durchschnitt). Thus the complement of an F; is a G5, and conversely.

The F; and Gg are relatively simple types of borel sets. We could also consider sets of type Fs,
which are the intersections of countable collections of sets each of which is an F,. Similarly, we

can construct the classes Gs,, Fss4, €tc. Thus the classes in the two sequences:
Tm ng; TO'(SO" ---,95, g&)‘f gSUSJ
are all classes of borel sets. However, not every borel set belongs to one of these classes.

Definition: Let M be a o-algebra of subsets of a set X, and let u be an extended real-valued

set function on M .we say u is a signed measure if £(@) = 0, and whenever {4, } is a sequence
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of pairwise disjoint elements of M, then Y.7_; u(A,,) is defined as an extended real number

with M(U?cozl A) = Zﬁzl p(Ap).

If u(A) = 0 for all A € M, we say that u is a measure. In this case we call the triple (X, M, 1) a

measure space. The members of M are called measurable sets.

Note: u is translation invariant; that is, if E is a set for which u is defined and if E + y is the set

{x + y:x € E}

Obtained by replacing each point x in E by the point x + y, then
#(E +y) = pE.

Definition: Let (X, M, 1) be a measure space. The measure u is called complete if the conditions
Z c A and u(A) = 0 imply that Z € M. In that case, (X, M, u) is called a complete measure

space.

Definition: Let (X, M, 1) be a measure space. If u(X) < oo, then we say that the measure space
is finite. If X = U=, X, with u(X,,) < oo for all n € N, then we say that the space is o-finite.
Definition: let X be a set and let p: X — R. If p satisfies the following conditions, then we say

that p is a metric on X and call the pair (X, p) a metric space.

1. p(x,y)=0forallx,y € X

p(x,y) =0ifand only ifx = y

p(x,y) = p(y,x) forallx,y € X

p(x,z) <p(x,y)+p(y,z)forallx,yzeX

el

Definition: Let (X, M, u) be a measure space, and let
fiX — [-o0,]
The function f is measurable if for every a € R the set:
Eo(f) = {x: f(x) > a}
is a measurable set.

Definition: Let X be a metric space, and let
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f: X — [—o0,0]
The function f is a borel function or is borel measurable if the set
Eo(f) = {(x: f(x) > a}

is a borel set for everya € R..

Theorem: Let (X, M, 1) be a measure space and f areal-valued function on X. Then f is

measurable if and only if f~1(B) € M for every borel set B c R.

Theorem: Let (X, M, 1) be a measure space. The following conditions on a function f are

equivalent,

1. f is measurable

2. Forall € Ritheset {x: f(x) > a} €M
3. Foralla € R, theset{x: f(x) < a} eM
4. Foralla € R, theset{x:f(x) < a}eM

2.3 Integration

2.3.1 The integral of a non negative function

Theorem (monotone convergence theorem): Let (f;,) be an increasing sequence of non negative

measurable functions, and let f(x) = lim f;, (x), then:

[ r=tim £

Definition: a non negative measurable function f is called integrable over the measurable set E if
f f < oo
E

Theorem: Let f be a non negative function which is integrable over a set E. Then given € > 0

there is a 6 > 0 such that for every set A € E with yA < § we have:

lf<£.
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Proof: The proposition would be trivial if f were bounded. Set:

£.(x) = {j;(x) ;iff(x) <n

; otherwise

Then each f,, is bounded and f,, converges to f at each point. By the monotone convergence

theorem there is an N such that:

ffN>ff—§,and
E E

&

£
— —. ch
jf f,\,<2 coose8<2N
E

If uA < 8, we have
[r=]¢=r0+]n
A A A

& &
<f(f—fN)+N,uA<§+E=£
E

2.3.2 The general lebesgue integral
By the positive part f* of a function f we mean the function f* = fV0; that is:

f1(x) = max{f(x), 0}.

Similarly, we define the negative part f~ by f~ = (—f)VO0. If f is measurable, so are f*
and f~. We have:

f=rt—f"andlfl=f"+f"
With these notions in mind we make the following definition:

Definition: A measurable function f is said to be integrable over E if f* and f~ are both

integrable over E. In this case we define:
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Jrelr=lr

Theorem (Fubini): Let (X, M, 1) and (Y, 8,v) be two complete measure spaces and f an

integrable function on X X Y. Then:

1.

For almost all x the function f, defined by f,,(y) = f(x,y) is an integrable function on
Y;
For almost all y the function £, defined by f,(x) = f(x,y) is an integrable function on
X;

fY f(x,y) dv(y) is an integrable function on X;

Jy f(x,y) du(x) is an integrable function on Y;
L favldu= [ fduxv) = [[f, fdu]dv.

Theorem (Tonelli): Let (X, M, 1) and (Y, B, V) be two o-finite measure spaces, and let f be a

non negative measurable function on X X Y. Then:

1.

For almost all x the function f, defined by f,(y) = f(x, y) is a measurable function on
Y;

For almost all y the function f;, defined by f,,(x) = f(x,y) is a measurable function on
X;

fo(x, y) dv(y) is a measurable function on X;

fo(x, y) du(x) is a measurable function onY;

Ll favldu = [ f duxv) = [[[, fdu]dv.

Lemma: Let h and g be integrable functions on X and Y respectively, and define f(x,y) =

h(x)g(y). Then f is integrable on X X Y and

ffd(uXV)thd,ufgdv
X 4

XxY

(Note: we do not need to assume that y and v are o-finite.)
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Proof: Let h and g be integrable functions on X and Y respectively, and define f(x,y) =
h(x)g(y)

Ifh=y,and g = yg where A € X and B C Y are measurable sets, then f = y, 45 Where A X B

is a measurable rectangle. Thus f is integrable on X X Y and

[ £ty = @x v xm) = uaw®) = [ nau [ gav

XxY X Y

It follows that the result holds for simple functions and thus non negative integrable functions.
For general integrable functions h and g, note that f* = h*g* + h~ g~ and f~ = hTg™ +
h~g™*. Thus f is integrable on X X Y and

[ rawxn = [ rrawsm- [ fa@xv

XXY XXY XXY
= jh+dujg+dv+Jh_d,ng" dv—th’d,ujg"dv—jh"dung’dv
X Y X Y X Y X Y
=]h+dujgdv—Jh"dujgdv=jhdujgdv
X ¢ X ¢ X ¢

Lemma: Let X = Y = R and let 4 = v = Lebesgue measure. Then u X v is two-dimensional

Lebesgue measure on X X Y = R?. We often write dx dy for d(u X v).
a. For each measurable subset E of R, let
o(E) = {(x,y):x — y € E}
Show that o(E) is a measurable subset of R2.

b. If f is a measurable function on R, the function F defined by F(x,y) = f(x —y) isa
measurable function on R2.
c. If f and g are integrable functions on R, then for almost all x the function ¢ given by

o(y) = f(x —y)g(y) is integrable. If we denote its integral by h(x), then h is

[ =< [i71[1g1.

integrable and
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Proof (a): If E is an open set, then ¢ (E) is open and thus measurable.
If E is a G5 with E =N E;, where each E; is open, then 6 (E) = N a(E;), which is measurable.
If E is a set of measure zero, then o(E) is a set of measure zero and is thus measurable.

A general measurable set E is the difference of a G5 set A and a set B of measure zero and

o(E) = G(B)/a(A) so o(E) is measurable.

(b) Let f be a measurable function on R, and define the function F by F(x,y) = f(x — y). For

any a, we have

{(xIY)iF(x:Y) > (X} = {<x:Y)1f(x _Y) > (X}
= {(x»J’>:x —YE f—l[(a, OO)]}
= o(f " (a, 0)]).

The interval (a, ) is a borel set so f ~1[(a, o0)] is measurable. It follows from part (a) that

{(x,y): F(x,y) > a} is measurable. Hence F is a measurable function on RZ.

(c) Let f and g be integrable functions on R and define the function ¢ by ¢(y) = f(x —
gy. By Tonelli’s Theorem,

J|f(x—y)g(y)|dxdy=j Jlf(x—y)g(y)ldx dy
XXY Y X
= [ |[ 7o - »lax|lgray
Y X
= [ |[reorax|1gonay
Y X

~ [171 141
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Thus the function |f(x — y)g(y)| is integrable. By Fubini’s Theorem, for almost all x, the
function ¢ is integrable. Let h = fY(p. Then

=[] ¢ SffI¢I=XXfYI¢|Sf|f|f|gI-

X 'Y XY

2.4 The L? space

Definition: Let (X, M, 1) be a measure space. If f is a measurable function on X and 0 < P < o0

, we define:

It = || Iflpdu]%

(Allowing the possibility that || f||p = o ), and we define:
LP(X,M,u) = {f:X — C; f is measurable and ||f||p < oo}
We abbreviate LF (X, M, 1) by LF (), LF (X), or simply L¥ when this will cause no confusion.

Theorem (Holder inequality): If P and q are non negative extended real numbers suchthat

1+1—1
P q_

and if f € L¥ and g € L9, then f.g € L' and,
[1£91 < ft- gl
Equality holds if and only if, for some non zero constants a and 8, we have a|f|F = B|g|? a..

Theorem (Minkowski Inequality): If f and g are in LY, thensois f + g and
If +glle <IllIflle +llglle

2.5 Convolution

Definition: Let f and g be real valued functions, then the convolutions of f and g, is defined as:
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Lemma: Convolution obeys the same algebraic laws as ordinary multiplication:

1. f*(ag+bh)=a(f*g)+b(f*h)

2. fxg=gx*f
3. fx(gxh)=(=*g)xh

Lemma: If f, g € L}(R), then f * g € L}(R), and ||f * g|l4

Proof: since, the function:

is a measurable function with respect to two-dimensional Lebesgue measure in R2.

<

Flx,y) = f(x—y)g(y)

Thus we can apply Tonelli’s theorem to obtain:

[i = g@tax= |
R R

R

[ rec=ngway
sffv@—wmwMy
LR

=jgv@—wwwnw

=ffvw—wa
LR
=iuvwnm

Ungw=f*g@)=ffu—ymgo@u %y €R
R

I 1 llglls-

dx

dx

dx

lg) | dy

lg)| dy
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- f £ GOl dx f 19O dy
R R

Thus f * g € L'(R) and ||f * gll; < lIfll1llgll;-
2.6 Fourier series

Definition: A function f(x), f: R — Ris called periodic if f(x + P) = f(x) for all x € R.
P > 0 is called the period of f.

Suppose f(x) is periodic with period2m, then an important question is whether f(x) has a

Fourier series expansion of the form:

a
f(x) =70+Z(ancosnx+bnsinnx),0 <x<2m

n=1

The constant term is taken as % as a matter of convenience.
The formulas:

e = cosx + isinx,

e ™ = cosx —isinx.

Can be used to write the Fourier series expansion as:

[ee]
G = cpei™
—00
Where the coefficients are:
a, — ib, a, +ib, 12 a
ch=——— C_.p=——— ,n=12,..,¢p = —.
n 2 n 2 °7 2

Assuming for the moment that the 2m-periodic function f has a Fourier series expansion, the
Fourier coefficients c,, will be determined using the following orthogonality property of the

complex exponentials e™ n=04+1,+2, ..,
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Lemma:

4
inx imx_{o nmFEm

e’ e =
2m;n=m
-1
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Chapter 3

Fourier transform

3.1 Definitions of Fourier transform

The Fourier integral (Fourier transform) is a natural extension of Fourier trigonometric series in
the sense that it represents a piece wise smooth function whose domain is semi-infinite or

infinite.

Let fp(x) be aperiodic function of 2P that can be represented by a Fourier trigonometric series:

frx) = % + Z (a,, cos(wy x) + b, sin(w,x))

nTt
Where, w, = ~

1 P
a, = FJ fp(t) cos(w, t) dt, n=0
-P

1 P
b, = FJ fp(t) sin(w,t) dt, n>1
P

Now insert a,, and b, in fp(x), then

1 P
fol) =55 j Fr@e

1 P P
+ = E <cos(oon X) f fp(t) cos(wy, t) dt + sin(w,x) f fp(t) sin(wyt) dt)
P —P -P

n=1
We now set:

n+Dmr nr = 1 Aw .
—__=—,thenF=?,andWTlte:

Aw:wn+1_wn= P P P
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£

1 P
- f_prm t

co

1 P
+ - z <cos(oorl x)Aw f_PfP (t) cos(w, t) dt

n=1
P

+ sin(w,x)Aw f fp(t) sin(wyt) dt> (D
-P

We now let P — oo and assume that the resulting non periodic function f(x) = limp_,, fp (x)

is absolutely integrable on the x — axis ,that is, ffoool f(x)]dx <o .Then% — 0, and the value

of the first term on the right side of equation (1) approaches zero, also, Aw = % — 0 and the

infinite series in equation (1) becomes an integral from 0 to co, which represents f(x), that is,

fx) = %jooo[cos( W x) j_oof(t) cos(wt) dt + sin(wx) J_Oof(t) sin(wt) dt] dw
= %JOOO J_:f(t) [cos(w x)cos(wt) + sin(wx) sin(wt)] dtdw
= %j:o U_O:of(t) cos(wx — wt) dtl dw

) Uoof(t) cos(wx — wt) dtl dw (2)

=ﬁ_oo

Since fjooo f(t) cos(wx — wt) dt is an even function of w, because cos(wx — wt) is an even

function of w, the function f does not depend on w, and we integrate with respect to t (not ).

From the above argument it is clear that:
i e[ re
o U f(t) sin(wx — wt)dt|dw =0 3)

Adding (2) and (3) gives:
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flx) = L f ) f ) f(®)e >0 dt| do

21 —o0o |V —00
This is called the complex Fourier integral.
Then f(x) = i IZ 15 f(®e@t dt] e *dow

The expressions in brackets is a function of w, denoted by F(w) or F ( f (x)) or f(w), and is

called the Fourier transform of f .Now writing x for t, we get :

F(w) = ffooof(x)e_""x dx , and

flx) = i fjooo F(w)e'* dw is called inverse Fourier transform of F(w).
Definition: The Fourier transform of a function f € L'(R) is defined to be:

F) = j fG)e ¥ dx £ € R

and

1 (* ., :
fe) =5 | F@©eds £eR
is called the inverse Fourier transform of £ (&) .
Lemma: for any function f on R and every y € R, let f, be the translate of f defined by:
fix)=fx-y), x€eR

If1 <P < oo, and if f € L¥, the mapping y — fy is a uniformly continuous mapping of R into

IP(R).

Proof: Fix € > 0. Since f € LP there exists a continuous function g whose support lies in a
g pp

bounded interval [— A, A], such that

If —glle <e

The uniform continuity of g shows that there exists a § € (0, A), such that |s — t| < § implies
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19(s) — g(D)] < (34)Pe.

If |s — t| < 6, it follows that
j lg(x —s) — g(x —t)|Pdx < (34) 1P (24 + 6) < £F,

So that ||gs — g¢llp < €.

Note that L® —norms (relative to Lebesgue measure) are translation invariant:||f||p = || f;]lp.

Thus

Ifs = felle < |lfs = gsllp + 11gs — gelle + llge — fellp

= I(f = @slle + 11gs = gelle + 11(g = elle < 3¢

Whenever|s — t| < §. This completes the proof.
3.2 Lemma (Riemann-Lebesgue):

The Fourier transform of a function f € L'(R) is continuous function on R and f(§) — 0

as |§| — o
Proof: Assume that f € L'(R) .

To prove f(§) — 0as |§] — oo.

Let £ € R,& # 0.Then
O = | ree

= —e‘”i] f(x)e %% dx

= — fooe_”if(x)e_"fx dx = — foo f(x)e_if(ﬂg) dx
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=—f_(:f(x—g>e"fxdx.

Therefore

2f) =fE+f©) = f:f(x)e"fx dx — f:f(x —g) e ¥ dx

It implies that

2lf @ = f:f(x)e-’fx dx — f:f (x- g) eE¥ dx
= f Z <f(x) ~f(x- g)) e~ dx
= J_: (f(x) —f(x —g)> e isx

- jz £ = f (x = )|le7¥] dx

dx

=j_: f(x)—f(x—g) dx — 0 as |§] — o

(by the above Lemma.)

To prove continuity of f :
Let € > o be given and a > 0 chosen such that

[ renax <%

|x|>a
and 6 > 0 Chosen such that
2a6 lf(x)|dx < &
|x|<a
Then for [n] < 4,
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fG+m—f©)|=

foo (F(x)e~iC+mx — f(x)e~8%) dx

< J |f ()| |e= @ +mx — =8| dx

—00

= f Tl Glle (e~ 1) d
_ zf:|f(x)| |sin (%)| dx

< 2f|x|>a|f(x)| |sin(%)|dx+ 2f

|x|<a

|f(x)] |sin (gﬂ dx
<2 jl CIERE: jl @) 5] ax

SZ—[H |f ()| dx + ad |f(x)| dx

|x|<a

Therefore £ (&) is uniformly continuous on R.

3.3 Theorem (Properties of Fourier transform)

1. Linearity: For any constants a, b and if f € L*(R), then the following inequality holds:
T(af(x) + bg(x)) = aT(f(x)) + bT(g(x))

Proof:

oo

F(af(x) + bg(x)) = ](af(x) + bg(x))e %% dx

— 00

o

-]

—00

af (x)e %% dx + f bg(x)e %% dx

=a f f(xX)e ¥*dx+b f g(x)e %% dx
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= aT(f(x)) + bT(g(x))

2. Translation

a. Let f:R — Rand h € R .The translate of f by h is the function 7, f defined by

(thf)(x) = f(x — h),x € R, then (7,f)(§) = e ¥"f (&)
b. Forc € R,

(e f (1)) = (taf) @)

Proof: a. The Fourier transform of 7, f is:

(Tf)(©) = f (tnf) (X)e ¥ dx

—00

= joof(x — h) e ¥x dx
= Joof(x) e (th) gy

= e~i¢h j_o:of(x)e-fs‘x dx
=e 8" f(©)
b. The Fourier transform of e‘* f (x) is:
(e f(0))(§) = f_ Ze“"f" (e"cxf (x)) dx
[ o

=fE+0) = (1o f)©)
3. Dilation: Let A € R, A > 0,the dilation of f by 4 is defined as &, f where

(82)() = 17 f(A2),x € R, then (B1)(€) = (53-1/)(©)
Proof: The Fourier transform of (8, f)(x)is:
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GPE© = f B (x) e~ dx

-1 o .

=17 f f(A™x) e~ 8% dx
-1 (% ,

e f F() e EDY 3y

= 227 (8) = (G @)

4. Differentiation: Let f(x) be continuous on R and f(x) — 0 as |x| — oco. Furthermore
let f'(x) € LY(R).Then f'(§) = iEf(&).

Proof: Integrating by parts and using f(x) — 0 as |x| — oco.we obtain
F©O=| roeta
- ([f(x)rifX]f’w i) [ faets dx)

= i£f (&)
Similarly,f" () = i£f7(§) = (i§)%f () = —&2f (&)

Examples:

a) Show that

Proof:
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—9 _52
= —lf eT

2\/2

b) The property of Fourier transform of derivatives can be used for solution of

differential equations:

y' —4y =H(t)e™

(0 ;<0
H(t)_{l >0

Fy')—4F () =FH®e™) = AW

Setting T(y(t)) = Y(w), we have iwY(w) — 4Y(w) = L

4+iw
1 1
Then Y(W) - (4+iW)(—4+iW) - 16+w?2
Therefore
1
yw) =F Hr(w)) = —ge_4|t|

5. Multiplication: we denote by d the differential operator 0 = a% If f and xf € L*(R)

then

af () = (mOf)(©).

Proof: Let g(x) = (—ix)f(x),d = %
Now
. ad . 0 ® ,
o) = 52/ = 3¢ | reoeeax

oo

_ d —iéx d
= _m&f(x)e x
= joo (—ix)f(x)e 8% dx

=j g(x)e 8% dx
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= §(®
= ((—OF)©)

Similarly it is possible to show using the principle of induction:

9 f (&) = (DN, k =1.2,..
6. Symmetry: let f € L*(R), then F(F(t)) = 2nf(—w)

Proof: The inverse Fourier transform is:

[0

1 .
fO=F(fw) = %J F(w)eWt dw

Therefore

o)

1 )
2nf(—w) = ﬁf F()e vt dt = F(F (1))

7. Modulation: let f € L*(R), then

1
F(f @) coswot)) = = [Fw + wo) + F(w —wo)]

F(F@) sin(wot)) = 5 [Fw -+ wo) — Fw = wy)]

Proof: Using Euler formula, properties 1(linearity) and properties 2b (shifting):
F(f(£) cos(wot)) =5 [F (e™otf(0))] +5|F (e ™ot (®)]

[Fw + wy) + F(w — wy)]

N | =

8. Convolution: Let f, g € L*(R), then so is f * g and (f/;Tg)(g‘) = f(f)g(f),where

f * g 1is the convolution of real valued functions f and g such that

(f * ) = ] fa =g dy

Proof: Using Tonell’s Theorem, we have:

Fra @ = f (f * 9) (e~ dx
=j U flx—=ygW) dyle‘ifxdx

- f: U_O:Of(x —y)e ¥x dxl g(y)dy
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- [ [ ree=yyemion dx] e=i67 g(y) dy
- [ [ reesw dx] e=i€7 g(y) dy

_ j FOx) e~ dx j e g(y)dy = f(©)3(&)

oo

Note: By taking inverse Fourier transforms of both sides equation (f * g)(&) = f(&)§ (&), we

obtain;:

(f * ) = j FO)§E)e dt

Examples:

a) what function f has the fourier transform

N 1

T = ey
Solution: we start from the formula
~ 2 . -
gw) = =2 ifg(t) = e
By the convolution theorem, we get:

R 2 4 R

F(g*g)w) = (W) = —55 = 4f(w)

(14 w?)
Thus f =2 (g * 9)

Now for t > 0 we get:

4O =g+ 9@ = | 7 eyl g gy

[ee)

0 t
=J e~ (t=ey dy+j e‘(t‘y)e‘ydy+j etYe Vdy
—00 0 t

0 t oo
= e‘t.f e? dy + e‘tf dy + etf e 2Ydy
o 0 t

=1+t

Since f is an even function, f is also an even function, and so we must have
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F@) =2 +the

b) If f(t) = then find f * f.

2) >
Solution: put g = f * f.

Computing the convolution directly is toil some. Instead, we make use of convolution theorem.

—iwt

Let us start from the fact that f w) = e Wl or f dt = me~!, then convolution

o (1+t2)

Theorem gives:

g = (fw)” = n2e-lv
We now exchange w for 2w, multiply by m and make the change of variable 2t = y:

gw) = m2e~12v

o n.e—it.Zw
S
(o]

1+ t?
-foo —-iyw dy f zne th
= 212
w1+ 4+t
We find that g(t) =
j ! dy=—"_ teR
LA+ A+ (- T ar e
Lemma: f A =§ for A > 0.

Proof: It is easy to check that, by the change of variable Au = ¢, that the integral is independent
of the A(if A > 0), so one can just as well assume that A = 1.

.1 oo
Since —= [ "e

o € "*dx, which might be substituted in to the integral:
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f du = f [f e ux dxl sinudu = f U sinue™%* dul dx
o Uu o Lo o Lo

_J“’ dx m
)y 1+x2 2

3.4 Theorem (Inversion Theorem):

Let f, f € L*(R) and let f be piecewise smooth on R .Then for every x € R ,
ijwf(f)eixf d§ = 1[f(X") + f(x)]
2w ) _ o 2 '
Proof: Assume f € L*(R), f is piecewise smooth on R and f € L'(R), define
1 1%, e
- ix
i) =5 | F@et g
1 % r® € i€
- —iéy ix
| e ay]essas
1 °[re . £ i€
S ix —i&y
| esat|rresray
— 1 * [
C2m —wl
1 0

= 1/ et df] ) dy

2T —wl/—a

f ot e-idef] fO)dy

1 [ [elax-y) _ p-ialx~y)
B % —oo | l(x - Y)

lf(y)dy

=f Do(x —y)f(y)dy

- f DL () f(x —y)dy

sinax

Where D, (x) =

X

Now f,(x) — % [f(x)+ f(xh)]
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o 1
- f Da)f (¥ = Yy =5 [f () + f(xP)]

=lj Smayf( —y)dy——[f(x )+ f(x™)]

T

T

_1("sinay 1 (% sinay .
__jo = f(x—y)dy+;Lo Flx=)dy = 2[F) + £Gx]

1 [oe]
. f sinay f(x—y)dy——f(x )42 f —f(x—y)dy——f<x+)
0

/A

— o[ S re-pay -5 (G s+ w1 [ yay - 2(5) o

s Ty

_ 1 (*sinay 1/ (®sinay 1 (° sinay
[ -ty - [ By e a1 | T -y

7y Ty
.
[ - ey [ a1 ([ ey
—2 ra-n-ro- 2 e - re =2
In the first integral,
2 [ == e =2 ay
- [Ny 4 2 - - e T
f FG=3) =N =y + 2 [ fa-n T2y [ e = ay

Ifk > 1,
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sin ay @ «
f fx=y) dy Sf |f(x =»)ldy < f |f(x = y)ldy|,and
k k

1 J“’ sin ay “sinay

-] reo ‘ zreo)||[ B2 )

T Jxk y

. o o sin ay . o sin ay
Since [ |f (x)ldx, |, ” dx are both convergent integrals, then [, dy — 0, and

[ )fx=y)ldy — 0 as k— o,
For the integrals over [o, k],

sin ay

1 k
2] ey - ey

k s/ iay _ ,—iay
= f <%> [f(x—y) = f(x7)]dy
0

1 (* ' 1 [k |
= 2—11;) [f(x—y)— f(x)]e'* dy — Z—J; [f(x — y) — f(x7)]e™ % dy

1 (™ . 1 [ .
— iay _ —iay
=5 g(y)e dy 2ij_oog(y)e dy

1, 1
= z(g(—a)) -2 9(@)

flx=y)-f(x7)

Whereg(y)={ y o<y <k
0

;otherwise

Since f is piecewise smooth, f'(x™) exists forallx € R and lim,_,o- g(y) = f'(x7)
Therefore g is bounded on [0, k] and hence g € L' (R). By the Riemann —Lebesgue Lemma, §

exists, is continuous and g(+a) — 0, as a — oo and therefore
fok[f(x—}’) —f(x_)]sm%dyﬁ 0asa— o fork>1

In the second integral,
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sin ay

f [Foc+9) — )]

sin ay

1k i 1
s RG] S‘“y“y 2 e —ran)

Ifk>1,

1 [o0] : oo
[ - a2 < [Ny

sin ay sin ay

j Fa) 22 gy = £t j dy

o sin ay

Since f:ol f(x)|dx, fooo Sir;ay dx are both convergent integrals, then [,

dy — 0, and

f lf(x+y)|dy — 0 as k — oo.
K

For the integrals over [o, k]

sin ay

k
j [FGe+3) — F(cD)]
0

oo eiay _ e—iay
y (T)gw

1 A A
= Z—i[g(—a) —g(a)]

fe+y)—f(xt)

Where g(y) = { y
0 ; otherwise

;0<y<k

Since f is piecewise smooth, f'(x™) exists forall x € R and lim,_,,+ g(y) = f'(x™)
Therefore g is bounded on [0, k] and hence g € L' (R). By the Riemann —Lebesgue Lemma, §

exists, is continuous g(+a) — 0, as a — oo and therefore

fok[f(x+y)—f(x+)]m%dy—>0 asa — oo fork >1.
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Hence

1
() = 517G +£G) — Oasa — oo

Or
SFG) + GO = lim fo()
= Jim o= [ F@entas
— o[ F@essas
Examples:

2

1. For f(t) = eIt we have f(w) = Since f is piecewise smooth, it follows that :

14+w?’
1 A eiwt

eIt == lim > dw
mA—o J_,1+w

In this case f happens to be absolutely integrable and we can write simply:

" 1 oo eiwt
eIt = — dw
7T,f_001+w2

By changing the variable t = w, we get:

ol 1 r® eiwt

el =— —dt
s ,f_m 1+t

It implies that:

e—Lwt

1+ t2

[ee]
e~ Wl = gel-wl = f dt

1

In this way we have found the Fourier transform of v

>, which is rather difficult to reach by

other methods:
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Therefore F (1;2) = e~ W,

2. For the function

1 ;<1
f(t)_{o e >1

Then clearly f € L*(R), and f (w) = 251% In this case the inversion integral is not absolutely

convergent. The theorem here says that:

1 ot <1
_ 4sinw 1
lim eWtdw =< = ;o t= +1
A—c0 a W 2
0 ot >1

3.5 Theorem (Fourier sine and cosine transforms):

If f(x) € L}(R) is an even function ,then
F© =2 fo0cosen ax
0

17r”.
F) = | 76 costen) af

are called Fourier cosine transforms.

If f(x) € L}(R) is an odd function ,then
F© =2 fo0sin(ex) dx
0

1 7%,
fo) = [ F@singen dg
0
are called Fourier sine transforms.

Proof: Let f(x) € L'(R) is an even function, then the Fourier transforms of f(x) is given by:

F) = j £ (e dx

January/2012
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= foof(x) [cos(éx) — isin(éx)] dx

= Joof(x) cos(éx) dx — i joof(x) sin(éx) dx

Since f(x) is even, then f(x) cos(&x) is even and f(x) sin(éx) is odd. Thus the second integral

on the right hand side of the last equation is zero and we have:

) = j £(x) cos(éx) dx

=2 joof(x) cos(éx) dx
0

£(&) is an even function ,since f(—&) = f (&) ,then the inverse Fourier transforms of £ (&) is

given by:

1 r*., ;
fo) =5 | F@entas
= %f:}f(f) [cos(éx) + isin(éx)] dé

_ 1 @ ~ d . 1 OOA : d
_%f_oof(f)cos(g‘x) §+l%.fw f(§)sin(§x) d§

Since f(§) is even, so £ (&) cos(&x) is even and £ (&) sin(&x) is odd .Thus the second integral on

the right hand side of the last equation is zero, and we have:

1 (%,
fo) =5 | F@cosn)ds

— 2| @ costen as

Similarly we can prove Fourier sine transforms by replacing the cosine by the sine.

Example: The Fourier transform of
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_(1 ;oI <1 . .
f@) = {O Lt > 1 is given by:
1 sinw _
f<w)=j e-thdt={2 w P w0
-1 2 ;w=0
The inverse Fourier transform is:
2 (® . sinw 2 (® sinw
— ewx dw = —f CoS Wx dw
2m —00 0

w T

1 ®sin(w(x + 1)) 1 (“sin(w(x — 1))
= ;L dw — —J;) ” dw

1 ; |x|<1
L =1
2 =

0 ; |x| >1

3.6 Theorem (Plancherels’ and Parsevals’ Identities):
If f, g € L*(R) N L2(R), then

1) - 1 © -
| roaeray=o-| €@

called Plancherels’ Identity. When f = g we obtain Parsevals’ Identity,

« 1 (*, .
| roray =5 | 1ol

Proof: Method 1

By the convolution theorem, for f, g € L'(R) N L>(R) , (f * g) = f§

Therefore
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Or
fwf(x —y)g(y)dy = L fmf(s‘)ﬁ(f)e""fds*
o 2T )_ o

Set x =0,

® 1 (%,
| renamar=5-| F©aeds
Replacing g(x) by g(—x), then the Fourier transform g () is replaced by % , hence
(o) - 1 © -
| revaEnay=o-| F© 36

Or

oS - 1 o _
| roraray =5 | f© 5@

This is Plancherels’ Identity .When f = g we obtain Parsevals’ Identity:

@ 1 (*, .
| rowray =5 | 1ol

Method 2: Since g(x) € L*(R) N L?(R), then so is g(x) and

5@ = | gGe dx
Now using Fubini’s theorem, we obtain:

(o] . 1 (0] (o] R . -
[ oy =5 [ ([ 7@ i) aGray
1 (°((°— . A
= ﬂj_w (L g(y)e'” dy> f(§)ds

1 [
| d©f©
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Examples:
1 ;lx|<a
L Let f(x) = Xae :{ 0 ; otherwise
Then f(§) = ZSi; a , and by Parsevals’ Identity ,
[rorra =5 [ Ir@fd
—00 2m —o0
Or
@ 2 1 (® |2sinaé|?
| bal®dy =5 [ |52 s
Or
ma = 1 J‘°° |251na§|2d
Ta= ) z &
Or
© /2 sinaé\?
47ra=j ( ) dé
o\ §
Therefore

[ (%Y = o

2. Let f(x) = e~ then f &= azz_::,z and by Parsevals’ Identity
[romra =5 [ Ir@ra
o Y Y= 21 J)_o
Or
]mle—alxl|2d _i i Z_a zdg
e y_Zn o la?+ &2
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Or

J-_O:o(e—alxl)2 dy = L[ (Clzz—ffz)z dé

_E_oo

1_2a2f°° 1
a T o (@a?+&2)? ¢

Therefore

T
2a3

® 1
| v

Graduate project report At Addis Ababa University January/2012



34
Fourier transform

Graduate project report At Addis Ababa University January/2012



34
Applications of Fourier transform in partial differential equations

Graduate project report At Addis Ababa University January/2012



34
Applications of Fourier transform in partial differential equations

Graduate project report At Addis Ababa University January/2012



34
Applications of Fourier transform in partial differential equation

Graduate project report At Addis Ababa University January/2012



34
Applications of Fourier transform in partial differential equation

Graduate project report At Addis Ababa University January/2012



35
Applications of Fourier transform in partial differential equation

Graduate project report At Addis Ababa University January/2012



34
Applications of Fourier transform in partial differential equation

Graduate project report At Addis Ababa University January/2012



34
Applications of Fourier transform in partial differential equation

Graduate project report At Addis Ababa University January/2012



40
Applications of Fourier transform in partial differential equation

Chapter 4
Applications of Fourier transform

4.1 Applications in partial differential equations

1. The wave equation:
Consider the initial value- problem for the wave equation:
Upe = CPUyy ,—00<x<00,t>0,c>0
u and u,, finite as |x|] — o0 ,t > 0 (1.1)
u(x,0) = fi(x),—0 < x < ©
u(x,0) = fo(x), —0 < x < o0

92 92 ) ) ) )
Where 6_1:1; —c? ﬁ =0,—c0o<x<oo,t>0,c>0 describes the vertical vibrations of an

infinite stretched elastic string, where u(x, t) is the vertical displacement of the string from its
rest position x, time t, and u(x, 0) = f;(x), —0 < x < o0 and u;(x,0) = f,(x), —0 < x < ©

describes the initial displacement and velocity respectively.

Where the functions f;(x) and f,(x) are piecewise smooth and absolutely integrable in

(—o0, ).

To find the solution this problem, we introduce the Fourier transforms:

f;(f) = j fj(x)e_igx dx ,j =1,2.

And its inversion formulas

1 (. .
[0 =52 | F@etas j =12

We also need the Fourier representation of the solution u(x, t):

1 (® .
u(x,t) = ﬂj (& t)e¥* d¢,
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Where #i(&, t) is an unknown function, which we will now determine. For this, we substitute this

in to the differential equation (1.1) to obtain:

1 (®[o%0(é, .
0= ﬂf_w [—gf D1 cra oot ag

Thus 7 must be a solution of the differential equation:

d%4(¢,t)

S5+ AR D) = 0

Whose solution can be written as:

u($,t) = c1(§) cos(§ct) + ¢, (§) sin(Sct).

To find ¢, (§) and ¢, (&), we note that:

1 (® .
A =u(n0) =5 [ a(@eds

1 (® .
Fi0) =0, 0) = o | gecy(e®dg

and hence f1(§) = ¢;(§) and £(8) = ccy(§) -

Therefore, it follows that:

: (j) sin(éct)

a(¢,t) = f1()cos(éct) +

and hence the Fourier representation of the solution is:

u(x,t) = ifoo Iﬁ(f)cos(fct) + () sin(éct) [ e* dé (1.2)

21 éc

Now since cos 8 = (e + e7¢)/2 ,sin0 = (e — e~)/2i , then we have:

1 ("2 i§x 4
o= | R@eostseneit=ag
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11
len fl(f)(elfct_l_e L€ct)el€xd€
11 (®

— E%J fl(g)(elf(x+c ) + eLS(x c )) df

N| =

1 (. . 1 (°. .
x| A@ e o [ Reestoas

= 2 [AGe+et) + file — )]

Similarly,

o IAG (S”‘(E“)> e dg

sc

1 lfct e—ifct '
=52 [ ﬁ(f)(T)ef ag

1 1 r® _ pié(x+ct) _ pif(x—ct)

iéc
x+ct
— e | B[ [ esraw)as
x—ct
1 x+ct 1 .
5 | ) A@esa|aw
x—ct -
1 x+ct
o | ronaw
x—ct

Putting these together yields d’ Alembert’s formula:

x+ct
1 1
u(x, t) = 5 [filx+ct) + fi(x —ct)] + o f fo(w) dw (1.3)
x—ct
Graduate project report At Addis Ababa University January/2012



Applications of Fourier transform in partial differential equation

43

2. Laplace’s equation:

2.1 Consider Laplace’s equation in two variables on the upper half-plane y > 0. Then

Uy +Uyy =0 ,—00<x<00,y>0
u(x,0)=f(x) ,—o<x<om

lu(x,y)| <M ,—0o<x<ow,y>0

2.1.1)

Where the function f is piecewise smooth and absolutely integrable in (—o0, 00).

If f(x) — 0 as |x| — oo ,then we also have the implied boundary conditions

lim u(x,y) =0, lim u(x,y)=0.
|x|—00 y—+00

To find the solution of this problem, we introduce the Fourier transforms :

f(f)::j‘ £ (e dx

and its inversion formulas:

1 (. .
Fo0 =5 | F@et s

We also need the Fourier representation of the solution u(x, t):

1 (> .
uGoy) =5 [ 2y ds,

Where #i(&, t) is an unknown function, which we will now determine. For this, we substitute this

in to the differential equation (2.1.1), to obtain:

A(E V)|
0 = uy, + Uyy = _J l(lf)zu(f Y) +—— et d¢
Thus ©i must satisfy:
0924
(i92a, y) + f 220 =0,—0<x <o,y >0
0%u(.y)
Or 2058 - £24(5,y) = 0
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This has solutions:

@, y) = A)e® + B(He
We need two conditions to determine the functions A(§) and B(¢):

ou(x, 0)

In addition to u(x,0) = f(x),—o < x < oo, let %

g(x), —oo < x < oo for some

function g € L'(R). we will find g such that the solution u(x, y) is bounded for y > 0, in fact

such that u(x,y) — Oasy — oo.

Taking transforms we get :
260 = ), 2= 3@ ,

Or A(§) +B(§) = f(§) , —§A() —¢B(§) = §(©)

Solving for A(£), and B(¢) we get:

AG) = (f(f) +§>

B(¢) = —(f(s‘) —§>

and

a(,y) =%( gi?) oyl ( 9(;)>e—fy

For & > 0,1(§,y) — 0asy — 0 ifand only if £(§) + L= g(f) =0, and
For £ < 0,1(§,y) — 0 asy — 0 if and only if f(§) — g(g) = 0.

Therefore

o [-Ef® ;E>0
g(f)_{ff(f) [E<0
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= —|€1f(©)
Hence
N _[f®e®  ;&>0
o) = {f(f)efy £<0

= F(&)e &l

Since, e~ I¥1¥ = ( 2y - ), by convolution theorem,
m(x2+y2)

u(x,y) = f (8, y)e* de

_ foof(g)e—wweisx d

- [ 70 () e as

=(eem55°7)

o)

— y
B ,f_ooﬂ((x —5)2 +y2) f(s)ds

This representation is known as Poisson’s formula.
In particular, for

ra<x<b
; otherwise

u(x,0) = f) = {
Then (2.1.2) becomes:

b
B y
u(x»)’) - J;l n((x _5)2 +y2) ds

(2.1.2)
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b @
_ f y
= 2
“r (—(xy_z s) + 1)
Using the substitution v = (s — x)/y , we have ds = ydv, so that
(b-x)/y 1
u(x,y) =j ————dv
Y7 )y T@EH D)
1 b—x a—x
=— (tan‘1 —tan~?! )
T

2.2 Consider the Laplace equation in a semi-infinite strip
Uyxy T Uyy =0, 0<x <00
u(x,0)=f(x), 0<x<oo
u0,y)=0, 0<y<b
u(x,b) =0, 0<x <o

Where the function f is piecewise smooth and absolutely integrable in [0,00) .we shall

also need the boundary conditions lim,_,,, u(x,y) = 0 and lim,_,,, u, (x,y) = 0.

To solve this problem, we let

1.
F@ = | E@singxds

f:(&) = 2[ f(x) sin &x dx
0

1 oo
uGoy) = [ a6y singx g

0

This as in problem (2.1), leads to the same differential equation
(iiy)"" = &%y, and hence

5(§,y) = c1(§) cos hSy + (&) sin hy
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Now the boundary conditions #i;(¢, b) = 0 yields:

sin héb
c1(§) = —c3(§) cos héb

Thus we have

n héb cos héy + ¢, (&) sin héy

0(5,7) = O o

sinhé(y — b)

= (@) cos héb

Now since, @i5(&, 0) = f;(&),we find:

(&) = —£:(9) :): :;Z , and therefore

sin hé(b — y)

1) = RO~ e

This gives the solution:

sinhé(b —y)
sin héb

f ff(t) f( o heb )51n§xdtd§

1(°.
uGoy) = [ F© sin £ df
0

3. The Heat equation:

3.1. consider the heat flow problem of an infinitely long thin bar insulted on its lateral

surface ,which is modeled by the following initial value problem:

Uy = Uy, ,—0<x<00,t>0,c>0
u and u, finite as |x| — o0 ,t >0

u(x,0) = f(x),—0o<x < oo

Where the function f is piecewise smooth and absolutely integrable in (—oo , 0 ).

Let 1(¢&,t) be the fourier transform of u(x, t).Thus from the fourier pair ,we have :
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1 (® .
umﬂzzafﬁ@ﬁd&&

a,t) = jwu(x, t)e 1% dx

Assuming that the derivatives can be taken under the integral ,we get:

ou 1 @ ou(é, t) pifx

ot 27‘[ ot d¢

9 1 (® -
gzzﬁ'mamww&%

=] acowerea

0x?2

In order for u(x, t) to satisfy the heat equation, we must have:

=?3_1: c* 6x2= j lau(f 2 +c282(E, 1) | e d¢

Thus # must be a solution of the differential equation:

awgﬂ+&¥(go_o

and this has solutions:

U, 0) = A)e s et

The initial condition A(§) is determined by:

0(¢,0) = jmu(x, 0)e %% dx

~ [ reoetax= .

Therefore, we have:
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(&, t) = f(§)e$°¢*t | and hence:

1 (*. )
u(e,t) = — f F(&)e 7 teidx g (3.1.2)
Now since:
1 (*® e—xz/(4czt)

— | e $cteidxgs = 21
21 J)_,

Vamrczt

Then by convolution theorem, and if we denote §(§) = e"‘fzczt, then from equation(3.1.2) it

follows that:
1 (>, .
uGet) =5 | F©a@e g

= (f*g)(x)

e~ (x—w?/(4c?t)

- f_mf(u) —— (3.13)

This formulas due to Gauss and Weierstrass.

_ —(x-w)?/(ac?t) ) ) .
For each u the function (x,t) — eﬁ 1s a solution of the heat equation and is called the

fundamental solution. Thus,(3.1.3) gives a representation of the solution as a continuous super

position of the fundamental solution.

3.2. Consider the heat equation:

ou k o°u 0 <x< t>0

— —k—=0,—-0< x < 00,

ot 0x?

For u(x,t) a function of two variables, with initial condition:

u(x,t) =f(x),—o<x <o
For f € L}(R), f continuous and bounded, can be solved using fourier transforms.

Taking transforms in the variable x,
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ou(é,t)
Jt

— k(i) =0
Or

ou(é,t)
ot

+ k&E*i(E,t) =0
Solving this first order ordinary differential equation:

(&, £) = (g, 0)e M = (e

) _g2
Now <e7> = +/2me 2 and using the dilation property of Fourier transforms:

-1 —(A1x)2 1 -(A€)?
(ATe 2 )=\/2n/ﬁe 2

-9? 1 /-9
2 = (e 2 )
AW2r

Let /12—2 = kt orA = v 2kt, then

Therefore from the convolution theorem,
-1/ x \2
1 <67(Tkt) >
Varmkt

u(x,t)=(f* ! e%l(v%))(x)

Since (¢, t) = f(&)

Vamkt
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_x_

- f (v) dy
\/_
i
The function h(x,t) = \/W is called the heat kernel. We can then write:

u(x,t) = [~ h(x—y,t) f(y) dy.

Definition: The finite Fourier sine transform of f(x), 0 < x < L is defined as:

A = j F)sin ™ dx )
0

Where n > 1 is an integer. The function f (x) is then called the inverse finite fourier sine

transform of f;(n) and is given by:
2 nmx

fx) = ZZ (n) sin @

n

Definition: the finite Fourier cosine transform of f(x), 0 < x < L is defined as:

fo = [ £e0cos™dx 3
0

Where n > 0 is an integer. The function f(x) is then called the inverse finite Fourier cosine

transform of £.(n) and is given by:

1. 2 nmx
fO) =70 +7 ) fuln) cos = &
n:
Finite Fourier transforms are useful in solving partial differential equations. For this we note
that:
Lou nmx p
NP sin——dx
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L

=u(x,t) sm@| 0 el i u(x, t) cosnLLxdx
and hence
du nmw .
7 (5) = - TR (5)
and similarly,
7, (Z_Z) = 22700 = [0, — u(L, ©) cos ] 6)
0%u nw .
Fs <ﬁ> = —ch(n)
2
= (n ) ——f() +nL—n[u(0, t) —u(L, t) cosnr] (7)
2 2
7, <3x2> (””) M 7 ) = [ (0,8) — uy (L, £) cos n] @)

Example: we will use finite Fourier sine transforms to find the solution of the problem:

au_azu 0<x<4 t>0
ot ox2 e

u(x,0) = 2x , 0<x<4
u(0,t) =u(4,t) =0, t>0

Taking the finite Fourier sine transform with L=4 of both sides of the partial differential equation

gives:
+ou nnxd B 49%u nnxd
T sin L dx = e > sin 7

Writing @1 for f,(n) and using (7) with u(0,t) = u(4,t) = 0 leads to:
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di(n,t) n’m?

dt 16

Which can be solved to obtain:

n?m?t

i(n,t) =ce 16

Now taking the finite Fourier sine transform of the condition u(x, 0) = 2x, we have:

4 nmx
1i(n,0) =J 2x sin—dx
0 4
cos nnx sin nnx *
_ 4 4
il ol S Bl Wy
4 16 0
32
= ——cCosSnm
nm
Since ¢ = 1i(n, 0) it follows that:
32 _n2n?t
ii(n,t) = ——cosnme™ 16
nm
Thus from (2) we get:
—16 < cos (nm) _n’r’t  nmx
u(x,t) = 2 e 16 sin—
T n 4
n=1
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4.2 Band limited functions and Shannon’s sampling theorem:

The Fourier transform variable has the role frequency and f (&) is referred to as the frequency

representation of f(x).

If f(&) = 0 for |&] > &, > 0, then f(x) is called a band-limited function and &, is called the cut-
off frequency.

Many functions from science and technology are band-limited. For example, human hearing is
assumed to be limited to frequencies below about 20KHZ. Therefore acoustic signals recorded

on compact discs are limited to a band width of 22KHZ.

A first step in the processing of signals, is sampling. A signal represented by a continuous

functionf (x), is replaced by its samples at regular intervals, {f (nL),n = +£0,+1,+2, ... }.

Shannon’s theorem shows that it is possible to exactly recover the band-limited continuous
function f(x) from knowledge of its samples, provided the sampling interval L, is sufficiently

short.
Theorem (Shannon’s theorem)

Let f € L*(R) N L2(R) be continuous and band-limited to|&| < &.. Then

siné.(x —nL) T

ta-n)  TE

fe)= ) f@L)

n=—oo

Proof: Consider the functions ®,,(§) given by:

0 ; |€| > &
& ()= 1 _innt
(:I)n(f) e & - |€| < EC

Ve

The inverse Fourier transforms of ®,,(§) are given by:
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o)

1 ~ .
Dp(0) = 5= | Bal)e™ df

§e 1 _inmg
2nd, (x) =j e & e q¢

_gc\/z_gc

PGl
D
R
ei(fcx—mt) _ e—i(fcx—nrr)
= V2% ( 2i(¢.x — nm) >

B \/?sin(fcx — NI)

écx —nm

_|2m siné.(x —nl)
L &G-nD)

Where L = g

c

Consider the inner products:

(a\)n; asm) = J a\)n(f) asm(f)dg

1 ¢ _inm¢ /  imné
= —f e S (e éc >d€
255 &

1 J»fc i(m-n)mé

= — e 'EC d{'—
255 =&

_ {0 ; mFEN

1l ;m=n
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So the functions{@n(f); n=40,+1,+2,.. }, form an orthogonal set in L2(—¢&,, &,).

Since £(&) is band-limited to|&| < &, it has a Fourier series:

o)

FO =D andu®

n=-—oo

Z _inm¢
Cn e $c
N, f ¢

n=—oo
Where the Fourier coefficients c, are given by:

inmé

e & d&

= A{f; ®p) = f(f)
’ AN

By plancherel’s theorem

=(f; ®,) = 2n(f; ®,)

So

o)

FO =D a®u®= ) 2nf; 2B,

n=-—oo n=-—oo

Taking inverse Fourier transforms

2m siné&.(x —nlL)
f(x) = Z (f (Dn)ZnCDn(x) - Z <f CDTL)\/? fc(x—TlL)

n=-—oo n=-—oo
The samples at intervals of length L = EE are:
c

2m siné (kL — nlL)
fkL) = Z (f; cbn)ﬁ S C—

n=—oo

Z( oy 2 27 sm(k n)
fi ®n (k—-n)m

n=—oo
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21
= {f; P g

So f; @y = f(E) [ £ k= 0,1,42, .

Finally therefore,
B 21 siné (x — sin fc(x nlL)
f) = ,Zw(f @) f . Z F) s

The relationship wL = 2w , where w is the frequency of sampling in cycles per unit length,

shows that from Shannon’s theorem, to reconstruct a band-limited function, it suffices to sample

at a frequency, w = ZTE = 2&, , twice the cut-off frequency.
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4.3 Heisenberg’s Inequality

Let f € L2(R), xf € L2(R). Then the quantity:

[Z (x = a)? If (01 dx>
Aa = %)
! ( J2 10 )2dx

is called the dispersion about the point x = a of f. The reasoning behind the definition is that if
f(x) is concentrated nearx = a, then A, f is smaller than when f is not close zero far from

X =a.
Example: Consider the characteristic function

(x) = { 1; x| <b
A : otherwise
Which has Fourier transform:

2siné
3

p)(©) =

Notice that y;, is concentrated near x = 0 for small b. The dispersion about the origin is:

f_b x? dx b2
hots = (— _v

b 3
J_, dx
and it is clear that the dispersion increases as b increases.

Notice that the Fourier transform ), does not have a finite dispersion about the origin, since

o) o) 2 sin(b 2
f £ |75 (6)? dt = f £ (#) ds
= 4foosin2(b§) dé =

This indicates that )} is spread out away from x = 0.
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The following result shows that there is a type of inverse relationship between the dispersion of a

function and that of its Fourier transform.

Theorem: Let f € L'(R) N L2(R). Then for alla, a € R,

=

12 22 If ()2 dx> [2 &2 |f@| dg

A, AaA = *® ’
(Aaf)(Aaf) (f_oo|f(x)|2dx I F@©] ag

and equality holds if and only if f(x) = ce ®* for constants ¢ € R and k > 0.

Proof: we firstly prove the result fora = a = 0.

ffooo x2 |f(x)|? dx and fjooo &\f® |2 d¢ are both assumed finite since otherwise the result is

trivial.

Let £*(x) = (16£(9)) orF* (&) = &£ (£). Then f* € L*(R) and

( j X2 ()2 dx) ( j Gk df)

= (12, 2 1f G dx) (S| f O d¢)

_ (j_zxz |f(x)|2dx>(j_:
=21 ( | :xz F@P dx) ( | Zlf*(x)lz dx)

(By Parseval’s identity)

HGH df)

Since

U Z%x (s *(x)memf(x))dxr

2

j_o:o xR, (%f (x)) dxl
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- [=R, j xf(x)f*(x)dx]

2

IA

| xrertd

s([ x2|f<x>|2dx)(f |f*<x>|2dx)

(by Cauchy-Schwartz inequality)

We will show that:

_f_ix(f*(x)m+mf(x)> dx = f_o:olf(x)lz dx

From which the result follows, for then:

( | wireor dx) ( | elror df)
21 ( | IR dx) ( | e dx)
[ 5#(rere + Fare)
| * 2
=S\ rer e
o 1 %, .
- ([ vera) (5 [ Irof )
1/(® ® a2
:Z<f_oo|f(x)|2dx> <f_m|f(€)| df)-

> 27

To complete the proof, we assume that f is continuous and piece wise smooth, this assumption

can be removed since functions in L' (R) are the uniform limit of such functions.
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Then from the property of Fourier transform,
fr) = f'(x)

Whenever the derivative exists. Then for any interval [a, b],

b d
DO — alf @I = | - GIf ) dx
b — —
= [ (' @F G + xfQOF G + f @)

- j x (FOF ) + fCOf (O dx + j If el dx

The assumption f € L?(R) implies that b|f(b)|> — 0 as b — o0 and a|f(a)|?> — 0 as

a — —0o,

1
Since otherwise |f(x)| > c|x| 2 as|x| — oo, which is not integrable. Taking the limit as

b — oo and a — —oo,
0= f:x (f*(x)m+ f(x)f*(x)) dx + f;lf(x)l2 dx as required.

As for the case of equality in Heisenberg’s inequality, this holds if and only if f(x)f*(x) is real

and f*(x) = Kxf (x) for some complex constantsK. That is,

FOf*(x) = fF)Kxf (x) = x|f(x)|?K is real. Therefore K is real.

The differential equation:

Kx?2
f'(x) = Kxf(x) has solutions of the form f(x) = ce™ z , c is any real constant, and

Kx?
f(x) =ce 2z € L*(R) if and only if K > 0. Therefore equality holds in Heisenberg’s
Kx?

inequality only if f(x) = ce 2 , for constants ¢ € Rand K > 0.

Kx?2

Conversely, let f(x) = e~ 2 for constantK > 0. Then
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( f X |F (02 dx) ( f G df)
_ Znwaz |f(x)|2dx> <joo|f*(x)|2dx>
= 2n<Joox2 |f (x)]? dx> <jo<)|1(xj”(3c)|2 dx>

o 2
= 2nK? (f x| f(x)|? dx>

f ) (=) (-2Kxex) dx)
= 21K? f_ 0; (%) <% (e‘sz)) dx>
= 2mK?2 (j:o (%) e ~Kx* dx)2 = g(j_ze—“z dx>

(integration by parts )

2

2

T o) 2 7T2
= — -t? = —
2K <f_me dt) 2K

Whereas,

1/ PN
Z( [ rer dx) ( | 1@ df)
=§< [ Oolf(x)lzdx> 2n ( [ Oolf(x)lzd€>
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_ g(f_:f(x)lz dx)z = g(f:e-“z dx>2

and equality holds .

Let f € L*(R) N L2(R). Then for all a,a € R,

12 22 If ()2 dx> [2 &2 |f@| de

1
5 2 2 -
LGl f Gol?dx SNf@as )4

(Aaf)(Aaf) = (

and equality holds if and only if f (x) = ce™*° for constants ¢ € R and k > 0.
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4.4 Conclusion
The Fourier transform of a function f € L*(R) is defined to be:
&) =" f(x)e7®*dx , where £ € R and
flx) = i f_cx;o f(&)e™ dE is called the inverse Fourier transform of £ (&) .

The properties of Fourier transform are linearity, translation, dilation, differentiation,

multiplication, symmetry, modulation, and convolution.

Let f, f € L'(R) and let f be piecewise smooth on R .Then for every,x € R,
ifoof(s‘)ei"f d§ = 1[f(?f) + f(xM)]
2w )_, 2 '

is called inversion theorem.

If f,g € L'(R) N L*(R), then [ f(»)g() dy == [ f(£)g(®) d£ called Plancherels’

Identity. When f = g we obtain Parsevals’ Identity, f_ooool fON|?dy = i fjoool f(®)%dé.

Fourier transforms have applications in partial differential equation like to solve wave equation,

laplace equation and heat equation and so on.
Fourier transform is used to study band-limited functions.

Let f € L*(R) N L2(R) be continuous and band-limited to|&| < &.. Then

siné.(x —nL) T

La-n) ~ TE

fe)= ) f@L)

n=-—oo
is called Shannon’s Theorem.

Let f € L*(R) N L2(R). Then for alla, a € R,
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[2 X2 Fe0I? dx> [2 &2 |f@| de

J1
2, )f (0)12dx G

(Aaf) (Aaf) = (

and equality holds if and only if f (x) = ce™*° for constants ¢ € R and k > 0.

is called Heisenberg’s inequality.
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