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Abstract

In this thesis we present the basic concepts and results of Groebner basis for a polyno-
mial ideal over a field and introduce an algorithm for computing and then present an
improvement of Buchberger’s algorithms for computing Groebner basis by reducing

number of S-polynomials without computing them. This paper deals with Groebner

basis for a polynomial ideal over a ring by defining the module of a solution of a
homogenous linear equation with polynomial coefficients (called the syzygy module).

And finally, we will see the application of Groebner basis in detail.
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Introduction

This MSc in Mathematics thesis deals with concepts related to Groebner bases theory
and its application in commutative algebra and algebraic geometry.

The algorithmic theory of Groebner bases was introduced in 1965 by Bruno Buch-
berger in his PhD thesis. He named the basis after his PhD advisor, Wolfgang Groeb-
ner (1899-1980).A problem of particular interest was the development of algorithms
for computing Groebner bases.

This report is structured into three main chapters, i.e.:

e Chapter 1, Basic theory of Groebner basis: we first recall the concepts of poly-
nomials, ideals, monomial orders and polynomial division. Next we introduce
Groebner basis and the way how to compute by using S-polynomials ,Buch-

berger’s algorithm and the improved buchberger’s algorithm.

e Chapter 2, Groebner basis over a ring: this chapter deals about Groebner basis
over a Noetherian ring. In particular,we use the theory of ”syzygy” for com-
puting Groebner basis and also use this syzygy concept for the improvement of

Buchberger’s algorithm.

e Chapter 3,Application of Groebner basis:this chapter present the basic applica-
tions to commutative algebra and elementary algebraic geometry and at last we

present special topic in graph theory which is vertex coloring.



The main aim of this paper is to introduce Basic theory of Groebner basis over a
field and Noetherian ring . And since Groebner basis has vast application in many

disciplines, we restrict the scope to commutative algebra and algebraic geometry.



Chapter 1

Basic Theory Of Groebner Basis

In this chapter, we will first recall some concepts on polynomials, ideals.We will then
discuss monomial orders and polynomial division, and we will conclude the chapter
dealing with basic theory on Groebner bases and Buchberger’s algorithm and its

improvement.

1.1 Preliminaries

Let us first define monomials and polynomials

Definition 1.1.1. [6] A monomials in x1,2s,...,x, is a product of the form
M2 o
where aq, o, . .., a, non-negative integers. The total degree of this monomial is

the sum a1 + ag + -+ - + .

We can simplify the notation for monomials as follows Let o = (a1,...,a,) be

n-tuples of non-negative integers then ,we set

a1 .02

o Qn
xr —l’l x2 e X

n

We let |a| = a3 + as + - - - + a, denote the total degree of the monomial z°.

3



Definition 1.1.2. [6] A polynomial f in x1,...,x, with coefficient in a field K is
a finite linear combination (with coefficients in K) of monomials. We will write

f= Zaax“

where a, € K, where the sum is over a finite number of n- tuples
a=(a1,...,0n) € Zyoo -

polynomials in the form

The set of all polynomials in xy,...,z, with coefficients is K is denoted in
Klxy,...,z,] .

In the following definition, we introduce a terminology which we use when dealing
with polynomials.
Definition 1.1.3. [6] Let f =) anx*be a polynomial in K[zq,. .., xy)

1. We call a, the coefficient of the monomial x®.

2. If a, is non zero, then we call a,x® a term of f.

3. The total degree of f, denoted deg (f), is the maximum || such that the coeffi-
cient of x 1s non-zero.

Example 1.1.4. 23y + 22 + y is a polynomial in Fy[x,y] with three terms and total
degree of four.

One can show that ,under addition and multiplication K[z, ...,x,] satisfies all
the field axioms ,except for the existence of multiplicative inverse,for example there is
no multiplicative inverse for x,as — is not polynomial , such a mathematical struc-

L1

ture is called a commutative ring ,and that is why we usually refer to K[z, ..., x,]

as polynomial ring.



Let us define the following algebraic objects,

Definition 1.1.5. [6] A subset [of K[x1,...,x,] is an ideal if it satisfies
1. 0el.
2. If f,ge I jthen f+ge€l.

3. If fel andh € Klxy,...,x,| ,then hf € I.

Let us introduce a first example of an ideal.

Definition 1.1.6. [6] Let fi,..., fs be polynomials in K[z, ..., x,], we set

(frroo fs) = {Z hifi, b, ...hs € K21, ..., 2]}

Let us introduce the concept of ideal generated by fi,..., fs.
Lemma 1.1.7. [6] If fi,....fs € Klxy,..., x|, then (f1,...,fs) is an ideal of
Klxy,...,x,). We call {fi,..., fs) the ideal generated by fi,..., fs.

Now we turn our attention to the Hilbert’s basis theorem, this result is crucial
in everything we will be doing throughout this work.It guarantees the termination of
our algorithms we have seen in the future.

Theorem 1.1.8. (Hilbert’s basis theorem) [1] In the ring Klxy,...,x,] we have
the following

1. If T is any ideal of Klxy,...,x,| ,then there exist a polynomial fi,..., fs in
Klxy,...,x,) such that I = (fy,..., fs)

2. Let Iy C Iy, C--- C I, C ---is an ascending chain of ideal of in Klxy,..., x,]
then there exist N such that Iy = I+ = Injo=---



1.2 Monomial orderings and Division Algorithm

Let us first note that we can reconstruct the monomial z® = z7"23* - - - 2%~ from the
n-tuples of exponents a = (v, ..., ;) € Z20. We then have a one-to-one correspon-

dence between the monomial in Kx1,...,z,| and Z%,.

Moreover any ordering > we establish on the space will give us an ordering on mono-
mials: If o>/ according to this ordering we will also say that 2 > 7.

Since a polynomial is a sum of monomials ,we would like to able to arrange the terms
in a polynomials in certain order either in ascending or descending order in unam-
biguous way. In order to do this ,we must be able to compare every pair of monomials
to establish their proper relative position,by doing so,we require our ordering to to
be linear or total ordering, i.e for every pair of monomials z* and 2, just one of the
following statements should be true z® > 2%, 2% = 2% 2% >z°.

Concerning the ordering,the sum operation on polynomials presents no problems while
the multiplication is a bit more tricky ,as the leading term in the product could be
different from the product of the monomials and the leading term of the orginal
polynomial(Remark:we will introduce formally the concept of the leading term in a
while ,basically we will define it as the biggest monomial with associated cofficients
according to a certain ordering we assume).

We will then require that all the monomial orderings have the following additional
property: If z* > 2% and 27 is any monomial where v € Z50,then x* + 27 > x’ 4+ 2.

with the above in mind ,we introduce the following

Definition 1.2.1. [6] A monomial ordering > on Klxy,...,x,] is any relation > on
Z% or equivalently,any relation on the set of monomials %, o € Z5,satisfying :

L. > is total ordering on Z%

2. Ifa>p andy € Z%, then a+~v > B+



3. > is a well ordering on Z%.this means that every non-empty subset of 2%, has
a smallest element under >.
We will now introduce three examples of monomial orderings namely the lexi-
cographic order,the graded lexicographic order and the graded reverse lexicographic
order.

Definition 1.2.2. (Lexicographic order) [6] Let o = (av, ..., ) and
B=(Bi,...,Bn) € ZL, ,we say o >iep B if ,in the vector difference o — 3 € Z" the
left most non zero entry is positive ,we will write T >0y 7 if & >pep B

In practice ,when we work with polynomials in up to three variables ,we will
call the variables x,y, z instead z1,x9, 3. We will again assume,unless differently
stated that the alphabetical order x > y > z on the variables is used to define the

lexicographic ordering as consequence when dealing with n variables ,we have that

T1 > Ty > > Ty

Example 1.2.3. 1. a=(1,2,0) >, 8 =1(0,3,4) since « — = (1,—1,4)

2. a=(3,2,4) > b=(3,2,1) since a — = (0,0,3).
Definition 1.2.4. (Graded lexicographic order) [6] Let o, € 7% ,We say
a >griee 8 if o] = 320, a0 > |Bl = 320, Bi or ol = |B] and a >iex 5.

We see that grlex order by total degree first ;then ”break ties” using lex order.

Example 1.2.5. 1. (1,2,3) >y (3,2,0) since |(1,2,3)| = 6 > (3,2,0)] = 5
2. (1,2,4) >gex (1,1,5) since |(1,2,4)] = |(1,1,5)] and
(1,2,4) >, (1,1,5)

Definition 1.2.6. (Graded Reverse lex order) [6] Let o, € ZY ,
we Say & >grepier BIf () =Y oy > Bl =D 0 Bi or|a| = |5| and the right most
non zero entry of a — 3 € Z" is negative.



)

Like grlex,grevlex orders by total degree, but it "break ties ” in different way.

Example 1.2.7. 1. (4,7,1) > grepten (4,2,3) since
|(4,7,1)] =12 >|(4,2,3)] =9

2. (1,5,2) >greviex (4,1,3) since
1(1,5,2)] = [(4,3,1)] and (1,5,2) — (4,1,3) = (3,4, —1).
Let us introduce the following definition.

Definition 1.2.8. [6] Let f = ) a,z® be non zero polynomial in K[z1, ..., x,| and
let > be a monomial order

1. The multidegree of f is multideg(f) = maz(a € Z% = aq # 0)
(The mazimum is taken with respect to > )

2. The leading coefficient of f is lc(f) = Qmutideq(r) € K
3. The leading monomial of f is Im(f) = X™udealf) (with coefficient 1)
4. The leading term of f is lt(f) = le(f)Im(f)

Example 1.2.9. Let f(x,y,2) = 22%® — 32°y2* + 2y2® — xy* then let >
denote lex order then

multideg(f) = (5,1,4)

le(f) =—3

Im(f) = z°yz*

It(f) = —3x5y2*

Theorem 1.2.10. (Division algorithm ) [1| Given a set of non-zero polynomials
F=A{fi,...,fs} and f in K[z1,...,x,] the division algorithm produce a polynomials
Uy, ..., us, 7 € Klxy, ..., 2, such that

f=wmfi+ - tusfs+r

with r is reduced with respect F,i.e r = 0 or no power product that appears in r is
divisible by any one of the Im(f;),i = (1,2,...,s) and

Im(f) = maz(mazi<i<s(Im(u:)lm(f;)), lm(r))



1.3 Groebner Basis

In this section I finally see the fundamental object of this work namely Groebner
basis.

Definition 1.3.1. [1] A set of non-zero polynomial G = {g1, ..., gt} contained in an
ideal I is called a Groebner basis for I if and only if for all f € I such that f # 0
there exists i € {1,...,t} such that Im(g;) divides Im(f).

This definition tells us that if G is Groebner basis for an ideal I, then there is no

non-zero polynomial in I reduced with respect to G.

Theorem 1.3.2. [1] Let I be non-zero ideal of K|xy,...,x,|, The following statement
are equivalent for a set of non zero polynomials G = {g1,...,9:} C I

1. G is a Groebner basis for I.
2. fE]ifandonlyiffi)JrO
3. felifand only if f =3'_, higi with Im(f) = maxi<i<;(Im(h:)lm(g;))

4. (It(G))=(lt(1))

Proof. (1)=(2) Let f € Klxy,...,x,],by Theorem 1.2.10, there exists r € K{[z1, ..., z,),
reduced with respect to G,such that f N +r.thus f —r € I and so f € [ if and
only if r € I.Clearly r = 0 (that is, f ihr 0),then f € I.

Conversly if f € I and r # 0 then r € I and by (1),there exists ¢ € {1,2,...,t} such
that Im(g;) divides Im(r),but this contradicts to the fact r is reduced with respect to
G.thus r =0 and f ihr 0.

(2)=(3).For f € I,we know that by hypothesis f i+ 0 ,and since the process of
reduction is exactly the same as the Division Algorithm,we see that (3) follows from
Theorem 1.2.10 .

(3)=-(4).Clearly, (It(G)) C (It(I)). For the reverse inclusion it suffices to show that
for all f e I, lt(f) € (It(G)), since the lt(f)'s generate (It(1)).

Writing f as in the hypothesis, it immediately follows that

It(f) = th(h»w(g»



10

where the sum is over all ¢ such that im(f) = Im(h;)lm(g;). The result follows
immediately.

(4)=(1).Let f € I. Then lt(f) € (It(G)), and hence

It(f) = Zhilt(gi) (1.3.1)

for some h; € K[zy,...,x,] . If we expand the right-hand side of Equation (1.3.1),
we see that each term is divisible by some Im(g;).

Thus lt(f), the only term in the left-hand side, is also divisible by some Im(g;), as
desired. O

Corollary 1.3.3. [1]If G ={q1,...,g:} is a Groebner basis for the ideal I, then
I = <917927 s 7gt>'

Proof. Clearly (g1,...,9:) C I,since each g; is in I. For the reverse inclusion, let
f € 1. By Theorem 1.3.2, f i>+ 0, and hence f € (g1,..., ). O

Corollary 1.3.4. [1] Every non-zero ideal I of K|xy,...,x,] of has a Grobner basis.

Proof. Let (It(I)) = {{t(fN)|f € I}
Let g € (It(I)),then every term of g is divisible by some lt(f),where f € I.

By Hilbert’s basis theorem,(It(I)) is generated by finitely many g1, ..., gx in K[z, 2o, . ..

Since for all i € {1,2,...,k}, g; € (It(I)),then every term of g, is divisible by it(f) for
some f € I.As aresult, we obtain a finite set of monomials X7, ..., X; in Kzy,...,z,]
which generate the ideal (It([)).

These monomials are the leading terms of f where f € I,then by (4) of

Theorem 1.3.2, I has Groebner basis. O

Since Every non-zero ideal I of K[xy,...x,] has a Groebner basis and using the
conditions given in the above theorem,we can detect whether a given basis is a Groeb-

ner basis for an ideal I.

Proposition 1.3.5. [1] Let {g1, ..., g:} is a Groebner basis for the ideal I in K[y, ..., ;)

and f be a polynomial in K|xy, ...z, then there exists a unique v in K[ry,. .., x,]
such that

1. r 1s completely reduced with respect to G
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2. there is g € K[xq,...,x,] such that f= g+r

Proof. The division algorithm gives f = hyg; + -+ + hyg¢ + r,where r satisfies(1).

We can also satisfy (2) by setting g = h1g1 +- - -+ heg: € I. This proves the existence

of r.

To prove uniqueness, suppose that f = g+ r = g, + r, satisfy (1) and (2).

Thenr—r, = go—g € I.So that if r = r,, then lt(r—r,) € (Iit(1)) = (It(g1),t(g2), ..., t(g:)).
then it follows that it(r — r,) is divisible by some l#(g;). This is impossible since no

term of r, r, is divisible by one of lt(g1),[t(g2), ..., t(g;). Thus r — r, must be zero,

and uniqueness is proved.

The final part of the proposition follows from the uniqueness of r. ]

In particular,r is the remainder on division of f by GG,no matter how the elements
of G are listed ,when the Division algorithm (bear in mind that the ”quotients” h;

produced by the algorithm in f = hygy + - -+ + hygs + r may change if we rearrange

the gis.)

1.4 S-polynomials and Bucheberger’s Algorithm

We have seen that every non-zero polynomial ideal I of K|[zy,...,x,] has a Groebner
basis but we have not yet seen any of the strategies how to compute Groebner bases.
So we can ask the questions that given an ideal I C K{z1,...,x,], then how can we
construct a Groebner basis for 17

Answering this question lead us to come up with Buchberger’s algorithm and the use

of S-polynomials in computing Groebner basis.

Definition 1.4.1. [1] Fiz a monomial order,let f and g be two polynomials in K [xq, . .., x,]
and let L = lem(Im(f),Ilm(g)).
The S-polynomial of f and g is

L

L
S(f,9) = Wf—wg
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Since L) and ﬁ are monomials ,then S(f, g) belongs to the same ideal to which

Ii(f
f and g belongs.
S-polynomials are constructed to cancel lt(f) and lt(g).In fact the two terms from

the S-polynomials obtained from f and g, are equal and cancel each other.

We illustrate this with an example below

Example 1.4.2. Let f = 32%yz — xy® and g = zy? + 2° in Q|x,vy, 2| with lex order
T>y>z

Then It(f) = 3x2yz, Im(f) = 2%yz,lt(g) = zy?, Im(g) = zy? and

L =lem(Im(f),lm(g)) = 2%y°z

Then
2222 2222
S(f, = 3zyz — xy’] — Ty + 22
(f.9) 3$2yz[ yz — xy°] P [2y” + 2]
1
= gy[3x2yz — zy?] — 2z[zy® + 27
1
= 2%y’r ——ayt — 22yt —a2?
~— 3 ~——
Ly 3
= ——qy* — a2
3 Y

Here we see that the underbraced elements cancelled each other.

We have seen that the S-polynomials was introduced as a means to cancel the
leading terms but here we can further use the practical concepts of S-polynomials to
compute Groebner basis.

Before proving the main theorem we need this preliminary Lemma.

Lemma 1.4.3. [1] Let f1,..., fs € K[x1,...x,] be such that Im(f;) = X # 0 for all
i=1,2,....8det f =37 cifi withe, € Kji=1,2,...,s. If im(f) < X ,then fis
a linear combination of S(f;, f;) with coefficients in K |1 <i<j<s

Proof. Write f; = a;X+lower terms,a; € K.Then by hypothesis Y, ¢;a; = 0,since
the ¢; are in K ,Now by definition,S(f;, f;) = = f; — = f;,
i J
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since Im(f;) = Im(f;) = X.Thus

f = le1+"'+csfs
= Clal(ailfl)‘f‘""f’csas(aisfS)

1 1 1 1
= ca(—fH — —fo) + (car + c2aa(—fo — — f3) +
aq a9 a9 as
1 1 1
+ (c1a1 + a9 + -+ - + Cs—las—l)(a_.fs—l - a—fs) + (cra1 + - 4+ cs1a5-1 + Csas)<a_fs)
s—1 s s
since cia; + - -+ + csas = 0 then, the Lemma is required. O

Theorem 1.4.4. (Buchberger) [1] Let G = {g1,...,9:} be a set of non-zero poly-
nomials in K[xy,...,x,].Then G is a Groebner basis for the ideal I = (g1,...,q:) if
and only if for all i # j

S(9i, 95) i>+ 0

Proof. It G ={q1,...,9:} is a Groebner basis for I = (g1, 9o, .-, t),

then S(g;,9;) i>+ 0,for all ¢ # j by (2) Theorem 1.3.2, since S(g;,g;) € I.
Conversely, let us assume that S(g;, g;) ihr 0 for all i # j.

We will use (3) of Theorem 1.3.2 to prove that G is a Groebner basis for /.

Let f € I. Then f can be written in many ways as a linear combination of the g;’s.
We choose to write f = S°¢_, h;g; with

X = mari<i<i(Im(h;)lm(g;))

least (here we use the well-ordering property of the term order).
WTS: X =Im(f).
Suppose the contradiction that Im(f) < X.
Let S = {i|lm(h;)lm(g;) = X }.For i € S,Write h; = ¢;X; +lower terms .
Set g = > ,cqciXigi. Then \Im(X,g;) = X for all i € S, but Im(g) < X.
By Lemma 1.4.3 , there exist d;; € K such that,

g= > d;S(Xig:,X;9;)

i#5,1,J€S
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Now X = lem(Im(X,;g:),Im(X;g;)),s0

X
X.a0) = —— X.0 —
S( Zgl) lt(X,Lg) Z.g’L

X X

9 — 77795
i) It(g;)™

t(X;9;) 7"

1t(
X
= X_Us(gi’gj)’

Where X;; = lem(Im(g;),lm(g;)).By hypothesis S(g;, g;) ihr 0,and so we see
from this last equation that S(X;¢;, X,g;) inr 0, This gives a representation

t
S(Xigi, X;9;) = Z hijogo
v=1
where, by Theorem 1.2.10 ,

mazicu<t(Im(hijo)lm(ge)) = Im(S(Xigs, X;9;5))
< max(lm(X;g;), lm(ngj)) =X

Substituting these expressions into g above, and ¢ into f, we get
f =" kigi with mazi<;<;(Im(k;)lm(g;)) < X.This contradicts the minimality
of X. Therefore (G is a Groebner basis. [
We note that Buchberger’s Theorem (Theorem 1.4.4 ) gives a strategy for com-
puting a Groebner basis ,reduce the S-polynomials and if a remainder is non-zero

then add this remainder to the list of polynomials in the generating set ; do this until

there are "enough” polynomials to make all S-polynomials reduce to zero.
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Theorem 1.4.5. [1] Given F' = {fi,..., f} with f; #0, (1 <1i <s), Buchberger’s
Algorithm (Algorithm 1.4) will produce Groebner basis for the ideal

I:<f17f27"'7f5>

INPUT: F ={fi,..., fs} C Klzy,...,x,] with f; #0,(1 <i<s)
OUTPUT:G = {g1, ..., g:},a Groebner basis for (fi,..., fs)
INITIALIZATION : G =F, G' ={{f., [;|fi # [; € G}
WHILE .G’ # ¢ DO
Choose any {f,g} € G’

G'=G —{{f g}}

S(f,q) i>+ h where h is reduced with respect to G
If h # 0 THEN
G' =G U{{u,h}} for allu € G
G =GU{hr}

Algorithm 1.4

Proof. We first need to show that this algorithm terminates.

Suppose to the contrary that the algorithm does not terminate. Then, as the algo-
rithm progresses, we construct a set (¢; strictly larger than G;_; and obtain a strictly
increasing infinite sequence

G1§G2§03§

Each G; is obtained from G;_; by adding some h € I to G,;_; , where h is the
non-zero reduction, with respect to GG;_1, of an S-polynomial of two elements of G;_;.
Since h is reduced with respect to G;_; , we have that (t(h) ¢ l[t(G;—1). Thus we get

lt(G1) - lt(Gz) - t(Gg) c -

This is a strictly ascending chain of ideals which contradicts Theorem 1.1.8 .

Now we have FF C G C I,and hence I = (f1,..., fs) € {g1,...,9:) C I.

Thus G is a generating set for the ideal /.Moreover, if g;, g; are polynomials in G,then
S(9i,95) s 40 by construction.

Therefore GG is a Groebner basis for [ by Theorem 1.4.4. m
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Example 1.4.6. Find the Groebner basis for the ideal

I={(fi =2+ 2z fo=x2+y) CQ[x,y, 2] with respect to deglex with v >y > z

To find Groebner basis for I we have to apply the algorithm as follows.
INITIALIZATION: We first set G = F = {2*y+2,xz+y} and G' = {{f1, f2} }. This
is the first assumed Groebner basis for the ideal for which an S-polynomial is to be
computed. After initialising we have to apply the WHILE loop in order to determine
the rest elements of the basis.

Apply the WHILE loop :

G' # O.Then choose fi1, fo € G to determine the S-polynomial for these two elements
of G.

S(fi, fo) 2y —ay? + 2°

then since —xy® + 2% # 0 then add —xy? + 2% to G, say f3 = —xy? + 22
then update G = { f1, fo, f3} and G' = {{f1, fs},{f2, f3}}
Second WHILE loop passes through:
G ={{f, fs}}
G ={fi, fo, f3}
S(fr fs) <540
Third WHILE loop passes through:
G' # O and
G ={f, fo, f3}

S(f2, f3) P+
Since y3 + 23 # 0, Let fy = y® + 23
Fourth WHILE loop passes through:
G' = {{fo, fa}, {f3, fa}} and
G ={f, fa, f3, fu}
S(fr f1) <540

Fifth WHILE loop passes through:
G ={{fs fu}}
G = {fl; o, f37f4}
S(far f1) 54 0
Sizth WHILE loop passes through:
G' # O and
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G={fi.fo 5. 1}
S(far f1) 5.0

Now S(fi, f;) i>+Of01"1§i<j§4
Thus {x%y + z,xz + vy, —xy* + 2%, y> + 23} is a Groebner basis for (x?y+ z,xz +y) C
Qlz,y, ]

1.5 Reduced Groebner basis

In Buchberger’s Aigorithm there are two places where choices are made. First, there

is the order in which the polynomials are inputed and this affects the application of
the Division Algorithm.

Second, in the WHILE loop of Buchberger’s Algorithm where we compute S-polynomials,
we choose {f,g} € G random. So, if we were to change either of these choices, we
might end up with a different Groebner basis.

This lead to the following definition.

Definition 1.5.1. [1] A Groebner basis G = {q1,...,g:} is called minimal if for all
i, lc(g;) = 1 and for all i # j, Im(g;)does not divide Im(g;).

Lemma 1.5.2. [1] Let G be a Groebner basis for the polynomial ideal I,let p € G be
a polynomial such that lt(p) € (It(G —{p}) then G —{p} is also a Groebner basis for
1.

Proof. Let f € I such that Im(p) divides Im(f), then since lt(p) € (It(G —{p}) ,then
there exists g; € G — {p} such that im(g;) divides Im(p),then Im(g;) divides Im(f),
Since f is arbitrary element of I,then G — {p} is also a Groebner basis for I. O

Proposition 1.5.3. [1] If G ={g1,...,9:} and F' = {f1,..., fs} are minimal Groeb-
ner basis basis for the ideal I ,then s=t and after renumbering if necessary ,lt(f;) =
lt(g;) foralli=1,2,..,t.

Proof. Since f; is in I and since G is a Groebner basis for I, there exists ¢ such that
Im(g;) divides Im(f;). After renumbering if necessary, we may assume that i = 1.
Now ¢, is also in I, and hence, since F' is a Groebner basis for I,there exists j such
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that Im(f;) divides lm(g;), therefore Im(f;) divides im(f1), and hence j = 1, since F’
is a minimal Groebner basis. Thus Im(g1) = Im(f1).

Now f; is in I, and hence there exists i such that Im(g;) divides Im(f;), since G is a
Groebner basis. The minimality of F' and the fact that Im(f1) = Im(g1) imply that
1 # 1l,and after renumbering if necessary, we may assume that ¢ = 2. As above we
get that Im(fs) = Im(g2). This process continues until all f;’s and g¢;’s are used up.
Thus next we want to show s = ¢.

Suppose s # t then with out loss of generality assume s > ¢.

Let fs € F then since G is a Groebner basis for  then there exists ¢ € {1,2,...,t} such
that Im(g;) divides Im(f;) then by the first part of the proof of the proposition there
exists f; such that Im(g;)= Im(f;),then this implies that Im(f;) divides Im(fs),but
this contradicts the minimality of F'. Therefore s = t. O

As we mentioned above, minimal Groebner bases are not unique. To get unique-

ness, we need to add a stronger condition on the polynomials in the Groebner basis.

Definition 1.5.4. [1] A Groebner basis G = {g1,...,g:} is called reduced Groebner
basis, if for all i,lc(g;) = 1 and g; is reduced with respect to G — {g;}.That is for all
i,n0 non-zero term in g; is divisible by any lm(g;) for any i # j.

Note that a reduced Groebner basis is also minimal we now prove that the reduced

Groebner basis exist.
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Theorem 1.5.5. [1] Fiz a term order. Then every non-zero ideal I has a unique
reduced Groebner basis with respect to this term order.

Proof. Let G ={g1,...,9:} be a minimal Groebner basis for the ideal I.
Consider the following reduction process:

g1 ihr hi, where hy is reduced with respect to Hy = {g2, 92, ..., 9:}

g2 £>+ ha, where hy is reduced with respect to Hy = {h1,gs,...,9:}

g3 $+ hs, where hs is reduced with respect to Hy = {hy, ha,...,g:}
g ihr he, where hy is reduced with respect to Hy = {hy, hg, ..., hi_1}

Claim: H = {hy,ha, ..., h} is reduced Groebner basis.

Note that, since G is a minimal Groebner basis. We have that Im(h;) = Im(g;) for
eachi =1,...,t. Therefore, H is also a Groebner basis for I.( infact is also a minimal
Groebner basis). Since by the Division algorithm criteria h; is reduced with respect
to H — {h;}. This implies that H is reduced Groebner basis.

We proved in the previous result that every ideal has a reduced Groebner basis.
Thus we only need to prove uniqueness.

Let G ={g1,...,9:} and H = {hy, ..., h} be reduced Groebner bases for I. We note
that by Proposition 1.5.3 since a reduced Groebner basis is minimal, both G and H
have the same number of elements and we may assume that, for each 4, lt(g;) = lt(h;).
Let 7 be given, 1 < <t

W.T.S:g; = h; for all ¢ such that 1 < ¢ < ¢ Suppose the contradiction that is
gi # h;,then g;—h; € I implies that there exists j such that lm(h;) divides Im(g; —h;),
Since Im(g; — h;) < Im(h;), we see that j # i. But then Im(h;) = Im(g;) divides a
term of g; or h;. This contradicts the fact that G and H are reduced Groebner bases.

So g; = h;.
Therefore Every non-zero ideal has a unique Reduced Groebner basis for a fixed term
order. O]

Example 1.5.6. Let I = (2xy? — x,32%y —y — 1) C R[xz, y] with respect to grevlex
then
{20y —2,30% —y — 1, =52 + 507 + 3y, —52° + 30 + 3%, 30 + 2P — gy — 5} is
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the Groebner basis for I.

Since lm(—%mQ + %gf + %y) = 22 divides Im(32*y —y — 1) = 2%y and

Im(2y + 2y — sy — 1) = ¢® divides Im(—32? + 2y* + 2°) = y* then

{2xy? — x, —%xz + %yQ + %y, %y?) + §y2 — %y — %} is also the Groebner basis for I then

by finding appropriate inverse for the leading coefficient for the above basis,then

{ay? — 3x,0% — 2y* — 2y,y° + 4> — 5y — 3} is a reduced Groebner basis for I.

1.6 Improvements on Buchberger’s Algorithm

In this section,we show how the combinatorial complexity of the Buchberger’s al-
gorithm can be reduced by testing out certain S-polynomials which need not be
considered.

Theorem 1.6.1. (Buchberger’s first criterion) [3] Let f,g € K|[z1,...,x,] with
It(f) and lt(g) are relatively prime then

S(f.9) 4, 0

Proof. Assume that
k l
f= Zaisi and g = ijtj
=1 7j=1

where a;,b; € K with a;,b; # 0 and s;,t; are monomials in K[zy,2o,...,x,] for
1<i<kand1<j<I

we may assume S; > Sg > -+ > S and t; >ty > - > .

since ged(sy, t1)=1,

we must have lem(sy,¢;)=s1t; and thus we have

k 1
S(f,g9) =titif —a1519 = ity Z a;S; — a181 Z b;t;
i—2 =2

We claim that the two sums have no terms in common.

Suppose the contradiction,

then if s;t; = ¢;51 for some 2 < ¢ < k and 2 < j < [ then s;t;,being a common
multiple of s; and ¢; ,is divided by lem(sy, t1)= s1t1.
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It follows that s1t; < s;t1 and s; < s1,which is a contradiction. Furthermore,each term
in the second is a multiple of It(f),then reducing by f

k l k
S(fr9) Lo ity Y aisi+ Y bty > aisi
i=2 j=2 i=2
k
=49 Z @;Si
1=2
5. 0.

]

This criterion tells us that we can ignore calculating the S-polynomials of a pair
whose leading terms are relatively prime. The second criterion which will discussed
next is considerably deeper.It say that certain S-polynomials can be deleted despite
the fact that they might not be reduced to zero at the time when we drop them.

Before considering the second criterion let us use the following lemma as a preliminary.

Lemma 1.6.2. [3] Let s,t,u are monomials in K[zi,...,x,],then the following are
equivalent

1. t divides lem(s,u)
2. lem(s,t) divide lem(s,u)
3. lem(t,u) divide lem(s,u)

Proof. Let as assume lem(s,t) = ky,lem(t,u) = ko and lem(s,u) = ks

(1) = (2) Since lem(s,u) = k3 then, s divides k3, then both s and ¢ divide k3, then
by the property of least common multiple k; divides k3.

(2) = (3) lem(t,u) = ko,then both t and w divide ko and lem(s,u) = k3 this implies
that w divides k3 and by (2) t divides k3, this shows that ks, divides kj.

(3) = (1) Since ko divides k3 and ks is a multiple of ¢,it is an immediate that ¢ divides
k3. O
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Theorem 1.6.3. (Buchberger’s second criterion) [3]
Let F={f1,..., fs} € Klx1,...,x,],Consider {fi, f;} in order to compute the
S-polynomial and if there is another element,say f, € F' (with f;, f; # fi) such that

L. lem(m(f;),Im(f;)) is a multiple of the Im(f;)
2. S(fi, fi) and S(fi, f;) have already been considered

then
S(fi, fi) == 0

Proof. By assumption(2),there is a representation

S(fis fr) = thl

with maxi<<i(Im(h;)lm(f;)) < lem(Lm(f;),Im(f:)) and

S(fu, £7) Zkfz

with mazi<<p,(Im(k;)im(f;)) < lem(Im(f;),lm(f;)) then by Lemma 1.6.2 and hy-
pothesis (1) of Theorem 1.6.3 there exists s, t; such that

silem(lm(fi), Im(f1)) = lem(Im(f3),im(f;))

silem(Im(fy), tm(f;)) = lem(Im(f;), im(f;))
Let a = lc(f;), b=lc(fi) , c = lc(f;) and wy, v, ug,v2 € Klx1,. .., 2,] such that

lem(Im(f;), Im(f,)) = wdm(f;) = vilm(fy)
lem(Im( fy), Im(f;)) = wolm(f;) = vilm(f;)

then s;v; = syue and we obtain

abe  [s1S(fi, fi) + 525(f+, f5)]
— abc[(sl(u;fi — Ulet) + Sz(uzft - U2_f])]

C
= c¢si(bur fi — avi fi) + asa(cua fy — bua f;)
= b[cslulfi — CLSQ?}ij]
_ abc[slulfi B 52U2fj]

= abc[S(fi, ;)]
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Substituting the representations of the first two S-polynomials into the equation yields

S(fi, f;) = S(fi, fr) + S(fe, 1)

then by hypothesis (1.6.3)
S\ F
S(fi,3j) —+ 0.
O

Furthermore,Buchberger designed a strategy in selecting pairs for the computa-
tion of S- polynomials. It can be shown that if we always select a pair {f;, f;} such
that lem(Im(f;),im(f;)) is as small as possible with respect to the chosen monomial
ordering (the so called normal selection strategy ), then criteria 1 and 2 are good in
the sense that all possible reductions of S(f;, f;) yields 0.

So,based on the above two basic criteria the Buchberger’s Algorithm can further im-

proved as follows:

INPUT: A polynomial set F={fi,..., fs} C K[z1,...,x,] with f; #0(1 <i <t)
OUTPUT:A reduced Groebner basis G = {gi, ..., ¢g;} that generates I
Set:G = F
&= {{(fufy) i 12i<j<s)

WHILE(G' # 0) DO
{fi, f;}= a pair in G’ such that lem(Im(f;),m(f;)) is minimal w.r.t the term order
G'=G" = {/i, fi}}

IF (Criteria 1({f;, f;})) AND NOT(Criteria 2 ({fi, f;},G,G")) THEN
S =S — polynomial of {f;, f;}

h = NormalForm(S, G)

G' =G U{{g,h}} forge G
G =GU{n}

Example 1.6.4. Consider the ideal
I={fi =22+2xy? fo = xy+2y*—1) C Rz, y] with lex order x > y then to compute
Groebner basis for I
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Let G = f1, f» and G' = {{ f1, f2}}
S(f1, f2) inr x then f3 =x

then in the next WHILE loop
G= {f17f2,f3}

G ={fi, fs}: {fa 53}

since when we compare lem(Im(f1), Im(f3))=x* and lem(Im(fs),Im(f3))=xy then zy
18 mintmal with lex order then Normal selection strateqy we compute

S(fa, f3) s, 20% — 1 this implies f, = 2y° — 1

Then we obtain G = {f1, fa, f3, f4} and

G ={{f, s} {fr. fah Ao, fa} A Sss fa}} Then we have:

lem(Im(f1),Im(f3)) = x?

lem(Im(f1),Im(fs)) = ny?’
lem(Im(f2),Im(fs)) = $y3
lem(tm(f5), Im(f2)) = a3/

We can choose either of {f2, fa} or {fs, fa}. The reason why we prefer these from
other pairs, is because of the strategy proposed by Buchberger and to apply Criterion
2 if Criterion 1 fails. But we can skip {f1, fa} and {f3, fs} by Criterion 1. Then let
us look at {fa, fa}.But lem(Im(fa),lm(fs))is a multiple of Im(f3) and S(fa, f3) and
S(fs, fa) are already considered then by Criterion 2 S(fs, f1) iﬂ. 0.

Moreover,when we compute S(fi, f3) then it reduce to 0 with respect to G. So,no
more elements are added. This implies that G = { f1, fa, f3, f1}.But since Im(f,) and
Im(f2) are multiples of Im(f3) then G can reduce to fs, fy.

G = {z,y* — 1} is a reduced Groebner basis for I = (x* 4 2zy? xy + 2y* — 1).

Hence,we conclude by noting that the above two criteria proposed by Buchberger

as criteria 1 and 2 are powerful commands that optimize Buchberger’s Algorithm to

compute S-polynomials.
In the next chapter we will see another version of ” Improvement on Buchbeger’s

Algorithm” by using the properties ”Syzygies”.



Chapter 2

Groebner basis over a Ring

In the previous chapter we considered the theory of Groebner bases in the ring
K[zy,...,z,),where K is a field. In this chapter we are going to generalize the theory
to the case R[zy,...,z,], where R is Noetherian commutative ring.

Many scholars use different techniques for computing Groebner basis over a ring but
in this section we use the technique which is proposed by Moller by computing ap-

propriate Syzygies for the algorithm.

2.1 Basic concepts of Module

Definition 2.1.1. [1] Let A be a ring with unity 1 and M be a non-empty set such
that M is an additive abelian group with scalar multiplication by elements of A(i.e if
x € M and a € A,then ax is uniquely determined elements of M ). The set M is called
an A-module(or module over A)if the following conditions are satisfied:

L. a(m+m') =am+am/, for all a € A and m,m' € M
2. (a+d)ym=am+d'm, for all a,a’ € A and m € M
3. a(a'm) = (ad")m, for all a,a’ € A and m € M

4. Im=m, for all m e M

25
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Example 2.1.2. Let A be a commutative ring and let I be an ideal of A

1. Then A 1is, of course, an abelian group and the scalar multiplication in A sat-
isfies the ring axioms which turns A into an A-module. Thus a very important
example of the A-module is A itself.

2. Since I is closed under addition and scalar multiplication by an arbitrary ele-
ment of A, it follows that I is an A-module under the addition and multiplication

of A.

3. The quotient ring A/I can also be viewed as an A-module. Of course, A/I has
a natural abelian structure, so we need to provide it with a scalar multiplication
by elements of A.
Let a,a’ € A such thata+1=d +1¢€ A/l
Letr € Ajthusa—a € I,and sora —ra’ € [.Hencera+ 1 =ra +1
This can be demonstrated by defining it as

Ax AT —s AT

(rys+1)—rs+1

One can easily show that A/I becomes an A-module with respect to this scalar
multiplication. This concept of an A-module A/I will be discussed later in a
Cartesian product A®.

Definition 2.1.3. [1] Let M be a module over a commutative ring A, and let N be
a subset of M. We say that N is a sub-module of M precisely when N is itself an
A-module with respect to the operation for M.

A non-empty subset NV of M will be a sub-module of M if and only if it is closed

under addition and am € N for m € N and a € A.

Theorem 2.1.4. (The submodule Criterion) [1] Let A be a commutative ring
and let N be a subset of the A — module . Then N is will be a submodule of M if and
only if the following conditions hold:

1. N#£#0O

2. Whenever n,n’ € N and a,a’ € A,then an+ a'n’ € N
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If ai,...,a, are elements of A-module M ,an elements of M of the form
biay + - - - + bya, where each b; € A

may be naturally called a linear combination of ay, as, ..., a,.

The set of all linear combination of a4, ..., a, is a submodule of M.

Note that a submodule of M is an abelian subgroup of the additive group M, and so
must have the same zero element as M. Furthermore, M itself is a submodule of M
and also the set {0} ; the latter is known as the zero submodule of M Consider any

submodule N of an A-Module M defined by
M/N ={m+ N|m € M}
Then M/N is the quotient abelian group and can be an A-module by defining
alm+ N)=am+ N, for alla € A,me M

This multiplication is well defined for a € A and m € M and by using definition(2.1.1),

we also let m,m’ € M and a,a’ € A
1. We can easily show that M /N is an abelian group.
2. a(m+N)+(m' +N) = (am+ N)+ (am' + N)
3. (a+d)m+N)=alm+ N)+d(m+ N)
4. a(a’(m+ N) = ad'(m+ N)

5. 1(m+ N)=1Im+N=m+ N
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Since M is A-module,hence M /N has the structure of an A-module and is called the
quotient module of M by N.
A function ¢ : M — M’ is called an A-module homomorphism provided that it is

an abelian group homomorphism and scalar multiplication is also preserved,that is
L ¢(m+m') = ¢p(m) + ¢(m')
2. ap(m) = ¢(am), for all a € A,m € M

For the two A-module M and M’ given by above. If there exist A-homomorphism
¢ of M and M’ ,we say that M’ is homomorphic image of M.If ¢ is one-to-one,the
homomorphism ¢ is called an isomorphism and we write M ~ M’.

Let N = ker(¢) = {¢(m) = 0lm € M}.Then it can be easily show that N and ¢(M)
are submodule of M and M’ respectively.From the theory of abelian group we know

that M /N = ¢(M) under the map
M/N — ¢(M)

m+ N — ¢(m)

which is an A-module isomorphism as discussed above and referred to as ”The First
isomorphism Theorem of modules”.

Let A be commutative ring K[z, ..., z,], K is field jhaving discussed some elementary
aspect of modules.

Let us shift a gear to address modules of commutative ring A of the form A™.

Definition 2.1.5. [1] Consider the Cartesian product

a1
Am—{ : |aiEA,f0ri—1,2,...,s}
a

S
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where A™ consists of all column vectors with coordinates in A of length m. The set
A™ s called a free A-module since every element a = (ay,...,as) can be uniquely
written as

a= Zaiei, where a; € A
i=1
with e; = (1,0,...,0),...,e,m = (0,0,...,1) which are called the standard basis of
A™,

Definition 2.1.6. [1] In a given Cartesian product of a ring A, the set M C A™ is
called an A-module provided that M is an additive abelian group undergoing scalar
multiplication by elements of A. All the elements should satisfy conditions given in
definition2.1.1 with the difference that in this case elements of M are column vectors.
Moreover, the scalar multiplication in this definition is done component wise.
For instance, for vectors ay,...,as as elements of an A-module, A™,we have

M = {bjay + -+ beaslb; € A,i=1,2,...,5} C A™.

M is a submodule of A™ denoted by (ay,...,as) € A™,and The set {ay,...,a,} is
the generating set of M.

If there is a single element a of M such that M = {(a),we say M is called module with
generator a.

A finite set aq, ..., a, of the A-module is said to be independent is if
biay + -+ + bsas =0, for all b; € A

implies that b; =0 for all i =1,2,...,s.

If aq,...,as is independent and generates M then aq,...,as said to be basis of M.
The concept of A-module and vector space is similar except that the set of scalars in
the module case is in the ring A, which is not necessarily a field. Submodules of A™
are used for a linear algebra in A™ in the same way that subspaces of K™ are used

for linear algebra in K™.
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Theorem 2.1.7. [1] Every submodule of A™ has finitely generating set.

Proof. Let M be a submodule of A™. By induction, if m = 1, then M is a finitely
generated ideal of A by Hilbert Basis Theorem.
If m=1let

I ={a € Ala is thefirst coordinate of element of M}

Then [ is an ideal of A and therefore finitely generated by the Hilbert’s Basis Theorem.
We are interested in showing that the module M has a finitely generated set.
Let

I=A{ay,...,a)

Let mq,...,m; € M ,with a; being the first coordinate of m;.

Assume that the theorem holds true for submodules of A~ !. Now consider M’ €
A™=1 such that M’ = {(ba,b3,...,b,)](0,b2,...,b,) € M}. Then we can note that
M' is a submodule of A™~! and by induction, is finitely generated (due to our as-
sumption). Suppose n},nh,...,n; € M’ C A™ ! for are the generators of M’ for
i=1,...,1.

Let n; € A™, with 0 in the first coordinate, and n) is the vector with the remaining
m-1 coordinates. Note that n; € M .

We show that M = (mqy,ma, ..., my,ny,na, ..., 7).

Let m € M . Now let my be the first coordinate of m. Then

d
my = E d;a;
i=1

again consider m' = m — Zle d;a;. This implies m’ € M with first coordinate equal
to zero. Hence, m’ = Zlizl c¢;n; which leads us to the end of the proof that:

t ! t
i=1 i=1 i=1
Hence M is finitely generated. O]

Now,consider A-module M with mq, mo,...,m, € M and consider an

A-module homomorphism

¢: A° — M defined by
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S
ola, ... a5) = Zaimi
i=1

Then for a = (ay,...,as),a = (a},...,a,) C A® and ¢ € A,we can easily show that
1. ¢(a+d) = ¢(a) + ¢(d),for all a,a’ € A*
2. cop(a) = ¢(ca),for alla € A* and c€ A

Then by (1) and (2), ¢ is an A-module homomorphism,Moreover the image of ¢ is
the submodule of M generated by my, ..., ms.

Hence if mq, ..., m, generate M then ¢ is onto.

Let eq,...,es denote the standard basis elements in A®, we note that ¢ is uniquely
defined by specifying the image of each e; € A® namely by specifying ¢(e;) = m,.
We will often define a homomorphism ¢ from A® by simply specifying ¢(e;), for
1=1,...,s8

Now let M = (my,...,ms) and N = ker(¢) = {a € A%|¢(a) = 0} and the map

¢: A° — M defined as

S

olay, ... aq) = Zaimi

i=1

1. We can easily show that the map is a homomorphism

2. Since my, ..., m, generate M ,we see that ¢ is onto and consider elements
a,a/ € A° and m € M.we can easily verify that if ¢(a + N) = ¢(a’ + N)
then a + N = @’ + N which implies that ¢is one-to-one ,then by these steps or

generally by ”The First Isomorphism Theorem” ,we have

M = A%/N
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We therefore conclude the above by the following Lemma.

Lemma 2.1.8. [1] Every finitely generated A-module is isomorphic to A®/N for some
positive integer s and some submodule N of A®.

Here we note that for a submodule M of A*, if we have mq,...,m; € A fort < s
such that M = (my, my,...,m;) and for another submodule N of M.The module
M/N can be explicitly given as
M/N = {(m;+ N,my+ N,...,my + N) which is a submodule of M/N.

2.2 Groebner basis and Syzygies

Let A be the Noetherian ring K[zq,...,x,] and I = (f1,..., fs) be an ideal of A.we

consider A-module homomorphism ¢ defined as
¢ A® — I given by

(h1, ... he) — > hif;
i=1
then
I = A’/ ker(¢) as A — module

Definition 2.2.1. [1] The kernel of the map ¢ is called the Syzygy module of the 1 x s
matriz [f1, ..., fs].it is denoted Syz(f1,. .., fs).An element (hy, ..., hs) of Syz(fi,- -, fs)
is called a syzygy of [f1,- .., [s] and satisfies

hfi+ -+ hofe =0

We note that the map ¢ can also be viewed as matrix multiplication

Iy .
Shyoh) = [fr B 0 [ = bt
hs =1
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hy
That is ,if F'is the 1 x s matrix [f1,..., fs] and h = | : € As

hs
then ¢(hy,...,hs) = Fh and Syz(fi,..., fs) is the set of all solutions & of the linear

equation F'h = 0.

Example 2.2.2. Let A= Q|x,y,2] and I = (2% —y, 2y — z,9y* — x2)

The map ¢ is
b A — T
given by
(h1, hay hg) — ha(2? —y) + ha(ay — 2) + ha(y* — 22)
Since z(x? —y) —y(zy — 2) + x(y* —22) =0

and y(z* —y) —z(zy — 2) + 1(y* —22) =0
Then SyZ(ZL'2 — YTy — Z7y2 - ZL‘Z) = <(Za —Y, IL'), (ya —Z, 1)>
Because I = A°/ker(¢) for the map ¢ :— A°/I. The ideal I can be described as
a quotient of free A-module and Syz(fi,..., fs).
Note that Syz(fi,..., fs) C A® is finitely generated since it is a submodule of A®.

Proposition 2.2.3. [1] Let ¢1,...,¢s € K — {0} and let Xy,..., X, be monomi-
als in A. For i # j € {1,...,s} we define X;; = lem(X;, X;),then the module
Syz(c1X1,...,c:Xs) is generated by

Xij Xij cAl<i<j<
e — € <i <s¢,
CiXi Cij J J

where eq, ..., ey are standard basis of A®.

Proof. First note that for all ¢ # j since

X X
X1, ..., X,0,...,0, —=0,...,0,———2.0,...,0) =0
~—~~ S——

ithcoor jthcoor
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Xy Xy
then —Le, — ij e; € Syz(a1 Xy, ..., csXs)

c; X; cj
Therefore

Xij Xij ..
<Ci);'i6i o chJ—jejH S 1<) S 3> Q SyZ(Cle,...,CSXS)

To prove the converse, let (hy, ..., hs) be Syzygy of [c1 X, ..., ¢ X ],that is,
hlchl + -+ hsCsXs =0

Let X be a monomial in A.Then the coefficient of h;c X+ - -+ hy,cs X must be zero.
Let us consider h; = ¢, X/,i = 1,...,s,and then ¢, = 0 for all i € {1,..., s} or there
exists terms such that X/X; = X with ¢, # 0.

Let ¢}, ..., ¢ be non-zero ¢’s,then we have

/ / / /
cicr+ - +ces =ciep+ -+ e =0,
['herefore

(hi,...,hs) = (X1],...,dX) = Xle1+ -+ X[e

= cic Xe+---+c’c e
! 1Cle ' ! tCtXt '
X X X2 X | Xos Xo3
= cdcj—o e; — es) + (chey + cheo ey — es) +
! X12(01X1 2 X ) ( ! 2 >X23(02X2 c3X3 )
X X X1
+ Clcl+"‘+C/_C_1 Ct—1 — e
( ! = )thltthlt Cr—1X¢—1 ! i Xy t)
+ (har+ -+ o) —e
Ga ~~ - t)’ Xy t
=0
then
X.. X..
hi,... hg) C Yo ——Lell<i<j<s)CA®
( 1 )_<CZ’XZ CJX] ]l — J > =
then the proposition is required. O

The above proposition is a special case and we will generalize it as Schreyer’s

Theorem.
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We observe that if ¢; X, . .., c; X are the leading terms of the polynomials fi, ..., fs
respectively and if (hq, ..., hs) € Syz[a1 X, ..., csX;],then Y7, h; f; has leading term

strictly smaller than

gg%’g(lm(hi)lm(fi))
In particular the syzygy CX; ei—%ej of [e1 X1, . .., cs X] gives rise to the S-polynomials
of fi, f; since
Xij Xij B
oo BN e = 25 =
X - X
R0, 0, 2 g g~ ) =
\}\/ N——
ithcoor jthcoor
= = Sy
i Sl =50 8)

The above observation and proposition 2.2.3 seem to indicate that the syzygy mod-
ule of [lt(f1),...,lt(fs)] might be relevant to the computation of Groebner basis for

(fry oy fs)

Definition 2.2.4. [1] Let Xi,..., X, be a monomials in K[z1,...,x,] and

1,y ...,cs € K —{0},then for a monomial X ,we call a syzygy

h = (hy,...,hs) € Syz(c1 Xy, ...,csXs) homogeneous of degree X provided that each
h; is a term(i.e lt(h;) = h; for all i) and X;Im(h;) = X for all i such that h; # 0,we
say that h € Syz(c1 X1, ...,csXs) is homogeneous if it is homogeneous of degree X
for some monomial X .

Theorem 2.2.5. [1] Let G = {g1,...,9:} be a set of non-zero polynomial in A. Let
B be a homogeneous generating set Syz(lt(g1),...,lt(g:)) ,then G is a Groebner basis
for the ideal (g1, ..., g:) if and only if for all (hy,..., h) € B,we have

higr + -+ hige i>+0

Proof. If G is a Groebner basis,and hig; + - - - + hyg; € G,then
by Theorem 1.3.2 hyg1 + - -+ + hg: ihr 0
Conversely let g € (g1, ..., q),then

g=uigr + -+ UG (2.2.1)
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Choose a representation for the above equation (2.2.1)

X = lrg?ict(lm(uz)lm( g:)) be least

least,Since,by Theorem 1.3.2,we need to show that g can be written as in equation
(2.2.1) with X = Im(g)
Suppose the contradiction that im(g) < X.
Let S={ie{1,...,t}|Im(u;)lm(g;) = X}
th(ui)lt(gi) =0, since Im(g) < X
ieS
Let h =3, o lt(u;)e;( where eq, ..., e is the standard basis in A").
Then h € Syz(lt(g1), ... ,t(g:)) and h is homogeneous.Now let B = (hy, ..., h;),where
foreach j =1,...,L,hj = (hyj,..., hyj).So h = 22:1 a;hj,where, since h is a homoge-
neous syzygy,we may assume that the a;’s are terms such that
Im(a;)im(h;;)lm(g;) = X for all 4, j such that a;h; # 0. By hypothesis,
for each j,zzzl hi;gi i@ 0.Thus by Theorem 1.2.10, we have for each
j=1,...,1

t t
> higi= > uigi
i=1 i=1
such that

{E?é Im(u;;)lm(g;) = Im( Zh”gl < max Im(h;;)lm(g;)

1<i<t

The later strict inequality is because Zizl hi;lt(g;) = 0.

Thus
g = uigr+ -+ wg
= thuzgz+z ltuz gl+zulgl
€S €S ¢S B
terms lm;;” than X
It
= Z Z a;hijg; + terms lower than X.
j=1 i=1
= Z Z ajuijg; + terms lower than X.
j=1 i=1
We have

max (m(a;)Im(h;;)lm(g;) < max Im(a;)im(h;;)lm(g;) = X

i,
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But this contradicts the minimality of X. Therefore Im(g) = X,then by Theorem
1.3.2, GG is a Groebner basis. O

Example 2.2.6. Let G = {¢g1 =z +y,92 = = + 1} C Q[z, y|,we use lex order with
>y

Thenlt(g1) = x = lt(g2),then Since x+1(x)+(—x—1)(x) = 0 and x(z)+(—z)(z) = 0.
This implies that Syz(lt(g1),1t(g2)) = ((x + 1, —x — 1), (z, —x)) and

(z+ g1 + (=2 = 1)gs —4 0 and (2)g1 + (—7)g2 ~+4 0.

But G is not a Groebner basis for (g1, g2) because S(g1,g2) inr y— 1.

From the example we have seen that the hypothesis that the generating set of

syzygies be homogeneous is necessary.

Corollary 2.2.7. [1] Let G = {¢1, ..., g:} be a set of non-zero polynomials in A. Then
G is a Groebner basis if and only if for 1,7 =1,...,t
G
S(9i,95) —+ 0

Proof. Let G is a Groebner basis for (g1, ...,q) and S(gi,g;) € (g1, .., 0:),then
G

S(9i,9;) —+ 0.

For the converse let us consider the set

B = {%ei — %em < j,i,j = 1,...,t} is the homogeneous generating of the
module Syz(lt(q1),...,t(g:)).
X, X, X, X,
0,...,—2-0,...,——2-.0,...,0) = —2 g, — —2—g. = S(gi, g,
[gla 7gt](7 ’lt(gl)’ 9 ) lt(gj)? 9 ) ) lt(gl)g lt(g])gj (g g])
ithcoor jthcoor

Since by hypothesis that, S(g;, g;) i>+ 0.Therefore by Theorem 2.2.5, GG is a Groeb-
ner basis. O

2.3 Computation of the Syzygy module

Let {g1,...,9:} be a Groebner basis,we let X;; = lcm(Im(g;),lm(g;)),then the

S-polynomial of g; and g; is given by

B Xij Xij
S(9i,95) = lt(gi)gz lt(gj)g],
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then by by Theorem 1.3.2, we have

S(gi,95) Z kigi

for some k; € A, such that

max Im(k;)im(g;) = Im(S(gi, 9;))

1<i<t

Having this in mind we will generalize Theorem 2.2.3.

Theorem 2.3.1. (Schreyer)[l]| Let {g1,...,9:} be a Groebner basis for an ideal I
in A,let e, ...,e; be standard basis in A, then let us definei,j =1,...,t,i # ]

Sii = e; — e;—(ki,.... k) e A
S U g T

then the collection {s;;|1 <1i < j <t} is the generating set for Syz(gi, ..., ).

Proof. s;; € Syz(g1, ..., g:) since

- Xy Xij
[91,'--7915]323 - [gb'”?gt](lt(gz) lt(gj)
t

= gmg] Zkgz—()
=1

€j) — [gl, Ce 7gt](k17 .. .,]{?t)

then <SZ]|]‘ S ? <] S t) g Syz(gh ce 7gt)
For the converse we proceed by contradiction,

Let
(ul,...,ut) € SyZ(gl,...,gt) — <Sij|1 < 1 <] < t>
Then, we can choose such a (uy,...,u;) with max;<;<;(Im(u;)lm(g;)) = X be least
Let
S={ie{l,..., t}im(u;)lm(g;) = X}
Now for each i € {1,...,t} we define v; as follows:
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Also,for i € Slet lt(u;) = ¢; X! ,where ¢; € K and X is a monomial in K[zy,...,z,].
since (ug,...,u;) € Syz(g1, ..., g:),we see that
> lt(u)lt(g:) = 0
icS
and so
Zcngei € Syz(lt(g:)|i € S)
i€S
Thus by Theorem 2.2.3,we have
X, X,
Cin(ei = Q5 e, — ——e;),
2 2 iy g

€S 1,J€5,4<]

for some a;; € A.Since each coordinate of the vector in the left-hand side of the
equation above is homogeneous,and since Xlm(g;) = X,we can choose a;; to be a
constant multiple of XL Then we have

ij

(ulu"'7ut) = ZCin{ei‘i‘(Ul,---,'Ut)

€S
Xij Xz'j
=2y T Ty e
= Z aijsij+(v1,...,vt)+ Z ai]'(k'l,...,k,'t)
1<j,5,J€S 1<j,3,j€S

We define (p1,...,p) = (v1,...,0) + ZKN’].GS a;j(kr, ... k).
Since (u1,...,u) € Syz(g1,...,9:) — (si;|1 <i < j <t)then
(P1,---.pe) € Syz(g1, .-, 9t)

For each r € {1,...,t} we have

im(pe)im(s,) = Im(o S agh)im(g,)
i<jijes
< max(Im(v,, max (Im(a;;)lm(k,)))lm(g,)
i<jijes
But,by definition of v,,we have Im(v,)lm(g,) < X. Also,as mentioned above a;; is the
constant multiple of XL ,and for all 7,7 € 5,7 < j,we have

Im(ai;)lm(k,)im(g,) = ))(( Im(k.)lm(g,) = X Im(S(gi,95)) < X

iJ i

Therefore Im(p,)im(g.) < X,but this contradict that X = max;<,<;Im(u,)lm(g,) is
least.

Therefore {s;;|1 <i < j <t} is the generating set for Syz(g1, ..., gt). O
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Example 2.3.2. Let g = x — 2,90 = y — 2,93 = 2> + 1. These form a reduced
Groebner basis with respect to the lex order x >y > z for the ideal (g1, g, g3)

With the notation in the above Theorem we have:

X =20, Xy =y, X3 =22, X1 = 2y, X135 = 022, Xog = y2°

Now S(g1,92) = vz — yz, s0 S(g1,92) = 291 + (—2)g2
Therefore

X X
S12 = 711261 - m—fez —(2,=2,0)=(y —z,—z +2,0)

Also S(g1,93) = —x — 2° = (=1)g1 + (—2)g3

X X
S13 = 711361 - 713363 —(=1,0,—2) = (2 + 1,0, ~z + 2)

Finally,S(g2,93) = —y — 2> = (—=1)ga + (—2)g3

X X
S23 = TQSBQ - Tij@:z —(0,-1,-2) = (072’2 +1,-y+2)

Then by Theorem 2.3.1

Syz(g1,92,93) = ((y — 2z, —x + 2,0), (z2 +1,0,—x + 2), (0, 241, —y+ z))

We now turn our attention of computing Syz(fi, ..., fs) for the collection { fi,..., fs}
of non-zero polynomials in A which are not Groebner basis.
we first compute a Groebner basis {g1,...,¢:} for (f1,..., fs) and set F' = [f1,..., fs]
and G = [g1,..., 9. Then there exists ¢ X s matrix S which is obtained by division
algorithm such that F' = GS and an t x s matrix 7" which is obtained keeping track
of the reductions during Buchberger’s Algorithm such that G = F'T. Keeping this in

mind we will use the following theorem to compute Syz(fi,..., fs).

Theorem 2.3.3. [1] Let {fi1,...,fs} be a collection of non-zero polynomials and
{g1,---, gt} is a Groebner basis for (fi,..., fs) and {s1,...,s,}(where s;’s are the
column vectors in A') is the generating set for Syz(g1,...,9:) and ri,...,rs are the
columns of Iy —T'S where I is s X s identity matriz,then

Syz(fi,..-, [s) = (Ts1,...,Tsp,11,...,1r5) C A°
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Proof. Since {si,...,s,} is the generating set for Syz(g1,..., ;)

and ,hence
(Ts;li=1,...,r) C Syz(fi,..., fs)

Moreover, if we let I, be the s X s identity matrix, we have
F(I,—TS)=F—-FTS=F—(FI)S=F-GS=F—-F=0
and hence ry, ..., 7, is the columns of I, — T'S, then ry,...,rs in Syz(fi,..., fs)

(Ts1,...,Tsp,r1,...,rs) CSyz(fi,..., fs)

For the converse,let p = (ay, ..., as) € Syz(fi,..., fs). Then 0 = Fp = GSp and hence
Sp € Syz(g1,. .., g:).By definition of sy, ...,s, such that we have Sp =Y "._, h;s;,for
some h; € A. Thus we have T'Sp =Y ._, h;(T's;). Finally

p=p—TSp+TSp= (I, —TS)p+ Z hi(Ts;) = Zaﬂ"i + Z hi(T's;).
i=1 i=1 i=1

Then, Syz(fi,..., fs) C{(Ts1,..., TSy, r1,...,75)
Thus the Theorem is required. O]

Example 2.3.4. Consider the polynomials fi = xy + 1, fo =x2z+ 1 and
fs=yz+1€Qlz,y, z],then to compute Syz(fi, fa, f3)

We first compute the Groebner basis for (f1, fa, f3) with respect to lex

ordering with x > y > z.

Then we find G = [g1 = x — 2,90 = Yy — 2, g3 = 2*> + 1] a Groebner basis for {f1, fa, f3)
We have

0
[f17f27f3] = [91792793] ¥
1

— N
— O W

and

[g17g27g3]: [f17f27f3] 0
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Then by Example 2.3.2
Syz(91792793) = <<y — &, =T + <, 0)7 (22 + ]-7 07 —T + 2)7 (Oa 22 + 17 -y + Z))

[ y—2z ] [ xz—yz ]
Tso=T| —xz+2z | =| —xy+yz
L 0 | zy —x2 |
[ 22 +1 7] [ —x2% — 2 ]
Tsi3 =T 0 = | zyz —y2?
| —r+ 2z | | 222+ 2
0 —yz? — 2
Tsys=T | 2241 | =| y?’2+y
—y+z —Yy+z
yz +1 0 0
I3 =TS = 0 yz+1 0

—xy—1 —zz—1 0

then we take only non-zero columns of Is —T'S
Therefore 1y = (yz + 1,0, —xy — 1) and 7o = (0,yz + 1, —xz — 1),then

Syz(fi1, fa, f3) = (T's12, T's13, T'S23,71,72)

2.4 Improvement on Buchberger’s Algorithms by
using Syzygies

In the previous section ,we were discuss the improvement of Buchberger’s Algorithm
by detecting out the property of leading monomials to reduce the number of compu-
tation of S-polynomials as Buchberger’s criterion 1 and 2.

In this section,we will use another version of improvement on Buchberger’s Algorithm

by using Syzygies.
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Lemma 2.4.1. [1] Let Xy,..., X, be monomials in K[z,...,x,] and
let ci,...,cs € K —{0}.Fori,j=1,...,s define X;; = lem(X;, X;) and let

Xij o, Xig e; € Syz(a1Xy,...,csXs) C A®,where ey, ..., es are the standard
basis for A®. For each i,j,l=1,...,s, let X;; = lem(X;, X;, X)) then we have

Tij = X, G i X

Xijt

X,
X, +

‘ci‘l
. Tjl T

i
Xii

Proof. We have
Xz'jl Xijl Xijl
Tij + Tji + Tii =
Xij ! le ’ X
X, Xy Xii Xii, X, X X, Xu X
Jl( 1 e — J e;) gl jl e; — J e) gl ! e — ! &)
Xz‘j CiXi Cij Xﬂ Cij Cle Xli Cle CiXi
]lez— ]lej ]lej— e+ i 1 — jlei:O
Cz‘XZ' Cij Cij Cle Cle CiXi
This proves the Lemma. O

Corollary 2.4.2. [1] We continue the notation of Lemma 2.4.1, let

B C {r;|1 <i < j < s} be the generating set for Syz(c1Xu, ..., c,Xs).Suppose we
have three distinct indices ,j,l such that 7,7, 7; € B and such that X; divides
Xij = lem(X;, X;). Then B—{m;;} is also the generating set for Syz(c1 Xy, ..., c:Xs).

Proof. By Lemma 2.4.1

Xiji Xijt Xiji
Xj Tij + X]] Tl + lel T3 = 0
If X; divides Xj;,then X;;; = X;;,then we have
o Tl D
Tij + lele + XHTI
This implies that
Tij = —~ Til — ~ Tl
’ Xp ' Xy
Hence, 7;; is generated by 7;; and 7.
Therefore B — {7;;} is the generating set for Syz(c1 X1, ..., c;X5). O

We will use Corollary 2.4.2 to improve Buchberger’s algorithm in the

following way.
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Let {fi,..., fs} is the generating set for the ideal I of K[xq,...,x,).

Let lt(f;) = ¢; X;.We will use the same notation as given in the corollary and eliminate
as many 7;; € B(by applying Corollary 2.4.2) to obtain a smaller set of generators for
Syz(lt(f1),...,lt(fs)). Then we need to find the S-polynomial S(f;, f;) ,corresponding
to one of the 7;; remaining in B and reduce it.We then add the reduced S-polynomial,
say fsi1,to theset {f1,..., fs}if fsr1 # 0; otherwise ignore it.Now the generating set
B is enlarged to {7;s+1|1 < @ < t} which generates Syz(lt(f1), ..., 1t(fs), (t(fss1))-
Again we apply the steps in Corollary 2.4.2 to eliminate as many 7;;’s from the new
set, to obtain a smaller generating set for Syz(lt(f1),...,t(fs), (t(fs+1)). Then find
S-polynomial, S(f;, f;), corresponding to a 7;; remaining in B and reduce it. We have
to keep doing this until all S-polynomials are reduced to zero. If all these
S-polynomials are reduced to zero, then we maintain the set B as a basis of the cur-
rent syzygy module.

The main objective of the algorithm is to reduce the S-polynomials either to zero,
and ignore the pairs or reduce it and add the new polynomial to the set. So, we need
to have techniques to do this. Now let us see how the algorithm is set to compute
these S-polynomials and reduce them.

We first subdivide the set of indices {{7, j}m;; € B} into two subsets:

the computed set C' = {{i, j}, 7; € B for which an S—polynomial has been computed}
and the non-computed set

NC = {{i,j},1i; € B for which an S — polynomial has not been computed}.

Here we note that at any time in the algorithm after NC' has been initialized,
{ri;l{i,7} € NCJCY} is the generating set of the syzygy module of the current

set of leading terms. We continue the algorithm until NC' = O.
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With these ideas acting as foundation, we can now introduce the improved version
of Buchberger’s Algorithm to compute Groebner bases using syzygies. The improve-
ment of the performance of the algorithm is based on the following two main criteria

Critl(i,j) and Crit2(i, j) given below:

1. Critl(i,j):
It turns "TRUE” if and only if Im(f;) and Ip(f;) are relatively prime.
If Critl(i, j) =TRUE, we can ignore computing S(f;f;) since S(f;f;) reduces
to zero modulo G by Lemma 1.6.1 . So, nothing is added to the basis and {i, j}
is added to C'. We pick a pair of {f;, f;} such that im(f;) and Ip(f;) are not

relatively prime.

2. Crit2(NC,C,s) :
This command is given as an algorithm 2.2 and is used to eliminate pairs from
the set NC' with out computing their S-polynomial. It is the implementation of
the ideas in Corollary 2.4.2. As it will be seen from algorithm 2.2 | the basic idea
is to find triples of indices v, u, p such that the three pairs {v, u}, {v, p}, {1, p}
are in NC'|JC and X, divides lem(X,, X))

Since we are interested in doing the first main WHILE loop of algorithm 2.2 | we only
need to consider one of v, i, p is equal to s. This is because the cases of all triples
with v, i, p all less than s were checked before. Since p and p are interchangeable, it
is enough to consider the cases p = s and v = s in order to go through that eliminate
pairs from the set NC without computing the S-polynomial. Moreover, we note that
a pair of the form {i, s} cannot lie in C (this explains why checking membership in
NC'|JC was often done by just checking membership in NC'). Finally, we only check,

in the second main WHILE loop, whether {7, j} is in NC since we are only interested
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in eliminating it from NC.

First of all we take (NC,C,s) from algorithm 2.1 as an input for algorithm 2.2, to
allow us to eliminate pairs from the set NC' which were not already eliminated by
algorithm 2.1.

Consider a pair {i,s} € NC(i < s) to check whether this pair is to be eliminated
from NC' or not.We start a pair {l, s} where 1 <1 < s.Then if we have {l,s} € NC
and the pairs {i,l} € NC|JC with {i,s} € NC,then we are supposed to check only
whether X; divides lem(X;, X;) such that the pair {7, s} can be eliminated from NC
and NC will be updated to NC' — {{i, s}}; otherwise the pair {7, s} will remain in
the set NC'. We proceed checking for different i,! < s until checking for every pair of
the form {i, s} is completed.

The second main WHILE loop starts to check whether the pair {7, j}, where 7,5 < s,
will be eliminated from the set NC' or not. Here we note that since 7,7 < s, the pair
was checked before but not eliminated. Now consider the pair {i,s} € NC. In fact,
the pair can not lie in C. Hence,for j < s and if the pairs {j, s} and {i,j} are both
in NC, and X, divides lem(X;, X;), then the pair {7, j} will be eliminated from the
set NC' otherwise it will be updated as an element of NC. We proceed checking for
pairs of {7, j} with 4, j < s and update the set.

Finally, after we had finished going through the loops and determining which pairs
are to be eliminated, and if we still have pairs in the set, we compute the S-polynomial
of a pair from the set NC' based on the strategy proposed by Buchberger, and update
the set NC. Actually, In algorithm 2.1 we do not give a rule for choosing the pair

{i,j} € NC, for which we compute the corresponding S-polynomial. Buchberger
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proposed a strategy to speed up our calculation. Often the S-polynomials are com-
puted in such a way that S(f;, f;) is computed first if lem(im(f;),Im(f;))is least
(with respect to the current term order) among the lem(im(f;),im(f;)). This pro-
cess is called the normal selection strategy. This strategy is used to speed up the
calculation that regards the procedure to select a pair. It can be shown that if we
always select a pair {f;, f;} such that lem(Im(f;), Im(f;)) is as small as possible with
respect to the chosen term ordering, then Critl and Crit2 are "good” in the sense
that all possible reductions of S(f;, f;) will yield zero. Finally,if the degree ordering is

used, this strategy seems to lead to simpler polynomials than other possible choices.



INPUT:F = {fi,..., f,} C Klx1,...,1,]
OUTPUT:A Groebner basis G for (fi,..., fs)
INITIALIZATION:G = F

C=0
NC ={{1,2}}
=2

WHILE: < s DO
NC=NCU{{j.i+1}1<j<i}
NC = Crit2(NC, C,i + 1)
1=1+1
WHILE:NC # 0 DO
Choose {i,j} € NC
NC=NC—{{i,j}}
C=CU{ij}}

IF Critl(i, j)=FALSE THEN

IF h # 0 THEN
fsr1="h
G =GU{f s}
s=s+1
NC =NCU{{i,s]l <i<s—1}
NC = Crit2(NC,C, s)

S(fi, [5) i>+ h where h is reduced with respect to G

Algorithm 2.1 Improved Buchberger’s algorithm.

Proposition 2.4.3. [1] Given a set of non-zero polynomials F = { f1,.
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o fs}, the

improved Buchberger’s Algorithm (Algorithm 2.1 and Algorithm 2.2 )will produce a

Groebner basis for I = (f1,..., fs).

Proof. Similar to Buchberger’s Algorithm seen in the previous Chapter, we start with
F = G and when we compute S-polynomials the number of elements may increase.

So, let us assume that we have t elements where ¢ > s.
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Let G = {f1,...,ft} (t > s) be the output of the algorithm we have in Algo-
rithm 2.1. We see that every S-polynomial corresponding to every pair in C re-
duces to zero.It then suffices to show that {7;;|{7,j} € C} is the generating set for
Syz(lt(f1),...,t(f:)), and since at any time in the algorithm after NC' has been
initialized, it suffices to show that {r;;|{7,7} € NC|JC} is a generating set for the
syzygy module of current leading terms.

So, at each stage of the algorithm, we can have either the S-polynomial reducing to
zero, and NC'|JC doesn’t change, or a polynomial being added to G. This latter
option will lead to other relevant pairs being added to NC'|J C, and so that the set of
7;;’s corresponding to this update NC'|J C' is a generating set for the syzygy module
of the new set of leading terms. And then C7rit2 is to be applied to the new set of
NC, which will not alter this last statement, according to Corollary 2.4.2.

The algorithm terminates due to the Hilbert basis Theorem. O]
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INPUT :(NC,C,s) from algorithm 2.1
OUTPUT:NC pair will be deleted by Corollary 2.4.2
INITIALIZATION: =1
WHILE [ < s
IF {I,s} € NC THEN
1=1

WHILE i < s DO

IF {i,s} € NC|JC AND {i,s} € NC THEN
IF X, Divides lem(X;, X; THEN
NC = NC - {{i,s}}

t=1+1
[=1+1
1 =1

WHILE i < s DO
IF {i,s} € NC DO
j=1+1
WHILE j < s DO
IF {j,s} € NC AND {j,i} € NC THEN
IF X, Divides lem(X;, X;) THEN
NC = NC - {{i,j}}
Jj=Jj+1
t=1+1
Algorithm 2.2 Crit2(NC,C, s)

Example 2.4.4. Consider the polynomials fi = x*y* — 22,fo = xy*z — zyz and
f3 = xyz® — x2% € Qlx, vy, 2| with term order grlex such that v <y < z. We need to

find the Groebner basis using the improved Buchberger’s Algorithm.

We follow Algorithm 2.1 and 2.2 with the proposed strateqy, called the normal strat-
eqy, to speed up our computation in selecting pairs to compute S-polynomials.

We start with the assumption that G = {f1, f2, fs}, C = O and
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NC = {{1,2},{1,3},{2,3}}. We have that lem(Im(f1),im(fs)) is divisible by Im(f2)

which implies that we do not consider {1,3}. Then we have that

NC = Crit2(NC,C,3) = {{1,2},{2,3}}.

e Using the strategy proposed by Buchberger to choose and compute the S-polynomial

from NC,we choose pair {1,2} and compute the S-polynomial that brings

NC = {{2,3}} and C = {{1,2}} with S(f1, f2) = 2*yz — 2* which is reduced with

respect to G. Now we let fy = x*yz— 23 to be added to G and then NC will be updated

as NC = {{2,3},{1,4},{2,4},{3,4}} and C = {{1,2}}.

o Apply Crit2 and forl = 2, we eliminate {2,4} € NC since {1,2} € NC|JC {1,4}

and Im(f1) divides lem(Im(f3),lm(fy)). But we do not have any to eliminate for
= 2 and | = 3. Then the new NC = {{2,3}{1,4},{3,4}}. We choose to calcu-

late {1,4} to calculate the Spolynomial by the mormal selection strategy such that
S(fi, f1) = yz® — 23, Say f5 = yz — 23, which brings NC = {{2,3},{3,4}} and

C ={{1,2},{1,4}}. Then we update NC to include a pair of f5 and

NC = {{2,3},{3,4},{1,5},{2,5},{3,5},{4,5}} and C' = {{1,2},{1,4}}.

o Apply Crit2 : for | =2, we eliminate {1,5}, since {1,2} € NC'|JC, {2,565} € NC

and Im( fo) divides lem(Im(f1),Im(f5)). For l =3 we eliminate {2,5}, since

{2,3} € NCUC, {3,5} € NC, and Im(f3) divides lem(Im(f2),Im(fs)) and simi-

larly for | = 4 we eliminate {4,5}. But we have no pair that can be eliminated for

[ = 1. Then we have NC = {{2,3},{3,4},{3,5}}. We apply normal selection stmt—

egy to choose {3 5} and compute the S-polynomial such that S(fs, f5) = 2> —x2%, Say

fo = xz3—xz*. Then we update NC = {{2,3},{3,4},{1,6},{2,6},{3,6}, {4, 6} {5 6}}

and C' = {{1,2},{1,4},{3,5}}

e Apply Crit2 : For |l =2 we eliminate {1,6} since {1,2} € NC'|JC,

{2,6} € NC and lm(fy) divides lem(Im(f1),Im(fs)). and For | = 3 we eliminate

{2,6}, since {2,3} € NCJC,{3,6} € NC, and Im(f3) divides lem(Im(f2),Im(fs)).

For | = 3 we eliminate {4,6} and {5,6} since {3,6} € NC' such that Im(f3) divide

lem(Im(fg,Im(fs)) and lem(Im(fs),lm(fs)). But forl =1 and l = 5 we have nothing

to eliminate using Crit2. Now we are left with NC = {{2,3},{3,4},{3,6}}. We apply

the normal selection stmtegy to choose {3, 6} and compute the S-polynomial such that
S(fs, f) = wyz? — x2% and f; = xyz* — x2*. We then update

NC ={{2,3},{3,4},{1,7},{2,7},{3,7}, {4, 4},{5,7},{6,7}} and

C = {{1,2},{1,4},13.5}, {3, 6}}.

e Apply Crit2 : Forl =2 We eliminate {1,7}, since {1,2} € NC|JC,

{2,7} € NC andlm(fy) divides lem(Im(f1),Im(f7). Forl =3 we can eliminate {5,7}

and {6,7} since Im(f3) divide both lem(Im(fs),lm(f7)) and lem(Im(fs),Im(f7)). In
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addition,using the second main WHILE loop of algorithm 2.2 we can eliminate {2, 3}
taking s = 7,1 = 2 and j = 3, since {2,7} € NC,{2,3} € NC,{3,7} € NC and
Im(f7) divide lem(Im(f2),lm(fs)) then we can eliminate {2,3}. We also eliminate
{3,4} from NC since {3,7} € NC,{4,7} € NC, and Im(f;) divide lem(Im(f3),lm(fs)).
Hence we have NC' = {{2,7},{3,7},{4,7}}. Again using normal selection strategy
we choose {4,7} to compute the S -polynomial such that S(fy, f7) = —2* + 2?22, and
say fs = —2* + 2?22 We then update NC = {{2,7},{3,7},{1,8},...,{7,8}} and
C={{1,2},{1,4},{3,5},{3,6},{4, 7}}.

o Apply Crit2 : Forl =2 We eliminate {1,8} since {1,2} € NC'|JC,

{2,8} € NC and Im(f2) divides lem(Im(f1),Im(fs)). For l = 3 we eliminate {7,8}
since {3,8} € NC' and Im(fs) divides lem(Im(f7),Im(fs)), and For l =5 we elimi-
nate {3,8} since {5,8} € NC and Im(f;5) divides lem(Im(f3),lm(fs)) Moreover,when
S(f2, f7) . 0 and S(fs, f7) S 0 which lead us to eliminate {2,7} and {3, 7} re-
sults NC = {{2,8},{4,8},{5,8},{6,8}}. Using normal selection strategy we also
choose {6,8} to compute the S-polynomial such that S(fs, fs) = 232% — x2® and
fo = 2322 — 223, We update NC = {{2,8},{4,8},{5,8},{1,9},{2,9},...,{8,9}}
C = {{1,2},{1,4},{3,5}, {3,6}, {4,7},{6,8}}.

o Apply Crit2 Forl = 2 we eliminate {1,9} since {1,2} € NCJC, {2,9} € NC and
Im(fa) divides lem(Im(f1),Im(fy)). for I = 3 we eliminate {2,9} since {3,9} € NC
and Im( f3) divide lem(Im(f3),lm(fq)) and

For 1 = 4 we eliminate {3,9},{5,9},{7,9} since {4,9} € NC and Im(f,) divide
lem(Im(f3),lm(fy)), lem(Im(fs),lm(fy)) and lem(Im(f7),Im(fy)).

Forl = 6 we eliminate {8,9} since {6,9} € NC and Im(fs) divides lem(Im(fs), Im(fs)).
Then we have NC' = {{2,8},{4,8},{5,8},{4,9},{6,9}}. But the S-polynomial cor-
responding to the remaining pairs in NC' all reduce to zero which gives NC = Q.
Thus

G = {f17f27f37f47f57f67f77f87f9} is the Gmebner basis fOT the ideal
I= <f17f27f3>‘
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2.5 Groebner basis over ring

Definition 2.5.1. [1] Given two polynomials f and h and a set of non-zero polyno-
mials F = {f1,..., fs} in A, we say that f reduces to h modulo F' in one step,denoted

fh
if and only if
h=f—(aXifi+ - +cXsfs)
C1,...,Cs € R and monomials Xy, ..., Xs where Im(f) = X,Im(f;) for all i such that
¢ #0 and It(f) = a1 Xqlt(f1) + - - - + s Xslt(fs).

Example 2.5.2. Let f =223y, fi =622 +y+1, fo = 10zy — 2 —vy and f3 = 15y°> +x
in Zlx,y] with term order deglex such that x > y. So with F' = {f1, f2, f3,} we see
that f i>+ h where h = —x® — 2%y — 2xy? — 2zy since h = f — (2xyfy — 22 f3) and
223y = It(f) = 2xylt(f1) — 221t(f2) (Here c3 = 0 ,since Im(f) = 2%y is not divisible
by Im(f3) = y*

We draw attention to the condition Im(f) = X;lm(f;) for all i such that ¢; # 0. Its
purpose is to ensure that each ¢; X;lt(f;) in the difference h = f—(c1 X1 fi1+- - -+cs Xs fs)
with ¢; # 0 is actually used to help cancel It(f). Because of the possibility of zero
divisors in the ring R, we must be careful about this. For example, if we only required
Im(f) = Im(c; X, f;) for all ¢ such that ¢; # 0, we could end up with a term clm(f)
remaining in h.

To see that consider the case, R = Z;o with deglex z > y and let f = 3y, fi = 522 +y
and fo = y. Then lt(f) = 2lt(f1) +3lt(f2) and Im(f) = Im(2f1) = Im(3f2) = y where
as h=f —(2f1 +3fs) = —2y

Definition 2.5.3. [1] We will say that linear equation are solvable in R provided that

1. Givena,ay,...,a, € R,thereis an algorithm to determine whether a € (aq,...,am)r
and if it is to compute by, ..., b, € R such that a = a1 by + - -+ + anby,

2. Given ay,...,a,, € R,there is an algorithm that computes a set of generators
for the R-module
Syzr(ar, ..., am) = {(b1,...,bm) € R™a1by + - - - + @by, = 0}.
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Definition 2.5.4. [1] Let f, h and f1,..., fs be polynomials in A with fi,..., fs #0
and let F ={f1,..., fs}, we say that f reduces to h modulo F,denoted

-5
if and only if there exists polynomials hy,...,hy_1 € A such that
FSm S S S Son

Definition 2.5.5. [1] A polynomial r is called minimal with respect to a set of non-
zero polynomials F = {f1,..., fs} if v cannot be reduced.

Lemma 2.5.6. [1] A polynomial r € A with r # 0 is minimal with respect to a set of
non-zero polynomials F' = {f1,..., fs} C A if and only if lt(r) ¢ (It(F)).

Proof. (=) Suppose r is minimal with respect to F' = {f1,..., fs}

W.T.S: it(r) ¢ (It(F)).

Suppose the contradiction,that is lt(r) ¢ (It(F')), then lt(r) = hylt(f1) +- -+ hslt(fs)
for some polynomial h; € A. If we expand this equation out into its individual terms,
we see that the only monomial that can occur with a non-zero coefficient is Im(r); we
may assume that h; is a term ¢; X;,then r — ¢; X7 + - - - + ¢, X} is the reduction of r,
this implies that r reduced with respect to F' = {f1,..., fs} but this contradict our
assumption.

(<) Suppose lt(r) ¢ (It(F))

let r is not minimal ,then r can be reduced and so by Definition 2.5.1 we have
It(r) = aXqlt(fr) + -+ + o Xqlt(fs) for ¢; € R and X; are monomials in A,this
implies that lt(r) € (It)(F')),this contradicts our assumption,

Therefore r is minimal. O]

Theorem 2.5.7. (Division algorithm over a ring) [1] Let f, f1,..., fs € A with
fifi,oooy fs 0, and set F = {f1,..., fs}. Then there is an r € A, minimal with
respect to F' ,such that f i>+ r. Moreover there are hy,... hy € A

f=hifit+--+hsfs+r

with
Im(f) = maz((maxi<i<slm(hi)lm(f;)), Im(r))

If linear equations are solvable in R,then hq,...,hg, 7 are computable.
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Theorem 2.5.8. [1] Let I be an ideal of A and let G = {g1,...,g:} be a set of
non-zero polynomaials in I ,Then the following are equivalent

L (it(G)) = (ie(1)

2. For any polynomial f € A we have

fEIifandonlyiffiJrO

3. Forall fel,f=hygi+--+ hug:,for some hy,..., hy € A such that

Im(f) = mazi<i<,(Im(h;)lm(g;))

Proof. (1) = (2) Assume that f € I. Then by Theorem 2.5.7,that f i>+ r with r is
minimal.

If r # 0,then,by Lemma 2.5.6, lt(r) ¢ (It(G)). But f € I and f —r € I imply that
r € I and so lt(r) € (It(I)) = (lt(G)) ,which is a contradiction.

Conversely, if f ihr 0, then f el

(2) = (3) This is a special case for r = 0 of Theorem 2.5.7

(3) = (1) Since G C I then (It(G)) C (It(I)),for the reverse direction

Let f € I. We have that f = hygi1+- - -+hege such that im(f) = maxi<i<i(Im(h;)lm(g;))

It(f) = th(hiﬂt(gi)

Where the sum is over all i satisfying Im(f) = Im(f;)Im(g;).

Thus It(f) € (It(Q))

It is important to notice the form of Statement (3) in the Theorem. We use

Im(f) = mazi<i<¢(Im(h;)lm(g;)) instead of Im(f) = maxi<i<flm(h;g;), since over a
ring R with zero divisors, we need not have im(h;)im(g;) = im(h;g;). O

Definition 2.5.9. [1] A set G of non-zero polynomials contained in an ideal I is
called a Groebner basis for I provided that G satisfies any one of the three equivalent
conditions of Theorem 2.5.8. A set G of non-zero polynomials contained in A is called
a Groebner basis provided that G is a Groebner basis for (G).

Example 2.5.10. Let f; = 32%y — x, fo = 222 — 2 C Zlx,y, 2], then {fi, fo} is a
Groebner basis for (fi, fo) with respect ta deglex where x >y > z since by looking at
all linear combination of f1 and fo such that
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(It(1)) = (32%y, 222, 2%yz?) = (32?y, 22%) = (It(f1), lt(f2)), but { f1, fa} is not a Groeb-
ner basis for (fi, fo), with respect to lex x >y > z because 3xy — 22* € (f1, f2).

32y — 222 {fl—’fg}Jr r, then r is not equal to 0 when we interchange the position of fi
and fs.

Corollary 2.5.11. [1] If G is a Groebner basis and f € (G) and f S v, where
1s manimal,then r = 0

Proof. Since f € (G) we have that r € (G) and so, since G is a Groebner basis, we
see that if » # 0 then r cannot be minimal by Lemma 2.5.6. O

2.6 Computing Groebner basis over a ring

Definition 2.6.1. [1] For any subset J C {1,...,s}, set X; = lem(X;|j € J). We
say that J is saturated with respect to Xy, ..., Xy provided that for all j € {1,...,s},if
X, divides X; ,then j € J. For any subset J C {1,...,s}, we call the saturation of
J the set J' consisting of all j € J such that X; divides X .

Example 2.6.2. Let X; = 2y, Xo = 22, X5 =y and X4 = 2*. Then if

J = {1,2} we see that X; = z*y and J is not saturated since 3 ¢ J, while X3 = y
divides X .

On the other hand if J = {1,2,3} we see that X; = x%y, then J is saturated since 4
is the only element of {1,2,3,4} not in J and X, = 2* does not divide x?y.

Theorem 2.6.3. [1] For each set J C {1,...,s} which is saturated with respect to
Xi, ..., Xs,let By = {biy,...,byjs} be generating set for the R-module of Syzygies
Syzr(c;li € J). (Note that each of the vectors b,y is in the R-module R’ where |J|
denotes the cardinality of J.)For each such b,;, denotes its jth coordinate,for j € J,

by bjs. Set
Xy
Sy = Z bjuJyej
jeJ J
(Note that each of the vectors S,y is in A®.)Then the set of vectors S, ;, for J ranging
over all such saturated subsets of {1,...,s} and 1 < v < vJ, forms a homogeneous
generating set for the syzygy module Syz(c1 X1, ..., csXs).

Proof. Since each vectors S, is homogeneous of degree X ;. Moreover,
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Sy is a Syzygy of [c1 X1, ..., ¢ X,], Since

[Clean-achs]SvJ = [Cle,.. ijvJ
JjeJ
X
Zb]UJXJC]X XJZZ)JUJCJ—O
JjeJ jeJ

By definition of b, ;. Now, let h = (hq, ..., hs) € Syz(c1 Xy, ..., csXs). Since Syz(c; Xy, . ..

is generated by homogeneous syzygies, it suffices to write h as a linear combination
of the s,;’s in the case that h is a homogeneous syzygy , say of degree Y. We write
h=(dY1,...,d,Ys) for dy,...,ds € R and monomials Y;,...,Y;. Set J = {j|d; # 0}
and let J' be saturation of J. We have that Y;X; =Y for all j € J since h is homo-
geneous of degree Y. Then since h is a syzygy of [¢1 X7, ..., s X,

We have >, d;Yje;X; = Y Y . ;djc; = 0. Thus (d;|j € J') is the syzygy of
[c;lj € J'] and by hypothesis

vJ’

(diljeld)= er o’

that is, for each j € J’
vJ’

dj = Z Tvbj,vjl

v=1
for some r, € R. Now Y;X; =Y for all j € J implies that X; = X divides Y. It
now follows that

vJ’

DRSPS B) DSl
/ T 1€
XJ/ vJ UXJ’ j'UJ J
v=1 v=1 jeJ’ Y
vJ’ s
= E E rpbjur)Yie; = E d;Yie; = E d;Yie; = h,
jeJ v=l1 jeJ’ j=1

as desired.
O]

Theorem 2.6.4. [1] If R is Noetherian ring and linear equations are solvable in R
then Algorithm 2.3 produces a Groebner basis (f1, ..., fs)-

, s Xs)
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INPUT:F ={f1,...,fs} CA=Klzy,...,z,| with f; 0 (1 <i <)
OUTPUT.G = {g1,-..,9:},a Groebner basis for (fi,..., fs)
INITIALIZATION.G =0 ,G' = F
WHILE G’ # G DO
G=G
Let the elements of G be ¢1,..., 9
Compute B, a homogeneous generating set for Syz(lt(g1),...,lt(g:))
FOR each h = (hy,...,h) € B DO
Reduce higy + -+ + hyge i/hr r, with 7 minimal with respect to G’
IF r #0 THEN
G =G U{r}

Algorithm 2.3 Groebner basis Algorithm over a Ring

Proof. 1f the algorithm stops, it clearly, by Theorem 2.2.5 gives a Groebner basis for

the ideal (f1,..., fs). As the algorithm progresses we add ta a set of polynomials G

a polynomial r, minimal with respect to GG, to obtain a new set G'.

By Lemma 2.5.6, lt(r) ¢ (It(G)) and so (lt(G)) C (It(G")). Thus, since the ring A is

Noetherian, the algorithm stops. O]
We will incorporate the above algorithm with a more efficient method for com-

puting the relevant syzygies which is proposed by Moller.

Moller has given a method for computing the syzygies that arise in

Algorithm 2.3. In particular, this method gives an efficient way ta avoid duplication

in the computation of syzygies (see Algorithm 2.4).At each stage of Algorithm 2.3

we add one or more polynomials to the generating set for the ideal (f1,..., fs). So

we have ta compute a generating set for the syzygy module of this increased set of

leading terms. The idea of Moller is to use the computations of syzygies already done

in order to compute the new syzygies. Note that any syzygy of a set of leading terms
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is automatically a syzygy of a larger set of leading terms (using zeros for the extra
leading terms).

Again consider monomials Xi,..., X, and a non-zero elements c¢{,...,c, € R. Let
Sy = Syz(c1 Xy, ...,csX,) for 1 <o < s. We will compute a

homogeneous generating set of S5 = Syz(c1 Xy, ..., c:X;) by inductively
constructing generating sets for the .S,. We note that a homogeneous generating set
of Sy,consists of a generating set of the ideal {r € R|rc; = 0} of R (called the anni-
hilator of ¢; and denoted by ann(c;) viewed as a subset of A.

Also, if we take a homogeneous syzygy (b1Y1,...,b,Y,) in S,, there are two possi-
bilities. Either b, = 0 and (b,Y3,...,b,_1Y,_1) is a homogeneous syzygy in S,_1; or
by # 0 and b, € (c1,...,0-1)r : (Co)R-

So we proceed as follows. We consider all subsets J of {1,... 0}, saturated with
respect to Xi,...,X,, such that o € J. For each such J let byy,...,b,; denote a
generating set for the ideal in R, (¢j|j € J,j # o)r : (¢,)r. Now for each b, there

are b; € IR such that

Z bjci +buyce =0,

jedj#o

and we define the homogeneous syzygy in S, by
Sy = | Z bj%ej + b,uJ))i:_jeU
jelj#o
(The b;’s may not be unique, but any choice will do.) We also consider a homogeneous
generating set aq, ..., a,, for S,_1, which we assume by induction,has been computed.
Define for 1 < i < m, (a;,0) to be the homogeneous syzygy in S, with the coordinates

of a; in the first 0 — 1 coordinates and 0 in the last coordinate. We now can state
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Theorem 2.6.5. [1] The syzygies (a1,0), ..., (am,0) together with the syzygies s,.; for
J C{1,...,0} saturated with respect to X1, ..., X, with o € J, form a homogeneous
generating set for the syzygy module S,.

Proof. Let d = (d1Y1,...,d,Y,), for dy,...,d, € R, and monomials Yi,...,Y,, be
homogeneous syzygy in S, of degree Y.

If d, = 0,then aq, ..., a,_1 are the homogeneous generating set for S,_;, This implies
that (a1,0), ..., (am,0) are the generating set for S, ,then d is a linear combination of
(a1,0),..., (am,0).

Suppose d, # 0. Let J' be the set of all j such that d; # 0 and J be the saturation
of J/in {1,...,0}. Note that X; = X divides Y.

Then d, € (¢j|j € J,j # 0)r: (co)r and s0 dy = 34 rid,.s

— Xie. X
Let Spg = ZjEJ,j;aéa dj X; €; ‘f‘dMJXU@U

wd
Y
(Y, dYy) =) rusua ) (@ X6 Xo)
p=1 g

nJ

Y
(Y7, deYo) (a1 Xn, . o Xo) = (O rusur~—) (a1 X1, ... cr X,)
p=1 X
o wd vy
Y Z dici — (Z TMSMJX—J)(61X1)7 e ,CUXU)
i=1 p=1
0 0(by defini;;on of suJ)

Then d — ZZil TuSu JXLJ is a homogeneous syzygy with a zero in its o' coordinate
and so is a linear combination of (aq,0), ..., (am,0), giving the desired result. ]

Example 2.6.6. To compute the generator for the Syz(3z%y, 5x%z, 9y2z2, Txy*2) using
the above theorem where R = 7.

Let S; = Syz(3z%y) = (0)7

Let Sy = Syz(3z%y,5x%2),then the saturated subsets of {1,2} containing 2 are 2 and
{1,2} but Z singletons does not form non-zero polynomial.so we compute for the set
{1,2} then (3)z : (5)z = (3)z then the corresponding syzygy will be (—5z,3y,0,0).

Sy = Syz(3x2y, 5x?z,9y2?), then the saturated subsets of {1,2,3} containing contain-
ing 3 are {3} and {1,2,3}, but we take set {1,2,3}, then we compute

(3,5)z : (9)z = (3)z : (9)z = (1)z then the corresponding syzygy will be (—32%,0, 22, 0).
Sy = Syz(3x2y, bx?z, 92?2, Twy?2), the saturated subset of {1,2,3,4} containing 4 are
{3,4},{1,2,4} and {1,2,3,4}. For the set {3,4} we compute (9)z : (T)z = (9)z then
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the corresponding syzygy will be (0,0, —T7xy,92).

For the set {1,2,4} we compute (3,5)z : (T)z = (1)z the corresponding Syzygy will be
(—4yz,y%,0,2).

Then Syz(3z*y, 5x?z, 9yz?) = ((—52,3y,0,0), (=32%,0,22,0), (0,0, —Txy, 9z2), (—4yz, 9%, 0, x)).

INPUT:F ={f1,..., fs} C Rlxy,...,x,] with f; #0(1 <i <s)
OUTPUT:G a Groebner basis for (fi,..., fs)
INITIALIZATION.:G=F o =1m=s
WHILE ¢ < m DO
Compute S = {subset of {1,...,s}}
saturated with respect to Im(f1),...,Im(f,) which contain o
FOR J € S DO
Xy =lem(X;lj € J)

Compute generators by i = 1,..., uJ for (lc(f)|j € J,7 # o)r : (lc(fo))r
FOR 1,...,1j DO
Compute b; € R, j € J,j # o such that
> icrize ile(fy) + bisle(fy) = 0
ReducerGJJ# b; lnii—}j)fj + bulm)((—go)fg i@ r where r is minimal with respect to G
IF r # 0 THEN
=7
G=GU{r}

m=m-+1

c=0+1
Algorithm 2.4 Groebner basis Algorithm in R[zq,...,x,] using Moller’'s Method.

Using the following examples we will verify how to use Algorithm 2.3 and Algo-
rithm 2.4.

Example 2.6.7. Let fi = 32%y — 3yz + v, fo = b’z — 822 C Zlx, vy, 2| with a term
order deglex such x > y > z, then to compute a Groebner basis for (fi, fa) we use
algorithm 2.3 and 2.4

Let lt(f1) = 3z%y and lt(fy) = 5x°z.
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For the case 0 =1 in the algorithm does not generate new polynomaials, since

(0)z: (3)z =(0)z

For the case o = 2, The only non-singleton saturated subset of {1,2} containing
2 1s {1,2}. We compute (3)z : (5)z = (3)z which gives the syzygies (5z,—3y) in
Syz(3z%y,5x22), then the corresponding S-polynomial is 5z f1 — 3yfo = Yyz* + 5yz
which is minimal with respect to G, then say f3 = 9yz? + byz.

To compute the new syzygies,we need to consider the non-singleton saturated subset
of {1,2,3} containing 3, thus {1,2,3} is the only saturated subset of {1,2,3}.

For {1,2,3} compute (3,5)z : (9)z = (1)z giving the syzygy (3z2,0, —x?) in
Syz(3z%y, 5122, 9yz?), then the corresponding S-polynomial is

322f1 — 2% fy = —bx’yz — Yyz3 — 3y2?, then

—5z%yz — 9y2® — 3y2? £>+ —9yz% — Byz? £>+ 0

Then { f1, fa, f3} is a Groebner basis for {f1, fa2)-

Remark: In the above example we take only non-singleton saturated subset

because Z is an integral domain such that (0)z : (n)z = (0)z, for n € Z.

Example 2.6.8. We consider the polynomials fi = 22y + 3z, f, = bx’z + y in
Zas|x,y, 2] with a term order deglex such that x >y > z.

Then to compute a Groebner basis for (f1, fa).

We first consider o = 1, we do not consider because we can not add non-zero polyno-
maal.

We next compute the saturated subsets of {1,2} which contain 2, these are {2} and
{1,2}. For the set {2}. We compute (0)z,, : (5)z,, = (3)z,5. This gives S-polynomial
3fy = 3y. and say f3 = 3y.

For the set {1,2}. We compute (2)z,, : (5)z,, = (1)z,5, which gives the S-polynomials
102f, — yfo = 14y* and it is reduced with respect to G = {f1, f2, f3} ,then add to G
as fq = 1492

We now compute the saturated subset of {1,2,3} which contain 3, these are {3}, {1, 3}
and {1,2,3}.

For the set {3}, we compute (0)z,, : (3)z,s = (5)z,5, which gives the S-polynomial
55 = 0.

For the set {1,3} we compute (2)z,. : (3)z,; = (1)z,5, which gives the S-polynomial
9f1 — 22 f3 = 12z which is minimal then add fs = 12z to G.

For the set {1,2,3}. we compute (2,5)7,. : 3z, = (2)z,5 : 3z, = (1)z,, which
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gives the same polynomial to {1,3}.

We next compute the saturated subset of {1,2,3,4} which contain 4, these are {3,4}
and {1,3,4}.

For the set {3,4}, we compute (3)z,, : (14)z7,, = (3)z,5, which gives the S-polynomials
My fs —3f1=0.

For the set {1,3,4}, we compute (2,3)z,; : (14)z,, = (2)z,s : (14)z,, = (1)z,,, which
gives the S-polynomial Ty f, — 2% f, = 6yz ihr 0.

Next we compute the saturated subset of {1,2,3,4,5} contain 5, these are {2,5},{3,5},{3,4,5}
. {1,2,3,5} and {1,2,3,4,5}.

For the set {2,5}, we compute (5)z,, : (12)z,. = (5)z,,, which gives the S-polynomial
12f, — 522 fs = 12y L5, 0.

For the set {3,5}, we compute (3)z,. : (12)z,, = (1)z,, which gives the S-polynomial
122f5 —yfs = yz £>+ 0.

For the set {3,4,5}, we compute (3,14)7,. : (12)z,, = (14)z,. : (12)z,. = (1)z,5, which
gives the same polynomial to {3,5}.

For the set {1,2,3,5}, we compute (2,5,3)z,; : (12)z,, = (5,3)z,; : (12)z,, = (D) 7.,
which rise the S-polynomial to zero.

For the set {1,2,3,4,5}, we compute

(2,5,3,14)z,. : (12)z,. = (,5,3,14)z,, : (12)z,, = (3,14)z,. : (12)z,, which is the
same to the set {3,4,5} the nothing to be add to the polynomial.

Then { f1, fa, f3, fa, f5} is a Groebner basis for the ideal (f1, f2).



Chapter 3

Application of Groebner Basis

This section devoted to giving a number of applications of the theory developed in the
previous section to computations in polynomial rings and also give some applications
to computations which use polynomial rings.

Since Groebner basis has many applications in many disciplines,we only focus in

algebraic geometry and commutative algebra.

3.1 Elementary Applications of Groebner Basis
3.1.1 Ideal Membership Problem

Let I = (f1,...,fs) be an ideal of K[z1,...,x,], Given f € Klzy,...,z,], to deter-

mine whether f € I, that is find uy,...,us € K[xy,...,z,]| such that
f=wfi+ - +usfs

By Theorem 1.3.2 if F = {fi,..., fs} is a Groebner basis for I, then
fel=f i>+ 0

So if ' = {f1,..., fs} is not a Groebner basis for I, we can not determine whether

f belongs to I due to the fact that if we interchange the position of the f;’s the

64



65

remainder is not unique. Since every ideal has a Groebner basis then we compute the

Groebner basis for the ideal to solve the ideal membership problem.

Example 3.1.1. Let I = (f; = -2 +y, fo = 2%y — 2) C Q[z,y, 2] with a term order
lex, and f = xy3 — 2% +y° — 23, to decide whether f belongs to I, if we use directly
division algorithm it is impossible since lt(f1) and lt(fy) do not divide lt(f) ,the we
need to find the Groebner basis for I.
Then {g1 = 2% —y,g90 = 2%y — 2,93 = y° — 23,94 = vz — y?, 95 = xy®> — 2*} is a
Groebner basis for I, then

f=95+9s

This implies f € I.

3.1.2 Quotients of Polynomial Rings

Definition 3.1.2. [6] Let I C K[xy,...,2,] be an ideal and let f,g € K[z1,...,x,].
We say that f and g are congruent modulo I, written as f = g(modl), if f—gel

Theorem 3.1.3. [6] Let I C K[xy,...,x,], Then congruence modulo I is an equiva-
lence relation on K|xy, ..., T,).
Proof. Congruence modulo I is reflexive since f—f = 0 € I, for every fin K|xy, ..., z,].

To prove symmetry, suppose that f = g(modl). Then f — g € I, which implies that
g—f=(=1)(f—g) € I as well.Hence g = f(modlI) also. Finally, we need to consider
transitivity. If f = g(modI) and g = h(modI), then f—g,g—h € I. Since I is closed
under addition then f —h = f — g+ g— h € I. Hence f = h(modlI). O

An equivalence relation on the set S partitions S into a collection of disjoint

subsets called equivalence class. For any f € K|xy,...,x,],the class f is the set

1 =19 € Kz, ..., 2n]lg = f(modl)}

Definition 3.1.4. [6] The quotient of K[x1, ..., x,| modulo I, written as K[y, ..., x,)/I
1s the set of equivalence classes for congruent modulo I:

Klzy,...,x.)/T={[f]: f € K[z1,...,2,]}
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Theorem 3.1.5. [6] Let I be an ideal in K[x1,...,x,]|. The quotient K[z, ..., x,)/]
1s commutative ring under the sum and product operation given below

f1+ gl =[f + 9] (sumin K[xq,...,2,])
[fllg] = [f9g] (product in K[xy,..., x,])

Proof. First we need to show well-defined property of the operations.
If f'€[f] and ¢ € [g], then f' = f 4+ a and ¢ = g + b, where a,b € I. Hence

ffrg=(U+a)+(g+b)=(f+g)+(a+D)

Since a + b € I, it follows that '+ ¢ = f + g(modI), so [f' + ¢'] = [f + ¢
Similarly
f'g = (f+a)g+b)=fg+ fo+ag+ab

since a,b € I, fb+ag+ab e I. Thus f'¢' = fg(modl), So

/"9l = /4]

Since the above operations are well-defined other properties of to be commutative ring
satisfied immediately with additive identity [0] € Klzy,...,x,]/] and multiplicative
identity [1] € Klxy,...,x,]/1. O

3.1.3 Algorithmic computations in K[zy,...,z,]/I

In this section, we will use the division algorithm to produce simple representatives of
equivalence classes for congruence modulo I, where I C K[xy,...,z,]is an ideal. These
representatives will enable us to develop an explicit method for computing the sum
and product operations in a quotient ring Klxy,...,z,|/1.

The basic idea that we will use is a direct consequence of the fact that the remainder
on division of a polynomial f by a Groebner basis G for an ideal I is uniquely
determined by the polynomial f.

Theorem 3.1.6. [6] Fiz a monomial ordering on K[xy,...,x,] andlet I C K[y, .., x,)
be an ideal, let (It(I)) will denote the ideal generated by the leading terms of elements
of I

1. Every f € K|xy,...,x,)] is congruent modulo I to a unique polynomial r which
is K-linear combination of the monomials in the complement of (It(I)).
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2. The element of {X* : X* ¢ (It(I))} are "linearly independent modulo I” that
18

Z o X = 0(modl)
Where the X are all the in the complement of (lt(I)),then c, = 0 for all c.

Proof. (1) Let G be a Groebner basis for I and f € K[xy,...,x,]. Then by Proposition
1.35, f = g+ r where ¢ € T and r € Klxy,...,x,]. Hence f —r = q € I, so
f = r(modlI). The division algorithm tells us that r is a K-linear combination of the
monomials X* ¢ (It(I)). The uniqueness of r is from Proposition 1.3.5.

(2) To show {X*: X ¢ (it(I))} is "linearly independent modulo I”

Suppose the contradiction, that is there exist ¢,’s not all zero such that

Z ca X = 0(modl)

«

then there exist some a’s such that ) ¢, X € I. But it contradicts the hypothesis
that X & (lt(1)).
Therefore { X : X* ¢ (It(I))} is "linearly independent modulo I.” O

Theorem 3.1.7. [6] Let [ C Klxy,...,x,] be an ideal. Then K[xq,...,x,]/I is iso-
morphic as K -vector space to S = (X* : X* ¢ (It(I)).

Proof. Let us define a map ¢ : K|xy,...,2,|/] — S defined as

O([f]) = Na(f),where Ng(f) is a normal form f with respect to G, where G is a
Groebner basis for 1.

(1))W.T.S: & is well-defined

Let [f], [g] € K[z1,...,x,]/1,such that [f] = [¢], this implies f = g(modI), then there
exists ¢ € I, such that f = ¢ + g. Thus Ng(f) = Ng(q) + Ne(g). But Ng(q) = 0,
since g € I, so Ng(f) = Ng(g). Then @ is well-defined.

(ii) ® is one-to-one

o([f]) = @(lg]), for [f]lg] € Klay, ...zl /1.
Ne(f) = Nelg)

Then f —g = (f — Na(f)) — (g — Ng(g)) € I and hence f — g € I implies that

f = g(modl), then [f] = [g].
(iii) @ is onto due to Proposition 1.3.5



68

Hence it remain to show that & preserves vector space operation.

Let ¢1,c0 € K and fy, fo € K[x1, ..., 2], then ¢y fi+cafo—(c1 Ng(f1) +c2Ng(f2)) € T
and (1 Ng(f1) + caNg(f2)) is reduced with respect to G.

Then Ng(c1fi+cafa) = c1Na(f1)+caNg(f2) Then @ preserves vector space operation.
K[xq,...,x,)/I is isomorphic as K-vector space to S = (X : X* & (It(I)). O

Corollary 3.1.8. [1] Let G = {g1,...,9:} be a Groebner basis for I,a basis of the
K -vector space K|xy,...,x,|/1 consists of the Cosets of all the monomials X such
that Im(g;) does not divide X for alli=1,... t.

Proof. Let f € Klzy,...,x,], f+1 = Ng(f)+1in K[z1,...,x,]/I. Since Ng(f) is
reduced with respect to G, by the above Theorem Ng(f) is a K-linear combination
of monomials X such that Im(g;) does not divide X for all ¢ = 1,... ¢. Finally, the
cosets of such power products are linearly independent by Theorem 3.1.6. O

Example 3.1.9. Let I = (z* +y — 1,2y — 29> + 2y) C Q[z,y, 2] with term order
deglezx.

Then (vy — 2y* + 2y, 2> + y — 1,y> — Ty® + 3y) is a Groebner basis for I. Then
(It(1)) = (xy, 2,9, Then Q[z,y,2]/I is generated by {1,y,y? z}.

Next we want to determine whether f + I of K[zy,...,x,]/I is invertible or not.

the following theorem gives the answer for our question.

Theorem 3.1.10. [1] Let I = (f1,..., fs) C K[x1,...,x,] be an ideal and
f € Klzy,...,x,], then f+ I has an inverse in K|xy,...,x,]/I if and only if
Le(f, fi,--, fs)

Proof. Suppose f + I has an inverse in K|xy,...,x,|/I, then there exists
g € K[xq,...,x,], such that

(f+D(g+1)=1+1
then fg—1¢€ (fi,..., fs).

then 1 € (f, f1,..., fs).
Suppose 1 € (f, f1,..., fs), then

L=gf+) hifi

=1
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Where g, hy,...,hs € K[z1,...,2,]

Then
fgel
fg+1 = 1+1
(f+D)(g+1) = 1+1
then g + I is the inverse of f + I. O

Thus, given an ideal I = (f,..., fs) and a polynomial f € K[zy,...,x,], to
determine f+ I has an inverse in K[z, ...,x,]/I and to compute the inverse, we first
find a reduced Groebner basis H for the ideal (f, fi,..., fs). If H # {1}, then f + 1
does not have an inverse in K[zy,...,z,]/I.

If H= {1}, 1 can be expressed as linear combination of f, fi,..., fs, then
1:h1f1++hsfs+gf

Where g, hy,...,hs € K[z1,...,2,]
Then the polynomial g is then the inverse of f modulo .

Example 3.1.11. Let [ = (f; = 22 +y*>+ 1, fo = 2%y +2xy + ) C Zs[z,y] with term
order lex, let y* + I € Zs|x,y]/I, to determine y* + I is invertible in Zs[z,y]/I, We
compute the Groebner basis for

(2? +y? + 1, 2%y + 22y + x,9%), Then {1} is a Groebner basis for (x* +y* + 1, 2%y +
2zy + x,y°%), so y* + I is invertible in Zs|x,y]/1,

To find the inverse of y* + I, we find the Groebner basis for I, then {x*+ 3>+ 1,2y +
3z +2y3 + 2y, y° + 2y + 4y +4y+2} is a Groebner basis for I, then {1, z,y,y?, v*, y*}
are the basis of Zs[x,y].

Then we need to find a,b,c,d,e, f € Zs, such that

(az + by* + cy® + dy® + ey + f)(y*) = 1(modI)

Now,
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(ax + by* + cy® + dy* + ey + f)(y?)
= azy’ + by + ey’ +dy' + ey’ + [y
= daz + 3ay* + ay® + 3ay® + ay + 4by*
4+ by® + 4by? + by +4b + 3cy* + ey + ey + 3c+ dy* + ey + fy*(modl)
= darv+ (Ba+4b+3c+d)y* +(a+b+e)y’ +(Ba+4b+c+ fy* +(a+b+c)y
+ (4b+ 3¢)
So (ax + by* + cy® + dy* + ey + f)(y?) = 1(modl) if and only if

4a =0
3a+4b+3c+d=0
a+b+e=0
3a+4b+c+ f=0
a+b+c=0
4b+3c=1

When we solve the above equation we get that,
a=0,b=1,c=4,d=4,e=4 and f =2,
Then, y* + 4y° + 4y* + 4y + 2 + I is the inverse of y* + I in Zs[x,y]/I

3.2 Basic Algorithms In Ideal Theory

In this section we will discuss and develop a number of algorithms to carry out the

algebraic operations that make use of Groebner basis.

3.2.1 Elimination Theorem

Definition 3.2.1. [6] Given [ = (fi,...,fs) C K[zy,...,x,], the k'™ elimination
ideal Iy, is the ideal of K[xyyq,...,x,] defined by

]k:IﬂK[$k+1,...,In].

Theorem 3.2.2. (Elimination Theorem.) [6] Let [ C K[xy,...,x,] be an ideal
and let G be a Groebner basis for I with respect to fixed term order where
Ty > X9 > - > x,. Then for every 0 < k < n. the set

Gr=GNKlxyi1,...,7,)

is a Groebner basis of the k' elimination ideal.
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Proof. Fix k between 0 and n. Since G C I, by construction,it suffices to show that
(IH(G)) = ((1)).

By definition of Groebner basis (It(Gy)) C (lt(x)). To prove the other inclusion

Let f € I, then f € I, and thus f is reducible modulo G, say f -2+, h, with g € G,
since lt(g) divides It(f), then leading term of g are in x4 > -+ > x,, then g € Gi,
then (It(Ix)) C (It(Gy)).

Therefore GGy, is a Groebner basis for Ij. O

The following are the basic applications of Elimination Theory.

3.2.2 Intersection of Ideals

Definition 3.2.3. [6] The intersection I NJ of two ideals I and J in K[x1,. .., z,)
1s the set of polynomials which belongs to both I and J.

Theorem 3.2.4. If I and J are ideals in K[z1, ..., x,], then INJ is also K[z, ..., x,].

Proof. Notethat 0 € INJ since0 € Tand0 € J. If f,g € INJ ,then f4g € I because
fyg € I . Similarly f + g € J and, hence, f + g € I NJ. Finally, to check closure
under multiplication, let f € I NJ and h be any polynomial in k[xq,...,z,]. Since
f € I and I is an ideal, we have hf € I. Similarly hf € J and, hence, h-f € INJ. O

Theorem 3.2.5. (3] Let I1,..., 1, be ideals of K|xy,...,x,| and let
J=1=(p+ 4+ Yn),vilr, . Ymln) C K[z1,. .., Zn, Y1y, Ym], then

m

ﬂ[i:JﬂK[xl,...,xn]

i=1
Proof. Let f € JNK|[xq,...,x,], then f € J. we can represent f as

m

m k;
f=g(1- Zyz) + Z Zgijyisij
i=1 i=1 j=1
Where ky,....kyn, € N, g,9;; € Klz1,...,%0,Y1,...,Ym) and s;; € [; for 1 < i < m
Now let 1 < k < m. Setting y, = 1 and y; = 0 for ¢ # k leaves the left-hand side
unchanged and turns the right-side into an element of Ij.



72

Then, f S DZL Iz
Conversely, let f € (-, ;. Then the equation,

fzf(l—Zyi)JrZyif

Then f € JNK[zy,...,z,).

ﬂ[i:JﬂK[ail,...,xn]

=1

O

Corollary 3.2.6. [1] Let I and J be ideals in K[z1,...,z,), and t be a new variable.
Consider the ideal (tI1,(1 —1t)J) in K[z1,...,2,,t]. Then

INJ=0I,1=t)J)NKlxy,...,z,)
Proof. Let f € I NJ, Since
f=tf+0=0)f
we have f € (tI,(1 —t)J) N K|xy,...,x,)

Conversely,suppose f € (tI,(1 —t)J) N K|zy,...,x,], then
fel,1-t)J)C Klzy,...,xn,,1]

f= thihi + Z(l — U)pik;
i=1 i=1

where f;’s and p;’s are the generators of I and J respectively and h;, k; € K[z, ..., x,,1]
Since the variable ¢ does not appear in f, we can let ¢t = 1, then f € [ and if t = 0,
then f € J. m

The above results and the Elimination Theorem leads to the following algorithm
for computing intersection of ideals:
Let Iy,..., I, beideals in Kzy,...,z,], We consider the ideal
J=1=w+ - +ym)uili, . Ymlm) € K[z1,...,Tp, Y1, .., Yn) and compute the
Groebner basis for J with respect to lex such that y; > -+ > y,, > 21 > -+ > x,.

The elements of this basis which do not contain the variable y;’s will form a basis of

ﬂ?il I;.
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Example 3.2.7. Let I = (x,y), I = (x — 1,y), I3 = (x — 2,y — 2) C Q[x,y], then to
find I N I, N I3, we compute the Groebner basis for

(1—a—0b—c,azx,ay,bxr — b, by, cx — 2¢,cy — 2c)

with lex such that a >b>c > x > y.

then {a+b+c—1,b—x+y,2c—y,2* —xy —x+y,xy — y* y*> — 2y} is the Groebner
basis of (1 —a —b— c,ax,ay,bx — b, by, cx — 2¢, cy — 2c).

Then from the set of basis we take elements with out the variables a,b and c.
Therefore, [ NI, N I3 = (2% — 2y — x + y, 2y — %, y* — 2y).

Definition 3.2.8. Fiz a term order on Klxy,...,x,|, for f,g € K[xy,...,x,]both
non-zero,we define

(i)The Greatest Common of Divisor of f and g denoted by ged(f,g) to be the
polynomial d such that

1. le(d) =1
2. d dwides both f and g
3. If h 1s another polynomial that divide both f and g, then h divides h.

(i) The Least Common Multiple of f and g denoted by lem(f,g) to be the poly-
nomial k if

1. f dwides k and g divides k.

2. k divides any polynomial which both f and g divide.

Remark: It is true that f - g = lem(f, g) - gcd(f, g).

Lemma 3.2.9. [6] For f,g € K|zy,...,x,], both are non-zero, we have

(f) N {g) = (lem(f, g)).

Proof. Let k =lem(f, g), then by definition of k, k € (f) N (g).

Conversely,if h € (f) N (g), then h = af and h = bg, for some

a,b € Kxy,...,x,]. Hence f divides h and ¢ divides h, and thus k divides h by the
definition of lem(f, g), so that h € (k). then

(f) N (g) = (lem(f, g))
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Therefore to compute the lem and then the ged of two non-zero polynomials f
and g in K[z1,...,x,], we first compute the reduced Groebner basis G for the ideal
(tf, (1—t)g) with respect to an elimination order with z1, ..., x, smaller than ¢. Then
lem(f,g) is a polynomial in G' in which ¢ does not appear. To obtain gcd(f, g), we

use the Division Algorithm to compute

ged(f.g) = ———=—

Example 3.2.10. Let f = 2% + 2%y + 2222 — 22y% + 2222 — a9 — ay?2? — 322
and g = 2t + 2232% — 2%9® + 222% — 229%2? — y?21. Then to find (f) N {g), since
f=@—y)(r+y)?*@+2%) and g = (v —y)(z +y)(z + 2°)% then

lem(f,9) = (z — y)(z +y)*(z + 2°)%.

Therefore (f) N {g) = ((x — y)(x + y)*(z + 2%)?).

3.2.3 Colon Ideals

Definition 3.2.11. [6] If I, J are ideals in K[x1,...,x,), then I : J is the set
{f € Klz1,...,2,] : fg € I, for all g € J} and is called the ideal quotient(colon
ideal) of I by J.

Theorem 3.2.12. [1] If I,J are ideals in K[zy,...,x,], then I : J is an ideal of
Klxq,...,2z,) and I : J contains I.

Proof. Since0-g=0¢€ [ forallge J thenO0el: J

Let fi, fo € I :J. Then fig, fog are in [ for all g € J. Since [ is an ideal (f; + f2)g =
fig+ fag € I for all g € J. Thus f1 + fo € I.

To check closure under multiplication, if f € I : Jand h € K[xq,...,x,], then fg € I,
since [ is an ideal hfg € I for all g € J, which means hf € I. m

Lemma 3.2.13. [1] Let I and J = (f1,..., [s) be ideals in Klxy,...,x,], then
I:J=(\I:(f)
i=1
Proof. If g € I : J, then gJ C I, so in particular gf; € I foralli=1,... s, and hence

g€ iy I:(fi). Conversely , if g € (;_, I : (fi), then g(fi) C I foralli=1,...,s,
and hence gJ C I, so that ge I : J. [
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Theorem 3.2.14. [1] Let I be an ideal and f # 0 be a polynomial in Klxy,. .., x,],

th
en 1

I:(f) = }(Iﬂ ()

Proof. If g € %(Iﬂ (f)), then gf € I and hence g € I : (f).
Conversely,if g € I : (f), then gf € I, and hence gf € I N (f), so that

gelan (). 0

This theorem,together with our procedure for computing intersections of ideals
immediately leads to an algorithm for computing a basis of an ideal quotient.
Namely if I = (f1,..., fs) and J = (g1,...,g:), to compute basis of I : J, we first
compute I : (g;) for all i. We first compute a basis of (fi,..., fs) N {g;), then using
division algorithm,we divide each of these elements by g¢; to get a basis for I : (g;).
Finally, we compute a basis for I : J by applying the intersection algorithm ¢ — 1
times, computing first basis for I : (g1,92) = (I : g1) N ({ : g2), then the basis for
I:{q1,92,93) = (I : {g1,92)) N (I : (g3)), and continue in such way.

Example 3.2.15. Let [ = (2?y+x —y,zy* —x) and J = (2? +y?, 2> +y) in Qlx,y],
then to compute I : J, first compute the basis for I : (x® +y*) and I : (z3 +y)

To find the basis for I : (x? + y*) first compute the basis for I N (x? + y?),then
IN(@® +y?) = (=" +y*)(v* — 1), (2 + y*)(2® — y* + 32y — 22°)

Then I : (x® +y?) = (y*> — 1,22 — y* + 3zy — 229°)

and 10 (2° +y) = ((2° +y)(y* = 1), (@ +y)(@* — y* + 29°).

Then I : (x® +y) = (y* — 1,22 — y* + 23®).

Sol: (x> +y* 23+y)=(: (x> +y*))N(I: (x> +y)). Then by applying Elimination
Theorem and algorithm for intersection of ideals we get that
I:J=(y*—1,224xy—1).

3.2.4 Saturation Ideals

Definition 3.2.16. [6] Let I C Klxy,...,x,] be an ideal and fix f € Kz1,...,x,],
Then the saturation of I with respect to f is the set

I:f*={ge€ Klry,...,z,)|f"g €I for some m > 0}.
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Theorem 3.2.17. [6] Let I C Klxy,...,x,] be an ideal and fix f € K[x1,...,x,),
L. I: > is an ideal of K[z1,...,x,].

2. We have an ascending chain of ideals
I:fcl:f?c---

3. By part 2 and the ascending chain condition we have
I:fN=1:fN*=... for some integer N and I : f* =1: N

Proof. (1) Since f™-0=0 € I for some m > 0, then 0 € I : f*.

Let g1,g0 € I : f°, then f™gy, f™gs € I, since I is an ideal, f™g; + Mgy € I, then
f™(g1 + g2) € I which implies g; + g € I : f*.

Let h € Klzy,...,z,] and g € I : f*°, then for some m > 0 f™g € I, since [ is an
ideal then f™gh € I which implies hg € [ : f*.

(2)Suppose m > n, for some positive integers m and n, then (f™) C (f").

Let g € I: f™, then f"g € I, then f™g € I, due to that (f™) C (f").

(3) It is true by Hilbert’s Basis Theorem. O

Theorem 3.2.18. [3] Let I be an ideal of K|xy,...,2,], 0# f € K[z1,...,2,] and
J=,1—-yf) C Klxy,...,zn,9|, then

I:f®=JNK[z,... ]
and if {f1,..., [s} be the basis of I and {g1,...,9:} is the basis for

JNK[xy,...,x,] with

g =h(L—yf)+> hifi(1<i<t)

j=1
Where h;, hij € K[z1,...,2,,y], then

k = max{deg,(hi;),1 <i<t,1<j<s}
satisfies I : f&¥ =1 : f>~.

Proof. Let g € JN K|xy,...,2,], then

9=> afi+ql—yf)
=1
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where q,q; € K[z1,...,x,,y|. Temporarily passing to the field of quotients K (x1, ..., zn,y)
of K[xy,...,x,,y], we may replace y by % and then multiply the equation by f¢, where

d = maz{deg,(q;)}. Thus we obtain an equation f%g = >"7 | h;f; with

h; € K|xy,...,x,|, which implies g € I : f*.

Conversely, let g € I : f*°, then for some m > 0, f"ge I C J.

Since 1 = yf(modJ) we conclude 1 = (yf)™(modJ). We then have

g=y"f"g=0(modJ).

Then g € JN K[xy,...,z,).
It remain to show that I : f> =1 : f*.
Let g € I: f>°, Then

t
g = Zpigiy (pi € K[z, ..., 22])

=1

= Zpi(h,-(l —yf)+ Zhijfj)

j=1
If once again replace y by % and multiply by f*, then we see that f*g € I, then
g € I : f*. The other direction is true by Theorem 3.2.17.
O
Remark:There is no clear computational method to find minimal £ to make
I:f* =1: f but the least k will be obtained by trial and error method.

The above algorithm is another version of "Radical Membership Problem” that we

have seen in the next section.

3.3 Hilbert Nullstellensatz

Hilbert’s Nullstellensatz may be seen as the starting point of algebraic geometry.It
provides a bijective correspondence between affine varieties, which are geometric ob-
jects, and ideals in a polynomial ring, which are algebraic objects. In this section, we

give the proofs and their implication of the three versions of the Nullstellensatz.
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Definition 3.3.1. [6] Let I be an ideal in Klxy,...,x,], we can define the set
V(I)={z e K"|f(x) =0 for all fel}

and it is called an affine variety defined by I.

Thus an affine variety V(I) is the set of all common roots for polynomials those
belong to 1.
Definition 3.3.2. [6] Let V C K™ be an affine variety, then we set
IV)=A{f € Klzy,...,x,]|f(x) =0, for all x €V}

Lemma 3.3.3. [6] Let V' C K™ is an affine variety ,then (V') is an ideal of K|xy, ..., x,].
We call I(V') is the ideal of V.

Proof. Since the Zero polynomial vanishes on all of K™, then 0 € I(V').
Let f,g € I(V) and h € K[z1,...,x,] and x € V be arbitrary,then

fx)+9(x)=0+0=0
(f +9)(z) =0
h(z)f(z) =h(x)-0=0
(hf)(x) =
So,I(V) is an ideal. O

Lemma 3.3.4. [6] Let f1..., fs € K[xy1,...,x,], then (fi,..., fs) CI(V(f1,..., [s))

Proof. Let f € (f1,..., fs), then f =>"7_ h;f; for h; € K[x1,...,x,]. Since fi,..., fs
vanishes on V(f1,..., fs), so is >.;_, hif;. Thus f vanishes on V(fi,..., fs), then

fE](v(fla'--vfs))' ]

Definition 3.3.5. [6] An ideal [ C K[xy,...,x,] is said to be mazimal if
I # Kz, ...,x,] and any ideal J containing I is such either J =1 or
J = K[Z‘l,...,.i(,’n}.

Lemma 3.3.6. [6] If K is any field and I C K|x1,...,x,] of the form
I={(x1—ay,...,x, —ay)

where ay, ..., a, € K is maximal.
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Proof. Suppose J is some ideal containing I. Then there exist f € J such that f & I.
then by division algorithm we can write f as

f=h(xy—a) 4+ +hy(x, —a,) +r

for hy,...,hs € Klxy,..., 2, and r € K
Since hy(x; —ay) + -+ hp(x, —a,) € I and f ¢ I, we must have r # 0. However
fedJand hy(zy —a1)+ -+ hy(z, —a,) € I C J, we also have

r=f—(h(zy—a))+-+hy(r, —an) €J
1
Since r is non-zero, 1 = Eb €J, S0 J=Klxy,...,z,) H

Lemma 3.3.7. (Mazimal ideals in polynomial ring) [13] Let K be an algebraically
closed field and m C Klxy,...,x,] be mazimal ideal in a polynomial ring over K.
Then there ezist a point P = (ay,...,a,) € K" such that

m=(T| —ay,...,Tp — Qp).

Proof. Let ¢ : Klx;] — Klx1,...,x,] defined as ¢(f) = f is a ring homomorphism.
Since by Elimination theory m N Klxz;] is an ideal of K{[z;].

Let ¢ : K[z;] — Klx1,...,x,]/m, defined as ¢(f) = f + m. Then ¢ is ring homo-
morphism.

Claim:ker(¢) = m N K|x;]

Let h € ker(¢),then ¢(h) =m=h+m

Then h € m, which implies h € mN K|[z;]

Conversely,let h € m N K{z;], then h € m, which implies h + m = m
Therefore,¢)(h) = m, which shows h € ker(¢).

Then ker(¢) = mnN K|z;).

Then by First Isomorphism Theorem, K[z;]/mN K[z;] & K[z1,...,,]/m.

Since m is maximal then K{zy,...,z,]/m is a field,then K[z;]/m N K|xz;] is a field.
Then m N K|z;] is maximal.

Since K[z;] is principal,then there exists f € K[x;] such that m N K[z;] = (f),
since m N K[x;] is maximal,then f is irreducible. But K is algebraically closed the
irreducible polynomial is linear.i.e f = x; — a; for some a; € K.

Then x; —a; € mforallt=1,...,n, then

(x1—ay,...,Tp —a,) Cm
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But by Lemma 3.3.7, (x; — aq,...,%, — a,) is maximal then
(x1 — a1, ..., Ty —ay) =M

]

Let K be field,then different ideals have the same variety,for example let us take
ideals I} = (z* + y* + 1), I, = (1) € Rz, y|, then V(I;) = V(1) = Q.
Does is it true if K is algebraically closed? The following Theorem gives the answer

for this question.

Theorem 3.3.8. (The Weak Hilbert Nullstellensatz) [13]
Let K be algebraically closed field and let [ C Kz, ..., x,] be an ideal. Then V(I) = @
if and only if I = Klxy,...,z,)].

Proof. Suppose V(I) = @, we want to show that [ = Klxy,...,z,].
Suppose the contradiction,then I is maximal or [ is contained in some maximal ideal
m, since K is algebraically closed there exist aq,...,a, € K such that

m=(ry —ay,...,Tn— Qy).

Then, V(m) = (ay, ..., ay).

If I € m, then V(m) C V(I), then (ay,...,a,) € V(I), which contradicts our

assumption.

for the converse if I = K[xy,...,x,], then since (1) = K[xy,...,x,],

then V(1) =0 = V(K|zy,...,z,]) = V(). O
The Weak Hilbert Nullstellensatz allows us to solve consistency problem(does the

system of polynomial equation have a common solution or not) that is if we have

system polynomials f; = 0,..., f; = 0. Then the polynomials fail to have a common

solution if V(f1,..., fs) = O.

To apply the consistency algorithm: let K is algebraically closed, if we have

polynomials fi,..., fs € K|xy,...,z,], we compute a reduced Groebner basis of the

ideal they generate with respect to any ordering. If this basis is {1}, the polynomials
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have no common zero in K™; if the basis is not {1}, they must have a common zero.
If we are working over a field K which is not algebraically closed, then the consistency
algorithm still works in one direction: if {1} is a reduced Groebner basis of { f1, ..., fs}
then the equations f; = --- = f; = 0 have no common solution.The converse is not

always true.

Theorem 3.3.9. (Hilbert’s Nullstellensatz) [6] Let K be an algebraically closed
field. If f, f1,..., fs € Klz1,...,x,] are such that f € I(V(fi,...,[s)), then there
exists an integer m > 1 such that

fm6<f1>~--7fs>

and Conversely.

Proof. Consider the ideal

I'={(fi,....fol—yf) C Klzy,... 20,

where f, f1,..., fs are as the above.
We claim that V(I') = O
To see this,let (ai,...,an, apny1) € K™ Either

e (ay,...,a,) is common zero of fi,..., fs, or
e (aj,...,a,). is not common zero of fi,..., f;
If (ay,...,a,) is common zero of fi,..., fs, then f(ay,...,a,) =0, since

FEIWV(fi,.. .\ 1),

Thus,the polynomial 1 —y f takes the value 1 — a1 f(a1,...,a,) =1 # 0 at the point
(@1, .y Ay Apyr)-

In particular (ay,...,an, ane1) & V(I').

For the second case, suppose there exists some f;;1 <1 < s, such that

fila1,...,a,) # 0. Consider f; as a polynomial in n + 1 variables which does not
depend on the last variable,we have f;(ay,...,a,,any1) # 0. In particular, we again
conclude (ay,...,an,any1) ¢ V(I').

Since (ay, ..., dn, ayy1) € K™ was arbitrary,we conclude V(I') = @.

Thus by Weak Hilbert Nullstellensatz, 1 € I’, That is

1= Zpi<x1a ce >$n>y)fi + Q(xla s >$n>y>(1 - yf)
=1
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where ¢, p; € K|x1,...,2n,y|. Now set y = 1/f(z1,...,x,), Then

1= Zpi(l’h <oy Ly 1/f)fz
=1

Multiply both sides of this equation by a power f™, where m is chosen sufficiently
large to clear all the denominators. This yields

fr=3 hifi
i=1

for some h; € K|xy,...,2,]|. Thus

fm € <f17---7fs>'

Conversely, f™ € (f1,..., fs) and (a1,...,a,) € V(f1,..., [s), then

f™ay,...,a,) = 0, since K is an integral domain f(as,...,a,) = 0, which implies
felV(fi,.-. fs). O

The Hilbert Nullstellensatz states that, over an algebraically closed field, this is
the only reason that different ideals can give the same variety: if a polynomial f

vanishes at all points of some variety V' (I), then some power of f must belong to I.

Definition 3.3.10. [6] An ideal I C K(zy,...,x,]. The radical of I denoted by /T
is the set

VI={feKl[xy,...,x,)| there exists m € N such that f™ € I}

Lemma 3.3.11. [6] If I is an ideal in K[z1, . .., x,), then /T is an ideal in K[xy, ..., 2y
containing 1.

Proof. Since 0™ € I, then 0 € I, therefore 0 € /1.

Let f,g € VI, then there exist m,n € N, such that f™, ¢" € I. But in the Binomial
expansion (f + g)™ ™~ every term has a factor fig’ with i +j = m + n — 1. Since
either i > m or j > n, either f* € I or ¢/ € I, hence f'¢’ and every term in the
binomial expansion is in I. Hence ,(f + ¢)™™ ! € I then f + gVT.

Let h € K[zy,...,%,) and f € VI, then f™ € I for some m € N. Since I is an
ideal,(hf)™ = k™ f™ € I. Then hf € /1.

Let f € I, then f! € I which implies I C V/T. O
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Theorem 3.3.12. (The Strong Nullstellensatz) [6] Let K be algebraically closed
field. If I is an ideal in K|xy,...,2z,]|. Then

V(1) =1

Proof. Suppose f € I(V(I)). Then by definition, f vanishes on V(I). By Hilbert’s
Nullstellensatz, there exists an integer m > 1 such that f™ € I, then f € V/I. Since
f is arbitrary, I(V(I)) C V1.

Converselylet f € v/ implies that f™ € I for some m, then f™ vanishes on V(I),
which implies that f vanishes on V(I). Thus f € I(V(I)). O

The above Theorem implies that V (I;) = V(I5) if and only if /T, = /L.

Theorem 3.3.13. (Radical Membership)[l| Let K be arbitrary field and let
I={f1,....f) C K[z1,...,x,] be an ideal then f € /I if and only if the constant
polynomial 1 belongs to the ideal I' = (fy,..., fs,1 —yf) C K[z1,...,2n,y].

Proof. Suppose f € /I, then f™ € I C I for some m € N, and since 1 —yf € I', we
have

L=y 4+ A=y f") =y "+ A —yf)(L+yf+-+y" el

Conversely,let f € I', then
f = Zhi('xla s 7xn7y>f’i + q<l'1, <o 7$nay)(1 - ?Jf)
=1

Where ¢, h; € K|xy,...,Tn, Y]
Now set y = 1/f(z1,...,x,), then

f:Zhi(xl,...,xn,l/f)fi

Multiply both sides by f¢ where d is as large as possible to eliminate the denominators.
This yields

de = sz‘fi
i=1

where p; € K[y, ..., x,], then f&! € I, which implies f € v/I. ]
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If I = (fi,...,f) and given f € K[zy,...,2,], to determine f € /I we apply
radical membership algorithm.that is find the reduced Groebner basis for the
ideal (f1,..., fo,1—yf) C K[zy,..., T, y], if the basis is {1}, then f € v/I, otherwise,
[ éVT

Example 3.3.14. Let I = (x'y? + 2% — day®z — 2y°2, 2% + 22y% + y*) and
f=—-23+yz € Qx,y, 2], the to determine f € V1, we compute the reduced Groebner
basis G for the ideal

(a2 + 22 —dayP 2 — 2002z, 22 + 22y +yt, 1 +wad —wayz) C Qlr,y, z,w] and G = {1},
So feI.

Theorem 3.3.15. [1] Let K be algebraically closed field and I be an ideal in K|xy,. .., ,),
Fiz a monomial order on Klxy, ..., x,], then the following are equivalent

1. The variety V(1) is finite

2. Foreachi=1,...,n, there exist j € {1,...,t} such that Im(g;) = z} for some
v € N, where {g1,...,q:} is a Groebner basis for I.

3. The dimension of the K -vector space K[z1,...,x,]/I is finite.

Proof. (1) = (2) Assume that V(I) is finite. If V(1) = O, by the

Weak Nullstellensatz Theorem I = Klxy,...,x,], then G = {1} and (2) satisfied
immediately.

Suppose that V(1) # O. Fix i € {1,...,n}. Let a;;,j = 1,...,1 be the distinct i*"
coordinates of the points in V(I). For each j,1 < j < [, let 0 # f; € K[z;] C
Klzy,...,z,| be such that f;(a;;) =0.

Let f = fife---fi € K[z;] C Klzy,...,2,]. Then by construction we see that
f e I(V(I)), then by Theorem 3.3.9 there exists m € N such that f™ € I. Since
Im(f) = z" for some natural number n, and since the leading monomial of every
element of [ is divisible by the leading monomial of some element of G, there exists
a polynomial in G whose leading monomial is a power of x; alone.This is true for all
i=1,... .t

(2) = (3) We saw in Section 3.1 that the K-basis of K|xy,...,z,]/I is the set
of all Cosets of monomials which are reduced with respect to G. Since for every
i €{l,...,n} apower of of z; is the leading monomial of of some g;, there are finitely
many monomials which are reduced with respect to G, hence dim(K|[zy,...,x,]|/I)
is finite.
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(3) = (1) We want to show that for any i = 1, ..., n, there are only finitely many dis-
tinct values for the i coordinate of points in V (I). Since by assumption, K[z, . .., z,]/I
is finite dimensional K-vector space, the powers 1, z;, 27, ... of x; are linearly depen-
dent modulo I. Therefore there is an integer m and constants ¢; € K,0 < j < m, not

all zero,such that
m

Z cjm‘g el

=0
Since the above polynomial can only have finitely many roots in K, there are only
finitely many values for the i'* coordinates of the points of V(I). O

Definition 3.3.16. [1] An ideal I # K|x1,...,x,| that satisfies one of the equivalent
condition in Theorem 3.3.15 is called Zero-dimensional ideal.

Theorem 3.3.17. [7] Let K be algebraically closed field and let I C K[xy,..., )
be zero-dimensional ideal. Then dim(K |xy, ..., z,]|/I) is greater than or equal to the
number of points in V(I). Moreover, equality occurs if and only if I is a radical ideal.

Proof. Let I be a zero-dimensional ideal. Then V() is finite in K™.
Say V(I) = {v1,...,v,}. Consider the mapping

o: Klxy,...,z,)/ I — K™
[f] — (f(’l)1),...,f(vm))

Claim: ¢ is well-defined

Let [f] = [g] which implies that f — g € I, then f(v) — g(v) = 0, then f(v) = g(v).
Therefore ¢ is well-defined.

Next, we show that given distinct points vy, ..., v,,, there exist a polynomial

fi € Klzy,...,x,) with fi(v1) = 0 and fi(v2) = -+ = fi(vm) = 0. To prove this
note that if @ # b € K", then they must differ at some coordinate, say the j** and it
% satisfies g(a) = 1 and g(b) = 0. If we apply this observation
to each pair vy # Uj;,ijz 2, we get polynomials g; such that g;(v;) =1 and g¢;(v;) =0
for i > 2. Then f; = g9+ - - g, has the desired property.

follows that g =

In the argument just given,there is nothing special about v;. if we apply the same

argument with v, replaced by each po, ..., p,, in turn, we get polynomials fs,..., f,
such that f;(v;) =1 for i = j and f;(v;) = 0 for ¢ # j.
Now,let fi,..., fm be collections which satisfies the above condition and given arbi-

trary (A, ..., Ap) € K™, let f = >" Nifi, then o[f] = (A1,..., An). Thus ¢ is
onto, and hence dim(K[xy,...,z,]|/I) > m.
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Now suppose that I is radical. If [f] € ker(y), the f(v;) = 0 for all i, so that
by the Strong Nullstellensatz, f € I(V(I)) = /I = I. Thus [f] = [0], which
shows that ¢ is one-to-one as well onto.Then ¢ is isomorphism, which proves that
dim(K|xy,...,x,]/1) = m if I is radical.

Conversely,if dim(K [z, ...,z,]/I) = m, then ¢ is an isomorphism since it is an onto
linear map between vector spaces of the same dimension. Hence ¢ is one-to-one.

Let f € v/I = I(V(I)), then f(v;) = 0, for all i, which implies that ¢([f]) = (0,...,0).
Since ¢ is one-to-one,we conclude that [f] = [0], which implies that f € I, then
VI C I. The reverse direction is clear. O

The Weak Nullstellensatz Theorem and Theorem 3.3.15 are the main guide lines
to solve a system of polynomials in polynomial ring over algebraically closed field.
The Weak Nullstellensatz Theorem guarantees the existence of common solution for

the system and Theorem 3.3.15 tells us the finiteness of common solution.

Example 3.3.18. Let us take the system of equations

P rayt+yt -2 = 0
P —xz+y+22 =
ot fayr+yz+ 22 = 2

P —y—2z = —1

Then to solve this system of we must know the existence of common solution by finding
the reduced Groebner basis for the ideal

I={(+oy+y? -2~z ty+22 20  +oyz+yz+ 22 —2,2° —y— 2z +1)

then

1, 1 1, 9 9948 , 4524 . 28042 ., 123317 92299
G= {$+§y2+—92—2y+—22——z+3,y—l— 4 3 2 1)

2 2% 779 30770° 32770°  32779° | 32779 © 32779’ °

18 the reduced Groebner basis for I.

Since G # {1}, the systems have a common solution and the leading

monomials of elements of G are x,y and z respectively, then the system has a finite
solution.

Then by applying back substitution we get that, z = 1,y = 0 and x = 1. Then the
system a solution set of {(1,0,1)}.
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3.4 Polynomial Maps

In this section we are interested in K-algebra homomorphism between the polynomial
rings Ky, ...,yn) and K[xq,...,x,]. we recall that a K-algebra homomorphism is

ring homomorphism.
& Ky, ym] — Kz, ..., 2]

which is also K-vector space linear transformation. such a map is uniquely determined

by

where f; € K[xy,...,2,],1 <i <m, that is, if we let h € K[y, ..., Ym],
say h =Y cyyi' -+ yor, where ¢, € K and v = (vy,...,v,) € N™ and only finitely

many c,’s are non-zero,then we have

¢(h) = chffl fsmm = h(fl?afm) € K[mla"'axn] (342>

Also conversely given such assignment (equation 3), we get a K-algebra homomor-
phism from formula (equation 4).

Recall that the kernel of ¢ is the ideal
kergp ={h € Kly1,...,ym]|o(h) =0
and the image of ¢ is the K-algebra of K[z1,...,x,]
im(¢) ={f € Klx1,...,x,]| there exist h € K|yy,...,ym] with f = ¢(h)}.

This sub-algebra is denoted by K|[fi, ..., fm]. We know that from the theory of abelian

group that

K[yl,,,.,ym]/ker((b) = K[fl,---;fm]
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as abelian groups under the map

K[yl,,,,,ym]/ker(gb) — K[flw--»fm]

defined by

g+ ker(¢) — é(g)

This is called the First Isomorphism Theorem for k-algebras.

Lemma 3.4.1. [1] Let ay,...,a,,b1,...,b, be elements of the commutative ring R.
Then the elements ajay - - - a, — byby - - - by, is in the ideal (a3 — by, a3 — by, ..., a, —by).

Proof. The proof is done by induction, that is

For n =2, ajas — biby = ay(as — by) + ba(a; — b1) € (a1 — by, az — bay ..., a, — by)
By induction assumption the Lemma is true for n — 1, then

ajas -y —bibg by, =aj(ag -+ a, —by---by) + by -bp(a; — by).

Then the Lemma required. m

Theorem 3.4.2. [1] Let ¢ : K|y, ..., Ym] — Klz1,...,2,] be K-algebra homomor-
phism and J = {(y1 — f1,- -, Ym — fm) C K[Y1,- -y Ym, T1, ..., 2], Then

ker(¢) =Jn K[yla cee 7ym]

Proof. Let g € ker(¢). We can write
9= coytt -yl

where ¢, € K,v = (v1,...,v,) € N™ and only finitely many ¢,’s are non-zero.
Therefore,since ¢(g) = g(f1,-- -, fm) = 0, we have

9= 9(f1,- s fm) =D colyl -y = i o)

v

By Lemma 3.4.1, each term in the sum above is in the ideal J, and hence
g€ KNK[y1,. ., Ym
Conversely,Let g € KN K[yy, ..., Ym]. Then

m

g(yl7"'7ym):Z(yi_fi($17"'7xn>)hi(y17"'7ym7xl7"'7xn)
i=1
Where h; € K[y1,. .-, Ym, T1, - - -, Ty]. Since g(f1, ..., fm) = 0, then
g € ker(¢). O
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We now have an algorithm for computing a Groebner basis for the kernel of ¢.
We first compute a Groebner basis G for the ideal J = (y1 — f1,...,Ym — fm) In
Klyi, ..., Ym,x1,...,2,) with respect to an elimination order in which the x variables
are larger than the y variables. The polynomials in G without any = variables form
a Groebner basis for the kernel of ¢.

Example 3.4.3. Let us define a map

o Q[u,v,w] — @[Zf,y]

defined by ¢ : u— 2>+ y,¢ : v — . +y and ¢ : w — z — y?, then to compute
ker(¢), first compute the Groebner basis for the ideal

J:<u_‘r2_y7v_‘r_y7w_x+y2>7

then

G = {u? — 2uv? — duw + 2uw + v* + 2v%w + 3v% — dvw +w?, 2yv +u —v? — v +w, yu —
yv? —yv +yw + 20% — 20w,y  +y —v+w,x +y — v} is a Groebner basis for J with
term order lex such that x >y > u > v > w.

Therefore the Groebner basis for ker(¢) is

J N Qlu, v, w] = {u? — 2uv? — duv + 2uw + v* + 20*w + 3v? — dvw + w?}

We now turn our attention to the question of finding an algorithm to determine
whether an element f € K|xy,...,2,] is in the image of the map ¢ and an algorithm
to determine whether ¢ is onto.

Theorem 3.4.4. [1] Let J = (yx1 — f1,-- - Ym — fm) € K[Yy1,- -+ Ym, T1, ..., Ty be
the ideal considered in Theorem 3.4.2, and let G be reduced Groebner basis for J with
respect to an elimination order with the x variables larger than the y variables. Then
f € Klzy,...,x,] is in the image of ¢ if and only if there exists h € K[y, ..., Ym]
such that f i>+ h. In case f = ¢(h) =h(f1,..., fm)-

Proof. Let f € K[xy,...,2,] be in im(¢). Then f = g(fi,..., fm) for some
g € K[y, ...,Yym|. Consider the polynomial

f(xh""‘rn)_g(yh‘"aym) gK[ylw"vymaxla"'vxn]
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and f(z1,...,2,) — 91, Ym) = 9(f1,- s fm) — 9(¥1, - - -, Ym), and hence
by Lemma 3.4.1 f(xy,...,2,) — 9(¥1,...,Ym) € J, then since f = g(modJ), then

f ihr h and g ihr h where h is the normal form of g and f. But since

g € K[y1,...,Ym], g can only be reduced by polynomials in G which have leading
terms in the y variables alone.Since the x variables are larger than the y variables in
our elimination order, the polynomials used to reduce g are in K[y, .. ., ¥,]. Therefore
he Ky, . Yml

Conversely,let f i>+ h, where h € Kly1,...,ym].- Then f —h € J, so

flz, ..o xy) ey Ym)

- h(yh
= D g Yme s w) (i — filw, 1)

If we substitute f; for y;, we see that f = h(f1,..., fm) = ¢(h), and f is in the image
of ¢. O

Corollary 3.4.5. [1] With the notation of Theorem 3.4.4, f € Klxy,...,x,] is in the
image of ¢ if and only if normal form of f with respect to G denoted as

Ne(f) € Klyi, -+, Yl

Proof. 1f f € Im(¢), then by Theorem 3.4.4 f ihr h, where h € K[y, ..., ym], then
Na(f) = Ng(h), Since h € K[yi,...,ym| and the x variables are larger than y then
h is reduced only by y variables. Then Ng(h) € Klyi, ..., Ym)-

Conversely,if No(f) € K[y, ..., Ym), then,since f inr Ng(f), then by

Theorem 3.4.4, f € Im(¢). ]

The above Corollary helps us to show that f € K{[zy,...,z,] is in the image of ¢,
but the next Theorem gives us an algorithm to determine f € K|xy,...,z,]| and also
¢ is onto by simply inspecting the Groebner basis.

Theorem 3.4.6. [1] Let J = (y1 — f1,-- - Ym — fm) C K[Y1,- - Ym, T1, ..., T, be
the ideal considered in Theorem 3.4.2, and let G be reduced Groebner basis for J with
respect to an elimination order with the x variables larger than the y variables. Then
¢ 1s onto if and only if for each i = 1,... n, there exists g; € G such that g; = x; — h;,
where h; € Kly1,...,Ym]. Moreover in this case x; = hi(f1,- .., fm)-

Proof. Let ¢ is onto.Assume, with out loss of generality,let us assume the order in
such way that 1 < a9 < -+ < x,.
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Since x1 € Im(¢), the by Theorem 3.4.4, there exists p; € Klyi, ..., Ym], such that
T ihr p1. Therefore x1 —p; € J, hence there exists g, € G such that Im(g;) divides
Im(xzq — p1) = x1. Therefore, since the only terms strictly smaller than x; are terms
in the y variables alone.Then g; = x; — hy for some hy € K[yy, ..., Ym].

Similarly,since xs is in the image of ¢, there exists ps € K[y1,...,ym], such that
T ihr pe, then xo — po € J, hence there exist go € G such that Im(gy) divides
Im(zg — pg) = xo. Since the only terms strictly smaller than xs are terms involving
21 and the y variables only, and since G is the reduced Groebner basis and any term
involving x; could be reduced using ¢g; = x; — hy, we must have g, = x5 — ho, for

some hy € K[y1,...,Ym]. We proceed in a similar fashion for the remaining z;’s.
Conversely, since z; — h; € G,1 < i < n, for some h; € Klyi,...,Ymn], we have
X inr hi, then by Theorem 3.4.4, x; € Im(¢), then ¢ is onto. O

The above result gives an algorithm for determining whether the map ¢ is onto
or not. We first compute the reduced Groebner basis G for the ideal J, and, by
inspection, we check whether there exists g; = x; — h; € G for each = 1,...,n with
hi € Klyi, ..., Yml

Example 3.4.7. Let a map ¢ : Q[t, u, v, w] — Q|x,y] defined as
it 2ty diur— vy, d:v— x—1y* and ¢ : w— 2%+ 3% Then to show
@ s onto, first compute the Groebner basis for

J={t—2*—yu—z—yv—2+9°w—2°—1y%)

then
G:{2y—t+u+v+w,x—|—y—u,tu—uv—uw—i—t—u—i—v,tQ—2tv—2tw+u2—|—
v+ 20w + w? — 2w, u? — 2tv — tw + u? — 2uw + 20 + 3vw + w? —t+u —v — 2w} is
a Groebner basis for J with a term order deglex

such that x >y >1t>u>v > w.

Since we have 2y —t +u+v+w,r +y —u € G, the map ¢ is onto.

We now extends the preceding results to quotient ring of polynomials.It is one of

the application of Invariant Theory.

Definition 3.4.8. [12] An K-algebra is called an affine K-algebra if it is isomorphic
to Klxz1,...,x,]/1 for some ideal I of K[x1,...,x,].
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Clearly,the polynomial ring Klzy,...,x,] is an affine K-algebra. Moreover,if

fi,-oy fm € K[xq,...,2,] then,as we saw at the beginning of this section, the image

K f1,. .., fm] of the map
¢ Ky, ym] — Klxg, ..., 24

which sends y; to f; is isomorphic to K|[fi,..., fm]/ker(¢) and hence is an affine K-
algebra.

We now want to study K-algebra homomorphism between affine K-algebra.

Let J be an ideal of K[yi,...,yn] and let I be an ideal of K|zy,...,z,|. consider a

K-algebra homomorphism
¢K[y177ym]/°]—> K['Tla"'?zn]/['

Let as assume that
¢ LY +J— fz + 1

we note that the map ¢ is well-defined if and only if the following condition is satisfied.
If J={(g1,...,9¢) thenfori=1,...,¢,g:(f1,..., fm) € I
Then we are going to generalize Theorem 3.4.2

Theorem 3.4.9. [1] Let H be an ideal of K|y, ..., Ym,x1,-..,T,| whose generators
are those of I together with the polynomials y; — f;,1 <1 < m, that is

H={(L,ys — fi,--sYm — fm). Then ker(¢) = HN K|yi,...,yn](modJ). That is if
HOKy1, . ym] = ([, fp), then ker(@) = (fi +J,..., f, +J)

Proof. Let hy, ..., hs be the the generators of I, and let f" € HN K|y, ..., Ym], then

sy ym) = Z(y,-—fi(ajl, s )P (Y1s - Yy Ty e T) FW(YL, - Yy Ty, Tp)
i=1

where

w(yla"‘aymaxlw"axn) = ZQi(ylv"'7ymax17"'7xn>hi(xl7"'7xn)
=1
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with p;, q; € K[y1,- -, Ym, T1, .- ., Ty]. Then

O(f)=F(fro s fn) I =w(fr, oo, @1,y m) + 1 =0

Since
w(fl?"'afmaxla"'awn) = Zqi(fla--wfm;wla"'7xn>hi($17"'7xn) € I
i=1

Conversely,let f' € Klyi,...,ym] with ¢(f' + J) = 0. Then f'(f1,..., fm) € 1.
Let f'(y1, ... Um) = D, Coyi* - - - Yo, where v = (vy,...,v,) € N”, ¢, € K and only

m
finitely many of ¢,’s are non-zero. Then

f/(yla"‘7ym) = (f,(yh“'um)_f,(f17-‘~7fm))+f/(f1,...,fm)
= ch(yfl'“y:nm_ flf:lm)‘i‘fl(fl,,fm)

Then by Lemma 3.4.1
S eyl oyl — )

is in the ideal (y; — f1,...,Ym — fm) and hence

f/(ylv"'7ym)€<I7y1_f1,...,ym—fm>:H

Since f'(f1,..., fm) € 1. Therefore f'(y1,...,ym) € HNK[y1,. .., Ym) O

We now prove the analog of Theorem 3.4.4

Theorem 3.4.10. [1] Let H = (I,y1 — f1,...,Ym — fm) be the ideal as in
Theorem 3.4.9 and let G be the Groebner basis for H with respect to an elimination
order with the x variables larger than the y variables. Then f+1 € Klxq,...,xz,]/I is

in the image of ¢ if and only if there exists h € K[y1,. .., Ym| such that f inr h.
Incase f+1=¢(h+J)=h(f1,. .., fm)+ 1.

Proof. Let f + I in the image of ¢, then there exists ¢ € Klyi,...,yn| such that
f_g(flaafm) el

We consider the polynomial f(z1,...,2,) —9(¥1,--,Ym) € K[Y1, -, Ym, 1, - -, Tn)-
Since

f(xh cee 7«Tn)_g(y1, s 7ym> - g(fla e .;fm>_g(y17 s ,ym)+(f(x17 ce 7xn)_g(f17 . me))
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Then by Lemma 3.4.1, f(xy1,...,2,) — g(y1,-..,Ym) € H.

Conversely,Let f € K[xy,...,z,] be such that f i>+ h, where h € K[y1,...,Ym)-
Then f — h € H, and hence

fley, o xn) — g, - Ym) =

m

Zgl-(yl,...,ym,xl,...,xn)(yi — filzy, . o xn) Fw(yL, - Y, Ty e Tp)
i=1

Where
WYLy e oy Yy Ty oo ey Tpy) = Zqi(yl, e Ymy Ty e TR (X, )
i=1

With h; is the generators of I and ¢;,¢; € K[y1,. -, Ym, T1, - - -, Tn).
If we substitute f; for y;, we see that f — h(fi,..., fm) € I, and hence f + I =
o(h+J). ]

Corollary 3.4.11. [1] Continuing the notation of Theorem 3.4.10, we have that
f+1€K(xy,...,z,)/I is in the image of ¢ if and only if No(f) € Kly1,- .-, Ym)-

Proof. Let f+1 € K[xy,...,x,]/I is in the image of ¢,

then by Theorem 3.4.10 there exists h € K[y, ..., ym] such that f ihr h.

Then since Ng(f) = Ng(h). Since h € Klyi, ..., yn] and the x variables are larger
than y variables, then A is reduced by y variables.

Then Ng(h) € Kly1, .-, Ym)-

Conversely,If N¢(f) € Ky, ..., Ym), then f s h

Then by Theorem 3.4.10, f + I € Im(¢). O

Theorem 3.4.12. [1] Let H be an ideal in Theorem 3.4.10, and let G be the reduced
Groebner basis for H with respect to an elimination order with the x variables larger
than the y variables. Then ¢ is is onto if and only if for each i =1,...,t there exists
a polynomial g; = x; — h; € G, where h; € K[y1,. .., Ym]-

Proof. Let ¢ is onto.Assume, with out loss of generality,let us assume the order in
such way that vy < xy < -+ < x,.

Since x1 + I € Im(¢), the by Theorem 3.4.4, there exists p; € K[y1,...,Ym], such
that x; i>+ p1. Therefore x; — p; € J, hence there exists g; € G such that Im(g;)
divides Im(zy — p1) = x1. Therefore, since the only terms strictly smaller than z; are
terms in the y variables alone.then g; = x; — hy for some hy € Ky, ..., Yn].
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Similarly,since xo + I is in the image of ¢, there exists ps € K[yi, ..., Ym], such that

T i>+ pe, then o — po € J, hence there exist go € G such that Im(gy) divides
Im(zg — p2) = xo. Since the only terms strictly smaller than x are terms involving

x1 and the y variables only, and since G is the reduced Groebner basis and any term
involving x; could be reduced using ¢g; = x; — hy, we must have go = x5 — ho, for

some hy € K[y1,...,ym]. We proceed in a similar fashion for the remaining z;’s.
Conversely, since z; — h; € G,1 < i < n, for some h; € Klyi,...,Ymn], we have
T £>+ hi, then by Theorem 3.4.4, x; + I € Im(¢), then ¢ is onto. ]

Example 3.4.13. Consider the following Q-algebra homomorphism

¢ : Qu,v,wl]/J
u+J
v+ J
w+J

—

—

—

—

Qlz, y]

2 4+y+1
r+y+1
o’ +ay’ + 1

Where J = (uv —w) and I = (xy,y*). Then to find ker(¢) and to show ¢ is onto,first

of we must show that ¢ is well-defined.
Since

v —w) = (2 +y)(@+y) — @ +ay?)+1
= 2Py+ay+y —ay+1=0

We now compute kernel of ¢. Let

H= <Iy7y27u_x2_y7v_x_y7w_xs_xy2> g@[‘r7y7u7vvw]

We compute a reduced Groebner basis G for H with respect to the lex order with

r>y>u>v>w. Then
G = {v® —w,uw — v*w,uv — v
Then

3

Jut —uw?y —u+ v +y— v}l

ker(¢) = {v° —w+ Juw —v*w+ Juv —v® + Ju? —uw? + J}
= {v® w4+ Juw — 0w+ Ju? —w? + J}

The map ¢ is onto because v+ u — v*> — v and y — u + v* are in G.
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3.5 Some Application to Algebraic Geometry

Algebraic geometry is the study of geometric objects defined by polynomial equa-
tions,using algebraic means. It serves as a bridge between algebraic objects(Ideals)and
geometric objects(Varieties).

Let I be an ideal in K[xq,...,z,] and K be algebraically closed field, we will consider

the variety V(I).

3.5.1 Zariski Closure

We begin by considering projection maps

Tt K™ — K™

(@1, ey, by, b)) — (a1, .. a)

If we apply this map to a variety V, we may obtain a variety.For example the variety
V(zy — 1) projects onto the x-axis minus the origin.we are interested in finding the

smallest containing 7(V).

Theorem 3.5.1. [6] If S C K™, then V(I(S)) is the smallest variety containing S.
That is, if W is any variety containing S, then V(I(S)) C W. This set is called the
Zariski closure of S.

Proof. Let W be a variety containing S, then I(W) C I(S), which
implies V(I(S) € V(I(W)). Since W is an affine variety, W = V(I(W)), then
V(I(S)) c W. O

Theorem 3.5.2. [6] Let K be algebraically closed field and let I be an ideal in
Klyi, ..o Ym,x1, ..., x,). The Zariski closure of m,(V(I)) is V(I N K[y, .., Ym])-

Proof. Let V =V (I)and I, = INK]|yi, ..., Ym]. Let first prove that m,,,(V') C V(1,,).
Let (a1, ...,am,b1,...,b,) €V, then (ay,...,ay,) € m,(V).
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If fel, since fel, flar,...,am,b1,...,b,) =0, since f is a polynomial with y
variables, so we can write

flay,...,;am) = f(mm(ay,...,ay)) =0

This shows that f vanishes at all points of m,,(V'). Therefore 7, (V) C V(I,,).

In view of Theorem 3.5.1,we need to show that V(I,,) C V(I(m,,(V)).

Let f € I(mm(V)), so that f(ay,...,ay) =0 for all (a,...,an) € m,(V). If we view
f as an element of Kly1,...,Ym,Z1,...,Ty], then

flat,...,am,b1,...,b,) =0 for all (ay,...,am,b1,...,b,) € V.

By Theorem 3.3.9, there exists k € N such that f* € I. But, since f involves only in
y variables, f* € I,,, and hence f € V/1,,.

We have that V(I,,) = V (V1) € V(I(7,,,(V)). This complete the proof. O

3.5.2 Implicitization
Let K be algebraically closed field, we consider the map

p: K" — K™

given by p(z1,...,2,) = (fi(x1, ..., Z0), -, fm(T1, ..., 2,)), where f’s arein K[z, ...

We can parametrized this by fi,..., f,, as a subset of K™ as:

Y1 = f1<$17"'7xn)

Y = f2($1,..-,$n)

Ym = fm(xh o ,l'n)
These equations define a variety in K"*™, namely
V:V(yl _fla"'7ym_fm)

We want to convert the parametric equations into polynomial equations in the variable

alone.This process is called Implicitization.Since parametric equations do not always

, Tn)-
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define a variety and so we will find the Zariski closure of Im(y).

Consider the projection:

T o KT — K™
(ylw"aymaxl?"wxn) — (y17"'7ym)

Then we can see that m,,(V') is the image of ¢ and so we apply Theorem 3.5.2.

That is we let

IZ(yl_fla'-'7ym_fm>gK[y17"'aym7$17'--7$n]'

Then the Zariski closure of 7, (V) is V(I N K[y, ..., Ym])-

Therefore, to find a set of defining equations for that variety, one computes a Groeb-
ner basis G for I with respect to an elimination order with the x variables larger
than the y variables. The polynomials in G which are in the y variables only are the

desired polynomials.

Example 3.5.3. Consider the map

p:C* — !
(z,y) — (2, 2%y, 29, y")

so that the parametrization is given by:

r = x
u 3y
v xy?

w = y

The Groebner basis for the ideall = (r — x*,u — 23y, v — 2y®,w — y*) with respect to
the lex term ordering with x >y > u > v > w is
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G = {vw? — v, rw—uv, —rv? +ulw, —r?v+ud, —yt+w, —zw+yv, —rv? +yuw, —zu+
yr, xrv —yu?, —xy® +v, —22v + y?u, —22y*r +u?, —23y +u, —x* +r}. The polynomials
that do not involve x or y are-those that determine the smallest variety containing the
solutions of the parametric equations:

3

uw? — v, rw — uv, —rv? 4+ vtw, —rio + ud.

More generally,we consider the map between two affine varieties V' C K" and

W C K™ given by polynomials; that is

a:V — W
(a1,...,a,) — (filar,...,an),..., fm(a1,...,ay))
where f;’s in Kxy,...,z,].

Such a map « gives rise to a K-algebra homomorphism a* between the affine

K-algebras K[y, ...,ym|/I(W) and Klz1,...,z,]/1(V) as follows

o Ky, oy /[ IW) — Kz, ... x,]/I(V)

yi +IW) — fi+I(V)

Claim: o* is well-defined.
Let g1 + I(W) = g + (W), for g1,92 € K[y1, ... ,Ym], then
g=g1—g2 € I(W).

Let (ai,...,a,) € V, we have a(ay,...,a,) € W, and hence

0=g(alay,...,a,) =g(filar,...,an),..., fm(ar, ..., ay))

Then, g(fi,..., fm) € I(V), which implies that o* is well-defined.
We call a* is called Pullback Mapping.

Let V' be the variety in K™ and a map into K™ given by the polynomials
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f17...7fm€K[ZE17...,$n]

a:V — K™

(a1,...,a,) +— (filar,...,an), ..., fm(a1,...,an))

We would like to determine I(im(«)) by considering the map:

o Ky, ym] — Kz, .2,/ 1(V)
yi +— fit+I(V)

Theorem 3.5.4. [1] A polynomial g € Kly1,...,ym] is in [(im(«)) if and only if
g € ker(a*).

Proof. Let g € I(im(«)). Then for any (ay,...,a,) € V, g(a(as,...,a,)) = 0 and
hence g(a(z1,...,z,)) € I(V), so that a*(g) = 0 and g € ker(a*)
Conversely,let g € ker(a*), then a*(g) = 0, which implies that

g(fi,. s fm) £ 1(V) =I1(V), hence g(f1,..., fm) € I(V). Therefore for all
(a1,...,a,) €V, g(f1,--y fm)(ar,...,a,) =0=g(a(ay,...,a,)), then
g € I(im(a). O

This Theorem together with Theorem 3.4.9 gives us an algorithm for computing
the ideal I(im(«)).

Example 3.5.5. Let V' be a variety in C* defined by 2* +y* — 2> = 0 and 23 +y = 0.
Define o : V. — C* by (a,b,c) — (a*,a +b,c* +a,c).
The corresponding map o* is

o Clu,v,w,t] — Cla,y, 2]/{x* +y* — 22, 2y* — 22> — y)
u — a°
v o— TH+Y
w — 24w
t — z

To find I(im(«)), we consider the ideal
H={(*+y*— 22, oy -z —y,u—a2*>,v—x—y,w—2*>—x,t—2) and find a Groebner
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basis G' for H with respect to the deglex term ordering withx >y > 2z >u>v > w > 1
to get

G={:—tz+y—v,t? —y+v—w,2u* +v*—y+v—w,yu—uv —y,y* — 2yv +v> —
u, 203 — 8yu + dyw + 4uv +v? — 6vw — y + 6u +v — w, uv? + 2u* —uw +v* — 2u —v+w}.
Therefore

I(im(a)) = ker(a*) = H N Clu, v, w,t] = (uv® + 2u® — uw + v* — 2u — v + w).

Next we will see that when we say two varieties are isomorphic.

Definition 3.5.6. [8] Two varieties V C K™ and W C K™ are said to be isomorphic
over K if there are maps o :' V. — W and B : W — V' given by polynomials with
coefficients in K such that oo 8 = idy and B o a = idy, where idy and idy are the
identity maps of V- and W respectively.

Theorem 3.5.7. [1] The varieties V C K™ and W C K™ are said to be isomorphic
over K if and only if there exists a K-algebra isomorphism of the affine K-algebras

Klyi,...,ym|/I(W) and K|xy,...,x,|/1(V)
Proof. First let a and 8 be inverse polynomial maps. Suppose that
a:'V — W
(a1,...,a,) — (filat, .. an),. .., fm(as, ... a,))
where fi,..., fm € K[z1,...,2,], and suppose that
g:-wW — V
(b1, .. bm) — (g1(b1, - b))y Gn(b1, o b))

where g1, ..., 9, € K[y1, ..., Ym]-
(B o) is defined by x; — g;(f1,- .., fin) while the map a* o 5* is defined by

i > gi — Gi(f1,- -, fm),

and so ,(B o a)* = a* o §*. Now , since foa = idy, (8o a)* = idkp,, u1/I(V)
and hence a* o f* is also the identity of K[zy,...,x,]/I(V) onto itself.Similarly, we
have that $* o a* is the identity of K[yi,...,yn|/I(W) onto itself. o* is K-algebra
isomorphism.

For the converse,we assume that we have K-algebra isomorphism

O: Ky, - ym]/IW) — Klxq,...,2,]/I(V)
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Let O(y; + I(W)) = fi + I(V), where f; € K[xq,...,2,] for 1,...,m, and let
O z; + (V) =g; + (W), where g; € K[y1,...,yn) for 1,...,n.
Consider the maps

a:V — W
(a1,...,a,) +— (filar,...,an), ..., fm(a1,...,an))
and
g-wW — Vv

(bla“-:bm) — (91(51,---,bm),---,gn(bl,---,bm))
Since® =a*foramapa:V — W and @' =3 for B: W — V.
Let o 8 : W — W, thus
(o B) (g + I(W)) = B*(a*(g;: + I(V))) = ©71(O(g; + [(W))) = gi + [(W)

So (a0 f)* =idj, and this implies that o o § = idy . In similar fashion f o a = idy.
Therefore o and 3 are inverse mapping. O]

Then to to determine variety isomorphism, we need to check whether o* is a K-
algebra isomorphism. We have seen in Theorem 3.4.9 how to compute the kernel of
a* and in Theorem 3.4.10 how to determine whether o* is onto.

Example 3.5.8. Let in Clz,y,z],J = (=2y — y* + 22 + 2%, 22 — yz — 2%) and in
Clu,v], let I = (uv 4+ v). Define a map o : V(I) — V(J) defined by

(u,v) — (u* + v,u + v,u —v). We want to show o defines isomorphism between
V=V({I)and W =V(J).

First we must show that o maps V' into W.So let (u,v) € V if we replace z,y, and z
by u? +v,u+v and u — v respectively in the equation defining W we get

—2u+v) = (u+v)* +2u—v)+ (u—2v)*=—4(uww+v) =0

2(u +v) — (u+v)(u—v) — (u—0)* =2(uv+v) =0
Since (u,v) € V
Now consider the corresponding mapping
o : Clx,y, 2]/ — Clu,v]/1
f+J — fu*+v,utv,u—uv)
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where J = (=2y —y? + 22+ 22,22 —yz — 2%) and I = (uwv +v), where [(W) = J and
I(V') = I(due to that both I and J are radical ideals).

Let H = (ww + v,z —u? — v,y —u — v,z —u+v) be an ideal in Clx,y,z,u,v| as
in Theorem 3.4.9. We compute the Groebner basis for H with respect to the lex term
ordering with u > v > x >y > 2z to get

G={u—v—220—y+22z—yz—2°y* +2y—2z— 2%}

Thus,H NClx,y.2] = (20 —yz — 2%, y* + 2y — 22 — 2%) = J, and hence ker(a*) =0 by
Theorem 3.4.9 and so o* is one to one. Also,since u + %y — %z and v — %y + %z are
i G, the map o is onto by Theorem 3.4.10. Therefore ax is C-Isomorphism and, by
Theorem 3.5.7, a gives an isomorphism of the varieties V' and W.

3.6 Minimal Polynomials Of Elements In Field Ex-

tensions

In this section we will use the results of Section 2.4 to find the minimal polynomial
of an element algebraic over a field K.

Let £ C K be a field extension.Recall that if & € K is algebraic over k, then the
minimal polynomial of a over k is defined ta be the monic polynomial p in one variable,
with coefficients in k, of smallest degree such p(a) = 0. Alternatively,considering
the k-algebra homomorphism ¢ : k[xr] — k(«) defined by = —— «, we have that

ker(¢) = (p). Moreover the map ¢ is onto, since « is algebraic,and so

klx]/{p) = k(). (3.6.1)

under the map defined by x + (p) — «

We first consider the case where K = k(a), with « algebraic over k, and our goal is
to compute the minimal polynomial of any 8 € K. We note that in order to compute
in k() it suffices, by Equation (5), to compute in the affine k-algebra k[x]/(p). We

assume that we know the minimal polynomial p of «.



104

Theorem 3.6.1. [1] Let k C K be a field extension, and let a« € K be algebraic over
k.Let p € k[x] be minimal polynomial of o over k. Let 0 # 5 € k(«)

a, + a1 + - - - + a,a”

ﬁ:bo+b1a+---+bmam

where a;,b; € k,0 < i < n,0<j < m. let f(x) =ao+ az+ -+ a,x" and
g(x) = by + bix + -+ + bpa™ be the corresponding polynomials in k[x]. Consider
the ideal J = (p,gy — f) of klx,y]. The minimal polynomial of 5 over k is a monic
polynomial that generate the ideal J N kly.

Proof. Since k[z]/(p) is a field and g(a) # 0 (it is the denominator of 3), there is a
polynomial [ € k[z]| such that gl = (mod(p)), that is gl — 1 € (p).
Let h = fl. Note that h(a) = 5. Now consider ¢, the composition of the affine algebra
homomorphisms
¢« k[y] — klz]/(p) — k(a)

y—h+(p)—p
Note that ¢ is in the kernel of ¢ if and only if ¢(/3) = 0. Therefore to find the minimal
polynomial of 3, we find the generator of the kernel of ¢. By Theorem 3.4.9, the kernel
of the map ¢ is (p, y—h)Nk[y]. Therefore it suffices to show that (p,y—h) = (p,gy—1).
First note that y — h =y — fl = f(gy — 1)(mod(p)), and hence y — h € (p, gy — f)
so that (p,y —h) € (p,gy — [)-
Conversely, gy — f = g(y — f1) = g(y — h)(mod(p)).
Therefore gy — f € (p,y — h), and (p, gy — f) C (p,y — h). O

The above result gives an algorithm for finding the minimal polynomial of an
element 5 € k(«): given o and 3 as in the theorem, we compute the reduced Groebner
basis G for the ideal (p, gy — f) of k[z,y| with respect to the lex term ordering with

x > y. The polynomial in G which is in y alone is the minimal polynomial of /.

Example 3.6.2. Consider the extension field Q(a) of Q, where o® —a —1 = 0. Now
consider [ = O‘;ﬁ € Q(a). We want to find the minimal polynomial of 5. Consider
the ideal J = (2* —x—1,zy+3y—2*—x) € Qlx,y]. We compute the reduced Groebner

basis G for J with respect to the lex term ordering with x >y to obtain
G = {25y° — 6y> — Ty — 1,52 — 150y + 61y + 26}

Therefore the minimal polynomial of B is 25y> — 6y* — Ty — 1.
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This technique can be extended to a more general setting of field extensions of
the form K = k(ay,...,q,). For this we need the following notation which we use
for the remainder of this section.For i = 1,...,n and p € k(ay,...,a;_1), we let p
be any polynomial in k[xy,...,z,] such that p(ay,...,a;—1) = p. We now determine
the minimal polynomial of any element 5 of k(a, ..., a,) using the following result,

which is similar to Theorem 3.6.1 using the following result.

Theorem 3.6.3. [1] Let K = k(ay,...,a,) be an algebraic extension of k, for
i=1,...,n. let p; € k(aq,...,a;_1)[x;] be the polynomial of a; over k(aq, ..., a;_1).
let 6 € k(aq,...,a,) say
flag, ... ap)
oglan, . a)
where f,g € k[xy,...,x,]. consider J = (py,...,D,, 9y — f) contained klxy, ..., x,, Y]
Then the minimal polynomial of B over k is the monic polynomial that generates the

ideal J N k[y].

Proof. We first show that

Elxy,...,x0)/(Pyy - Dn) k(o ..., ap)

Using the map

On K[z, xn] — k(ag, ... ap)
T, — o
Since aq, ..., q, is algebraic over k, ¢, is onto. it remain to show that
ker(¢,) = (py,...,D,). For this we use induction on n. The case n = 1 is equation

(5).The fact that py,...,p, € ker(¢,) is immediate. Now let f € k[z1,...,z,] be such
that f(aq,...,0a,) =0. Let

hz,) = flag,...,z,) € k(aq, ..., 1)z,

and note that h(«a,) = 0. Therefore p,, divides h, by definition of h,. Say h = p,l,,
for some 1, € k(a, ..., n_1)[z,). Consider f — p,l,, € k[zy,...,x,] and write

f pn Zgl Tiyeoo s Tp— 1)1’
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Then, since
f— ﬁnzn(al, cey 1, Ty) = h —pul, =0,

we see that for all 7, g;(aq,...,a,_1) = 0. Therefore g;(z1,...,7,_1) is in the kernel
of

Gn—1 K[y, .. xp ] — k(ag, ... 1)
and hence

gi<x17 SR 7xn*1) S <]_917 s 7]_?n—1>
by induction. Thus f —p,l, € (By,...,D, ;) and f € (p;,...,p,). Thus
ker(¢,) = (Py, ..., P,) as desired. O

The proof now proceeds as in Theorem 3.6.1.

Example 3.6.4. Consider the field extension Q C Q(ﬂ, V3, \/5) The minimal
polynomial of v/2 over Q is 3 — 2 € Q[x1] and the minimal polynomial of \/3 over
Q(V?2) is py = 12 —3 € Q(V/2)[x2] and the minimal polynomial of /5 over Q(v/2,/3)
is ps = 22 — 5 € Q(v/2,V3)[xs]. We compute the reduced Groebner basis G for the
ideal

J = <ﬁ17ﬁ27ﬁ37y - (xl + xo + l’g)) = <Z‘% - 27‘%‘3 - 37I§ - 57y - ('rl + 22 + I3)>

with respect to the lex term ordering with x1 > xo > x3 >y to obtain

G = {y® — 40y5 + 352y* — 96y? + 576, 57623 — by” + 194y® — 1520y> + 2544y, 25 +
32y — 3w3y® + 6x3 + v — 6y, z1 + 1o + 13 — Y}

Therefore the minimal polynomial of \/2+~/3++/5 is y® — 40y + 352y* — 96y> + 576.
Theorem 3.6.5. [1| Let ay, ..., and Py, ..., p, be as in Theorem 3.6.3. Let

B € k(a,...,an), say B = f(o“—z:;, with f,g € k[zy,...,x,]. Let J be as in Theorem
3.6.3, and let G be the reduced Groebner basis for J with respect to an elimination
order with the x variables larger than y. Then k(ay,...,a,) = k(B) if and only if,
for each i = 1,...,n, there is a polynomial g; € G such that g; = x; — h; for some
hi € kly]. Moreover,in the case, a; = h;(3).

Proof. Let I = (py,...,D,), and let | € k[z1,...,x,] be such that gl — 1 € I.
Set h = fl, and note that h(ay,...,a,) = . consider
kly] =2 Kl 2]/ T — ko, ... o)
y—h+I—p

Then k(aq,...,a,) = k(B) if and only if ¢ is onto. We conclude by using Theorem
3.4.12 and the fact that J = (I,y — h). O
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Example 3.6.6. Consider the field extension Q C Q(v/2,v/3). The minimal polyno-
mial of v/2 over Q is 3 — 2 € Q[x1] and the minimal polynomial of /3 over Q(v/2)
is ©3 — 3 € Q(v/2)[x2]. We want to find the minimal polynomial of \/2 + /3. We
compute the Groebner basis G for the ideal

J=(z] —2,25 -3,y — (v1 + 12)) C Qz1,z9,]

with respect to the lex term ordering with x1 > x5 >y to obtain
G= {y4 — 10y2+ 1,1:2—1—% 3 _ %%% _ §y3+§y}.
Therefore,both

v Ly 2

1 2y 23/
and +1 L1

x — _

2 21/ 2y
are in G.

This gives another proof that Q(v/2 + v/3) = Q(v/2,/3). Moreover,we have

Vi= S(VEI+ VB - J(VI+ V)

and

VB= — (VE4 VB 4 D (VI VE)

3.7 Radicals of Zero-Dimensional Ideals

Definition 3.7.1. [3] Let f € K[xy,...,x,] and f can be written in the form

f=R

where f;’s are irreducible for 1 < 1 < n, then the square free part of f is fi1--- fa,
denoted as f*

and f is squarefree if (f*) = \/{f).
Theorem 3.7.2. [6] Let f € Klxy,...,z,) and I = (f). If f = f{™* - fo, is the

n

factorization of f into a product of distinct irreducible polynomaials, then

VIi=V{Hh=hfit
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Proof. We first show that fi --- f,, € V/I. Let N be an integer which is strictly larger
than maximum of oy, ..., a,. Then

(oo )V =R fef

is a polynomial multiple of f. This shows that (f,--- f,)" € I, which implies that
fi-- fo € VI, then (fi--- f,) € VI

Conversely, suppose that ¢ € v/I. Then there exists a positive integer M such that
g™ € I. This means g™ = hf for some polynomial h. Now suppose that g = gll’1 gl
is the factorization of g into a product of distinct irreducible polynomials. Then,
gM = glflM -g""M is the factorization of ¢™ into a product of distinct irreducible

polynomials. Thus,
gt gy M = e f

But, by unique factorization, the irreducible polynomials on both sides of the above
equation must be the same. Since f1,..., f, are irreducibleeach f;;1 < ¢ < n is
the constant multiple of g;. This implies that ¢ is a polynomial multiple of f;--- f,
and,therefore ¢ is contained in the ideal (f;--- f,). O

Lemma 3.7.3. [6] Suppose that K is a field and let I = (f) be a principal ideal in
Klzy,...,x,]. Then I = (f*), where

fa. f
Ged(f, 2L, 9L . 2L

6])1 ) 8$2’ ’ 8xn

Proof. Let f = fi*--- f% by the above Theorem VI = fi--- f,. Thus it suffices to
show that

3f 8f o af ) _ oq 1
Ox, Oxy” " Ox,,
We first use the product rule to note that

af a1 — 1 an—1 afl
awj - J1 fn ( axj

Ged(f, o fant

Ofn

fn '+anf1 fn 181’J)

This proves that foamt.o. fon=1 divides the Ged. It remains to show that for each i,
there is some 2~ which is not divisible by fi.

Write f = f hz, where h; is not divisible by f;. Since f; is non-constant,some variable
x; is appear in f;. The product rule gives us

af _ ra—1 afz
8_%_fi ( a]h"i‘fz )
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If this expression is divisible by f

7

i, then 211, is divisible by f;. Since f; is irreducible
J

and does not divide h;, this forces f; to divide %. As gj: - also has smaller total degree
J J

than f;, it follows that f; cannot divide g;: Consequently, gj; is not divisible by f,

which proves the Lemma. O

Lemma 3.7.4. [14] Let K be a field and let f € k[x] with ged(f, f') = 1, then fis
squarefree.

Proof. Assume the contradiction that that f is not squarefree. Then there exists
g,h € K|z] with g is non-constant and f = g*h. It follows that

f''=2g9'+ ¢’
and we see that ¢ is a common factor of f and f’, which is a contradiction. m

Lemma 3.7.5. (Seidenberg’s Lemma) [14] Let K be a field and I C K[y, ..., z,)
be zero-dimensional ideal. suppose that for every i € {1,...,n}, there exists a non-
zero polynomial g; € I N K|[x;] such that gcd(g;,g;) = 1. Then I is radical ideal.

Proof. By the above Lemma 3.7.4, g; is squarefree, for 1 < ¢ < n. To prove the
Lemma we proceed by induction. If n = 1, let ¢ € KJz1] which is squarefree, since
K|[xq] is principal,then ¢ is generated by squarefree polynomial. Then I is radical
ideal.

Now, let n > 1. We write g; = hy - - - hy with irreducible polynomials hy, ... h; € K[z].
We claim that I = Ni_, (I + (h;)).

For f € Ni_,(I + (h;)), there are r; € [ and ¢; € K[x1,...,2,] such that
f=ri+qh; forte=1,... t. since f - H;‘;ﬁihj € [ fori=1,...,t and because of
ged(T T by - [T hy) = 1, we find by, ..., Iy € K[a:] such that I [T, by + -+ +

21 1%
Iy H;.# h; = 1. Altogether,

t t
F=YLf[[riel
=1 i
Because of this claim and the fact that a finite intersection of radical ideals is again
radical, it suffices to show that I + (h;) is radical ideal for i = 1,... ¢.
So we may assume that ¢; is irreducible. Hence the field K[z1]/(g1) is a finite K-vector
space,and we may consider the canonical homomorphism

U Kz — Kz1]/{g1)
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which induces the canonical surjective homomorphism

o Klxq][za, ..., x,] — Klz1]/{g1) |72, - - ., T4)

Then ker(¢) = (¢1) C I. Since K[z1]/{g1)[x2, ..., xn] ® K[z1,...,2,]/I, then (1) is
zero-dimensional ideal.

For i = 2,...,n, the polynomial ¢(g;) = ¢; € K[z1]/{(g1)[x2, - .., z,] satisfy

gcd(gi, gi) = 1 over the field K[z1]/(¢g1) .Therefore ¢(I) is radical ideal by the in-

ductive hypothesis, i.e we have no non-zero nilpotents in Klx1]/{g1)[za,...,x,]. The
isomorphism shows that K[z1, ..., x,]/I has no non-zero nilpotent. Hence I is radical
ideal. O

As a consequence of Seidenberg’s Lemma, we can now prove the following straight-

forward algorithm for computing the radical of a zero-dimensional polynomial ideal.

Theorem 3.7.6. [7] Let K be algebraically closed field and let I C Klxq,...,x,] is
zero-dimensional ideal. For eachi=1,...,n, let g; be the unique monic generator of
I N Kz;] and let gf be the squarefree part of g;. Then

\/7:[+(g1‘,...,g;;)

Proof. Let J =1+ (g7,...,9"). We must prove that J is radical ideal, i.e VI =
for each 7, using the fact that K is algebraically closed we can factor g/ to obtain

g9; = (wi —an) - (xi — aij),

where a;; are distinct. Then

J=J+g) =[]+ (&1 — ayy)

J

Now use g5 to decompose each J + (x; — ay;) in the same way. This gives

J = m(J -+ <$1 — .CClj,l’Q—Qk)
i,k

If we do this for all i = 1,...,n, we get an expression

J = ﬂ (J+<$1—aljl,...,xn—amn»
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Since (1 —ayj,, - - ., Tn — apj,) is maximal ideal,the ideal J + (z1 —a1j,, . . ., Tn — Gnj,,)
is either (z1 — aj,,. .., Ty — Apnj,) or the whole ring K[z1, ..., x,]. It follows that J is
a finite intersection of maximal ideals.

Since a maximal ideal is radical in algebraically closed field and an intersection of
radical ideals is radical, we conclude that J is a radical ideal.

Now we can prove that J = /1.

I C J is from the definition of J and since the squarefree parts of the g; vanishes at
V(I), by Strong Nullstellensatz J C v/I. Hence we have

IcJcVI

Taking radicals in this chain of inclusions shows that /J = v/I. But J is radical,
J =+/J and we are done. O

Example 3.7.7. Consider the ideal I = (y*z + 323 — y* — 322, 2%y — 222 2y'x — 2 —
2yt + 2?) C Clx,y] Then to compute the radical of I, first let us find the Groebner
basis G for I with a term order lex such that x > y. Then

G={y" —2y" ay" — y*, 162% — 2y"}

Then by inspecting the Groebner basis we see that I is zero-dimensional.
Therefore by Elimination Theorem

INCly] = (y* —2y")

and
INClx] = (z* — 2?).

Then we are going to find the squarefree part of by writing g, = y* — 2y* and

go = x° — 22,

Then g
1
g =———=y{y—2)
ng(gla %)
and
g = =a(e - 1)

ng(QQ; %)
Then by the above Theorem

VI = (y'e + 323 — y* — 322 2%y — 227, 2y'r — 2® — 2" + 2 w(z — 1), y(y — 2))
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3.8 The k-Color Problem

In this section we want to illustrate how one can apply the technique of Groebner
bases to solve a well-known problem in graph theory: determining whether a given
graph can be k-colored.

Definition 3.8.1. [5] Let G be a simple graph G = (V, E) with vertices
V =A{1,...,n} and edges E

1. A k-coloring of G is an assignment of k colors to the vertices of G.
2. A k-coloring is proper if adjacent vertices receive different colors.

3. A graph is k-colorable if it has a proper k-coloring.

First, we let £ = e € C be a k™ oot of unity( that is £&¥ = 1.) We represent the
k-colors by 1,€, ..., &1 the distinct £ roots of unity.
Now, we let x1,...,x, be variables representing the distinct vertices of the graph G.
k—1

Each vertex is to be assigned one of the k-colors 1,&,...,¢

This can be represented by the following n equations
¥ —1=0,1<i<n

Now, let I, = (x% —1,...,2F — 1) C Clxy,...,x,).

Also, if the vertices x; and z; are connected by an edge, they need to have a different

k k

_ k—1
i — Ly i

color. Since x we have (z; — ;) (28 ' 4+ 28 22+ + w?‘l) = 0. Therefore,

x; and x; have different colors if and only if
o a2l =0

Now let

I =TI+ (@i +af P+ + 271 (6,)) € E) € Clay, ..., ay
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Let us denote that I'y, € C™ be the set of all k-coloring of G and I' C C™ be the set
of all proper coloring of G.
Lemma 3.8.2. [5] I}, and I are zero dimensional radical ideals.

Proof. From the construction of the ideals I and Iy, we see that I, C I, then by ideal-
variety correspondence, V(I) C V/(I;), when we see the nature of Iy, every leading
terms of the generator of I are relatively prime,then the set {zf —1,... 2% — 1} is
the Groebner basis for Iy, the by Theorem 3.3.15, I, is Zero-dimensional ideal, that
is V(I,) is finite, thus V(1) is finite, which implies that I is Zero-dimensional ideal.

If we let, f; = 2% — 1, then f] = k:xf_l, since the characteristic of C does not divide k.
This shows that ged(f;, f/) = 1. It follows that f; is square free, the by Lemma 3.7.5
I}, is radical ideal.

Since I}, C I, then by Seidenberg’s Lemma, [ is radical ideal. O

Lemma 3.8.3. [5] I and I are the vanishing ideals of the set of all k-colorings of G
and the set of all proper k-colorings of G, respectively.

Proof. Since, I}, is radical ideal, by Hilbert’s Nullstellensatz, I, = I(V (I)).
Therefore I, = I';.
Since I, C I, V(I) C V(I}). Now let

k=1 _ k-1 k=2 k—1
h{m}—a:i +ax Cwy + @i,

and let v = (vy,...,v,) € V(I}) be any k-coloring of G. If v is not proper,there exists
vertices {i,j} € E, such that v; = v,.

i () = kof ™t #0,

Since the characteristic of C does not divide k, then V(I) C T’

To get the reverse direction, notice that

(v; — vj)(RE7L (v) = oF — vf =1-1=0

{i.g}
Hence, if v is proper, h’{“;jl}(v)) = 0, for all {i,j} € E. This shows that I C V(I).
then since I is radical ideal ,then by Hilbert’s Nullstellensatz I = I(V (I')). O

Let fg be the graph polynomial of G given by

fo= ] (@i-=)

{i.j}ek,i<j
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Lemma 3.8.4. [5] I}, : (fa) =1

Proof. Since (fg) is a radical ideal, the by Hilbert’s Nullstellensatz

{(fa) = 1(V({fa)))-

Next,let v = (vy,...,v,) € I'y be any coloring of G. Then fg(v) = 0 if and only if v
is improper. Hence

Te\V((fe)) =T

Then
I : (fe) = I(T%): (fo)
I(Tk) : I(V({fa)))
ITe\V({fa)))
I(T)
= I

]

The following Theorem is necessary guide line for whether a given graph is k-
colorable or not.

Theorem 3.8.5. [5] Let I and I, are the same in the above notation,
the following conditions are equivalent

1. The graph G s not k-colorable.

2. The vector space dimension Clzy,...,x,]/1 over C is zero.
3. The constant polynomial 1 belongs to the graph ideal I.

4. The graph polynomial fg belongs to the ideal I}.

Proof. (1) = (2) The graph G is not k-colorable if and only if the number of proper
k-colorings of G is zero.Therefore I' = @, then

I(V(I))=I1(T) = I1(9).

Since C algebraically closed, I(Q) = Clzy, ..., z,] = (1).

Therefore, the vector space dimension C[zy,...,x,]/I over C is zero.

(2) = (3) Suppose that dim(Clzy,...,x,]/1) =0
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Since C is algebraically closed and dim(C[zy,...,xz,|/I) = 0 and I is radical ideal,
then the number of points to V(I) is equal to zero.Then V(I) = O, then by Weak
Nullstellensatz Theorem I = C[zy, ..., x,], then 1 € I.

(3) = (4) Since by Lemma 3.8.4, I}, : (fg) =1, and I = (1), then (fqg) C Ij.

(4) = (1) Let v = (vy,...,v,) € V(I}), then given that (fg) C Ij, which implies that
v=(v1,...,0,) € V({fg)). Then fe = 0 if and only if v; = v;, then v is improper, so
G is not k-colorable. O

Corollary 3.8.6. [1] The graph G is k-colorable if and only if V(I) # .

Proof. Suppose G is k-colorable, Assume the contradiction

Let V(I) = O, then 1 € I, which implies that G is not k- colorable.

Suppose V(I) # @, since I is zero-dimensional,then V' (I) is finite and I is radical,

I =1(V(I)) = I(I'), then G is k-colorable. O
Then, Using the above Theorem and Corollary, to determine the given graph G

is k-colorable  first compute the Groebner basis for I, if 1 belongs to the Groebner

basis,then G is not k-colorable,otherwise it is k-colorable.



Conclusion

In this thesis we reviewed in detail the theory of Groebner basis over a field and also
over commutative ring and we have reviewed improved Buchberger’s algorithms to
reduce the computation of S-polynomials as Criteria 1 and 2 and also improvements
on Buchberger’s algorithm using the concept of Syzygies.

At last we saw that the application of Groebner basis in commutative algebra and
algebraic geometry and graph theory.

Since different orderings gives us different Groebner basis, and every ideal has only
finitely many distinct initial ideals(ideals that are generated by the set of leading
terms).Possible extension of this work may encompass to universal Groebner basis
and in this thesis we reviewed only Groebner basis over a commutative Noetherian

ring, then in future we will see Groebner basis over non-commutative ring.
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Example3.8.7: Consider the graph G of Figure 3.8.1

Figure 3.8.1
Let the polynomials corresponding to G are
{x;*-1,fori= 1, 2,..., 8}
and x;? + x;x; + x;* for the pair
(i))€ {(1,2),(1,5),(1,6),(2,3).(2,4).(2,8).(3,4).(3,8),(4.,5).(4,7).(5,6).(5,7).(6,7),(7,8)}.

We compute a Groebner basis G for the ideal | corresponding to the above polynomials with the
term order lex such that x; > x, > x3 > x, > x5 > xg > x; > Xg.

We obtain
G={x1-X7,X,+X7 + Xg, X3-X7, X4~Xg,Xs+X7 + Xg, Xg-Xg, X7° + X7Xg + Xg%,xg3-1}.

Since 1¢ G, we have V(1)# @, then G is 3-colorable.



	Groebner Basis and Its Applications
	zExample

