Addis Ababa University
Office of Graduate Program
Faculty of Computer and Mathematical Science

Department of Mathematics

Integral Representation
For

Solutions of Elliptic Differential Operators

By: Berhe Kalayu

Advisor: Dr.Tsegaye Gedif

A Project submitted to the Office of Graduate Programs
of Addis Ababa University in Partial fulfillment of the requirements for the Degree of

Master of Science in Applied Mathematics

January, 2011

Addis Ababa Ethiopia



Declaration

“I declare that this project has been composed by me and that no part of the project has
formed the basis for the award of any degree, diploma, associate ship, fellowship or any

other similar title to me.

Author's signature “



Permission

“This is to certify that this project is compiled by Berhe K alayu in the D epartment of
mathematics, Addis Ababa University, under my supervision. I hereby also confirm that

the project can be submitted for evaluation by examiners and eventual defense.

(13

Advisior's signature



Acknowledgement

I would like to express my sincere gratitude to my advisor, Dr Tsegaye Gedif, for his support,
patience, and e ncouragement t hroughout t he w hole task from the initial to the final le vel and
enabled me to develop an understanding of the subject.

My thanks also go t o Hailu Bikila one of the members of mathematics teachers on differential
equation for his technical and editorial advice which was essential to the completion of my
project.

I also like to express my eternal gratitude to my lovely parents and brothers for their everlasting
love and support.

Lastly, I offer my regards and blessings to all of those who supported me in any respect during
the completion of the project.



Abstract

This paperis devotedt o integral representation f or s olutions o fe lliptic d ifferential
operators. Given Q an open bounded domain in R™, n > 2, with a smooth boundary 9Q,
and L an el liptic d ifferential o perator,u isa functions uch that u e C*(Q) and f is
continuously differentiable function ,we show that the solution u for the given equation

Lu=f

has an integral representation that can be derived from fundamental solution and Green’s
function.
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Introduction

One o f'th e im portant tools in th e th eory o f PDEs is th e in tegral r epresentation o
solutions. An integral representation is a formula of the solutions of a problem in terms of
an integral depending on the Greens function and fundamental solutions for the operator

given in the problem.

Integral r epresentation pl ays a ¢ entral r ole i n va rious f ields of pur e a nd a pplied
mathematics. In this paper we define elliptic operators, which are a special sort of partial
differential o perators. Many o f th e d ifferential o perators that crop up in p roblems in

geometry, applied mathematics and physics are elliptic.

This paper consists of two chapters; the first one has a notations and preliminary results
with the goals of developing and studying basic definitions and facts. Here I have tried to
emphasize, w henever p ossible, f amiliar n otations an d b asic r esults o f d enotation o f
partial d erivative w ith few ex amples, in order to provide intuition and feeling for the
project. For this part, a few i mportant facts from result of advanced c alculus 1ike the
Green’s identities, i ntegrals i n p olar co ordinates and change o f v ariable f ormulas ar e
introduced. Chapter two mainly treats the integral representation for solutions of elliptic
differential operators, chiefly for Laplace operator and other general elliptic differential
operators. Here de finitions, theorems witht heir p roofs a nd e xamples w ith their
explanations are provided and also a concept of fundamental and distributional solutions,

Green’s functions and its properties are discussed.

In the next sections i will define the general elliptic operators, and give a few examples
and basic facts. Suppose L is an elliptic differential operator of order k. Moreover let u be
a function defined and k times continuously differentiable in the closure of a domain Q
of R™. Provided the adjoint elliptic differential operator possesses a fundamental solution,
we shall se e that u can be recovered from Lu and the boundary values o f u. S trictly

speaking, we shall get an integral representation of u.



CHAPTER ONE

Notations and preliminary results

We fix some familiar notations used throughout this project.

x = (xq, x5, ...X,) is a variable point in the domain real n-dimensional Euclidean space

R™.
n 1/2
x| = (z xﬁ)

i=1

Let u(x) = u(xyxy, ..., x,) bea di fferential f unction. W ¢ us e a ny of't he f ollowing

notations to denote the partial derivative of u with respect to the it" variable x;.

ou

Jdu , Du , —
K l 15 axi

The s econd pa rtial de rivatives of a t wice continuously d ifferentiable f unction u with

respect to x; and x; will be denoting by any of the following notations.

62

0x;0x u

2
Uyx; 0%;u, Dju, '
j

y

We set D° = I, and for any positive i ntegerk. We let D¥u tobe the set o fall p artial

derivatives of u of order k.

Du denotes the gradient of u , that is
Du = (uq,uy, cees Up)

Sometimes a much more convenient notation, the so called multi-index notation is used.

An n multi-index is an n-tuple of non negative integers

a=(a,a, .., 0,;)



So,

a9t g% g%n
- al . az LR a
dx;" ' 0Ox, ax, ™

Example 1 for n = 2 ,a = (0,0) corresponds to D*u = u

|| = 1 is associated with @ = (1,0) or a = (0, 1).

Ju ou
a=(1,0):Du=—,ora=(0,1):D% =—
dxq 0x;

|a| = 2 is associated with &« = (2,0),a = (1,1) or a = (0, 2)

0%u
a=(2,0):D% = —
axl
0%u
=(1,1): D%u =
@ ( ’ ) u 0x16x2
2%u

a=(02):Du=——=
( ) asz

Forn = 3justata = (1,1, 2) with u = u(xq, x5, ..., X,)

ou du 0%u d*u
D%u = 7= )
axl axz axS axlaxZaxg
In general for,
alely
a = (ay, ay, ..., a, ), u(x) = ulxy, x9, .., Xp), D%u =

0x,%1.0x,%% ... 0x, "



Example 2 The second order linear differential equation

n

> @D ut) = f(x)

la]<2
Can be written as
aenlx +aa,n) iy, +agn(u,, la| =
+ a0 ®u, +apnu, la| =
+ ag,0) (X)u la| =0

=f()

We will see few important facts from calculus below

1.1 Green’s identities

a) Let Q bea bounded, open subset of R" such that dQ is C* boundary of Q .
And Let
n(x) = (ny(x), ...,n,, (x)) be the unit out ward normal de rivative t o Q at
x e Q.
0 to be a C* boundary and u e C*(Q),then

juxi dx = funida ,(i=1,..,n)

Q 0Q

In general we have,

fdivwdx = fw.ndo
Q aQ

Where w is a C! vector field on Q and the dot “ ” d enotes t he Euclidean p roduct of

vectors in R™, and do is the volume element of 9Q.

4



b) Letu,w € (C'f2 then for (i = 1,...,n)

(ii) jqudx = —jDu. Dwdx +f u? do
Q Q d

Proof

fuxiwdx =f uwn;do —fuwxidx
5 19} Q

Proof
f (uw),, = f (uw)n;doc from (a)
Q 20
But,
f(uw)xl. =j(uxiw+uwxi)dx =| (uw).n;do
Q Q aQ
Therefore,

fuxiwdx =f uw.nida—fuwxi dx
Q a0 Q

Let u,w e C2(Q).Then we have

Ju
() fAu =f —do
Q 0N

Proof:
Au = div(Du)

Jdu

fAu = fdiv(Du)dx =f(Du).nda :f %da
Q Q Q 20

Qan

(Green’s First Identity)

div(uDw) = div((uwy,, ..., uwy )), where Dw = (Wy,, ..., Wy, )



n

B d ow
- Lox; (u d0x;
i=1

n Ju dw n d2%w
=z —_—. + u—2=Du.Dw+uAW.
i=10x; 0x; i=1 0x;

Therefore,

uAw = div(uDw) — Du. Dw

Integrating with respect to dx on Q) we get;

fu Awdx = fdiv(qu) dx — fDu Dwdx
Q Q Q

= j qu.nda—fDqudx ...by (@)
aQ Q

=] ug—wda— fDuDde
oo " Q

Therefore,

quwdx = —fDu.Dwdx +f ug—wda
Q Q ao "

ou
_ ow i ow
(iii) fg(qu — wAu)dx = Lg(u% wan)da
(Green’s Second Identity)

Proof We consider the first Green’s identity;

jqudx = —jDu.Dwdx +f ug—wda
Q Q ao "

and



fwAudxz —fDu.Dwdx-i—f Wg—ud o foru,we C2(2)
Q Q o o
Then subtract the two equations yields the Green’s second identity;

du
f (wAw —wAw)dx = | W —w—)do
Q oo an

Note that Du. Dw = Dw. Du implies

—fDu. Dwdx +ij. Dudx =0
Q Q

1.2 Integrals in polar coordinates

IfxeR", x = lelz—l:rw,where r € (0,00) andw=|i—|es”‘1{xE]R" =: |x| =1}

which is a unit sphere.

If f is lebesgue measurable function in R” such that either >0 in R™ or €L!(R™) , then

= "Ldg(w)d
feod fo L_lf(rW)r o(w)dr

Also,

j f(x)dx =f j f(x° + pw) p*ldo(w)dp
B(x%r) 0 Jsn—1
= frf fw) r*ldo(w)dt

0 JaB(x0,t)

The above formulas allow us to convert n-dimensional lebesgue integrals into integrals

over spheres.



1.3 Change of Variable Formula

Let Q be an open set in R”, and ¥: Q —» R" be a one-to-one C! function such that

1 9(Q) - Qis al so C!.suppose that f is ] ebesgue integrable on W(Q).Then foV is

lebesgue integrable on Q, and

fedx = [ FOPGO) ety ¥(o)ldx
¥(Q) Q

where JW(x) is the jacobian matrix of ¥ at x € (2.

We also need to fix some notations

w,, denotes the volume of the unit ball B (0, 1) in R" (i.e. w, = |B(0,1)])

It follows that

|0B(0,1)]: = nw,.
where
0B(0,1) = {x € R™: |x| = 1}
Let
¥Y(x) =y +rx.then J¥(x) =rl.
Note that
|B(x,7)| =j dx =j dx = j |detifJ ¥ (x))|dx
B(x,r) ¥(B(0,1)) B(0,1)
Since

Y(x) = (y1 +1x1,y, 71X, 00, +7X,)
r ces 0
JYx) =1+ =~
0 r

|det]¥Y(x)| = ™



Thus

BNl = |

rtdx = r"f dx = r|B(0,1)| =r"w,
B(0,1) B(0,1)
Therefore,

|B(x, )| = r"w,

Similarly,

|0B(x,7)| = r* nw,

Theorem let u € C2(Q) satisfy Au = 0 in Q. Then for any ball B = Bp(y) cc Q, we

have

) u(y) = n—‘f udo

(i) u(y) =

1 J‘d
o R Bux

For harmonic functions, the above theorem asserts that the function value at the center of
the ball B is equal to the integral mean v alues o ver b oth the surface dB and B itself.
These results known as the mean value theorems.

Proof let pe(0, R) and apply

ou
fAu =f —do
Q aqdn

ou
—do =f Au=0
o, 0N B

to the ball B, = B, (y). We obtain

Introducing a radial and angular coordinates = |x — y|,w = ? , and writing



u(x) = u(y + rw), we have

ou ou ou
—do = f —(y + pw)do = p"‘lf —(y + pw)dw

d d
= p"_l—f u(y + pw)dw = p" 1 — pl_nj udo|=0
9p Jjw)=1 dp 9B,

Consequently for any pe(0, R),

pl‘"f udo = Rl‘"f udo
9B dBg

p

And since

lim p1™ f udo = nw,u(y)
p=0 B
P

relation (i) follow. To get relation (i1) we write (i) in the from

nw, p" u(y) = f udo,p <R
3B,

and integrate with respect to p from 0 to R. The relation (ii) follows immediately.

10



CHAPTER TWO
Integral Representation for Solutions of Elliptic Differential Operators

2.1 Elliptic differential operators

We begin this section with some preliminary definitions.
Definition 1 A domain Q) in RR" is an open, bounded subset of R™.

Definition 2 The boundary of a set £ is t he i ntersection o ft he cl osure o f £2 and t he
closure of the complement £, which is denoted by 9. that is 2 = 2 N RR™\(.

Let L be a linear partial differential operator of order m defined in an open subset 2 of
RR™. Assume that L can be represented by means of the standard coordinate system x in

the following way:

Lu=L(x,D) = Z a,(x)D*u

|a|<m

Or simply,

g% gam
~ Oxy@1 7 9xm

L:=1L(x,D) = z a,(x)D% , D¢

|a|<m

(2.1.1)

Where t he co efficients a, (x) , (|a| < m) are r eal valued functions de fined i n 2.The
principal part (or leading part) of L is the operator obtained by deleting all lower order

terms:

LixD)= ) a,()D

la|=m

11



The function L, (x, &) = X|4|=m a4z ¢%, which is a homogeneous polynomial of degree m

with respect to &, is said to be the principal of L.

Definition 3 an operator L is said to be elliptic of order m at x if and only if L, (x,§) #
0 for e RR™ and & # 0.

L is called el lipticin £ if L is e llipticat e very point o f 2. And L is c alled uni formly
elliptic in (2 if there exist positive numbers ¢; and ¢, (independent of (x, £)) such that the

following inequality holds:

c1lE]™ < |Li1(x,8)] < ¢y |EI™if xe 2 and EeR R™ 2.1.2
Remarkl ellipticity is a condition only on the leading part of L, no restriction is imposed

on the coefficients of lower order terms.

Note the s ame d efinition o f e llipticity ( Definition 3 ) a pplies to o rdinary d ifferential

operators.

h

Suppose t hata n n'" order or dinary di fferential e quation Lu = f , w ith s mooth

coefficients a;(x) and a smooth f, is given by

d™u(x) du(x)
dx™ ot a®) dx

+ao(ulx) = f(x)

ap (x)

n
= L=a,(x)

d
EpT + o+ al(x)&-i- ay(x)

Then the principal of L is just
L, (x,§) = a,(x)§".

So that L is elliptic on R™ provided a,, (x) is non-vanishing on R.we use immediately that

examples of ODEs are easy to obtain. All ODEs with constant coefficients are elliptic.
Consider a Bessel’s equation

d*u du
2 2 _ 32y, —
xdx2+xdx+(x A Ju=0,1€R

12



2

d
L=X2W+XE+(XZ—AZ)

The principal of L is
Ly(x,8) = x*&*
Which vanishes at x = 0, hence it shows L is non elliptic operator.
Definition 4 an n X n real symmetric matrix A is said to be a positive definite if
xTAx >0

For all non zero vector x with real entries (x € R™), where x” denotes the transpose of x.

Example 2.1

-ls 3

. . . . X . .
is positive definite for a vector with the entries x = [ xi] the quadratic form is

T 1 07[%0 2 2
x'Ax = [xg, X [ ” ]=x + x>0
[ 0 1] 0 1llx 0 1
Where t he en tries X, x; are real and at 1 east one o fthem non zer o, this shows 4 is

positive definite.

Definition 5 an operator of second order with real coefficients of the form

n

L:Z yj oo 6 Zbla + c(x). 2.1.3

ij=1

With a;; (x) = a;; (x) is elliptic at x = (x1, X, ... Xy if and only if the matrix (a;; ) et

is positive definite.

Definition 6 L is also elliptic in(2.1.3), if there exists a positive function p(x) such that

13



n

Z a; (x)§;§; = pu(x) z &’ for all (&,& ..., &) eRR™ 214
i=1

ij=1

Example 2.2 the Laplace operator A is elliptic

Check

1, i=j

Lu = Au :Z&JD u :>a]=6ij={0 Q%

i,j=1

= ;88 = 688

= z ;i &i§j = Z 6y $i€;

i,j=1

Z 6, (60 = Z 607 = lEIP

i,j=1

n
> D agag = gl
ij=1
which is the ellipticity condition with u(x) = 1.

Consequently, the Laplace operator A is elliptic.

Example 2.3 given the minimum surface equation

Du
Lu = div (—> 0
J 1+ ||Dul|?

14



The operator L is elliptic.

Check

n
d-(—lﬂ——> 6( o ) )
v = — | Y/— *
JI+1Dulz) & 0% \|/1+|Dull?

But,

9 < Du > J 1+ ||Dul|? 6 (D;u) — D; Uz— \/1 + ||Dul|?
0x; \\/1 + ||Du|| 1+ ||Dul|?

d
T+ DUl Dy — D (1+ £, (Dw)?)
1+ ||Dul|?

@+ IDull*)D;;u — D;u ¥}y DyuD;;u
(1 + ||Dul[2)*2

(%)

Now, applying (**) into (*), we have

Z ( > Z (1 + [IDull*)Dyu — D;u X7y DyuD;;u
0x; \ /1 + IIDu JI+1Dull?) & (1 + ||Dul|?)*>

3

> 1+ IIDuIIZ)Diiu—DiuZ DuDyu | =0
i=1 =1

15



n

n n
> A+ IDul) D= Y Dubyubyu =0
i=1

i=1j=1

n n

n n
1 i=]
= 1+ ||Du||2)5ij Djju — ZZ DyuD;juD;ju = 0 where 6;; = {O i ¢j.
i=1j=1 i=1;j=1 ’

n
=1

= a;§¢ = [14 1Dull*16;;¢;¢ — D;uD;uéé;

= Z a;§i¢; =1+ [ Dul|?] Z 6 $i&; — Z D;ué; Dyug;

ij=1 ij=1 ij=1

= [1+1Dull?] ) (60? = ) (Dug,)’
i=1 i=1

= [1+ IDullP]IgN? = IDugli> = [1+ IDullPIEN? — IDuli*gl? = N§N?

16



n
> ey = 61
ij=1
which is the ellipticity condition with u(x) =1
Consequently the operator L is elliptic

Definition 7 the operator

n

(L+h)—z o +§n:b 9 ih
_“ 1aij(x)axiax) - iaxi )
i,j= i=

where h is an operator of order less than the order of L.

is said to be elliptic at x if

n

62
L= L
Z % 0x;0x;

ij=1

is elliptic there. (See Remark 1)

Example 2.4 We consider a general secondary linear partial differential equation inRR?.
a(x, YUy + 2b(x, Y)uyy, + c(x,y)uy, +dx,y)u, +elx, y)uy, + f(x,y)u + h(x,y)
=0

From this,

la;] = [Z lc)]

The c orresponding e igen va lues of a;;, 44 = A1(x,y) and 1, = A,(x,y) are real and

ij
A2, = ac — b?.So in this case the operator is elliptic at (x,y) ifand only if ac — b? >

0.

17



2.1.1 The Laplace operator

The simplest partial differential equation of elliptic type is the familiar Laplace equation.
S 92y 5
Au = Zm,uec (.Q)
l=

Where

is the Laplace operator.

2.1.1.1 The fundamental solution of Laplace operator

Let

L=L(x,D) = Z a, (x)D%

la|sm
be an elliptic differential operator of order m in an open subset (2 of RR", where (2 may

be a small neighborhood of a point or the whole space R".

Definition _af unction E(x,y) isc alledf undamentals olution of L iffo r
every f(x) € Co™ (12),

u(x) = jﬂ ECGey)f () dy

Solves the equation

L(x,D)u(x) = f(x) inQ.
which can be interpreted in the sense of the theory of generalized functions as

L(x,D)E(x,y) = 6(x —y)

where 6 is the Dirac delta-function defined as

18



ff@w@wx=ﬂm.

Where Cy*(2) int he a bove de notes a s et of i nfinitely di fferentiable f unction w ith

compact support.

A f undamental s olution E(x,y) oft he Laplace o perator A ist he s olution of t he

inhomogeneous equation

AE(x,y) = 6(x =)

Definition:-A radial f unction isa f unctionof t hef orm u(x) = y(|x|) fors ome
functions y:[0,) = R.
Let

r(x) = x| = Vx.2+, ..., +x,2

Fori=1,..,n

Lt T 2m = S 0
axi_z(xl s FX,7) 2. 2% = " ,(x )

Now for u(x) = y(|x|) for some y C?(0,x)
Ju ar X;
F Vr(T)a—xi = Vr(T)7
’u 0

X;
n =5 B OD

x;2 1 1

=Yzt Yr(; + x;0x; ;)

Where
1_ 2 2N+ _ 1 2 2 =3 — _
0x;— = 0x; (61 "4, o, FX )7 = =5 (01 o +20%) 22 = —

Then,

19



Thus,

n 2 1 2

_ Xi Xi
—ZYrrr—z‘H’r(;—r—g

i=1

n 1
= Yrr +YT(;_;)’x:’t0

Therefore to find u such that Au = 0 in RR™\{0}, we solve the differential equation

n—1
VT‘T+YT'( r )=0

Assuming

Yrr 1-n
)/(T')?‘—'O ) - =
Vr r

Integrate in r

=y, =crt™
Where, k and c; are constants.

Integrate again
€1
forn=2: yr7:y=cllnr+c2

C1 1 C1
n> 2: yrrn——li Yy = —

Consequently if r > 0, we have

20



1 C1

y(r) =42 —nyn—2 T
ciinr + ¢, ifn=2

ifn>2

Where cyand c, are co nstants. T hat sh ows t hat u(x):x — y(|x|) isa s olutiono f
Au =0 inR™\{0}.

Therefore we set that by the translation invariance of the Laplace operator the function

wx — y(x -yl

1s a solution of
Au =0 on R"\{y}

Note that there are infinitely many solutions of Au = 0 on R™*\{y}. Since the constant
c, is harmonic even at 0, it contributes nothing and can be omitted. We take ¢, = 0 but

would like to choose the constant ¢; such that

Axy(lx - YD = 6y(x) ’ (x € ]Rn\{y})

In the sense that

f y(x —yD Ap(y)dy = ¢(x)
]:Rn

for all € C,”(R™)
For this, suppose ¢ € ¢ *(R"™) say ¢ is supported in the open set Q and let € > 0 small
enough
Such that
B.(x)cQ,let Q¢ = \B(x)
We will assume for the case n > 3 the case n = 2 being similar.

Let v(y) denote the outer normal to Q¢ at y. Note that at y € dB,(x)

21



xX—y
lx — yl

v(y) =

By Green’s second identity we see that

|| 0rx = 3Dape) - ay(ix = Yoy
Qe

_ g ay(Ix —yl)
= fme (V(Ix - yl)% o) T) da(y)

Since
Ay(lx —yl) = 0on Q¢ ,
and recalling that ¢ = 0 near 0Q2 we see that

ay(Ix —yl)

f (Ix —yDAp(y)d —f (lx = I)a—(p— ) ————]do(¥)
QEV yDhedy = | (vlx=yDg, —el 7 y

Qe

_ 09 ay(x —yD
-] (v -3 - 00 L= a0 )

2! f do dy (lx —yl)
~ g | e - e e
(2-n) €% ), = OV l—y|=€ ov
Here v is the outer normal vector field, note that since

Y(x —yDIAe)Ixo, v) < v(Ix — yDIA@(y)]
Forall € > 0, and y(|x — y|)A@(y) is in tegrable o n R™ by t he 1 ebesgue dom inating

convergence theorem we see that
ggrg)f y(x = yDAp(y)dy = f)/(lx = yDAp(y)dy
Q. Q
Since ¢ € ¢ *(Q), and hence Do(y) is bounded it is clear that

lim —————— f 22 ds(y) =0
e-0(2—n) en—2 Y

Note that this limit is still true provided that D¢ is locally bounded on Q.
Also, on B¢ (x)

22



dy(lx—yl)

50 =D, y(Ix=yD.v
X—=Yy
=D X —
o5} ly — x| XYy
= n—2 |x —y|i™,
- Py Xy
=cile—y'™

Therefore,

dy(lx -y g
ﬁx_ylzew(y) ———do(y) = o5 flx_ylzeq)(y)da(y)

= cinw,ave f p(y)da(y)

lx—y|=€
- = nw,e(x)
as e—0

Therefore we see that

fQ y(1x = YDAy = cinanp(x) = p(x)

Hence we choose ¢; =
nwny

Similarly, For case n=2, we have,
ny(Ix —yDA@(y)dy = ¢;2np(x) ,since dB(0,1) = 2m,whenn = 2
Hence we choose ¢; = L

2

Therefore for x # 0, we define
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1
o nlx] ifn=2

1
n(2 — n)awy|x|"

I'x) =

ifn>?2

Note AI' = 0 for x # 0 but not defined if x = 0. A" can be defined everywhere in the

sense of distributions,

1 ,x=0

Ar'=6 ’ 50(x)={0 x#0
0 ,x=+#
AF(x_y):{l XZ;I

Formally, this suggests a solution formula for a poison equation
Au = f in RR"

Check

A= f AT =WFOdy = | 8,0)f0)dy = f(x)
R Rm

Definition:-The function

1
—In|x — y| ifn=2
2

I(lx -yl = Ty

n2 —njwy,|x —y[*?

ifn>?2
is the fundamental solution of Laplace operator.

By simple computation we have

DiI'(x—y) =

na, (xxi—y)lx—yl™

1

nw,

D;I(x —y) = {Ix - 3’|25ij —nlx; —y)(x — 3’j)}|x —yl ™2

Clearly, I"is harmonic for x # y.
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Lemma 2.1.1.1 we have

a) |DF(X)|SW ,x#+0
b) D2 (x)| < PR x#0
o) _ 1 o eano
) v nw,r"1 * ©.n)
Note
) =Dre). s wherev(x) =
avx = x|x| wnere v\x —le
Proof

din|x| 1 d|x| 1 x
dx; x| 0x;  [x]|x]

a) forn=2:

1 x c
DF(x) = %W DIDF(X)I < —

x|
~(n-2)
d 1 0 2
. S — 2
forn>2: ox, X" 2~ ox, [2 Xk ]
n—2
. (n-2) Z D X
= 5 [ X, ] 2x; =—(n—2) PR
-1 —(n—2)x
P = =, [ l
Dr(x) = 1 x
T Ry Il
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DI =
PPN < 20T = e e
C
= IDI"(x)IS| =
, —z-aaz|| 5y o 1
) forn=2; ox 0x; ax,. Xl T2 T o 1P
But
2177 Xj
ax |x|2 ax [Zxk :_[Zxk ] 2% :_ZW
176; xx
DI (x) = —|—= -2
) = ol ™
D2 ()] < 1] 1 2|x|| |
=50 ME 27T|x|2
= DT (x) Sl E
>2 5 gl = S (-e-2k)
for m ’ ax ax; ||x|"=2 X; n |x|™
_ 1 a1
- KT M g
- N
= O D N g T
But

- —(n+1
9 1 _i[zx Z]Tn_—_n[zle o) oy = T
0x; |x|"_6x]- k 2 k TR x|t
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D?’I'(x) =

1 1
71(2——7’1)( 1)(7’1—2))[ — NnXx;Xx;

I In l]l |n+1

o o
—NX; X; —————
nw, len 7 |x|n+1

1 1 X[ x;
ID2I' (x)| < ! | <
nw, | |x|"

1 1 n 1-n 1
e e <

||+ w L™ |x "] T nw, [x|
c
= |D’r(x)| < =
1 1 1 x
c) for n=2 ;DF(x)=2—Dln| | = —

2m || [x]

6F()_1 x x 1 |x* 11
= Y T kP 2 xRl

2 x|
2 Ley=prep ot X L1
for n ; X |x | nw, x| x| nw, |x|"*1 T nw,|x|*!
1

nw,r"*1

Therefore,

1
W Vx€E aB(O,T)
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Theorem (Integral Representation)

Let Q be a domain with ¢! boundary. If u € ¢?(Q) .Then for any x € Q.

u(x) = f (x — A u(y)dy
Q

—fm<r( —y)ﬂ— u) L& _y)>da<y) )

Proof T is defined on R™\{y} as follows

1
ﬁlnlx—yl ifn=2
I'x—y)= 1 1

n2-nw, |x—y[*?

ifn>2

I'(x — y) Satisfies AI'(x —y) = 0 in R*\{y} forn > 2.let x € Q.
Then B(y,e) € € Q for some € > 0. Let Q. = Q\B(y,¢€)
Now u(y) and I'(x — y) are in ¢2(Q,) .We apply Green’s second identity

[ e =»suw) - uerare - ydy
Qe

_ ou (x-»
-/, (F(X—Y)%(}’) —u(y)a—>d )
Since I'(x — y) is harmonic in Q, ,

fF(x—y)Au(y)dy=f (F(x— )—(y)—u(y) o _y))d 6]
Qe Q.

a —
- [ (r(x—y)a—;‘(w u(y) T )) do(y)
aQ

+f <r(x—y>—<y)—u( )Qﬁ o) @
0B (y,€)
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j I'(x —y)Au(y)dy
Q

€

=l

=f <F(x—}’)—()’)— a2 _”>da<y>
0Q

du ar(x — y)
+ fag(y,e) <F(x -y) EM (}’)> do(y) — LB(y’e) (u(y) T) do(y)

=/¢ Ke

But er u(y)Ar'(x —y) = 0,since I'(x — y) satisfies Laplace equation.

I = j I'(x —y)Au(y)dy
Qe
- f [(x — YA u()xq, () dy
Q

Note xo_(y) = xq (y) ase - 0

IT(x = A u()xq, )| < IT(x — YA u(y)]

I - f I(x = Y)AuG)xq () dy = f (x - y)Au() dy
Q Q

ase—0
Ju
Ul ={[  Te-n5eedem)
dB(y,e)
= ¢,, max|Du] ——do
n Q aB(y’e) |X _ yln_z (y)
=c, maXIDuI j j r"ldo(w)dr

= nw,c, mSXIDqu rdr
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= /.| <c, maxlDule;2 —»0ase—0

lim/, =0

e—0

B r(x—y)
k=] )= a0, ye80.0

l'(x—y)

5 = Pl =»)-v(y)

4 for x € dB(y, €)

=Dl - y) I -yl

() =

1 2—n
2=, |x —yl

DI'(x —y) =

F(x—y)=n

y—X
Iy—XI
-y 1 X—y

—n —
— nwn|y N0 =0y

oI oy —x?
nwy, ly — x|

=y — X
nw,

B or(x—y)
K. = fa B(mu(y) a0 do(y)

1 uy)
= — 1 do(¥)
NWy JaB(y,e) Ix —yl

1
S f u@)do(y)
dB(y,€)

nw, en1

1
= - u(y)do(y)
10B(y, €)1 Jag(y,e)

But
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1

m 9B (y,€) (u(Y) - u(x))da(}/) + u(x)

u(y)do(y) = 10B(y, )l Joyp(y.e)

Since
1
1980y, Ol BB(y,E)u(X)do-(y) = u(x)
After taking limit as € — 0 (2) becomes;

fgm - yauGdy = |

0Q

(r(x— )—(y)—u(y) o _y)>da<y>+u<x)

Hence

u(x) = jg rGc- yAue)dy - |

0Q

a —
(re=» 50 -un =52 o)

Lemma 2.1.1.2: Ifu € c?(Q) satisfies Au = 0 in Q then

u(x)=—fa <r<x y)—(y)—u(y)gﬁ()
Q

Proof

The proof follows from the above theorem

u(x) = fQ rGc-yauedy - |

0Q

dJ —
(m—w%m—um qe=y) ”)d()

=0
Since
Au=20

Therefore
uG) = - | (r(x y)—(y)—u(w(—v_”)da(y)
0Q

. .. 0 . . .
Note that the normal derivative % on 0Q is not known, so we would like to modify the

: . 9
above formula to get a formula which does not involve % .

Suppose for each x € Q, there is a function ¢*such that

{ Ap*(y) = 0 inQ
P*(y) =-Tx—-y) on 0Q
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Using Green’s second identity on Q with u(y) and ¢*(y) we get

jg¢x<y)Au(y>dy= | <¢ 0 2 5) - ue) 2 (y)>do<y) 3)

0Q

Adding (3) to (1) we get,

u(x) = f (rCx —y) + ¢*(»)Au(y)dy
o]

0 o(r(x — x
- (€= + 6 0n 50 - uin TELEED 4oy
0Q

a _ X
u(x) = j (rex —y) + p*(»)Au(y)dy + f u(y) (=) +¢7 () do(y)
0 20 v

0
- (TG =)+ ¢* () 5 0o (¥) “
a0

2.1.1.2 Green’s function of Laplace operator

Definition a function G(x,y) defined for x,y € Q x # y is called the Green’s function
for the Laplace operator on Q. If

(1) G(x,y) =0 forx € 0N

2)G(x,y) =T(x —y) + ¢*(y) is harmonic in x € Q

Now (4) becomes

u(x) = fQG(x,y)Au(y>dy+ fa ) ( Y 4(y) - fa e y))—(y)da(y)
dG(x,y)
= G(x, y)A d d
ue = | G pauGdy + fa )= doy)

Using t his formula we can obtain a s olution o f'th e D irichlet p roblem f or th e p oison

equation

{Au=finQ
u = @ on dQ
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By the representation formula

oG (x,
ue) = [ G0y + [ o) e doy)

Similar to the Dirichlet problem if

Au=0inQ
{u = ¢ on 0Q ®)
The solution is given by
0G(x,y)
u) = [ o) =5 do(y)
a0

Here u(x) is the integral representation for the solution of the equation (5)

Theorem: The G reen’s function G(x,y) is s ymmetricthatis (x,y) =G(y,x), fo r
X,y EQ,x Y.

Proof Take x,y € Qwithx #y. choose r >0 small enoughs ucht hat
B(x,7) N B(y,r) = @. And consider B(x,r) c 2 and B(y,r). Set G,(z) = G(x,z) and
Gy (z) = G(y,z) By applying Green’s formula in Q\[(B(x,7) N B(y, )] we get,

f (G,AG, — G,AG,)d G %% _ ¢ an)d
— zZ = — o
Q\B(x,1)NB(y,r) = yeo sq . Ov )

f @ aG, G an)d f @ aG, c an)d

- - o— - o

oBGr) OV Y v 0B(y.r) * v Y v

Since G, and G, are harmonic for x # z and y # z respectively, and vanishes on 9Q we

have

oG

j G oG, G an)d +] G, —2—-G
— O' — —
0B (x,r) ¥ dv Y dv 6B(xy,r) ¥ dv Y

and _ 0
Ov) 7=

Note that the left side has the same limit as the left side in the following as r = 0

96,

f T G ar)d + f
- G,—=—)do
0B (x,r) dv Y dv 0B (y,r)

GOF Fand—O
("au au)“_
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While we have

6Gy aG,
f F—da—>0,f I'—do—>0asr—0
0B (x,r) v 0B (y,r) v

And

or or
f Gy—vda—>Gy(x), Gx%daﬁGx(y) asr -0
0B (x,r) 0B(y,r)

This implies
Gy (x) — G, (y),0r G(y,x) = G(x,y)

2.2 Integral Representations for Solutions of an operator

Let Q beanopenthree dimensionr egion in R? and t he bounda ry 0Q be asi mply

connected, infinitely smooth surface.
Leta € (R®),a(x) >0

Consider the following scalar differential operators;

Yoo
i=1

3
E,(u,v) = Z a(x) gu(x) ov(x) = a(x)Vu(x)Vv(x)

dx; 0x;
i=1

3

0 9]
Ta (X,n(X); ax) = Z a(x)nl- (X)a = a(X) an(x)
i=1 l

We want to show that L, is elliptic operator as follows;
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L, can be written as:

3 3
92 0 9]
La = Za(X)ﬁ-l-zbla_xl ’ bi = a—xla(X) (221)
i=1 L i=1
Comparing (2.2.1) to Eq.(2.1.3), L, is an operator of second order to show its ellipticity,
we use Defintion6.
Herein (2.2.1) a;; = a(x)and i = j

aijfifj = a(x)fis;j

3 3 3 3
D gk = ) atss =a® ) g = a0 ) & = a@IEI
ij=1 ij=1 ij=1 i=1

This implies that L, is elliptic with p(x) = a(x) > 0.

We can get the first and second Green’s identity for an operator L, ;

f[vLau + E,(u,v)]dx =f vT,udo
Q oQ

(First Green’s identity for an operator L)

f (vL,u —ulL,v)dx = | (vT,u—uT,v)do
Q 2Q

(Second Green’s identity for an operator L, )

To get the first identity for an operator L, , we begin by
n
Ly Z 0 [ au] — div(aD
U= ' 16xl- a(x) ol = iv(aDu)
1=

Recall
div(aDu) = Da.Du + aAu

Integrate both sides over Q yields
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f(Da. Du + aAu)dx =f div(aDu)dx =f
Q Q

ou
aDu.ndo =f a—do =f T,udo
0 0

a on

vL,u = vdiv(aDu) = vDa.Du + avAu

f vLl,udx = j (vDa.Du + avAu)dx (2.2.2)
Q Q
But,

0
f avAudx = —f D(av).Dudx +f av—uda
Q Q a

0Q n
ou
= —f vDa.Dudx—f aDv. Dudx+f av—do (2.2.3)
Q Q a0 On

Inserting (**) in to (*) yields

d
f vL,udx =—f aDu. Dvdx+f av—uda
Q Q s On

f[vLau +E,(u,v)]dx :f vT,udo (2.2.4)
Q 9Q

The equation (2.2.4) is the first Green’s identity for operator L, .

To get the second Green’s identity for an operator L, we use the (2.2.4)

j[vLau +E,(u,v)]dx =j vT,udo (2.2.5)
Q 2Q
And similarly,
f[uLav + E,(v,u)]dx :f uT,vdo (2.2.6)
Q 2Q

Subtracting (2.2.6) from (2.2.5) we get the second Green’s identity for operator L, .

f (vLyu —ulL,v)dx = | (vT,u —uT,v)do
Q 2Q
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2.2.1 Parametrix

A function P, (x, y) of two variables x,y € R is called a parametrix for an operator L, if
LoPy(x,y) =8(x —y) + R (x,y) (2.2.7)

Example the function
-1

X,y €R3
ama(y)lx -yl Y

Pa(x;y) =

is a Parametrix with the corresponding weakly singular remainder
3
Xi —Yi da(x)

€ R3
, 147Ta(y)|x—y|3 ox; oy
1=

Ra(x::)/) =

3
d 0P, (x,y)
L,P,(x,y) = Za [a(x) aaT] = Da.DP,(x,y) + aAP,(x,y)
i=1 !

-1 ) B a(x)( -1 ) _alx)

ma)x—y1) ~ ao) \anlx —31) " a7

) alAP,(x,y) = al ( o)

Recall fromd istributionif a € C*,t hen ad = a(0)6 it meanst ake @e D(R") and

consider
(ad, p) = (6,ap) =(5), Y = apeD(R™)
(6,) = ¥(0) = a(0)p(0) = a(0){5,9) = (a(0)5,p)
= (ad,p) = (a(0)4,p)

a(x)

——=6(x—y)=al,y)(x—-y)=alxy)| b&x—y)=56x-y)

a(y) 1 =y
Therefore,

alP,(x,y) = 6(x —y)
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Next I will show that

(ii) Da.DP,(x,y) = R,(x,y)

DP,(x,y) =D

-1 1 9 -1y 1 W=y
(4na<;v)|x x y|) - 4na(y)a_xi<|x - y|) T 4ma(y)  lx—yP?

3
1 X —Yi

" ana(y) & Tx —yP

3
ba.DF(x,y) = - acala(cx) 47t;(y) Ix — yI3 Z ama(y) Ix — )2]|l3 agg)
= Ra(x,y)
From this we get
LoPy(x,y) = 6(x —y) + Rq(x, y).

Recall Green’s second identity for an operator L,

j (vLo,u —uL,v)dx = | (vT,u —uT,v)do (2.2.8)

Q 20
Let u be a solution of

{LL‘Z”:(/; ;”ag (2.2.9)

And substitute v by P, (x,y) in (2.2.7) we have

f (Pa(x,y)ﬂx)—u(x) LoP(x,y) )dx
Q

=5 (x—y)+Rq (x,y)

(Pa (X, Y)Tau(x) - u(x)TaPa (X, Y))do-
oQ

f (P, Ge 1) f () — () (6(x — ) + Ry (6, y)))dlx
Q

(Pa (X, Y)Tau(x) - u(x)TaPa (X, Y))do-
0Q
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fQ PG @dx - [

u(x)6(x —y)dx — f u(x) R, (x,y)dx
Q Q

:f Pa(x,y)Tau(x)da—f u(x)T, P (x,y)
Q 0Q

u(y) = fQPa (e )f () dx — fgu(x) Ra (6, y)dx

- f P, (x,y)T,u(x)do + f oT,P,(x,y)do (2.2.10)
2Q 20
Note that  u(y) =u=*68 = [u(x)8(x —y)dx
From Eq. (2.2.10), u(y) is the integral representation for the solution of Eq.(2.2.9).

If

3
xi—y; 0(1)

a=1, Ra(x'y)=24n|x—y|3 ox,

i=1 !

This implies from Eq. (2.2.7) L P, (x,y) = §(x — y)
= P,(x,y) is a fundamental solution for an operator L, for a = 1.

Basically, fora = 1,

n
0 ou
L,u= ZO—XL [a(x) a_xl] = div(aDu) = Da.Du + alAu = Au
L=

Substitute a fundamental solution P, (x, y) by E (x,y), and

9] 0

Ta (x,n(x), ax) = a(X) an(x) - (')n(x)

fora=1

in 2.2.10) becomes
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u(y) = fQE Co,y)f(x)dx — fgu(x) .0dx

(9

ou(x) 0E(x,y)
- FEnggat | 0T

E(xy) _ au> do (2.2.11)

u(y) = fQE(x,y)f(x)dx + jm (pr E(x,y)%

Au=f inQ

Eq.(2.2.11) shows us u(y) is the integral representation for {u —¢ ondQ

= Eq.(2.2.10) reduces to Eq.(2.2.11) fora = 1.

2.3 Fundamental solution for Ordinary differential operators

Definition let L be a differential operator of the form

L= Z aa(x)Dk , D=—
|a|<k

A function E(x, y) is called a fundamental solution of L, if for every function f (x),which

is sufficiently regular and vanishes outside a bounded set

L[ Benrmd] = r.

Symbolically this amount to E(x, y) being a solution of the inhomogeneous di fferential

equation

LE(x,y) =6(x —y)
Where & denotes the so called Dirac delta function defined as;

0, x=0
5(x)—{0' x#0

and which is also constrained to satisfy the identity
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£Z6(x)dx =1

Example 1 consider the scalar problem

L,
AT

We would like to find a fundamental solution E (x, y) satisfying

LE(x,y) = 6(x = y)

2

d
> WE(X'}’) =6(x—y)

Since the general solution of the ODE for x # y can be written as A + Bx. we may take

as ansatz for E (x,y)

_ (Ay + Byx ifx<y
E(x’y)_{A2+Bzx if x>y

Using integration, we obtain for sufficiently small ¢ that

dE dE y+e
E(yﬂ,y) —E(y—&y) = fy_s 0(x —y)dx = 1.

Applying these conditions to the solution above, we find
B, —B; =1.
Since E is apparently continuous at x = y, we also find
A + By = A, + Byy.

Hence we obtain the fundamental solution
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E(x’y)_{Al—y+(B1+1)x if x>y.

Where A; and B; are arbitrary constants.

Recall The H eaviside function H(x) is d efined to be e qual to zero for e very ne gative

value of x and to unify for every positive value of , that is

0,x<o

HeO =1 x>0

It has jump discontinuity at x = 0

This is sometimes written as
X
H(x) = f 6(t)dt

Example? find the fundamental solution for ordinary differential equation u’ = f.

To find the fundamental solution E (x), we want to solve E_ (x) = 8(x). Recall that the

Heaviside function H (x) satisfies (H(x) + ¢) = &(x) for any c onstant c. L et us t ake

-1
c=— and try to solve

We may integrate (*) to obtain a particular solution

1
E =3l ()

as our fundamental solution. (The choice ¢ = — 1/ o was made to simplify the resultant
form (**) of the fundamental solution.)
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