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 Abstract 

This thesis focused on a dynamical and numerical study of non-linear dynamics system 

of coupled boundary value problems for fluid mechanics and heat transfer. The study of 

heat transfer is a class of boundary layer theory and an integral part of natural convection 

flow. We used Runge-Kutta fourth order method with the help of a shooting-secant 

technique to solve numerically. We investigated the numerical solution of non-linear 

dynamics system of coupled boundary value problems for fluid mechanics and heat 

transfer and observed the Shooting- secant method results were accurate and generates 

numerical solutions that are stable and numerically acceptable. We also studied the 

dynamical solution of non-linear heat transfer equation. To this end, the study 

investigates coupled boundary value problems for fluid mechanics and heat transfer, 

which have different forms of non-linearity.  And Falkner-Skan boundary layer viscous 

flow over a wedge was investigated including a nonslip and slip boundary condition and 

the result of Shooting-secant method was accurate and generates numerical solutions that 

are stable and physically reasonable. We also consider the magnetohydrodynamics 

viscous flow over a shrinking sheet for a closed form exact solution. The flow of 

magnetohaydrodynamics (MHD) over a shrinking sheet often varies significantly from 

the flow of MHD over a stretching sheet for Newtonian and non-Newtonian fluids and 

observed that the opposite value sign of the exact solution occurs only for mass suction 

and as the mass suction parameter increases, the wall shear stress for M= 1 increases. We 

also consider the two-dimensional magnitohydrodynamics (MHD) of the numerical and 

analytic solution boundary layer flow and heat transfer along an infinity porous hot 

horizontal continuous moving plate and observed the velocity profile in the flow region 

decreases as the magnetic parameters increase. Moreover, we investigate 

magnitohydrodynamics (MHD) convectional flow and entropy generation over an 

inclined stretching sheet. Increasing the magnetic parameter and Eckert number, 

increases entropy generation, while increasing the thermal convective parameter and 

dimensionless temperature function decreases entropy generation. A comparison with 

published results is presented.  

  

 Keywords: Falkner-Skan equation,Shooting-secant method, viscous, velocity slip, 

Magnitohydrodynamics(MHD), Entropy. Dynamics system,  phase plane analysis, eigenvalues.   
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Introduction 

1.1. Background 

An equation containing the derivatives of one or more dependent variables, with 

respect to one or more independent variables, is said to be a differential equation (DE) 

[1].  If an equation contains only ordinary derivatives of one or more dependent 

variables with respect to a single independent variable it is said to be an ordinary 

differential equation (ODE) [1]. Ordinary differential equations are defined by the 

order of the highest derivative. If the highest derivative is first order the equation is 

referred as first order differential equation, if the highest derivative is second order the 

equation is referred as second order differential equation etc. Ordinary differential 

equations are only ordinary derivatives of the differential equations. [2]  Differential 

equations are used much more extensively in science and engineering, and we shall 

therefore focus on them. Ordinary differential equations are categorized into linear and 

non-linear equations.   

The ordinary differential equation: 

  
  , , ', . . . , 0
n

F t y y y 
     

 (1.1) 

is said to be linear if F is linear function of the variables  
, ', . . . ,

n
y y y and the 

variables  
, ', . . . ,

n
y y y  are not linear then an equation is a Nonlinear equation.  

Boundary Layer Concept 

Initially boundary layer theory was developed mainly for the laminar flow of an 

incompressible fluid, where Stokes law of friction could be used for the viscous forces 

[3]. This area was later researched in very many pieces of work, so that today it can be 

considered to be fully understood. Later the theory was extended to the practically 

important turbulent incompressible boundary layer flows. Around 1890, O. Reynolds 

(1894) had already introduced the fundamentally important concept of apparent 

turbulent stresses, but this did not yet permit the theoretical treatment of turbulent 

flows.  
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The boundary layer concept was first introduced by a German scientist, Ludwig 

Prandtl (1875-1953) in 1904. [4]  It found wide application in numerous 

problems of fluid dynamics and has provided a powerful implement for analysis of 

problem of fluid resistance. [5] 

Flows of fluids with low viscosity values and thus very high Reynolds numbers occur 

in many technical applications. [6] A remarkable limitation of this limiting solution is 

that the no–slip situation is not satisfied, that is the velocities at the wall are not zero 

but are finite. The viscosity must be taken into explanation in implies that satisfy the 

no–slip condition. [7] This takes care of the velocity change from the limiting 

solution’s finite value nearby to the wall to the value of zero directly at the wall. At 

large Reynolds numbers this change takes place in a thin layer close to the wall, called 

by L. Prandtl (1904) the boundary layer or frictional layer. [8] The boundary layer is 

thinner the smaller the viscosity then the number of Reynolds higher. [7] 

From the basic definition of the boundary layer, the flows at high Reynolds numbers 

can be divided up into two unequally large regions. [4] In the main part of the flow 

region, the flow corresponds to the in viscous limiting solution and the viscosity can be 

neglected. This is called the in viscous outer flow. [7] The second region is the very 

thin boundary layer at the wall where the viscosity must be taken into interpretation. 

The main part of the flow region, the viscosity can be neglected, and the flow 

corresponds to the in viscous limiting solution. This is called the in viscous outer flow.  

Fluid mechanics 

Mechanics is concerned with the formulation and definition of entities such as body, 

motion, force, power, work; it deals with the fundamental laws connecting these 

entities. [9] Mechanics can be divided into several subfields according to different 

characterizations.  

Fluid mechanics is a branch of continuous mechanics which study a relationship 

between motions, forces and statical situations in a continuous material.  Fluid 

mechanics concern with the study of all under dynamics and statics conditions. The 

fluid mechanics studies involve many fields that have no clear boundaries between 

them. [8]  
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Figure 1: Diagram to explain part of relationships of fluid mechanics branches. [8] 

At the end of the 19th century, fluid mechanics had split into two different directions 

which hardly had everything more in common. And the other was the science of 

theoretical hydrodynamics, originating from Euler’s equations of motion and which 

had been advanced to great perfection. [3]  

The major progress in fluid mechanics was made by Leonardo Da Vinci (1452-1519) 

who built the first chambered canal lock near Milan. [8] He also prepared numerous 

efforts developed certain concepts on the source of the forces and to study the flight. 

After his original work, the knowledge of fluid mechanics (hydraulic) progressively 

expanded speed by the contributions of Galileo, Torricelli, Euler, Newton, Bernoulli 

family, and D’Alembert. [8] At that phase experiment and theories had certain 

inconsistency. This fact was acknowledged by D’Alembert who stated that, “The 

theory of fluids must necessarily be based upon experiment.” [8] 
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A main characteristic of recent research into fluid mechanics in overall and more 

exactly into the branch of boundary–layer theory is the near connection between theory 

and experiment. [3] The most critical advances have been achieved through a few 

important experiments together with theoretical considerations. Many years ago, A. 

Betz (1949) produced a review of the development of boundary–layer theory, with 

particular stress on the common fructification of theory and experiment. [3] Research 

into boundary layers, inspired by Prandtl from 1904, were, in the first 20 years up until 

Prandtl’s Wilbur Wright memorial lecture at the Royal Aeronautical Society in 

London, (L. Prandtl (1927)) almost exclusively confined to Prandtl’s institute in 

G¨ottingen. [3] Nowadays boundary–layer theory has spread over the entire world 

composed with other branches it systems one of the most significant pillars of fluid 

mechanics. 

Dynamics 

Kinetics or dynamics establish a connection between the forces acting on the body or 

between bodies and their motions. The methods of kinematics allow selections of the 

dynamically possible motions from all those which are kinematically in principle 

acceptable. [9] 

Dynamics is an interdisciplinary subject today; it was originally a branch of physics. 

The subject began in the mid-1600s, when Newton invented differential equations, 

discovered his laws of motion and universal gravitation, and combined them to explain 

Kepler’s laws of planetary motion. [10] Specifically, Newton solved the two-body 

problem the problem of calculating the motion of the earth around the sun, given the 

inverse-square law of gravitational attraction between them. Subsequent generations of 

mathematicians and physicists tried to extend Newton’s analytical methods to the 

three-body problem but curiously this problem turned out to be much more difficult to 

solve. After decades of effort, it was eventually realized that the three-body problem 

was essentially impossible to solve, in the sense of obtaining explicit formulas for the 

motions of the three bodies. At this point the situation seemed hopeless. The 

breakthrough came with the work of Poincaré in the late 1800s. [10] He introduced a 

new point of view that emphasized qualitative rather than quantitative questions.  
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The study of heat transfer is a class of boundary layer theory and an integral part of 

natural convection flow. The heat transfer quantity is more depend on the fluid motion 

within the boundary layer. [11] 

1.2. Basic Concepts of Nonlinear Ordinary Differential Equations 

Nonlinear in linear ODE, the dependent function and all of its derivatives appear as 

linear terms. So, if x is the independent variable and y the dependent one, then the 

general ODE is 

( )

0

( ) ( ) ( )
N

n

n

n

a x y x f x



                                                        

(1.2) 

Where ( )f x is a known function,
     0

y x y x , and 
    0

0y x n   is the 
thn  

derivative of y. 

Note that all terms are linear in  n
y . [12]  [13] . 

Systems of coupled second order and third order boundary value problems can be 

solved by shooting method by replacing each second order ordinary differential 

equation by two first ordinary differential equations  and each third order ordinary 

differential equation by three first ordinary differential equations  respectively, and 

solving the coupled systems of first order ordinary differential equations.   

1.2.1. Autonomous Equations and Stability 

Autonomous Equation:  A differential equation where the independent variable does 

not explicitly appear in its expression [14]. It has the general form of 

' ( )y f y
                                                                         (1.3)

 

Examples:                         
2 3

3

4

4

81 sin

yy e y

y y y

y y y

  

  

   

 

Every autonomous ODE is a separable equation. Because, assuming that f (y) ≠ 0, 

( )
( ) ( )

dy dy dy
f y dt dt

dt f y f y
     

                                                      

(1.4) 
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Hence, we already know how to solve them.  What we are interested now is to predict 

the behavior of an autonomous equation’s solutions without solving it, by using its 

direction field. 

1.2.2. Phase Plane Analysis of Linear Systems 

Consider a systems of linear differential equations x′ = Ax. Its phase portrait is a 

representative set of its solutions, plotted as parametric curves (with t as the 

parameter) on the Cartesian plane tracing the path of each particular solution (x, y) = 

(x1(t), x2(t)), −∞ < t < ∞. [15] Similar to a direction field, a phase portrait is a 

graphical tool to visualize how the solutions of a given system of differential equations 

would behave in the long run. 

In this context, the Cartesian plane where the phase portrait resides is called the phase 

plane. The parametric curves traced by the solutions are sometimes also called their 

trajectories [16] [17]. 

The qualitative behavior of a function is often simpler to visualize from a graph than 

from an explicit or implicit expression of the function. In the case of systems the 

solution vector has the form 

1

2

( )
( )

( )

x t
t

x t

 
  
 

x

                                                                 

(1.5) 

Two functions define the solution vector. In this case one usually graphs each 

component of the solution vector and as functions of t. There is, however, another way 

to graph a 2-vector-valued function: plot the whole vector x(t) at t on the plane  . Each 

vector x(t) is represented by its end point, while the whole solution x represents a line 

with arrows pointing in the direction of increasing t. Such a figure is called a phase 

diagram or phase portrait. 

In the case that the solution vector x(t) is interpreted as the position function of a 

particle moving in a plane at the time t, the curve given in the phase portrait is the 

trajectory of the particle. The arrows added to this trajectory indicate the motion of the 

particle as time increases. 
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Real Distinct Eigenvalues  

The system ( ) ( )t A t x x  in the case that matrix A has two real eigenvalues   

.The case where both eigenvalues are non-zero. Two non-zero eigenvalues belong to 

one of the following cases: 

(i) 1 2 0   , both eigenvalues positive; 

(ii) 1 20   , one eigenvalue negative and the other positive;  

(iii) 1 20    , both eigenvalues negative. 

In a phase portrait the solution vector  tx at t is displayed on the plane 1 2[ ;  ]x x  

Complex Eigenvalues 

A real-valued matrix may have complex-valued eigenvalues. These complex 

eigenvalues come in pairs, because the matrix is real-valued. If  is one of these 

complex eigenvalues, then  is also an eigenvalue. A usual notation is a ib    with

,a b R . The same happens with their eigenvectors, which are written as v u iw   , 

with , nu w R  in the case of an n n  matrix. When the matrix is the coefficient matrix 

of a differential equation, 

Almost (Locally) Linear Systems 

 

Definition: A nonlinear system is almost linear at an isolated critical point 

0 0( ,  )P x y if its linearization has an isolated critical point at the origin (0,0).  

 

Recall that the linearization (a linear system) has an isolated critical point at the origin 

if and only if both of its Eigen values are non-zero. The following Theorem states that 

almost linear critical points behave similarly to that of their linearization 

Theorem:   Let 1 2,  be the eigenvalues of the linearization of an almost linear system 

at a critical point 0 0( ,  )P x y . Then the critical point P is identical in type to that of 

(0,0)  in its linearization, except in two cases: 
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 1 2          The eigenvalues are repeated and real. The linearization has a node 

(proper or improper) at the origin, but the original almost linear system has 

either a node or a spiral point at P. 

 1 2           The eigenvalues are pure imaginary.  The linearization has a center 

at the origin, but the original almost linear system has either a center or a spiral. 

In summary:  

Table 1: Type of critical point of almost linear system 

Eigenvalues of linearization Type of critical point of almost linear system 

Real, positive, unequal Improper nodal source 

Real, negative, unequal Improper nodal sink 

Real, opposite signs Saddle point 

Real, positive, equal Nodal or spiral source 

Real, negative, equal Nodal or spiral sink 

Complex, real part positive Spiral source 

Complex, real part negative Spiral sink 

Complex, real part zero Center or Spiral source/sink 

1.2.3. Non-linear Systems 

Linearization 

Definition:  Suppose 0 0( ,  )P x y  is an isolated critical point of the system 

 

 

,

,

dx
f x y

dt

dy
g x y

dt





 
                                                                

(1.6) 

And that f and g are differentiable at P. The linearization of the system at P is the linear 

system 

   

   

x y

x y

du
f p u f p v

dt

dv
g p u g p v

dt


 


  
                                                  

(1.7) 
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Written in matrix format:  

   

   
0 0 0 0

0 0 0 0

, ,/

, ,/

x y

x y

f x y f x ydu dt u

g x y g x ydv dt v

    
      

                                              

(1.8) 

Where,   
   

   
0 0 0 0

0 0 0 0

, ,

, ,

x y

x y

f x y f x y

g x y g x y

 
  
 

 the Jacobean matrix. 

Limit Cycles, Competing Species, Chaos 

Limit-Cycle:  A limit-cycle on a plane or a two-dimensional manifold is a closed 

trajectory in phase space having the property that at least one other trajectory spirals 

into it either as time approaches  infinity or as time approaches  minus-infinity.   Such 

behavior is exhibited in some nonlinear systems.  In the case where all the neighboring  

trajectories approach  the limit-cycle as time t → +∞, it is called a stable or attractive  

limit-cycle. If instead  all neighboring  trajectories  approach  it  as time  t → −∞,  it  is 

an  unstable  or non-attractive limit-cycle.  In all other cases it is neither “stable” nor 

“unstable”. [18] 

Chaos The notion of “chaos” plays an important role in dynamical systems theory. A 

chaotic system is defined as a system that cannot be predicted within a given numerical 

accuracy. Once the starting point is known, the resulting trajectory can be calculated 

for all times. Chaotic behavior can arise nevertheless, due to an exponential sensitivity 

to the initial conditions [19].  

1.2.4. Equilibrium Solution (Critical Point, or Stationary Point) 

An equilibrium solution of the system x Ax  is a point  1 2,x x  where ' 0x  , that 

is, where 1 2 0x x    .   

An equilibrium solution is a constant solution of the system, and is usually called a 

critical point. For a linear system x Ax  , an equilibrium solution occurs at each 

solution of the system (of homogeneous algebraic equations) 0Ax  . As we have 

seen,  
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 If  det  = 0A , then a system has exactly one solution, located at the 

origin. 

 If  det  0A  , then there are infinitely many solutions. 

For our purpose, and unless otherwise noted, we will only consider systems of linear 

differential equations whose coefficient matrix A has nonzero determinant. That is, 

we will only consider systems where the origin is the only critical point. 

Equilibrium solutions (or critical points) occur whenever y′ = f (y) = 0. That is, they 

are the roots of f (y). [18] Any root c of f (y) yields a constant solution y = c. (Verify 

that, if c is a root of f (y), then y = c is a solution of y′ = f (y)). Equilibrium solutions 

are constant functions that satisfy the equation, i.e., they are the constant solutions of 

the differential equation. 

Note:  A matrix could only have zero as one of its eigenvalues if and only if its 

determinant is also zero. Therefore, since we limit ourselves to consider only those 

systems where det(A) ≠ 0, we will not encounter in this section any matrix with zero 

as an eigenvalue 

Classification of Critical Points 

Similar to the earlier discussion on the equilibrium solutions of a single first order 

differential equation using the direction field, we will presently classify the critical 

points of various systems of first order linear differential equations by their stability. 

In addition, due to the truly two-dimensional nature of the parametric curves, we will 

also classify the type of those critical points by their shapes (or, rather, by the shape 

formed by the trajectories about each critical point). [15] 

Given x′ = Ax, where there is only one critical point, at (0,0): 
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Case I:  Distinct real eigenvalues 

The general solution is:   

  1 2

1 1 2 2

t tx t c e v c e v 
 

                                                       (1.9) 

1. When 1 and 2  are both positive, or are both negative 

The phase portrait shows trajectories either moving away from the critical point to 

infinite-distant away (when 0  ), or moving directly toward, and converge to the 

critical point (when 0  ). The trajectories that are the eigenvectors move in straight 

lines. The rest of the trajectories move, initially when near the critical point, roughly in 

the same direction as the eigenvector of the eigenvalue with the smaller absolute value. 

Then, farther away, they would bend toward the direction of the eigenvector of the 

eigenvalue with the larger absolute value  The trajectories either move away from the 

critical point to infinite-distant away (when   are both positive), or move toward from 

infinite-distant out and eventually converge to the critical point (when   are both 

negative). [15]  

This type of critical point is called a node. It is asymptotically stable if  are both 

negative, unstable if   are both positive.  

2.  When 1 and 2  have opposite signs (say 1 0   and  2 0  ) 

In this type of phase portrait, the trajectories given by the eigenvectors of the negative 

eigenvalue initially start at infinite-distant away, move toward and eventually 

converge at the critical point. The trajectories that represent the eigenvectors of the 

positive eigenvalue move in exactly the opposite way: Starts at the critical point then 

diverge to infinite-distant out. Every other trajectory starts at infinite-distant away, 

moves toward but never converges to the critical point, before changing direction and 

moves back to infinite-distant away. All the while it would roughly follow the two 

sets of eigenvectors.  

This type of critical point is called a saddle point. It is always unstable. [15] 
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Case II:  Repeated real eigenvalue 

3. When there are two linearly independent eigenvectors 1 2v and v  

The general solution is    

   1 1 2 2 1 1 2 2

t t tx t c e v c e v e c v c v     
                              

(1.10)  

Every nonzero solution traces a straight-line trajectory, in the direction given by the 

vector 1 1 2 2c v c v . The phase portrait thus has a distinct star-burst shape. The 

trajectories either move directly away from the critical point to infinite-distant away 

(when 0  ), or move directly toward, and converge to the critical point  (when 

0  ). [18]. This type of critical point is called a proper node (or a starl point). It is 

asymptotically stable if 0  , unstable if 0  . 

Note: For 2 2 systems of linear differential equations, this will occur if, and only if, 

when the coefficient matrix A is a constant multiple of the identity matrix: 

             
1 0 0

0 1 0
A






   
    

                                                              

(1.11) 

Where  = any nonzero constant. 

4. When there is only one linearly independent eigenvector v . 

Then the general solution is: 

 
1 2( )t t tx c ve c vte e    

                                                
.(1.12)  

The phase portrait shares characteristics with that of a node. With only one 

eigenvector, it is a degenerated-looking node that is a cross between a node and a spiral 

point. The trajectories either all diverge away from the critical point to infinite-distant 

away (when 0  ), or all converge to the critical point (when 0  ) [18].  

This type of critical point is called an improper node. It is asymptotically stable if 

0  , unstable if 0  . 
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Case III: Complex conjugate eigenvalues 

The general solution is:  

  1 2[ ( cos sin ) ( sin cos )]tx t e c u t w t c u t w t       
       

(1.13)
 

5. When the real part λ is zero. 

In this case the trajectories neither converge to the critical point nor move to infinite 

distant away. Rather, they stay in constant, elliptical (or, rarely, circular) orbits.  

This type of critical point is called a center. It has a unique stability classification 

shared by no other: stable (or neutrally stable). It is NOT asymptotically stable and 

one should not confuse them [15] 

6. When the real part λ is nonzero. 

The trajectories still retain the elliptical traces as in the previous case. However, with 

each revolution, their distances from the critical point grow/decay exponentially 

according to the term
te
 [18]. Therefore, the phase portrait shows trajectories that 

spiral away from the critical point to infinite-distant away (when 0  ). Or 

trajectories that spiral toward, and converge to the critical point (when 0  ). [15].  

This type of critical point is called a spiral point. It is asymptotically stable if 0  , it 

is unstable if  0  . 

 Summary of Stability Classification 

Asymptotically stable – All trajectories of its solutions converge to the critical point 

as   t   . A critical point is asymptotically stable if all of A’s eigenvalues are 

negative, or have negative real part for complex eigenvalues [15]. 

Unstable – All trajectories (or all but a few, in the case of a saddle point) start out at 

the critical point at t    , then move away to infinitely distant out as t    . A 

critical point is unstable if at least one of A’s eigenvalues is positive, or has positive 

real part for complex eigenvalues [15]. 

Stable (or neutrally stable) – Each trajectory move about the critical point within a 

finite range of distance. It never moves out to infinitely distant, nor (unlike in the case 

of asymptotically stable) does it ever go to the critical point. A critical point is stable if 

A’s eigenvalues are purely imaginary. [15] 
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In short, as t increases, if all (or almost all) trajectories 

1. Converge to the critical point → asymptotically stable, 

2. Move away from the critical point to infinitely far away → unstable, 

3. Stay in a fixed orbit within a finite (i.e., bounded) range of distance away from 

the critical point → stable (or neutrally stable). 

Nonhomogeneous Linear Systems with Constant Coefficients  

Now let us consider the nonhomogeneous system 

    x Ax b                                                                        .(1.14) 

Where b is a constant vector. The system above is explicitly: [20] 

1 1 2 1        x a x b x g   
                                                        (1.15.a)

 

2 1 2 2        x c x d x g   
                                                      (1.15.b)

 

As before, we can find the critical point by setting 1 2x   x   0    and solve the 

resulting nonhomogeneous system of algebraic equations [14]. The origin will no 

longer be a critical point, since the zero vectors is never a solution of a 

nonhomogeneous linear system. Instead, the unique critical point (as long as A has 

nonzero determinant, there remains exactly one critical point) will be located at the 

solution of the system of algebraic equations: 

1 2 10        a x b x g  
                                                       (1.16.a)

 

1 2 20        c x d x g  
                                                      (1.16.b)

 

Once we have found the critical point, say it is the point    1 2,    ,  x x   , it then 

could be moved to (0, 0) via the translations 1 1  x x   and 2 2  x x   . The result 

after the translation would be the homogeneous linear system x Ax  . The two systems 

(before and after the translations) have the same coefficient matrix.  Their respective 

critical points will also have identical type and stability classification. Therefore, to 

determine the type and stability of the critical point of the given nonhomogeneous 

system, all we need to do is to disregard b, then take its coefficient matrix A and use its 

eigenvalues for the determination, in exactly the same way as we would do with the 

corresponding homogeneous system of equations. 
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Note: Here is the formal justification of our ability to discard the vector b when 

determining the type and stability of the critical point of the nonhomogeneous system 

.x Ax b    

Suppose    1 2,    ,  x x  
 
is the critical point of the system. That is 

10 a b g   
                                                          (1.17.a)

 

20 c d g   
                                                        (1.17.b)

 

Now apply the translations 1 1 -X x  and 2 2 -X x  .  

We see that ' ' ' '

1 1 2 2 1 1 2 2x X ,  x ,  X ,  and XX x x       .  

Substitute them into the system x′ = Ax + b: 

   

 

1 1 1 2 1 1 2 1

1 2 1 1 2

'   

  

x X ax bx g a X b X g

a X bX a b g aX bX

 

 

         

      
                       

(1.18.a) 

   

 

2 2 1 2 2 1 2 2

1 2 2 1 2

  x X cx dx g c X d X g

cX dX c d g cX dX

 

 

          

      
                     

(1.18.b) 

That is, with the new variables 1x  and 2x   the given system has become [21] 

1 1 2

2 1 2

x ax bx

x cx dx

  

  
                                                          

(1.19) 

Notice it has the form x Ax  . That is, it is a homogeneous system (with the critical 

point at the origin) whose coefficient matrix is exactly A, the same as the original 

system’s. Hence, b could be disregarded, and a determination of the type and stability 

of the critical point of the system (with or without the translations) could be based 

solely on the coefficient matrix A. 

In this thesis focus on qualitative analysis and numerical techniques for trial general 

non-homogeneous boundary value problems with a single independent variable. The 

two well-known numerical techniques are shooting method and finite difference 

method. Now the thesis is try to demonstrate the application of shooting method only 

for different nonlinear boundary value problems.  
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1.3. Statement of the problem 

Recently, numerical solution to nonlinear dynamical of coupled boundary value 

problems in fluid mechanics and heat transfer, have studied by many researchers and 

scholars. Among these C.Herly [22] studied in titled by Asymptotic and Dynamical 

Analyses of Heat Transfer through a Rectangular Longitudinal Fin, Muatazz 

Abdolhadi Bashir, Mustafa Mamatand and  Ilyani Abdullah [23] were conducted on 

Velocity Slip Effect on Falkner-Skan Boundary Layer Flow over a Static Wedge, 

Tiegang Fange and Ji Zhang [24] were also studied in titled Closed-form exact 

solutions of MHD viscous flow over a shrinking sheet, Anuj Kumar Jhankal [25] were 

studied MHD boundary layer and heat transfer along an infinite porous hot horizontal 

continuous moving plate and Mohammad Mehdi Keshtkar and Mohammad Mehdi 

Keshtkar [26] studied on Numerical Solution for the Falkner-Skan Boundary Layer 

Viscous Flow over a Wedge. 

C.Herly [22]  used dynamical analysis in her report. Tiegang Fange and Ji Zhang [24] 

using the homotopy analysis method, On the other hand Muatazz Abdolhadi Bashir, 

Mustafa Mamatand and Ilyani Abdullah [23], and Anuj Kumar Jhankal [25] and 

Mohammad Mehdi Keshtkar and Mohammad Mehdi Keshtkar [26] using an implicit 

finite difference method; respectively used implicit finite difference method for their 

numerical analysis. As discussed above all these studies did not use shooting-secant 

method, and then we are demonstrating the shooting-secant method is a powerful 

approximation method for non-linear BVPs. Thus, this thesis conducted on dynamical 

and numerical solution of non-linear dynamics of coupled boundary value problems by 

applying shooting-secant method. To this end, the study investigates coupled boundary 

value problems for fluid mechanics and heat transfer, which have different forms of 

non-linearity. 

The Shooting- secant method were used for in space discretization to solve non-linear 

dynamical of coupled boundary value problems. The issues of convergence also dealt 

in order to distinguish valid results and an eigenvalue and phase plane analysis of fixed 

points were used to determine the convergence dynamics of the systems.  
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1.4. Objectives of the Thesis 

1.4.1. General Objective 

The general objective of this thesis is a dynamical and applying shooting-scant method 

for numerical study of non-linear dynamics system of coupled boundary value 

problems for fluid mechanics and heat transfer. To this end the specific objectives were 

presented as followed:  

1.4.2. Specific Objectives 

1. To find the Numerical solutions and dynamical analysis of a heat transfer 

Equations 

In this proposed work, shooting-secant method is chosen for finding the numerical 

solutions of nonlinear dynamical coupled boundary value problems subject to 

specified boundary conditions. An eigenvalue and phase plane analysis was used for 

dynamical analysis of a heat transfer equations. 

2. To find the numerical solution of boundary layer viscous flow over a wage  by 

Falkner-Skan equations 

Shooting-secant method is chosen for finding numerical solutions of boundary layer 

viscous flow over a wage by Falkner-Skan equation subject to specified initial and 

boundary conditions. 

3. To find the numerical solution for the effect of velocity slip problems 

In the work reported here in, shooting-secant method is implemented to determine 

numerically the velocity slip parameter on boundary layer fallow with Falkner-Skan 

equation.  

4. To find the numerical solutions of MHD viscous problems 

Shooting-secant method is used to find the numerical solutions of MHD viscous 

flow over a shrinking sheet.  
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1.5. Methodology 

The numerical solution to nonlinear dynamical of coupled boundary value problems in 

fluid mechanics and heat transfer, we used to approaches. Such as for numerical 

analysis we use shooting-secant method and the phase portraits will be developed in 

MATLAB using a program known as pplane9 cited [27]. All the simulations would be 

done using MATLAB version 9.4.0. The methods are briefly describe in the following:  

1.5.1. Shooting Method 

Shooting is an iterative approach, is employed to vary the assumed initial conditions on 

one boundary until the boundary conditions on the other boundary are satisfied. The 

initial-value problem is solved, and the solution at the other boundary is compared to 

the known boundary conditions on that boundary [28]. 

The Shooting Method is essentially an iterative application of numerical integration 

techniques used for IVPs. It is easy to apply in most cases, but it is not appropriate for 

solving BVPs with more than one independent variable.  

1.5.1.1. Reduction to Two IVP’s: Linear Shooting Method 

Linear shooting method takes the advantages of well-known numerical solution 

methods for IVPs. However, some IVPs with rapidly growing nature can be unstable 

although the BVP itself may be well posed and stable. [29] 

Finding the solution of a linear boundary problem is assisted by the linear structure of 

the equation and the use of two special initial value problems.  

1.5.1.2. Shooting - Secant Method 

For the Shooting method, we consider the problem; assume the following ordinary 

differential equation are given: then 

'' ( , , ')y f x y y                                                           (1.20) 

( ) ,y a A                                                               (1.21.a) 

 '( ) ,y a t                                                               (1.21.b) 

We let  

 ( ) ( ; )m t f b t B                                                      (1.22) 
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Where ( ; )f b t  is the solution to using the value t. we wish to find a zero of ( )m t to 

solve the boundary value problem. In this case we use the secant method to locate the 

zero. We make successive approximations using the iteration: 

1
1

1

( )
( ) ( )

n n
n n n

n n

x x
x x f x

f x f x







 

                                   

          (1.23)                                                                 

We need two guess to start the process, then we just proceed until the iterations 

converge.  

Note: In the technical literature, the various Boundary conditions (BCs) are often 

referred to as [30] 

o Dirichlet BC:         ( , ') ( )B y y B y       only a function of y  

o Neumann BC:        ( , ') ( ')B y y B y      only related to the derivative of y  

o Robin  BC:             ( , ') ( ')B y y B y      function of both  and 'y y   (mixed 

BC) 

 

Runge-Kutta Methods 

The idea of Ringe-Kutta methods is to use combinations of compositions of the right-

side function of the equation to approximate the derivative terms to a required order. 

The resulting Runge-Kutta methods are among the most popular methods in solving 

initial value problems [31].  

1.5.1.3. Algorithms of Shooting - Secant Method 

Consider the following ODEs system 

For Boundary value problems one need to satisfy conditions at up to n points.  

Input: Endpoints a and b; Boundary conditions and number of subintervals N. 

Steps 1:  Rewrite as two or more order ODEs (as we need) 

 Assumes the second order ODEs 

 

   

; 0

, , ; b

dy
z y a

dx

dz
f x y z y b y

dx

 

 
                               

(1.24) 
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 Assumes the third order ODEs 

  

 

 

   

; 0

;

, , , ;

b

b b

dy
z y a

dx

dz
p y b y

dx

dp
f x y z p y y z

dx

 

 

                          

(1.25) 

Steps 2: We need conditions (an initial value), and guess which our bullet is very 

necessary. The guess value is at the beginning or at the end boundaries of

  . . ( )z i e z a or z b .  

 Apply the shooting-secant methods of the above Equations(1.24) 

Steps 3:  Using Runge-Kutta 4 method we obtain the solution of the end value 

  . .i e y b  

Set: ( 1) , 1,2,...nx a n h n           (1.26) 

For the second order ODEs 

 

 

 

11

12

21 11 12

22 11 12

31 21 22

32 21 22

41 31 32

, , ,

, ,

1 1 1
, , ,

2 2 2

1 1 1
, ,

2 2 2

1 1 1
, , ,

2 2 2

1 1 1
, ,

2 2 2

, , ,

n n n

n n n

n n n

n n n

n n n

n n n

n n n

k hf x y z

k hg x y z

k hf x h y k z k

k hg x h y k z k

k hf x h y k z k

k hg x h y k z k

k hf x h y k z k





 
    

 

 
    

 

 
    

 

 
    

 

   

 42 31 32, ,n n nk hg x h y k z k   
                       

(1.27)

 

Then compute the above Rk4 (1.27)  the ODEs 

 

 1 11 21 31 41

1
2 2

6
n ny y k k k k     

                                      
(1.28.a) 

 1 12 22 32 42

1
2 2

6
n nz z k k k k     

                                       
(1.28.b)
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For the third order ODEs 

    

 

 

 

11

12

13

21 11 12 13

22 11 12 13

23 11 12 13

31

, , ,

, , , ,

, , ,

1 1 1 1
, , ,

2 2 2 2

1 1 1 1
, , , ,

2 2 2 2

1 1 1 1
, , ,

2 2 2 2

1

2

n n n n

n n n n

n n n n

n n n n

n n n n

n n n n

n

k hf x y z p

k hg x y z p

k hr x y z p

k hf x h y k z k P k

k hg x h y k z k p k

k hr x h y k z k p k

k hf x h







 
     

 

 
     

 

 
     

 

 

 

 

21 22 23

32 21 22 23

33 21 22 23

41 31 32 33

42 31 32 33

43

1 1 1
, , ,

2 2 2

1 1 1 1
, , , ,

2 2 2 2

1 1 1 1
, , ,

2 2 2 2

, , ,

, , , ,

,

n n n

n n n n

n n n n

n n n n

n n n n

n n

y k z k p k

k hg x h y k z k p k

k hr x h y k z k p k

k hf x h y k z k p k

k hg x h y k z k p k

k hr x h y

 
   

 

 
     

 

 
     

 

    

    

  31 32 33, ,n nk z k p k  

                          

(1.29) 

Then compute the above Rk4   the ODEs 

 1 11 21 31 41

1
2( )

6
n ny y k k k k     

                                      
(1.30.a)

 

 1 12 22 32 42

1
2( )

6
n nz z k k k k     

                                     
(1.30.b) 

 1 13 23 33 43

1
2( )

6
n np p k k k k     

                                    
(1.30.c) 

Remark:  For the three ODEs or the above expand the equation RK4.  

Step 4: Check an acceptable tolerance. s   

Step 5: If not use the secant method for the next guess. Repeat to the above steps. 

Step 6: stop the process.  
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1.5.2. Pplane9 

To see Pplane in action, enter pplane9 at the MATLAB prompt. A new window will 

appear with the label PPLANE9 Setup. Figure 1 shows how this window looks on PC 

running windows. The appearing might differ slightly depending on your computer, 

but the functionality will be the same on all operating systems. 

 

Figure 1: The window interface of pplane9 

You will notice that there is a rather complicated autonomous system already entered 

in the upper part of PPLANE9 Setup window, in the form ' ( , )x f x y  and

' ( , )y g x y . There is middle section for entering parameters and expressions, 

although none are entered at the moment. There is another section for describing a 

“display window”, and yet another for defining what kind of field is to be used. There 

are three buttons at the bottom of the window and several menus across the top.  

The most prominent feature of the PPLANE9 Display window is a rectangle label with 

the variable x on the bottom, and the variable y on the left. The dimensions of this 

rectangle are slightly larger than the rectangle specified in the PPLANE9 Setup 

window in order to accommodate the extra space needed by the vectors in the field. 

Inside this rectangle the PPLANE9 Display window shows the vector field for the 

system defined in the PPLANE9 Setup window. At each point ( , )x y  of a grid of 

points, there is drown a small arrow. The direction of the vector is the same as that of
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( ) [ ( , ), ( , )]TF x f x y g x y , entered as different equations in the PPLANE9 setup 

window, and the length varies with the magnitude of ( , )F x y . The vector must be 

tangent to any solution curve through ( , )x y . Simply said, the PPLANE9 Display 

window display window displays the phase plane for the polar system.  

There are two buttons on the PPLANE9 Display window with the labels Quit and 

Print. There are several menus. Finally, below the vector field there is a small Cursor 

position window, and a larger message window through which pplane9 will 

communicate with the user. At this time it should contain the single word “Ready”, 

indicated that it is ready to follow orders. 

 

Figure 2: The result display of pplane9 

To compare and plot a solution curve from an initial point, move the mouse to that 

point, using the cursor position window to improve your accuracy, and click the mouse 

button. The solution will be computed and plotted, first in the direction in which the 

dependent variable is increasing like Figure 3. Notice that the solution curves all seem 

to start and stop in the same two points, and that the message window indicates that 

these are equilibrium points.  
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If you open the options menu, you will see several ways of modifying how solutions 

are computed and plotted. The solution direction can be chosen by choosing Options

Solution direction Back. Sometimes it is desirable to indicate where the 

computation of a solution curve is started. This can be effected by selecting Options 

Mark initial points. 

1.6. Organization the Thesis   

This thesis is organized in to eight chapters. The first chapter deals about background, 

basic concepts of nonlinear ODEs, statement of the problem, objective of the this 

thesis and methodology.   

In Chapter 2, deals about the Numerical and Dynamical Analysis of Heat Transfer 

through a Rectangular Longitudinal Fin: We have many mathematical models which 

describe heat transfer in fins with boundary conditions and obtain the solution such 

equations numerically and analytically alike. In this chapter contain to qualitative 

analysis and numerical technique for the fin problem. Moreover, investigate the 

stability of a dynamic system and identify the effect of the different value of the 

thermo-geometric parameter. And also, observe the effect of the various exponents of 

the problem.    

In Chapter 3, Numerical solution of the Falkner-Skan boundary layer viscous flow over 

a wedge using a shooting method application. The numerical solution of Boundary 

Layer Viscous Flow over a Wedge is investigated. A numerical solution of Boundary 

Layer Viscous Flow over a Wedge is conducted and furthers the effect of the nonlinear 

by the Falkner-Skan equations. Also in it the comparison between the Blasius equation 

result with the previous work. 

In Chapter 4, deals about the velocity slip parameter for boundary layer flow over a 

static wedge. The problem of the Falkner-Skan boundary layer flow past a wedge 

considering the velocity slips condition. It investigated, the effect of velocity slip 

boundary, which is the boundary is increases the velocity profile is decreases.  

In Chapter 5, provides the shrink sheet of a magnitohydrodynamics. Solutions of a 

closed-form exact by a steady, two-dimensional laminar flow over a 

continuously shrinking sheet in a quiescent fluid. 
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 In Chapter 6, deals about MHD boundary layer flow and heat transfer along an infinite 

porous hot horizontal continuous moving plate. In this chapter compare the numerical 

and the analytical solution of a about MHD boundary layer. And also check the errors, 

which are absolute error and relative errors of a problem.  

In Chapter 7, contain the magnitohydrodynamic Mixed Convection Flow and Entropy 

Generation over an Inclined Stretching Sheet.  The flow behavior that is find the 

velocity profile and temperature distribution (first law investigation) in the boundary 

layer district was comprehend. In addition, to comprehend the vitality misfortunes 

during the boundary layer flow, it bodes well to play out a second law investigation. 

Entropy creation is the proportion of irreversibility in the heat transfer issues. 

The last chapter, Chapter 8, includes summary, conclusions and recommendations for 

further study.  
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Numerical and Dynamical Analysis of Heat Transfer through 

a Rectangular Longitudinal Fin   

The temperature profile in a longitudinal rectangular fin attached to a stationary base 

surface. The basic definition of Fin is extended surfaces used to enhance the heat 

dissipation from a hot surface [22] [32]. Fins are different importance let as in 

refrigeration, air-conditioning, air-cooled craft engines, and the cooling of computer 

processors and oil carrying pipe lines. There are many mathematical models which 

describe heat transfer in fins with boundary conditions and obtain the solution such 

equations numerically and analytically alike. For engineering applications and physical 

phenomena thermal conductivity of a fin is assumed to be linearly enthusiastic 

about temperature [33]. We've got chosen the thermal conductivity as a linear function 

of the temperature and therefore the heat transfer coefficient as a nonlinear function of 

the temperature [34]. The most effective heat transfer improvement can be done by 

using fins as elements for heat transfer surface extension [35].   

2.1. Mathematical Formulation 

The energy balance for a longitudinal fin is given by an ordinary differential equation 

(ODE) as follow  

( ) ( )( ) ( ), 0c a

d dT
A k T PH T T T q T X L

dX dX

 
     

           

     (2.1) 

Where K and H are the non-uniform thermal conductivity and heat transfer coefficient 

both of which depend on the temperature.  The boundary conditions are 

0, 0

, b

dT
x

dx

x L T T

 

 
                        

                              (2.2)         

The heat transfer coefficient may be given as the power law 

( )

n

a
b

b a

T T
H T h

T T

 
  

                                 

                    (2.3) 

As done for most industrial applications. As such may be written as the following: 
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 ( ) 1 ( )a aK T k T T  
                      

                         (2.4) 

On introducing the following dimensionless variables: 

0

2
2

; ; ;

; ;

a

b a

b

a c a

T TX H
x h

L T T h

ph LK
k M

k A k




  


 

                                        

(2.5) 

It allows (2.1) to be reduced to the following non dimensional ordinarily differential 

equations: 

 2( ) , 0 1
d d

k M h x
dx dx


  

 
   

                  

               (2.6) 

In (2.6)    is defined as the dimensionless temperature and x as the dimensionless 

spatial variable, where  k  is the dimensionless thermal conductivity,  h  is the 

heat transfer coefficient, and M is termed the thermo-geometric parameter. In the 

dimensionless variables the heat transfer coefficient is chosen as   nh     with n  

termed as the exponent. The thermal conductivity coefficient can be written in 

dimensionless variables as   1k     with  b aT T   , where bT is the 

dimensionless fin base temperature. From these choices of  k   and  h  , we obtain 

the one-dimensional nonlinear heat condition equation:                                

  2 11 , 0 1nd d
M x

dx dx


   

    
                    

       (2.7) 

The dimensionless boundary conditions become 

 
0

0

 1 1

x

d

dx










                                     

                             (2.8) 
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2.2.  Method of Solution:  

The above non-linear equation (2.7) has a numerical method of solution.  In this work, 

a simple and a powerful approximate method of a solution the Shooting-secant method 

is used.  The Shooting Method is essentially an iterative application of numerical 

integration techniques used for IVPs. The boundary conditions on one side of the given 

interval are used as initial conditions [36]. 

Reduction to Two IVP’s: Linear Shooting Method for Numerical solution 

Finding the solution of a linear boundary problem is assisted by the linear structure of 

the equation and the use of two special initial value problems.  Therefore, from 

equation (2.7). Let   

1 ;
d

y
dx




   
With  0   ?  and  1 1                                        (2.9) 

Therefore; 
 

(0)  is the bullet, and  1 1    is the target.
 

 
 

2 2 12

1
2 2

'
, ' 0 0

1

nMdy d
y with

dx dx

  




 
   

                        

(2.10) 

2.3. Results and Discussion  

This section presents and discusses the numerical solution results and dynamical 

system analysis. 

2.3.1. Numerical Solutions 

The results are demonstrated that a high thermal conductivity implies that energy can 

be conducted more easily as expected. The dimensionless temperature distribution 

rises monotonically along fin length for all various thermogeometric, thermal 

conductivity and convective heat transfer parameters. When the value of the 

thermogeometric parameter M maximize, the more heat converted from the fin through 

its length and the more thermal energy is efficiently transferred into environment 

through the fin length [37]. In condition of negligible heat loss from the fin tip 

(insulted tip) to the environment, the fin temperature decreases along the fin length. 

Also, and the temperature decreasing rate is the same around the fin base area. 
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Figure 3: Dimensionless temperature distribution in the fin parameters when 

0.1, 1 1M and n  
 

From Figure 3, the numerical solution of temperature that the length of the fin has a 

proportional with the thermogeometric parameter. Let us M , where 1/ M , we 

found an asymptotic solution which plotted has a maximum temperature at the fin tip. 

 
Figure 4: Dimensionless temperature of the fin parameters with varying n when 

1.M  
 

As shows Figure 4, the dimensionless temperature distribution rises monotonically 

from the fin tip to the fin base for the different parameter of thermogeometric value. As 

thermogeometric parameter is increase when the heat transfer coefficient to be 

pronounced on the temperature slop and temperature dependent convective. This 

implies that the prediction efficiency and temperature fin based on dependent by 
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temperature results in the fin material and significant reductions in the size and weight 

of the heat transfer material since reduced the surface area.   

 

Figure 5: Dimensionless the rate of temperature distribution in the fin parameters 

for varying n parameter when 1.M  
 

As shows Figure 5, the rate of the dimensionless temperature distribution rises 

monotonically from the fin tip to the fin base for the different parameter of 

thermogeometric value. As thermogeometric parameter is increase when the heat 

transfer coefficient to be pronounced on the temperature slop and temperature 

dependent convective.   

 

Figure 6: Dimensionless temperature distribution in the fin parameters for 

varying thermo-geometric parameter when 1.n  
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As Figure 6, the dimensionless temperature distribution in the fin parameters for 

different value thermo-geometric parameter are increases. In this figure the two 

parameters such as andn  are fixed. The thermo-geometric parameter value 

maximum the temperature distribution is decreases.   

 

Figure 7: Dimensionless rate of the temperature distribution in the fin for varying 

thermo-geometric parameter when 1.n  
 

As Figure 7, the dimensionless temperature rate distribution in the fin parameters for 

different value thermo-geometric parameter all are start from 0 and increases. In this 

figure the two parameters such as andn  are fixed.  

 

Figure 8: Dimensionless temperature distribution in the fin for varying values of 

non-linear parameters, when 1.n M   

As Figure 8, the dimensionless temperature distribution in the fin parameters for 

different value non-linear parameter are increases. In this figure the two parameters 
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such as andn M are fixed. The non-linear parameter value maximum the 

temperature distribution is increases.   

 

Figure 9: Dimensionless the rate of the temperature distribution in the fin for 

varying values of   , when 1.n M   

As Figure 9, the dimensionless temperature rate distribution in the fin parameters for 

different value non-linear parameter all are start from 0 and increases. In this figure the 

two parameters such as andn M are fixed. The non-linear parameter value 

maximum the temperature distribution is increases.   

2.3.2. Reduction to Two IVP’s: Dynamical system analysis 

The process of the method is described as follows. Based on equation (2.8) and 

boundary values, rewriting equation (2.7), the governing equation, as a system of first-

order ordinary differential equations through the transformations  

   

 

, and  

/

x u x

v x d dx







                                       
 (2.11) 

 such that 

 2 2/ /d dx v du d 
                                         

. (2.12) 
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This gives the following system: From equation (2.7) for 0 1x 
 

2 2 2
2 1

2 2 2

nd d d
M

dx dx dx

  
    

   
                                

(2.13)

 

 
2 2

2 1

2 2
1 nd d

M
dx dx

 
    

   
                                  

(2.14)

 

 

2 2
2 1

2 2

1

1

nd d
M

dx dx

 
 




  

   
                               

(2.15) 

 
2 2

2 1

2 2
1 nd d

M
dx dx

 
    

    
                                 

(2.16) 

       

 
2

2 1

2
1 nd d d

M
dx dx dx

 
     

     
                             

(2.17) 

Then, from the assumption equation (2.11), 

  2 1 21 ndu
u v M u v

d
 



  

                                        

(2.18)

 

Hence, 

 

 

 

2 1 2

1

ndv
M u v

dx

du
v u

dx





 

 
                                           

       (2.19) 

With  1 1u  and  0 0v  . 

Now, uses equation (2.19) find the equilibrium points:  

 

 

2 1 20 0

0 1 0

ndv
M u v

dx

du
v u

dx





   

   
                                     

  (2.20) 
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Thus, obtain the following equilibrium points: 

 

 

 

1

1

2

2 1

2

1

2

3 1

2

0,0 ,

11
, ,

11
,

n

n

n

n

e

M
e and

M
e

















 
   

  
 

 
  

  
 

                                   (2.21) 

The Jacobian matrix J for the system (2.19) is given by 

 
     

   
1 1

2 1 2 2 1 2

2

1 1

,

1
   

( 1) 2

n n

n

d d
v u v u

du dv
J u v

d d
M u v M u v

du dv

v u

M n u v

 

 

 



 

 
  

  
  
  

 
  

  

                            (2.22) 

To be able to a phase plane analysis of the relevant equation, to linearise the system. 

The calculation of the Jacobian (2.22), where the elements in J need to be linear with 

respect to v and u. From the Jacobian (2.22) for the equilibirum points given the above 

(2.21). To begin with, the equilibrum points  1 0,0e  which produces the following 

Jacobian equation: 

 1 1

0 1
,

0 0
J u v

 
  
 

                                                     (2.23) 

This in turn produces the eigenvalues 

 
   1 1

1 20, 0                                                      (2.24) 

The second equilibrum points, evaluating J at 2e produces the following: 

 
( 1)/2 ( /2)

2 2 2 ( 1)/2 ( /2)

( 1) 0
,

( 1) 2 ( 1)

n n

n n n

M
J u v

M n M



 

 

  

  
  

  
                         (2.25) 

with eigenvalues  

 

 

 

2 ( 1)/2 /2

1

2 ( 1)/2 /2

2

( 1)

2 ( 1)

n n

n n

M

M

 

 

 

 

  

 
                                              (2.26) 
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From the third equilibrum points, valuating J at 3e produces the following:  

 
( 1)/2 ( /2)

3 3 2 ( 1)/2 ( /2)

( 1) 0
,

( 1)( ) 2 ( 1)

n n

n n n

M
J u v

M n M



 

 

  

 
  

    
                          (2.28) 

with eigenvalues  
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n n

n n

M

M

 

 

 

 

  

 
                                                    (2.30)      

For these two equilibrium points we observe the eigenvalues with no zero and purely 

imaginary.                                                           

In all figures, we have three equilibrium points with pure real Eigenvalues. This makes 

it very straight forward that we do not have an imaginary component for the 

Eigenvalues of the system. Moreover, in all situations visited here, all equilibrium 

points are unstable saddle type, at best a center. 

 

 

Figure 10:  Phase plane diagram for parameters m 0.1,  B 1 and n 1    

From Figure 10, we can see that that we have three equilibrium points at  1,  0.1 ,

 1,  0.1 ,   0,  0 . Its corresponding Eigenvalues are  0.2,  0.1 ,  0.2,  0.1  and

 0.0065,  0.0065  respectively which can be understood that all the three points are 

unstable saddle node. 

Saddle 
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Figure 11: Phase plane diagram for parameters m 1,B 1 and n 1    

From Figure 11, we can see that we have three equilibrium points at

     1, 1 , 1,1 and 0,0   . The corresponding Eigenvalues are  ( 2,1) , (2, 1)   and

7 7( 5 10 0.015 , 5 10 0.015 )i i       . Which can be understood that the first two are 

unstable saddle node and the last is a stable node. 

In Figure 12 below, we can see that that we have only one equilibrium points at (0, 0). 

Its corresponding Eigenvalues are  0.0347 ,  0.0347 i i which can be understood the 

equilibrium point is neutrally stable, since the real part of the eigenvalue is zero. 

Saddle Node 
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Figure 12: Phase plane diagram for parameters m 1,  B 0 and n 1    

Below in Figure 13, we can see that that we have only one equilibrium points at  0,0 . 

Its corresponding Eigenvalues are  1,1  which can be understood the equilibrium 

point is unstable saddle point, since the real parts of the eigenvalues are 1 and 1  . 

  
Figure 13: Phase plane diagram for parameters for m 1,  B 1 and n 0    

Saddle Node 
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Therefore, we can classify the transition from figure 10 to figure 13 as a Subcritical 

Pitchfork Bifurcation, since one unstable node is distributed to two unstable and one 

stable node. 

Generally, In figures 10 to 13, we tried to show how the property of the fin varies for 

different values of M. It can be seen that for Figure 10, for M = 0.1, equilibrium points 

are very close altogether. For M=1, the points starts scattering and we now have three 

equilibrium points. As we further increased the M value to 10, the points scattered 

further. Here, all equilibrium points are unstable. 

In Figure 12, we tried to vary the parameter β (thermal conductivity coefficient) to 0, 

we obtained a natural center. This confirms that when the conduction parameter is 

zero, the conduction is inhibited so the sections throughout the system tend to remain 

somehow constant, because convection will be the only mode of heat transfer. In 

addition, in Figure 13, we set the n parameter to zero or m=1. Since n is used to 

describe the character of heat transfer, and when n=0, it is a constant heat transfer, we 

have a stable center on our phase diagram.  

We summarize the chapter, from the numerical and the dynamical analysis of the 

above nonlinear problem, an investigation of such solutions is important given the 

prevalence of the many parameters whose impact and relationship with one another has 

yet to be fully understood. It's the aim of asymptotic solutions to reveal the dominant 

physical mechanisms of the model. In Harley and Moitsheki [38] and Moitsheki and 

Harley [38], the impact of the thermogeometric parameter was small values of M that 

there looked as if it would be unstable heat transfer within the fin and discussed with 

regards to its proportionality to the length of the fin, 𝐿.  This was thought to 

be associated with the very fact that .M L  an asymptotic solution to the steady heat 

transfer in a very rectangular longitudinal fin allows us to validate this relationship and 

more firmly establish the importance of the length of the fin. A phase space analysis 

was conducted in Harley and Moitsheki [38], however, to not the extent conducted 

here. During this work, the analysis in [38] is improved upon and also the behavior, 

particularly the tip of the fin, more meticulously investigated and documented. This 

dynamical analysis also functions as a method of investigating the effect of the thermo-

geometric parameter [18].  
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Numerical Solution of the Falkner Skan Boundary Layer 

Viscous Flow over a Wedge: A Shooting Method Application   

The Falkner-Skan equation, originally derived in 1931, Falkner and Skan (1931), is 

of central importance to the fluid mechanics of wall-bounded viscous flows. It is 

derived from the two-dimensional incompressible Navier-Stokes equations for a one-

sided bounded flow using a similarity analysis and its solution describes the form of 

an external laminar boundary layer in the presence of an adverse or favorable stream 

wise pressure gradient.  Although the apparent simplicity of the Falkner-Skan 

equation (a one-dimensional ordinary differential equation) solving it accurately can 

be fraught with difficulty; these problems mainly stem from its non-linearity and 

third-degree order. There are some examples of analytical solutions to the Falkner-

Skan equations for special cases but most studies have focused either on 

demonstrating a solution’s existence and uniqueness or finding a 

numerical/computational solution for particular boundary-layer conditions [39]. 

Results for solution existence and uniqueness to the Falkner- Skan  equation  can  be 

found  in Rosenhead (1963),  Weyl (1942), Hartman (1972) and Tam (1970). In some 

of these works, ranges of validity for the boundary-layer parameters and similarity 

variable are established. More recently, Yang (2008) presents a non-existence result 

that places upper and lower bounds on, in essence, the non-dimensional wall shear 

stress.  However, despite  the amount  of effort  dedicated  to this problem,  this 

two- point boundary value problem still lacks a general closed-form solution, and as 

such, numerical  treatments  are the most common and valuable route for its study 

and solution [39]. 

The boundary layer theory unmistakably explains the consistent state flow more than a 

level plate at zero event point which is perceived as Blasius flow [26]. The Falkner–

Skan condition was introduced by Falkner and Skan. Falkner and Skan built up an 

investigation about viscous fluid lowered the flow more than a static wedge. They 

extended a comparability change that can be used to lessen the restricted differential 

boundary layer conditions to a nonlinear third-order typical differential equation and 

after that clarified it numerically. It is notable that customary heat transfer fluids, for 
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example, mineral oil, water, and ethylene glycol have, all in all, helpless heat transfer 

properties contrasted with those of most solids [26]. A creative method of improving 

the heat transfer of fluids is to suspend little strong particles in the fluids. This new sort 

of liquids named as "nanofluids" was presented in 1995 by Choi [40]. The term 

nanofluid is utilized to depict a solid liquid blend which comprises of base fluid with 

low volume part of high conductivity solid nanoparticles. 

3.1. The Falkner Skan Equation for Numerical Solution  by using 

Shooting Techniques    

In fluid dynamics, the Falkner–Skan boundary layer (named after V. M. Falkner and 

Sylvia W. Skan) describes the steady two-dimensional laminar boundary layer that 

forms on a wedge, which is a flow in which the plate is not parallel to the flow [41]. It 

is a generalization of the Blasius boundary layer. 

The Falkner–Skan boundary equation is: 

22
''' '' (1 ' ) 0

1

m
f ff f

m
   

                                               

(3.1)

 

with (0) '(0) 0 '(1) 1f f and f  

                                 

(3.2) 

To solve the Falkner-Skan problem, that is a third-order nonlinear ordinary differential 

equation, we rewrite the equation to three first-order ordinary differential equations. 

We then have three so-called initial value problems which can be solved. The Falkner-

Skan problem is rewritten in such a way that is an equation involving only a first-

derivative: 

 ', (0) 0
df

f with f
d

 

                                                

(3.3.a) 

 
'

'', '(0) 0 '(1) 1
df

f with f and f
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(3.3.b) 
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'', ''(0) ?
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(3.3.c) 

 

 

https://en.wikipedia.org/wiki/Boundary_layer
https://en.wikipedia.org/wiki/Blasius_boundary_layer
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3.1.1. Mathematical formulation 

Now in this particular problem modify a little bit of the first Falkner-Skan equation 

(3.1)  

The governing equation is:  Falkner Skan Equation. Then, 2 1m m    

23 2

3 2
1 0

f f f
f 

  

    
     

                                               

(3.3) 

With the boundary conditions: 

(0) 0

'(0) 0

'( ) 1

f

f

f 





                                                             

(3.4) 

The differential equation (3.3) is the other form of Falkner-Skan equation [42].   

Reduction of equation (3.3) to a first order system: 

To solve the Falkner-Skan equation numerically, equation (3.3) is reduced to a first 

order system by introducing the three auxiliary variables. 

 

2

1 2 32
,

f f
f u u and u

 

 
  

                                          

(3.5) 

So that we have the following system three coupled ODE’s 

  '

1 1 2 3 1 2, , ,f u u u u u  
                                                     

(3.6.a) 

  '

2 1 2 3 2 3, , ,f u u u u u  
                                                     

(3.6.b) 

   ' 2

3 1 2 3 3 1 3 2, , , 1f u u u u u u u     
                              

(3.6.c) 

The first order system can be written more compactly using vector notation 

 1 1 2 3, , ,
f

f u u u





                                                        

(3.7) 
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Thus it is written as:   

 

1 2

2 3

2
3 1 3 21

f u

f u

f u u u
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   
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(3.8) 

The boundary conditions are: 

1

2

2

(0) 0

(0) 0

( ) 1

u

u

u 





                                                          

(3.9) 

Where   is the unknown free boundary used to truncate the semi-infinite interval 

to a finite one which is to be determining as the part of the procedure. In addition, an 

initial condition on the second derivatives is introduced to apply the shooting method፡ 

2

2
; 0

f
at 




 

                                                

(3.10) 

 Where is the shooting angle. 

3.1.2.  Results and discussion  

In this section, the output results of equation (3.8) with the given boundary conditions 

are presented in tabular and graphs. 

Below in Table 2, the output of table to is the comparison of Summiya Parveen works 

and this thesis output for 0  . The table is display the result of   ,f   'f   

 and  ''f 
   

for four decimal places are very close each other. That is, the present 

thesis shooting-secant method for a Falkner-Skan equation is a good approximation.  

 

 

 

 

 



 

 Chapter 3 : Numerical Solution of the Falkner Skan Boundary Layer Viscous Flow over a Wedge: A 

Shooting Method Application 

 

 

Application of Shooting Method and Nonlinear Dynamical Techniques to Coupled BVPs                  43 

 

 

Table 2: Numerical values of      , ' and  ''f f f    for 0   

  
 f    'f    ''f   

Summiya [43]  Present result Summiya [43] Present result Summiya [43] Present result 

0.0 0 0 0 0 0.4696 0.469700 

0.2 0.009391 0.009394 0.093905 0.093925 0.469306 0.469406 

0.4 0.037549 0.037558 0.87605 0.187645 0.467254 0.467353 

0.6 0.084386 0.084405 0.280575 0.280635 0.461734 0.461831 

0.8 0.149674 0.149708 0.371963 0.372041 0.451190 0.451282 

1.0 0.232990 0.233042 0.460633 0.460728 0.434379 0.434465 

1.2 0.333657 0.333730 0.545246 0.545358 0.410565 0.410641 

1.4 0.450724 0.450821 0.624386 0.624511 0.379692 0.379757 

1.6 0.582956 0.583080 0.696700 0.696836 0.342487 0.342538 

1.8 0.728872 0.729024 0.761057 0.761202 0.300445 0.300482 

2.0 0.886797 0.886979 0.816695 0.816845 0.255669 0.255693 

2.2 1.054947 1.055160 0.863304 0.863457 0.210580 0.210592 

2.4 1.231528 1.231772 0.901065 0.901219 0.167560 0.167563 

2.6 1.414824 1.415100 0.930601 0.930754 0.128613 0.128610 

2.8 1.603284 1.603591 0.952875 0.953026 0.095113 0.095108 

3.0 1.795568 1.795906 0.969055 0.969202 0.067710 0.067705 

3.2 1.990581 1.990949 0.980365 0.980510 0.046370 0.046368 

3.4 2.187467 2.187866 0.987970 0.988113 0.030535 0.030535 

3.6 2.385590 2.386018 0.992888 0.993029 0.019329 0.019332 

3.8 2.584499 2.584955 0.995944 0.996084 0.011759 0.011764 

4.0 2.783886 2.784372 0.997770 0.997909 0.006874 0.006880 

4.2 2.983555 2.984069 0.998818 0.998957 0.003861 0.003867 

4.4 3.183383 3.183925 0.999397 0.999536 0.002084 0.002089 

4.6 3.383296 3.383866 0.999703 0.999843 0.001081 0.001085 

4.8 3.583254 3.583853 0.999859 0.999999 0.000538 0.000542 

5.0 3.783235 3.783861 0.999936 1.000076 0.000248 0.000260 

 

From Table 3 below, the output of table to is the comparison of Summiya Parveen 

works and this thesis output for  = 1. The table indicates the results for

   , ' andf f 
   

 ''f 
  
are not similar to his results and this thesis results.   
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Table 3: Numerical values of      , ' and  ''f f f     for 1   

   f    'f    ''f   

Summiya [43]  Present result Summiya [43] Present result Summiya [43] Present result 

0.00 0.000000 0.000000 0.000000 0.000000 0.332060 1.232590 

0.20 0.006640 0.023330 0.066410 0.226610 0.331990 1.034460 

0.40 0.026560 0.088070 0.132770 0.414460 0.331470 0.846340 

0.60 0.059740 0.186720 0.198940 0.566280 0.330080 0.675200 

0.80 0.106110 0.312450 0.264710 0.685940 0.327390 0.525170 

1.00 0.165570 0.459260 0.329780 0.777870 0.323010 0.398060 

1.20 0.237950 0.622060 0.393780 0.846680 0.316590 0.293830 

1.40 0.322980 0.796690 0.456260 0.896820 0.307870 0.211070 

1.60 0.420320 0.979830 0.516760 0.932370 0.296670 0.147430 

1.80 0.529520 1.168910 0.574760 0.956870 0.282930 0.100050 

2.00 0.650030 1.362040 0.629770 0.973260 0.266750 0.065920 

2.20 0.781200 1.557840 0.681310 0.983910 0.248350 0.042140 

2.40 0.922300 1.755350 0.728990 0.990630 0.228090 0.026120 

2.60 1.072510 1.953920 0.772460 0.994730 0.206460 0.015710 

2.80 1.230980 2.153140 0.811510 0.997160 0.184010 0.009160 

3.00 1.396820 2.352720 0.846050 0.998560 0.161360 0.005190 

3.20 1.569100 2.552520 0.876090 0.999340 0.139130 0.002880 

3.40 1.746960 2.752440 0.901770 0.999770 0.117880 0.001570 

3.60 1.929530 2.952420 0.923330 1.000010 0.098090 0.000860 

3.80 2.116040 3.152430 0.941120 1.000140 0.080130 0.000500 

 

In Table 4,here below, the output of table to is the comparison of Summiya Parveen 

works and this thesis output for  = -0.1988. The table is display the result of 

     , ' and  ''f f f    for three decimal places are very close each other. That 

is, the present thesis shooting-secant method for a Falkner-Skan equation is a good 

approximation. 
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Table 4: Numerical values of      , ' and  ''f f f    for 0.1988    

   f    'f    ''f   

Summiya [43] Present result Summiya [43] Present result Summiya [43] Present result 

0.0 0.000000 0 0.000000 0 0.008416 0.010771 

0.2 0.000433 0.000480 0.005659 0.006130 0.048175 0.050530 

0.4 0.002794 0.002982 0.019268 0.020210 0.087908 0.090260 

0.6 0.008670 0.009093 0.040814 0.042225 0.127512 0.129852 

0.8 0.019646 0.020398 0.070249 0.072126 0.166740 0.169049 

1.0 0.037288 0.038462 0.107456 0.109789 0.205139 0.207383 

1.2 0.063131 0.064816 0.152203 0.154974 0.241999 0.244131 

1.4 0.098646 0.100926 0.204087 0.207269 0.276324 0.278277 

1.6 0.145201 0.148155 0.262479 0.266026 0.306832 0.308524 

1.8 0.204011 0.207707 0.326465 0.330318 0.332012 0.333350 

2.0 0.276079 0.280569 0.394820 0.398897 0.350241 0.351132 

2.2 0.362128 0.367448 0.465995 0.470198 0.359983 0.360342 

2.4 0.462544 0.468708 0.538165 0.542382 0.360032 0.359802 

2.6 0.577326 0.584325 0.609319 0.613429 0.349788 0.348956 

2.8 0.706066 0.7138677 0.677407 0.681293 0.329487 0.328092 

3.0 0.847956 0.856503 0.740520 0.744078 0.300318 0.298454 

3.2 1.001840 1.011055 0.797079 0.800230 0.264364 0.262173 

3.4 1.166280 1.1760815 0.845994 0.848688 0.224361 0.222013 

3.6 1.339969 1.3499852 0.886753 0.888976 0.183301 0.180967 

3.8 1.520440 1.531134 0.919431 0.921202 0.143987 0.141818 

4.0 1.706960 1.717969 0.944613 0.945976 0.108648 0.106751 

4.2 1.089785 1.909093 0.963249 0.964266 0.078699 0.077133 

4.4 2.091900 2.103322 0.976488 0.977225 0.054699 0.053474 

4.6 2.288816 2.299709 0.985511 0.986036 0.036472 0.035562 

4.8 2.485900 2.497535 0.991411 0.991782 0.023327 0.022683 

5.0 2.684590 2.696281 0.995113 0.995377 0.014311 0.013875 

5.2 2.883850 2.895592 0.997340 0.997533 0.008421 0.008139 

5.4 3.083460 3.095235 0.998625 0.998774 0.004753 0.004577 

5.6 3.283260 3.295066 0.999337 0.999458 0.002573 0.002466 

5.8 3.483170 3.494998 0.999715 0.999819 0.001335 0.00127 

6.0 3.683130 3.694982 0.999907 1.000001 0.000663 0.000624 

6.2 3.883120 3.894993 1.000000 1.000089 0.00314 0.000290 

.  

As using shooting-secant method with applying RK4 method for the boundary value 

problem of a nonlinear third order differential equations on semi-finite intervals.  We 

successfully compute the Falkner-Skan equation.  
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Figure 14:  The velocity profile plot for different [ 0.1988,0)  
 

As Figure 14, the velocity profile for different value of Beta is satisfy the boundary 

conditions. The beta value is beginning from negative to zero. From this the eta value 

after 4 is the velocity profile is overlapping each other.   

 

Figure 15:  The velocity profile plot for different [0,2] 
      

As Figure 15, the velocity profile for different value of Beta is satisfy the boundary 

conditions. The beta values are positive that is from zero to two. From this the eta 

value after 4.5 is the velocity profile is overlapping each other.   
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3.2. The Falkner-Skan Boundary Layer for Numerical Solution of  

Viscous Flow over a Wedge 

The impacts of nanoparticle volume fraction, the kind of nanoparticles, the convective 

boundary, and the thermal conductivity on the heat move attributes are examined. It is 

discovered that the heat transfer rate at the surface increments with expanding 

nanoparticle volume fraction while it diminishes with the convective boundary. In 

addition, the heat transfer rate at the surface of   Ag -water nanofluid is lower than that 

at the surface of Cu -water nanofluid despite the fact that the thermal conductivity of 

Cu is lower than that of Ag [26]. 

3.2.1.  Mathematical Formulation 

Flow over the top of a wedge can be modeled as an external flow ( )U x  with a 

pressure gradient given by the in viscid flow solution. The angle of the wedge is given 

as  . 

The external flow velocity and pressure gradients are given by: 

  mU x bx
                                                                        

(3.11)
 

 
  2 2 1

dU xp
U x m b x m

x dx
 


     

                          
(3.12) 

Where U is the external velocity, P is the pressure,   is the density, and x  is the 

position along the wedge. The coefficient b is a function of the flow geometry. As 

long as the boundary layer is relatively thin, the external flow, and the pressure 

gradient will be independent of the thickness of the boundary layer. The exponent m is 

a function of the angle  : 

2
m







                                                                 (3.13) 

The flow near the wedge will be governed by the boundary-layer equations. The 

equation for continuity is identical to the flat-plate case: 

0
u v

x y

 
 

 
                                                            (3.14) 



 

 Chapter 3 : Numerical Solution of the Falkner Skan Boundary Layer Viscous Flow over a Wedge: A 

Shooting Method Application 

 

 

Application of Shooting Method and Nonlinear Dynamical Techniques to Coupled BVPs                  48 

 

For steady flow in a boundary layer, the x-momentum equation is given by: 

  2

2

1 dp xu u u
u v v

x y dx y

  
   

  
                                     (3.15) 

Where u is the x velocity, v is the y velocity, and v is the kinematic viscosity.  

These equations can then be transformed, using the non-dimensionalizations and then 

non-dimensional stream functions developed by Falkner and Skan [41]. These  non-

dimensionalizations  are  similar  to,  but  not  identical  to,  those  used  by  Blasius.  

A non-dimensional flow coordinate   is formed by combining x and y with the other 

flow variables:  

1

2
1

2

m
m b

y x
v





                                                           (3.16) 

A non-dimensional stream function  f  is found from dimensional stream function

:  

   
1

2
2

,
1

m
bv

x y x f
m

 



                                                    

(3.17)
 

 The non-dimensional velocities are given as: 

 
 * '

u
u f

U x
                                                               (3.18.a) 

   *

1

1
'

12

1

m

v m
v f f

m
vbx

m

  


 
    



                      (3.18.b) 

A governing equation for f can be found by substituting these non-dimensional 

terms into the x-momentum equation: 

For the no-slip case, the boundary conditions are:  

        2

0''' '' 1 ' 0 , [0, )f f f f           
                     

(3.19)
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   * 0 0 ' 0 0u y f     
                                               

   (3.20.a) 

   * 0 0 0 0v y f                                                          (3.20.b) 

   * 1 ' 1u y f                                                    (3.20.c) 

 

3.2.2.  Results and discussion  

The iterative method is existing for the boundary value problems of a discussion of 

nonlinear third-order differential equation on semi-infinite intervals. The boundary 

value problem on an infinite interval is transformed to a free boundary problem on a 

finite interval, using the boundary formulation. This is then solved by nonlinear 

shooting. We are comparing the results with the previous work B.D. Ganpol’s [44] 

variation of velocity profile with    namely the shooting angle  '' 0f  for Homann 

flow in Figure 16. 

 

Figure 16:  Velocity profile variation with   for Homann flow 

From Figure 16, the true for all the physically relevant determine is 0  . That is 

value of   is 0 2 and 1   . The asymptotic velocity profile the numerically 

positive   for the  value is decrease. Also B.D. Ganapol [44] submitted variation of 

the velocity profile for 0.1    according to Figure17. 
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Figure 17:  The velocity profile of the Variation for 0 1   and 0.1    

As Figure 17 indicates the velocity profile for this figure is plots for iteration. The 

value of   is between 0 and 1 and the value of beta is negative.  

 

Figure 18:  Falkner-Skan functions variation 

As Figure 18, the plot is known Falkner-Skan equation(3.1) of      , ' and  ''f f f   .  

This plots are the Falner-Skan equation for the      , ' and  ''f f f   , with the 

given boundary conditions.  

The following table 5, compares the results obtained by B.D. Ganapol [44] Blasius 

flow profiles with the results obtained by the present method. From this table we 
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observed that the present results and the previous author’s results are the same. That is 

the shooting-Secant method is a power full numerical method for approximate 

solution.     

Table 5: Blasius flow profiles of eta value are from 0.0 to 8.8 and compare with 

B.D. Ganapol paper’s result.  

  

f  'f  ''f  

Ganapol [44] Present result Ganapol [44] Present result 
Ganapol 

[44] 
Present result 

0.0 
0.00000000E+

00 
0.00000000e+00 0.000000E+00 0.0000000e+00 

3.32057336

2E-01 

3.3205815231066

53e-01 

0.4 
2.655988402E

-02 
2.656024294e-02 

1.327641608E-

01 

1.327644842888765e-

01 

3.314698442

E-01 

3.3147066637482

30e-01 

1.0 
1.655717258E

-01 

1.65572843164479

1e-01 

3.297800312E-

01 

3.297807866344531e-

01 

3.230071167

E-01 

3.2300792974697

11e-01 

1.4 
3.229815738E

-01 

3.22983296924853

6e-01 

4.562617647E-

01 

4.562627332141478e-

01 

3.078653918

E-01 

3.0786616645941

44e-01 

2.0 
6.500243699E

-01 

6.50027046967520

2e-01 

6.297657365E-

01 

6.297668831002603e-

01 

2.667515457

E-01 

2.6675219974946

88e-01 

2.4 
9.222901256E

-01 

9.22293436428990

4e-01 

7.289819351E-

01 

7.289831193212341e-

01 

2.280917607

E-01 

2.2809230488639

39e-01 

3.0 
1.396808231E

+00 

1.39681253110326

7e+00 

8.460444437E-

01 

8.460455876192247e-

01 

1.613603195

E-01 

1.6136074291135

98e-01 

3.4 
1.746950094E

+00 

1.74695512558357

9e+00 

9.017612214E-

01 

9.017622629669844e-

01 

1.178762461

E-01 

1.1787671418056

85e-01 

4.0 
2.305746418E

+00 

2.30575264219126

0e+00 

9.555182298E-

01 

9.555190041482240e-

01 

6.423412109

E-02 

6.4234969491804

82e-02 

4.4 
2.692360938E

+00 

2.69236794358784

3e+00 

9.758708321E-

01 

9.758714181394009e-

01 

3.897261085

E-02 

3.8973858392443

90e-02 

5.0 
3.283273665E

+00 

3.28328169523910

0e+00 

9.915419002E-

01 

9.915423640658988e-

01 

1.590679869

E-02 

1.5908509611570

98e-02 

5.4 
3.680919063E

+00 

3.68092766119265

0e+00 

9.961553040E-

01 

9.961558422565102e-

01 

7.927659815

E-03 

7.9294030858857

17e-03 

6.0 
4.279620923E

+00 

4.27963027330165

2e+00 

9.989728724E-

01 

9.989736797275167e-

01 

2.402039844

E-03 

2.4034086097007

53e-03 

6.4 
4.679356615E

+00 

4.67936645402448

5e+00 

9.996117017E-

01 

9.996127063974518e-

01 

9.806151170

E-04 

9.8160133032560

71e-04 

7.0 
5.279238811E

+00 

5.27924941024105

1e+00 

9.999216041E-

01 

9.999228302407683e-

01 

2.201689553

E-04 

2.2064802931788

52e-04 

7.4 
5.679220147E

+00 

5.67923127706397

2e+00 

9.999754577E-

01 

9.999767692205621e-

01 

7.359298339

E-05 

7.3849180264120

33e-05 

8.0 
6.279213431E

+00 

6.27922538038252

8e+00 

9.999962745E-

01 

9.999976467894631e-

01 

1.224092624

E-05 

1.2322563883246

10e-05 

8.4 
6.679212609E

+00 

6.67922511287563

0e+00 

9.999990369E-

01 

1.000000424387817e

+00 

3.349939753

E-06 

3.3833501003401

70e-06 

8.8 
7.079212403E

+00 

7.07922546376906

0e+00 

9.999997695E-

01 

1.000001163247565e

+00 

8.462841214

E-07 

8.5864196743113

45e-07 
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In this table 6, the thermo-physical properties of fluid and nanoparticles are given.   

Table 6: Thermo-physical properties of fluid and nanoparticles [26] 

 Physical properties 
Fluid phase(water) 

Cu Ag 

Cp(J/kg  K) 385 235 4179 

(kg/m3) 8933 10500 997.1 

k(W/mK) 400 429 0.613 

  

The governing equation is: 

 

2

2.5

1
''' '' 1 ' 0

1 1 s

f

f mff f


 


   
 

    
                            

     (3.21) 

     0 , ' 0 , ' 1f s f f    
                                

      (3.22) 

Here, s is the suction ( 0)s   parameter, /c a  is the stretching ( 0)  or shrinking  

( 0)  parameter and   is the  nanoparticle volume fraction, f  is the reference 

density of the fluid fraction, s  is the reference density of the solid fraction. Values 

of ˝(0)f for 0   with m = 2 and s = 0 (impermeable surface) evaluated as Table 6. 

Table 7:  Values of ˝(0)f for 0   with m = 2 and s = 0 (impermeable surface) 

                    

               

˝(0)f  

Mohammad Mehdi Keshtkar [26] Present result 

              1 0 0 

            0.5 0.78032 0.78033307 

            0.2 1.13374 1.13377650 

           0.1 1.22911 1.229157428 

             0 1.311938 1.312002398 

- 0.25 1.45664 1.45680972 

- 0.5 1.49001 1.49052754 

- 0.75 1.35284 1.35512458 

- 0.95 0.94690 0.96929056 

- 0.9945 0.64502 0.75530412 

- 0.99945 0.500204 0.71868981 

- 1 0.319476 0.71428664 
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We obtained this table (Values of ˝(0)f for 0  with  2 and  0m s  ) according 

to Table 7. 

Table 8: Values of  '' 0f  for Cu  nanoparticles with  2 and 0.5m s   

 

  

˝(0)f  

 = 0  = 0.1 

Keshtkar [26] Present result Keshtkar [26] Present result 

1 0 0 0 0 

0.5 1.1031 1.1033 1.3690 1.3691 

0.2 1.6614 1.6618 2.0716 2.0717 

0.1 1.8279 1.8284 2.2835 2.2836 

0 1.9839 1.9845 2.4833 2.4834 

- 0.25 2.3229 2.3241 2.9255 2.9258 

- 0.5 2.5785 2.5807 3.2747 3.2752 

- 0.75 2.7298 2.7344 3.5102 3.5112 

- 1 2.7373 2.7481 3.5954 3.5979 

- 1.2 2.6361 (0.4403) 2.6018 3.5042 (0.44002) 3.5101 

- 1.25 1.08223 (0.5672) 2.5302 3.4483 (0.5634) 3.4559 

- 1.3 2.3858 (0.7150) 2.4370 3.3736 (0.6974) 3.3839 

 

That we calculate values of f˝(0) for this case(cu-water nanofluid , m=2 & s=0.5) as 

Table 8. 

Table 9: Values of  '' 0f for cu-water with m 2 and s 0.5   

 

  

 

 '' 0f  

0   0.1   0.2 
 

Mohammad 

Mehdi 

Keshtkar [26] 

Present 

result 

Mohammad 

Mehdi 

Keshtkar [26] 

Present 

result 

Mohammad 

Mehdi 

Keshtkar [26] 

Present 

result 

1 0.02 0 0.02 0 0.02 0 

0.5 1.1 1.1031 1.38 1.3690 1.44 1.4386 

0.2 1.66 1.6614 2.08 2.0716 2.2 2.1792 

0.1 1.82 1.8279 2.28 2.2835 2.4 2.4031 

0 1.98 1.9839 2.48 2.4833 2.62 2.6146 

- 0.25 2.32 2.3229 2.92 2.9255 3.08 3.0846 

- 0.5 2.58 2.5785 3.28 3.2747 3.44 3.4594 

- 0.75 2.74 2.7298 3.5 3.5102 3.72 3.7182 

- 1 2.72 2.7373 3.58 3.5955 3.84 3.8256 
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They draw velocity profiles f(η) for Cu nanoparticles when 2, 0.1, 1.5m       

and various values of s as table 9. 

. 

Figure 19: Velocity profiles for Cu nanoparticles when 2, 0.1, 1.5m     

and various values of [0.5, 0.6, 0.7]s  . 

We obtain one of these velocity profile (for s=0.5) as Figure 19. In this figure as 

expected the velocity profile approach to number 1. 

 

Figure 20: Variaton of  '' 0f with   for Cu-water nanofluid and different values 

of 0 [ 0.3, 0, 0.3]f    when  0.1 
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As figure 20, Variation of  '' 0f with    for Cu-water nanofluid and different 

values of 0f  when 0.1   in this paper is given. 

We obtained this variation as Table7. In this table, variation of  '' 0f  with   for 

Cu-water nanofluid and different values of 0f when 0.1   are given 

 

Table 10: Values of  '' 0f  for cu-water when 0.1   

 

 

  

 '' 0f  

0 0.3f    0 0f   0 0.3f   

Mohammad 

Mehdi 

Keshtkar 

[26] 

Present 

result 

Mohammad 

Mehdi 

Keshtkar 

[26] 

Present 

result 

Mohammad 

Mehdi 

Keshtkar 

[26] 

Present 

result 

-0.5     0.25 0.8250 

0 0.3 0.27412 0.55 0.5520 0.87 0.8675 

0.5 0.27 0.25978 0.4 0.3866 0.52 0.5307 

1 0.02 -0.0001 0.02 -0.0005 0.02 0.0002 

1.5 -0.42 -0.4158 -0.52 -0.5377 -0.67 -0.6732 

 

As table 10, the results of Mohammad Mehdi Keshtkar [26] and our results are almost 

the same. This implies that our shooting-Secant method his method that is implicit 

finite difference method results outputs are much closed. But the  

''(0) when 0.1and 0.3 at 1f       the present result is varies. However, our 

result are satisfy the given condition.  

 

 

 

 

 



 

 Chapter 3 : Numerical Solution of the Falkner Skan Boundary Layer Viscous Flow over a Wedge: A 

Shooting Method Application 

 

 

Application of Shooting Method and Nonlinear Dynamical Techniques to Coupled BVPs                  56 

 

Table 11: Values of ''(0) when 0.1and 0.3 f       

  
 '' 0f  

Mohammad Mehdi Keshtkar [26] Present result 

-0.2 0.1 0.1475 

0 0.27 0.2656 

0.2 0.3 0.2947 

0.4 0.27 0.2722 

0.6 0.2 0.2052 

0.8 0.12 0.1248 

1 0.02 0.0002 

1.2 -0.12 -0.1160 

As table 11, we obtained variation of  '' 0f with . The comparison of Mohammad 

Mehdi Keshtkar [26] work and the thesis results are much closed.  

Generally, For investigate the unknown boundary for the shooting angle is used 

secant’s method. The Runge-Kutta fourth order method used for the initial values 

problems arise during shooting. Finally, this thesis is successfully computing several 

cases of the Falkner-Skan equation. The error tolerance is
510
, that is the computing is 

good accuracy.  

Flow over a wedge was investigated including a nonslip and slip boundary condition. 

This problem was solved for compared with Nano fluid and Newtonian fluid. 

Moreover the problem of required convection boundary layer flow close the stagnation 

point on a porous stretching/shrinking surface in a Nano fluid is considered in theory.  
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The Effect of Velocity Slip Parameter on Boundary Layer 

Flow over a Static Wedge 

The boundary layer theory particularly clarifies the consistent state flow more than a 

level plate at zero angles which is perceived as Blasius [23] flow. The Falkner-Skan 

condition was offered by Falkner-Skan. As its name offers, the Falkner-Skan 

condition was introduced by Falkner and Skan. They are built up investigation about 

viscous fluid lower the more than a static wedge. 

 The problem of the Falkner-Skan boundary layer flow past a wedge considering the 

velocity slips condition [45]. It is discovered that as the velocity slip boundary 

increases, the speed profile is decreases and the skin contact and warmth move 

diminished while the mass exchange is expanded [23]. Expanding the warm slip 

boundary causes diminishes in the warmth and mass exchange rates. 

4.1. Mathematical Formulation 

Falkner-Skan boundary layer flow past a static wedge is considering a steady two-

dimensional. We consider the effects of slip condition; let as the velocity of the free 

stream is m

eu xU , we consider a Cartesian coordinate system  ,x y , where x and y  

are the coordinates measured along the surface of the wedge and normal to it, 

respectively. Under the above conditions, the partial differential equations governing 

[23] the problem and the corresponding boundary conditions are:      

0
u v

x y

 
 

 
                                                        (4.1) 

2

2

e
e

uu u v
u v u v

x y x y

  
  

   
                                  (4.2) 

Subject to the boundary conditions, 

   10, , 0, , e

u
y u N x v v y u u x

y


    


                    (4.3) 

Hear u  and v  are the velocity components along x , y  axis,  is the fluid density, v  is 

the kinematic viscosity, N  the slip parameter. 
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We now introduce the following relations for u  and v  as follows: 

,u v
y x

  
  
 

                                                        (4.4) 

Where   is the stream function, then equation(4.1) holds and equation (4.2) 

transforms to the following equation: 

e
x xy x yy e yyy

du
u v

dx
                                             (4.5) 

and the boundary conditions(4.3) become, 

 10, , 0,y yy x y ey N v u x                                (4.6) 

To transform equation (4.5) to an ordinary differential equation, we introduce the 

following scaling transformation, 

31 2* * *, ,
cc c

x x y y
                                      (4.7) 

Where 'c s are constants. Therefore, equation (4.5) will remains invariant under the 

group of transformations (4.7) if, 

   2 1 3 1

1 1
1 , 1

2 2
c m c c m c                                (4.8) 

The characteristics equations are, 

1
1 1

1 1

2 2
(1 ) (1 )

dx dy d

c x
m c y m c





 

 

                               (4.9) 

Solving the above equations we the following similarity transformations, 

 
1 1

2 2,
m m

x y x f  
 

                                   (4.10) 

Substituting from(4.10) into (4.5) and (4.6), we get, 

 
2 21

''' '' ' 0
2

m
vf ff m f mU


                              (4.11) 

Where prime is the derivative with respect to  . The boundary conditions become,  

           1 /2

10 0, ' 0 '' 0 , '
m

f f vN x x f f


   U                   (4.12) 

We introduce the following dimensionless independent variable 

 1

2

m

v
  


U
                                             (4.13) 
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Also, form of the boundary condition     1

1 2 1 mN x N vU m x 

 

 

Where N is the 

constant velocity slip parameter. Then using(4.13), equation (4.11) become, 

 
22

''' '' 1 ' 0
1

m
f ff f

m
    
 

                                     (4.14) 

and the corresponding boundary conditions (4.12) become, 

       0 0, ' 0 '' 0 , ' 1f f Nf f                              (4.15) 

4.2. Results and Discussion  

In this section, the output results are presented in tabular and graphs. 

Table 13, we are comparing the result with the previous works which is our method is 

Shooting-Secant method and the previous works method is infinite difference methods.  

From the output the present result and the previous results are much closed. Then we 

observed that our method is a powerful approximation. The previous works was 

obtained by Yacob in (2011) [46] and Muatazz Abdolhadi Bashir, Mustafa Mamat and 

Ilyani Abdullah, [23] with the present results for 0N  . 

Table 12: Values of  '' 0f  for different values of m when N = 0 

m  Yacob [46] Bashir, et.al [23]  Present result 

0 0.4996 0.46960007 0.4696197 

1/11 0.6550 0.65499372 0.6549966 

0.2 0.8021 0.80212560 0.8021264 

1/3 0.9277 0.92768004 0.9276800 

0.5 1.0389 1.03890348 1.0389027 

1 1.2326 1.23258764 1.2325847 

 

 

Table 12 results indicate that there is the similar agreement between the present results 

and the result obtained by Yacob [46]  and Bashir, et.al [23]. 
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Table 13: Shear stress coefficient for different values m, Values of velocity profiles, 

N 

m  N  
 ' 0f   '' 0f  

Bashir, [23] Present result Bashir, [23] Present result 

 

0.2 

0.1 0.0767407205 0.0767407822 0.7674072052 0.7674078229 

0.4 0.2642342882 0.2642344263 0.6605857204 0.6605860658 

0.7 0.3973701457 0.3973700112 0.5676716367 0.5676714446 

1 0.4929949612 0.4929947535 0.4929949612 0.4929947535 

 

0.5 

0.1 0.0972083207 0.0972082324 0.9720832067 0.9720823240 

0.4 0.3164097033 0.3164093173 0.7910242584 0.7910232934 

0.7 0.4577470706 0.4590850123 0.6539243866 0.6558357319 

1 0.5531097083 0.5542858104 0.5531097083 0.5542858104 

 

0.8 

0.1 0.1083608791 0.1087773668 1.0836087909 1.0877736681 

0.4 0.3429196697 0.3436481552 0.8572991742 0.8591203880 

0.7 0.4870643731 0.4877406623 0.6958062472 0.6967723748 

1 0.5814728292 0.5877410108 0.5814728292 0.5877410108 

 

1.5 

0.1 0.1218758371 0.1219371633 1.2187583709 1.2193716335 

0.4 0.3733379099 0.3734356041 0.9333447747 0.9335890103 

0.7 0.5196006099 0.5198874198 0.7422865856 0.7426963141 

1 0.6123133420 0.6123865337 0.6123133420 0.6123865337 

Table 13, Shown that the wall share stresses and constant velocity slip parameter (N) are 

inversely proportional. That is, when the wall share stress decreases with the slip 

parameter increases with m.   And also the wall velocity increases with an increase in 

m and N . 

 

Figure 21: Effect of m on the velocity when N = 1 
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As Figure 22, the velocity profiles are affected by the parameter m .  And the velocity 

profile is increasing as well as the effect of the power law parameter is increase. 

 

Figure 22: Effects of on the velocity when N = -1. 

As figure 23, we observe the effect of the different value of m and the fixed value of 

the constant velocity slip parameter. Then, the value of m is maximizing as 

dimensionless independent variable increases, the Falkner-Skan boundary layer flow 

past a static wedge.  

 

Figure 23:  Effects of  0N N   on the velocity, when m  0.5 .  
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As Figure 24, the effect of the velocity slips for 0N   at m  0.5 . From this plot we 

observe the constant velocity slip varies but the Falkner-Skan boundary layer flow past 

a static wedge. The boundary layer is 1. 

   

Figure 24: Effects of  0N N  on the velocity, when m = 0.5 

From Figure 25, the plots are demonstrate the effect of different value of the constant 

velocity parameters. The flow static wedge is affected by the constant velocity 

parameters. That is the slip parameter is less than zero and preserves the boundary 

layer.   

We summarize this chapter as, the effect of velocity slip parameter on boundary layer 

flow over a static wedge. For this work we compared the result with the previous work 

Yacob’s and Muatazz Abdolhadi Bashir papers. We observed the solution of the 

numerical solution was accurate. By means of ascending transformations, the ordinary 

differential equation governs the problem. The effect of the velocity slip for an 

ordinary differential equation on the Falkner-Skan boundary layer flow past a wedge 

has transformed. Additional, using shooting-secant method, which shows the increase 

of the slip parameter with the velocity increases, the numerical results of the ordinary 

differential equation are obtained. 
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MHD viscous flow over a shrinking sheet for closed form 

Analytical solutions 

The flow prompted by a moving limit is significant in the expulsion measures in plastic 

and metal ventures [24] [47].  The shrinking sheet issue was additionally reached out 

to control law shrinking velocity or different fluids [48] [49].  A closed form analytic 

solution for steady MHD flow over a permeable shrinking sheet subjected to mass 

attractions. 

5.1. Mathematical formulation 

Consider a stead y, two-dimensional laminar flow over a continuously shrinking sheet 

in a quiescent fluid [24]. The sheet shrinking velocity is 0U     Uw x   and the wall 

mass transfer velocity is   ,w wv v x  which will be determined later. The x-axis runs 

along the shrinking surface in the direction opposite to the sheet motion and the y-axis 

is perpendicular to it. The governing NS equations of this problem 

0
u v

x y

 
 

                                     

         (5.1) 

2 2 2

2 2

1u u p u u B
u v v u

x y x x y



 

     
      

                       

      (5.2) 

2 2

2 2

1v v p v v
u v v

x y y x y

     
     

                                      

(5.3) 

With the boundary conditions (BCs) 

       0,0 , ,0 , and , 0wu x U x v x v x u x    
        

        (5.4) 

Where u   and v  are the velocity components in the x and y directions respectively, m 

is the kinematic viscosity, p is the fluid pressure,   is the fluid density, and   is the 

electrical conductivity of the fluid. The magnetic field with strength B is applied in the 

vertical direction and the induced magnetic field is neglected. This group of NS 

equations is valid for small magnetic Reynolds numbers. The stream function and the 

similarity variable can be posited in the following form, 
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    0, ,x y f x vU and 
                  

                       (5.5.a) 

0U
y

v
                                                                      (5.5.b) 

With these definitions, the velocities are expressed as  0u U f   and 

 0v U v f   . The wall mass transfer velocity becomes    0 0wv x U v f   . The 

similarity equation is obtained as follows: 

2 2''' '' ' ' 0f ff f M f                                                (5.6) 

With the BCs as follows: 

     0 , ' 0 1 and ' 0f s f f                            (5.7) 

Where s is the wall mass transfer parameter showing the strength of the mass transfer 

at the sheet and M is the magnetic with
2 2

0M B U  . The pressure term can be 

obtained from Eq.(5.3) as

2

constant.
2

P v v
v

y


  


There is an analytical solution 

for M = 0 given by Miklavcic and Wang [50] as 

 
1 cxf c e
c

                                            (5.8) 

Where and    '' 0c f f    can be found by solving 1/s c c  . It is shown that 

there are two solutions for this  equation for any 2s  and there is one solution for

2s  . No solution exists for 2s  . There is also an algebraically decaying solution for 

M = 0 as  

 
6

6
f 





                                            (5.9) 

For 6s   

In this Letter, we will show a closed form exaction solution of Eq.(5.6) together with 

the BCs. Assuming the solution has a format as  f a be    .  Substituting 

this relation to Eq.(5.6)  yields 
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1
b


                                                  (5.10) 

1
a s


                                                 (5.11) 

 2 24 4

2

s s M


  
                                (5.12) 

Then the solution reads 

 
   

 

2 2 2 2

2 24 4

2
1 1

4 4 4 4

2 2

s s M

s s M s s M

f s e




  



     

              (5.13) 

and 

 
 2 24 4

2'

s s M

f e




  

                                             (5.14) 

5.2.  Results and discussion  

From the following plots we observed the velocity profiles for the different value of an 

exact solution at zero and with different values of M = 0.5, 1 and 2 are the rate of the 

analytic solution is increases.  

 

Figure 25: Velocity profiles at mass suction M = 2 under different parameters of

 ' 0f . 
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As figure 26, the velocity profiles at M = 2 under different initial conditions.  The 

initial condition (s) increases as wall shear stress increases.  

The rate of the analytic solution satisfies the boundary conditions.  And the figures 

show the effect of magnetic parameters and the mass suction on the flow field. 

 

 

Figure 26: Velocity profiles at M = 1under different mass suction parameters. 

As figure 27, the velocity profiles at M = 1 under different initial conditions.  The 

initial condition (s) increases as wall shear stress increases.  

 

Figure 27: Velocity profiles at M = 0.5 under different mass suction parameters. 
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It understood that the velocity profiles are blown away from the wall for mass pressure 

with different values of magnetic parameters and the boundary layer thickness become 

thicker.                                                                                                                                                                                                    

 

Figure 28: Analytic solution of velocity profiles at M = 2 under 

different mass suction parameters. 

As Figures 29 and 30, the plots are the analytic solution results of the velocity profiles 

for a fixed magnetic value 2 and different mass transfer parameters.  

The magnetohaydrodynamics flow over a shrinking sheet is also gtreatly different from 

the MHD flow over a stretching sheet for Newtonian fluids and for non-Newtonian 

fluids. 
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Finally, the flow of magnetohaydrodynamics over a shrinking sheet often varies 

significantly from the flow of MHD over a stretching sheet for Newtonian and non-

Newtonian fluids [51]. The opposite value sign of the exact solution occurs only for 

mass suction, which implies that, s is positive. The wall shear stress increases with the 

increase of the mass suction and magnetic parameters for the positive branch. 

Nevertheless, the wall shear stress decreases with the increase of the mass suction and 

magnetic parameters for the negative sign branch. When M = 1, there is only one 

solution with s   and s must be greater than zero [24]. As the mass suction 

parameter increases, the wall shear stress for M= 1 increases. There is only one 

solution for M > 1, say, the positive sign branch, but there is a solution for both mass 

suction and mass injection s   , that also shows that with the mass suction 

parameter, the wall shear stress increases. 
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Numerically and Analytical Analysis of MHD boundary 

layer flow and heat transfer along an infinite porous hot 

horizontal continuous moving plate 

We concerned the two-dimensional magnetohyderodynamics (MHD) coupled 

boundary layer flow and heat transfer to wards infinity porous hot horizontal 

continuous moving plat [25]. The flow of an electrically conducting fluid past a 

continuous moving surface in a tranquil fluid has overflowing applications in many 

engineering processes, for example, material produced by artificial fibers, polymer 

expulsion, hot rolling, glass fiber, wire turning, metal turning and expulsion, cooling of 

metal sheet, so forth. More over the importance is the porous media system [25]. A 

study of the flow field and the heat transfer can be of necessary advantage from the 

quality of the final product [52]. 

6.1. Mathematical Formulation 

Assume that two dimensional coupled boundary layer flows and heat transfer of a 

viscous conductivity of incompressible electrical fluid towards an infinity hot 

continuous moving plate the presence of constant section at the surface, the free stream 

constant U and heat generation. Let us neglect Hall-Effect and the external fluid 

owing polarization of charge.  The plate is moving in flow direction with velocity wU

and temperature is constant, where the flow is to wards x-axis and y-axis is 

perpendicular to it. The transversal axis is magnetic field 0B .  

The usual boundary layer approximations and the governing equations are: 

 0 00 constant , 0
v

v v v
y


    

                               

(5.14) 

2
2

0 2 e o

u u
v B u

y y
  
  
   

                                                    

(5.15) 

 
22

0 2P

T T u
C v k Q T T

y y y
  

     
       

                             

(5.16) 

The problem appropriate boundary conditions are given by: 
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00 : , ,

: ,

w wy u v v T T

y u T T 
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  

U

U
                                         

(5.17) 

Analysis 

The energy and momentum equations can be change into the corresponding ordinary 

differential equation by using non-dimensional parameters:  

 

2 2

0

2

0

* , , , ,

,

W

p

w

w

v Qv
y y Ec S

v C T T kv

T T u
u

T T







 

 

   



 



UU

U

U
                     

(5.18) 

The transformed ordinary differential equations are: 

'' 'u u Mu                                                                      (5.19) 

 
2

'' Pr ' Pr 'S Ec u     
                                              

(5.20) 

The transformed boundary conditions are: 

       0 , 0 1 1, 0.u and u                                  (5.21) 

Where the differentiation with respect to y, the Prandtl number is Pr pc k , The 

dimensionless magnetic parameter is 
2 2

0 0eM B v   , the Eckert number is 

2

0 ( )pEc C T T U and the heat sink  0s  or source  0s  is 
2 2

0S Qv kv .  

To solve the above equation (1) and (2) subject to the boundary condition (3), we have 

the analytic solution: 

  1 2

1 2

n y n yu y A e A e 
                                                   

(5.22) 

  31 2 1 2 42 2 ( )

3 4 5 6 7

n yn y n y n n y n yy A e A e A e A e A e 
     

                 

(5.23) 

Nusselt number and Skin friction 

The velocity and temperature fields we can obtain the dimensionless Nusselt number 

Nu and Skin friction Sk, which are given by: 



 

 Chapter 6 : Numerically and Analytical Analysis of MHD boundary layer flow and heat transfer along an 

infinite porous hot horizontal continuous moving plate 

 

 

Application of Shooting Method and Nonlinear Dynamical Techniques to Coupled BVPs                  71 
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u
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(5.24)
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(5.25)

 Where the constants 
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(5.27) 

 

The analytical and numerical solutions results are presented below. 
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6.2.  Results and Discussion  

To discuss the effect of various parameters on the velocity field, thermal boundary 

layer, shearing stress, and coefficient of rate of heat on the wall, the numerical 

computation of the solution obtained in the preceding section was carried out and they 

are represented in the following figures.  

 

Figure 29: Effect of  on the velocity profile for M = 0, Ec = 0.01, Pr = 1 and S = 

0.1. 

As Figure 31, shows the effect of plate velocity  on velocity profile for a fixed values 

of magnetic parameter is zero, prandtl number is one and Eckert number is 0.01. From 

this figure we observe that the plate velocity is increases as also the velocity is 

increases.  

The plate velocity is less than free stream velocity for 0 1  , the velocity is concave 

down and when  >1 that is the plate velocity is greater than free stream velocity, the 

velocity is concave up [25]. 
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Figure 30: Effect of M on the velocity profile for 0   , Ec = 0.01, Pr = 1 and S = 

0.1. 

From Figure 32, shows the effect of magnetic parameter M on the velocity profile for 

the plate velocity 0  and the Eckert number, Prandtl number and the source or sink 

values are fixed. Then the magnetic parameter M increases the velocity decreases.  

We observe the application of Lorenz force. That is the electrical conductivity flow 

gives rise for the transverse magnetic field that is a resistance type force. The boundary 

layer was the slowdown motion of the fluid by this force.    
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Figure 31: Effect of M on the temperature profile for   = 0.5, Ec = 0.01, Pr = 1 

and S = 0.2. 

From figure 33, shows the effect of magnetic parameter M on the velocity profile for 

the plate velocity  and the Eckert number, Prandtl number and the source or sink 

values are fixed. It shows the magnetic parameter has no effect on temperature. 

As figure 34, the effect of Prandtl number on the velocity profile for a fixed value of 

plate velocity , the Eckert number, the heat source or sink and the magnetic 

parameter. We observe that the prandtl number increases with in the temperature 

profile decreases. 
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Figure 32: Effect of the prandtl number (Pr) on the temperature profile for 

 0.5,  Ec  0.01,  S  0.1 and M  1.      

The viscous boundary layer is thicker than the thermal boundary layer, implying that 

the viscous boundary layer is thicker. Large Prandtl numbers result in thinning of the 

thermal boundary layer, as can be seen in this graph. Since temperature reaches zero 

asymptotically regardless of velocity in this case, there is no effect of Pr on the 

velocity field. 

 

Figure 33: Effect of Eckert number on the temperature profile for fixed values of 

   0.5,  S  0.1,  Pr  1 and M  1.      
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As figure 35, the effect of Eckert number (Ec) on the temperature profile for different 

fixed values. From this figure we observe the effect of Eckert number (Ec)  increases 

the Eckert number to enhance the temperature at a point. By physical meaning, the heat 

energy is stored in the field due to the frictional heating. [25] 

 

Figure 34: Effect of heat source/sink (S) parameter on the temperature profile for 

   0,  Ec  0.01,  Pr  1 and M  1.      

As figure 36, the effect of heat source/sink parameter for a fixed value of plate velocity

 , the Eckert number, the prandtl number and the magnetic parameter. Then we 

observe the temperature is increase as the effect increases. This implies that, the effect 

of heat source/sink and the temperature are directly proportional.  
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Figure 35: The Numerical and analytical solution of temperature profile  

As figure 37, the numerical and the analytical solution of the temperature profile of 

above equation (5.20) and(5.23). From this plot we observe the numerical and that 

analytical solution are closed.   

We have the numerical and the analytical solution so, to mesure the absolute error 

between the numerical and the analytical solution of the velocity profile for effect of 

magnetic parameter (M). 

The following figures are the error analysis for two dimensions and three dimensions 

plots.  
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 Figure 36: The absolute error of temperature profile for Effect of magnetic 

parameter (M) on the velocity profile for   0,  Ec  0.01,  Pr  1 and S  0.1.      

From figure 38, shows the effect of magnetic parameter M on the velocity profile for 

the plate velocity 0  and the Eckert number, Prandtl number and the source or sink 

values are fixed. Then we observe that the error is decreases to close to zero.  That is 

our computation is good.  

 

Figure 37: The 3D plot of analytic solution of velocity profile. 
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As figure 39, shows the effect of plate velocity  on velocity profile for a fixed values 

of magnetic parameter is zero, prandtl number is one and Eckert number is 0.01. From 

this tree dimensional figure we observe that the plate velocity is increases as also the 

velocity is increases.  

 

Figure 38: 3D plot of the absolute error of the numerical and analytic solution of 

temperature profile  

From this three dimensional figure 40, the effect of the plate velocity profile  for a 

fixed value of the Eckert number, the Prandtl number, the heat source or sink and the 

magnetic parameter. We observe that the absolute error of the numerical and the 

analytic solution are decreases. 
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Figure 39: 3D plot for analytic solution of temperature profile  

As shown figur 41, the effect of the plate velocity  for a fixed value of the Eckert 

number, the Prandtl number, the heat source or sink and the magnetic parameter. This 

plot shows the plate velocity profile decreases with in the temperature profile also 

increases.  

As shown figur 42, the absolute errror of the effect of the plate velocity  for a fixed 

value of the Eckert number, the Prandtl number, the heat source or sink and the 

magnetic parameter. This plot shows that the absolute error is close to zero 
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Figure 40: 3D plot for Absolute error for temperature profile 

Generally, the Magnitohydrodynamic boundary layer flow and heat transfer over an 

infinite porous hot horizontal continuous moving plate have been mathematically 

modeled. Using similarity transformations, the governing ordinary differential 

equations are translated into ordinary differential equations. The impact of several 

parameters that govern the velocity and temperature profiles is graphically depicted 

and discussed. Parameters' effects on dimensionless velocity and temperature profiles 

were investigated.  

Generally the major physical findings of the study are; the velocity profile in the flow 

region decreases as the magnetic parameters increase. As a result, we can infer that by 

applying a magnetic field, we can regulate the velocity field and temperature. The 

main velocity profiles is concave down for 0 1  and is concave up for 1  .  The 

Prandtl number has a significant impact on the boundary layer. The Prandtl number 

has the effect of reducing the thickness of the thermal boundary layer. The Eckert 

number has an important impact on the growth of the boundary layer. The heat 

source/sink parameter increases the thickness of the thermal boundary layer.  
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MHD Mixed Convection Flow and Entropy Generation over 

an Inclined Stretching Sheet  

Magnetohydrodynamic (MHD) boundary layer flow over an extending surface has 

imperative significance in light of its ever-expanding utilization in modern 

applications, for example, the creation of paper, vdish sets, link coatings, counterfeit 

filaments, metal turning, material shingles, manufacture of glue tapes, and metallic 

plates to make reference to a couple among others [53].  

The flow behavior that is find the velocity profile and temperature distribution (first 

law investigation) in the boundary layer district was comprehend. In addition, to 

comprehend the vitality misfortunes during the boundary layer flow, it bodes well to 

play out a second law investigation. The misfortunes of vitality in the framework 

during the cycle are corresponding to the entropy age. Entropy creation is the 

proportion of irreversibility in the heat transfer issues. The investigation of entropy 

age inside the framework is significant as it assists with following the sources which 

demolish accessible energy [53]. Accordingly knowing these elements or sources one 

can minimize the entropy so as to hold the nature of energy [54], which is normally 

referred to as entropy generation minimization. At present the exploration subject of 

entropy generation minimization has gained unique status among researchers overall 

who are rethinking all energy expending, changing over and delivering frameworks 

and growing new methods so as to eliminate all sources that destroy the accessible 

work.   

Regardless of the numerous investigations on the second law examination of boundary 

layer flows, the entropy age examination of a boundary layer flow over an inclined 

impermeable extending sheet under the impacts of attractive field and viscous dispersal 

has not been accounted for in the writing. Propelled by the previously mentioned 

realities, the current exploration has been embraced to play out an irreversibility 

investigation of MHD mixed convection flow over an inclined stretching sheet. 

 



 

 Chapter 7 : MHD Mixed Convection Flow and Entropy Generation over an Inclined Stretching Sheet 

 

 

Application of Shooting Method and Nonlinear Dynamical Techniques to Coupled BVPs                  83 

 

7.1.  Mathematical Formulation 

Consider the steady two dimensional boundary layer flow induced by the inclined 

stretching sheet having the linear velocity  wu x cx . A magnetic field 0B is applied 

normally to the stretching sheet. For boundary layer flow the continuity, momentum 

and energy equations take the following forms: 

0,
u

x y

 
 

                     

                                         (6.1) 
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  
    
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          (6.2) 
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    
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                                      

       (6.3) 

In the above equation, andu   represent velocity components in the directions of the 

andx y axes, T  shows the free stream temperature, g denotes gravitational 

acceleration, 
* is the thermal diffusivity,  is the density of the fluid,  is the 

kinematic viscosity of the fluid, 0B depicts the imposed magnetic field, 
pC represents 

the specific heat of the fluid at constant pressure,  is the inclination of the stretching 

sheet and  represents the thermal coefficient. Hear we consider the thermal expansion 

coefficient 
1mx  and the surface temperature of the stretching sheet of the form 

  2

wT x T ax  in order to have a self-similarity equation. 

The relevant boundary conditions are: 

2( ) , 0, ( ) at 0w wu u x cx T T x T ax y       
                     

      (6.4.a) 

0, 0 asu T y                                                     (6.4.b) 

In which andw wT u respectively represent the temperature and velocity of the stretching 

boundary.  We look for a solution through the following transformation: 

, ', ,
w

T Tc
y u cxf cv f

v T T
   




    

                             

    (6.5) 

Incompressibility condition (6.1) is now automatically satisfied, whereas the other 

equations lead to the following expressions: 
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2 2''' '' ' ' 0f ff f Cos M f                                           (6.6) 

           21
'' ' 2 ' '' 0

Pr
f f Ecf     

                                
          (6.7) 

The dimensionless numbers appearing in Equations(6.6)  and (6.7) are 

 
2

0M B c       (magnetic parameter) 

  2 2 2Re ,x w wGr g T T u mga c        (thermal connective parameter) 

*Pr ,v     (Prandtl number),   2 2 ,w P w PEc u C T T c C a   (Eckert number). 

While the boundary conditions,  Equations (4)  and (5) take the following form: 

(0) 0, '(0) 1, (0) 1f f   
                                               (6.8.a) 

 '( ) 0, ( ) 0 asf      
                                          (6.8.b) 

The skin friction coefficient 
fC and the Nusselt number xNu  which defined as: 
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Where w is the shear stress and wq is the heat flux and k is the thermal conductivity. 

Using variables (6.5), we obtain: 

   1/2 1/2Re '' 0 , Re ' 0x f x xC f Nu   
                           

  (6.10) 

Irreversibility Analysis  

In the presence magnetic field, the entropy generation rate per unit volume is given by: 

     
2'''

2

1
gen

k
S T J QV E V B

T T T


         

                     
        (6.11) 

In the above equation   represents the viscous dissipation function, J is the current 

density and i j k
x y z

  
   

  
is the Del operator. In the present article it is 

supposed that the magnitude of  QV is negligible compared to the electric current 

density J and the electric force E  has no significant effects as compared to the 
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magnetic force .V B  By taking these approximations and the Prandtl boundary layer  

approximation as well Equation (14) reduces to: 

 
2 2

''' 2 2

02

1
gen

k T u
S B u

T y T y T




    
     

                                

     (6.12) 

It is clearly seen from the above equation that there are three sources of entropy 

generation. The first source is the heat transfer which is due the presence of a 

temperature gradient in the problem, the second source is the viscous dissipation, 

which is due to the fluid friction, and the last source is the magnetic field which causes 

Joule dissipation irreversibility. The entropy generation number is the dimensionless 

form of volumetric entropy generation rate  '''

genS and characteristic entropy generation 

 '''

0 .S  Using Equation (6.5) the entropy generation given in the Equation (6.13) 

reduces to: 

     
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
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      (6.13) 

Where '''

0 and wS kc T T T      represent the characteristic entropy generation 

and dimensionless temperature parameter, respectively. 

In many engineering problems engineers need to measure the relative importance of 

the source of entropy generation, and for this important measurement the Bejan 

number is defined as: 
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By using similarity variable Be takes the following form: 
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2

2 2

'

Pr ' Pr ''
Be

MEc f Ec f






 
                                  

       (6.15) 
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7.2.  Results and Discussion 

In this section we present the results. As show Figure 43, the variation of temperature 

with different values of magnetic parameters with fixed value of several parameters.  

Magnetic field parameters influence on fluid temperature. It can be shown that as the 

value of M increases, the temperature rises. Physically, the presence of M creates a 

retarding force (i.e. Lorentz force) that increases fluid friction, which is what causes 

the temperature to rise. 

 

 

Figure 41: Variation of    with different value of magnetic parameter (M) and 

the value of the other constants are 1.2, 1, / 4 and Pr 0.7Ec      . 

From figure 44, the plot of the variation of velocity profile with different values of 

magnetic parameters (M). It shows on the velocity profile, the magnetic field 

parameter m has an effect. It can be shown that as M is increased, the velocity 

decreases. This occurs because the applied transverse magnetic field produces Lorentz 

forces, which cause the fluid velocity to slow down.  
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Figure 42: Variation of  'f  with different value of M and the value of the other 

constants are 1.2, 1, / 4 and Pr 0.7Ec      . 

 

We summarized, the short summary of the study are; the velocity magnetic parameter 

M appears to have a decreasing effect on velocity, while the thermal convective 

parameter  appears to have an increasing effect. As the magnetic parameter and 

Eckert number increase, the thickness of the thermal boundary layer increases, while 

the variation of the thermal convective parameter and Prandtl number has a decreasing 

effect. Increasing the magnetic parameter and Eckert number, increases entropy 

generation, while increasing the thermal convective parameter and dimensionless 

temperature function decreases entropy generation. 
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Summary, Conclusion and Further Research 

This chapter presents the summary, conclusion of the thesis and recommendations for 

further research.  

8.1. Summary 

The main objective of this thesis is a dynamical and numerical study of non-linear 

dynamics system of coupled boundary value problems for fluid mechanics and heat 

transfer. Our approach fully shooting-secant method is chosen for finding the 

numerical solutions of nonlinear dynamical coupled boundary value problems subject 

to specified boundary conditions. And using an eigenvalue and phase plane analysis 

was used for dynamical analysis of a heat transfer equations. 

The thesis result, the numerical solutions and dynamical analysis of a heat transfer 

Equations, the analysis is improved upon and also the behavior, particularly the tip of 

the fin, more meticulously investigated and documented. This dynamical analysis also 

functions as a method of investigating the effect of the thermo-geometric parameter. 

To investigated the numerical solution of boundary layer viscous flow over a wage by 

Falkner-Skan equations. The numerical solutions of boundary layer viscous flow over 

a wage by Falkner-Skan equation subject to specified initial and boundary conditions. 

The Runge-Kutta fourth order method used for the initial values problems arise during 

shooting. Finally, this thesis is successfully computing several cases of the Falkner-

Skan equation. And also this problem was solved for compared with nanofluid and 

Newtonian fluid. Moreover the problem of required convection boundary layer flow 

close the stagnation point on a porous stretching/shrinking surface in a nanofluid is 

considered in theory.  

On the other hand our aim was to find the numerical solution for the effect of velocity 

slip problems. Shooting-secant method is implemented to determine numerically the 

velocity slip parameter on boundary layer fallow with Falkner-Skan equation. Finally, 

which shows the increase of the slip parameter with the velocity increases, the 

numerical results of the ordinary differential equation are obtained.  
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In addition, we aimed to study to investigate the numerical solutions of MHD viscous 

problems. To find the numerical solutions of MHD viscous flow over a shrinking 

sheet we observed the different parameters effects are visible. Such as the Prandtl 

number has a significant impact on the boundary layer. The Prandtl number has the 

effect of reducing the thickness of the thermal boundary layer. The Eckert number has 

an important impact on the growth of the boundary layer. The heat source/sink 

parameter increases the thickness of the thermal boundary layer.  Based on this we 

draw the following conclusion. 

8.2. Conclusion 

This thesis is a dynamical and numerical study of non-linear dynamics system of 

coupled boundary value problems for fluid mechanics and heat transfer.  In this study, 

a simple and a powerful approximate method of a solution the Shooting-secant method 

is used for all the above mentioned seven problems and also used for chapter 2 a 

dynamical analysis.  

In chapter 2, we investigated the solution of the energy balance for a longitudinal fin is 

given by an ordinary differential equation numerically by using fully shooting-secant 

method. We observed the solution of the numerical solution was accurate and 

generates numerical solutions that are stable and physically reasonable. In addition, the 

dynamics of the steady state of the equation with respect to the parameters was 

investigated with the use of phase plane analysis. During this work, the analysis in is 

improved upon and also the behavior, particularly the tip of the fin, more accurately 

investigated and documented. This dynamical analysis also functions as a method of 

investigating the effect of the thermo-geometric parameter. 

We were studied, in chapter 3, a numerical solution of the Falkner-Skan boundary 

layer viscous flow over a wedge. First we were defining the Falkner-Skan equation, 

originally derived. Falkner and Skan (1931), is of central importance to the fluid 

mechanics of wall-bounded viscous flows. It is derived from the two-dimensional 

incompressible  Navier-Stokes  equations  for  a  one-sided  bounded flow using a 

similarity analysis and its solution describes the form of an external laminar 

boundary layer  in  the  presence  of  an  adverse  or  favorable  stream wise pressure  

gradient.  Although the apparent simplicity of the Falkner- Skan equation (a one-
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dimensional ordinary differential equation) solving it accurately can be fraught with 

difficulty; these problems mainly stem from its non-linearity and third-degree order. 

The boundary layer theory unmistakably explains the consistent state flow more than a 

level plate at zero event point which is perceived as Blasius flow.  

Then we found a numerical solution of the Falkner-Skan boundary layer viscous flow 

over a wedge was investigated including a nonslip and slip boundary condition. This 

problem was solved for compared with nanofluid and Newtonian fluid. Moreover the 

problem of required convection boundary layer flow close the stagnation point on a 

porous stretching/shrinking surface in a nanofluid is considered in theory.  

In chapter 4, the effect of velocity slip parameter on boundary layer flow over a static 

wedge. The problem of the Falkner-Skan boundary layer flow past a wedge 

considering the velocity slips condition. For this work we compared the result with the 

previous work Yacob’s and Muatazz Abdolhadi Bashir papers. We observed the 

solution of the numerical solution was accurate. We found the effect of the velocity 

slip for an ordinary differential equation on the Falkner-Skan boundary layer flow past 

a wedge has transformed. And also we observed when the slip parameter is increase 

the velocity also increase.  

In Chapter 5, the magnetohydrodynamics viscous flow over a shrinking sheet for a 

closed form exact solution.  The flow of magnetohaydrodynamics(MHD) over a 

shrinking sheet often varies significantly from the flow of MHD over a stretching sheet 

for Newtonian and non-Newtonian fluids. The we observed The opposite value sign of 

the exact solution occurs only for mass suction, which implies that, s is positive. And 

also as the mass suction parameter increases, the wall shear stress for M= 1 increases. 

There is only one solution for M > 1, say, the positive sign branch, but there is a 

solution for both mass suction and mass injection s   , that also shows that with 

the mass suction parameter, the wall shear stress increases. 

In chapter 6, we concerned the two-dimensional magnitohydrodynamics(MHD) of the 

numerical and analytic solution boundary layer flow and heat transfer along an infinity 

porous hot horizontal continuous moving plate.   The impact of several parameters that 

govern the velocity and temperature profiles is graphically depicted and discussed.  

From this work, we observed the major physical findings of the study are; the velocity 

profile in the flow region decreases as the magnetic parameters increase. As a result, 
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we can infer that by applying a magnetic field, we can regulate the velocity field and 

temperature. The main velocity profiles are concave down for 0 1  and are 

concave up for 1  .  The Prandtl number has a significant impact on the boundary 

layer. The Prandtl number has the effect of reducing the thickness of the thermal 

boundary layer. The Eckert number has an important impact on the growth of the 

boundary layer. The heat source/sink parameter increases the thickness of the thermal 

boundary layer. 

Finally in chapter 7, magnitohydrodynamics(MHD) convectional flow and entropy 

generation over an inclined stretching sheet. We observed the velocity magnetic 

parameter M appears to have a decreasing effect on velocity, while the thermal 

convective parameter  appears to have an increasing effect. As the magnetic 

parameter and Eckert number increase, the thickness of the thermal boundary layer 

increases, while the variation of the thermal convective parameter and Prandtl number 

has a decreasing effect. Increasing the magnetic parameter and Eckert number, 

increases entropy generation, while increasing the thermal convective parameter and 

dimensionless temperature function decreases entropy generation. 

To conclude the highlights of this study, we observed Shooting-secant method is the 

powerful approximate method for a numerical study of non-linear dynamics system of 

coupled boundary value problems for mechanics. And also observed very small 

number difference of one of the parameters affects the systems.   

8.3.  Further Research 

Within this section, we shall state the future areas of research in bullet point form. For 

boundary value problems of Non-linear dynamics system for application of mechanics, 

study another method such as:   

 The finite element and Galerkin methods: boundary conditions for nonlinear 

boundary value problems included for future studies and research. 

 For further study including least square, Rayleigh Ritz, moment weighted 

residual methods 
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