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AEBSTRACT

The path integral formalism of Quantum Mechanics is
developed from both the Lagrangian and Hamiltonian point of
view. Some exact propagators are calculated. Several
statistical mechanics prcblems are discussed via a path
integral formulation of the statistical density matrix and
an application to second quantized Hamiltonians using co-
herent states is described. The variational technique is
considered with illustrative examples. A review of some

selected recent achievements of the technique is presented.
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#ROLOGUE

Quantum mechanics began with seemingly two distinct
formulation:s, one due to Schrodinger and other due to
Heisenberg. Later on thess were show n to be unitarily

equivalent.

Approximately two decades later Feynman, in trying to
find out the meaning of what he himself describes as some
mysterious remarks by Dirac  came up with an entirely new
formulation which turned out to be equivalent to quantum
mechanics. Wheraas the Schrodinger formulation is
Hamiltcnian based, the Feynman formulation is tied to

Lagrangian mechanics.

With the above fact in mind nothing new can be expecte:
to come out of the Feynman formulation but there surely is
a pleasure in recognizing old things from a new point of
view as Feynman puts it. The formalism is worth it for its

aesthetic value.

Besides, it is extremely gratifying from a conceptual
point of view. By imposing a sensible set of requirements
on a physical theory, we are inescably led to a formalism
equivalent to the usuval gquantum mechanics is remarkable in
itself. It makeg one wonder whether it is at all possible
to construct a sensible alternative theory that is equally
successful in accounting for microscopic phenomena.

The path integral formulation does not lead to simpli-

fications, in general, but, in a class of problems it does



give the full propagator or the transition amplitude with
tremendous ease as well as it provides valuable insight

into the relation between classical and quantum mechanics.

At the outset it is hard to say where a given aﬁproach
can find its best applications directly or indirectly. So
it has been with the path integral approach. Originally
designed to apply to problems in quantum electrodynamics
where it commonly goes in the name of Feynman's space time
approach, or propagator theory, it has now become a valuable
and powerful tool in problems of statistical mechanics and
probability theory besides a gquantum field theory. Some of

3
these we shall get a flavour of as we go along.

Finally, the relation between Schrodinger mechanics
and path integrals is parallel to that between the Newtonian
and least action formalism of mechanics. Whereas the former
approaéh is local in time and deals with time evolution over
infinitesimal periods, the latter is global and deals directly

with propagation over finite times?

The plan of this presentation goes as follows. We begin
with a discussion of the time evolution operator in guantum
mechanics and then obtain the Feynman path integral following
Dirac's hintf We then see how the path integral can directly
obtained from the Schrodinger equationf The next chapter is
devoted to some simple evaluations and the Bohm-Aharnov
effect. We gradually learn that the path integral is closely

related to the density matrix in statistical mechanics which



then leads to survey statistical mechnics via path
integrals. One can also see that path integrals can be
used for second quantized Hamiltonians., The variational
method with some discussion of the partition function
comes next., P2 small survey at the end discusses the
problems which can be handled with the path integral
technique but which we could'not cover in this limited
study. This, incidently, at least demonstrates to us
the powerful nature of this technique using functional

integrals.,?'8




CHAEPTER ONE

THE TIME EVOLUTION OPERATOR AND

ITS PATH INTEGRAL FORMULATION

The Properties of the Time Evolution Operator

We begin by reviewing the properties of the time
evolution operator (alsc kncwn as the propagator) in

quantum mechanics.

Let a system at time t, be represented by the state
vector |o> = [a,t >. BAtalater tiﬁe let the state vector be
le,t>. If ¢ » t,, we expect |a,t> + |a>. |a,t> is related
to |a> via the time evolution operator U(t,t ) i.e.,
la,t> = O(t,t,) |a>. U ig a unitary operator satisfying

the followirg properties:
¥ i ¥ in - o =\
Ut ,t,) b(.t:,...l) = Uit ,t ),

U(t lt ‘l :—"TP
1 1

H+{ul,t2) = U(t,,cy) & kel

Further, since |J}L> = U(t,t°)|a> is a solution of the

Schrodinger equation and |a> is arbitrary it follows that

ith & =gu . 1.3:3

If U is luiown *he time evolution of the state is

completely specified. Ultimately solving the time dependent
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Schrodinger equation boils down to the determination of the

propagatcr. There are three cases to be considered.

l. H is time independent, e.g., the Hamiltonian for
a spin magnetic moment interacting with a time independent

field. In such a case the above differential equation gives

U(t,t,) = exp {:;li—l—l(t'tu” ; L33
If t differs from t;, by an infinitesimal amount

At(zt-tu) we have
U(t,t,) = I - = At. .14

Alternatively, we can borrow from classical mechanics the
idea that H is the generator of time evolution so that
eq. (1.1.4) holds. Using the composition property from

eq. (1.1.1) we obtain for a finite time evolution, the

operator
lim C iH(t-to) ? _ T Yo
pa @il = Eege=si) exp { "= (k=) 1.1.5

where we have divided the time interval t-t, into steps
of width € = (t~t,)/n and considered successive time evo-
lutions over each width €. This is the case of fine par-

titioning which shall be used in our future discussions as

well,



2. H is time dependent but H at different times

commute. This would be the case of the spin - field
coupling above if the direction of the field remains fixed
but its magnitude becomes time dependent. Now we solve
eq. (1.1.2) to obtain
Ult,t,) = 'xp{—%— 5 Henae. 1.1.6
to

3. The Hamiltonians at different times do not
commute. In the above example, the field directions may be
changing so that non-commuting combination of spin-operatcr
may be involved. The formal solution in such a case is
given by the Dyson series:

= n-1

n t t
Ut,ty) = I+ .2 (-3)" rrae, flat,...0 @t Hit)...B(ty) .
n=1 % ts teo to

Lol

Further. on-Propagatars

We start with

o, t> = exb{‘%g(t-tn)}Ia>=£|j><j|u>exp{-%§i(t—tg}
A J

1.2.3
where H is time independent and |3> is its eigenket.
Taking the inner product with a coordinate state vector

<r| we have

-

5 - - S
<r|a,t> = I<r|j><j|a>expl -*—‘;;%(t-tn): L35
3 1

i.e., the wave function of the system at time t is given 3¢



blx,t) = T ¢j(f;cj(to)exp{-égﬁéﬁ:mﬁj} 1.2.3

where ¥(r,t) = <r|a,t>, ¢, = <r|j> and

#

cy = <jla> = I<j|><P|a>a’r' = fwg(fbw(fﬁdaE: 1.2.4

Egs. (l1.2.3) and (1.2.4) suggest an integral operator

interpretation:

Y(X,t) = JA'L' R(X,tsx',to)V(Z":t,) 1.2.5

where the kernel of the iantegral operator known as the

propagator in wave mechanics 3is given by

K(E,£32 ,t0) = 2 P, (D)0* (F) expl 283 (t-to)}. 1.2.6
5 3 ] h

In any civen problem the propagator depends only on
the potential and is independent of the initial wave
function. It can be constructed once the energy eigen
functions anc eigenvalues are given. The time evolution of
the wave function is completely predicted if K(r,t:r}to) anc
the initial wave function are given. Schrodinger wave
mechanics is thus a completely causal theory. The time
development of-a wave function subjected to a potential is
as 'leterministic" as anything else in classical mechanics

provided that the system is left undisturbed.

Eq. (1.2.5) is amenable to an interpretation remi-
niscent of Euygens construction in wave optics. The streng
of the wave amplitude arriving at (r,L) from (r',t,) will b

proporiional to the original amplitude Y(r',t,). If we
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denote the constant cof proportionality by K(E,t:f‘,to), the

total wave arriving at (r,t) will be

ViZ,E) = JRIT,E12" £ I0(E", £ )a'E" , txt, .
We note two properties of K:

1. For t > t,, K(r,t;r',t,) satisfies the time--

dependent Schrodinger equation. This follows trivially
using either eq.(1.2.5j0r eq.{1l.2.6)
2. Lim K(r,t;r',t,) = &°(r-r') for then the right
t-+to AS. L
hand side of eq. (1.2.6) becomes <r|r'> = 8§ (r-r').
Because of these two properties the propagator regarded as

a function of r is simply the wave function of a particle

which was located precisely at r' at the time t,. This

follows also by noting that

RK(X,t;r',t,) = <r|exp (-8 (t=tqy) }|x'> 1.2.7
H

where the ‘time evolution operator acting on |r‘> is just
the state ket at t of a particle that was localized at r'
at t <t. If we wish to solve a more general problem
where the initial wave function extends over a finite regior

of space, all’we have to do is to multiply y(r',t,) by the

propagator K(E,t;E',tu) and integrate over all r' adding

thereby the various contributions from different positions
r'. This reminds us of the situvation in electrostatics;
if we wish to find the electrostatic potential due to a

general charge distribution p(r'), We first solve the point



charge problem, multiply the solution by the charge dis-

tribution and integrate so as to get

(2

- a’z'.
|2-£"|

¥ (L)

It is easily seen that the propagator is simply the Green$s

function for the time-dependent wave equation
— 2 — — — — -

{ 2ov2 wi@-th 2 IR, 65E ) =106 (F-F') 6(t-t,) . 1.2.8
2m

proof:

Using the step functlon 0(t-t ) eq. (1.2.5) is written
A8 e(t-t )V(L,t) = JR(T,t:T',t )V(Tht, )AL’ .
Now,

{ih -5%_: - H(r,t)}o(t-t )y(x,t) = ih (t-t,)

=f (i - H(E) IRV (T )
which gives
{i% '?rt""‘“} K = #16° (F-£') 8 (t=t,)

with the boundary condition

K(r,t;r',t,) =0, t<t. 1.2.9

The particular form of the propagator depends on the potenti="
Consider as an example a free particle in one dimension. We

can use the momentum eigenfunctions |p>, P|p>=p|p> and
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2
Hlp> = (P /2m) |p> which are plane waves to get

= S | 2
K(x,€5%' ,tg) = —i _fmexp{ie_(}_ﬁi‘_)-iﬁ (t-t,)}dp. 1.2.10a

This integral is easily done by completing the square in

the exponent giving

KX, tix',£%) = /—B _ oyp (iM(x=Xx')7, 1.2.10b
27 iRT 25 T

where T = t-to. This expression can be used to see how a
Goussian wave packet spreads in time. Later we shall
consider the propagator of the simple harmonic oscillator
which is more easily derived using the path integral

approach.

We note that certain space and time integrals derivable
from K are immensely important. We set t¢=C (no loss of

generality). Moreover set r = r' and integrate over all

space
G(t) = JSKR{rftsrjpa’x’
- iBj
St
= IKE' 32| 2 E e
j
-iEj, |
or G(t) =Z e : 1,2.12
3

Not a surprising result. For setting r = r' and integrat=-
are equivalent to taking the trace of the time evolution
operator in the r - representation. But trace is basis

independent and in the |j> baals itis readily equal to the
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right hand side of the last equation. Now I exp(-%ﬁit) is
J

just the sum over states reminiscent of the partition function
in statistical mechanics. If we analytically continue in t
and make t pure imaginary such that g = it/ > 0, we end up

with the partition function itself,

exp(- BEj]). 1.2.13

The techniques encountered in studying propagators can
obviously be useful in statistical mechanics and they indeed

are as we shall see,

Next consicder the Laplace~Fourier transform of G(t)

oD

E(E) = ?*.fG(t}EXP({Fj)dt = % Z { exp 1(2-Ej)t dt. 1.2.14
-h ]

The integral cccillatos indefinitely. We make it meaningful

by replacing E by E+ic and finally fe¢ G.e0.-We thus obtain

G(E) = § — _ 1.2.15

£-Ej

The compléte energy spectrum is exhibited as simple pw
of G(E) in the compliex E-plane. To know the energy spectrum
of a physical system we only have to study the analytic pro-

perties of G(E).

Propagator as a Transition Amplitude

we shall now try to analyze the propagator a bit deepe:



Our wave function is the scalar product of bra <r'| with
the moving ket |a,t>. We can regard it also as the scalar
product of the Heiseberg picture bra <I',t,| which "rotates"”
oppositely with time with the fixed Heisenberg ket |a>.
Similarly,

K(r,t;r',ty) = I<r|j> <j|r'> exp'féﬁiwt-tg)}
3

th

E<r!e"p( )|j><j|exp( o) [£*>

J

or

K(X,t37',t) = <&,t|% ¢ > % o

where we have an eigenket and eigenbra of the pusition
operator in the Heisenberg picture. Thus <r,t|r',t,> is
the probability amplitude for the particle prepared at time
t, with. position eigenvalue r', to be found at a later
time t at a.position r. Or roughly speaking<r,t|r',te> is
the amplitude rcx the particle to go from a space time

point (r',t,) tc another space time point (r,t). Hence we

call it the transition amplitude. We are quite in line wi**™

the interpretation we gave to K(r,t;r',t ) before.

One more useful interpretation is the following:
Let the kets |r',t,> and |Tr,t> be chosen as base kets in the
Heisenberg picture at the timest, and t respectively. So we
can regard <E,t!?',tub as the transformation function that

connects the two sets of base kets at different times. Thus

time evolution in the Heisenberg picture can be viewed as a
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unitary transformation in the sense of changing bases,

that connects one set of base kets to another. This

corresponds to classical physics where the time develop-
ment of a dynamical variable corresponds to the continuous
evolution of a canonical transformation generated by'the

Hamiltonian.

Let us now use t' in place of t;,. We know
I = f|r,t><r,t|d’r whence

<E";t"];' ,t'>= s <E“,t" IE;t><Ep ﬁti';t'>d3;' R y o T
This is called the composition property of the transition
amplitude. Clearly we can divide the time interval into as
many parts as we wish. Thus if we somehow guess the form
of <x"#|rit'> for an infinitesimal time interval between t'
and £ = t'+ dt we should be able to obtain <&|r',t'> for
a finite time interval via the composition property. This
is the underlying reasoning that led Feynman to his inde-
pendent formulation of gquantum mechanics in 1948%.

Path Integrals as a Sum Over Paths?’?

To illuﬁtrate this scheme we now consider a one
dimensional problem. The generalization to higher dimensior
is trival. We are interested in the transitiion amplitude
for a particle to go from a space time point (x',t') to
another point (x%t). Divide the independent variable
time into steps of width e. This gives us a set of values

tj spaced a distance ¢ apart between the values t' and t%



w 1] =

At each time ty we select a point x4. Now a path is
constructed by connecting all the points so selected by

some type of line.

Eq. (1.3.2) implies

<xn'tn|xx't1>:=fdxn-1"'fdxz<xn'tn|xn-,'tn—1><xn-1*h-lhh¢'tnﬂ

e <X, ,t, X, ,t,> 1.4.1

This can best be visualized with the help of figure 1.4.1 below.

: =
(xE) = (x,tn)
.
/
W4
/
-
¥ §
(x',t") = (% .,%)
b4

Fig. 1.4.1 Paths in the x-t plane

For each time segment, say between t._, and tj we find the

transition amplitude to go from (xj_l,tj_l) to (xj,tj). We

then integrate over all intermediate points x_,... Xpey -+

This means that we must sum over all possible paths in the

space time plane with fixed end points. This also means

that the points xj-1 and x4 may be very far apart inspite o:
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the smalness of the time interval ty=ty-,- The paths

envisaged may, therefore, not be continuous.

Let us pause a bit and see how paths arise in classic
mechanics. Considering one dimension let the classical
Lagrangian be

)
Pep = M 2= -V (x,y). Given this and th

points (x',t') and (xt£), we do not consider just any path
between these points but the actual motion takes place alc
a unique path; for example, given V(y) = mgy for a freely
falling body and (y',t') = (h,0), (y%¢) = (0,/2h/g), the
classical path is y(t) = h-%gt’. This unique path is give
by minimizing the action, i.e.

{
tl

and leads to Lagrangés equation of motion.

The basic difference between classical and quantum
mechanics is now clear. Classically the path is unique.
In quantum mechanics all possible paths have a role includi
those which de not bear any resemblance to the classical
path and those which may not even be continuous. Yet wha:
ever theory we write down should lead to classical mechan

as h » O.

Feynmaﬁs Formulation

Feynman tried to attack this problem. He was greatl

intrigued by a mysterious remark in Diracs book® which in
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our notation reads

: {
exp {_% / Lc& (x,%)dt} corresponds to <xX4€|x',t'>.
tl

In trying to make sense out of this remark he was led to
his celebrated space-time approach to quantum mechanics

via path integrals. We now demonstrate how does the above
correspondance lead to the path integral. Since the
classical action is going to play a vital role we introduce

a useful notation

t.
S(i,3=1) = /7 L_, (x,R)dt - 1.5.1
j=-1
Since L,, is a function of x and %, S(j,j-1) is defined
only after a definite path has been prescribed along which
integration has to be carried out. That a particular path

is involveqiin the above integration is thus implied even-
though'thisfhot explicit in the definition. Consider the

segment between (xj_l,tj_l} and (xj,tj). Dirac says that

2 - c18(3,3~1
associate exp {1—11£1—-)} with this segment. Going along

the prescribed path we successively multiply expressions

of this type to get

n < oy
i exp'{igililzll} = exp { 1= S(j,j-1)}==exp{%6(n.lﬂ}
j=2 t .ﬁ ¢

1.5.2
This is the contribution from the chosen path to

Mext
<X E€x',t'> = <x,,tn|x,,t,>Awe have to integrate over
ntnl*; .t

X,r++s X, 4. Using the composition property from eq.(l.1.1)
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we let tj- tj_1 to be infinitesimally small. Thus

symbolically,

<x et |x b > = I exp {=5S(n,1)}. 1.5.3
all paths

The summation is over an infinite set of paths. Before
proceeding further let us examine the limit hh +0. Then
the phase of the contribution of a path, S/A is some very
large angle. The real (or imaginary) part of the
exponential is the cosine(or sine)of this angle which is
as likely to be plus as minus. Now if we move the path
by a small amount 6x, small on the classical scale, the
change in S is likewise small on the classical scale but
not when measured in the tiny unit fi. These small changes
in path will, generally, make enormous changes in phase,
and our cosine or sine will oscillate exceedingly rapidly
between plus and minus valyes. The total contribution
will then add to zero; for if one path makes a positive
contribution, another infinitesimally close (on a classical
scale) makes an equal negative contribution, so that no

net contribution arises.

Therefore, no path really needs to be considered if
the neighbouring path has a different action; for the
paths in the neiéhbourhood cancel out the contribution.
But for the special path Xegr for which S is an extremum,
a small change in the path produces in the first order
at least, no change in S. All the contributions from the

paths in this region are nearly in phase i.e., paths




near the classical path contribute coherently and we have
constructive interference. Finally in the case h = O, the

classical path gets singled out.

We now go back to <xj'tj|xj-l'tj-l> with ty~t, ; = €,

<X, t. %, .
Xyotylxy yety w(€)

> s exp'éﬁiiiiill}. 1.5.4

We have inserted a weighting factor which depends on tj‘tj-l

but not on V(x). The need for such a factor arises purely
on dimensional grounds since the left hand side must have
the dimension of (length)_l. Now let us evaluate S(j,j-1)
for €& » 0. Given this we can make a straightline approxi-

mation to the path joining (xj—l'tj-l) and (xj,tj) as

follows:
Y
S(3,3=1) = 1 ° ( § %7 - v(x))at
, € s

= ¢ {

w3

(fj—'—tj'—l-)z - V( f-"%xj"—l)}. 1.5.5
Notice that fdtr V = O, the exponent is precisely the same
as for the free particle propagator discussed earlier.
Since the weighting factor is independent of V we can as
well evaluate it for the free particle case. We use the
orthonormality of the Heisenberg picture eigenkets at equal

times, namely,

<xjjtj|xj_l,ﬁj_l“'_= 5 (xj - xj-l)‘



Further, 1lim m im(xX.=x._49)
v J=1
e+0 " Znihe P zneJ
= Slxy= x5 )3

using these two relations together with eq. (1.5.4) we get

1 = /B 1.5.6
w(e) 2nihe
It then follows
n-1
_ lim m .2
<xn'tn|xl'tl> i n+00(2nihg) fdxn-l ol
n )
Jax, @ exp{EEiiﬁllll} 1:5.7
J=1

where the limit n + » is taken with x, and x, fixed. We
define a new kind of infinite dimensional integral operator

Xn n-1

_ 1lim B AR P 7. 5 1.5.8
S Dx(t) = 10 (——) % Jdxp 2 30
D R*® nthe
so that
X
n A

" e .

<x bt ot > = i Dx (t) exp{g i Lcl(x,x)dt}. 1.5.9

1 1

This is Feynmaﬂh path integral. Its meaning as the sum

over paths is explicit in eq. (1.5.7).

We have here a new formulation of quantum mechanics
based on the concept of paths, which, Feynman motivated by
Diracs remarks arrived at.The only ideas borrowed from

conventional cuantum mechanics are:
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1. Superposition principle used in summing the
contributions from various paths.

2. The composition property of the transition
amplitude.

3. The classical correspondence .

Let us summarize our results. The Feynman method
tells us how to calculate the propagator directly. To
find K(x/t;x',t') (one dimensional case) do the following:

1. Draw all paths in the x-t plane connecting (x',t')
and (& ¢).

2. Find the action S{x(t)} for each path x(t).

n
3 K = A L exp {1'—5_{&)_}) 2
all paths T

That means all paths are given the same weight but each
path contributes with a different phase and contributions
essentlally cancel out until we come near the classical path.
Near it the contributions add constructively and produce a
large sum. Away from the classical path destructive inter-
ference sets in. Thus kis dominated by paths near the
classical path. The classical path is important not because
it contributes a lot but because paths in its vicinity con-
tribute coherently. We ask how far should we deviate from
X.g before destructive intereference sets in. One may say
crudely that coherence is lost once the phase differs from
the stationary value S{xcg(t)}/h by about m. Thus the

action from coherent paths should be approximately mh of
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Sci-For a macroscopic particle this means a very tight
constraint but for an electron it allows a lot of latitude.
That is why the assumption that the electron follows the
well defined classical path leads to a conflict with

experiment.

Now we would like to show the equivalence of the
Feynman formulation to conventional quantum mechanics. We
can do this in two ways. Either we can show that we can
obtain Schrodinger equation directly from the present
formulation or the converse i.e., starting from the
Schrodinger equation we should obtain the Feynman path
integral. We shall do both, leaving the second proof (the
methodology of which we shall exploit in the section on

statistical mechanics) to Appendix A, .

Schrodingers . Egmation from the Path Integral

Let us start with

m

2nihe

<xn—1'tn-1]xx'tx>dxn_1-

Xo= X._7) 2
7 explfimj n~ *n-1) *_ ﬁ;e}

2he

1.6.1

Introducing § = xn- X 1 and using x in place of X
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and t in place of t, we obtain

-2
<x,t+elx ,t >= i Iexp{—j-'-g-t*‘- - NSy
: €

<x=£,t|x,,t, >dE. “deBel

As € +0, the main contribution to the integral comes from

£ = 0. It is legyitmate to expand <x-{,t|x,,t,> in powers

of £. We also expand <x,t+e|X,,t,> and exp (~2Y&) in
h

powers of £ whence

d
< > 2
xrtlxlctl + E = <x.t|x .t >

-y B S exp(iﬂii){x-iiz}
2nikhe - 2he h

2 a2
(<x,t|%,,t,> + j% -%;2 <x,t|x,,t,>)df 1.6.3

Since we are working to order ¢ (or order £7). The linear
term in £ in the last bracket does not contribute to the

integral and that is why it is omitted. We finally get

) -h? 3
if <x,tlx, ,t,> = — <x,t|x,.t,>
a3t rt1%y ety 2m 3x: %08,
+ V<x,t|x;,t1> 1.6.4

This completes the demonstration of the equivalence. In

the next chapter we move on tc some explicit evaluations of

path integrals.




2.1

CHAPTER TWO
EVALUATION OF SOME PATH INTEGRALS AND

THE BOHM~AHARONCV ETFECT

\

Potentials of the Ferm V = a + bx + cx? +dx + exx

Having laid down the formalism in chapter one we now
come to some illustrative examples. For the present case
the Lagrangian is given by

L = kmk'-a - bx -cx’- d¥ - exx - 1% %

We wish to evaluate the path integral

X
b

K(xb.tb;xata) = i {expfégigiﬁll)} Dx(t) o {0 (G |
a

where we have considered a one dimensional problem in which
a particle moves from an initial space-time point (x5,tj)
to reach a final space-time point (x,, t,) under the influ-

ence of #yepotential V given above.

Let us write every path as

x(t) = xcét} + y(t) 2:2.3a

Where Y gives the displacement of any of the paths from the
classical path: Differentiatinag this equation with respect
to time one has

X(E) = x_,(t) + y(t). 2.1.3b
since all paths have the same end points y(ta)= y(tb)=tj.

If we slice up the time interval e t, into n parts, we

have for the intermediate integration variables

xj = x{tj) = xcE(th-y(tj) = xc}.{tj“Yj .




Since xcittj) is some constant at t4,dxy = dy4 and

J
Xy o
J Dx(t) = [ Dy(t) - 2.1.4
X, (&)

Now eq. (2.1.2) becomes

(o]

- — i
K(xb!tbrxarta) - CJ; exp{*

> S{x_ (t)+y(t)})IDy(t)- 2,1.5

Next we expand the functional S into Taylors series

b
S{xcp+ v} = t{a Lix g+ ¥, X+ yldt

t
b p
. . AL oL, *L X %L , .
= £ (L%, ,,%.,)+(x2) y+ (=) Y+5[(—QY+12-——--]YY
£, ch' el \ox Xog® 0% %o X*x_, AXIXY
2
+[E[2-L.-'__,‘y"y}} AL+ 2.1.6
2%y

The series terminates here since L isaquadratic polynomial.
The first term L(x,,,%.,) integrates to give S{x_,} = S_,.
The second term, linear ir y and y, vanishes upon integration
due to the classical equation of motion. Making use of

eq. (2.1.1) we obtain

3L ?L *L
2 =0 = =@, == o v 305 |
g T " axa% ax?

So now using eqgs. (2.1.5),(2.1.6) and (2.1.7) we finally

obtain K(xb,tb;xa,ta}

iSCI 2 i ., = 2- ™
= exp( ¥ )Iexp{ﬁ [ (5my* - cy’-eyy)dtiDy(t)- 2.1.8
) ta

Since the path integral has no memory of X.;r it can only

depend on the time interval t; - t . 5o
is

ch
. = (t, - 2:1.49
K%y by i%, ) At -t ) expl ~ )




where A(t-ty) represents the path integral and is some

unknown functioneft-t, = T. For the free path particle

problem we set ¢ = e = 0 and from chapter one we have
AT) = (—2)t. 2.1.10
2rihT

In eq. (2.1.8), the coefficient b does not appear so that
the same expression A(T) holds for linear potential

V =a + bx too,

The Harmonic Oscillator

For the harmonic oscillator we take ¢ = Ymw’ and

e = O in eq. (2.1.8). Further for t; = O i.e., &= T

we have
o] Ly
A(T) =/ exp{ég [ (y%= w?y?)atlpy(t) 2:2.1
0 0

To evaluate this integral we consider the isomeric partition
of the time interval T into steps of width € = tj'tj-l

= T/n ( n divisions)-

_ im (P 2 Y] yj+1 =4
Ap(T) = s fexp{E—EL_l (y:j+1 Yy ) w?e?( 5 H'l B dy]

i=1
2,228
-1 ’

where B with

piw adliyk 2.2.2b

2nihe

is the normalization factor. We denote

lim

n+e An(T) = A(T) - 2:.2.3

(e+0)

Assume that y_+lis a small distance away from Y; whence
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n—l r v, y. n=l n"‘2
) = L 3 j+1 E " =
- ._(YJ‘*'IY) we” ( > ) i (2~ }yj 2Eyj 541
J i=1
2o
We thus write
-n
im
Ap (T) = ( ) 2
= Znihe pﬁﬁe
n-1 . n-2 n-1
L (2=we“)yi~-2 L ysvy. nmdy. 2.2.5a
j=1 Y4 ;lyjy3+lj=1 yJ

This expression can be written in a simpler form as follows:

_ % i -1 - n-1
Ap (T) = ( niﬁe “Jexp ?ﬁafjilaj(yj jy J }jzldyj 2.2.5b
where
a, =2 - w?c?
a4y * ajog =2 - we?} §=1,...n=2 2.2.588
ajQy =1
We elliminate Q4 and obtain
a4y = Z; + 2 ~ et 2.2.6

Let us pass over to a variable “j where

Mg = ¥

j 3 7 Q%541 - 2.2.7

The jacobian of the transformation is 1.

So now the path integral which has been reduced to a

multiple integral becomes
-n
Ty
2uwihe

n =l n-1
fexp(zh j= la_l nJ) H dnj g 2.2.8

An (T) = (

performing the integration we obtain




=i e

M) = (B } 2.2.9a
2nih D, (T)

where

Il

Dn (T) €a,a, . ..apq. 2.2.9
Next we determine the value of Dh in the limit n+= j.e.,

€+0 to obtain A(T). The above equation implies

Dk+1(T+E) = €a,a, wag = Dkak PR P K7

5 -1
Dk-1(T-e) = e a, a ..ax_p = Dy Byl 2.2.10b

Using these two expressions together with eq. (2.2.6)

|

N = 3
(Dy4p (THE) 2wy (T) 4D, _; (T=€) }= =0 D, (T) 2.2.11a

z

™M

This is a difference equation of second order. But we are
interested in the limit k+® (or e+0). Now using Taylor's
expansion we get the differential equation

D = -u'D 2.2.11b
which in view of the initial conditions D(C) = 0, D(O) =1
gives

D(T) = Ei—‘%ﬂ_ y 2.2.12

There is another way of obtaining this same result?.
We know every path y(t) starts from a point (0,0) and goes
to another point (0,T) i.e., the motion is periodic. We
then write such a path as a Fourier sine series with period
T or y(t) = g ap sin(nmt/T). The details are worked out in
Appendix A,. Finally using eq. 2.2,9a we obtain
!

AP = (e By 2.2.13
2nifkh sinwT

which in view of eqg. (2.1.9) gives




G . mw 1 iSey
KK & IR 0] = (omsmmiens)” XD (| —om) ¢ 2,2.14
b” 'b'"a 2nih sin wT i } “

The classical action as derived in Appendix A, is

" m 2 ‘ 5
ct = TsIneT! (Xp* X)cos wT- 2x

€0}

bxa}

so that the full propagator is given by

*
muw 15

K(x,_ ,t, ;x_,0)= (—o& ___
b’"b""a’ 2mih sin wT

iITlUJ - 2 " M . ] . v ]
exP{Eﬂ?ﬁ;:;;}{[hh+xa}goswl 2xaxbr} 2.2.14b

As an extension of the above problem we consider the
harmonic oscillator driven by an external force f(t). For
every path of the oscillator between the points (xa,ta}

and (xb,tb) we write
x(t) = XCR{L) + y(t) - Lo 2 #dD

The Lagrangian of the oscillator is
=+ MipdZ ol ol 2
L = {Z(xc2 w xcil+£(t)xci}

+{m(x ¥ = w?x_,¥) +E(£)y)

+{ i{-yz._wzy?}} . 2.2.16

S b=

The integral of the first term from t, to t, gives Scilthe

The normalization factor A(T) can be written in the form
K(0,T;0,0) which is amenable to a physical interpretation.
It is seen that A(T) represents the propagator of the
harmonic oscillator with cyclic return to the origin.




second term vanishes due to the equation of motion and the

1 e P = 2 ; .
‘ast term as in the previous case gives

Al & B 2.2.17a
21ifi sinwT
whence
; . i8S
K(%, st 9 Xy, ts) = o—ID2 exy 2ct, , 2.2
b’*b’Tar*a 2mif sinwT p( h } rSetil

Xoy 1s the solution of Lagranges equation i.e., the

equation of motion:

+ w2x , = £(t) 2.2.18

X
ct %

(nd /
The solution to this equation is the sum of the solution
to the homogeneous differential equation and the particular
solution.,

X , = +

2 X
ch cl,H “cl,P

From Appendix A,

%, sin w ft--ta)+xa sin w(tb— t)

X {(t). = b

ck,H 2.2.19%a

sin wT
By using the variational method for finding the particular

solution of the differential equation (2.2.18)

t
X grp(t) =-—J;———~{sinw(t-ta)ff(S)sinm(tb—s}ds
mwsin wT t,

4

- sintu(tb—ti f}(s) sinuJ(S-ta)ds1
ta

o
= L s £(s) sinw(t-s)ds 2.2.19b

d mw t;1



Egs. (2.2.19a) and (2.2.19b) give

i xbsin~u{t—ta)+ xasin'u(tb-t}

X _,(t)

cR - sin w T
1 £ t
t ———— {sinuw(t-t,) [ f(8)sin w(t, ~s)ds
mwsinwT £ b
t
= sin (ty-t) J f(s) sinw(s-t,)ds} .
ta
Now,
= m,:=s . 2.2
. [7(xc£,n w xcE,H}+'f(t)xc£J”
- - . 2
¥ {m(xci,ﬂ Xeq,p " 9 %cy,u Xoq,p)
m,.7 ) ’
+{'ffxci,P v xcE,P)!{f(t)xcﬂ,P}'

Integration of the first term gives

B e :
- 28inwT b
T :
———ix_ / f(s)sinw(ty-s)ds
sin wT @ ¢

s {(xf + xé}cnsuﬂ‘—zxaxb}

a

t
+ %y S f£(s) sintu(s-ta)ds}-
D

2.2.19

2.2,20

2.2.21a

The first term here is the one calculated in Appendix A,

whereas the remining part is straight forward. Consider

the last two terms in eg. (2.2.20). They are written as

m » L- 1. Jar
7 &g, 0 Xeg,p * Pog,u)
ty " .
o ¢ -
Let 1,=/ 3 {x_w,?‘an,P 2X0 01
t"s

-t ? ) Wt (¢
w'Xeo,p Xy, p “xc:z,u}*f")xc?.,p




This can be integrated by parts to give

th
m - d .
¥, = = I a X :
‘ 2 ¢ dt xt‘:l,p‘xrv,,p " 2"09’“} }dt
a
t
“b
=3 T Axgy,plk + wix - f(v),
% : Ci,p CF_.,p CP.,p m .
ta
(“ ol | ? — f(t} -
Y 2XC?;p ‘XCR;H* A XC,.."“J = _\C}I'p b dt

In the second integral the only nonvanishing term is the
last one; others vanish due to the equation of motion.

Thus we have

b
m d . . :
. =7~ { pl
Ir 2 f at 'xci,]_, {XCL{.,134 "“C;ﬁ.,;l’[“
ta
€l
+ % f F(d) X, : dt
ta
m b
= X + 2% }
2 Lﬁ,p{ cl,p ct,H"
a
Y
+ % J &) xci,p dt
ta '

and x_, _ from egs.

Then using the expression for X 5 H el
- [ - re

(2.2.19a) and (2.2.19b) respectively and simplifing we

finally get
1 0

= - ——e ] i ’..'
I' mu Sin u -

g-t.) ds dy 2.2.21




Using egs. (2.2.21a) and (2.2.21b) we obtain

mu - 2
. | ' }

Sct T FsineT ' (¥b t X3) cos WT =2xaxy,
> =%
“ X3 A
+ f(s) sin w (t, -8) ds
Mu- t b
-a
Z){b tb
+ — [ f(s) sinw(s - t,) ds
m w ta
th
Y
- 2 S J f(y)f(s)sinuw (t}~ ¥) sinw (8 - t,)dsdy} - 2.2.21c
. I"} al
m-w ta f;a ]

Finally, this result together with eq. (2.2.17b) yields

KX, tpiX, bt ) = /——=— exp ,dmw _ (.2, x%)cos wT - 2x
< 2 mihsinwT MsinwT D *a ah
2X5 ?b ¢} th
+ — ) Ffs;)sinqi(t}_—:-sl ds + — J f(s)sinw(s-t, )ds
m t " m & t
a a
5 By
- f('v)f(s)simf(th— y) sinw(s -t )dsdy} }-
mww® gy ty

A
Next we briefly indicate the way how the energy levels

and eigenfunctions of the simple harmonic oscillator can be
deduced from the path integral approach. In eq. (1.2.6) we
wrote the propagator in terms of the energy levels and eigen-
functions of a system whose eigenvalue problem we can solve.

So now using that expression together with eq. (2.2.14b)




we have

oo

T

: * tE
¢ by(x)y i(x')exp1--1—1'rl

J=0 n

m imw
S exp (o
2mih sinw T ¥ 2h sin uT

[(x‘+ %) cosu T - 2x'xJi /2 i A

where now the initial and final points are taken to be

(x',t") and (x,€) respectively,

_‘ P“"' - 2iuT iwT  =2iwT
1smwT:—'-§(1—e ),OOSwT=§——-(l+e ). 2.2.23b

The right hand side of eq. (2.2.23a) becomes

im? g
]5 2o =-2iuT _
(5 e (ydet Y 1
=2iuT =iwT
(. mw oz 12y (Lt e v dx'x e ) )
X exp i o tdx* +x )i =0 T, LR
l-e l1-e

i = : . . =iwT
Expanding this last expression in successive powers of e

we obtain a series exactly identical to the 1e4¢ hand side

; - -iwT/2
of eq.(2.2.23a). Because we have a factor e , all the

-imT/Zé-ijmT

terms in the expansion will be of the form e for

j = 0,1,2,... Thismaens the energy levels are given by

E; = (G +%ho. 2.2.24

The wave functions are abtained by making the expansion
completely and are identical to the familiar results obtained

by solving the Schrodinger equation.

(4]

5. 1
The Bohm-Aharonov Effect '

Consider a hollow cylind rical shell as shown below




b

Fig. 2.3.1 A hollow cylind rical shell. The
ends of the shell are closed so that
a particle inside does not have a
way to move out of the shell.

A particle of Ccharge e is confined in the cylind rical
region between p = a and p = b with rigid walls. The wave
function is required to vanish on the inner and outer walls
as well as at the bottom and top of the walls. It is a

simple boundary value roblem.
P 2

Now let us fit a solenoid in the region 0<¢ <a so
that no field leaks into the region p> a. The bounrdarv
conditions for the particle are stili the same. Intuitively
we may conjecture that the energy spectrum is unchanged.
Quantum mechanics disagrees! The field vanishes in the space
available to the particie but the vector potential does not.
Assume the field is oriented along the axis of the cylinder
(taken to be the Z-axis). Noting that B = VxA and applying

Stokes theorem one finds

i Ba
A = —

20

where é¢ is a unit vector in

(A
]

2.3.1

the direction of increasing

¥ . The momentum operator in the presence of the field be-
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ie =

U € g TAS L . ! i
comes V ﬂcJA which in cylind rical coordinate means that
) J w T &

A e 18 Ba2,
¥ “ 2hc

This replacement trivially implies an observable change
Ei iy 3 ‘
inh cae energy spectrum. This is remarkable for the part-

icle never reaches the magnetic field. There is no Lorentz-
force acting on the particle yet the energy depends on the
field in the hole where the particle never can be. This
problem is a bound state version of the so called Bohm~
Aharonov effect. Let us discuss the original form of the
problem. Consider a varticle of charge e going above or
below a very long impenetrable cylinder which is very thin
and inside which is a magnetic field parallel to the cylinder

axis.

(}6 g -__;;J ()

Fig. 2.3.2 A particle moves either above
or below an impenetrable cylinder

We would like to see how the probability of finding the
particle in the interference region b depends on the magnetic
flux. Let ry and r, be typical points in the regionsa and b
respectively. If L., is the Lagrangian for the no field

Case, the Lagrangian for B #0 is

all)
el |
N

e P

D.a‘tl
e

2 | + 2
Leg Loy c

The change in action for a definite path segment between




1+t l} and {x ot } is given by |

e
A.dr

-
'

'_'Qaifl'

2k
.
Q.I
r?
i

alo

t
s(i,i-1)=-s* (i,i-1) = g f
i Fi-1
where dF is a differential line element along the path

segment. Thus the net change for the whole path is calculated

from
N exp 106D L p o~ 1..(1,1 D) (exp 28 ™ 7.aF) -
bs! hec ;
This is for a particular path. We have to sum over all paths.
This is easy for /A.AF is path independent as long as the
loop formed by a pair of paths does not enclose any magnetic |
flux. Hence for all paths above the cylinder we have one
common phase factor. Now the net no field transition amplitude |

goes over into the following with field amplitude

o ., 9 - o o -
;DR istnl) opn(de ;7 Rav)
above i h he f, auwove

E:'l"l.
+ [ DE(t) expls‘“ L op 2 Rar)
below g 3 r

The probability of finding the particle in the interference
region b depends on the modulus squard of the entire tran-
sition amplitude and thus on the phase difference between
contributions from the paths going above and below the

cylinder. This phase difference due to the B field alone

is just
e 2 -
£ [ adr| - = J A
e . sbove € E 1

1




&

where g 15 the magnetic flux inside the impenetrable
cylinder. Thus as B ig varied, there is a sinusoidal
component in the probability of observing the particle in
the region b with a period given by a fundamental unit of

magnetic flux, namely 2ufic/le].

This effect is purely quantum mechanical and gaunage
independent for the phase depends only on the total flux Py
Classically the motion is specified solely by Newtons law
and Lorentz force which is identically zero in the region
accessible to the particle. vYet quantum mechanics says
that the interference pattern depends crucially on what 1§
inside the impenetrable cylinder. It is tempting indeed to
conclude that in quantum mechanics it is A rather than B
which is fundamental. However, one must emphasize that the
net effect in both examples discussed here depends only on
¥y which is directly measurable interms of B and vanishes
for no B. Experiments to verify the effect have been per-
formed using a thin magnetized iron filament called a whisker.
The above conclusion, we might add, can of course be drawn
without using the path integral approach, our approach was

meant to illustrate the path integral formulation of the

problem.




CHAPTER THREE

SOME APPLICATIONS OF PATH INTEGRALS
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IN STATISTICAL MECHANICS °

Path Integral Formulation of the Density Matrix and the

Parition Function

In chapter one we indicated that the path integral
method can prove useful in statistical mechanics as well.

We now build up this connection.

We are interested in a quantum system in thermal
equilibrium at temperature T. We know the probability to
find such a system in a state of energy Ey is proportional
to the Boltzmann factor e—Ej/kT where k is the Boltzmann
constant. Hence the probability to find the system in a

state of energy Ej is

...BE
T J
Pj s _Z'_ (= 3.1.1
-BE
where 8 = 1/kT and 2 = L e is known as the partition
]
function and E. are assumed to be nondegenerate. 2 and the

J
free energy F are realted as z = e °F, Given the partition

function or F ae-can determine the macroscopic parameters of
interest. However, the determination of some physical
quantities, even for a system in thermal equilibrium needs
more than just the partition function. For example, suppose
a4 system isma configuration space having a coordinate X; we

ask what is the probability of finding the system at x?




¢ = 36 =

To answer this question we must remember that in
statistical mechanics a double averaging process is
involved: one is quantum mechanical averaging and the
other is statistical averaging (averaging over ensemble).
Then if the system is in a single state defined by the
wave function wj(x} and Ej is the corresponding eigenvalue,
the probability of observing x is wj(x) g;(x) and averaging

over all possible states one finds
1 » -BE4
P = = I ¥, , (R) e J 3412
(x) T 3 &l(x) wjt ) :

For a general quantity A, the average value is given by

A= % r a.e PEj 3.1.3a
g
i
wh A:. = A>Y = f J dx.
ere 5 < wJ / qxjtx}A wJ(x) X Thus
E = 25 7 920 an,0e ) ax. 3.1.3p
j j j

Now we define a useful quantity
ok * o1y -~BEs
pexX; %2} = § Y. (x) Ppr¥(x")e J K i T
] J
It is called the statistical density matrix for the
temperature T.

In eq. (3.1.3b)the operator A acts on wj(x)only. We can
form A p(x,x"') and integrate over x setting x' = x. We
have found the trace of Ap in the x-basis. (The trace, is,

of course, basis independent). Thus

 » 1‘52_1}_9. 3.1.5




From eg. (3.1.4)

2 = fp(x,x)dx = Trp 35146
whence

B X0 |

A Trp Sedat

It is obvious that the central problem of statistical
mechanics is to find p(x,x'). For conventional thermo-

dynamics variables 2 satisfies the need.

Now compare eq. (3.1.4) with eq. (1.2.6) introduced

in chapter one for a time independent Hamiltonian i.e.,

“iF) (p-rv).
K{x,t;x',t') = X ¢j(x) w;{x'Je h | ) 2 o
J

Replace t-t' by =-ifh and the kernel goes over into the

density matrix. Let us write

p(x,X';ﬁ) = J wj(x)w;(X')eqT'J 3.1.9
J

Where u = g%,

Differentiating eq. (3.1.9) with respect to u one has

=9 2P - 3.1.10¢
n £ Hp
Qx
" .g_f_ = B 3.1.10

where H acts on the variable x. Eq. (3.1.10) is similar to

the Schrodinger equation for the propagator:

< 3.;_ N =B for > £} 3.1.11

Q

|

oW
t




To develop the Path inteqgral formulation of f we assume
u represents "timen interval ang divide it into steps of
width n i.e., n = u/n where n jig the number of divisions.,
Now the particle goes from x' to x through a series of
intermediate points x],...xn_l which define a "path" x(u).
Next we follow the Procedure used in chapter one where we
derived the path integral of the propagator starting from

Schrodinger's equation. The result will pe

-1
P(x,x';u) = f(exp{ = N2 -x)2 4+ .
A [2nnx1+1 x9" + 2V (x;)])
n-1 gx.
S T il § 3L1.12
A j=1 A
where A = v2whn/m .

If we consider the case n » = (or n + 0) and call x

the derivative dx/du, we have

gt i
P(x,x";0) = [ (exp{-;r S [3 %x(u)+Vv(x(u)] du})
0

Dx (u) 3.1.13

which gives the complete statistical behaviour of a quantum
mechanical system as a path integral without the appearance

of i anywhere. Although all possible paths are to be cons-

idered in eq. (3.1.13), the main contribution comes from a

h-_‘‘-‘__'_'_"——"-.-—-__.-._

* This result is also obtained starting from the path
integral of the propagator for the 1 - P motion of a par-
ticle. The time interval tj+1_ tj = £ is replaced by =-in
here.
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limited set of paths for which the integrand is not too
small.

The partition function is derived by considering the
cases in which the final and initial configurations are
the same and summing over all possible initial configura=-
tions.

Let us consider the classical limit of high tempera-
ture or small fi so that @h is very small and thus the
path of the system does not deviate much from the initial
point x' = x( O). 1In fact, the "paths" cannot ever wander
very far from x', because travelling far away and returning
again in the short "time" available requires a high "wvelocity
and a large "kinetic energy" This implies that the first
approximation in eq. (3.1.13) is to replace V(x(u)) by the

initial value V(x') and we have

-U 1 ]
V(x ) X _ U
o(x',x';U) = e-’IL S {exp | %rzﬁg- ??(u}duj}nx(u)- 3.1.14¢
xl

In this last expression the path integral is that of a

free particle. So using the result from chapter two we

obtain -U ] S
—=V(x o X

B el e 88T o 3.1.141
2hy 2mh

p(x',x') = V-

Since U = Bh.

The partition function is the integral of this ex-

pression over all possible initial configurations i.e.,

JHERL o iis jdx' ; 3.1.15

A
21?2 _'»
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This is the well known classical result. In the case of

a large number of variables (for systems such as solids,
liquids and gases) the classical partition function is a
product of two factors. The first of these is the path
integral which one would get by considering all particles

of the system to be free. The second factor is the integral
=BV

of e  where V is the potential of the system which

depends upon all the coordinates of the particles,

The next step is to improve on this classical approx-
imation so as to take gquantum effects into account., Here
it is necessary to include changes in the potential function

which result from the motion along the "path", We observe

that since x' and x are equal, it appears natural to use "
an average

- 1 U

X = — [ x(u)du % YO e

U o
in place of x'. We then expand V(x) about this mean
position which is defined for every path. The partition

function becomes

L x U
2= [dx [ (exp|-§/ {3 ** (#V(x(w) })Dx(w) - 3.1.17
-00 x' 0

Using Taylor's series about X

v & U7 e 3.1.18
/ Vix(uw) }du = W(X) +% [ (x=%) V"(Ndu + ...
0 0

The first tem vanishes in view of eq. (3.1.16) .

Thus the first nonzero correction term is of second
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order and to this order the partition function becomes

...U -
©  —V(x) x! N
7l ‘r e k¢ 4 o l r_es - -
> .;| (exp{-m- Jolme® + (x-%x)*v"(%)] du})
o

. Dx(u). 3.1.19%a
U
The allowed paths x(u) are those constrainedly / (x-X)du = 0 or if
- U
wedenotey=xthecmstraintbeccrres Ofydu=0. In terms of

Y, 4 becanes

o =U

vV _ o x , U
Z= [e ax J" fexp{-nz?l [ | my®+ V" (0)y? |au})Dy(u) 3.1.19b
- X 0

The integrand of the path integral is the same as that for the harmonic
oscillator with frequency w2 = -y* (0)/m. To apply the constraint we
multiply eq. (3.1.19b) by the delta function & {unydu), We can express
this delta function by its Fourier Fransforms

& {y) =-21‘- I exp (iky) dk

)

SO now the partition function beccues

-U

o V(;) 1 x"' x "X U " "
TN T dr N (B g Ey? + ¥y +ikylau))
-—OC X' 21T x._.i' i 0

« Dy(u) 3.1.20
In this form the path integral contains the constraint
eq. (3.1.16). It is also seen that the path integral has

the same form as the path integral of the forced harmonic

oscillator with imaginary m and V". The solution to the

path integral is worked out in Appendix A, and we have
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w
= ’---- [ e T ow ,'m1 ey Yy =
T T L em - sve o i V")) ax 3.1.21

— O L8]

In this €Xpression the Corrective term {3}’3/24]-“”;0'(;] is clearly

quantum mechanica]l because it contains the plancks constant
fi. For a many particle System moving in three dimensionsg

the correction term will be (ph?/24 ) g V? V/m
1

correct gquantum mechanical partition function. There exists
@ way of binding the quantum partition function from below
by using an effective classical potential U. we shali come
back to this problem after we have laid down the variational
technique in the next chapter. we only add that the real
challenge in this geme lies in finding a good effective

classical potential and as yet it remains an open question.

3.2 Many Particle Systems

Such systems can be described by a large number of
variables and the results obtained in the previous section
are directly extended except in cases where symmetry proper-

ties are to be taken into account. Consider a system of N

identical particles of mass m that are interacting. The
Lagrangian of this system will be
: l LN
L=Z-§—mr?-§-'§l Ve, 3.2.1

j J ¥




where V{rjh) is the interaction potential between the jth

and kth particles,

The partition runction is

’ E(U) =r(Q) U U
N= &
2=/d%(0) f @p [ % f P2au+ L Amz-3
= exp {-[ FE: o MITERhalh

DY F(u) 3.2.2
where af = g% d*Z 4w BT DT uDE ... Dr, .
2 N N 1 N

But we do not claim €q.(3.2.2) is true in general. The
symmetry properties of identical particles must be taken
into account. This property actually finds its root in
quantum mechanice. The wave function (solution of the Schro-
dinger equation) must be symmetric (anti symmetric for
fermions) though other solutions may exist. Thus we must
find a symmetrized expression for the density matrix. If
¢j{x) is a solution to Schrodingerfs equation and is symmetric
<« then it is equivalent to ﬁj(Px) where P is the particle ex-

change operator. For N particles, there are N! ways of

permuting them i.e.,

T . = L if ¢. is symmetric
; wj(P“i] N.wj(xi) wJ is sy
= 0¥ oty 3.3.3

In line with this argument we have

all * "'BEj
L p(Px,x') =2 I y.(Px) ¢.(x")e
2 $iphiiid J
sym. —BEj

= NI I Y3 fxw!j*(x')e




- 44 -

or

z pP(Px,x") = N! p (X,%x") . 3.2.4
P Sym

Further, for a System of many particlesg which start out from
a certain configuration, although their final configuration
seems that of thejr initial, the ldentity of some of the
particles may have been exchanged. fThat Means by now the
initial state of one particle Tay have become the final state

of any other pParticle. with these arguments at hand we can

write
1 g pr; (0) e : v o__
Zeom= = L S d%0) f (@ (~{5 S Er2au+ L 3 1y )du}})
sym N! P 51‘0’ 2 4 ) ﬁj,k“ Ij‘{(]
s O Pk 3,2.5

At high temperatures this expression should reduce to a classical
result and the Symmetrization should have no observable con-
Sequences. To illustrate this idea consider the motion of a
Single particle from its initial point to a final point a dig-
tance £ away, According to eq. (3.2.5), this is a motion from
the initial point fi(O} to the permuted position p Eifo), and
the contribution of this permutation is pProportional to

exp(~ me%kT/282), thus decreasing with increasing temperature
Or spacing between the particles. Hence unless the particles
are extremely close together, no permutation in the sum is
important even the simplest interchange between two atoms -
in comparison with the identity permutation which leaves all
atoms in their location. Since only the identity permutation

makes a gignificant contribution to the summations, all that
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remains for our Consideration jig the factor 1/N!.,

On the other hand, for Fermi particles the expression
analogous to eq. (3.2.5) is also easily written down.
However, the evaluation of the Sum is difficult, such as
for liquid HJ. This is so because the contribution of a
single permutation is either positive Or negative. Besides,
the contributions of different permutations have got
different magnitudes. It jig thus difficult to sum an al-
ternating series of large terms which are decreasing slowly
in magnitude when a precise analytic formula for each term

is not available.

The Use of Second Quantized Hamiltonian in Path Integrals

We consider an application to EoSe statistics. Let

us, therefore, deal with the simple Hamiltonian

H = aw a’t a 3.3.4

where a and a+ are the annihilation and creation operators

Obeying the commutation relation

{a,a = 1" 3.3.9
Their action on a state of n particles, |n> is

an>= /n |n-1>, at |n> =/ +1 [n+1> 3.3.3

whence
3.3.4
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-+ -
and a” a is called the nhumber operator. Tt tells us the

total number of particles in a given state,

In the basis |n> H js diagonal and the propagator is

easily obtained for
iH =
<m|exp (- =% In> = exp(-inwt) S ° 3.3.5

We shall, however, make matters a little more complicated

by using the system of coherent states

o n
[(I> = ;-]-‘_-._ BN /-%T exp(—ij'a_]z)'n> 34356
T n=0 v¥n

where ¢ is any complex number.

The following are a few facts about coherent states:

la> is an eigenfunction of the annihilation operator

a with eigenvalue a i.e.,
+ *
aja> = ala> or <a|at =<a| &. 3:.3.7a

Scalar product of two coherent states
1 2 2 * 1
<ala'> = -~ exp(-k|a'| % ja|*+a a') 3.3. %%
m

i.e., two different states are not orthogonal.

The completeness relation

f<h|a><a|p>d?a = <A|w>

2
where do = d{Rea)d(Ima]. Finally,

? - d*a 1 ) o
Jexp (- yla|* + X a +pa) - (—-—_’-’-) 3.3.7¢

where y> 0, is integral identity.
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We look for the Propagator <a,'exp(—i—!ﬁ'- s)|ar>
interms of the coherent states. The paramater s could be
the time t or -ifi8 to get the den8ity matrix in statistical

mechanics, or could be a complex paramater in general.

The procedure is familiar. Break the full propagator
into short time propagators and use the composition property.
Thus the parameter s is devided into steps of width As = s/n,

where the initial point corresponds to s = 0,

<alexp (-iwatas)|a'>

= [<a|l-ivatad s lt:tn_1>-:ocn__l[1—-}m.aa“"az!.sslc:tn_zzn..<ml [1-ima* aAs|at>

dzml .

n-1 3.3.8a
Here we have n short time propagators but n-1 integrations.

Using eq. (3.3.7a) we have for a typical short-time pro-

pagator

.+ ; -
<Xj+1’1"1‘”3 als I“j7 = [l-imaj+lajés)<nJ+1laj>

Pene ! 2012 L4
= -;-—exp {-Slaj] +(1 im&s)uj+laj
2
"3 l“j+1l }
to order As.

Substituting the above expression in eq. (3.3.8a)
we obtain
<a|exp(-iwatas) [a'>

= fexp | ~%|a'|? + (l—imﬂs)a:‘ ol = |, [*+(1~dlwss)a) @, - |a, |2

+ -

, 10, 1 2
lun_1[2 +(1——iw£ss)a*nn_l—%|u|zr;jzﬂll:ﬁ-da.- 3.3.8b

J

o —
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ALl the integrals can be performed using eq. (3.3.7¢) and

the result is
<a|exp(-iwa’ as) |a'> = % exp{—%]ai2+(l—iu§flq‘u'—%la’F}

3.3.8c
which in the limit n » « leads to the exact propagator

in terms of coherent states:
<alexp (~iwa*as)|a’s

-iws

= % exp {~% |a]|? + e a*a’ -%|a'|?} 3.3.8a

Next we apply this result to determine the density matrix.

<elpla'> = <a| exp(-i atas)a'>

/<a|exp(-i ata)|a> &a

-t | " -
= {l-exp(-iuws)} % exp {-%|af?+e ~ius a*a'~%la'|?} 3.3.9

where s =-ih§ =-ih/KT.

The average occupation number is given as

<e¥a> = 7 pata = [ <a|pla'><a’|atala> do' d%a
which in view of eq. (3.3.9) and the result <a'|a*ala> =

-
af e<ar|a> jeads to

LI 3.3.10

~ hau
—_) =1
expf kT)

<ata> ="

the well known Bose function.

It is posssible to develop (obtain) the Fermi function by

a similar approach. We know that the classical picture of

quantum mechanical amplitudes of Bose oscillators is given

_—




by the coherent states considered here. To get a similar
picture of Fermi operators we should consider their coherent
states. In this case even if coherent states exist,
corresponding eigenvalues are no longer complex numbe rs
because of the anti-commutation Properties of the Fermi
operators. Thus to be consistent the eigenvalues have to
be anti-commutable with each other. Such peculiar ¢ numbers
are known as Grassman variables. We are not prepared to

discuss them in this work, %17
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CHAPTER FOUR

THE VARIATTIONAL METHOD FOR THE PATH INTEGRAL

A Minimum Principle

The variational technique is based on the following

inequality
SeT & xS 4.1.1

where x is a real random variable and <x> is its weighted

average.
This follows from the fact that the curve of e X is
concave upwards. If we imagine a number of weights to lie
along this cuve, the center of gravity lies above this
curve. The vertical height of this center of gravity is
the average vertical position. <e *>, It exceeds e-<x>,
the ordinate of the curve at the position of the center of
gravity. Using this inequality we proceed in a manner

reminiscent of the way the variational method is developed

in Schrodinger's mechanics.

Suppecse we wish to evaluate the free energy F of a

System. We know from chapter four that

@ xl
z2=e"F = s (f exp("%)Dx(u) ax'. 4.1.2
- - 00 'x.

Assume that some other s' can be found which satisfies two
conditions: One, 3' is simple enough that expressions such
as [ e7%'Dx(uj or /G e_§; Dx(u) for simple functionals G

can be evaluated. Second, the important paths in the

sy
integrals / e $Dx(u) and [e % Dx(u) are similar, i.e.,




s' and s are similar when they are both smali. Now

suppose F' is the free eénergy associated with s'eour aim
is to find the minimum possible action s', using the
minimization procedure to be set up here so that we have

an upper limit to the true free energy F. So now we have

-BF" pakie on
e = 1 I exp("®/m)Dx(u)ax’ - 4.1.3
-0 J{'

Using egs. (4.1.2) and (4.1.3) one has

- -t = x! - - =-g!

] mx
or
- - ! = X’_ i . © x! _
o tEeE )y TN oo I/ s mnx(uldx'/f ; e¥Mm
- 00 xl - xl
*Dx(u)dx’' - 4.1.4:
~f (F~F") ~(e28’)
Thus e is the average value <e > over all

paths with the same initial and final points where each
——
path is given a weight e ° % Dx(u). Then applying

eq . (4.1.1) to (4.1.4a) (real action assumed) we obtain

<-(s~s')>
o PIE-EY) 5, o W 4.1.4
whence )
FLF' +1/6h <s=-8'> =F'"+§ §21:5
o x! .
"‘Sﬁl '
- j s-3')e Dx(u) dx
where g 1/Bh.-& ia(e s') bk
w ¥ 5

s 7 e pxiu) a x

- 00 x'




Eq. (4.1.5) is the minimum Principle we were seeking. It

says that if we calculate p' + 6 for various "actions" s',

the calculation which gives the smallesgt result is closest
to the true free energy F. Actually F is obtained for

s'= s. But we can guess that if g and g’ differ in some

Thus the procedure consists in starting with a
reasonable form of s' with some undetermined parameters.
Then one calculates F'+§, The parameters are to be varied
S© as to minimize this quantity. This gives the best guess
to F.

The same minimal principle can be used to find an
approximate value for the ground state energy E, of the

system. Recall that

: U P L T $ily
i 0
If the temperature of the system becomes lower and lower
i.e. B increasing, terms invelving higher values of energy

become negligible. Here the contribution of the term with

the lowest energy e °E9 ig the largest.

lim z = e : 4.1.8

Hence starting with this approximate value and following

the previous procedure (we now replace F by E,) we finally

arrive at




However, to obtain eq. (4.1.9), we dieregard the need that
+he paths return to the starting point which was the case
in the calculation of F. This is so because the density
matrix p(x,x') is also dominated by e_BE°w,(x}wz(x'} in the
limit B»». The dependence on x' and x now enters as a
multiplying factor but does not affect the exponential
nature of the function. It is the exponential behaviour

which is fundamental to the evaluation of ¥, by this method.

The variational technique as used in the Schrodinger
theory can be obtained from this formulation as shown in
detail in the book by Feynman and Hibbs. We shall not
describe it here. However, one important feature must be
noted., The fact that the action be real excludes the case
of a particle in a magnetic field. How to include complex
actions in the present apprcach is still an open question-

But one susﬁects that such a simple generalization should

exist.

An Application of the Variation Theorem

Let us now see the application of eq. (4.1.§) to a

one dimensional one particle problem. For this case

U .
S = J { -Eﬁgiﬂi- + V(x(u)) }du - 4,2,1

The partition function is written as

w ' U .
e BF = fx (exp{- i— J F‘E‘%L-"V(x(u)]dumx(u)dx'.
4.2.2




Here we first fix x(0) = x' and Xx@) = %( 0) and do the
path integral over all paths, then vary x'. As we have
pointed out in chapter four, in the classical limit of

high temperature we approximate V(x(u)) by V(x') to obtain

~BE mxe S o Eﬁiﬂ
e =y —= [ e dx' - 4.2.3
298° a

But now we would like to improve on this classical result.

First since x(0) and x(M) are equal we use an average

U

- _ 1 "
X = - g x(u}) du 424

in place of x(0). Second, the deviation of the path from
the classical straight line may be taken into account by
some average V(x) over the path rather than by a constant

V(x'). We then use a trial functional

u m & -
st = f 5 X (v)du+ U wix)* 4.2.5
L]

w(x) is an undetermined function which is to be varied
later to minimize eq. (4.1.5). The corresponding partition

function will be

-BF! x' 2 g e -
e =/ (exp{-[ﬁ- g fxz(u} du + pw(x)]}) Dx(u) 4.2.6a
x! ' 0
or
. o %! 1 U o -
' = rax S (ewof-[F [ Fx(w au+me])) Dxw.  4.2.6b
- OO x' o 0
(fixed x)

Iet v = x-x'; y(u) = x(u). Then,




e [ ap ST m 9.
e = [ dx e )I (expi=~ - Jf y'du!) Dy (u) 4.2.6c
0

which is the same as the path integral of a free particle
except for the first factor. So using the result from

chapter two one has

£ w Y

2 4.2.6d
2T am

Next we calculate <s-s'>. From eqs. (4.2.1) and (4.2.5) we
have

x U - g x!' '
L rvixw)de-mle Toxt/ £ & Poxw
x!

' 0

1 U X' ~s'/M x'" _~-s'Sh
= = J du( J v(x(u))e Dx(u))= J wix)e Dx (u)
%" x!

xl
;e
x
Consider the first term in the numerator. The path integral here is
independent of U so that we can take any value of U, in particular

u = (0. The result is
L css'> = <vx©)> - <w®>

To transform further we use the following result™

————— e e

* This is cbtained by using the transformation

w© 21 . 2mnu
x) = @ + Il coe 5 thnsin S
IF=




¢ {_ m U ) i U
(exp{-~ 5 uf x* () du}exp{-ﬁ af £(u)x(u)du})Dx(u)

8]
" 2'ﬂm L )} U Ur
=/ = ) (of f(u)du)exp{ﬁl[uf of lu=u’ | £(u) £ (v') dudy’

2 U
t g (S £ (wdu)?}y-

4.2.8
Next we write
<V(x(0))> = fx (V(x(OJ)eJq:)[-% ?J':‘(u)du}emp f’gd(i}} ) D¢ (u)
3° 0
= [ Kly) exp {-g wiy)) dy 4.2.9
where
x?! 3 U
Ky) = [ V(x(0) exp {-ﬁm J ¥ (w)au} Dx(u)- 4.2,10
x! 0

Such that y = X. That is in eq. (4.2.9) we first do the

path integral keeping x fixed. Eq. (4.2.10) may be written

as
x? u -
Kly) =/ V(x(0) exp {=x [ X*(Wdu} 6(ky) Dx(w)«  4.2.11
xl

Then we use the Fourier transform

V) = v & 4 . 4.2.12

-00

It follows that }

© © %!

Kly) = JVigdg [ / exp {iqx(0)} exp {ik(x-¥)}
- 00 -0 xl‘
V_}' .
exp {-% [ %% (u) du} Dx(u) 4,2.13
0

where we have also Fourier transformed the delta function




in eq. (4.2.11); factors such as 27 are neqglected here.

Now use eq. (4.2.4) in eq. (4.2.13 to write

an

K(y) = / Vigdg f &k &Y f | ddx(0) expi f x (u)du)

— 0 - 00 x

U
. exp &-%% / %x*(u) du}Dx(u) - 4.2.14
0

As can be seen the path integral part of this equation can be brought
into the form of eq. (4.2.8) if we define

fw) = gb(u-0) + 1‘6 . 4.2.15

Since
of £(u) x(u)du = g x(0) + = uf x(u)du » 4.2.16

Using eq. (4.2.15) into eq. (4.2.8) we have

U
J £(u) du

= q+k 4.2.17
1]
U
[ uf(u)du = XY 4.2.18
: 2

U U U U

Squf fu-u'j £(u) £(u') du' = 2 / du/(u-u)f(u') du' f(u)

0 0 0 0

2
kK4 kq)U 4.2.19

&

Use egs. (4.2.17), (4.2.18) and (4.2.19) ineg(4.2.8) and

also in the path integral part of eq. (4.2.14) to write the
1dtter as .

Kiy) =/ Vig) / ak exp(-iy) () em:;:»{l'i—(§ ko + %)

-0

y S 4.2.20
= "~ __.__._) b
J dk Vi{=k) exp (-iky) exp (21

- 00




- 58 -~

Using the inverse Fourier transform we find that
®© [&4] a

¥ly) = J dk exp(-iky) /V(z) exp(ikz) exp (-NKZU, 4,
me W 24m

o

= / dz y(z) exp {- %‘— (y=2)%} 4.2.21

Including all the factors that have been ignored we have

o

2
K(y) = ,L“ﬂ‘—;—f- I az v(z) e:qa{-ﬁ—"i‘-;—,‘ﬂ}- 4.2.22

Thus K(y) is V(z) averagedover a Gaussian. The root mean
square of the Gaussian spread is fi/V/12mkT. If T+ », the

Gaussian becomes a delta function and ¥(y) »Viy).

Summarizing the results obtained so far we have

F & P 3+ 03/8h <s-s'>3| 4.2.23a
ELa g ! ! exp (- Wy qy 4.2.23b

35 <s=s'>, = Ky -w(p)) eBYWay ;e W) gy g0.03¢
s - 00 - 00

We ask what is the best choice of w(y)? Let us change
wiy) + wiy) + n(y).

Using the last three equations above we find

§F' = fne®™ay /e Pay 4.2.24

o - o -8
8 —@1}? <g=g'> = [ e Bwf—ﬁn(f—w)*n}dy/ie Y ay

+ ;e B¥ (ganydy £ Bne~PWay/( s eay)? 4.2.25

- 00




4.

Thus

6 (F' + 1/Bh < g-g' >)=
il e 4.2.26

leads to

Wight =" Xiy) 4.9.27

which is the best choice of W(y). And eq. (4.2.23¢)
yields

<s—s'>s. = 0
so that from eq. (4.2.23a)

F 4.2,28

= FCE,K
where Fcl,K is the classical free energy with the potential

V(y) replaced by ¥(y). Alternatively,

= Fop,w oo P
e =/ %%Ez [ e Kiy) /ke dy 4.2.29

It"ﬁJll ¢ 1s better approximation than the ordinary classical
iy

£
~orm F . in eq. (§.2.2)

Effective Classical Parition Functions

We present a method due to Feynman and Kleinert'®by
which a guantum mechanical partition function can be appro=-
ximated from below by an effective classical partition
function.

The partition function of a system is given by

.2
; ~BF x (t) 4.3.1
Z = - i +V(x(t))] dt} Y Dx(t) .
e S (exp { : [-ir— ]

where we have used system of units in which m = 1, h = 1,
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Since the paths involved are periodic we may use a Fourier
transform of the paths

ej.(.ljnt

x(t) = x + i (Xn *+ c.c.), wy=2m/8 . 4.3.2

Using eq. (4.3.2) in eq. (4.3.1) we have

o0 a5 real dxim

____dx, n n «© R
nJs - 5 p I '
/278 p=1  T/Bu? exn (-8 I w? | JVix(t))a

4.3.3
The x, appear implicitly in the argument of V. 1If all the
integrals except n=0 are done we will get

d -
Z2 = f = e B (x,) . 4.3.4
V2R

Of course, this result can be obtained in high temperature

limit, that is W(x) +V(x,) as T+ » and

Z -+ % = [ —— exp {-8V(xy} 4.3.%

Eq. (4.3.4) is identical to eq. (4.3.5) and thus we refer

to W(x,) as the effective classical potential and the integral

eq. (4.3.4) as the effective classical partition function.

The integrals_over all Xn o n#b, collected in W(xo)
are, in general, impossible to perform. However, for smooth
pPotentials V(x), there exists a simple way of evaluating
these integrals approximately to a very high accuracy, leading

to an upper bound for W(xs), to be denoted by Wy(xo), and to

be found accroding to the following rules.
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(1) Calculate a smeared version of the potential V(x)

as follows:

Vaz(X) = [ L exp {- 2 g (x=x")?} v(x") 4.3.6
Y2na? 2a? Y

with as an yet unknown parameter a?.

(2) 1Introduce a second parameter 2 and form the

auxilary potential

e 2
W (x0,2%,2) =(1/8)2n Signhg“ £ g a’+V, 2 (x,)°4.3.7

(3) Consider a®,0 as functions of xo, and calculate
at each x¢, the minimum of W, (x,,a”(x;) Sx,)) with respect
to the parameters a®(x;) and Q(x¢). The result is the

approximate effective classical potential

. min < :
w (x,) = az(XO}’n{ng{wl(xe,az(xa),ﬂtxn))} 4.3.8

The minimization with respect to @ gives the following

relation between  and a?
a? =(1/80% {8Q/2 cot h (BR/2)~-1} 4.3.9

while the minimization in a’ determines 0’ as a function of

the smeared potential

2
Q2 (xe) = 2 avge (xe) _ 3%vy2(x0) ,
sa’ ax?

Let us now see how these rules come about.
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Expanding V(x(t)) into Taylor's series about Xy we have

b 3V 2
Vix(t)) = V(xe)+ < xg"(t’"‘"}"% -g;gL{x(t)-xn}%...
o

4.3.11a

Since x, is the average position of the system we assume

aV

ax XD_

V(x(t)) = V(x,) + % %%2 xofx(t)-x,f+ 4= 4.3.11b
Let us now approximate V(x(t)) by the following function

2
V() = L, (xo)+ LK) gy(e) - )2 4.3.11c

where Q%(x,) denotes an arbitary local curvator of the
potential and L!(xa) is a trial potential depending on Xy o

Then the corresponding trial partition function becomes

y : :
2, =™ = flep(-fat {%Eh Z80) foe (1) =g} )R, (o)) D (8.
0

4.3.12
As shown in appendix A, we calculate Z, as
2 = 5 o Bxe)/2 - BL(xe) 4.3.13

: /3R sin h B0x),
2

It is straight forward to calculate within the partition

function Z, the expectation of the difference between the

true and the trial potential

<{V(x(t)) - Ei%il (x(t)=x0}? =L, (%)},
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R - PR | 02 ix
<a>= 1/ Qexpl/ L L 000) 1 () 1 g, (o)t -

4.3.14

Fourier transforming the potential and using the Fourier representation
of the position from eq. (4.3.2) we write

V (x(t) =—%;— J &g V(Q) exp {ig [x, + ):{xné“‘*‘te-c.c.}]} 4.3.15

n=1
sc that
w , Yeal , im
dx
V(x(t))> = f 9X¢ 13m _ Tn féiv:q)exp{-e Z{w’m‘(xn)}lxhlz
5 1 Y21 p=l 1T/Bw; n=1

“aLI(xo)-kiq'[xo o+ Zl(xn eiwnt1~c.c)}} 4.3.16
n:

in which gll_xn, n # O can again be integrated out. The

result as seen from appendix A i$

dxo  BR(xo)/2 St
< Vexe)y =f 20 o i)
I/zn sin hiB2(x )2} a* (xo) 4.3.17

where Vv a2l % qu) is the smeared potential eg. (4.3.6) with

2

a?. (xo) o T i L

n=1 w;+n2{xo} 4.3.18

™~ 8

which can be summed up to give eg. (4.3.9). The Gaussian
potential %¥0%(x¢) {x(t)-xo}’? can be considered as a particular

case of V(x(t)) and its smeared version V (x:) becomes

a‘ (xe)




simply % Q%(x¢) a®(x9). Hence

Q2 (x,)

<V(x(t)) - {x(t)= %0}~ L (x4)>
1

B (%) /2 ;BL] (%0)
sin h{gQ(x,) /2

dxg
2# {Vaz (xu)(xo}_ ﬁzfx!} & (%)= Llf?a) } e
&

i,
zl

. 4.3.19
The unknown functions 27 (x,), L (xo) are now determined by
using the extremal principle explained in section 4.2.
Thus based on the inequality (4.1.1) we write

8 P
Z>2 exp {=< oj dt {v(x(t))- ﬁ—éﬁ-’— {x(€)=xpJ* } =pLy (0)3}

4.3.20
i.e., the true partition function is bounded from below ~

Using egs. (4.3.13) and (4.2.19) and making variations in

R(xp) and Llfxo} we see that the best lower bound is obtained

when the integrand of eq. (4.3.19) vanishes. This gives

(%¢) 0 (x0)

LI(Xa) = Vaz(xu)x = _-3__ a®(xo) * 4.3.2E%

Feynman and Kleiner applied the above procedure to two
cases where the ansWers are exactly known and found remarkably
good fits for the free energies. Before their work several

attempts were made?’”?° to improve the original Feynman cal-

culation presented in section 4.2, However, the effective

classical potential obtained here seems to provide much better

result than these calculations. We shall not pursue the matter further

except to note that a Gaussian provides a very good approximation to many
Imrem  omanth wvdondialg.,
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CHAPTER FIVE

A SURVEY OF OTHER APPLICATIONS

Introduction

The previocus chapters essentially conclude our studies
for this project. However, for the sake of completness and
to emphasize the power of this approach we survey in this
chapter a few other applications of the formalism. Many of
these works have been done in the past few years and could
not readily be a part of such a limited study. But all the
same they help us provide the perspective for our future

studies. This chapter is presented just in this spirit.

7
Non Local Quadratic Actions

Such actions arise in many physical applications.

They have the general form:

T T T 7
s =% [ dtx® - % fdtSdascC(t,s)x(t)x(s)+ [ f(t)x(t)dt & )
0 (1] 1] 0

where G(t,s) is a symmetric function of the times t and s
while f(t) is some time dependent external force. G(t,s)
represents a phenomenological way of characterizing memory
effects. They arise when a given system interacts with a
larger system such as a heat bath, for example. In these
problems one is usually interested in the time evolution

of the coordinates of the system (e.g. a particle) which

is described by an "average propagator"” obtained by averaging

the propagator of the total system over the coordinates of
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the particle. This is the reduced description of the single
particle behaviour and it gives rise to non-local selfinter-
action terms in the action functional associated with the
average propagator. The resulting path intagral contains
Gaussian integrals and can be performed exactly. We shall

now illustrate these general remarks with specific examples.

26=27 ' 1]
a) The Polaron Problem:

Consider an electron moving in a polar crystal. The
electron interacts with ions which are not rigidly fixed.
This distorts the lattice in the neighbourhood of the electron.
When the electron moves about the region of distortion moves with it '
resulting in self-induced polarization. The electron plus
its associated distortion is called a polaron. In this
phenonenon the energy of the electron is lowered whereas its
effective mass is increased. The distortion so created takes
time to die out i.e., the ions take time to relax. Now this
distortion acts back on the electron at a later time. In
effect, the electron interact®with its past. This generates
a non-local self interaction. Feynman studied an idealized
version of this problem. The Lagrangian of the total system consists
of a sum of the Lagrangian of the free electrons, the Lagrangian of the
free phonons and the phonon-electron interaction potential. The dynamics
of this system can be described by a path integral over electron and
phonon coordinates. The Lagrangian of the system being quadratic in the
phonon coordinates, the path integration over these coordinates can be

done exactly.
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The phonon variables are thus eliminated. The problem,
now reduces to the path integral of an effective non-local

action functional s involving only the electron coordinates:

,. B B = ]
S'=¥fBr2dt--‘3;f ae ; <Rl=(t=th} 5. 5.2.2
0 /8 o 0 (t) - F(t")

This is then the functional for the partition function

where o is the phonon-electron coupling constant.

The path integral for this action cannot be done. So
one has to choose a suitable trial functional S' and apply

the variational technique. Feynman chose a functional

8 22 e 8 H s -
S'=% S ra+ 3 Jdt I {r@t)-rt") VPepl-w(t-t') lat".
0

] 0

5.2.3
The parameters C and @ are variational guantities
chosen to cbtain the lowest upper bound for the ground

state energy, i.e.,

B &8, '+ L < g=-8'> , B+@ T

B

28729
The polaron problem has been extensively studied.

20=37
b) Electronic Spectrum in disordered systems

The problem here is the study of the electronic density

of states in an amorphous solid where the electrons inter-

act with randomly distributed ions. This problem is relevar

from a fundamental point of view as well as the point of

view of technology. Semiconductor devices critically depend
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on the electronic density of states in the band gap region.
The basic aim is to obtain the electron propagator from
which the density of states follow via a Fourier transform
with respect to time as indicated in chapter one. Edward
and Gulyaev®® formulated the problem as follows. They

considered an electron in the field of N Scattering centres

(ions) in a volume V. The electron propagator is

k(r" T;£',0) = f(exp {i- Fmi® < g §V(-Ry)}at)) oE(t)
0

5.2.5
where r is the electron coordinate, Rysare the ion positions
and V(?-—ﬁj) is the potential between the electron and the
Jth ion. The ions are assumed randomly distributed and
therefore their probability distribution P(R)d’R is given
by

P(R)G’R = T a@*R/v) - 5.2.6
]

In the limit the number of ions N+®, V+« but the density
P of ions remains finitejthe propagator averaged over all

ionic configurations or Greens function becomes

L g U o
G = Jlexp %— ! %rzdt*-p!{e@{-if n V(ir-Rdt}-1]a’R}) pr(t)«
0 . ho
Rt 8y
For analytical simplicity one considers dense scatter-
ers but weak i.e., p + ®, n + 0, butpn’? remains finite.

In such a case one obtains
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m 224 N2
f 5 rdt- /z,l;s fdtfdt' Wir(t)—r(t )) }or (t)

e 5.,2.8

W=7 v(E@) -R vE@r" - Ra’R .
Again the problem becomes one of path integrating a non-
local action functional. The non-locality arises due to

the averaging over the ionic configuration. The actual

form of W depends on the electron-ion interaction potential.

¢) The Propagation of Waves in Randem Media

As the wave propagates through the madiun its amplitude
A(r,t) at any space-time point and its frequency w gye
affected by the fluctuations in the medium. These fluctua-
tions can be large or small. The path integral formalism
is able.to‘handle both. This problem is of interest in

atmospheric optics as well as astronomy:®

;A
Path Integrals in Polar Coordinates

We have discussed path integrals in rectangular
coordinates. The choice of a coordinate system depends on
the symmetry of a—given problem. It is thus natural to
enquire if path integrals can be handled in other coordinate
systems. As a matter of fact, a tremendous amount of work
has been done in. this direction. The propagator can be

evaluated for polar coordinates provided the angular co-

ordinates gan be separated from the radial ones by means of



an appropriate expansion in terms of standard polynomials,
One can thus deal with the free particle, harmoniec oscillator,

inverse square potential as well as some non central
potentiglis.

L 3 N
We briefly outline one such éxample. ' A charged

particle in a harmonic potential subjected to a uniform
magnetic field B say in the 2 direction. The equation of

motion is
m(r + 9°F) = e(f x B) - 5.3;1
Assuming B along the Z direction the corresponding

Lagrangian is

2 ma?r? 5.3.2

L = %i‘ o (X} -yx)- 3

where w = eB/2m. We can write this Lagrangian in a

convenient form

L= L(z,2) +(x,9,x,y) 4 T

Lo is the Lagrangian corrasponding to the z -motion

Ly.= 3 (2% - alz?) 5.3.4

while L is the Lagrangian corresponding to the motion in a

pPlane perpendicular to the z - axis

» - ﬂz 2+ 2)'
It = 3 (X2497) 4w (x§-y%) - 3§ LRE 5.3.5

Hence, the propagator factorizes as

K = ko(z",t";2°,t') K*(x",y",t";x',y',t") 5.3.6

d
where k; corresponds to the Lagrangian in egq. (5.3.4) an
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it is the propagator of the simple harmonic oscillator
which can be written down immediately using the method of
chapter two. K* is the propacator associated with the
planar motion characterized by the Lagrangian in eqg. (5.3.5).
The problem of evaluating this pPropagator can be done using

plane polar coordinates. Here we write

L = 3 (£2+ x2§2- gir2y p4p24), 3.3.7a

To make it radially symmetric we use a linear transformation

¢ = 0 + wt. Then

' = B (#+ rig*- (2% 4f)r ). 5.3.7b

This is the Lagrangian of a harmonic oscillator with frequency
Q' =/2*+ w® and using the polar coordinate formalism one

can show that

e (B8 )pr{ 80 (r"*+ r'*)cos Q'T
2mih sind'T 2fisin Q'T
- 2r'r" cos (0"~ 8'+ur) } 5.3.8

where T = t"-t, The complete propagator is obtained using

eqg. (5.3.6)- ™

Replacing T byv-ihB one gets the density matrix
p(r",r'; B). The partition function is obtained by setting

r" = r' and integrating p over all values of r' i.e.,

1
]

L 1Ry
Z8)=J p(x',x';R)dr’ E{Bsinhi'%(ﬁ'-i- w)! sin h{?-(ﬂ'-w)}sinh-f—r'
0
- . 5.3.9




Z(B) = [ n(e) exp(-B8e)de; 5.3.10
d .

recall that the partition function is the Laplace transform
of the density of states. Using the inverse Laplace trans-

form we find

n(e) = I d(e-¢ )
nl'nz'na L 78 B
with

€nym, ny = (n,+ 5 (Q"0) +(n + WA (Q-w)+(n, + ¥)ynq - 5.3.12

This is equivalent to the Zeeman effect exhibited by a

harmonically bound charge.

We can also usethe partition function to evaluate
Some other quantities. For example, consider ions on a
lattice modelled as independent harmonic oscillators each
of frequency 2 subjected to a uniform magnetic field B
applied along the 27 direction. Since each ion oscillates
independently, the single particle partition function
given by eq.(5.3.10) is sufficient for obtaining the thermo-
dynamic properties of the system. Thus using this result
it is possible to evaluate the free energy F, the lattice
energy E, the specific heat C and the magnetization per

particle M = -3F/3B of the medium. This rather unrealistic

model has very interesting properties. For example it shows

that the ionic lattice at low fields is diamagnetic.
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We note that non Cartsian coordinates have found a
use with non-spherically symmetric potentials. The
calugero“ problem is one such problem. Here three particles
of equal mass interact pairwise via harmonic and inverse
square potentials. By a suitable. coordinate transformation
this problem is converted into a free particle problem plus
a part which can be solved in plane polar coordinates.
Another problem is that of an isotropic oscillator in an

7
inverse square potential.

General Coordinate Transformations

This method widens the class of exactly solvable pro-
blems considerably. The basic idea is to look for coordi-
nate transformations which convert the given Lagrangian
into the class of previously solved problems. One then
makes a transformation x -+ £f(g) followed by a time trans-
formation t+t'., A very important problem solved thereby
is the Coulomb r.,:u:'obleun.n—"z The non-trival task is the

evaluation of the radial propagator given by
3 ne ty 33 by 5.4.1
K = (r"r') K,,j(r X' T) s

where the sup‘script j(= 2,3) indicates the 2 and 3 dimen-

sional cases. The constants dj and Vj are given by

) 2 = - = = 94+ & . One is then led to
dg = -k, ds = -1, Yz L, T3 ) k
an effective one dimensional radial Lagrangian

2 2
. Yj - % n? e
L = %rz--{(3 2/"} + 7} 5.4.2
2mr
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so that

. A
Veer o B HaBlES 5.4.3

using the transformation r = g followed by dt/dt' = 4q?,
this is changed to the problen involving potential terms
of the type A/q® + Bq’+ c. The answer for this problem

is known.

Constrained Path Integrals

Constrained motions are often of interest. Examples
are the particle in a box and the rigid rotator. As a
rule the propagator for such a system is obtained by
relating the system to another unconstrained system for
which the propagator is available. This may be achieved
by using a suitable transformation so that the motion of
our system becomes unconstrained. Next the propagator of
the unconstrained system is evaluated whereby the propagator
of the constrained system is obtained by using the relation
between the two systems. Another type of constraint appears
when a particle:moves in a multiply connected region such

as the case of the motion of a particle in the Bohm Aharonov

problem.

The simplest type of constrained problems is described

by a gquadratic action of the type

2
. (t) 2 < @
S = IT{mxz-w x“} dt, O<=x
A | Z




Instead one solves the propagator Kg for the functional

s + 8' where s8' = “T{(Q/Xzidtf O < x < =, The propagator
kg is easily obtained by the usual procedure. Finally,

the propagator to the functional in eq. (5.5.1) is obtained
by taking the limit g +O0. Kg does not go over to the
usual harmonic oscillator propagator. This feature of
path integrals is called the "Klauder Phenomena" ' and is
very welcome. We expect this in quantum mechanics where
the singular part of a potential eliminates some of the
formal solutions of the Schrodinger equation as for example
in the case of the half-oscillator where the even parity

solutions are eliminated.

The problem of the rigid rotator’ can be solved using
such an approach. Three other problems can be related to
the rigid rotator by the general coordinate transformation
techniqué. JThese are the Scharf‘," Puschl-Teller” and Rosen-
Morse'® potentials. Amusingly enough the problem of a
particle in a box has been successively solved only mcanr.ly"

using the technique of general coordinate transformation.

r

Now let us come back to the second type of constrained

problem mentioned above. This is the motion of a system in

a multiply connected region (space). Such spaces arise due
to the presence of singularity around which the paths pass.

The paths which cannot be deformed into each other are said

to belong to different homotopy classes. A simple example

is that of a free particle in a plane where the origin i$ a

cannot

singular point. A path between two points r" and r
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il

pass through this singularity., It can 90 around it once,
twice, etc. A path which encircles this singularity m
times is homotopically different from the one that encircles
it n times. The number of turns around a sinoularitv is
called the winding number and takes values O, +1, £2...
The presence of the solenoid in the Bohm-Aharonov problem
makes the space multiply connected. A similar problem
arises in a polymer which is a large number of repeated

molecular chains called monomers.

Invariants in Time-dependent Problems

Finally since = path integrals are generally designed
for time dependent problems an interesting problem is the
search for invariants for time dependent problems. The
hope always is that their knowledge can simplify the problem
as does tﬁat of the integrals of motion for time independent
Hamiltonians. This approach in fact is proving to be
extremely fruitful. Lewis and Riesenfs 1d'® showed that for
a quantum system characterized by a time-dependent Hamiltonian
Ooperator H(f)-ﬁnd a Permitian invariant operator I(t) the

general solution of the time dependent Scarodinger equation
is given by i
W(r,t) = I C, exp {fap(t)}y (T,t) 5.6.1

where y§t) are the normalized eigenfunctions of the in-
variant operator I, i.e,

3 5.6.2
IIJJn = A wn

i



where the eigenvalues are time independent. The expansion

coefficients are constant and the Cime dependent phases are

given by

fi _Q_an(t]

Jhesl Feage .
i = <Vl et-n |y > 5.6.3

They used this result for the problem c;f a time dependent
oscillator and a charged particle in a time varying electro-
magnetic field. An important relation between the invariant
and the Feynman propagator follows. We have

Cn = exp { -ian(t)}/ 4 va’s 5.6.4
l.e.,;

V(E",t)= T exp(~iay (£} {f YE,LDVEL)aE}
n
. exp {{on(t") } ¥, (E",t")
= T 8T exp {ifon(t")-at")} v¥ 2",y (F*,t")
. ¥ (x',eY)]

= [A'E'k (2%, 6% TeN BE,tY, Lhe 5.6.5
From this we deduce the expansion formula for the propagator

of the time dependent Hamiltonian i.e.,

k(X",t"; T*,t") = I exp{ i{on(t")=0n (E'BIR(E' /') 9n("/t")
n
tn >t' 5.6-6

ty is
For the time dependent problem, the conserved guantity

the invariant I rather than the Hamiltonian H and the
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propagator admits a natural expansion in terms of the
eigenfunctions of the invariant operator. The existence
of the invariant I greatly simplifies the derivation of

the propagator. We shall not go into further details.

At this point we would have to stop rather abruptly
the exposition of the path integral technique,, for, a
real narration of all its achievements is well beyond the

scope of the present work.
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EPILOGUE

We have attempted a basic exposition of this elegant
and powerful technicue in relation to non relativistic
quantum nechanics and statistical mechanics. Feynman's
hope in initiating this approach has not been belied. The
effectiveness of this method enhances with the evaluation
of each new propagator. Central to this presentation have
been Gaussian path integrals. The technigue of general co-
ordinate transformation and time rescaling is proving to be
very valuable as it is even able to deal with originally
non integrable problems. Currently this method is employed
in discussing quantum mechanics on curved spaces and Gauge
theories. One area where no systematic work is still avail-
able is the quantum mechanics of compound potentials where
the Schrodinger theory has answers rather readily available.

This is an area we wish to explore in future.
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Appendix A,

We present a method due to Abe in which the path
integral formulation of the propagator arises out of the
Schrodinger formalism.

Let the Hamiltonian of a system be given by
BE) =- 292 + V@ . (1)
2m :

We have
{1111;3‘E - H(X)} ¢(r,t) =0 (2)
whose solution is
r = - it g3y oy, (T (3)
v(r,t) = expi- 3 H(r)} ¥, (r)
where y, (¥) is the initial wave function of the system.
We can write eq. (3) as

T e e o ol iy =naq'y
Y(r,t) =S exp.(— %!)6 3{r~r')¢a' (") a’t’ = /K(r,t;x',00, (x")d'r' (4)

whence

K(E,t;5',0) = exp (= 3EH)® (T-2') (5)

<r|r'> and thus

We know that &% (r-r')

= - oty it = - 6
K(T,t;7',0) = <I| exp(~ ZH({E)) |x*> (6)

But A 3
ol itH(x) "
exp { - %H(r)} =nlil:,{l s }

Now we write

ie 1T
— - - i — - ) -——L-H) ;r >
i KL< fﬂi |rn-f <rn--l.l o h n-2

- ie Fe oAl

- i e coece | B =S L d
<r 2]{1—%;&!):1' 3 1',“ 'ﬁ‘“E 1 el
(8)
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Where we have divided the time into steps of width ¢= t/n.

We need

lim K
e T (9)

In eq. (8) we have n short time propagators of the form

- = i = s ' 2 ie_ - - =
< rj+1|1 -ﬁ‘zﬂ(rjﬂ) Irj> 1 T{H(rj-!-ﬂé (ry - ¥y}  (10)
and n-1  3-D integrations.

Fourier transforming the 8~ function we have

1

o [ ak exp { 11'E.(Ej+1 - 1)) (11)

-

combining egs. (1), (10) and (11) and noting that ¢ is ' . .

simal we immediately cbtain

- it - -
<Tyy |3 g ORERES
. e k2 _ 1ev(r.) = .=
=ty fa*k exp {_E_g o j}up{if.{rj_u rj)}
3. 4 T -
R T = derm 3H dy2 o yiEr)]h) (12)
(2111115,/ {exp F [2 ( . i

The integration on k in eq. (12) :s trivally done by completing

the square. If we use the above re;sult in eq. (9) we have

the desired expression

3 n-1 E+l-; 2 _ vl

kn = (Zﬁjﬁe
n-1 m 3/3 3= (13)
n ¢ Yy 4'r
L, e 3

s




vhere E. = r' and rn='f.

Notice that eq. (13) contains the Lagrangian
explicitly in descrete form although we started with the

Hamiltonian formalism. In the limit n+®, the sequence

kp goes to the required propagator. Then introducing the

Feynman notation of path: integrals we have

is{r(t)}

k(E;t;?E'o'O) = f_r‘ exp{ } D;(tl
r

- t m :2 - t
where S{r(t)} =/ {7 r (€)= vVv(r(t))) d =/ Ldt and
? [ ]

-

“r

% n L
Dr(t) = ,,fo. e j111 (———2"';“1 L

Note also that the integration measure has come out auto-
matically in this derivation. This should be contrasted

with Feynman's original derivation based on Dirac's suggesti
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Bppendix Az

The Fourier Method for Evaluating Path Integrals:

The paths y(t) are written as a Fourier sine series

with a period of 7T

nnt

y(t) = an sin T

I
n
We regard the paths as functions of the coefficlents a .
Here we have a linear transformation with a constant
Jacobian J, indevendent of w, m and h, But we are not
interested in the evaluation of J since we can always

recover the correct factor at the énd. This, as we see

depends on the result for w= 0, A(T)=A(t)=/m /2110t

T 2 T
S g(t)dt =31 & onn mra a. Jf cosl,-;—t- cos——dt
o nm oy
2 2
=7 &P
Similarly,
T

=24
foydt ?na

So now the multiple integral eq.(2.2.1) becomes

d

L] ® N 2 2 dll..' l."
AN'(T)’E Il veeal L106RDE Xl-jxm({%}-uzlan] }T -
- -0 nﬂ

;<
where B = for the n h variable

(D) 3
2rite. °
2 2 2
fnzﬁz wz}azl }d n . (n "

J {exp FE nl "B 2

el
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Thus doing the integral over all variables a we get
n

- 22 N 22 2,2
_ nm_ _2,=% Ny ok N o 0P =
By (T)= 3 T (yemath {odiloi=e)" g vy
n=1 T n=l T n=1 nnw -
N 2 2
In the limit N+ , n;[l{l_‘“z%.] - {E.i%“_z)‘*} and collectin«
= n'w

all the factorswhich do not depend on w-into a single con-

stant C we have

Binm’l’) -

A(T) = C(=5

For a free particle, w=0, A(T) = /m/2+iAT

-r

whence for the harmonic oscillator

AM = gty
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Appendi x A3

The Classical Action for the Simple Harmonic Oscillator

Here the Lagrangian is given by

_Mm,s 2 2 2
L = Itxcl—w Xcl)

correspondinag to a classical trajectory, The equation ¢

-

motion 1is

2 -
3(’1+r.nx 0

c cl

with solution
xcltt) = A singt + B cosut

Applying the initial condition x (ta)- x_ and xclir.b)-x

cl a

and solving the resulting equations we find

X.bCOSUJta -xacoswtb . "a““""‘-b"‘b'i""t.
a = 5T (7€) PP S The (6 -t )

Now

%

" Yom2_m.a.2
o1/ Tigietgieine e A (gke1™ T X)) O¢
a a

Then using the expression for x,, we find

= Mo’ b 2_g2 2ut=-2AB sin2ut]dt
e ] [(A- B")cos2uw

ta

2 2 %
2 =B AB
= m_g... [-(—Eﬁ——) ginZwet + TCOSZut } ta

or )
2.2 ”

o And - t )+ AB(cos2e -cmat,

Se1” '-T[ -21:— {Sin2wtb sin2ut, 5,
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-

substituting the expressions for A angd & and simpli fy
we finally get

- T 2 2
Scl m—{ (xa+ﬂb)COSmT - Zxaxh}



Appendixa 4

From ea. (4.1.20) we have

-+

Z2 =/ exp[-gV (%)]ax s X “ak Y exot - E’ [TY +3 ¥
—co - y(ﬁ)

+ ikyjdu})py ()

The integrand of the path integral has the same form as the
path integral' for a forced harmonic oscillator if we assume
that the frequency is given by w? =-V''/m, Let us expand
each path y(u) about the path that makes the largest contri-
bution to Z, i.e. the "classical path" Yo1 and we write
y(u)= yclfu)ﬂ?* (u) where'ly*(0}=y* (U)=0. Applying the method
used in chapter 2 we can write the above path inegral as

o

I = F{u)/ axp(-“scl"/h)dy(OJ,

since we have to inegrate over all possible initial confifr--
tion of the system. For the path integral F(u) we have

o 1 L2 ym

F(U) = ! (exp{ ﬁf (7 9 +3 y¥ + ky*11)Dy* (@)

From eqg. (2.2.21CJ one has

[{Y%O) +y2(U) }coswU=2y (0) y (U)

8- M
Z2r@nwu

b
Bcl

U
U 2y (U) d
+ 2! (0} / f(u}sin (U_u)duq_L_é f (u) sinwudu

O ™
'du'du] we ____V_‘__';_Jj_!
) ginw (U~u) sinwu ’

s seen that
However we have to take y(0)=y(U)=¥'. Also A i




- L 2’ 2iky' U
$.1"= 7§€353[2y' (COSmU-1)+-EEX— / sine (U-u)du
o

2iky! U . 2k2 Uu
i _TEE-'I Sinwudu + JF sinm(U-ulsinmu'du'du}

o mw OO0

After integrating and simplifying the resulting expression

we get
e 2
" mw (coswU=-1) ik , 2 Uk’
s L B— ty'_ : } -
ck Sinwl m;z ;;;2
or
g e o mw(l“COENU){Y|_ ik ,2_ uk 2
cl sinaU mmZ szz
5 : mw(I-cosmU) < 4% .2 UKS
= = = = . '

ik
By making a change of variable, say Vv = y'= =3 and integrat
we can get mw

-4
L}

™M , sineU ol . 2

il

g . 2
%F(U)fggfta mU)%exp(-Ukz/?hmm)

Next consider the integral

I'---;-:;J'Idk

we will get

A w % wlU '}5
I' = ——F(U) (2) *(tan =)
2/3 u z

. ) Y 5 in w we have
To first order in V" or second order
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i

. EmU + 100 3
2/§F(U)()[ +3(55h 37y

2 2

i

c(u) (1 +“‘2U2)"5 fiF (U)
i 5 ¢ C(U) = ) |

and to the order indicated we write

. 202 ; 2 " o
I' = c(0) (- = cq) 1 - Y Y @),

or
¥ (x)
I' = C(U)exp[~- —T-—-] again to the same order.

~e

Now using the equation at the very begining together with

this result Z bacomes
o 2 -
Z = c0)/ exp(-[gv(w Lo tXy) a3

But in the Iimit of applicability of the classical expres-

sion this result must reduce to eq. (4.1.15) whence
C(U) = m72;ﬁU

Therefore

£ Y]

= U =y, 02V (X)) 4z
= Vm/2vhu f exp(-[ﬁv(x)i- T])dx

it 2 -
) - BhEVY (X) 1 42
Z =/ ka/zﬂﬁz ! exp(=B[V(X) + .__}Iﬁ__qjdx

-0




Appendix A

5
We have ;
x(B)=x(.0) 8 a2 (x )
z, = f (-1 dt{"“t’ 2. [x(t)~ -
1 X(0) exp to——[x(t) x] }
- Bthxo}_}, (1)
x(t) = x + ; (xneiwnti-x* e""’nt} w =2wn/B (1)
o n=1 n ‘v a
= x +2 ; (x* cos w t-xisimu t), r-real
O Tyt N n Nk’ .
1 - imaginary (2)
" this gives e

" x (6) =x_] 2 2 £ |2 |2, Feteraees 1 o2 ALY
J[x(t)=-x dt = & b t)dt=2 1 ¢?|x
o 2 n=] 0 'o nel B0

rog
(- -] dx -] L]
i.e. = f 2 dxh dxh

2
exp{- Z[wz’fﬂ (x)]lx |
- 2nB l'l=1-. 'ﬂ,'/ﬂm

n=1

:N

- BLl (xo)} (4)

r i
We have simple Gaussian integrals over x, and x_ which

give
» dy w?
g = f i L exp (=8L; (x,))
- 1 & /AFmel w2 +92 (x)

oudx «© 1

3 exp[-BL, (x )]
we  7T5F nml ogriiike! 3 y
l+[—2———J

= dk_  Ba(x, )/2 (5)

)
-”__:: 5B smh[Bﬂ(x 1/'-2']upI ELl(x ]
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The average value of V(x{t)withrespect 31 is found as follows:

Vix(t) = 217 J Viq) exp(igx)dx (6)

so that

de ® xndx

<V({x{t))> i3 —-2-- f. exp{-g r.
lT -= /278 ll"l - ﬂ/Bm 123 n=]1

2 . 1
{m; +9% (x x| =BL, (x ) +q[x + 2 ;lixnrcosunt- sino t)]1V(q)
- ()
The exponent in the varisbles X. and ¥ is simplified to give

w igsinw t
-8 T [wZ+a” (x ) ]{(xE- L8080t 2,4, — h)2
n=1 B[wz-l-ﬂzf‘x )] Bfmz*ﬂz(xo)]

o i
el (w24 (x )]

ig cogmnt ! =xi x :l.qsinmnt
r
Bp‘gmz {xo) ] A h 8[&)%‘“2 D!o) ]

At this stage define u_ = X -

The result is (once again we have simple Gaussian integrals)

® BR(x,)/2
Vx(t))>= -Z— I To AR exp[=-L, (x )] f ?V(q)ﬂp
= y2g8  sinh [82(x )/ 2]
' (..‘,9_ + 1) (8

1 (9)

—————————

n=1 m2+92(x )

where -

2.2
8

M'B

nd ral in (8)
Making inverse Fourier transform the 2~ integ

becomes




an

“a
I =7 :—% exp (iox

’ 22
oM ‘J-;X']exp{-iqx')exp(- 1-?—):1):'
or 2
w ® 2 i(x -x') (x_~x') 4
d ¥
I =752 vx)/ expi- Flg- —2 12 Do —dg
-0 - -] a 2&

ax’ 1 2
=/ —=% V(x')exp[- —x(x_~x")
/Zna o } .

which is the smeared version of the potential v(x), {i.e.

dx'

. 1 o
Vaixsl = F Vix")exp[~- E;?(xo-x') ] (10)
2ra

e

using this result in (8) we finally get

dx

1 o 80 (x°)/2 5t
<V(x(t))>1 = -2-1- g = =T [SnfxoW]' Vaz(xo) (11)

Note that the’ Jacobian of the transformation can be found

to be‘HBmfil-n. Also, we have used the result

: 1 . Bn(?)/l' :
0
n=1 1{89(::01]2 g %o
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