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Abstract

Metamaterials are artificially engineered composites that exhibit superior properties
not observed in nature or in the constituent materials. Because of the sub-wavelength
periodicity of their constituent materials, metamaterials appear as homogeneous en-
tity to an incident wave and can be described by effective parameters, such as electric
and magnetic material properties, that are controlled by the unit cells geometry and
the type of its constituent parts. These controllable material properties, in turn,
makes structured metamaterials (SMMs) more interesting for diverse potential de-
vice applications. Consequently, it is of vital importance to investigate the responses
of SMMs to electromagnetic waves (EMWs).

In this dissertation, the dispersion properties of SMMs consisting of strips of a
copper wire (electron subsystem) and square copper split-ring-resonators (magnetic
subsystem) with different and coinciding resonant frequencies are studied. In a narrow
frequency band above the resonant frequency of the electron subsystem, the struc-
tured metamaterial is described by a negative refractive index. In addition to this,
there are some peculiar properties observed in these metamaterials. Among these
properties is the nonanalytic behavior of the real part of the refractive index as a
function of the frequency with a discontinuity of its derivative in the metamaterial
with two resonances. It is also shown that the superluminal, slow, and backward
microwaves can exist in the structured metamaterials. However, in the absence of
gain components, only the slow microwaves can propagate considerably.

In addition, we investigated the propagation of narrow packets of EMWs in fre-

quency dispersive medium with the consideration of the complex refractive index. It

Xiv



XV

is shown that taking into account of the dispersion of the complex refractive index
within the context of the conventional expression of the group velocity of narrow wave
packets of EMWSs propagating in a dispersive medium results in the appearance of
additional constraints on the group velocity, which dictates that the physically ac-
ceptable group velocity can only be realized in the case of a negligible imaginary part
of the group index. The conditions that allow one to realize the physically acceptable
group velocity are formulated and analyzed numerically for the relevant model of the
refractive index of a system of two-level atoms in the optical frequency range. It is
shown that in the frequency band where superluminal light propagation is expected,
there is a strong dispersion of the refractive index that is accompanied with strong

absorption, resulting in a strongly attenuated superluminal light.
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Introduction

Materials that are artificially fabricated to have the desired material properties that
do not exist in nature are referred to as metamaterials. The word was first introduced
by R.M. Walser [1] in which he defined metamaterials as “macroscopic composites
having a man-made, three dimensional, periodic cellular architecture designed to
produce an optimized combination, not available in nature, of two or more responses
to a specific excitation.” Nowadays, the term metamaterial refers to macroscopic
as well as microscopic engineered composite “that exhibits superior properties not
observed in nature or in the constituent materials. The superior properties of a

metamaterial are a result of their engineered constructs” [2].

Structured metamaterials with negative refractive index

The fundamental quantities that are often employed to determine the response of
a medium to electromagnetic fields are the electric permittivity ¢ and the magnetic
permeability p. In 1968, Veselago considered the electrodynamics of materials having
simultaneous negative values of permittivity and permeability, and hence negative
refractive index [3]. He predicted such types of materials possess some peculiar fea-
tures, such as reversed Doppler shift, anomalous refraction, and backward Cerenkov

radiation, and introduced the idea of superlens. He called these media left-handed



media (LHM). Since then, these media are known by several names, such as Veselago
media, negative-refractive-index media, backward wave media, and double-negative
media.

Even though negative refraction received great attention recently, its possibility
has been suggested in some other ways a long time ago. The existence of backward
waves in mechanical systems was suggested by Lamb [4] who identified that for these
waves the phase moves in the direction opposite to the energy flow (group velocity).
Backward waves in electromagnetic systems were first investigated by Schuster [5]
who also predicted on the possibility of having negative refraction. In connection,
Pocklington [6] illustrated that in a specific backward wave medium, a source produces
a wave whose group velocity is directed away from the source, while its phase velocity
moves toward the source.

Despite these, Veselago’s work was largely overlooked over 30 years, mainly, due
to the absence of naturally existing materials with the LHM properties. The diverse
and rapidly growing field of metamaterials research that exists today was born in
1999, when John Pendry et al. [7] suggested the use of split-ring-resonators to create
artificial media with a possibly negative magnetic response. In 2000, Smith et al. [§]
demonstrated metamaterial made of array of metallic wires and split-ring-resonators
which possesses simultaneous negative values of permittivity and permeability. Shelby
et al. [9] constructed a structured metamaterials (SMMs) from square copper split-
ring-resonators and copper wire and verified experimentally the existence of negative
refractive index. Their work was also consolidated by Parazzoli et al. [10] who
reported the results of a Snell’s law experiment on a negative index material in free

space in the frequency range between 12.6 and 13.2 GH z, confirming the possibility



of fabricating materials having negative refractive index.

Motivated by the works of Shelby et al. [8], several researchers made experimental
and theoretical studies and constructed various new LHM samples which show left-
handed material properties [11-18]. Markos et al. [19] have analyzed numerically
the transmission properties of a periodic arrangements of thin metallic wires and
showed that the medium’s effective permittivity depends on the wire radius and on
the conductance of the wires. Other structures proposed to attain negative effective
permittivity include metamaterials made of arrays of metallic wires with square cross-
sections embedded in a dielectric host medium [20] and a canonical structure of the
wire medium [21]. Similarly, the electromagnetic resonances in different structures
of split-ring-resonators (SRRs) as a possible structure possessing negative effective
permeability has been investigated. Gay-Balmaz et al. [22] studied the behavior
of an individual SRR, as well as the coupling and showed that for an individual
SRR both electric and magnetic fields can induce resonances, the magnetic one being
the strongest between several SRRs. Markos et al. [23] have studied transmission
properties of LHMs and SRRs. They found that the LHM transmission peak depends
on the imaginary part of the metallic permittivity ¢,,, the length of the system, and
the size of the unit cell.

Furthermore, Zhou et al. [24] investigated wire-pair structures built from H-
shaped wires as alternatives to conventional SRR-based negative index materials
(NIMs). In the wire-pair arrangement, the conventional SRR is replaced with a pair
of short parallel wires, which provide both negative magnetic and electric response;

avoiding the conventional continuous wires structure. They measured experimentally



both the transmittance and the reflectance properties and found that a negative re-
fractive index with n; < 0 and ny > 0, where n; and ns are real and imaginary parts
of the refractive index, respectively.

After the initial groundbreaking work on negative index metamaterials, it was soon
realized that the potential applications of metamaterials is much broader. Because
of the opportunity to precisely control electric and magnetic material properties, the
new research area of transformation optics emerged. Its most notable application is
the design of invisibility cloaks, which guide electromagnetic waves around a hidden
object and have already been demonstrated in the microwave and optical parts of
the spectrum. On the other hand, the study of 3D-chiral metamaterials has led to
the observation of giant optical activity and the discovery of a new class of negative
index metamaterials [25].

Because of the sub-wavelength periodicity of their constituent materials, meta-
materials do not diffract [25]. Consequently, they appear as homogeneous entity to
an incident wave and can be described by effective parameters that are controlled
by the unit cell’s geometry and the type of its constituent parts. In particular, neg-
ative index metamaterials provide the opportunity to precisely control the electric
and magnetic material properties which makes these materials interesting for diverse
potential device applications. Hence, it is of vital importance studying in detail the

responses of these materials to EMWs.

Superluminal, backward, and slow propagation

The study of superluminal, backward, and slow narrow packets of light waves propa-

gating in different media in the frequency range of strong dispersion of the refractive



index have had a long history [26]. It is well known that Einstein’s 1905 special theory
of relativity is based on the assumption that ”the speed of a material object cannot
exceed the speed of light ¢ in vacuum”. Shortly afterwards, Sommerfeld [26] criti-
cized Einstein’s assertion by arguing that the phase and group velocities of EMWs
can become superluminal, as that is observed inside a dielectric medium. Sommerfeld
pointed out that while it is true that both the phase and the group velocities in media
can exceed ¢, the front velocity, defined as the velocity of a discontinuous jump in the
initial wave amplitude from zero to a definite value, cannot exceed c. In subsequent
work, Sommerfeld and Brillouin [26] showed that the “front” is accompanied by two
kinds of “precursors”, namely, the “high-frequency” and “low-frequency” precursors.
These precursors are weak ringing waveforms that follow the abrupt onset of the front,
but they precede the gradual onset of the strong main signal.

Currently, the question on the existence, physical meanings, and potential conse-
quences of such waves has become a hot research topic and sometimes controversial.
In this respect, there are two groups of researchers: those who support the existence
of superluminal electromagnetic waves [27] and those who reject such reports [28]. In
1970 it was reported in Ref. [29] that Gaussian packets of electromagnetic waves can
travel in dispersive media with group velocity exceeding the velocity of light in vacuum
with no restrictions what so ever. Recently, the topic has been discussed theoretically
in many papers again and even some have reported on the experimental realization of
such waves in strongly dispersive media [27-37]. Garret and McCumber [29] examined
the propagation of Gaussian light pulse in a medium having a positive or negative

absorption line and showed that pulse remained substantially Gaussian unchanged in



width for many exponential absorption depths, and that the locus of instants of max-
imum amplitude follows classical expression for the group velocity which is greater
than the velocity of light, or negative. The predictions of Garret and McCumber were
tested experimentally by Chu and Wong [33]. The next theoretical advance in the
theory of superluminal propagation was made by Chiao [38], who studied theoretically
the propagation of limited-bandwidth signals in an inverted two-level atomic medium
and predicted that the velocity of the signals can be superluminal, without violating
the causality principle. Later, his predictions were tested experimentally using various
experimental techniques, such as electromagnetically induced transparency for gain
media [27, 34, 39] and coherent population oscillations [35, 39, 40, 41] demonstrating
slow as well as fast propagations, with no violation of the principle of relativity.
Despite the many theoretical and experimental reports on superluminal wave prop-
agation, others doubt the credibility of such reports on grounds that it contradicts
the special theory of relativity and consequently the so-called superluminal light has
no physical meaning [28]. Chen et al. [42] considered Gaussian pulse propagation
constructed from many monochromatic modes with different phase velocities and ob-
tained a group velocity that becomes superluminal and even negative. However, he
argued that the observed ‘superluminal’ effect is due to a coherent optical wave su-
perposition effect, so that whatever the velocity of the ‘pick’, the whole pulse cannot
travel with a speed greater than the fastest phase velocity of its component modes.
Thus, concluded that ”the maximum speed for information transfer, which involves
the sending of finite pulse, cannot be greater than the maximum phase velocity in
the medium”. Zhang [43] using the contour integral techniques proved that relativity

forbids superluminal wave propagation. Tanka et al. [44] experimentally obtained



negative group velocity as well as pulse velocity (group velocity) that can exceed the
speed of light in vacuum in Rb vapor. Moreover, they showed that at the frequency
band where this velocity is attained the intensity of the transmitted pulse is reduced
by strong dispersion and consequently concluded that the observed velocity is not the
velocity of energy flow, i.e., group velocity.

Similarly, it is reported that electromagnetic wave packet may travel at a superlu-
minal velocity as well as negative group velocity. However, the information carried by
them is not superluminally transmitted and the information velocity carried by the
wave front is still positive [45]. In a recent study, Dexin et al. observed strongly dis-
torted discrete half-sine packets with a non-superluminal wave front [46]. This finding
agrees with Brillouin’s assertion that “the severe distortion of seemingly superluminal
wave packets makes the definition of group velocity physically meaningless in the
anomalously dispersive region”.

The interesting topic that needs further investigation concerns the superluminal
light with group velocity V, exceeding the speed of light in vacuum. Such a value
of V, is commonly obtained with the help of the conventional formula that does not

take into account the dispersion of the imaginary part of the refractive index.

Structure of the dissertation

In this dissertation, we take into account [9] the dispersion of the refractive index
and the group velocity of microwaves in left handed metamaterial fabricated for the
verification of negative refraction to investigate the frequency range in which this
material supports slow, backward and superluminal propagation. We also investigate

the propagation of light in an assembly of two level atoms. Accordingly, it is organized



in six chapters:

In Chapter 1, a theoretical review of wave propagation in a medium is presented.
Maxwell’s equations, the electromagnetic constitutive relations, the permittivity, the
permeability, the dispersion relation for isotropic media, the Poynting vector, the
group and phase velocities are introduced. In addition, wave propagation in dispersive
and nondispersive media, the concepts of superluminal, slow and backward waves as
well as the conditions under which these wave are realized are discussed.

Chapter 2 focuses on the theory and various material parameters of structured
metamaterials and their potential applications as LHM is explored. In particular, em-
ploying Maxwell’s equation the propagation of electromagnetic waves in left-handed
media, the consequences of having negative refractive index, and the dispersive and
dissipative nature of LHM media are explored. Moreover, the effective permittivity
and permeability of a structured metamaterial that consists of array of long metallic
strips and split-ring-resonators is introduced.

The interaction of a classical monochromatic light field with a two-level atom
is reviewed in Chapter 3. Using semiclassical approach, the density matrix for a
model of two-level atom and its time evolution are derived. Furthermore, the steady
state solutions of the density matrix equation is applied to calculate the electric
susceptibility of a system of closed two-level atom.

In Chapter 4, we studied the propagation of electromagnetic waves in a structured
metamaterial (SMM) that consists of square split ring resonators and array of long
metallic wires (ALMWSs) made of copper. Using the effective permittivity and perme-
ability proposed by Pendry et al. the refractive index is analyzed and the frequency

domain where the SMM behaves as negative refractive index medium is identified.



Further, the analysis of group velocity, group index, superluminal, slow, and back-
ward waves propagating in the structured metamaterial is carried out. Moreover, it
is shown that by appropriately tuning the parameters of the electric (ALMWSs) and
magnetic subsystems (SRRs), the propagation of EMWSs in the SMM with coinciding
frequencies of the electron and magnetic subsystems are discussed.

In Chapter 5, we presented the evolutions of narrow Gaussian packets of electro-
magnetic waves in a frequency dispersive media taking in to account the dispersion of
the imaginary part of the refractive index and the conditions under which the physi-
cally consistent group velocity can be realized are obtained. Moreover, the frequency
bands where the physically acceptable group velocity of light is realized is determined
by introducing the relevant refractive index of an assembly of two-level atoms.

Chapter 6, summarizes the results of our findings in this dissertation.



Chapter 1

Electromagnetic Waves in a
Medium

1.1 Introduction

Electromagnetic waves can propagate in most material media and vacuum. Material
media include both natural and artificial materials. The propagation of electromag-
netic waves (EMWs) is governed by Maxwell’s equations and the constitutive rela-
tions. Practically, all material media are dissipative and possess the most diverse
values of permittivity (¢) and permeability () [47]. To describe the interaction of
electromagnetic waves with many natural and artificial materials, it is sufficient to as-
sign a complex permittivity and permeability [26, 47]. These parameters characterize
the macroscopic polarization and magnetization responses in a material.

In this chapter we consider concepts related to the propagation of electromagnetic
waves in media. In section 1.2, Maxwell’s equations in matter in their differential
forms along with the constitutive relations are introduced. In Section 1.3, the permit-
tivity and permeability, and their relations with electric and magnetic susceptibilities

respectively are explained. The wave equation for the electric and magnetic fields and

10
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the dispersion relation for linear, isotropic materials is discussed in Section 1.4. The
phase velocity, group velocity, and the complex group refractive index are defined in
Section 1.5. In Section 1.6, a detailed analysis of the propagation electromagnetic
wave packets in dispersive as well as nondispersive media is presented. Section 1.7
discusses the relation ship between Poynting vector and intensity, and using this re-
lationship the coefficient of absorption is derived. In Section 1.8, we introduce the
concepts of superluminal, backward, and slow EMWSs observed in various systems
and discuss the conditions under which these waves are realized. Finally the results

of the chapter are summarized in Section 1.9.

1.2 Maxwell’s equations in matter

The properties of electromagnetic waves in a material medium can be described by

Maxwell’s equations. These are

V- D = 4rpy, (1.2.1)
V-B=0, (1.2.2)
V xE = —%%—f, (1.2.3)
and )
V x H= 4%;} + %%—?, (1.2.4)

where 5, B , E , and H are the electric displacement, magnetic induction, electric field,
and magnetic field vectors, whereas p; and ;f are the free charge and free current

densities, respectively.
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In order to allow calculation of electromagnetic processes in the presence of a
material medium, Maxwell’s equations must be supplemented by the electromagnetic
constitutive relations defined by

D =¢E, (1.2.5)

and

B =puH, (1.2.6)

where € and p are the permittivity and permeability of the medium. The constitutive
relations describe the electromagnetic properties of the medium and have a definite
form for a specific medium. The set of field equations (1.2.1-1.2.4) and the consti-
tutive relations (1.2.5) and (1.2.6) forms the complete system of equations, for the

description of any properties of EM wave propagation in matter.

1.3 Polarization and Magnetization

When electromagnetic waves propagate through a material system, as opposed to
free-space, there is an interaction that occurs at the atomic or molecular level which
uniquely modifies the wave propagation. The electric and magnetic fields of the
waves cause a deformation of the microscopic electric charge distribution of the sys-
tem’s atoms or molecules. This deformation of the charge distribution causes the
constituent particles of the system to behave as microscopic dipoles, which tend to
align themselves with the propagating electric and magnetic fields. These dipoles are
driven to oscillate at the frequency of the incident electromagnetic waves, which then

radiate their own wave fronts at this frequency. Thus the resulting macroscopic wave
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observed in the material is a linear superposition of the primary incident electromag-
netic waves and the secondary dipole radiated waves, that oscillates at the incident
frequency.

Quantitatively, the interaction of the electromagnetic wave’s electromagnetic fields
with the material that induces and aligns dipoles is described by the polarizing effect
in the medium. The collective behavior of the particles is macroscopically described
by the (electric) polarization, ]3, and magnetization, M , which are the electric and
magnetic dipole moments per unit volume of the bulk material. Below, we derive

equations for the permittivity and permeability of materials.

1.3.1 Permittivity

When an insulator is placed in an electric field, the bound charges in it rearrange
themselves in such a way that there is a slight separation between the average positions
of the positive and the negative charges. This separation is known as the polarization
of the charge distribution and the materials that acquire polarization are referred as
dielectrics. The effect of the applied electric field on a dielectric material is mainly to
produce dipoles [48, 49].

Consider a dielectric material that is placed in an external electric field and that
the average dipole moment of an atom is p, directed along the field. Then, the dipole
moment per unit volume 13, also known as the polarization, is defined as P = np,
where n is the number of atoms per unit volume. The total charge density p in the
dielectrics can be expressed in terms of the free and the bound charge density as
p=ps+p,=pr—V- P, where py is the free charge density and p, = =V - P is the

bound charge density. Also, the electric field inside the medium satisfies Gauss’ law
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given by

—

V- E =4xn(ps + p,) = 4n(ps — V - P). (1.3.1)

Further, rewriting Eq. (1.3.1), we obtain
V- D = 4mpy, (1.3.2)
where the field term in (1.3.2) is referred as the electric displacement D, defined by
D=EFE +4xP. (1.3.3)

For linear and isotropic dielectrics, the polarization is related to the electric field
by
P = xE, (1.3.4)

where the constant x is called the electric susceptibility. Substituting (1.3.4) into
(1.3.3), we find that
D=c¢E, (1.3.5)

where

e=1+4my. (1.3.6)

Here, € is called the dielectric constant of the material. Both x and € are determined
by the atomic properties of the dielectric.

In an isotropic medium the induced polarization is always parallel to the electric
field, that is independent of the direction along which the field is applied [50]. This
is no longer true in anisotropic media. Since crystals are periodic arrays of atoms
with certain symmetry, the induced polarization depends, both in its magnitude and

direction, on the direction of applied field. In this case the polarization is given by

Pi=> xiE;, (1.3.7)
j
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where x;; with ¢, 7 = 2, y, z is known as the electric susceptibility tensor. We can
also describe the dielectric response of crystals by means of the electric permittivity
tensor, ¢;;, defined by

Di = Z (1 -+ 47TXij)Ej = Zé‘ijEj, (138)
J

J

from which we get the expression to the permittivity tensor to be
£ = €ij = 1+ 47TX,']‘. (139)

In general, the nine components that appear in ¢;; are constants of the medium and
constitute the electric permittivity tensor, given by
€xz Exy Eazz

€ij = | €yx Eyy Eyz |- (1.3.10)

€zx Ezy Ezz

1.3.2 Permeability

In any material medium, all the electrons within the atoms of the material are always
in motion that involves both orbital and spin motion. These circulating charges
constitute currents, which give the atom a magnetic moment generating a magnetic
field surrounding the atom [49]. When the material is placed in a region where an
external magnetic field is present, the atomic magnetic moments realign themselves,
so that the magnetic fields of these moments change the original external magnetic
field.

Suppose an external magnetic field is applied in a material so that the average
magnetic dipole moment of the individual atoms is m. Due to the applied field, these

dipole moments will align along the direction of the magnetic field. The effect of
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the field can be described by the magnetization vector M , i.e., the magnetic dipole
moment per unit volume, of the medium which is defined by M = nm, where n is
the number of atoms per unit volume.

Conveniently, Ampere’s law for the vector B can be written in terms of the free

current ff and the magnetization current Jm as

=4 4 -2 - 4 - —
Vx B = (4 ) = — () + V x M. (1.3.11)

c Cc

where the magnetization current is defined by fm = ¢V x M. Rearranging (1.3.11),

we get
— 47T—,»
VxH=—jy, (1.3.12)
c
where
H=B—4xM, (1.3.13)

Here, H is known as the magnetic field and B is called the magnetic induction vector.
In linear, isotropic magnetic materials, the magnetization is directly proportional

to the H field,
M = xH. (1.3.14)

The constant of proportionality x is called the magnetic susceptibility. Substituting

(1.3.14) into (1.3.13), and rearranging, we get
B = ud, (1.3.15)

where

=1+ 4ry, (1.3.16)

where the constant p is called the magnetic permittivity.
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For paramagnetic and diamagnetic materials, Eq. (1.3.14) is a good approxima-
tion. Paramagnetic materials have x > 0 and p > 1 so that the magnetic field in
it is increased compared with the original field, whereas diamagnetic materials have
x < 0 and g < 1, so the magnetic field in the material is decreased. In the case of
ferromagnetic materials, the linear relation (1.3.14) is not valid. In these materials,
B and M are complicated nonlinear functions of H in which the function B = B(H)
is nonlinear and multiple-valued.

In addition, if the magnetic material is anisotropic, the magnetization M is not
parallel to the applied field H. The magnetic susceptibility in those types of materials

is a second rank tensor, and the corresponding magnetization is given by
M; = xiHj, (1.3.17)
J
where i, 7 = x, y, z. Thus, the magnetic response of these materials can be expressed

by

J

J

where the permeability tensor p;; is defined by

In matrix representation, (1.3.19) takes the form:

Mrax Moy Hzz
Fij = | Hyz Hyy Hyz |- (1.3.20)
Mze  Hzy Hzz
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1.4 The wave equation and dispersion relation

The electromagnetic wave equations can be obtained from the set of equations (1.2.1-
1.2.4). For simplicity, let us consider a linear, homogeneous, and isotropic dielectric

medium under source free condition. For such media Egs. (1.2.1-1.2.4) reduce to

V-D=0, (1.4.1)
V-B=0, (1.4.2)
V x E = —%%—?, (1.4.3)
and B
V x H = %%—f. (1.4.4)

Taking the curl of Egs. (1.4.3) and (1.4.4) and manipulating by using the constitutive

relations (1.2.5) and (1.2.6), and the vector identity

- =

V x (Vxad)=V(V-ad) — V3, (1.4.5)

where @ can be either E or H, we arrive

_ 1 92E
- 1 0°H
V2H = 55 (1.4.7)

Here, v = ¢/ /e = ¢/n is the speed of the wave in the medium. Equations (1.4.6) and
(1.4.7) are the electromagnetic wave equations for the electric and magnetic fields,

respectively. The plane wave solutions for these equations are given by

E(7,t) = Byel®ren), (1.4.8)
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and

—

H(7t) = HyelEr—en, (1.4.9)

where Eo and ﬁo are constant vectors giving the direction and amplitudes of the
fields, k is the wave vector, and w is the angular frequency of the EM field.
Now, if we insert plane waves for each of the fields in (1.4.1-1.4.7) and perform

the vector operations, we obtain

k-D=0, (1.4.10)
k-B=0, (1.4.11)
kxE="8 (1.4.12)
C
and
— — w =
kx H=-2D. (1.4.13)
C

From Eqs. (1.4.10) and (1.4.13), we observe that (i)  is perpendicular to both D
and B, (ii) B is perpendicular to E, and (iii) H is perpendicular to D.
Dispersion relation in isotropic media

Moreover, substituting the pane wave solution (1.4.8) into the wave equation for the

electric field, i.e., Eq. (1.4.6), we find that

w
k* = nQC—Q, (1.4.14)
or
w
k(w) = =n(w), (1.4.15)
c
where n(w) = \/e(w)u(w) is the refractive index of the medium. Equation (1.4.15) is

known as the dispersion relation for a linear and isotropic medium.
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1.5 Phase and group velocities

Among the important parameters that are used to characterize the propagation of
electromagnetic wave in a medium are the phase and group velocities. The phase
velocity is defined by

w c -

by = —k = —Fk 1.5.1
UP k? |n| ) ( i) )

where k = /Z/ k is the unit vector in the direction of the wave vector k and the
dispersion relation k = (w/c)|n|k is used.

The group velocity is defined

duw -
T, = Viw = d—:k (1.5.2)

Using the dispersion relation, Eq. (1.5.2) becomes

7= — . (1.5.3)

n -+ WZ_Z
From (1.5.3) we can observe that the group velocity is positive even if n is negative,
as it is the case for LHM, since k is also negative.

The group velocity can also be written in terms of the phase velocity as

Ug = ——————. 1.54
)= it (154

It is worth noting that in linear, isotropic, and nondispersive media, the group velocity
is equal to the phase velocity.
Group refractive index

The modern way of studying complex group velocity is achieved by using the group

refractive index, which is defined in terms of refractive index and its derivative with
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respect to frequency as

dn
ng = n—l—w@, (1.5.5)

where n = ny +1ins is a complex refractive index and w is the frequency. Accordingly

ng is also a complex quantity having real n, and imaginary ng, parts given by

dm
Ng1 =N + w%, (156)
and
an
Nga = Ng + W (1.5.7)

Group velocity in lossy periodic systems and its relation to pulse propagation have
been discussed several decades ago [26]. In loss-less periodic media, group velocity
is unambiguously related to the time domain pulse velocity [51]. In lossy media,
additional pulse propagation phenomena are observed, including pulse attenuation
and peak reshaping. In general, v,(w) has both real and imaginary parts, as a result of
the change in w due to an infinitesimal change in k along the dispersion relation w(k),
requiring interpretation in terms of the aforementioned pulse propagation effects.

Brillouin [26] and Louden [52] have suggested that in the presence of significant
loss, the connection between group velocity and pulse propagation collapses. In highly
lossy and dispersive media [27, 33] or more recently in metamaterials [53, 54|, dw/dk
(where k is real) often predicts a superluminal pulse, leading to the apparent violation
of relativity and causality.

However, the complex quantity dw/dk remains related to pulse propagation. Gar-
rett and McCumber [29] have shown that dw/dk still gives the velocity of the time
domain peak of a Gaussian pulse, even when dw/dk, with real k, is superluminal [55].

These findings have been experimentally confirmed [29, 34]. Others have identified
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the imaginary part of dw/dk as a measure of the shift in the carrier frequency of a
Gaussian pulse [56]. If dw/dk is known over a broad frequency range, then the real
and imaginary parts of dw/dk correspond to propagation velocity and pulse reshaping

respectively [57].

1.6 Propagation of wave packets

So far we have been discussing propagation of plane waves with single frequency. In
reality except vacuum, media are dispersive, that is, no wave is truly monochromatic,
although some waves, such as those produced by lasers, are exceedingly close to being
so. In the case of linear media, the equations of motion for electromagnetic waves
are completely linear and so any sum of harmonic solutions is also a solution. By
making use of this superposition principle a wave packet can be constructed from
plane waves. In dispersive media, the phase velocity depends on the frequency. As
a result, different frequency components of the wave propagate with different speeds,
accompanied by a phase change with respect to one another. This usually leads to a
spreading of the wave packet as it propagates in dispersive medium [50].

Consider the propagation of wave packets which results from the superposition of
a continuous spectrum of plane waves having wave numbers k. A wave packet that

propagates along the z-axis can be represented by

U(z,t) = \/% /_OO A(k)e! k== k. (1.6.1)

where w is the angular frequency and A(k) is the amplitude which describes the

properties of the linear superposition of the different waves. It is worth noting that

the amplitude factor A(k) for each plane wave of wave number k is negligible except
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when k lies within a small interval Ak.

In general, the angular frequency w(k) is a function of k, so that the angular
frequencies in the wave packet represented by v(z,t) as well as the wave numbers
vary from one plane wave to another. If w(k) is a slowly varying function of k and
the values of k are confined to a small range Ak, then w(k) may be expanded in a

Taylor series in k& about some point ky within the interval Ak. That is,

1 dPw

573 ko(k — ko) + ... (1.6.2)

dw
w(k‘) = W + % ko(l{? — l{?()) +

where wy is the value of w(k) at ky. The quadratic and higher-order terms in the Taylor
expansion (1.6.2) may be neglected because the interval Ak and, consequently, k — kg
are small. Substitution of equation (1.6.2) into the phase for each plane wave in
(1.6.1) then gives

dw

kz—wt =~ (k+ko—ko)z — wot — T ko(k: — ko)t
= koz —wot+ [z — Z—: kot](k‘ — ko),
so that equation (1.6.1) becomes
U(z,t) = B(z,t)e!koz—wot), (1.6.3)
where
B(z,t) = \/LQ_W /_ Z A(E) ez /Rl 1 (k=ko) g (1.6.4)

Thus, the wave packet ¥(z,t) represents a plane wave of wave number ky and angular
frequency wy with its amplitude modulated by the factor B(z,t). This modulating
function B(z,t) depends on z and ¢ through the relationship [z — t(dw/dk)|y,], and it

moves in the positive z-direction with group velocity v, given by

_dw

=— . 1.6.
g dkﬁko ( 65)

v
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1.6.1 Propagation of a wave packet without dispersion

Next, we investigate the change in shape of a wave packet as it propagates with
time, in a nondispersive medium. The general expression for a wave packet 1(z,t) is
given by equation (1.6.1). The amplitude factor A(k) is equal to the inverse Fourier

transform of ¥ (z,t) at t = 0 and thus given by

A(k) = \/% /_OO Y(2,0)e " dz. (1.6.6)

Substitution of equation (1.6.6) into (1.6.1) yields

1 o0 oo . ,
Wz 1) = 5 / / B, 0)e =t gl (1.6.7)

Equation (1.6.7) relates the wave packet ¥(z,t) at time ¢ to the wave packet ¢(z,0) at
time ¢ = 0. However, the angular frequency w(k) is dependent on k and the functional
form must be known before evaluating the integral over k.

If the dependence of the angular frequency on k is assumed to be linear, i.e.,

w(k) = v,k with k = |k|, then (1.6.7) gives

1 o0 o0 ) ,
Y(zt) = o / / Y(2,0)erEvrt == drqy (1.6.8)

The integral over k£ may be expressed by applying the Dirac delta function

L[
5(y—y’):—/ Mg,

2m J_o
so that
P(z,t) = /00 P(2',0)0(z — vyt — 2")dz" = (2 — v,t, 0). (1.6.9)

Thus, the wave packet ¥(z,t) has the same value at point z and time ¢ that it

had at point (2 — v,t) at time ¢t = 0. The wave packet has traveled with velocity v,
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without a change in its shape, i.e., it has traveled without dispersion. Since the phase
velocity v, is defined by v, = w/k and the group velocity defined by v, = dw/(dk) is
found to be [dw/(dk)]|x, = v, when evaluated at k = ko, the two velocities are the

same in a nondispersive media.

1.6.2 Propagation of a wave packet with dispersion

Next consider the more general situation where the angular frequency w(k) is not
proportional to |k|, but is instead expanded in the Taylor series (1.6.2) about (k— k).
Now, however, we retain the quadratic term, but still neglect the terms higher than

the quadratic terms, so that
w(k) 2 wo + vg(k — ko) + B(k — ko)?, (1.6.10)

where equation (1.6.5) has been substituted for the first-order derivative and the
second-order derivative is denoted by 3 = {[d*w/(dk*)]/2}|x,-

The phase in equation (1.6.7) then becomes

k(z—2)—wt = (k—ko)(z—2) +kolz — 2') — wot — vt(k — ko) — Bt(k — ko)?

= ]{302 — wot — kozl + (Z — Ugt — Z/)(k — ko) — ﬁt(l{ — k0)2,

so that the wave packet (1.6.9) takes the form

ei(koz—wot)

P(z,t) = — /OO /OO P(2',0)e o gilz—vat=2)k—ko)=Btth=ko)*l gL (1.6.11)
a —oo0 J—00

The integral over £ may be evaluated using Poisson integral, giving the result

z(koz wot)

ENGA w 2, 0)e o' g (mvgt=2)2/ (i) o1 (1.6.12)

P(z,1) =
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Equation (1.6.12) relates the wave packet at time ¢ to the wave packet at time ¢t = 0
if the k-dependence of the angular frequency includes terms up to k2. The profile
of the wave packet 1(z,t) changes as time progresses because of the factor t=1/2
before the integral and the t in the exponent within the integral. The nature of time
dependence in Eq. (1.6.12) becomes more evident, if we select a specific form for the

wave packet at time ¢t = 0 [58]. For this purpose let us choose a gaussian wave packet,

and supposing 1(z,0) has a gaussian distribution

—a?[z—vgt]?/2

B(z,t) = e

1
V2T
with as its profile, so that equation (1.6.3) at time ¢ = 0 is

. ’ 1 . / 2,,2
Y(2,0) = e*? B(,0) = —=¢HoF e77v0/2, (1.6.13)
s

Substitution of Eq. (1.6.13) in Eq. (1.6.12) gives

i(koz—wot) )
P(z,t) = Lo e Va2 (e mvgt =260 g o1 (1.6.14)

CV2r 2Vipnt ) o

The integral of Eq. (1.6.14) can be evaluated using the Poisson integral formula,

oo
—aqx? ﬁ 2 /442
/ 6( ax +b:r:)dx _ €b /4a ’
— a

(e}

resulting

ei(koszot) ) ) -
Y(z,t) = e~ (rmvgt)?/2(1+2i0%5t) | (1.6.15)
V27 (1 + 2ia2t)

The wave packet, then, consists of the plane wave expi[koz — wot] with its amplitude

modulated by

w(z’ t) — 1 efaz(zfvgt)2/2(1+2ia2ﬁt), (1616)
V27 (1 + 2ia2ft)

which is a complex function that depends on the time t.
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1.7 Poynting vector and intensity

The quantity that describes the energy flux carried by electromagnetic waves is known

as the Poynting vector. It is defined by

Cc

S=—(ExH), (1.7.1)
47

where E and H are the electric and magnetic field, respectively, which in general are
complex parameters.

Consider the propagation of plane electromagnetic wave in an absorbing medium,
with the wave propagating along the z-axis and the electric field polarized along the

x-axis. The spacial and time dependence electric field can be given by [49]
E(z,t) = Eye'F=90) = g Fpeith=—t), (1.7.2)
or in terms of complex refractive index n = n; + iny, we have
E(z,t) = 2Ege—wn2?/ceiwlmz/e—t), (1.7.3)

Using the constitutive relations (1.2.5) and (1.2.6) and (1.2.3), the magnetic field

associated with this electric field becomes

ik(2x E)=1i—H, (1.7.4)
C
or
7 ke i(kz—wt) - i(kz—wt)
H =gy—Fye = yHype , (1.7.5)
W

where Hy = [ck/(pw)]Ey is the amplitude of the magnetic field.

-,

The time-averaged value of the Poynting vector, (S), can be shown to be [59]

(S) = 8%3%(5 x H). (1.7.6)
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The parameter S describes the flux of energy through the medium. Substituting
(1.7.2) and (1.7.5) into (1.7.6), noting that p and n are complex, and simplifying, we

find

(mpis £ 12112) o 2/ (1L.7.7)

- c
Sy =z
¥5) 8t (pd + 13)

—

The time-average value of (S) is related to the wave intensity I, i.e., the energy flux

per unit area via the following equation:
I = Ipe™2m22/c — [e=o2, (1.7.8)
where I is the intensity in the zy-plane at z = 0, and

a= QEng, (1.7.9)
c

Lin cgs. Equa-

is the absorption coefficient of the material whose dimension is in cm™
tion (1.7.8) is known as the Beer-Lambert law. It relates the attenuation of electro-

magnetic wave to the properties of the material through which the wave is traveling.

1.8 Superluminal, slow, and backward waves

The terms superluminal, slow, and backward propagation of light are related to the
group velocity v,. When waves propagate in dispersive media, the phase velocity
assumes different value due to the dependence of the refractive index on the frequencys;
and the wave motion is described by the group velocity. According to the definition
of group velocity, it has an additional term w(dn)/dw in its denominator compared
to the phase velocity. This additional term characterizes what type of propagation
is taking place in the medium. For normal dispersion, where the refractive index

increases with the increase in frequency, dn/dw > 0 and w(dn)/dw > 1 slow light
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propagates in the medium [30]. Slow light has been observed in a different systems,
including room temperature solids [39, 40] and atomic vapors [60, 61, 62].

In regions of anomalous dispersion dn/dw < 0, which can lead to “fast light”
effects. If the medium is only weakly dispersive, v, may exceed ¢, and the pulse will
appear to propagate faster than the speed of light. In regions of strong anomalous
dispersion, the second term may actually become larger in magnitude than n and force
the group velocity to become negative. Negative group velocity propagation has been
predicted by Brillouin and others [26, 29, 38, 57, 63|, and observed experimentally in
different materials [33, 34, 39, 64]. However, for negative or anomalous dispersion,
dn/dw < 0, and v, exhibits a singularity at w(dn/dw) ~ n.

An infinite group velocity means that the peak of the pulse emerging from the
medium occurs at the same time as the peak of the pulse entering the medium, i.e.,
the peak appears to cross the medium instantaneously. A negative group velocity
means that the peak of the emerging pulse occurs at an earlier time than the peak of
the incident pulse [29]. The special theory of relativity demands that a signal cannot
propagate with a velocity exceeding c. Furthermore, information cannot be trans-
mitted at a negative velocity because it would conflict with the principle of causality,
since it implies that a signal would be received before having been emitted. This
apparent paradox was resolved by Sommerfeld and Brillouin by distinguishing be-
tween the information or signal velocity and the group velocity, and requiring that
the signal velocity should not exceed c¢. To study slow or superluminal light propa-
gation we need media which show deep dispersion; which include normal dispersion
and anomalous dispersion. One such media currently investigated are atomic vapors

or a dilute gas of atoms with strong absorption resonance [65].
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1.9 Summary

In this chapter, starting from the microscopic response of atoms to electromagnetic
fields, we have explained the macroscopic permittivity and permeability through po-
larization and magnetization vectors. Starting from Maxwell’s material equations by
developing the wave equation for electric and magnetic fields, the dispersion relation
for linear, homogeneous, and isotropic dielectric medium is derived. The difference
between phase velocity and group velocity; the relation between these quantities is
discussed.

From the basic definitions of the Poynting vector, we have derived an expression
for the average value of the Poynting vector in its general form for isotropic medium
without preferring whether the medium is magnetic or nonmagnetic. The expression
can be used for both regular and left handed materials. In addition, we also derived
Beer’s equation of absorption coefficient.

Moreover, the propagation of wave packets in dispersive and non dispersive media
is discussed. It is shown that, the packet retains its shape when propagating in non
dispersive media, whereas it suffers in its shape as it propagates in dispersive media.
The conditions when superluminal, slow, and back ward propagation in dispersive

media are explained.



Chapter 2

Negative Refractive Index in
Structured Metamaterials

2.1 Introduction

In the 1950s and 1960s, artificial dielectrics were intensively investigated theoretically
and experimentally for the manufacture of light-weight microwave antenna lenses to
simulate plasma to have refractive indices less than unity in order to replace the
parabolic receivers [66, 67]. In 1968, V.G. Veselago [3] boldly come up with the
theory of fabricating artificial materials, also known as structured metamaterials,
having simultaneous negative values of the permittivity (¢) and permeability ()
with a corresponding negative refractive index. Veselago referred those media where
both (¢ < 0) and (p < 0) as left-handed media (LHM).

However, his work was largely overlooked, mainly, due to the absence of natu-
rally existing materials with the LHM properties, until 1996 J.B Pendry, et al. [68]
proposed various types of metallic wire structures to realize effective negative per-
mittivity medium. Motivated with this progress they extended their theoretical in-

vestigations to attain materials with effective negative permeability by exploiting the

31
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strong magnetic activities observed in nonmagnetic conductors [7]. The investigation
of Pendry, et al. was not limited on finding materials with negative permittivity and
permeability, separately, but also on combining those material properties including
realization of negative refractive index in a single, homogeneous entity; which opened
up a completely new research area, nowadays known as metamaterials [7, 68].

In this chapter first in Section 2.2, we discuss the peculiar characteristics that
arise from the propagation of EMW in the so-called left-handed media. In Section
2.3 the dispersive and dissipative nature of left handed media will be described. The
consequences of negative refraction, namely, anomalous refraction (reversal of Snell’s
law), Doppler effect, and Cherenkov effect will be discussed in Section 2.4. In Sec-
tion 2.5, the achievements of negative refractive index materials in the microwave
frequency region in one dimension and two dimensions, and the difficulties to achieve
magnetic activity at optical frequency will be briefly presented . In Section 2.6, the
effective medium theory is described briefly. In Section 2.7, we will consider SMMs
proposed by Pendry. SMM systems have two components that result in negative per-
mittivity and permeability, namely array of thin wire strips and split ring resonators,

respectively. Section 2.8 summarizes the results of the Chapter.

2.2 Maxwell’s equations and left handed media

When plane electromagnetic waves having the form exp [i(k - 7 — wt)] propagate in
a medium, the Maxwell’s curl equations in the absence of sources, Eqgs. (1.4.3) and

(1.4.4), together with the constitutive relations (1.2.5) and (1.2.6) give

€

—

kx E=2>uH, (2.2.1)

C
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kx H=—"¢E (2.2.2)
C

Equations (2.2.1) and (2.2.2) shows that if € and p are simultaneously positive, then
the wave vector IZ, the electric field E , and the magnetic field H form a right-handed
triplet. Media in which the three vectors form a right-handed triplet are known as
ordinary or right-handed media (RHM). On the other hand, if € and p are simultane-
ously negative, then the vectors E, E , and H form a left-handed triplet. Consequently,

such types of media are known as left-handed media (LHM) [3].

2.2.1 The Poynting vector

Recall that the Poynting vector is defined by

c

§=—(Ex H). (2.2.3)

For a plane electromagnetic waves, using (2.2.1), (2.2.2), the vector identity

ax (bxd) =0bG- & —aa-b),

and k- E, Eq. (2.2.1) takes the form

— C — o=
S = 2k 2.2.4
T EIE (2:2.4)
or,
§- ¢ |\H |k (2.2.5)
" Arwe o

Note that from Eq. (2.2.3), the quantity (E x H) gives the direction of the energy
flow. For a RHM, the vectors S ) E , and H form a right-handed triplets. Also, from
(2.2.4) and (2.2.5) the direction of the energy flow is in the direction of the wave

vector k. In the case where ¢ and 1 are simultaneously negative, i.e., LH medium, the
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quantity (E x H) still gives the direction of the energy flow but the wave vector k lies
in opposite direction to that of the Poynting vector, in contrast to what is observed
in ordinary medium (RHM). In addition, with ¢ < 0 and p < 0 simultaneously,
the vectors l;, E, and H form a left-handed triplet of vectors and hence the name
left-handed medium (LHM).

Figure 2.1 depicts the relative orientations of the vector E, E , H , and S for both
right-handed and left-handed media. Notice that (i) for RHM, E, H , and k form
right-handed triplet, whereas S and k are directed parallel to each other (left hand
side of Fig. 2.1). (Right hand side) For LHM, E, H, and k, form left-handed triplet,

while 9, and k, are oppositely directed (right hand side of Fig. 2.1).

RHM LHM

try,
st

“
Sell

H

k k

H

Figure 2.1: (Relative orientations of E, H, k, and S in RHM (left hand side) and
LHM (right hand side).

2.2.2 Dispersion relation in LHM

Recall that from (1.4.14), the dispersion relation for isotropic media is found to be

2

2 _ W _
k* — = 0, (2.2.6)
or,
2k2
n? = ep = . (2.2.7)
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Further, Eq. (2.2.6) may be rewritten as

ny = :l:\/G/JJ.

Electromagnetic waves propagate in a medium if and only if n? is positive. This can

happen in two cases:

1. For regular medium, where both € and p are simultaneously positive, the positive

root ny = ++/(+€)(+p) = +. /e must be taken to satisfy the requirement.

This refractive index corresponds to RHM.

2. For the case where both € and p are simultaneously negative, Maxwell’s equa-
tions remains valid provided that the negative root n_ = —y/(—¢€)(—pu) = — /el
is taken, so that EMWs propagation in the medium is possible. This refractive

index corresponds to LHM.

These are justified by considering the Poynting vector expressions given in Egs.
(2.2.4), and (2.2.5); that is when g becomes negative then k has to be reversed,
in Eq.( 2.2.4), or when £ becomes negative then k has to be reversed, so that the

Poynting vector to retain its direction.

2.2.3 Materials parameter space

The electromagnetic properties of materials can easily be described by means of ma-
terial parameter space with € as an abscissa and p as an ordinate, as shown in Fig.
2.2. In this representation, materials are categorized based on their permittivity and
permeability values. In Fig. 2.2, region I consists of materials with simultaneous

positive values of € and p, which includes most of the dielectric materials. Region II
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embraces materials with € < 0 and g > 0 such as metals, ferroelectric materials, and
doped semiconductors that could exhibit negative permittivity at certain frequencies
(below the plasma frequency). Region IV consists of materials with e > 0 and pu < 0.
Some of the ferrites for which the magnetic responses happens to quickly fade away
above microwave frequencies belongs to this region. The most interesting region is
region III, in which both € and p are simultaneously negative. Until now, no naturally

existing materials possess such negative values of € and y, simultaneously.

Il I

e<0, p=0 >0, u>0
metals, doped most dielectric
semiconductors materials

£<0, u<0 £>0, u<0

no natural some ferrites
materials

11 v

Figure 2.2: Material parameter space characterized by electric permittivity (¢) and
magnetic permeability (u) [69)].

Moreover, the material parameter space also shows regions (materials) where the
propagation of electromagnetic waves is enhanced, that is, in quadrant I both per-
mittivity € and permeability p are positive making the square of the refractive index
positive, and in region III, both permittivity € and permeability p are positive making
the square of the refractive index positive, therefore in these quadrants, electromag-
netic waves can propagate. In quadrants II and IV the waves are decaying and there

is no propagation since parameters € and p have opposite signs.
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2.3 Dispersive and dissipative nature of LHMs

In general, the permittivity and permeability, and the corresponding refractive index
of materials are frequency dependent. In cases where these parameters do not depend

on frequency, the energy density W of the electromagnetic fields defined by

1 1
W= —eFE*+ —uH? 2.3.1
8- N sol' ( )

would be negative, when ¢ and p are negative. When dispersion exists, the energy

density must be written in a different form [70]. That is,

1[8

)
87 Low 1[

(we)] E? + o %(wu)} H? (2.3.2)

This expression is positive for a very broad class of dispersion equations for &(w)
and p(w). In order for the energy density W defined by (2.3.2) to be positive, it is

required that

0 Oe

a—w(wé) =w+ a—w > 0, (233)
and

0 B ou

These inequalities in (2.3.3) and (2.3.4) do not, in general, mean that ¢ and u
cannot be simultaneously negative [3]. However, for these equations to be valid, it is
necessary that € and p depend on the frequency. Therefore, it can be concluded that
left-handed media are frequency dispersive media. It is a known fact that, dispersive
media, in general, are always dissipative [70]. This means that, the permittivity and
permeability should be complex quantities; € = €1 +i€5 and p = 3 + iuo. Dispersive
media are characterized by €5 > 0 and py > 0. Thus, the refractive index n and the

wave vector k should also be complex quantities given by n = ny+ins and k = ki +iks.
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There is no fundamental objection to the real parts of ¢ and p being negative
[70]. However, for media at thermodynamic equilibrium, the imaginary parts 5 or o
should be positive. Thus, media with negative € or p also are causal. Therefore, the
real and the imaginary parts of the permittivity ¢ as well as that of the permeability

w are related by Kramer-Kronig relations [70, 71]. That is,

2 w'eg(w')

g1 = 1+ ;P/mdw,, (235)
2 61((})’) -1

E9 = —;P/ mdw/, (236)

where P stands for the principal value of the integral. The same relations hold also
for the real and the imaginary parts of the permeability. Since the refractive index
in this case is given by

n=ve(w)u(w), (2.3.7)

the imaginary parts of the permittivity, the permeability and the refractive index
always coexist with the real parts in dispersive media, which ascertains that left-

handed media must be dissipative.

2.4 Consequences of negative refractive index

Materials with simultaneous negative values of permittivity and permeability with the
corresponding negative refractive index are expected to show peculiar characteristics
when electromagnetic waves propagates in the media. These media are predicted
to show anomalous refraction, reversed Doppler effect, reversed Vavilov-Cherenkov

effect, etc.
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2.4.1 Anomalous refraction - Snell’s law

Suppose a beam of light travels from medium 1 into another medium 2 having per-
mittivities €17 and €51, and permeabilities 17 and psq, respectively. If the two media
possess positive refractive index with their permittivity and permeability being posi-
tive, then we will have an ordinary refraction, i.e., the incident and refracted beams
will be in the opposite side of the normal. However, if the second medium is of neg-
ative refractive index with €9; < 0 and p9; < 0, then the incident and the refracted
beams will be on the same side of the normal, a phenomenon known as anomalous
refraction. This can be understood by evaluating the boundary conditions imposed
on the tangential components of E and H , and the normal components of D and B.

Thus, the tangential components of E and H at the interfaces are given by

Ey = Eay,
(2.4.1)
Hy = Hy,
whereas the normal components takes the form
e11 B, = €21 Fop,
(2.4.2)

parHn = po1 Hop,.

Assuming that the interfaces are in the zy-plane, it is clear that the z- and y-
components of the fields are not changed as the beams propagate from medium 1 to
2, regardless of the signs of the permittivities and permeabilities of the media. As for
the normal z-components of the fields, they preserve their directions if €11, €91 > 0
and 111, poy > 0. However, if 97 < 0 and po; < 0 while €17 > 0 and pq7 > 0, then the

directions these components are reversed resulting to a negative refraction, as shown

in Fig. 2.3.
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Figure 2.3: Negative refraction from medium with ¢ < 0, p < 0.

The relation between the angle of refraction 6, and the angle of incidence 6,

determined from Snell’s law, becomes

sin ¢, _ Ty/Caf2r N (2 A 3)
sin 0, VELL 1 ni’ o

where the refractive index, ny of media 2 is taken to be negative for e5; < 0 and

p21 < 0, simultaneously. Note that (2.4.3) implies that beams of light that enters
from an ordinary medium 1 to a left-handed medium 2 undergoes refraction different

from that occurring in the conventional media (RHM) - anomalous refraction.

2.4.2 Reversed Doppler effect

The Doppler effect is a phenomenon related to an apparent change in the frequency of
a wave when there is a relative motion between the observer and the source of waves.
As the object emitting the wave approaches the observer, the interval between the

waves diminish - in other words, the radiation is squeezed, resulting to an increase
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in frequency. As the object recedes away from the observer, the wave gets stretched,
resulting to a decrease in frequency. The apparent frequency w’ measured by an
observer when a source of frequency w moving in a medium (refractive index n)

relative to the observer with a velocity ¢ is given by [3],
W' =y(w+k-0), (2.4.4)

where |k| = nw/c and v = \/1/(1 — v2/c?). Considering emission along the direction

of motion of the source, we get the apparent frequency to be

e in RHM withn=1

= 2.4.5
W= wy ( )
e in LHM with n = —1,
W= wy (2.4.6)
c+v

From (2.4.5), we observe that in RHM the observed frequency w’ is larger than that
of the source (w) when the source is approaching the observer, whereas Eq. (2.4.6)
shows that in LHM the frequency measured for the same situation is smaller than w
- a quantity obtained in RHM if the source was receding from the observer. Thus, we
conclude that the Doppler effect gets exactly reversed in a LHM compared with that
in RHM.

2.4.3 Reversed Vavilov-Cherenkov effect

The phenomenon of Cherenkov radiation is about the emission cone of an electromag-
netic radiation which is observed when a charged particle, usually an electron, travels

through a medium with a speed greater than the speed of light in that medium.
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It results due to the response of the medium to the transit of the charged particle.
As the charged particle travels, it disrupts the local electromagnetic field, displacing
and polarizing the electrons in the medium. After the transit, the electrons restore
themselves to equilibrium with the emission of photons which would constructively
interfere to give the observed intensity. Now the angle of the cone of radiation in a
normal medium is acute (Fig. 1.4(a)), while that in a LHM is obtuse (Fig. 1.4(b)).
To explain this reversal, consider Fig. 2.4, where the charged particle situated at the
left corner at time t = 0, traverses to right corner with velocity v equal to z = vt
in time ¢. The refractive index of the medium being n, the cone of radiation of the
electromagnetic wave emitted travels the distance ze, = vent = ct/n. Hence the

acute angle of this cone will be

cosf = 2o = © (2.4.7)
v nv

Now, for a LHM, the refractive index n has a negative value (cos < 0), and therefore

AL

a)

Figure 2.4: (a) The Cherenkov radiations RHM. (b)The Cherenkov radiations LHM.

this angle becomes obtuse, that is, the particle will radiate from a cone behind itself,

rather than in front of it.
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2.5 Negative refractive index in the microwave fre-
quency region

Following the theoretical analysis of Pendry [7, 68] on the realization of negative
permittivity medium (wire structure) [68], and negative permeability medium (split-
ring-resonators) [7], the initial transmission experiments were performed by Smith,
et al [9] on a one dimensional LHM that consisted of an array of unit cells, each cell
consisting of one SRR and one conducting “post”. The composite material was found
to display anisotropic left-handed transmission band from 4.70 to 5.15 GHz. Scaling
the transmission band to z-band frequencies by reducing the overall dimensions of
the SRRs, a 2D isotropy was achieved by placing the SRRs along two orthogonal
axes in a lattice. Further, the negative permittivity medium has been introduced as
wire strips mounted behind the SRRs. Figure 2.5 shows the first LHM made of SRR
and thin array of long metallic wires [9]. Since then, considerable interest has been

sparked in the field of metamaterials.

Figure 2.5: SRR-thin array of long metallic wires.

Within a few years of the experimental demonstration of LH medium, magnetic

metamaterials and consequently negative index materials designs have been advanced
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from microwave frequencies to the visible region [72, 73, 74]. Negative permeability
is the heart of negative index materials. To achieve magnetic resonance at optical
frequencies, however, it is shown that the size of SRRs has to be smaller than 100 nm
and the gap between components should be less than 10 nm [75]. Furthermore, the
amplitude of the resonant permeability decreases and ceases to reach a negative value
in the visible region [76]. Despite the fact that, magnetic permeability goes to unity
at optical frequencies [70], researchers [53, 54, 55| reported negative index materials

at optical frequencies.

2.6 Effective medium theory

The macroscopic electric and magnetic properties of a material, which are described
by, polarization and magnetization, are average behavior of electrons and atoms in
the external electric and magnetic fields of electromagnetic waves. This shows that,
normal materials are also composites, where individual components are atoms and
molecules, whose sizes are much smaller than the wavelength A of the electromagnetic
wave [9]. Thus, the system that consists of array of long metallic wires and nonmag-
netic split-ring-resonators can be considered as a homogenous medium provided that

the dimension of a unit cell of length a of the system satisfies the following condition:
a << A\ (2.6.1)

If this condition is satisfied, the external electromagnetic wave will not see the fine
details of each individual structure inside the unit cell, and the periodic structure can
be considered as a homogenous medium. Therefore, the effective permittivity and

permeability are valid concepts. [7]
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2.7 Permittivity of array of metallic wires

It is known that there are materials, that exist in nature, which possess negative
permittivity. For example, metals as plasma media possess negative permittivity up
to plasma frequency. However, the application of solid metals in LHM is limited by
the fact that the magnitude of ¢ is too large to match the broad band of frequencies
ranging from microwave to optical frequency. The negative permittivity of metals

can be shown using the dielectric function in the Drude model, since for metals

2

elw)=1- w(w—iw) (2.7.1)

where 7 is the damping constant and w,, is the plasma frequency given by

, A4rNe?
w.,. =

P mepy

(2.7.2)

where N is the number density, e is the electronic charge, and m.y; is the effective
mass of an electron. For metals the plasma frequency extends up to the ultra violet
frequency (f, ~ 10" Hz).

Next, consider an array of infinitely long, parallel, and very thin metallic wires
of radius r placed periodically at a distance a in a square lattice in the x — y plane
with @ >> r, as shown in Fig. 2.6. Assume that the wavelength A of the impinging
wave satisfies the relation A >> a >> r, so that the wave “sees” the structure as a
continuum. Suppose the electric field of the incident electromagnetic wave is parallel
to the wires (along the z axis), so that the electrons are confined to move along the
wires” axis only. This constraint which forces the electrons to move along thin wires

has two effects:

1. the effective electron density n.s; is apparently reduced because only part of
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Figure 2.6: An array of metallic wires of radius r and arranged on a square lattice
behaving as a low frequency plasma for electric field oriented along the wire.

space is filled by metal

7TT2

Neff = TL?, (273)

where n is the density of electrons in the wires themselves, r is the radius of
the wire, and a is side length of a cell of the square lattice on which the wires

are arranged (Fig. 2.6).

2. there is an increase of the effective electron mass because of the self inductance
of the wire structure, which is a magnetic effect. It can be shown that

2merin

Meff = Tln(a/r), (2.7.4)

where m. s is the new effective mass of the electrons. For aluminium, mes; =
2.7233 x 10*m,, where m, is the electron rest mass. This is an enormously

enhanced effective mass and shifts the plasma frequency by a correspondingly
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large amount. From the classical formula for the plasma frequency
Amngspe? 27c?
wﬁ _ eff® _

(2.7.5)

merr  aln(a/r)’
where ¢ is the speed of light in vacuum. Substituting the above values in (2.7.5)

results to w, = 5.15 x 10'° rad/s, which is the microwaves frequency domain.

Equation (2.7.5) shows that the new reduced plasma frequency can be expressed in
terms of electron effective mass and charge, which in turn is expressed only in terms
of macroscopic parameters of the system, i.e., wire radius and lattice spacing.

Equations (2.7.3 - 2.7.5) are obtained by neglecting the effect of resistance, in
reality there is no perfect conductor without resistance, therefore, the effect of resis-
tance should be included. A more careful calculation including resistance gives the
following expression for an effective dielectric function of the structure:

w2

Eeff = 1— ‘pa2w2 y (276)
w(w + zﬁ)

where ¢ is the conductivity of the metal. Rewriting (2.7.6), we have
Eeff =1 — ——F—, (2.7.7)

where

P — . (2.7.8)

Veff = Am2r20  2mor? In %

! and considering a wire radius r =

Typically, for aluminium o = 3.28 x 107 s~
1072 em, and lattice constant @ = 5 x 10! e¢m, we find that the effective damping
factor to be verf ~ 0.1 w,. Thus by changing these parameters (in effect the plasma
frequency), the value of the permittivity can be controlled.

The real part of effective permittivity of the metallic wire arrays defined by (2.7.7)

is plotted in Fig. 2.7.
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Figure 2.7: The real part of the effective permittivity, €, of a plasma as a function of
w. Note that below the plasma frequency, wp; ¢ is negative.

2.8 Permeability of split-ring-resonators

Pendry’s proposal was not only limited to low plasma frequency structures. He
proposed also a structure which could result in negative permeability - a split ring
resonator[7]. These resonators act like orbital current in natural magnetic material,
since they are current loops. Such a current can be generated, for example, by time-
varying magnetic field threading through a conducting coil, simply, as a consequence
of Faraday’s law. Although the induced current and thus the magnetic moment are
normally weak, they can be dramatically enhanced by introducing resonances into the
coil. Split-ring-resonators (SRRS) are one of the original designs for strong artificial
magnetism. Each SRR is composed of two concentric split rings with the opening at
the opposite directions as illustrated in Fig. 2.8. From the point of view of equiv-
alent circuit, an SRR can be considered as an LC' circuit with the natural resonant
frequency given by wy = 1/1/(LC), with L and C denoting the geometric inductance

and capacitance of the SRR structure, respectively. In a frequency region centered at
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wo, the magnetic flux threading through an SRR induces a strong circulating current,
resulting in an effective magnetic moment. This induced moment responds in phase
or out of phase with respect to the external magnetic field. If the strength of the
magnetic response is sufficiently strong, effective magnetic permeability p.rr with a
negative value can be achieved.

In a wire structure medium the effective permittivity was derived using the condi-
tion that a cell size and the wire dimension are much less than the wavelength, that
is, A\ > a > r, here, also it is assumed the condition that a cell size that which gives
effective negative permeability p.r¢ be constructed so that A > a, where a is the

dimension of a unit cell and averaging of the fields to calculate p.rs. That is,

Bave = /LeffHa've,
(2.8.1)

Dave = 5effEave‘
The important point here is that there is a gap that prevents current from flowing
around any one ring. However, there is a considerable capacitance between the two

rings, which enables current to flow (see Fig. 2.8). It can be shown that the effective

Figure 2.8: When a magnetic field parallel to the ring axis is switched on it induces
currents in the “split rings”.

permeability of the SRR structure is given by [7]
F

T2 ) )
pcs 3c
L+ Yorer 4m3w2(Cr3

Heff = 1-— (282)
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where [ is the fractional volume of the cell occupied by the interior ring, p is the
resistivity of the sheets, where r is the radius of the interior ring, and C is the

capacitance per unit area between the two rings. The parameter F'is given by
F=— (2.8.3)

where a is the lattice spacing; whereas the capacitance is

B 1
 4rdc®’

(2.8.4)

and where d represents the separation distance between the rings. In view of (2.8.4),

(2.8.2) becomes

Heff = 1— (285)

. 2 2
pcs  _3dc
L+ 2mwr m2w?r3

Since there is a capacitance in the system that can balance the inductance, p.rs has

a resonant form which is sketched in Fig. 2.9.

Figure 2.9: The effective magnetic permeability for split-ring shows a resonant struc-
ture dictated by the capacitance between the rings and magnetic inductance of the
ring p =~ 0.
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Figure 2.9 illustrates the generic form of pi. s for all the structures presented here.
The real part of the effective permeability increases from unity at w = 0 to a large
positive values near w = wy, where it then abruptly passes to a large negative value
crossing p = 0 at w = wy,,. The peak value of the permeability is infinite in the case
where losses are neglected.

The resonant frequency wy at which p.rs diverges is given by

3dc?
wo =1/ (2.8.6)

and wy,, to be the “magnetic plasma frequency” defined by

3dc?
I SR 2.8.7
Wrnp w2r3(1 — F) ( )

The separation between wy and wyy,,, which is a measure of the range of frequencies
over which we see a strong effect is determined by F. That is, (2.8.5) indicates that
propagating modes occur up to the frequency wy, then followed by a gap where no
propagating modes exist, followed by propagating modes starting from the frequency
wo/v/1 — F. The reason for the gap in propagation is of particular significance, since
effective permeability will become negative for this frequency region.

If we take the following parameter values [7]: 7 =2 x 107 em, a = 5 x 107! em,
and d = 1 x 1072 em, we get fo = 2.94 x 10° Hz and f,,, = 4.17 x 10° Hz. These
values of the frequencies at which the structure is active corresponds to a free-space
wavelength of 10 ¢m which is much greater than the 0.5 ¢m separation between rings.
This is typical of the capacitative structure and implies that the effective medium
approximation is excellent [7].

By continuing this analysis, Pendry et al. [7] found a generic function for the
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Figure 2.10: (a) Geometry of single SRR, (b) distance between layers, and (¢) SRRs
grouped into a periodic array.

effective permeability as

7r? Ja?
r=1— _ , 2.8.8
Herf 1 — 3ldc3 /mw? In %13 + i(plc} /2mwr) ( )
or,
Fu?
fregr =1 — (2.8.9)

w? — wE + iy’

where p is the resistance per unit length of the rings measured around the circum-
ference, w is the frequency of incident radiation, cy is the speed of light in vacuum,
¢ is width of each ring, [ is the distance between layers, a is the lattice parameter, r
is defined in Fig. 2.10, and F' is the fractional area of the unit cell occupied by the
interior of the split ring. The capacitance, C per unit length associated with the gaps

between the rings in this case is given in cgs unit as

1 2c
= —1In—. 8.
C 47T2nd (2.8.10)
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The expressions for wy and v can be found by comparing the corresponding terms in
Eq. (2.8.8) and (2.8.9).

Pendry, et al, pointed out that the system sustains longitudinal magnetic modes
at the magnetic plasma frequency, the analog of the plasma modes of a gas of free
electrical charges [77, 78]. The geometries consistent with this split-ring-resonators

are depicted in Fig. 2.10.

2.9 Summary

In this Chapter, employing Maxwell’s curl equations we have characterized left handed
media as simultaneously possessing permittivity and permeability. In left handed me-
dia when electromagnetic wave is propagating, the wave vector is directed opposite to
the Poynting vector, whereas in ordinary media it is directed parallel to the Poynting
vector. Some consequence of wave propagation in negative refractive index media are;
anomalous refraction (reversal of Snell’s law), the Doppler effect, and the Cherenkov
effect are explained. The difficulties of realizing left handed media and attempting to
realize them is reviewed. The dispersive nature of left handed media is shown using
the concept of energy density.

The permittivity from metallic rod structures, and permeability from split ring
resonators of artificial materials proposed by Pendry are presented. It is shown that
the rods have a negative permittivity just below their plasma frequencies, w,, as
described by the Drude model, and suggested that a wire medium can be described
by a Lorentzian model. The mechanism proposed by Pendry to lower the plasma
frequencies is to build thin wires and thereby diluting the average concentration of

electrons and enhancing the effective electron mass through self-inductance. The
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overall effect lowered the plasma frequency to the microwave region for the given
geometries, i.e., radius of the thin rods, the lattice spacing, and the type of the
conductor from which the rods are built.

The split-ring-resonator (SRR) can be viewed as an LC' circuit. A time-varying
magnetic field applied parallel to the axis of the rings induces an emf in the plane
of the element, driving currents within the ’split-rings’ which result in a dispersive
effective permeability. The magnetic activity increases as the capacitance increases
and the filling factor decreases. With these structures negative refractive index is
achieved in the region where both permittivity and permeability are negative. In
both components the lossy nature is related to the resistivity of the conductors that

which constitutes them.



Chapter 3

Interaction of a Two-Level Atom
with Monochromatic Light

3.1 Introduction

The atom-field interaction is a basic problem in physics. Among the common for-
malisms used to describe this interaction are the density matrix and the perturbation
theory. Almost all properties of the atomic and molecular systems can be described
in terms of the atomic wavefunction ¢ (r,t). Often, this is accomplished through the
application of quantum-mechanical perturbation theory of the atomic wavefunction.
This approach can be used to make accurate predictions of the nonresonant response
of atomic and molecular systems. However, relaxation processes, which are impor-
tant for the case of near-resonant excitation, cannot be adequately described by this
formalism. A relatively more powerful technique commonly employed to adequately
describe the properties of atomic systems that involve relaxation is through the use of
the density matrix formulation of quantum mechanics. This formalism is capable of
treating effects, such as collisional broadening of the atomic resonances, that cannot

be treated by the simple theoretical formalism based on the atomic wave function
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(79, 80].

In this Chapter we discuss light-matter interaction between an atomic system
and a coherent monochromatic light using the density matrix formalism. In section
3.2, we describe atom-light interaction, taking the atom as quantum system and the
light field classically. in section 3.3, the density matrix, its time evolution, and the
expectation value of an observable will be discussed. In section 3.4, the steady state
solution for the population and coherence using the rotating-wave approximation will
be derived, in addition, the density matrix equation of motion for a system of closed
two-level atom is solved and the result is applied in section 3.5 to determine the
susceptibility of the system. Section 3.6 presents the concept of Rabi oscillations in
brief as coupling between the light field and the atomic quantity, namely, the electric

dipole moment. The results of the chapter are summarized in section 3.7

3.2 Semiclassical description atomic systems

Consider a quantum-mechanical system, such as an atom, which is known to be in a
particular quantum-mechanical state denoted by n. All of the physical properties of
the system can be described in terms of the wavefunction v, (r,t) that is appropriate
to the state. This wavefunction satisfies the time-dependent Schrodinger equation
given by [79]

di,,(r,t)

ih—" = = Hipy(r, 1), (3.2.1)

where H is the Hamiltonian. For the description of field-matter interaction the Hamil-

tonian is written as

H=H,+ H't), (3.2.2)
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where Hy is the Hamiltonian for a free atom and H’ (t) is the interaction Hamiltonian,
which describes the interaction of the atom with the electromagnetic field. In the

absence of an external field, the general solution of (3.2.1) is

Un(r,) = G (r)e En/E, (3.2.3)

Here, ¢, (r) is the spatially varying part of the wavefunction, which satisfies the time-

independent Schrodinger equation

Hypn(r) = E,0,(r). (3.2.4)

Assuming that the stationary wavefunctions form a complete, orthonormal set

satisfying the condition
[ 6u010n)r = b, (325

so that the wavefunction of state n can be represented as a linear combination of the

stationary wavefunctions. That is,

= Cul(t)on(r), (3.2.6)

where C,(t) is the probability amplitude. The evolution of ¥, (r,t) in time can be
specified in terms of the time evolution of each of the probability amplitude, which is

determined by substituting (3.2.6) into (3.2.1). That is,

& Z Cou(t) Hp(r (3.2.7)

Then, multiplying both sides of (3.2.7) from the left by ¢% (r) and integrating over

all space by making use of (3.2.5), we get

= HunCu(t), (3.2.8)
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Here, H,,, is the matrix elements of the Hamiltonian, H , defined by

o = / o0, () He: (1) dPr. (3.2.9)
The expectation value of an observable quantity A of the system is given by
(A) = (al Alepn) = (n|Aln). (3.2.10)
In terms of the probability amplitudes, (3.2.10) can be written as
(A) = Cr.CpAmn, (3.2.11)

where Ay = (dm|A|¢,) is the matrix element of A.

It is worth noting that Eqs. (3.2.1-3.2.11) provide a complete description of the
time evolution of a relaxation “free” system and of all of its observable properties,
provided that the initial state and the Hamiltonian operator H of the system are

known.

3.2.1 Density matrix

Under circumstances, where the precise state of the system is unknown, the density
matrix formalism can be used to describe the system in a statistical sense. Let us
denote by p, the (classical) probability function at which the system is in the state

n'. Then, the elements of the density matrix, p,,, of the system is defined by
prm = Y _p(n)C;,Chn. (3.2.12)

The physical interpretations of the elements of the density matrix are: (i) the diagonal
elements p,,, give the probability that the system is in energy eigenstate n, and (ii)

the off-diagonal elements p,,,, give the “coherence” between levels n and m, in the
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sense that p,,, will be nonzero only if the system is in a coherent superposition of
energy eigenstate n and m [79].

Hence, the expectation value of any observable quantity, in which the exact state
of the system is not known, can be calculated using the density matrix. This is
accomplished by averaging Eq. (3.2.11) over all possible states of the system. That
is,

(A) = "p(n))  CrCoAmn = prmAmn- (3.2.13)

nm

Further, using the identity

Z PrmAmn = Z <Z pnmAmn) = Z (ﬁA)nn = TT’(,@A),

nm n m n

the expectation value of A defined by equation (3.2.13), becomes

—_ ~

(A) = Tr(pA). (3.2.14)

Time evolution of the density matrix

Next, we determine how the density matrix evolves in time. Differentiating (3.2.12),

we find that

dC , dC ) (3.2.15)

. dpnm dp(n’) )
E — * A * m
Prom =" )3 g CmCn m"+;p(n><cm a T o

n

Assume that p(n’) does not vary in time and using the Schrodinger’s equation for the
time evolution of the probability amplitudes equation (3.2.8), it can be shown that
(3.2.15) simplifies to

o i ) )
fnm = Zp(n ) Z (CoCiH,ypy — C2,CyHy), (3.2.16)
or,

L

Pnm = 7 Z (P Hym — Hpwpum)- (3.2.17)

v
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Finally, the summation over v can be performed formally to rewrite (3.2.17) as

l

h[ﬁ, Pl (3.2.18)

) v, o
Prm = ﬁ(ﬂH - Hp)nm =

Equation (3.2.18) describes how the density matrix evolves in time as the result
of interactions that are included in the Hamiltonian H. However, there are cases
where certain interactions (such as those resulting from collisions between atoms)
that cannot conveniently be included in a Hamiltonian description, resulting to a
nonvanishing value of dp(n’)/dt in (3.2.15). Such processes are often modeled by
adding phenomenological damping terms to the density matrix equations so that it

is made to have the form

- _ z (eq)

where 7,,, is a decay rate. Note that the phenomenological damping term indicates
that p,., relaxes to its equilibrium value p&ef%) at rate 7,,,. Further, we assume ~,,, =

Ymn and pgfr%) =0, for n # m.

3.3 Density matrix description of two-level atom

Consider a nondegenerate two-level atom, with the lower and upper levels denoted
by a and b as shown in Fig. 3.1, respectively. Let the energies of levels a and b
be E, = hw, and E, = hw,, with E, > FE,, respectively. In this Section we seek
to determine the density matrix equations of motion for a two-level system in the
absence of damping effects, when perturbed by a light field. The Hamiltonian for the
system is given by

H = Hy+V(t), (3.3.1)
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where H is the atomic Hamiltonian and V(t) is the interaction Hamiltonian which

describes the coupling of the atom with the electromagnetic field.

L ECEEEEEEEES
£
=3
2

Figure 3.1: A two-level atom.

Employing the electric dipole approximation, the interaction Hamiltonian can be
written as

V(t) = —aE(), (3.3.2)

where F (t) the time dependent electric optical field and i is the electric dipole moment

which, in general, for a two-atom system takes the form:

p= | Hoo b (3.3.3)
Hba  Hbb

whereas V, in general, has the form

. Ve Va
V= ( ’ ) . (3.3.4)
%a ‘/bb

Equation (3.3.3) can be simplified by assuming that the atomic wave functions of
the states a and b have definite parity so that the diagonal elements of ji vanish, that
i8, flaa = pwp = 0, and hence

Vaa = ‘/bb =0 (335)
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On the other hand, the nonzero elements of the interaction Hamiltonian are related

by the expression given by

Vie = V% = —pua E(1). (3.3.6)

a

In addition, for the model of two-level atom, Eq. (3.2.11) which describes the

state of the system is a 2 x 2 matrix, and is given by

p:(p““ p‘“’), (3.3.7)
Poa  Pvb

where pp, = pj,. The corresponding equation for the time evolution of the density

matrix is given by (3.2.18). That is,

—1

pnm = f (Hnupum - anHVm>7 (338>

where m, n can take on the values a or b. Moreover, the Hamiltonian H, can be

decomposed into atomic and interaction parts as follows:
Houm = Endpm. (3.3.9)
Then, substituting (3.3.9) into (3.3.8), we obtain [79]
Prm = —WnmPrm — %Z(Vm,p,,m — P Vm)s (3.3.10)

where wy,,,, = (E, — E,,)/h denotes the transition frequency and here also, similar to
m and n, the index v can only have the values a or b. Explicitly writing the system
of equations for the system of two-level atom given by equation (3.3.10) results in the

following system of equations:
pba = _iwbapba =+ Z“/ba(pbb - paa)/ha (3311)

pbb - Z.(‘/bapab - PbaVab)/h, (3312)
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paa = i(‘/:szba - pab%a)/h- (3313)

Furthermore, adding (3.3.12) and (3.3.13) by making use of (3.3.6), we find that

paa + ﬁbb = 07 (3314)

which shows that the total population py, + puq is a conserved quantity. Moreover,
recall that the diagonal elements of the density matrix, p,, and py,, represent prob-
abilities of occupation of states a and b, so that the sum of these probabilities must
be equal to unity. That is,

Paa + pop = 1. (3.3.15)

Equations (3.3.11-3.3.13) constitute the density matrix equations of motion for a
two-level atom in the absence of relaxation processes. Next we will see the effect of

relaxation processes on those density matrix equations.

3.3.1 Closed two-level atom

Let us consider the relaxation process where the upper level b is assumed to decay, via
spontaneous emission, to the lower level a at a rate I'y,, as illustrated schematically
in Fig. 3.2. The lifetime of the upper level is given by T} = 1/T%,. Such system is
known as closed, because any population that leaves the upper level enters the lower
level. In addition, it is assumed that the atomic dipole moment, /i is dephased in the
characteristic time T5, leading to a transition line-width given by v, = 1/75.

The effect of the relaxation processes on the equations for the time evolution of

the density matrix is described mathematically by adding decay terms phenomeno-

logically to Eq. (3.2.19). The result is shown in Eq. (3.2.19), which for the closed
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Figure 3.2: Relaxation processes of the closed two-level atom.

two-level system have the following forms:

pba = _i<wba + ’Yba)pba + i%a(pbb - paa)/h7 (3316)
poo = —Loapop — i(VoaPab — poaVas)/ 1, (3.3.17)
paa = 1—‘bapbb =+ Z-G/bapab - pba%b)/h- (3318)

Note that Eq. (3.3.16) depends on p,, and py, only in terms of the difference,
Pry — Paa- Hence, it convenient to consider the equation of motion satisfied by this
difference. That is, subtracting (3.3.18) from (3.3.17) and using the relation 2py, =

(Poo — Paa) + 1, we obtain

pbb - paa = —Fba[(Pbb - paa) + 1] - 2i(%apab - pbavab)/h- (3319>

Equation (3.3.19) is based on the assumption that only downward spontaneous
transitions could occur, so that the population difference under thermal equilibrium is
(pob — Paa)©® = —1. However, (3.3.19) may be generalized by allowing the possibility
that (pg — paa)®® can have some value other than —1. Thus, its generalized form

can be rewritten as:

pbb - paa - _Fba[(pbb - paa) - (pbb - paa)(EQ)] - Qi(‘/bapab - Pba‘/;zb)/h- (3320)
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We therefore observe that the density matrix equations of motion for a closed two-

level system reduce to just two coupled equations given by equations (3.3.16) and

(3.3.20).

3.4 Steady-state response of a two-level atom to a
monochromatic field

Suppose a monochromatic, steady-state field is applied to a closed two-level atom.
Below, we seek to examine the nature of the solution to the density matrix equations
of motion for such system. In order to accomplish this, let the interaction Hamiltonian

for an applied field, in the electric dipole approximation, be given by

V = —pBE(t) = —a(Ee™™ 4 E*eh), (3.4.1)

where w is the frequency of the applied monochromatic field. The matrix elements of
the interaction Hamiltonian that corresponds to V defined by (3.4.1) are then given
by

Via = —pipa(Be ™" + B, (3.4.2)

It is worth noting that Eqs. (3.3.16) and (3.3.20) cannot be solved exactly for Vj,
given by Eq. (3.4.2). However, they can be solved in an approximation known as
the rotating-wave approximation, which asserts that the part of V;, that oscillates as
e~ acts as a more effective driving term for py, than does the part that oscillates

as e“'. Hence, Eq. (3.4.2) can be approximated to be given by

Via = —pina e (3.4.3)
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Also, let us define the slowly varying quantity oy, in such a way that
Poa(t) = o(t)pae™ ™" (3.4.4)
In view of (3.4.3) and (3.4.4), Egs. (3.3.16) and (3.3.20) become
Gpa = [H(W — Wea) = Voa)Tba — iba E(Pbb — Paa)/ P, (3.4.5)

Pos — Paa = —Lval(pos — Paa) — (Do — Paa)P] + 2iptpa(Eoay — E*ope) /B (3.4.6)

Finally, the steady-state solution, i.e., the solution that is valid long after the
transients have died out, of (3.4.5) and (3.4.6) are obtained by setting the left-hand
sides equal to zero. Thus, the steady-state solutions are

—iwt(

aE - Faa
_ Hon B (P = Paa) (3.4.7)

pba h(w _ wab + Z/TQ) Y

and
(Pbb - paa)(eq)[l + (w - Wab)2T22}
L+ (W = wap)?T5 + (4/0%) e | EPTVTS

Here the identities 'y, = 1/77 and 73, = 1/T5 are used.

Povb — Paa = (348)

3.5 Electric susceptibility of an assembly of two-
level atoms

Once the solutions of the components of the density matrix are explicitly known,
then the expectation value of any observable physical quantity of the system can be
determine using equation (3.2.14). Next, we calculate the polarization of a system of

closed two-level atom using the expectation value of the dipole moment, /.



67

For an assembly of N atoms per unit volume the polarization, in terms of the

expectation value of the dipole moment, is defined by
P(t) = N{(j), (3.5.1)

where P(t) is the polarization. Using (3.2.14), the expectation value of the dipole
moment becomes

~ A A

() = Tr(pp), (3.5.2)

where from (3.3.3) and (3.3.7), with fi,q = i = 0, we find that

L2 Pabtba  Paalttab
U= ( > ; (3.5.3)
Poblba  Pvalbab
so that (3.5.2) becomes
</j> = PabMba + Poalbab- (354)

In view of (3.5.4), (3.5.1) becomes

P(t) = N;uba(pab + pba)- (355)

Introducing the complex amplitude P of the polarization through the relation

P(t) = Pe ™" 4 P*e™!, (3.5.6)
the complex susceptibility of the system, y = x' + ix”, is defined by
P =yE. (3.5.7)

Using equations (3.5.5-3.5.7 and (3.4.7), the susceptibility becomes

— Nl,uba|2(pbb - paa) (3 5 8)
hw —wo +i/T3) "
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where the population difference (py — paa) is given by (3.4.6). Substituting (3.4.6)
into (3.5.8) and rationalizing the denominator, we find the susceptibility of the system

to be
N (poh = Paa)®|twal*(w — woa — 1/ T5)T5 /0
14 (w = wa)?T5 + 4| ?| BTV Ty

X = (3.5.9)

Introducing, the detuning factor, A, and the on-resonance Rabi frequency, €2,

which are defined by
A= w — Wy, (3.5.10)

and

2l

Q
h Y

(3.5.11)

equation (3.5.9) simplifies to

Y= N(pbb - paa)eq|ﬂba|2T2(AT2 — Z) (3 5 12)
W+ AT+ T Ty) B

Furthermore, separating the real and imaginary parts of x in (3.5.12), we get

s _ N(oso — Paa) | al* (AT3) T
X W1+ ATZ + 2T\ Ty)

(3.5.13)

and

" _ _N(Pbb - paa>6q|ﬂba|2Tz

. 5.14
A(1+ A2T% + Q2T Ty) (3:5.19)

Having determined the explicit form of the complex susceptibility, it is straightfor-
ward to obtain the corresponding complex permittivity of a closed two-level system
using the well-known equation

e =1+4my. (3.5.15)

In order to study the behavior of the complex susceptibility, we can write it in

terms of the normal (linear) absorption of coefficient of the material system which we
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Re X

Im X

AT2 =(w- mba}TZ

Figure 3.3: Real and imaginary parts of the susceptibility y (in units of agc/wpa)
plotted as functions of the optical frequency w for several values of the saturation
parameter Q71T [79].

have introduced it in Section 1.8 as:
a =22 (3.5.16)

or
a =2 TmyE = 22 Ima/1 + dry. (3.5.17)
C &

For dilute atomic system |x| << 1 which is a valid concept [79], and using Eq.

(3.5.15), the complex refractive index can be approximated by

n=n+in" ~1+2mx +i27x", (3.5.18)
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then identifying n” from 3.5.17, we get
a=250" = 4rZy", (3.5.19)
c c

Then using 3.5.17 in Eqgs. 3.5.13 and 3.5.14, the graphs of ' and x” in units agc/wp,

of are depicted in Fig. 3.3.

3.6 Rabi Oscillations

Let us consider the interaction of a two level atom with a light field. For the sake
of simplicity, let us assume that the system be non degenerate with lower and upper
levels a and b, and with energies F, and E, (E, > E,), respectively, and let the
transition frequency be wy = (E, — E,)/h. The state of the atom may be described
by:

(1) = Co(t)a(T,t) + Co(t) (7, 1),

- Ca(t)e_i(Ea/h)tqsa + Cb(ﬂe_i(Eb/h)tqsba

where |C, ()2 + |Cy(t)]? = 1.
Suppose that the perturbing monochromatic light field to this atom be of the form

—

E(7,t) = éEgcos(k - ¥ — wt), (3.6.1)

where € is a unit vector in the direction of polarization, that is € L k. The bases
vectors in this system evolve according to exp (—iF,/h), where, n = a,b; so that

calculations are easier, if we write the monochromatic field in complex form

. 1 e o
E(Ft) = 5éEo[e’(’“'Hﬁ) + eilkTw)], (3.6.2)
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Since we take wy, w to be positive, wy +w >> wy —w we can often make the rotating
wave approximation of dropping the second exponential.

Under the assumptions that the monochromatic light field interaction is weak
compared to atomic effects and that the size of the atom is much less than the
wavelength of light, we may make the electric-dipole approximation: the interaction
Hamiltonian can be given by H =— fL- E. Here i1 = —er is the dipole operator for the
atom and e is magnitude of the charge on the electron. The result of the interaction
is that |¢,) and |¢,) become coupled.

Suppose that the atom is initially in the state |¢,). If we neglect spontaneous emis-
sion from [¢), then under the rotating-wave approximation and in the Schrodinger

representation, the time dependence of the system is given by

Co(t) = e Ealleos (Ot /2t),

. (3.6.3)
Cy(t) = e B/ sin(Qt/2t).
The quantity defined by
o CE
h
or,
E F €
0="° °<¢“L; €lgn) (3.6.5)

is known as the Rabi frequency. The Rabi frequency measures the strength of the
coupling between the atomic states and the applied electromagnetic field. Moreover,
taking the polarization and the dipole moment to be parallel, and the orthonormality

of the state vectors, the Rabi frequency takes a simple form

Eopq
0= ”;_L”. (3.6.6)
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3.7 Summary

In two level atomic model, we considered the interaction of a classical light field with
the quantum atomic model employing semiclassical approach, in this approach the
oscillator strength is measured by the Rabi frequency. The interaction is explained
analytically if we apply the rotating wave approximation in which the interaction
energy (Hamiltonian) is a slowly varying function of time, this takes place when the
light field and the transition frequency are nearly comparable, that is the detuning
frequency is small.

The susceptibility of the system for the equilibrium case is derived using the
density matrix description of two level atom, showing its dependence on the Rabi
frequency, its dependence on this frequency is manifested when the light field is strong
which may result non-linearity. As the strength of the field (the intensity of the field)
increases, the deep dispersion of the real part of the susceptibility decreases, and the

frequency range of the anomalous dispersion increases.



Chapter 4

Electromagnetic Wave Propagation
in Structured Metamaterials

4.1 Introduction

Materials that are artificially fabricated to have the desired material properties that
do not exist in nature are referred to as metamaterials. Among such type of mate-
rials is the structured metamaterial that consists of an array of long metallic wires
(ALMWSs) and split ring resonators (SRRs) that is assembled to realize negative re-
fractive index (left-handed) media first proposed theoretically by Pendry [7, 68] and
demonstrated experimentally by Shelby, et. al [9]. They showed that in a narrow
frequency domain in the microwave region, the ALMWSs possesses a negative permit-
tivity and the SRRs possesses a negative permeability. Consequently, the composite
medium that is assembled from the ALMWSs and SRRs behaves as negative refractive
index medium in the narrow frequency domain where the effective permittivity and
permeability are simultaneously negative.

In this chapter we study the propagation of electromagnetic waves in structured

metamaterials (SMMs) that consist of square split-ring resonators and array of long

73
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wire strips made of copper. In Section 4.2, the effective permittivity and permeabil-
ity are presented and the corresponding refractive index is derived. In section 4.3,
permittivity, permeability, and refractive index of SMM in different frequency ranges
are analyzed, in particular, the frequency domain where the SMM behaves as nega-
tive refractive index medium is identified. Normally, the refractive index possess two
resonances. The character of nonanalyticity of the real part of the refractive index of
SMM with two resonances is considered in Section 4.4. Section 4.5 is devoted to the
analysis of group velocity, group index, superluminal, slow, and backward waves of
different types of microwaves propagating in the structured metamaterial. Moreover,
it is shown that by appropriately tuning the parameters of the electric (ALMWs) and
magnetic subsystems (SRRs), the system can be made to have only one resonance. In
Section 4.6 the propagation of EMWs in the SMM with coinciding frequencies of the
electron and magnetic subsystems is discussed. Section 4.7, summarizes the results

obtained in the Chapter.

4.2 Refractive index of the structured metamaterial

Consider the structured metamaterial that consists of square copper split-ring res-
onators and array of thin copper wire strips on a dielectric substrate; with the rings
and wires placed on opposite sides of the substrate as depicted in Fig. 4.1. Shelby,
et. al [9] have analyzed a similar system by introducing a unit cell consisting of six
copper SRRs and two metal strips. Choosing the SRR parameter values (refer to Fig.
4.1(a)) to be w = 0.25 mm, s = 0.30 mm, g = 0.46 mm, { = 2.62 mm, and wire

strips each of length 3a = 1 ¢m, and the resulting SMM was shown to possess LHM
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Figure 4.1: (a) Schematic of a single square split-ring resonator (SRR). (b) A
schematic showing one possible arrangement of an SRR and a wire strip printed
on a square dielectric board of side length a. The wire strip is centered on the SRR
and is on the opposite side of the board from the SRR. (Drawings not to scale).

properties between 10.3 — 11.1 GH z frequency domain which lies in the microwave
frequency region.

Suppose a plane electromagnetic field is incident on the SMM in such a way that
the electric field is polarized parallel to the strips, along the y-axis, the magnetic field
directed along the ring axis, x-axis, and its wave vector directed along the z-axis, as
depicted in Fig. 4.1(b). For such polarization, the permittivity and permeability of
the SMMs can be described by [9]

W2 — w2
e(w)=1- 5 6p2 _:O. ,
e T (4.2.1)
Winp ™ Wmo

—1—
#lw) w? —w? +iyw’

where we,, Wmo are the resonant frequencies of the electron and magnetic subsystems,
respectively; v is the damping constant of these subsystems (for the sake of simplicity
it is chosen to be the same for both subsystems), w,, and wy,, are parameters related

to the electron and magnetic subsystems, respectively. It is worth noting that the
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effective permittivity and permeability of SMMs are practically obtained by employing
a retrieval procedure from measured data of the complex transmission and reflection
amplitudes of a finite length of the metamaterial [81].

Also, note that all known models of LHM in the SHF range have similar frequency
dependence of the permittivity and permeability as (4.2.1), but with different values
of the parameters [82, 83, 84]. Moreover, when the metallic strips maintain electrical
continuity, we, = 0 [9], so that the permittivity reduces to the Drude expression. In
OUr case, We, 7 0.

The complex permittivity and permeability in (4.2.1) my be written in standard

form as:

e(w) = g1(w) + iea(w)
p(w) = pa(w) +ipp(w)

Consequently, the real and imaginary parts of the permittivity and permeability in

(4.2.1) becomes

(W2, — w2, (w? — W, )
) =1 = L G
() Yw(w?, — w?,)
(w? — )2 + (yw)?’ (42.2)
10 (Cd) —1_ (w72np - wzno) (w2 - wTQno)
(W? = w2,)? + (w)?

Further, it will be convenient to measure all frequencies in terms of w., and to
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introduce the dimensionless frequency z = w/we,. Then, (4.2.2) takes the form

B a(z?—1)
fa(z)=1- (22 = 1)2+ (v2)?’
£2(2) = o
(= =1) +2( ) , (4.2.3)
=2+ (02
161%

Here, the resonant frequencies of the electron and magnetic subsystems are z,, = 1
and 2., = Zym = Wino/Weo, TeSpectively, v = /we, is the dimensionless decay constant,

— 2 _ 2 2
and a = 27 — 1, § = 2, — 2,

are dimensionless parameters with z. = wep/Weo,
Zimp = Winp/Weo-

The complex refractive index of the metamaterial may be written as
n =nj + ins. (4.2.4)

Then squaring the the complex refractive index, (4.2.4), we get

2 2_ .2 o
n® =nj —n; + 2ininy,

which can be written as

n*=A+iB, (4.2.5)

where

A=n?—n3, and B = 2n1n,. (4.2.6)

Note that for electromagnetic waves to propagate in a medium, A = n? — n2 >> 0;
as large ny implies decay of the wave in the medium.
Moreover, in terms of the permittivity and permeability the complex refractive

index may be written as

n(w) = Ve(w)p(w), (4.2.7)
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where e(w) = €1 +ieq, and pu(w) = py + ipg are the complex permittivity and perme-

ability. Substituting these into (4.2.7) and squaring, we get
n? = (11 — Eafin) + i(e1pio + Eapt1). (4.2.8)
Comparing (4.2.5) and (4.2.8), we get
A =ceip — eapn and B = e1pp + eap1. (4.2.9)

Next, simultaneously solving (4.2.6) for ny, we find the real part of the refractive

index to be

ni(z) = i\/ A +232 i A, (4.2.10)

and similarly solving (4.2.6) for ny, we obtain the equation for the imaginary part of

the refractive index to be

ne(z) = \/ VA +2B2 — A, (4.2.11)

where A and B are given by (4.2.9). It is clear that the imaginary part of refractive
index ns in (4.2.11) of equilibrium systems (no external gain) must be positive which
corresponds to decay of EMWs. However, the sign of n; in (4.2.10) can be either
positive or negative depending on the values of the permittivity and permeability.

It’s sign is 7 — " for 1 < 0, py < 0 (LHM) and ” +” otherwise.

Table 4.1: Parameters of the structured metamaterial (frequencies in GHz) [9].

feo fep fmp fmo v Zm o B
10.30 | 12.80 | 10.95 | 10.05 | 103 | 0.976 | 0.545 | 0.178
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4.3 Permittivity, permeability, and refractive in-
dex of the SMM medium

It is obvious from (4.2.10) and (4.2.11) that the parameters that determine the real
and imaginary parts of the complex refractive index are A and B defined by relations
(4.2.9). In turn, both A and B are dependent on the values of the permittivity
(e1, €2) and permeability (1, po). Consequently, it is essential to investigate the
relative values of these parameters in the various frequency domains of interest. In
this section, we calculated and plotted the graphs of (i) the real and imaginary parts
of the permittivity, (ii) the parameters A and B, and (iii) the real and imaginary parts
of the refractive index, versus the dimensionless frequency z in a wide frequency range
according to (4.2.3), (4.2.9), (4.2.10) and (4.2.11) with the parameters of SMMs given
in Table 4.1. Because of the large scale of wy =~ 10''rad/s and the necessity to show
clearly the frequency domains of RHM and LHM regions, we present the graphs of

ny and ns, and the relevant parameters in the following successive frequency bands.

4.3.1 The frequency range z < z,

This frequency domain consists of the resonance frequencies of the electric (z.) and
magnetic (z,,) subsystems. The values of these frequencies are z, = 1 and z,, = 0.976.
The permittivity and permeability as functions of the dimensionless frequency z are
shown in Figs. 4.2 and 4.3.

Figure 4.2 depicts the real parts of the permittivity and permeability in the fre-
quency range 0.96 < z < 1.02. For the given frequency range the permittivity (&)

is negative above z > 1, whereas the permeability (u1) takes negative values above
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Figure 4.2: The graph of the real parts of the permittivity (solid line) and the perme-
ability (dashed line) versus z in the frequency domain 0.96 < z < 1.02. Parameters
of SMM are given in Table 4.1.

2z > 0.976. The peak values at the resonant frequencies are ¢ = +275 and pu; = £95,
with values decreasing below 10 on either ends of the frequency domain.

Figure 4.3 shows the imaginary parts of the permittivity and permeability in the
same frequency range 0.96 < z < 1.02. Again both the permittivity (e5) and the
permeability (u2) attains maximum values at the resonant frequencies with peak
values €5 = 550 and puy = 190. For frequencies far from the resonances both the
permittivity and permeability fast approaches to zero.

The values of the parameters A = 11 — eopy and B = &5 + o1 are plotted
as a function of z, as shown in Fig. 4.4. It is evident from the graph that (i) for
z < zm = 0.976, A >> B with both A and B taking on positive values, and (ii) for
the frequency domain z,, < z < z. = 1, our numerical analysis shows that |A| >> |B|
with A taking on negative values whereas B being positive as well as negative. In

particular, for the frequency domain z,, < z < 2z, = 1, with |A| >> |B| with A < 0
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Figure 4.3: The graph of the imaginary parts of the permittivity (solid line) and
the permeability (dashed line) versus z in the frequency domain 0.96 < z < 1.02.
Parameters of SMM are the same as those in Fig. 4.2.

equations (4.2.10) and (4.2.11) may be written as

VAL B2 — |A
2 i | ’. (4.3.1)

VAZ L B2 4 |A
n; = +2 l ‘. (4.3.2)

Then, expanding (4.3.1) and (4.3.2) with respect to the small ratio | B|/|A| and keep-

ing only the leading terms, we get

), B |B|

ny ~ —— = ny ~ , 4.3.3

and

n2 = |A| = ny =~ /| Al (4.3.4)
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Figure 4.4: The graph of A(z) (solid line) and B(z) (dashed line) versus z in the
frequency range 0.96 < z < 1. Parameters of SMM are the same as those in Fig. 4.2.
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Figure 4.5: The real ny (solid line) and imaginary ny (dashed line) parts of the
refractive index versus z in a frequency range 0.96 < z < 1. The peaks correspond to
the resonances z,, = 0.976 and z. = 1. Parameters of SMM are the same as those in

Fig. 4.2.
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Writing (4.3.3) and (4.3.4) in terms of the permittivity and permeability and neglect-

ing the products of €5 and ps in the expression for A, we get

I SVCRT
m(z) = — —=——

AVENT (4.3.5)
na(z) = /leipul.

Since |A| >> |B|, (4.3.5) dictates that

Equation (4.3.6) implies that in the given frequency domain EMWs propagating in
the SMM medium are strongly attenuated resulting in a strong absorption of the
EMWs. The profile of n;(z) and ny(z) in a frequency range 0.96 < z < 1 is depicted
in Fig. 4.5. In the frequency band z < z,,, the SMM behaves as RHM, with ¢; > 0,
w1 > 0 (see Fig. 4.2) and ny(z) >> ny(z). On the other hand, for the frequency band
between the resonances SMM correspond to RHM with e > 0, 1 < 0 (see Fig. 4.2).
Here ny = 15 >> n; which results to a very strong absorption of microwaves.

Note that the detailed numerical analysis shows an interesting behavior of ny(z),
in the vicinity of z = 0.98925 where ; > 0, u; < 0. Figure 4.6 shows n;(z) versus
z in this frequency band. It is a continuous function of z but its derivative dn;/dz
is discontinuous at z = 0.98925 which is a nonanalytic point. It means that n(z) is
a nonanalytic function of z. Later, we will observe that similar type of nonanalytic
behavior of ni(z) takes place at the frequency z = 1.1037 for which, in the vicinity of

this frequency, the SMM behaves as RHM with e; < 0, 1 > 0.
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Figure 4.6: The real part n; of the refractive index versus z for 0.9888 < z < 0.9897.
Parameters of SMM are the same as those in Fig. 4.5.

4.3.2 The frequency range 2z, < z < 1.063

This frequency domain spans from the resonance frequency (z. = 1) of the electron
subsystem to the frequency z = 1.063 that corresponds to the location where the
real part of permeability, 1, is equal to zero. Similar to the previous section, the
parameters 1, €9, i1, f2, A, B, nq, and ny are plotted as functions of the dimensionless
frequency z.

Figure 4.7 depicts the real parts of the permittivity and permeability as a function
of z in the frequency range 1.005 < z < 1.063. For the given frequency range both
the permittivity (1) and the permeability (u;) are simultaneously negative; with
the permittivity varying between —53 < e; < —3 and the permeability between
—2 < p1 < 0. In this frequency domain, we expect that the SMM system behaves as
left-handed medium in the relatively narrow frequency domain 1 < z < 1.063.

The imaginary parts of the permittivity and permeability as functions of z in
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Figure 4.7: The graph of the real parts of the permittivity (solid line) and the perme-
ability (dashed line) versus z in the frequency domain 1.005 < z < 1.063. Parameters
of SMM are given in Table 4.1

the frequency domain 1.005 < 2z < 1.0631 is shown Fig. 4.8. Note that above the
frequency z = 1.02 both the permittivity (¢5) and the permeability (us) are practical
zero enabling the propagation of EMWs in the SMM system easy.

The values of the parameters A = ey — eapy and B = e1ju9 + €911 are plotted
as a function of z, as shown in Fig. 4.9. It is observed from the graph that for the
frequency range 1.005 < z < 1.063, A >> B with A taking on positive values and B
taking on negative values. In this frequency domain, equations (4.2.10) and (4.2.11)

may be simplified as follows:

/A2 2

ni = A +f 4] (4.3.7)
/A2 2 _ A

n3 = AT+ B - A (4.3.8)

2
Then, expanding (4.3.7) and (4.3.8) with respect to the small ratio |B|/|A| and
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Figure 4.8: The graph of the imaginary parts of the permittivity (solid line) and
the permeability (dashed line) versus z in the frequency domain 1.005 < z < 1.063.
Parameters of SMM are given in Table 4.1
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Figure 4.9: The graph of A(z) (solid line) and B(z) (dashed line) versus z in the
frequency range 1.005 < z < 1.063. Parameters of SMM are the same as those in

Fig. 4.5.
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keeping only the leading terms, we get

|B|

ny ~ ++/|A and Ny ~2
! A W

. (4.3.9)

=

Writing (4.3.9) in terms of the permittivity and permeability and neglecting the small
quantity eopo in the expression for A, we obtain
n1(2> = :l:\/ |€1,U/1‘.
‘51/-1/2 + 82/’61‘ (4310)
ng(z) = ———

2y/[evp

Consequently, we have

ny >> ng. (4.3.11)

Note that in the frequency domain where both €; and p; are simultaneously negative,
the negative root in (4.3.11) must be taken and the medium behaves as LHM; whereas
in the case where both ¢; and p; are simultaneously positive, the positive root must
be taken so that the medium behaves as regular (RHM) medium.

As shown in Fig. 4.7, £; and p, are simultaneously negative in the frequency band
1 < z < 1.063, and hence the system possesses LHM properties. Figure 4.10 shows
the real (n1) and imaginary (ng) parts of the refractive index as a function of z that
spans the entire LHM domain. Note that when the frequency passes the resonance
z =1, ny(z) rapidly changes from +30 to —30 (see Fig. 4.5 and 4.10). The inset in
Fig. 4.10 depicts ny and ny for 1 < z < 1.005 which corresponds to the beginning of
the LHM domain. The real part of refractive index n; is negative with n; ~ —30 at
its minimum, i.e., z = 1.0002 with ny ~ 15, and very near to the resonance z = 1 the
value of ny is about 30 (Fig. 4.5). Therefore, at the beginning of the LHM domain,
EMWs are strongly absorbed. However, the values of ny decrease with increasing z,

as shown in Fig. 4.11, attaining its minimum of the order of ny ~ 0.03 in the vicinity
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m@nz)

Figure 4.10: The real n; (solid line) and imaginary n, (dashed line) parts of the
refractive index versus z at the LHM domain 1 < z < 1.0631, where ¢; < 0, p < 0.
The inset shows the beginning of LHM, 1 < z < 1.005 where EMWs are strongly
absorbed. Parameters of SMM are the same as those in Fig. 4.5.

of the end of the LHM frequency band. Similarly, the values of |ni(z)| also decrease
with increasing z, varying from n; = —30 just above z = 1 to n; &~ —2 at the end
of the LHM frequency band, where ny = 0.03. Consequently, for frequencies far from
the resonance the so-called backward waves are expected to propagate, since ny is
much larger than ny. We note that the observed LHM frequency domain agrees with

that obtained in experiments [9].

4.3.3 The frequency range z > 1.063

In this frequency domain the system behaves as RHM as we shall show below. The
frequency z = 1.063 corresponds to the value where the real part of the permeability
of the SMM medium equals zero, i.e., 17 changes sign from negative (for z < 1.063) to

positive (for z > 1.063). In Figs. 4.12-4.15 we plotted the permittivity, permeability,
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Figure 4.11: The imaginary part ns of the refractive index versus z in the frequency
band 1.04 < z < 1.06 of the LHM domain. Parameters of SMM are the same as those
in Fig. 4.5.

the refractive index and the parameters A and B as a function of the dimensionless
frequency, z.

Figure 4.12 depicts the real parts of the permittivity and permeability for the
frequency range 1.063 < z < 2. For the given frequency range the permittivity (&)
is negative between 1.063 < z < 1.243 and positive above z = 1.243, whereas the
permeability (u1) is positive in the entire domain. Note that as z increased further
from z = 2, both ¢; and u; approaches unity. It is expected that in the frequency
range where €, < 0 and p; > 0, EMWs are strongly and hence no propagation.

The graphs of the imaginary parts of the permittivity and permeability as a func-
tion of z for 1.0631 < z < 2 is depicted in Fig. 4.13. It is observed that apart from for
the frequency rage 1.063 < z < 1.4 where €5 and ps varies between 0.034— ~ 0.001
and 0.006— ~ 0, respectively, both €5 and s practically approaches zero for all fre-

quencies z > 1.4 indicating very little or no absorption of EMWs propagating in the
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Figure 4.12: The graph of the real parts of the permittivity (solid line) and the per-
meability (dashed line) versus z in the frequency domain 1.063 < z < 2. Parameters
of SMM are given in Table 4.1.

SMM. Figure 4.14 shows the graphs of the parameters A and B as a function of z, for
the frequency range, 1.0631 < z < 2, it is observed that the value of B ~ 0 whereas
A increases with an increase in z for frequencies above z > 1.243, approaching unity
for large z. This implies that the equations for the refractive index given by (4.2.10)

and (4.2.11) for z > 1.243 may be approximately written as:

n(2) = VA= /|y and ny(z) 0. (4.3.12)

The profile of ny(z) and ny(z) in a frequency range 1.063 < z < 2 is depicted
in Fig. 4.15. In this frequency band, the SMM behaves as RHM. In particular, for
z > 1.243 both €1, pq are simultaneously positive so that EMWs incident on the SMM
system propagates. On the other hand, in the frequency band 1.063 < z < 1.243,
where €1 < 0, gy > 0, the system possesses the RHM properties and the system is
expected to strongly absorb EMWs. Moreover, the detailed numerical analysis shows

an interesting behavior of ny. Figure 4.16 shows n;(z) versus z in this frequency
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Figure 4.13: The graph of the imaginary parts of the permittivity (solid line) and
the permeability (dashed line) versus z in the frequency domain 1.0631 < z < 2.
Parameters of SMM are given in Table 4.1.
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Figure 4.14: The graph of A(z) (solid line) and B(z) (dashed line) versus z in the
frequency range 1.063 < z < 2. Parameters of SMM are the same as those in Fig.
4.5.
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Figure 4.15: The real n; (solid line) and imaginary n, (dashed line) parts of the
refractive index ny versus z in the frequency range 1.0631 < z < 2. Parameters of
SMM are the same as those in Fig. 4.5.

band. It is a continuous function of z but its derivative dn;/dz is discontinuous at
z = 1.1037. The inset of Fig. 4.16 gives an enlarged fragment of n;(z) in the vicinity
of nonanalytic point. It means that n;(z) is a nonanalytic function of z. We also
note that similar type of nonanalytic behavior of n;(z) takes place at the frequency
z = 0.98925 between the resonances with ny ~ 30, as shown in Fig. 4.6.

The numerical analysis of the refractive index of SMM discussed above shows
that it is possible to specify the narrow frequency bands where n;(z) has a strong
frequency dispersion with small enough n(2) that allows one to specify a considerably
propagating microwaves. In these frequency bands, the group velocity of narrow wave
packets demonstrate some interesting peculiarities that we will discuss below. But
first we consider analytically the behavior of the real part of refractive index in the

vicinity of the frequencies where it is equal to zero.
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Figure 4.16: The real part n; of the refractive index versus z. The inset shows
enlarged ny(z) in the vicinity of the nonanalytic point z = 1.1037. Parameters of
SMM are the same as those in Fig. 4.5.

4.4 Nonanalyticity of refractive index of SMM with
two resonances

The conventional solution of the system of equation (4.2.6) requires the inequality
Eolly << g1pt1. For v << 1 it provides ny << n; and results in n; = +.\/E1p1 with
a positive quantity under the square root. But (4.2.6) has one more solution when
eipn < 0, with a large modulus. This is equivalent to stating that |A| > |B| and
A? >> B? with A < 0. This inequality is shown to be true in the RHM frequency
domain between z,, < z < z., as shown in Fig. 4.4. For instance, from Fig. 4.4 we
observe that at the frequency z = 0.980, we find that |A| = 4.7|B| and A% = 21.1B%
Therefore, for the case the system of equations (4.2.10) and (4.2.11) can be written
as

, VAETB A

77,1: 2

(4.4.1)
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Ty

/A2 2
2 _ V4 +f +|A|. (4.4.2)

Then, expanding (4.4.1) and (4.4.2) with respect to the small ratio | B|/|A| and keep-

ing only the leading terms, we get

B? | B|
n?~ = ny ~ , 4.4.3
L™ 44| o A (4.43)
and
na ~ | Al = ns & /| Al (4.4.4)

Neglecting the term ey in the expression for A, (4.4.3) and (4.4.4) may be written

in terms of the permittivity and permeability as

_eipn + eop]
m(z) = — —=——

2y/Jerm] (4.4.5)
na(z) = v/[e1pul.

From (4.4.5), it is obvious that

For |ni| &~ 1, the inequality ny >> m; results in a strong absorption of EMWs. In
Ref. [85] this case is referred as a nearly perfect absorption. However, for ny(z) =
0, inequality (4.4.6) can be true even for comparatively small ny that reduce the
absorption of EMWs.

Let us check when the equation n;(z) = 0 has real roots. According to the first

relation of (4.4.5) it reduces to
E1lle + el = 0. (447)

For small damping constant ¥ << 1 and far from the resonances it is possible to
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neglect the term %22 in the denominators of (4.2.3). That is,

a(z) = 1- 35—
() = o
L 3 (4.4.8)
:U’1<Z>_1 22_Z72n7
8
) = =

Substituting (4.4.8) in (4.4.7) leads to

Q@ Orz I} avz
(-=5) et ) mor

m

or,
B(* = DI(z* = 1) — o] + a(z” — 2)[(z* = 25,) — 0. (4.4.9)
Equation (4.4.9) is a biquadratic equation with respect to z. However, further ma-
nipulation and substitution of 2% = 1 + z transforms (4.4.9) to
2 —2ax —b=0, (4.4.10)

where a = a(8 — §)/(a + 3), b = da, and § = 1 — 22, The solutions of (4.4.10) can

be written in the form
T2 =a{l F/1+0d/a}. (4.4.11)

Formula (4.4.11) shows that n;(z) = 0 at two points. For close resonant frequencies
§ = 1—22 << 1, it is possible to expand (4.4.11) with respect to the small parameter

. Therefore, employing the binomial expansion in d/a, (4.4.11) becomes

z1o=a{lF\/1+6/a} =a{l F (1 +5/2a —6°/8a*+ ...)}. (4.4.12)
In comparison with d/a, the second and higher order terms in (4.4.12) are very small

and hence can be neglected. Therefore, we obtain

T2 =a{lF/1+4+0/a} ~a{l F(1+5/2a)}. (4.4.13)
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Now taking the upper sign for z; and the lower sign for x5 in (4.4.13), we get
ry~a{l—(1+9/2a)} = —§/2,
(4.4.14)
zg~a{l+ (1+6/2a)} =2a+0/2.

Finally, using the relations 22 = 1+ x and § = 1 — 22, we arrive at

[1+4 22,
21 = )
2
(4.4.15)
14 2ap
Zog = 4| —————.
2 ot

Note that the first root z; lies between the resonant frequencies z,, and z., and the

second root 2z, is located above the resonant frequency of the electron subsystem,
both in the RHM frequency domains. As it was mentioned in section 4.2, ny(z;) ~ 15
(see Fig. 4.5) and EMWs strongly decay. In the vicinity of z9, ny &~ 0.7 (see Fig.
4.15), which makes the propagation of narrow microwave packets possible.

It is interesting to compare the approximate numerical values of z; = 0.988 and
29 = 1.126 obtained with the help of (4.4.15) with the parameters of SMM from Table
4.1 and the exact roots of z; and 2, obtained from the equation n;(z) = 0 (Equation
(4.2.10) with A < 0): 23 = 0.989 and z; = 1.104. We find a very good agreement for
the corresponding z; and satisfactory agreement for zs.

It follows from Fig. 4.16 that in the vicinity of 25, n; can be expressed as
ni(z) = a(z2)|z — 2. (4.4.16)

Our numerical evaluation gives a(z2) ~ 0.1. Just for the reference n;(z) ~ 60|z —
z1|. At this point it is worth noting that by increasing the separation between the
resonances, the above described nonanalytic behavior of n;(z) disappears.

In conclusion of this section, we note that the propagation of EMWs in composite

media with a zero index of refraction has some peculiarities. Similar cases with
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ny = ny = 0 were considered in [86]. The propagation of narrow wave packets
centered at the frequency, where ni(z) = 0, in magnetized plasma with ferrite grains

and with negligible losses was studied in [87].

4.5 Microwaves in SMM with two resonances

It is known that the group velocity v, is a physical quantity that properly describes
the propagation of narrow wave packets in media and it is given by the following

relation [79]

c
Vg = , 45.1
! ni(z) + z—dnéz(z) ( )

where ¢ is the speed of light in vacuum and n; is the real part of refractive index. It
is worth to remind that v, comes from the Taylor expansion of the frequency w(k) in
the vicinity of the wave vector ky which corresponds to the center of the wave packet.
That is,

w(k) = w(ko) + ' () sy (k — ko) + %w"(mko(k ko) (4.5.2)

Here v,(ko) = dw/dk|y, = w'(k)|y, and describes the velocity of peak of the wave
packet provided that we ignore the second and higher derivatives terms in (4.5.2).
From this requirement, it follows that v, has the physical meaning for the narrow

wave packets provided that
W (ko) (k — ko)™ << W' (ko) = vy(ko), n =2, 3, ..., (4.5.3)

where w(™ is the n'P-derivative of w(k). These inequalities allow one to check whether
vy is a "proper” physical quantity or not. Usually, the set of inequalities is limited

by n = 2.
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Figure 4.17: The normalized group velocity v,/c versus z in the frequency band
0.96 < z < 1.06. Notice the jump of v,/c which is associated with the nonanalyticity
of ny(z) at the first singular point z; = 0.989. The small peaks at z,, = 0.976 and
ze = 1 correspond to v,/c at the resonances. Parameters of SMM are the same as
those in Fig. 4.5.

Below, we calculated the normalized group velocity v,(z)/c according to (4.5.1)
with the help of ny(z) given by (4.2.10) with the parameters of SMM given in Table
4.1, focusing on the frequency bands where ns is small enough to be ignored. The

absorption coefficient o of EMWs is given by [71]

o = 2l (4.5.4)
C

and the typical length [ of decay of EMWs in a medium can be evaluated with
1 ~ 1/a’. The considerably propagating waves can be specified by imposing the
condition [ >> A, where A = ¢/f is the wavelength and f = w/27 is the frequency.
For f =10 GHz, a typical value is A = 3 mm and we obtain the inequality ny << 1.
Below we assume that ny < 0.1 provides the considerably propagating microwaves.

Figure 4.17 presents the general picture of vy(2)/c in the frequency range 0.96 <
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z < 1.06. In the frequency band z < z,, close to the resonance frequency of the
magnetic subsystem, v,/c < 1 is positive and describes slow microwaves. Particularly,
in 0.8 < 2z < 0.92, the group velocity decreases from 0.18¢ to 0.04c¢, as shown in Fig.
4.18. The imaginary part of refractive index in this band is 2.5 x 1072 < ny <
1.75 x 1072 (see the inset in Fig. 4.18) and allows the considerably propagating
slow microwaves. It is seen that v,/c is discontinuous between the resonances of
the magnetic and electron subsystems at z; = 0.989. However, in this band since
ny >> 1 (see Fig. 4.5), there are no propagating waves. Next, for the frequency band
1 < z < 1.063, where the system is LHM, 0 < v,/c << 1 which corresponds to the
slow microwaves having its maximum V;, = 0.02c at z = 1.05 and ny is of the order of
0.025 (see Fig. 4.11). The small peak (left side) in Fig. 4.17 corresponds to V;/c at
the resonant point z = z,,. The second small peak (right side) in Fig. 4.17 at z =1
is not pronounced clearly on the graph because of the sign change of ny (see Figs. 4.5
and 4.10) from positive to negative in the LHM domain.

Figure 4.19 shows v,(2)/c in the most interesting frequency range 1.065 < z <
1.25. One can see the jump of the group velocity A(v,/c) ~ 20 results from the
nonanalyticity of n;(z) at the second singular point z; = 1.104, where n; = 0. In the
frequency band 1.063 < z < zo, the group velocity is negative and lies between —10c¢
to —0.01c. For 2z < 2z < 1.25, v, first increases from 10c to 60c at z = 1.17 and after
this decreases to 0.025¢. For this frequency range, Fig. 4.15 shows the maximum
value of ny ~ 0.7 and its minimum = 0.02.

Our numerical analysis of vy(2)/c and ny(z) in the frequency range 1.065 < z <
1.25 allows us to claim that the SMMs can support the considerably propagating

slow microwaves (including backward waves). The most favorable situation for the
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Figure 4.18: The normalized group velocity v,,. versus z in the frequency band 0.8 <
z < 0.92. Parameters of SMM are the same as those in Fig. 4.5. The inset shows the
imaginary part of refractive index ny versus z.
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Figure 4.19: The normalized group velocity v,/ versus z in the frequency band
1.065 < z < 1.25. Notice the jump of v,/ at the second singular point 2z = 1.104 of
ni(z). Parameters of SMM are the same as those in Fig. 4.5.
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propagation of superluminal microwaves is v, ~ 2c with ny ~ 0.15. By varying the
parameters of the SMMs, it is possible to slightly decrease ns.

Next, we briefly discuss the effect of the nonanalytic behavior of n; on the group
velocity and propagation of narrow wave packets of microwaves. A rather interesting
peculiarity of the group velocity is that it is not a continuous function of z at z; =
0.989 and at zp = 1.1037 having a jump, which is associated with the jump of the
derivative dn;/dz. As it was mentioned above, there are no propagating waves in
the vicinity of the first singular point. In the vicinity of the second singular point,
29 = 1.104, ny is of the order of 0.7 which still supports the propagation of microwaves.
With the help of gain components it is possible to decrease ny and provide propagating
wave in the vicinity of the singular frequencies [88, 89]. In principle gain may be
achieved by placing active inclusions designed from diode arrays across the gaps in
the SRR units of the structured metamaterials [90, 91]. In this case, for narrow wave
packets centered at z3, one can expect splitting of this wave packet into two packets
moving with negative and positive group velocities.

According to [92], the addition of a small negative part to €5 practically does not
affect n; and Vj in the optical frequency range, however it can considerably decrease

ny. However, the problem of microwaves gain in the SMMs requires further study.

4.6 SMM with one resonance

Let us consider a hypothetical SMM with equal (overlapping) resonant frequencies
of the magnetic and electron subsystems with z,, = 1 and § = «. In this case we

have to set 1 = & and ps = €5 in (4.2.3). Equations (4.2.10) and (4.2.11) give the
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following simple expressions of the real and imaginary parts of refractive index:
a(z? —1)
(22 — 1)2 + 2202
avz
(22— 12 + 222

Now the sign of n; automatically specifies the RHM and LHM domains.

ny =€ = 1—
(4.6.1)

Ng = &2 =

Next, we calculated n(z) and ny(z) using (4.6.1) with o = 0.545 and v = 0.01.
Figure 4.20 shows n(z) and ny(z) near the resonant frequency z = 1 for v = 0.01.
It is seen that at z = 0.9945 and z = 1.0045, n1(z) has maximum and minimum
+25, respectively. The real part of the refractive index is negative in the frequency
band 1 < z < 1.243, where the SMM with one resonant frequency corresponds to
LHM. Beyond this band, n; > 0 and it corresponds to RHM. The imaginary part
of the refractive index is a Lorentz type with maximum of about 55. For the decay
constant v = 0.001, ny(z) and ns(z) have the same pattern as in Fig. 4.20, but with
the extremum points n; &~ +230 and ny &~ 600 (not plotted, here).

The considerably propagating microwaves are possible only for the frequencies far
from the resonance z = 1, where ny < 0.1 according to the criterion assumed in the
previous section. The general picture of vy(z)/c can be understood with the help of

Fig. 4.20 and the group index

dm (Z)
dz

ng(z) =ni(2) + 2 (4.6.2)

which is the denominator of (4.5.1). Figure 4.21 shows ny(z) calculated using (4.6.2)
with account of (4.6.1) in the frequency range 0.98 < z < 1.02. The positive and
negative superluminal values of v,/c correspond to the frequency bands, where ny(2)
is close to zero. In the vicinity of z = 1, v,/c &~ —10~*, which corresponds to
extremely slow microwaves. According to Fig. 4.20, in this frequency band ny >> 1

which results to a strong absorption of the corresponding microwaves.
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Figure 4.20: The real n; (solid line) and imaginary n, (dashed line) parts of the
refractive index versus z of SMM in the frequency band 0.98 < z < 1.02. The
parameters of SMM « = 0.545 and v = 0.01.
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Figure 4.21: The group index ny of SMM with one resonance versus z in the frequency
band 0.98 < z < 1.02. Parameters of SMM are the same as those in Fig. 4.20.
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Figure 4.22: The real ny (solid line) and imaginary ny (dashed line) parts of the re-
fractive index versus z of SMM in the frequency band 0.5 < z < 0.85. The Parameters
of SMM are the same as those in Fig. 4.20.
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Figure 4.23: The real n; (solid line) and imaginary n, (dashed line) parts of the
refractive index versus z of SMM in the frequency band 1.05 < z < 1.243. The
Parameters of SMM are the same as those in Fig. 4.20.
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Our numerical calculations show that slow microwaves with ny < 0.1 exist in some
frequency bands to the left of the resonance for z < 0.85 (Fig. 4.22) and to the right
of it for z > 1.175 (Fig. 4.23). Particularly, in the frequency band 0.5 < z < 0.85,
the group velocity can be interpolated by the linear dependence v, = ¢(0.95 — z). In
the frequency band 1.2 < z < 2.4, it is possible to determine the weakly damping
microwaves with the group velocity lying in the interval 0.1c < v, < 0.8c. We note
that a narrow frequency band 1.2 < z < 1.243 is located at the end of the LHM

domain of the SMM with one resonant frequency.

4.7 Summary

We considered the refractive index and group velocity of microwaves in structured
metamaterials (SMMs) consisting of strips of copper wire and square copper split-ring-
resonators with different and coinciding resonant frequencies. Similar types of SMM
have been used for experimental verification of a negative refractive index. We claim
that SMMs can be considered as a ”laboratory” for studying the slow, superluminal,
and backward microwaves. However, only the slow microwaves can be considerably
propagating in both types of SMMs. The superluminal microwaves in the SMMs with
two resonances are decaying but can be studied experimentally. The experimental
study of the superluminal microwaves can be an additional source for clarification of
their physical nature and whether the conventional expression of group velocity can
be relevant to their description.

We have analyzed, the dispersion of the refractive index both analytically and nu-
merically, and the group velocity numerically in different frequency ranges. Further-

more, we have identified the frequency range where left handed property is observed
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that is consistent with the theory of left handed property, namely, B = s + o1 <
0. In studying the different frequency range we have taken the resonant frequency
of the electron subsystem (z, = 1) as reference. To study the non analytic behavior
of the refractive index, we used the parameters A and B allowing the products of
the imaginary parts of the permittivity and permeability small in their value, and
checked that the non analytic points in frequency agree with numerically obtained
ones. In addition, when a wave packet is launched with a frequency that coincides
with the none analytic points there may result the splitting of the wave packet into
two, propagating to the right and left with respect to that point, as if the point is
serving as a source of two packets.

We have also shown that the real part of the refractive index of the SMMs with
close resonance frequencies of the magnetic and electron subsystems could be a non-
analytic function of the frequency with a discontinuous first derivative. It happens
at the frequencies where n; = 0 and it results in the jump of the group velocity v, of
microwaves. The jump of v, above the resonant frequency of the electron subsystem
supports the weakly decaying superluminal microwaves (negative and positive) and
can be checked experimentally.

Moreover, varying the parameters of SMMs has no significant effect in decreasing
the imaginary part of the refractive index and the associated absorption. Obtaining
the considerably propagating superluminal microwaves requires application of gain
components in the SMMs. Formally, it can be done by including a small negative
part in the permittivity of the SMM. But it requires to consider how it affects the

real part of the refractive index.



Chapter 5

Propagation of Light in an
Assembly of Two-Level Atoms

5.1 Introduction

The studies of superluminal, backward, and slow narrow packets of light waves prop-
agating in different media in the frequency range of strong dispersion of the refractive
index have had a long history [26]. In 1970 it was reported in Ref. [29] that Gaussian
packets of electromagnetic waves can travel in dispersive media with group velocity
exceeding the velocity of light in vacuum with no restrictions what so ever. Recently,
the topic has been discussed theoretically in many papers again and even some have
reported on the experimental realization of such waves in strongly dispersive media
29, 33, 34, 35, 36, 93, 94, 95, 96, 97].

The interesting topic that needs further investigation concerns the superluminal
light with group velocity V, exceeding the speed of light in vacuum. Such a value
of V; is commonly obtained with the help of the conventional formula that does not
take into account the dispersion of the imaginary part of the refractive index.

In this Chapter, we consider the evolutions of narrow packets of electromagnetic

107
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waves in a frequency dispersive media. In Section 5.2 we studied the propagation of
narrow packets of electromagnetic waves with the consideration of the dispersion of
the imaginary part of the refractive index and the conditions in which the physically
consistent group velocity can be realized are introduced. In Section 5.3, we con-
sider the group indexes and group velocity of light in an assembly of two-level atoms
and determine the frequency bands where the physically acceptable group velocity is

attained. Section 5.4, summarizes the results of the chapter.

5.2 Evolution of narrow wave packets in dispersive
medium

The profile of a Gaussian wave packet as a function of position and time propagating in
a frequency dispersive medium is shown to be given (Eqn. (1.6.14))). Switching from
w(k) representation to k(w) and expanding it using a Taylor’s expansion about wy,
and retaining the first and the linear term in the expansion, along with the dispersion
relation between n and k, the Gaussian wave packet for position x and time ¢, may
be rewritten as:

E(x,t) = /00 E(w) exp{iw[n(w)z/c — ]} x exp[—(w — w)?/(20%)]dw.  (5.2.1)
where, wy is the central frequency of the wave packet, E(w) is its amplitude, o is the
width at frequency w, ¢ is the speed of light in vacuum, and n(w) is the refractive
index. In general, the refractive index of the medium n(w) is a complex function of
w, given by

n(w) = ny(w) + ing(w), (5.2.2)
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where nj(w) and ng(w) are the real and imaginary parts of the refractive index,
respectively.

For the typical expressions of n(w) and arbitrary o, the evaluation of the integral
in (5.2.1) is rather complex even in numerical calculations. However, for narrow wave
packets the analysis, which can be carried out analytically, becomes relatively simple.
Hence, for such narrow Gaussian wave packets of EMWs with central frequency wy, the
complex refractive index given by (5.2.2) may be expressed in power series expansion

around wq as follows:
n(w) = n(wo) +n'(wo)(w — wo) + .., (5.2.3)

where n/(wp) is the first derivative of n(w) evaluated at w = wy. For narrow wave
packets the second and higher order terms in the expansion (5.2.3) are small compared
with the leading two terms and hence can be neglected. In view of this, substitution

of expansion (5.2.3) into (5.2.1) yields
E(z,t) = E(wy) exp{—wona(wo)z/c} x exp{iwg[ni(wo)z/c —t]}1. (5.2.4)
Here, the notation I represents the following integral:

I:/ exp(~4e* ) qo (5.2.5)

o0

where the parameters ¢, a, and b are given by

q=w — Wo,
1 nh(we)r  in'y(wo)x
= — 5.2.6
o T T c ( )

b = [ng1(wo) + mﬂ(wo)]g —t, (5.2.7)
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with ng and ng defined by:
ng(w) = ny(w) + wnf (w), (5.2.8)

ng2(w) = na(w) + wngy(w). (5.2.9)

The quantity ng(w) is known as the group index [93]. Below, we introduce the
imaginary part of the complex group index, ng(w), along with that of the real one,
ng(w).

Equation (5.2.5) is the well known Poisson integral. The value of the integral can

be shown to be
I= \/gexp[—bz/zla], (5.2.10)

provided that the real part of a is positive. This requirement imposes that the fol-

lowing condition must hold true:

> 0. (5.2.11)

Consequently, (5.2.4) together with equations (5.2.6)-(5.2.11) describes the evolu-
tion of the narrow wave packet propagating in the medium with complex refractive
index. To make the analysis of (5.2.4) more clear and simple, we consider narrow
wave packet traveling small distance z, so that (5.2.6) reduces to a = 1/(20?). In

view of this, (5.2.4) is simplified to
E(x,t) = FEyexp{—wonaz/c} x exp{iQ[niz/c —t]}
x exp{—0>[(ng1 + nge)x/c —t] X [(ngr — ng)x/c —1]/2},(5.2.12)

where the quantities ny, ng, n41, and ng are to be evaluated at the central frequency

wp, and

Ey = V2mo2E(wy),
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and

x
O =wo+ o’ngp=.
e

Let us compare (5.2.12) with the conventional result given in [71, 79], which is

obtained by setting ng = 0 in (5.2.12). Therefore, with ng = 0, (5.2.12) reduces to

MLQ::Ewm{wme§+MWMm%—ﬂ}
X exp {—m[x - Ug(u)o)t]Q} : (5.2.13)

Here, we introduce the group velocity v, according to the well known relation [79]

ng(w) — ni(w) +wn'y(w)

vg(w) = (5.2.14)

Equation (5.2.13) shows that in cases where the dispersion of imaginary part of the
refractive index is neglected, the narrow wave packet propagating in a frequency
dispersive medium can be described by the product of the following two terms:

(i) the "envelope” term given by

em{_ﬁh_%WWP}

2v%(wo)

(ii) the propagating plane wave given by

exp{iwo[nl(wO)z — ]},

moving with the group velocity, vy. The peak of the ”envelope” term decreases
with increasing z, since ng(wp) in the first exponent (5.2.13) is positive. Hence, as
a result of neglecting the dispersion of the imaginary part of the refractive index,
the description of narrow waves propagating in dispersive media assumes a relatively
simple and elegant form. However, the account of the dispersion of the imaginary

part of the refractive index ns(w) considerably complicates the scenario.



112

Further, separating the terms involving ng; (wp) and ng(wp) in the last exponent

of (5.2.12), we may rewrite (5.2.12) as

E({ﬂ,t) = EO eXp{-WonQ%} X eXp{iQ/[nlg — t]}

exp {m[aj — vg(wo)t] } exp{o“(ngx/c)?/2}.  (5.2.15)

In view of equations (5.2.13) and (5.2.15), we claim that it is possible to introduce V/,
defined by (5.2.14), having the physical meaning only in the frequency bands where

(5.2.11) and the following inequalities hold true:

ng2(wo)| << |ngi(wo)l, (5.2.16)
[ng2(wo)oz/d? << 1, (5.2.17)
[ng1(wo)Poz/c << wona(w)- (5.2.18)

Equation (5.2.17) provides a weak damping and can be satisfied for rather narrow
wave packet 0 << wp and small traveling distance = ~ c¢/[wona(wp)]. Inequality
(5.2.16) is new and it imposes important restriction on the conventional definition of
vy. In principle, the superluminal group velocity v, > ¢ is obtained from (5.2.14) in

the frequency band where the following inequality holds true:
g1 (w)| = |ni(w) + wdny (w)/dw| < 1. (5.2.19)

In the next sections we focus on the consistency of equations (5.2.16) and (5.2.19)
for the relevant mathematical model of the refractive index of an assembly of two-level

atoms.
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5.3 Group index and velocity in a system of two-

level atoms

ad

Figure 5.1: Near-resonant excitation of a two-level atom. [79]

Consider a system consisting of an assembly of weakly interacting two-level atoms
with the two atomic levels resonantly connected by an optical field. That is, it is
assumed that a monochromatic beam of frequency w interacts with a collection of
two-level atoms. Denoting the bottom level by a and the upper level by b, as shown
in Fig. 5.1, the refractive index of such a collection of weakly interacting two-level

atoms is given by
n(w) = /1 +4drx(w), (5.3.1)

where the susceptibility, x(w). For a system consisting of an assembly of two-level
atoms in equilibrium, the susceptibility is shown to be given by (Eqn. (3.5.12)) [79].

That is,

N (poy = paa)litval*(ToA — )Ty
— . 3.2
X(w) W1+ T2A2 + TIT02) (532)

where, N is the density number of atoms, wy, > 0 is the transition frequency between

the energy levels b and a, p,, and py, are the diagonal components of the density
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matrix describing the difference in population between the levels a and b at thermal
equilibrium, g, is the atom dipole matrix element, 77 is the lifetime of the upper level,
T, is the characteristic time of dephasing dipole moment resulting in the transition
line width 1/7%, E is the amplitude of monochromatic electric field of the incident

electromagnetic wave of frequency w, A is the detuning factor given by
A =w— Wy,
and €2 is the on-resonance Rabi frequency defined by

2| ttbal
0= Fl.
al

Below, we consider an equilibrium case when py, = 0 and p,, = 1, that is, when
the upper level is not populated. In the case of |x| << 1, which is consistent with
the model, using (5.3.1) and (5.3.2), we obtain the following expressions for the real

and imaginary parts of the refractive index:
OZTQA
A2 + TZAY

(0]
"R TAY

(5.3.3)

ny =

(5.3.4)

where the parameters o and A denote

27TNT2 2
a = h |lu’ba| )

and
A =V 1 + T1T2Q2.

Note that equations (5.3.3) and (5.3.4) are valid provided that

In1 — 1| << 1, and |ng| << 1. (5.3.5)
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Figure 5.2: Curves of x; versus z for a = 0.00001, 3 = 100, and (a) A? =1 (solid),
(b) A? = 3 (dashed, small), (c) A? =5 (dashed, large). (Color online)

For numerical analysis we evaluate . Taking typical values, || = 5.5 x 107'® esu
(for 3s — 3p transition of atomic sodium) and 75 = 32 ns [79], we obtain o =
6 x 107N, where N is expressed in em™3. From (5.3.3), (5.3.4) and these numerical
values, it is obvious that for N < 10" ¢m™3 and A > 1, the inequalities given by
(5.3.5) holds true.

Figures 5.2-5.4 show the graphs of the real part of the susceptibility y;, the imag-
inary part of the susceptibility ys and the real part of the refractive index ni, near
the vicinity of the resonance frequency, in units of «.

Figure 5.2 shows the real part of the susceptibility y; versus the frequency z for
different values of A, which contains implicitly the Rabi frequency, 2. The solid line
corresponds the weak field limit, which in turn corresponds to the linear susceptibility
where the term that contains the Rabi frequency, Q?T1Ts, in A is neglected. The

dashed line curves correspond to the strong field actions, in which we can not neglect
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Figure 5.3: Curves of xy versus z for a = 0.00001, 3 = 100, and (a) A? =1 (solid),
(b) A% = 3 (dashed, small), (c) A> =5 (dashed, large). (Color online)
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Figure 5.4: Curves of ny versus z for a = 0.00001, 3 = 100, and (a) A? =1 (solid),
(b) A? = 3 (dashed, small), (c) A? =5 (dashed, large). (Color online)
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the term Q27} 75 that shows the nonlinearity in the susceptibility. The existence of the
term Q27,75 leads power broadening that which results the decrease of the picks and
an increase in the range of the anomalous dispersion region, resulting low dispersion
in x;. But in all cases the susceptibility maintains its line shape.

Figure 5.3 depicts the imaginary part of the susceptibility xo, it has a Lorentzian
profile which can be seen from the imaginary parts of the refractive index ng, (5.3.4).
As the field strength increase, like the real part of the susceptibility it broadens and its
peaks are decreasing. Such a decrease can be seen from the denominator of equation
5.3.4.

Figure 5.4 shows that the real part of the refractive index nq, it has similar profile
as that of the real part of the susceptibility. It has similar analysis as that of the real
part of the susceptibility, since ny ~ 1 4 27y;.

Further, the real and imaginary parts of the group index n, can be obtained with

the help of (5.2.8), (5.2.9), (5.3.3), and (5.3.4). The results become

200A%2 aTowpe[A? — 27
R e e ey LA (5.3.6)
alA? — z(z + 2Thwy, )]
n92 - [A2 4 22]2 ) (537)

where

z = TQA

It is seen from (5.3.6) and (5.3.7) that far from the resonance frequency w = wy,,
where |z| >> 1 the approximation n, ~ 1 and inequality |ng,| << 1 can be satisfied
by choosing the appropriate value of «, such that o << 1. Therefore, inequality
(5.2.16) for ng ~ 1 and |ng| << nyz holds true. In these frequency domains the

group velocity (5.2.14) has the physical meaning.
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Figure 5.5: Curves of ng (solid) and ng, (dashed) versus z for § = 100 and A = 1.
(Color online)

The frequencies in the vicinity of the resonance z = 0 are more interesting. To
analyze the group indexes in (5.3.6) and (5.3.7) at these frequencies, one has to take
into account that Thwy, ~ 107, where we choose Ty ~ 10~% and wy, ~ 10'. Thus,

keeping only the leading terms in (5.3.6) and (5.3.7), we obtain the group indexes to

be
plA% — 27]
Ng1 = 1-— m, (538)
20z
Ng2 = — [A2 + 22]27 (539)
where
B = aTrwy,.

It is worth noting that the parameter # can be rather large despite that « is small
compared to unity.

Figures 5.5-5.7 show the curves of the real ny, and imaginary ng, parts of the
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group index versus z for § = 100 and different values of A, calculated using (5.3.8).
Figure 5.5 shows the curve for A = 1. It corresponds to the case where the intensity
of the incident wave |E|? or the on-resonance Rabi frequency is small compared with
unit, i.e., T1750Q? << 1. The corresponding x(w) defined by (5.3.2) coincides with
the first order susceptibility [79]. In this case, the real part of the group index ng
is of the known shape [79]. For frequencies |z| >> 4, ng >> ng, and consequently
the corresponding group velocity v, given by (5.2.14) has the physical meaning. But
for frequencies |z| < 4, the situation completely changes. Here, with exception of
a narrow frequency band in the vicinity of z = 0, |ng| > |n,| so that the wave
is strongly attenuated and inequality (5.2.16) is not valid. Therefore, the group
velocity |vy| > ¢ has no physical meaning. However, in the frequency range where
Ing| < 1, (5.2.14) gives the group velocity corresponding to positive superluminal
light. Moreover, in the vicinity of the exact resonance z = 0, ng, ~ 0 and inequality
(5.2.16) holds true, giving v, ~ —¢/100 indicating the presence of the slow backward
light.

Figure 5.6 shows the curves of ng; and ng versus z for the same parameters as
those in Fig. 5.5, but with A? = 3, which corresponds to rather intense optical
field than the previous case (i.e., A = 1). In this case, the peaks of ny, and ng
decrease and become broad compared with Fig. 5.5. Again, one cannot ignore ngy
compared with n, for frequency |z| < 6. In the vicinity of |z| ~ 1.6, the conventional
formula (5.2.14) gives superluminal group velocity. However, these velocities have
to be discarded as they have no physical meanings since ng ~ 10, near |z| = 1.6
resulting in a strongly attenuated wave. On the other hand, in the vicinity of the

resonance z = 0, for frequency bands where |ng| << |ng |, equation (5.2.16) is valid,
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giving v, ~ —c/30, corresponding to the slow backward light.

Figure 5.7 depicts the curves of ny and ngy versus z for a much higher intensity of
the incident optical wave with A% = 5. One can observe that the peaks of the group
indexes become smaller and wider. This effect can be explained by the theory that
the widening of the spectral line results in the presence of intense radiation field [79].
Moreover, the negative peak of ng4 becomes broader than those in Figs. 5.5 and 5.6.
We can claim that the application of strong optical field of the incident wave results
to the broadening of the frequency band where ng; < nge and consequently the group
velocity loses its physical meaning. In the frequency domain that is far from the
resonance, i.e., for z >> 6, the imaginary group index fast approaches to zero, being
negative and (5.2.14) gives physically admissible value of the group velocity, |v,| < c.

It is necessary to note that again in the vicinity of the resonance z = 0, (5.2.14)
results in a physically consistent group velocity corresponding to the slow light. The

corresponding group index is obtained from (5.3.8) and the group velocity is given by
(B>>1). (5.3.10)

This result is consistent with the curves of ny; versus z depicted in Figs. 5.5-5.7.

5.4 Summary

The profile of narrow wave packet propagating in a dispersive medium is analyzed
with the help of the standard procedure but with the consideration of the dispersion
of the imaginary part of the refractive index. In addition to the conventional group
index ngy1, it contains a new expression ng4o, which corresponds to the imaginary part

of the complex group index. This quantity significantly changes the profile of the
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wave packet compared with the conventional case, with ng = 0.

The behavior of the susceptibility (real and imaginary parts) resulted from the
3s to 3p transition appear the same as those developed theoretically in chapter 3.
They show power broadening which is typical of two-level atoms driven by coherent
strong fields. As the intensity of the light field increases the peaks of the suscepti-
bility decreases, the anomalous frequency range increases, and the absorption peak
decreases.

It is shown that taking into account of the dispersion imaginary part of the group
index ngo significantly distorts the shape of Gaussian wave packet, which is demon-
strated by introducing the imaginary part of the group index ng along with the
conventional real group index ng;. The latter completely controls the group velocity
with the help of the real part of n(w) and its derivative with respect to the frequency
w. Our theoretical and numerical analysis show that the physically consistent group
velocity v, for narrow packet of EMW can only be realized in the frequency bands
where ngy << ng;. By considering the relevant model of the complex refractive index
of an assembly of two-level atoms, it is shown that in the frequency bands where
the conventional formula of v, gives the superluminal group velocity, the condition
ng2 << ng is violated, confirming the fact that |v,| > ¢ has no physical meaning.

The main result is that the group velocity calculated using the conventional for-
mula v, = ¢/ng has the physically acceptable value only for frequency w, where
Ing2(w)| << |ng(w)|. We verify the validity of this inequality with the help of the
refractive index of a typical two-level atom model at optical frequency for the equilib-
rium case and show that it is violated for the frequency range where the conventional

formula of v, gives superluminal group velocity |vy| > ¢. That is, in the frequency
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domain where superluminal light is expected the presence of strong absorption atten-
uates the wave and makes it impossible to realize the physical superluminal light.
On the other hand, in the vicinity of the resonant frequency where the imaginary
part of the refractive index of an equilibrium system is large and results in strong
absorption, the imaginary group index ng4 =~ 0, which allows one to realize the phys-
ically consistent group velocity corresponding to the slow light with the real group

index |ngi| >> 1.



Chapter 6

Conclusions

The propagation of electromagnetic waves in structured metamaterials and a system
of two-level atoms is studied theoretically and numerically. Firstly, the dispersion
of permittivity, permeability, and refractive index of structured metamaterials made
copper array of long metallic wires and a copper SRR in various frequency domains
are investigated.

The group velocity in this medium as well as SMM with coinciding resonance
with the same parameters is studied, whether they support slow, superluminal, and
backward microwaves. Only the slow microwaves can be considerably propagating in
both types of SMMs. The superluminal microwaves in the SMMs with two resonances
are decaying but can be studied experimentally, and can be an additional source for
clarification of their physical nature and whether the conventional expression of group
velocity can be relevant to their description.

The real part of the refractive index of the SMMs with close resonance frequencies
of the magnetic and electron subsystems is nonanalytic function of the frequency at
two frequencies (z = 0.98925, and z = 1.10374) with a discontinuous first derivative,

which results the jump in the group velocity of the microwaves. The jump of v,
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above the resonant frequency of the electron subsystem supports the weakly decaying
superluminal microwaves (negative and positive) and can be checked experimentally.
Obtaining the considerably propagating superluminal microwaves requires application
of gain components in the SMMs. Formally, it can be done by including a small
negative part in the permittivity of the SMM. But it requires to consider how it
affects the real part of the refractive index.

Secondly, the profile of narrow wave packet propagating in a dispersive medium
is analyzed with the help of the standard procedure but with the consideration of the
dispersion of the imaginary part of the refractive index. Taking into account of the
dispersion imaginary part of the group index ngy significantly distorts the shape of
Gaussian wave packet, which is demonstrated by introducing the imaginary part of
the group index nyy along with the conventional real group index ng;. The behavior of
the susceptibility (real and imaginary parts) show power broadening which is typical
of two-level atoms driven by coherent strong fields. As the intensity of the light field
increases the peaks of the susceptibility decreases, the anomalous frequency range
increases, and the absorption peak decreases.

The theoretical and numerical analysis show that the physically consistent group
velocity v, for narrow packet of EMW can only be realized in the frequency bands
where ng << ng. The group velocity calculated using the conventional formula
vy = ¢/ng has the physically acceptable value only for frequency w, where |ng| <<
|ng1]. In the vicinity of the resonant frequency the imaginary part of the refractive
index of an equilibrium system is large and results in strong absorption, the imaginary
group index ng ~ 0, which allows one to realize the physically consistent group

velocity corresponding to the slow light with the real group index |ng| >> 1.
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