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ABSTRACT 

 

This project discusses the concept of Fourier transform of a function � in ����	 Space with its 
properties theorem, inversion theorem, Fourier sine and cosine transforms theorem, Plancherel’s 
and Parseval’s identities theorem and the applications of Fourier transform in partial differential 
equations, Shannon’s sampling theorem and  Heisenberg’s inequality. 

Therefore the purpose of this project is to solving certain problems in partial differential 
equations like for example Heat equation, Wave equation , and Laplace equation, to solve some 
complicated integrals shortly and simply, and it works in Shannon’s sampling theorem and 
Heisenberg’s inequality. 

This project uses some definitions and theorems as a preliminary from some real analysis and 
Fourier analysis books.     
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Chapter 1 

Introduction 

The Fourier transform is a mathematical operation that decomposes a function in to its 

constituent frequencies, known as a frequency spectrum. For instance, the transform of a musical 

chord made up of pure notes is a mathematical representation of the amplitudes (and phase) of 

the individual notes that make it up. The composite wave form depends on time, and therefore is 

called the time domain representation. The frequency spectrum is a function of frequency and is 

called the frequency domain representation. Each value of the function is a complex number 

(called complex amplitude) that encodes both a magnitude and phase component. The term 

Fourier transforms refers to both the transform operation and to the complex-valued function it 

produces. Frequency is the number of occurrences of a repeating event per unit time. It is also 

referred to as temporal frequency. The period is the duration of one cycle in a repeating event, so 

the period is the reciprocal of the frequency. 

Fourier theory is a branch of mathematics first invented to solve certain problems in partial 

differential equations. The most well-known of these equations are: 

Laplace’s equation,      

������ � ������ � �	 
��
���	 ��
�

�������
�

���
��������� 
The wave equation,   

������ � �� ������ � �	 
��
���	 ��
�

�������
�

���
���������	 
The heat equation, 


���� � � ������ � �
	 
��
���	 ��
�

�������
�

���
���������	
 
In the heat equation, � represents the position along the bar measured from some origin, � 
represents time, ���	 �� the temperature at position �, time �. Fourier was initially concerned 

with the heat equation. Incidentally, the same equation describes the concentration of a dye 
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diffusing in a liquid such as water. For this reason the equation is sometimes called the diffusion 

equation. 

In the wave equation, � represents the position along an elastic string under tension, measured 

from some origin, � represents time, ���	 �� the displacement of the string from equilibrium at 

position �, time �. 
In Laplace’s equation, ���	 �� represents the steady temperature of a flat conducting plate at the 

position ��	 �� in the plane. 

Since both the heat equation and the wave equation involve a single space variable �, we 

sometime refer to them as the one dimensional heat equation and the one dimensional wave 

equation respectively. 

Laplace’s equation involves two spatial variables and is therefore sometimes called the two-

dimensional Laplace equation. Laplace’s equation is connected to the theory of analytic 

functions of a complex variable. If  �!� � ���	 �� � "#��	 ��, the real and imaginary parts  

���	 ��	 #��	 �� satisfy the Cauchy-Riemann equations, 

���� � �#��
	 ���� � ��#��
	 
Then 

������ � ��#���� � ������� 

 Or 

������ � ������ � � 

Similarly, 

��#��� � ��#��� � �$ 
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Heat conduction and wave propagation usually occur in three space dimensions and are 

described by the following versions of Laplace’s equation, the heat equation and the wave 

equation; 

������ � ������ � ����!� � �	 
���� � � %������ � ������ � ����!�& � �	 
������ � �� %������ � ������ � ����!�& � �$ 

The Fourier transform is a generalization of the complex Fourier series in the limit as period p 

approaches to infinity. 

I use some definitions and some theorems like for example Fubini’s theorem and Tonelli’s 

theorem as a preliminary to understand the topic Fourier transform.  

Fourier transform has an application in partial differential equations like for example to solve 

Laplace equation, Heat equation and Wave equation and also used to solve many complicated 

differential equations that are not easily solved using the other methods, so in this project I used 

Fourier transform to solve partial differential equations of Laplace equation, Heat equation, and 

Wave equation. 

In this project I included the definition and properties of Fourier transform and theorems like 

inversion theorem, Fourier sine and cosine transforms theorem, Parseval’s and Plancherel’s 

theorem, and Shannon’s sampling theorem and Heisenberg’s Inequality.  
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Chapter 2 

Preliminaries 

2.1  Piecewise continuous and piecewise smooth functions 

    Definition: For a given function  ���
the right-hand and the left-hand limits at the point �' are 

defined as follows: 

 ��'(� � ��)*+*,*-*,
 ��� � ��)*+*,.  ���	 

and 

 ��'/� � ��)*+*,*0*,
 ��� � ��)*+*,1  ���	 

We say  ��� has the limit at � � �' provided
 ��'(� �  ��'/�. The function  ��� is said to be 

continuous at a point �' provided ��)*+*,  ��� �  ��'� and both ��)*+*,  ��� 	  ��'� exists, 

and it is continuous in an interval 2 3 � 3 4 if it is continuous at each point � for 2 3 � 3 4. 

Definition: A function  ��� is called piecewise continuous (sectionally continuous) on an 

interval 2 3 � 3 4 if there are finitely many points 2 � �' 3 �5 3 6 3 �7 � 4 such that: 

1.  ��� is continuous on each sub- interval  �' 3 � 3 �5	 �5 3 � 3 ��	 8 	 �7/5 3 � 3
�7	 ��9 

2. On each sub interval ��:/5	 �:� both  ��:/5(� and ��:/� exist, that is, are finite. 

Note that the function  ���
need not be defined at the points �:.  

We shall denote the class of piecewise continuous functions on 2 3 � 3 4 by ;Ρ�2	 4�. 
 Definition: A function
 ���	 2 3 � 3 4, is said to be piece wise smooth (sectionally smooth) if 

both  ��� and  ′��� are piece wise continuous on
2 3 � 3 4. The class of piecewise smooth 

functions on 2 3 � 3 4 is denoted by
;5Ρ�2	 4�. 
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Note that  ′��� is piece wise continuous means that  ′��� is continuous except at <'	 8 	 <= 

(these points include
�'	 �5	 8 	 �7 where
 ��� is not continuous) and on each sub interval 

��:/5	 �:� both  ′��:/5(� and ′��:/� exist. Here   ′><?(@ � ��)*+AB.  ′��� and  ′><?/@ �
��)*+AB1  ′���$ 
2.2 Measure theory 

1. The measure of open intervals:  

We define  

C�Ι� � D � E 

Where Ι denotes the open interval �E	 D�$ 
2. The measure of open sets: 

Define 

C�F� � GC�ΙH� 
Where F is an open set and IΙHJ is the sequence of component intervals of
F. If one of the 

components unbounded, we let C�F� � ∞$ [If
F K L, then F can be expressed as a finite 

or countably infinite disjoint union of open intervals:
F � M ΙH. If
F � L, the empty set, 

define
C�F� � �] this definition is a natural one; it conforms to our intuitive requirement 

that “the whole is equal to the sum of the parts.” 

3. The measure of bounded closed sets: 

Define 

C�Ε� � D � E � C>�E	 D� NΕ@ 
Where Ε is abounded closed set and OE	 DP is the smallest closed interval containing
Ε. 

Since OE	 DP � ΕM�OE	 DP NΕ�, our intuition would demand that: 

 C�Ε� � C>�E	 D� NΕ@ � D � E and this becomes our definition. 

Definition: Let Χ be any set, and let Q be a non empty family of subsets of Χ. We say Q is an 

algebra of sets if it satisfies the following conditions: 

1. L R Q                                                         

2. If S R Q and
T R Q, then
SMT R Q. 

3. If S R Q, then Χ NUR Q 
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Definition: let Χ be a set, and let V be a family of subsets of a set
Χ. We say that V
is a W-

algebra of sets if V is an algebra of sets and V is closed under countable unions; that is, 

if
IS:J X V, then 

YS:
∞

:Z5
R V 

Definition: the collection [ of borel sets is the smallest W-algebra which contains all of the open            

sets. 

It is also the smallest W-algebra which contains all closed sets and the smallest W-algebra which 

contains the open intervals. 

A set which is a countable union of closed sets is called an \] (\ for closed, W for sum). Thus 

every countable set is an \], as is, of course, every closed set. A countable union of sets in  \] is 

again in \]. 

Since  

�E	 D� � Y^E � _̀ 	 D � _̀a
∞

7Z5
 

Each open interval is an \], and hence each open set is an \]. 

We say that a set is a bc  if it is the intersection of a countable collection of open sets (b for 

open	 d for durchschnitt). Thus the complement of an \] is a bc , and conversely. 

The \] and bc  are relatively simple types of borel sets. We could also consider sets of type \]c, 

which are the intersections of countable collections of sets each of which is an \]. Similarly, we 

can construct the classes bc] 	 \]c]	 etc. Thus the classes in the two sequences: 

\]	 \]c 	 \]c] 	 8 	 bc 	 bc] 	 bc]c 	 8 

are all classes of borel sets.  However, not every borel set belongs to one of these classes. 

Definition: Let V be a W-algebra of subsets of a set Χ, and let C be an extended real-valued                                     

set function on V.we say C is a signed measure if C�L� � �, and whenever IS:J is a sequence 
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of pairwise disjoint elements of V, then e C�S7�∞7Z5  is defined as an extended real number                 

with
C�M S:∞:Z5 � � e C�S7�∞7Z5 $ 
If C�f� g � for all
S R V, we say that C is a measure. In this case we call the triple �Χ	V	 C� a 

measure space. The members of
V are called measurable sets. 

Note: C is translation invariant; that is, if Ε is a set for which C is defined and if Ε � h is the set 

I� � �i � R ΕJ 
Obtained by replacing each point � in Ε by the point
� � �, then 

C�Ε � �� � CΕ$ 
Definition: Let �Χ	V	 C� be a measure space. The measure C
is called complete if the conditions 

Ζ X S and C�S� � � imply that Ζ R V$ In that case, �Χ	V	 C� is called a complete measure 

space. 

Definition: Let �Χ	V	 C� be a measure space. If
C�j� 3 k	
then we say that the measure space 

is finite. If Χ � M ΧlmlZ5  with C�Χl� 3 k for all ` R n	
then we say that the space is W-finite. 

Definition: let Χ be a set and let oiΧ + p. If o satisfies the following conditions, then we say 

that o is a metric on Χ and call the pair �Χ	 o� a metric space. 

1. o��	 �� g �

��
���
�	 � R Χ 

2. o��	 �� � �
�

��9
���h
�

� � � 

3. o��	 �� � o��	 ��

��
���
�	 � R Χ 

4. o��	 !� 
q o��	 �� � o��	 !�

��
���
�	 �	 ! R Χ 

Definition: Let �Χ	V	 C� be a measure space, and let  

 iΧ + O�k	∞P 
The function   is measurable if for every 2 R p the set: 

Εα� � � I�i  ��� r 
2J 
is a measurable set. 

Definition: Let  Χ be a metric space, and let  
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 iΧ + O�k	∞P 
The function   is a borel function or is borel measurable if the set  

Εα� � � I�i  ��� r 
2J 
is a borel set for every
2 R p . 

Theorem: Let �Χ	V	 C� be a measure space and   areal-valued function on Χ. Then   is 

measurable if and only if  /5�[� R V for every borel set
[ X p. 

Theorem: Let �Χ	V	 C� be a measure space. The following conditions on a function   are 

equivalent, 

1.   is measurable 

2. For all 2 R p,the set I�i  ��� g 
2J R V 

3. For all 2 R p, the set I�i  ��� 3 
2J R V 

4. For all 2 R p, the set I�i  ��� q 
2J R V 

2.3 Integration 

2.3.1 The integral of a non negative function 

Theorem (monotone convergence theorem): Let s 7t be an increasing sequence of non negative 

measurable functions, and let  ��� � ��) 7���, then: 

u � ��)u 7 

Definition: a non negative measurable function   is called integrable over the measurable set Ε if 

u 
Ε

3 ∞$ 

Theorem: Let   be a non negative function which is integrable over a set
Ε. Then given v r � 

there is a d r �
such that for every set S X Ε with Cf 3 d we have: 

u 
U

3 v$ 
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Proof: The proposition would be trivial if   were bounded. Set: 

 7��� � w ���




x 
�

 ��� q ``









x 

��y������ z 
Then each  7 is bounded and  7 converges to   at each point. By the monotone convergence 

theorem there is an
{
such that: 

u |
Ε

r u 
Ε

� v}
	 ��9 





















u  �  |
Ε

3 v} $

�y����
δ 3 v}{$ 

If
Cf 3 d, we have  

u 
U

� u� �  |�
U

�u |
U

 







































3 u� �  |�
Ε

� {Cf 3 v} � v} � v 

2.3.2 The general lebesgue integral 

By the positive part  ( of a function   we mean the function  ( �  ~�x that is: 

 (��� � )��I ���	 �J$ 
Similarly, we define the negative part  / by
 / � �� �~�$  If   is measurable, so are  ( 

and
 /. We have: 

 �  ( �  /
��9
� � �  ( �  /
 
With these notions in mind we make the following definition: 

Definition: A measurable function    is said to be integrable over Ε if  ( and  / are both 

integrable over
Ε. In this case we define: 
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u 
Ε

� u (
Ε

�u /
Ε

 

 Theorem (Fubini): Let �Χ	V	 C� and ��	 4	 �� be two complete measure spaces and   an 

integrable function on
Χ � �. Then: 

1. For almost all � the function  * defined by  *��� �  ��	 �� is an integrable function on 

�; 

2. For almost all � the function  � defined by  ���� �  ��	 �� is an integrable function on 

Χ; 

3. �  ��	 �� ������ 
��
��
����������

�������
��
Χx 
4. �  ��	 �� �C���Χ 
��
��
����������

�������
��
�x 
5. � ��  ��� �Χ �C � �  ��C � ��Χ�� � � ��  �CΧ �� ��. 

 Theorem (Tonelli): Let �Χ	V	 C� and ��	 4	 �� be two W-finite measure spaces, and let   be a 

non negative measurable function on
Χ � �. Then: 

1. For almost all � the function  * defined by  *��� �  ��	 �� is a measurable function on 

�; 

2. For almost all � the function  � defined by  ���� �  ��	 �� is a measurable function on 

Χ; 

3. �  ��	 �� ������ 
��
�
)���������

�������
��
Χx 
4. �  ��	 �� �C���Χ 
��
�
)���������

�������
��
�x 
5. � ��  ��� �Χ �C � �  ��C � ��Χ�� � � ��  �CΧ �� ��. 

Lemma: Let � and � be integrable functions on Χ and � respectively, and define
 ��	 �� �
��������. Then   is integrable on � � � and 

u  ��C � ��
���

� u��C
�

u���
�

 

(Note: we do not need to assume that
C and
� are W-finite.) 
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 Proof: Let � and � be integrable functions on � and � respectively, and define  ��	 �� �
�������� 
If � � �� and � � �� where S X � and T X � are measurable sets, then  � ���� where S � T 

is a measurable rectangle. Thus   is integrable on � � � and 

u  ��C � ��
���

� �C � ���S � T� � C�S���T� � u��C
�

u���
�

 

It follows that the result holds for simple functions and thus non negative integrable functions. 

For general integrable functions � and
�, note that  ( � �(�( � �/�/ and  / � �(�/ �
�/�(. Thus   is integrable on
� � � and 

u  ��C � ��
���

� u  ( ��C � ��
���

� u  / ��C � ��
���

 























� u�(�C
�

u�(��
�

�u�/�C
�

u�/
�

�� � u�(�C
�

u�/��
�

�u�/�C
�

u�(��
�

 























� u�(�C
�

u���
�

�u�/�C
�

u���
�

� u��C
�

u���
�

 

Lemma: Let � � � � p and let C � � � Lebesgue measure. Then C � � is two-dimensional 

Lebesgue measure on
� � � � p�. We often write �� �� for ��C � ��$ 
a. For each measurable subset �
of p, let  

W��� � Is�	 �ti � � � R �J 
Show that W��� is a measurable subset of p�$ 

b. If   is a measurable function on
p	 the function � defined by ���	 �� �  �� � �� is a 

measurable function on p�$ 
c. If   and � are integrable functions on p, then for almost all � the function � given by 

���� �  �� � ������ is integrable. If we denote its integral by ����, then � is 

integrable and 

u��� q u� �u���$ 
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Proof (a): If � is an open set, then W��� is open and thus measurable. 

If � is a
bc 
with
� �� ��, where each �� is open, then W��� �
� W����	 which is measurable. 

If � is a set of measure zero, then W��� is a set of measure zero and is thus measurable. 

A general measurable set � is the difference of a bc  set S and a set T of measure zero and 

W��� � W��� W�f��   so W��� is measurable. 

(b)  Let   be a measurable function on
p	 and define the function � by
���	 �� �  �� � ��. For 

any 2	 we have 





















Is�	 �ti ���	 �� r �J � Is�	 �ti  �� � �� r �J 



























































� Is�	 �ti � � � R  /5O��	k�PJ 




























































� W� /5O��	k�P�. 
The interval ��	k� is a borel set so  /5O��	k�P is measurable. It follows from part (a) that 

Is�	 �ti ���	 �� r �J is measurable. Hence � is a measurable function on p�$ 
(c) Let   and � be integrable functions on p and define the function � by ���� �  �� �
���$ By Tonelli’s Theorem, 

u� �� � �������
���

�� �� � u �u� �� � �������
�

���
�

�� 






















































� u �u� �� � ��� ��
�

� ������ ��
�

 















































� u �u� ���� ��
�

� ������ ��
�

 



















� u� �u��� 
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Thus the function � �� � ������� is integrable. By Fubini’s Theorem, for almost all
�, the 

function � is integrable. Let
� � � �� . Then  

u��� � u �u�
�

�
�

q uu���
��

� u���
���

q u� �u���$ 

2.4 The �� space 

Definition: Let  ��	V	 C� be a measure space. If   is a measurable function on � and
� 3   3 k 

, we define: 

¡ ¡¢ � ^u� �¢ �Ca
5¢
 

(Allowing the possibility that
¡ ¡¢ � k ), and we define: 

£¢��	V	 C� � I i � + ¤
x  
��
)���������
��9
¡ ¡¢ 3 kJ 
We abbreviate  £¢��	V	 C� by
£¢�C�,
£¢���, or simply £¢ when this will cause no confusion. 

Theorem (Holder inequality): If
 
 and
¥
are non negative extended real numbers suchthat 


_  � _
¥
 � _
 
and if
 R £¢
 and
� R £¦ 	
then

 $ � R £5

and, 

u� �� q ¡ ¡¢$ ¡�¡¦ 

Equality holds if and only if, for some non zero constants
2
and
4	
we have

2� �¢ � 4���¦

a.e. 

Theorem (Minkowski Inequality): If
 
and
�
are in
£¢	

then so is
 � �
and 


¡ � �¡¢ 
q ¡ ¡¢ � ¡�¡¢ 

2.5 Convolution 

Definition: Let   and � be real valued functions, then the convolutions of   and �	
is defined as: 
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� § ����� �  § ���� � u �� � ��������
p


 	 �	 � R p$ 

Lemma: Convolution obeys the same algebraic laws as ordinary multiplication: 

1.  § �E� � D�� � E� § �� � D� § �� 
2.  § � � � §   

3.  § �� § �� � � § �� § � 

Lemma: If
 	 � R £5�p�, then
 § � R £5�p�, and
¡ § �¡5 q ¡ ¡5¡�¡5. 

 

Proof:  since, the function: 

���	 �� �  �� � ������ 
is a measurable function with respect to two-dimensional Lebesgue measure in  p�$ 
Thus we can apply Tonelli’s theorem to obtain: 

u� § �����
p

�� � u �u �� � ������
p

���
p

�� 




































q u �u� �� � ������� ��
p

�
p

�� 







































� u �u�z �� � ��������z�
p

��� ��
p

 








































� u �u� �� � ��� ��
p

�
p

������ �� 

































� u �u� ���� ��
p

�
p

������ �� 
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� u� ���� ��
p

u������ ��
p

 

Thus  § � R £5�p� and
¡ § �¡5 q ¡ ¡5¡�¡5. 

2.6 Fourier series 

Definition: A function
 ���	  i p + p is called periodic if  �� �  � �  ��� for all � R p$ 
  r � is called the period of  $ 
Suppose  ��� is periodic with period}¨, then an important question is whether  ��� has a 

Fourier series expansion of the form: 

 ��� � E'} �G�E7 ��� `� � D7 ��� `��
m

7Z5
	 � 3 � 3 }¨ 

The constant term is taken as ©,�  as a matter of convenience. 

The formulas: 

ª«* � ��� � � " ��� �	 
ª/«* � ��� � � " ��� �$ 

Can be used to write the Fourier series expansion as:   

 ��� � G�7ª«7*
m

/m
 

Where the coefficients are: 

�7 � E7 � "D7} 
 	 �/7 � E7 � "D7} 
	 ` � _	}	 8 	 �' � E'} $ 
Assuming for the moment that the }¨-periodic function   has a Fourier series expansion, the 

Fourier coefficients �7 will be determined using the following orthogonality property of the 

complex exponentials ª«7*	 ` � �	 ¬_	¬}	8 	$ 
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Lemma: 

uª«7*ª«=*
­

/­
� ®�



x ` K ¯}¨
x ` � ¯z 
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Chapter 3 

Fourier transform 

3.1  Definitions of Fourier transform 

The Fourier integral (Fourier transform) is a natural extension of Fourier trigonometric series in 

the sense that it represents a piece wise smooth function whose domain is semi-infinite or 

infinite. 

Let  °��� be aperiodic function of 2P that can be represented by a Fourier trigonometric series: 

 °��� � E'} �G�E7 ����±l �� � D7 ����±7���
m

7Z5
 

Where, ±l � l²
� 

 x 

E7 � _³u  °���´
/´ ����±l �� ��
	 ` g �

 

D7 � _³u  °���´
/´ ����±7�� 9�
	 � g _ 

Now insert E7  and  D7 in
 °���	
then 
















 °��� � _}³u  °���´
/´ ��

� _³µ%����±l ��u  °���´
/´ ����±l �� �� � ����±7��u  °���´

/´ ����±7�� 9�&
m

7Z5

 

We now set: 

¶· � ·7(5 � ·7 � �` � _�¨¸ � `¨̧ � ¨̧ 
 	 ��ª`
 _̧ � ¹·̈ 	 E`�
º»"�ªi 
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 °��� 

















� _}³u  °���´

/´ �� 





















� _¼µ%����±l ��¹·u  °���´
/´ ����±l �� ��

m

7Z5
� ����±7��¹·u  °���´

/´ ����±7�� 9�&




























































































�_� 
We now let  ¸ + k and assume that the resulting non periodic function   ��� � ��)°+m  ° ��� 
is absolutely integrable on the  � � E�"< ,that is,� � ����m/m �� 
3 k .Then 5° ½ �	
and the value 

of the first term on the right side of equation �_� approaches zero, also, ¶¾ � ¿
À + Á  and the 

infinite series in equation
�_� becomes an integral from 0 to k, which represents   ���, that is , 


























 ��� � _¼u O����±��u  ���m
/m ����± �� �� � ����±��u  ���m

/m ����±�� 9�m
' P 9± 











� _¼u u  ���m
/m O����± ������± �� � ����±�� ����±��m

' P 9� 9± 












� _¼u Âu  ��� ����·� � ·�� ��m
/m Ãm

' 9±












































 




























� _}¼u Âu  ��� ����·� � ·�� ��m
/m Ãm

/m 9±



















































�}� 
Since �  ��� ����·� � ·�� ��m/m  is an even function of
·, because ����·� � ·�� is an even 

function of Ä, the function   does not depend on Ä, and we integrate with respect to t (not Ä). 

From the above argument it is clear that: 

Å}¼u Âu  ��� ����·� � ·�� ��m
/m Ãm

/m 9± � �



















































































�Æ� 
Adding �}�
and �Æ� gives: 



19 
Fourier transform 
 

Graduate project report At Addis Ababa University January/2012 

 ��� � 
 _}¼u Âu  ���ªÇÈ�*/É� ��m
/m Ãm

/m 9± 

This is called the complex Fourier integral.  

Then  ��� � 
 5�²� ��  ���ª/ÇÈÉ ��m/m �m/m �ÇÈ*9±
 
The expressions in brackets is a function of
·, denoted by \�·�
Ê»
\> ���@
Ê»
 Ë�·�	 and is 

called the Fourier transform of   .Now writing 
�
for 
�, we get : 

\�·� � �  ���ª/ÇÈ* ��
m/m 	
and  

 ��� � 5
�²� \�·�ªÇÈ* �·m/m  is called inverse Fourier transform of \�·�. 

Definition: The Fourier transform of a function  R £5�p� is defined to be: 

 Ë�Ì� � u  ���ª/ÇÍ* ��
m
/m 	 Ì R p

 

and 

 ��� � _}¼u  Ë�Ì�ªÇ*Í �Ìm
/m 

 	 Ì R p

 

is called the inverse Fourier transform of  Ë�Ì� . 
Lemma: for any function   on p and every
� R p, let  � be the translate of   defined by: 

 ���� �  �� � ��

	 � R p
 
If _ q   3 k, and if  R £¢	 the mapping � +  � is a uniformly continuous mapping of p into 

£¢�p�$ 
Proof: Fix v r �$ Since  R £¢ there exists a continuous function � whose support lies in a 

bounded interval �– S	 S�	 such that  

¡ � �¡¢ 3 v 

The uniform continuity of � shows that there exists a d R ��	 S�, such that �< � �� 3 d implies 
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���<� � ����� 3 �ÆS�/5¢v$ 
If �< � �� 3 d, it follows that  

u ���� � <� � ��� � ���¢ ��m
/m 3 �ÆS�/5v¢�}S � d� 3 v¢	 

So that ¡�A � �É¡¢ 3 v. 

Note that £¢ �norms (relative to Lebesgue measure) are translation invariant:¡ ¡¢ � ¡ A¡¢. 

Thus  

¡ A �  É¡¢ q ¡ A � �A¡¢ � ¡�A � �É¡¢ � ¡�É �  É¡¢ 































� ¡� � ��A¡¢ � ¡�A � �É¡¢ � ¡�� �  �É¡¢ 3 Æv 

Whenever�< � �� 3 d. This completes the proof. 

3.2 Lemma (Riemann-Lebesgue): 

The Fourier transform of a function  R £5�p� is continuous function on p and  Ë�Ì� + �
 
as
�Ì� + k 

Proof: Assume that
 R £5�p� . 
To prove  Ë�Ì� + �
as
�Ì� + k. 

Let Ì R p ,Ì K �.Then 






















 Ë�Ì� � u  ���ª/ÇÍ* ��
m
/m 































 




































































� �ª/­«u  ���ª/ÇÍ* ��
m
/m 























































 

































































� �u ª/­« ���ª/ÇÍ* ��
m
/m � �u  ���ª/ÇÍÏ*(­ÍÐ ��
m

/m  
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� �u  Ï� � Ì̈Ð ª/ÇÍ* ��

m
/m $















































 

Therefore 

} Ë�Ì� �  Ë�Ì� �  Ë�Ì� � u  ���ª/ÇÍ* �� � u  Ï� � Ì̈Ð ª/ÇÍ* ��

m
/m 
m

/m  

It implies that 

 

}Ñ Ë�Ì�Ñ � Òu  ���ª/ÇÍ* �� � u  Ï� � Ì̈Ð ª/ÇÍ* ��

m
/m 
m

/m Ò 

� �u Ó ��� �  Ï� � Ì̈ÐÔ ª/ÇÍ* ��

m
/m �


 

















q u �Ó ��� �  Ï� � Ì̈ÐÔ ª/ÇÍ*�
m
/m 
��


















 



� u Õ ��� �  Ï� � Ì̈ÐÕ
m
/m Ñª/ÇÍ*Ñ
��





 





















� u Õ ��� �  Ï� � Ì̈ÐÕ
m
/m 
�� + �

E<

�Ì� + k 

(by the above Lemma.) 

To prove continuity of
 Ë : 
Let v r Ê be given and 2 r � chosen such that  

u � ����
�*�-Ö

�� 3 v× 

 and
d r �  Chosen such that   

}2d u � �����*�0Ö �� 3 v 

Then for
�Ø� 3 d, 
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Ñ Ë�Ì � Ø� �  Ë�Ì�Ñ � Òu > ���ª/«�Í(Ù�* �  ���ª/«Í*@ ��m
/m Ò
 






































q u � ����m
/m Ñª/«�Í(Ù�* � ª/«Í*Ñ �� 






































� u � ����Ñª/«Í*>ª/«Ù* � _@Ñm
/m ��
 






































� }u � ���� Ú��� ÛØ�} ÜÚ
m
/m ��












 













q }u � �����*�-Ö Ú��� ÛØ�} ÜÚ �� � }u � ���� Ú��� ÛØ�} ÜÚ�*�0Ö ��

 







































q }u � �����*�-Ö �� � }u � ���� ÚØ�} Ú ���*�0Ö  








































q }u � �����*�-Ö �� � 2du � �����*�0Ö �� 








































3 v} � v} � v



















 
Therefore  Ë�Ì� is uniformly continuous on
p. 

3.3 Theorem (Properties of Fourier transform) 

1. Linearity: For any constants E	 D and if
 R £5�p�	
then the following inequality holds: 

\>E ��� � D����@ � E\> ���@ � D\>����@ 
Proof: 













\>E ��� � D����@ � u>E ��� � D����@ª/«Í* ��
m

/m
 


� u E ���ª/«Í* ��
m

/m
� u D����ª/«Í* ��

m

/m
 




� E u  ���ª/«Í* ��
m

/m
� D u ����ª/«Í* ��

m

/m
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� E\> ���@ � D\>����@














 
2. Translation 

a. Let  ip + p and � R p .The translate of   by � is the function ÝÞ  defined by 

�ÝÞ ���� �  �� � ��	 � R p , then �ÝÞ �ß �Ì� � ª/«ÍÞ Ë�Ì�  
b. For � R p	 

>ªàá* ���@ß �Ì� � >Ý�/á� @ß �Ì� 
                Proof: a. The Fourier transform of ÝÞ  is: 



>ÝÞ â @�Ì� � u �ÝÞ �m
/m ���ª/«Í* ��






























 



� u  �� � ��m
/m ª/«Í* ��




 





� u  ���m
/m ª/«Í�*(Þ� ��






 


� ª/«ÍÞu  ���ª/«Í*m
/m �� 

� ª/«ÍÞ Ë�Ì�




















 
                      b. The Fourier transform of ª«á* ��� is: 

>ªàá* ���ß @�Ì� � u ª/«Í*m
/m Ûª«á* ���Ü �� 






























� u  ���m
/m ª/«Í�*/á� ��





 





























�  Ë�Ì � �� � >Ý�/á� @ß �Ì� 
3. Dilation: Let ã R p	 ã r �,the dilation of   by ã is defined as dä  where  

�dä ���� � ã1åæ  �ã/5��	 � R p , then �dä �ß �Ì� � �dä1å �ß �Ì� 
Proof: The Fourier transform of �dä ����is: 
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�dä �ß �Ì� � u �dä ����m
/m ª/«Í* �� 
























� ã/5� u  �ã/5��m
/m ª/«Í* �� 

























� ã/5� u  ���m
/m ª/«�Íä�� ã�� 






















� ã5� Ë�ãÌ� � �dä1å �ß �Ì�

 
 

4. Differentiation: Let  ��� be continuous on p and  ��� + � as
��� + k. Furthermore 

let  ç��� R £5�p�.Then
 çâ�Ì� � "Ì Ë�Ì�. 
       Proof: Integrating by parts and using  ��� + � as ��� + k.we obtain 








 çè �Ì� � u  ç���m
/m ª/«Í* �� 




































































� %� ���ª/«Í*�/mm � ��"Ì�u  ���ª/«Í*m
/m ��& 














































� "Ì Ë�Ì�














































 
        Similarly, ççâ�Ì� � "Ì çè �Ì� � �"Ì�� Ë�Ì� � �Ì� Ë�Ì�
 
  

Examples: 

a) Show that 

>�ª/*æ@ß � �"Ì
}é} ª

/Íæê  

Proof: 


>�ª/*æ@ß � Ï�_} �ª/*æ�çÐß 
















 


� �_} >�ª/*æ�ç@ß 
 














� �_} "Ì>ª/*æ@ß  

















� �_} "Ì _
é} ª

/Íæê  
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� �"Ì
}é} ª

/Íæê  

b) The property of Fourier transform of derivatives can be used for solution of                      

differential equations: 

�ç � ×� � ë���ª/êÉ 
ë��� � ®�









x 

� 3 �











_









x 
� g �












z 

\��ç� � ×\��� � \�ë���ª/êÉ� � _× � "º 

Setting
\>����@ � ì�º�, we have "ºì�º� � ×ì�º� � 5
ê(«í 

Then ì�º� � 5�ê(«í��/ê(«í� � � 5
5î(íæ 

                     Therefore 

��º� � \/5>ì�º�@ � �_ï ª/ê�É� 
5. Multiplication: we denote by � the differential operator � � ð

ðÍ .If   and � R £5�p�  
then 








� Ë�Ì� � >��ñÌ� @ß �Ì�$ 
       Proof: Let  ���� � ��"�� ���	 � � ð

ðÍ
 
       Now  

� Ë�Ì� � ��Ì  Ë�Ì� � ��Ìu  ���ª/«Í* ��m
/m 






















 





































� u ��Ì  ���ª/«Í* ��
m
/m 























 


































� u ��"�� ���ª/«Í* ��m
/m 














 



























� u ����ª/«Í* ��m
/m 
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� �ò�Ì�















































 


































� >��ñÌ� @ß �Ì�
































 

       Similarly it is possible to show using the principle of induction: 









�: Ë�Ì� � ���ñÌ�: �ß �Ì�	 � � _	}	 8 

6. Symmetry: let  R £5�p�, then \>\���@ � }¨ ��º� 
Proof: The inverse Fourier transform is:  

 ��� � \/5> �º�@ � _}¨u \�º�ª«íÉm
/m �º 

Therefore  

}¨ ��º� � _}¨u \���ª/«íÉm
/m �� � \>\���@ 

7. Modulation: let  R £5�p�, then  

\� ��� ����º'��� � _} O\�º � º'� � \�º � º'�P 
\� ��� ����º'��� � _} O\�º � º'� � \�º � º'�P 

Proof: Using Euler formula, properties 1(linearity) and properties 2b (shifting): 

 \� ��� ����º'��� � 5
� ó\ Ûª«í,É ���Üô � 5

� ó\ Ûª/«í,É ���Üô 
                       



































� 5

� O\�º � º'� � \�º � º'�P 
8. Convolution: Let  	 � R £5�p�	
then so is
 § � and � § ��ß �Ì� �  Ë�Ì��ò�Ì�,where 

 § �
 is the convolution of real valued functions   and g such that  









� § ����� � u  �� � ��������m
/m  

         Proof: Using Tonell’s Theorem, we have:  













� § ��ß �Ì� � u � § �����ª/«Í* ��m
/m 
 


































� u Âu  �� � ��������m
/m Ãm

/m ª/«Í* �� 


































� u Âu  �� � �� ª/«Í* ��m
/m Ãm

/m ������ 
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� u Âu  �� � �� ª/«Í�*/�� ��m
/m Ã ª/«Í�m

/m ������ 



































� u Âu  ��� ª/«Í�*� ��m
/m Ã ª/«Í�m

/m ������ 




































� u  ��� ª/«Í* ��m
/m u ª/«Í�m

/m ������ 
�  Ë�Ì��ò�Ì� 
Note: By taking inverse Fourier transforms of both sides equation � § ��ß �Ì� �  Ë�Ì��ò�Ì�	
we 

obtain: 









� § ����� � u  Ë�Ì��ò�Ì�ª«Í* �Ìm
/m  

Examples: 

a) what function   has the fourier transform  

 

 Ë�º� � _�_ � º��� 

Solution: we start from the formula 

�ò�º� � �
5(íæ

if ���� � ª/�É�$ 

 By the convolution theorem, we get: 

\�� § ���º� � >�ò�º�@� � ×�_ � º��� � × Ë�º� 
Thus  � 5

ê �� § �� 
Now for � r � we get: 

× ��� � � § ���� � u ª/�É/��m
/m ª/��� �� 


































� u ª/�É/��ª� ��'
/m �u ª/�É/��ª/���É

' �u ªÉ/�ª/���m
É  



































� ª/Éu ª�� ��'
/m � ª/Éu �� � ªÉu ª/����m

É
É
'  



































� �_ � ��ª/É 
                Since  Ë is an even function,
  is also an even function, and so we must have 
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 ��� � _× �_ � ����ª/�É� 
b) If  ��� � 5�5(Éæ� ,then find  §  $ 

                Solution: put  � �  §  $ 
 Computing the convolution directly is toil some. Instead, we make use of convolution theorem. 

Let us start from the fact that   Ë�º� � ¨ª/�í� or
� õ1ö÷ø
�5(Éæ�

m/m �� � ¨ª/�í�, then convolution 

Theorem gives: 

�ò�º� � Û Ë�º�Ü� � ¨�ª/��í� 

 We now exchange º for 2º, multiply by ¨ and make the change of variable
}� � �: 

�ò�º� � ¨�ª/��í�







 
















� u ¨ª/«É$�í_ � ��

m
/m �� 























































� u ¨ª/«�í
_ � Û�}Ü�

m
/m

��} � u }¨ª/«íÉ× � ��
m
/m �� 

We find that ���� � �­
ê(Éæ$ Thus, we have proved the formula: 

u _�_ � ����_ � �� � ����
m
/m �� � }¨× � �� 	 � R p 

Lemma:
� ù�l�ú
ú

m' �� � ­
�  for S r �$ 

Proof: It is easy to check that, by the change of variable S� � �, that the integral is independent 

of the S�if
S r ��, so one can just as well assume that S � _$ 
Since  5ú � � ª/ú* ��m' 	 which might be substituted in to the integral: 
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u ��� ��
m
' �� � u Âu ª/ú* ��m

' Ã ��� �m
' �� � u Âu ��� � ª/ú* ��m

' Ãm
' �� 


























� u ��_ � ��
m
' � }̈ 

3.4 Theorem (Inversion Theorem): 

 Let  	  Ë R £5�p� and let   be piecewise smooth on p .Then for every
� R p , 



















 _}¨u  Ëm
/m �Ì�ª«*Í �Ì � _} O ��/� �  ��(�P$ 

 Proof: Assume
 R £5�p�,  
is piecewise smooth on p and
 Ë R £5�p�, define 















 ©��� � _}¨u  Ë©
/© �Ì�ª«*Í �Ì



























 



























� _}¨u Âu  ��� ª/«Í� ��m
/m Ã©

/© ª«*Í �Ì 



























� _}¨u Âu ª«*Í �Ì©
/© Ã  ���ª/«Í�m

/m �� 



























� _}¨u Âu ª«*Í ª/«Í��Ì©
/© Ã  ���m

/m �� 



























� _}¨u Âu ª«�*/��Í �Ì©
/© Ã  ���m

/m �� 



























� _}¨u Âª«©�*/�� � ª/«©�*/��"�� � �� Ã  ���m
/m �� 



























� u û©�� � �� �����m
/m 





























 









































� u û©��� �� � ����m
/m 










 

Where û©��� � ù�l©*
­*  

Now 
 ©��� � 5
� O ��/� �  ��(�P
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� u û©��� �� � ����m
/m � _} O ��/� �  ��(�P























































































 

� _̈ u ��� E�¨�  �� � ����m
/m � _} O ��/� �  ��(�P

 

� _̈ u ��� E�¨�  �� � ����m
' � _̈u ��� E�¨�  �� � ����'

/m � _} O ��/� �  ��(�P 


� _̈ u ��� E�¨�  �� � ����m
' � _} 
 ��/� � _̈ u ��� E�¨�  �� � ����'

/m � _} 
 ��(�
















 

� _̈ u ��� E�¨�  �� � ����m
' � _̈ Û}̈Ü  ��/� � _̈ u ��� E�¨�  �� � ����'

/m � _̈ Û}̈Ü 
 ��(� 

� _̈ u ��� E�¨�  �� � ����m
' � _̈ %u ��� E��

m
' ��& ��/� � _̈ u ��� E�¨�  �� � ����


















'

/m  

� _̈ %u ��� E��
m
' ��& 
 ��(� 

               

� _̈ u O �� � �� �  ��/�Pm
'

��� E�� �� � _̈ u ��� E�¨�  �� � ����m
' � _̈ %u ��� E��

m
'  ��(���& 

� _̈ u O �� � �� �  ��/�Pm
'

��� E�� �� � _̈ u O �� � �� �  ��(�Pm
'

��� E�� ��





























 
In the first integral, 

_̈ u O �� � �� �  ��/�Pm
'

��� E�� ��
 

� _̈ u O �� � �� �  ��/�P:
'

��� E�� �� � _̈ u O �� � �� �  ��/�Pm
:

��� E�� �� 

� _̈ u O �� � �� �  ��/�P:
'

��� E�� �� � _̈ u  �� � ��m
:

��� E�� �� � _̈ u  ��/�m
:

��� E�� �� 

If
� g _,  
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Ò_̈ u  �� � ��m
:

��� E�� ��Ò q u � �� � ���m
: �� q Òu � �� � ���m

: ��Ò 	 E`� 

Ò_̈ u  ��/�m
:

��� E�� ��Ò � Õ_̈  ��/�Õ Òu ��� E��
m
: ��Ò 

Since
� � ������	mü � ù�l©�
� ��mü   are both convergent integrals, then � ù�l©�

�
m: �� + �	

and 

� � �� � ���m: ��
 + �

E<

� + k$  
For the integrals over OÊ	 �P	 
_̈ u O �� � �� �  ��/�P:

'
��� E�� �� 

� u %ª«©� � ª/«©�}" &:
' O �� � �� �  ��/�P�� 

� _}" u O �� � �� �  ��/�Pª«©�:
' �� � _}" u O �� � �� �  ��/�Pª/«©�:

' �� 

� _}" u ����ª«©�m
/m �� � _}" u ����ª/«©�m

/m �� 

� _}" >�ò��E�@ � _}" �ò�E� 

Where ���� � ý þ�*/��/þ�*1�
� 









 x Ê 3 � 3 �

�






























x Ê��ª»º"<ªz





 
Since   is piecewise smooth,
 ç��/�  exists for all � R p  and  ��)�+'1 ���� � 
 ç��/� 
Therefore � is bounded on OÊ	 �P
and hence
� R £5�p�. By the Riemann –Lebesgue Lemma,
�ò 
exists, is continuous and

�� �¬E� + �, as E + k and therefore  

� O �� � �� �  ��/�P:' ù�l©�
� �� + �

as
E + k
 for � g _  

In the second integral, 
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_̈ u O �� � �� �  ��(�Pm
'

��� E�� �� 

� _̈ u O �� � �� �  ��(�P:
'

��� E�� �� � _̈ u O �� � �� �  ��(�Pm
:

��� E�� �� 

If � g _	 
Ò_̈ u O �� � �� �  ��(�Pm

:
��� E�� ��Ò q u � �� � ���m

: ��	 E`� 

u  ��(� ��� E��
m
: �� �  ��(�u ��� E��

m
: �� 

Since
� � ������	mü � ù�l©�
� ��mü   are both convergent integrals, then � ù�l©�

�
m: �� + �	

and 

u � �� � ���m
: ��
 + �

E<

� + k$ 

For the integrals over OÊ	 �P 
u O �� � �� �  ��(�P:
'

��� E�� �� 

� u %ª«©� � ª/«©�}" &m
/m ������ 

� _}" O�ò��E� � �ò�E�P 

Where ���� � � þ�*(��/þ�*.�� 









 x Ê 3 � 3 �
�






























x Ê��ª»º"<ªz





 

Since   is piecewise smooth,
 ç��(�  exists for all � R p  and  ��)�+'. ���� � 
 ç��(� 
Therefore � is bounded on OÊ	 �P
and hence
� R £5�p�. By the Riemann –Lebesgue Lemma,
�ò 
exists, is continuous
�ò�¬E� + �, as E + k and therefore  

� O �� � �� �  ��(�P:' ù�l©�
� �� + �

as E + k
 for � g _ . 
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Hence  

Ï ©��� � _} O ��/� �  ��(�PÐ + �
��
E + k

 
Or  

_} O ��/� �  ��(�P � ��)©+m 
 ©���




























































 

� ��)©+m
_}¨u  Ë©

/© �Ì�ª«*Í �Ì 

� _}¨u  Ëm
/m �Ì�ª«*Í �Ì







 

Examples: 

1. For
 ��� � ª/�É�, we have
 Ë�º� � �
5(íæ. Since   is piecewise smooth, it follows that : 

ª/�É� � _̈ ��)�+mu ª«íÉ_ � º� �º
�
/�  

In this case  Ë happens to be absolutely integrable and we can write simply: 

ª/�É� � _̈u ª«íÉ_ � º� �º
m
/m  

By changing the variable
� � º, we get: 

ª/�í� � _̈u ª«íÉ_ � �� ��
m
/m  

It implies that: 

¨ª/�í� � ¨ª/�/í� � u ª/«íÉ_ � �� ��
m
/m  

In this way we have found the Fourier transform of

 5
5(Éæ
, which is rather difficult to reach by 

other methods: 
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Therefore \ Û 5
5(ÉæÜ � ¨ª/�í�$ 

2. For the function  

 ��� � w_




x 

 ��� 3 _











�




x 

 ��
� r _










z 
Then clearly
 R £5�p�, and  Ë�º� � �ù�lí

í $ In this case the inversion integral is not absolutely 

convergent. The theorem here says that: 

  

��)�+mu ���ºº ª«íÉ�º�
/� � � _











x 




 ��
� 3 _







_}











 x 



� � 
¬_










�












x 




 ��� r _










z 

3.5 Theorem (Fourier sine and cosine transforms): 

If  ��� R £5�p� is an even function ,then  

 Ë�Ì� � }u  ��� ����Ì��m
' ��
 

 ��� � _̈ u  Ë�Ì� ����Ì��m
' �Ì 

are called Fourier cosine transforms. 

If  ��� R £5�p� is an odd function ,then  

 Ë�Ì� � }u  ��� ����Ì��m
' ��
 

 ��� � _̈ u  Ë�Ì� ����Ì��m
' �Ì 

are called Fourier sine transforms. 

Proof: Let  ��� R £5�p� is an even function, then the Fourier transforms of  ��� is given by: 

 Ë�Ì� � u  ���ª/«Í* ��m
/m 
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� u  ���O����Ì�� � " ����Ì��P ��m
/m 





















 











� u  ��� ����Ì�� ��m
/m � " u  ��� ����Ì�� ��m

m  

Since  ��� is even, then  ��� ����Ì�� is even and  ��� ����Ì�� is odd. Thus the second integral 

on the right hand side of the last equation is zero and we have: 

 Ë�Ì� � u  ��� ����Ì�� ��m
/m  












� }u  ��� ����Ì�� ��m
'  

 Ë�Ì�
is an even function ,since  Ë��Ì� �  Ë�Ì� ,then the inverse Fourier transforms of  Ë�Ì� is 

given by: 

 ��� � _}¨u  Ë�Ì�m
/m ª«*Í�Ì





















































 













� _}¨u  Ë�Ì�O����Ì�� � " ����Ì��P �Ìm
/m 























 















� _}¨u  Ë�Ì� ����Ì�� �Ìm
/m � " _}¨u  Ë�Ì� ����Ì�� �Ìm

m  

Since  Ë�Ì� is even, so  Ë�Ì� ����Ì�� is even and  Ë�Ì� ����Ì�� is odd .Thus the second integral on 

the right hand side of the last equation is zero, and we have: 







 ��� � _}¨u  Ë�Ì� ����Ì�� �Ìm
/m  















� _̈ u  Ë�Ì� ����Ì�� �Ìm
'  

Similarly we can prove Fourier sine transforms by replacing the cosine by the sine. 

Example: The Fourier transform of  
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 ��� � w_













x 



 ��� 
q _







































�












x 




 ��� r _






































 zis given by: 

 Ë�º� � u ª/«íÉ ��5
/5 � �} ���ºº 











 x 

º K �






















}
















x 
º � �



















 z 
The inverse Fourier transform is: 

}}¨u ª«í*m
/m

���ºº �º � }̈ u ���º� ���ºº
m
' �º





















































 












































� _̈ u ���>º�� � _�@º
m
' �º � _̈ u ����º�� � _��º

m
' �º 












































� �_





x 



��� 3 
_










_}





 x 


��� � _













�





x 


�
�� 
r _












z



















































 

3.6 Theorem (Plancherels’ and Parsevals’ Identities): 

If
 	 � R £5�p�� £��p�, then 


u  ������� ��m
/m � _}¨u  Ë�Ì��ò�Ì�m

/m �Ì 

called Plancherels’ Identity. When  � �  we obtain Parsevals’ Identity, 


u � �����m
/m �� � _}¨u Ñ Ë�Ì�Ñ��Ìm

/m  

 

Proof: Method 1  

By the convolution theorem, for
 	 � R £5�p�� £��p� ,
� § ��ß �  Ë�ò 
Therefore 

 § � � � Ë�ò��  
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     Or 

u  �� � ��������m
/m � _}¨u  Ëm

/m �Ì��ò�Ì�ª«*Í�Ì 

Set  � � �	

u  ����������m
/m � _}¨u  Ëm

/m �Ì��ò�Ì��Ì 

Replacing 
���� by
�����, then the Fourier transform 
�ò�Ì� is replaced by
�ò�Ì�
, hence 

u  ��������� ��m
/m � _}¨u  Ëm

/m �Ì�
�ò�Ì��Ì 

                                Or  

u  ���������m
/m � _}¨u  Ëm

/m �Ì�
�ò�Ì��Ì 

This is Plancherels’ Identity .When  � � we obtain Parsevals’ Identity: 


u � �����m
/m �� � _}¨u Ñ Ë�Ì�Ñ��Ìm

/m  

Method 2: Since ���� R £5�p��£��p�	
 then so is
����  and  

�ò�Ì� � u ����ª«Í*
m

/m
�� 

Now using Fubini’s theorem, we obtain: 

u  ������� ��m
/m � _}¨u %u  Ë�Ì�ª«Í� �Ìm

m &���� ��m
/m  

































� _}¨u %u ����ª«Í� ��m
m & Ë�Ì� �Ìm

/m  





� _}¨u �ò�Ì� Ë�Ì� �Ìm
/m  
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Examples: 

1. Let  ��� � �©�*� � w _




x ��� 3 E











�





x 
Ê��ª»º"<ª



z



 
Then
 Ë�Ì� � � ù�l©Í

Í  , and by Parsevals’ Identity ,
 

u � �����m
/m �� � _}¨u Ñ Ë�Ì�Ñ��Ìm

/m 







 
                                       Or 

u Ñ�©�*�Ñ�m
/m �� � _}¨u Õ} ��� EÌÌ Õ� �Ìm

/m  

                            Or 

}¨E� _}¨u Õ} ��� EÌÌ Õ� �Ì

m
/m 














 

                             Or 



×¨E � u Ï} ��� EÌÌ Ð� �Ì























m
/m  

               Therefore 

u Ï} ��� EÌÌ Ð� �Ìm
/m � ¨E 

2. Let  ��� � ª/©�*�, then  Ë�Ì� � �©
©æ(Íæ  and by Parsevals’ Identity  

u � �����m
/m �� � _}¨u Ñ Ë�Ì�Ñ��Ìm

/m 








 
                            Or 

u Ñª/©�*�Ñ�m
/m �� � _}¨u Õ }EE� � Ì�Õ

� �Ìm
/m  
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                            Or 

u >ª/©�*�@�m
/m �� � _}¨u Ï }EE� � Ì�Ð

� �Ìm
/m  

                             

 

                              Or  

_E� }E�¨ u _�E� � Ì��� �Ì
m
/m  

           Therefore 

u _�E� � Ì��� �Ì
m
/m � ¨}E� 
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         Chapter 4 

         Applications of Fourier transform 

4.1 Applications in partial differential equations 

1. The wave equation: 
Consider the initial value- problem for the wave equation: 

�ÉÉ � ���**

	 �k 3 � 3 k
	 � r �
	 � r � 

�
and �* finite as ��� + k
	 � r �                                                       (1.1)                                               

���	 �� �  5���	 �k 3 � 3 k
 
�É��	 �� �  ����	 �k 3 � 3 k
 

Where  ðæúðÉæ � �� ðæú
ð*æ � �	�k 3 � 3 k
	 � r �
	 � r �
 describes the vertical vibrations of an 

infinite stretched elastic string, where ���	 �� is the vertical displacement of the string from its 

rest position
�, time
�, and ���	 �� �  5���	 �k 3 � 3 k and �É��	 �� �  ����	 �k 3 � 3 k 

describes the initial displacement and velocity respectively. 

Where the functions   5��� and  ����  are piecewise smooth and absolutely integrable in 

��k	k�$ 
To find the solution this problem, we introduce the Fourier transforms: 

 �è�Ì� � u  ?���ª/«Í*m
/m ��

	 � � _	}$ 

And its inversion formulas 

 ?��� � _}¨u  �è�Ì�ª«Í*m
/m �Ì

	 � � _	}$ 

We also need the Fourier representation of the solution
���	 ��: 
���	 �� � _}¨u �ò�Ì	 ��ª«Í*m

/m �Ì
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Where �ò�Ì	 �� is an unknown function, which we will now determine. For this, we substitute this 

in to the differential equation (1.1) to obtain: 

� � _}¨u Â���ò�Ì	 ����� � ��Ì��ò�Ì	 ��Ã ª«Í*m
/m �Ì 

Thus
�ò  must be a solution of the differential equation: 

���ò�Ì	 ����� � ��Ì��ò�Ì	 �� � � 

Whose solution can be written as: 

�ò�Ì	 �� � �5�Ì� ����Ì��� � ���Ì� ����Ì���. 
To find �5�Ì� and
���Ì�, we note that: 

 5��� � ���	 �� � _}¨u �5�Ì�ª«Í*m
/m �Ì 

 ���� � �É��	 �� � _}¨u Ì����Ì�ª«Í*m
/m �Ì 

and hence  5è�Ì� � �5�Ì� and
 �è �Ì� � Ì����Ì� . 
Therefore, it follows that: 

�ò�Ì	 �� �  5è�Ì�����Ì��� �  �è �Ì�Ì� ����Ì��� 
and hence the Fourier representation of the solution is: 

���	 �� � _}¨u Â 5è�Ì�����Ì��� �  �è�Ì�Ì� ����Ì���Ã ª«Í*m
/m �Ì 























































�_$}� 

Now since ��� 	 � >ª«
 � ª/«
@ }� 
 	 ���	 � >ª«
 � ª/«
@ }"�   , then we have: 

_}¨u  5è�Ì������Ì����ª«Í*m
/m �Ì 
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� _} $ _}¨u  5è�Ì�>ª«ÍáÉ � ª/«ÍáÉ@ª«Í*m
/m �Ì 

� _} $ _}¨u  5è�Ì�>ª«Í�*(áÉ� � ª«Í�*/áÉ�@m
/m �Ì 

� _} Â _}¨u  5è�Ì�m
/m ª«Í�*(áÉ� �Ì � _}¨u  5è�Ì�m

/m ª«Í�*/áÉ��ÌÃ 

� _} O 5�� � ��� �  5�� � ���P 
Similarly, 

_}¨u  �è�Ì� %����Ì���Ì� & ª«Í*m
/m �Ì 

� _} $ _}¨u  �è�Ì� %ª«ÍáÉ � ª/«ÍáÉ"Ì� & ª«Í*m
/m �Ì 

� _} $ _}¨u  �è�Ì� %ª«Í�*(áÉ� � ª«Í�*/áÉ�"Ì� &m
/m �Ì 

� _}� $ _}¨u  �è�Ì�� u ª«Íí �º
*(áÉ

*/áÉ

m

/m �Ì 

� _}� u Â _}¨u  �è�Ì�m
/m ª«Íí�ÌÃ �º

*(áÉ

*/áÉ
 

� _}� u  ��º��º
*(áÉ

*/áÉ
 

Putting these together yields d’Alembert’s formula: 

���	 �� � _} O 5�� � ��� �  5�� � ���P � _}� u  ��º� �º
*(áÉ

*/áÉ






































�_$Æ� 
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2. Laplace’s equation: 

2.1 Consider Laplace’s equation in two variables on the upper half-plane � r �$ Then 

�** � ��� � �




	 �k 3 � 3 k
	 � r � 

���	 �� �  ���




	 �k 3 � 3 k
                                                                         (2.1.1)   

����	 ��� q �





	 �k 3 � 3 k
	 � r � 

Where the function   is piecewise smooth and absolutely integrable in ��k	k�$ 
If  ��� + � as ��� + k ,then we also have the implied boundary conditions 

��)�*�+m���	 �� � � 	 ��)�+(m���	 �� � �$ 
To find the solution of this problem, we introduce the Fourier transforms : 

 Ë�Ì� � u  ���ª/«Í*m
/m ��

 

and its inversion formulas: 

 ��� � _}¨u  Ë�Ì�ª«Í*m
/m �Ì

 

We also need the Fourier representation of the solution
���	 ��: 
���	 �� � _}¨u �ò�Ì	 ��ª«Í*m

/m �Ì
	 
Where �ò�Ì	 �� is an unknown function, which we will now determine. For this, we substitute this 

in to the differential equation (2.1.1), to obtain: 

� � �** � ��� � _}¨u Â�"Ì���ò�Ì	 �� � ���ò�Ì	 ����� Ã ª«Í*m
/m �Ì 

Thus �ò  must satisfy: 

�"Ì���ò�Ì	 �� � ���ò�Ì	 ����� � �	�k 3 � 3 k	 � r � 

Or 
ðæú��Í	��ð�æ � Ì��ò�Ì	 �� � � 
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This has solutions: 

 �ò�Ì	 �� � S�Ì�ªÍ� � T�Ì�ª/Í� 

We need two conditions to determine the functions
S�Ì�
��9
T�Ì�:  
In addition to
���	 �� �  ���
	 �k 3 � 3 k, let   ðú�*	'�ð� � ����	 �k 3 � 3 k  for some 

function � R £5�p�$
we will find � such that the solution ���	 �� is bounded for � r �, in fact 

such that ���	 �� + �
as � + k. 

Taking transforms we get : 

�ò�Ì	 �� �  Ë�Ì�  ,


ðú��Í	'�ð� � �ò�Ì�  , 
Or  S�Ì� � T�Ì� �  Ë�Ì�  , �ÌS�Ì� � ÌT�Ì� � �ò�Ì� 
Solving for S�Ì�	 and T�Ì� we get: 

S�Ì� � _}% Ë�Ì� � �ò�Ì�Ì & 

T�Ì� � _}% Ë�Ì� � �ò�Ì�Ì & 

and  

�ò�Ì	 �� � _}% Ë�Ì� � �ò�Ì�Ì & ªÍ� � _}% Ë�Ì� � �ò�Ì�Ì & ª/Í� 

For

Ì r �,
�ò�Ì	 �� + � as � + � if and only if
 Ë�Ì� � �ò�Í�
Í � �, and 

For

Ì 3 �,
�ò�Ì	 �� + � as � + � if and only if
 Ë�Ì� � �ò�Í�
Í � �. 

Therefore  

�ò�Ì� � ý�Ì Ë�Ì�






x 
Ì r �
Ì Ë�Ì�








x Ì 3 �

 z 
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� ��Ì� Ë�Ì� 
Hence  

�ò�Ì	 �� � ý Ë�Ì�ª/Í�







x 
Ì r �
 Ë�Ì�ªÍ�









x Ì 3 �

z 















�  Ë�Ì�ª/�Í�� 

Since,
ª/�Í�� � Û �
­�*æ(�æ�Üß

, by convolution theorem, 

���	 �� � u �ò�Ì	 ��ª«Í*m
/m �Ì 















� u  Ë�Ì�ª/�Í��ª«Í*m
/m �Ì 















� u  Ë�Ì� Ï �¨��� � ���Ðß ª«Í*m
/m �Ì 















� Ï �¨��� � ��� §  Ð 















� u �¨��� � <�� � ���
m
/m  �<� �< 























































�}$_$}� 

This representation is known as Poisson’s formula. 

In particular, for  

���	 �� �  ��� � w
_






x 
E 3 � 3 D








�





x 
Ê��ª»º"<ª







 z
  
Then �}$_$}� becomes: 

���	 �� � u �¨��� � <�� � ���
�
© �<
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� u
�<�

¨ %�� � <���
� � _&

�
©  

Using the substitution # � �< � �� �� 
, we have �< � ��#, so that 

���	 �� � u _¨�#� � _�
��/*� ��
�©/*� �� �# 
















� _̈ Ï���/5 D � �� � ���/5 E � �� Ð 

2.2 Consider the Laplace equation in a semi-infinite strip 

 �** � ��� � �

	 � 3 � 3 k 


���	 �� �  ���
	



� 3 � 3 k 


���	 �� � �


	


� 3 � 3 D 


���	 D� � �
	


� 3 � 3 k 

Where the function   is piecewise smooth and absolutely integrable in O�	zzk� .we shall                                                                                 

also need the boundary conditions
��)*+m ���	 �� � � and ��)*+m �*��	 �� � �. 

To solve this problem, we let  

 ��� � _̈ u  Aè�Ì� ��� Ì�m
' �Ì 

 Aè�Ì� � }u  ���m
' ��� Ì� �� 

���	 �� � _̈ u �òA�Ì	 ��m
' ��� Ì� �Ì 

This as in problem (2.1), leads to the same differential equation 

��òA�çç � Ì��òA 
	 and hence 

�òA�Ì	 �� � �5�Ì� ��� �Ì� � ���Ì� ��� �Ì� 
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Now the boundary conditions �òA�Ì	 D� � � yields: 

�5�Ì� � ����Ì� ��� �ÌD��� �ÌD 

Thus we have 

�òA�Ì	 �� � ����Ì� ��� �ÌD��� �ÌD ��� �Ì� � ���Ì� ��� �Ì� 

















� ���Ì� ��� �Ì�� � D���� �ÌD  

Now since	 �òA�Ì	 �� �  Aè�Ì�,we find: 

���Ì� � � Aè�Ì� ��ùÞÍ�
ù�lÞÍ�  , and therefore 

�òA�Ì	 �� �  Aè�Ì� ��� �Ì�D � ����� �ÌD  

This gives the solution: 

���	 �� � _̈ u  Aè�Ì� ��� �Ì�D � ����� �ÌD
m
' ��� Ì� �Ì 
















� }̈ u u  ���m
' ��� Ì� ��� �Ì�D � ����� �ÌD

m
' ��� Ì� ���Ì 

3. The Heat equation: 

3.1. consider the heat flow problem of an infinitely long thin bar insulted on its lateral  

surface ,which is modeled by the following initial value problem: 

  �É � ���**

	 �k 3 � 3 k
	 � r �
	 � r � 

  � and �* finite as  ��� + k
	 � r �


























































�Æ$_$_�













                                                                      


���	 �� �  ���	�k 3 � 3 k

 

 Where the function   is piecewise smooth and absolutely integrable in
��k
	k
�. 
Let  �ò�Ì	 �� be the fourier transform of  ���	 ��.Thus from the fourier pair ,we have : 
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���	 �� � _}¨u �ò�Ì	 ��ª«Í*m
/m �Ì 

�ò�Ì	 �� � u ���	 ��ª/«Í* ��m
/m  

Assuming that the derivatives can be taken under the integral ,we get: 

���� � _}¨u ��ò�Ì	 ���� ª«Í*m
/m �Ì 

���� � _}¨u �ò�Ì	 ���"Ì�ª«Í*m
/m �Ì 

������ � _}¨u �ò�Ì	 ���"Ì��ª«Í*m
/m �Ì 

In order for  ���	 �� to satisfy the heat equation, we must have: 

� � ���� � �� ������ � _}¨u Â��ò�Ì	 ���� � ��Ì��ò�Ì	 ��Ã ª«Í*m
/m �Ì 

Thus �ò  must be a solution of the differential equation: 

��ò�Ì	 ���� � ��Ì��ò�Ì	 �� � � 

and this has solutions: 

�ò�Ì	 �� � S�Ì�ª/ÍæáæÉ 
The initial condition
S�Ì� is determined by: 

�ò�Ì	 �� � u ���	 ��ª/«Í* ��m
/m  














� u  ���ª/«Í* ��m
/m �  Ë�Ì�$ 

Therefore, we have: 



49 
Applications of Fourier transform in partial differential equation 
 

Graduate project report At Addis Ababa University January/2012 

�ò�Ì	 �� �  Ë�Ì�ª/ÍæáæÉ  , and hence: 

���	 �� � _}¨u  Ë�Ì�ª/ÍæáæÉª«Í*m
/m �Ì 








































































�Æ$_$}� 

Now since: 

_}¨u ª/ÍæáæÉª«Í*m
/m �Ì � }¨ ª/*æ �êáæÉ��

é×¨��� 	 
Then by convolution theorem, and if we denote �ò�Ì� � ª/ÍæáæÉ, then from equation�Æ$_$}� it 
follows that: 

���	 �� � _}¨u  Ë�Ì��ò�Ì�ª«Í*m
/m �Ì 














� � § ����� 














� u  �C� ª/�*/��æ >êáæÉ@�

é×¨���
m
/m �C






































































�Æ$_$Æ� 

This formulas due to Gauss and Weierstrass. 

For each C the function ��	 �� + õ1��1��æ >��æø@�
éê­áæÉ  is a solution of the heat equation and is called the 

fundamental solution. Thus,�Æ$_$Æ� gives a representation of the solution as a continuous super 

position of the fundamental solution. 

3.2. Consider the heat equation: 

���� � � ������ � �

	 �k 3 � 3 k	 � r � 

For  ���	 �� a function of two variables, with initial condition: 

���	 �� �  ���
	 �k 3 � 3 k 

For  R £5�p�	  
continuous and bounded, can be solved using fourier transforms. 

 Taking transforms in the variable
�,  
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��ò�Ì	 ���� � ��"Ì���ò�Ì	 �� � �

 
Or  

��ò�Ì	 ���� � �Ì��ò�Ì	 �� � � 

Solving this first order ordinary differential equation: 

�ò�Ì	 �� � �ò�Ì	 ��ª/:ÍæÉ �  Ë�Ì�ª/:ÍæÉ 
Now %ª1�ææâ & � é}¨ª1�ææ  and using the dilation property of Fourier transforms: 

Ïã/5� ª/�ä1å*�æ� Ðß � é}¨
ã5�ª/�äÍ�æ�  

ª/�äÍ�æ� � _
ãé}¨ Ïª

/�ä1å*�æ� Ðß
 

Let  äæ� � �� orã � é}��, then  

ª/:ÍæÉ� � _
é}¨

_
é}�� Óª

/5� 
Ï *é�:ÉÐ
æÔß

 














� _
é×¨�� Óª

/5� 
Ï *é�:ÉÐ
æÔß

 

Therefore from the convolution theorem, 

Since  �ò�Ì	 �� �  Ë�Ì� 5
éê­:É %ª

1åæ 
Û �
éæ�øÜæ&ß

 

���	 �� � Ó § _
é×¨�� ª

/5� 
Ï *é�:ÉÐ
æÔ ��� 
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� _
é×¨�� u ª/�*/��æê:Ém

/m  ����� 

The function

���	 �� � õ1�æ��ø
éê­:É is called the heat kernel. We can then write: 

���	 �� � � ��� � �	 ��m/m  ��� ��. 

Definition: The finite Fourier sine transform of   ��� , � 3 � 3 £ is defined as: 

 Aè�`� � u  ��� ��� `¨�£
�
' �� 








































































�_� 

Where ` g _ is an integer. The function  ��� is then called the inverse finite fourier sine 

transform of   Aè�`� and is given by: 

 ��� � }£G Aè�`� ��� `¨�£
m

7Z5












































































�}� 

Definition: the finite Fourier cosine transform of   ��� , � 3 � 3 £ is defined as: 

 áè�`� � u  ��� ��� `¨�£ ���
' 










































































�Æ� 

Where ` g � is an integer. The function  ��� is then called the inverse finite Fourier cosine 

transform of   áè�`� and is given by: 

 ��� � _£  áè��� � }£G áè�`� ��� `¨�£
m

7Z5





























































�×� 

Finite Fourier transforms are useful in solving partial differential equations. For this we note 

that:  

u ���� ��� `¨�£ ���
'  
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� z���	 �� ��� `¨�£ Ú £� � `£̈ u ���	 �� ��� `¨�£
�
' �� 

and hence  

\A Ï����Ð � �`£̈  áè�`�

































































































��� 
and similarly, 

\á Ï����Ð � `£̈  Aè�`� � O���	 �� � ��£	 �� ��� `¨P

















































��� 
\A %������& � �`£̈  áè�`� 




















� � �`¨��£�  Aè�`� � `£̈ O���	 �� � ��£	 �� ��� `¨P































��� 
\á %������& � ��`¨��£�  áè�`� � O�*��	 �� � �*�£	 �� ��� `¨P


































�ï� 
Example: we will use finite Fourier sine transforms to find the solution of the problem: 

���� � ������ 

 	 � 3 � 3 ×	 � r � 

���	 �� � }�

	 � 3 � 3 ×















 
���	 �� � ��×	 �� � �

	 � r �









 

Taking the finite Fourier sine transform with L=4 of both sides of the partial differential equation 

gives: 

u ���� ��� `¨�× ��ê
' � u ������ ��� `¨�× ��ê

'  

Writing �ò  for  Aè�`� and using ��� with ���	 �� � ��×	 �� � � leads to: 
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��ò�`	 ���� � �`�¨�
_� �ò	
 

Which can be solved to obtain: 

�ò�`	 �� � �ª/7æ­æÉ5î  

Now taking the finite Fourier sine transform of the condition ���	 �� � }�, we have: 

�ò�`	 �� � u }� ��� `¨�× ��ê
'  

� z�}� �� ��� `¨�×`×̈ 
� }�� ��� `¨�×`�¨�_� 
 !
'

ê
 

� � Æ}`¨ ��� `¨ 

Since � � �ò�`	 �� it follows that: 

�ò�`	 �� � � Æ}`¨ ��� `¨ª/
7æ­æÉ5î  

Thus from �}� we get: 

���	 �� � �_�¨ G���
��¼�� ª/7æ­æÉ5î ��� `¨�×
m

7Z5
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4.2 Band limited functions and Shannon’s sampling theorem: 

The Fourier transform variable has the role frequency and  Ë�Ì� is referred to as the frequency 

representation of
 ���. 
If  Ë�Ì� � � for �Ì� r Ìá r �	 then  ��� is called a band-limited function and Ìá is called the cut-

off frequency. 

Many functions from science and technology are band-limited. For example, human hearing is 

assumed to be limited to frequencies below about 20KHZ. Therefore acoustic signals recorded 

on compact discs are limited to a band width of 22KHZ. 

A first step in the processing of signals, is sampling. A signal represented by a continuous 

function ���, is replaced by its samples at regular intervals,
I �`£�	 ` � ¬�	¬_	¬}	 8 J. 
Shannon’s theorem shows that it is possible to exactly recover the band-limited continuous 

function  ��� from knowledge of its samples, provided the sampling interval L, is sufficiently 

short. 

Theorem (Shannon’s theorem) 

Let  R £5�p��£��p� be continuous and band-limited to�Ì� q 
 Ìá. Then 

 ��� � G  �`£� ��� Ìá�� � `£�Ìá�� � `£�
m

7Z/m

	






£ � Ì̈á
$ 

Proof: Consider the functions "è7�Ì� given by: 

"è7�Ì� � # 
�
















x 




�Ì� r 
 Ìá


























_$}Ìá ª/
«7­ÍÍ� x 



�Ì� q 
 Ìá
































z 

The inverse Fourier transforms of  "è7�Ì� are given by: 
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"l��� � _}¼u "è7�Ì�ª«*Í �Ìm
/m  

}¼"l��� � u _$}Ìá ª/
«7­ÍÍ� ª«*Í �ÌÍ�

/Í�  



















� _$}Ìáu ª«ÍÏ*/7­Í� Ð �ÌÍ�
/Í�  


















� _$}Ìá � ª
«ÍÏ*/7­Í� Ð

" Û� � `¨Ìá Ü
 
/Í�

Í�
 




















� $}Ìá %ª«�Í�*/7­� � ª/«�Í�*/7­�}"�Ìá� � `¨� & 





















� $}Ìá ����Ìá� � `¨�Ìá� � `¨  






















� %}£̈ 
 ��� Ìá�� � `£�Ìá�� � `£�  

Where £ � ­
Í�.  

Consider the inner products: 

s"è7x"è=t � u "è7�Ì�m
/m "è=�Ì��Ì 




















� _}Ìáu ª/«7­ÍÍ� %ª/«=­ÍÍ� &�ÌÍ�
/Í�  




















� _}Ìáu ª«�=/7�­ÍÍ� �ÌÍ�
/Í�  



















� ®�


x 

¯ K `














_


x 
¯ � `















z 
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So the functions&"è7�Ì�x ` � ¬�	¬_	 ¬}	8 ', form an orthogonal set in £���Ìá	 Ìá�. 
Since  Ë�Ì� is band-limited to�Ì� q 
 Ìá, it has a Fourier series: 

 Ë�Ì� � G �7"è7�Ì�
m

7Z/m
 











� G �7 _$}Ìá ª/
«7­ÍÍ�

m

7Z/m
 

Where the Fourier coefficients �7 are given by: 

�7 � s Ëx 
"è7t � u  Ë�Ì� _$}Ìá ª
«7­ÍÍ� �ÌÍ�

/Í�  

By plancherel’s theorem 

�7 � s Ëx 
"è7t � }¨s x
"7t 
So  

 Ë�Ì� � G �7"è7�Ì�
m

7Z/m
� G }¨s x
"7t"è7�Ì�

m

7Z/m
 

Taking inverse Fourier transforms  

 ��� � G s x
"7t}¨"7���
m

7Z/m
� G s x
"7t%}£̈ 
 ��� Ìá�� � `£�Ìá�� � `£�

m

7Z/m
 

The samples at intervals of length £ � ­
Í� are: 

 ��£� � G s x
"7t%}£̈ 
 ��� Ìá��£ � `£�Ìá��£ � `£�
m

7Z/m
 














� G s x
"7t%}£̈ 
 ����� � `��� � `�¨
m

7Z/m
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� s x
":t%}£̈ 
 

So s x
":t �  ��£�( �
�­

	 � � �	¬_	¬}	 8 

Finally therefore, 

 ��� � G s x
"7t%}£̈ 
 ��� Ìá�� � `£�Ìá�� � `£�
m

7Z/m
� G  �`£� ��� Ìá�� � `£�Ìá�� � `£�

m

7Z/m
 

The relationship
·£ � }¨ , where · is the frequency of sampling in cycles per unit length, 

shows that from Shannon’s theorem, to reconstruct a band-limited function, it suffices to sample 

at a frequency, · � �­� � }Ìá , twice the cut-off frequency. 
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4.3 Heisenberg’s Inequality 

 Let  R £��p�, � R £��p�. Then the quantity: 

¶© � Ó� �� � E��m/m � ����� ��
� � �������m/m

Ô 

is called the dispersion about the point � � E of   . The reasoning behind the definition is that if 

 ��� is concentrated near� � E, then ¶©  is smaller than when   is not close zero far from 

� � E. 

Example: Consider the characteristic function 

����� � w 
_

x 











��� q D














�



x 






Ê��ª»º"<ª










z 
Which has Fourier transform: 

����ß�Ì� � } ��� ÌÌ  

Notice that �� is concentrated near � � � for small b. The dispersion about the origin is: 

¶'�� � Ó� ���/� ��
� ���/� Ô � D�Æ  

and it is clear that the dispersion increases as D increases. 

Notice that the Fourier transform ��) does not have a finite dispersion about the origin, since 

u Ì�m
/m ���)�Ì��� �Ì � u Ì�m

/m %} ����DÌ�Ì &� �Ì 






































� ×u �����DÌ�m
/m �Ì � k 

This indicates that  ��) is spread out away from
� � �. 
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The following result shows that there is a type of inverse relationship between the dispersion of a 

function and that of its Fourier transform. 

Theorem: Let  R £5�p�� £��p�. Then for all
E	 2 R p, 

�¶© �>¶Ö Ë@ � Ó� ��m/m � ����� ��
� � �������m/m

Ô�� Ì�m/m Ñ Ë�Ì�Ñ� �Ì
� Ñ Ë�Ì�Ñ��Ìm/m


 g _× 

and equality holds if and only if  ��� � �ª/:*æ for constants � R p and � r �$ 
Proof: we firstly prove the result forE � 2 � �. 

� ��m/m � ����� �� and � Ì�m/m Ñ Ë�Ì�Ñ� �Ì are both assumed finite since otherwise the result is 

trivial. 

Let  §��� � ÛñÌ Ë�Ì�Ü�
 or §â�Ì� � "Ì Ë�Ì�. Then  § R £��p� and  

%u ��m
/m � ����� ��&%u Ì�m

/m Ñ Ë�Ì�Ñ� �Ì& 

= >� ��m/m � ����� ��@ Û� Ñ�"Ì� Ë�Ì�Ñ� �Ìm/m Ü 

� %u ��m
/m � ����� ��&%u Ñ §â�Ì�Ñ� �Ìm

/m & 

� }¨ %u ��m
/m � ����� ��&%u � §����� ��m

/m & 

(By Parseval’s identity) 

Since 

Âu _}
m
/m � Ï §��� ��� �  §��� ���Ð��Ã� 

� Âu �*õ Ï §��� ���Ð��m
/m Ã� 
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� Â*õu �  ��� §�����m
/m Ã� 

q Òu �  ��� §�����m
/m Ò� 

q %u ��m
/m � ����� ��&%u � §����� ��m

/m & 

(by Cauchy-Schwartz inequality) 

We will show that: 

�u � Ï §��� ��� �  §��� ���Ð��m
/m � u � ����� ��m

/m  

From which the result follows, for then: 

%u ��m
/m � ����� ��&%u Ì�m

/m Ñ Ë�Ì�Ñ� �Ì& 

� }¨ %u ��m
/m � ����� ��&%u � §����� ��m

/m & 

g }¨ Âu _}
m
/m � Ï §��� ��� �  §��� ���Ð��Ã� 

� }̈ Âu � ����� ��m
/m Ã� 

� %u � ����� ��m
/m &% _}¨u Ñ Ë�Ì�Ñ� �Ìm

/m & 

� _×%u � ����� ��m
/m &%u Ñ Ë�Ì�Ñ� �Ìm

/m &$ 
To complete the proof, we assume that   is continuous and piece wise smooth, this assumption 

can be removed since functions in £5�p� are the uniform limit of such functions. 
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Then from the property of Fourier transform,  

 §��� �  ç��� 
Whenever the derivative exists. Then for any interval OE	 DP	 
D� �D��� � E� �E��� � u ��� ��� ������ ��

�
©  









































� u Û� ç��� ��� � � ��� ç��� � � �����Ü���
©  










































� u � Û §��� ��� �  ��� §���Ü ���
© �u � ����� ���

©  

The assumption  R £��p� implies that D� �D��� + � as D + k and E� �E��� + � as 

E + �k$ 
Since otherwise � ���� r ����/åæ  as
��� + k, which is not integrable. Taking the limit as 

D + k and E + �k	 
� � � � Û §��� ��� �  ��� §���Ü ���© � � � ����� ���©  as required. 

As for the case of equality in Heisenberg’s inequality, this holds if and only if  ��� §��� is real 

and  §��� � +� ��� for some complex constants+. That is, 

 ��� §��� �  ���+� ��� � �� �����+ is real. Therefore + is real. 

The differential equation: 

 ç��� � +� ��� has solutions of the form  ��� � �ª/,�ææ , � is any real constant, and  

 ��� � �ª/,�ææ R £��p� if and only if + r �$ Therefore equality holds in Heisenberg’s 

inequality only if  ��� � �ª/,�ææ , for constants � R p and + r �. 

Conversely, let  ��� � ª/,�ææ  for constant+ r �. Then  
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%u ��m
/m � ����� ��&%u Ì�m

/m Ñ Ë�Ì�Ñ� �Ì& 

� }¨ %u ��m
/m � ����� ��&%u � §�����m

/m ��& 

� }¨ %u ��m
/m � ����� ��&%u �+� �����m

/m ��& 

� }¨+� %u ��m
/m � ����� ��&� 

� }¨+� %u ��m
/m ª/-*æ ��&� 

� }¨+� %u Û ��}+Üm
/m >�}+�ª/-*æ@ ��&� 

� }¨+� %u Û ��}+Üm
/m Ó ��� >ª/-*æ@Ô��&

�
 

� }¨+� %u Ï _}+Ð ª/-*æm
/m ��&� � }̈ %u ª/-*æm

/m ��&�











































































 
(integration by parts ) 

� }̈+ %u ª/Éæm
/m ��&� � ¨�

}+ 

Whereas, 

_×%u � ����� ��m
/m &%u Ñ Ë�Ì�Ñ� �Ìm

/m & 

� _×%u � ����� ��m
/m &}¨ %u � ����� �Ìm

/m & 
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� }̈ %u � ����� ��m
/m &� � }̈ %u ª/-*æ ��m

/m &� 

and equality holds . 

Let  R £5�p��£��p�. Then for all
E	 2 R p, 

�¶© �>¶Ö Ë@ � Ó� ��m/m � ����� ��
� � �������m/m

Ô�� Ì�m/m Ñ Ë�Ì�Ñ� �Ì
� Ñ Ë�Ì�Ñ��Ìm/m


 g _× 

and equality holds if and only if  ��� � �ª/:*æ for constants � R p and � r �$ 
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4.4 Conclusion 

The Fourier transform of a function  R £5�p� is defined to be: 

 Ë�Ì� � �  ���ª/ÇÍ* ��
m/m  , where Ì R p

and 

 ��� � 5
�²�  Ë�Ì�ªÇ*Í �Ìm/m 
 is called the inverse Fourier transform of  Ë�Ì� . 

The properties of Fourier transform are linearity, translation, dilation, differentiation, 

multiplication, symmetry, modulation, and convolution. 

Let  	  Ë R £5�p� and let   be piecewise smooth on p .Then for every	 � R p , 



















 _}¨u  Ëm
/m �Ì�ª«*Í �Ì � _} O ��/� �  ��(�P$ 

is called inversion theorem. 

If  	 � R £5�p�� £��p�, then 
�  ������� ��m/m � 5
�­ �  Ë�Ì���Ì�ßm/m �Ì called Plancherels’ 

Identity. When  � �  we obtain Parsevals’ Identity,
� � �����m/m �� � 5
�­ � � �Ì����Ìm/m . 

Fourier transforms have applications in partial differential equation like to solve wave equation, 

laplace equation and heat equation and so on. 

Fourier transform is used to study band-limited functions. 

Let  R £5�p��£��p� be continuous and band-limited to�Ì� q 
 Ìá. Then 

 ��� � G  �`£� ��� Ìá�� � `£�Ìá�� � `£�
m

7Z/m

	






£ � Ì̈á
$ 

is called Shannon’s Theorem. 

Let  R £5�p��£��p�. Then for all
E	 2 R p, 
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�¶© �>¶Ö Ë@ � Ó� ��m/m � ����� ��
� � �������m/m

Ô�� Ì�m/m Ñ Ë�Ì�Ñ� �Ì
� Ñ Ë�Ì�Ñ��Ìm/m


 g _× 

and equality holds if and only if  ��� � �ª/:*æ for constants � R p and � r �$ 
is called Heisenberg’s inequality. 
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