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Abstract

This thesis is devoted to a study of real holomorphy rings in R(z) and elliptic
function fields R(x)(y/f(x)), f is a monic polynomial of degree 3 with no
multiple roots in C over R and sums of powers in R(x). The objects of study
are real valuation rings, real holomorphy rings and real places in the rational
function fields R(x) and then investigate their extension to elliptic function
fields which are quadratic extension of R(x). We write down the full list of
real valuation rings to give the description of holomorphy ring in both fields
and finally we study applications to sums of powers.
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Introduction

This thesis is devoted to a study of real holomorphy rings, in R(x) and elliptic
function fields R(x)(y/f(z) ), f any monic polynomial of degree 3 with no
multiple roots in C and sums of powers in these fields, mainly in R(x). It
is the central objective to interpret the general theory of real holomorphy
rings and sums of powers in arbitrary formally real fields by providing a more
concrete approach and add additional results based on special properties of
the fields in questions.

As in the general theory, the central objects are the so called real valu-
ation rings, i.e. valuation rings with a formally real valuation residue field
which in the cases of study will be just R. Also they turn out to be discrete
valuation rings. We list them completely as concretely as possible.

The next object to study is the real holomorphy ring, by definition the
intersection of all real valuation rings. In the context of this thesis these rings
are Dedekind domains. These real holomorphy rings show one astonishing
feature known from the general theory: their totally positive units are sums
of 2n — th powers for every n.

Connected to the real holomorphy ring is another central object of the
theory: the so called real places of a formally real field which form a compact
Hausdorff spaces M. The real holomorphy ring H (K) of a formally real field
K is isomorphic, in a natural way, to a dense subring of C'(M,R), by virtue of
the Stone-Weierstral approximation theorem. In the present situation, the
space of real places can be realized as compact smooth real algebraic curves
assigned to our fields of study. Regarding the rational function field we are
dealing with the affine line, in the elliptic function fields we are concerned
with the famous elliptic curves. In either case, the space of real places is
homeomorphic to the space of real points on the projective closure of these
curves. This fact allows to draw information about the real holomorphy rings
and real valuation rings.

Methodologically, we first study these objects(real valuation rings, real
holomorphy rings and real places) in the rational function field R(x) and
then investigate the extension to elliptic function fields which are quadratic
extension of R(z). Finally, we are using these results to draw conclusions on
sums of powers.

The first chapter describes the mathematical scenario to which the topic
of this thesis belongs. It is justified to state that the topic had started to
evolve into a substantial theory with Hilbert’s 17th Problem and its solution
by Artin roughly 25 years later. In addition to this historical sketch we
outline the concepts and general theorems we are going to use throughout
this thesis.



Chapter 2 is devoted to the study of the rational function field R(x). It is

possible to list all real valuation rings which turn out to be discrete valuation
rings with residue field R. As a consequence, a concrete description of the
real holomorphy ring H := H(R(x)) can be derived and it will be proven
that this ring is a Dedekind ring with field of fraction equal to R(z). No
maximal ideal is a principal ideal, but their squares are principal. In both
cases explicit generators can be presented.
Finally, the space of real places is shown to be homeomorphic to the real pro-
jective line P*. We end up with a topological representation H — C(P!,R)
and show, by virtue of the Stone-Weierstrafl approximation theorem, that it
admits a dense image.

Chapter 3 treats the case of an elliptic function field L in an analogue
manner: finding a complete list of its real valuation rings, a description of
H(L), generators for its maximal ideals and their squares, proving that H (L)
is a Dedekind ring, presenting a geometric interpretation of its space of real
places and the topological representation of H(L) . In this case, the space
of real places turns out to be homeomorphic to the 1-point compactification
of the set of real points on the affine elliptic curve given by the equation
Y? = f(X). In order to achieve all this, methods and results from commuta-
tive ring theory will be applied in combination with the detailed information
on valuation rings we can provide.

In the final chapter 4 we apply the structural results of the previous
chapters to the study of sums of powers. Originally, in the early work of E.
Becker, sums of powers were studied by the so called orderings of higher level.
Later on, it was observed that the real holomorphy ring is suitable to assume
a central role. In fact, results on its groups of units and its ideal structure
immediately lead to results on sums of powers. It is the objective to display
this approach in the case of our fields by representing a few striking results.
Whenever it comes to really concrete statements we confine ourselves to the
rational function field case where the arguments can be given in a very clear
manner.



Chapter 1

A Sketch of The General
Scenario

1.1 Hilbert’s 17th Problem

The material used as background theory is mainly drawn from [12], [18],
[19], [21], [25] and lectures given to me in Dortmund and texts sent
through e-mail to me by Professor Becker.

The following result from linear algebra is used in what follows.

Proposition 1 For a real symmetric nxn matriz A, the following are equiv-
alent:

(1) 7 Az > 0 for all x € R™.

(2) All eigenvaues of A are > 0.

(3) A=UTU for some n x n matriz U.

(4) A is a non-negative linear combination of matrices of the form xx™ x €
R™.

(Here we view x as column vector in doing matrix computations. For example

T
aTe = (2y, . xn) | - | =22+ 422 = ||z])
:L‘n
T1
r1xry - T1Tn
whereas zzT = (@1, .0y ) =
:Enxl oo xnxn
Ty

the n x n matrix with ij entry z;z;.)

Proof. (1) = (2). Since A is symmetric, we know the eigenvalues of A
are real. Let d be an eigenvalue of A with associated eigenvector x. Then
Az = dx so 2T Az = 2¥dr = da’x = d||z|]*. Since x7Ax > 0 and z # 0,
this forces d > 0.

(2) = (3). Since A is symmetric, the Spectral theorem applies. (We recall
that Spectral Theorem says that if A is a real symmetric n X n matrix, then
there exists an orthogonal n x n matrix ) and a real diagonal matrix A

bt



such that QTAQ = A, and the n eigenvalues of A are the diagonal entries
of A.) This yields A = C~'DC, with C orthogonal, entries of D are the
eigenvalues of A (counted with multiplicities), say D = diag(dy, ...,d,). By
(2), d; > 0 for each i, so D = \/ET\/E where /D := diag(v/dy, ..., Vdy,).
Thus A = C-'DC = CTDC = CT/D' VDC = UTU, where U = vDC.
(3) = (4). A=vpl + ... +v,0 where vy, ...,v, are the columns of U”.

(4) = (1). Suppose A = rvv] + ... + rpUEYL with 7, > 0.

Then 2 Az = 37" rixt vl o =30 ri(v] 2)* > 0.

We say a square matrix A is positive semidefinite (PSD) if A is real
symmetric and the equivalent conditions of proposition above hold. We say
A is positive definite (PD) if A is real symmetric and x7 Az > 0 holds for all
non-zero x € R™. We note that if A is positive definite, then the eigenvalues
of A are strictly positive and the matrix U in (3) is invertible.

Proposition 2 Let R[ Xy, ..., X,,] be a polynomial ring. If f € R[ X, ..., X,],
f #0, then there exists a point x € R"™ such that f(x) # 0.

In fact, one can do much better.

Proposition 3 If f € R[Xy,..., X,], f # 0, then the set R" \ Z(f) = {x €
R™: f(x) # 0} is dense in R".

The degree of the monomial cz{'...x% (c € R, dy, ...,d, > 0) is defined to
be ", d;. Each f € R[Xj, ..., X,,] decomposes (uniquely) as a finite sum of
monomials. The degree of f is defined to be the maximum of the degrees of
the various monomials appearing in this decomposition. By convention, the
degree of the zero polynomial is —oo.

If deg(f) < d then, collecting together monomials of the same degree, f
decompose (uniquely) as

f=fh+h+..+ [

where each f; € R[Xjy, ..., X,,] is homogeneous of degree i (i.e., a sum of
monomials of degree i or the zero polynomial).

Corollary 1 Suppose f = f2+ ...+ f2 fi, & € RIXy, ..., Xu], f1 # 0.
Then

(1) [ #0.

(2) deg(f) = 2max{deg(f;) i =1,...,k}.

Proof. (1) Since f; # 0 there exists « € R™ such that fi(z) # 0. Then
fx)=fi(@)* + ..+ fr(x)* >0

so f #0.

(2) Decompose f; as f; = fio + ... + fia, where f;; homogeneous of degree
J, d:=max{deg(f;)|i = 1,...,k}. Clearly deg(f) < 2d and the homogeneous
part of degree 2d of f is fZ, + ... + f2;. Since fig # 0 for some i, this is not
zero, by(1).

Let f € R[xq, xo, ..., 2], the z; different indeterminates.



If f is a sum of squares, say f = f2+ f2+ ...+ f2, then f(z) = fi(z)* +
fa(x)? + ...+ fr(x)? >0, for all x € R™. Tt is natural to ask the following:
QUESTION: Is the converse true,i.e., is it true that f > 0 on R" implies
that f is a sum of squares in R[zy, z9, ..., x,]7
Hilbert showed that every non-negative polynomial is a sum of squares of
polynomials only in the following three cases:
- univariate polynomials,
- quadratic polynomials, and
- bivariate polynomial of degree four.

Proposition 4 Suppose f is a non-zero polynomial in the single variable x,
and let
f=d]J@—a) [J((@ = b;)* + )"

be the factorization of f into irreducibles in R[x]. Then the following are
equivalent:

(1) f >0 onR.

(2) d > 0 and each k; is even.

(3) f=g*+ h? for some g,h € Rx].

Proof. For (2) = (3), we use the ”two squares identity” (a? + b?)(c? + d?) =
(ac — bd)? + (ad + be)?. The other cases are obvious.

The answer is 'no” if n > 2. A concrete example was given by Motzkin
in 1967. The Motzkin example is

M(z,y)=1- 322y% + 22yt + aty?

Proposition 5 For M as above:
(1) M >0 on R%
(2) M is not a sum of squares in Rx,y].

Proof. (1) follows from the standard inequality ¢+ > V/abe (if a,b, ¢ > 0)
relating the arithmetic mean and the geometric mean, taking a = 1,b = 2%y,
and ¢ = o2

For (2) suppose, to the contrary, that M = > f? for some polynomials
fi € Rlz,y]. Then each f; can have degree at most 3 (Corollary 1), so is

some real combination of
2 2 3 2 2 3
17x7y7x7xy7y7$ 7xy7xy 7y'

If 22 appears in some f;, then 2% would appear in M with positive coefficient.
Thus z® does not appear. Similarly, ¥ does not appear. Arguing in the same
way, we see that 22 and 32 do not appear, and finally that 2 and y do not
appear. Thus f; has the form

fi = Qa; -+ blzy -+ CZ'.’L'Q:I/ + dll'yQ

But then >~ b? = —3, a contradiction.
Remarks.

(1) The minimum value of M on R? is zero. This occurs at each of the four
points (£1, £1).



(2) In fact, one can show that N + M is not a sum of squares in Rz, ], for
any real constant N > 0. The argument is exactly the same.

(3) In addition to the Motzkin example, many other examples have been
considered. These include examples of Robinson in 1969:

flz,y,2) = xz(a: — 1)2 + yz(y — 1)2 + 22(,2 — 1)2 +2zyz(x +y+ 2 —2).

The Choi-Lam example ¢(z,y,2) = 1 + 2%y* + y?2% + 222% — 4dayz in 1977;
the Schmiidgen example in 1979, r(z,y) = 200[(x® — 4z)? + (v* — 4y)?] +
(v* — 2¥)z(z + 2)[x(x — 2) + 2(y? — 4)] (produced without prior knowledge
of earlier explicit examples); and the modified Motzkin example p(z,y) =
1 — 2%y% + 2*y? + 22y* given by Berg, Christensen and Jensen in 1979. Note
that

(e, y) = 526 + M3z, V3y)).

(4) Although M is not a sum of squares of polynomials it is a sum of 4
squares of rational functions, for example:

(1.2 +y2>2

2y(z? + 2 —2)\° (2 + 2 —2)\°
= +
$2 +y2 1‘2 +y2

N ry(a? +y? —2) 2+ % —y? 2
«T2+y2 x2+y2

(The first term in the numerator gives rise to the first three squares. The
last term gives the final square.)

Hilbert worked with homogeneous polynomials. Homogeneous polyno-
mials are also called forms. Why did Hilbert restrict to this case? If f
is any polynomial in R[zi, 2o, ..., 2,] of degree < d, then f(zg,...,z,) =
zdf (;”—;, s ﬁ—z) (called the homogenization of f) is homogeneous of degree d
in n + 1 variables xo, ..., x,,.

If f(21, 29, ..., ) = 3 ca®.. .z then

o A (2) 2

d—>"d;
—E cxy > d1 ..xi"

—_— 'fL
E crlox . xd

M=

where dy :=d — > d;.

Proposition 6 Let V;,, = the vector space of all polynomials of degree < d
in n variables with coefficients in R, Iy, = the vector space of forms of
degree d in n variables with coefficients in R. f — f defines a vector space
isomorphism from Vg, onto Fy,i1. If d is even, then f > 0 on R" if and
only if f >0 on R™, and fis a sum of squares of polynomials if and only
if f is a sum of squares of forms of degree %l (if and only if f is a sum of
squares of polynomials).



Proof. One checks easily that the map f — f is linear. Since it sends the
basis $d1.. dn N~ d; < d of Vy,, to the basis :vgoxclh.. dn S d; =d of Fypia,
it is a Vector space isomorphism. Suppose d is even, deg( f) < d. To prove
f>0o0on R = f > 0on R use f(z1,..., ) = f(1,21,...,2,). To
prove f > 0 on R® = f > 0 on R"*! use f(zo,...,7,) = ng(g—;,... Zn)

Al

if 2o # 0, and f(0, :L‘l,.. T,) = lime_,of(e Tl ey Ty), if xg = 0. If f =

Zlef , then deg(f;) < 2, and f = ZZ 1[% fi(2 Lo, Zn)]2 which is a sum

of squares of forms of degree ¢. If f = Zi:l g2, then f = f(1,21,...,2,)

2
k
=3 g1, )R
Remark. Counting the number of monomials z%'..2% S d; < d, one

sees that
dim (V) = dim(Fy ) = (d i ”) - (d P ”)

We say f € R[xy,...,x,] is positive semidefinite (on R") if f > 0 on R™.
For d,n > 1, denote by Fy,, the subset of the vector space Fj,, consisting of
forms of degree d in n variables which are positive semidefinite, and by > dn
the subset of Py, consisting of sums of squares. The case where d is odd is
not interesting.(Or we assume d is even, so that positive polynomials exist.)
In his 1888 paper, Hilbert proved the following:

Theorem 1 For d even, Py, = Zd,n if and only if n <2 ord=2 or (n =
3and d = 4).

Proof. Applying proposition above, we see that the homogenized Motzkin
polynomial
x6]\/[(g,z) =28 +yt2? 4+ 922t — 327y
xx
is in Ps3\ ) 63 Similarly, the homogenized Choi-Lam Polynomial

4

wq( ) = wt + 2%y* + 9?2+ 222? — 4wy

g |
g |

Y Y

g s

is in Pyy\ >,  More generally, if d > 6 and n > 3, then 2{M (22, 22) is

1’ 1

in Pyn\ Dy, and if d > 4 and n > 4, then rlq(22, 28 I1) s in Py, \ D i

r1’ x1’ X1
Py1 =Y, is trivial. Py = >, is immediate from proposition 4 (using

proposition 6). P, = 22,71 follows from the fact that any quadratic form is

expressible as
flzq, ... g ;T
t,j=1

where A = (a;;) is a symmetric matrix.

If f> 0 on R, then the matrix A is PSD, so A factors as A = UTU and

T i
flzy,nxy) = (g, x)A| | =[|U| ||27

Ty T

which is a sum of squares of linear forms. The case P53 = 24’3 is highly
non-trivial and first proved by Hilbert.

9



The sets Py, and ), are closed under addition and multiplication by
positive reals, i.e., they are cones in the vector space Fy,.(see [28].)
Hilbert then showed that every bivariate non-negative polynomial is a sum
of squares of rational functions and Hilbert’s 17th problem asked whether
this is true in general. In 1900, at the International Congress of Mathe-
maticians in Paris, Hilbert gave a lecture in which he proposed 23 open
problems. Most of these have since been solved, and the solutions have
led to fundamental discoveries in mathematics. As one of his famous set of
problems, Hilbert posed the following as his 17th problem:

HILBERT’S 17th PROBLEM. For any f € R]z], is it true that f > 0 on R"
—> f is a sum of squares of rational functions?

- This is trivial when n = 1.

- Hilbert proved it, already in 1893, in the case n = 2 .

- Artin furnished an affirmative answer to Hilbert’s 17th problem, joining the
"honors class” of mathematicians who solved a Hilbert problem. He proved
it in the general case (and with R replaced by an arbitrary real closed field)
in 1927. Artin’s work represented a major breakthough. His proof combined
two new ingredients. The first ingredient - a description of elements of a
field positive at every ordering - has since developed into the larger subject
known as real algebra. The second ingredient - certain ‘specialization lem-
mas’ which exploit the theorem of Sturm for real closed fields - has evolved
over time into what is referred to now as Tarski’s Transfer Principle, which
is an important result in the model theory of real closed fields.

The starting point of the history of the 17th problem of Hilbert was
the oral defense of the doctoral dissertation of Hermann Minkowski at the
University of Konigsberg in 1885. The 21 year old Minkowski expressed
his opinion that there exist real polynomials which are non-negative on the
whole of R™ and cannot be written as a finite sum of squares of real polyno-
mials. David Hilbert was an official opponent in this defense. Minkowski had
convinced Hilbert about the truth of this statement. In 1888 Hilbert proved
the existence of a real polynomial in two variables of degree six which is
non-negative on R? but not a sum of squares of real polynomials.(The proof
of Hilbert used some basic results from the theory of algebraic curves.)

1.2 Ordered Fields, Real Closed Fields

Given any field the following are pertinent questions to ask:

- can the field be ordered, and if so, in how many ways?

- What sort of interplay is there between the notion of an ordering and other
algebraic notions definable for fields?

- Can we regard the set of orderings of a field as some kind of space?

- What happens to orderings under field extensions, and how do the various
orderings on a field reflect the properties of the field itself?

The study of these questions (and their applications) constitutes essentially
the theory of ordered fields.

Definition 1 An ordering on a field F is given by the assignment of a set
P C F which satisfies the following axioms:

10



(1) P+PCP,

(2) PP C P,

(3) PU(—P) =F,
(4) P (=P)={0}.

The first three axioms above imply that all sums of squares in F' belong
to P. If P defines an ordering on F', we shall speak of the pair (F, P) as an
ordered field.

As usual, we can define x <p y (resp., * <p y) to mean that y —z € P
(resp., y —x € P* = P\ {0} ); this "inequality” relation results in a total
ordering of the elements of F.

An ordered field (F, P) has necessarily characteristic equal to zero, hence we
will always assume F' O Q where Q denotes the field of rational numbers.

The following two ways of "operating” with orderings are useful. First, if
Fy is a subfield of a field F', then any ordering on F' induces an ordering on
Fy (by (restriction) an ordering on Fy). Thus, one way of finding orderings
on a field Fy is to try to imbed F{ into other ordered fields. Secondly, if
(F, P) is an ordered field and o is any automorphism of F', then F' can also
be ordered by oP. In this way, a given ordering can sometimes be used to
generate many new orderings.

Remark: The notion of an ordered field can be alternatively defined as fol-
lows:

Given a relation < on F, we say that the pair (F, <) is an ordered field if
(i) < is a total order.

(ii) < y implies x + z < y + 2.

(iii) x <y and 0 < z imply zz < yz.

Because of (ii) we have in an ordered field x <y =y —x > 0.

Thus the order < of an ordered field F is entirely determined by the set

P ={a€ Fla >0},

called the positive set (or set of positive elements) of <.
We have P+ P C Pand PPC P; PN—P={0};PU—-P=F.
Conversely, if P is a subset of a field F satisfying properties above, the
relation < defined by

r<y&sy—xzeP

makes F in to an ordered field (with positive set P). For this reason we also
call such a subset P of F an order of F. This allows us to switch freely from
P to < and to call a pair (F, P) or (F, <) an ordered field.

Let I be an ordered field. Then 22 > 0 for every x € F*. Thus all sums
of squares of elements in F* are also strictly positive : 2% + ... + 22 > 0 for
every xi,...Tt, € F*.

Definition 2 The ordering < on F is called Archimedean if for each x € F
there is an n € N such that v < n. If < is Archimedean we call (F,<) an
Archimedean ordered field.

Lemma 1 [f (F, <) is Archimedean, then Q is (isomorphic to) a dense sub-
field of F.

11



Proof. Suppose < is Archimedean, x,y € F and = < y.

Choose m € N such that (y — 2)~! < m. Multiplication by the positive
element y — x gives 1 < m(y — x), where max < my — 1.

Choose n € Z minimal such that my < mn + 1.

Thenmx<my—1§n<myimpliesx<£<y.

Ezxamples: "

(1) The fields Q and R are the simplest examples of ordered fields and both
are Archimedean with respect to their "usual” orderings. For either of these
fields, the usual ordering is the only ordering possible.

(2) As another example, consider the field F' = Q(#) where 6% = 2. There
are two orderings on F', constructed from the two imbeddings of F' into R,
one sending 0 to v/2, the other sending # to —v/2. These orderings are ” con-
jugate” under the action of o € Aut(F') which sends 6 to —6. In a similar
fashion, we can construct four different orderings on Q(v/2,v/3), eight or-
derings on Q(v/2,v/3,V/5), ... and uncountably many orderings on Q(/p : p
prime). (see Corollary 3)

(3) R(z)(z a single indeterminate)

First, for a; € R and a; # 0 we define

0 < apa” + ak+1xk+1 + .. F+ax’ &0 < ayg

Second, for p,q € R[z] \ {0},0 < Peo< Pq.
q

Finally, for r,s € R(z),r <s:<=0<s—r.
We define % >0< f(z)g(x) >0

This is a total order on R(z) = {? : f(z),9(x) € Rlz],g(x) # 0}

()
which makes (R(z), <) an ordered field.

With this ordering the field R(x) is not Archimedean. It contains in-
finitely small elements (i.e. positive and smaller than % for every n € N,
such as x, or f(x) = z —r < 0,Vr € R,r > 0) and also infinitely large

clements (i.e. bigger than n, for any n € N such as —) i.e + > n for all
T

n € N.

To get an algebraic criterion for fields which admit some ordering, we gen-
eralize the notion of positive cones or orderings to pre-positive cones or
pre-orderings of fields.

Definition 3 Suppose T is any subset of F. We call T a pre-positive cone
of F or pre-ordering of Fif T+ T CT, TT CT,F*CT, and —1 ¢ T.

If in addition, T"U —T = F then T is an ordering of F. Any ordering of F is
also a pre-ordering, since for any x € F' we have x € P and hence 22 € P or
—x € P and hence 22 = (—x)(—z) € P. In particular we have 12 =1 € P,
which implies —1 ¢ P.

Lemma 2 Let T be a pre-ordering of F and let x € F\T. Then T—xT =: T’
is a pre-ordering of F with T U{—z} CT".
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Proof. (T —2T)(T —x2T) C T — aT + 2*T C T — 2T. If —1 were equal to

t1 — xty for some t1,ty € T, then x = (1 + tl)(%) € T contradiction. (ty # 0
2

otherwise t; = —1 € T contradiction.)

Theorem 2 FEvery pre-ordering T of F is contained in an ordering P. Fur-

thermore,
T=(\P

TCP

Proof. Let P be a maximal pre-ordering of F' containing 7" (such P exists
by Zorn’s lemma). To show that P is an ordering, suppose z € F'\ P; then
P — xP is a pre-ordering.
—r€P—xPand PC P—xP, then P =P —xP, since P is maximal; thus
—x € P as required.

The inclusion T C (\;cp P is trivial. For the reverse, suppose z € F'\ T
Then T — T is a pre-ordering. By the first half of this theorem, 7' — 27T is
contained in an ordering P which, of course, cannot contain x.

For a field F'let Y F? denotes the set of finite sums of squares of elements
of F. That is Y. F?*={2?+ ...+ 2%|r e N,z; € F}

If F has characteristic 2, then > F? = F? (as 22 +22 = (2, +12)?) and if
charF # 2 and —1 € _ F?, it follows from the formula z = (££4)? — (21)?
that Y. F? = F or if =1 =" a?, then z = (1£%)? + Y (a;(52))%

F is called formally real if —1 ¢ > F2. This condition is equivalent to
whenever 2?2 + 73 + ... + 22 = 0 in F, all z; must be zero.

>~ F? is pre-ordering < —1 ¢ Y F? < F has an ordering; note that if
—1 ¢ > F? then F has an ordering containing . F">. Hence, we can quote
Artin’s basic discovery (see [2]) that a field

I is formally real if and only if it admits an ordering.

Remark. If P is an ordering of F, the elements P* = P\ {0} are called
positive, the elements of —P* are called negative (with respect to P). The
elements of () P* are totally positive, since they are positive for every or-
dering. Thus the totally positive elements are exactly the non-zero sums of
squares.

Let K/F be a field extension. Any ordering < on K induces (by restric-
tion) an ordering on F. If < is an ordering on F' , we seek an extension of <
to K. Equivalently, given an ordering P C F', we seek an ordering P’ C K
such that P' N F = P. In that case we shall call (K, P’) or (K, <) an order
- extension of (F, P) or (F, <); and we shall call (F, P) or (F, <) an ordered
subfield of (K, P") or (K, <).

Lemma 3 An ordering P of F can be extended to K if and only if
Tx(P) ={) pp?:neNp €PpcK}
i=1
s a pre-ordering of K.
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Proof. (=) Let P be an ordering of K with P'NF = P. Then Tx(P) C P',
whence —1 ¢ T (P).

(<) Suppose Tk (P) is a pre-ordering of K. Let P’ D Tx(P) be an order of
K (as every pre-order is contained in an ordering). Then P' N F := P is an
order of F' with P C P;; then P = P;.

Remark: If P C P; are orderings of F, then P = P;.
(For0#2xePi=—-a2¢ P =—-ac¢P=x€cP)

Theorem 3 Suppose K = F(y/a),a € F\ F?. Let P be an ordering of F.
Then P extends to an ordering P’ of K if and only if a € P.

Proof. (=)P' N F = P implies a = (y/a)> € P NF = P.

(<) Let a € P. If —1 were of the form > a;(z; + vi1/a)? with a; € P and
z;,y; € F, then we would have —1 = > a;2? + a;ay? € P, a contradiction.
Now we apply lemma above.

Theorem 4 Suppose [K : F] is finite and odd. Then every ordering P of F
extends to K.

Proof : Suppose that [K : F] is finite, > 1, odd, and minimal with respect
to the property that P does not extend to K. We write K = F(a) =
FIX/(f), f = Irr(a, F)(the monic irreducible polynomial of « over F'), and
degf = 2n + 1(n > 1), using the primitive element theorem. Since P does
not extend to K, —1 = " a;72, with a; € P,7; € K (Lemma above).
Then there exist fi, ..., f, € F[X] such that

0=1+ Zaifi(X)Q(modf(X))-

Therefore we get 1+ >, a; fi(X)? = f(X)h(X), for some h € F[X]. We
(may) choose these f; to have degrees < 2n; then

deg(1 + Zaifi(X)Q) <n.

=1

Moreover, this degree is even, since all a; € P. Therefore degh is odd and
< 2n — 1. Let hy be an odd-degree irreducible factor of h in F[X]. Let 8 be
a zero of hy, and let K = F(j3). Then

(i) [K' : F]is odd and < 2n — 1, and

(i) 1+ X" aifi(B)? =0, ie, —1=>" a;6? with §; € K.

Thus P does not extend to K and [K' : F] < [K : F], a contradiction.

Theorem 5 Every ordering P of F extends to F(z) (where z is a single
indeterminate).

Proof. Otherwise, —1 = >_7" a;fi(X)? for some a; € P\ {0} and f; €
F(X)—say, f; = gi/h with g;,h € F[X] and no factor of h divides all g;
in F[X]. Then —h(0)*> = >, a;g:(0). If h(0) # 0, then —1 € P, contra-
diction. And if 2(0) = 0, then 0 = > a;g;(0)?, X |h, what implies that all
9:(0) = 0, hence X|g; for all i, another contradiction.
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Definition 4 An ordered field (F,<) is called maximal ordered if < does
not extend to any proper algebraic field extension K of F.

Lemma 4 Suppose (F,<) is mazimal ordered. Then every non-negative
element of F is a square; thus < is the only ordering on K.

Proof. First, to prove P< C F?, suppose, on the contrary, that 0 < a €
F\ F?. Then < would extend to K := F(y/a) # F, contradicting the
maximality of (F, <).

Second, let P be any ordering of F. Then P C F? C P implies P< = P.

Definition 5 An ordered field is called real closed if it has mo proper, real,
algebraic extension.

Lemma 5 A field F is real closed if and only if F has a unique ordering <,
and (F, <) is mazximal ordered.

Proof. (=) Suppose P is an ordering of ', and a € P. Then a € F? (Lemma
above). Thus P = F?, and (F, F?) is maximal ordered, (using that F' has
unique ordering if F? is an order and the fact that F is real closed.)
(<) If F had a formally real, proper, algebraic extension K, then K would
have an ordering, which would restrict to the unique ordering < of F', con-
tradicting the maximality of (F, <).

The facts above finally lead to following fundamental characterization of
real closed fields.

Theorem 6 The following are equivalent:

(a) F is real closed;

(b) F? is an ordering of F, and every odd-degree f € F|x] has a root in F;
and

(¢) F# F(v/—1), and F(\/—1) is algebraically closed.

Ezxamples.

(1) The field R is real closed.

(2) The real algebraic numbers (the numbers algebraic over Q) form a real
closed field denoted by Rgq.

(3) Let R(z)" (resp. C(z)") be the field of puiseux series with real (resp.
complex) coefficients, i.e., the set of expressions Z:f,: a;x"9 with k € Z,q €
N,a; € R (resp. C). Then C(z)" is algebraically closed. Since C(x)" =
R(x)"[i], R(z)" is real closed. A positive element of R(x)" is a puiseux series
of the form 2:;0,3 a; "% with aj > 0.

Theorem 7 Suppose F is real closed; let < be the unique ordering on F.
Then for any f € F[z],

(a) f factors into F-irreducible polynomials of the form z — a,(a € F) and
(x —a)*+b% (a,b€ F,b#0);

(b) ifa <be F and f(a) < 0 < f(b), then there is some ¢ € F with
a < ¢ < b such that f(c) = 0.
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Proof.(a) F(v/—1) is algebraically closed. So any irreducible polynomial in
F[X] must have degree < 2; so if it is monic, it must be of the form X —a
or X? —2aX +c, for some a,c € F. The latter equals (X —a)?+ (c —a?); in
order for it to be irreducible, we must have ¢ —a? ¢ —F?, whence c—a? = b?,
for some b € F'\ {0}.

(b) Factor f as in (a), and note that a sign-change of f(z) for x between a
and b can come only from a linear factor.

Definition 6 Let (F, <) be an ordered field, and (K, <) an order extension
of (F, <).

(K, <) (or simply K) is called a real closure of (F,<) if K is real closed and
K/F is algebraic.

Theorem 8 Fvery ordered field has a real closure.

Theorem 9 FEwvery two real closures of an ordered field (F, <) are F—isomorphic.

Corollary 2 Let (R, R?) be a real closure of (F, P). Let Fy, Fy be interme-
diate fields of R/F, and let o : Fy — Fy be an isomorphism that fizes F
and respects the orderings induced by R?>. Then F\ = Fy and o = id. In
particular, Aut(R/F) = {id}.

Consequently, the F'—isomorphism between two real closures R; and Ry of
(F, P) given by theorem above is unique. On the other hand, there can be
other isomorphisms between R; and Ry that do not fix F.

Remark. The hypothesis in (Corollary above) that o fixes F' can not be
dropped. For example, let F' = [} = F, = R{X,|r € Q and r > 0}),
where the X, are indeterminates. We define a lexicographic ordering < on
F by declaring that for each r € Q with » > 0, R({X;|s € Q and 0 < s <
r}) < X,. Let R be the real closure of (F,<). Then the order preserving
permutation X, — Xs,. induces an order-preserving R—automorphism o :
Fy — F,, but 0 # id. Moreover, one can show that ¢ extends to a non-trivial
automorphism of R.

Corollary 3 Let (R, R?) be a real closure of (F, P). Suppose a € R. Then
the number of extensions of P to an ordering of F(«) is equal to the number
of F-embedding of F(«) in R, i.e., the number of zeros of Irr(a, F') in R.

The following result is the key to Artin’s solution of Hilbert’s 17th problem.

Theorem 10 (Artin-Lang Homomorphism Theorem). Let R be a real-closed
field and A an R-algebra of finite type. If there exists an R-algebra homo-
morphism ¢ : A — Ry into a real closed extension Ry of R, then there exists
an R-algebra homomorphism ¢ : A — R.

Theorem 11 Let R be real closed field and f € R[xy,...,x,]. If fis non-
negative on R™, then fis a sum of squares in the field of rational functions

R(xy, ..., ).
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Proof. If f is not a sum of squares in R(zy,...,z,), then, by corollary 1,
there exists an ordering on R(z1,...,x,) for which f is negative. Let K be
a real closure of R(zy,...,x,) equipped with this ordering. Then —f has a
non-zero square root in K, and hence there is an R-algebra homomorphism
Rlz1,...,x,)[T)/(fT?+1) — K. By the Artin-Lang homomorphism theorem,
there is an R-algebra homomorphism R[zy, ..., z,][T]/(fT* + 1) — R. This
implies the existence of a point x in R" such that f(z) < 0.

1.3 The Space of Orderings of a Field

(This section is from [31]). We saw that for the characterization of sums of
squares we considered all orderings of a field. So it is important to investigate
the set of all orderings of a field F:

X(F):={P: P ordering of F}.

Our aim is to define a canonical topology on X (F'). Every ordering P defines
the sign-function

sp: F* = {+1},sp(r) =1 x € P".

The set of all mappings F* — {£1} denoted by {£1}*" or IIz-{£1}. Since
P is completely determined by sp we get an injection

X(F) — Hpe{£1}.

We give {1} the discrete topology and II{#1} the product topology. By the
Tychnoff theorem II{£1} is quasi-compact. We consider X (F') as a subset
of II{#1} and endow it with the relative topology. X (F') is called the space
of ordering of F.

The topology in II{£1} is defined by taking the following sets as a sub-
basis

M, (€)= H(a,e) = {f : F* = {£1}[f(a) = £}
where a € F*, ¢ = 1, and 7, : [I{£1} — {£1} is the projection on the
a — th factor. Since the following union is disjoint

II{+1} = H(a,e) U H(a,—¢)

the sets H(a,¢) are open and closed. Such subsets of a topological space are
called clopen. A topological space is called totally disconnected if any two
points can be separated by clopen sets. In our case this is possible: For,
if f,g € II{£1} and f(a) # g(a), then f and g are separated by H(a,¢)
and H(a,—e). Thus II{£1} is a boolean space, that is , it is hausdorff,
quasi-compact, and totally disconnected.

Theorem 12 X (F) is a closed subset of II{£1}. Thus X(F) is a boolean
space with respect to the induced topology.
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Proof. We show that the complement of X (F') is open. Let s : F* — {£1}
be a function which is not defined by an ordering. One of the three defining
conditions of an ordering must be violated. Therefore

s(a) =s(b) =1 but s(a+b)=-1

or
s(a) =s(b) =1 but s(ab) =—1
or
s(a) = s(—a)(=¢)
for suitable a,b € F*. In each of the three cases we can find an open
neighborhood of s in the complement of X (F'), namely

H(a,1)NH(b,1)N H(a+b,—1)

or
H(a,1)N H(b,1) N H(ab,—1)
or
H(a,e) N H(—a,¢)
respectively.

A subbasis for the topology of X (F") is given by the following sets
Hr(a) = H(a) = H(a,1) N X(F) = {P € X(F)|a € P}.

(This follows from H(a, —1)NX(F) = H(—a).) This is the so called Harrison
subbastis.

1.4 Valuations

Definition 7 Let F be a field.

A surjective mapping v : F— I'U oo where I' is an ordered abelian group,
amended by an element co, being considered larger than every element in I,
18 called a valuation if it satisfies the following axioms:

(i) v(z) =0 x=0

(ii) v(zy) = v(x) + v(y)

(i) v(x +y) > min{v(z),v(y)}

Proposition 7 Let F be a field and let v be a valuation over F. Then

(1) v(1) =0,

(ii) v(a™') = —v(a) for all a # 0,

(i) v(a) = v(=a),

(iv) if v(a) # v(b), then v(a + b) = min{v(a),v(b)},

(v) v(>21 ;) > mini<i<p{v(a;)} and equality holds if v(a;) # v(a;) for all
LF

(vi) if Y7, a; = 0,n > 2, then there exist i # j such that v(a;) = v(a;).
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Consider an arbitrary field F' and a valuation of F' with values in an ordered
group I'.
Let O, = {z € F : v(z) > 0}.
Then since v(z) = v(—z),v(zy) = v(z) + v(y) and since I' is an ordered
group it follows that O, is a ring.
Furthermore, for x € F, if x ¢ O,, we have v(z) < 0.
Thus v(z™!) = —v(z) > 0, that is 27! € O,,.
Hence given 2 € F, we have x € O, or 27! € O,,.
Furthermore, for x € F, if x € O,, then z = % € O, and if z ¢ O,, then

1
x~t € O, and therefore x = — € quotQ,, where quotO,, denotes the field
o

of quotients of O,, which proves that F' = quotQO,,.

Now, € O, is a unit if and only if 27! € O,, that is, v(z) > 0 and
v(z™h) = —v(z) > 0.
Therefore, Of = {z € F : v(z) = 0}.

Let m, = {x € F : v(z) > 0} consists of the non-units of O,. In fact m,
is an ideal.

Therefore, O, is a local ring with maximal ideal m,,.

Finally, v : (F*,-) — (I',4) is a group epimorphism with kerv = O%.
Thus (I', +) = (F*/O;}, -).

The above discussion can be summed up as follows

Proposition 8 If I is a field and v a valuation over F, then O, = {x € F :
v(x) > 0} is a subring of F such that for allx € F, z € O, or x=' € O,.
In particular, O, is a local ring with mazimal ideal m, = {x € F : v(z) >
0} =0,\ 0} and O} = {x € F : v(z) = 0}.

Furthermore, we have quot O, = F and the value group of v is isomorphic

to F*/O5.

In our study of rational and elliptic function fields we will be dealing with
the nice class of discrete valuations defined as valuations the value group
of which are (isomorphic to) the additive group Z = (Z, +) of the integers.

Ezxamples.

(1) The discrete p-adic valuations
(a) Let F'=Q,I' =Z and v = v, the p—adic valuation, for p € Z a rational

prime. That is , for z € Q*, we write x = p"%,n € Z,p{ ab and v,(x) = n.

Similarly, we define the p—adic valuation for every irreducible polynomial
p € Klz], K afield. For h € K(x)\ {0} there are f,g € K[z]|\ {0} such that
h = p”g, r € Z where f,g are not divisible by p and we define vp(p’%) =r.
We note that in the second case, v, restricted to K is trivial.

(2)There is one more interesting discrete valuation on K(z) trivial on K.
This is the socalled degree valuation or infinite valuation v, defined
by

Voo (0) = 00 and , for non-zero polynomials f, g € Klz|, by

Uso(f/g) = deg g — degf. We observe that f/g is a unit in the valuation ring
V. if and only if deg g = degf.

(3) Let F be a field, and let K = {>° _, a,a™ : a, € F for all n, the set
{n € Z : a, # 0} is bounded below } be the set of all formal Laurent series
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over F'in one variable z. For a non-zero element f € K there is a minimum
exponent of x occurring in f, which implies that we can write f uniquely as
f = a™g for some n € Z and g € F|[[z]] with non-zero constant coefficient.
Now,
v: K" =7, Zanx"Hmin{neZ:an#O}
nezZ

is a valuation on K.

(4) The idea of (3) can be generalized to construct a valuation with value
group Q: for a field F' we now consider the set K = {3 _,a.2?:a, € F
for all ¢, the set {¢ € Q : a, # 0} is bounded below and has bounded

denominators } of all formal power series with rational exponents, and the
same map

v: K" —Q, Zaqxqrﬁmin{qe(@:aq%()}

q€Q

as above. v is a valuation with value group Q. The field K is called the field
of (formal) puiseux series over F.
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Chapter 2

Real Holomorphy Rings of
Rational Function Fields

2.1 Algebraic Function Fields of One Vari-
able

Definition 8 An algebraic function field F/K of one variable over K is an
extension field F' O K such that F is a finite algebraic extension of K(x) for
some element x € F which is transcendental over K.

In other words, there exists z € F', transcendental over K, and there exist
Y1, .-, Yn € F, all algebraic over K (x), such that F = K(x,41,...,Yn).
Examples.

1. Rational Function Fields
The simplest example of an algebraic function field is the rational function
field; F//K is called rational if F' = K(z) for some z € F' which is transcen-
dental over K.

We have a similar definition in any number of variables: a finitely generated
extension F'/K is called rational if there exist zy,...,z, € F algebraically
independent over K such that F' = K (x4, ..., z,).

In several ways, the rational function fields in one variable are analogous
to Q (‘and in the same way the function fields are analogous to number fields,
i.e. finite extensions of Q). For instance, once a generator z of F'/K is given,
we can see F as field of quotients of the ring K[z| which is an euclidean ring,
analogous to Z.

2. Elliptic Function Fields over R

Definition 9 Let f(z) € Rz|, degf = 3, f(z) ¢ R(z)* and f without
multiple roots in C. Then R(x)(\/f) is called an elliptic function field over
R.

2.2 Real Valuation Rings and Description of
The Real Holomorphy Ring

In this section we want to write down the full list of real valuation rings and
to give the description of real holomorphy ring , as well as of its group of
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units and its group of totally positive units.

2.2.1 Real Valuation Rings of R(x)

We start with the general definitions.

Definition 10 Let V be a subring of a field K. We say that V is a valuation
ring of Kifx €V orz= ' €V for any x € K.

Examples of Valuation rings
(The field K is trivial valuation ring.)
1. Let K = Q, with a fixed prime p.
Let V}, contain 0 and all rationals of the form p"™* | where r > 0 and p divides
neither m nor n.
It follows from the definition that V), is a valuation ring referred to as the
p-adic valuation ring of Q.
2. Let K = F(x), where F is a field.
Let V), contain 0 and all rational functions prg , where r > 0, p irreducible
over F[z] and f, g are arbitrary polynomials in F[z] not divisible by p. V,,
is called the p-adic valuation ring of K.
3. Let K = F(z) , and let V, contain 0 and all rational function i € F(x)
such that deg f < degg. V. is called the degree valuation ring or the
valuation ring at infinity of K.
4. Let K be the field of formal Laurent series over F.
Thus a non-zero element of K looks like f = >"° a2’ with a; € F,r € Z
and a, # 0. We may write f = a,z"g where g belongs to the ring V = F|[[x]]
of formal power series over F.
Moreover, the constant term of ¢ is 1, and therefore g, hence can be inverted
in V' (by long division).
The ring Ov in proposition 8 (chap.1) is a valuation ring. We saw there
that every valuation v on a field K determines a valuation ring V' in K.
(V=0,={re K:v(z)>0}.)
Now we show that conversely, every valuation ring V' in K determines a
valuation v on K. The basic sample for this relationship is provided by the
p-adic valuations and the p-adic valuation rings.

Proposition 9 If Vis a valuation ring and K = quot V, then K*/V* is an
ordered group and the natural projection is a valuation with valuation ring
V and the value group K*/V*.

Proof. The multiplicative quotient group K*/V* is an abelian group. We
rewrite it additively by setting for the cosets zV* and yV™*:

V' +yV* = xyVr.
Furthermore we define a binary relation < on K*/V* by

2V <y e ey
X
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It is easily checked that this turns K*/V* = I' in to an ordered abelian
group. The desired valuation is now defined by
v(z) =aV* e for z € K*, and v(0) = 0.

Properties of Valuation Rings

Let V' be a valuation ring of the field K.
1. The field of quotients of V is K.
2. The ideals of a valuation ring V' are ordered by inclusion.
3. Every overring of a valuation ring is a valuation ring; if { Py} is the set of
proper prime ideals of V', then {Vp, } is the set of overrings of V.
4. Every valuation ring is a local ring, i.e., a ring with a unique maximal
ideal.
5. Every valuation ring is integrally closed.
6. The valuation rings between V and K form a chain.
7. If P is a prime ideal of a valuation ring V', then Vp and V/P are also a
valuation ring.
8. If V is a Noetherian valuation ring, then V is a PID. Moreover, for
some prime p € V every ideal is of the form (p™),m > 0. For any such p,
M=1(P™) = 0. .
9. Let R be a subring of the field K. The integral closure R of R in K is
the intersection of all valuation rings V' of K such that V O R.
10. Let V be a valuation ring and let a be an ideal of V.

(1) rad(a) is prime ideal of V.

(2) If b = NP2 a™, then b is a prime ideal of V' which contains every
prime ideal of V' which is properly contained in a.

Let my be the maximal ideal of a local ring V. Since the ring is local, we
conclude that V —my is the multiplicative group of invertible elements(units)
of the ring V.The quotient field V/my is called the residue field of V.

Let my be the maximal ideal of a valuation ring V' of a field K. Then for
any a € K — {0} we have a ¢ V <= a™! € my..

A valuation or a valuation ring is called real if its residue field is formally
real, the valuation rings attached to discrete valuations are called discrete
valuations rings.

Let K be a field and v : K* — Z a discrete valuation with valuation ring
V' and maximal ideal p. Let m € p such that v(7w) =1 (7 is called a prime
element or uniformizing element of the valuation.) Then given z € K*
such that v(z) = n, we have v(7~"z) = 0, that is, 7"z € V*, so that = can
be written as = an™ with @ € V* and n € Z. This representation is unique
since if z = br™ with b € V* and m € Z, we have v(z) = v(bn™) = m = n.
Thus a = b. In particular, if x € p then x = an™ with n > 1, and a € V* so
p = (7). Therefore p is principal.

Let b be any ideal of V' such that b # 0 and b C p. Let n = min{v(z) :
z € b}. Then n > 1. Then there exists € b such that v(z) = n, that is,
x = an™ € b with a € V*. This implies that 7 € b and (7™) C b. If y is an
arbitrary non-zero element of b, we have v(y) > n. Therefore y € ("), that
is, b = (7") = p™.

Hence, every non-zero ideal of V is a power of p. We have the following
theorem:
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Theorem 13 If v is a discrete valuation over a field K with valuation ring
V then the maximal ideal p of V is principal and is generated by any prime
element. Fvery non-zero ideal of V is a power of p and the groups K* and
V* X Z are isomorphic.

Proof. To prove the last part, let + € K*, we can write z = an” in
a unique way, and therefore the function ¢ : K* — V* x Z, defined by
¢o(x) = (a,n), is the isomorphism needed.

Corollary 4 Let R be a discrete valuation ring with mazimal ideal m. If
t € m\ m?, then t is a uniformizer.

Proof. m # m?. We choose t € m \ m?. We have (£) = m" for some n > 0.
We can not have n = 0 because (t) C m C R, and we can not have n > 2 by
choice of t. The only possibility is n = 1, hence m = (¢).

Corollary 5 (Ideals in a discrete valuation ring). Let V be a discrete val-
uation ring with unique maximal ideal p. Then the non-zero ideals of V are
exactly the powers p™ for some n € N. They form strictly decreasing chain

V=p"2p'2p*2 ...
The following theorem is central for what follows.

Theorem 14 FEvery non-trivial valuation on K(x) which is trivial on K
1s either the degree valuation or a p — adic valuation for some irreducible
polynomial p € K|z].

Proof. We are going to verify that given any non-trivial valuation
v : K(z) — I such that I" is an ordered group and v(a) = 0 for all a € K*,
then v is equivalent to v, or to some v,, where p(x) € K|z| is monic and
irreducible.
Let V' be the valuation ring of v and let m be its maximal ideal. Now, if
z €V, then K[z] CV. Let P =mn K|z]. We have that P is a prime ideal
of Kz], KNP ={0} and 1 ¢ P.
It follows that P = (p), where p is monic and irreducible polynomial or
p=0.
If p =0, then v(K|[z])* = {0}, so v(K(x)*) = 0, then we have K(z) =V,
which contradicts the hypothesis that v is non-trivial. Therefore P = (p)
with p # 0.
Let g,h € Klz] with p  h and h ¢ P, that is h is a unit in V. We have
v($) > 0, which implies V,, C V.
Now assume that u(z) € K(x)\ V,. Then u = ¢ with ged(g, h) = 1 and p|h.
If u e V,since g € V¥ CV, it follows that h~' = g~ lu e V.
However, we have h € P C V', and this implies that h is a non-unit which is
absurd.
Hence u ¢ V and we have V' C V,, so V = V. Therefore v and v, have
isomorphic value groups, and are essentially the same.

Ifx ¢V, theny = % = 27! € V. From the above discussion, we conclude
that PN K[y] = (I(y)), where I(y) is a monic and irreducible polynomial.
Now z = y~1 ¢ V, which is equivalent to saying that y is not a unit. Thus
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y € PN K[y] = (l(y)) and {(y)|y, which proves that I(y) = y.
Therefore v,, and v have isomorphic value groups, and are essentially the
same.

As a consequence we obtain the complete list of the valuation rings of
R(x) which are trivial on R. We note that a real valuation ring of any
field K which contains R must be trivial on R, otherwise we would get a
non-archimedean ordering on the field of real numbers which does not exist.

Now, the monic irreducible polynomials p over R are known and we get

(a) degp=1. Thenp=x—a, V, =V, Vo/(x —a) =R,
(b) deg p = 2. In this case R[z|/(p) = C,
(c) Finally Vo /mo = R.

Therefore, the complete list of real valuation rings for R(x) reads as
follows:
Ve, € P:=RU 0.

2.2.2 Real Holomorphy Rings

At the beginning of the extension of Artin-Schreier theory which Becker
started in the 1970s valuation rings and higher level orderings were the most
crucial notions. Later on, it is found that real holomorphy rings have great
influence in the study of sums of 2n—th powers. In fact the ideal structure of
holomorphy rings and the structure of its group of units have great influence.

Definition 11 The real holomorphy ring H(K) of a formally real field K is
the intersection of all real valuation rings of K, i.e. valuation rings of K with
a formally real residue class field. By E(K) we denote the group of units of
H(K), by E.(K) := H(K)*N>_ K? the subgroup of totally positive units.

In the case of R(x) we know all real valuation rings. Consequently, the
real holomorphy ring of R(x) denoted by H(R(x)) and its group of units can
be described as follows.

H(R(z)) = ﬂaER VoMV = ﬂaE]RUoo Vo = Vaer
~ g 0vac Ry 1L desr <aegg)

= {g tdeg f < degg,g(a) # 0,Va € R}

As to the units we start with the observation that H(R(x))* = (,cp: V- It
follows that the units of can be described in the following way:

(E(R(x))) = {g : 9 #0,gcd(f,g9) =1, f and g without roots in R, deg f = degg}.

(E+(R(z))) = {g : fog#0,gcd(f,g9) =1, f and g positive definite on R, deg f = degg}.
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2.3 Real Places

In this section we are summarizing general facts about real places which are
needed to sketch the general theory of the real holomorphy rings of arbitrary
formally real fields.

Definition 12 A place of a field K is a mapping ¢ of K in to F'U {oo}
(where F may be any field) such that

(i) p(x +y) = ¢(x) + ¢(y)

(i) p(xy) = o(x)e(y)

(iii) p(1) = 1.

Here for all a € F' the following operations are defined:
a+00=00+a=00, Q00 =00.6=00.00=00

The operations co + 0o, 0.00 and c0.0 are not defined.

Consider the set V,, of elements a € K such that ¢(a) # co. Then V,, is a
subring of K, and ¢ is a homomorphism of this ring into F'. Since F' is a
field, the kernel of this homomorphism is a prime ideal p of V,,.

Let b be an element in K which is not in V,,. We contend that ¢(1/b) = 0.
For if this were not true, we would get 1 = (1) = ¢(b)p(1/b) = oo, by (ii).
Thus, 1/b € p, and thus p is precisely the set of non-units of V.

Since any ideal strictly containing p would contain a unit, we see that p
is a maximal ideal and hence the image of V,, in K is again a field. We shall
therefore assume that [’ is precisely the image of V,, by ¢ is a mapping onto
FU{oo}.

OR, Given a place ¢ we define V,, = {a € K : p(a) # oo} = ¢ }(F). Then
Vi, is an integral subdomain of K.
We observe that ¢ : V,, — F'is a homomorphism such that

kero ={a €V, :p(a) =0} =m, = ¢ 1(0),

Then V,,/m, = ¢(V,,) C F and kerp = m,, is a prime ideal of V,,. (We know
that if b € K\ V,,,p(b) = 0o and ¢(1/b) = 0. Thus for any x € K we have
x€V,ora! €V, ie V,is a valuation ring.

We saw above how to obtain a valuation ring from a place. Conversely,
consider a valuation ring V, m its maximal ideal and K = quotV'.

Let F be the field V/m and F; = F U {o0}.
Let ¢ : K — F} be given by

z mod m fxeV
p(r) =

00 ifrxgV

Then ¢ is a place.
Thus we summarize it by re-writing the definition of a place again.

Definition 13 A place A : K — F Uoo, where K and F are fields, is a ring
homomorphism \ : V. — F of a valuation ring V of K into F with kerA = m
whereby we set \(x) = oo if x ¢ V. Places A : K — RU oo are called real
places.
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Examples of Places

(1) The real places of R(z), \,,a € P!

The complete list of real valuation rings of K := R(x) is known: V,,,« € PL.
They all have residue field R. Consider any real place A : K — R U oo and
its associated valuation ring V). This latter ring is a real valuation ring, say,
Vy =V, some a € P!. Hence, R C V3, m, = m, and we deduce that the
place A induces, by restriction, a field homomorphism Ag : R — R =V, /m,,.
There is just one field homomorphism, namely the identity.

We summarize: V\ = V,, A|m, = 0 and A\|R = id. These three informations
alone allow to determine the place uniquely.

First consider V,,,« # oo and any r € V,,, i.e. r = f/g, f,g9 € R[z], g(a) # 0.
Then r(a) := f(a)/g(a) € R is well-defined and we find that r» — r(a) =
(f-9(a) = fla)-9)/g-g(e) € mq = (x — a)Va. Finally, A(r) = r(a).

This place is denoted by

Ao, defined by A\, (r) =r(a) VreV,.

We next turn to r € V), = V. Following the reasoning just given we have to
find r(o0) with r — r(00) € my. Then we would get A(r) = r(oc0). In view
of the presentation r = f/g, f,g € R[z],g9 # 0,degf < degg we can assume
f = Zgaixi,g = ZIS bix' b, # 0. Then r — (ag/by) € My = 1/2V,, and
we obtain A\(r) = a/b. In particular, as claimed, X is uniquely determined
denoted by A.

There is a more conceptual way of describing this ”place at infinity”. In
fact one verifies for any r € V,, the equation

Therefore, the complete list of real places of R(z) reads as follows:
Ao, o € PL.

(2) Let K be a field.

For all u € K((t))*, let us write f(u) = oo if u ¢ K[[t]] and define f(u)
to be the constant term of u if u € K[[t]].

Then f is a place of K((t)), with residue field K and ring K{[t]].

For K[[t]] is a valuation ring of K ((t)) and the restriction of f to K[[t]] is
identified with the cannonical homomorphism of K[[t]] onto its residue field.
(3) Let S be a connected complex analytic variety of dimension 1 and K the
field of meromorphic functions on S.

For all zy € S, the mapping f — f(z) from K to CU {oo} is a place of
K whose ring is the set of f € K which are holomorphic at z; and whose
ideal is the set of f € K which are zero at z.

Space of real Places
Details can be found in [2],[19].Let K be a formally real field and let P
be an ordering of K. Then set

A(P)={a€ K :r+ae€ P forsomer € Q,r > 0}.
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A(P) is shown to be a valuation ring of K. That is P determines a valuation

vp whose ring A(P) is the convex hull of the rationals Q with respect to P.
A(P) is called the ring of finite elements relative to P.

In A(P) we have the ideal

I(P):={aceK:r+taePforallreQ,r >0}

of the infinitely small elements, that are elements which, with respect to
P, are smaller in absolute value than all positive rationals.

Theorem 15 (i) A(P) is a real valuation ring with maximal ideal I(P),
(ii)) P :={a+I(P):a € PN A(P)} is an Archimedean order of the residue
field A(P)/I(P). Thus A(P)/I(P) is naturally embedded in R, and we can
think about it as a subfield of R,

(7ii) given any real valuation ring V of K there exists an ordering P such

that A(P) C V.

Above, we had seen how places arise from valuation rings. This can be
applied to the valuation ring A(P) and yields the first statement of the
following theorem. The second one uses a method of pulling back orderings
from a residue field to the the field in question.

Theorem 16 (i) An order P of K gives rise to a real place \p : K — RUoo
with valuation ring A(P),

(i) every real place on K is of the type A\p for some ordering P of K,

(i1i) for P € X(K), Ap is the only real-valued place § : K — R U oo with the
property £(P) > 0.

Corollary 6 A field K is formally real if and only if it admits a real place
A K — RUoo.

From theorem 15 we draw the conclusion that H(K) can already be de-
scribed by the rings A(P) or the real places. To this end we set:

M(K)={Ap: P e X(K)}, where X(K) is the space of orderings of K.

M(K) is called the space of real places of the field K. We now get:
H(K)= [ A(P)
PeX(K)
H(K) = {CL e K: VCGM(K) . C(a) 7£ OO}
The following lemma provides a large supply of elements in H(K).

Lemma 6 Let K be a formally real field, and by, ...,b, € K. Then
(i) vr e € H(K);

(i) m € H(K) for all i;

(iii) K is the field of quotients of H(K).
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As before, for a formally real field K, X(K') denotes the set of all order-
ings on K, topologized by taking as subbasis the Harrison sets
H(a) ={P € X(K) :a € P} where a € K*.

From above, we have a map A : X (K) — M(K) which sends an ordering
P € X(K) to Ap, its associated real place. We know that Ap has been
characterized as the only place £ € X (K) with the property that £(P) > 0.

Proposition 10 The map A : X(K) — M(K) is onto.

Using the surjection A in proposition above, we can view M (K) as a quotient
set of X (K).

Therefore, we can make M(K) into a topological space by giving it the
quotient topology ¥ induced by the topology on X(K). Since X(K) is
quasi-compact, (M (K),T) is also quasi-compact. To prove that it is in fact
even a Hausdorff space one has to discusss functions on this space.

For any element a € K, we have the following ”evaluation map” at a:

a: M(K)— RUoo,

defined by a(§) = £(a) for any £ € M(K).

We view P! := RUoo as the one-point compactification of R. In other words,
we identify R U oo with the unit circle S with its usual topology, details in
the subsequent section.

Theorem 17 For any a € K, the evaluation map a : M(K) - RU oo is
continuous on (M(K),%T).

Lemma 7 The ring of evaluation maps {a : a € H(K)} from M(K) to R
separates points on M(K).

That we are dealing with a ring of functions M (K) — R follows from the
properties:

—

a+b=a+ba-b=a-bVabe HK).
Theorem 18 (M(K),¥) is a Hausdorff space.

Corollary 7 The continuous map A : X(K) — M(K) is a closed mapping.

Using the results obtained above, we can now describe the topology on M (K)
in a somewhat concrete way.

Theorem 19 The topology T on M(K) coincides with the coarest topology
T for which all the functions {a : a € H(K)} into R are continuous. A
subbasis for this topology is given by the sets

H'(a) :={¢ € M(K) : €&(a) >0} = a~1(0,00), where a € H(K).

The description of the topology on M (K) given above points to the funda-
mental difference between the space M (K) and the space X (K). In X(K),
the Harrison sets H(a),(a € K*) are closed with respect to complements
(since X(K) \ H(a) = H(—a)), so each H(a) is a clopen (closed and open
set), and so X (K) is a totally disconnected (hence Boolean) space. In M (K),
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however, the complement of a subbasic set H (a) = {¢ € M(K) : £(a) > 0}
is {¢ € M(K) : &(a) < 0}, which is no longer of the form H'(b), and may not
be even open. Therefore, we have no reason to expect M (K') to be a Boolean
space. In the special case when all the orderings on K are archimedean, the
map A is a bijection, so M(K) homeomorphic to X (K), hence a Boolean
space. In general, however, M (K') need not be totally disconnected. In fact,
there exist many examples of fields K for which M (K') even turn out to be
connected.

Let C'(M(K),R) be the ring of real-valued continuous functions on M (K).
Since M (K) is compact, we can define the sup-norm on C(M(K),R), by

Il = sup{f(§) - € € M(K)}  (f € C(M(K),R)).

In this context, the classical Stone-Weierstrafi Theorem can be brought into
play. In fact, consider the family of functions

E:={a:a€ HK)} CC(M(K),R).

Since E separates points on M (K), and E contains the constant function
(= i), the Stone-Weierstrafl Theorem implies that this set lies dense in
C(M(K),R). This is an important fact. In order to formulate it in a most
meaningful way we introduce the ring homomorphism

¢:HK)— CMK),R),a— a.

That ® is a ring homomorphism was already noted above. With all this we
get:

Theorem 20 The representation ® : H(K) — C(M(K),R) has a dense
1mage.

For the application of theorem above we consider the problem ”separat-
ing” two sets of orderings in X(K). Let A, B be two disjoint closed sets in
X(K). We say that we can separate A from B if there exists an element
¢ € K* which is positive with respect to any ordering in A, and negative
with respect to any ordering in B. If this is the case, we shall say that A is
separated from B by c.

Proposition 11 (SEPARATION CRITERION). Let A, B be disjoint closed
sets in X (K). The following three statements are equivalent:

(1) A(A) is disjoint from A(B) in M(K);

(2) we can separate A from B by an element ¢ € H(K) which is a valuation
unit at any place in A(AU B);

(8) we can separate A from B by an element ¢ € K* which is a valuation
unit at any place in A(A).

2.4 Topological Representation of H(R(x))

We show that P! is a compact (= quasi compact + Hausdorff) space, and
that is homeomorphic to S* via the stereographic projection.
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The one-point compactification of R
St = {(1'1,1132) cR?: JT% + !L‘% = 1}

We stereographically project the one-dimensional unit circle S! from its
"north-pole” N = (0, 1) onto R.

Every point x € S'\ {N} is thus associated to the point ¢(z) at which
the line containing N and z intersects R. This gives us a continuous bijection

¥ St \ {N} - R, 90(1‘17352) = 1f;2

and the inverse map ¢! : R — ST\ {N}, 7' (z) = 2% + zizj

is also continuous.

If we extend ¢ to a bijection ¢’ : S — P! = RU oo

where ¢'(x) = ¢(x) for x # N, p(N) = 0o
Then both ¢’ and its inverse are continuous.
We may thus identify P! and the circle S! as topological spaces. We there-
fore can state the
Fact: P! is compact, connected topological space and carries a metric(inherited
from S*).

We next show that the elements of R(z) operates on P! as a continuous
functions with values in P!

Let f=4%:g,hcR[z],gcd(g,h) =10r g=0,h#0

For a € R,
00 if h(a) =0
f(a)—{% if h(c) #0
For a = o0,
oo, if k>
f(oo) = ‘i—f, if k=1,
0, ifk<l

k
where f(z) = —abljil:..'.:-rli)o

Each f € R(x) gives rise to a continuous function f: P — P,
where f(a) = f(a), f(0o) = f(oo) as defined above. For later use, we note
that for all @ € P! we have f(a) = A\, (f).

So we get a representation U : R(z) — C(P',P'), f — f, the latter being
the set of all continuous functions between these spaces.
Clearly ¥ is injective and one can observe that

feH:=HR() < feC(PR).

Now applying Stone-Weierstral Theorem we get that the image W(H) is
dense in C'(P',R) relative to the supremum norm.

From the description of H we deduce the following facts (where we drop the
reference to the field R(z) as in the case of H):

f € E < f has no zero on Pl,f€E+<:)f>00n all points of P,

At present we are facing two representations. i.e. ring homomorphisms
¢:H—C(M,R),fr— f,9:H— C(P,R), f f where we set
M = M(R(x)). That they essentially the same will follow below.
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Identification of M with P!
We have to show that M is homeomorphic with P! and that the represen-
tation ¥ is nothing but the concrete geometric version of the representation
®: H — C(M,R) of the general theory .

We begin the proof by recalling the bijection o : P! — M, + )\, and
want to prove that it is a homeomorphism. Since both spaces in question
are compact it is enough to deduce that the bijection ¢ is continuous, by
general topology of compact spaces.

Further note the equation f oo = f what follows from

~ ~ ~

flo(@)) = f(Aa) = Aa(f) = fla) = f(a).

We have seen above that the topology on M is characterized as the small-
est(= coarsest) topology such that all maps f: M — R, A — A(f), f € H
are continuous. A subbasis is given by the sets Uy := f ~1(0,00). In view of
foo = f we obtain =1 (Uy) = f~1(0,00). As f is continuous this latter set
is open, and ¢ is shown to be continuous, finally a homeomorphism between
P! and the space of real places M (R(z)).

The relation above between yields ¢(f) oo = V(f) Vf € H, meaning
that both representations ® and ¥ are equivalent. In other words, W is
nothing but the geometric version of the general type representation ®.

2.5 H(R(z)) a Dedekind Ring

There are various ways to prove that in this case the real holomorphy ring is
a Dedekind ring. We have chosen an approach where we start by achieving
explicit information how the prime ideals can be generated by finitely many
elements. After sketching the proof of the known result that H is a Priifer
ring anyway we then conclude that H is a Dedekind ring where, as said,
we explicitly know generators of the maximal ideals and their squares. This
information allows to derive a somewhat explicit presentation in proposition
16 and chapter 4.

Fractional Ideals

Here we introduce the notion and results needed to prove that the real holo-
morphy rings of formally real fields are Priifer rings.

Let R be an integral domain with quotient field K.

A fractional ideal is any R—submodule a C K such that there is
feR, f+#0with fa C R.

Example. Set of fractional ideals in Q = {rZ | r € Q}.

Let a and b be fractional ideals of R.
Their sum a+b = {a+b:a € a,b € b} and their product ab = {3, ... a;b; :
a; € a,b; € b} as well as their intersection a N b are fractional ideals of R.

If both fractional ideals are finitely generated (as R—modules), say a =
(a1, ...,a,),b = (by,...,bs), then ab = (a1by, ..., a,bs). Multiplication of frac-
tional ideals is compatible with the order relation between fractional ideals:
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if a C b, then ac C be

The non-zero fractional ideals form a multiplicative semi-group with R
as its unit element.

Definition 14 A fractional ideal a of a ring R is invertible if there exists a
fractional ideal b of R such that ab = R.

Proposition 12 Let a # (0) be an invertible fractional ideal such that ab =
R for a fractional ideal b. Then b = [R : a], i.e if a is invertible then
a!=[R:a:={reK:raCR}.

We note that the invertible ideals form an abelian group.

Lemma 8 Let a be a fractional R-ideal. If a is invertible, then a is finitely
generated as R-module.

Definition 15 A ring R is called a Priifer domain if and only if all non-zero
finitely generated fractional ideals are invertible.

Theorem 21 H(K) = H is a Priifer ring.

Proof. Let a = (ay, ..., a,) be a non-zero finitely generated H —module.
a= {Zfiai fie H}
i=1

a0’ = a-ais generated by (327, fiai)(3"7_, gja5), fi, g5 € H.
= (figj)(aia;)
2

r

= (..., q;a5,...) 2 (Z az)

i=1

— Cl2 = (...,aiaj, )

a;a; o a;a; r 2 . T 2
Now as Tz € H we have that a;a; = ST 2im1 4 € H-Y_ a

r

= a®CH- () a}) Ca

7
=1

ie. (ay,...,a.)>=0""_,a?). If f=5"_ a2 then it follows that

=1 " =1 %i»
(ai,...,a;)|(a1,...,a,).f~1] = H as principal ideal is invertible.
i.e. ais invertible and hence H is Priifer. We now turn to the proof that

H(R(z)) is a Dedekind Ring.
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Given a € P! let v,,V,, Io, Ao be the corresponding (real) valuation,
valuation ring, maximal ideal and real place. We know that

In=(x—-a)VyifaeR I, = 1/2)Ve,va(z —a) =1 v(l/z) =1

From H C V, we get that m,, := H N1, is a maximal ideal of H with residue
field R. We are going to prove the following three facts:

1. m, is generated by elements -3, gf +j§ if o € R,

2. my is generated by ﬁ, Tia7

3. the prime ideals of H are the m,,a € P! and the zero ideal (0). Thus,
the Krull dimension of H is equal to 1.
The proofs start with the observation that each non-zero element of H can
be written in the form

a .

=¢€- Hr_—,e e H* r <2k.
HL ) B
So, in dealing with ideals we can ignore the units and focus on elements

NOW let p be a non-zero prime ideal in H. We look at the elements f # 0
in this prime ideal with a smallest » > 0.
Case 1: r = 0. Then +1 5 € p since the ideal is prime ideal. From [

T ]2 —
1422

[Tr= j’frg] (=] is ideal is a prime ideal. Define
the H-ideal a := ({7 J:IQ, : fxg) These two generators also lie in I, hence

a Cpand a C my. To show equality in both cases it will be proven that
H/a =R, in particular, that a is a maximal ideal, whence the claim. Firstly,
from R C H we get R C H/a. Secondly, we have to prove that for each
f € H there exists a € R such that f = o« mod a ie f+a=a. To obtain
this it is enough to consider the elements g := @ o= TF where ¢ < 2k since an
arbitrary f € H is a R-linear combination of those elements. If

7 1

s 2km2wehave g = o ay Ty 2 €%

If
2k—1 p2k=2 T

i:2k:—1theng=(1+x2)k:(1+x2)k*1'1+x2€a'

Finally, look at
2k

oz
TR0
This special element g does not belong to the ideal a. Instead we get g—1 € a
as can be shown as follows. From 1775 =1 mod a we get by taking the k-th
power g = 1 mod a as well. This settles this special subcase and m,, = a =1p
is proven.

Case 2: r > 1. Here ﬁ ¢ p. Consider an element f with smallest
number r. If r = 2k, minimality of  and the fact that p is a prime leads to

r=2. So, f-|5=] = [E3] [IHQ] € p. Primality of p shows that for some
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a the element g := =5 € p. Then [(ﬁ;jf] [72] = ¢° € p. Since 75 ¢ p
we get (1+ 5~ € p. This time we get that the H-ideal b := ( ”j+jg 1) s

contained in m, and p. Similarly if » < 2k. To prove equality of the three
ideals we proceed in an analogue manner. We first note that any polynomial
can be presented as linear combination of the powers (z —a)',i = 0,1,.

So we have to look at the elements - ( for0 < <2k If1 <3¢ <2k then

1+ 2)k

—((li ;;)k € b readily follows. It remains to look at the elements gy, : m
If K =1 then
1 1 2 2 2
e s L@ el - @) /[ a1+ a?)] € b

implying g, = a + aTaF mod b. This again proves m, =b =p

So far it has been proven that each prime ideal is finitely generated,
in fact the zero ideal by 0, otherwise it is maximal and generated by two
elements. Since a ring in which each of its prime ideal is finitely generated is
Noetherian Ring (See Kaplansky: Commutative rings, Theorem 8. ). So we
could apply this fact and get that H is Noetherian. Since H is Priifer ring,
using the Noetherian property we see that each ideal of H is invertible. So
H turns out to be a Dedekind domain.(See Kaplansky: Commutative rings,
Theorem 96.)
Then each non-zero ideal a of H is a product of finitely many maximal ideals.
This representation as a product of maximal ideals is unique up to the order
of the maximal ideals.(Kaplansky: Commutative rings, Theorem 97.)
Therefore, we have proven

Theorem 22 H is a Dedekind domain.

A bit more has been proven in fact. The ideals m,,a € P! form a
complete list of the maximal ideals of H. From m, = HN 1, C V, we get
H,., C V,. Localizations of Dedekind rings are discrete valuations rings,
hence maximal subrings of their field of quotients. So, Hy,,K = V,.

Invoking the general theory of Dedeking rings we therefore get the for-
mula,

if e K* then fH = I epmse)

As said above, this formula describes the unique factorization of a principal
fractional ideal as a product of maximal ideals.

We note that the formula implicitly takes into account that the values
vo(f) are equal to 0 apart from finitely many o’s.

Lemma 9 1. For each f € R(x)* the sum ) vo(f) is an even integer,

2. for any two, not necessarily distinct maximal ideals my and my the
product mimy 1S a principal ideal.

Proof. (1) Any non-zero element f can be written as
[ = const - [[{(z — ;)% - ¢ where the «; are pairwise distinct and ¢ is a
non-zero sum of squares in R(z). Note first that v(q) € 2Z for any real
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valuation of R(z). If v is a real valuation different from the v,,,i =1,...,r
and v then v(f) = v(g) = 0 mod 2. Next, we get v,,(f) = e; mod 2 and
Uoo(f) = — >, e mod 2. Hence claim (1) is settled.

(2) We will provide explicit generators for the product.

First consider distinct elements «, 5 € R and set f := (‘T*fi# We see that
v(f) = 0 for any real valuation # v,,vs and v(f) =1if v = v, or = vs.

This implies fH =mmg. In a similar fashion one proves 5 H = mom,.
1

2 (=)’ 77 _
1+QCQH =m., and T2 H =

Again, by calculating the values v( f) one verifies

2
mZ.

Proposition 13 (1) No maximal ideal in H(R(x)) is a principal ideal,
(2) given finitely many distinct ideals my, ..., my and exponents ey, ..., e, € Z,

then TIkmS* is a principal fractional ideal if and only if Zlf e; 1S even.

Proof. (1) The assumption fH = m would contradict the first statement of
the previous lemma. (2) If the given product is a principal fractional ideal
then, by the previous lemma, the sum Zlf e; is even. Conversely, assume
this to hold. If e; is even then, by the lemma above, the fractional ideal
m:* is a principal fractional ideal. Otherwise, ¢; = 2f; + 1 and we get
that m{" = (a;H)m;. Altogether, our product in question is a product of a
principal fractional ideal with a product [], of an even number of maximal
ideals. By the second statement of the last lemma [ [, is a principal fractional
ideal as well. Hence, the proof is complete.

To prepare the next statement let H denote an arbitrary real holomorphy

ring of a formally real field K.

Proposition 14 Let a be an H-fractional ideal, finitely generated by ay, ..., ax.
Then for each n € N we get

Proof. b := a?" is generated as an H-module by the finitely many products
@, -Qiy .04, Where for all indices 1 < ¢; < k. Denoting such a product by b

and considering ¢ := —2—- gives that v(c) > 0 for any real valuation v of

Z?:l a?”
K. Thus cis contained in H. Finally one gets that b is a principal fractional
ideal generated by the element as announced.
We apply this proposition to the case K = R(z) and its maximal ideal

m,.

Proposition 15 Let m be a mazimal ideal of H(R(x)) and | > 1. Then
(1) if 1 is odd then m! is not a principal ideal,
(2) if lis even then m' = (a' + ') for some a,b € H.

Proof. The first statement is just a special case of a previous result. The
second one results from the previous proposition and the fact that a maximal
ideal is generated by two elements.

The representation of a principal fractional ideal allows a nice descrip-
tion of arbitrary non-zero sums of squares in R(z). To spell it out we use
generators of the squares of the maximal ideals of the real holomorphy rings
as given above.
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Proposition 16 Any non-zero sum of squares in R(x) admits a unique pre-
sentation of the type

1 €oo (23 - 04)2 €

Proof. We know that v(f) is even for any real valuation. Taking this into
account the formula for the fractional ideal fH directly translates into the
product formula for the element f where the unit factor must be sum of
squares necessarily.
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Chapter 3

Real Holomorphy Rings of
Elliptic Function Fields

3.1 Quadratic Extension of Fields

Definition 16 Let L be a field extension of a field K. We can always regard
L as a vector space over K where addition is field addition multiplication by
K 1s simply multiplication.

We say that the degree of L as an extension of K is the dimension of the
vector space (denoted [L : K]).

Extension of degree 2 (i.e [L : K| = 2)are called quadratic extensions.

Theorem 23 Suppose char(K) # 2. Then any extension K C L of degree
2 can be obtained by adjoining a square root: L = K(f3), where 8> =0 ¢€ K.
Conversely if B is an element of L and if 3* € K, but B ¢ K then K(j) is
a quadratic extension.

Proof. Let K—basis be 1,a. Then L = K1+ Ka. (€ L\ K).
L>o*=aa+b, (a,b€K)

« satisfies quadratic equation 22 —az—b =0, i.e.a’—aa—b=0 (a,b € K).
Then (a — %> =0+ (%)>. Let f=a— 2
1,8 K—basis, 8 =~ € K,v # 0,7 ¢ K? and L generated by 1, /7.

Irr(a, K) = 2* — ax — b irreducible over K. If not 2> —ax —b = (z —r)(x —
s),(r,s € K).

Inserting z =, we get 0 = (o —71)(a —s) =a=rec Kora=se€ K
=L=K=[L:K|=1

i.e. L/K quadratic ~ 2% —az — b € K[z], (a,b € K) irreducible.

Conversely, every quadratic irreducible polynomial is associated with a quadratic
field extension of K. To show this, let f € Klz|, f = 2> + ax + b,a,b € K

be irreducible.

1% (f) = fK|[z] is maximal (true for all PIDs).

Assume not!

Then (f) S m G K(z]. Let g € m )\ (f)

= gcd(g, f) = h. Then h|f = f = h.hy.

f irreducible = h = const. or hy = const.

h = const # 0 = gcd(g, f) = 1. Then 1 = Ag + Bf € m. Contradiction.
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hy = const. = p = gcd(g, f) = flg, thus g = f.f1 € (f). Contradiction.
27 K[z]/(f) = Lis a field. K < L,a~ a+ (f) field embedding.
Claim: L=K + Kz, T=uxz+(f).

g+ (f)=h+(f),g=hmodf, fl(g — h).

1, 2,29 = —ax — bmodf = ... = ¥ = (ay + B)modf

— 1,z K-—basis for L, [L : K] = 2.

That is to say if L/K is a quadratic extension there is associated irreducible
quadratic polynomial z? — Bz — a € K|z], 3,a € K. Conversely quadratic
irreducible polynomial is associated with a quadratic field extension of K.
Remark: f irreducible of degf =n = [K|z]/(f) : K] = n.

Proposition 17 Let K be a formally real field, L = K(y/a) a quadratic
extension. Then the following are equivalent:

(i) L is formally real,

(ii) a ¢ =32 K,

(iii) there exists an ordering P of K with a € P.

Proof. Assume(i). If (i) were not true, then —1 € " L?, a contradiction.
Assume (ii). If no ordering as in(iii) exists, then —a € NP = >_ K? a
contradiction.

Assume (iii). We consider the set T = {> ] a?p;|n € N,a; € K,p; € P}.
Then T is a preordering of L, so it is contained in an ordering P" of L. This
means that L is formally real.

Corollary 8 Let L/K be a field extension of finite degree n and let o € L.
Then « is algebraic over K and its degree divides n.

Corollary 9 Ewvery irreducible polynomial in R]x] has degree 1 or 2.

From above theorems we get that given any v ¢ K?, then 22 — v € K[z] is
irreducible.

L= K[z]/(2* —v) = K1+ KZ, 7? = ~. That is to say quadratic extension
(char(K) # 2) they come from v ¢ K2

Let now f € R[T] and degf odd. Then f ¢ R(T)? and it follows that
z? — f € R(T)[z] is irreducible.

Special case: If degf = 3, then f ¢ R(T)?. If in addition f is without
multiple roots in C over R we call R(T)(y/f) an Elliptic Function Field
over R.

Let v ¢ K? and assume L = K (/7).

Then o : L — L be given by o(a + ,/7) := a — /7 is a K-automorphism
of L.
As usual we define the trace and norm:

trace = tr(a + By/7) = (a + By/7) + o(a+ B/7) = 2«
norm = N(a + B/3) = (a + By/A)o(a+ By/A) = a? — B
Each z € L satisfies 22 — tr(z)z + N(z) = 0.
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3.2 Extension of Valuation Rings from R(z)
to Elliptic Function Fields

Our aim here is to understand valuation rings of elliptic function fields on
the basis of valuation rings of R(x).

By a valued field we mean a pair (K, V') where V is a valuation ring of K. If
(K,V) and (L, W) are valued fields, then we say that (L, V) is an extension
of (K, V) (we write (K,V) C (L,W)) if K is a subfield of L and WNK = V.
For field extensions K C L and a valuation ring W of L, V = W N K is a
valuation ring of K.

Then if (L, W) is an extension of (K, V), we have that W N K = V and
mwﬂK:mwﬂV:mv.

Consequently,the field V/my is naturally isomorphic to a subfield the field
(V—> W/mW,ar—> (_l:a+mw)

Then Ker = my N K = my and thus V/my — W/myy.

The relation WNK =V and W*N K = W*NV = V* (which follows
from the equality W N K = V) imply that the linearly ordered group I'y =
K*/V* is naturally isomorphic to a subgroup of the linearly ordered group
'y = L*/W*. We often identify V/my with the corresponding subfield of
W/my (V/my € W/my) and I'y with the corresponding subgroup of I'y,
We recall some basic facts which can be found in [12].

The following theorem is crucial for what follows.

Theorem 24 (Chevalley’s Theorem) Let K be a field, R C K be a subring
and P C R be a prime ideal of R. Then there exists a valuation ring V of K
such that

RCVandmnR=P
Where m is the maximal ideal of V.

Remark 1 We can add the condition that P # {0} to the theorem if we
want to avoid the choice that R = K.

Theorem 25 Let L/K be a field extension, and let V be a valuation ring of
K. Then there is an extension W of V in L.

Next we state an application of Chevalley’s Theorem to characterize the
integral closure of a domain D by means of valuation rings containing D.

Theorem 26 Let D be a subring of a field K. Then the integral closure of
D in K is the intersection of the valuation rings of K containing D.

Integral Elements and Integral Extensions

Definition 17 Given rings R C S and b € S , we say that b is integral over
R if b is the root of a monic polynomial f(x) € R[z].
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S is integral over R if every b € S is integral over R. In this case we call S
an integral extension of R.

E.g. V2 is integral over Z.

Ring Z[v/2] is an integral extension of Z.

1 is not integral over Z (although it is algebraic.)

Lemma 10 (Integral elements and finite modules). Let S be a ring, R C S
a subring, and s € S. Then the following statements are equivalent:

(a) The element s is integral over R.

(b) The subalgebra R[s] C S generated by s is finitely generated as an R-
module.

(c) There exists an R[s]- module M with Ann(M) = {0} such that M is
finitely generated as an R-module.

The following theorem is in perfect analogy to the result that a finitely gen-
erated field extension is finite if and only if it is algebraic. It also implies
that sums and products of integral elements are again integral.

Theorem 27 (Generated by integral elements implies integral). Let S be a
ring and R C S a subring such that S is finitely generated as an R-algebra,
i.e. S = Rlay,...,a,). Then the following statements are equivalent:

(a) All a; are integral over R.

(b) S is integral over R.

(c) S is finitely generated as an R- module.

Corollary 10 (Integral elements form a subalgebra). Let S be a ring and
R C S a subring. Then the set

S":={s € S:sisintegral over R} C S
1s an R-subalgebra.

Corollary 11 (Towers of integral extensions). Let T be a ring and R C
S C T subrings. If T is integral over S and S is integral over R, then T is
integral over R.

Theorem 28 Let R be a commutative ring, u an invertible element of a ring
containing R. Then u™" is integral over R if and only if u=' € R[u].

Theorem 29 Let R be an integral domain contained in a field L. If L s
integral over R, then R is a field.

Let (K1, Vi) C (K3, Va) be an arbitrary extension of valued fields . To each
Viyi = 1,2, corresponds a valuation v; : K; — I'; U {oo}. We recall that
Vi|ir © K — T is a group homomorphism with kernel V;* and K7 /V;* = T.
Moreover, the composite mapping

K id

K - Ky Ty
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has kernel Vy' N K} = V)", whence I'y = K[ /V* — K;/V," = I'y, by the
homomorphism theorem. Therefore we could replace the valuation v; by
the restriction of vy and may regard I'y as an ordered subgroup of I's. This
procedure works well in the general situation where we follow this fashion.
However,in the context of discrete valuation which are usually assumed to
have the value group 7Z, i.e. they are normalized, one prefers to keep this
nice fact and accepts that the value groups are not contained in each other.
Details will follow below.
Let us call e := e(V3|V]) := [['y : I'y] the ramification index of this extension.

Similarly, denoting the maximal ideals by m;, my the composite mapping

d
Vi N Vo = Vao/my = Ry

has kernel my N'V; = my. Thus , & = Vi/my — V,/my = Ky. Therefore we
may regard K; as a subfield of K,.

Now, we define f := f(V5|V1) = [Ry2 : Ri] as the residue degree of this
extension.

Remark: The ramification index and the residue degree are multiplicative.
If (K1,V1) C (K3, Va) C (K3, Vs) are valued extension of fields, then

e(V3|V1) = e(Vs|V2)e(13|V7) and
F(Va[Vi) = f(Vs|V2) f(Va| V1)

For the following lemmas, corollary and theorems upto fundamental equality
one can see the proof in [12].

Lemma 11 Suppose (K1,Vy) C (K3, Vs), and , fori=1,2,

15 the valuation corresponding to V;.
Choose wy, ...,wy € Vo and my, ..., m. € K3 so that:
(1) the residues wy, ..., ws € Ky are linearly independent over K;;
(2) the values vy(my), ..., va(m.) are representatives of the distinct cosets of
LTy
Then for all a;; € K,
f e
UQ(ZZaijwﬂj) = min{ve(a;;wim;) 1 1 <i < f,1 < j<e}.

i=1 j=1

In particular, the product {w;m; :i=1,...,f,j =1,...,e} are linearly inde-
pendent over K.

The above lemma has the following immediate consequence:

Corollary 12 Suppose (K1,Vi) C (K3, Va), and set n = [Ky : Ki],e =
e(VolV1), and f = f(Va|V1). If n < oo, then e, f < 0o and ef < n.

More generally, we can state:

42



Theorem 30 For (K;,V)) C (Ks, Va) with Ky algebraic over Ky the follow-
ing statements hold:

(1) for every v € 'y there is an n € N such that ny € T'y; i.e., I'y/T'y is a
torsion group;

(2) Ry is algebraic extension of K.

Theorem 31 (Conjugation Theorem). Suppose L/K is an arbitrary normal
extension of fields, V is a valuation ring of K, and Vy and V5 are valuation
rings in L extending V. Then there ezists 0 € Aut(L/K) with o(V}) = V5.

Lemma 12 Let N/K be a finite Galois extension of degree n. Assume that
Vi, ..., V. are all extensions of the valuation ring V from K to N. Then ref <
n, where e = e¢(V;/V') and f = f(V;/V) for all i with 1 <i <.

Theorem 32 (Fundamental Inequality). Let L/K be a finite extension of
the valued field (K, V), and assume that Vi, ..., V,. are all extensions of V to
L. Then

r

> e(Vi/V)f(Vi/V) < [L: K.

i=1

The next theorem shows that in case V has value group Z and L/K is sepa-
rable, even equality holds in Fundamental Inequality.

Theorem 33 (Fundamental Equality). Let (K, V) be a valued field with
value group 7, and let Vi, ..., V,, be all extensions of V to a finite separable
extension L of K. Then

m

[L: K] =) "e(Vi/V)f(Vi/V).

i=1

Now, let L = R(x)(v/f) , f is a cubic polynomial over R with no multiple
roots in C.
f=k(x—a)(zx—0b)(x—-c),a,b,c are distinct or f = k(x — a)(2? + bx + ¢)
where 2% 4 bz + ¢ is quadratic irreducible.
If W is a real valuation ring of L, then W N R(x) is a real valuation ring of
R(z).
So WNR(x) = V,,a € P since V,,a € P! is the collection of real valuation
rings of R(z).

First we consider the case a € R.

Let y=+/f . Then y* = f(z) eR[z] CV, C W

Passing to the residue field W/my, = £, 7% = f(x).

Now f(z) — f(a) = (x — a)g(x) € m, = my (as « is a root of the left
hand side .)

= (f(z) = fla) =0 ie. f(z) = f(e), 7" = f(a) in &.

= f(a) > 0 because 7* > 0.

Thus if V,, has a real extension, then f(a) >0
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Therefore, if L is an elliptic function field, which is a quadratic extension
of R(x) and if W is a real valuation ring of L, then W NR(z) = V,,a € P!
and f(a) > 0 or @ = co. This latter condition is a necessary condition for
the V,,, to be extendible to a real valuation ring of L. It remains to be shown
that it is also a sufficient condition.

Again V,,,a € P! denotes the collection of real valuation rings of R(z)
and v, the list of their associated discrete valuations where the value group
is Z. The valuation rings of L are denoted by W, their normalized valuation
by w, always with subscript added. L = R(x)(y/f), f is a cubic polynomial
without multiple roots.

Since we are keeping the feature that both discrete valuations admit the
value group Z ramification now gets expressed in the form

w|K* = e(w|v).v.

Then V,, extends to a real valuation ring of L if and only if f(a) > 0 or
a = 0.
It remains to show that the right hand side yields a sufficient condition what
will be done in three steps.
(1) fla) =0

From the fundamental equality Y 7, e;f; = [L : K], where f; = [£ : 8],
e; = [I'; : T'], g = number of extensions.
Since [L : K] = 2, it follows that g < 2.

Let w|v,, then w|gs = e(w|v)v,.
We know that extending pairs W|V with associated discrete valuations w, v
exist and that in each case w(K*) = e(W|V)Z.
y* = f(z) = (x — a)g(z), g(@) # 0.
Then 2w(y) = w(z — a) + w(g(z)) where w(g(z)) = 0 necessarily.
Thus 2w(y) = w(r — a) = 2|w(r — a) as w(z — a) = ev, (T — «) it follows
that 2|e since v, (x — o) = 1. From the fundamental equality it follows that
e=2and hence as Y Je;f; =2, and efg =2 we have f =g =1
Then V,, has exactly one extension, it is also real and ramified.
Also w(y) = 1. Then y is a generator of maximal ideal in this case.

(2) fa) >0

Let W be an extension of V,,. Then in the residue field £ of W we have
7 = f(a) > 0,507 =a € R, a=+/f(a). This shows in L, y —a € myy.
(sincey—a=y—a=7y—a=0in £ =W/my). Passing to the conjugate
valuation ring W’ we obtain ¢(y — a) = —y — a € m’. This shows W # W’
(Otherwise y — a, —y — a € my,) that leads to 2a € myy.
A contradiction as a is a real number different from zero, hence a unit.
Therefore, we have at least two extensions, and from the fundamental equal-
ity we conclude that V,, has exactly two extensions W= each of which has
residue degree equal to 1. Hence both extensions are real.

(3) W|voo. Then w|g = eVso.
From y? = f(z), 20(y) = w(y?) = eveo(f(2)) = —3e.

= 2|e. Then e = 2 from the fundamental equality and w(y) = —3.
In particular, there is unique extension, it is ramified, has residue degree 1,
therefore a real valuation.
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Then w(isz) = =3 — evoo(l +27) = =3 —2(-2) = 1.
Thus 7% is a generator of maximal ideal in this case.
Regarding the extension of the real valuation rings V,,, a € P! of R(z) to

elliptic function field L we can now summarize:

Theorem 34 1. V,, where f(a) =0, and V. have just one extension W to
L, it is ramified with index 2 and real, also o(W) = W,

2. if f(a) < 0, then V,, has just one extension to L, it is not real, has the
residue field C, so residue degree f = 2,

3. if f(a) > 0, then V,, has two extensions to L, both are real and conjugate
under o.

3.3 The Valuation Theoretic Approach to El-
liptic Function Fields

Let L be an elliptic function field (or L = R(z)(y/f), f- monic, cubic polyno-
mial without multiple roots in C). We will be proceeding by quoting general
theorems on Dedekind rings, e.g. cf. [16, 38], and then applying those to
our special situation.

Theorem 35 The integral closure of a Dedekind ring in a finite-dimensional
field extension is a Dedekind ring.

Theorem 36 I[f A C B C K, K the quotient field of A and A is a Dedekind
ring, then B is a Dedekind ring.

Both theorems are needed in the proof of the next proposition. Assume L/K
be a finite field extension and hence it is an algebraic extension. Further, let
both fields be formally real.

Proposition 18 (1) H(K) C H(L),
(2) if H(K) is a Dedekind domain, then H(L) is as well.

Proof. To show the first statement we note that if W is a real valuation
ring of L, then its restriction V := W N K is a real valuation ring since the
residue field of V' is a subfield of the residue field of W and the property of
being formally real goes down from larger field to any of its subfield.

For the second statement pass to the integral closure R of H(K) in L. Then
the ring R is a Dedekind domain by the theorem 35 above. Since H(L) is
integrally closed in L, being a priifer domain, we get that H(K) C R C
H(L). So , by theorem 36 above, we get that H(L) is a Dedekind ring
provided it can be shown that L is the quotient field of R.

To prove this let a € L. Since the field extension L/K is algebraic we
get an equation a"™ + Y 7 aya™* = 0 where the coefficients a; belong to K.
This implies that we have a representation «; = h;/s where h;, s € H(K).
Inserting this in the equation for a and multiplying the whole equation by s"
we find that the element sa is integral over H(K), so belongs to R. Hence
a = (as)/s € quot(R), and the final claim is proven.
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Theorem 37 A, K as in preceding theorem. If A = NV,, each V, discrete
valuation ring of K, then the family (Vi) is the family of all localizations
Anr, M running through all mazimal ideals of A.

Theorem 38 If A is Dedekind, f € K*, then fA = ITym" ) where m runs
over all maximal ideals of A and vy is the normalized discrete valuation
attached to the valuation ring Ay.

Let K = R(z) and L = R(x)(y/f), where f is a cubic polynomial with
no multiple roots. Invoking proposition 18 we first state

Proposition 19 H(L) is a Dedekind ring.

By definition, H(L) = NW, where W runs through the real valuation rings
of L.
Since W NR(z) is a real valuation ring of R(x), it follows that
W NR(z) = V,, somea € P'. We know that the o’ s that occur are
characterized by f(a) >0 or a = 0.

Therefore,

HL)=( [ Wa)nWen [ WSnw,).
a:f(a)=0 a:f(a)>0

As L = R(z)(v/f) where f is monic, cubic polynomial without multiple
roots in C. i.e. L = {a+byf:a,be R(x)}, we can write out H(L) even
more explicitly.

Now, we calculate

HIL)NK= (] WanEK)N(WenNEK)N () [(Wy NE)N (W, NEK)
f(a)=0 f(a)>0

Clearly,

Now, by theorem 26 the integral closure of H(L)NK in L can be computed
as follows. First of all:

HLnk= (] W

H(L)NKCW

From the presentation of H(L) N K, theorem 37 and the fact that W is a
real valuation ring we have that W = W, W=, f(a) > 0 or a = 0.

= H(L) N K = (a0 Wa N (W5) N Wi

—_——

ie. H(L)N K = H(L). Hence we have
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Theorem 39 H(L) is the integral closure of H(L) N K.

Using trace and the norm we can characterize when an element is integral.
Using the above informations, let z € L that is z = a+by/f,a,b € R(x) and
z be integral over H(L) N K.

Then we know that (i) z is integral implies that o(z) integral,
(ii) Sums and products of integral elements also integral.
We can conclude that z integral over H(L) N K if and only if tr(z), N(z) in
H(L)N K. As tr(z) = 2a, N(z) = a®> — b*f, thus z integral over H(L) N K
if and only if a € H(L) N K, a®> — b*f € H(L) N K. From statements in (i)
and (ii) above we get that ¥*f € H(L)N K =V, f(a) > 0 or a = co . Now
Vo (V2 f) > 0 since b*f € H(L) N K where v, is a valuation correspond to the
valuation ring V,, in K. Thus, v,(b) > 0 since v,(f) =1, f = (x — a)g(x)

For av = 00,v,(b) > 2.

Therefore if z € L is integral over H(L) N K it is of the form z =
a+by/f,a,be H(L)N K, v,(b) > 2.

In contrast, L = R(x)\/f = {a+ b\/f : a,b € R(x)} where f is a monic,
cubic polynomial over R without multiple roots in C.
A similar presentation can be obtained for H(L). To this end we choose any
t € K subject to va(t) = 0if f(a) > 0,vx(t) = 2, e.g. t = 715 Then, it
can be deduced from the result above:

Proposition 20 i. H(L) ={z=a+by/f:a,b€ H(L) N K, vs(b) > 2}
it. Choose any t € H(L) N K with vs(t) = 2,v,(t) = 0 if f(a) > 0 then
H(L)y={2=a+b-t/f:a,b€e HL)NK}.

The remaining part of this section is devoted to explicit computations in
the elliptic function field L. The first task is to calculate the values of real
valuations of L. This will then be applied to determing generators of the
maximal ideals of H(L).

Conjugate valuations and calculation of w(z)
As before K = R(z), L = R(z)+/f where f is monic, cubic polynomial with
out multiple roots in C over R.

The quadratic extension L/K admits the conjugation
oc:L— L,a+ by a—by. This is a field automorphism, trivial on K.
L/K is a Galois extension with Galois group {id,c}.

Lemma 13 If W is any valuation ring of L with maximal ideal I, residue
field k, then o(W) is also a valuation ring of L. Its maximal ideal o(1), its
residue field is isomorphic to k.

As a consequence we get that real valuation rings are transferred into real
valuation rings.

Using our information on the real valuation rings of L, cf. theorem 34, we
obtain:

Proposition 21 (i) If W, is ramified over V,,i.e. f(a) =0 or a = o0,
then o(Wy,) = W,
(i1)if f(a) >0, then (W) =W, ,0(W;,) =W,

a ) «
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This fact has nice consequences for the normalized discrete valuations at-
tached to the valuation rings. Let W denote any discrete valuation ring and
W' = o(W),z = er®, ¢ a unit, 7 a uniformizing element. Then I = (), so
I' = (o(n)) is the maximal ideal of W', i.e. o(7) = nm',n a unit in W'. We
get 0(2) = a(e)n®n'*. Now, units map to units under oW : W — W'. As a
result we get:

Corollary 13 (i) If f(a) =0, then wy, = wy 0 0,
(i1) if f(a) >0, then w, oo =wl, wl oo =w,.

These relationships allow an efficient way to calculate the values
w(a+by),a,b e K =R(z),y* = f(z).

(1) If f(a) =0, then w,(2) = va(N(2)),

(2) if f(a) > 0, then wl(2) +w; (2) = va(N(2)).

Where for z = a + by, N(z) = a®> — b*f = 2.0(2),tr(z) = 2a = 2z + 0(2).

To prove we use the fact w(z2) + (wo 0)(2) = w(N(2)) = e(w|v).v(N(z))
and the corollary. Note that we know how to calculate the valuations v,, so
Ua(N(z)) is computable using the rules above.

We now turn to the determination of generators of the maximal ideals
m = [N H(L) where I runs through the maximal ideals of the real valuations
rings W of L. v, denotes the normalized discrete valuation belonging to
H, = W or to m, for short. The use of indices will indicate which real
valuation ring we are considering. We recall that in our situation of
H=H(L): if a = (ay,...,a,) then a®> = (3, a?).

This fact allow us to find generators of maximal ideals of H in a systematic
fashion . Let m be a maximal ideal of H. Then clearly there is no ideal strictly
between m? and m. Now, we know that m? = (a). Choose any b € m \ m?.
Then we get m = (a, b).

So, it remains to find such elements a,b. Applying theorem (38) we get
(1) m? = (a) iff vn(a) = 2,v,/(a) = 0 for all maximal ideals m" # m,
2)bem\m?iff b e A v,(b) = 1.

In the sequel o € R, and we assume f(0) = 0 what can be reached by

substituting x for  — a where f(a) = 0. The ideals are ideals of H(L).
(1) m, must contain the elements 1/(1 + 2?),2/(1 + 2%),y/(1 + 2?) since
they are in H(L) and their values with respect to w, are 4, 2, 1 respectively.
In case of wy we have the values 0, 2, 1, in case of w,, a # 0, f(«) = 0 (if this
case occurs at all) the values are 0, 0, 1, in case of w™, f(a) > 0 the values
are 0, 0, 0. So we find that

a:=(1/(1+2%)) + (y/(1+2%))* = (1 +2* +y*) /(1 +2*)*

satisfies the condition (1). In doing the calculation we apply the fact that

w(d_, qi) = min{w(g;)} holds for any real valuation w and sums of squares

¢;. Finally we get that me, = (a,b:= y/(1 + %)),

(2) the ideal my must contain the elements z/(1+x2), 2%/(1+2?%),y/(1+2?).
.. e

This time a = {75 + (ﬁ)z, b= 1fxza

(3) in the case that « exists with o # 0, f(«) = 0 the ideal m, must contain

the elements (z — «)/(1 + 2?), (z — a)?/(1 + 2?),y/(1 + 2?). This time

(e-a)?(+a?y?) §
(1-‘1‘1‘2)2 ) -

. K]
a = 1+x2 )
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(4) finally assume f(a) > 0, and let 5% = f(a). Then the ideal m} must

contain the elements (z — )/(1 + %), (z — «)?/(1 + 2%), (y — B)/(1 + 2?) .

. . r—o 2 a:2 — 2 r—x
This time a = &= ((1113524)_2@ D) b= a2

To get m_ we change [ into —f.

3.4 The Geometric Approach to Elliptic Func-
tion Fields

The following facts from ring theory are useful in understanding the geomet-
ric approach.

(1) Let A be a Dedekind domain with field of quotients K, m a maximal
ideal of A. Then the inclusion ¢ : A — Ap,,a = { induces an isomorphism
I:A/m — A, /mA,. Hence, A, is a real valuation ring iff the residue field
A/m is formally real.

(2) Let ¢ : A — B be an epimorphism of rings. Then the assignment
m — ¢ !(m) is a bijection between the set of maximal ideals of B and the
set of maximal ideals of A which contain the the kernel ker(¢). This bijec-
tion preserves the residue fields, i.e. ¢ induces an isomorphism

é: A/¢~ (m) — B/m.

As before, let K =R(z), L = K(/f),y =+/f, and W, WE where
f(a) > 0, W the collection of the real valuation rings of L. As usual,
deg (f) = 3, no multiple roots in C
Set A = R[z],then B = R[z,y] = R[z] + Rz]y is the integral closure of A
in L. This can be directly be seen by looking at the trace and norm of the
elements in L.
Then the W, W= are overrings of B, and W, is not, the latter in view of
Woo () = —2. The ring B, being the integral closure of the Dedekind domain
A (in fact a PID), is a Dedekind domain with field of quotients equal to L.
By the first statement above, the W, W= are exactly the localizations Ay,
where m runs through the maximal ideals of A with a formally real residue
field which in this case amounts to having R as residue field.

The kernel of the epimorphism

¢ R[X,Y] > B, F(X,Y) — F(z,y).

equals the principal ideal (Y2 — f(X)). The maximal ideals of R[X, Y] with
residue field R are the ideals

May = (X —a,Y —b) = {F(X,Y) €R[X,Y]: F(a,b) = 0}, (a,b) € R?

Finally we get that
(Y2 — f(X)) Cmyy < b* — f(a) = 0.

Hence, we are led to consider the elliptic curve defined by the equation
Y? — f(X) = 0. More precisely, we have to study the set " of real points on
this curve:

[={(a,B) €R*: * = f(a)}.
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What was demonstrated above means, first of all, that the W,, W= are in
one-to-one correspondence with the points of the elliptic curve. But much
more is true: we will use this fact to describe the real valuation rings and
the real places of L in a different, i.e. geometric manner.

Vo

~
N \

We first turn to
The valuation rings W # W, and their real places

With this curve at hand there is now no need to preserve the notation
WZE. Instead we are using uniformily the latter v = («, ) to denote the
points on I'. A point v gives rise to a maximal ideal

M, = {F(X,Y): F(7) =0} = (X — .Y — §) CR[X,Y].

As said above, these are all the maximal ideals containing the kernel of ®.

Invoking the fact (2) from the beginning of this section we obtain that the

images m., := ®(9M,) constitute the complete list of the maximal ideals of

the R-algebra admitting a real residue field. Using fact (1) from above we

get all real valuation rings containing B as the localizations at these m,,.
We can therefore summarize:

Theorem 40 Let v = (o, ) € I'. Then

m, ={F(z,y): F(v) =0} = (v — o,y — B)

1s a mazimal ideal of B with a real residue field inducing the real valuation
ring
F(z,y)
W, =B, ={—=:F,GeRX,Y|,G 0}.
= B, = (s X,Y],G(7) # 0}
In this way we obtain all real valuation rings of L, # Wy, in a one-to-one
correspondence.

The result allows us to determine the real places attached to the real valua-
tion ring W,,. The real place attached to W, is denoted by A,.

Corollary 14 Given z € L, then
Az) # 00 & 2z = F(x,y)/G(z,y) where F,G € RIX,Y]|,G(v) # 0. In that
case A(z) = F(7)/G(7).
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Finally, we address
The case of W,

W is the only extension of V., ramification index 2, wy(y) = —3,
Weo (y/(14+2?) = 1. Weset i := y/(1+2?) and find that § € J., by definition
the maximal ideal of W,. Also, y € H(L) and

Woo ={a(z) +b(x)y : a(x),b(z) € Vi }.

Similar to the geometric interpretation of the infinite place Ao, of R(x) we
consider the associated elliptic curve I' and get completely analogous results.
If v € R? we let || denote the Euclidean norm. First note that I' admits
points v with |y] — oc.
By F we denote the rational function a(X) 4+ b(X)Y € R(X,Y), set
z = F(z,y) and evaluate z at points of I. There are special instances, which
follow directly:
lim g(v) =0, lim a(y) exists < a € V.
[y|—o0 [y|—o0
With the help of this remark and the arguments regarding the infinite
place A on R(x) one derives the following

Proposition 22 (1) lim.cr 0o F'(7) exists iff z € W,
(2) if z € Wa, then Ao(2) = limyer |yj—oo F(7) = lim)y)—ooa(u).

3.5 Topological Representation

In this section we briefly present the geometric interpretation of the general
representation

H — C(M,R)

along the line we had followed for the rational functional field in section 2.4.
Since the arguments are completely parallel we omit the details.

Suggested by the previous section we are led to consider the one-point
compactification I' := I"'U oco. In geometric terms, this means we are passing
from the affine curve, given by Y2 — f(X) = 0, to its projective closure
described by Y27 — f*(X, Z) = 0 where f*(Y,Z) = Z3f(X/Z). One realizes
that only one point "at infinity” gets added, with homogeneous coordinates
0:1:0].

Topologically, passing from I" to T means to add to the unbounded com-
ponent (which always exists) of I' a point at infinity. In this way, the un-
bounded component gets ”compactified” to a homeomorphic image of S*.
The bounded component, if it exists, is also homeomorphic to S 1 Hence,
up to homeomorphisms, I' is of the topological type of one or two copies of
St

In topological terms, the last two propositions of section 3.4 states that
each z € H(L) induces by evaluation a continous function z : I' — R.
Appealing to the bijection between the space of real places and the T and
transfering the arguments from the situation in the rational function field
case, cf. section 2.4, we get this time analogously:
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Theorem 41 1. The map T — M(L),~ +— X, is a homeomorphism,

2. the representation H(L) — C(f,R) has a dense image.
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Chapter 4

Totally Positive Units and
Sums of Powers

4.1 The Units of H

In this section we confine ourselves to the rational function field case. This
is done for getting greater clarity regarding results and proofs. It is clear
that statements of this type can be obtained in greater generality but at the
price of applying a more abstract approach. Instead, as explained in the
introduction, we want to make use of all favourable features of the special
fields we are considering. Not all what has been proven directly for R(z) has
found a similar proof for the elliptic case so far.

As said we consider the field R(x) in this section. Here we will prove that
each totally positive unit is a sum of 2n —th powers for every n, in particular
this is true for the totally positive unit ;ii;

The proof will make use of the density result and the famous Hilbert’s
identities. These results are the basis for the bounds on Pythagoras numbers.

We will make use of the characterization
feEe f has no zero on P',
feE. < f>0onP.

We note also that Y, a?" € H implies that all a; € H and that every
sum of squares is a sum of two squares.

Hilbert’s Identities

(1.1) For k,n e N

=0

k " !
(Z x?) = ZaiLi(l'o,...,Jfk)Qn
(1.2)

k n k n—1 4
<Z xf) + 2na? (Z x?) = Z i Li(zg, ..., 21)*"
i=0 i=1

i=0
with a; € Q, o; > 0, linear forms L; € Q[zy, ..., x| and

2n+ k / 2n+ k
R
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Let a € E;.

We look at the associated continuous fgrftion a E — R. a is strictly
positive on the compact space. Consider a—! and 2.a=!. Both are strictly
positive continuous functions. Omne can find a strictly positive function
f : P! — R whose 2n — th power strictly lies between these two functions. f
can be approximated as closely as wanted (Stone-Weierstra$l ). In particular,
this means we can find b € H such that

b2 also lies strictly between the two functions.

We now pass to the element ¢ := abQ” Then we get ¢ lies strlctly between 1
and 2. As b2 is strictly between a—1 and 2.a- alie. to say a-1 < b0 < 2.q-1
multiplying throughout by a we get 1 < ab®>" < 2 where ( é = ab*"). Thus
c—1is strictly positive on P!, and all its value are strictly smaller than 1.
This implies that c—1 = u?+v%,u,v € H. It follows that the absolute values
of 4, ¥ are strictly smaller than 1. As 1 < n, both elements n —u?, n —v? are
sums of squares, i.e. n —u? = u? +u3, n — v? = v? + v3, where all elements
are in H. We now apply the Hilbert identity (1.2) for k = 2,20 = u, z; = u;
and k = 2, xy = v, x; = v; respectively.
In the first case we get

2 " 2 n-
(Z xf) + 2na} (Z xf) Z a; Li(z0, 71, 72)*"
i=0 i=0
Le. (22 + 23+ 23)" + 2nad(xd + 23 + 23)" !
= (u? + uf +u3)" + 2nu?(u?® + u? + u3)" !
=n"+2nu’n"t € > H™

Dividing by 2n"™ we get

n" +2nu?n™t 1 9
—— c H2n

The same conclusion holds for v i.e % +o0te Y H™

Then §+u?+4+v? € Y H*". So we derive that ¢ = 1+ u?+0v* € > H*"
As ¢ := ab®, finally that a € > H*"

That means we have proved (for K = R(xz)) the following.

Theorem 42 E, C N, > K*"

In elliptic function field L also H*NY L CNY L*" ie E, C N, Y L™
Remark: J.Schmidt has proved that even more B, = > (E,)*" .
(See [4] for the details)
Note: This Schmidt’s theorem has interesting application for the bound on
Pythagoras numbers.

In 1981, at a conference on Real Algebraic Geometry and Ordered Fields
in Rennes, France, Professor Becker gave a talk in which he proved that

1+¢2
2 + 2

B(t) = —— € Q(t)
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is a sum 2n — th powers of elements in Q(t) for all n.
That is for all £ > 1, there exists 0 < \;; € Q and polynomials f;; and g;
in Q[t] such that

1+ ¢ Fir®\"
Bt)==——5=) \i|=2
0 =5y = 2 (gj,k:(t)
Explicit version for this are known for £ = 1,2 and there has been interest
in finding them for all k. (For complete solution on R(t) see ([26], [27]).

4.2 The Valuation Criterion for Sums of Pow-
ers

We begin with the following lemma.
Lemma 14 FEvery fractional H—ideal is generated by two elements.

Proof. Let a be a fractional ideal. We know that it is finitely generated and
we find a? = (Zf a?). Since every sum of squares is a sum of two squares we
get that a®> = (b® + ¢?) = b? where b = (b,¢). Since all non-zero fractional
ideals are invertible in this case we obtain that a?6=2 = (ab™')2 = H. That

is we get ¢ = H. This implies that ¢ = H and finally a = b.

Theorem 43 (Becker’s Valuation Criterion). Given a € R(z) then the
following statements are equivalent:
(1) a is a sum of 2n-th powers in R(x),
(2) (a) a is a sum of squares, i.e. totally positive in R(x),
(b) v(a) € 2nZ for every (surjective) real valuation v : R(x) — Z U oc.

Proof. Assume (2) and consider the element a with the given properties.
We take aH = Haeplmg‘)‘(a). Since all values v(a) are multiples of 2n we get
that aH = a®", a a fractional H-ideal. We know that every fractional ideal is
generated by two elements. This leads to aH = (b*" + ¢*"). Two generators
of a principal fractional ideal differ by a unit of H. Hence, a = €[b*" + ¢*"], ¢
a unit of H. Now as a is assumed to be a sum of squares, the unit € is totally
positive as well, i.e. € € E,. Hence the claim.

The above theorem holds for elliptic case as well.

Theorem 44 Let L be an ellptic function field. Then
fedxL™e fed L 2nu,(f), VyelUoco

4.3 Sums of Mixed Powers

It was R. Berr who published in [6] an important generalization of the Val-
uation Criterion above to include sums of mixed even powers, i.e. elements
of >, 3" K?" where the n; belong to some finite or infinite set of natural
numbers. We quote it for arbitrary formally real fields.
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Theorem 45 Let K be any formally real field and I a non-empty set of
natural numbers. Then the following statements are equivalent:
(1)aey, T K™

(2) (i) a € 3K,

(i1) for each real valuation v we have v(a) € Uper2nl,T" the value group of
v.

From Berr’s theorem we get that a polynomial f € R[z] admits a represen-

tation
Fe€> ) R(@)™

nel
if and only if f satisfies:
(1) f is positive semidefinite.
(2) degf € Uper2nZ.
(3) ord(a) € Uper2nZ for every real root « of f.

Before moving on we consider special cases.

(1) Let q1,...,qx € R[z] be irreducible, positive definite quadratic poly-
nomials.
Then a polynomial f of the form

f=(z— 7’1)2m~~(95 - Tt)znt(h-.-%

admits in R(x) a representation as a sum of mixed powers of degree I, i.e.
I'={ny,...,ng, > n; +k}.

(2) Let f = (z — 1)z —2)%(2?+1).
degf = 12. By the valuation criterion f ¢ > R(x)* and f ¢ > R(z)S.

As f is positive semidefinite (f > 0), degf € Uper2nZ where I = {2,3,6}
and ord(«) € Uper2nZ for o = 1,2 which are real roots of f.

Therefore, f € Y. R(z)* + > R(x)".

How can we find such a presentation? The idea to find it in this special
case is already strong enough to provide the basis for a quite general result
which will be proven in a moment. In our given case we set

g=(r—1)(z —2)*,h = (x —1)(z — 2) then

222 —6x+5

g*4h’ = (2—1)*(2—2)°[(z—1)*+(2—2)?] = f-e where € = o

cE,

This implies
f=elg"+ 1.

¢!, as a totally positive unit, is contained in > R(z)* N Y R(x)%. Hence,
the claim on f is proven.

To prepare the next result we recall some of the features of H = H(R(z)):
H is a Dedekind ring, the square of a maximal ideal is a principal ideal, the
totally positive units are sums of 2nth powers for every n. In fact,

L= (= ()




To facilitate notation we denote by p’s the above generators of the square of
the maximal ideals. Note that they are sums of squares.

Now consider any non-zero f € > R(z)?. We know that all values

Vo (f), 0 € P! are even, only finitely many of them are non-zero. Set

ea = (1/2)va(f). Then

fH = [ m&e implying f = ] p.n € E..
a€eP! acPl

To simplify the notation even further we denote by pq, ..., pr the generators
occuring in the product formula, i.e. admitting a non-zero exponent e;. In
analogy to the example above we set

a; = pi - [ [} where Lie; > e; if j # i.

J#i
By summing up a;*,i = 1,..., k we calculate
k
; lie;—e;
=12 1w
1 i

The sum is denoted by S and belongs to the real holomorphy ring H since
all exponents are non-negative. The individual terms in this sum are sums
of squares, so we can easily compute the value v,(S) by calculating the
minimum of the values of the individual terms. Note that (p;) = m?. If
m, # m; for all i = 1,...,k then all v,(]]; ) = 0, whence v,(S5) = 0. If
m, = m; then v, (], ;) = 0 as va(p;) = 0 for j # i. Therefore, v,(S) =0
as well.
Thus we have proven that S € E,. Setting e = S~! we can formulate

Theorem 46 Let f € Y. R(z)?, f # 0, set v,(f) = 2e4 for a € PL. Denote
by e1, ..., e, the list of the non-zero e,’s. Then there are non-zero sums of
non-squares qi, . .., qx and a totally positive unit € such that

k
f=e > d
1

This theorem implies Berr’s characterization of sums of mixed powers.
To see this note that a totally positive unit is a sum of 2n-th powers for
every n and that an e-th power of a sum of squares is a sum of 2e-th powers
due to the first Hilbert identity.

Analyzing the ingredients of the proof of this theorem we see that only
facts are used which are known likewise for the real holomorphy rings of
elliptic function fields: Dedekind property and sums-of-squares generation
of the squares of the maximal ideals. As a consequence, the last theorem
can be proven for such fields by appealing to the family of all discrete real
valuations w,,y € I'U oo.
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4.4 Topics of Complexity

Let f € R[z] be a polynomial in one variable and let n > 2 be a natural
number. In the context of the study of sums of powers the following questions
arise quite natural.

(1) For which f does there exist a representation f = Z]lv(%)%, some

N € N with g;, h € Rz]?

(2) What can be said about the length N of such representation?

(3) What can be said about the degree of h?

The topic addressed in (1) is of a qualitative nature and finds a very satis-
factory answer by the Valuation Criterion of section 4.2.
Recall that f € R|x] has a representation (1) if and only if

(a) f >0 (ie. f(a) >0forall a € R,

(b) 2n|degf, and

(¢) 2n divides the multiplicity of © — a in f for every a € R.

In contrast, the questions (2),(3) address topics of a quantitative nature
and looks the complexity of a representation by sums of powers. Complexity
topics are difficult to deal with, only a few results are known. A sample
of them will be presented here, sometimes passing to more general formally
real fields .

As usual, given any formally real field K, we call the least N € N such
that 32 K" = Y.V K" the 2n — th Pythagoras number p,,(K) of K.
By a result of Becker [3], this number is known to be finite for all n € N
provided po(K) < 0o. So, all Pythagoras numbers of R(z) are finite.

In the special case n = 2, in the paper [10] of Choi, Lam, Prestel and
Reznick it was shown that 3 < py(R(x)) < 6 for a real closed field R.
Concerning topic (3) very little is known. Gilbert Stengle in [36] showed
that for the simple polynomial y*+ty%?+1 , viewed as a one-parameter family
of elements of R[y] if y* +ty®> +1 =3 (fi/fo)",t > 0 the degree of f, tends
to infinity with ¢ in any such family and there exists a family and a constant
C' in which the degree of fy has the bound C'logt for all large ¢.

The following result is a improved version of an older result by Becker.
The main progress came from the observation that Caratheodory’s theorem,
cf. [28], about the generation of cones in R- or Q-vectorpaces lead to shorter
length in Hilbert’s identities.

We recall the Hilbert’s identity

k n k
(ZXﬁ) —|—27”LX02(ZX12> Zﬁz i XD> ) k)2n
=0 1=0

where k,n € N, 5; € Q, 5; > 0, linear forms L; € Q[ Xy, --- , Xi] and

m < (2”+k) Caratheodory’s theorem yields this upper bound for the length
of the sum on the right hand side since this bound is the (Q-dimension of the
space Q[Xo, ..., Xklon

Proposition 23 Let R C K, K be formally real, p := po(K) < oo then
pan(K) < p*(*577).
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Corollary 15 If py < 2 then ps, <2(2n+ 1)(2n + 2).

Proof. In Hilbert’s identity the coefficients (; can be merged with the linear
forms since they are 2n-powers.

1st step: Y . a?" =€) " b?" where € is a totally positive unit €, in particular

e = > 1 x?. This can be obtained by considering fractional ideals: (3, a?") =

(cor@ ) = (a2 = (T0BE)" = (B2, 2" = (0 42,

2nd step: we assume é < 1. Since € is totally positive we have e = > 7 z2.
Then for all i we get 22 < 1, hence
1 —a? 1;:1 yfj, ie. 1=a?+ Zj yfj Plugging in in Hilbert’s identity we

i =

find for each index 7

1+2na2 =3V zt, N = (*r7).

Summing over all ¢ and dividing by p this means
1+ (2n/p)e = 11\]7’ y]z".

3rd step: Given any totally positive unit € find, by the density of the image
of H in C(M,R), a totally positive unit v and define another totally positive
unit 7 such that

1<€~fy/2\"<1—|—2n/p, define n by: 1+ 2n/p-n = ey*™.

7 satisfies the condition in the second step, and € turns out to be a sum of

Np 2n-th powers. Multiplying e with the sum )} b?” we get the claim on

Pon-

J.Schmid’s approach
The bounds for py, from above might be correct assymptotically but are
much too large for small exponents and small quadratic Pythagoras number
p2. In such cases the theorem of Schmid

Theorem 47 E, = Y " E" for all n.

can be applied to produce smaller bounds for ps,,.
To outline the idea we introduce the Pythagoras number

pi = pa(Ey) = min{k | E, = SFE”} or co.

The new idea runs as follows:
s=ya" =[>;a?/q"] - ¢" where ¢ = Y, a}.

The element in [| is a totally positive unit e as all real valuations assigns

+
the value 0 to it, and it is a sum of squares. Hence, € = Y 7" € where all
¢; € E,. Assuming py < 2 we have ¢, = n? + 13, q = a® + b*. This leads to

5= Sl + m) @ + )" = 4 (0 + )"
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since the product of two sums of two squares is a sum of two squares. In
the book of Reznick ”Sums of even powers of real linear forms” [28] we find

identities
n+1

u —|—U Zw

lequation 1.50, page 23].
This gives

Proposition 24 If ps < 2 then ps, < (n+ 1)p;.

The following argument below shows that p, < 2 implies the statement
py < 3. For function fields in one variable over R it is known that even
py <2, cf. [4,10]: so in the general case ps < 9 or in the special case py < 6.

Now the general arguments for the case n =2 .

As a function on M (K) € is strictly positive, hence strictly larger than
some rational number 1/n. Then (e — 1/n) induces a function on M which

is strictly positive. Hence, this element is a sum of squares. Therefore
e=1/n+3 1}

To keep the argument simple we restrict to the case p < 2 and R C K. So,
e = 1/n(1 4+ u? + v?). Necessarily, u,v € H. The basic discovery of Schmid
is this lemma:

Lemma 15 Ifu € H then 1 +u?> =n*> + w? n,w € E,.

To prove this we consider the continuous function
= (1/V1+u)|[a—i]: M — S

The values of f lie in the lower half-circle. Therefore we can use the stereo-
graphic projection to find a,b € H where a? + b* = 1 such that the function
g:=a-+ bi is close to f, as close as we want and need in the sequel (using
the density):

f=~(a+ 132) Multiplying with the inverse function ¢g=! = a — bi we find that
fg~!is close to the constant function 1, as close as needed for an argument
below. Calculation shows:

1. fg~t=(1/V1 +1/L\2)[17+@i],v =ua—b,w = —ub—a,v*+w? = 1+u?,
2. 0~ V1+ uAQ, w =~ 0, so approximating sufficiently near:
3. v S E+.

Hence, 1+ u? = v? + w? where v is a totally positive unit. However, w need
not be a unit, but w is small as wanted. This means that v £+ w are totally
positive units, and we have 1 +u? = [(1/v/2)(v + w)]* + [(1/v2)(v — w)]?,
and the claim is proven.

As a consequence we get that e = :f ZQ, e €Ky

Proposition 25 IfR C K,p, <2 then py <9
Proof. 33, a} = (3% ¢?)(a® + b?)%. Use the identity
(X24+Y?)?2 = (X + 1/\/_Y) + (X — 1/V/3Y)* +8/9Y%.
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PSALM 124
A SONG OF ASCENTS. OF DAVID.

1 If the LORD had not been on our side — let Israel say —

2 if the LORD had not been on our side when men attacked us,
3 when their anger flared against us, they would have
swallowed us alive;

4 the flood would have engulfed us, the torrent would have
swept over us,

5 the raging waters would have swept us away.

6 Praise be to the LORD, who has not let us be torn by their
teeth.

7 We have escaped like a bird out of the fowler’s snare; the
snare has been broken, and we have escaped.

8 Our help is in the name of the LORD, the Maker of heaven
and earth.

(NIV)
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