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ABS'i'RJ\CT 

The path i n tegra l formalism of Quantum Hechanic s is 

developed from both the Lagrangian a nd Hamiltonian point of 

view. Some e xact propagators are calcula ted. Several 

stat istical mechanic s p r oblems are d i scussed via a pa th 

integ r a l fo rmula tion of the statist i ca l dens ity matrix a nd 

an a pplicat i on to second quantized Hamilton ians using co­

he rent states is described . The va riational techniqu e i s 

considered wi th il lustrat ive examples . A review of some 

selecte d recen t achievements o f the technique 1s presente d. 
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,ROLOGUE 

Quantum mechani cs be gnn wi t h s eeming ly t wo dist inct 

f o rmulation'. ,one. due to Schr odlng e r and other due to 

He isenberg. Later o n the s e we r e show n to be un i ta rily 

equivale nt. 

Approximate ly t wo decade~ l ate r Feynman , i n trying to 

find out the mea ni ng of wha t he himse l f describes as some 
2 mysterious r e marks by Dirac came up with an enti rely new 

formula tion wh ich turned out to be equivalent to q uantum 

mechanics. Wher~ as the Schrodinger formulation 1s 

Hami l t onian based , t he Feynman formula tion is tied t o 

Lagrangian mechani cs . 

With the above fac t 1n mind no t hing neH' can be e xpecte, 

to come out of the Feynman f o r mulation but t here sur e ly is 

a pleasure 1n recognizing o ld t hings from a new po int of 

view as F~ynman puts it. The for malism is wor t h it fo r its 

aestheti c value . 

BeSides, i t is extremely gratifying from a conceptual 

point of view. By i mposing a sensible set of requirements 

on a physical the ory , we are inescably led to a fo rmalism 

equi va lent to t he us ual quantum mecha nics is remarkable in 

itse l f. I t make~ one wonde r whether it is a t a ll poss ible 

to construct a sensible alternat ive theo r y t ha t is equally 

success f ul in accounting for micros cop i c phenomena . 

The path intEgr a l formulatio n does not l ead to s impli-

fications , in genera l, but , in a class o f problems it does 



give the full propagator or the t ransition amplitude with 

treme ndou:s ease as well as it provides va l uable i ns i ght 

into the relat i on be tween classical and quant um mechanics . 

At the outset it is hard to say whe r e a gi ven a pp r oach 

can f i nd .its bes t applications d i rectl y or i ndi r ectly . So 

i t has be 4~n wi th the path i ntegral appr oach. Or iginally 

des i gned ·t o apply t o pr ob lems in quantum electrodynami cs 

where it c ommonl y goes in the name of Feynrnan 's space t ime 

approach , or p r opagator t heory , it has now become a va l uable 

and power:ful tool i n probl ems of sta tistical mechanics a nd 

probability theory besides a qua ntum fie l d theory . Some o f 
, 

t hese we shall get a flavour of a s we go a long . 

Finally, the re lat ion between Schrodinger mechanics 

and path integr a ls i s parallel to that between the Newtonian 

and least act i on formalism of mechanics. Where as the former 

approach i s l ocal in time and deals wi th time e voluti on ove r 

infinites i mal periods, the latter i s global and deal s ~ly 

, 
with propagation o ver finite times. 

The plan of th is presentation goes as follows . .w=: t:eg1n 

wi th a di,\;lcuss i on of the time e volution operator in quant um 

mechanics and t hen obtain t he Feynman path i ntegral f o llowing 
, 

Di rac ' s hint. We then see how the path i ntegral ca n directl¥ 
, 

obta i ned from the Schr odinger equat i on. The next chapter is 

devoted to some simple evaluations and the Bohm- Aha rnov 

effect . We gradually learn that the path integral is clos ely 

related to the density matrix i n statistical mechanics which 



then l e ads to survey stati stical mechnics via path 

integrals . One c an a l so see that path integra l s can be 

used fo r second q uant i zea. Hami ltonians. The vari ational 

method wi th some di scussion o f the partition f unction 

comes next . A smal l survey at the end di scusses the 

problems which can be handled wi t h the p ath in t egral 

technique but wh i ch we could not covo r in ,th i s lim1 ted 

study. This , inc idently , at least de monstrates to us 

t he powerf ul nature of this technique using functional 

integr a ls o 7 ,8 



CHl'.PTER ONE 

THE 'rIME EVOLUTION OPERATOR AND 

. • 1 The Pr opert i e s of t he Time Evolut i on Operator 

We begin by reviewi ng the properties of t h e t ime 

evolution opera t or (a l so knot'ln as the propagator ) in 

quantum mechani cs. 

Le t a s ystem at time t o be represented by the s tate 
., 

vec tor I a > _ I a., ~ Q >. At(llater t iltle let t he s tate vector be 

la , t:> . I f t + t(), ''Ie expect !a , t > -+ la>. la / t > is related 

to !a> via the time evolution oper~tcr U( t , t o} i . e ., 

l a , t> = U(t,t o) la> . U is a unitary operator s atisfying 

the followi~ g pr operties: 

U(t"t 2 ) U (t2 '~ 1} = U { t 3 ,t 1 ' , 

U (t • ) = I , ,e 
1 1 

+ 
U( t';: ' '''l) e (t l , t Z) = 1.1.1 

Further, s ince !a- , t..> ;z. U(t ,t o' l a> 1s a solution of the 

Schrodinger equa ~ion a nd la> i s arbitrary i t follows that 

nU 
ih = HU • 1.1. 2 

<it 

I f U !.S lmcwTl ";he -t · vol ut i on of the state is 

c ompl etely specified. UltL~ately solving the time dependeni 
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Schrodinger equation boils down to the determination of the 

propaga t cr. There are thr ee cases to be consider ed . 

1. H is t ime independent, e . g . , t he Hamil t onian fo r 

a s pin magnetic moment interac t i ng with a t i me indepe ndent 

f iel d . In such a case the above differential equation gives 

U(t, t o) = exp C iH (t - t » fl 0 
1.1. 3 

I f t differs from to by an i n f i nitesimal amount 

U(t,t,) -: I -
i ll 
1\ 

6t. 1.1. 4 

Alternatively, ~e can borr ow f r om classical mechan i c s the 

idea that H is the generator of time evolution 50 that 

eg. (1.1.4) holds . Using the compo2it i on property from 

eq. (1 . 1.1 ) \ole obtain for a finite time evolut i o n , the 

ope r a tor 

rn {l -
ill(t-t o)j n = 

n.~ 
{ -ill ) exp -(t-to ) 

1\ 
1.1. 5 

Where we have d i v i ded the time inter va l t-to i nto steps 

o f widt h E = (t- to) /n and conside r ed s ucc ess i ve time evo­

lutions over each width E. This is t he case of fin e par-

t i tioning ,..,hich shall be usee in our fut ure discussions a s 

well. 
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2 . H is time dependent but H at dif f erent times 

commu t e . Th is would be the cas e o f the s p in - f ield 

coupl ing above if the dir e c t ion of the field remains f ixed 

but i ts magnitude becomes time dependent . Now we solve 

eq. (1 . 1.2) to obt ain 

U ( t , t o) = e x p {-.i. It H(t ' )dt ' ) . 
t o 

1.1.6 

3. The Hamiltonians a t different t i mes do not 

commute. In t he above example , the fie l d directions may be 

chang ing s o t hat non-c ommut i ng combination of s pin -ope rator 

may be involved. The forma l solut ion i n such a c a se i s 

given by the Dyson series : 

~ t , 
i n t t n - _ 

I+ l: (-- ) I dtJ 'dt, • . • 1 dtnH(td . • . H( t n). 
n=1 'fl t ,J to t o 

U ( t ,t o ) = 

1.1.1 

1. 2 Further .on·PropagatOrj! 

We start '.<,I1th 

I a . t > ,= expC~H (t-t . ) ) I a>~l: I j> <j I a> ex!?Ci~j (t - t o) ) 
J 

1. 2 . J 

where H is time independe nt and I ~> i s i~s eigenket . 

Taking t he i nner produc t with a c oordinate s t a t e vect or 

<rl we have 

<rj u , t > = ~<; lj>< jla> exp {-i~3 (t - t o )} 1. 2.: 

i.e., the wave funct~o~ of the system at t ime t is given a~ 
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'of. ~ <r!j> a'ld 
J 

Eqs. (1.2.3 ) and (1 . 2.4 ) suggest an i ntegral operator 

interpretation! 

where t h ke r nel of the integral operator known as t he 

pro pagato.':: i n wave mechan ics is g i ven by 

1. 2 . 3 

1.2.4 

1. 2. 5 

1.2.6 

In any given p::-:>blem the prop3g~tor depends only on 

the potEnt ial and 1s i naependp.nt of the in1 ial wave 

f unction. It C:\T). be cons tructed once the crer gy eig Em 

function .. anc"". cige:walues d!:e g iven. The tim::- evolut ion of 

t h e wave function i s c ompletely pr dieted if K(r , t;r ; to) anc 

the ini t ial wave func t ion are given.. Schrodinger ""ave 

mechanic3 is thus a completely causal theory . The time 

devel opment o f a Wilve function subj ected t o c1. poten~ial 1s 

as 'tle t erministic " as anyth i ng else- i n clas.zlcal mechani cs 

prov ided that the system i s l eft undis ~ur ~d . 

Eq . (1.2. 5 ) is amenable to a n inter pretat..Lor . ... -em1-

n i s c e n t o f Huygc ns com;t rt.:.ctio"1 in wave o pt 'I t; s . The streng' 

of t he wave amplituue arr iv;.ng a~ (r , ll from ~rt ,to) wi l l b 

p roport.ional to the original amp11tude '1(=' ,to)' I f we 
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denote the constmlt of pr oportionality by K(r,ti r' , t o} ' the 

t otal wave acr ivi ng at (r , t) wi ll he 

$ (r,t) = fK(r,t ; r ' , to)..,(i::' , told'r ' , t > to • 

We ote t wo properties of K: 

1. F'o r t > to' K(r , t;r' , t o} sat isfies the t i.me - -

dependent Schrodinger equation. This f ollows trivially 

using eit:her eq. ( 1.2 . 5 ) or eq.(1 . 2. 6}. 

2 . L i m K{r ,t: r ' , to ) '::=: 6 s (r-r l
) for then t he r ight 

t:-t.. 
hand s ide o f eg . (1.2 . 6) becomes <rlr '> .::=: 63 (r-r') . 
Because o f the£e t wo properties the propagator regarded as 

a func tion of r is s imply t he wave f unction of a particle 

which w a s l ocated precisely at r ' at the time to' This 

f0110\-15 also hy noting th - t 

- I {-iH <r exp 
11 

( t-t, ) }l r' > 1. 2.7 

where t he 'time evol ution operator acting on Ir l > is j ust 

the s tate ~et at t of a par t icle that was local i zed a t r' 
att o <t. If we wish t o 501\-e a mor e general problem 

where the i niti al wave function extends ove r a f inite re:;ioT' 

of space , all ' ~e have to do is to mu t iply ~ ( r' , to ) by t he 

propagator K(r , t ;r ' , t o) and integrate over a l l r' adding 

thereby the var ious cont ributions from d i !fer e nt positions 

r'. This r eminds us of Lhe sit uation i n ele ctrost atics ; 

if we wish to fint: the electrostatic potential due to a 

general charge aistriblltion p (r '), We f irst solve t..~e point 
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charge problem, multiply the solution by the charge dis -

tribution and integrate so as to get 

~ (i' l = f p(r~ d'r'. 
I f-i" I 

I t 1s e a sily s een tha t t he pr opagato r 1s s i mply the Green~ 

f unc t i o n for the t i me- depe nde nt wave equati o n 

proof : 

a s 

NOW, 

+V(rl -i1il. lK (r , t , r' , t,l=- 1M' (r- r ' l6 (t-t ,l. 1. 2 .8 at 

Us ing the step func t ion 9(t-t(j) eq. (1 .2 . 5) 1s wr i tten 

a 
at = 11> (t-t,l 

\1hlc h gives 

with t he boundary c onditio n 

K(r ,t;r ' ,t o ) ~ 0, t < to ' 1. 2. 9 

The par t i c ular form of the propagator depends on t he PJ'te"t 1 =-"1 

Consider as an example a free part icle in one d imens ion . We 

can use the momentum eigenf unct ions I p>, Pip> "" pIp> and 
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• HIp> ~ (p 12m) Ip> which are plane waves to get 

K(X , tjX' , to) = 1 
""2"T.fi 1. 2 . lOa 

Thi s int egr al is easily done by complet ing the squar e i n 

the exponen t giving 

K(x , t;x ', t ' ) : , m exp 
2n1!1T 

( im( X-X' .) ' } 

2!lT 
1.2 . 10b 

where T = t - t o. This express i on can be us ed to see how a 

Goussian wave packet spr eads i n t ime. Later we s ha l l 

consider the propagator of the impl e harmonic os c i lla tor 

which i s more easily derived using the path inte gral 

approach. 

We note that c~rtatn ~pace and t i me integrals derivabl t 

from K are immans e ly important . We s e t to=O (no 10s8 of 

general ity} . I-for eovc l" Eet r = r' and integrate over a l l 

space 

G(ti = JK\ r~t;r/,) d3 r' 

- iEj t 

= E1\{r' I j>j ' ct r ' " 1'l 
) 

-W-t 
G!t) E 11 1. 2 . 1 2 o r = e 

j 

Not a surprising result . For s ett ing r = r l and integra~" : 

a re equivalent t o taking t he trace of t he time evolution 

oper a tor i n the r - representation . But trace i s bas is 

independent a nd in t he I j > ba sis ft.1s readi ly equal t o the 
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right hand s ide of t he last equation. 

just the SWI' over states reminiscent o f the partition furx:tial 

in statistical mechanics. If we analytically continue in t 

and make t pure imaginary such that B = I t/ft > 0, we end up 

with the partition f unction i tself, 

z = t eXD( - aEj). 
j • 

The t echniques encountered in studying p1"Opagator s can 

1.2.13 

obvious ly be usef ul in statlstic~l mechanics and they indeed 

are a s we shal l ~ee. 

Next consiccr the ~.:lplac(>-Fourier transform of G(t) 

G(E) = 1:; G(t) exp(if,..:)dt .. 1.. t 
II j 

r e xp , dt . 1.2 . 14 

The integral c'·cjJlat.:s lndeflnitely. i':e make it meaningful 

by replacing E by E+ ... <: and finally 'Lot ~_40· We t hus obtain 

G(E) = 1 

E-Ej 
1. 2. 15 

The coml'Iete energy spectrum is exhibited as simple 1=0"""-1 

of G (E ) in the complex E- plane. To know the energy spectr um 
, 

of a physical system we only have to s tudy the ana l ytic pro-

perties of G(E) . 

1 . 3 Propagator a s a Tra~sitlon Amplitude 

We shal l nm-J t ry t o analyze the Dropagat o= a o 1t deepe; 



- 9 -

Our wave function is the scalar product of bra <r ' l wi th 

t he moving ket I~,t>. We can r ega rd it also as the sca lar 

product of t he Heise berg pic ture bra <r ' , t a I which "r o tates" 

oPPOsit ely with time with the f ixed Heise nbe r g ke t to>:­
Simila r l y , 

or 

K( r, t;r ' ,to) = E<r lj> <j l r ' > exp o ~~j(t-to ) } 
j 

Wher e we have an eigenket and eigenbra of the pos ition 

1. 3 . 1 

operator 1n the Heisenberg picture . Thus <r ,t lr ' ,t o> 1 s 

the probability ampli t ude for the particle prepar ed at time 

to with. position elgenvalu~ r' , to be found a t a late r 

ttree t at a . posi~lon r. Or roughly speaklng <r,t lr' , to > 1s 

the amplit~d~ icr the particle to go f r om a space t ice 

point (r' ,to) te· another space time point (r , t). Henc e we 

cal l it the translt i on ampl itude. We are qui t e i n line w~ ~~ 

the interpr e t atIon we gave to K(r , t i r' , t o) be for e . 

One more useful i nte r pretat ion i s t he fol l owing : 

Let t he keto Ir ',t o> ~d Ir , t > be chosen as b as e kets in the 

Heis enber g picture a t t he t imest o an~ t r e spect ively . So we 

can r egar d <r , t ! r' I t o> as tIle tr s formatlon function t h a t 

connects t he t\10 sets of base! ke".:s at d iffer ent times. Thus 

time evolution in the He isenberg picture can be viewed as a 
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unitary transformation in t he sense of changing bases , 

that connects one set of bas e kets to anot her. This 

corresponds to class i c a l physics whe re the time develop-

ment of a dynamical variable corresponds t o the continuous 
-evolution o f a canonical transformation generated by the 

Hamiltonian. 

Let us now use t ' in plac e of t o . We know 

This i s cal led the composition property of the transit ion 

ampl i tude. Clearly we can divide the time interva l into as 

many parts as we wish. Thus if we somehow guess the form 

o f <r~ llr~t ' > f or an infini tesimal time int erval betwee n t' 

a nd l = t 1 + dt we should be able to obtain <:?, II r' , t , > for 

a finit e time interval via the composition property. This 

is the "underlying reasoning that l ed Feynman to his inde­

pendent formulation of quantum mechanics in 1948). 

l.4 Path Integra ls as a Sum OVer Paths 2 t3 

" To illustrate this scheme we now consider a one 

dimensional problem. The generalization to higher dJrnensior 

19 trival. We are inter ested in the transi~ ion amplitude 

fo r a pa rticle t o go from a space time point (x ',t' ) to 

another point (~~ tj . Divide the i ndependent variable 

t ime i nt o steps of width E . This g ives us a set of values 

tj spaced a d ist anc e E apart between the values t ' and ~. 
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At each time tj we select a point Xjo Now a path is 

constructed by connecting all the po int s so s elected by 

some type of l ine. 

t = t· - t · :0:: J )-1 
t'- t I t n- t 1 

= n n 

Eq. (1. 3 . 2) implies 

nus can b est be visualized with the help of figure 1 .4.1 below. 

t 

. .. 

/ 
J 

x 

Fig. 1.4 .1 Paths in the x-t plane 

1.4 .1 

For each time segment , say between t j _ 1 and tj we find the 

transition amplitude to go from (Xj _l, t j_l) t o (xj , t j ). We 

then integrate over all intermediate points x 2 "" xn- 1 " 

This means that we mus t s um over a l l possibl e paths 1n the 

space time plane wi t h fixed end po i nts . This also means 

that the points x j _
1 

and Xj may be very f ar apart inspite 0 : 
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the s malness of the t ime i nte r val tj -tj-l " The paths 

envisaged may , t h er efore , not be continuous. 

Let us pa use a b i t a n d see how paths a ri se i n classic 

mechanics. Considering one dimension let the classical 

Lagrangian. be 
• 2 

m Xc " Le t = .l. 

2 
Given this and th 

• • h points (x' ,t') and (x , t) , we do not consider just a ny pat 

between these points but the actual motion takes place a l 0 

a unique path; for e xample, given V(y) = mgy for a freely 

falling body and (y ' , t ' ) = (h , O), (y';t!' ) = (O,/2h/g), the 

c las sical path is y et) = h_~gt 2 . This uni que pa th is giVE 

by minimizing t he act i on, i .e . 

10' 
o f Lc l (y , ~)dt = ° 

t ' 

and leads to L~granges equation of motion . 

The basic d i ffere nce betwee n classical and quantum 

mechanics is now clear. Classi cally the path 1s unique. 

In quantum mechanics all possible path s have a role i.n:ludJ 

those whic h ~~ not bear any resemblance to the classical 

path and those which may not even be continuous. Ye t whal 

ever theory we w&ite down should lead to c lassical mechan 

as fl .. O. 

1. 5 Feynman1s F'o rmula t i on 

Feynman tried ~o attack this problem . He was greatl: 

intrigued by a mys t erious remark in Oiracs book' which i n 



- 13 -

our notat:lon r eads 

t" 
exp 1 Lei. (x,x)dt } corresponds to <~t· IX I,t' > . 

t ' 

In trying to make sense out of t hi s remark he was led -to 

his celebrated space - time appr oach to quantum mechanics 

via path :lntegrals. We now demonstrate how does the above 

corresponCiance lead t o the path integral. Since the 

classical act i on is going to play a v i tal role we intr oduce 

a useful notation 

t. 
S(j , j - 1) = f) Lei. (x , x)dt. 

t . 1 J -

1. 5 .1 

Si nce Lei is a func tion of x and x , S (j,j - l) is defined 

on l y after a defini t e path has been prescribed a long which 

i n teg ration has to be c a rried o ut . That a particu lar path 

is involvE~ in the above integration 1s thus implied even­
. is 

t hough thisA not e xplicit i n the defi ni t ion . Consider t he 

segmen t bE~tween (xj_l ,t
j

_1 ) and (xj,tj) ' Dirac says that 

. 1S(· · -1 ) 
associate exp ( JiJ 

} with this segment. Going along 

the prescrib~9 path we successively mult iply expressions 

o f this type to get 

This i s t hle 

<x",ll x' , t ' > 

exp ( E~ 
) 

S(j ,j -1 ) ) = exp{iS(n ,l?) 

contribution fr om t he chosen path to 
~.~t 

1. 5.2 

- < xnl tnl xl , t l > · ~we have t o 1 n~egrate over 

X 2 ' •• • xn _1 . Using the composition property f r om eq. (1.1 .1) 
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we let tj - t j _1 to be infinitesima lly small . Thus 

symbolica lly , 

<x , t Ix , t > ~ r exp n n Il 
all paths 

{! S( n , l)1. 
1'1 

1.5. J 

The summation 1s over a n inf inite set of paths . Before 

proceeding fur ther let us e xamine the l imit 11 ... O. Then 

the phase o f the cont ribution of a path , S~ 1s s ome very 

large angle. The r eal (or imaginary) part of the 

exponential is the cosine lor sine )of this a ngle which 1s 

as likely t o be ,p l us as minus. Now if we move the path 

by a small amount 6x , small on t he c las s i cal scale , the 

change in 5 is likewis e small on t he classical s cale but 

not when measured in the tiny unit~. These small changes 

i n path will, ge neral ly, make enormous changes in phase, 

and our cosine o r sine \'1111 OSCillate exceed ingly rapidly 

bet ween plus and minus values . The total contribution 

wil l then add to zero; for If one path makes a positive 

con t ribution, anothe r inf i niteslmally close (on a classical 

scale) makes an equal negative cont r i bution , s o that no 

net contribution arise s. 

Therefore, no path rea lly needs to be cons i dered if 

the neighbouring path has a diffe r ent action; f or the 

paths in t he neighbourhood ca ncel out the cont rLbution. 

But for the specia l path xc! , f or wh ich S i s an extremum , 

a small change in t he path produces i n t he f irst order 

a t leas t, no change in S . All the contributions f r om the 

paths i n this regio n are nearly in phase i . e. , paths 



- 15 -

near t he c l assical path cont r ibute cohe rently and we have 

constructive inter ference . Fina l l y in the cas e ~ z 0 , the 

class i cal pat h ~ts stng led o ut . 

1 
w (. ) 

. .is ( j , j - l )) exp t~ . 1. 5. 4 
!\ 

We have i nserted a we ighting f actor which depends on t j- t j _l 

but not on V(x) . The need f or such a f a c t or a rise s pur ely 

on d ime ns ional grounds s ince t he le f t hand s ide must have 

- I 
the d imension of (length) . Now l et us eva l uate S(j , j -l) 

for £ ~ O. Given th i s we can make a s traightl i ne approxi-

mation to the path joining (x j _l, t j _ l ) and (xj , t j ) a s 

f ollows: 

S( j , j - l ) ( m X" () ) d 2 - V x t 

1.5 . 5 

Not i ce t hat f dt V = 0 , t he exponent is precis e l y t he same 

a s for t he f r ee parti c le propa9ato~ discus s ed earli e r . 

Since the wei ght i ng factor is independent o f V we c an as 

we l l e va l ua te it f or the fr ee par t icle cas e . We use the 

or t honorrna l i t y of the He i s enberg picture e l genke ts a t equal 

t imes , name l y , 

<Xj , tjIXj_l , tj _l'l = 5 
' c+o 

(X.-X· 1 )· 
) )-
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exp im(Xr x j - l) ' 
21\£ 

using these two relati ons together with e q. (1 .5 . 4) we get 

It t hen follows 

1 
OJ ( e) 

.;. III 
2nih E 

n-l 
= lim ( m ·T fdx 

n-+CO 211"ifu: n-1 

1.5.6 

1. 5 .7 

where t he limit n .. ~ is taken with xn and Xl fixed . We 

define a new kind of infinite di mensional integral operato£ 

Xn 

f Ox(t) 

'" 
so that 

<x t tx , t > 
rttfl l 

Xn 

= f Dx(t) 
X, 

tn 
f Lcl(x , X)dt) . 
t , 

1. 5 . 8 

1.5 .9 

This is FeynmaJs path integral. Its meaning as the sum 

o ver paths is explicit 1n eq. (1 . 5.7). 

We have here a new formulation of quantum mechanics 

based on the concept of paths, which , Feynrnan mot ivated by 
, 

Diracs remarks arrived at .The only ideas borrowed from 

conventional quantum mechanics are: 
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1 . Superposition princi ple used in summing the 

contributi ons from various paths . 

2 . The c ompositio n property of the transition 

amplitude. 

3 . The classical c o rrespondence. 

Let us summarize our results . The Feynman method 

tells us how t o calculate the propagator directly . To 

find K(~, ~;X',t ' ) (one dimensional c ase ) do the following: 

1. Draw all pat hs in the x-t plane connect ing (x ', t ') 

a nd (x', ~~ . 

2. Find t he acti on S{ x (t)J for each path x(t). 

3. K 
An r 

z 

all path 
S(x(t)J) 

11 • 

That means all paths are g iven the same. weight but each 

path contrtbutes with a different phas e and contributions 

essential l y cancel out until ~le come noar the classical path. 

Near it the contr ibutions add conntructlvely and produce a 

large sum. Away f r om the class ica l path dest ructiv e inter-

ference sets~ in . Thus kis domi nated by paths near the 

classical path. The c lassical path i8 impor t ant no t becauee 

it contributes a lot but because pa ths in its v ic i nity con-

tribute coherent l y . We ask how far should we deviate f r om 

Xc i before destruct i ve i ntereference s ets i n . One may s a y 

crudely that cohe rence is lost once the phase differs from 

the s tationary value s{xc t (t )J /k by about n . Thus the 

action from c oherent paths s hould be a pproximately nn of 
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Se l, f or a macroscopic particle this means a ver y tigh t 

constraint but for an e l e c t ron it allows a lot of latitude . 

That is why the ass umption that the electron follows the 

well defined cl a ssical path l e ads t o a conflic t with 

exper imen t . 

Now we would like to s how t he equivAl e nce of the 

Feynman formulation to conventional quantum mechanics . We 

can do this i n two ways. Either we can show that we can 

obtain Schrodlnger equation direct ly from t he pr esent 

formulation or the convers e 1.e ., starting from the 

Schrodinger equation we should obtain the Feynrnan path 

integral. We shall do both , l e aving t he second proof (the 

methodology o f which we s ha ll exploit in the secti on on 

s tatistical mechanics) t o Appendix AI ' 

1 . 6 Schrodingers . Is .Dat ion from the Path I nte gra l 

Let us start with 

= I m 
2rriliE 

I ntroducing ~ = x - x and using x in place of xn 
n n - l 

.. 

1.6.1 



- 19 -

and t 1n place of tn we obtain 

<x,t+£lx
1

, t
1

>::. ./ m 
2.Hlc 

l.m~' f exp{ -
- ~~ 2ft ( 

1VE} 
iI 

As f ~ O, the main contribution to the intagr a l comes from 

t 2 O. I t 1s legltmate to expa nd <x-~,tlx l, tl> in powers 

of t . We! also expand <x,t+tl xt, t 1 > and exp (_tv €: ) 1n 
h 

power s of £ whence 

= I m 

2. ille 

<x, t lx , t > + £ 
1 1 

1. 6 . 3 

Since we are working to order ~ (or order t 2 ). The linear 

term in f. 1n the last brack~t does not contribut e to the 

integral and that is ,,,,hy it 1u omitted . We finally get 

11\ 
4' • = 
4».m a? 

. . 

Thi s COIDf)l etes the demonstration of the equivalenco. In 

the next chapter we move on to some explicit e valuations of 

path lntE~grals. 



CHAPTLR 1'1'10 

EVALUATION OF SOME PATH INTEGRIILS AND 

THE B.,)HM-l'.1f.~;c(O 0\1 Er l'r.;CT 

• 
2.1 Potentia ls of the F<!rm V == a + bx + e x 2 + d :( 1- exx 

Hav i ng la id down t he f or ma lis m i n chapt e r OIle we now 

come to some il lus trative e xampl e s . For t he prese nt c ase 

the Lagrangia n 1s given by 

L • ~ 2 
L 2: ,]mx - a - bx -ex - dx - 2 . 1.1 

We wis h to evaluate t he path i ntegr al 

Dx ( t ) 2. 1. 2 

Where we h~ve cons i de r ed a one d i menSiona l prob l em 1n wh i ch 

a particle moves from an ini tia l s pace-time point (xa ,ta ) 

t o r e ach a f in 1 s pace-Lime polnt (xb ' t b ) under the influ­

e nce of ¥,wpotent lal V give n above . 

Le t UG write every pa t h as 

x ( t ) = xc!( t ) + :t I t ) 2 . 1. 3a 

~here Y gives the displ ac ement of any o f the pat hs f r om the 

classical path. 01f fcrentlat in~ this equation with respect 

to time one has 

. " . x(t ) = xct (t) + y (t ) . 2 .1. 3b 

sinc e al l path~ have the s am e nd point s y (ta ) = y (tb )= O . 

If we sl ice up t he t ime i nterva l ~- t a int o n parts, we 

have f or the ilt e r med i ate integr atiop va riables 



Since xc1 (t.j ) 1s some cons tant a t t; dx. = dYj and 
- • J 

o 
! Dx(t) = ; Dy(t ) 
Xa o 

Now eq. (2 . 1.2) becomes 

o 1 
= ~ exp I t; S{ x C1 (t) <- y(t)} } Dy(t) . 

Next we expand the fun c tional S into Taylors series 

tb 
=! L{xct+ y, xct+ y )dt 

ta 

2.1. 4 

2 .1. 5 

2 .1. 6 

The series t e rminate s h er e s i nce Lis a uadratlc polynomial. 

The first term L(xc 1 Ixc .t ) intcgrnteR t o give s{ xct} = Set ' 

The seco nd term, linear ip y a nd y , vanlshes upon ln~at1on 

due to the classical equat 40n o f motion. Ma king use o f 

eq . (2 . 1.1) we obtain 

a' L 
~ ~ = - c , 

a'L 
axax 

= - e , = m· 2 . 1. 7 

So now us ing eqs. ( 2 . 1.5),(2.1.6) a nd (2 . 1.7) we finally 

obtain 

t 
iSc R. 0 i b. z • = exp(~) !exp { t; ! (~my' - cy - eyy)dt } Dy(t)· 

n ota 
2 . 1. B 

Since the path integral has no memory o f xc!, it can on ly 

depend on the t i me interval t b - ta' So 
iSc1 

K(xb,tb ; xa ,ta ) = ~(tb-ta ) exp(~) 2 .1. 9 
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where A (t,,-~) represents the path integral and is some 

unknown func t l 0n.ftit", = T. Fo r t he free pat h par t i cle 

problem we set c = e = 0 and from chapter one we hav e 

A (T) = ( m ) ~ • 2 .1.10 
2' 1hT 

I n eq . (2 . 1 .8), t he coeff i c ient b does no t appear so t ha t 

t he same expressi on A(T) holds fo r l i near potentia l 

V = a + bx t oo . 

2. 2 The Harmonic Oscil l ator 

For the harmoni c osci l lator we take c = ~mw 2 and 

e = 0 1n e q . (2 . 1 . 8). Furthe r for t a Z 0 i . e . , t b= T 

we have 
o 

A (T) = : exp ( ~ 
T 
f (y ' - w'y ' )dt I Dy( t ) . 
o 

2 . 2 .1 

To eva luat e this int e gra l we consider the isomeri c ~tUn 

of t he time in~erva l T i nt o ste ps o f wi dth £ = tj - t j _ l 

= Tin n divisions)-

= 1 f exp(im "{ (Y ' +1- Y ') '- "" " ( J )'l ) n B d Yj ~
-1 y ' +Yj +l ]n-1 _ 1 

B 2h . · =1 J J 2 j = 1 

- n 
where B with 

B = ( m ) ~ 
2. 111 . 

is t he normalizatio n f actor. We de note 

lim 
n~~ An (T ) = A (T ) 
( i: -.. o ) 

2 . 2. 2a 

2 . 2 .2b 

2 . 2.3 

Assume t hat Y; +l is a small dis t anc e away f rom Yj whence 
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n-1 
E 

j=1 ~ 
y .+y. l n-1 n-2 

2. 2. 2. J J+1 2. 2. 2 (Yj+l-Yj ) - W E ( ) = E (2-w ( )y . - 2 E Yj Yj+l · 
2 j=1 J j=1 

We t hus write 
n 

= ( m ) 2 fcxp 1m 
21l' UI E .o::n ( 

[

n-1 n-2 I n- l 
E (2 -W'E' )I' ~ - 2 .E Yj Y · +l IT dy. 

j=1 J ,., J j =1 J 

2 . 2.4 

2 . 2 . Sa 

This e xpress i o n can be written 1n a simpler for~ as fol~: 

n 
m - '2 

An (T ) = ( ~) . f e xp 
2nin£ 

n - 1 
i m { - E a j (y. -
2h E j=1 J 

whe re 

a 1 = 0 - W
2 e:: 2 

a j +1 + aj Qj = 2 - W 2 -=- 2 ) j ::r: l, . . . n-2 

ajQj = 1 

We ell'imlnat e Qj a n d o bt a i n 
~l 

aj+l = a j + 2 - W 2. e: 2 

Let us pass over t o a v ariable n:i where 

n j = Yj - Qj Yj +l . 

The jacobian of the transformation is 1. 

2 . 2 . Sb 

2 .2.Sc 

2 . 2 • 6 

2 .2.7 

So now the - path i ntegra l which has been reduced to a 

mul tiple i ntegral becomes 

_n 
m ~ t m 

An (T) = ( ) f exp (-
2. ih E ~E 

n- 1 n- 1 
jh aj oj) j~1 dO j 2.2 . 8 

per forming the integrat i o n we obtai n 
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(_-:-"m,--_ 
2 . it, On (T) 

)~ 

0 n (T} == E: ala! .. . a n _
I

, 

2 .2 . 9a 

2 . 2 . 9b 

Next we de termine the value of On 1n the limit n.m i . e ., 

£-+0 to obta i n A(T). The above equat ion implies 

~+l (T+E) = 2 . 2.10. 

2.2. 10b 

Us ing thes e two expr ess i ons together with eg . (2.2.6) 

1 
-;:-, (Ok+l (T+ £) - 2wk (T) +D

k
_

1 
(T- £ ) )= - w'Ok (T ) · 2 . 2 .11. 

Th is 1s a difference equation of second order. But we are 

interested i n t he limit k-+oo (or e+ 0). Now us i ng Taylor's 

expansion we ge t the differential equation 

o = -/J} D 
2 . 2 . 11b 

which i n view of the initia l c o nd itio ns 0(0) = 0 , OrO) :: 1 

g ive s 

O(T ) = sin wT 
w 2 . 2. 12 

'1'here is another way of obta i ning t his same result 1. 

We know every path y et) starts from a poi nt (0 ,0) and goes 

to another point (O , T) i .e . , the ~otion is period i c. We 

then wri t~ such a path as a Four ie r s i ne series with period 

T or yet) = t an sln( nnt /T) . The detail s a re worked out in 
n 

Appendix A2• Fina l ly l..:sing eg . 2 . J .9a we obtain 

L 

A(T) 
. 

( mw_) 

2rrih sinwT 
2 . 2 . 13 

which in view of eq. (2 1.9 ) gives 



-

2.2.1 4a 

'rhe class i cal action as derived i n Appendix Al 1s 

s = ct 

so tha t t he f ul l pr opa gator is given by 

( rn W )~ * 
211'11\ sin wT 

exp{ imw ) {(Xb2+X 2) cosw'1'- 2x x
b

)) 
2ft sin wT a a 

2.2.14 b 

As an extension of the ~bove problem we cons ider t he 

harmonic oscillator driven by an external force f( t) . For 

eve ry path of the oscillato r bet"leen t he points (xa ,ta ) 

a nd (,xb , t. b ) we write 

x(t) = x
ct 

t t ) + y( t) • 2 . 2 . 15 

The Lagrangia n o f the oSCil l a t or i s 

L = { m ( • , , - x - w 
2 ct 

+ ( rn6' c t Y - w'xcty)+f!t)y) 

+ (!!'( y ' - w' y ' )) • 
2 

2 . 2. 16 

'J'he integral of the first term fr'JI'Tl td to tb gives Scv the 

• 
'I'he no rma lization factor A (T) can be written 1n the form 
K(O,T ; O, O) which i s amen~ble to a physical in t erpretation . 
It is seen that A(T) represents the propa Ydlor of the 
harmonic oscillat or with cyclic return to the o r igin . 
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s e cond t erm van1shes due to the equation of mo t ion and t he 

l a st term as in the previous cas e giv es 

A (T) 

whence 

= 1'-::--"""""'-__ 
21f Ul sinwT 

= 1 m ~ 
2wH\ s l nwT 

xc i is t he solutio n of Lagr anges equat i o n 1. e ., the 

equation of mo tion : 

2. 2. 170 

2 . 2 . 17t 

2 .2.18 

The s o lution t o this e quat i o n is t he sum of t he sol ution 

to t he homogeneous d if f ere ntial equation and t he particular 

solutio n. 

x + x c .2. ,H cl , P 

From Appendix A, 

= xbs in w (t-ta )+ xa s i n w{t b- t) 

sin wT 2 . 2 .19a 

By using the varia t i onal method for f i nding the par ticular 

sol ut ion of the different ial equati on ( 2 . 2 . 1 8) 

= 

t 
_~l=-__ (sin ~ (t- t a ) H (S) sin ~ (t

b 
-s ) ds 

wT ta mws !n 

t 
- s i n w (tb-t ) H( s) sin w (S-ta )ds ' 

t a 

1 t 
f f(s) sin w(t- s)ds 

m~ t a 
2 . 2 .19b 
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Eqs. (2 . 2. 1 9a) md ( 2.2. 1 91» give 

Now, 

1 t 
+ -....=,-- (sin w(t-ta)ff(s)sinw(t - s)ds 

mw sin w T t b 

t 
- sin (tb-t ) f f(s) sin w (s - ta)dsl . 

ta 

Integration of the first term g ives 

I ] = 2 s~wn w'r {{x~ + x~)cos wT - 2xa~} 

+ 1 ( x ;bf(S)SinW( tb-S)dS 
sin wT a t 

a 

tb 
+ xb f f (s) s in w (s-taldsl . 

ta 

2 . 2 .19, 

2.2.20 

2.2.21. 

The fi r st term here is t he one calculated 1n Appendix A
J 

whe r eas the remining part is straight forwa rd. Conside r 

the last two terms 1n ego (2 . 2.20) . They are written as 

Let 
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Th is ca n be integrated by parts to give 

I = , m 
2 

w' x c t , p 
!It )). 
m 

£ ( t ) - x ) d t m cl , p 

I n t he s econd integral t he only non va n1s h ing term is t he 

l ast one ; others vanish due to the equation o( motion . 

Thus we h ave 

I . = , 

m = "2 

+ , 

x ex + ci'. , p c9. ,p 

tb 
2;' ~ H ) ) 

C , t 
a 

f et ) x . dt Ch,P 

Then using t he expr ession for x t and x 8 from eqs . c ,H CA.,p 

(2 . 2 . 19a) a nd (2. 2 . 19b) r espectively and simpll f i ng we 

f i nally ge t 

r, = 
y 

f fei) fes) sl1' ,. etl:> - d 
ta 

. slnw (s _r ) ds d y 2.2 . 21 
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USir>:j eqs. (2 . 2. 21a) dnd (2.2 . 21b) we obt ain 

+ 

+ 

• 
2xa "b 

f i ts ) s i n W ( L
b 

-s) ds 
mw 

ta 

2xb tb 
r f (s) sin w( s - tal ds 

m ~ t a 

y 
r f l y ) f (s) SID w (tb- y) sln w (s - t n)dsdy) . 
ta 

Finally, this result together wi th eq . (2.2.17b) y ield s 

I mw exp 
2 1rillsirolI' 

t\, ~ 

2 .2 .2le 

mw 
f f(s)sln w(t b- s) ds +<ab 
t mw • 

f f (8)Sin w(s-t.) ds 
t a 

2.2 . 22 

Nex t we briefly indicate the way how the energy leve l s 

and e i g enf unctions of t he simple ha r monic oscillator can be 

deduced from the path int e gral approach . In eq . (1 . 2 .6 ) we 

wrote the propagator in ter ms o f the energy levels a nd eigen-

f unct ions of a syst em whose e igenvalue pr oblem we can solve . 

So now using that expre ssion toge t her with eq. (2 . 2 .1. b) 



2 . 3 

--

we have 

l: 
j=O 

=;_ .m=w __ 
2ni11 sin w 'r 

exp (_ lln W [(x ' + x ·2) ccswT - 2x 'x' } 
2Il sin ofr " 

2.2 . 23.:\ 

wh ere now the initial a nd final points are taken to be 

(x ' , t ' ) and (x , t ) respectively , 

wr 
i sin wT = .!:-. 

- 2:W1' 
(1 - e ) ,<XlS wT = 

LJr - 2LJr 
e 
- (1+ e ). 

2 2 

'I11e riqh t hand side o f eq . (2 . 2.23a) becomes 

iog 
( m w ) ~ -- . e 
" h 

- 2iwT _, 
(1 - e ) 

-2:W1' - LJr 

x e xp 1- ~{(x 2 + x ' 2)( 1+ e )_ 4x 'x e j'J 
21'l - 2iofr -::WI' 

1- e 1 - e 

2 . 2 . 23b 

- iwT Expand ing this last e xpression in s uc cessive powe rs of e 

we o bta in a series exactly ide ntica l t o the l~+t hand s ide 

-lwT/2 
of eq . (2 .2. 23a ). Because we have a factor e , al l the 

t erms in the e xpansion will be of the form e- i wT/ 2 e- i j wT for 

j = 0 , 1 , 2 , . _. This lla, c ns the energy levels are give n by 

= (j+~ ) h w . 2.2 . 24 

The wa ve functions are obtained by makj ng the expansion 

completely a nd are ident i cal to the f amilia r results o~ 

by solving the Schrodinger equa tion. 

, l' 
The Bohm-Maronov Ef fect ' 

Consider a ho llow cylind r i cal s hell as sho wn be l ow 



-
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10 

--
" 

Fig . 2 .3 .1 A hOllow cyli nd rical shell. The 
ends o f the shell a r e closed so that 
a particle i nside does not have a 
way to move out of the s hel l . 

A particle of c harge e is confined i n t he cylind rical 

region between p = a and p = b with rigid walls . The wa ve 

func t i on i s required to vanish on the inner a nd outer wa lls 

as well as a t the bottom and top of the walls . It is a 

simple boundary value problem. 

Now let us ttt a solenoid in the region 0 < 9 < a so 

t hat no field leaks into the region p 1. a. The bou"dar~' 

condi t ions for the particle are still the same . In tu iti~~y 

we may conjt cture that the e nergy spectrum is unc ha nged . 

Quantum mechanics disagrees ! The f ield vanishes in t he s~ 

available t o the particl e but the vector potential does not . 

Assume the f ield is ori e n ted a l ong t he a xis of t he cy linder 

(t.~ken to be the Z- axis ). Noting tha t B = V x A and applying 

Stokes theorem o ne fi nd s 

A 
B '-= ~ e", 

2p 
2. 3 . 1 

where e tp is a unit vector in the irectJ.on of increasing 

lop • The momentum operator in the pr esence of t he fiel d be-
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come s V - 1e --A 
lie whi c h 1n cylind r ical coordinate mea ns t hat 

'low - je e. ' . 
T 2l'le 

Th J s replaceme nt t rivially impl i e s an obse r vable c ha nge 

i n t he ene r gy spectrum. This i s remarkab l e for the part ­

i c l e ne ver reache s t he magnetic fie l d. There i s no Lor ent z ­

force a ct ing on the par tic l e yet the e nergy depends on the 

f i e l d in the hole whe r e the parti cle never can be. Thi s 

problem i s a bound state ve rs i on o f t he so cal l ed Bohm-

Aharonov e ffec t. Let us discuss the ori ginal form of t he 

problem. ConSide r a pa r~icle o f cha r ge e go i ng above o r 

below a ve ry long impenetr able cylinder which is ve ry thi n 

a nd i ns ide wh ich i s a magne t i c fi e l d parallel t o the c ylinder 

axis . 

Fi g . 2 .3 . 2 A par t i c le moves e i ther above 
or below an impenetr ab l e cy l i nder 

~'ie \-..7o uld l ike to see how t he pr obability o f f ind i ng t he 

par t i c l e in the interfer e nce r egi on b depends on t he magne tic 

f l u x . Le t r l a nd rn be t ypi ca l point s 1n t he re9ion~a a nd b 

r e spect i vely. I f ~cl is t he Lagrangian f o r the no f i e l d 

case , t he Lagrangian for B =I 0 is 

= + e 
e 

d e 
dt . A 2 . 3 . 2 

The change i n action fo r a defin i t e pa t h segme nt be t ween 
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-
S ( i , i. -! ) - Sl (i , i- l ) 

ti _ r i _ -
:: e I dr . Adt =! f A.dr 

C t dt c -
1- 1 r 1-1 

-
where d r i s a d i f feren t i al line e lement along the pa t h 

segment . Thus the net cha nge for t he who l e path is cal culata:l 

f r om 

2 . 3 . 3 

~ is for a pa r t i cu l a r pat h . We have t o s um ove r al l paths . 

This is easy f or fA.dr is path i ndepe ndent as l ong as t he 

l oop formed by a pair of paths does not enclose any magnet ic 

f lux. Hence f or all paths above t he cyl inder we have one 

c o mmon phase f acto r . NO'll t he net no f i e l d t ansi t ion arrplitude: 

goe s over int o t he fo llowing wi th f ield amplitude 

f or (t) exp 
above 

• :lS (n , l) 
11 

+ f or (t) 

bel"" 

.t:(n, l ) 
exp fI 

-
rn _ _ 

i e } 
exp fie £ A.d r bel"" 

r, 

'!he prob a b i l i t y of f ind i ng the part ic l e in the i nterference 

regi on b depends on the modulus s quar d of the e ntir e t r a n­

sition amplitude aRd t hus on the phase diffe r enc e betwee n 

con t ributions f rom t he paths going above and below t he 

cylinder . This phase difference due t o t he B f i eld a lone 

i s j ust 

2. 3 .4 
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where $s is the magn .tic f lux inside the impenetrable 

cylinde r. ThuG as B is varied , there i s a sinusoida l 

component in the probability of obse r vi ng t he particle in 

the region b with a period given by a fundamental unit of 

magnetic fl ux , name l y 2nt c/ lel . 

This ef f ect is pur ely guantum mechanica l and ga uage 

i ndependent f or t he phase depends only on t he t o tal f l ux ~B ' 

Cl assica l ly the motion 1s specified sol el by Newt ons law 

and Lorentz fo r ce which 1s identically zero 1n the region 

accessible t o the partic le . Yet quantum mecha nics says 

tha t the interference pattern depends c rucially on what ~ 

in s i de the i mpenetrable cyl i nder. It 1s tempt ing indeed t o 

conc lude t hat i n quantum mechanics it is A rather t ha n B 
which is f undamental. However , one mus t emphasize that t he 

net e ffect in both examples discussed he re depends on ly o n 

~ which is directly Measurable interms of B and vanishes B . 

f or no B. Experiments to verify the eff ect ha ve been per­

formed using a thin magnetized i r on fi l ame nt called a whi sl<.e r . 

The above conclusion , we might add , can of course be d r awn 

withou t using the path i ntegral approach, our approach was 

meant to i llustrat e t he path integr al formula tion of t he 

problem . 



CHAPTER THREE 

SOHE APPLICATIONS OF PATH INTEGAALS 
, 1I 

I N STATISTICAL MECHANICS ' 

.1 Path rnte ral Formulation of the Densit Matrix a nd the 

Parition Function 

In c hapter one we i ndicated that the path i ntegral 

method can pr ove useful in statistical mechanics as well . 

We now b uild up this connection . 

We are interested in a qua ntum system 1n t hermal 

equilibrium at temper ature T . We know the probability to 

fi nd such a system in a state of energy Ej is proportional 
- E ' /kT 

to the Bol tzmann factor e J where k is the Boltzmann 

constant . Hence the probability to find the system in a 

state of energy Ej is 

where a = l/kT a nd Z = r. 
j 

3 .1.1 

is known as the part i tion 

function and Ej a r e assumed to be nondegenerate . Z a nd the 

free energy Fare real ted as Z - SF = e . Given the partit i on 

function or F Ole' can determine the macroscopic parameters of 

interest . However , the determination of some physical 

quantities , even for a system in thermal equilibrium needs 

more than just the partition function . For example , suppose 

a system iS Il'a configura tion space having a coordinate x; we 

ask what is the probability of fi nding the system at x? 
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To answer t his question we must r emember tha t 1n 

stat i stical mecha nics a doubl e averaging process 1s 

involved: one 1s quantum mechanical aver aging and t he 

other is statistical averaging (aver aging over ensemble) . 

Then if the system is in a single state defined by the 

wave function ~j(x) and Ej i s the correspond i ng eigenva l ue , 

the probability of obse r ving x is ~j (X) ~*(X) and a ve raging 

over al l possible sta t es one fi nds 

p (x) 1 
= Z 3 . 1. 2 

f or a general quan tity A, the average value 1s given by 

A 1 
E A . e - BEj 

3 . 1. 3a = Z 
j ) 

where <A>!J;. = f • 
~l X) dx. 

A . = ~j(X) A Thus ) ) 

A 1 = E 
Zj 3 .1. 3b 

ow we define a useful quant ity 

p( x,x') = - BE · 5 ~j(X) ~;( x ' )e ) 3 . 1. 4 

I t is called t he statis tical densi t y matrix for the 

tempera ture T. 

I n eg . (3. 1 . 3b)the operator A acts on ~j(x)only. We can 

form A p( x,x ' ) and integrate over x se tting x ' = x. We 

have fo und the t ·race of Ap in the x- bas is . (The trace , is, 

of cour se , basis independent) . 'rhus 

A = 
TrAp 
-Z- 3 . 1. 5 
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Prom e q. (3.1.4) 

Z = fp(x , x) dx = Tr p 3 . 1. 6 

whence 

A = TrAp 
Tr p 3 .1. 7 

It i s obvious that the central pr oblem o f s t at i s tic a l 

mec hanics is t o find p (x , x ' ). For convent i o na l t hermo -

dynamic s variabl es Z sa t isfies t he need. 

Now compare eq. ( 3 . 1.4) with eg . (1. 2 . 6) i ntroduced 

in chapter one f o r a i me independe nt Hamilto ni an i . e ., 

K(x, t ; x ' ,t ' ) = I $. (x ) 
j ) 

• - i Ej(t_t ' ) . 
tP j ( x l )e h 3 . 1.8 

Repla c e t - t' by -i Sh and the kernel goes over in to t he 

de nsi ty matri x . Let us wr ite 

p {x , X 'j U) = 3 . 1. 9 

Where u = Btl . 

Dif f e renti at ing e q . (3. 1 .9) with respec t t o u one has 

- 1'1 le. = Hp au 

o r 

ap = Hp as 
wher e H acts on the variable x. Eq. ( 3 . 1. 10) 

the Schr odi nge r equation f or t he propagat or : 

h oK 
I at = HK for t > t ' 

3 .1.10, 

3 .1. 101 

i s s i milar to 

3 . 1.11 
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To develop the pa t h integral formula t ion of p we ass ume 

u represents "time" interva l and divide it into step!> of 

width n i .e ., n = u/n whore n 1s the number of divisions. 

Now t he particle goes from x ' t o x through a se ries of 

intermediate points XI " " xn _1 which define a "pa t h" x(u ). 

Next we follow the pr OCed ure used 1n chapter o ne whe re we 

derived t he path integral of the propaga tor sta rting f rom 

Schrodingers equation. The result wi l l be 

n-l 
.L . IT 
A j =l 

where A = 12nfi n/m 

d x . * 
(-1) 

A 3 . 1.12 

If we consider t he case n + ~ (or ~ + 0) und ca ll x 

the derivative dx/du, we have 

p(x,x ' ;U) x 1 U m 2 

= f (exp {-- f [2 x(u)+V(x(ull] du l l 
Xl f'l 0 

Dx(u) 3 .1.13 

which gives the complet e statistical behaviour of a quantum 

mechanica l s ystem as a path i ntegral without the a ppearance 

of i anywhere . Although all possibl e paths are to be cons­

i dered in eg. (3. l.l3) , the main cont r ibution comes from a 

* This result 1s also obtained starting from the
f f th 1 - D motion 0 integral of the propagator or_ t e = E is r eplaced 

ticle. The time inter val tj+l j 
here. 

path 
a par­
by -i n 
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limited set of paths for which the i nt egrand 1s not too . 

small. 

The partition function is de r i ved by consideri ng the 

cases 1n which the fi na l and initial configur ations a r e 

the same and SUmming OVer all poss ible init ial con flgura~ 

tions. 

Let us consider the c lass cal limit of high tempera­

ture o r small fs s o t hat Sh 1s very s mall and thus the 

pat h of t he s ys t em does not devi ate much f r om t he initial 

point x ' = x ( 0 ). In f act . the "paths " cannot ever wander 

very far f r om x ', because travelling f a r away and re t urn i ng 

again in the s hort "time " available requires a h i gh " veloci ty 

a nd a large "kinetic energy ". This impl ie s t hat t he fi r st 

approximat ion in eq. (3.1. 1 3 ) is to replace V(x(u» by t he 

initial value Vex') and we have 

p (K ' , x ' iU) 
~V(XI) X l 

= e f { exp 
x ' 

llu)duj ) Ox lu ). 3 . 1. 14 ' 

In this last expression the path integral 1s t ha t of a 

free parti c l e . So using the res ult from chapt e r two we 

obtain 

p (x ' ,x') = /. m 
2nl'lU 

Since U = atL 

- ~ V I x ) 
e = 

- aV l x) 
I mKT e 

211'1l 2 
3 . 1. 141 

The partit ion f unction is the integra l of this e x­

pression ove r al l possibl e init ial configura tions i .e. , 

- BV(x ' ) 
f e dx ' 3 . 1. 1 5 
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This i s the well known classical resu l t. In the case of 

a l a rge n~r of var i ables (for s ys tems suc h as solids , 

l iquids and gases) the c lassical par tition funct i on 1s a 

product o f two factors . The first of t he se 1s the path 

i ntegral wh ich one would get by considering a ll part i c les 

o f t he s ystem t o be free . The second facto r 1s the i ntegra l 

of e - BV, whe r e V i s the pot ential of the system wh ich 

depends upon all t he coor dinate s of t he particles . 

The nex t s t ep is t o improve on this classical approx-

imation so as t o take quant um effects into account. Here 

it is necess a ry to i nclude changes i n the potent ial f~ 

whi c h result f rom the motion along the "path" . We observe 

that s i nce X l and x are equal , it appears natural to use 

an average 

1 u 
I x (u ) du 3 . 1.16 

u , 

in place of X l . We the n expand V(x) about this mean 

posi tio n which i s de f ined for ever y path . The partition 

function becomes 

z ; 
~ x ' 

- I' I dx I (exp - h 
_ 0:> X ' 

u 
I ( ~x' (u)-tV(x (u) )) IlOx(u) · , 

Using Taylor ' s series alx>ut x 

u _ 
I V{x(u))du; UV (x) , (x-x) V" (x)du + 

The first teIm vanishes in view of Aq. (3 .1.16) . 

3 .1.17 

3.1.18 

'!hus the first nonzero correction term is of second 
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order and t o this order the partition function becomes 

Z = 
- u -

~ -vex) 
I e h ax X, . u 

I (exp{- ;fu- I [",,' + 
x ' 0 

• Ox(u) . 
3 .1.19. 

u 
nee al1a.e:l paths x(u) are those oonstcaimdq,. I (x-x)du = 0 or 1£ 

. 0 

we demte y = x the oonstraint becates P ydu = O. In terns of 
o 

y , Z becares 

co -..£.v6c) X l u 
Z -- I e h dx- I (exp{ _ _ l / . , '/ 

x' 
I 11¥ + V"(O)y dU) )I:V(u), 

211 0 3 . . 19b 

nee integran:! of the path integral is the sone as that f or the hanrooic 

CBcillator with frequency t.J2 = -V" (0) 1m. 'Ib apply the CCI1Straint we 

nultiply eg. (3 .1.19b) by the delta functioo 6 

this delt a functioo by its Foorie.r transform: 

6 {y) = 1 I exp (il<'./) dk 
21f -co 

so TICM the par'"..ition function b..>cc!lES 

U 
(I ydu). we can express 
o 

~ -%-v(x) 
Z = /e dx 

x' 
I dK X'-X 1 U m 2 V" 2 

I exp{-1; ! (lY + 2 y +ikyl<lu ) ) 
x'-x 

_ 00 X ' 21f 

• Qy(u) 3.1.20 

In this form the path integral contains t he const raint 

e q . (3 .1.l6 ). It is also see n that t he path integral has 

the same form as the path i ntegral of tt e f o rced har monic 

oscillator wi th imaginary m and V". The solution to the 

path integral i s worked out i n Appendix A~ and we have 
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z -
IN<T ro 

(2l1!\' f ("':p (- S(V(x) 
- ~ 

3.1.21 

In this expression the corrcctiv term ( StI ' /24m ) V"(xlis clearly 

quantum mechanical because it contains t he plancks constant 

h. For a many particle sys tem moving in th r ee di mensions 

the correction term "ill be ( SIl' /2 4 ) E v; Vim i. It is 

therefore s een that the classical for mula 1s applicable pro­

vided one replaces V(x) by V + (Sh 2 /2 4m) v". This suggests 

t hat we seek Some possi b l y better potential U(; ) t o replace 

V in the classical result to ge t a good approxima t i on to the 

correct q uantum mechanic~l pa r t iti o n func t t o n. There exists 

a way of binding the quantum partition function from below 

by us i ng an effective c l ass ical potential U. ~'le s hall c ome 

back to this problem after we have l a id down the variationa l 

technique in t he next chapter . We only add that the real 

challenge in this game l ies in finding a good effecti ve 

classical potential and as yet it remains an open ques t ion . 

3. 2 Many Particle Systems 

Such syst ems can be described by a large number o f 

variables and the resul t s obtained i.n the previous section 

are directly extended except i n cases whe r e symmetry ~ 

ties a re to be taken into account. ConSider a system of N 

identical particles of mass m that a re inte rac ting . 

Lagrangian of t his system will be 

• 1 ~ , 1 
L=" - mr - '" 

2 J. " j 

The 

3 . 2 .1 
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where v(r jk) is the intf~ra c tlon potential between the j t h 

a nd kth particles. 

The partition function is 

• ;:(U) ~r (o) U 
u -»- . 1 

Z = f c ·r ( 0) f (exp H ..."l.. E f <.'00 + _ 
«01 21\ j 0 J 2fI M~r.- ;; '\)001)) 

• J " 

where dN-r = d ' - d 3 - ]-r r • .. d rN ; 
I , Dr ". Dr 

N I 

N-
D r(u) 3 .2 . 2 

But \o.'e do not claim eq . (3.2. 2) is t r ue i n general . The 

symmetry propert~ws of i entical particles must be taken 

into account. This propP.r~y actually finds its root in 

quantum mechanics . The wave function (solution of t he Schro-

dinger equation) must be symmetr ic (anti symmet r i c for 

fermions) though other solutions may e xist . Thus we mus t 

f ind a symmetrized expression f or the density ma trix. If 

~j(X} i s a tio luti on to Schrodlngers equati on and 1s s ymmetric 

-. the n it is equivalent to W. (Px) where P i s the part icle ex­
J 

change operator. For N particles, the r e a r e N~ ways of 

permuting them i . e . , 

In l i ne 

r ~ i (PXi) 
P 

with t his 

r p(Px, x ' ) 
p 

= N : ~< (xi ) if ~ j -
= Oif 

argume nt 

all 
~ L r 

j P 

not 

we have 

~. (px) 
J 

is synunetr ic 

3 . 3 . 3 
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p (PX,x' ) -= N: p (x,x ' ) 
sym 3 .2.4 

Further , for a system of many particles which s t art ou t from 

a certain conf iguration , a l t hough their f inal conf igurat ion 

seems that of thei r initial , t he identity of Some of the 

particles may have been exchanged. That means by now the 

ini tia l state of one particle may have become the final sta te 

of any other particle. Wi th t hese arguments at hand we can 
write 

1 
N: E 1 .fr(O) 

p 
(0) U. 1 u 

(exp H ;' ,I E r ' du+ 21\ E 1 V (' ~~)dU))) 
j ) j , k G J 

N -
• D r (U) . 

3 .2 .5 

At high t:.ertteratures this expression should reduce to a c lassical 

result a nd t he symmetrization should have no observable con-

sequences _. To illustrate t his idea cons i der the motion of a 

sin gle particle from its initia l point to a final point a dis-

t ance t away. According to ego (3.2 .5), this i s a motion f rom 

the initial point ri(o) to the permuted positi on P r
i 

(0) , a nd 

the contribution of t hi s permuta tion is proportional to 

exp (- m£2kT/2b
2

) , thus decreasing with i ncreasing temperature 

o r spacing between ~e particles. Hence unles s the particles 

are e xtremely close together , no permutation in t he sum i s 

i mportant even the simplest interchange between t wo a t oms _ 

in comparison with the identi ty per mutation whi ch leaves all 

atoms i n their l ocation. Since only the identity permutati on 

makes a s i gnificant con tribution to the s ummations , all t ha t 
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r emai ns for o ur cons iderat i on i s th factor l/N !. 

On the other hand, for Ferm! pa rtic les the expression 

analogous to e g. (3.2 . 5) is also eaSily written down. 

However , the evaluation of the sum 1s diffi cult, such as 

for liquid H~. This is so because the contribution of a 

single permutation is either positi ve or negative . Besides, 

the contributions of differ ent permutations have got 

different magnitudes. It is thus difficult to sum an a1-

t e r na ting series of l a r ge terms which are decreasing s l owly 

in magnitude when a precise analytic formula for oach term 

i s not avai lable. 

3.3 'I'he Use of Second Quantized Hami ltonian in Path Integrals 

We consider a n application to eoSe statistics . Let 

us , therefore, deal wi t h the simple Hamil t onian 

H = fi w + a a 3.3 . 1 

where a and a+ are the annihilat ion and creation operators 

obeying the commutation relation 

{ a, a-t} = 1 . 3.3 . 2 

Thei r act ion on a state of n particles, I n> is 

a I n> = in In-I> , a+ I n> = In+r /n + 1> 3. 3 . 3 

whence 

a+ a In > = n In> 3.3 . 4 
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and a+ a i s called the nUmber operator . I t tel l s us the 

t o t al number o f partic les i n a give n state . 

In the baS i s In> H i s diagonal and the pro pagator 1s 

easi l y obta ined for 

<m lexp( - ~H t) In > ~ exp (- inwt) 6
mn

. 
3. 3 . 5 

We shall, .hawever , make matter s a l i ttle more compl i c at ed 

by using the sys t em o f coherent s t a t es 

1 an 
exp( -'> Ia l ' ) In > 3 . 3.6 

In > = 
In n=O Ii1; 

whe r e a 1s any c omplex number. 

The follOWing are a f ew facts about c ohe rent stat es : 

In> i s an e i genfunction of the annihilat i o n operat or 

a with eig enva l ue a i . e . , 

ala> = a la> • or <Cll a+ =< (1 J a. . 

Sc a l ar product of two cohere nt s t ates 

<ala ' > = 2. exp( - , la ' l ' - , Ia l' + ~ a ' ) 
n 

i . e. , two different states are not orthogonal. 

The completenes s re l ation 

I < Ala><al~ >d ' a = <AI ~ > 

• where d oc = d (R" a ) d( I ma ) . Finally, 

f exp (- Yl al' + A ;; + ~ a ) 

Y > 0 , i s i ntegral identi ty . 

3 . 3 .7a 

3 . 3 .7b 

3.3.7c 
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tie look for the propagator <alexp(-~ s 1 la'> 
1\ 

in terms of t he coherent states . The paramater 5 could be 

the t ime t or -i~ 6 t o get the denSity matrix 1n s t atistical 

n~chanics, or could be a complex paramater 1n general. 

The procedure is fami liar. Break the full propagator 

i nto short time p r opugators and use the compos ition pr operty . 

Thus t he parameter s 1s devlded into steps of width 65 = sIn, 

where the ini t ial point cor responds to s : O. 

<a l exp (-1wa+a5) la t > 

3.3.8a 

Here .... ~ have n sh:>rt time propagator s but n-1 integrati ons. 

Using eq . (3.3 . 7a) we have for a typical short-time pro-

paga tor 

to order l!.s. 

-1Ia· 1 /'} t J+ 

Substituting" the above expression 1n eq. (3. 3 . Sa ) 

we obtain 

<a I exp (-lwa+as) ! a. I > 

, fe><p/-\la ' /'+(1-1Wl!.sla: a '- /a l l' + (1-1_la~al - l a, I' 

1""1 1 , + '" - I an-I/' + ( 1-1_1 0' an-1 -,I al ') ii j =1 ii d a j • 3.3.8b 
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I\u the integrals c an be perf ormed using eq. (3.3. 7cl and 

the result i s 

3 . 3. 8c 

which i n the limit n ~ ~ l eads t o the e xac t propagator 

in terms of coherent states : 

<a!exp ( - iwa+as )j a' > 

= 1 -11.11 5 n exp {-, 1. 1' + e a'a ' - ,la' I'} 3 . 3 .8d 

Next we apply t his result to determi ne the density matrix. 

-I 1 = ( l -exp( - i ws)} _ • 

<~ ? xp(-i a+as) a '> 

!<alexp (- i a+a} la> ~a 

exp (- , Ial ' + e -lws a'a '-,Ia ' i ' ) 

where s = -lh8 =-ih/kT . 

The average o c c upation umber is given as 

3 . 3 . 9 

wh i c h in v iew ~f eq . (3 .3.9) and t he result <Q 'la+aln> = 

a ~ c< a . la> leads t o 

1 

-hw exp( -) - 1 
kT 

the we l l knoN'n Bose fun(:tion. 

3.3 .10 

It is posssible to de velop (obt ain) the Fermi f unction by 

h '·Ie know t hat the c.: las sical picture o f a sirnil~r approac. ~ 

• B os cillators 1s given quantum mechanic a l ampl itudes o~ ase 
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by the coherent states considered here. To get a simi l ar 

picture of Fermi operators we should consider t heir coherent 

states. In this ca se even 1f coherent states exis t , 

c orresponding eigenvalues are no longer complex number s 

because of the anti- commutation properties of the Fermi 

operator s. Thus to be consistent the eigenva lues have to 

be anti-commutable with each other. Such peculiar c numbers 

are known as Grassman variables . We a r e not prepared to 

l' 11 discuss them in this wor k . ' 



CHA?TER FOUR 

THB VARIATIONAL METHOD FOR THE PATH I NTEGRAL 

4 . 1 A }linimum Princi ple 

The variationa l technique i s ba s ed on t he following 

i nequality 

< e - x > > - < x > e 4.1.1 

where x 1s a r eal random variable and <x > i s its we i ghted 

average . 

This follows from the f act that the curve of a -x i s 

concave upwards . If we imagi ne a number of wei ght s t o l 1e 

a l ong t h i s cuve , the cente r of gr avity lie s above t his 

curve . The vert i ca l he i ght of t his center o f gravi t y is 

the average ver t ica l posit ion . - x <e > - <x > I t exceeds e , 

t he or dinat e of the curve at t he pos i t ion of t he cent er of 

grav i ty.. Us i ng t h is i-ne qua li ty we proc e e d 1n a ma nner 

remini s cent of t he way the va riational me thod i s developed 

i n Schrod i nge r's mechanics. 

Suppose we wis h to eva l uate the fre e energy F of a 

system . We k now from chapter four t hat 

~ x' 
_r., (/ exp(-S/I\ ) Dx(u)) dx'. 

x' 
- SF Z = e = 4.1. 2 

Assume that some other s ' can be found whi ch satisfi es two 

condi t ions : One, s ·, 1s s i mple e nough t ha t expres s i ons s uch 

I e - \'DX(U ) or Ie e-~' Dx(u) for s imple funct i ona ls G a s 

c an be eva luated. Second , the important pa t hs in t he 

i ntegr als I e -IDX (u ) and Ie -,1' Dx (u ) are similar, i.e . , 
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g' and 5 are similar when they are both small. Now 

suppose F ' i s the f ree ener gy associated wi th S '~our a im 

i s to find the minimum poss ible action 5 ', uSing the 

minimizati on procedure to be set up here so that we have 

an upper l imit to the true free e nergy F. So now we have 

- SF ' e = 
x' 

-s ' r exp( ~)Dx(u)dx ' 
_ IX> x I 

.. 
f 

Using eqs. (4.1.2) and (4.1.3) one has 

or 

4 . 1. 3 

ODx(u)dx " 4 . 1. 4. 
-(s - s ' ) 

Thus e - ·13 (F-F ' ) is the aver age va lue <e 1'l > over all 

paths with the s.me initial and final points where each 

-s'ji'l. path is given a weight e Dx (u) . Then applying 

eq· . (4.1.1) to . . a (4 1 4 ) (real action assumed) we obtain 

whence 

where 

- (g-S I ) 
- S {F-F' ) 

e ~ 
< -n > 

e 

F < F I + l/Bf'l <s-s' > = F I + 6 

co x , -s'/'h 
l/Sh if (s -s')e Dx{u) 

- co xl 6 = 
a> x' 
J f e -5' /fl Dx(u) d X l 

-oo. x' 

4 . 1.4 

4 .1. 5 

dx ' 

• 4 . 1.6 
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Eq . (4 . 1.5) 1s t he minimum principl e we were s eek ing. It 

says that if we calculate pI + IS f or various l1 acttons" 8 ' , 

the calculation which gives the smallest result 1s c l os e s t 

to the t rue f r ee energy F. Actually F is obtained for_ 

s ' = s. But we can gues s that if sand 9' di ffer in some 

sense to a fi rs t order of smallne ss then the deviation of 

p i + 6 from F must be of second or der . 

Thus t he pr ocedure cons ists 1n starting with a 

reasonable f orm of S ' with some unde t ermined parameters . 

Then one calculates F'+ t5 . The parameters a r e to be varied 

Be as to minimize this quantity. This gives t he bes t guess 

to F . 

The same minimal principle can be used to fi nd an 

approximate value for the ground state energy E o of t he 

system. Recall that 

-Z = e - SF ~ 

= E 
j=O 

4.1. 7 

If the temperature of the system becomes lower and lower 

i.e . Bincreasing , terms involv ing higher values of ener gy 

become negligible. Here the contri bution of the t e r m wit h 
.. - BEo 

the lowest ener gy e is the largest . 

lim z = 

S + ~ 

- BE o e 
4 .1.8 

Hence starting with this approximate value and followi ng 

the pr evious procedure (we now replace F by E o ) we finally 

arr i ve a t 
, 

E • .i E o + 6 4 . 1.9 
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However, to obtain eg. (4.1 . 9 ) I we ldis r egard the need that 

the paths return to the sta rting point \o.'hich was the case 

in the calculation of F . This 1s so because t he density 

matr i x p( x,x l
) is also dOmina t ed by e- BEo ~ o(x) ~~ (x ' ) in the 

limit e~ . The dependence on X l and x now enters as a 

multiplying f~ctor but does not affect the exponen tial 

natur e of the function. It 1s t he exponential behaviour 

which i s fundamental to the evaluation of ~; by this method. 

The variational t echnique as used i n t he Schrodinger 

theory can be obtained f r om this formulation as shown 1n 

detai l in the book by Feynman and Hibbs. We shall not 

descr i be i t here. However , one i mportant feature must be 

noted . The fact that the action be real excludes the case 

of a particle in a magnetic f ield. How to include complex 

actions i n the pr esent approach i s 9t ill an open question· 

But one ~USPects that such a simpl e gene r alizat i on should 

exist . 

4. 2 ~plication of the Variati on Theorem . .. 
Let us now see the application of eq. (4.1 .5 ) to a 

one dimensional one particle problem. For this case 

u 
s = [ ( 

mX 2 (u) 
2 

+ V(x(u)) ) du • 4.2.1 

The partiti on f unc t ion is writ t en as 

f 
x' 1 U 

f (exp{ - - f 
x' ~ 0 

lmX ' (Il) +V (x(u)jdu}))x(u)dx'. 
2 

4 • 2 • 2 
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Here we first f ix x (0) = x I and x (\1 ) = '( ( 0) and do t he 

pa th integral over a ll paths, then var y x ' , As we have 

pOint ed out i n chapter f our, in the c l a ss i cal limit of 

high temperature we approximate V(x( u» by Vex ' ) t o obtain 

- SF 
e dx ' 4 . 2. J 

But now we would l ike t o improve on this classical result. 

First since x(O) and x(U) are equal we use an average 

x = 1 
U 

U 
I x(u ) du • 4.2 . 4 

in place of X(D). Second , the deviat ion of the path from 

t he classical straight l ine may be taken into account by 

some average Vex) over t he path rather t han by a cons tant 

V(x'). We then us e a tri a l f unction dl 

4 .2.5 

w(x) 1s an undetermined function wh i ch is to be var ied 

later to minimize eq. (4.1.5) . The corresponding part i tion 

f unc t ion will be 

or 

-SF' 
e 

x' 
= I (e>q>f-[! 

. l\ x' 
I
U ~x2(U)dU + 13w <ii) ] )) 

• 
Ox(u) 

-SF' e = 
(0 x ' 1 U 
I die I (exo(- [- I 

X
I • 1'\ 0 

~ X(U) du + lW(x)j) ) Ox (u) · 
_ 00 

(flJ<ed x) 

let Y = x - x I ; y (u ) .== X eu) . Then , 

4. 2.6. 

4. 2.6b 
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- BP ' e = ! d x u., 
! y du } )Oy(u ) 
o 

4.2 . 6c 

which is the same as t he path integr al o f a free part iole 

except for the first fac tor. So using t he resul t from 

chapter two one has 

- 8Ft 

e = rnkT 
I 2nl\ 2 ! 

-~ 
e·'']'" dy • 4.2.6d 

Next we calculate <s - s ' >. From eqs . (4.2 . 1) and ( 4. 2.5) we 

have 

1 - < 5-$'>= 
U 

1 Xl U ~Iftl, Xl I 

- ! f !V(x(u))dU - l1~(x'" Ox(u)/! ;;s/tlOx(u) u x, 0 X , 

U Xl -s'~ x ' - s',Ih 
= 1 ! due ! V(x (u)) e Ox (u» - J w(x)e Ox(u) 

U 0 X l Xl 

x' 
J 
x 

- 5 1th e Ox(u) 

Consider the first term in th! nl.l'lT2rator. '1he p3th integral here is 

independent: of U SO that "" can take arrj value of U, in p>rticular 

u = O. '!he result is 

.! < s-s ' > = < V(x(O» > - <w(x» 
U 

'Ib transfonn further ~ use the followiD:} result"', 

* 'Ihi.s is cbta.inecl by using the transfornat1on 

x(u) = 3; + E <c;, coo 2~U + bn sin 
n=1 

211Jlu 
S 

4 • 2 • 7 



f, exp{ - ~ 

- 56 -

u 
f ';'(u) du } exp(-! 
" fi 

U 
f f (u)x (u ) du }) Dx ( u ) 
• 

u u u 
Iff(u)dU)exp { i,;r f f i u-u ' i f (u)f (u' ) dudu' 
o mo o 

u 
+ ~ (! u f (U)du) ' ] ) · 4.2. 8 

Next we write 

x' 
<V (x (0)) > = f (V(x(O)) C>p { - ;. ? ,,' (u)du)exp r~ (x)} )Ox (u) 

x' • 

w!>are 

~ 

= f J((y) exp (- !! w(y) } dy 
~ 1'\ 

x' 
J((y) = f V(x(O)) 

x' 

-

u 
exp em f 

~ . 
Y?- (u) du) Dx(u) · 

4.2.9 

4.2 .10 

sum t hat y = x . That is 1n eq. (4.2 . 9 ) we fi rst do the 

-path integral keeping x fixed. Eg. (4 . 2 . 10 ) may be written 

as 
x' U 

I((y) = f V(x(O) ) exp {-i- ! i ' (u)du} 6 (X-y) Ox(u)· 
x' • 

4.2 .11 

'!hen we use the Fourier transfann 

~ 

Vex) = ! V(q) e
iqx 

clq 4.2.12 
-~ 

It fo l lows tha t 
~ ~ x ' 

I((y) = f V(q)dq !elk ! exp (iqx(O)} exp { ik6;-~l} 
- ~ _ 00 x ' 

u 
exp (- ; ! ,,' (u) du) Ox(u) 

• 
4.2.13 

where we have also Fourier trans formed t he delta f unction 
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in eq. (4.2 . 11); f actors such as 2~ ar~ neglected here . 

Now use eq. (4.2.4 ) in eq. (4 . 2,13 to write 

~ ~ 

K(y) ~ f V(q )clq f elk e-lky 
x ' u;x(Q) 1k u 
f .,-~. exp{- f x(u)du) 

x ' u " 

u 
exp {- ~ f x' (u) du) Ox(u) • 

211, 4 . 2.14 

As can be seen the path in~al part of this equation can be brought 

into the fann of eq. (4 . 2 .8) if "" define 

S inc e 

flu) = q6(u-o) + k 

U 

u 
f flu) x (u) du , = q x (0 ) + ~ 

u 
f x(u)du • , 

Using e q . ( 4. 2 .1 5) into eq. (4 . 2 . 8) we have 

U 
f . f( u) du = q + k , 

u 
f uf(u) du , = k lJ 

2 

U U U u 
f dUf lu- u ' l f(u)f(u') du ' = 2 fdu/(u-u)f (u ' )du'f(u) , , , , 

= (.!f + kq) U 

4. 2 . 15 

4 . 2 . 16 

4 . 2 .1 7 

4.2.18 

4.2.19 

Use eqs . (4.2 .17), (4.2.18) a nd ( 4 .2 .19) In . !.( 4.2. 8) a nd 

also in the path integral part of eq. (4. 2 . 14) to write the 

K (y) = f dq V(q) f elk exp (- lky) 6(q+l<) 

f elk V(-k) exp (-lky) 
4 .2 . 20 
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Us ing the i nver se Fourier trans form we f ind that 

k"(y ) = f dk exp (-lky) fV( z) exp (1kz) exp _ 00 (_ta k 2u )d z 
24m 

= f dz V (z) exp 
_ 00 

( _ 6m (y- z) 2) • 
"liu 4.2. 21 

Including all the fac t ors that have been i gnored we have 

k"(y) = 
00 2 

, 6nkT f dz V(z) exp ( _ 6nkT(y=-z) } . 
,. rn2 _ (Q fl.. 2. 4.2 .22 

'Ihus Key) is V{z) aver a ged over a Gaussian. The r oot mean 

square of t he Gaussian spread 1s 1l/112mkT. I f T -+ "" , the 

Gaussian becomes a delta function and K(y) -+ V(y ) . 

Summarizing the results obtained so f ar we have 

F ~ t ' + l/Bh 

00 

< a - s ' :> 
s' 

f exp[-~ } dy 
_ c:o kT 

4.2 .23. 

4.2 . 23b 

1 
Bh < 9 - 9 ' > 

s' 
= /[ )( y) -w (y ) ) 

00 

e- Bw(y ) dy/ f e- Bw(y) dy .4 ·1 .1J c 
_ 00 

We ask what is the best choice of w(y)? Let us c hange 

w (y) ~ w (y ) + n(y) . 

Using t he l ast three equations abov e we find 

1 
° lih 

00 

tS F ' = / f e - Bw dy 
_ 00 

00 
00 B - Bw 
f e - w [ - Bn( )(- w) - nldy /f e dy < 9-9 1 > == 

_ 00 

00 

+ f e - Bw ()(-w) dy 

4.2.24 

4 . 2 .25 
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0: (F t + l/ /3h < s - a I > l= 0 
s ' 

w (y ) J<" (y) 

which 1s t he bes t cho i ce of W (y ) . '-d (2 
~, eq . 4 • • 23c) 

yields 

< 8-5' ) = 0 
5 ' 

s o that from eq. ( 4 . 2. 23a) 

F < F cl ,}( 

4. 2 . 26 

4 . 0.. 27 

4.2 . 28 

where F cl , )( 1s the classica l free energy wi t h the potential 
V (y ) replaced by ](( y ) • Alternat i vely , 

- FC i , J(' ~ 

-)((y) /k t d mkT 
f e = 

I 2. h ' e y 4. 2.29 
- ~ 

Fct ,~ is bette r approx imation tha n the ordi nary c l assical 

f orm Fc £ in eq . ( • . 2 . 2 ) 

4 . 3 Effect i v e Classi cal Paritlon Functions 

We present a method due t o Feynman and Kleinert l' by 

tolhlch a quantum mecb anic al partition function can be appr o-

ximated f r om below by an effec t ive class i cal partition 

function . 

The part ition funct ion of a s ys tem 1s give n by 

Z ., e - BF = f (exp ( - f[¥) + V(x(t))] dt)J OX (t ) 4. 3.1 

• 
where we have used s ystem of units i n wh i ch m :;:: 1, 11 s 1. 
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Since the pa ths invo l ve d are peri od i c we may use a Fourier 

t ransform o f t he pa ths 

~ 

"(t ) = ", + ~ ( Xn n=1 e 1Wnt + c.c . ) , wn = 211 n/ 6 . 4 . 3 .2 

Using eq. (4.3 .2 ) in eq. (4.3 . 1 ) we have 

Z = f dXe 
12na 

00 d x real dxirn 
n f n n 

n=1 rr l Bw2 
n 

exp ( - e I: w2 

n=o 

a 
I><nl' - ! V ( x (t ) )dt.}· , 

4.3.3 

The xn appear i mplicitly in the a rgument of V. If all the 

i ntegrals except n=O a r e done "Ie wi ll get 

Z = ! 
dx, e-Bw(x o) 

4. 3 .4 • 
I!iiS 

Of course , t his r esult c an be obtained in high temperat ure 

limit, that is W{x) -+V(x c ) as T -+ CI) and 

= 
dx o 

! - e xp { - aV(xJ} • 
I!iiS 

4 . 3.5 

Eq o (4 . 3.4) is identical to eq. (4. 3 .5 ) and thus we re fe r 

to w (x c ) as t he effecti ve classical potential and the integral 

eq. (4.3 . 4) as the effective classical part it i on f unction. 

The integrals _over al l xn ' n,. 0 , collected in W(x o) 

are , in general, impossible to perform. However, for s mooth 

potenti als V(x), there exists a s imple way of evaluating 

these int e grals a ppr oximately to a ve r y high accuracy , l eading 

t o an upper bound for ~1 (xo) , to be denoted by WI (xo) , and t o 

be found a ccrod i ng to the fol lowing ru l es. 
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(1 ) Calculate a s me ared ve r s ion of the potential Ve x) 

a s ~ollows; 

= exp {- 1 (x- x ' )' l V(x ' ) 
2a 2: 

with as an yet unknown parameter a2. 

(2) Introduce a second paramete r n and for m t he 

auxilary potential 

sin h BU/2 
BU/2 

4. 3 .6 

(3) Consider a 2, 0 as fUnctions of X o and calculate 

at each X c , the minimum of w1 (x o ,a 2 Cx o},A(x ,, » wit h respect 

to the parameter s a 2 (xo) and n{xo ) . The result 1s the 

approxi~~te effective class ical potent ial 

The minimization wi t h respect to n gives the following 

relati o n between nand a 2 

a' = 11ISO') {SU/2 cot h (BU/2) - I) 4.3.9 

while t he minimizat.ion 1n a 1. determines 0 2 as a function of 

the smeared potential 

g 2 (xt;') = 4. 3 .1D 

Let us now see how these rules come about . 
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Expand ing V(x (t» into 'l'aylor ' s series about Xo we have 

V (x(t)) = V(x . ) + OVI [ x(t) - x . )+ , O'Vl ' 
ax Xo tlx 2 p{X(t> - x, } + ... 

4.3.lla 

S~ Xo is the ave rage posit ion o f the system we assume 

OVI = 0 
ax Xo 

V(x(t)) = V(x .) + '~'lx .[ X(t) -x .f + .•. 4.3 .1lh 

Let us now approximate V(x(t» by the fo llowing functIon 

V(x(t)) = L , (x.)+ [x (t ) - x. )' 4. 3.11c 

whe r e n 2 (xo) denotes an arbltary local curvator of the 

poten t ial and L) (xo) is a tri al pot ential depending on ~ . 

Then t he c or responding tri al partiti on fUnct ion becomes 

= f (exp [ - / dt [ ~(t) + O
2
' (x . ) [x(t) -x. ) ' H!L, (x.))) Ox (t). 

• 2 

As sl'otm in ~ As we calculate z 1 as 

Z = , !lIl (x.)/2 e - IlL, (x. ) 

sin h (!lIl(x,) ) 
2 

4.3.12 

4.3.13 

It is straight forward to calculate within the parti t ion 

function ZI the expectati on of the difference between the 

true and t he t rial pot ential 

<[ V (x(t) ) - O'(x , ) 
2 

(x ( t)-x,)' - L, (.,,) )>, 
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< A > = 
1 

1 B • 2. 2 

Z 1 f (ll exp ( ! eX ~t) + n r') (x(t) -x, )' l-llL, (x , )dt» . 

4 .3 . 14 

FOuri er transforming the potential and using the Fourier representation 

of the positirn f ran eq. (4. 3. 2) .... write 

v (x(t) = i. 

so that 

<V(" (t» > = ..!.. 
1 z 1 

~ 

f dq V(q) exp ( iq [x, + E("nJ"I"lt+c .C)]l 
n=1 

~ 1wnt 
+ E ("n c +c .c»)) 

n' 1 

4.3.15 

4.3.16 

in which a ll x n ' n j 0 can again be i ntegrated out. The . . 
result as seen f r om appendi x As i5 

< V(x( t ) > =S dx, 
1 1206 

sn(",)/2 

sin h! sn (x ) 2) 

- i!L(x,) 
e] V z ( ) (Xo) a x, 4. 3.17 

Mlere Va2(xo)(xu) is t he smeared potential eg . (4 . 3 . 6) with 

= 2 
T E 

n=1 

1 
4 . 3 .18 

which can ~ summe d up to give eq . (4 . 3.9) . The Gaus sian 

potential ~ n2 (x o ) {x(t )-X O} 2 can be conside red as a fB.Iticular 

case of V(x(t» and its smeared version Va 2 (x.)(xC> bec omes 
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simply ~ \1 2 (xo) a 2 (Xo) • He nce 

<V(x(t ) ) -

= ! f dx. SO(x.l/2 

( x(t) - x .)' - L (x . » , 

'J 1 2.8 sin h{SO(x.)/2 

• 4. 3 . 1 9 

The unknown functions 02 (X a) , L
J 

(xo) are now determi ned by 

using the ext.remU principle explained in section 4 . 2 . 

Thus based on the inequality (4.1.1) we write 

8 
z > Z, exp { - < ! dt {V(x (t) ) - n' ~x . ) {x ( t) - x.l' ) -~L, (x.) ~) 

4.3 .20 

i.e . , the t rue partitio n f unction is bounde d from below .. 

Using eqs. ( 4. 3 . 13) and ( 4. 3 .19 ) and ma k ing va riatio ns in 

n (xo) and L (xo) we see t ha t t he best la~er bound is obtained , 
when the i ntegrand of eq. (4 . 3.19) vanishe s. This gives 

L,(x.) = V (x o) _ n2(x ~ ) a 2( x)' 
a 2 (x a) 2 0 4.3 . 21 

Feynrnan and Kleiner applied t~e above procedure to two 

cases where the answers are exactly known and found remarkably 

good fit s for the free ener gies. Befor e their work severa l 

attempts were made 20 - 25 to improve t he o riginal Fe ynma n cal-

culation presented in section 4 .2. However, the e ffective 

c lass ical potentia l obtained here seems t o pr ovide much better 

result than these calculations. ~'le shall not pursue the natter further 

except to note that a Gaussian provides a very <JClCrl awroxinatioo to rrany 

J,novy,.... C!'I'>'I 'V"of-h "Y'd-onti ..,.ls • 
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CHAPTER FIVE 

A SURVEY OF OTHER APPLI CATI ONS 

5 .1 I nt r od uc tion 

5 .2 

The previous chapters essentially conclude our studies 

for thi s pro ject. HCh.'ever, for the s ake o f c ompletness and 

to emphasize the power of this approach we survey 1n this 

chapter a few other applications of the fo rmalism. Many of 

these works have been done 1n the past few years and could 

not r ead ily be a part of such a limited study . But all the 

s ame t hey help us provide the perspective f or our future 

s tudi es. This chapt er 1s pres ented just in this spirit . 

, 
Non Local Quadratic Act ions 

Such acti ons a r ise 1n many physical applications. 

They have t he gener a l f orm: 

T 
s = % f d t *' 

o 

T T T 
- " f dtfds G(t,s)x( t) x (s)+ f f(t)x (t)dt 

• 0 0 
5.2.1 

where G( t ,s} i~ a symmetric function of the time s t and s 

whi l e f (t ) is some time dependent external force . G( t,s) 

represents a phen~menologic~l way of characterizing memory 

eff ects . They arise when a given s ystem interacts with a 

larger system such as a heat bath , for exampl e . In thes e 

problems one is usual ly interested in t he time evolution 

of the coordinates o f the s ystem {e.g . a par tic le} which 

is described by an "average propagator " obt ained by averaging 

the propaga t or of t he total system over t he coordina tes of 
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the particle . This is the reduced descriptio of the single 

particle behaviour and it gives rise to noo- local sel f lnter­

action terms i n the action f unctional aSDociated with the 

average propagator. The result1 g pa th int~gral contains 

Gaussian integrals and can be performed exactly. We shall 

now illustrate these general remarks with specifi c example s . 

a) 
2 6 - 27,6 

The Pol aron Problem: 

Consider an electron moving in a polar c rys tal . The 

electron interacts with ions which are not rigidly f ixed. 

This distor ts the latti ce in the oe ig bour hood of ~ e~. 

~ the electron noves aOOut the region of distort.ial naves with i t 

resulting i n self- induced polar ization . The electron plus 

i ts associated distortion i s called a polaron. I n t his 

phenomenon the ener gy of the e l ect ron is lo~ered whereas its 

ef f ective mass is increased. Th~ distor t ion so created takes 

t ime to d.te out i. e ., t he i ons take time to relax. Now t his 

distortion act s back on t he e l ectron at a l ater t ime . In 

effect, the electron interactS with its past. This generat es 

a non-local se~f inter act ion. Feynrnan stud i ed an i dea l i zed 

ve rs ion of this problem . ~ lagraDJLln of the total systan o:nsists 

o f a sum of tre Lagrarqian of tre free el.ectl:oos, tre Lagrangian of tre 

free ~ and tre fh:Jron-<>lectIal interact100 p:lt£ntial . _ dymrnics 

of this system can I:.e describerl by a path integral over electron and 

['halon o:xmiinates. _ Lagrangian of tre systan b>..ing quadratic in tre 

roomn <=rdinates , tre path integratJ.oo over these ooonlinates con I:.e 

done e;<actly . 
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The phonon variables are thus eliminated. The problem, 

now reduce s to the path i ntegra l of an effective non- loca l 

act ion functional s i nvolving only the electr on coordina tes : 

, l~' dt - Q / d t f exp {-(t- t'» 
18 , ,:;(t) - f(t' ) 

dt ' • 5 . 2.2 s 

This 1s t hen the functional for the partition fUnction 

where a 1s t he phonon- electr on coupli ng constant. 

The pa t h i ntegral for t hi s action cannot be done. So 

one has to choos e a suitable t r i a l funct ional S ' and apply 

the variational t echnique . Feynman chose a functional 

S' = ; 
8 8 

f ~' dt + C f dt 
2 , 

l (r (t ) -r(t ' ) ) 'exp{- w(t-t ' ) )dt ' . , , 

'rhe pa rameters C and ware va r iational qua ntit ies 

chosen to obtain the lowest upper bound for the gr ound 

sta te energy , i.e. , 

E < -' E + 1 < 5-S' ) 8~~ - , fJl , 

The polar on pr oblem has been extens i vely studie d. 

30'- )7 

b) Electronic Spectrum 1n disordered systems 

2' , 2 , 

5 .2 . J 

5 . 2.4 

The pr oblem here is t he study of t}.c e lectronic density 

of states in an amorphous ~olld where the electrons inter­

act with randomly di s tribut ed ion9. This proble~ is relevar. 

from a fundament al poi nt of view as well as t he point of 

view of t echnology . Semicondu~tor devices critically de pend 
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on t he e l ec t ronic de nsity of states 1n the band gap region . 

The basic a im i s to obtain the e l ectron propaga tor from 

which the de nsity of states fo llow v ia a Four ier t r ans for m 

wi th respec t to t i me a s i ndicated 1n chapte r one. Edwa r d 

and Guly aev'S f ormula t ed t he proble m as fol l~s . The y 

considered an e l ectr on i n the f ie l d o f N scattering cent res 

(i ons ) in a vo l ume V. The e l ectron pr opaga t or 1s 

5.2.5 

where r 1s the elect r on coor dinate , RjSar c t he i on pos i tions 

a nd VCr - Rj > 1s the pot en t ial between t he e le c t r on a nd t he 

j t h 10 n . The i ons a r e a s s umed randomly dis tributed and 

t herefore t he i r probabi li t y distr i bution P{R) d'R 1s 9 ven 

by 

P(R) d'R = n d ' R IV) • 
j j 5 . 2 . 6 

I n the l i mit the number of i on!3 N+oo , V .... CID but the dens i t y 

P. of i ons r ema ins f ini te j the pr opaga t or aver aged over all 

i onic configur?t1ons or Gr eens function becomes 

G = f (exp 1- l ~ ~2 d~ + pf{exp{- ! /0 V(~ - RJ dtl-l ld'RJ» or (t ) . 
no ~ fl o 

5 . 2 . 7 

For analy t ical s implicity one consi de r s dens e sca tter­

e rs but weak i &e., p -+ 0iJ , n -+ 0 , but pn 2 r ema ins fi nite. 

In s uch a c ase one obtains 
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i T m ':'2 2 T T 
G = ! exp { " ! - r dt - p " ;':211 ' fdt! dt ' 

u 0 2 0 0 IJ (i' (t ) -r (t ' )) lor (t) 
whe re 5 •• 2.8 

W = f V (r (t ) - R) V( r( t ' ) - R)d'R • 

Again t he pr oblem becomes one o f pa th integrating a non­

local a c t i on functional . The non- local ity arises due t o 

the a ve r agi ng over the onic configurat ion . The actua l 

form of W depends on the electron-lon inter action potential . 

c} The Propagation of n • .wcs i n Random ~~ 

As the wave pr opaga tes t!uollgh the mad l ura 1 ts ampl ! t ude 

A(r,t) at any space-time pOint and t s frequency W aTe 

affected by the fluctuatlon~ 1n the medi um . Thebe fl uc t ua-

tions can be large or small . The path integral forma l i s m 

is able to handle bot h. This problem is of interest 1n 

atmospheric optics as well as astronomy!' 

7 
Path I ntegrals i n polar Coordi nates ... 

We have d iscussed path i ntegr als 1n rectangular 

coor dina t es . The cho i c e of a coordinate syst em depends on 

the symmet~J of a given probl em . It in thus natur al to 

e nq ui r e if path integr als can be handled i n other coordi nate 

systems . As a matte r of fac t, a t rerrendous amount of work 

has been done in . thi s direct i on. The propagator can be 

e'Jaluated for pol ar coordinates provided the angular co-

or dina tes ~an be separated from t he radial ones by means of 
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an appropriate expansion in t erms of s t andard polynomials. 

One c an thus deal Wi th the free part icle , ha rmonic oscillator, 

i nverse square pot ential as well as some non central 

potentialis . 

l , I 7 
We briefly outline one s uch example . A cha r ged 

particl e 1n a harmonic potential ~ ubjected t o a unifo rm 

magnet ic field B say 1n the Z di rection . The equation of 

motion is 

.. 
m(~ + n2i ) = e(; x ~ ) 

5 . 3 . 1 

Assuming B a long the Z direction the corresponding 

Lagrangian 1s 

L = 
5 . 3.2 

where w = eB/2m. We can write this Lagl"angian 1n a 

convenient form 

5 . 3 . 3 

Lo is t he Lagrangian c o=r2spondlng to t he .z - motion 

L !'I (Z2 _ Q1Z2) • . = 2 5 . 3 .4 

while L is t he Lagrangian correspo~ding t o t he mot ion 1n a 

p lane perpend i cular to the z - axis 

L,J.. = " •• rn 0 2 {x2 +y2). ~ (x 2+y')+mw(xy-yx) - 2 5 . 3.5 

Hence . the oronaaator f actorize s as 

K l(~." "t" ' x ' , y ', t ' ) K = kO{ZIl, t " ; zl , t l ) J' I I , 5.3 . 6 

where the Lagrangian in eq. (S . 3 . 4) and ko corresponds to 
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it 1s tre propagat or of the simplL harmonic oSCillator 

which can be wri t ten down immediate l y using t he method of 

chapte r two. J. 
K i s the pr opaga or as sOCiated with the 

planar moti on c har ac t eri zed by the Lagr angi an in oq . (S. 3. S). 

The pr ob l em of evaluati ng t his propagator can be done us~ 

plane pol a r coord i na t es . Here we wr i te 

L 
5 . 3 . 70 

'1'0 make i t r ad ial ly s ymme t ric we use a line a r trans f o rma t ion 

" =:: a + wt. Then 

5 . 3 .7b 

Th is is t he La gr a ng ian o f a harmonic osci l la t o r with frequIitnc.y 

Q I = I ?P :;:-W2 and using the pol a r c oordina t e f ormalis m one 

c an s how t h a t 

m'" ~ ~ _ I'\ 
( .. ) exp {--'~=""-
2 11' i h sin51 T 2fi s in O'T 

,. 
- 2r ' r " cos (6"- 6' +tJT') 5 . 3 . 8 

where T = t "-t. The complete pro~aga tor is obtained uaing 

eq . (5 . 3 . 6 ) . 

Replac ing T by -thB one ge ts the de ns ity n::a t r i x 

i f uncti on 1s obt ained by setting P (r " , r ' ; 8) . The pa r t 1t on 

r " =:: r ' a nd integrat ing p ove r a l l value s of r I i . e . • 

Z(B)= ! p (r ' , r l ; B)dr ' 
• 

-, 
;; { 8sinh{ ~ (Q'+ w)} s in h {~n' -w) J Sin h¥-; ' 

5. 3.9 
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We can then cbt:ain the dels1ty of states n ee) fran 

z (6 ) f ne e) exp ( - 6c)de ; 
o s.. 3 .10 

recall t hat the part i t i on function i s the Laplace tran.torm 

of t he dens i t y of sta t es. Using the inverse Laplace t rans­

f o r m we find 

n ( e ) E 6 (e - c ) 
nnn n,n,n 

l' 2 ' 3 1 2 ) 5 .3.11 

with 

5.3 .12 

This 1s eq ui valent to t he Zeeman eff ect exhi bited by a 

har monically bound charge . 

We . ca~ als o uStthe partition f unction t o evalua t e 

some othe r quantities . For example, consider 10ns on a 

l at t i ce modelled as independent harmonic os c illators each 

of f r equency 0 subjected to a uniform magnetic field • 

a pplied along the Z direction. Since each 10n os c illates 
. ' ,. 

i ndepe ndently, the single particle partition func tion 

g i ven by eq . (S .3 .10} is sufficient for obtaining the thermo­

dynamic properties of the system. Thus u81n9 this r e8ult 

i t i s possible to evaluate the f ree energy F, the lat t ice 

ene rgy E, the specific heat C and the magnetization per 

pa r ticle M ~ - aF/as of the med ium . This rather unrea liatic 

model has very i nteresting pr opert ies . For example i t shows 

tha t t he ionic lattice at low fie lds i s diamagnetic . 
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We note that non Carts ian coordinates have tound a 

use with non-spherically symmetric potentials. The 

" calOger o prob lem is one such pr oblem . Here three part id •• 

of equal mass int e r act pairwise via harmonic and inverse 

squar e potenti a ls. By a Bui t able . coordinate transformation 

th i s problem 1s converted i nto a free particle problem plu. 

a part which can be s olved 1n plane polar coordinates. 

Another problem i s that of an isotropic oscillator i n an 
7 

inverse square potential . 

5 . 4 Ge neral Coordinate Tranaformation$ 

This method widens the class of exactly solvable pro-

blems considerably. The basic idea 19 t o look for coordi­

na t e transformati ons which convert the given Lagrangian 

into the c lass of previ ously solved problems. One then 

mak es a trans formation X" f (q ) followed by a time trans­

formation t ..... t I. A very important problem solved thereby 
"-,, 

is the Coulomb problem . The non- t rival task is the 

eval uation of the radial propagator given by '· 

5. 4.1 

wher e the 
& 

supscr lpt j(= 2 , 3) indicates the 2 and 3 d.1men-

siona1 cases. The constants d j and Yj are given by 

d = -~, d -1, Y = t , Y = t + ~ . One is then led to = , , , , 
an effective one dimens ional r adi a l Lagr angian 

L = 
, 1) ' 

m • 2 (Yj - f .. fl 
",r - { 
~ 2mr 2 

+ 
e ' 
r ) 5. 4. 2 
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so t hat 

A + 5.4 . 3 = -r 

using the transformation r = q 2 fol lowed by dt/dt ' _ 4q 2, 

thi s is changed to the problem involving potential terms 

of the type A/q' + Bq ' + c . Th e answer for this problem 

1s known . 

5 .5 Constr a ined Path I ntegr a l s 

Constrained motions are often of interest. Examples 

a re the particle in a box and the r i gid r otat or. As a 

ru le the propagator for such a system 1s obtained by 

re lating the system to another unconstrained system for 

which the propagator 1s ava ilable. Thi s may be achi oved 

by using a sui table transformati on 80 that the motion of 

our s ys tem becomes unconstrained. Next the propagator of 

the unconstrained system is evaluated whereby the ~ 

of the constrained system is obtained by using t he relation 

between the two systems. Another t ype of cons traint a:wears 

when a particle moves in a multiply connected region such 

as the case of the motion of a particle i n the Bohm Aharonov 

problem. 

The simplest type of constrained problems 1s described 

by a quadrat ic action of the t ype 

s = dt , o<x< ... 5 . 5 . 1 
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I nstead one s olves t he pr opagator Kg for the funct10nal 

9 + s' whe re s ' = - T{(9/X2 )dt , 0 < x < w . The propagator 

kg 1s e asily obtai ned by the usual procedure . Fi na lly, 

the propagator to the functional in eq . (5 .5. 1) is obtained 

by taking t he limit 9 +0. Kg does not go over to the 

usual harmonic os cil l ator propagator . ThiB f eatur e of 

1 
., 

path i ntegrals is ca led the "Klauder Phenomena" and i& 

very we lcome . We expect this in quantum mechanicB where 

the s i ngular part of a potential eliminates aome of t he 

fo rmal solutions of the Schrodinger equation aB f or example 

1n t he case of the · ha l f -06cl1lator where the even pari t y 

solutions are elimi nated. 

The prob lem of the r i gid r ot ator' can be solved us i ng 

such an approach. Three other problems can be related to 

the rigid r o tat or by the general coordinate transformation 

techn ique . .. ~ 
The s e are the Scharf , PuschL-Teller and Roaen-

Morse~ 6 potentials. Amus i ngly enough the problem' of a 

par t i cle i n a box ha s been successively solved only ~y~ 

using t he technique of general coordinate transformation. 

Now l et us come back to t he second type of cons trained 

problem ment ioned above. Thi s is the motion of a system i n 

a multi ply connected region (space). Such spaces arise due 

t o the presence of s1ngularity a round which the paths pass . 

The paths which cannot be defor med int o each other are said 

t o belo ng to diffe rent homotopy c l asses. A s imple example 

is that of a free partic le in a plane where t he origin 1& a 

singular point . A path between t wo points r ~ and r' cannot 
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pass through this s ingular i t y. I t can go a~ound i t once , 

twice , etc . A path which enclrc le~ this singularity .. 
times 1s homotoplcally di ff erent from t he one that anc~ 

i t n times. The number of turns around a sinaulari t v is 

called the winding number a_nd takes values 0 , t l , :.t2 ... 

The prese nce of the so lenoid i n t he Bohm-Aharonov pr oblem 

makes the space multiply connected. A simi lar problom 

arises i n a polymer which 1s a large number of repeated 

molecular chains call ed monomer s. 

5 .6 Inva riants in Time-dependent Prob lems 

Finally since path integrills are genera lly des1~ 

for time dependent problems an int eres ting problem is the 

search for invar i ants for time dependent problems . The 

hope always i s that the~r knowledge can simplify the pr oblem 

as does t hat of the integr als of motion for time indepe nden t 

Hami ltonians . This approach in f act 1s provi ng to be 

extr emely f ruitful. Lf:Iwis and R1esenfe ld" showed that for 

a quantwn system characterized by a t i me- dependent lIamilt;aWm 
. .. 

operator Het) and a Pc rmitian invariant ~perator let} the 

general solut ion of the time dependent Scnr odingcr equatton 

is given by 

5 .6.1 

where wd~t} arc t hc \ norma lized eigenfunctions o f the in­

vari ant operator I , i.e , 

5.6 .2 
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where the eigenvalues are time i ndependent. The expansion 

coefficie nts are con3tant and the time dependent phases are 

given by 

5.6 . 3 

) 

They used t hi s result for the problem of a time dependent 

oscillato r and a charged partic le 1n a t ime varying electro­

magnetic field. An important relation between the i nvariant 

and the Feynman propagator follows. We have 

5 . 6 .4 

1 . e . I 

E exp ( - ian (t' )) {r lcr,t ' ) ~(r , t ' ) d'r} 
n • 

. ~ (r' ,t')} 

,- -, ' J "' (r-',t ' ) , t ",t' = fd r ' k (rH,t", r I t '1' .. 5 . 6 , 5 

From this we deduce t he e xpansion formula for t he propagator 

of the time dependent Hamiltoni a n 1 . e., 

t " > t ' 5 .6.6 

Fo r bl t ho conse rved quantity is the time dependent pro em , 

t han the Hamiltonian H and the the invarj ant I rather 
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propagator admits a natur al expansion 1n t erms of the 

eigenfunctions of the invariant ope rator. The Qxlstence 

of the i nvaria nt I greatly simplifies the derivation of 

the propagator . We shall not go i nto further deta i l s. 

At this point we would have to stop rathe r abruptly 

the exposition of t he path integral technique . , f or, a 

real na rration of all its achievements 1s well beyond the 

scope of t he present work. 
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EPILOGUE 

We have a t t empt:ed a basic e xposition of this elegan 

and power ful t echn i q ue i n r e lation to non relativistic 

quantum mechanics and statistical mechanic s . Feynman ' s 

hope 1n init i a ting thi s appr oa ch has no t been belied . The 

effectivene s s o f t h 1.s me thod e nha nces wi t h the oval ua t i on 

of each new pr opagat:or. Ce ntral to this presenta t ion have 

been Gaus s i an p ath l nte grals. 'l'he technique of general co­

ordinate t r ansformation and time rescaling 1. pray 09 to be 

very valuable as i t is even able to deal with or igina l l y 

non i ntegrable problems. Currently this method 11 employed 

in discuss i ng quant um mecha ni c s on cur ved spaces and. Gauge 

theor ies . One ar e a wher e no syst ematic work 1s s t lll avail­

abl e 1s t he q uantum mec h anics of cOfapound potent i als where 

the Sch r oding e r theor y has a ns\'/e r s rather readily available . 

This is an a rea we w'ieh t o exp l ore in f utur e . 

. -
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Appendix A, 

We pre s ent a met hod due to Abe i n which t he path 

integral formul atio n o f the pro pagator arises out of the 

s chrodinger f or malism. 

Let the Hamilt onian of a s ystem be given by 

H(r) = ( 1 ) 

We have 

(il'l-ft - H(1') ) ~ ( r,t) =0 ( 2) 

whose s o lution 1s 

$ (r, t ) = 
i t - -

e x p ( - 1'\ H(r» ) ~. (1' ) (3) 

where lfi. (r) i s the i nitial wave functi on of t he system. 

We can wr ite eq . (3) as 

whence 
it 3 - -

= e xp (- ifH lO (r- r ') 

But 

exp ( - -\fH ( r ) ) 

Now we writ e 

i t -exp( - ~ (r » ) 

= lim [1 _ i t HlE») n 
n .... "" nn 

i E. . - - \ (1 g.,) \r , 
= f < r \f1 - 1;") \rn-I <rn-1 - 1\ 0-2 

(5) 

(6) 

(7) 

i '-- - - \ (1 ifl!iE ) ~~ ,;: •• • d' ;: - \ (1 - """) \r " " <r - . OU -. n-1 
< rn-2 1'1 0-3 I 

(8 ) 
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~ihere we have divided· the time i t n 0 s t eps o f width t.. tIn. 

We need 

K = 11m Kn 
n+~ 

(9 ) 

In eq. (8) we have n short time propagators of the fom 

and 0-1 3-D integrations. • 

Fourier transfoming the &- function we have 

1 
(2.) , 

combining ega. (1), (10) and (11) and noting that [ 1. 

sirnal we 1nmod1ately cbta1n 

~ :-A, f d' it ext> 
(2<) 

r - r 
i£ [!!! (j+1 .' j), _ VIr )) )) 
11 2 [ j 

(11) 

. . 
~ ... . 

( 12) 

The integratfon' on it in eg. (12) ~. trivally done by ~ 

the square. rf we use the above result 1n eq . (9) we have , 

the desired expre.sion 

n-1 
IT 

j=l 

' jz -
( m ) d'r 2<iJ'iE j 

(13) 
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,here -r • = r ' and r 
n 
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-= £ • 

Notice tha t eq. (13) contains t he Lagrangian 

explicitly 1n descrete form although we started with the 

Hamiltonian formalism. In the limit n ..... , the sequence 

ltn goes to the required propagator. Then introducing the 

Feynman notation of path · lntegrals we . have 

where S(r(tlJ 

Drlt) 

':' 2 _ t 
r (tl- V(r(tll) dt - I Idt ord 

• 
• 

n ~ 
IT (-2 m I c!'rj 

j-1 .lfIt 

Note also that the integration measure hae come out auto­

matically in this derivation . This should be contra. ted 

with Feynman's original derivation based on Dirac'. ~ 

-' .... 
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'l'h e Fo urier Method f Eli or va uat nq Path I ntegrals : 

The paths y (t) are written as a Fourier sine ger i elJ 

with a period of T 

y(t) = n.t 
T 

We regard the paths as functions of the coefficl ent9 a n' 

Here we have a linear transformation with a constant 

Jacobian J, independent of w, m and h . But we are not 

interested 1n the evaluation of J since we can a lways 

recover the correct f a ctor a t the end . Thi5 , as we see 

det;>ends on the result for w,." 0 , A (T) =- Po ( t) . ·;'m /2dflt 

Simil a r ly , 

T 2 
! ~(t)dt = o E E 

n m 

= T E 
"2" n 

n1l' m" a a 
TT n m 

So now the multiple integral eq . (2. 2.1) becomes 
• N 

where B = for the nth var iable 

2 2 

! { e xp 
". (n .. _ (1)2) 

""7 



Thus doing the integra l over all vari ables an we ge t 

~(T)= 

In the limit N ...... , and collect:1n( 

all the factor$which do not depend on lII "into a single con-

stant c we have 

A(T) = 

For a free parti c le , bI ~O, A(T) ... Im/2 1f i"fl.T -
whence for the harmonic osci llator 

A(T) = mw ~ 
(2wiflsinw'r) 

, ,. 



Appendi x A) 

The Classica l Ac tion for the Si mp l e II armon1c Owc111ator 

Here t he Laqr angian 1s given by 

L = m • 2 2 2 
~ (x - w x ) 
.e. cl c l 

correspondi n9' to a class ical trajectory. The aqua iOn c 

motion 1s 

with solution 

xcI (t) ". A si~t + B co.w~ 

Applying the in1 t ial condition xc1 (ta)· xl'! and xc1I~ ).x. 

and solving the res ulting equations \ffl find 

~coswta - xacoslJI~ B xa9ir\lal~ - ~sln." ta 
sinw{tb..,t

a
) , . sInll)(~- ta ) 

Now 

Then using the~ efSpres91on for xcl we find 

o r 
2 2 2) ( '"", [(A B (sin2wt. _ sin2 u t )+ AD a:s 

--,- ~b • 



subs ti t uting the exoressions for A and B and simp Ufy 

we finall y get 

• 

., 



AppendixA
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From ego (4 . 1. 20) we have 

+ iky j du}) OY (i)) 

The i ntegrand of the path inte gral has t he same f orm as t he . 
pat h i ntegr a l - for a forced harmoni c oscillat or if we as sume 

that t he f requency is g i ven by (al2 = -VI ,I 1m. Let us expand 

each path '¥ (u ) about the pat.'l that makes the l arges t contrl-

but i on to Z , i . e. the ·classical path" Ye l and we write ' 

y (u) = y cl (u ) +Y* (u ) whe r e y' (0 )=y' (Ur=O. Applyi ng the method 

used i n ch apt e r 2 we c an write the above p~th i negral as 

since we have. to inegrate over al l pos s ible initial confifl' - ~ 

tion of the s ystem. For t he path i ntegral F (u) we have 

o 1 U 2 V" i }) .. ( ) 
F(U ) ~ J (exp{ - -Ii f [! Y' +1 y + 1<y* J Oy u 

o 0 

Frorfl eg. (2.2 .ncl o ne h as 

liS " 
cl 

= mw [(ytO ) +y~U ) )cos.U- 2Y (O)Y (U ) 
2'11' itn wU 

+ 21 (0 ) 
mw 

U 
f f (u)sin 

U 
( U_U)dUI2Y~U) I f( u)9in~udu 

o 
o <t' (x ) 

U u 'd 'duJ /112 = _ _ -f"1 f f f(ul f (u')s1nw(trU)SinwU u. m 
m w oo 

However we have to t ake y {O}=y(U}=Y ' . 
Als o A 1s seen that 



" m~ [ 2 2- 2i k ' "scl = 2s i nwU y ' (coswU-l) + Y mw 

U 2 u u 

u 
f s i nl&J (U- u)du 
o 

+ 2ikX ' 
mw J SinwUdU +~ 

o m w 
J I s i nw(U- u)si nwu'du' duj 
o 0 

After i nte g r ati ng and simplify ing the res .ult1ng expres s i on 

we get 

o r 

's • 
cl 

= _ moo (l-"co'swU) ( , _ 
s inwu Y 

'-

ik ) 2 
~ -
mw 

~ < 
I = F(U) ! [ ~ mw( l-co.wU) (Y' _ i k )2_ 

exp fi sin wU --;r 
-~ "'" 

By maki ng a change o f v ari ab l e , 
we can get 

say v = y '. 

I = 

;;J\ U -~ 2 2 = W(u) / !.... ( ta~) 7exp ( -Uk / 2llmw ) 
mw ~ . 

Ne x t consider the i ntegral 
... .... 
~ 

I ' = * ! I-dk 
-~ 

we wil l g e t 

I ' = 
wU - ~ 2 ) 

2 
~Jdy ' 
2Tlw 

ik 
~ and int.e<Jrat 
m. 

• 

To f irs t order i n V II or second order in !A we hava 



, 
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. 
I ' = -1!...F(U) (_) '[WU+ 1(WU)3

J
-, 

21! U T '3 T 

2 2 
= 11F,tU) (1+ ~) -; 

C (U) • flF (U) , 20 

and t o the order indicated we write 

I' = 

or 

I' 2 

. 2U2 
C (U)U-'y) 

• 

again t o the same order. 

~ 

Now us i ng the e qnation at the very beglning t ogether with 

this result Z becomes 

But i n the I 1mi t o f appli cabi lity o f the classical expres­

sion this resul t mus t re duce t o eg. (4.1. 15) whence 

C (U) =1 m/2rl1U 

Therefor e 
. . -

z = 00 U _ 02v" (x ) -
Im/2.I'tU f exp (- [fiV (x) + "-24 .... m;:'-~J) dx 

. M 

---°2 - -
Z . 1 mkT/2, fi f exp(-8 [V (x) + 

ftfl 2v" ex) -
24m ]) dx 



Appendix A~ 

We have 

x (B) "'X LO) B .2 
/ exp[ - / dt{ !S(tl + 

x (O) 0 2 

• 

0 ' (x ) 
2 9 [ x( t ) -x ) 2) 

o 

x (t) = x + 1: (xne!wn t + x* - w t 
en) , lit ,-2'1n/8 

n o n=1 11 

- . 
::. X + 2 1: (x

r 
cos w t-x i s l nw t) 

o n=1 n n n n' r-real , 

(1) 

(1) 

1 - imaginary (2) 

~. 'this 91 ves 
., 

B 2 
/ [x (t ) - x J dt = 
o 0 

i.e. 

- BLI (x
o

) ) (4 ) 

We have simple Gauss i an integrals over x~ and x~ which 

give 

= / 
• dx 

o 

• dx • 
= I --2... n­

_ 0It n;s n=1 

- elk 
= J -2. 

-00 { i2n' B 

(5) 
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v (x (t) 1 -
= 2W I V(q) exp(1qx) dx -- ( 6 ) 

so that 

2 . ... . 
[w~ +n2 (xo)~1 -~ (XO)+1q[X

O
' + 2 I (x r""", t-;.1nw t)J)V(q) 

l'Fln nn n 

(7) 

The eJ<pOr>!!Olt in the varUlbles .:; and X;; 1$ .~lifled to give 

The result is (once again we have s i mp l e Gauss i an l nt.grab) 

1 - ~ <V(x(t))> ~ - f -
. 1 Zl_!~~ 

where • 
a 2 = !. t 1 

Sn_l w2+0 2 (xo ) 

(9 ) 

Making inver se Fourier transform the 2
nd 

integral 1n (8) 

bec omes 



, 

Or 

00 dx' ... l(x - x') 2 (x _x , ) 2 r = 1 2; V(x ')1 exp [- o J 0 
2 2 Jdq 

• 2. 

dx' = 1 ~ V(x') exp[ _ 
ff.a 

1 2 
-;:--,(x -x ') J 
2. 0 

which is the smeared version of the potential V (x), i .e . 

V2 (x ) 1 dx ' 
V(x ')exp [ - !,(x - X, )2 J = a 0 { 2 2. 0 2.a 

(10 ) 

.. 
us ing this re.::;ult i n (8 ) w. finally get 

<V(x[ t ))> l 1 
=Zi: 

dxO SO (x
o

)/ 2 

I 12• s s 1n h [so (xoJ/2J ( 11) 

No t e that the- Jacobian of the transf ormation can be fo und 

to be- n Stu 2 ! 1r. Also, we have used the result n 
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