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1. THE PROBLEM AND THE GENERAL APPROACH

We consider a constrained optimization problem characterized by a non empty set U of admissable
control variables u, an objective function ¢ :U—>R and constraint functions C, ,C,,..C, U-R;
then we want to solve the optimization problem.

@(u) —> sup, ue S
S = {fue U: C(u) =0, forj=1,....p} 19

We will call (P) the primal problem and ue S is called Jfeasible.

Denotation : C(u):(C, (u),C ,(w), ...,C(u))e R™ is the vector of constraint values at ucU.

We define the Lagrangian or Lagrange function by

L(u,A) = @(u) - A"C(u) (u,2)eUxR™ (1)
Remark: : The minus sign in (1) comes from the fact that we start from amaximizationproblem.
Definition: The Lagrange problem associated with A< R™ fixed is the optimization problem in U

L(u,) —> sup, uc U ®)

Example: If U is a compact set on which L(.,A)is upper semicontinuous,then there is a u,cU such
that

L(u,,%) = sup{L(u,1): ue U}

that is u, is a solution of (P,).
A particular and important case is when U is finite.

Solution: Let £:=L(., 1) be upper semicontius.Then -f=-L(., &) is lower semicontinuous. This
implies M(-f,U)#& .That is there exists u, such that
-f(u, )= min {-f(u) : ue U } = -max {f(u): ue Ut.
Thus f(u, )= max {f(u): ue U}
Therefore L(u,,A) = sup{L(u,1): ue U}
When U is a finite set max {L(u, 1): u €U} exists.

Examples:

1. THE KNAPSACK PROBLEM
Our first example is when U is a finite set or a countable set. Suppose one has a knapsack and one
considers putting in it n objects (tooth brush,book, etc,...) each of which has a price p' and a

volume V'. Then one wants to make the knapsack of maximal price, knowing that it has a limited
volume V.



For each object two decisions are possible: take it or not “Ulis the set of all possible such decisions
for the n objccts,that is U is identificd with the set {1,2,....2"}.To cach u €U, are associated

the objective and constraint values, namely the sum of respectively the prices and volumes of all
objects taken. The problem is solvable in a finite time, but quite a large time if n is large.

I et us now consider the Lagrange problem : A <R and the number % is a penality coefficient or
the price of space in the knapsack .The Lagrange function for each object i is P' - AV

if PP-AV* > 0 : take the object.

If P-AV <0;leave it

if P-AV' =0 ; do what vou want.
Preliminary observation
—From its interpretation 7. should be non negative : there is no point in giving a bonus to bulky
objects ke TV sets .
—There always exists an optimal decision in the Lagrange problem (P,) and it is well defined
(unique ) execept when % is one, of the n values PV,

The knapsack problem can be given an analytical flavour: assign to the control variable u' the
value 1 if the i object is taken, 0 if not. Then we have to solve:

max E‘P‘u‘ subjectto we{0,1}, Ivu<V
= =1

In order to fit with the equality -constrained form (P) , a nonnegative slack variable u® is inserted
and we obtain

max @(2) where @(u) =3 Py

=

(‘(u):r:“:,v‘u’ +u°-V=90 (2)
: =1

n® >0, us{01}, fori=1,..., n
which certainly has a solution.
Associated with 2. R. the associated I.agrange problem is then
sup{L(u,1): uz U} = sup{p(u) - 27C(u): us U}

= Sup | E} Pu' - /§ viu +u° —V/? ‘u® 20,4 € {0,1},i=1,..,n}
’ \ -

o Tul aoi Yo ! .
= sup AV - b+ L (P =i juiue 2 0,0 € {0,1},i=1,...,n]
=1 ° - ‘
If A < O. then sup L(.. A ) = «. Thus for any A 20 and u’ = 0, we will have

L(uy, A4 "% (Pl—h\"). C(uy)= X v-V

ieli(h) iel(A)

where I(0) = {i: P'-2v* 2 0}

(S



2. ENTROPY MAXIMIZATION

The set of control variables is now an infinite dimensional space.Say U=L,(Q,R) where Q2 is an
interval of R. We want to solve the optimization problem

AW(X, u(x))dx — sup, u €t
3)
S={u eU: [y(xux)dx=0,j=1,...m}
Q

The (m+1) functions y,y,...,Y,, sent (x,H)cQ =R to R. The Lagrangian is the integral over CQ of
the function

Ix, u, ) = W(x, u(x))- g’":l Ay, u(x))

Indeed without going into technical details from functional analysis, suppose that the maximization
of 1 with respect to ueL,(Q,R) makes sense, and that the standard optimality conditons hold:
given ,.€R™ we must solve for each xe Q) the equation in tceR

e 1,0) = S(x, 1) f:’l Ajak(x, £) = 0 )

Take a solution giving the largest / (if there are several), call u,(x) the result.

The favourable cases are those where t >y(x,1) i8 strictly concave and each function t — ; (x,t)

is affine. A typical example in one in which y is an entropy (usually not depending on x), for
example

~tlogt t>0
yix, 1) = 0 t=0 (5)
—0 t<0
or
logt t>0
- 6
Wi, 1 {_w s (6)

Being affine, the constraints have the general form
L a;(x)u(x)dx— b, = 0 where ajeLm(Q,R)

Incase of (5)

Ix, 1, 1) = —tlog z—f':l hy(ay()u(x) - by)
=

A(x,,0) = -logt—1- ,i A (x)

%(x, tA)=0=logt= ——l—jg Mlay(x)

3



Hence
{ = exp (—1—; lj(aj(x))
Therefore,
u(x) = exp (—1- g x,(a,(x)) (7
J=1

Incase of (6)
The optimalty conditions (4) for u, give

up(x) = 5— (8)

2 (@)
JF1

2. THE NECESSARY THEORY

Throughout this section , our leading motivation is as follows : we want to solve the u problem

( P). Our first aim is to formulate a more explicit A problem here after called the dual problem ,
which will turn out to be very well posed. Then we will examine questions regarding its solvability
and its relevance: to what extent does the dual problem really solve the primal u problemthat we
stated from?

The data (U,@,C) will still be viewed as totally unstructured , up to the point where we need to
require some specfic properties from them.

2.1 Preliminary results : The dual problem

To slove our problem , we must find a feasible u in (P) (that is u<S). This turns out to be also
sufficient , and the reason lies in what is probably the practical link between (P) and (P, )

Theorem 1: ( H Everett) Fix LeR", suppose that (P,) has an optimal solution u, €U and set
¢,:= C(u,). Then u, is also an optimal solution of

@(u) - max, ueC
(2.1)
G={uel: c(u)=c,eR™}

Proof: Take an arbitrary ueU. By the definition of u,
L(u,,A) = L(u,) for all ueU.
That 1s,
o(u,) - ATC(u,) = L(u,A) = Lu,h) = o) - A'C(v)
If in addition ,
C(u) = ¢,,
then u is feasible in (2.1)and hence

@(u) - ATC(u) = pu) - ATc, < @) - 2'C(u,)

4



From this follows

o(u) < p(u,)
Hence u, is an optimal solution of (2.1).

(PA\\ uA
Corrolary 2: 1f for some Le R™ happens to have a solution* which is feasible in (P), then u, is a
solution of (P).

Proof: Put ¢,= 0. Then by the Everett's theorem u, is also an optimal solution of

@(u) »> max, ue S
S = {ue U: C(u) = 0}

Hence u, is a solution of (P).®

If u, solves (P), then we have to solve the system of equations
C;(u)=0 j=i...m (2.2)
In case of Corollary 2 it suffices to solve this system .
We consider a problem which helps a great deal
Find % such that there isucU  maximizing L (., 1) and satisfying C(u) = 0 (2.3)

Definition 3. (Dual function) In the Lagrange problem ( P, ), the optimal value is called the dual
funcion , denoted by 6,

B(A) = sup{L(u,A) : ueU } re R™ 2.4
If there is u, such that
L(u,2) = L(u,A) for all ueU,

then 6(A) = L(u,,A)

Theorem 4 .( Weak duality theorem) For all Ac R™ and all u feasible in (P) there holds
B(A) = ¢(u) 2.5)

proof: For any u feasible in (P), we have C(u)=0 . Thus
@(u) = @(u)- 0= @(u) - A"C(u)= L(u,2) < 6(A)
by definition 3. Therefore.
B(A) = P(u)
Thus from the above we conclude that each value of the dual function gives an upper bound on
the primal optimal value; a sensible idea is then to find the best such upper bound.
Definition 5: (Dual problem) The optimization problem in A

O(A) —» inf , Le R™ (2.6)
is called the dual problem associated with (U, ,C) of (P).

5



Theorem 6: If 1 is such that the associated Lagrange problem (Py) is maximized at a feasible u,
that is 1 solves (2.3) , then s also a solution of the dual problem (2.6)
Conversely , if u solves (2.6) and if (2.3) has a solution at all , then 1 is such a solution .

Proof:The property C(u,) = 0, means 6(u) = L(u,p) = ®(u,) - u'C(u,) but @(u,) < 6(%) for all
A& R™ by the weak duality theorem. Hence

B(w) = @(u )< 6(1) forall Ae R™
That means

O(n) = inf{6(L) : Le R™}
Thus 1 is a solution of the dual problem(2.6).

Conversely (2.3) has a solution 2" : some u'c U satisfies C(u”) = 0 and

L(u’,A") = sup {L(u,A") : ueU} = (L")
but
L(u’,A") = o(u’) - (A)'Cu ") = (") - 0 = p(u’).

Thus 6(L") = p(u”) < O(A) forall Le R™
Hence 6(1") has to be the minimal value (i) of the dual function and we write.

L', p) = ¢(u’) - (A)'Cu ") = @) = 6(w)

ThereforeyL is a solution of (2.3), since u” maximizes L(.,.) and C(u )= 0m

Existence of a solution to (2.3) means full success of the dual approach in the following sense:

Corrolary 7. Suppose (2.3) has a solution. Then for any solution % of the dual problem (2.6), the
primal solutions are those u maximizing 1.(., 1. ) that are feasible in (P).

Proof: First we claim that when (2.3) has a solution.

A minimizes © iff A solves (2.3), and there is some uc U such that ¢(u) = L(u,1) = 6(1).
Proof of the claim :

=>: A minimizes © means (1) = inf{O(u): pc R™}

by theorem 6 (converse part) X is a solution of (2.3)

By the definition of A solves (2.3), there is some uc U such that C(u) = 0 and

I(u,%) = sup{L(u’,A ): u" €U}. This implies 6(%) = sup{L(u,1 ): u’ eU}= L(u,2) = ¢(u)
<= C(u) = 0 and p(u) = L(u,1) = sup{L(u’,1 ): u" €U} = 6(A).
By weak duality theorem
O(n) = @(u) forall ue R™
We have 6(u) > 6(A) for all e R™
Therefore A minimizes 0



Now follows the proof of the corrolary
For any u, solving (P) we have C(u,)=0 and ¢ (u,)> ¢(u’) for all u'cU
By weak duality theorem
B(1)= p(u,), Since u, is feasible in (P).But A minimizes 6
B(A)=¢ (u).Hence
@ (u)= @(u’).In particular u'=u, . We have
PU")= Pluy).
We get
P(ug)=@ ().
Therefore

L( up )= plug)= 6()
2.2 First properties of the dual problem

Let us summarize our development so far

A solves (2.2)=> A solves (2.3)=> A solves (2.6)

(2.7)

Thus to solve (2.2) ,we must solve the perfectly well stated problem (2.6).
Property:

~If no primal solution is thus produced ,the task is hopeless from the very beginning:no other
value of A could give a primal solution.

Proof: Let A solves (2.6) and (2.3) has a solution. By theorem 6 2 is a solution of (2.3). This
implies there is u’ U such that
L(u’,A)=sup{L( u,A) ueU } and C(u")=0
We have
L(u’,A)=¢p( u')=6(2)
Since by weak duality theorem, we have
B(A)2p(u,)
for all feasible u,. Thus
@ u)2p(uy)
for all feasible u,. Then we conclude that no other value of 2 could give a primal solution.

~If the technique works,no primal solution can be missed they all solve the Lagrange problem
associated with any dual optimum;this is Corollary 7.

Remark :- From now on,we will use the word dual for every thing concerning (2.6): we have to
minimize the dual function with respect to the dual variable 2 ( u being primal variable ). The
symmetry between (P) and (2.6) becomes more suggestiive if the primal constaints are
incorporated into the objective function :



P can be formulated as
sup{p(u) - 1 (u) : ue U} ,
where C is the domain described by C(u) = 0,
I being its indicator function :
] 0, ifCu)=0
I(u) = 1 w, otherwise
The knapsack problem and the entropy maximization give good illustrations of the logical
chain(2.7).

Example 1 (The knapsack problem)
Take the case n=1,for example

%max u subjectto  2u <1, ue {0,1} (2.8)

A eR:

If A<O0,then 6(A)=c0 (by definition)
If A>0, then 6(1) = sup{u- A(2u-1) :u €{0,1} }
= sup{u(1-21 ) +A:u €{0,1} }

If 0 < A< 172, then 1-2A.>0 .In this case we take u=1
We have

B(A)=1(1-20)+A =1-A
If A>1/2,then 1-2A<0.In this case we choose u=0 .We have then
O(A)= A\ .

Hence
bty A<0
M) =14 1-A if 0<A<?

A i A3
1 ifo<A<3
C;, =C(u;)={ ambiguously +1 if A =3
L -l if7\.>%

If A.<0, then there is no u,,and ¢, .

For (2.3), A =1/2 gives the doubleton {-1,1}.
Here none of the converse inclusions hold in (2.7) because
A =1/2 solves (2.6), since 6(1/2)=1/2
but 2 =1/2 doesnot solve (2.3) since ¢, +1 # 0 and (2.2) and (2.3) have no solutions.



Example 2 : Take the entropy (5)

-tlogt ift>0
W(x,t)= 0 ift=0
-0 ift<0
From (7)
U (x) = exp (—1— 5 x,a,(x))
J=1
and
O(A) =L(uy, ) = ATb+ L exp (-1-%1 x,a,(x)) dx
¥
and

Ci(uy) =z[) a;(x)cxp(—l—‘E x,aj(x))dx— b,
=1
for/=1,...m.

Here 6 is convex and — C = V0.
Here full equivalence holds in (2.7). If A solves (2.6)
B(A)=inf{O(u) : pcR™} and VO(1)=0,
since 2. minimizes 6 . This implies -C(u,)=0.Hence C(u,)=0.,s0 we have A solves (2.3).
If 2. solves (2.3),then clearly C, (u,)=0 for j=1,2,...,m. Therefore A solves (2.2)

Definition : The subdifferential of f at x is a set of vectors scR" satisfying
f(y) = f(x)+<s,y-x> for all yeR"
Denotation: 0 f(x):={seR" : f(y) = f(x)+<s,y-x> for all ycR" }

Proposition 8 :If not identically + « the dual function is in Conv R" (the set of lower
semicontinous and convex functions on #). Furthermore,for any u, solution of the
Lagrange problem (P, )the corrosponding -C, is a subdifferential of © at A .

Proof : For each & and p
B(wy=sup{L(u,p)u €U} > 1(u,, p) forsome u, €U

That is
B() = @(u,)- n'C(u,)
= @(u)- A'C, H A~ W'C,
=0(A)+ (A" (- C(u)
Thus

(W) 20(A) + (A" (- C(u,))
80
~C(uy) € O(L).



Convexity of ©:
O (t A +(1-t) u) = sup{t Pu)H(1-)@ (u)=(t A +(1-t) ) "C(u): u U }
= sup {H(¢ (u)- 2°Cw) +(1-t)(¢ (u)-u" Cu): u U }
< sup {t(p (u)}- A'C(w): u €U} +sup{(1-t)(@ (u)-u" C(w)} : u U H
= tsup {(¢ () 2'C(w)): u €U} +(1-t) sup{(¢ (u)-u’ C(u)} : u cU 3
=t O(A+(1-t) 6(1)
This implies
O (t A +(1-t) W) < t B(A)+(1-t) B(p).
Hence is convex.
For any AcR™ and pu eR™
0 (1) = 6() H( A - w)" (-C, ). This implies
inf 6 (A) =6(w) +(A - (-C,).
as A—>p.we have inf © (1) > 0(u) that is
;ig’llinfe(K) 2 0(w) .

Hence by the definition of lower semicontinous (closed function ) 6 is closed.So 6 € Conv R®

Note that the case 6 = « is quite possible:take with U =R, ¢(u) =u?,C(u) = u, no matter how 2,
is choosen,the Lagrange function L(u\ )=u?-u goes to +oo  with [uj—>+cw

Thus the dual problem enjoys several important properties

~It makes sense to minimize on R™ a lower semicontinuous function such as 6 .

—The weak duality theorem (4) tells us that © is bounded below unless there is no feasible u (in
which the primal problem doesnot makes sense any way.)

—The set of minimizers of a convex function such as 6 is well described, any suitably designed
minimization algorithm will converge to such a miniimum. (if any).

The dual approach amounts to exploring a certain primal set parametrized by U” namely
U'={ucU:u solves the Lagrange problem (P, )for some 2.} (2.9

Usually U’is properly contained in U.If U contains a feasible point,the dual approach will produce
a primal solution ; how much it breaks down depends on the problem.
As an example
Consider the knapsack example (2.8), it has the unique dual solution w=1/2, but the primal
optimal value is 0.
At =1/2, the Lagrange problem has two solutions (when u° = 0)
(1,u%)=(0,0) and (u,u’)=(1,0)
with constraint values -1 and 1:none of them is feasiible, of course on the other hand the
non slackened solution u=0 is feasible with respect to the inequality constraint.

This last example illustrates the following important concept:

10



Definition 9 (Duality gap): The difference between the optimal primal and dual values
inf {B(A): AcR™} - sup { p(u): C(u)=0} (2.10)
when it is not zero,is called the duality gap.
Property : The number
inf {6(L): LeR™} - sup { @(u): C(u)=0}
is always non negative.

Proof: Since by weak duality theorem

B(A) = ¢(u) for all LeR™
and all u feasible in (P) , this implies

inf {6(A): LeR™} = sup { @(u): C(u)=0}
Hence

inf {6(L): LeR™} - sup { @(u): C(u)=0} =0

Theorem 10: The presence of duality gap definitely implies that U’ defined in (2.9) contains
no feasible point.

Proof : suppose U’contains a feasible point u, , by definition of U": C(u,) = 0 and u, solves the
Lagrange problem (P, ) for some 2 : say p. Thus
L(ug, 1) = Sup{L(u,p): ueU}

but
P(ug)-1"C(u,) = P(uy) = Liug, ) = Sup{L(u,u)uc U= B(w).
We have
P(uy ) = O(w).
Since by weak duality theorem 6(X) > @(u,) for all LeR™.
We get
B(w) = inf{O(1):AcR™} and ¢(u,) = 6(1) = @(u) for all u feasible in (P).
That means

®(ug) = Sup{ ¢ (v): ucUs.
So the duality gap is zero . Hence a contradiction . Therefore U’ contains a feasiible point.

~The absence of duality gap that is having 0 in (2.10) is not quite sufficient to be on the safe
side,each of the two exremization problems in (2.10) must have a solution.
~In the latter case,we are done : Corollary 7 applies.

To close this section, we emphasize once more the fact that all the results so far are valid without

any specific assumption on the primal data (U, @, C). Such assumptions become relevant only
questions like: does the primal problem have a solution? Does the dual problem have a
solution? These questions are going to be addressed now.

11



2.3 PRIMAL DUAL OPTIMALITY CHARACTERIZATIONS

Suppose the dual problem is solved: some AcR™ has to be found, minimizing the dual function 6
on the whole space; a solution of the primal problem (P) is still to be found.
A dual solution A is characterized by 0<d6() because

B(p) = 6(2) for all ucR™  implies 6(u) = 6(A) + <O,u~A> for all peR™.
Hence 0 < 00(A)
Consider the (possibly empty ) optimal set in the Lagrange problem (P, ):

UL):={u €U : L(u,A)=6(1) } (2.11)
Remembering Proposition (8),
for ue U(L), -C(u)cdO(L). Since 90().) is convex, Conv{-C(u): ucU(L) }=30(1).

Definition 11: (Filling proprty ) With U(%) defined above in (2.11),then we say that the filling
property holds at each AcR™ when

20(A) = -Conv{C(u) : ueU(X) } (2.12)
Observe that the right hand side in (2.12) is then closed , since the left hand side is.

Lemma 12: Suppose that U in (P) is a compact set,on which ¢ is uppersemicontinuous,and each
C, is continuous. Then the filling property (2.12) holds for each LcR™.

Proof : - @ is lower semicontinous and ‘21 2,C, is lower semicontinous, this implies
™
“P‘*‘gl Y
j:

is lower semicontinous. This means

¢ 7-:1 e

j:

is uppersemicontinuous. Since U is a compact set, then L(.,2) has a maximum for cach 1. €R™.
This implies dom 6 = R™.
Define L (1) == ¢ (u)-A"C(u) indexed by ucU is an affine function .Hence it is a convex
function.

8(L)= Sup {L (A)u eU}<w0 for all » eR™.
this implies © is convex ( Compare prop. 2.1.2 of chap. IV). As defined carlier

U) = {fueU: L(A):=6(}) }
u L) = ¢ (u)-1"C(u)

is upper semicontinous.
O(L)= Sup {L (1) eU}<w, for all » eR™.
Then by theorem 4.4.2 of Chapter VI, we have

20(2) =Conv{dL,(A) mueU(A)}.
Hence

12



(1) = {-C(u)}

Finally we have

9B(A) =Conv{-C(u)ucU(A)}
O(A) = —Conv{C(u)ucU(L)} .

Therefore the filling property (2.12) holds at each 1..cR™.

The essential result concerning primal dual relationships can now be stated.

Theorem 13: Let the filling property (2.12) hold (for example make the assumptions of
Lemma 12 ) denote by

C(A) ={ C(u): ucUQ) } (2.13)
1. A dual optimum L is characterized by the existence of k < m+1 points u,u,, ..,u, in U(u) and
convex multipliers o,,0.,,...,0,¢ such that

i
;l o, C(u;)=0

2. In particular, if C(l) is convex for some optimal 1, then for any optimal v, the feasible points
in U(v) make up all the solutions of (P).

Proof. when the filling property holds
20(n) = —Conv{C(u)ucU(u)}
1. Since p is an optimal solution
0 € 00(p).
This implies
0 -Conv{C(u): ueU(L)}.
That is
k
Qs —_Zl o;C(u;) where k < m+1 and
1= 1,....k and u,.e U(n), hence
x
0= -zl o C(u;)

2. If C(n) is convex for some optimal L, then

Conv{C(u): ueU(u)} = {C(u): ueU(u)}

0e-Conv{C(u): ueU(w)} implies 0c-{C(u): ue U(u)}.
This means there is ve U(u) such that C(v) = 0. Hence 0 is the constraint value of some v
maximizing 1(.,it), that means L solves (2.3). By Corollary 7 the primal solutions are those u
maximizing [(.,1t) that are feasible in (P).
This is the first instance where convexity comes into play, to guarantee that the set U™ of (2.9)
contains a feasible point. Convexity is therefore crucial to rule out duality gap.
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Example : Consider the knapsack problem

max u 2u<l ue{0,1}
At the unique dual optimum p = 1/2, C(1/2) = {-1,1} is not convex .
Duality gap = inf {O(L):A €R™ } — sup{@p(u): C(u) = 0}

inf {O(L):A eR™ }=1/2

sup{p(u): C(u)=0} = sup{u: 2u+u,-1 = 0,u, =2 0, uc{0,1}} =0
Duality gap = 1/2 - 0 = 1/2.

U(1/2) = {uc{0,1} : L(u,A)=6(1)}
={(0,0),(1,0)} (where u, = 0)
and the convex multipliers a,= a,= 1/2 do make up the point
1/2 (0,0) +1/2 (1,0) = (1/2 ,0), which satisfies the constraint 2u < 1.

In practice, the convexity property needed for theorem 13 implies that the original problem itself
has the required convex structure: roughly speaking,the only cases in which there is no duality gap
are those described by the following result.

Corollary 14: Suppose that the filling property (2.12) holds. In either of

(I) For some dual solution L, the associated Lagrange function L(., 1) is maximized at a unique u,;
then u, is the unique solution of (P).

(I In (P) U is convex, ¢ concave and C:U—->R™ is affine, there is no duality gap; for every dual
solution v (if any), the feasible points in U(v) make up all the solutions of the primal problem (P)

Proof.
)] B(w).= inf{0 (L):AeR™}
B(w) = L(ug,p) and C(uy) = 0
= P(uy) - L'C(ug) = P(uy).
That is p(u,) = 6(p) = p(u) for all u feasible in (P)
Hence ¢ (u,) = @(u) for all u feasible in (P)
inf{6 (L):AcR™}- sup{p (u):C(u) = 0,ucU} = 6(p) — e(u) = O(p) — 6() = 0
This implies no duality gap.
(I1)  concave implies that —¢ is convex and C(u) = <a,u> + b, being affine.
UL )={ucU:L(u,1) =6(1) }.
First we show that U(L) is convex.
Let C(u, ),C(u, ) C(A) where u,,u,e U(%)) .By definition :
L(u,,%) = 6(A) = p(u,)-A"C(u,)
L(u,,1) = B(1) = p(u,)-A"C(u,).
Since — is convex,
—p(tu, +(1-)u,) < -tp(u,)+-(1-)p(w,)  t<[0,1].
That is
ltu+(1-0)u,) 2t(u, ) H(1-p(w,)
Since C is affine,

14



Cltu, +(1-0)u,) = <a,tu, +(1-tyu,>+b
= t[<a,u,>+b] +(1-t)[<a,u,>+b]
= 1C(u,) +(1-)C(u,).

Hence
AT[Ctu +H(1-t)u,] = -AT[1C(u, ) +(1-)C(u,)].
we get
@(tu, +(1-tpu,)-AT[Ctu, +(1-t)u,] > tep(u, )-2."C(u,)] H1-)[@(u,)-2"C(u,)]
= O(A)+(1-t )O(A)
=0(L) (X)

Since U is convex tu, +(1-t)u, €U, and since B(L)= sup{L(u,A): ueU}
We have equality in (X). This implies tu, +( 1-Hu, € U(R).

Convexity of C(M):

Let C(u,),C(u,)e C(1).Then (1-)C(u,)+C(u,) = C((1-tyu,+tu,)e C(A). Then by the above
theorem 0 is the constraint value of some u maximizing 1.(.,j1), then U’ contains a feasible point.
Hence there is no duality gap.

Moreover from theorem (13) for every dual solution v,the feasible points in U(v) make up all the
solutions of the primal problem (P).

2.4. EXISTENCE OF DUAL SOLUTIONS

The question is now whether the dual problem (2.6) has a solution p.<R™. This implies
B(u) = inf {B(L):AeR™} = min{B(L):AcR™}
Denotation: C(u): {yeR™: y=C(u) for some ucU }

First of all denote by I the affine hull of C(U):
k
[:={yeR™: yzgkll o C(uj), u; €U, _Zla, =1,%£=1,2,..}

and by I', is the subspace parallel to I'. Fixing uelU, C(uy)el’, I'- C(u,) is a subspace of R™,
C(u)eI implies C(u)-C(u,) <[, for all ue U, hence
L(u,A+) = p(u)-(u+2) C(u)
= @(u)-A"C(u)-u"C(u)
= L(u,A)-'C(u)
If uel’,* then <v,u> =0 for all vel,. In particular for v = C(u) - C(u;) we have
W(CFCu) =0 iff < pClu)> = < wCluy)>
Thus
L(u,A+u)=L(u,A)-pn"Cluy) for all (A,p)eR™I"*
For 6(A+p):
B(A+4) = Sup{L(uA+p): ue U} = Sup{[ L(u,A)-u'C(u,)]: ueU}
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= Sup {L(u,1) : ueU} - u"C(uy)
= B(A)-u'C(uy) for all (A,u)eR™<I"* (2.14)
that is © is affine in the subspace I',*.

This observation clarifies two cases :
1. If Ol then I'#T",
Let iy # O be the projection of the origin onto I'. In (2.14), fix A and take = ty, with t—> «.
Because C(u,)cI” We have with (2.14)
B(A+thg) = B(A) — thg"C(ug) = B(A)~tptg|*—> 0.
In this case, the primal problem cannot have a feasible point (since not bounded below) by the
weak duality theorem; to become meaningful, (P) should have its constraints perturbed say to
C(u) = .
If 0c T, then the dual optimal set is A + I ', A T", where the (possibly empty) optimal set of
inf { B(L): AeT, = affC(U)} (2.15)
In a way, (2.15) is the relevant dual problem to consider admitting that I, is known. Alternatively,
the essence of the dual problem would remain unchanged if we assume I' = I', = R™,
Inf {O(A):A €R™ }=inf {O(A):Ael, = R™}

In 2.3, some convexity structure came into play for solving the primal problem by duality,the same
phenomenon occurs here. The next result contains the essential conditions for the existence oi ihe
dual solution.
Proposition 15 : Assume 6 = oo with the deirmunon of C(L)

1. If 0 ¢ Conv C(U), then Inf { 6(A): AeR™}= w0

2. If 0cConv C(U), then Inf { 6(A) : AeR™ }> -

t

w

. If 0enConvC(U), then the dual problem has a solution.

Proof:
1.The closed convex setConv C(U) is separated from {o}.
[Compare Theorem 4.1.3 of Chapter III |.
For some i, # 0 and 8>0 , <pi,C(u)= 8 >0 for all ue U. This implies -p,"C(u) < -8< 0
for all ue U. Since 6 # « then there is peR™ such that 8(p) < « and write for all ucU:
L(u,p+p,) = o(u)-uTC(u)- ti,"C(u)
<B(u) - tw,'Cu) 0
<O(p) -8
Since u was arbitrary then we get
O(pttpy) <B(n)-t8
Thus
inf{ O(A):;, L €eR™ }.
y A 0eConv C(U)
this implies
0=‘§‘,1 o, C(u,) lg =1 o;20
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Then write for all LeR™
O(1)=pu)-wA"C(u) fori=1,2,...P.
B(A)=sup{L(u,1): ucU}

thus

o 8(A)z0p(u)-0a"C(u)  for i=1,2,...P, since 0,0,
Hence

fl ) z,g aicp(u,)—é GATC(u,) = min{p(x,) : 1 <i<p}
We have

inf{ 6(A) :AcR™ } > 0

3. We know from theorem 2.1.3 of chapter (III) that, if O< riConv C(U), then 0 is also in the
relative interior of some simplex contained in Conv C(U). Using the notation of (2.15), this means
that there are finitely many points in U, say u,,u,,...,u, and 8 > 0 such that

Ocaff CU)=T =T,

B(0,8)I',c Conv{C(u,),C(u,),...,C(uy)}.
For all .eR™still by definition of 9().)

B(A)2p(u)-A"C(u) fori=1,2,...P 2.16)
If I';/={0}, that is
C(U)={0}, L(u,A)=p(u) for all ueU,
s0 6 is a constant, since

O(A)= sup{L(u, 1) : ueU} = sup {p(u) : ucU}
and this constant is not o , by assumption (6 # )
If T'j={ O} then there exists A=0Osuch that A.c I, in (2.16)

¥:= -8 M|[A|| €B(0,8)T,
since |[y||=8<B(0,8) and T o 18 a vector space , —8/||A/| is a constant. Hence yeB(0,8)I,
Since B(0,8)TI" o=Conv{C(u,),...,C(u,)}.We have
7= Conv{C(u,),C(u,),...,C(u,)}.thsi means y is a convex combination of the C(u)'s.
This implies

B(%) 24 () — AT ig o @(u;) =i§ o p(u;) — ATy
=% cup(u,) + 811 >min o(x,) + 8112l]
=1 1<i<p

We conclude that 6(1)—»>o T o if A grows unboudedly in I, : the closed function 6 (Propo.8) does
have a minimum on I'y and on R™ as well, in veiw of (2.15).
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figure 1 summarizes the different situations revealed by our above analysis

‘ : o0 ‘
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no finite lower bound aghbigious dual existence ‘

Fig 1 Various situations for dual existence.

Example 1

In view of the weak duality theorem 4, existence of a feasible u in (P) implies boundedness of 6
from below. To confirm the pridiction of (IIT), that this is not necessary, take a variant of the
knapsack problem (2.8), in which the knapsack should be completely filled : we want to solve

Supu , 2u=1 ,ue{0,1}
2u-1=0: u=0, 2u-1=-1£0
u=1l, 2u-1=1#0
The problem has no feasible point the supremal value is
SUp =-o0,

Nevertheless the dual problem is the sam,¢
0(1/2)=1/2 <O(A) for all A, eR™
Duallity gap = inf {O(1) , AeR™} — sup {p(u) :C(u) = 1, u €{0,1}}
= 1/2 — (~0) = o0,
The entropy problem provides few examples to show that the topological operations also play their
role in proposition 15.

Examples:
Take Q2 ={0} and one equality constraint : Our entropy problem is

Sup p(u),ue U ,u-u,=0 where u,is fixed .
we consider two particular cases :

U,=[0,0.)  @,(u)=-ulogu

U,=(0,0) P,(u)=log u

C(u)= u-u,
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C(U, y=[-uy,0.) and C(U, )=(-u, ,0.)
both C(U, ) and C(U, ) are convex.

Dual functions
0, (%) =Sup {L, (wA): ue U, }=Sup {-ulogu-A(u-uy):ue U, }

%,—‘ =-logu-1-A=0 u; =exp(-1 -A)
01(L) =exp(-1 -A) + Aug

0, (A) =Sup {L, (1) :ue U, } = Sup {logu - Mu-u,):ue U, }

% = §— A = 0.This implics uj, = -

u>0 implies 2>0
0, (A) =Sup {L, (w1):ue U, }
=-—log A -M1/A —u,)
=—log A +Au, - 1
As predicted by proposition 15:
The cases u,> 0 and u, < 0 implies :
If u, >0, then —uy<0. This implies Oc riC(u,) and OeriC(u,),since 6,6, =0, by proposition 15 the
dual problem has a solution.
If u, <0 ,then —u,> 0 . This implies
C(U)) =[-u,0) ; C(U,) =(-up)
Conv C(Ul) =['uo,w) ’ Conv C(Uz)=('uoaw)
0eConv C(U,) and 0gConv C(U,)

then we have

inf {B(A):AeR}= -0
If u,=0, then

C(U,) =[0,x) and C(U,) =(0,0)

We have Oc bd C(U) fori=1,2
If u= 0 then

0,(1) = exp(-1-A) and B,(A) = ~log 2. - 1
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inf{6,(1): LeR}=0
inf{6,(L): AeR}= -0, there is no dual solution.

ILLUSTRATIONS

3.1 THE MINIMAX POINT OF VIEW
Define :

~ Some set V (playing the role of R™, the dual of the space of constraint values) whose elements
veV play the role of ALeR™.

— Some bivariate function :UxV— Ru{w}, playing the role of the Lagrangian L.
V and / must satisfy the following property,for all u € U

®(u) if C(u)=0

inf {/(u,v):veV} = { = S (3.1)
then (P) is equivalent to
sup {inf X(u,v)} (3.2)

uel veVv
Let 6(v) := Sup{/(u,v)ucU}.
The whole business of the general pattern is therefore to invert the inf - and sup-operations,
replacing (P) = (3.2) by (2.6) of section 2, which reads

inf {6(v) :veV} (3.3)
In order to make (3.3) easy, an extra requirement is therefore:
the function 6 and the set V are closed convex . (3.4)

L,(A) = L(u,A) = @(u)- AT C(u) = ¢(u) — <A,C(u)> affine with respect to the dual varible A.
If 6 # o, then there is u such that 6(u) < o . By proposition 2.1.2 of chapter IV, 6 is closed
convex.

Remark :
In the dual approach,the basic idea is thus to replace the sup-inf problem (P) = (3.2) by its Sup-inf
problem (P) = (3.2) by its inf -sup form (2.6)=(3.3).

3.2 INEQUALITY CONSTRAINTS

Suppose (P) has rather the form
sup {@(u): Cj(w)< 0 for j=1,2,..P} (3.5)

ueU
In the knapsack example, non-negative slack variables were included,so as to recover the

equality-constrained framework;then the dual function was «© outside the non negative orthant.
From the same Lagrange function as before,

(u,w) €UxV  such that (u,u)—> Lu,p):=p(u)- 1 C(u)
but take

Vi={peR" p=0, for j=1,2,...p}
This construction satisfies (3.1) : If u violates some constraint, say C,(u)>0,fix all i, = 0 except 1,
which is sent to oo, the Lagrange function is :
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L{u,p) = p(u) - u.C(u) » -
The dual problem associated with ( 3.5) is therefore

inf  {sup{L(u,p) ucU}
ne(RY)P

Remarks :
1. (R")" is a closed convex set.(3.4) is preserved if SW\
2. More generally,a problem such as
sup {p(u):a;(u)=0 for i=1,2,....P}

uelU

Can be dualized as follows: supremize over ucU the Lagrange function
m P

L(u,2, u):=q>(u)-l=21 Liai(u) -J,§l 1Cj(u)
To obtain the dual function

0:R™xXR? >RU{w } such that

O(2,1) = Sup {L(u,A,u): ueU}
then solve the dual problem

Inf { B(A,1): (A,u)e R x(R" )* } (3.6)
Depending on the context,it may be simpler to impose directly dual nonnegativity constraints,or to

use slack variables. Let us review the main results of Section 2 in an inequality-constrained
context.

A. Modified Everett's Theorem

For pe(R*)? let u, maximize the Lagrangian ¢(u)- 1" C(u) associated with (3.5).Then u, solves
max ¢(u) ucU
Cj (u) < Cj(uu) ifpj >() 3.7
C, (u) unconstrained otherwise

A way to prove this is to use a slackened formulation of 3.5)
sup {p(u)ucU,ve(R")?, C(u)=v} (3.8)

Then the original Everett theorem directly applies; observe that any Vv, maximizes the associated
Lagrangian if 1= 0. Furthermore, if u, , is feasible, the last line of (3.7) can be replaced by
Cw=< 0] C, (u) < 0]. We see that, if u, is feasible in (3.5) and satisfies Cu)=0 ifuj >(), then
u, solves (3.5).
B. Modified filling property
For convinient primal dual relationship in problems with inequality constraints, the filling
assumption (2.12) is not sufficient. Let again

O(k) =Sup {L(u,u): ueU}
be the dual function associated with (3.5), the basic result reproducing Section 2.3 is then as
follows



PROPOSITION 1:With the above notation ,assume that
(k) = ~Comv{C(u): L{u,A) = 6(2) for all pc(R'Y
and —

B(u) <o for some m with w>0 for j=1,2,..p 3.9
then
A soltves the problem iff there are k < P+1 primal points u',u?,...,u* maximizing 1(.,1), and
a=(0;,0t, ..., 0, ) €Ag such that ,

é C,(u') < 0 and, ﬁl 0Cu')=0 forj-12,...k

Proof:
A solves the dual problem
() = inf {6(n) :peR” }
e(1) s O(n) for all ucR?
this implies
B(A) Hgyr(A) < B(W) +1gey+(n) for all peR”
That is

0 € HB+1 g X2)
So we need to compute the subdifferential of this sum of functions.With p as stated in (3.9)
B(K) <0 (MysHp,..osHp) pj>0 forj=1,2,...p
there is a ball B(1,8) contained in (R," ) : and any such ball intersects ri dom 6 . Then
Bd)n Rz
B(w,8) nridom6 = &
Thus
rdom6nn Rz
Hence equality holds in Corollary 3.1.2 of Chapter XI, that is
O + Ig+y) = OO+ Ngey
holds on dom 6 n (R* )

but

Ngeyp(R) = {s e® Y I (s, 1)}
Fordh #0 ,0 € &0 + Igy)(r) implies 0 € 3B(A) + Ngey (1)

This implies

0= -f) o, C(u')+s , wheres € (R)” suchthat (s, A)=0
i=1
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This implies
&y = g oC,(u') < 0 and

o

,‘3 Ajsy = Oimpliesthat?&jstforj 8 NERRAE
Therefore

A lg a,C(u') = Oforj=1, ... .
C) EXISTENCE OF DUAL SOLUTIONS

Finally let us examine how proposition 15 can handle inequality constraints using slack variables,
the image set associated with (3.8)is

CU)=Cc) + Ry
where C(U) is defined in (2.14). Clearly , aff C'((U) = (R)’ and we obtain
(i) If0 ¢ Comv [C(U)+ (R*P] then inf6 = - oo
(i) If 0 € Conv C(U) + (R, inf 6 > — o . This comes from the relation
Conv C(U) = Conv[C(U) + (R*Y"] = Conv C(U) + (R,
(iii) If 0 € ri[Conv C(U) + (R")"], then the dual solution exists.
PROPOSITION 2 :If there are k < ptlpointsu', v?, ..., u*in U and convex multipliers
Oy, 0y, ..., 0 such that
;f.l oCiu') < 0 g e W DR
then the dual function associated with the optimization problem (3.5) has a minimum over the
nonnegative orthant (R,
proof: If there are k < p+1 such that

£ aG) < 0forj=1,2,...,p
This implies
‘:EI a,C,(u’) +B, = 0 forB;>0forj=1,2,...,p
This implies 0 & Conv C(U) + (R,")
that is
ﬁl Cy(u') +B; =0 forj=1,2,...,p
it follows

0 & Conv C(U) + (R.,")? = ri[Conv C(U) + (RJY]
Then by proposition 15 (iii) the dual solution exists.
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3.3 DUALIZATION OF LINEAR PROGRAMS

As a particular case of Sec.3.2.Suppose that U=R", with some scalar product <>, and that (3.5)
s
Sup <q,u> ueU (3.10)
<a,u><b, forj=12,..P
Where q and each a are in R” ,b=(b, ,b, .....b ) €R" The Lagrange function

L(u,n) :=<q,u> —é w[<a,, u>-b)]
B(n) = w if p ¢R" orif
q—é wia; #0.
The dual problem is therefore
inf{é wb;: w20 for=1.2,....p ,,g wa, =q} (3.11)
If peDom 6,
0w =é b,
therefore any ueR™ maximizes the Lagrangian.(that is any uis u, )
Remark: The dual constraints that appear in (3.6) and (3.11) simply express that the study can be

restricted to dom O, since O must be minimized instead of (3.11) ,for example, the dual of (3.10)
can obviously be formulated as the unconstrained minimization of the function

J lZlu/h, if 'Z)lu/a,/:(/ and p e (R")”
1 F =

1 o0 otherwise
Assume that <. > is the usual dot product and that our primal problem is now
Sup { q'u :Au=b, u 20 fori=1,2,..,n} (3.18)

Here A is an mxn matrix. beR™ It is natural to take as primal set U:=(R")", so that the dual space
is apriori R”, m being the number of equalities. Then the Lagrange function

L(u,h):=(q" -A"A)u-1'b
The maximal value is finite if and only if the vector q-A'A has all its coordinates non positive.
The dual of (3.12) is

inf {b"A : AeR™, A"A-q €(R")"} (313)

3.4 DUALIZATION OF QUADRATIC PROGRAMS

Let again U be R equipped with the dot product for simplicity, and consider
Sup{q'u-1/2u'Qu : Au<b} (3.14)



Here geR”, beR" and the nxn matrix Q is symmetric and positive definite This problem has a
unique solution if the feasible domain is nonempty

Choose the Lagrange function
L(u,u)= q'u-ﬁu[Qu-u‘(Au-b) =-1/2<Qu,u> +<q-A'p,u> +b'p
Maximum is attained : -Qu +q-A'p=0.
This implies  Qu = q-A'u
Hence u, = Q" (q-A'p) (3.15)
The corrosponding constaint value is
C(u, )=Au, -b=AQ" (q-A" p)-b.
Inserting the value of u_into L, we obtain the dual function
O(n) = L(u, 1) =(g-A" )" u, -1/2u’ Qu, +b"
=(g-A" )" Q' (g-A" W-12[Q" (g-A" W' QIQ" (q-A" W)]+d"
=(q-A" )'Q" (q-A" w)- 172 (q-A" )" Q'(g-A" p) +b'p
=1/2(q-A" w)'Q' (q-A" p) +b" pt
to be minimized over (R")" and

0()=AQ (A u-q) +b=-C(u).

On the other hand,suppose that the constraints in (3.14) are equalities: Au=b; then the dual
minimization is performed on the whole of R" If they exist, the dual solutions of ¥(u) = 0, which
is the linear system

70(w) = AQ"(ATu-q) +b =0 (3.16)
Existence of such a solution implies first that AQ"'(A'n-q) =-b. Hence -b&imA. Since im A is a
subspace, beim A this implies there exists a ueU such that Au = b. That is there exist a primal
feasible u_ In this case we claim that the dual problem has one solution at least,and that all such
solutions make via (3.15) a unique point (the unique primal solution).
This will illustrate Corollary 7. The key lies in the following facts:
(I) The two subspaces im A" and ker A are two orthogonal generators of R" This implies
(IT)When applying the positive definite operator Q or Q' to one of them, we nier obtain a vector
in the other

Q'(im A" )~ ker A = {0}=im A" nQ(ker A) (3.17)
Hence:
(I11) We have further decompositions of R” into two subspaces:

Q'(im A") @ ker A=R=im A" @ Q(ker A) (3.18)

Then the proof our claim goes as follows:

Existence - If beim A, take u, €R" such that b= - AQ"u, ; then use (3.18) to write
q+u,= A'p, +Qv,, with v, eker A.

In summary (3.16) becomes
0=AQ"(A'1-q-u,)=AQ A" (u—11))-Av,

which has the obvious solution =g, :



jince
R*=im A" @ Q(ker A)
qtu,=A'n,+Qv, v, eker A
0=AQ"'(A'u -q) +-AQu,
=AQ'(A'n-q-u,)
=AQ'[A'n (A", +Qv,)]
=AQ'A'(u—p,)-Av,
[niqueness: If p, and p, solve (3.16), with corrosponding u,and u, maximizing L over R"
L(u,, u,) = sup{L(u,p,):u €U},
L(u,,p,)= sup{L(u,p, ):u €U}
AQ' (A" p-q) +b= AQ"(A'l,-q) +b=0.

Hence

AQ (A" 1,-q) =AQ(A'-q).
We have

AQ'A (1, -1)=0.

u=Q" (¢-A" 1))

u, =Q" (q-A'w,)

0=AQ'A(p,—p,)
= AQ'A',—AQ"'A'p,
=A[Q'A'1,-Q'q+Qq-Q"A",]
=A[-Q'((g-A" 1) +Q (q-A"W)]
=Alu,-u,].
This implies u,-u, eker A. But by (3.17)
u,-u,eker An.Q"'(im A")={0}.
We get u,=u,
The essence of the above "proof" is the fact that <p,v>:=p'AQ'A'v is a scalar product in
ker A'=1im A.
When (3.16) has no solution, which means that the primal feasible set is empty, 6 is not bounded
from below.
C(U)={yeR"| y=Au for some ueU}
Applying proposition 15(1) knowing that C(U) is a closed convex affine manifold.

4. CLASSICAL DUAL ALGORITHMS
In this section we review the most classical algorithms aimed at solving the dual problem (2.6) We
must minimize a convex function (the dual functin 6). We assume that for each

he R" there is a u, € U such that
B(A)=L( u,,A)=Sup{L(u,A)ueU}
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4.1 SUBGRADIENT OPTIMIZATION

Algorithm 4.1.1 (Basic subgradient Algorithm). A sequence {t, | is given,with t >0 for k=12,

Step 0. (Initialization) Choose A, €R" and obtain s, O(hy)

Step 1. If's,= 0, stop. Otherwise set
M= M- s /llsy |

» (A ¥
Step 2. Obtain s, 7, ﬁfé;()lz'fcé)k by k+1 and loop to step 1

-Sk

Fig 2. An antisubgradient gets closer to any better point

Each subgradient is obtained via some u, solving the Lagrange problem at the corresponding X,

since there exists u, €U such that
L( u,,A)=Sup{L(u,A):ueU }.

Hence -C( u,)ed0(R).

If
O()-6( 1) <0,
then
B(w) > 06( 1) +s,'(u—1,) forall u,
since
Sk € 00(Ay).
This implies

s, (U= A < B(n)-0( A,)<0.

That is <-s_u— &, > >0.




Let o be the angle between the direction of move - s_and the direction u— A, then

(=Sgl=hg)

Sl B e (v O<gp<m,

that is ¢ 1s acute.
If our move along the d.irection of -s, is small enough,we get closer to p. From this
interpretation,the step size t, should be so small and we will require

t. =0 Por £ 9 o0 42)
On the otherhand

(o |'7\'kH - ||7"k' tksk/HSKH—MH = tk” )

and the triangle inequality implies that all the iterates are compiled on the same ball
fork=12,.. .

A.eB(A,T)
where y
= 2 Iy
k=1
since
Al =11 A Ayt A= ot Ay - A |
| HIA, - Al
=t +tt, .t
This implies
A =Ml <2 4
k=1
Hence
lp"k = )‘IH =7

Thus || A-A,||<T for all k=1,2,.....
Therefore A =B( 1,,T). And moreover we will require

=55 (43)

WE

k=1
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LEMMA 1: Let {t| be a sequence of positive numbers satisfying (4.2) and (4.3) and set
1 4
T“::/a t pn::Z t (44)

1hen(r—>®and) —>O when n— o0

Proof: See Hiriat-urruty Vol II Convex Analysis And Minimization Algorithms

LEMMA 2: Let 6:R"—>R be convex and fix ve R For all L€ R™ such that 6(1)> 6(v) for all
se O(A)
Set

d( n)= <‘”’ FE (4.5)
Given M>0.there exists L>0 such that

d( A)SM=>[0<] B(1)- B(v) <Ld(A)

Proof:- For s€ 00(L) we have 0(u)=0(A)+<s,u—A> for all ue R™ In particular for p=v we
get

B(v)- 9(X)> (s v—A>. Since O(A)> 6(v),we have <s,A—v> >().
That is—7 H || - > 0 and s# 0 if s=0,then in the above 6(v) = 6(A) which is a contradiction

to B(1)>6(v).Let u(r) be the projection of A onto the hyperplane:
H={ neR"| <s, u-A>=0 }
By calculation we get
|(A)-v||= d( 2) and O( w(h))=6(L) +<s,l(A)—A>=6(A)+0=6(})
Thatis 6( w(r))=6(1) .
If d( L)<M,then p(i)€ B(v,M) Since 0:R™—> R, we have domf=R™ and ridom6=R™ Moreover
B(v.M) is closed and bounded subset of R™ hence B(v,M) is compact.In addition to this B(v,M)
is convex. Then (Theorem 3.1.2 of Chapter V) there exists L=0 such that
B(L)-0(1)|<L|| A- n|| for all A, € B(v,M).
Since [(A) and v € B(v,M),we have
16C 1(A))-B(V)[<LI| p()-v.
. B((r) =6(1) and B(L)=0(v)
implies

(W()-6(v)| = B((R))-O(v)

Thus

0<B(1(1))-B(V)< Lu(r)-V].

hence we have

O(R)=0((W)=O(v)+ L)Vl
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Therefore
B(L)<6(v) +Ld(1).

Finally we introduce the sequence of best values generated by Algorithm 4.1.1:
: " T .
0 =min{0@,); i=1,2,....k} . .
Which is needed because {6(%,)} is not monotonic. The whole issue is whether these best function
1C i :
values tend to the infimum of 6 over R™ (a number in RU{—o0} )

THEOREM 3: Apply Algorithm 4.1.1 to the convex function 6 :R™ >R and let the stepsizes
satisfy (42),(4.3*).Then
0r— Inf{O(X) : A € R™} When k— 0

Proof:-Assume for the contradiction the existence of u € R™ and £>0 such that
! fd _ é
[O(A)>] 0, >0(n)+¢e forallk (*)

then ’ .
HH-M»iH" _HH 7‘ +}‘ 7‘1\+1 H_
=2 P +2(u— k) (7» o ) Hip-A, I
k)‘k+l>
‘HH_KI\- || -2 ||}\’k )\‘k+1“
=[[u—A, [i -2tkd()\’k) +tk %
Where the notation (4.5) is used: the triple (u,A,,s,) enters the framework of Lemma 2.For
n2k, set #
0, =min {d(A ):k=1,2,..n}.Thus we have - §_ 2-d(A,) ,k=1,2,...,n.
Hence :
I P =l IF 24400 4]
< |lu-A P -2t 8+t fork=12,..,n
Summm<7 from 1 to n )
Z =22 £ 2 Hu-2gll2= Z 210, +Z ;

k=

Hence 6 —0 by Lemma 1. i
Thus we have an infinite subset K of integers such that
: d and
lim d(h;)=0 Now apply Lemma 2:{d(},)} where ke Kis bounde
kek

: : ' ded then
lim [6(%) — O(11) =0,which is a contradiction to (*),since {d(A,)} is bounde
kek
there exists

MER such that d(A,)< M for all ke K.That is 8(%,)-0()<Ld(A,).

Hence

O<lim[ 6()-6(w)]<lim Ld(%,)=0.
kek kekK
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Then we get |
lim [0(%,)-0(11)]=0.But by our assumption 6(},)-0(w) > € for all k.
keK

The above implies
lim[6(%,)-0(1)]= € > 0 a contradiction.
keK

Algorithm 4.1.1 is often called a subgradient method

42 THE BASIC CUTTING PLANE ALGORITHM

To ease our exposition, we assume now that a compact convex set CCR™ is known to contain a
dual solution. Then we can write our dual problem

inf{0(A): A€ R™} as
mn0.0 e R,A e C (46)
0>L(u,\) forallue U

A4/6)

The problem would be easy if it had only finitely many constraints that is if U were a finite set.

ALGORITHM 4.2.1 (Basic Cutting Plane Algorithm)

The basic idea of the basic cutting plane algorithm is to accumulate the constraints one after the
other in (4.6) and taking the advantage of the fact that the constraint index u can be restricted to
the smaller set U of (2.9).
The compact convex set C# & and the stopping tolerence € 20 are given:
Step 0 Choose %€ (" and solve the Lagrange problem at A, to obtain u, : =u,, .Set k=0
Step 1 Solve the following relaxation of (4.6)

mnbd 0e R A e’

6= L(u,\) fori=0,1,2,....k-1 ke
| to obtain a solution (0, Ax)
S‘It?p 2 Solve the Lagrange Problem (P,,) to obtain a next primal point u,:=u;,
~then stop.Otherwise replace k by k+1 and loop to step 1.
For the Lagrange function

| L(u, 1)=p(u)-4'C(u) = L(u,d) +H-C) I'(A-2)

Letting S(A)=-C(u))
we have |

(49)

L(u. 2)=0(%) +[s(1)]" (A=) valid for all A and i=1,2,......
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Thus (4.7) can be written
mnB 6OeR, LeC
62 0(h) HsA)]' (A1) fori=0,1.2,... k-1
-C(u)= s(A)e OO .

When the hope that (4.10) does approximate (4.6), we rely upon on the property proved in
theorem 1.3.8 of Chapter XI:

Forall A€R™ . 6(1)=L(u,,A) where u, € U exists.
Hence

(4.10)

domb=R™ .

Therefore ri dom6=R"™ Theorem 1.3.8 of Chap.XI: 6 # oo implies 6 € Conv R" .
S: R"—R" satisfying s(\) € 9()) for all A€ ri domd.

Then
O() =Sup [O(w) + (s(w)" (A - )

peRrm
forall A €R™ where s(p) is an arbitrary element of 9(p).
The convergence of Algorithm 4.2.1 is easy to establish:

Theorem 4:-With CCR™ convex compact and 6 :R™—>R convex,consider the optimal value
O.:=min{B(X) : L e C}

n Algorithm 4.2.1,0, <0, for all k and the following cnvergence properties hold:
-Ife>0, the stop occurs at some iteration ke with A, satisfying

6(Ax,) <6, +& (4.11)
Ife=0,the sequences 10, §and {6(Ar)} tend to O, when k—> o0

Proof : Because (4.6) is less constrained than (4.7) =(4.10),the inequality 6,<0. is clear and the

optimality condition (4.11) hold when the stopping criterion (4.8) s satisfied. Now suppose for
contradiction that for k=1,2....

: 00 )->6,>0(1,) + [s(A)] bk — 1) for all i<k
The above implies

—€> 05 —0(Me) 2 0(\) - 0(he) + [s(A)]) (i = Ao) for all i<k

or

& >0(A) - 8(Ae) — s 1A = A1,

since

Ceompact implies bounded 6 convex and dom © =R™ by theorem 3.1.2 of Chapter IV there
XISt L20 such that

e 18 -6 < Ll -l forall & € C
Since A;*)\L cC

B ) =16, )lI< LA, - A, || for i<k=1,2,..., since it holds for all.
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Let L= max {L M} .Then
L - 2 - M = Al )l

and

400k ) 0 )b = LA - A |
From

Ce>00 ) -8 - sGNNI - Al
we get

-g>-L|A, - A || +-LiA, - A || foralli<k=12,..
o
-g>-2L|A, - &, || foralli<k=1,2,:.
"
ge<e2L|A, - A || foralli<k=12,..
or
A 1+ 11 A [ > &/21
-

A= e2L - | A || foralli<k=1.2,..

Let ||c|| <.a for all ¢ €C. choose s=4al + 1

A || >e/2L - || A || =2a+1/2L-a=a+ 1/2L

a contradiction.

Because £>0 was arbitrary and 0, < 6. <0(), ) forall k We have

01, ) -6, >@ ask >
Which can happen only ife = 0, t hen G_C is the common limit of {ék} and {O(he) |-
f£=0,Algorithm 4 2. | O(%, )< 8,. is not true, hence loops forever. When U is a finite set, then
the algorithm stops any way _even if 8=0.This is implied by the following result.
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proposition S Here no assumption is made on C in Algorithm 4.2.1. The u, generated at step 2 is
different from all points u,u,, U, unless the stop in step 3 is going to operate.

proof: If u=u, for some i<k-1.then
, 6(7‘/‘):[‘("k’)‘k):[f(”u?&k)S@k .

Tﬂ us S }’f/;:"
The presence of a compact set C in the basic cutting plane Algorithm 4.2.1 is not only motivated
by theorem 4 More importantly (4.10) would have no solution if C were unbounded.

Theorem 6 : Let U be convex, ¢ concave , C affine and suppose that Algorithm 4.2.1 applied to
the convex function 0:R™ —R, can be used with (4.12) instead of (4.10). When the
stop occurs denote €A, an optimal solution of

k=1 k .
max { X o;p(u;) 12X o, C(u;) =0 (4.13)
=0 i=1

BeA i=(
Then u(P) 1s an € solution of the primal problem (P).

Proof: B /,is an optimal solution of (4.13) implies
k=1
X B,Cu)=0
=0

and

k=1 k=1
Z( Bip(u)) = X oupu;) for all o such that
=0 =0

//\,“]
L @y='1, g 50
=0

—1
uPB) = 'L B,

=0

Since C is affine .we have C(u(p))=0 and
k=1
0, :§ BioGu) < ou(P)

Sivnce -0 1S convex o(u(P)) = 64
When the stop occurs
(%, )< 6, +e
By weak duality theorem
Pu(B)= (X, )<O, +e
By the above Gt

9, < o(u(P))

Hence we have

Thici O, < ou(p))=< 0, +e
® mplies u(B) is an & solution of (P)
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5 PUTTING THE METHOD IN PERSPECTIVE
5.1 THE PRIMAL FUNCTION

Here we consider the following function

P(y):= — sup(p(u) ueU,Cluy=y } 5.1)
Theorem :- Suppose dom 8=C. Then

P'(L)=6(-2) for all .cR™

Proof: By definition
P’(1) = sup{A” y- P(y)}
=sup{ATy + supdp(u) :C(u)=y ,:ucU}}
= sup{sup[L” y+o(u) :C(u)=y, ucU] ;yeR™ }
= sup{A’'C(u) +p(u) ueU}
=06(-1)

REMARK
Dom & = —dom P"; Dom 6 # & implies 6 # o
Dom 6 = — dom P” is the set of slopes minorizing P. The condition in question :
for some (6,u) e RxR™
P(y)> 6 +<p,y> forally e R®
or—P(y)< -0 —<pu,y> forally e R®
orsup{p(u) :Cu)= y,ue U< -6 —<u,y>
orp(u) +u' Cuy< -6 forallue U
oro(-pu)< -6 <w
1.This property holds for example when @ is bounded from above on U.That is

¢(w)<a for all ueU
or ¢(u) - 0C(u)<a for all ueU
or 6(0)<o, <o

fz0 ,and there is an affine function minorizing f on R *)
For f satistying (*)
gy Chapter X of Theorem 1.1.2 f'c ComvR”

N=p(y) or 6°(~y) = p”(y) and p”(y) = conv R" by chapter X ( 1.3.4)
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Let U be a bounded subset of R,

o(u) = (q,u) lincar (5.2)
C(u)=Au-b is affine
proposition 1:-Consider the dual problem associated (U,¢ ,C) in (5.2).Its infimal value is the
sup[cnlal value in
Sup{<q,u>: ue ConvU , Au-b=0} (5.3)

Furthermore,assume that this dual problem has some optimal solution i ;then the solutions of (5.3)
are those ue (ConvU)( py={ue ConvU : L{u,u )=0(u)} that satisfy Au=b.

Proof:-In the case of (5.2),we recognize in (5.1) the definition of an image function:
P(y~b)=-Sup{p(u):ue U;Cu)=y-b}
=inf {-pu):ue U;Au-b=y-b}
=inf{-pu):ue U;Au=y}
=inf {I(u)-<q,u> :Au=y} forally e R”

Let us compute its biconjugate. Thanks to the boundedness of U, theorem 2.1.1 of Chapter X and
using various Calculus rules in 1.3.1 of Chapter X, we obtain

P'(M)=(I3-<q,.>) (A"A) +ATb =6 { A"A +q) +ATb  for all A\ER™.

The Support function G ¢y = CCamU is finite everywhere; Theorem 2.2.1 of Chapter X applies and
using again Chapter X of 1.3.1,we conclude
(Conv P)(y - b) =Inf {Iozp(u) ~<q,u>:Au=y}
. = - Sup{<q,u> : u€ CoivU, Au=y } forally ER"

To finish the proof,

“ Sup{<q,u>: ue Conv U,Au -b=0 } .
C(_)m{U is closed and bounded implies compact
g‘s lincar,C is affine implies 1. is upper semicontinuous,filling property holds at each 2.€R" and

orolary 14(ii) CoRVU convex - is convex, C is affine hence by Lemma 12 no duality gap.

52 AUGMEN TED LAGRANGIANS

e saw in section 2 that an important issue was uniqueness of the Lagrange problem (P,)
UM :={fue U: L(u, 1) = 6(A)}
More precig .C(k? =1{C(W) € R":1u e U} it i
Such a pmpely’the important property was single valuedness of the multifunction :
etty would imply, under the filling property (2.12)
MB(A) = ~Conv{C(u) : u € U(A)}

36



For a given t > . the problem

Sup [p(u) - SHICWIF] ueU
Cu)=0 € R" (5.4)

is equivalent to (P): it has the same feasible set,and the same objective function there .

The Lgrangian associated with (5.4) 1s
i i
Lu) = o(w) - yUCWIF - ATC() = LwA) - 3 tICw)f

called the augumented Lagrangian associated with (P). L =L, is the "ordinary"
Lagrangian. Corrospondingly, we have the "augumented dual function".

0,(L):=Sup{ L(u,A)ue U} (5.5)
A mere application of the weak duality theorem to the primal dual pair(5.4),(5.5) gives
8. (M) o(u)-3 - 1[C)* =o(u)

since u feasible implies C(u) = 0, for all t, all A€ R™ and all u feasible in (P). On the otherhand the
inequality

L) =L(u,2)- 7t|C(u)[F<L(u,A) extendsto 6.6

Duality gap = mt £ 6,(1) — sup { (p(u)—— t}|C(u)||* : C(u) =0}

wel

mf 6(%) —=sup {o(u) : C(u) =0}

uel/

H

IN

mf Q(A)— sup {o(u) : C(u)=0}

IIEU

This implies the augumented Lagrangian approach cannot worsen the duality gap.

Theorem 2 Wi p defined by (5.1). Suppose there are t; 20 and p€R™ such that

5
P(y)=P(0)-u" y - tullyH foraly eR™. (5.7)

ian L, and

Then for .
“Mforallt> ¢ there is no duality gap associated with the augumented Lagrangia

aCtually
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_P(0) = 0,(n) < O,(}) for all e R”

Proof - When (5.7) holds,
) 1 ] ,
P(y) 2 P(0) -1ty — Stllvll

t >t implies -t<-t, .
Then we get ] ] i

-StlvIF ==ty
Thus | 1 ]

P(y) = P(0) - 'y — Stlly||" forallt=>t,.
Then we have for all y : 1

-P(0) 2 =P(y) — p'y = yt,lil

v - 1
= Supo(w) - Ow) =7} - 'y =3 I

uel/

= Sup {o(u) - 1y — 3t hIF : Cw) =7}

uel/

=Sup {L(u,p) : C(u)= v}

uell

Since v is arbitrary we conclude that
—P(0) = Sup {L(u,p) : C(u) =7} = 06,(w).
u,y

By the definition ¢!
-P(0) = sup {o(u) : C(u) =0}

uell

Duality gap = inf®,(2) - sup {o(u) - 7H/CW)* : C(u) =0}

uel
=1nf 0,(A) - sup {o(u) : C(u) =0}
A uel
=inf 6,2) - (-P(0))
= Ou .

since - P(0) > 0,(1).
Hence we have -P(0) = 6,(1). That means
-P(0) = 6,(n) = inf B,(1).
7

This result is to be compared with our comment in section 5.1 (iii):

Corolary:- |1 catiop AL e e
rolary:- 1t satisfies (5.7) iff it minimizes O,

Froof:-w satifies (5.7) implies

By the ab ol = Ry = %Q,HYHZ for ally €R™.

% ) m?iln.ovle»e theorem 1 lTlinimizes 0, forallye R™ ' g ;
| imizes 0, then 6, (1)< 0,(1) forall L €R™ and no duality gap implies 0P(0) #
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Therefore
P(v)=P(0) +<p ,y=0> for ally €R™.

or

P(y)= P(0)—<—p,y> +‘21"[n||3’||2 for all y €R™. where t,= 0
Thus holds (5.7). The primal function associated with (5.4) is
P(y) = Sup o) ~3tICW)P: Cu)=7}

uell
= - P(y) -5t 1P

and (5.7) just means ,

OP 9=
since

P(y)> P(0) -uy—3 ) for all ye R”
Implies

P(y) + 21 t |ly]l> = P(0) + <—p,y> for all ye R™.
That is

P (v)= P (0) +<-y ,u> for all ye R™
since there exists -lLe R™ by the definition of differential
0P 1,(0) =
EXAMPLE
Consider the simple knapsack problem
max u 2u< 1 ue{0,1}
whose optimal value is 0.
The minimal value of 0 is 0.5. The primal function is plotted below. The graph of P, is obtained by

bending upwards the graph of P that is by adding % t||.|P; for t>t,=2,the discontinuity at y =1 is
lifted high enough to yield (5.7) with u=0.In view of theorem 2, the duality gap is suppressed.

5

+ 00

| pu(y) = P(¥] + 3tHpl

p(y) = -Sup ju
yéio 43

|
|
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| =L+ 2P ir v

| ’I I/ /4]
w=q 0 f veFLD 3 P = 0+ ifyel-1.D
| o if y<-1 o if y<=l

\

fhe prima unctvon 3 knapsack Pproblem

53 THE DUALIZATION SCHEME IN VARIOUS SITUATIONS

(a) CONSTRAINTS WITH VALUES IN A CONE

Consider abstractly a primal problem posed under the form
Sup p(u) ueU |
C(u)ek (5.8)
In (P) we had K={0}cR™.
In(3.5) C(u)e -(R")". More generally we take here for K a closed convex cone in some finite
dimensional vector space call it R™ .equipped with the scalar product<.,> and K’ will be the polar

cone of K.
The Lagrange function is then defined as

L(u,)=p(u)—<A, C(u)> (ur)e Ux K’ (5.9)
and the dual function is O = Sup{L(u,.):u€ U} as before. The dualization enters the frame work
of section 3.1,as is shown by an easy check of (3.1)
inf{L(ud) : 2 € K’} =inf{ p(u) — <A, C(u)>: A €K’}

= @(u)+inf{ <X, C(u)>: L €K’}

= p(u)-Sup{<h, C(u)>: A €K’}

= o(u)-1.(C(u)) by definition
The weak duality theorem
B(%) 2 o(u) for all (u,2)e UxK" with u feasible follows. Slack variables can be used in (5.8).
_ C(u)e K ifand only if C(u)=v € K
The slackened Lagrangian is

L(u,v.A) = @(u)-<h, Cu)> + <<A, v>  (uv,A)eUxKxK’

Definition:- F is an exposed face of K when there is a nonzero s€ R” such that
F={xe K:<s,x>=Sup< s,y >}
yek

Otation:- F_ (%) is used to designate the exposed face of K associated with A

Ifu, maxim; ' ..
’u‘ Maximizes the Lagrangian (5.9) the whole set {u, }x F, (A) € Ux K maximizes the
slackened Version.

Everett's '
YETett's theorem becomes : a maximizer u, of the Lagrangian (5.9) solves the i B
SIVI//) {o@) - C(u)—C@uy) € K x Fie(L)
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£ C(u, )€ Fy ().).the feasible set in this problem contains that of (5.8).Thus corollary 2 becomes:
(f some u, maximizing the Lagrangian is feasible and satisfies the complementary slackness

3. C(u, )>=0.then this u, 1s optimal in (5.8)
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) PENALIZATION OF THE CONSTRAINTS

we replace (P) by

Sup{ [o(w)-3tICW)|* u €U} (5.10)

for a given parameter t = 0
introduce the additional variable veR™ and formulate (5.10) as

| Sup [(p(u)—%tHv[!: JueU,veR™
| Cu)=v (5.11)

Note the difference with (5.4):the extra variable v is free,while it was frozen to 0 in the case of the
augmented Lagrangian We can define the Lagrangian

L (v )=o) tlv-ATCw) -v]  forall (wy,A)e UxR™xR”

The corosponding dual function
6"(%):= Sup{L,(u,v,A): (u,v)eUxR™}= 6(7»)+%H7»||2

Observe that 6" always has a minimum (provided that 8#00). Thus we have 8’ #o0
C(U)=R"™ implies Conv C(U)=R"

Ueri R™ implies inf{ 6" (A):AcR™ }=6" (1) there exists peR™

f' has a minimum always.

Consider the primal function associated with (5.11)
-P(v):= Sup {o(u)-3t|C(w)-|f’: ue U} (5.12)

Proposition 3:1et { - 0
P(y):=- Sup {¢(u): ue U:C(u)=y}
P () = Sup {o(w-LCu)y: ue U}

There holds

2R

P (y)=inf} P(z)+%t||z-y

P’"‘!f:*f\ssociativit_\' of infima is much used.By the definition of P
inf} P(Z)+%t1\z—y||3:zeR'“}=ir}f [inf { o(u) :C(u)=z} +%t||z-y||2}
inf [inf { {-0(u) +11lzCw)=2}
“inf{—pu) +LtzyF-Cluw)=z}
Cluy-yl12]= P]&)

=inf [~ (u) + %l|
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() MIXED OPTIMALITY CONDITIONS FOR CONSTRAINED MINIMIZATION
~ PROBLEM

Consider now a problem where both forms occur;
! inff(x) xeC,
| Ax=b
| C(x)<0 for j=1,2,....p

(5.13)

Here feConv R”,C,cR™ C = is a closed convex set ,C, "Dom f#J

A: R"—>R™ linear
C :R"—>R is convex

Thus we now accept an extended-valued function , but the constraint functions are still assumed
finite valued.
[he problem enters the general frame work of the present chapter if we take the Lagrangian
L(x, A1) = f(x)+A" (Ax-b)+u' C(x)
and the corrosponding dual function
B(A; 1) = = inf{L{x,A,1),xeC,}
The control space is now U=C ~dom f The whole issue is then whether there is a dual
solutign.and whether the filling property (2.12) holds;altogether ,these properties will guarantee
the existence of a saddle point.that is of a primal-dual pair.
In view of section 2.3 a relevant question is now the following:Suppose we have found a dual
solution ( A,u1),can we construct a primal solution from it?for this we need the filling property.

SAFENCHEL'S DUALITY

For two closed functions g, .2, ,the optimal value in the primal problem
} : m:inﬂg,(xwg:(x); xeR" } (5.14)
+ OPPosite to that in the "dual problem"
S
T apl};]rtol}fia(t ;)Zi (-s):s €R") . _ (5.15)
. sumption.For example m is a finite number and
rmdom g, ~ ri dom g, 20 (5.16)

Since ri domg, ~ ri

o dom g, rdomg, #0) We have dom g, mdom g, # . Then by theorem 2.3.1 of
i (8"+g. NO)=-min{ g"(s)+e,"(-s):s €R" where m=inf{ g, (x)+g,(x): xeR" }
: 3.15) has a solution. | 2
he constryct

1 N N . . n
um g 10N (5.14)—(5.15) is called Fenchel's duality,whose startig idea is to conjugate the

"g,in (5.15)
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t o and g,be functions of Comv R” satisfying (5.10).1f's is an arbitrary solution
f=l 2 4

ositon 4:- L€ _ : .

l:;?? 15),the (possibly empty) solution set of (5.14) 18

i 0’ (5) M 085(=9)
(5.17)

+g."is exact at 0= st-s, and the
te,

proof- Let = g, and .= g," The infimal convultion g,

whdifferential .
ag} +3)(0) =081 MO by (3.4.5) of chapter XI

(g,72) =8 +g, by theorem 2.3.2. of chapter X we get

Ag: + g2)* (0) = g1() M Bga(=9)

But : .
(g1 +g2)°(0) = min{gi(x) +g2(x) 1 x € R"] by 1.4.6 of Chapter X

= 0g}(s) M g5 (=9)
(a) FROM FENCHEL TO LAGRANGE

As was done in section 5.3 in different situations the approach of this chapter can be applied to
Frenchel's duality It suffices to formulate (5.14) as

e, () g (5§ & 1~
This is a minimization prblem posed in R'xR" ,with constraint values in R", which lends itself to
Lagrangian duality:taking the dual variable AeR",we form the Lagrangian

L(XI,X:,X):g,’ (X]) +g3 (Xz ) + )\'l( X, 'Xg)
The associated closed convex dual function (to be minimized)

B(h) = i“\f [g1(r1) +g2(x2) + A (x1 —x2)

X152

:—[inﬁgl (x1) +A T JHnf [g2(x2) - Alxs]

= —[i:}f [e1(x )< A, x) >H] + —[inf [g20x2)—< A, x2 >
| O ETHN _
So
00 = g1 (-1 + g5 ()

(b) FROM LAGRANGE TO FENCHEL

Converselv . .
C;pt:l TSEIV suppose we would like to apply Frenchel duality to the problems encountered in this
i) (\():lls can be done at least formally,with the help of appropriate functions in (5.14)

2\ «; (Ax-b) models affine equality constraints,as in convex instances of (P).

\cc{i(m 3 ‘lﬁ;((.(\))wl?ele K is a closed convex cone,plays the same role for the problem of
2-3(a) inequality constraints corrospond to the non positive orthant K of R”

(i) ‘:"(x):]?’Hﬁ].\‘ —hl12 s associated to i i 1 i
) I the e ¢ : penalized affine constraints as in section 5.3(b).
case of Augumented Lagrangian (5.4),we have a sum of three functions
inf{-0(x) +3 t] Ax-b|]* +1,,, (Ax-b): xeR" }
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i i 1 straints in some detail
her situations can be imagined.let us consider the case of affine constra
\fany other 5 S

ALIFICATION PROPERTY

(c) QU

vith ¢ and f, closed convex function. A-R"—>R™ linear and R™ is equipped with the usual dot

With g, ¢ g X . : - .

pmduct.consider the following form of (5.14): 5
inf{g, (x)*f, (Ax-b):xeR™ | o

[he role of the control set U is played by domg, and f, can be an indicator function;g, of (5 14)1s

given by
4 g ,(x):=f,(Ax-b)
By using proposition (I11) 2. 1.12: . .
| _»\‘Iinear implies A is affine Let ri dom g,~ri dom g,#0,then there exists xc ri dom g, and
veri dom g,=ri domf,(Ay-b) xeri domf,(Ay-b) implies Ax-beri domf’,.
That is
there exists xeri dom g, such that Ax-beri dom f, (5.19}
| With =1, ,hence g,(x)=1,,,(Ax-b).Thus
" dom £={0}
ri dom £,.={0}
U=dom g, is a convex set
Let B(x)=Ax-b.Hence B is an affine mapping. By proposition 2.1.12 of Chapter 111,
ri[B(U)]=B[ri(U)]=A[ri(U)]-b. £.=1,,, means 0 A(ri [domg, ] )-b =ri[A(dom g,)-b]
that is
Oeri [A(domg,) -b]
Let C(U)=A(dom g,)-b =A(U)-b since U is a convex set, AU-b is a convex set. Hence
Conv(A(U)-b)=A(U)-b By proposition 15(3) the dual problem has a solution

(d) PRIMAL DUAL RELATIONSHIPS

’v’,”.""f’t"”"“? 4 characterizes the solutions of the primal problem(5.18)(if any):they are those x
satisfying simultaneously | |
" XEOgY(-ATL) with ) solving
- mill{f: (W) +O(1) :ugR‘“} '

Quivalently,0 € Og)(x) + A%, that is x minimizes the Lagrangian

. LEM=g, (x) +u" (Ax - b)
T XEOZ(A7N) with n solving

i m

an.d g is givelinl;]\]"l B e
& (-S)=min {{£"(0) +b"% - AT =- g )
using the Caleulys ryle X13.3.1 . this meéns Ax-b € df5 (L)
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o (s)=min{uC(xs) - >0} forj=12...p.

Then (5.20) has actually two (groups of) minimization variables:(s, ,s,,.....,s,) and (i, ,....11,). We
minimize with respect to {s | first The value (5.20) is the infimum over pe(R,")" of the function

inf} g”"‘:(s”)Jr;Z?1 T (Es) :‘é §=10}
This is the value at s=0 of the infimal convolution

g(s):=(g, + 1. -+ 7mp)(s) WhereseR’
and where for j=1.2,..p,

nfi(s)i:u‘C‘*(%S) where seR” is the conjugate of
mis)=p G Xx);
since
r,(s)=Syup{<x,5s>-, C(s)}
:Ll‘SUSP { <ix, s = —C8)}
B
_“zc) (Il—j-“\)
Theorem 2.3.2 of Chapter X says
g(s)=(gh + i+ Tp)(S)
=(g, 1+ ...+ ) (5)
By Chapter X (1.4.6) we have

(gt + ..+7,) (0)= -inf{ g+, + ... 470 )(X): xeR"}
p 4
= - inf{go()+Z w0 ¥ € R}
= 3

Let us conclude ‘there is a two way corrospondence between Lagrange and Fenchel duality
schemes,eventhough they start from different primal problems;the difference is a matter of
taste. The Lagrangian approach may be deemed more natural and flexible;in particular.it is often

efficient when the initial optimizatiom problem contains varia

bles,say yJ=Cl(x),which one wants to

single out for some reason.On the otherhand,Fenchel's approach is often more direct in theoretical

developments.
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