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ABSTRACT

Motion of charced particles in magnetic and/or electric
fields (from simple to comolex fonfigurations) is discussed
in chapter one as a necessary backoround for the understand-
ing of the orbit theory of particles in a special configura-

tion presented in the last chapter.

Fundamental concepts regarding confininag and heating of
prlasma and the eneragy interchanage hetween waves and plasma

particles have been dealt with in chapters two and three.

With the help of circularly polarized fields and a
coordinate system that rotates with E, the nature of the
averacae force and pseudopotential, instantantaneous rate of
enerdy cgain and its dependence on angle ¥ have been inves-~

tigated in chapter four.




Approval

Declarat

ion

a

COCNTENTS

@ a o © ° & L] @ ] . & o ] o L] o © . ® o & L] °

L] ® [ ° o e [ ° o o Y Y . a o a @ a . [ o . .

Aknowledgement . . . o - s & s 2 o s 4 s 5 6 o s 4 5 s e a

LiSt Of Figures <& ° @ o L L] L] L] L] 4 L] L @ [ @ ® L] L] L] * .

Abstract

Introduction

Chapter

Chapter

1

1.1

1.2

1.6

1.7

°

L] o e @ & ° . L3 o e L] L] L] L] L] ] ] @ L] L3 L] L] L]

a < L] L 4 - - L] L] o L] L] @ a Q v @ L] * * » L]

Motion of Isolated Charged Particles . . . .
Motion of a Charqed Pérticle in a Static and
Uniform Machetic Field . . . ¢ « ¢« & « ¢ o &
Static and Uniform Electric and Magnetic

Fields o & v v v o o o o o o 5 5 e v 4 e e e
Electric Field Parallel to Magnetic Field . .
Electric Field Permendicular to Magnetic

Field e & 4 s e e s = & s 8 = & s 4 « s 2 a
Inhomoaeneous Mac¢netic Field . . . + . + & &
Time-Varyinag Magnetic Field . . . . . « .« .+ .

Time-Varyinag Electric Field . . . . « . + . .

Energy Interchanged Between Particles and

Waves, Landau Dampino . . o « « o ¢ + + o o =
The Process of Tranpina . . . - & « + + + & &
Estimating the Fneroy Interchanged . . . . .

Landau Damplng . . . & & ¢ & o 5 & ¢ s e o

Page

ii
iid

iv

10
12
16

20

25
25
28

30




Chapter 3
3.1
3.2

3.3

_—

Chapter

4.1

Conclustion

Refaerences

Mirror Traps and Plasma Confinement .
Mirror Traps and Adiabatic Invariancze
Plasma Confinement in a Magnetic Field

Radio-Frequency Confinerent . . . . .

Motion of an Electron in TElll Hode

Perpendicular to the Magnetic Field .
The Eguation of Motion of an Flectron
Plane and Circularly Polarized Fields
Kinetic Energy of an Flectron for the
Perpendicular Motdon . . . . . . . .

The Pseudo-Potential . . . . . o « o

a 3 a

L] 2 »

in a

. Page
37
37

42

45

48

57
58

64

65




INTRODUCTION

Plagma maﬁ be deéined as a collection of approximately
egual number of positively and negatively charged mobile pafti“
cles. The three common states of matter are solid, liguld and
gas. They are determined by the mean kinetic enexrgy of their
particles, If the temperature of a gas 1is increased above a
certain value, then the particles will be ionized. The ionized
gas manifests different properties and 1t becomes the fourth
state of matter called plasma. Increasing the energy beyond the
bond enexrgy of the atomic nuclel results in the fifth state of
aggregation called the "Nu-gas' (nucleon gas) which consists of

proton, neutron and electron gas [31].

The process ¢f lonization may be effected by one of the

following ways.

a) Wwhen guanta of photon radiation are absorbed by atoms or
molecules, the energy thus added may be suffilcient to ionize
the paxticles. Jonosphere is an example of plasma produced

by radiation lonization.

b) Collisional Process: This process consigts of different
Qayg.of obtaining plasma. Thermal ionization occcurs due
+®.c0llisions of randomly moving particles (like in stars].
Another metﬁod of ionlzation by collision is achieved by
accelerating'thedparﬁicles using different externally applied -

fields.




S

To produce plasma in laboratories proper values of pres?
sure, number density ofdpérticles and energy must be provided.
In recent years research on controlled thermonuclear fusion has
attracted many scientists. Such fusion reaction needs hot plasma
in a concentrated form; however, one of the main prohlems faced
would be the choice of a suitable means of production and confine~

ment of plasma.

. Like in other physical sciences, in order to interpret ex-
perimental results in plasma physics, one must start from a theo-
retical model given in advance. Therefore, the process of confine-
ment and heating of plésma requires deeper understanding of mo-
tion of charged particles in different electric, mégnetic and
elactromagnetic field configurations and their interactions with
the fields and the surrounding. Consequently the fundamental
concept of orbit theory, Landau damping and the field guantities

obtained from sclutions to Maxwell's eguations must be understood

clearly.

Due to a huge number of particles (10°-10%cm~’), the stati-
gtical methed is employed in describing the behavior of plasma, A
perturbed velocity distribution function is uced in collisionless

BoltzZmann equation to analyze the wave-particle interaction.

The aim of the thesis is to investigate the interactions of
radio-frequency electromagnetic field with plasma particles,
because the properties of plasma are significantly affected by.
the'field. Generating, heating and cohfinement of plasma fall

within this category. The freguency of the electromagnetic field
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is chosen such that a resonant interaction with the plasma ié
possible. Radio-frecquency heating of magnetized,plasma at the
electron and/or ion cyclotron resonance has been extensively

studied both experimentally [2] and theoretically [3,4). .

Motion of an electron in Tﬁ“‘ mode'perpendicular to the:
magnetic field is.describéd'in the last chapter where the equa-
tion of motion of an electron in plane and circularlf polafizad
fields is derived. It is shown that the »f confining force for a’
single particle is proportional to the gradient-pf a scalar
guantity which can be expressed interms of é pseudopotential.
This description helps in obtaining a simple solution to Vlasov
equation, which is an_apprdpriate eqﬁation for plasmas where ﬂ
interaction of particlés with the eléctromagnetic fields are
more freqﬁent than collisions between the particles. Thermal
velocities. are not taken into account in deriving the pseudopo-

tential.

The single-particleé model is.an important method where one
can have a reasonable'asSUmption about the shape of the xf field.
The investigation presented here involves non-linear phenomena in
which rf confining force for a given geometry is studied. More-
over, the energy gained by particles during a reflection from

the electromagnetic fileld is also thoroughly discussed.




CHAPTER 1

MOTION QF ISOLATED CHARGED PARTICLES

Orbit theory gives insight into the physical phenomena
that determine plasma behavior. Foxr a single particle of maas m,r
charge g, moving with velocity ﬁ, at a point where the electric
field is ﬁ, the magnetic field is‘ﬁ and gravitational accelera-

tion is E; the fundamental eguation of motion is
. d% e -+ -+ -
mFT = g{E + V x B} + mg (1)
The golutlon of this equation cannot be readily obtained
for the field arrangements are complex. We therefore begin with

simple conditions on the field guantities. In order to relax the

restrictiona, the gravitational force is neglected.

1.1 Motion of a Chaxged Particle in & Stati¢ and Uniform

Magnetic Field.

Negleoting the effects of gravity and in the absence of an

@lectrxic field, eq. 1 can be written as
¥ = ¢ V, B (2)

where V; is the conponent of the particle velocity pex-
pendicular to the magnetic field. For a static and uniform
magnetic fiald, the path of the particle perpendicular to
the field lina; is dlrculac. At equilibrium, the centripe-
tal rate of change of momentum and the centripetal force
are equal. Thus,

nv?

F < 4 VeB=mR, Q° (3)
g




where Rgm the radius of gyration and @ ~ cyclotron fre- -

guency are given by

mV;
Ry = g W
and ]
| - B ‘ , ~ ‘
g = |3 - (5)

From eg. 3 it is evident that the radius of gyration of a .
particle is inversely proportional to the centrifugal force.
The directilons of rotation of lons and electrons about the

- magnetic field lines are opposite.

Let the magnetic £field be Bi = (0,0, Bz), ie. along the 2z

axle, and E = O, Consider also the following set of initial

conditlons:
v, = (0, Vyd' 0)
. (6)
'Vfo :
z
where QZ = = ¢ Bz/mi is the cyclotron frequency.
Y
> X
£ -Bé -
‘ .Vp L
S eag

Fig, 1l.1l: Orbit of electrons in uniform, static magnetic

field.




From this motion we can obtain the following equations:

v
X = X2 cos QZ t

Q
z
(7)
Vvo
Yy = —%— sin QZ t
z
zZ,= QO
By squaring and adding eq. 7 we obtain the radius of
gyration as
V., .
x? + y? =(-£2) (8)
2

Thus, the particle gyrates in the xy plane with Rg given by

V V m
R = 42 = YO (9)
E 2, -,

For an electron of mass m,, and charge q = - e, eq. 7 becomes

V.. m eB
x = 42 € oo Lt (10)
eB m
2 e
V. m eB
eBz me

Differentiating eq. 10 yields the velocity components

EBZ
V = = V sin ——=t
Fa4 Yo me (ll)
eBZ
Vy = Vyo COS *Hgt

gince the cyclotron frequency of an electron is Qz= eBz/me.




Similar expression can be written for positive ions of-
mass m,, cyclotron frequency Qz = - eBz/mi and charge -

q= + e. '

If the initial velocity is assumed to have a component

along x and y axes, then we can write eq. 1l as

v, = - V, gin Q,t - 9)
(12)
Vy = V.L cos (ta - ¢)
where
VJ,_-—:'{v.z«-v-z};li (13)

X0 vo

Egs. 10 and 11 imply that the particle moves in a circular
orbit on zy plane around the magnet lines of force. There
18 no drift along the z direction since V,, = O from the

condition given by oq. 6,

Static and Uniforn Electric and Maghetic FPlields
Consider a particle of mass m and charge q placed in a
static and uniform electric field E and magnetic‘fieid B.

Let the magnetic field be oriented along the z direction,

B = (0, O, Bz) and the electric field be on yz plane such

‘that E = {0, E_, Ez)' The equation of motion (eq. 1) can

Y
then be written as

WY = q(ﬁ +V x B) - , {(14)
Introducing an expression for Q = - qBZ/m into eq. 14,

Writlng in its componeﬁt form
V, = = vy Q, - (15)

. - A -




v = 4
v > E + V.0 (16)

vV = % E (17)

If the initial values of velocity and position are (on,

VYO' Vzo) and (x

taneously and integrating eq. 17 give

or Yor zo), solving egs. 15 and 16 simul

qE qE
x -~ + —
V= (Vo + m—:) cos f,t -V, sin @t ——Xmgz (18)
qkE
Vo = (Vyo ¥ mﬁ) sin Rt + V,, cos @t (19)
= q
Vz Voo T Egt (20)

Integrating eqs. 18-20, we obtain the position of the

particle as

~ 1 qE . gk
=x_ + h-»-Z{Vyo(cos ta-l)+(vxo+ﬁ—§§) sin Q,t - —-—-Xm t} (21)
1 qE |
y=y, + ﬁ;[&yo sin Q t+(V, 4= z)(l - COS ﬂztl] (22}
E, ,
2=z + V, t + % —Et (23)

The motion of charged particles in static and uniform
fields is easily understood with the help of egqgs. 18-23.

We alsc apply these equations to various special cases.

¢
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g&ecﬁric-ﬁield;Par*llel‘tO‘ﬁagneﬁic‘fie;d

Heze we congider & charged particle placed in a staticand
und form eiectpic &7 magnetic fields, Suppose both field
veéﬁdrs-axe oxiented along the z dirgction‘ahch that

B = (0, O, Eﬁ) agd B = {C, O Bzil UsingAthe initialvcénh
ditions aa In eg. 6, one can write egs, 21 éﬁraugh 23 asg

v
% e H%Q cos Ot (24}
H] Z .
2. .
1Y o
¥o= = ogin 0t (25}
: 2
Z
gE : -
p e 12 . :
% =k : | E (26)

Ky difterentiazting the above aguations, we obtain

»  en q . - = {] A ' B N
%x = va sin th‘ . | ‘22)
P & t :
VY- Vyo CO8 Qz, _(28)'
Vo ety (29)

A n

Freour w3, 27 and 28 one can ses that the motlion of the

partiale op xy plane is gyration in a circle aromnéd the

magnetic field lipes at the cycletron frequency. The

affecy of the parallel electrlc field ia to . produce accele~

3

wathen in thz 2 divection. As 18 evident from eq. .29 the

-5 g¥
i

Cr’

GRATYR.

irection of the accelexalion depends on the sldan of the
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1.4 Electric Field Perpendicular to Magnetic Field

In this gection the motion of a charged particle in a
crossed gtatic and uniform electric and magnetic fields is

briefly discussed. The electric field is assumed to be

perpendicular to the magnetic field. Suppose the electric \

field is given hy E = (0, Ey, 0) and the magnetic field i

B = (0, O, Bz) with the initial values

VO = {0, 0, O)

— 2
To = (0, = QB /ma®, O)

eqs, 21-23 are reduced to the form

qE qE
¥ o= —X sin ta - Lt
mg 2 mQ |

2 Z (30) '

gE
y = = —&L cos ta

ks
A

z = 0

which become, after differentiating

=y
vx = mﬂz [COS ﬂzt - l]
gk
=
V& mﬂz sin ta (31)
Vz = 0O

As in section 1.3, we see from egs. 30 and 31 that the
motion is on the xy plane. The sine and cosine terms indi~

cate that the motion is circular, at the cyclotron freguency,.



- 11 -

However, a constant drxift veloclty perpendicular to boﬁh
the electric and magnetic fields is included, and it is .-

giwen by

'vq=_m-ﬁ-ﬂi =5 - (32)
We should note f;om-aq.'SZ that the drift velocity of the
charged particles 1is iﬁdependent'of the sign of the charxge.

The particle dyifis with this constant velocity alnng the x.

direction in a helical path as shown in Fig. 1.2(5),

Rasutbant Cantrip “’W 4

Foves * F,‘-"ﬁu’

Fig. 1.2: Electrons and pasitivély chaxged ione drift to

the left.
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Inhomogeneous Magnetic Field

It was presented in the previous sections what the motion
of a charged particle in the presence of static and uniform
fields look like. In this section we will discuss the effect
of small spatial gradients of the magnetic field on the
orbits of charged particles. For the sake of simplicity it
is assunbed that the electric field is zero. Let the magne-
tic field be in the z direction at the guiding centre of
the particle. Guiding centre is an instantaneous centre of
gyration of the particle about the magnetic field lines.
The spatial variation of the magnetic field locally is

given by a matrix, ie. dyadic 98 as (13}

BBX BBx an
0x : oy 0z
0B 3B 0B
4 S 4 . 4 (33)
X oy az
z BBZ BBZ
9 y 0z

As has been represented in (33), the terms split up into
four groups, Generally all the terms may be present simul-

taneocusly and their effects add.

If dF is the differential of position vector along a magne:ic

line, then it must be parallel to B such that

dr x B = © (34)
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Therefore, dr is a scalar muliiple of E'whioh :eaﬁlts iﬁ -

the following relation,
G Gy g8 N ¢ )

From our choice of the direction of B to he along the-z_
axls, ¥ and v may be_éxpresséd,as functions pfli'and eq. 35

may s&tisff eq. 36, namely,

dx L ox
az Bz

(36)

2l
N
b

Lét'ua;néw.haveva;hriefAlgok at each group of the dyéd'33.
a["The]divérgeﬂde térmsé .Thié group_consista cf the‘

dtagonal terms given by

8B, AB_ B S
% v - RPN _ .
3x_+'i_ay o =0 .37

¥.5 =

.duérto;the divérgencewfreeunature of the-magnetid_field.

Using Taylor expansion‘and.keepiﬁg'in:mind-that Bio =0
at the oxiuin. we can wriﬁa Bx'=‘(35k/ax)x-for the
first~order term. ?he.line bf‘force'crossinq the =z = O .

plane at. x ané Y, approximately satiafies

Q
dz B *

x o, -
| (38)

%z: E:--

i
”f |
Lo L
het

Q
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These two relations in turn yield

=% Y, Tox %o? |
(39) |
B '
1
Y=Y, tg _3% Yol
Z

Thus, the lines diverge (or converge) in the xz and yz

planes.

What remains now i1s the nature of the force acting on
the particle due to this magnetic field. Neglecting the
effects of gravity and the electric field, and taking !

the z component, eq, 1 can be written as

m, = g [vay -V Bx] .

b
(40)

3B an
! Vx Y ¥ - ax =

Noting from eg, 13 that V,? = sz + Vy2 and with the
help of eq. 37, and averaging over one period of gyra-

tion, we oktain

. nv, 9B, mvy 9B,
1
mV> = % B Ay t iy ax
v, ? 3B, (41)
=T TERT iz

If we define the magnetic moment of the gyrating parti-

W
cle to be U o= Ei where W, 1is the perpendicular

part of the kinetic energy, W, = % mv,?, then eq. 41 is

written as



k)
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. 9B, | SR
- Beyy . , S (42}_

8-

mev s
ey,

For a slowly varying.magnatic fieldj.it'will be shown
in seccion 1.6 that u is constant, Eq. 42 can.hejgehew

ralizeq to becowe

. m"}u = l-i-lvVB

A (43)
= - T{uB) '

Fcom eq. 435 we conclude. thac the particle moves. as Af

it were constralnod along the. line of force. It feels uB

ag if it were a potential. This is the basls of the mag-

‘netic ninor effacf, The parallel component of,thé;force

is directed-.away from regions of‘highéf'maénetib field.
The]diagonai}ﬁermé ﬁre soﬁétimﬁs ¢alled longitudinal

gradients.

éhe,gradieht £erma'{$ransversgi= The terms AaBz/aSIéndh
Baz/ay_-héve's;milar éffeéts,,Taking the first term, B
has_only,é.z#ccmppnent:that varies with x. The effect
ofAsuch a-varigtién.;s to produce gyration about the z
axis (Bz) anﬁ.simultangously drift the particle éiong
the y directfon.ASimiiérly the'seéond‘term'reéults in a

drift along the % directlon. We therefore sce that the

guiding centre drifts in the traverse plane perpendicu«

iar to the megnetic field‘gradient, The.direction of

drift alsn depends on the charge of the particle.
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¢) Curvature Terms: The terms, an/az and BBY/Bz,
which exist when the magnetic field lines areAcurved
have similar effects. Such a curvature produces a

drift on the particles gyrating about the field lines.

d) Twist Terms: The terms aBy/ax and an/By represent
twisting of the lines of force about each other. They

have no particular importance for the particle motion.

Time-Varyving Magnetic Field

In section 1.1 it is found out that a charged particle
placed in a static, uniform magnetic field gyrates in a
circular orbit around the magnetic field lines. It will be
presented here how the orbit of the particle changes if the
uniform magnetic field within the orbit increases with time.
Such a variation in magnetic flux produces an electromotive
force according to Faraday's law, which states: "Every
change in magnetic flux that traverses a gilven surface pro-
duces in its boundary an electric field numerically egqgual to
the change in flux but opposite in sign". That is,

I Z.af = - a%;‘ 8.3 4a (44)

where s 1s the surface bounded by the orbit ¢, dA is an

element of area in s and df 1is a differential length along c.

N ig a unit normal vector to s.




YA

Fig..1.3:¢ Electrto Field Induced by a Time*Varying Magnetic -
Field."

 Sup§dée‘thé”mégnetid-fiéld'in'Eigl.I.S.is directed out of |
the pggeralong the 'z axig and increases with tine, the induw
ged electric field EB is in the direction shown.'Noéing'.
the airection in which ‘the line 1ntegra1 is taken'and the
dirsction of n ; the result of eq. 44 will he

- aB, | :
By = %.Bg fag o (45}
The effect of this induéed electric fleld ia.to_acceierate '
both electrons and positive long which results in an_incré~ :

agse in - V. . Since
R = = h X (463

it seems that the radius of gyration will also increasé;
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with Vv, . Howaver, B, increases at the same time and
therefore the behavior of the radius of gyration will

depend upon the relative rates of change of Rg and B,.

Let us now determine the relative rates of increase of

Rg and B,. To do so it is possible to calculate the rate

at which the perpendicular kinetic energy (W, ) of the
particle increasés. The assumption made at this point is
that during a single gyration the magnetic field changes so
slowly that the orbit is nearly closed. Hence, the line
integral of eq. 44 can be carried out as if the orbit were
closed, and the value of Eq is used in the subsequént cal-
culations. The concept of change of the magnetic field
sufficiently slowly during one gyration is known as adia-
batic invariance. This assumption leads us to the following

raelation.

de
T'“a—t‘- << Bz (47)

where T is the period of gyration gilven by

|3ﬂ| = |§EE (48)

T =
ﬂz qu

The force acting on the charged particle due to the induced
electric field is |

F = gEg (49)

Then the increase 1ir the perpendicular kinetic energy as

a consequence of this force during one gyration is

MW, = qEq21R_ (50)
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. fhe rate at which this energy increases with time (period) -
1s then given hy o .

AW, Aw  GQEL 2R S :
it k- M s

Suﬁétituting'the'values‘of Eg :» T and Rg’from egs. 45, 46.
. - ¢ .

and 48, the above equation can be expressed ag

" o '.mv_ﬁ- s, W, dB, =
Bt ok B, & *’“ﬁ;‘ dt - 52

Integrating eq. 52 yields
: _ _ .

.or

~ ARl -
an (gf) = constant
.. z
Wy N A ] :
&= = {u|[ = constant magnetic moment’ R CX )
z - oL . ) . '

We haye'just shown that wheh the“éonditioh_given'by ag. 47 - -
holds, the orbital magnetic mamenta(ﬁ} 0f the;gyratiné-

charged pérti¢1a becomes congtant,

We are now in a position to describe the bshavior of the’
radius ofjgyration Rg._From eq. 53 ons can-aeg'ﬁhat-the !
',trangvetse valocity_{V;I Garies‘aa (Bi}%. Thelﬁa;iatipn.of .
the radius of gyration with B, is seen from-eq. 46 that ﬁ
hasla nep_vgriation which' is p;bp&rtionél to (Bz)'&.‘As |
i rshown-in’Fig. 1.4, thé radius.of gyrﬁtionAGecreéées_as B;

inoreases.

L



1.7

- 20 =

@B,

Fig. 1l.4: Decreasing Rg as B increases.

From the constancy of the magnetic moment and the relation=-
ship between Rg and B,, one can state that the gyrating

particle continually encircles the same number of flux lines

Time~-Varying Electric Field.

In this section we will briefly present motion of charged
particles in an electric field which is constant in space
but varying with time. The discussion of the motion of
charged particles placed in time-varying electric field
involves the cyclotron frequency of the gyrating particle
as well as the frequency of the electric field. It is from
this concept that one can deduce the behavior of the parti-

cles at resonant frequency.

In section 1.4 it was presented that static, uniform elec~
tric and magnetic fields that are perpendicular to each
other produced 2 drift velocity of the charged éarticles at
right angles to both fields. We now examine the orbits of
the charged particles when a sinusoidal electric field is

turned on. In such a case the motion of the particles has



components at both the ovalohyon fregquancy # and zb thie
frequency of the electiic Field U, However, if the sleg-
tric fiald is turned on safificiently zlowly no component.. -

motion of the cyclobropn 1£9qu€ﬂ0v-?4i1 QooGuy,

iet the magnetic £ield be . alohg the z axis and the sinusoi-

aally varying electric field B, = E sin Ot be in the y.

dirvection. Then the motinn of the particle, in which we are

interaestad more, will be in the xy plane., The x and y compo-

nents of the force p v unit was s wlll then he

‘}Kz{ - vyaz . - - (54} )
‘. s F’E 3 35 o ) | 5
vy = )jﬁ_ fi,j.lx- «.E.\'f-'l + 'VXQ , o {55) .

'Where g = Q? .

Solving these two aguations simultaneously, with V&Qfanafv

taken to be initlal valuas, vields

OB
¥ 4 Eatn tc] ) innt -~ - -
V, = YV, =08 ot ]yegin?c oL Qd}gws inQtt-0y iﬁw ¥’ (55)

Ve = Vxé sin oo + Yoo cosQt + ngfjgzj(ED& ﬂt*COB mf} (5T)

o

The'position'gx the particle, while orbiting'about,zz, la

obtained by integrating eqs, 56 and. b7 with X, and yz: as its

initial wvalues.

Y,y . e '

Hx o (s} o8 I
X=X 4 ~E2gin Ot 4 ALl{com Qbel) - el -
X sedn ot 4+ gt {con yL_I}_ st Maﬁﬁl{ﬂ Qo8 Qt

Tys

Pl i
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A4 Vv
= -2 - RO - Ew 1 -
Y=y, + —-8in Qt - —=(cos Qt-1) + Eﬂ%Tzﬁf)(ﬁ sin ot

- % gin wt) (59)

To understand the nature of the orbits in such fileld confi-
guration, we consider only the last terms of the right hand
sides of egs. 56 to 59 since the other terms are concerned
with the initial values. Wercan therefore discover the major
characteristics of the orbits for various ranges of the

ratio w/Q .

Case I, Low Frequency Electric Field w/Q << 1
In this case the last term of eq. 58 will reduce to

g
X BT cos Wt {(60)

similarly the last term of eq. 5% becomes

y xlsgf sin wt ' (61)
Eqe. 60 and 61 indicate that the drift motion is in the

form of an ellipse with its semi~major axis along the x

axis.

Case II. High Frequency Electric Fleld w >

For the case of low cycloﬁron frequency, egs. 58 and 59

can be approximated as

% = E%%_ cos Qt (62}

E

y = ﬁ%yﬁ—sin 2t (63)
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. ] - - ; - 7 '.q 2 2 s
Fhese two equations can be #ritten in the form of ¥ +x =r
wvhich is equation of a circle. Thus, the major wotion is &

&

clreular motlon at low cyclotron freguency.

Case III. .Cydlotyon Rezonance ® = {2,

When the freguency of the électric field_equala'ﬁhe-cyclotn .

ron freguency of the particle, golution of the equation of
motion given by eqs. 56 an&-57 becones indetarminats, Fér'
this reason we‘go hack to eqs. 54 and 53, gubstitute = ina=

tead of ® and S0lve onoce again to gat . :

v, =V, cos 9t ~ Vg, Sin ft - sei6ingt -0t cosfit}  (67)

) . o 4_ ' N " . o . e d .. - | V_ h -

Vy = Vyg COB.OE + Vim0t + 5t sin Qt -~ (s8)
‘ -.i_qhere

o = gBE/m

Upon integrating egs: &7 and €8, we get

v 7 . .
= X L + % Rt 1) -
X = X, + &~ sia Qb + e (V&O %.2§}(coslﬂt -1} -+
+ g5t sin ot . - (89

v :

Ay e - e -~
Y= ¥, " g (cos Qt  1) + ﬁivyc ?Q)%in Qt o
', (70)
- "%"ﬁ tcoa 01 '

From these eguations it. can he_éeduéed that afiter a long

period of time the lagt terme become domiﬁant. Conseduently
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the charged particles move in circles of evexr increasing
radii, as shown in Fig. 1.5. During this spiral motion the
velocity of the particle continually increases, which in
turn increases the kinetic enerxgy of the particle. This
energy is absorbed from the radio frequency of the electric
field, giving rise to instability of particles and damping

of the wave.

Fig. 1.5: At cyclotron resonance the radius continually

increases
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CHAPTER 2

WERGY, INTERCHANGED BEIWEEN PARTICLES AND WAVES, -

" LANDAU ' DAMPING

In this chapter we will pragent ﬁkbriaf discnssion on.an agti-~

mate of the enerygy interchanged during wave~particle.interaction.

Plasma, being a many body systen, useds the methods of statlisti- .

cal mechanics., With the help of veleclty distributlon function

£(v,x,t}, one can obtaln Boltzmann equatkion. The,interaction'pro“

blems are avolded by consldering the ¢ollisions ag a perturbation

2,1

. in expanding the distribution fanction.

' The procesg of trapping.

. Tt 13 a known fact that two dynamionl systems interact if

“thelr veloclties arve approximstely egual. The dynamical

systens oxamined herve are the particles in the eleﬁtrén gas
and the electren plasma wave. Whén'tharphasa valociﬁyfof
the uave*becnmeé of tﬁe ordex of the root-mean-gguare ther-
mal velocity of th&'p&kticleg,'thﬁfe can be intéraction

between the wave and the particles.

Let us employ a'anemdimengicnal plane wave that depends on

gpace and time for the purpose of analysing the trapping '

' process, given hy

20X, 4] = explL (k, X-uwt) )
| - (1)
R ¥ A £)1 '
axp{ ik (K=Y £}

e . - IS
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and propagating in X-direction. If ® 4is real, then the
amplitude of the ﬁave is constant in time. Therefore, on
an average, there is no net energy interchange between the
wave and the particles. On an other hand, if ® is complex

ag expressed by

w = o_ + iw (2)

where w. and w; are real, the amplitude of the wave of

eq. 1 is exp(wit). Such an amplitude either grows oxr

decays in time according to Wy >0 or Wy < 0O respectively.
The nature of the velocity distribution function determines

the behavior of the wave.

To investigate the wave=-particle interaction, we assume a

longitudinal electric field of the plasma wave given by

B (X,t) = B sin(kxxmwt) (3)

X0

In a frame of reference that moves uniformly at wave phase

velocity, defined by x = X - Vpht' the field simplifies to

Ex(x,t) = By sin kxx (4)

This field is static in the wave frame and therefore it can
be obtained as the negative gradient of a scalar potential
¢ (x) , which after integration and putting the minimum poten-

tial energy = O bhecomes

E
7 e DO -
P{x) = k. {1 coSs kxx} {5)
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If the <harge of an electron ie ~s ; the potential energy-

b1

Sl = I {1 - cos Rk} (6}
This potential’ energy is a pexlodic dimtributicn of poten~
" 4ial well whose bottom ané*top of the wells occeuy .at odd

and even intearal mﬁltiplag of ¥ reﬁpeativaly}_'

Thé-behavior of the alectfcns.in theaa potential wells
deppnd@ on their initial velocities. Such waells tena to

. Lrap tha‘ela t ~OYig in them. The elactzons with velocities
equal 0 th& wAve phase valocity are automafjcally trappede

Depan&sng on Lheir total kinetic enargy, the electrnnsj

_'V-havinq‘in;clal Vﬂlaﬁi+y si ‘ghtlj greater Lhan the phase

s velogity are catagorized into two.

&
—

1Th: ale lfrona pgasagéing kinetic'ana;gy lesg than the
depth of the notential well‘(zéExé/kx) canéét;go Qﬁer_

. tha ' top of the ?aﬁenti&l hill} and th&ﬁéfére, oscillate
’betweén thé,twc'uxesté.aﬁd eventually he tréppeda'Since

. they have hean mﬂ?ing-faster tﬁén the éhaee,velocity,'
they ars now decelsrated by lozsing some enaréf to the

wave,. Then the wave grows iln amplitude.

I} m1ectrens with kinetia enexrqy g:eater than th& depth of
+tha potential well mlide up atd down the successive
Well. There iz no net loss or gain of energy'by the

alectyrons:
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It is also possible that those particles moving with an
initial velocity slightly less than the phase velocity are
speeded up. That is, they get some more energy from the
wave. This results in a damping effect of the wave, To
fully understand the damping effect, we will discuss the
dispersion relation in connection with longitudinal elect~-
rostatic waves and low density charged particles to which
a perturbed velocity distribution function is used in

Vlasov equatiocn,

Estimating the Energy Interchanged.

In the previous section, it was stated that wave-particle
interaction occurs when their velocities are roughly equal,
in the process of which trapping takes place. Let ug assume
that the motions are along the x-directicon, and the kinetic
energy of the particle before it is trapped is % m sz,
where U, is a time varying periodic function. After it is

trapped the kinetic energy becomes

2

X = L 2 2
2m(Vph + Ux} Lm (V + 2V .U+ U, ) (7)

ph ph™x

Due to the pericdicity of Ux' the average (over one period)
value of the kinetic energy containing the mixed terms
vanishes. So the average kinetic energy will be the sum of
the particle kinetic energy in the absence of oscillation

and kinetic energy of oscillation.

—_ 2 2
<W> = %m(vPh + U, } (8)




Interprating Ux as the r-m-s valuve, the energy gained by

the particle in the process of belng trapped is

AE = xmiv  F (U -V
g 1 ¢

2z
9 ph) UX )

)

n 1;

a vph(?x - vph)

it

The number of particles per anit distance having veloci-

ties in the range U, and U, + aUx is_f{UK}dU Hence, the.

w

gaih in the energy density of the particles in the txapp-

ing process iz given by

A + UKO

Y3
e

Aq = [ £(U,) AE au_ (10}
Vo~ U * * o

ph X0
and it arises from the values of U, ia the nelghborhocd of

vphf

Therafore, it is possible to expand f(ﬂx} in a Tayloxw

series around Ux u vph as
. af(UX) .
f { J}i} = i: {Vph) 4 (ngvph) """éf“[“j“;{‘*‘“ ; g e s‘ . (11}
U}:x , ph

Substituting egs. ¢ and 1) into eq. 10 yislds

+UXO

V.
) Vg, S ph (U V) U
T Yen %0

AW = = ﬁ(vph

C AR ey
it au,  (32)

FEACE VAU
-z }:‘p‘

B e - Y..m f P &%U
~a U phi v T

1,
Ux;vph ph THO

with the first term contributing nothing, the second texm
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can be evaluated to be

o3 Bf(Ux)

e - 2 .
AW = = am Vo Uke 50,

3 | (13)

This equation tells us that the particle (electron) gains

energy if f‘(vph) is negative and loses otherwise(8]}.

Landau Damping

As has already been pointed cut in section 2.2, if there
are less number of electrons with velocity Ux very close

to the right of Vph than the number of electrons with Ux to
the left of Vph' then f‘(Vph) becomes negative. Consegeun-
tly the electrons are speeded up and the amplitude of the
wave decreases, Let us now closely look at how plasma can

be heated by gaining energy from the wave.

Boltzmann equation can be written for low density (collil-
sionless) plasma particles, known as Vlasov equation, from
which the dispersion relation can be deduced. The perturbed
velocity distribution function fl(v,x,t) and the longitudi-
nal electric field E(x,t) propagating in x~direction are

used in the Vlasov equation {12}.

9F) (Vy e%,t) 2F) (Vyux,t)  qgE(x,t) 3f (V)

+ v + = 0 (14)
ot ¥ Ix m, avx

Laplace transform of the firgt term beccomes

wdf
_ l iwt

=~imFl(m,x,Vx) - fl(O,x,Vx) (15)
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We ¢an now Fourder transform eq. 15 to obtain
Pre(odovyd = = doFy ok, V) = g,V (16)

whgre gy ig the Fouriox ttansform of fl(D,x,Vk), which is
the initial condition on the perturbation of the velocity
Glgtributicn. After taking both of the transforma}'the'

gecond term of eg. 14 hecomes

af _
1 mi(RXmmtl
1RV F) (0,k, V) = f ivx g dxdt (A7)

The third term in eq. 14 is transformed to yield

qy B (V) 6 v g, 3% (V)Jmfm "
i = 0 e E{x,t)e
me 3Vx d m,, BV ’

wi(kx»wt)dxdt "(18}

OMblnLﬂg all these terms and with the help of eq. 14 we
Obtaln tha transformed uollisionless BoltzmannHVlascv

equation as

~1wF, (0,%,V ) =gy (kg V IRV FY (0%, V) +

e 3f (V)
+ i, «uﬁwmwnck w} = 0 (19)

Solving for F algebraically give&

(q {m )(af (v);av ) E{k m)...giik vy )
L(w«kvx)

Fl(w,k,vx}% (20)

Eq; 20 has two unknowns. We can eliminate ¥y by utilizing

Poleacnts equatlon:

voE=E (21)
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where fr is the electric charge density defined by
o«
Pg(x,t) = nq f f J £V ex,t)av dVYdV (22)
0o -0 -0
assuming that only the electrons that are perturbed produce
a net localized charge. n is the density normalization

constant, The longitudinal variaticns in f1 and pg 1s app-

lied to eq. 21 giving

dE(x,t) _ Eg © ® e

If we Fourier and Laplace transform eg. 23, we get

oW 0 o
e

q
iKE(k,w)= n - S fr Fl(Vx,R,w)dedVdeZ (24)

=00 ~ 0D ~ 00

The solution for Fl(vx,k,w) may be integrated over velocity

space, and using eqg. 20 yields

o w MW fe=)
9o E(k,w) o 3f (V) 4
n_i-i-i Fy (w,k, v, )av dVYdV =n—= i, ”“I”’fi_i i av e kvchﬂ@dJ
mwmgl(kv)
+ in S f e dv_.dv_av (25)
v o —00 =00 w KVX Xy &

If both sides of eq. 25 are multiplied by qe/eo, then the
left-hand side of eg. 25 is the right-hand side of eqg. 24
and thus Fl is eliminated. The resulting equation with only

one unknown is given by

ng © w0 o Bf (V) /ov
, B(k,w)
iKE (k,0) = —= Ll f S av_dav_av_ +
d m.e i 50 00 mey w - ka Tx Uy =z
ing @ o ® g (k,V.)
e 1 X
t e f 7 T dvxdvydvZ (26)

- . e —



After co1lectlnq terms we obtalﬁ'

, l, nge L {.)f (1‘?} 3‘7‘{ . )
{; + ﬁmeg giqi‘mi WE'V}c dsf}zdvy.dvz.}‘ Ek,0) =

. g mroiqu(kvl

L e TR ' : I
I -y av. dvydv _ S - )

e} o LK) e XY e D . r

Eg. 27 may bhe sgolved for BE(k,w).

nqe o o o qlik A )

M

EE; i}a) b - Kf;‘dvidvya?z
E(k uﬂ s s (28}
w29 w w o §f (VIKBVZ,
m$4 ! f _— L AV, AV, av,
|

where
. 3 e 2

mz = M:@ .

pe ML E

The dispersion relatlon for the loﬁgitudinal alectrostatic.
waves is obtained by setting, the denominator of eg. 28
equal to zero. Uslng Cauchy integral theorsi to help evalu-
ate 'i’;h.e_:L.zﬁfc.e:_:;i~:.':j1."L_F tﬂa-intagraﬁd of the dénpminator is
found to be analytic in the entire o plane. Tha singularim
tieg are due to the zeros of the dencminatar, since they

make poles.

The denominatcr meyv ke writien in two forms, foxr Imw > O

and Im w < O asg the following.

.'2 )
Sl P BT (¥}
L. Uhe (

i & @émiw' %mdv = O for Tmi> O . (29)
wen® PV ‘\f . _ | o

and

prre—Y
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1 . w
W w 3f (V) 2miw 2 9f (o)
: pe o 'X 1 R pe o'k’ _

L+ 7 av rowv_ WVx T TRKTK] 3V 0 (30)

-0 X X X

for Imw < 0O

W , . W _
fo(E) is fo(vx) at Vx =5 In both cases the integra

tion with respect to Vx is made along the real Vx axis.

Further investigation of the dispersiem relations in egs.
29 and 30 gives some idea of the nature of the eigenmodes
that exist. We expand the integral with respect to Vx in
powers of Kvx/w to get
f_(V.) af (V) kv, Kiy 2 xiy @

o' X 1 o0''X l‘{l+— X, X . b 4o 3 (31)

WV, 1KV /o vV, W w w2 w?

1
w

This expansion is valid if, for most of the particles,
va<<l. Then each term may be integrated by parts to give

the following. The first term becomes

o
- Efgizﬁidv = fQﬁXﬁl = 0 (32)
oV X w

-0 X ~t0

1
s

since fo(Vx) + 0 at v, = 1 © very rapidly {(exponentially}.

Similarly the integral of the second term is - Ez since
o

! fo(vx)dvxz 1

-0

2k ? 3k 2
T Ve s T Vo> are integrals of the third
u}

and fourth terms respectively. The third term is zero if fO

is even.
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The expanded form of the dispersioh'relation;may ha,w;ittén,.

using the above integrals, as

- wEo C s - whe? b - ai €w/k}
- BE‘%. - E " 3}; " 2 S e a e - 2 Ay
) o+ k { wg ; W V > + } ] 'I"““T‘A' avx o) (351

It is'possible_te solve this dispersion EQTathH tcr w aav

a function of k, For ¥ » G (infinite1? ‘ang Wava?ength)

the d;spersion relation describes oscillations of the longxa-

tudinal eleetxostatic fields at plasma freguancy, given by
o, |
mf - ‘ . - - . . .

Thig is true because the tazm'ﬁf {V }/BV at~v e m/? goas
t0 zero as k + O—ﬂater than k + 0 a0 that lis limit js
- zero. Therefcre,_eqa 34 ig the "zerOEQraer**ﬁisperaion e

-lation.

Te .obtain the xi si-order correctlon to eq, 24 we will

neglectf<ﬂﬁz> and higher-order terms in eq. 33 and solve

for w?® , namely, .

w2
2. . o :
it J.Tiwﬁr 5 (CY. 33 35)
b= = TRT TTUHY

¥
The denominator of eg. jﬁimay be expanded for small values

of the term

te get :
..ﬁim? CBE_{w/k)
z’ Ba - O ;
w%e B {1 “ER Es } ‘, (36)




1

This can further be dppromimated ﬁtilizihg-tha.hino$ial
theorem for the square root of eq. 36, The fivst two

7

termsz give o -

3f {w/k) ¥ . ..
pe- zﬁ[ﬁf aV ~) " {j?}

-

Eg. 37 indicates tﬁat w  is cenplex; manifeatﬁna oCeuras
nce of the damping effeét;afatha-wave? Thighi& calleﬁ

~ Landau damping, in which energy has gone ﬁrém the wave to
the plasra . Landau damping iz related to fasonant part¢c1$5
 having a velocity cloge L the wave phase velocity (V”tw/k)

-  in cplliaionmfrae plqdmax of fioite amplltuda‘distufbancesfﬁl;
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CHAPTER 3

MIRROR TRAPS AND PLASMA CONFINEMENT

Plasma confinement can be classified into two groups. The first
one is confining in a region bounded by a toroidal magnetic sur-
face such as the sﬁellarator and levitron. The second class is
known as the open-end-systems in which plasma fills a space limi-
ted along the lines of force of the magnetic field. In our work

the first class is considered(7].

The concept of magnetic mirror traps uses the principle of adia-
batic invariance. It was formulated independently by Budgker
(USSR} and York and Post (USA)}[14). The main idea is that charged
particles placed in a longitudinal axially-symmetric magnetic
field, bounded at both ends by a stronger field, can be reflected
from these regions while moving along the lines of force. Stronger

field regions are called magnetic mirrors.

There are two ways of confining plasma, namely, plasma confine~
ment in a magnetic field and radio frequency confinement which is

concexrned with inhomogeneocus electric field.

3.1 Mirror Traps and Adiabatic Invariance,

For a particle of mass m and charge g gyrating in a circu-
lar path around a magnetic field §, the magnetic moment is

given by
. w, B
uoo= - '”g;' (1)




~ 38 -

where W, is the kinetic¢ energy due to the perpendicular

component of the particle velocity.

If B is uniform in space but varies with time, then u also

varies with time,

The constancy of u for time-varying magnetic field, when
the field changes sufficiently slowly, is shown in chapter

one.

Similarly, 1f B varies spatially, d also varies in space,
Let B be unidirectional along z axis. By power expansion
Bz==Bo [l + oz +--°J (2)

The equation of motion is

m -—e— = "‘OLWJ_=='~“"§'“-***-WJ‘ (3)

where o =

Conservation of energy results in

Eﬂi = - Efim = - my EYE o Ti,ﬁﬁv = ﬁi éEE (4)
dt = dt zdt B 8sz'z B dt
Therefore,
a1 M Mg (5)
dt ~ B ‘dt B2 dt

2

Hence, u constant. The two arguments given above

prove that u is a constant, and therefore, the adiabatic




invariance Lol dag We hava to unolte that adia& tlu Aﬁbﬂfl&”_

nce'holds for a slowly varying fisld,

Tha-impozfance_of.éhe adiébaiié invartance ig.raéiizeﬂ‘in
thé“aﬁalysis of-mirroi trqga;'Suppnsa tﬁe magnatic lines

- of force convegge This inﬁL&a&Jng magpetic fisid yegjeétﬁ
charged particleg that gyrace about the fielu. Let g be
the velocity of the pacLlc]e making an angle ¢ with tha
,magnet £field B such that . '

. v, e ‘
tan @ = g _ {6}

Vi

| The magnetic mement is then given by

= Ei ain? o ‘ i |
) B)-.ulxn f,é’ _ B {?) _

-'the, Qonﬂtanéy of u and inereasing ¢ wilth converglhg B
- glves rize to

sin? ¢ = fm& gin? ¢ ' {8y
Bo . ,

where B_ nd ¢ are known initial valu&s.‘If'the magnetic

~ field strength incre&éeg‘araﬁu&Ely frmm,B to B then

max
'angle %:'algo ingreases aeﬂord#ng to the ahove expression
such,that ¢ + w/2. The particle’s parallel energy will

then be converted tm the perpandlcular energy (W, -+ AR

: ':,Ehe‘particle.ig reflected frxom a'point {oxr surface] whére'

‘. Bo® B_. A this point § = u/2 and |V, = 0, The condition

for refiection is that

R B ' |
sin '$¢'> 1* 2 {9}




where 5 = R is defined as the mirror ratio. In terms
o)

of the mirror ratio the above condition can be written as

sin ¢ > (R) " (10)

! Magnaetic Fieled

ysl-ir\l-i

[
# f.dp'ane (E’o)

Fig. 3.1l: Magnetic Bottle.

For the two points in such a magnetic field configuration,
(BO, Bm), and the definition of u, we can say that the
flux

R;B = constant (11)

Since total kinetic energy is conserved

Wy, tW =W W ©(12)

Due to the constancy of # , the ratio of W, to B is also

constant, le.

Feeld
Axis



t

‘Bolving for W Howy fm c.arﬁu ci rzc;hﬂ*" qnaﬁfbit_igsﬁ

el

A 1] {%ﬂ* - Ry
) Ty A T

.i-ticlag m«asa @ngy ratio "E, gmat@ﬂ. tﬁars tms 9

; :aslcar*a ﬁmm LL;. m,,rmez,

"For ',cén-%’_,, nement if @r,sim o w g:i* miﬁié;aﬁ}a-;ff?@. whapt

Since.

wEhEten s

“From eq. & we can
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Therefore,

WLO

= = oot 4) ' (19)

For angles greater than ¢ particles are confined., But

max

for ¢ < the particles_escape. ¢hax can then be deter~

Frax
minad as

cot? ?‘)max =R~ 1 (20)

and it specifiea the boundary of the loss cohes of the
system. The paxrticles that fall within the loss cone escape.
Those outside are confined. However, the confined particles
will not always move in the trap for the following reasons.
There may be losses due to the fact that, if the field in
the mirrors does not vary sufficiently slowly, then after a
number of reflections, u may change to such a degree that
the conditions for reflection will not be satisfied any
longer and the particle will escape from the trap. However,
one can practically fully eliminate losses due to non-adia-
batic conditions. The second reason for the loss of the con-
fined particles is connected with scattering during the

Coulomb intercollisions.

Plasma Confinement in a Magnetic Field.

The concept of magnetic pressure is very useful in a gquali-
tative discussion of the confinement of high temperature

plasma. It is regarded as one of the applications of the




magnetohydrodynanics (MHED) equations. ﬁn.ezgzasaién fa£
the magnetic prassure is obtained from a 1inﬁ¢£zed form of
momentum tyanspoct aéuation, negleoting the affects of
viscosity, asf[}lj

o
-

BY
Poo 5E = 7 VB

[

x5 (e
The magnetohydeosintics (steady~state) sltuation in which
8V/3t is zevo reduces eq. 23 %o the fd:m'

Ve =¥ x B (22)

Uaing one of Maxwell's aqaatiéns, Vx B w= ﬁQ F ;s O, 22

‘can he wyitten ag

' :Ei Uﬁ x' éi b ﬁ =3 :\5? ey %‘a (_IP] - . (23} .
g, ‘ |
o
b ek b 7E e
"C“ . ) l :

where %(m} is the wagnetlc part of the electromagnetlc

stress dyad given by -

play 1 ' : 2 .
p MU & , - RBE /2 25
i3 “o[_BiB3 §i§ BE/ ] , | {25}

Combining egs. 23 and 24 results ip

¥

e ey

te -~'%£‘“3\ = 0 . (263

L

. . where T is a anit dyad.

e

Supnossa Bois wmi-diractional such that B = z B, The gompo-
nente of the total presgure dvad (sum of kinetic and mag-

netic pressure dyads) are given in a matrix form as
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P+ BP/2u 0 0
0 P+ BE/2u 0
. - ne
o P B /2]1o

'=}iThis indieates that atress caused by the magnetic flux is
@fﬁequivalent to the pressure 32/2u perpendicular to the
jf g1ines of magnetic flux. Thue, hypothetical surfaces over

“5:5whi¢h the kinetic pressure is constant can be constructed

(P;E Gons). Where ¥p 1a noxmal to such isobaric surfaces.
_ §é;i§pﬁgiL§ surfaces are formed by a net work of lines
_f?ﬁaéﬁétic'flux and electric current density. Suppose thesé
rfsuﬁfacas are concentric eylinders as shown in Fig. 3.2,
.{Rinetic prassura increases toward the axls of the cylinders

E‘-""f-ia!‘ld.-‘helm;'e—-3'1? =Fx 8 is also along the radlal direction

V:?@taward tha axia. The kinetic prossure is maximum along the
fiifaxis ﬁhich ig also the nagnetic axls of the plasma configu-

ration [8]

ii;If the kinetie prassure vanishes on one of the outer cylin-~

';?derical aurfaceﬁ, then the »lasra 1s sald to be confined

' gﬂwithin this surface.

L R R L

Cad mctmo Rfo & g S eyt




3.3

fielﬁ,ﬁtrength. x D
L o DU 5%1\

R 'f"“l “'ﬁ‘f_[““ﬁ'fflf’""ﬁl’“ Hﬁ e

%% = O since VB = . Thia fact[ togather with solutlions
of- the first two expressions ab@ve‘qiva‘riSe o

4

- P égmMa congtant S {23;

For a bounded plaama where P = © at the glasma boundary,

let ﬁb be the value of the magne*ic flﬁh density at the

boundary of the plasma. The sum P +‘Bgfﬁuh”m Bhfzuﬁ, Thus,

P deéféaveq radlally autwar& &nﬂ 52/2u increarses radially'
inwards such that at a given point the sum is alﬂays consn

_ ‘tante -

Jif-tﬁe*applie& maqgetim-flax isg sufficientl?‘laxge; the
Wlkiaatic pvessu;e can be foreced to nanish on the outer gur~

‘faca and we gay the plasma ig cﬂnklﬂCd - The candition for

such confinemant ig Pmaxtaf b/zug

' RadiowFreguency Cenfinement,

The concept of rf confinement covers phencmena in which an

inhomagﬁﬁeaus ogcillating alectéiﬁ;fiald exarts a time

”aVerage force divected towaxd ragions of wsaker'alectric. :

Pgel %%"‘\“\\

Fig. 3.33 Particies in an inhﬂmcgeneeus.electric‘fiel&. 5-
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The force is of the second-order in E, and it results from
the acceleration experienced by the particle as it passes
through regions of gtrong and weak electric fields.

The equation of motion of an electron can be written as

44

nr = eb(x) = e[E(r=0) + (§~grad)ﬁ + ...J (29)

when the electric field strength varies with cos wot, we
can find the solution for r from the first order term and
subgtitute in the second term of eq. 29 to get the second-

order force.
The first order term, upon integrating twice, gives
x o2 €08 Wt _ _
Substituting eq. 30 in the second-order term yields

F(z) = e(?-grad)ﬁ,

2
= - ng E.grad & cos?wt (31)

Using a trigonometric identity cos? wt = % [1 + cos 2 mt],
it is easily realized that the force given by eq. 31 contains

a steady part.

With the help of a vector identity
FR.H = Ex¥ud + BxVak + A.NB + B.NHE  and if we let

E=8= Eo ' wﬁere"Eo =E cos Wt, eg. 31 can be further
simplified.

grad B2 = 2B xUx & + 2(8,-N1E, (32)
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%ggle@ting the firet term on the rtht hand sida yields

»fﬂ egradiﬁ =k ograd E

i

R

a2 2 .
grad T com Bt

Substituting eq. 33 iﬁt@ &d. 31 results in
{?.ﬂ <8 2 3 .
R §-g~ qga& B coa? et

Noting that the average value of cos® Nt oyer

is %, ﬁhe_averagé.valua,cf Fﬁgﬁ-eannbavw;;tten

A -3 R o ok
< ETT s m @ grad =
com e @ grad |

vﬂhgré P iﬁ-calied'thﬁ'paeudopetential,.

(33) .

(38)

oné period

as

(35)

ae saan: fxem gg. 35, cha forde is g*t:)wﬁmi lew electric

fieg ld B rength s e inn#ﬂnﬂ&nt of the sign of

and therefore, nay ra uﬂad to malntain particlas of either

&igﬂ in a. bonnded “auion. The forze 18 inversaly proport10m

charge,

'.ndl to tne particle wassn. Hance, when - applied to plasma,

the force will dct majnly on: the eleﬂtrons dug

to their

gmall masng. dpwaver, by the vir#ue ef thﬂﬁr heavy mass, the

pmai tlve icn& ramain in Lhe game region so P

(2¥

13 the rf

consinin@ garoa and gﬁagma is therpfox@ confined in an

"finhmmoaen@ 1971 Piﬁcfria Tlald,

e e e gt o=t = a4 m eeeme TN L dmme et e
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CHAPTER 4

%

MOTION OF AN ELECTRON IN TE,, MODE PERPENDICULAR TO THE

MAGNETIC FIELD

In view of what has already been discussed in the previous chap-

ters, we will present now the interaction between charged parti-

cles and electromagnetic wave and a constant magnetic field B,

perpendicular to the wave. The equation of motion is then analy-

z2¢d to determine the resulting rf confining force which needs

polarized elactric and magnetic fields.

4.1

Equation of Motion of an Electxon in a Plane and Cixcu-

larly Polarized Flelds.

The force acting on charge q placed in an electromagnetic
field and a magnetic field B, oriented normal to the wave

is given by
F =g [E + Ux @ + ﬁm)] (1)

As stated in section 3.3, if the electric field 1s inhomo=~
geneous, it can then he expanded to give a constant first-
order and a variable second-order terms. Thus, the force

ggven by eq. 1 can be separated into F = #lll ﬁ(Z),

where

F) g [E(ram + mo] (2
and )
#2) o g [ (F.grad)f. + i?xﬁ..,] (3)




w4

' Po f£ind an expression containing gradient Ez_for this rf
confining force, eq. 2 must be solved for r ismd‘i.}?,;'.zmd"'~
substituted into eg. 3. This requires a piane-polafized

wave perpendicular to Bo shown “in Figure 4.l‘belo@§

A

mb
>
(-}

'

'Fig. 4.1: Plane polarized Lif field perpendicular to B,

The polarized field equations are ‘then given by

ﬁp = ix-E{il cos wt
§p'$ nﬂ§§ %:%% sin ot ~ (4}
B =1 B

© z
and they Qbey-Maxwellls equations _
it = - B atv & = 0 |
L " (53
Vi = F + 32 avB=o '
The equations of motion for an electron placed in the fields
described_by eqg, 4 will be '

S e dB o
mVx = =~ eE cos uwt Vzdz sin wt - e Vy B '(51




mVY =e V, B (71
v ey 4E
sz = = Vx T sin wt (8)

The first two terms on the right side of eq. 6 can be

written as

;
glo

é%'{E(z) sin wt} (9)

Differentiating eq. 6 with respect to time and using eq. 7

and expression 9, we get

" 2 _ _E_ d2‘ ‘ .
Vx + 0 Vx— e a-E—z- {D(Z) sin wt} {(10)
eBO
where § = e is the cyclotron frequency.

Eq. 10 is an inhomogeneous linear differential equation of
the second order, whose general solution is the sum of the

complementary ch and particular pr solutions.

Ignoring the variations of the cyclotron frequency & and
the electric field E, and noting that the right hand side

becomes eEw/m gin wt = G sin wt, eq. 10 is written as

hil

2 -
« t Q Vx = G 8in wt (11)
The auxiliary equation is
r2 + Q% = (r+iQ) (r-19) = 0

with roots

It

r, = at+ig - 0+18

ry, = a=~i8 = 0-iB
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so that

and the complementary solution is

. .ot
ch =@ [CQ cosg Bt + SQ sin Bt]

= Cﬁ cos It + S gin Qt (12)

Q

Tolfind the particular trial solution, we note that the
right hand side of eqg. 11 and its derivatives generate
trigonometric functions such as sin wt, cos wt, G sin wt
and G cos wt. All these are linearly independent, and

therefore,

pr = AG sin wt + BG cos wt + C sin wt + D cos wt (13}

After differentiating twice with respect to time eq. 13

becomes

Vep™ ~ AGw?sin wt - BGw?cos wt ~ Cw?sin wt - Dw?cos wt (14)

We can now substitute egs. 13 and 14 into eq. 11 and
collect like terms. Because of linear independence the

coefficients of the sine and cosine terms must vanish.

It is then found out that B = C = D = 0, but

A = _....2_.‘_.2.1 = e 1
Q¢=w w2z
The general solution Vx = ch + pr now beccmes
V = C, cos it + 8, sin Qt - ek W sin wt (15)
X Q f2 m{w?=R7%)
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To determine the value of vV, we integrate eq. 7 after -
substituting for V. from eq. 15 and ignore constant terms. -

eB

- _ ___9” - N . ) .
V&;n = AVX . va , then
V., = ft C, cog Qt + & ‘éin Qt - ugeﬁm' sin mtl at -
Yy U4 [ Q g = m(wZ-07) |
V& = Cq sin {t - 8§, cos Qt + ﬁfgggbf)cos wt (165

In egqs. 15 and 16 the terms varying with 9t represent

random motion of the electrona. If Cq = Sq

equations give velocity of an electron in the field given

= 0, the two

by eq. 4 and thelr instantaneous values are never zero.

HOWE?ery when relative =  variations of Q bedomg com-
parable to the dif zrence w-=0 ,ftHE'domplications that

arise can be treated with the help-of circularly polarized -

fields.
ERL = E(z} [ix cos wt + Iy'gin wt] ' (17)
_=1dae o
ﬁRL =+ & [Ix §os wt i.ly.Sin mt] (18)

Then the equations of motion can be written as

b = - : ~ &y GE - -
P .= =eE cos wt ~ = V, 7= sin wt e.V& B, | (19}
py = +eE sin ot * = V, == cos wt + e V, B . (20)
- 3 I dE - -

P, = 5-[ v, sin wt * Vv, cos wt]'HE _ (21)

where the upper signs stand for the right hand rotation.
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The relationsghips between plane polarized fields of eq. 4
and circularly polarized fields of egs. 17 and 18 are

expressed by

Ep = %[ E_ o+ EL]
(22)

B

P

!
[t o
| e
o
w
-+
2 g
t
P

To find the solution for the components of the electron
momentum, we apply a simllar technigque used in obtaining

egs., 10 and 15, Writing egs.1l9 and 20 as

P o= d [ | ].,

P o= -0 JC E(z) sin wt e VY B,

P =y, =+ &4 [E(z) cos mt:]+ e V. B

Y Y - w dt X 0
eV B

. e d . X O

Vy s 4 = &T [E(z) cos wt:l+ =

Differentiating the first equation with respect to time

and gubstituting the last expression, ignoring the variation

of Q@ and E, yields

-

.ﬁx + 02 Px = e(w+ QIE sin wt
sinmilarly (23)

P+ Q2 = - +Q) E
y Py e(w+R)E cos wt

These inhomogeneona linear differential equations can be

golved, with proper initial conditions, to give
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P, = - }%E— gin wt + sin ﬂt] .

W+ ) ., : -‘ (24)
P_= 4+ {?& [ cos wt - coéAQt]
¥ W - -

The perpendicular momentum- can be written as the sum of

componer™ - 3 rotating with w and i rotating with .
9] .

W
-ﬁ_l_ = -ﬁw + .5_“ (25]
where
gm = - SE [ix sin wt ¥ I cos wt
w+§ y

(26)

: - . eb T - .
ﬁg = i‘ | [lx sin Ot iy cod Qt]

'31 rotates with the electric field vector E as shown in

Fiq. 4.2 below which indicates the phase relatioﬁship-

Fig. 4.2:Phasé relatiohship in a stationary coordinateﬁwﬂﬁm

hetween ﬁ;'and' i in'a,stationary co-ordinate system.
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The expreegsions can be glmplified if a co-ordinate gystem
that rotates with % is used such that £ is parallel and

n ias perpéendicular to E. The transformation is carried out

with the help of the followlng matrix.

Pg cos wt + sin wt P
= _ (27)
-P“ + sin wt cos wt Py
This matrix together with eqv 24 gives
P€= - EE sin (0¥t
m+g (28)
eE -
P = 4+ — [l - COB (w+n)t]
n o+ -

.1n'this rotating system, the relationship between ﬁ; and E

is indicated in Fig. 4.3,

Fig. 4.3:pPhase relationship in a rotating coordinate system

Then eqs. 19 - 21 can be written as
Q = 3 -
Pp = (ul) P = eE

&

. -:; *_\-A)T" e dE

B = - (aFQ) P 5 V. 3 . (29)
p = &y dE

Pz n vﬁ dz




e

The corresponding momenta are also given hy.

t -4+ 8B 1
DT owye T
- _ } . . (30)
59.= _E {Ig‘sin (wtQl t i_f cos (wtQ) t}
wiQ _ n .
Az -indicated in Fig, 4.3, angle X can be expressed as
R, | J?n =L Wi
tan 'X = 5—' = + tan -':.2'-“'[‘. (31)
£ .
or
K= 3w | (32)

In the rotating frame of reference the right-handed momen=
tum vector of an electron will have orbits shown in Fig. 4.4
for'non~resonant and non-relativistic cases.

fﬁﬁi ” b _'?GWM

L

R

+

L]
i
L}
'
1
3
'
]
1
t

- -

B (/2
L <w
Fig. 4.4: Momenta in right circularly polarized fields

When € > o the perpendicular momentum always lags in phase
‘with respect to the electric field E while continually gail-

ning. However, if @ < w , P; always leads in phase while

e e v ame a——
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continually losing, Thus, angle X may be interpreted as

the phase angle,

Kinetic Energy of an Electron for the Perpendicular Motion.

The kinetic energy due to the perpendicular components of

the particle velocity is given by

- m 2 2
E.l. = '2" (Vx + VY) (33)

For plane polarized fields and neglecting thermal veloci-
ties in egs. 15 and 16 (ie. Cq = 8o = 0), the energy
becomes
e’p? 2 2 2 2
€lp = Tmleoz=g7)2Y sin® wt + Qcos® wt (34)
The average value of the energy over one period is given
by

e®E? (w240 %)
Im(w2-02) 2

<E (35)

‘p

For the case of circularly polarized fields the energy is

obtained from eq. 28 as

fLRL T ?lr_n[PE +Pﬁ]

e?p?

W [l - cos(wimt]' (36)

i

This expfession, upon time-averaging, yields a simple rela-

tion given by eq. 37.
e’E?

<€‘LRL> = m(wg Q)Z (37)
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The instantaneous energy (eq. 36) depends on the cosine of
the phase angle X as shown in Fig. 4.5,

1

The Pseudo=Potential.

Motion of charged particles in inhoﬁogeneous electric fields
has heen.studied'by Paul and:Steinwedel wilth an emphasis on
the stabilities raﬁher than on the magnitudes of the aris-
ing forces [15]. The plane polarized fields of eq. 4 con-
tain a variable electric field as a result of which the
first order motion is perpendicular to the constant magnetic
field ﬁo.-In this section we will investlgate the nature of
the forces that originate due. to the gradients of the fields

and the pseudopotential,

The éffect of electromagnetic wavésron magnetized plasmas,
as hae been studied by Vedennv and Eﬁdakov [16] r leads to
(using adiabatic¢ theory) a magnetic mirror force expérien~
ced by1gyrating.ché:ged particles. This force is parallel
to the magnetic field lines ¢glven by eg, 43 of chapter one

as:

_nwf .

Fpy> == =3 grad B = - | grad B {38)
whexe the angled-bragket < > indieateé the time average of
the force over the fast gyration. The theory of charéed~
particles motion in inhompgeneoﬁS'constant magnetic field
and an osgcilllating elgctromagnetic field is =meparated into
a slow motion of a "guiding centre" and a fast gyration

around this centre.
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In general the variable electric field will have a compo-
nent parallel ta ﬁo and its gradient with a perpendicular
component. Existence of transverse gradients of electric
field can cause difficulties because the electron may not
see a constant electric field during one gyration. But this
will not be serious as long as K, V, /w <<1, where 1/K,
is the characteristic length of the perpendicular field
gradient. Also the perpendicular drift velocity, acquired
under the grad-E? force must be smaller than the parallel
velocity because otherwise the electrons would drift across
the rf field region perpendicular to Eo instead of along

3

BO'

Now let us look at the derivation of the rf confining force
for the field configuration given above followed by an esti-~
mate of the effects of transverse gradients of the rf fields
and the longitudianl gradient of the constant magnetic
field. For the sake of convenience we will introduce dimen-
sionless quantities, The equation of motion for an electron
in an electromagnetic field is
%% = - e[ﬁ + V x ﬁ] (39)

and the rate of energy gain is given by

%ﬂ = = a (E-%) = = eEV cosXk ' (40)

L5

-3
where B = mV(l - v2/C%)~ %7 4is the relativistic momentum

and W = mc? + ¢, 1s the total energy and ¢, is the kinetic
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energy. If eq. 39 is divided by m ctnand-eq. 40 by m c'w,

the following equations are obtained.

i

a@/me) ek U &b |
\ dwtl =" wc "¢ ¥ T (41)
and
dw/me?) _ _eE ¥ | .
TdWwEY T “mec G | (42)

From these expressions one can define the following dimen-

sionleéss wvarilables:

W £k
TEwt and ¥ F oy 214 o5 (43)

am well as dimensionless field parameters

- ek -~ €EB - :
g = == and boE = (44)

"eE/mw is the amplitude of the velocity of a particle in
an electric field having angular frequency ® and field

strength E. This makes g a dimensionless velocity 9 .

Going back to eq. 3 and using egs. 6,7,8,157and 16, the
force along Eo for plane polérized fields perpendicular to
ﬁo can be evaluated, Ignoring terms that vary with Qt in
eqs. 15 and 16 (due to the fact that terms containing sine
and cosine when averaged over'one period yleld zero) the

average value of eq. 3 becomes

o e ap?
<Fy p> - Im{wi—z) dz | ‘ (45)

This force can be regarded as being derived from a pseudo-

poténtial;which is given by

U A



eV = FR{zIREY (46)

or

ey _ 2
me: = A(iBY) (47)

For circularly polarized fields the instantaneous parallel

force 1s obtained from egs., 19-21 and 24 as

2 -
F 2 [1 - cos(w+Q)t] grad E? (48)

NRL - T 2m (i)

where the time average of the force is obtained by ignoring
the cos (w¥Q)t term. Agailn the pseudopotential can be exp-

regsed as
oo =SB (49)
RL ™ T (@300)
In both cases the average force and the pseudopotentilal
change thelr sign according to the relative magnitudes of

the cyclotron frequency and the applied frequency, indica-

ting that the particle may be trapped in the reglon,

The instantaneous force depends on the angle X between the
velocity vector $¢ and the electric fileld strength ﬁ. For
a right-handed c¢ircularly polarized fileld, this dependence

1s shown in Fig. 4.5 below.



. vg’ ¢ g}—r <0
W 0 2
t < 1 Fa Y dE
r dED Fu- Az
™ g .
an/y s \7{ ‘ 7\(7 < Th
d i |
E’F > V.L
s, AET L
El ~ T At ’Z .
_ . : - dE
' _F;JN AT
41T‘ !

Deperndence of the force and rate of energy

change on angle ¥,

Besides the longitudinal gradient,”thé electric field
strength also hag a’ transverse one. The first'term of eq.
39, upon averaging 6ver one period, yields -

.. 2
- e 2
FL> = ghermg ovad E
= - & grad ¥ ' (50)
The effect iz the same as that of an electric field

- E = grad ¢, Transverge drift velocity that appears as a

regult of this field ig

B g
.'vd..l. == mirﬂ
O

or
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v - & grad E®
dal dm{w2-Q2)B_

(51)

As mentioned above, this transverse drift velocity remains
negligible in comparison with the longitudinal drift velo-
city so long as g2Z<«< 4[1 - bzl or (eE/mwc)?<<4 (w2-02),
Therefore, the transverse gradients of rf fields are not
important while longitudinal gradients of the field stron-
gly influence motion of the particles. It is assumed here
that the field falls off in the perpendicular direction
with a characteristic length 1/K, where K2 = k(w/c)? near

the resonahce w = &,
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CONCLUSION

In this thesis motion of an electron in TEy mode [10] perpendi-
cular to the magnetic field is investigated with the help of
circularly polarized fields., The result of this approach enables
us to write the perpendicular momentum as the vector sum of ﬁm
and §n rotating with w and § respectively (see eq. 25 of cha~

pter four).

A c¢ooxrdinate system that rotates with the electric field strength
£ helps 1n determining the relationship between 31 and E. In thisg
frame of reference it is found out that for { > w , ﬁL always
lags in phase with respect to £ whila continually gaining. If {<w,
then ﬁialways leads while continually losing. The geometrical

angle X may then be interpreted as a phase angle.

The instantaneous rate of enerqgy galn (egqg. 40) is proportional to
~cos X, where X is the angle between the velocity vectoxr V.and the

electric field E.

Generally the pseudopotential and the average force (eqgs. 45, 46,
48 and 43} change their signs depending on the relative magnitudes
of 2 and ®w near resonance indicating that the particles may be
trapped -in this field region. The transverse drift velocity is
ghown to be negligible in comparison with the longitudinal drift
velocity, and therefore, motion of the particles is influenced

mainly by the longitudinal gradients of the field.
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