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ABSTRACT 

~~otion of charqec1 part.icles in magnetic and/or electric 

fields (from simple to cOInnlex fonfigurations) is discussed 

in chapter one as a necessary backaround for the understand­

ing of the orbit theory of particles in a special confiqura~· 

tion presented in the last chapter. 

Fundamental concepts regarding- confinina and heating of 

plasma and the energy irlterchange bet\~een waves and plasma 

particles have been dealt ~lith in chapters blo and three. 

I>lith the help of circularly polarized fields and a 

coordinate system that rotates with E, the nature of the 

averaqeforce and pseudoj1otential, instantantaneous rate of 

energy gain ane. its dependence on angle X have been inves·­

tiqated in chapter four. 
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INTRODUCTION 

Plasma may be defined as a ,collection of approximately 

equal number of positively and negatively charged mobile parti­

cles. The three common states of matter are solid, liquid and 

gas. They are determined by the mean kinetic energy of their 

particles. If the temperature of a gas is increased above a 

certain value, then the particles will be ionized. The ionized 

gas manifests different properties and it becomes the fourth 

state of matter called plasma. Increasing the energy beyond the 

bond energy of the atomic nuclei results in the fifth state of 

aggregation called the "Nu-gas" (nucleon gas) which consists of 

proton, neutron and electron gas (1], 

The process of ionization, may be effected by one of the 

following ways. 

a) When quanta of photon radiation are absorbed by atoms or 

molecules, the energy thus added may be sufficient to ionize 

the particles. Ionosphere is an example of plasma produced 

by radiation ionization. 

b) Collisional Process: This process consists of different 

way~, of obtaining plasma. Thermal ionization occurs due 

'tl'),ColU.Sions of randomly moving particles (like in stars),. 

Another method of ionization by collision is achieved by 

accelerating the part:icles uSing different externally applied 

fields. 
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To produce plasma in laboratories proper values of pres­

sure, number density of particles and energy must be provided. 

In recent years research on controlled thermonuclear fusion has 

attracted many scientists. Such fusion reaction needs hot plasma 

in a concentrated form; however, one of the main problems faced 

would be the choice of a suitable means of production and confine­

ment of plasma. 

Like in other physical sciences, in order to interpret ex­

perimental results in plasma physics, one must start from a theo­

retical model given in advance. Therefore, the process of confine­

ment and heating of plasma requires deeper understanding of mo­

tion of charged particles in different electric, magnetic and 

electromagnetic field configurations and their interactions with 

the fields and the surrounding. Consequently the fundamental 

concept of orbit theory, Landau damping and the field quantities 

obtained from solutions to Maxwell's equations must be understood 

clearly. 

Due to a huge number of particles (106_l01G cm-3), the stati­

stical method is employed in describing the behavior of plasma. A 

perturbed velocity distributlon function is UC'5ld in collisionless 

Boltzmartn equation to analyze the wave-particle interaction. 

The aim of the thesis is to investigate the interactions of 

radio-frequency electromagnetic field with plasma particles, 

because the properties of plasma are significantly affected by 

the field. Generating, heating and confinement of plasma fall 

within this category. The frequency of the electromagnetic field 
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is chosen such that a resonant interaction with the plasma is 

possible. Radio-frequency heating of magnetized plasma at the 

electron and/or ion cyclotron resonance has been extensively 

studied both experimentally (2) and theoretically [3,4) 

Motion of an electron in TE11\ mode perpendicular t!) the" 

magnetic field is described i.n the last chapter where the equa­

tion of motion of an electron in plane and circularly polarized 

fields is derived. It is shown that the rf confining force for a 

single particle is proportional to the gradient of a scalar 

quantity which can be expressed interrns of a pseudopotential. 

This description helps in .obtaining a simple solution to Vlasov 

equation, which is an appropriate equation for. plasmas where 

interaction of particles with the electromagnetic fields are 

more frequent than collisions between th.e ~articles. Thermal 

velocities are not taken into account in deriving the pseudopo­

tential. 

The single-particle model is,an important method where one 

can have a reasonable assumption about the shape of the rf field. 

The investigation presented here involves non-linear phenomena in 

which rf confining force for a. given. geometry is studied. More­

over, the energy gained by particles during a reflection from 

the electromagnetic field is also thoroughly discussed. 
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CHAPTER 1 

MOTION OF ISOLATED CHARGED PARTICLES 

Orbit theory gives insight into the physical phenomena 

that determine plasma behavior. For a single particle of mass m, 

charge q, moving with velocity V, at a point where the electric 

field is E, the magnetic field is .~ and gravitational accelera-
... 

tio~ 1s g, the fundamental equation of motion is 

... dV ... ...... ~ 
m dt .. q{E + V x B} + mg (1) 

The solution of this equation cannot be readily obtained 

for the field arrangements are complex. We therefore begin with 

simple conditions on the field quantities. In order to relax the 

restrictions, the gravitational force is neglected. 

1.1 Motion of a Charged Particle in a Static and Uniform 

Magnetic Field. 

Neglecting the effects of gravity and in the absence of an 

electric field, eq. I can be written as 

. 
mV '" 'i Vi. B (2) 

w~~re Vi. is the component of the particle velocity per­

pendicular to the magnetic field. For a static and uniform 

magnetic field, the path of the particle perpendicular to 

the field lines is circular. At equilibrium, the centripe­

tal rate of change of momentum and the centripetal force 

are equal. Thus, 

., q V.L B (3) 
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where Rg- the radius of gyration and n - cyclotron fre­

quency are given by 

R = .~. ' g, 1.1.0 
(4) 

and' 

(5) 

From eq. 3 it is evident that the radius of gyration of a 

particle is inversely proportional to the centrifugal force. 

~e direct~ons of rotation of ions and electrons about the 

magnetic field lines are opposite. 

Let the magnetic field be Bi = (0, ·0, Bzl , ie. along.' the z 

axis, and E = O. Consider also the following set of initial 

condi tions: 

Vo = (0, Vyo ' O) 

(6) 

'0 = 
. Vyo 

0, 0) ( n , 
z 

where nz = - q B 1m· is the cyclotron frequency. z . 
)I 

.~ 
, e 8 z 

Fig. 1.1: Orbit of electrons in uniform, static magnetic 

field. 
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From this motion we can obtain the follm·/ing equations: 

V 
x = J2. cos II t n z z 

(7) 

y ~ 
Vyo 

sin II t n z z 

z. '" 0 

By squaring and adding eq. 7 we obtain the radius of 

gyration as 

(8) 

Thus, the particle gyrates in the xy plane with Rg given by 

R 
g 

Vyo = = II 
z 

(9) 

For an electron of mass me and charge q = - e, eq. 7 becomes 

vyome eB z x = cos --t eBz me 

Vyome 
sin 

eBz y = -t eB z me 

Differentiating eq. 10 yields the velocity components 

eB 
'" - V sin __ z t 

yo me 

V = 
" • 

eB __ Zt 

me 

(10) 

(11) 

since the cyclotron frequency of an electron is llz= eBz/me , 
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Similar expression can be written for positive ions of· 

mass mi , cyclotron frequency nz "" - eBz/mi and charge 

q "" + e. 

If the initial velocity is assumed to have a component 

along x and y axes, then we can write eq. 11 as 

(12) 

v - "{V. I + V. 2}~ 
J. xo yo (13) 

EqS. 10 and 11 imply that the particle moves in a circular 

orbit on xy plane around the magnet lines of force. There 

is no drift along the z direction since Vzo = 0 from the 

condition given by oq" 6. 

1 .• 2 Static and Uniform Ele·ctric and Magne:t:i:~:; Fields 

Consider a particle of mass m and charge q placed in a 

static and uniform electric field E and magnetic field B. 

Let the magnetic field be oriented along the z direction, 

B '" (0, 0, Bzl and the electric field be on yz plane such 

that E = (0, Ey ' Ez). The equation of motion (eq. 1) can 

then be written as 
• 

mV = qlE +V x B) (l4) 

Introducing an expression for Q = - qBz/m into eq. 14. 

wrltLng in its component form 

(l.S) 
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(16) 

v "" S E z m z (17) 

If the initial values of velocity and position are (Vxo ' 

VYOI Vzo ) and (xo ' yo' zo), solving eqs. 15 and 16 simul­

taneously and integrating eq. 17 give 

cos n t - V sin n t z yo z 

qE 
~) 

z 

Integrating eqs. 18-20, we obtain the position of the 

particle as 

z=z + V t + % o zo 

qE 
nzt-l)+(Vxo~) 

z 

qEz 2 
--t 

m 

- cos 

qE 
..:..xt} 

m 

The motion of charged particles in static and uniform 

(18) 

(19) 

(20) 

(21) 

(22 ) 

(23) 

fields is easily understood with the help of eqs. 18-23. 

We also apply these equations to various special cases. 
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Hel:e we consider· a ch,ax-ged paz·ti.cle plaoed in a static and 

uniform Blec.tric 8nd magnetic fields. Suppose both field 

vectors· a);e ox·:i.Elnted along the z direction iHlen that 

E. ",. (0, o. Kzl and B '" (0, 0, 1\). Using the initial .con­

ditions as :tr;: eg. 6, one can ~n:ite ega. 21 through 23 as 

x ~'"' 
Vyo 

nz 
cos uzt (24) 

V 
y .., -~Q s-in II t 

'z z (25) 

q'" 
Z I 

. ~z 
:'c. 2: :::::; ? 11\ 

(26) 

NY.( diffl!i'.:rentiat.ing the above (1quations, we obtain 

~., 

'" - V sin r. t , 
x yo 1: , 

(27) 

V y, "" Vyo cos Q t z (28) 

'''E 
V 

..... 3, ~j z: 
;::;~ ·--t 

z In 
(29) 

l?J<'OlW 'l?'<y<\1!" 27 a.nd 28 one oan sea ,that the motion of the 

Jira:rtl<>lJ~" on Xy plane :l.s g:v~'ation .in a circle arotmd the 

magnetk. f.'leld lines. at the cyclotron frequency. The 

~ff~~& dlf tl'l(!: pat'a"lIel elect:;.ric fiel.d i.e to.. produce accele"'" 
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1.4 Electric Field Perpendicular to Magnetic Field 

In this section the motion of a charged particle in a 

crossed static and uniform electric and magnetic fields is 

briefly discussed. The electric field is assumed to be 

perpendicular to the magnetic field. Suppose the electric 

field is given by E '" (0, Ey ' 0) and the magnetic field 

B = (0, 0, Bz) with the tnitial values 

v '" (0, 0, 0) o 

eqs. 21-23 are reduced to the form 

which become, 

qE 
Y '" - .:....:t.. cos 

mQ 2 
z 

z '" 0 

II t z 

after differentiating 

qE 
[cos V '" ..:...x II t x mil z z 

V '" 
qEy 

sin llzt y mQ 
z 

(30) 

- lJ 

(31) 

As in section 1.3, ~le see fr.om eqs. 30 and 31 that the 

motion is on the xy plane. The sine alld cosine terms indi-

cate that the motion is circular, at the cyclotron frequency. 
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However, a constant drift velocity perpendicular to both 

the electric and magnetic f:l.elds ts included, and it is 

gil\l'en by 

. (32) 

We should note from· eq. ·32 that t.he drift veloei ty of. the 

charged particles 1s independent· of the sign of the charge. 

The particle drifts wlth this constant veiocity along the x 

direotion in a helical path as sho~m in Fig. 1.~(5). 

,. ' . 
. ,.' 

<_ V", 

'. 

Fig. 1.2: Electrons and pos! ti 'Vely charged ions d:dft to 

the left. 
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1.5 Inhomogeneous Magnetic Field 

It was presented in the previous sections what the motion 

of a charged particle in the presence of static and unifoJ~ 

fields look like. In this section we will discuss the effe,ct 

of small spatial gradients of the magnetic field on the 

orbits of charged particles. For the sake of s1mplici ty 11: 

is assumbed that the electric field is zero. Let the magne,­

tic field be in the z direction at the guiding centre of 

the particle. Guiding centre is an instantaneous centre of 

gyration of the particle about the magnetic field lines. 

The spatial variation of the magnetic field locally is 

:l:+B given by a matrix, ie. dyadic v 

(33) 

As has been represented in (33)1 the terms split up into 

four groups. Generally all the terms may be present simul-

taneously and their effects add. 

If dt is the differential of position vector along a magne":.ic 

->-line, then it must be parallel to B such that 

... ->-
dr x B '" 0 (34 ) 



- -, . 

. - 13 ...; 

Therefore, di is a scalar multiple of S·whioh results in 

the following relation. 

-ax . ~d . d~ - ",. .. 
B~· Y Bz 

(35) 

From our ohoice·of the direction of.B to be along thet 

axis, x and y ·may be expressed as £unctions ~f z· and eq. 35 

may satisfy eq. 36 I namely, 

(36) 

Let uanow haveabr:tef lool:c at each group of th~ dyad 33. 

ar· The divergence terms: This group consistaof .the 

diagonal terms given by 

V.S <l13x . ·llDy + '" ax ... ay 
an z + ~= 0 .. -az . .(37) 

due to the dive:rgence~freenature of the magnetic field. 

Using Taylor EU..'Pa.nsion and keeping in, mind that Bxo '" 0 

at the oriain. we can w:cite Bx =. (aB,/axlx for the· 

first-order term. The .1ineof force c·rossinq the .z <= 0 . 

nlane at Xo and Yo approximately satisfies 

. dx 1, aBx 
di ." 

Bz ax xci 

(38) 

~ 
·1 . aB . 

v y "" Bz ay 0 
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These two relations in turn yield 

1 dB 
x '" + x x B ax xoz 0 z (39) 

y = Yo + 1 ~ 
B dy yoz 

z 

Thus, the lines diverge (or converge) in the xz and yz 

planes. 

What remains now is the nature of the force acting on 

the particle due to this magnetic field. Neglecting the 

effects of gravity and the electric field, and taking , 

the z component, eq. 1 can be written as 

[

dB 
= g V ---X. y -x dy 

( 40) 

Noting from eg. 13 that V~Z ~ V Z + V Z and with the 
x y 

help of eq. 37, and averaging over one period of gyra-

tion, we obtain 

mV-,-Z dB • dBx mV-,-
<m V > = l..i _ ---X. + l..i z B ay B ax 

mv/ aBz 
(41 ) 

= - l..i II az 
If we define the magnetic moment of the gyrating parti-

cle to be lJ ., 
w~ 

B 
where is the perpendicular 

part of the kinetic energy, W~ =l..i mv;z, then eq. 41 is 

written as 



m<V> z (42} 

Fora slowly, varying magnetic field/it will be shQwn 

in section L6that 11:15 constant. Eq. 42 can. be gene­

ralizea: to become 

• 
, m VII .. - )J. VB 

(43) 

.. - 'l{\1B) 

From eq.43 we oonclude tha'c the particle moves as· if 

it were constr<>.ined along' . the 'line of force. ,It feels \1B 

as if it were a potential.' Tilis is the basis of the mag­

netic minor effect. 'rhe parallel component of the. force 

is directed away from regions of higher niagnetic field. 

The,diagonl'll:termsare sometimes called longitudinal 

gradients. 

bl The gradient terma (Transversel'~ The termS3l3.z/.3x and 

liB !iJyhave similar effects. Taking the.first term, B z . .. 

hasoniy ,a .z~componentthat varies with x. The effect 

of such aV8riationis t9 produce, gyration '.ab01,lt the z 

axis (Bzl an« simu1tan~o,usly drift the particle along 

the y directt...on • Similar ly the second' term'resul ts in a 

drift along the· x direction. tole ·therefore see that the 

guiding centre drifts in the traverse plane'perpendicu­

lar to the magnetic field gradient. The direction of 

drift also depends on the charge of the particle. 
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c) Curvature Terms: The terms, aBx/az and aBy/aZ, 

which exist when the magnetic field lines are curved 

have similar effects. Such a curvature produces a 

drift on the particles gyrating about the field lines. 

d) Twist Terms; The terms aBy/ax and aBx/ay represent 

twisting of the lines of force about each other. They 

have no particular importance for the particle motion. 

1.6 Time-Varying Magnetic Field 

In section 1.1 it is found out that a charged particle 

placed in a static, uniform magnetic field gyrates in a 

circular orbit around the magnetic field lines. It will be 

presented here how the orbit of the particle changes if the 

uniform magnetic field within the orbit increases with time. 

Such a variation in magnetic flux produces an electromotive 

force according to Faraday's law, which states; "Every 

change in magnetic flux that traverses a given surface pro-

duces in its boundary an electric field numerically equal to 

the change in flux but opposite in sign". That is, 

r E.dt 
c 

d~ r B.~ dA 
s 

(44) 

where s is the surface bounded by the orbit c, dA is an 

element of area in s and d~ is a differential length along c. 

n is a unit normal vector to s. 
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Fig.l.3: ·.ElectricField Induced.by a T1.m.e-Vary;l,ng Magnetic 

Field. 

·suppo~ethEirnagnetic.field in Fig; 1.3 i.s di.reoted out .of 

the page along tl\ez axis: and increases with, time, the indu-· 

oed electrio field Ee is in the direotion shown. Noting: 

the direotion.in whioh'the line :integralis taken and· the 

direction of· ~ , the result of eq. 44 will be· 

E e (45) 

The effect·ofthis induced eleotricfield is .to acoelerate 

both eleotrons and positive ions which results in an inore­

ase in· V ... · •. Since 

Rg = qBz 
(46) 

it. seems that the radius.of gyration will also increase: 
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with V~ • However, Bz increases at the same time and 

therefore the benavior of the radius of gyration will 

depend upon the relative rates of change of Rg and Bz ' 

Let us now determine the relative rates of increase of 

Rg and Bz • To do so it is possible to calculate the rate 

at which the perpendicular kinetic energy (W.1) of the 

particle increases. The assumption made at this point is 

that during a single gyration the magnetic field changes so 

slowly that the orbit is nearly closed. Hence, the line 

integral of eq. 44 can be carried out as if the orbit were 

closed, and the value of Ee is used in the subsequent cal­

culations. The concept of change of the magnetic field 

sufficiently slowly during one gyration is known as adia­

batic invariance. This assumption leads us to the follovling 

relation. 

(47) 

where T is the period of gyration given by 

T = = I~;ml 
z 

(48) 

The force acting on the charged particle due to the induced 

electric field is 

F = qEe (49) 

Then the increase in the perpendicu;Lar kinetic energy as 

a consequence of this force during one gyration is 

(50) 
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The rate at "illhich this energy increases with tiroe'{pedod),,' 

is then given by 

(51)'" 

Substltutingthe values of"f~~ , T and Rg f:com eqs. 4Si 46, 

and 48, the above equation can be expressed as 

, dW.L ' mV ~ 2 , 

dt ""~­Bz 

dB
Z 

,W.,I.,dSz 
'at" Bz Cit 

Integrating eq. 5,2 yields 

or 

, WJ. 
~n (~) = ,constant 

,z 

.W J. ." ;~ 

'2'" III 1= constant magnetic moment 
Z " 

(52) 

, , , 

(53) 

We have .just shown tr~t when the condition, given 'by eq. 47 

holds, the orbital magnetic moment, (Ill ,of the: gyrating 

charged particle becomes Qonstant. 

We are now in a position to describe the behavior of the' 

radius of, gyration Rg.From eq. 53 one can see that the 

transvetse velooity(VJ.1 varies as {B.z} ~. ,The variation of 

the radius of,gyration with Bz is seen from eq. 4,6 that 

has, a net, variation which'ls propoX'tional to (Bz)-Io.i. 'As 

shownln Fig. 1. 4, the radiuBof gyrat;l.on, deoreases as Bz 
increases. 
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Fig. 1.41 Decreasing Rg as B increases. 

From the constancy of the magnetic moment and the relation­

ship between Rg and Bz , one can state that the gyrating 

particle continually encircles the same number of flux linee 

1.7 Time-Varying Electric Field. 

In this section we will briefly present motion of charged 

particles in an electric field which is constant in space 

but varying with time. The discussion of the motion of 

charged particles placed in time-varying electric field 

involves the cyclotron frequency of the gyrating particle 

as well as the frequency of the electric field. It is from 

this concept that one can deduce the behavior of the parti­

cles at resonant frequency. 

In section 1.4 it was presented that static, uniform elec­

tric and magnetic fields that are perpendicular to each 

other produced ~ drift velocity of the charged particles at 

right angles to both fields. l'1e now examine the orbits of 

the charged particles when a sinusoidal electric field is 

turned on. In such a case the motion of the particles has 



frequel1GY of the electric field oJ, However, if the. e1eo-

t:c1c Ll.$3.d is turnNl bn zuffici""nt~ly slo~l1'y no COlrtl(onent,·· 

mot-Joll of the c:yclob:on L<:eguBncY'fl:Lll occur, 

r,et the l!k'lgnet:Lc :U.eld be. alol1g the z axis Md the rdmtsoi-

dally vary.ing electx'ic field E <~ E sin Ult be in the y 
y 

direction. Then the motion of t.he particle, in wh1.ch. lila are 

intel;estad more, ~dll be in the xy plane. The x <lnd y compo­

nents of thefo:r.ci'). per unit mass \vill then-be 

, 
V 
Y 

v ra y 
(54) 

(55) 

SolvinU these 'G~m oquationa fdmultaneoTIsl:,t, .,ith V . and V . xo ... yo 

taken to be inltl&l values, y1.elds 

V x (56) 

The position of the pa:cticle, while orbiting' about Bz , :I.s 

obtained by integr".ting ega, 56 and 57 w:Lthx~· and Y$' as ita 

initial values. 

x"'x o Qt -1-

(58) 

. -; 
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J. sin oot) 
00 

fit -

(59) 

To understand the nature of the orbits in such field confi-

guration, we consider only the last terms of the right hand 

sides of eqs. 56 to 59 since the other terms are concerned 

with the initial values. We can therefore discover the major 

characteristics of the orbits for various ranges of the 

ratio oo/fl • 

Case I. Low Frequency Electric Field oo/Q « 1 

In this case the last term of eq. 58 will reduce to 

- ~ t x - moo Q cos 00 (60) 

similarly the last term of eq. 59 becomes 

y '" tf~ 2. sin oot (61) 

Eqs. 60 and 61 indicate that the drift motion is in the 

form of an ellipse with its semi-major axis along the x 

axis. 

Case II. High Frequency Electric Field 00 » fI 

For the case of low cyclotron frequency, eqs. 58 and 59 

can be approximated as 

;It '" ~ cos Qt (62) mooQ 

y '" 
gE sin fit (63) mooQ 
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·2 2. 2-
~hese two equat.iona can he wxltten in the form of y +X "'r 

which is equation of a circle. Thus, the ma:Jor motion 18 a 
, 

circular motion at loy' cyclotron frequency> 

Case III. Cycilotrol1 Resone.nee III '" fl • 

.' 

When the freCju~ncy of the 61'301::r1c field equals'the cyclot-

rOn frequen<:y of'the particle, solution of the equation of 

motion given by egs. 56 arid. 57 becomes j,ndsterm1.nate, For' 

thls reason we' go pack to eq[;. 54 and 55., substitute Q ins-

tead of (oJ and Bolve once' again to get 

(68) 

.where 

q, .. gE/m 

Upon integrating egs. 67 ?nd 68, ~. get 

X" + v~o: sin fit. + ?ievyo ·;~it) (cosflt ~"lJ + 

+ ':ITr: sin fit 
(69) 

Vy-o 1 
y~ Y - -r;-(COB nt - 11 +~{V o ." ,,'yo 

a + 261 sin nt -
(70) 

From th~se equations it can he deduced that after a long 

period of time the l.aat termBbeoome dominant. Consequently 
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the charged particles move in circles of ever increasing 

radii, as shown in Fig. 1.5. During this spiral motion the 

velocity of the particle continually increases, which in 

turn increases the kinetic energy of the particle. This 

energy is absorbed from the radio frequency of the electric 

field, giving rise to instability of particles and damping 

of the wave. 

Fig. 1.5: At cyclotron resonance the radius continually 

increases 



CHAPTER :1 
~--,----........... -

In this chapter we will prBs0nt iJ.c bri.€lf discussion on an ('lElti-

mate of the energy interchanged chn::l.ng ~li'l'le-part.i.cJ.einter.action. 

Plasma, being a many body system, fLeeds the methods ofstatistl-

cal mechanics. With the help of velocity dist:tibnti6n funotion 

f(v,x,t}, one can' obtain Boltzmann equat.ion.. The. interaction pro­

blems are avoided by considering the collisions as a perturbation 

in expandingthedistr.ibution. funotion. 

2.1 The pro~~§...£ftra.FE~ 
. . 

It is a kno',iri fat~t that two dynllT,l1bal sys.tems.· interact if 

. their velocit.ies are app:toxill'.~tely .aqual. "':'n.e dynamical 

systems examined .herear.e th", pax-ti.olea in the electron gas 

and the electro'n plasma "lave. villan the phase velocity of 

the ~la'le becomes of tneordex of the :root-mean-square ther­

mal veloei ty of the pati::icles, there can 1:)e intexact:l.on 

bebleen the wave and the partj,clee. 

Let us employ a one-di.lTtens·ional plane \'l'twe that depends on 

apace and time for tlli:il pilrpose of analysing the ttappj.ng '. 

process, given by 

(l} 

~ exn{ik ex-v t)} <... x ph 

_,....i- _ 
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and propagating in X-direction. If w is real, then the 

amplitude of the wave is constant in time. Therefore, on 

an average, there is no net energy interchange between the 

wave and the particles. On an other hand, 1f w is complex 

as expressed by 

(2) 

where wr and wi are real, the mnplitude of the wave of 

eq. I is exp(wit). Such an amplitude either grows or 

decays in time according to wi > 0 or wi < 0 respectively. 

The nature of the velocity distribution function determines 

the behavior of the wave. 

To investigate the "'lave-particle interaction, we assume a 

longitudinal electric field of the plasma wave given by 

(3) 

In a frame of reference that moves uniformly at ""ave phase 

velocity, defined by x = X - vpht, the field simplifies to 

(4) 

This field is static in the wave frame and therefore it can 

be obtained as the negative gradient of a scalar potential 

4> (x), '\<lhich after integration and putting the minimum poten-

tial energy = 0 becomes 

4>(x) =: - (5) 
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If the cha!:gl;: of an electron is '~e , the po·tent!al energy· 

'~(xl >CO (6) 

This potentj.al· anergY~.fl a pSl:iodlc diet:r.lbutlcn of poten­

ttal Nell vThose bot.tom au.fitop of ttlEl wells occur. at odd 

,md .even .integral multiples of 11 respectively. 

,('he behavior of th.(~ electrons. in the fie potential wells 

depends on their initial.velocities. Such'wells tend to 

tril.p theelecb:ona i.n t .. hem. The electrons wi,tll velocities 

equal to ,thE> waVtf, phase voloci.t.y are automatlcally trapped. 

Dl3pending on the.h: total kinet;i.c en/orgy f the eleGtrons 

having inj.tial velooity slightly g:r:'cater than the phase 

. veloCi.t;y "ii:iil catagor,lzerl :l.ntotwo. 

a) The electro:ns poasetlsing kinetic ener9Y less than the 

depth of th~ pot.ential VIell (2eEX('/!<.xl cal'lnotgo over 

the'top of the potential hill, and the:t'efore, oscillate 

. bet.ween the. tMO Orests and event~lally be tr.apped, Since 

they have been r~,ovingfaste:t:' than the phase velocity, 

they are no'.>, deGe.lerate.d by losing some energy to the 

,Wave, ~hen the "1i\ve grows in amplitude • 

b} .Electrons w:tth kinetio energy greater than the depth of 

t.b.a· potential .rell slide up and do\'m the successive' 

well. TluilX'€lii'\. no net loss or gain 'of energy by the 

electrons. 
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It is also possible that those particles moving with an 

initial velocity slightly less than the phase velocity are 

speeded up. That is, they get some more energy from the 

wave. This results in a damping effect of the wave. To 

fully understand the damping effect, we will discuss the 

dispersion relation in connection with longitudinal elect-

rostatic ~laves and low density charged particles to which 

a perturbed velocity distribution function is used in 

Vlasov equation. 

2 ~stimating the Energy Interchanged. 

In the previous section, it was stated that wave-particle 

interaction occurs when their velocities are roughly equal, 

in the process of which trapping takes place. Let us assume 

that the motions are along the x-direction, and the kinetic 

energy of the particle before it is trapped is ~ In U
X

2 , 

~Ihere Ux is a time varying periodic function. After it is 

trapped the kinetic energy becomes 

Due to the periodicity of Ux ' the average (over one period) 

value of the kinetic energy containing the mixed terms 

vanishes. So the average kinetic energy will be the sum of 

the particle kinetic energy in the absence of oscillation 

and kinetic energy of oscillation. 

<w> = ~m (V z + U 2) 
ph x 

( 8) 



Interpra'cing U as the :c'"rn-s value, the <.~:nergy gained by :x 

the particle J.\) the proce~:s of being t,;app"ed is 

A "J-" tiE ::;;;: :-;m (\: . ~:4-,- ph CD,' '-If ) 9. -u Z l 
x ph x 

~-'nV (U ~-v ) 
'phx ph , 

(9) 

The number. or particles pel' unit distance hewing veloc.i-

ties in the range Ux and U". + du is, f CU,) dUv ' Hence, the 
.... a X .h ~.' 

gain in the energy density of the particles in the trapp-

ing process is given by 

v + Uxo llN '" 
r pn , (IO) 
V -ph Uxo 

and it'arises from the values of Ux in the neighborhocd of 

V h' p. 

Therefore, it is poss:l.ble to expand f(Ux) in a'1'aylor 

series around Ux '" Vph as 

+ of; .... 

Sl,lbsti tnting eqs. Sand ll. lnto eq. 10 yields 

V +U 
tJ.W '" ~ HVP"ll V",. h!fi r ph xo (u "V ) d 

,~ V -u x ph 
ph xo 

vphm 

Ux"'Vph 

v +u 
f ph~u -V' )2 au 
v -t1 x ph x 

ph xo 

(11) 

(12) 

With ,the first t(~rm contrJ-buting nothing, tlle second term 
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af (UX> 

dUX I 
U =V h x P 

(13) 

This equation tells us that the particle (electron) gains 

energy if f'(Vph) is negative and loses otherwise(S). 

2.3 Landau Damping 

As has already been pOinted out in section 2.2, if there 

are less number of electrons with velocity Ux very close 

to the right of Vph than the number of electrons with Ux to 

the left of Vph ' then f'(Vph ) becomes negative. Conseqeun­

tly the electrons are speeded up and the amplitude of the 

wave decreases. Let us novi closely look at how plasma can 

be heated by gaining energy from the wave. 

Boltzmann equation can be written for low density (colli-

sionless) plasma particles, known as Vlasov equation, from 

which the dispersion relation can be deduced. The perturbed 

velocity distribution function fl(v,x,t) and the longitudi­

nal electric field E(x,t) propagating in x-direction are 

used in the Vlasov equation {12). 

Laplace transform of the 
00 af 1 

=J­
o at 

first term becomes 

e iwt dt 

=-iwFl(w,x,Vx ) - fl(O,x,Vx ) 

- 0 (14 ) 

(15 ) 
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We can now Fourier tr'ansforrn eq. 15 to obtain 

(16) 

where gl is th.e Fou:r.ie:i: transform of f1CO,x. Vxl, ~lhich is 

the initial condition on the perturbation of the velocity . . 

distribution. After taking both of the transfonns, 'the 

second term of eq. 14 becomes 

'" /' /' V afl e -i (kX-b;t) dxdt 
o -'" x dX 

The third term ineg. 14 is transformed to yield 

q. 8.f (V) . q 3.x (V) 00 ", 1 (k ~ I 
~ 0 E (k I "'-~ _'L..... J' ! E ( t) - X-Wl: dxdt m av ,,0; m av X, e 

e x e x 0-00 

(17) 

(18) 

Combining all these terms and I-lith the help of eq. 14 we 

obtain .the transformed collisionless Boltzmann-V1asov 

equatlon as 

'" 0 (19) 

Solving for Fl algebraically gives , 
(Qe/me)Cafo Cvl/3Vx ) E(k,/J)- gl(k,Vxl 

Fl (w,k,Vxl", ---- Hb;-kV ) (20) 
x 

Eq. 20 hfls b10 unknowns. We can eliminate Fl by utilizing 

Poisson's equation: 

(21) 
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where 9E is the electric charge density defined by 

nq r r r fl(V ,x,t)dV dV dV 
e "00 _00 _00 x x y z 

(22) 

assuming that only the electrons that are perturbed produce 

a net localized charge. n is the density normalization 

constant. The longitudinal variations in fl and PE is app­

lied to eq. 21 giving 

aE(x,t) 
ax 

If we Fourier and Laplace transform eq. 23, we get 

q 000000 

iKE(k,w)= n E
e -!-!_L Fl(Vx,K,W)dVxdVydVz 
o 

( 23) 

(24) 

The solution for Fl(Vx,k,w) may be integrated over velocity 

space, and using eq. 20 yields 

'" '" '" E(k,w)r r r 
i _00_00_00 

'" '" '" 
+ in r,J r (25) 

... oo-oo~oo 

If both sides of eq. 25 are multiplied by qe/Eo' then the 

left-hand side of eq. 25 is the right-hand side of eq. 24 

and thus FI is eliminated. The resulting equation with only 

one unknown is given by 

iKE(k,w) = 

dV dV dV 
x Y z 

(26) 
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After collectingterl1ls W:~ obtain 

'{l + 

00 (Q. 00 

f f J 
-(¢-Q)~ro 

dV dV dV } 15 Ck, lol.1. "" . x y z 

gl(k,V), 
dV dV dV 

lol- RV x Y z x 

Eg. 27 may be solved for E(k,lu). 

E (k ,lol) 

1+ 

wher·e 
ncr. 2 

"6 

m £0 e 

dV dV dV x y z 

(27) 

(28) 

The dispersion l:elatton for the longttudinal electrostatic. 

waves is obta,il.1ed by setting, the dennmin<l.tor of eg:. 28, 

equal to zero. Uslng Cauchy lntegral t.heorern to heJ.pevalu­

ate the integral, the· 11Ytegrand of the denomlnator i8 

found to be analytic In the enth:a (0 plune. The singulari-

ties are due to the zeroS of the denominat()r, since they 

make poles. 

The denominator meW he w);'itten in two for1l11l, for 1m (JJ > 0 

and 1m w <: 0 as the follm1:ing. 

1 + '" 0 for Irn w > 0 (29) 

and 
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1 + ( 30) 1 
KV dVx tJ)- X 

for 1m OJ < 0 

OJ = k In both cases the integra-is at 

tion with respect to Vx is made along the real Vx axis. 

Further investigation of the dispersion relations in eqs. 

29 and 30 gives some idea of the nature of the eigenmodes 

that exist. We expand the integral vIi th respect to V x in 

powers of KVx/OJ to get 

1 
OJ 

afo(Vx ) 
---avx 

This expansion is valid if, for most of the particles, 

I<.lJx«l. Then each term may be integrated by parts to give 

the following. The first term becomes 

'" af (V ) 
l! 0 x dV 
OJ av x 

-00 x 
= 

'" 
= 0 (32) 

-00 

-> 0 at V - + 00 very rapidly (exponentially). 
x 

.Similarly the integral of the second term is k 
- --2 since 

OJ 

co 

l~-:' <V 2 > 
OJ X 

are integrals of the third 

and fourth terms respectively. The third term is zero if fo 

is even. 



'l'he expanded form of the dispersion relatioTIIllI!Y be written t . 

using the above:Lnt.eg:cals f as 

bi 2 : 
k 3k 2 7i;h~z .. , {lfo(w/kl 

I + ~' {.;. 0(42. .> +"" " .. } ;'., pc 
0 -2- T - ""RW- -" "'17 

,- '" k w }: 
" X 

(33} 

It is possible 'co solve 'ch:ta dispersion relation fOl:.' w as 

a funotion of k., For k ·"0 (infixl1tely long wClvelengthj 

the dispersion ralnt,ion' describes oscillations of the longi-

tudinal electrosta'do f:telds at plaSl1la frequency, given'l1y 

1iJ2 

1 - ~ n 0 (34) 

This is t:rue becauB,a the t'fJlClX. :lfo {Vx}/3Vx at Vx '''' 1il/k goes 

to 2ero as ]v .... 0 f.:tater thim k -;. 0 so that its Hmit 16 

·zerO. Therefore, eg. 34 is the nz~)ro-order"disperBion l:e-,. 

lation. 

To ,obtain the first--order correotion,to eq. C!4 we will 

neglect <V/> and higher-order terms. in eg. 33 &nd solve 

for w2 
, namely, , 

(35) 

The denominator of.eq. 35 may be expanded fo1,' small values 

of the term 

to get 

(36) 



" 
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This can .further. be approJaimat.6cl u·ctlizir.g the binomie.l 

th~oremfor the square root of sq. 36; Tp~ fi~st two 

terms give ./ 

{3'7) 

Eg. 37 indicates that OJ is complex; roanifest,tngoccuxe~ 

nce of the damping effect. of the wave • Thls,ls calh~(l 

Landau damping, in which erwrgy has gone from the wave to 

the plasma. Landau damping is related .to resonant pa.rticles 

havinga,velocHy close to the '(qa,ve phase velocity (V" Ul/k) 

in collision-free plasma:1 of finite amplitude distnX'bances{S}. 
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CHAPTER 3 

HIRROR TRAPS AND PLASM CONFINEHENT 

Plasma confinement can be classified into two groups. The first 

one is confining in a region bounded by a toroidal magnetic sur-

face such as the stellarator and levitron. The second class is 

knmm as the open-end-systems in which plasma fills a space limi-

ted along the lines of force of the magnetic field. In our work 

the first class is considered(7). 

The concept of magnetic mirror traps uses the principle of adia-

batic invariance. It lias formulated independently by Budgker 

(USSR) and York and Post (USA)[14). The main idea is that charged 

particles placed in a longitudinal axially-symmetric magnetic 

field, bounded at both ends by a stronger field; can be reflected 

from these regions while moving along the lines of force. Stronger 

field regions are called magnetic mirrors. 

There are two ways of confining plasma, namely, plasma confine-

ment in a magnetic field and radio frequency confinement which is 

concerned with inhomogeneous electric field. 

3.1 Hirror Traps and Adiabatic Invariance. 

For a particle of mass m and charge q gyrating in a circu­

lar path around a magnetic field g, the magnetic moment is 

given by 

W.L g 
(1) 
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where W.l is the kinetlc energy due to the perpendicular 

component of the particle velocity. 

If B is uniform in space but varies with time, then 11 also 

varies with time. 

The constancy of 11 for time-varying magnetic field, when 

the field changes sufficiently SlOVlly, is shown in chapter 

one. 

Similarly, if B varies spatially, 11 also varies in space. 

+ 
Let B be unidirectional along z axis. By power expansion 

B = Bo [ z 1 + CI Z + .... ] (2) 

The equation of motion is 

dVz 
(I, W! 

aBz/az 
m 

dt 
0< = - ----r3-- W J. (3) 

0 

where CI 
dBzla z 

= 
Bo 

Conservation of energy results .in 

dW! dW" dVz I'll aB I'll dB z 
dt = - dt '" - mVz dt 0< azVz = dt B B (4 ) 

Therefore, 

~ 1 dWl I'll dB = dt - B2 dt 
0< 0 dt B 

(5) 

Hence, 11 ~ constant. The two arg~lents given above 

prove that 11 is a constant, and therefore, the adiabatic 



invariance holds,. v.]e have to note that adJ.abatic ill'll'i:n'iE.~. 

nee holds .fer a Blowly VOXyJl1g field. 

The importancE! of the adi,abatic ,tnv;:..riance is :cealize~ in 

the analysis of nlirror trows. Suppose thO} magn.etic lines 

. of force converge. This :tncreasing magpetic field ;t;eflects 
'. " -.)-

charged particles that ~yrate about the field. Let V be 

the velocity of the' particle making an anqle 1> ~lith the 

magnetic field B such that 

(61 

The magnetiC moment is then given by 

·11 '" (W) . 2 A. B 620. 'fI (7) 

gives rise to 

i 2 4- (n. i 2 '<f-an' '" .~J sn "B (} o ' ' 
(8) 

where B and 4-~' are known initial val11~s. If the magnetic 
, 0 ~ 

field strength increases gradually fmmEo ,to Bl)lax' then 

angle , . a;lso j.ncreases o.cc.ording to 'the above ex-press:toit 

such that '" + ni2., The particle's pai:'allel energy ttli.11 

til~n bO oonverted to the perpendi.01.l111X" 'iln6rgy (Vl,! + 'Ill.) < 

.'l'he 'particleie reflecte.d from a point (or surface) where· 

,p.= Bm. AI; this point ¢ 

for reflection is that. 

IT /:?- an.d .. Vi! ~'O, The o(mdi tion 

(9 ) 

------" 



~Ihere 

of the 

B 
m 

B o 
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= R is defined as the mirror ratio. In terms 

mirror ratio the above condition can be written as 

sin 1>0 > (Rl-l.; ( 10) 

Fig. 3.1: Magnetic Bottle. 

Field 
Ax~ 

For the two points in such a magnetic field configuration, 

(B
O

' Bm l , and the definition of \l, we can say that the 

flux 

R2B = constant 
g 

Since total kinetic energy is conserved 

(11) 

(12 ) 

Due to the constancy of ~ , the ratio of W~ to B is also 

constant, ie. 
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, 

.. 'R>' 1, 

S:lnce 

{: 

';'", , 

,. , , 

·1i'rom 109:. (; vie c<l.ll'm;,it!il 

"''"-,: 
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Therefore, 

(19) 

For angles greater than ~max particles are confined. But 

for 4> < rl. Tmax the particles escape. ~ can then be deter-. Tmax 
mined as 

cot 2 ,./.. = R - 1 't'max ( 20) 

and it specifies the boundary of the loss cones of the 

system. The particles that fall within the loss cone escape. 

Those outside are confined. However, the confined particles 

will not always move in the trap for the follOl'ling reasons. 

There may be losses due to the fact that, if the field in 

the mirrors does not vary sufficiently slowly, then after a 

number of reflections, ~ may change to such a degree that 

the conditions for reflection will not be satisfied any 

longer and the particle will escape from the trap. However, 

one can practically fully eliminate losses due to non-adia­

batic conditions. The second reason for the loss of the con-

fined particles is connected l'lith scattering during the 

CQulomb intercollisions. 

Plasma Confinement in a Magnetic Field. 

The concept of magnetic pressure is very useful in a qual i-

tative discussion of the confinement of high temperature 

plasma. It is regarded as one of the applications of the 



~,- 4,3 '",..., 

mag-t1etohydrQdy:namica (W!!)) equatton.s. An e:u:presaion for 

momentum transport equation 1 negl<liot:l.ng the ef£Hcts of 

vi£coSlty, as; [11] 
·--l .... -av ;t;.> t 

Pmo 1\'[ '" - vP + .J x l:> (21) 

'rhe m8_gnetohyd:cost.at1.~s (steady-state) situatton 11). wo.ich . 

llV /()t is -~ero reduces 1'lQ. 211;0 t..lJce form 

(2~) 

Using one of Maxwell '.s equations, V x N '" go j , acr.· 22 

. can' he "7:d).:ten as 

or 
1· ... -;. -> 
l.l C'J x flj x l!> '"' 
-0 

(23) 

. (24) 

where 1i(rn) is 1: .. 11e rnagneU.c p!lrt of the electromagnetic. 

stress dyad given by 

'I' (m) '" ., ij 
1 r . _. B B . 
llo L j. J 

Comhining ega. 23 and 24 results in 

'it, [ 1.,-- 15 (nllj '" 0 

wnere 1 is a lW.tt dyad • 

. Suppose fi if" pni-directional such -that B '" 

(25) 

(26) . 

..;. -
z S. The pompo-

n~nta of th.e totE!.l· p:cesS"ure dyad . (sum of kineti.c ;3.nd mo.<=),-



p + Sa/211 
,. -_ 0 
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o 
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/ 

o o 

o 

. Th!s indicates that 91:1'£98 c'aused by the magnetic flux is 

, 'equivalent to the pressure S2/2110 perpendicular to the 

lil'lesofmagnetlc flux. Thus, hypothetical surfaces over 

J. -WhiQll, the kinetic pressure is constant can be constructed 

,(P." COns). Where Vp is nm:'mul to such isobaric surfaces • 

. • . rr:hEjse:l.s.obaric surfaces are formed by a net work of lines 
. ~. - , 

.1 .o1!magnet:l.c flux. and electr.1c current density. Suppose these 

-eurfaClil& are concentric cyl:l.nders as shown in Fig. 3.2. 

!. ~inet:ic pressure increases toward the axis of the cylinders 

an.d hcmce -VP ,;, j x n is also alon,g the radial direction .. ',.':' : .. ~ 
- -

tq;.m~dthe axis. The kinetic prosf>ure is maximum along th0. 

~x1s .which is also the magnetic axis of the plasma configu­

ration [8} • 

If the kinetic preflsure vanishes on one of the outer cyl:l.n­

d6ricalsurfaces, then the )lasr.:'l j 9 sa 1tl to b'l) confined 

witb1nthissurface. 

~ii •• ++...,,,,, ... 

It ~ .. ~:_:;!I!::'...,::~'.;,';""""""'-'-__ -!-~_"""""';' ____ ~"""""" __ "'--'.....A.-"" ' 

;;'i9.3.2: Plasma Cvnftn€"l1ent in a llIagnet!c fie:d. 



"B~1 - :t,i" '" 0 
0, 

(21) 

~ '" 0 since i7.j:'j '" O. 'fh:1.s fact I together.' with aolutions 

of· ,the first t"w6xpression&! above give rise to 

consto.nt (28) 

For a bounded plasma, where P '" 0 at the plasma bOUndary, 

le'l:. Bb be the value of the magnetic fiux densit.y o,t the 

boundary of the plasma. The 

l? dec):eases, radially outward 

sum P +1l ~ /211 .', ';'BbO! /2~ • Thus, 
,0. 0 

and !S2/2110 increases. ra.dially, 

inwards such that at a given point tIl", sum i.e always cons­
'tant; 

If the applied magnet5:0 fhlX is suffic:tentlyla.rge, the 

',kiiletic pressure can beEI forced to. vars.:tsh. on t.he outer 5U):­

face and we say t.he plasma l£ confined" The condition for 

~/ such confinement is P. 'if B 2" 'max . b "'0' 

3. 3 RadiQ:-Freguency SOlrfi:n:ement. 

" " 

The concept or rf. confinem~nt covers phenomena in which an 

inhomogeneous oscillating electric field exarts a time' 

average forc$di~ected toward regions of we~ker electric 

field strength.. 

Fig. 3,,3: J?'a.rticles:.tn an inhomogeneous electric ,f:teld.· 

I 
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... 
The force is of the second-order in E, and it results from 

the acceleration ~xperienced by the particle as it passes 

through regions of strong and weak electric fields. 

The equation of motion of an electron can be ~Iritten as 

mr = eE(r) = e[E(r=O) + (~.grad)E + ••• J (29) 

when the electric field strength varies with cos wt, we 

can find the solution for I' from the first order term and 

substitute in the second term of eq. 29 to get the second-

order force. 

The first order term, upon integrating twice, gives 

eE 
r '" - iillij2 cos wt (30) 

Substituting eq. 30 in the second-order term yields 

:eo grad (31) 

Using a trigonometric identity cos 2 wt = ~ [1 + cos 2 wt], 

it is easily realized that the force given by eq. 31 contains 

a steady part. 

~lth the help of a vector identity 

and if we let 

A = B =l ~o ' wherflEo "" E COB W t, eq. 31 can be further 

simplified 0 

( 32) 
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~(Jleat:l.ng the fit'flt te:rm on thed.ghto hand side yields 

. (33) 

Substituting eq. 33 j.nto 64. 31 results in 

(34) 

. Not,tng that the aV>2,rage value of cost .~ toyer one period 

is ~, the av.e;cage valua of )),(2) can be Written as 

. (:35) 

"" ... e grad ip 

.whe:celj! is' Galled th,s ps.eudopotential •. 

As seen'froll'! eq. 35, '1;0.1<1 force iEl towa:r.d lO~l eleCtrio . 
, ", 

field atrl:1ngth. It is !~ndent of the signo£ oha:r<;fe, 

and therefore" 111lty 'Db) ugod tp maintain part1.olea of eit;her 
, 

81.gn tn a bounded l:eg;ton. The force is inversely proportio-

nal to t:he pl1);'ticle roast,. !fence ,'<men applied to plasma, 

th/ii force' '(clil1 act ma:i.:nly' ,on' ·the eleotrons due to their 
• J . . 

Glnal:t.lllil.$S, Ho,<~eV<1r, by. the vi.rtueo.~ tIy.;.~r· heavy mass, the 

positive .:Lons rema.in lnthe same region.soF cn iathe rf 

oonf1ntn9 fore", and plalf\lI1a is therefore confined itl an 

. ~~nhOl\lt)genecue; elect.:r:lo f:teld. 

.. ' .' 

:J 
i . , , , 

, 
. ! 
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CHAPTER 4 

MOTION OF AN ELECTRON IN TEn, MODE PERPENDICULAR TO THE 

MAGNETIC FIELD 

In view of what has already been discussed in the previous chap­

ters, we will present now the interaction between charged pa];'ti­

cles and electromagnetic wave and a constant magnetic field Bo 

perpendicular to the wave. The equation of motion is then analy­

zed to determine the resulting rf confining force which needs 

polarized electric and magnetic fields. 

4.1 Equation of Motion of an Electron in a Plane and Circu­

larlY Po'l:elr'iz'e'd Fields. 

The force acting on charge q placed in an electromagnetic 

field and a magnetic field Bo ori.al,lted.normal to the wave 

is given by 

(1) 

As stated in section 3.3, if the electric field is inhomo-

geneous, it can then be expanded to give a constant first­

order and a variable second-order terms. Thus, the force . , 
given by eq. 1 can be separated into 

where 

(2) 

and 

(3) 
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To find an expression containing gradient E~ for this rf 
+ - 4- . ","' 

c0nfining force,. eq. 2 must be solved for rand V.and 

substituted into eq. 3. This requires a plane-polarized 

wave perpendicular to B 0 shown" in Figure 4.1. below. 

·1 

1 

~-B 

. , . -It .... ...JP'/l)o . 
.P v_/o

.-", • 

. Fig. 4.1: Plane polarized bL,; field perpendicular to Bo 

The polarized field equattonsare 'then given' by' 

Ep =: tx E{Z} cos wt 

1 'dE 
oj dz sin wt. (4) 

and they obey Maxwell's equations 

ilxE '" - aB div B ., 0 . at 

. '. an (5} 

W~R" j + div' j) '" p at 

The equations of l1lot:l.on for an electron placed in the fields 

described by eq. 4 will be 

• . . ·s 'dE 
mvx = .-: eE C0S Olt- wVzdzsin .wt - e Vy Bo (6) 
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• 

mvy = e Vx Bo 

• ~v dE mVz '" dz sin wt w x 

The first two terms on the right side'of eq. 6 can be 

written as 

ed, { } - - -- E(z) sin wt w dt 

(7) 

(8) 

(9) 

Differentiating eq. 6 with respect to time and using eq. 7 

and expression ,9, we get 

•• 2 e d 2 . 
Vx + !1 Vx = - mw dt 2 {E(z) sin wt} (10) 

where n = is the cyclotron frequency. 

Eq. 10 is an inhomogeneous linear differential equation of 

the second order, whose general solution is the sum of the 

complementary Vxc and particular Vxp solutions. 

Ignoring the variations of the cyclotron frequency nand 

the electric field E, and noting that the right hand side 

becomes eEw/m sin wt = G sin wt, eq. 10 is written as 

The auxiliary equation is 

with roots 

r2 + !1 2 '" (r+i!1) (r-i!1) = 0 

r l = ~+iB = O+iB 

r 2 = ~-iB = O-iB 

(11) 
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so that 

cx = 0 and 13 = Q 

and the complementary solution is 

Vxc = ecxt [en cos Bt + Sn sin Bt] 

(12) 

To find the particular trial solution, we note that the 

right hand side of eq. 11 and its derivatives generate 

trigonometric functions such as sin wt, cos wt, G sin wt 

and G cos wt. All these are linearly independent, and 

therefore, 

Vxp = AG sin wt + BG cos wt + e sin wt + D cos wt (13) 

After differentiating t\~ice with respect to time eq. 13 

becomes 

.. 
V = - AGw 2 sin wt - BGw 2 cos wt - ew 2sin wt - DW2~ wt (14) xp 

We can now substitute eqs. 13 and 14 into eq. 11 and 

collect like terms. Because of linear independence the 

coefficients of the sine and cosine terms must vanish. 

It is then found out that B = e = D = 0, but 

The general solution Vx = Vxc + vxp now beccmes 

V 
x sin wt (15 ) 
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.To ·determine the value of Vy we integrate eq.· 7after· . 

substituting for Vx from eq. 15 and ignore constant terms. 

• .eB 
V = -.-~, V 
y. m x 

(16) 

In eqs. 15 and 16 the terms varying vIi th nt represent 

random motion of the electrons. If en = Sn = 0, the two 

equations give velocity of an electron in the ·field given 

by eq. 4 and their instantaneous values are never zero. 

Hovlever., wh.e •• relative variations of n become com-

parable to the dif;:C'x-ence l~-n ,. the complications that 

arise can be treated with the help- -of circularly .polarized 

fields. 

ERL = -E(z} [1x cos wt ± 1y.Sin wt 1 (17) 

BIdE [1 T 1 RL =+ W di x cos wt· ±~y sin wt (18) 

Then the equations of motion can be wr.i,tten as 

• e dE p = -eE cos wt - Vz Uz sir. wt - e Vy Bo -:x- w (19) 

• + £ dE p = +e.E sin wt V Uz cos wt :+ e Vx B y - w z 0 
(20) 

Pz 
e [ . wt + Vy JdE . = - - - V sin cos wt Oz w x 

. (21) 

,mere the upper signs stand fortheriSJht ha,ndrotation. 
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The relationships .between plane polarized fields of eq. 4 

and circularly polarized fields of eqs. 17 and 18 are 

expressed by 

(22) 

To find the solution for the components of the electron 

momentum, we apply a similar technique used in obtaining 

eqs. 10 and 15. Writing eqs.19 and 20 as 

e 
ml~ 

Differentiating the first equation with respect to time 

and substituting the last expression, ignoring the variation 

of nand E, yields 

.. 
Px + n2 Px'" e(w+Q}E sin wt 

s:l.ml1arly 
(23) .. 

Py + n2 Py = - e(w~n)E cos wt 

These inhomogeneolls linear differential equations can be 

solved, with proper inttial conditions, to give 
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p = - ~ [ sin Olt + .sin nt] x . -
Ol+l1 (24) 

p - + eE 
[ cos Olt - CO~l1t] 

Y Ol+l1 

The perpendicula:t; momentUlll can be writteri as the 'sum of 

componcn '- • P 
ol 

rotating with wand rotat.ing with n. 

~ .. .. 
p" = POl +Pn (25) 

where 

POl = - ~[t sin Olt + 
Ol+n. x 

ty cos Olt] 
(26) 

Pp = + .~ [t sin nt -.- x . Ol+!1 
- t y cos nt] 

Pl rotates ''lith the el~ctric field. vector E as shown in 

Fig. 4.2 below which indicates the phase relationship 

'", 
, 

, 
\ 
\. 

',7 

, , , 
" 
" " 

.... 
@B 

F.ig. 4.2: Phase relatiQnshtp in a stationary coordinate system 

between PJ.' and' i1: .in astattonary co-o):'dtnate systeim. 
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The expressions can be simplified if a co-ordinate system 

that rotates with E is used such that ~ is parallel and 

n is pe~ndicular to E. The transformation is carried out 

with the help of the following matrix. 

( P~) ... (:os wt + sin wt) (Px) 

Pn + sin wt cos wt Py 
(27) 

This matrix together with eq~ 24 gives 

eE -
P~= - -=-- sin (w+O)t 

00+0 (28) 

eE [ P=+- I-
n - 00+0 

cos 

In this rotating system, the relationship between Pl and E 
is indicated in Fig. 4.3. 

\ 
1 

Lr"'--1-------..... 'I 

F1q. 4.3;Phase relationsh!p in a rotating coordinate system 

. ; 
Then eqs. 19 - 21 can be written as 

• (00+0) P~ = Pn - eE 

• 
\" • ~ ~~ J'.,. 

dE " . +~v P = - (00+0) P~ crz (2~) n . 00 Z 

• ~v dE Pz = dz 00 n 
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The corresponding momenta are also given by 

POl + eE 
ln = 

'Ol+Q 

P
rI

- .; ':E' {l!; sin (Ol+!l1 t .:!: -r cos (Ol+Q1 t} ~n 
Ol+!l. 

(30) 

As indicated in Fig. 4.3, angle X can be expressed as 

tan X '" P n - Ol+Qt 
-p '" + .tan 2 

!; 
,(31) 

or, 

x= (32) 

In the rotating fra.me of reference the right-handed momen­

tum vector of an electron will have orbits shown in Fig. 4.4 

for non-resonant and non-relativistic cases. 

Fig. 4.4: 'Momenta in r.ight ctr,cularly polarized fields 

\ihen Q > ol the perpendicular momentum always lags in phase 

w;tth respect to the electric fieldE while continually gai­

ning. However, if rI < Ol I P J. ahrays leads in phase while 
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continually losing. Thus, angle X may be interpreted as 

the phase angle. 

4.2 Kinetic Energy of an Electron for the perpendicular Motion. 

The kinetic energy due to the perpendicular components of 

the particle velocity is given by 

( 33) 

For plane polarized fields and neglecting thermal veloci­

ties in eqs. 15 and 16 (ie. en = Sn = 0), the energy 

becomes 

(34) 

The average value of the energy over one period is given 

by 

(35) 

For the case of circularly polarized fields the energy is 

obtained from eq. 28 as 

= 

'" 

1 r p2 
2m L s + P~ 1 

(36) 

This expression, upon time-averaging, yields a simple rela-

tion given by eq. 37. 

(37) 
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The instantaneous energy (eq. 36) depends on the cosine of 

the phase angle X as shown in Fig. 4.5. 

4.3 The Pseudo-Potential. 

Motion of charged particles in inhomogeneous electric fields 

has been .studied by Paul and Steinwedel ~r.lth an emphasis on 

the stabilities rather than on the magnitudes of the aris­

ing forces [15]. The plane polarized fields of eq. 4 con-

tain a variable electric field as a result of which the 

first order motion is perpendicular to the constant magnetic 

field Bo' In this section tqe will investigate the nature of· 

the forces that originate due to the gradients of the fields 

and the pseudopotential. 

The effect of electromagnetic waves on magnetized plasmas, 

as ha- been studied by Veden'">v 1'In<'l Rud&kev [16] , leads to 

(using adiabatic theory) a magnetic mirror force experien­

ced by gyrating charged particles. This force is parallel 

to the magnetic field lines given by eq. 43 of chapter one 

as: 
a 

. mV.!. 
<F II > = - -2B. grad B = - \.I gr<ld B (38) 

where the angled-bracket <: > indicates the time average of 

the force over the fast gyration. The theory of charged 

particles motion in inhomogeneous constant magnetic field 

<lnd an oscillating electromagnetic field is separated into 

a slow motion of a Uguiding centre" and a fast gyration 

<lround this centre. 
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In general the variable electric field will have a compo-
..-

nent parallel to Bo and its gradient with a perpendicular 

component. Existence of transverse gradients of electric 

field can cause difficulties because the electron may not 

see a constant electric field during one gyration. But this 

will not be serious as long as K.L V.l. /w «1, where llK.l 

is the characteristic length of the perpendicular field 

gradient. Also the perpendicular drift velocity, acquired 

under the grad-E 2 force must be smaller than the parallel 

velocity because otherwise the electrons would drift across 
..-

the rf field region perpendicular to Bo instead of along 

Now let us look at the derivation of the rf confining force 

for the field configuration given above followed by an esti­

mate of the effects of transverse gradients of the rf fields 

and the longitudianl gradient of the constant magnetic 

field. For the sake of convenience we \'lill introduce dimen-

sionless quantities. The equation of motion for an electron 

in an electromagnetic field is 

- erE + V x i3] (39) 

and the rate of energy gain is given by 

dW -= 
C:~ 

- e (i~. V) '" - eEV cos 1- (40) 

where P = mV(l - V2/C2)-~ is the relativistic momentum 

and W = mc 2 + Ek is the total energy and Ek is the kinetic 
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energy. If eq. 39 is divided by m c bl and eg. 40 by m c'w, 

the following equations are obtained. 

d(P/mc) eE V .... 
eB = - - xiiiW d(wt) mwc c ( 41) 

and 

d(W/mc 2 ) 
.... V eE 

d(wtl· = -mwc c (42) 

From these expressions one can define the following dimen­

sionless variables: 

f; 

T := wt and y - W 1 + .~ " mc 2 - mc' 

as well as dimensionless field parameters 

g:= eE 
mwc and b _ eB 

mw 

(43) 

(44) 

eE/mw is the amplitude of the. velocity of a particle in 

an electric field having angular frequency wand field 

strength E. This makes g a dimensionless velocity 9 • 

Going back to eq. 3 and using eqs. 6,7/8,15 and 16, the 

force along Bo for plane pOl~rized fields perpendicular to 

B can be evaluated. Ignoring terms that vary with Qt in o . 

ega. 15 and 16 Cdue to the fact that terms containing sine 

and cosine when averaged over one peri.od yield zero) the 

average value of eg. 3 becomes 

d _ dE 2 

Oz (45) 

This force can be reg~rded as being derived from a pseudo-

potential which is given by 
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.e'fi 
e 2 E2 

'" 4m(w 2-fl2} (46 ) 

or 

e'fi 
'" 9:

2 

mc 2 4(1-b 2) (47) 

For circularly polarized fields the instantaneous parallel 

force is obtained from eqs. 19-21 and 24 as 

[1 - COs(w+Q)t] grad E2 (48) 

where the time average of the force is obtained by ignoring 

the cos (w+n)t term. Again the pseudopotential can be exp-

ressed as 

'fiRL '" 2mw (w:tQ) 
(49) 

In bQth cases the average force and the pseudopotential 

change their sign according to the relative magnitudes of 

the cyclotron frequency and the applied frequency, indica­

ting that the particle may be trapped in the region. 

The instantaneous force depends on the angle X between the 

velocity vector Vl and the electric field strength E. For 

a right-handed circularly polarized field, this dependence 

is shown in Fig. 4.5 below. 
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..... 
0 E -w 

V\ !!Ji <0 
rJff <0 ,;It 

ti e:2 

F '" d(~ ~, "" -D[i 

" dil. 

3fr/~ V -rr/l 

cil'J>O 
dt . VJ. 

F" :.v '" ~~ dW 0 
iXf" tit > 

dE~ F. .... - df 1/ D/. 
". 

Fig. 4.5: Depe~~ence of t~e force and rate of energy 

change on angle ~. 

BeS.ides t~e longitudinal gradient, the electric field 

atrengt~ also haa a' transverse one. The first term of eg. 

39, upon averaging over one period, yields 

<FJ.> = 

= - e grad'1/! (50) 

TM effect is tM same as t~at of an electric field 

. E = grad 1/!. Transverse drift velocity that appears as a 

resultoll this field is 

or 
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,. (51) 

As mentioned above, this transverse drift velocity remains 

negligible in comparison with the longitudinal drift velo­

city so long as g2« 4[1 - b 21 or (eE/mwc)2«4(w2_n2). 

Therefore, the transverse gradients of rf fields are not 

important while longitudinal gradients of the field stron­

gly influence motion of the particles. It is assumed here 

that the field falls off in the perpendicular direction 

with a characteristic length l/K~ where K~ = ~(w/c12 near 

the resonance w " n . 
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CONCLUSION 

In this thesis motion of an electron in TEfll mode [10] perpendi­

cular to the magnetic field is investigated with the help of 

circularly polarized fields. The result of this approach enables 

us to write the perpendicular momentum as the vector sum of Pw 

and Po rotating with wand 0 respectively (see eg. 25 of cha­

pter four). 

A coordinate system that rotates with the electric field strength 
• 

+ + + 
E helps in determining the relationship bebleen PJ. and E. In this 

frame of reference it is found out that for 0 > w , i\ always 

lags in phase with respect to E ~qhil. .. continually gaining. If O<w, 

then P.t always leads \qhile continually losing. The geometrical 

angle X may then be interpreted as a phase angle. 

The instantaneous rate of energy gain (eq. 40) is proportional to --cos X, where X is the angle between the velocity vector VJ.and the 
+ 

electric field E. 

Generally the pseudopotential and the average force (errs, 45, 46, 

48 ~nd 49) change their signs depending on the relative magn~tudes 

of 0 and w near resonance indicating that the particles may be 

trapped.in this field region. The transverse drift velocity is 

shown to be negligible in comparison with the longitudinal drift 

velocity, and therefore, motion of the particles is influenced 

mainly by the longitudinal gradients of the field. 
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