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Abstract 

This paper i s devoted t o integral representation f or s olutions o f e lliptic d ifferential 
operators. Given Ω an open bounded domain in 𝑅𝑅𝑛𝑛 , 𝑛𝑛 ≥ 2, with a smooth boundary 𝜕𝜕Ω, 
and 𝐿𝐿  an el liptic d ifferential o perator,𝑢𝑢  is a  f unction s uch that 𝑢𝑢 𝜖𝜖 ∁𝑘𝑘(𝛺𝛺)  and 𝑓𝑓  is 
continuously differentiable function ,we show that the solution 𝑢𝑢 for the given equation 

𝐿𝐿𝐿𝐿 = 𝑓𝑓 

has an integral representation that can be derived from fundamental solution and Green’s 
function.  
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Introduction 

One o f th e im portant tools in th e th eory o f PDEs is  th e in tegral r epresentation o f 

solutions. An integral representation is a formula of the solutions of a problem in terms of 

an integral depending on the Greens function and fundamental solutions for the operator 

given in the problem. 

Integral r epresentation pl ays a  c entral r ole i n va rious f ields of  pur e a nd a pplied 

mathematics. In this paper we define elliptic operators, which are a special sort of partial 

differential o perators. Many o f th e d ifferential o perators that c rop u p in  p roblems in  

geometry, applied mathematics and physics are elliptic. 

This paper consists of two chapters; the first one has a notations and preliminary results 

with the goals of developing and studying basic definitions and facts. Here I have tried to 

emphasize, w henever p ossible, f amiliar n otations an d b asic r esults o f d enotation o f 

partial d erivative w ith f ew ex amples, in or der t o pr ovide i ntuition a nd f eeling f or t he 

project. F or t his pa rt, a  f ew i mportant f acts f rom r esult of  advanced c alculus l ike t he 

Green’s identities, i ntegrals i n p olar co ordinates an d change o f v ariable f ormulas ar e 

introduced. Chapter two mainly treats the integral representation for solutions of elliptic 

differential operators, chiefly for Laplace operator and other general elliptic differential 

operators. Here de finitions, theorems with t heir p roofs a nd e xamples w ith their 

explanations are provided and also a concept of fundamental and distributional solutions, 

Green’s functions and its properties are discussed. 

In the next sections i will define the general elliptic operators, and give a few examples 

and basic facts. Suppose 𝐿𝐿 is an elliptic differential operator of order 𝑘𝑘. Moreover let 𝑢𝑢 be 

a function defined and 𝑘𝑘 times continuously differentiable in the closure of a domain Ω 

of 𝑅𝑅𝑛𝑛 . Provided the adjoint elliptic differential operator possesses a fundamental solution, 

we shall se e t hat 𝑢𝑢  can be  r ecovered f rom 𝐿𝐿𝐿𝐿  and t he bounda ry va lues o f 𝑢𝑢 . S trictly 

speaking, we shall get an integral representation of 𝑢𝑢. 
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CHAPTER ONE 

Notations and preliminary results 

We fix some familiar notations used throughout this project. 

𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛) is a  variable point in the domain real n -dimensional Euclidean space 

𝑅𝑅𝑛𝑛 . 

|𝑥𝑥| = ��𝑥𝑥𝑖𝑖2
𝑛𝑛

𝑖𝑖=1

�

1
2�

 

Let 𝑢𝑢(𝑥𝑥) = 𝑢𝑢(𝑥𝑥1𝑥𝑥2, … , 𝑥𝑥𝑛𝑛)  be a  di fferential f unction. W e us e a ny of t he f ollowing 

notations to denote the partial derivative of 𝑢𝑢 with respect to the 𝑖𝑖𝑡𝑡ℎ  variable 𝑥𝑥𝑖𝑖 . 

𝑢𝑢𝑥𝑥𝑖𝑖          ,   𝜕𝜕𝑖𝑖𝑢𝑢     ,   𝐷𝐷𝑖𝑖𝑢𝑢      ,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

 

The s econd pa rtial de rivatives of  a  t wice continuously d ifferentiable f unction 𝑢𝑢  with 

respect to 𝑥𝑥𝑖𝑖  and 𝑥𝑥𝑗𝑗  will be denoting by any of the following notations. 

𝑢𝑢𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗   ,        𝜕𝜕2
𝑖𝑖𝑖𝑖 𝑢𝑢,   𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢 ,    

𝜕𝜕2

𝜕𝜕𝜕𝜕𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗
𝑢𝑢 

We set  𝐷𝐷0 = 𝐼𝐼, a nd f or a ny po sitive i nteger𝑘𝑘. We l et 𝐷𝐷𝑘𝑘𝑢𝑢 to b e t he set o f al l p artial 

derivatives of 𝑢𝑢 of order 𝑘𝑘. 

𝐷𝐷𝐷𝐷 denotes the gradient of 𝑢𝑢 , that is 

𝐷𝐷𝐷𝐷 = (𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑛𝑛) 

Sometimes a much more convenient notation, the so called multi-index notation is used. 

An n multi-index is an n-tuple of non negative integers 

 𝛼𝛼 ≔ (𝛼𝛼1,𝛼𝛼2, … ,𝛼𝛼𝑛𝑛) 
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|𝛼𝛼| = 𝛼𝛼1 + 𝛼𝛼2 + ⋯+ 𝛼𝛼𝑛𝑛 = �𝛼𝛼𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

So, 

𝐷𝐷𝛼𝛼 =
𝜕𝜕𝛼𝛼1

𝜕𝜕𝜕𝜕1
𝛼𝛼1 .

𝜕𝜕𝛼𝛼2

𝜕𝜕𝜕𝜕2
𝛼𝛼2 … . .

𝜕𝜕𝛼𝛼𝑛𝑛

𝜕𝜕𝜕𝜕𝑛𝑛
𝛼𝛼𝑛𝑛  

 

Example 1   for  𝑛𝑛 = 2 ,𝛼𝛼 = (0, 0) corresponds to 𝐷𝐷𝛼𝛼𝑢𝑢 = 𝑢𝑢 

|𝛼𝛼| = 1 is associated with 𝛼𝛼 = (1, 0) or 𝛼𝛼 = (0, 1). 

𝛼𝛼 = (1, 0): 𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕1

, 𝑜𝑜𝑜𝑜 𝛼𝛼 = (0, 1):𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕2

 

|𝛼𝛼| = 2 is associated with 𝛼𝛼 = (2, 0),𝛼𝛼 = (1, 1) or 𝛼𝛼 = (0, 2) 

𝛼𝛼 = (2, 0): 𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕1

2 

𝛼𝛼 = (1, 1): 𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕1𝜕𝜕𝜕𝜕2
 

𝛼𝛼 = (0, 2):𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕2

2 

For 𝑛𝑛 = 3 just at 𝛼𝛼 = (1, 1, 2) with 𝑢𝑢 = 𝑢𝑢(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛) 

𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕1

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕2

𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕3

2 =
𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕1𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕3
2 

In general for, 

                                                                      

𝛼𝛼 = (𝛼𝛼1,𝛼𝛼2, … ,𝛼𝛼𝑛𝑛  ),𝑢𝑢(𝑥𝑥) = 𝑢𝑢(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛), 𝐷𝐷𝛼𝛼𝑢𝑢 =
𝜕𝜕|𝛼𝛼 |𝑢𝑢

𝜕𝜕𝜕𝜕1
𝛼𝛼1 .𝜕𝜕𝜕𝜕2

𝛼𝛼2 … 𝜕𝜕𝜕𝜕𝑛𝑛
𝛼𝛼𝑛𝑛  

 



4 
 

Example 2 The second order linear differential equation 

� 𝑎𝑎𝛼𝛼(𝑥𝑥)𝐷𝐷𝛼𝛼𝑢𝑢(𝑥𝑥) = 𝑓𝑓(𝑥𝑥)
𝑛𝑛

|𝛼𝛼 |≤2

 

Can be written as 

𝑎𝑎(2,0)𝑢𝑢𝑥𝑥𝑥𝑥 + 𝑎𝑎(1,1)(𝑥𝑥)𝑢𝑢𝑥𝑥𝑥𝑥 + 𝑎𝑎(0,1)(𝑥𝑥)𝑢𝑢𝑦𝑦𝑦𝑦               |𝛼𝛼| = 2 

+    𝑎𝑎(1,0)(𝑥𝑥)𝑢𝑢𝑥𝑥 + 𝑎𝑎(0,1)(𝑥𝑥)𝑢𝑢𝑦𝑦                                   |𝛼𝛼| = 1  

                                         +              𝑎𝑎(0,0)(𝑥𝑥)𝑢𝑢                                    |𝛼𝛼| = 0 

= 𝑓𝑓(𝑥𝑥) 

 

We will see few important facts from calculus below 

1.1 Green’s identities 

a) Let  Ω be a  b ounded, ope n s ubset of  𝑅𝑅𝑛𝑛  such t hat 𝜕𝜕Ω is ∁1  boundary of  Ω . 

And Let 

𝑛𝑛(𝑥𝑥) = (𝑛𝑛1(𝑥𝑥), … ,𝑛𝑛𝑛𝑛(𝑥𝑥)) be t he uni t out  w ard normal de rivative t o 𝜕𝜕Ω at 

𝑥𝑥∈ 𝜕𝜕Ω. 

𝛺𝛺 to be a ∁1 boundary and 𝑢𝑢∈ ∁1(Ω�),then 

�𝑢𝑢𝑥𝑥𝑥𝑥

 

Ω

𝑑𝑑𝑑𝑑 = �𝑢𝑢
 

∂Ω

𝑛𝑛𝑖𝑖𝑑𝑑𝑑𝑑   , (𝑖𝑖 = 1, … ,𝑛𝑛) 

In general we have,  

�𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
 

Ω

= �𝑤𝑤.
 

∂Ω

𝑛𝑛𝑛𝑛𝑛𝑛 

Where 𝑤𝑤  is a ∁1  vector f ield on Ω and t he dot  “ .” d enotes t he Euclidean p roduct of  

vectors in ℝ𝑛𝑛 , and d𝜎𝜎 is the volume element of 𝜕𝜕Ω. 
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b) Let 𝑢𝑢,𝑤𝑤 ∈ ∁1𝛺𝛺� then for (𝑖𝑖 = 1, … ,𝑛𝑛) 

�𝑢𝑢𝑥𝑥𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤 =
 

Ω

� 𝑢𝑢𝑤𝑤𝑤𝑤𝑖𝑖𝑑𝑑𝑑𝑑
 

∂Ω
−�𝑢𝑢𝑤𝑤𝑥𝑥𝑖𝑖𝑑𝑑𝑑𝑑

 

Ω
 

Proof 

� (𝑢𝑢𝑢𝑢)𝑥𝑥𝑖𝑖
 

Ω
= � (𝑢𝑢w)nidσ

 

∂Ω
               𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 (a)   

 

But, 

� (𝑢𝑢𝑢𝑢)𝑥𝑥𝑖𝑖
 

Ω
= � (𝑢𝑢𝑥𝑥𝑖𝑖𝑤𝑤 + 𝑢𝑢𝑤𝑤𝑥𝑥𝑖𝑖)𝑑𝑑𝑑𝑑 =

 

Ω
� (𝑢𝑢𝑢𝑢).𝑛𝑛𝑖𝑖𝑑𝑑𝑑𝑑

 

∂Ω
 

Therefore, 

�𝑢𝑢𝑥𝑥𝑖𝑖𝑤𝑤
 

Ω
𝑑𝑑𝑑𝑑 = � 𝑢𝑢𝑢𝑢.𝑛𝑛𝑖𝑖𝑑𝑑𝑑𝑑 −

 

∂Ω
�𝑢𝑢𝑢𝑢𝑥𝑥𝑖𝑖

 

Ω
𝑑𝑑𝑑𝑑 

c) Let 𝑢𝑢,𝑤𝑤∈ ∁2(Ω�).Then we have 

(𝑖𝑖)   �∆𝑢𝑢 =
 

Ω
�

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

∂Ω
𝑑𝑑𝑑𝑑 

Proof:    

∆𝑢𝑢 = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐷𝐷𝐷𝐷) 

 

�∆
 

Ω
𝑢𝑢 = �𝑑𝑑𝑑𝑑𝑑𝑑(𝐷𝐷𝐷𝐷)𝑑𝑑𝑑𝑑 =

 

Ω
� (𝐷𝐷𝐷𝐷).𝑛𝑛𝑛𝑛𝑛𝑛 =

 

Ω
�

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

∂Ω
𝑑𝑑𝑑𝑑 

. 

(𝑖𝑖𝑖𝑖) �𝑢𝑢Δ𝑤𝑤𝑤𝑤𝑤𝑤
 

Ω
= −�𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
+ � 𝑢𝑢𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
𝑑𝑑𝑑𝑑 

                   (Green’s First Identity) 

 

Proof 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢𝑢𝑢) = 𝑑𝑑𝑑𝑑𝑑𝑑((𝑢𝑢𝑢𝑢𝑥𝑥1 , … ,𝑢𝑢𝑤𝑤𝑥𝑥𝑛𝑛 )), 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝐷𝐷𝐷𝐷 = (𝑤𝑤𝑥𝑥1 , … ,𝑤𝑤𝑥𝑥𝑛𝑛 ) 

 



6 
 

=  �
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

(𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

) 

 

= �
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1
.
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

+ � 𝑢𝑢
𝜕𝜕2𝑤𝑤
𝜕𝜕𝜕𝜕𝑖𝑖

2

𝑛𝑛  

𝑖𝑖=1
= 𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 + 𝑢𝑢∆𝑤𝑤. 

 

Therefore,  

𝑢𝑢∆𝑤𝑤 = 𝑑𝑑𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢𝑢𝑢) − 𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 

Integrating with respect to 𝑑𝑑𝑑𝑑 on Ω we get; 

�𝑢𝑢 Δw𝑑𝑑𝑑𝑑
 

Ω
= �𝑑𝑑𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢𝑢𝑢)

 

Ω
𝑑𝑑𝑑𝑑 − �𝐷𝐷𝐷𝐷 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
 

 

  =   � 𝑢𝑢𝑢𝑢𝑢𝑢.𝑛𝑛
 

𝜕𝜕Ω
𝑑𝑑𝑑𝑑 − �𝐷𝐷𝐷𝐷 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷  … . 𝑏𝑏𝑏𝑏  

 

Ω
(a)                   

 

= � 𝑢𝑢𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
𝑑𝑑𝑑𝑑 −  �𝐷𝐷𝐷𝐷 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
 

     Therefore, 

 �𝑢𝑢Δ𝑤𝑤𝑤𝑤𝑤𝑤
 

Ω
= −�𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
+ � 𝑢𝑢𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
𝑑𝑑𝑑𝑑 

. 

(𝑖𝑖𝑖𝑖𝑖𝑖)     � (𝑢𝑢Δ𝑤𝑤 − 𝑤𝑤Δu)𝑑𝑑𝑑𝑑
 

Ω
= � (𝑢𝑢𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
− 𝑤𝑤

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 

                        (Green’s Second Identity) 

Proof   We consider the first Green’s identity; 

�𝑢𝑢Δ𝑤𝑤𝑤𝑤𝑤𝑤
 

Ω
= −�𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
+ � 𝑢𝑢𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
𝑑𝑑𝑑𝑑 

                     and 
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�𝑤𝑤Δ𝑢𝑢𝑢𝑢𝑢𝑢
 

Ω
= −�𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
+ � 𝑤𝑤𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
𝑑𝑑 𝜎𝜎 𝑓𝑓𝑓𝑓𝑓𝑓 𝑢𝑢,𝑤𝑤∈ ∁2(𝛺𝛺�) 

Then subtract the two equations yields the Green’s second identity; 

� (𝑢𝑢Δ𝑤𝑤 −𝑤𝑤Δu)𝑑𝑑𝑑𝑑
 

Ω
= � (𝑢𝑢𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
− 𝑤𝑤

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 

Note that 𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 = 𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 implies 

−�𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷
 

Ω
+ �𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

 

Ω
= 0 

 

1.2 Integrals in polar coordinates 

If 𝑥𝑥 ∈ ℝ𝑛𝑛 , 𝑥𝑥 = |𝑥𝑥| 𝑥𝑥
|𝑥𝑥|

= 𝑟𝑟𝑟𝑟 , w here 𝑟𝑟 ∈ (0,∞)  and 𝑤𝑤 = 𝑥𝑥
|𝑥𝑥|
∈𝑠𝑠𝑛𝑛−1{𝑥𝑥 ∈ ℝ𝑛𝑛 � = : |𝑥𝑥| =1} 

which is a unit sphere. 

If 𝑓𝑓 is lebesgue measurable function in ℝ𝑛𝑛  such that either 𝑓𝑓≥ 0 in ℝ𝑛𝑛  or ∈𝐿𝐿1(ℝ𝑛𝑛) , then 

� 𝑓𝑓(𝑥𝑥)
 

ℝ𝑛𝑛
𝑑𝑑𝑑𝑑 = � � 𝑓𝑓(𝑟𝑟𝑟𝑟)

 

𝑠𝑠𝑛𝑛−1

∞

0
𝑟𝑟𝑛𝑛−1𝑑𝑑𝑑𝑑(𝑤𝑤)𝑑𝑑𝑑𝑑 

Also, 

� 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
 

𝐵𝐵(𝑥𝑥0,𝑟𝑟)
 = � � 𝑓𝑓(𝑥𝑥0 + 𝜌𝜌𝜌𝜌)

 

𝑠𝑠𝑛𝑛−1

𝑟𝑟

0
𝜌𝜌𝑛𝑛−1𝑑𝑑𝑑𝑑(𝑤𝑤)𝑑𝑑𝑑𝑑

= � � 𝑓𝑓(𝑤𝑤)
 

𝜕𝜕𝜕𝜕(𝑥𝑥0,𝑡𝑡)

𝑟𝑟

0
𝑟𝑟𝑛𝑛−1𝑑𝑑𝑑𝑑(𝑤𝑤)𝑑𝑑𝑑𝑑 

The above formulas a llow us  to convert n-dimensional lebesgue in tegrals in to in tegrals 

over spheres. 
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1.3 Change of Variable Formula 

Let Ω be an open set in  ℝ𝑛𝑛 , and Ψ: Ω → ℝ𝑛𝑛  be a one-to-one ∁1 function such that 

Ψ−1 :Ψ(Ω) → Ω is al so ∁1 .suppose t hat 𝑓𝑓  is l ebesgue integrable on Ψ(Ω).Then 𝑓𝑓οΨ is 

lebesgue integrable on Ω, and 

� 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
 

Ψ(Ω)
= �𝑓𝑓(Ψ(𝑥𝑥))

 

Ω
|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑Ψ(𝑥𝑥)|𝑑𝑑𝑑𝑑 

where 𝐽𝐽Ψ(𝑥𝑥) is the jacobian matrix of Ψ at 𝑥𝑥∈ 𝛺𝛺. 

We also need to fix some notations 

 𝜔𝜔𝑛𝑛  denotes the volume of the unit ball B (0, 1) in ℝ𝑛𝑛  (i.e. 𝜔𝜔𝑛𝑛 ≔ |𝐵𝐵(0,1)| ) 

It follows that 

|𝜕𝜕𝜕𝜕(0,1)|: = 𝑛𝑛𝜔𝜔𝑛𝑛 . 

where 

𝜕𝜕𝜕𝜕(0,1) = {𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 : |𝑥𝑥| = 1} 

                        Let 

Ψ(x) = 𝑦𝑦 + 𝑟𝑟𝑟𝑟. 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝐽𝐽Ψ(𝑥𝑥) = 𝑟𝑟𝑟𝑟. 

Note that 

 

   |𝐵𝐵(𝑥𝑥, 𝑟𝑟)| = � 𝑑𝑑𝑑𝑑 =
𝐵𝐵(𝑥𝑥 ,𝑟𝑟)

� 𝑑𝑑𝑑𝑑 =  � |det⁡(𝐽𝐽Ψ(𝑥𝑥))|𝑑𝑑𝑑𝑑
 

𝐵𝐵(0,1)

 

Ψ�𝐵𝐵(0,1)�
 

Since 

Ψ(𝑥𝑥) = (𝑦𝑦1 + 𝑟𝑟𝑥𝑥1, 𝑦𝑦2  + 𝑟𝑟𝑥𝑥2, … ,𝑦𝑦𝑛𝑛 + 𝑟𝑟𝑥𝑥𝑛𝑛) 

𝐽𝐽Ψ(𝑥𝑥) =  �
𝑟𝑟 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑟𝑟

� 

|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑Ψ(𝑥𝑥)| =  𝑟𝑟𝑛𝑛  
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Thus 

|𝐵𝐵(𝑥𝑥, 𝑟𝑟)| =  � 𝑟𝑟𝑛𝑛
 

𝐵𝐵(0,1)
𝑑𝑑𝑑𝑑 =  𝑟𝑟𝑛𝑛 � 𝑑𝑑𝑑𝑑

 

𝐵𝐵(0,1)
=  𝑟𝑟𝑛𝑛 |𝐵𝐵(0,1)| = 𝑟𝑟𝑛𝑛𝜔𝜔𝑛𝑛  

Therefore, 

|𝐵𝐵(𝑥𝑥, 𝑟𝑟)| =  𝑟𝑟𝑛𝑛𝜔𝜔𝑛𝑛  

Similarly, 

|𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑟𝑟)| = 𝑟𝑟𝑛𝑛−1𝑛𝑛𝑛𝑛𝑛𝑛  

 

 

Theorem let 𝑢𝑢 𝜖𝜖 ∁2(Ω) satisfy ∆𝑢𝑢 = 0 in Ω. T hen f or any ba ll 𝐵𝐵 = 𝐵𝐵𝑅𝑅(𝑦𝑦) ⊂⊂ Ω, we  

have 

(𝑖𝑖)            𝑢𝑢(𝑦𝑦) =
1

𝑛𝑛𝜔𝜔𝑛𝑛𝑅𝑅𝑛𝑛−1 � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕

 

 

         

(𝑖𝑖𝑖𝑖)          𝑢𝑢(𝑦𝑦) =
1

𝜔𝜔𝑛𝑛𝑅𝑅𝑛𝑛
�𝑢𝑢𝑢𝑢𝑢𝑢
𝐵𝐵

 

 

For harmonic functions, the above theorem asserts that the function value at the center of 

the ba ll  𝐵𝐵 is eq ual t o t he i ntegral mean v alues o ver b oth t he surface 𝜕𝜕𝜕𝜕 and 𝐵𝐵 itself. 

These results known as the mean value theorems. 

Proof let 𝜌𝜌𝜌𝜌(0,𝑅𝑅) and apply 

 

�∆𝑢𝑢 =
 

Ω
�

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

∂Ω
𝑑𝑑𝑑𝑑 

to the ball 𝐵𝐵𝜌𝜌 = 𝐵𝐵𝜌𝜌(𝑦𝑦). We obtain 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
𝜕𝜕𝐵𝐵𝜌𝜌

= � ∆𝑢𝑢
𝐵𝐵𝜌𝜌

= 0 

Introducing a radial and angular coordinates = |𝑥𝑥 − 𝑦𝑦|,𝜔𝜔 = 𝑥𝑥−𝑦𝑦
𝑟𝑟

 , and writing 
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𝑢𝑢(𝑥𝑥) = 𝑢𝑢(𝑦𝑦 + 𝑟𝑟𝑟𝑟), we have 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
𝜕𝜕𝐵𝐵𝜌𝜌

= �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜌𝜌

(𝑦𝑦 + 𝜌𝜌𝜌𝜌)𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑛𝑛−1 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕|𝜔𝜔 |=1

(𝑦𝑦 + 𝜌𝜌𝜌𝜌)𝑑𝑑𝑑𝑑

= 𝜌𝜌𝑛𝑛−1 𝜕𝜕
𝜕𝜕𝜕𝜕

� 𝑢𝑢(𝑦𝑦 + 𝜌𝜌𝜌𝜌)𝑑𝑑𝑑𝑑
|𝜔𝜔 |=1

= 𝜌𝜌𝑛𝑛−1 𝜕𝜕
𝜕𝜕𝜕𝜕 �

𝜌𝜌1−𝑛𝑛 � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕𝐵𝐵𝜌𝜌

� = 0 

Consequently for any 𝜌𝜌𝜌𝜌(0,𝑅𝑅), 

𝜌𝜌1−𝑛𝑛 � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕𝐵𝐵𝜌𝜌

= 𝑅𝑅1−𝑛𝑛 � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕𝐵𝐵𝑅𝑅

 

And since 

lim
𝜌𝜌→0

𝜌𝜌1−𝑛𝑛 � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕𝐵𝐵𝜌𝜌

= 𝑛𝑛𝜔𝜔𝑛𝑛𝑢𝑢(𝑦𝑦) 

relation (i) follow. To get relation (ii) we write (i) in the from 

𝑛𝑛𝜔𝜔𝑛𝑛𝜌𝜌𝑛𝑛−1𝑢𝑢(𝑦𝑦) = � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕𝐵𝐵𝜌𝜌

,𝜌𝜌 ≤ 𝑅𝑅 

and integrate with respect to 𝜌𝜌 from 0 to 𝑅𝑅. The relation (ii) follows immediately. 
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CHAPTER TWO 

Integral Representation for Solutions of Elliptic Differential Operators 

2.1 Elliptic differential operators 

We begin this section with some preliminary definitions. 

Definition 1 A domain Ω in Ɍ𝑅𝑅𝑛𝑛  is an open, bounded subset of 𝑅𝑅𝑛𝑛 . 

Definition 2 The bounda ry of  a  s et 𝛺𝛺  is t he i ntersection o f t he cl osure o f 𝛺𝛺  and t he 

closure of the complement 𝛺𝛺, which is denoted by 𝜕𝜕𝜕𝜕.  that is 𝜕𝜕𝜕𝜕 = 𝛺𝛺� ⋂Ɍ𝑅𝑅𝑛𝑛\𝛺𝛺���������. 

Let 𝐿𝐿 be a  linear partial d ifferential operator o f o rder 𝑚𝑚 defined i n a n ope n s ubset 𝛺𝛺 of 

𝑅𝑅Ɍ𝑛𝑛 . Assume that 𝐿𝐿 can be represented by means of the standard coordinate system 𝑥𝑥 in 

the following way: 

 

𝐿𝐿𝐿𝐿 ≔ 𝐿𝐿(𝑥𝑥,𝐷𝐷) = � 𝑎𝑎𝛼𝛼(𝑥𝑥)𝐷𝐷𝛼𝛼

|𝛼𝛼 |≤𝑚𝑚

𝑢𝑢 

Or simply, 

 

𝐿𝐿 ≔ 𝐿𝐿(𝑥𝑥,𝐷𝐷) = � 𝑎𝑎𝛼𝛼(𝑥𝑥)𝐷𝐷𝛼𝛼

|𝛼𝛼 |≤𝑚𝑚

         ,𝐷𝐷𝛼𝛼 =
𝜕𝜕𝛼𝛼1

𝜕𝜕𝑥𝑥1
𝛼𝛼1

…
𝜕𝜕𝛼𝛼𝑚𝑚
𝜕𝜕𝑥𝑥𝛼𝛼𝑚𝑚

                         (2.1.1) 

Where t he co efficients 𝑎𝑎𝛼𝛼(𝑥𝑥)  , (|𝛼𝛼| ≤ 𝑚𝑚)  are r eal valued f unctions de fined i n 𝛺𝛺 .The 

principal part (or leading part) o f 𝐿𝐿 is the operator obtained by deleting a ll lower o rder 

terms: 

 

𝐿𝐿𝛼𝛼(𝑥𝑥,𝐷𝐷) = � 𝑎𝑎𝛼𝛼(𝑥𝑥)𝐷𝐷𝛼𝛼

|𝛼𝛼 |=𝑚𝑚
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The function 𝐿𝐿𝛼𝛼(𝑥𝑥, 𝜉𝜉) = ∑ 𝑎𝑎𝛼𝛼𝜉𝜉𝛼𝛼|𝛼𝛼 |=𝑚𝑚 , which is a homogeneous polynomial of degree 𝑚𝑚 

with respect to 𝜉𝜉, is said to be the principal of 𝐿𝐿. 

Definition 3 an operator 𝐿𝐿 is said to be elliptic of order 𝑚𝑚 at 𝑥𝑥 if and only if  𝐿𝐿𝛼𝛼(𝑥𝑥, 𝜉𝜉) ≠

0 for 𝜉𝜉∈ 𝑅𝑅Ɍ𝑛𝑛  and 𝜉𝜉 ≠ 0. 

𝐿𝐿 is cal led el liptic i n 𝛺𝛺  if 𝐿𝐿 is e lliptic a t e very p oint o f 𝛺𝛺 . A nd 𝐿𝐿 is c alled uni formly 

elliptic in 𝛺𝛺 if there exist positive numbers 𝑐𝑐1 and 𝑐𝑐2 (independent of(𝑥𝑥, 𝜉𝜉)) such that the 

following inequality holds: 

 

𝑐𝑐1|𝜉𝜉|𝑚𝑚 ≤ |𝐿𝐿1(𝑥𝑥, 𝜉𝜉)| ≤ 𝑐𝑐2|𝜉𝜉|𝑚𝑚𝑖𝑖𝑖𝑖 𝑥𝑥∈ 𝛺𝛺 � 𝑎𝑎𝑎𝑎𝑎𝑎 𝜉𝜉𝜉𝜉Ɍ 𝑅𝑅𝑛𝑛             2.1.2  

Remark1 ellipticity is a condition only on the leading part of 𝐿𝐿, no restriction is imposed 

on the coefficients of lower order terms. 

Note the s ame d efinition o f e llipticity ( Definition 3 ) a pplies to  o rdinary d ifferential 

operators.  

Suppose t hat a n 𝑛𝑛𝑡𝑡ℎ  order or dinary di fferential e quation 𝐿𝐿𝐿𝐿 = 𝑓𝑓 , w ith s mooth 

coefficients 𝑎𝑎𝑖𝑖(𝑥𝑥) and a smooth 𝑓𝑓, is given by 

𝑎𝑎𝑛𝑛(𝑥𝑥)
𝑑𝑑𝑛𝑛𝑢𝑢(𝑥𝑥)
𝑑𝑑𝑑𝑑𝑛𝑛

+ ⋯+ 𝑎𝑎1(𝑥𝑥)
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑

+ 𝑎𝑎0(𝑥𝑥)𝑢𝑢(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) 

⇒     𝐿𝐿 = 𝑎𝑎𝑛𝑛(𝑥𝑥)
𝑑𝑑𝑛𝑛

𝑑𝑑𝑑𝑑𝑛𝑛
+ ⋯+ 𝑎𝑎1(𝑥𝑥)

𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑎𝑎0(𝑥𝑥) 

Then the principal of 𝐿𝐿 is just 

𝐿𝐿𝑛𝑛(𝑥𝑥, 𝜉𝜉) = 𝑎𝑎𝑛𝑛(𝑥𝑥)𝜉𝜉𝑛𝑛 . 

So that 𝐿𝐿 is elliptic on 𝑅𝑅𝑛𝑛  provided 𝑎𝑎𝑛𝑛(𝑥𝑥) is non-vanishing on 𝑅𝑅.we use immediately that 

examples of ODEs are easy to obtain. All ODEs with constant coefficients are elliptic. 

Consider a Bessel’s equation 

𝑥𝑥2 𝑑𝑑
2𝑢𝑢
𝑑𝑑𝑥𝑥2 + 𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝑥𝑥2 − 𝜆𝜆2)𝑢𝑢 = 0  , 𝜆𝜆 ∈ 𝑅𝑅 
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𝐿𝐿 = 𝑥𝑥2 𝑑𝑑2

𝑑𝑑𝑥𝑥2 + 𝑥𝑥
𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝑥𝑥2 − 𝜆𝜆2) 

The principal of 𝐿𝐿 is  

𝐿𝐿2(𝑥𝑥, 𝜉𝜉) = 𝑥𝑥2𝜉𝜉2 

Which vanishes at 𝑥𝑥 = 0, hence it shows 𝐿𝐿 is non elliptic operator. 

Definition 4 an 𝑛𝑛 × 𝑛𝑛 real symmetric matrix 𝐴𝐴 is said to be a positive definite if 

𝑥𝑥𝑇𝑇𝐴𝐴𝐴𝐴 > 0 

For all non zero vector 𝑥𝑥 with real entries (𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛), where 𝑥𝑥𝑇𝑇  denotes the transpose of 𝑥𝑥. 

Example 2.1  

𝐴𝐴 = �1 0
0 1� 

is positive definite for a vector with the entries 𝑥𝑥 = �
𝑥𝑥0
𝑥𝑥1
� the quadratic form is 

𝑥𝑥𝑇𝑇𝐴𝐴𝐴𝐴 = [𝑥𝑥0, 𝑥𝑥1] �1 0
0 1� �

𝑥𝑥0
𝑥𝑥1
� = 𝑥𝑥0

2 + 𝑥𝑥1
2 > 0 

Where t he en tries  𝑥𝑥0, 𝑥𝑥1  are r eal an d at  l east o ne o f t hem n on zer o, t his shows 𝐴𝐴 is 

positive definite. 

Definition 5 an operator of second order with real coefficients of the form 

 

𝐿𝐿 = � 𝑎𝑎𝑖𝑖𝑖𝑖
𝜕𝜕2

𝜕𝜕𝜕𝜕𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

+ �𝑏𝑏𝑖𝑖
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ 𝑐𝑐(𝑥𝑥).                                      2.1.3 

 

With 𝑎𝑎𝑖𝑖𝑖𝑖 (𝑥𝑥) = 𝑎𝑎𝑗𝑗𝑗𝑗 (𝑥𝑥)  is e lliptic a t 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛) if and only if the matrix �𝑎𝑎𝑖𝑖𝑖𝑖 �𝑖𝑖 ,𝑗𝑗=1
𝑛𝑛

 

is positive definite. 

Definition 6  𝐿𝐿 is also elliptic in(2.1.3), if there exists a positive function 𝜇𝜇(𝑥𝑥) such that 
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� 𝑎𝑎𝑖𝑖𝑖𝑖 (𝑥𝑥)𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

≥ 𝜇𝜇(𝑥𝑥)�𝜉𝜉𝑖𝑖
2

𝑛𝑛

𝑖𝑖=1

𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 (𝜉𝜉1, 𝜉𝜉2 … , 𝜉𝜉𝑛𝑛)∈Ɍ 𝑅𝑅𝑛𝑛                        2.1.4 

 

Example 2.2    the Laplace operator ∆ is elliptic 

Check   

𝐿𝐿𝐿𝐿 = ∆𝑢𝑢   ⇒ � 𝛿𝛿𝑖𝑖𝑖𝑖 𝐷𝐷𝑖𝑖𝑖𝑖

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

𝑢𝑢  ⇒ 𝑎𝑎𝑖𝑖𝑖𝑖 = 𝛿𝛿𝑖𝑖𝑖𝑖 = �1,   𝑖𝑖 = 𝑗𝑗
0,    𝑖𝑖 ≠ 𝑗𝑗

� 

 

⇒      𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗 = 𝛿𝛿𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗  

 

⇒          � 𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

=  � 𝛿𝛿𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

 

 

≥    � 𝛿𝛿𝑖𝑖𝑖𝑖 (𝜉𝜉𝑖𝑖)2
𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

= � (𝜉𝜉𝑖𝑖)2
𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

= ‖𝜉𝜉‖2 

 

    ⇒         � 𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

 ≥ ‖𝜉𝜉‖2 

which is the ellipticity condition with 𝜇𝜇(𝑥𝑥) = 1. 

Consequently, the Laplace operator ∆ is elliptic. 

Example 2.3   given the minimum surface equation 

 

𝐿𝐿𝐿𝐿 = 𝑑𝑑𝑑𝑑𝑑𝑑 �
𝐷𝐷𝐷𝐷

�1 + ‖𝐷𝐷𝐷𝐷‖2
� = 0 
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The operator 𝐿𝐿 is elliptic. 

Check 

𝑑𝑑𝑑𝑑𝑑𝑑 �
𝐷𝐷𝐷𝐷

�1 + ‖𝐷𝐷𝐷𝐷‖2
� = �

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�
𝐷𝐷𝑖𝑖𝑢𝑢

�1 + ‖𝐷𝐷𝐷𝐷‖2
�

𝑛𝑛

𝑖𝑖=1

                             (∗) 

 

 

But, 

𝜕𝜕
  𝜕𝜕𝜕𝜕𝑖𝑖

�
𝐷𝐷𝑖𝑖𝑢𝑢

�1 + ‖𝐷𝐷𝐷𝐷‖2
� =

�1 + ‖𝐷𝐷𝐷𝐷‖2  𝜕𝜕𝜕𝜕𝜕𝜕𝑖𝑖
(𝐷𝐷𝑖𝑖𝑢𝑢) − 𝐷𝐷𝑖𝑖𝑢𝑢

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�1 + ‖𝐷𝐷𝐷𝐷‖2

1 + ‖𝐷𝐷𝐷𝐷‖2  

 

                                                                

=
�1 + ‖𝐷𝐷𝐷𝐷‖2 𝐷𝐷𝑖𝑖𝑖𝑖𝑢𝑢 − 𝐷𝐷𝑖𝑖𝑢𝑢

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

��1 + ∑ (𝐷𝐷𝑗𝑗𝑢𝑢)2𝑛𝑛
𝑗𝑗=1 �

1 + ‖𝐷𝐷𝐷𝐷‖2  

 

=
(1 + ‖𝐷𝐷𝐷𝐷‖2)𝐷𝐷𝑖𝑖𝑖𝑖𝑢𝑢 − 𝐷𝐷𝑖𝑖𝑢𝑢 ∑ 𝐷𝐷𝑗𝑗𝑢𝑢𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢𝑛𝑛

𝑗𝑗=1

(1 + ‖𝐷𝐷𝐷𝐷‖2)3
2�

                                    (∗∗) 

 

Now, applying (**) into (*), we have 

0 = �
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�
𝐷𝐷𝑖𝑖𝑢𝑢

�1 + ‖𝐷𝐷𝐷𝐷‖2
�

𝑛𝑛

𝑖𝑖=1

= �
(1 + ‖𝐷𝐷𝐷𝐷‖2)𝐷𝐷𝑖𝑖𝑖𝑖𝑢𝑢 − 𝐷𝐷𝑖𝑖𝑢𝑢 ∑ 𝐷𝐷𝑗𝑗𝑢𝑢𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢𝑛𝑛

𝑗𝑗=1

(1 + ‖𝐷𝐷𝐷𝐷‖2)3
2�

𝑛𝑛

𝑖𝑖=1

 

 

⇒   ��(1 + ‖𝐷𝐷𝐷𝐷‖2)𝐷𝐷𝑖𝑖𝑖𝑖𝑢𝑢 − 𝐷𝐷𝑖𝑖𝑢𝑢�𝐷𝐷𝑗𝑗𝑢𝑢𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢
𝑛𝑛

𝑗𝑗=1

�
𝑛𝑛

𝑖𝑖=1

= 0 
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⇒       �(1 + ‖𝐷𝐷𝐷𝐷‖2)
𝑛𝑛

𝑖𝑖=1

𝐷𝐷𝑖𝑖𝑖𝑖𝑢𝑢 −��𝐷𝐷𝑖𝑖𝑢𝑢𝑢𝑢𝑗𝑗𝑢𝑢𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢
𝑛𝑛

𝑗𝑗=1

𝑛𝑛

𝑖𝑖=1

= 0 

 

⇒��(1 + ‖𝐷𝐷𝐷𝐷‖2)𝛿𝛿𝑖𝑖𝑖𝑖 𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢
𝑛𝑛

𝑗𝑗=1

𝑛𝑛

𝑖𝑖=1

−��𝐷𝐷𝑖𝑖𝑢𝑢𝑢𝑢𝑗𝑗𝑢𝑢𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢
𝑛𝑛

𝑗𝑗=1

𝑛𝑛

𝑖𝑖=1

= 0 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝛿𝛿𝑖𝑖𝑖𝑖 = �1,   𝑖𝑖 = 𝑗𝑗
0,   𝑖𝑖 ≠ 𝑗𝑗

�  

 

⇒           ��[1 + ‖𝐷𝐷𝐷𝐷‖2]𝛿𝛿𝑖𝑖𝑖𝑖 − 𝐷𝐷𝑖𝑖𝑢𝑢𝐷𝐷𝑗𝑗𝑢𝑢�𝐷𝐷𝑖𝑖𝑖𝑖 𝑢𝑢
𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

= 0 

 

⇒                          𝑎𝑎𝑖𝑖𝑖𝑖 = [1 + ‖𝐷𝐷𝐷𝐷‖2]𝛿𝛿𝑖𝑖𝑖𝑖 − 𝐷𝐷𝑖𝑖𝑢𝑢𝐷𝐷𝑗𝑗𝑢𝑢 

 

⇒     𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗 = [1 + ‖𝐷𝐷𝐷𝐷‖2]𝛿𝛿𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗 − 𝐷𝐷𝑖𝑖𝑢𝑢𝐷𝐷𝑗𝑗 𝑢𝑢𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗  

 

⇒ � 𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

= [1 + ‖𝐷𝐷𝐷𝐷‖2] � 𝛿𝛿𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

− � 𝐷𝐷𝑖𝑖𝑢𝑢𝜉𝜉𝑖𝑖𝐷𝐷𝑗𝑗 𝑢𝑢𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

 

 

 

= [1 + ‖𝐷𝐷𝐷𝐷‖2]�(𝜉𝜉𝑖𝑖)2
𝑛𝑛

𝑖𝑖=1

−�(𝐷𝐷𝑖𝑖𝑢𝑢𝜉𝜉𝑖𝑖)2
𝑛𝑛

𝑖𝑖=1

 

 

= [1 + ‖𝐷𝐷𝐷𝐷‖2]‖𝜉𝜉‖2 − ‖𝐷𝐷𝐷𝐷𝐷𝐷‖2   ≥   [1 + ‖𝐷𝐷𝐷𝐷‖2]‖𝜉𝜉‖2 − ‖𝐷𝐷𝐷𝐷‖2‖𝜉𝜉‖2   =  ‖𝜉𝜉‖2 
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⇒   � 𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

 ≥ ‖𝜉𝜉‖2 

                 which is the ellipticity  condition with 𝜇𝜇(𝑥𝑥) = 1 

Consequently the operator 𝐿𝐿 is elliptic 

Definition 7 the operator 

 

(𝐿𝐿 + ℎ) = � 𝑎𝑎𝑖𝑖𝑖𝑖 (𝑥𝑥)
𝜕𝜕2

𝜕𝜕𝜕𝜕𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

+ �𝑏𝑏𝑖𝑖
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ ℎ  , 

where ℎ is an operator of order less than the order of 𝐿𝐿. 

is said to be elliptic at 𝑥𝑥 if 

𝐿𝐿 = � 𝑎𝑎𝑖𝑖𝑖𝑖
𝜕𝜕2

𝜕𝜕𝜕𝜕𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗

𝑛𝑛

𝑖𝑖 ,𝑗𝑗=1

 

is elliptic there. (See Remark 1) 

Example 2.4   We consider a general secondary linear partial differential equation inℝ2. 

𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑢𝑢𝑥𝑥𝑥𝑥 + 2𝑏𝑏(𝑥𝑥,𝑦𝑦)𝑢𝑢𝑥𝑥𝑥𝑥 + 𝑐𝑐(𝑥𝑥, 𝑦𝑦)𝑢𝑢𝑦𝑦𝑦𝑦 + 𝑑𝑑(𝑥𝑥, 𝑦𝑦)𝑢𝑢𝑥𝑥 + 𝑒𝑒(𝑥𝑥,𝑦𝑦)𝑢𝑢𝑦𝑦 + 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑢𝑢 + ℎ(𝑥𝑥,𝑦𝑦)

= 0 

From this, 

[𝑎𝑎𝑖𝑖𝑖𝑖 ] = �𝑎𝑎 𝑏𝑏
𝑏𝑏 𝑐𝑐� 

The c orresponding e igen va lues of 𝑎𝑎𝑖𝑖𝑖𝑖 ,   𝜆𝜆1 = 𝜆𝜆1(𝑥𝑥, 𝑦𝑦)  and 𝜆𝜆2 = 𝜆𝜆2(𝑥𝑥, 𝑦𝑦)  are real an d 

𝜆𝜆1𝜆𝜆2 = 𝑎𝑎𝑎𝑎 − 𝑏𝑏2.So in this case the operator is elliptic at (𝑥𝑥, 𝑦𝑦) if and only if 𝑎𝑎𝑎𝑎 − 𝑏𝑏2 >

0. 
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2.1.1 The Laplace operator 

The simplest partial differential equation of elliptic type is the familiar Laplace equation. 

Δ𝑢𝑢 = �
𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕𝜕𝜕2

𝑛𝑛

𝑖𝑖=1

,𝑢𝑢∈∁2(𝛺𝛺) 

Where 

∆= �
𝜕𝜕2

𝜕𝜕𝜕𝜕𝑖𝑖
2

𝑛𝑛

𝑖𝑖=1

 

is the Laplace operator.  

2.1.1.1 The fundamental solution of Laplace operator 

   Let 

𝐿𝐿 = 𝐿𝐿(𝑥𝑥,𝐷𝐷) =   � 𝑎𝑎𝛼𝛼(𝑥𝑥)𝐷𝐷𝛼𝛼

|𝛼𝛼 |≤𝑚𝑚

 

be an elliptic differential operator of order 𝑚𝑚 in an open subset 𝛺𝛺 of 𝑅𝑅Ɍ𝑛𝑛 , where 𝛺𝛺 may 

be a small neighborhood of a point or the whole space Ɍ𝑛𝑛 . 

Definition a f unction 𝐸𝐸(𝑥𝑥,𝑦𝑦)  is c alled f undamental s olution of 𝐿𝐿  if fo r 

every 𝑓𝑓(𝑥𝑥)∈ ∁0
∞(𝛺𝛺), 

𝑢𝑢(𝑥𝑥) = �𝐸𝐸(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑
 

𝛺𝛺
 

Solves the equation 

 

𝐿𝐿(𝑥𝑥,𝐷𝐷)𝑢𝑢(𝑥𝑥) = 𝑓𝑓(𝑥𝑥)   𝑖𝑖𝑖𝑖 Ω. 

which can be interpreted in the sense of the theory of generalized functions as 

𝐿𝐿(𝑥𝑥,𝐷𝐷)𝐸𝐸(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

 where 𝛿𝛿 is the Dirac delta-function defined as 
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�𝑓𝑓(𝑥𝑥)𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝑓𝑓(0). 

Where  ∁0
∞(𝛺𝛺)  in t he a bove de notes a  s et of  i nfinitely di fferentiable f unction w ith 

compact support. 

A f undamental s olution 𝐸𝐸(𝑥𝑥,𝑦𝑦)  of t he Laplace o perator ∆  is t he s olution of  t he 

inhomogeneous equation 

∆𝐸𝐸(𝑥𝑥, 𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

Definition:-A radial f unction is a  f unction of  t he f orm 𝑢𝑢(𝑥𝑥) = 𝛾𝛾(|𝑥𝑥|)  for s ome 

functions  𝛾𝛾: [0,∞) → ℝ�. 

Let  

𝑟𝑟(𝑥𝑥) = |𝑥𝑥| = �𝑥𝑥1
2+, … , +𝑥𝑥𝑛𝑛2 

For 𝑖𝑖 = 1, … ,𝑛𝑛 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

=
1
2

(𝑥𝑥1
2+, … , +𝑥𝑥𝑛𝑛2)

−1
2 . 2𝑥𝑥𝑖𝑖 =  

𝑥𝑥𝑖𝑖
𝑟𝑟

  , (𝑥𝑥 ≠ 0) 

Now for 𝑢𝑢(𝑥𝑥) = 𝛾𝛾(|𝑥𝑥|)  for some 𝛾𝛾∈∁2(0,∞) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝛾𝛾𝑟𝑟(𝑟𝑟)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

= 𝛾𝛾𝑟𝑟(𝑟𝑟)
𝑥𝑥𝑖𝑖
𝑟𝑟

 

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥𝑖𝑖

2 =
𝜕𝜕
𝑥𝑥𝑖𝑖

(𝛾𝛾𝑟𝑟(𝑟𝑟)
𝑥𝑥𝑖𝑖
𝑟𝑟

) 

 

= 𝛾𝛾𝑟𝑟𝑟𝑟
𝑥𝑥𝑖𝑖2

𝑟𝑟2 + 𝛾𝛾𝑟𝑟(
1
𝑟𝑟

+ 𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑖𝑖
1
𝑟𝑟

) 

 

Where 

𝜕𝜕𝑥𝑥𝑖𝑖
1
𝑟𝑟

= 𝜕𝜕𝑥𝑥𝑖𝑖(𝑥𝑥1
2+, … , +𝑥𝑥𝑛𝑛2)

−1
2 = −

1
2

(𝑥𝑥1
2+, … , +𝑥𝑥𝑛𝑛2)

−3
2 2𝑥𝑥𝑖𝑖 = −

𝑥𝑥𝑖𝑖
𝑟𝑟3 

Then, 

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥𝑖𝑖

2 = 𝛾𝛾𝑟𝑟𝑟𝑟
𝑥𝑥𝑖𝑖2

𝑟𝑟2 + 𝛾𝛾𝑟𝑟(
1
𝑟𝑟
−
𝑥𝑥𝑖𝑖2

𝑟𝑟3 ) 
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Thus, 

 

Δ𝑢𝑢 = �
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥𝑖𝑖

2

𝑛𝑛

𝑖𝑖=1

 

 

 

= �𝛾𝛾𝑟𝑟𝑟𝑟
𝑥𝑥𝑖𝑖2

𝑟𝑟2 + 𝛾𝛾𝑟𝑟(
1
𝑟𝑟
−
𝑥𝑥𝑖𝑖2

𝑟𝑟3 )
𝑛𝑛

𝑖𝑖=1

 

 

= 𝛾𝛾𝑟𝑟𝑟𝑟 + 𝛾𝛾𝑟𝑟 �
𝑛𝑛
𝑟𝑟
−

1
𝑟𝑟�

, 𝑥𝑥 ≠ 0 

Therefore to find 𝑢𝑢 such that ∆𝑢𝑢 = 0 in  𝑅𝑅Ɍ𝑛𝑛\{0}, we solve the differential equation 

 

𝛾𝛾𝑟𝑟𝑟𝑟 + 𝛾𝛾𝑟𝑟 �
𝑛𝑛 − 1
𝑟𝑟 � = 0 

Assuming 

𝛾𝛾(𝑟𝑟) ≠ 0   ,                 
𝛾𝛾𝑟𝑟𝑟𝑟
𝛾𝛾𝑟𝑟

=
1 − 𝑛𝑛
𝑟𝑟

 

                    Integrate in  𝑟𝑟 

 

⇒ ln𝛾𝛾𝑟𝑟 = (1 − n)lnr + k⁡ 

 

⇒  𝛾𝛾𝑟𝑟 = 𝑐𝑐1𝑟𝑟1−𝑛𝑛  

                                                            Where,  𝑘𝑘 𝑎𝑎𝑎𝑎𝑎𝑎  𝑐𝑐1 are constants. 

Integrate again 

 

𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 = 2:        𝛾𝛾𝑟𝑟
𝑐𝑐1

𝑟𝑟
⇒ 𝛾𝛾 = 𝑐𝑐1𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑐𝑐2 

 

𝑛𝑛 > 2:       𝛾𝛾𝑟𝑟
𝑐𝑐1

𝑟𝑟𝑛𝑛−1 ⇒  𝛾𝛾 = −
1

𝑛𝑛 − 2
𝑐𝑐1

𝑟𝑟𝑛𝑛−2 + 𝑐𝑐2 

Consequently if 𝑟𝑟 > 0, we have 
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𝛾𝛾(𝑟𝑟) = �
1

2 − 𝑛𝑛
𝑐𝑐1

𝑟𝑟𝑛𝑛−2 + 𝑐𝑐2               𝑖𝑖𝑖𝑖 𝑛𝑛 > 2

 𝑐𝑐1𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑐𝑐2                   𝑖𝑖𝑖𝑖 𝑛𝑛 = 2  
� 

Where 𝑐𝑐1𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐2  are co nstants. T hat sh ows t hat 𝑢𝑢(𝑥𝑥): 𝑥𝑥 ⟼ 𝛾𝛾(|𝑥𝑥|)  is a  s olution o f 

Δ𝑢𝑢 = 0   inℝ𝑛𝑛\{0}. 

Therefore we set that by the translation invariance of the Laplace operator the function 

 

𝑢𝑢: 𝑥𝑥 ⟼ 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|) 

is a solution of 

 

Δ𝑢𝑢 = 0  𝑜𝑜𝑜𝑜 ℝ𝑛𝑛\{𝑦𝑦} 

. 

Note that there are infinitely many solutions of Δ𝑢𝑢 = 0  𝑜𝑜𝑜𝑜 ℝ𝑛𝑛\{𝑦𝑦}.  Since the constant 

𝑐𝑐2 is harmonic even at 0, i t contributes nothing and can be omitted. We take 𝑐𝑐2 = 0 but 

would like to choose the constant 𝑐𝑐1 such that 

 

∆𝑥𝑥𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|) = 𝛿𝛿𝑦𝑦(𝑥𝑥) ,   ( 𝑥𝑥 ∈  ℝ𝑛𝑛\{𝑦𝑦}) 

In the sense that 

 

� 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)
 

ℝ𝑛𝑛
∆𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑 = 𝜑𝜑(𝑥𝑥)  

   for all 𝜑𝜑 ∈ ∁𝑐𝑐∞(ℝ𝑛𝑛) 

For t his, s uppose 𝜑𝜑 ∈ 𝑐𝑐 
∞(ℝ𝑛𝑛 ) sa y 𝜑𝜑 is s upported i n the op en s et Ω and le t 𝜖𝜖 > 0 small 

enough 

Such that 

𝐵𝐵𝜖𝜖(𝑥𝑥)⊆Ω , 𝑙𝑙𝑙𝑙𝑙𝑙 Ω∈ = 𝛺𝛺\𝐵𝐵𝜖𝜖���(𝑥𝑥) 

We will assume for the case 𝑛𝑛 ≥ 3 the case 𝑛𝑛 = 2 being similar. 

Let 𝜐𝜐(𝑦𝑦) denote the outer normal to 𝜕𝜕Ω∈ at y.  Note that at 𝑦𝑦 ∈ 𝜕𝜕𝜕𝜕𝜖𝜖(𝑥𝑥) 
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𝜐𝜐(𝑦𝑦) =
𝑥𝑥 − 𝑦𝑦

|𝑥𝑥 − 𝑦𝑦| 

 

By Green’s second identity we see that                                                                                        

� (𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦) − ∆𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)𝜑𝜑(𝑦𝑦))𝑑𝑑𝑑𝑑
 

Ω𝜖𝜖

= � �𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝜑𝜑(𝑦𝑦)
𝜕𝜕𝜕𝜕(|𝑥𝑥 − 𝑦𝑦|)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

𝜕𝜕Ω∈
 

Since 

∆𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|) = 0 𝑜𝑜𝑜𝑜  Ω∈  , 

and recalling that 𝜑𝜑 = 0 near 𝜕𝜕Ω we see that 

� 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω𝜖𝜖
= � �𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝜑𝜑(𝑦𝑦)
𝜕𝜕𝜕𝜕(|𝑥𝑥 − 𝑦𝑦|)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

𝜕𝜕Ω∈
 

 

= � �𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝜑𝜑(𝑦𝑦)
𝜕𝜕𝜕𝜕(|𝑥𝑥 − 𝑦𝑦|)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

|𝑥𝑥−𝑦𝑦 |=∈
 

 

=
𝑐𝑐1

(2 − 𝑛𝑛) ∈𝑛𝑛−2 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

|𝑥𝑥−𝑦𝑦 |=∈
𝑑𝑑𝑑𝑑(𝑦𝑦) −� 𝜑𝜑(𝑦𝑦)

𝜕𝜕𝜕𝜕(|𝑥𝑥 − 𝑦𝑦|)
𝜕𝜕𝜕𝜕

 

|𝑥𝑥−𝑦𝑦 |=∈
𝑑𝑑𝑑𝑑(𝑦𝑦) 

Here 𝜐𝜐 is the outer normal vector field, note that since 

                                                                      𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)|∆𝜑𝜑(𝑦𝑦)|𝑥𝑥Ω𝜖𝜖(𝑦𝑦) ≤ 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)|∆𝜑𝜑(𝑦𝑦)| 

For a ll ℰ > 0 , and 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦)  is in tegrable o n ℝ𝑛𝑛 ,by t he l ebesgue dom inating 

convergence theorem we see that 

lim
∈→0

� 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω𝜖𝜖
= �𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑

 

Ω
 

Since  𝜑𝜑 ∈ 𝑐𝑐 
∞(Ω), and hence 𝐷𝐷φ(𝑦𝑦) is bounded it is clear that 

 

lim
∈→0

𝑐𝑐1
(2 − 𝑛𝑛) ∈𝑛𝑛−2 �

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

|𝑥𝑥−𝑦𝑦 |=∈
 𝑑𝑑𝑑𝑑(𝑦𝑦) = 0 

Note that this limit is still true provided that 𝐷𝐷𝐷𝐷 is locally bounded on Ω. 

Also, on 𝜕𝜕𝜕𝜕∈(𝑥𝑥) 
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𝜕𝜕𝜕𝜕(|𝑥𝑥 − 𝑦𝑦|)
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑦𝑦  𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|) . 𝜐𝜐 

 

= 𝐷𝐷𝑦𝑦  𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)
𝑥𝑥 − 𝑦𝑦

|𝑥𝑥 − 𝑦𝑦| 

 

=
𝑐𝑐1

(2 − 𝑛𝑛)
(𝑛𝑛 − 2)

|𝑦𝑦 − 𝑥𝑥|
|𝑥𝑥 − 𝑦𝑦|

|𝑥𝑥 − 𝑦𝑦|1−𝑛𝑛 .
𝑥𝑥 − 𝑦𝑦

|𝑥𝑥 − 𝑦𝑦| 

 

= 𝑐𝑐1|𝑥𝑥 − 𝑦𝑦|1−𝑛𝑛  

 

Therefore,  

� 𝜑𝜑(𝑦𝑦)
𝜕𝜕𝜕𝜕(|𝑥𝑥 − 𝑦𝑦|)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑(𝑦𝑦)

 

|𝑥𝑥−𝑦𝑦 |=∈
=

𝑐𝑐1

∈𝑛𝑛−1 � 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

|𝑥𝑥−𝑦𝑦 |=∈
 

 

= 𝑐𝑐1𝑛𝑛𝜔𝜔𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎� 𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

|𝑥𝑥−𝑦𝑦 |=∈
 

→    =   𝑐𝑐1𝑛𝑛𝜔𝜔𝑛𝑛𝜑𝜑(𝑥𝑥) 

                                       as ϵ→0 

Therefore we see that 

 

�𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω
= 𝑐𝑐1𝑛𝑛𝜔𝜔𝑛𝑛𝜑𝜑(𝑥𝑥) = 𝜑𝜑(𝑥𝑥) 

Hence we choose 𝑐𝑐1 = 1
𝑛𝑛𝜔𝜔𝑛𝑛

 

Similarly, For case n=2, we have, 

∫ 𝛾𝛾(|𝑥𝑥 − 𝑦𝑦|)∆𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑 
Ω = 𝑐𝑐12𝜋𝜋𝜋𝜋(𝑥𝑥) ,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝜕𝜕𝜕𝜕(0,1) = 2𝜋𝜋,𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑛𝑛 = 2 

Hence we choose 𝑐𝑐1 = 1
2𝜋𝜋

 

Therefore for  𝑥𝑥 ≠ 0 , we define 
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Γ(𝑥𝑥) =

⎩
⎨

⎧
1

2𝜋𝜋
𝑙𝑙𝑙𝑙|𝑥𝑥|                                              𝑖𝑖𝑖𝑖 𝑛𝑛 = 2

 
1

𝑛𝑛(2 − 𝑛𝑛)𝜔𝜔𝑛𝑛 |𝑥𝑥|𝑛𝑛−2                                     𝑖𝑖𝑖𝑖 𝑛𝑛 > 2   
� 

Note   ∆𝛤𝛤 = 0 for 𝑥𝑥 ≠ 0 but not defined if 𝑥𝑥 = 0.  ∆𝛤𝛤 can be defined everywhere in the 

sense of distributions, 

∆𝛤𝛤 = 𝛿𝛿                   ,     𝛿𝛿0(𝑥𝑥) = �1       , 𝑥𝑥 = 0
0     , 𝑥𝑥 ≠ 0

� 

∆𝛤𝛤(𝑥𝑥 − 𝑦𝑦) = �0     , 𝑥𝑥 ≠ 𝑦𝑦
1   , 𝑥𝑥 = 𝑦𝑦

� 

Formally, this suggests a solution formula for a poison equation 

∆𝑢𝑢 = 𝑓𝑓 in 𝑅𝑅Ɍ𝑛𝑛  

Check    

∆𝑢𝑢 =  � ∆𝑥𝑥𝛤𝛤(𝑥𝑥 − 𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑
 

𝑅𝑅𝑛𝑛
  = � 𝛿𝛿𝑥𝑥(𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑

 

𝑅𝑅𝑛𝑛
= 𝑓𝑓(𝑥𝑥)   

 

Definition:-The function 

 

 

Γ(|𝑥𝑥 − 𝑦𝑦|) =

⎩
⎨

⎧
1

2𝜋𝜋
𝑙𝑙𝑙𝑙|𝑥𝑥 − 𝑦𝑦|                            𝑖𝑖𝑖𝑖 𝑛𝑛 = 2

 
1

𝑛𝑛(2 − 𝑛𝑛)𝜔𝜔𝑛𝑛 |𝑥𝑥 − 𝑦𝑦|𝑛𝑛−2                   𝑖𝑖𝑖𝑖 𝑛𝑛 > 2   
� 

is the fundamental solution of Laplace operator. 

By simple computation we have 

𝐷𝐷𝑖𝑖Г(𝑥𝑥 − 𝑦𝑦) =
1
𝑛𝑛𝜔𝜔𝑛𝑛

(𝑥𝑥𝑖𝑖−𝑦𝑦𝑖𝑖)|𝑥𝑥 − 𝑦𝑦|−𝑛𝑛  

𝐷𝐷𝑖𝑖𝑖𝑖Г(𝑥𝑥 − 𝑦𝑦) =
1
𝑛𝑛𝜔𝜔𝑛𝑛

�|𝑥𝑥 − 𝑦𝑦|2𝛿𝛿𝑖𝑖𝑖𝑖 − 𝑛𝑛(𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖)(𝑥𝑥𝑗𝑗 − 𝑦𝑦𝑗𝑗 )�|𝑥𝑥 − 𝑦𝑦|−𝑛𝑛−2 

Clearly,  Г is harmonic for 𝑥𝑥 ≠ 𝑦𝑦. 
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Lemma 2.1.1.1 we have 

 

              a)                           |𝐷𝐷𝐷𝐷(𝑥𝑥)| ≤
𝑐𝑐

|𝑥𝑥|𝑛𝑛−1       , 𝑥𝑥 ≠ 0 

 

              b)                                |𝐷𝐷2𝛤𝛤(𝑥𝑥)| ≤
𝑐𝑐

|𝑥𝑥|𝑛𝑛           𝑥𝑥 ≠ 0 

 

              c)                                 
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕

=
1

𝑛𝑛𝑛𝑛𝑛𝑛𝑟𝑟𝑛𝑛−1 ∀ 𝑥𝑥 ∈ 𝜕𝜕𝜕𝜕(0, 𝑟𝑟) 

Note 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑥𝑥) = 𝐷𝐷𝐷𝐷(𝑥𝑥).
𝑥𝑥

|𝑥𝑥|         𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣(𝑥𝑥) =
𝑥𝑥

|𝑥𝑥| 

 

Proof               

  a)                  𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 = 2 ∶         
𝜕𝜕𝜕𝜕𝜕𝜕|𝑥𝑥|
𝜕𝜕𝜕𝜕𝑖𝑖

=
1

|𝑥𝑥|
𝜕𝜕|𝑥𝑥|
𝜕𝜕𝜕𝜕𝑖𝑖

=
1

|𝑥𝑥|
𝑥𝑥𝑖𝑖
|𝑥𝑥| 

𝐷𝐷𝐷𝐷(𝑥𝑥) =
1

2𝜋𝜋
𝑥𝑥

|𝑥𝑥|2      ⇒|𝐷𝐷𝐷𝐷(𝑥𝑥)| ≤
𝑐𝑐

|𝑥𝑥| 

 

𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 > 2 ∶               
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

1
|𝑥𝑥|𝑛𝑛−2 =

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

��𝑥𝑥𝑘𝑘2�
−(𝑛𝑛−2)

2

= −
(𝑛𝑛 − 2)

2
��𝑥𝑥𝑘𝑘2�

−(𝑛𝑛−2
2 +1)

2𝑥𝑥𝑖𝑖  = −(𝑛𝑛 − 2)
𝑥𝑥𝑖𝑖

|𝑥𝑥|𝑛𝑛  

𝐷𝐷𝐷𝐷(𝑥𝑥) =
−1

𝑛𝑛(2 − 𝑛𝑛)𝜔𝜔𝑛𝑛
. �
−(𝑛𝑛 − 2)𝑥𝑥

|𝑥𝑥|𝑛𝑛 � 

𝐷𝐷𝐷𝐷(𝑥𝑥) =
1
𝑛𝑛𝜔𝜔𝑛𝑛

𝑥𝑥
|𝑥𝑥|𝑛𝑛  
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|𝐷𝐷𝐷𝐷(𝑥𝑥)| ≤
1
𝑛𝑛𝜔𝜔𝑛𝑛

|𝑥𝑥|
|𝑥𝑥|𝑛𝑛 =

1
𝑛𝑛𝑛𝑛𝑛𝑛

1
|𝑥𝑥|𝑛𝑛−1 

⇒    |𝐷𝐷𝐷𝐷(𝑥𝑥)| ≤
𝑐𝑐

|𝑥𝑥|𝑛𝑛−1 

 

 

       𝑏𝑏)             𝑓𝑓𝑓𝑓𝑓𝑓  𝑛𝑛 = 2  ;    
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑙𝑙𝑙𝑙|𝑥𝑥| =
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

�
𝑥𝑥𝑖𝑖

|𝑥𝑥|2� =
𝛿𝛿𝑖𝑖𝑖𝑖

|𝑥𝑥|2 + 𝑥𝑥𝑖𝑖
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

1
|𝑥𝑥|2 

But 

𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

1
|𝑥𝑥|2 =

𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

��𝑥𝑥𝑘𝑘2�
−1

= − ��𝑥𝑥𝑘𝑘2�
−2

2𝑥𝑥𝑗𝑗 = −2
𝑥𝑥𝑗𝑗

|𝑥𝑥|4 

𝐷𝐷2𝛤𝛤(𝑥𝑥) =
1

2𝜋𝜋
�
𝛿𝛿𝑖𝑖𝑖𝑖

|𝑥𝑥|2 −
𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗
|𝑥𝑥|4� 

|𝐷𝐷2𝛤𝛤(𝑥𝑥)| ≤
1

2𝜋𝜋 �
1

|𝑥𝑥|2 −
2|𝑥𝑥𝑖𝑖|�𝑥𝑥𝑗𝑗 �

|𝑥𝑥|4 � ≤
1

2𝜋𝜋
3

|𝑥𝑥|2 

⇒       𝐷𝐷2𝛤𝛤(𝑥𝑥) ≤
𝑐𝑐

|𝑥𝑥|2 

𝑓𝑓𝑓𝑓𝑓𝑓   𝑛𝑛 > 2   ;      
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

�
1

|𝑥𝑥|𝑛𝑛−2� =  
𝜕𝜕
𝑥𝑥𝑗𝑗
�−(𝑛𝑛 − 2)

𝑥𝑥𝑖𝑖
|𝑥𝑥|𝑛𝑛�

= −(𝑛𝑛 − 2) �
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

𝑥𝑥𝑖𝑖
1

|𝑥𝑥|𝑛𝑛 + 𝑥𝑥𝑖𝑖
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

1
|𝑥𝑥|𝑛𝑛� 

 

=  −(𝑛𝑛 − 2) �
𝛿𝛿𝑖𝑖𝑖𝑖

|𝑥𝑥|𝑛𝑛 + 𝑥𝑥𝑖𝑖
𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

1
|𝑥𝑥|𝑛𝑛� 

 

But 

𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

1
|𝑥𝑥|𝑛𝑛 =

𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗

��𝑥𝑥𝑘𝑘2�
−𝑛𝑛
2 =

−𝑛𝑛
2
��𝑥𝑥𝑘𝑘2�

−(𝑛𝑛+1)
2 . 2𝑥𝑥𝑖𝑖 =

−𝑛𝑛𝑛𝑛𝑗𝑗
|𝑥𝑥|𝑛𝑛+1 
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𝐷𝐷2𝛤𝛤(𝑥𝑥) =
1

𝑛𝑛(2 − 𝑛𝑛)𝜔𝜔𝑛𝑛
(−1)(𝑛𝑛 − 2)) �

𝛿𝛿𝑖𝑖𝑖𝑖
|𝑥𝑥|𝑛𝑛 − 𝑛𝑛𝑛𝑛𝑖𝑖𝑥𝑥𝑗𝑗

1
|𝑥𝑥|𝑛𝑛+1� 

 

=
1
𝑛𝑛𝜔𝜔𝑛𝑛

�
𝛿𝛿𝑖𝑖𝑖𝑖

|𝑥𝑥|𝑛𝑛 − 𝑛𝑛𝑛𝑛𝑖𝑖𝑥𝑥𝑗𝑗
1

|𝑥𝑥|𝑛𝑛+1� 

|𝐷𝐷2𝛤𝛤(𝑥𝑥)| ≤
1
𝑛𝑛𝜔𝜔𝑛𝑛

�
1

|𝑥𝑥|𝑛𝑛 − 𝑛𝑛
|𝑥𝑥𝑖𝑖|�𝑥𝑥𝑗𝑗 �
|𝑥𝑥|𝑛𝑛+1 � ≤

1
𝑛𝑛𝜔𝜔𝑛𝑛

�
1

|𝑥𝑥|𝑛𝑛 −
𝑛𝑛

|𝑥𝑥|𝑛𝑛� ≤
1 − 𝑛𝑛
𝑛𝑛𝜔𝜔𝑛𝑛

1
|𝑥𝑥|𝑛𝑛  

⇒     |𝐷𝐷2𝛤𝛤(𝑥𝑥)|  ≤
𝑐𝑐

|𝑥𝑥|𝑛𝑛  

. 

 

𝑐𝑐)   𝑓𝑓𝑓𝑓𝑓𝑓    𝑛𝑛 = 2    ;   𝐷𝐷𝐷𝐷(𝑥𝑥) =
1

2𝜋𝜋
𝐷𝐷𝐷𝐷𝐷𝐷|𝑥𝑥| =

1
2𝜋𝜋

1
|𝑥𝑥|

𝑥𝑥
|𝑥𝑥| 

 

 

⇒    
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑥𝑥) =
1

2𝜋𝜋
𝑥𝑥

|𝑥𝑥|2
𝑥𝑥

|𝑥𝑥| =
1

2𝜋𝜋
|𝑥𝑥|2

|𝑥𝑥|2|𝑥𝑥| =
1

2𝜋𝜋
1

|𝑥𝑥| 

𝑓𝑓𝑓𝑓𝑓𝑓  𝑛𝑛 > 2   ;   
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑥𝑥) =  𝐷𝐷𝐷𝐷(𝑥𝑥).
𝑥𝑥

|𝑥𝑥| =
1
𝑛𝑛𝜔𝜔𝑛𝑛

𝑥𝑥
|𝑥𝑥|𝑛𝑛

𝑥𝑥
|𝑥𝑥| =

1
𝑛𝑛𝜔𝜔𝑛𝑛

|𝑥𝑥|2

|𝑥𝑥|𝑛𝑛+1 =
1

𝑛𝑛𝜔𝜔𝑛𝑛 |𝑥𝑥|𝑛𝑛−1

=
1

𝑛𝑛𝜔𝜔𝑛𝑛𝑟𝑟𝑛𝑛−1 

Therefore, 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑥𝑥) =
1

𝑛𝑛𝑛𝑛𝑛𝑛𝑟𝑟𝑛𝑛−1  ∀ 𝑥𝑥 ∈ 𝜕𝜕𝜕𝜕(0, 𝑟𝑟) 
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Theorem (Integral Representation) 

Let Ω be a domain with 𝑐𝑐1 boundary. If 𝑢𝑢 ∈ 𝑐𝑐2(Ω�) .Then for any 𝑥𝑥 ∈ Ω. 

 

𝑢𝑢(𝑥𝑥) = �Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω

−� �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕(𝑦𝑦)
𝜕𝜕𝜕𝜕

− u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω
                                 (1)  

 

Proof      Γ is defined on ℝ𝑛𝑛 \{𝑦𝑦} as follows 

 

Γ(𝑥𝑥 − 𝑦𝑦) =

⎩
⎨

⎧
1

2𝜋𝜋
𝑙𝑙𝑙𝑙|𝑥𝑥 − 𝑦𝑦|                      𝑖𝑖𝑖𝑖 𝑛𝑛 = 2

 
1

𝑛𝑛(2 − 𝑛𝑛)𝜔𝜔𝑛𝑛
   

1
|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−2        𝑖𝑖𝑖𝑖 𝑛𝑛 > 2   

� 

 

Γ(𝑥𝑥 − 𝑦𝑦) Satisfies ∆𝛤𝛤(𝑥𝑥 − 𝑦𝑦) = 0 in ℝ𝑛𝑛\{𝑦𝑦} for 𝑛𝑛 ≥ 2. let 𝑥𝑥 ∈ Ω.  

 Then B(𝑦𝑦,𝜖𝜖) ⊂ ⊂ Ω for some 𝜖𝜖 > 0.         Let Ω𝜖𝜖 = Ω\𝐵𝐵(𝑦𝑦, 𝜖𝜖) 

Now 𝑢𝑢(𝑦𝑦) 𝑎𝑎𝑎𝑎𝑎𝑎 Γ(𝑥𝑥 − 𝑦𝑦) are in 𝑐𝑐2(Ω𝜖𝜖) .We apply Green’s second identity 

 

� (
 

Ω𝜖𝜖
Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦) − 𝑢𝑢(𝑦𝑦)∆Γ(𝑥𝑥 − 𝑦𝑦))𝑑𝑑𝑑𝑑

= � �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω𝜖𝜖
 

Since Γ(𝑥𝑥 − 𝑦𝑦) is harmonic in Ω𝜖𝜖  , 

� Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω𝜖𝜖
= � �Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω𝜖𝜖
 

= � �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω

+ � �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂𝐵𝐵(𝑦𝑦 ,𝜖𝜖)
                            (2) 
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� Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω𝜖𝜖���������������
=𝐼𝐼𝜖𝜖

= � �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω

+ � �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦)� 𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂𝐵𝐵(𝑦𝑦 ,𝜖𝜖)���������������������
=𝐽𝐽𝜖𝜖

− � �u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦) 

 

∂𝐵𝐵(𝑦𝑦 ,𝜖𝜖)���������������������
𝐾𝐾𝜖𝜖

 

 

But ∫ 𝑢𝑢(𝑦𝑦)∆Γ(𝑥𝑥 − 𝑦𝑦) 
Ω𝜖𝜖

= 0, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 Γ(𝑥𝑥 − 𝑦𝑦) satisfies Laplace equation. 

 

𝐼𝐼𝜖𝜖 =  � Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)
 

Ω𝜖𝜖
dy 

 

= � Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑥𝑥Ω𝜖𝜖(𝑦𝑦)
 

Ω 

dy 

Note 𝑥𝑥Ω𝜖𝜖(𝑦𝑦) → 𝑥𝑥Ω (𝑦𝑦) 𝑎𝑎𝑎𝑎 𝜖𝜖 → 0 

�Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑥𝑥Ω𝜖𝜖(𝑦𝑦)� ≤ |Γ(𝑥𝑥 − 𝑦𝑦)||∆ 𝑢𝑢(𝑦𝑦)| 

𝐼𝐼𝜖𝜖 → � Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑥𝑥Ω (𝑦𝑦)
 

Ω 

dy = � Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)
 

Ω 

dy 

                       as 𝜖𝜖 → 0 

|𝐽𝐽𝜖𝜖 | = �� Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂B(𝑦𝑦 ,𝜖𝜖)
� 

 

= 𝑐𝑐𝑛𝑛 max
Ω

|𝐷𝐷𝐷𝐷|�
1

|x − y|n−2 𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂B(𝑦𝑦 ,𝜖𝜖)
 

 

= 𝑐𝑐𝑛𝑛 max
Ω

|𝐷𝐷𝐷𝐷|� �
1

rn−2

 

𝑠𝑠𝑛𝑛−1

𝜖𝜖

0
rn−1𝑑𝑑𝑑𝑑(𝑤𝑤)𝑑𝑑𝑑𝑑 

 

= 𝑛𝑛𝜔𝜔𝑛𝑛𝑐𝑐𝑛𝑛 max
Ω

|𝐷𝐷𝐷𝐷|� 𝑟𝑟
𝜖𝜖

0
𝑑𝑑𝑑𝑑 
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⟹ |𝐽𝐽𝜖𝜖 | ≤ 𝑐𝑐𝑛𝑛 max
Ω

|𝐷𝐷𝐷𝐷| 𝜖𝜖2 → 0 𝑎𝑎𝑎𝑎 𝜖𝜖 → 0 

∴     lim
𝜖𝜖→0

𝐽𝐽𝜖𝜖 = 0 

𝐾𝐾𝜖𝜖 = � u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑(𝑦𝑦),

 

∂B(𝑦𝑦 ,𝜖𝜖)
𝑦𝑦𝑦𝑦 ∂B(𝑦𝑦, 𝜖𝜖) 

𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕

= 𝐷𝐷Γ(𝑥𝑥 − 𝑦𝑦). 𝜐𝜐(𝑦𝑦) 

 

= 𝐷𝐷Γ(𝑥𝑥 − 𝑦𝑦).
𝑥𝑥 − 𝑦𝑦

|𝑥𝑥 − 𝑦𝑦|  , 𝜐𝜐(𝑦𝑦) =
𝑥𝑥 − 𝑦𝑦

|𝑥𝑥 − 𝑦𝑦|  𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 ∈ ∂B(𝑦𝑦, 𝜖𝜖) 

 

Γ(𝑥𝑥 − 𝑦𝑦) =
1

𝑛𝑛(2 − 𝑛𝑛)𝜔𝜔𝑛𝑛
|x − y|2−n  

𝐷𝐷Γ(𝑥𝑥 − 𝑦𝑦) =
1
𝑛𝑛𝜔𝜔𝑛𝑛

|x − y|1−n y − x
|y − x| 

∴         
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
=

1
𝑛𝑛𝜔𝜔𝑛𝑛

|y − x|−n(y − x)
x − y

|x − y| 

 

= −
1
𝑛𝑛𝜔𝜔𝑛𝑛

|y − x|−n |y − x|2

|y − x|  

 

= −
1
𝑛𝑛𝜔𝜔𝑛𝑛

|y − x|1−n  

𝐾𝐾𝜖𝜖 = � u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂B(𝑦𝑦 ,𝜖𝜖)
 

= −
1
𝑛𝑛𝜔𝜔𝑛𝑛

�
u(y)

|x − y|n−1 𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂B(𝑦𝑦 ,𝜖𝜖)
 

 

= −
1

𝑛𝑛𝜔𝜔𝑛𝑛𝜖𝜖𝑛𝑛−1 � u(y)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂B(𝑦𝑦 ,𝜖𝜖)
 

 

=     −
1

|∂B(𝑦𝑦, 𝜖𝜖)|� u(y)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂B(𝑦𝑦 ,𝜖𝜖)
 

But 
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1
|∂B(𝑦𝑦, 𝜖𝜖)|� u(y)𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂B(𝑦𝑦 ,𝜖𝜖)
=

1
|∂B(𝑦𝑦, 𝜖𝜖)|� �u(y) − u(x)�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂B(𝑦𝑦 ,𝜖𝜖)
+ 𝑢𝑢(𝑥𝑥) 

Since 
1

|∂B(𝑦𝑦, 𝜖𝜖)|� u(x)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂B(𝑦𝑦 ,𝜖𝜖)
= 𝑢𝑢(𝑥𝑥) 

After taking limit as 𝜖𝜖 → 0 (2) becomes; 

� Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

= � �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

+ 𝑢𝑢(𝑥𝑥) 

 

Hence 

𝑢𝑢(𝑥𝑥) =      � Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

−� �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

 

Lemma 2.1.1.2: If 𝑢𝑢 ∈ 𝑐𝑐2(Ω�) satisfies ∆𝑢𝑢 = 0   𝑖𝑖𝑖𝑖 Ω then 

𝑢𝑢(𝑥𝑥) = −� �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

 

Proof 

The proof follows from the above theorem 

𝑢𝑢(𝑥𝑥) =      � Γ(𝑥𝑥 − 𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω ���������������
=0

−� �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

 

               Since 

∆𝑢𝑢 = 0 

Therefore 

         𝑢𝑢(𝑥𝑥) = −� �Γ(𝑥𝑥 − 𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕Γ(𝑥𝑥 − 𝑦𝑦)

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

 

Note that the normal derivative 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 on 𝜕𝜕Ω is not  known, so we would l ike to modify the 

above formula to get a formula which does not involve 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 . 

Suppose for each 𝑥𝑥 ∈ Ω, there is a function 𝜙𝜙𝑥𝑥such that 

 

� ∆𝜙𝜙𝑥𝑥(𝑦𝑦) = 0                              𝑖𝑖𝑖𝑖 Ω
𝜙𝜙𝑥𝑥(𝑦𝑦) = −Γ(𝑥𝑥 − 𝑦𝑦)                 𝑜𝑜𝑜𝑜 𝜕𝜕Ω

� 
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Using Green’s second identity on Ω with 𝑢𝑢(𝑦𝑦) and 𝜙𝜙𝑥𝑥(𝑦𝑦) we get 

 

    � 𝜙𝜙𝑥𝑥(𝑦𝑦)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

= � �𝜙𝜙𝑥𝑥(𝑦𝑦)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕𝜙𝜙𝑥𝑥(𝑦𝑦)
𝜕𝜕𝜕𝜕

�𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

             (3) 

 

Adding (3) to (1) we get, 

𝑢𝑢(𝑥𝑥) = � �Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦)�∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

−� �(Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦))
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦) − u(𝑦𝑦)
𝜕𝜕(Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦))

𝜕𝜕𝜕𝜕
�𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

 

 

𝑢𝑢(𝑥𝑥) = � �Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦)�∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

+ � u(𝑦𝑦)
𝜕𝜕(Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦))

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑(𝑦𝑦)

 

∂Ω 

−               � (Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦))
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

                                    (4) 

 

2.1.1.2 Green’s function of Laplace operator 
Definition a function 𝐺𝐺(𝑥𝑥,𝑦𝑦) defined for 𝑥𝑥, 𝑦𝑦 ∈ Ω �𝑥𝑥 ≠ 𝑦𝑦   is cal led the Green’s function 

for the Laplace operator on Ω. If 

(1)  𝐺𝐺(𝑥𝑥, 𝑦𝑦) = 0  𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 ∈ 𝜕𝜕𝜕𝜕 

(2) 𝐺𝐺(𝑥𝑥,𝑦𝑦) = Γ(𝑥𝑥 − 𝑦𝑦) + 𝜙𝜙𝑥𝑥(𝑦𝑦) is harmonic in 𝑥𝑥 ∈ Ω 

Now (4) becomes 

𝑢𝑢(𝑥𝑥) = � G(x, y)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

+ � u(𝑦𝑦)
𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

−� G(x, y))�����
=0

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑦𝑦)𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

 

𝑢𝑢(𝑥𝑥) = � G(x, y)∆ 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

+ � u(𝑦𝑦)
𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

 

Using t his f ormula we can obtain a s olution o f th e D irichlet p roblem f or th e p oison 

equation 

 

� ∆𝑢𝑢 = 𝑓𝑓 𝑖𝑖𝑖𝑖 Ω
𝑢𝑢 = 𝜑𝜑 𝑜𝑜𝑜𝑜 𝜕𝜕Ω

� 
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By the representation formula 

 

𝑢𝑢(𝑥𝑥) = � G(x, y)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑
 

Ω 

+ � φ(y)
𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

 

 

Similar to the Dirichlet problem if 

 

� ∆𝑢𝑢 = 0 𝑖𝑖𝑖𝑖 Ω
𝑢𝑢 = 𝜑𝜑 𝑜𝑜𝑜𝑜 𝜕𝜕Ω                                     (5)� 

The solution is given by 

𝑢𝑢(𝑥𝑥) = � φ(y)
𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑦𝑦)
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑(𝑦𝑦)
 

∂Ω 

 

Here 𝑢𝑢(𝑥𝑥) is the integral representation for the solution of the equation (5) 

Theorem: The G reen’s f unction 𝐺𝐺(𝑥𝑥,𝑦𝑦)  is s ymmetric th at i s (𝑥𝑥,𝑦𝑦) = 𝐺𝐺(𝑦𝑦, 𝑥𝑥)  ,  fo r 

𝑥𝑥,𝑦𝑦 ∈ Ω , 𝑥𝑥 ≠ 𝑦𝑦. 

Proof Take 𝑥𝑥,𝑦𝑦 ∈ Ω 𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑥𝑥 ≠ 𝑦𝑦.  choose 𝑟𝑟 > 0  small enough s uch t hat                       

𝐵𝐵(𝑥𝑥, 𝑟𝑟) ∩ 𝐵𝐵(𝑦𝑦, 𝑟𝑟) = ∅. A nd c onsider 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊂ 𝛺𝛺 and 𝐵𝐵(𝑦𝑦, 𝑟𝑟). Se t 𝐺𝐺𝑥𝑥(𝑧𝑧) = 𝐺𝐺(𝑥𝑥, 𝑧𝑧) a nd 

𝐺𝐺𝑦𝑦(𝑧𝑧) = 𝐺𝐺(𝑦𝑦, 𝑧𝑧) .By applying Green’s formula in Ω\[(𝐵𝐵(𝑥𝑥, 𝑟𝑟) ∩ 𝐵𝐵(𝑦𝑦, 𝑟𝑟)] we get, 

� � 𝐺𝐺𝑥𝑥∆ 𝐺𝐺𝑦𝑦 −  𝐺𝐺𝑦𝑦∆ 𝐺𝐺𝑥𝑥�
 

Ω\𝐵𝐵(𝑥𝑥 ,𝑟𝑟)∩𝐵𝐵(𝑦𝑦 ,𝑟𝑟)
𝑑𝑑𝑑𝑑 = �  (𝐺𝐺𝑥𝑥

 𝜕𝜕𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

 

𝜕𝜕Ω
−  𝐺𝐺𝑦𝑦

 𝜕𝜕𝜕𝜕2

𝜕𝜕𝜕𝜕
)𝑑𝑑𝑑𝑑 

−�  (𝐺𝐺𝑥𝑥
 𝜕𝜕𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

  

𝜕𝜕𝜕𝜕(𝑥𝑥 ,𝑟𝑟)
−  𝐺𝐺𝑦𝑦

 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 − �  (𝐺𝐺𝑥𝑥
 𝜕𝜕𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

 

𝜕𝜕𝜕𝜕(𝑦𝑦 ,𝑟𝑟)
−  𝐺𝐺𝑦𝑦

 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 

Since 𝐺𝐺𝑥𝑥  and 𝐺𝐺𝑦𝑦   are harmonic for 𝑥𝑥 ≠ 𝑧𝑧 and 𝑦𝑦 ≠ 𝑧𝑧 respectively, and vanishes on 𝜕𝜕Ω we 

have 

�  (𝐺𝐺𝑥𝑥
 𝜕𝜕𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

  

𝜕𝜕𝜕𝜕(𝑥𝑥 ,𝑟𝑟)
−  𝐺𝐺𝑦𝑦

 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 + �  (𝐺𝐺𝑥𝑥
 𝜕𝜕𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

 

𝜕𝜕𝜕𝜕�𝑥𝑥𝑦𝑦 ,𝑟𝑟�
−  𝐺𝐺𝑦𝑦

 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 = 0 

Note that the left side has the same limit as the left side in the following as  𝑟𝑟 → 0 

�  (Γ
 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

  

𝜕𝜕𝜕𝜕(𝑥𝑥 ,𝑟𝑟)
−  𝐺𝐺𝑦𝑦

 𝜕𝜕Γ
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 + �  (𝐺𝐺𝑥𝑥
 𝜕𝜕Γ
𝜕𝜕𝜕𝜕

 

𝜕𝜕𝜕𝜕(𝑦𝑦 ,𝑟𝑟)
−  Γ

 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

)𝑑𝑑𝑑𝑑 = 0 
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While we have 

 

�  Γ
 𝜕𝜕𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
  

𝜕𝜕𝜕𝜕(𝑥𝑥 ,𝑟𝑟)
→ 0,�  Γ

 𝜕𝜕𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
 

𝜕𝜕𝜕𝜕(𝑦𝑦 ,𝑟𝑟)
→ 0 𝑎𝑎𝑎𝑎  𝑟𝑟 → 0 

And 

� 𝐺𝐺𝑦𝑦
 𝜕𝜕Γ
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
  

𝜕𝜕𝜕𝜕(𝑥𝑥 ,𝑟𝑟)
→ 𝐺𝐺𝑦𝑦(𝑥𝑥),�  𝐺𝐺𝑥𝑥

 𝜕𝜕Γ
𝜕𝜕𝜕𝜕

 

𝜕𝜕𝜕𝜕(𝑦𝑦 ,𝑟𝑟)
𝑑𝑑𝑑𝑑 → 𝐺𝐺𝑥𝑥(𝑦𝑦) 𝑎𝑎𝑎𝑎 𝑟𝑟 → 0 

This implies 

 

  𝐺𝐺𝑦𝑦(𝑥𝑥) − 𝐺𝐺𝑥𝑥(𝑦𝑦), 𝑜𝑜𝑜𝑜 𝐺𝐺(𝑦𝑦, 𝑥𝑥) = 𝐺𝐺(𝑥𝑥,𝑦𝑦) 

 

2.2 Integral Representations for Solutions of an operator  

Let Ω  be a n ope n t hree dimension r egion in 𝑅𝑅3  and t he bounda ry 𝜕𝜕Ω  be a si mply 

connected, infinitely smooth surface. 

Let 𝑎𝑎 ∈ (𝑅𝑅3),𝑎𝑎(𝑥𝑥) > 0 

Consider the following scalar differential operators; 

𝐿𝐿𝑎𝑎 = �
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�𝑎𝑎(𝑥𝑥)
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�
3

𝑖𝑖=1

 

𝐸𝐸𝑎𝑎(𝑢𝑢, 𝑣𝑣) = �𝑎𝑎(𝑥𝑥)
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕𝑖𝑖

= 𝑎𝑎(𝑥𝑥)∇𝑢𝑢(𝑥𝑥)∇𝑣𝑣(𝑥𝑥) 

𝑇𝑇𝑎𝑎(𝑥𝑥,𝑛𝑛(𝑥𝑥),𝜕𝜕𝑥𝑥) = �𝑎𝑎(𝑥𝑥)𝑛𝑛𝑖𝑖(𝑥𝑥)
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

= 𝑎𝑎(𝑥𝑥)
𝜕𝜕

𝜕𝜕𝜕𝜕(𝑥𝑥)
 

We want to show that 𝐿𝐿𝑎𝑎  is elliptic operator as follows; 
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𝐿𝐿𝑎𝑎  can be written as: 

𝐿𝐿𝑎𝑎 = �𝑎𝑎(𝑥𝑥)
𝜕𝜕2

𝜕𝜕𝑥𝑥𝑖𝑖
2

3

𝑖𝑖=1

+ �𝑏𝑏𝑖𝑖
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

         ,     𝑏𝑏𝑖𝑖 =
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

𝑎𝑎(𝑥𝑥)                 (2.2.1) 

Comparing (2.2.1) to Eq.(2.1.3), 𝐿𝐿𝑎𝑎  is an operator of second order to show its ellipticity, 

we use Defintion6. 

Here in (2.2.1) 𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑎𝑎(𝑥𝑥)𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖 = 𝑗𝑗 

𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗 = 𝑎𝑎(𝑥𝑥)𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗  

� 𝑎𝑎𝑖𝑖𝑖𝑖 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

3

𝑖𝑖 ,𝑗𝑗=1

= � 𝑎𝑎(𝑥𝑥)𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

3

𝑖𝑖 ,𝑗𝑗=1

= 𝑎𝑎(𝑥𝑥) � 𝜉𝜉𝑖𝑖𝜉𝜉𝑗𝑗

3

𝑖𝑖 ,𝑗𝑗=1

= 𝑎𝑎(𝑥𝑥)�𝜉𝜉𝑖𝑖
2

3

𝑖𝑖=1

= 𝑎𝑎(𝑥𝑥)‖𝜉𝜉‖2 

This implies that 𝐿𝐿𝑎𝑎  is elliptic with µ(𝑥𝑥) = 𝑎𝑎(𝑥𝑥) > 0. 

We can get the first and second Green’s identity for an operator 𝐿𝐿𝑎𝑎  ; 

� [𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 +
Ω

𝐸𝐸𝑎𝑎(𝑢𝑢, 𝑣𝑣)]𝑑𝑑𝑑𝑑 = � 𝑣𝑣𝑣𝑣𝑎𝑎𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕Ω

 

(First Green’s identity for an operator 𝐿𝐿𝑎𝑎 ) 

� (𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 − 𝑢𝑢𝐿𝐿𝑎𝑎𝑣𝑣)𝑑𝑑𝑑𝑑 = � (𝑣𝑣𝑇𝑇𝑎𝑎𝑢𝑢 − 𝑢𝑢𝑇𝑇𝑎𝑎𝑣𝑣)𝑑𝑑𝑑𝑑
𝜕𝜕ΩΩ

 

(Second Green’s identity for an operator 𝐿𝐿𝑎𝑎 ) 

To get the first identity for an operator  𝐿𝐿𝑎𝑎  , we begin by 

𝐿𝐿𝑎𝑎𝑢𝑢 = �
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�𝑎𝑎(𝑥𝑥)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�
𝑛𝑛

𝑖𝑖=1

= 𝑑𝑑𝑑𝑑𝑑𝑑(𝑎𝑎𝑎𝑎𝑎𝑎) 

Recall 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑎𝑎𝑎𝑎𝑎𝑎) = 𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 + 𝑎𝑎∆𝑢𝑢 

Integrate both sides over Ω yields 
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� (𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 + 𝑎𝑎∆𝑢𝑢)𝑑𝑑𝑑𝑑 = � 𝑑𝑑𝑑𝑑𝑑𝑑(𝑎𝑎𝑎𝑎𝑎𝑎)𝑑𝑑𝑑𝑑 = � 𝑎𝑎𝑎𝑎𝑎𝑎.𝑛𝑛𝑛𝑛𝑛𝑛 =
𝜕𝜕ΩΩΩ

� 𝑎𝑎
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕Ω

𝑑𝑑𝑑𝑑 = � 𝑇𝑇𝑎𝑎𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕Ω

 

𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣(𝑎𝑎𝑎𝑎𝑎𝑎) = 𝑣𝑣𝑣𝑣𝑣𝑣.𝐷𝐷𝐷𝐷 + 𝑎𝑎𝑎𝑎∆𝑢𝑢 

� 𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢𝑢𝑢𝑢𝑢 = � (𝑣𝑣𝑣𝑣𝑣𝑣.𝐷𝐷𝐷𝐷 + 𝑎𝑎𝑎𝑎∆𝑢𝑢)𝑑𝑑𝑑𝑑                    (2.2.2)
ΩΩ

 

But, 

� 𝑎𝑎𝑎𝑎∆𝑢𝑢𝑢𝑢𝑢𝑢 = −� 𝐷𝐷(𝑎𝑎𝑎𝑎).𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + � 𝑎𝑎𝑎𝑎
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕ΩΩΩ

𝑑𝑑𝑑𝑑 

= −� 𝑣𝑣𝑣𝑣𝑣𝑣.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 −� 𝑎𝑎𝑎𝑎𝑎𝑎.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + � 𝑎𝑎𝑎𝑎
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕ΩΩΩ

𝑑𝑑𝑑𝑑                (2.2.3) 

Inserting (∗∗) in to (∗) yields 

� 𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢𝑢𝑢𝑢𝑢 = −� 𝑎𝑎𝑎𝑎𝑎𝑎.𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + � 𝑎𝑎𝑎𝑎
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕ΩΩΩ

𝑑𝑑𝑑𝑑 

� [𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 +
Ω

𝐸𝐸𝑎𝑎(𝑢𝑢, 𝑣𝑣)]𝑑𝑑𝑑𝑑 = � 𝑣𝑣𝑣𝑣𝑎𝑎𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕Ω

                (2.2.4) 

The equation (2.2.4) is the first Green’s identity for operator 𝐿𝐿𝑎𝑎  . 

To get the second Green’s identity for an operator 𝐿𝐿𝑎𝑎  we use the (2.2.4) 

� [𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 +
Ω

𝐸𝐸𝑎𝑎(𝑢𝑢, 𝑣𝑣)]𝑑𝑑𝑑𝑑 = � 𝑣𝑣𝑣𝑣𝑎𝑎𝑢𝑢𝑢𝑢𝑢𝑢
𝜕𝜕Ω

            (2.2.5) 

And similarly, 

� [𝑢𝑢𝐿𝐿𝑎𝑎𝑣𝑣 +
Ω

𝐸𝐸𝑎𝑎(𝑣𝑣,𝑢𝑢)]𝑑𝑑𝑑𝑑 = � 𝑢𝑢𝑢𝑢𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣
𝜕𝜕Ω

                (2.2.6) 

Subtracting  (2.2.6) from (2.2.5) we get the second Green’s identity for operator 𝐿𝐿𝑎𝑎  . 

� (𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 − 𝑢𝑢𝐿𝐿𝑎𝑎𝑣𝑣)𝑑𝑑𝑑𝑑 = � (𝑣𝑣𝑇𝑇𝑎𝑎𝑢𝑢 − 𝑢𝑢𝑇𝑇𝑎𝑎𝑣𝑣)𝑑𝑑𝑑𝑑
𝜕𝜕ΩΩ
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2.2.1 Parametrix 

 A function 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) of two variables 𝑥𝑥, 𝑦𝑦 ∈ 𝑅𝑅3 is called a parametrix for an operator 𝐿𝐿𝑎𝑎  if 

𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) + 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦)                                (2.2.7)  

Example the function  

𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) =
−1

4𝜋𝜋𝜋𝜋(𝑦𝑦)|𝑥𝑥 − 𝑦𝑦|            𝑥𝑥, 𝑦𝑦 ∈ 𝑅𝑅3 

is a Parametrix with the corresponding weakly singular remainder 

𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) = �
𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖

4𝜋𝜋𝜋𝜋(𝑦𝑦)|𝑥𝑥 − 𝑦𝑦|3
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

        𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅3 

Check 

𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = �
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

�𝑎𝑎(𝑥𝑥)
𝜕𝜕𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)
𝜕𝜕𝜕𝜕𝑖𝑖

� = 𝐷𝐷𝐷𝐷.𝐷𝐷𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) + 𝑎𝑎∆𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) 

(𝑖𝑖)          𝑎𝑎∆𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) = 𝑎𝑎∆ �
−1

4𝜋𝜋𝜋𝜋(𝑦𝑦)|𝑥𝑥 − 𝑦𝑦|� =
𝑎𝑎(𝑥𝑥)
𝑎𝑎(𝑦𝑦) �

−1
4𝜋𝜋|𝑥𝑥 − 𝑦𝑦|� =

𝑎𝑎(𝑥𝑥)
𝑎𝑎(𝑦𝑦) 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

Recall from d istribution if  𝑎𝑎 ∈ ∁∞ , t hen 𝑎𝑎𝑎𝑎 = 𝑎𝑎(0)𝛿𝛿  it means t ake 𝜑𝜑𝜑𝜑 𝐷𝐷(𝑅𝑅𝑛𝑛)  and 

consider 

〈𝑎𝑎𝑎𝑎, �𝜑𝜑〉 = 〈𝛿𝛿,��𝑎𝑎𝑎𝑎〉 = 〈𝛿𝛿,��𝜓𝜓〉,   𝜓𝜓 = 𝑎𝑎𝑎𝑎𝑎𝑎𝐷𝐷(𝑅𝑅𝑛𝑛)� 

〈𝛿𝛿,��𝜓𝜓〉 = 𝜓𝜓(0) = 𝑎𝑎(0)𝜑𝜑(0) = 𝑎𝑎(0)〈𝛿𝛿,��𝜑𝜑〉 = 〈𝑎𝑎(0)𝛿𝛿,��𝜑𝜑〉 

⇒   〈𝑎𝑎𝑎𝑎,��𝜑𝜑〉 = 〈𝑎𝑎(0)𝛿𝛿,��𝜑𝜑〉 

𝑎𝑎(𝑥𝑥)
𝑎𝑎(𝑦𝑦) 𝛿𝛿

(𝑥𝑥 − 𝑦𝑦) = 𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝛿𝛿(𝑥𝑥 − 𝑦𝑦) = �𝑎𝑎(𝑥𝑥,𝑦𝑦)�����
=1

�
𝑥𝑥=𝑦𝑦

𝛿𝛿(𝑥𝑥 − 𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

Therefore, 

𝑎𝑎∆𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 
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Next I will show that 

(𝑖𝑖𝑖𝑖)                                      𝐷𝐷𝐷𝐷.𝐷𝐷𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) 

𝐷𝐷𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝐷𝐷 �
−1

4𝜋𝜋𝜋𝜋(𝑦𝑦)|𝑥𝑥 − 𝑦𝑦|� =
1

4𝜋𝜋𝜋𝜋(𝑦𝑦)
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�
−1

|𝑥𝑥 − 𝑦𝑦|� =
1

4𝜋𝜋𝜋𝜋(𝑦𝑦)
(−(1)′ + |𝑥𝑥 − 𝑦𝑦|′)

|𝑥𝑥 − 𝑦𝑦|2

=
1

4𝜋𝜋𝜋𝜋(𝑦𝑦)
�

𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖
|𝑥𝑥 − 𝑦𝑦|3

3

𝑖𝑖=1

 

𝐷𝐷𝐷𝐷.𝐷𝐷𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = �
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

1
4𝜋𝜋𝜋𝜋(𝑦𝑦)

�
𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖

|𝑥𝑥 − 𝑦𝑦|3

3

𝑖𝑖=1

= �
1

4𝜋𝜋𝜋𝜋(𝑦𝑦)

3

𝑖𝑖=1

𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖
|𝑥𝑥 − 𝑦𝑦|3

𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕𝑖𝑖

= 𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦) 

From this we get 

𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) + 𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦). 

Recall Green’s second identity for an operator 𝐿𝐿𝑎𝑎  

� (𝑣𝑣𝐿𝐿𝑎𝑎𝑢𝑢 − 𝑢𝑢𝐿𝐿𝑎𝑎𝑣𝑣)𝑑𝑑𝑑𝑑 = � (𝑣𝑣𝑇𝑇𝑎𝑎𝑢𝑢 − 𝑢𝑢𝑇𝑇𝑎𝑎𝑣𝑣)𝑑𝑑𝑑𝑑
𝜕𝜕ΩΩ

             (2.2.8) 

Let 𝑢𝑢 be a solution of 

�𝐿𝐿𝑎𝑎𝑢𝑢 = 𝑓𝑓 𝑖𝑖𝑖𝑖  Ω 
𝑢𝑢 = 𝜑𝜑 𝑜𝑜𝑜𝑜 𝜕𝜕Ω

�                               (2.2.9) 

And substitute 𝑣𝑣 by 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)  in (2.2.7) we have 

� �𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥) − 𝑢𝑢(𝑥𝑥) 𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)�������
=𝛿𝛿(𝑥𝑥−𝑦𝑦)+𝑅𝑅𝑎𝑎 (𝑥𝑥 ,𝑦𝑦)

�𝑑𝑑𝑑𝑑
Ω

= � (𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑇𝑇𝑎𝑎𝑢𝑢(𝑥𝑥) − 𝑢𝑢(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦))𝑑𝑑𝑑𝑑
𝜕𝜕Ω

 

� (𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥) − 𝑢𝑢(𝑥𝑥)(𝛿𝛿(𝑥𝑥 − 𝑦𝑦) + 𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦)))𝑑𝑑𝑑𝑑
Ω

= � (𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑇𝑇𝑎𝑎𝑢𝑢(𝑥𝑥) − 𝑢𝑢(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦))𝑑𝑑𝑑𝑑
𝜕𝜕Ω
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� 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 −�𝑢𝑢(𝑥𝑥)
ΩΩ

𝛿𝛿(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑 − �𝑢𝑢(𝑥𝑥)
Ω

𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑑𝑑𝑑𝑑

= � 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑇𝑇𝑎𝑎𝑢𝑢(𝑥𝑥)𝑑𝑑𝑑𝑑 − � 𝑢𝑢(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)
𝜕𝜕Ω𝜕𝜕Ω

 

𝑢𝑢(𝑦𝑦) = �𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
Ω

−�𝑢𝑢(𝑥𝑥)
Ω

𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑

− � 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑇𝑇𝑎𝑎𝑢𝑢(𝑥𝑥)𝑑𝑑𝑑𝑑 + � 𝜑𝜑𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑑𝑑𝜎𝜎
𝜕𝜕Ω𝜕𝜕Ω

     (2.2.10) 

 

  Note that      𝑢𝑢(𝑦𝑦) = 𝑢𝑢 ∗ 𝛿𝛿 = ∫𝑢𝑢(𝑥𝑥)𝛿𝛿(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑 

From Eq. (2.2.10),   𝑢𝑢(𝑦𝑦)  is the integral representation for the solution of Eq.(2.2.9).    

If 

𝑎𝑎 = 1 , 𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦) = �
𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖

4𝜋𝜋|𝑥𝑥 − 𝑦𝑦|3
𝜕𝜕(1)
𝜕𝜕𝜕𝜕𝑖𝑖

3

𝑖𝑖=1

= 0 

This implies from Eq. (2.2.7) 𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

  ⇒   𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) is a fundamental solution for an operator 𝐿𝐿𝑎𝑎 for 𝑎𝑎 = 1. 

Basically, for 𝑎𝑎 = 1, 

𝐿𝐿𝑎𝑎𝑢𝑢 = �
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�𝑎𝑎(𝑥𝑥)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

�
𝑛𝑛

𝑖𝑖=1

= 𝑑𝑑𝑑𝑑𝑑𝑑(𝑎𝑎𝑎𝑎𝑎𝑎) = 𝐷𝐷𝐷𝐷.𝐷𝐷𝐷𝐷 + 𝑎𝑎∆𝑢𝑢 = ∆𝑢𝑢 

⇒    𝐿𝐿𝑎𝑎 = ∆ 

Substitute a fundamental solution 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) by 𝐸𝐸(𝑥𝑥,𝑦𝑦), and  

𝑇𝑇𝑎𝑎(𝑥𝑥,𝑛𝑛(𝑥𝑥),𝜕𝜕𝑥𝑥) = 𝑎𝑎(𝑥𝑥)
𝜕𝜕

𝜕𝜕𝑛𝑛(𝑥𝑥) =
𝜕𝜕

𝜕𝜕𝑛𝑛(𝑥𝑥)
 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎 = 1 

in 2.2.10) becomes 
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𝑢𝑢(𝑦𝑦) = �𝐸𝐸(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
Ω

−�𝑢𝑢(𝑥𝑥)
Ω

. 0𝑑𝑑𝑑𝑑

− � 𝐸𝐸(𝑥𝑥, 𝑦𝑦)
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕(𝑥𝑥)

𝑑𝑑𝑑𝑑 + � 𝜑𝜑
𝜕𝜕𝐸𝐸(𝑥𝑥, 𝑦𝑦)
𝜕𝜕𝜕𝜕(𝑥𝑥)

𝑑𝑑𝜎𝜎
𝜕𝜕Ω𝜕𝜕Ω

     

𝑢𝑢(𝑦𝑦) = �𝐸𝐸(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
Ω

+ � �𝜑𝜑
𝜕𝜕𝐸𝐸(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑛𝑛

− 𝐸𝐸(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝑢𝑢
𝜕𝜕𝑛𝑛�

𝑑𝑑𝜎𝜎
𝜕𝜕Ω

                         (2.2.11) 

Eq.(2.2.11) shows us 𝑢𝑢(𝑦𝑦) is the integral representation for � ∆𝑢𝑢 = 𝑓𝑓     𝑖𝑖𝑖𝑖 Ω
𝑢𝑢 = 𝜑𝜑     𝑜𝑜𝑜𝑜 𝜕𝜕Ω

� 

⇒  𝐸𝐸𝐸𝐸. (2.2.10) reduces to 𝐸𝐸𝐸𝐸. (2.2.11) for 𝑎𝑎 = 1. 

 

2.3 Fundamental solution for Ordinary differential operators 

Definition let 𝐿𝐿 be a differential operator of the form 

𝐿𝐿 = � 𝑎𝑎𝛼𝛼(𝑥𝑥)𝐷𝐷𝑘𝑘                     ,         𝐷𝐷 =
𝑑𝑑
𝑑𝑑𝑑𝑑

|𝛼𝛼 |≤𝑘𝑘

 

A function 𝐸𝐸(𝑥𝑥, 𝑦𝑦) is called a fundamental solution of 𝐿𝐿, if for every function 𝑓𝑓(𝑥𝑥),which 

is sufficiently regular and vanishes outside a bounded set  

𝐿𝐿 ��𝐸𝐸(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑� = 𝑓𝑓(𝑥𝑥). 

Symbolically this amount to 𝐸𝐸(𝑥𝑥, 𝑦𝑦) being a solution of the inhomogeneous di fferential 

equation 

𝐿𝐿𝐿𝐿(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

Where 𝛿𝛿 denotes the so called Dirac delta function defined as; 

𝛿𝛿(𝑥𝑥) = �∞,        𝑥𝑥 = 0
0,           𝑥𝑥 ≠ 0

� 

and which is also constrained to satisfy the identity 
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� 𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑 = 1
∞

−∞
 

Example 1 consider the scalar problem 

𝐿𝐿𝐿𝐿 ≔
𝑑𝑑2𝑢𝑢
𝑑𝑑𝑥𝑥2 = 0 

We would like to find a fundamental solution 𝐸𝐸(𝑥𝑥, 𝑦𝑦) satisfying 

𝐿𝐿𝐿𝐿(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) 

⇒   
𝑑𝑑2

𝑑𝑑𝑥𝑥2 𝐸𝐸(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦)  

Since the general solution of the ODE for 𝑥𝑥 ≠ 𝑦𝑦 can be written as 𝐴𝐴 + 𝐵𝐵𝐵𝐵. we may take 

as ansatz for 𝐸𝐸(𝑥𝑥,𝑦𝑦) 

𝐸𝐸(𝑥𝑥,𝑦𝑦) = �𝐴𝐴1 + 𝐵𝐵1𝑥𝑥                  𝑖𝑖𝑖𝑖 𝑥𝑥 < 𝑦𝑦
𝐴𝐴2 + 𝐵𝐵2𝑥𝑥                  𝑖𝑖𝑖𝑖 𝑥𝑥 > 𝑦𝑦 

� 

Using integration, we obtain for sufficiently small 𝜀𝜀 that 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑦𝑦 + 𝜀𝜀;𝑦𝑦) −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑦𝑦 − 𝜀𝜀;𝑦𝑦) = � 𝛿𝛿(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑 = 1.
𝑦𝑦+𝜀𝜀

𝑦𝑦−𝜀𝜀
 

Applying these conditions to the solution above, we find 

𝐵𝐵2 − 𝐵𝐵1 = 1. 

Since 𝐸𝐸 is apparently continuous at 𝑥𝑥 = 𝑦𝑦, we also find  

𝐴𝐴1 + 𝐵𝐵1𝑦𝑦 = 𝐴𝐴2 + 𝐵𝐵2𝑦𝑦. 

Hence we obtain the fundamental solution 
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𝐸𝐸(𝑥𝑥;𝑦𝑦) = �
𝐴𝐴1 + 𝐵𝐵1𝑥𝑥                                    𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑦𝑦
𝐴𝐴1 − 𝑦𝑦 + (𝐵𝐵1 + 1)𝑥𝑥              𝑖𝑖𝑖𝑖 𝑥𝑥 > 𝑦𝑦.

� 

Where 𝐴𝐴1 and 𝐵𝐵1 are arbitrary constants. 

Recall The H eaviside function 𝐻𝐻(𝑥𝑥) is d efined t o be  e qual t o z ero f or e very ne gative 

value of 𝑥𝑥 and to unify for every positive value of  , that is  

𝐻𝐻(𝑥𝑥) = � 0, 𝑥𝑥 < 𝑜𝑜
1  , 𝑥𝑥 > 0

� 

It has jump discontinuity at 𝑥𝑥 = 0 

𝐻𝐻′ = 𝛿𝛿 

.  

This is sometimes written as 

𝐻𝐻(𝑥𝑥) = � 𝛿𝛿(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑥𝑥

−∞
 

Example2 find the fundamental solution for ordinary differential equation 𝑢𝑢′′ = 𝑓𝑓. 

To find the fundamental solution 𝐸𝐸(𝑥𝑥), we want to solve 𝐸𝐸′′ (𝑥𝑥) = 𝛿𝛿(𝑥𝑥). Recall that the 

Heaviside f unction 𝐻𝐻(𝑥𝑥) satisfies (𝐻𝐻(𝑥𝑥) + 𝑐𝑐)′ = 𝛿𝛿(𝑥𝑥)  for a ny c onstant  𝑐𝑐 . L et us t ake 

𝑐𝑐 = −1
2

 and try to solve  

𝐸𝐸′(𝑥𝑥) = �
−1
2

      𝑖𝑖𝑖𝑖 𝑥𝑥 > 0
1
2
       𝑖𝑖𝑖𝑖 𝑥𝑥 < 0.

�                 (∗)  

We may integrate (*) to obtain a particular solution 

𝐸𝐸(𝑥𝑥) =
1
2

|𝑥𝑥|                (∗∗) 

as our  fundamental solution. (The choice 𝑐𝑐 = −1
2�  was made to simplify the resultant 

form (**) of the fundamental solution.) 



43 
 

References 

 

[1] Ahmmed Mohammed Lectures On Second Order Linear Elliptic PDEs, 2010. 

[2] Charles Nash, Differential T opology a nd qua ntum field t heory, A cademic P ress, 

1991. 

[3] David Gilbarg, Neil.Trudinger, Elliptic partial differential equations of second order, 

Springer-Verlag Berlin Heidelberg Newyork, 2001. 

[4] Gregory T. Von Nessi, Elementary T heoretical M ethods in  P artial D ifferential 

Equation, 2005. 

 [5] Lawrence C. Evans, Partial differential equations, American Mathematical Society, 

2010. 

[6] Wolfgang Hackbusch, Elliptic D ifferential e quations: T heory a nd 

numerical Treatment, Springer-verlag Berlin Heidelberg, 1992. 

 

 


	Notations and preliminary results

