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PREFACE

Eventhough we have not attempted to present an exhaustive study of mathematical
economics in  this seminar, we have tried to show the application of the theory of
optimization to study economic models.

e The Seminar has two parts:

Part 1 deals with static economic models where we examined elements of production
theory, consumption theory, equilibrium and ofcourse welfare economics.

In all these concepts we have pointed out briefly the relevance of mathematics for decision
making (i.e choosing an optimal strategy).

In part II we have discussed dynamic economic models at length, where we tried to show
stability of a competitive equilibrium. Mathematically speaking, the idea is one of
determining criteria which ensures the stability of solutions of differential equations (or
difference equations, depending on the model.)

Before all I like to thank unto HE, the heavenly father Almighty God, with the help of
WHOM this seminar come to reality.

My special gratitude to my advisor and teacher proff.Dr. Deumlich, whom 1 respect very
much and learned not only every thing I know about optimization theory but also a lots of
interesting things I don't have the space to mention. I am really lucky to have him as my
advisor, with out his kind help this seminar would have been impossible.

Finally, I am indebted to Ato Tesfaye Shede and Ato Tilahun Tsegaye for helping me in

the preparation of this seminar.

Teshome Mogessie
June, 1998
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CHAPTER |

CLOSED AND OPEN LINEAR LEONTIEF MODELS

In This section we will formulate exchange models for an economy and classify the
models as closed and open linear leontief models and search for an economical
meaningful solution for the mathematical description.

Model 1
Suppose there are n activities (or industries) , each producing a product. set

X; = The total output of activity 1.
xij = The total amount of the product of activity i used by the j the activity

Y, = X -Z":xu, then

J=1

Yi expresses the difference between the total output of activity i and the amount of its
product consumed by the activities , Y; is commonly refereed to us the “final demand of

commodity i .

We will classify the above model in to two, depending on the value of Y; as
L CLOSED LEONTIEF MODEL.

If Y;=0,V, ,that means there is no surplus. All the product is consumed by the activity.
For example if steel is the type of activity, then all of the steel produced is consumed by

the system

A closed model typically includes such activities as services, managements, and the
production of raw materials

2. OPEN LEONTIEF MODEL

If Y; > o for at least one i. i.e there is surplus. From an economically point of view an
open model implies the presence of exogeneous materials some quantity of capital labor,
raw materials, etc., that is supplied to the system from out side.




The essential characteristics of the open model is the existence of outside demand or
supply or both.

U

Define a; = —

£
J

Where
aij = The amount of activity i’s commodity needed to produce one unit of commodity j.

The quantity aj; is referred to as the “production coefficient “ and assumed in their section
to be constant independent of the actual value of X;.

Now we will have the following equations
Y =X, _Z X1,
el

L =4, _szj
J=i

n
A, = Z Koy
J=1
It is also possible to write the equations in (1) as

Y=X, Z ”X =X, Za X =(1-a,)X, Za X,

Jj=2

i

n-1
Y, =(1 —clm)X"—Z a,X,

J=1
As usual the above system of linear equations can be written as (n,n) square matrix
Loy Gy i X,
iy 1= Q0 e i & A

22 2n 2 :(Y],YZ,'—___Y)

-, ————— 1-a, || X

nl n2 nn n

Whichcanbe furtherdescribedas

¢ 1

TR e ST 0 By =TT a, X,
Ulae === == 0 R et 2 S a,, X,

¥ = ()/l [y Yn)
OOO _________ l anl an2 _________ ann X"




Let
A=(a),ij=12,..n & I= (a) ij =120, n with
a = 1ifi=j&0 otherwise
With this we can write the system of linear equations in (1) simply as (I - A)X=Y.
When X = (X1, Xa2,----~ X, Y= (Vi Xy m== Xn)
As we defined above, (2) is called

I Closed linear leontief model if Y =0
2. Open linear Leontief model if Y >0 for atleast onei.

Model 2
The following model is a model of trade between n countries.
Consider n countries.

Let a;= denote country j’s marginal propensity to import from country i (i.e, the increase
in imports from country i to country j per unit increase in income of country J.)

aj = denote country i’s marginal propernsity to consume its own goods.

X, = Country i’s national income.
C; = Country i’s national expenditure, independent of X; . (in come)

Then we can express this model mathematically as
Xl:‘zia(l XAI +(,l l=1’2’3’ _____ NI
/:

n
g X.=>a, 0 50

J=1
We have a system of linear equations, as we did above we can write this system of linear
equation in matrix form as

1-A)X=C 3)
Where A= (a;)i,j = 1.2, ....n = the identity (n,n) matrice and
X:(Xla il Xn)

C= (C] : Cz skl Cn)
For this system of equation to be equal economically true X and C must be positive

vectors.




Thus (3) is an open Leontief model.

This same model can also be interpreted as a closed model of trade between n countries.
Suppes that all income to country j comes from the sale of goods to other countries and to
itself

Let aij = the fraction of country j’s income that is spent on goods from country i .
X;= annual income of country j.
Then we will relate the above parameters by

Xi :Zalj XV/ (i:l,z, ....... n) ............ (4)

J=1

When Zau we] ) oij 2 0 and

i=1

X; = the total value of exports from country i.
As we pointed out above that the income of country i comes from the sale of commodity
to other countries then the X; in (4) is also the national income of country i.

Equivalently expressed as X; - a, X, =0 (5)
g,

(5) is a closed linear leontief model of trade between n countries.

Then we will have as usual the (n,n) matrix. reperesensation (I-A) X = 0 <> AX = X
where
A=(a;)i,j=1,2,...,n,lisan (nn) identity matrix, and X = (X;,... X)

From the above discussion we have seen that closed linear leontief models are generally
given as AX = X and Open linear Leontief models also expressed as (1 -A) X =Y

For AX = X, non trivial solution exists if and only if 1 is the eigen value of the matrix
A. But for the solution to be economically meaningful we need morethan that namely the
eigen vector X must be a positive vector and also we notice that X in the open model must
be positive.

In the rest of this sections discussion, we will answer the following two basic questions

1. Determine x, such that the system of equations AX = X, is economically meaningful ,
ie X207




2. Suppose we have any final prescribed demand vector Y. Find X such that (I-A) X=Y,
Where X is a non - negative vector ?

In order to answer the above two questions we employ positive matrices.

Definition

A positive matrix. is a matrix with all its elements are positive,

e if A= (aij) i,j: 1,2, --~-,m, then ai_i>0 VIJ

The following two Lemma’s have paramount importance to the proofs of the theorems
we state shortly after this theorems.

Notation 1. A>>0ifa; >0 Vij& A> 0ifa; =0
2. X>0ifX;>0 V; & X>0ifX;20

Now we are ready to state our first lemma

Lemma 1

If A >> 0, then there exists xo >> 0 such that xo A = &g Xo.
Proof.

Define S: = { A/ xA > A x for some x>0 }
With out loss of generality assume that the non-negative vectors corresponding to A is

n

normalized so that Z x, =1

i=1

let B={x/xA>Axand Zx, =1}

i=1

Claim B is bounded and closed.
Obviously the elements (vectors) in B are bounded.
To show B is closed.

m-—»e

let {x, )., Where xm €B & X —>X,

If we show that xo €B, then we are done. Then from B



n m

> X, =1, Lim) x,, = Liml

mi

i=1 TS T m—» o0
m m
= limy, =1 = Yz, =1 =x &
i=1 i=1
Since the x’s are finite dimensional , B is compact Define A, = Sup

AES

o0

From the definition of supremum, there is {ﬂ. d }

n=1

where

n—»o0

M €S with 4, =>4,

As A, €S I, eB 3 X A2aX

Now consider {xa}”»-1 Which is convergent , since we selected this sequences term

parallel to that of A, thenx, — x,

But B is compact = B is closed = Xy € B.

Then we have xo A = Ao Xo.

Since A >> 0. we have xA >> for x > 0, it follows that
Xo A= Yo >~ 0, and (X() A)A > Ao (X() A ) < Yo A>\o Yo unless xg A = Ao Xo

But if yo A > Ao yo, a positive € can be found such that yo A = (Ao +€) Yo,
Contradicting the meaning of Ao.
Hence xo A = Ao Xo , and xo >> 0

Definition : Ao (A) the specteral radius of A as defined in the proof of the above
theorem . some times designated by r (A).

Lemma 2

If p > Ao(A) and A > 0, then (pI-A)" transforms nonnegative vectors into nonegative
Vectors.



Proof

For A > Ao (A)
Consider the Neumann series for matrices

e (T P )

:A"‘(l—%AJ = 4 iAA— ..l

k=0 A k=0 A* +1
Since A > 0, AX >0, Thus each A* maps the nonnegative orthant into itself, so that the
o0 A K
Series Z maps too.
K=0 + 1

Ao A 5 transfonms non-negative vectors in to non negative vectors
Now using the above lemmas we can answer the two questions stated above.

To answer the first question, observe that in closed linear Leontief model, Z xy=X;i.e

1

The total value of the output of the i™ activity is fully used in acquiring various inputs
used.

2%, x
We can also write as L=y ¥ = ]
X Z X,

1.€ ZaU =l- ——(6)Vj=1,2,— —,n.Wherea, ="y Y

J

Theorem 1

n

In a closed linear leontief system with Zx]/ = X , there exist nontrivial positive

J?
i=1

solution to the equation AX = X.

Proof

Let U(1,1,---, 1), with n components, then UA = (Z a, I A ——,Zam) =

i=l i=1 i=1

(1,1, ===--- , 1) by (6) . that means UA=U .

Supper Az =AZ With Z Z| =1=>(u,4|z|}> MliIZil—(*)
i=1 i=l

( Since A is apositive matrice, Alzl > /M 1z]')



n

On the.othet haad ATASZH®. D Vs o ihes ol 1 yormrtsrmr—s (**)
i=1

Compairing (*) and (**) and considering <u,A./z/)> = UA,/z)>

We see that /A/ < 1 and Since the eigen value of A and A transpose Coincides, we have

Ao (A) =1 . Then by lemma 1 there exists X > 0 which solves AX = X.

Answering the second question is equivalent to determining an economically true
solution of the form

X=(-A)"Y, ie @-A)" = (by)i,j=12,...,n.Then
X; = Z b; Y; (i= 1.2, ., n) where bj can be interpreted as the amount by which the

i=1

output of activity i must be increased to produce one additional commodity j.

Theorem 2

If there exists some output vector X, such that (I - A) Xy is a strictly positive vector, then
(1- A)" exists and transforms nonnegative vectors into nonnegative vectors.

Remark : The hypothesis of this theorem means that there is some combination of output
which guarantees a surplus for every commodity.

Proof

In view of Lemma 2. Taking p=1 it is sufficient to show that all eigen values of A are of
magnitude smaller than 1.

Let A be 3 ZA = AZ with Z a non zero vector

Since A is positive matrx /z/ A = /M /z/. By the hypotheses (I - A) xo >>0 , then
0<((1-A)xo, /2y (X0, )y-{AxXo,l2l)={x0, /2 )- (%0, 12 A)

But ( xo, /2 Y - (X0, 12/ Ay <{(xo, /2l )-{Xo, /M /2] )= (X0, /2/) (1-IN)

ie 0<(xq,/z/)(1-/M)) (X0 is a nonnegative vector).

Hence /A/ </ as required. Then by threom 2 it is proved.
Example

Suppose we have two industries, named as Industry A and Industry B.

Assume that Industry A produces rubber while Industry B produces Iron.




To produce 1 tone of rubber Industry A needs O tone of rubber and 0.6 tone of Iron. And
also Industry B required to have 0.3 tone of rubber and 0 tone of Iron to produce 1 tone of
iron.

If Industry A & B wants to have 2.5 tone and 0.9 tone as a final product respectively ,
then what must be the input of Industry A & B ?

Solution
Let Industry A = Industry 1 & that of Industry B industry 2. Then we have the following
aip=0a,=06a;=03and ap=0and Y,=25, Y,=09 all these amounts are

measured by tone.

Y = (y1, y2) >0 = the problem is an open linear leontief model. Then

0 06

! i T Vet oy =15 5o}

1 2
5 T 03 0O

1 -06
= X=(-A)7""Y , But I-4) = ( )

031
: * 1(100 60) (25)
= X=(I-A)"Y ==
2 30 100) \09

3 :
= X = (E%— 1—6—5—) X, = A tone of rubber
82 82 82

X, = 16%2 tone of [ron.




CHAPTER 11
THE THEORY OF PRODUCTION

The theory of production is concerned first with the allocation of productive factors
among various technological activities to produce goods for consumption , and then with
the distribution of the value of the total product among the productive factors.

Consider a situation in which n finished products are produced by using a given amount
of each of r factors of production. Where labor, land, raw materials, etc. are considered
factors of production.

let us denote the products by i = 1,2, ..... , n and the factors of production by
E=R]2 3 0 i

The economy has a finite set of basic activities j= 1,2, ........ , m each of which has an
activity level associated with it in any given set of circumstances. The activity level for

the economy as a whole may be denoted by an m - vector x = (X1, X2, ..., Xm), Where
each component x; = 0 Stands for the level at which the basic activity j is operated.

The technology of the system will now be characterized by specifying a pair of vector
functions f(x) and g (x).

fix) = (x), 2 (x), ..., £ (x)) where f; (x) = stands for the amount of product i
produced by operating the system at activity level X.

While g(x) = (gi1(x) , g2 (X), ...... , g (x) ), where g (x) stands for the amount of
productive factor k required in order to operate at activity level x.

Let us now assume that certain amount of the productive factors, which are represented
by anr-vector V= (v, vz, ------ , V) are available to the system.

Assume that the system is concerned only with getting the maximum value of the output
as evaluated at given market prices. P=(P;,pz,----- s ViR 2.0,

The problem of production can now be stated as follows.

Find an activity level X = (x;, Xz, ----- , X,) that maximizes the value of out put
P, fix)) = Z P; f; (x) , Subject to the restriction x =0, g (x) = V.

1
The above formulation of the production function gives us the allocation of productive

factors among various technological activities.
The basic assumptions for the technology which play an important role in the economic

analysis of production are

10




(1) Law of constant return to the scale.

Which is explained by the positive Homogenity of f (x) & g (x) that means a proportional
increase in all input values say (k r ;) producing an equiproption increase in out puts ky .

i.eifh(xy, X2, -- - Xa) = y, if we increase each inputs by k times i.e kxi, kxz, ----,
kx,, then h (kx;, kx; - - -, kx, ) = ky i.e h is homogeneous.
Example
Let f(y, y2) = 10 X

D
AP explains the term. 2y,

Y1 A \ F(2yi,2y2) = 20
T F(y;y2) = 10
yi 2y1 1
Fig 1

(2) Diminishing marginal rates of transformation.

Which is described by the concavity of f(x) and the convexity of g(x)

The rate at which the input is transformed to the output so the marginal rate of
transformation is explained by the tangents slope of the graph of the production
possibility set. For n =r = 1 see the following graph.

Production possibility set




It will help a great deal to reduce the problem of production to that of calculating the
minimum of its lagrange form
then

L (xA) = - {p, f(x)) + A, g(x)-v) (x=0,1=0)
e KBl E e PLL () T A, (B(R) <V) remeemsmseeees (7)
f=] i=1

So our problem of production is equivalent to determining the minimum of L (x,2).

When the vector A is interpreted as an input price vector, it can be construed as a relative
measure of the distribution of the value of the total product among the productive factors.

Now it is time to consider an illustrative example

Example .

Determine an activity level (x), x2) for a factory producing two goods

f(x1 , X2) = (5x1 , 4xz) from the factors of production given by g(x) = (3x1 , 1/2 x;) , if the
market price of the two commodities is (P, P, )= (10, 15) Birr and the total amount of
inputs 1s

VvV =(20,15)?

Solution

We have the following information,

- £(x1, x2) = (5x1, 4x2) g(x1,X2) = (3x1,'/2 X2)
- P=(10, 15) Birr v=(20,15)
Now by (7)

L xA)=-2.0f () + > Ai(g(x)=v)
i=1 i=1

L(x,N)=-Pifix) - P2H(x) + M (& xX)-vi) + Az (g2 (x)-v2)
— _105x1-15%4x;, + M (Bx1 - 20) + A ((2X;-15)

L(xA) =-50x% - 60x; +3A xi - 20A + A xa- 152

Now the problem of production in this problem is equivalent to

L(x,A) — min




Necessary - Conditions

78
) 2= = -50+34, = 0
X,
2) f/—‘=—60+1/1 =0
B Bl P

3) )\.1 (3X| - 20) =0

4y dal Y %3~ 18)=D0

5) 3x;-20<0

6) X2-30<0

M) => Mm=" 2) = A= 120
(3) = 3x-20=0 = x1 =2
4) = 'y x-15=0 = xp = 30

The required activity level (xi , x2) = (*/3, 30). The minimum value is

—i./; o S 2 )-P £, @)
» = —105. 20/3— 154 .30
ALY b O
. 3
The maximal value is
5P S, (xy0k) = o

Moreover A = %3 and Ay = 120 shows as the distribution of the total value among
the productive factors (factors of production)

A special case of the production problem occurs when there is no joint product , i.e when
the amount of each produced is uniquely determined by the amount of productive factors

used in the activity that produces it.

13




By taking an appropriate scale of the basic activities we may state this special problem as
follows,

Find the distribution of the productive factors (Vi) that maximizes

Z BB iVasd mmmr il subject to the constraint
i=1

V=20 (i=12, -——-n, k=12,--,1)

> Ve £V (k=12,---,71)

i=1

Where Vi denotes the amount of the produced factors K used in the activity 1.
Example

Cobb - Douglas model :
fl ( Vil, ViZ, — Vir) = al I/’l/fn I/‘Zﬂu _______ I/”,ﬂ"

Where o, Pix are constants and By =0, > P =1
k

Let us take a specific example for the cobb - Douglas model.

Suppose we have two factors of production labor (L) and capital (C), production function
is givenby f(L.C) = o L C'P

Then the problem of production is to find the distribution of labor and capital that
maximize Pf (L , C) =Pa g v subject to the constraint L =0 | C=>0 andV given
to be greater than O such that L, Y2y

The distinction between finished products (Consumption goods) and factors of
production is rather arbitrary. A finished product may be used in the production of other
finished products, and also a productive factor may be produced.

So it is possible to formulate the model in such away as to treat all goods (Productive
factors and consumption goods) as symmetrical.

Let us represent the goods by i=1,2,----,n + r and denote by an (n + r) vector the out
put of all goods . Notice that a negative amount signify an input.

The technology of the system is described by specifying the production possibility set Z
as subsets of the (n+r) vector space Such that an out put vector Z is technologically

possible if and only if z€Z.

14




The assumption corresponding to the law of constant return to the scale and of
diminishing marginal rates of transformation will be that Z is a convex cone in the (n + 1)
space.

Now we have two ways of expressing the technology of the system By production
possibility set Z and using the pair of vector functions f (x) and g (x) . The relation

between the two ways of expressing the technology is : if the technology of the system is
formulated interms of £ (x) and g (x) , then Z is defined by

f(x)
Z = | x=0
-g(x)

On the other hand, if the technology is given interms of Z , the corresponding f(x) and
g (x) are defined by taking Parametric representation of Z, if this is possible, namely
Z=Z(x) (x=0Y%, then

1T(X) = (X, Zl (X)s ZZ (X)a R Zn (X)) » 8 (X) O ('Zn‘l, (X)» 'Z|\~](X)~ ailkaihic '741‘ I(\))
where the negative sign means inputs.




CHAPTER 111

THE THEORY OF CONSUMER CHOICE
The theory of consumption is concerned with individuals buying preference.

In this section we deal with the theory of consumers choice to answer the essential
question of this theory namely:

Given a consumer with a limited budget and a definite set of preferences with
respect to different commodity bundles what quantities does he consume when
confronted with a given market prices for the various commodities?

To answer the above question, first we will define the axiom of preference
relation.

Suppose that there are n commodities consumed by the consumer, and let the
quantity of these commodities be represented by an n vector, X = (X1, X2, ...y Xn) where X;
stands for the amount of the commodity consumed. we also assume, by taking an

appropriate scale that xj 20V = 1,2,...n

Suppose that the consumer has a preference relation “ p ” between consumption
vectors i.e. let x=(X1,%2,.....Xn) &Y= (Y1,¥2,-s¥n)

xpy reads as “X preferred to y” meaning the consumer prefers x than y when
confronted with the two commodities.

Let x = (X1,X2, ..., Xo) and ¥y = (y1, ¥2, -..¥n ) be consumption vectors, we have
the following possibilities.

l. xXpy

2. YDPX

3. xpy or ypX ,meaning xpy=-(xpy)
4

if xpy & ypx,thenwrite X1y

x Iy =x is in different toy i.e. the consumer prefers neither x nor y.
We postulate that p has the following properties

p-1  Irreflexivity : ¥ pX forany x =0

p-2  Transitivity : X py andypz = Xpz

16




p-3  Monotonicity : x>y =XpYy
p-4  Convexity: Xpz or xlzandypz or ylz withy # z
= [tx+(1-t)y]p, forany te (0,1)
p-5  Continuity : px ={y/ypx | and Qg ={y/xpy | areopen sets for any x.

The preference relation we have defined now gives as a little information about
the consumption vector so it is better to replace this preference relation of consumption
vectors with another equivalent numerical valued function called utility index function.

This preference relation induces this numerical valued function, we designate this
function by U defined forx >0,  x consumption vector. Such that

x pyifandonlyif U(x)>U(y).

From this follows immediately x1y <> U (x) =U(y)

From the above definition it is obvious to see that p-1 , p-2 follows.

For p-3 and p-4 to be satisfied it is necessary & sufficient that the set
(x/ U(x) = ¢} for CEIR is strictly convex, notice that it is for all CelIR.

To show this
Suppose p-3 and p-4 are satisfied i.e

Let x, ye {x/ U (x) = C}

1. x>y = Ux)>U(y)
2. U() 2U(z) and U(y) 2U(z) = Ux+(1-t)y)>U(2)

WTS { x / U(x) > ¢} is strictly convex

Letx>y = tx+(l-)y>y with te 0.1)& x,ye {x¥U(x) =c)
From (1) Utx+(1-t)y) >U(y) 2c¢

= U@x+(-t)y)=zc
. the set is strictly convex.

Suppose the set A = {X /U (x) = ¢ } is strictly convex.

wis (1) x>y = U®>UQG)
2) Ux = U@ &U(y=z2U@

= U(x+(1-t)y)>U(z)




To show 1

Letx,y € A withx>y

Assume the contrary thatx >y = U(x) =U(y)

LetU(y) = ¢, te(0,1)

We know that tx + (1) y>y = Utx+1-)y)<U(y)=¢C = < to the fact that
tx + (1-t)y € A

To show 2.

Letx,y,ze A,and U (x) =U(2) and U(y) = U(z) the assumption X,y .z € A
means UX) = ¢, Uy)z¢c & U@z)=c¢C

suppose the contrary that U(tx + (1-t) y) = U(z)

Let Uz)=c ,te(0,1)

= Utx+(1-t)y) < U@z =c — ¢ to A is strictly convex.

so for U(x) > U(y) to be utility index function the set { x/ U(x) =¢} V¢ € IR must

be strictly convex
- Finally the axiom of continuity is satisfied if U is a continuous function.

If we have a utility index function it induces the preference relation also.
To see the relation between utility index function and preference relation
geometric description is a short cut.

Indifference curve (graph)

Fig. 3

u(x)=c

The region below the graph U(x) =c¢ (e the shaded region ) is the set of points of
where x is preferred , it is an open set.

And the region {y/ U(y) = C} is the region where X py andis a closed set.

Example
1, Ui, %) = x;"? x,'  be utility function

Let us draw the graph of u whenu= Lu=2,u=3&u=4 which is called the

contour graph of u.

18




X2

Fig. 4

From the graph we read easily that 4 P B , CPB, AlE

ie APE and EP A ,since they have the same utility value.

Notice that the actual value of the indifference curve has no significant but the
commodity with larger utility value is preferred to that commodity with smaller utility
value.

We shall assume that the consumer behaves in such a manner as to maximize his
preference among all commodity vectors x satisfying his budget constraints.

Suppose the market prices be given by P =(p1, P2, . Pn) and the consumers
income M, now the consumer chooses vectors x for which x =0, (p, x) <M (8)
where (p,x) the total cost of the commodity.

Interms of preference relation we write it as xpy for any y 20, (p,y) =M (9)

Theorem 3

The vector x satisfying (8) & (9) always exists and is uniquely determined by P

and M.
proof

We will use the postulates p-1 to p-5 in order to prove the above theorem.
|. uniqueness.
Let x &x satisfies (8)and (9) with x #x'

a) since x =0 & (p.x) <M, then
xpx, x 20, (p,x') < M by (9)
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b)since x' 20 & (P,x') <M
x'px,x20, (p,x) <M by (9)
We have xpx' and x'px = xpx =<¢= to p-1 thereforex =x'

2. Existence

For each x satisfying (p,x) <M.  We consider the set Bx = {y/(p,y)=M, XpYy j

which is closed (by p-5) subset of the set T = {y/ (p,y) < M, p >>0} which is compact
as closed and bounded.

We prove first I'=Bx; nBxa ... Bxy #¢ for any finite x; . To this end ,
let X, . Xa. ......Xp be separated into two groups X' and X* where

1 B ! .
For any X , Xj € X, X PX; and some members of X! is preferred to each

member of X2 Such a decomposition is possible by p-1 and p-2.

To see this let us compair x; & xz , if X3 Pxa then x, is assigned to X?* and

compair with x3. then if x is dominated we will drop it to X*,if x,px,, then x3 € x
etc, this gives us an idea of the separation.

5 . 2
Now with separation let i, Xz, ... ,Xk belongs to X! and Xy+1 , Xk42 5 oo » Xn € X"

X, + Xy +... X,
Claim : : 2k el’

X, + Xy 4. Xy

k
V=12 Ky then by convexity the above followed.

By p-4, nx o (i=12..5 5§ (10) since X;pX;

We know from the definition of X Ik s % px; for j=k+1, .., n.

X, + X, 4. 4X,

By (p-2) (transitivity) Pxi =12, ..., n ) by (10)
Furthermore,
X, + XoF+....+X ;
xj P : & P : . otherwise
X, + X, 4. X,
X tXphodx, o tE L
k k
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The above argument shows as the Bx’s possesses the finite intersection property
ie A= NBx #¢
xel

Letxoec A = (p,Xx <M ie. x" satisfies the budget constraint. Moreover,

x’py Yy #x’,yeT. Otherwise if 3 y’ €T such that X "py” by the construction of A
Hence y’ Ix’, also X’ 1x°

= [tx>+(1-t) y’'] Px’ for te(0,1) by p-4 =>< the choice of xo . This ends the
proof.

Definition

x” = f(p,m) and fis called the demand function derived from the preference relation P.
The demand function may also be characterized as the vector x" satisfying.

x>0, (P, xXy=M, X’ px Vx such that (p,x) <M when p >>0 and M>0

It will help some times to see the geometrical interpretation since it will give as a clear
vesion of the idea, so for x = (X1, X2)

X2 the income line

P,y =M

—»

Xi
If the preference relation is described by a utility index U, then x” is the vector for which
U(x) is maximized with respect to all x satisfying the restrictions (p,x) = M

Fig 5
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Example

Consider a consumer with a utility function U(x, ., x3) = 2 log x; + (1-a) log X3

with a € (0,1)

If the prices of the commodity are given by (p; ,pz) for the consumption vector (x; . X2)
and the income of the consumer is M, assume further that the consumerspends all his
income to buy goods for consumption. Determine demand function?

solution
We can write easily the question as

maximize U(X; , Xz) subject to the condition x; p; + x2 p2 =M

Then this optimization problem can also be equally stated as -- U(x;, xz) —> min,
with py X1 +p2x2-M=0 or S={p1Xx;+p2x2-M=0}

Then we will use the lagrange - form with equality constraints.
L(x1, X2, A) = (o log x; + (1-at) log x2) + A (p1 X1 + p2 X2 - M)

Let x’ be a solution of L (x1, x2, A), then

Kuhn - Tucker conditions

1) p1 x10+p2x0-M=0
(x4 yxg ,A)

2) - 0 where 1=1,2

S

/

Z :
— (-(alogx; +(1-a)logxz) + A(pixi+tpaxe-M) =0 1=12
o

a l-a
-— tAp=0 and -( == tAp =0
‘xl x2
a a~1
= Apy = — and  Ap2 = E
X X
a L te=1)
=5 A= ” and = = -
PiX Py%,
a —(a-1)
S xS and  paxa’ = 2
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a —(a-1 -
then pl X10+p2X20 . _+(a—)‘: - l e — f!— — Ai

A A A A

b
thenx;’=—  and x20 & (- a)M

p Py
aM l-a)M
X(J e (X]O, x20) o [ : ( )
P Py

For further illustration, let o= )% & pi=1, p2=2 and M=30 = X=X 10
Geometrically speaking , we have the following

] is the demand function

u=log 15

u = log 10
Fig. 6 10 30 x|
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CHAPTER 1V
NONLINEAR MODELS OF EQUILIBRIUM

' The state of an economic system under condition of competition at any point in
time can be formulated as the solution of a system of inequality relations expréssing the
dema.n.d for goods by consumers, the supply of goods by prodixcers and the equilibrium
condition that supply exceeds demand in every market, it being assumed that if the
supply of any commodity is overabundant, the price of that commodity is zero.

The key mathemajtical tools which will help us inorder to determine solution for
our models are the following. I will state the theorems with out proof.

First let us define a few terms which is related to the theorems.

Definition.

1. A mapping ¢ which transforms every point x in X into a subset of X is
called a point - to - set mapping .

2. A simplex in R" is a convex set spanned by the origin and n linearly
independent points.

Theorem 4 (Brouwer’s fixed - point theorem)

Let ¢ (x) be a continuous point - to - point mapping of a closed simplex X into
itself Then there exists a point Xo in X such that xo= ¢ (Xo).

Theorem 5 (Kakutani's fixed point theorem)

Let X be a closed simplex , and let ¢ represents an upper semicontinuous
mapping which maps each point of X into a closed convex subset of X. Then there exists

a point Xg € X such that Xo € ¢ (Xo)

Now let us consider the following two models

Model 1
A model with variable volumes.
Suppose that we have n producers, named as p1, P2, - Pn

Each P; produces commodity Gi.
Let fij (x) (i #j) represents the amount of money that p; spends on Gj when his income is

X.

Assume that each producer spends his entire income in buying goods from the

other producers.
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Then the total amount of money that each P; spends is X = Zfij(x) for x > 0 and
j=1
also f;i (x)=0

From the above description the economic law states that the income to the i
producer x; is determined such that the total amount of each commodity sold by a

producer must equal to the total amount of that commodity bought by the other
producers.

Mathematically we seek to find values x; which satisfy the system of equations.

X = Z £, )

To see the relation between (11) & (12) we will prove the following theorem.
Theorem 6

If the nonnegative functions fj; are continuous, and if (11) is satisfied for all nonnegative
numbers, then there exists nonnegative numbers X, , X, ,... , X, which satisfy (12)

Proof

Let S={y/ >, vi=1, ¥i20}

i=1

Define T:S — Sas

Ty= ((Ty)1, (Ty)z, - (Ty)n) where the ™ component is (Ty); = Z_/'U.(y,.)
i=1

claim : T(y) € S

n

Ty= I AR S ) &

i=1 j=1 i=1
2 Zflj(y1)+ Zfzj(Y2) +--v+z,f},j(,Vn)
J=1 J=1 j=1
= ytyt.. .ty =1 by (11)

Hence the claim.

The mapping T is continuous since each fij are coqtirjuous and have .the same domain. .
The hypothesis of the Brouwer’s theorem 18 satisfied, then by this theorem there is a

vector X in S such that TE=X 1€
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n n

% = (), (B see (), = S L T fa(E s 2 S5

i=] i=1
= (X BEEE L

which is the solution of (12)

Model 2

A model with variable prices.
In models with fixed prices for the supply to be equal to the demand each producer 1s
forced to control the volume of his output.

In this model we will show that there is an economical equilibrium i.e supply and
demand can be balanced by shifting prices rather than volumes. To this end, we ask the
question,

Does there exist a set of prices such that the value of goods sold by each producer
is equal to the value of goods he buys?

To answer this question we will develop the following model.
Let Q; = the amount of Gi produced by Pj in some fixed period of time.

P, = the price of one unit of G
If each producer sells his entire output, then his income M = Pid;

Let Djj (p1, P2, -5 Pn) = Xij represents the amount of G; demanded by pi.
Assume that each producer spends his entire income,

then pj ai=2pj[)ij(p) (i 51,2 3,0 8) (13)
J
(set Djj =0 by definition)

Assume that (13) holds for any price vector P .
The total amount of goods demanded is G = Zl ),(P)

The total supply of goods is d;

The condition for equilibrium is 4; - Z D,-j(p) =0 (14)
i
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Theorem 7

If the nonnegative function Dj; (p) satisfies (13) for every positive vector P and Q; 0 Vi,

then - there exists (P1* , Py*, ..., Py*) such that & - ) /)U(p*) > () and if equality does
I

not hold in the j™ equation, then P; =0
Jo

(The theorem states that there always exists prices for which supply is at least equal to
demand and that only goods which are over supplied have price zero.)

Proof
Let §= {p/Zpi =1,p>0} &F;(p)= Zl)ij(p), pesand j=1,2,..,n
i i

A real valued p is called admissible if there exists a peS such that p @; = Fj (p)

(15)
Let V= {u/u admissible } , Obviously, V # ¢ and bounded below.
Let po = infy p : by definition of infemum there exists a sequence (jin) of admissible L,

suchthat »n—>
—>

'un 'uO

S is bounded and closed hence compact in IR"
Then from the compactness of S and continuity of Dj; if follows that pp is also
admissible.

To see this, let pp & = Fj (Py), where Py is the corresponding price vector from

S for admissible p in V and Py—>Pg € S as S is closed.
mnWﬁzﬁﬁlﬂMim;;%Wﬂ=Z,m;W@M

n—»o0
% Z Dy (Po)

= Hna = Fj(po) :

But i -€ 1s not admissible = there exists atleast one'y €S such that,
{(uo-€)a-F(p),y) =0 -(16)
Let S(p)= {yes/ (mo-€)a-F(®).Y) <0j

1) S(p) #6

2) S(p) is convex.

Lety,y2 € S(p), IletA= (no-€) a-F(p)

—  (A,y1)<0 and(A,y2) =0
Let A € (0,1)




WTS:  Ay1+(1-M)y2 € s(p)

BUtZY1i:1 ~ iZyﬁZiy,, = A—-(17) andalso
i=1 i=1

i=1

¥ Yapeily A-2) Xy, =(1-2)
i=1 1=]

Adding 17)and (18) , A3y, +(1- DXy, =4+ (1-1)=1
=1 i=1
7& Y1 I (1-)\,) Y2= 1
To show that it satisfies the inequality

(A, Ay1 + (1-2) vy = A(Ayi +(1-A y2) =AAy; +(1- MAy: < 0
Ayi+ (1-A) y2 € S (p)

(3) S (p) is closed.

Let {yn }wzl be a sequence of elements in S (p) such that

n

lim y, =y

n— 0

WTS: y €S (p)

n

a) Since each yn € S(P), >y, =1

i=1

limY y, =2 limy, = > y=1
T i=1

n—>o0
i i=1

b) ((o-8)a- F(po),yw =0 L

lim (g,-&)a—F @Y. = 0 ,Since lgr) V, =Y

= <(u0=8)a-F(p), yy <0
= yeS(P)

As a function of p the set S(p) are continuous in the sense of point to set mapping
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Since th.e requirements o()f the Kakutani fixed - point theorem are fulfilled, it follows that
there exists an element p~ in S such that

(mo-€)a-F@’), p’) <0

This last statement together with (13) = o - € =1

and hence po <1 as € is arbitrary.

Multiplying (15) which is the i™ equation by pjand sum it, i.e

J

wa 2K @p . XHa, p, 221 ()b,
¥

> uya p 22 F(p)p

It followes from (13) that p > 1. for any adnissible . Therefore o = 1, and thus
o = 1.

Letp’ = p* the vector corresponding to po =1, then

a, zéDi] (p%) G212, .., 4)

Since {(aj, p*) - (F (p5), P*) =0 by (13) if follows that p*i=0

Whenever @, 2;DU (p*).

Model 3
A model with variable prices and volumes In this model both the amount and type of

goods supplied vary with prices. For instance, the quality of services supplied will often
depend on the remuneration received by the supplier. Consequently, we shall assume the

existence of supply functions S (p) (i # j) which represents the amount of G;j which pi

will supply at prices pi, P2, = = = P The demand functions Dij(p) are specified as
previously.
n s —(16 ’ . -
The equaﬁon pr Sij (p) = Zp, [)Ij (p)_ (19) ( again Sij (p) is defined to be
=1 j=1

identically zero). Then the laW of supply and demand leads to the relation

v 3, (g2 T Bip0)

We seek to find a price vector p which satisfies (20) and such that the price of any
commodity for which the supply exceeds the demand 1s zero.
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Theorem 8

Let S;i (p) and Dy (p) be continuous nonnegative functions such that (19) is satisfied fo1
each p and z S,-j (p) is positive for each j. Then there exists a nonnegative vector

1

p* = (g™, Pl pn™*) (Z p,* =1 which satisfies (20), and in addition
> pi* 218, (p*)- D; (p1)] =0

The proof is parallel to that of the prove of theorem 7 hence omitted.
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CHAPTER V

WELFARE ECONOMICS

A study of welfare economics is mainly concerned with the problem of describing the state

of the economy where no consumer can be made better off with out making another
consumer worse off.

The .goal of yvelfare economics is a system in which all consumers uniformly achieve their
maximal utility. When more than one consumer is involved this rarely happens. Now let
us study welfare economics.

Suppose commodity bundles are represented by vectors of size 1, and to the i th
consumer (i=1,2,...m) corresponds a set of consumption vectors in R, and utility
indicator function u; (x) defined for x; € X; which characterises the i th consumers
preference scale.

For convenience of exposition we shall assume further that ui(x;) defines a strictly concave
function for x; € X

The economy attains perfection when all consumers can simultaneously achieve their
maximal utility.

Definition
A vector system {Xi}, (Xi € X;) is said to be a pareto optimum if

a) {X;} is possible. (see * next page)
b) there exists no other vector system (x'} (xie Xi) such that u; (xi') = (xi) u
(i=1,2,...,m) with strict inequality for at least one consumer.

Our objective in this section is two fold

1+ We seek to characterise all paretu optimum consumption vector system.
oM We examine the relation ship between a given paretu optimum and the
existence of a competitive equilibrium.
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v:1 THE CASE OF A SINGLE CONSUMER

Lety; (7=1,2..n) in R' designates the set of production possibility vectors of firm j

Y=3) constitute the vector of the total production of the economy.

=1
o The total production set Y is assumed to be convex and compact.

Let X be contained in the positive orthant of R, and represents the consumption set
available to the consumer and u(x) denotes his utility index function.

The consumer desires to select a vector x* & X such that u(x*) = max u(x), where the
aximum is extended over all x ¢ X for which there exists vector y e Y such that x =y

Any vector x e X for which there exists y € Y such that y = X is called (Feasible) or
possible. (*)

Since Y is compact, it follows that the range of possible x vectors (x < y) is also compact
and hence the operation max u(x) extended only over possible consumption vectors is well
defined.

We shall also impose the following requirements:

Assumption L There exists vectors Xo€ Xandy, e Y such that y,-Xo~~ 0

Assumption IL For each x € X there exists a vector X' € X such that u(x')~u(x).

The problem of determining the optimum consumption vector can be put in the following

form,

Let {xy} e Xx Y, thenwe define g (xy) as g(xy) = u(x) and

F(xy) = (y1-X1 » Y2-X2Yr%e)
In this notation the problem of selecting a consumption vector of maximal utility becomes

max g(xy)= max u(x) subject to the constraint F (xy)zo(xe X, yeY)

or ~u(x) — min
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P){ xyeXxY) : -Fxy<o}
The definition of a competitive equilibrium in the case of one consumer is
A vector (p*,x*,y*), where x* € X, y*e Y and P* is a relative price vector

(iep* 20,5 pi* = 1) is a competitive equilibrium if

=

S

A
2) u (x*) = max u(x), xe X
b) Where £ = {x, £ X, <p*,x) < {p*, y*)}

{p*, y¥)=max (p~y), yeY
) x* <y* | (p*, x*-y*) =0

{

Q.

rhe key theorem relating competitive equilibrium and consumption of maximal utility is as
follows:

THEOREM 8

i et assumption Iand II be satisfied. A vector x* maximizes u(x) among all feasible
vectors if and only if there exists a vector y* € Y and a price vector P* such that
{p*x*y*}isa competitive equilibrium.

Proof

(=>) Suppose x* maximizes u(x) among all feasible vectors choose y* € Y such
that y* > x*. (the existence is guranted by assumption I). Then the Lagrangian form of
‘he optimization problem (P) is LY, A)=-gxy)-AF  (xy) where (x.y) € X x'Y and

A >0

Then 3 A° with A’ >0 such that (x*y* A"} is the solution set of this
optimization problem.

s F (x*, y¥) > 0 and (A%, F (%)) =0

Claim: 1’ >0
Suppose not, 1.

Ly u(eh (RSB ) = ) (A, F(x,y))
= -u(x*)<-u (x)

:>u(x*)ZU(X) V xeX _ ,
Which is a contradiction t0 assumption 11 .Hence the claim.

33




n
Let p* = pA° Where B = ]/Zﬂ l
i !
: i=]
We now establish that {x*,y* p*} constitute a competitive equilibrium J

- u(x*) > u (x) for any x & X li.e x is feasible) ” |
consider (", F (x,y) ) = (X, y-x ) = (P*/ B, yx) g |
= 1/ B p*, y) {p*, x)) |

But for any special choose {x,y} = {x* y}

u(x*) + (A F(x%y) ) < u(x¥)+ ( A%F (x*y%))
= (A, F@Ey))<AF (x*y%)
Ay Y -A%x) < < ALY*) < AR

AWyy< W y*yforanyyeY
<> (p*,y) <<p*,y*) (multiplying by B on both sides)

(p*y*)=max( p*y), yeY 23

From (21),(22) and (23) we see that all the requirements of the definition of
competitive equilibrium is full filled.

Hence {p*,x*,y*} constitutes a competitive equilibrium.

(<) Suppose {p*x*y*} constitutes a competitive equilibrium. We want
to show that u(x*) = max u(x) for all feasible x. By (a) of the
definition of competitive equilibrium it is clear i.e. u(x*)= max u(x),

xe X

V. 11 THE CASE OF MANY CONSUMERS

Let X; represents the consumption set in R" available to consumer i (i= 1.2,..m)
and let X = i X, designates the comulative consumption set of all consumers
i=1

e The preference ordering of consumer is described by a strictly concave utility

function ui(X;).
e FEach set X; is assumed to be convex an

orthant of R". i
e The situation of the production possibility se

consumer. i@
Again we seek to determine conditi

element of a competitive equilibrium.

d closed and lies in the non-negative

t is the same as for the single

ons which imply the pareto optimum is an
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©)

A system of vectors {x* x,* oy ko K B »
X%k, iy, »-Ya¥; p*} is said to be a competitive

m

equilibrium, if p* is a relative price vector (i.e pi* >0, Z P.*=1) such that
i=]

A)  (p*yi*) =max <py;)
vieY
B) u; (xi%) = max y; /\(Xi)
Xi € Xi
A m
Where X = {xi/ xi6 X, (p*x) <D, aylp*y*))
i=1

Where the term o j; is the share of the profit alloted to the i th consumer, it is
assumed to satisfy the condition ¢, o =1, (j=1,2...m)

2
ol
and x* <y*, (p*x*-y*)=0wherex* =2 x*, y*=5 y*
i =l

The problem of characterising pareto optima will be stated as follows:
Define for each {X1,X2,....Xm; Y1, Y2,--» Yn} (Xi, € Xi, Vi & Yi) the vector function

G(X1,X2,... Xm) Y1,Y25---¥n) = {Ui (xi} = u(x)
and let F (X1,X2,....Xm] Y1LY25---Yn)=Y-X Where y= 3" yi and x= 7% Xi

u(x) — max
(P) withF(xy)>0,xeX,yeY

and u(x) = {u; (x;)}.

Let us define some concepts which are important for the following discussion

Definition:
1) Suppose we have an optimization problem
g(x) = max

with F(x)> 0 where g (x) and F(x) are concave functions .

m 1S

The Lagrangian form of the above optimization probler

L(x, A ) = g(x) + A f(x) Where A >0.
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Suppose {x*, A*} is the solution of the above optimization problem
L(x, M¥) <L (x*, A*) <L(x*,}) VxeX,A>0
Then the pair {x*, A*} is called the saddle point of L(x, )

2 to be emClent ot lt I} €I s T easi :

The follqwmg Lemma is also very crucial for the prove of the theorem, we will
stale it with out prove.

LEMMA 3

Let G be a cgncave vector function defined for x € X , and let F={f(x)} all be
concave functions defined on a convex set X of R".

Inorder for x° to be an efficient point, it is necessary that there exists two non-
negative vectors A" (A" #0) and 1" with the same number of components as G and
F. respectively such that {x, u’} is a saddle point of

L(x, p, A = A, G(x) >+, F(x) >, that is
L(x, n% AlpealnGl iy A <L (¢, p AV pz0&xeX

1f A° has all components strictly positive, then the lemma is also sufficient.

Now (P) is equivalent to characterising all efficient points of {ui(xi)} subject to the
constraint F > 0, x; € X and yj € Y;. The next two theorems show the equivalence

of pareto optimum and competitive equilibrium.

THEOREM 9

Let assumptions I and 11 be fulfilled Let (x1*, X2*,.. Xm" } be a pareto optimum

such that y*> x*, there exists a consumption vector system {x;} for each 1y, where

x; = x;* i#l, and there is some Y € Y such that

y-x>>0. Then there is exists vectors, y1*,y2*--

and a matrix (o%;) (@% 2 0,3, o =1v;) such that (%% Xa*, Xy 125 Yo
e

yo* (vi* € Y;), a price vector p*,

p*, o ¥ }isa competitive equilibrium.

Proof

Suppose {Xl*,x2*,...xm*} is a pareto optimuin.
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Let 1* * v .* desi f
y1¥,y2",.ya" designates the respective terms of Y; giving y* 7 y;* which 1s

* . m
selectis SR X*_%xi* clearly, by (*) {x,* x,*..xo* } is an efficient point

of G, among all vectors x;, y; satistying the constraints
F=yx>0,xie Xjand y; e Y;

Because of assumption I the hypothesis of Lemma 1 is satisfied
Then by Lemma 3 3 vectors p’and A" ("> 0 A" > 0) such that

A0 ue*) Ly S A (x¥) )+ y* x¥) <
A0 u(x*) + (uy*x*) V p >0 and xie X, yie Yi )

We conclude from the right hand inequality that (', y*-x* ) =0
We also see that p’>0, otherwise considering the left inequality,
with 22 >0, u(x) < u(x*) x Ve X which contradicts assumption 11
Claim : A>>0

Suppose the contrary that A% = 0 then in the left hand side inequality of (24) we
may assign Xi =X; * for iz i such that x<< y by the hypothesis, then we do have

(1%, Yio - Koy = (1, Yio - Xio ) which is a contradiction
Therefore Ao>>0

Define p*= P 7, where p= 1 and &% =3

m

'
Where a; = (p*.x.*)
P*y"

Note that 3; 20, and‘é'ai =1, since (uo, y*-x* Yy =0 (p*xi y20
=
Now we are ready to show that (X%, X2* . X yity2t Yot P is a

competitive equilibrium.

) =
But (D) follows immediately from y* > x* and G, y*-x* ) =0

Next sebx=% * Vi and yi =i for j # Jo- Then the left hand inequality of (24)

gives
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W', vio) S (1, y*joy which gives (A) since j, is arbitrary
Finally, set y; =y; * Vj and x; = x; * for i # iy, and choose x;, € X

The left han inequality of (4) reduces to the form

0 s U
a) Vi uu(Xi) + Sui pry* x) < vV uo(xi¥)
=

Now x;* € X; by the construction of o, Then,

b) (p* x;*y = a; {p*,y* ) (i # i0), (p*.xio) < aio (p*,y* ), by summing up the two (a)
and (b) we have {p*, x )< il

From this observation, combined with v';,> 0, we deduce that U (xi)) = i (X5 *)
for x* ;, &€ X, which gives (B)

This completes the proof of the theorem.//

THEOREM 10

If {xl*,xz*,...xm*;yl*,yz*,...yn*; p*,a*ij} 1s a competitive equilibrium,  then
(X%, X2*,...Xn*) IS @ pareto optimum

Proof

Suppose to the contrary that there exists a feasible vector system {x';} such that
ui(x;) > ui (xi*) (i=1,2...m) with inequality for at least one L

Let us arrange the indices such that x; = x;* (i= 1,2...3), Xi # x;*
(i= st1, s+2,....m)

Obviously s<m, since x; dominates x;* in the sense of utility by assumption

N ' oA 5 :
Since u; is strictly concave, it follows that Xi=t Xi * (1-t) x;*

(=1,2,..m; 0<t<1)

*)>tu(x*)+ (1-t) i (x*) = u; (%)

~ ™,
Hence u; (X5) > t ui (X)) T (1-t) ui (i

1.8 ()'(‘i’) >y (x¥) i=s+l,..m




Since X is conv =i .
] ex, we have'x; = t; + (1-t) x*, is feasible and hence 3 vy, such that

Y = Z Y52X0=ﬁx;
i=1 H

Therefore {p*,y) ={p*x)
\s P T o i
Since { p*, y*) = <p*, ¥ ) = (p*x) = {p*, y*) > (p*x)

Taking into account of x; = x;* for i = 1,2,...s and (25) we infer the existence of 1y
(m > ip > s+1) such that

o .
{p*, Xio ) < ol p*yi*)

However, Uio(;io) > uj, (x*;), which is contradiction to (B)

Hence our supposition is wrong and the theorem is correct Il
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CHAPTER VI

THE STABILITY OF A COMPETITIVE EQUILIBRIUM

In the previous ¢ i
ks I]J3ut i rlllssjers we hgve discussed about economic models which are
: on we will be concerned with the dynamics of equilibrium

and paﬁlcularly the concept of stability. All the models which we will discuss are
dynamic. '

Inﬂthlts sgctlon we shall descnb.e. a formal dynamic model whose characteristic
reflects the nature of the competitive process and examine its stability properties in

the light of certain agsumptions as to the properties of the individual units or of the
excess demand functions.

Suppose there exists m consumers with available consumption sets X; in R’ :
(i=1,2,...,m), consumer i seeks to choose a possible consumption vector X; & Xi
which maximizes his utility.

Let X= Y x; denotes an aggregate demand consumption vector and Y represents
the aggregate production sector of commodity bundles in R"' Each of the
production units (firms) seeks to produce in manner which maximizes profits

Consequently, with any price vector P=(po,p1,-..pr) of the commodity bundles there
are associated an aggregate demand vector x(p) and an aggregate production
vector y(p) determined by conditions (B) and (A) of the last chapter respectively,
which possesses the desired maximality characteristic.

Because of conditions underlying equilibrium, we have

(p.x(p) - y(p) ) =<p, F(p) ) =0 ()

for each price vector P (1) is classically called the Walras law.

o TF(p) is called the (aggregate) €XCess demand vector function. The excess
demand vector function for the i th consumer 13 denoted by

F; (p), and F(p) =£‘ Fi(p)-
Now it follows from the same consideration that (p, Fi(p) ) =0

s continuously differentiable

e Through out what follows we assume that F(p) i

and single valued for p0. ' Myweod, 19
e An equ%librium price vector p*is distinguished by the property thatF(p™) 0
(2)




production vector y(p*).

For mathematical conveni i
- assuer;lleflce End to help clarity the dynamic price adjustment
> e in what follows that a strictly positive equilibrium price

‘I
Which ensure .
purthat the: consumptian. vectos x(p*) can be achieved by the
11
ron ot e PrLa A
vector p* exists 1.6 p*>> 0 implies in view of (1) and (2) F(p*) = 0 |

. We hall gl;o assume that the excess demand function
F(p) is a positively homogeneous function of degree zero, i.e

FO\: Po, A P A pr)= )\0 F(po, P1,... pr) = E(po, p1,... pr)

T}lus is a ngtural assumption t.hat only relative prices of various commodities are
relevant in influencing flactuation of the excess demand functions

Wf‘a are now prepareq t.o propose dynamic model which describes how prices
adjust over time to variations of supply and demand in a competitive economy

One such dynamic model is based on the system of differential equations

Qpi =F (po,p1,...,p,) (j=0,1,2,...r) (3) ‘

dt
or in vector form dp = F (P) (4) | l
dt '.

For such a system the price of a commodity increases (decreases) when the excess
demand for that commodity is positive (negative).

The rate of increase (decrease) is proportional to the amount of the excess demand
or supply of each commodity. By a suitable choice of measurements for each of
the commodities we can convert (3) into

dpi = kiF; = 0,1,2,... r) with the proportionality constant k; positive and

dt
arbitrary. Thus there is no loss of generality in suppasing k; = 1.

A discrete time analog of the dynamic system (3)is

pi(t+1) = pi(®) + pFi [P0 (®),...pd0)] (= 0.1,2.-1) (5)

In view of physical interpretation we need to make some restriction in p(t) i.e p(t)

s a non - negative vector for all t. :
Then we modify the above difference equation as : 2
p(t+1) = max {0, pt) * pF [ p(t)],} thus preserving the positively

of p(t) V t while reflecting the dynamics of the price adjustment process

We do study stability for two systems emerging from (4)
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1) The normalized price adjustment process
2) The non normalized price adjustment process.

In the normali i : .
alized prices a single commodity (say the zeroth) is distinguished,

the commodity si -
odity singled out is frequently reffered to as the numeraire and the

price vector is normalized so that
q= pj_(_]= 1,2,...1')

q=(1,91,92..., ) where

. . . p()
Now the differential equation (3) has the same meaning as

dgi= Gi(q@) (=1,2.....,r)
dt
Where G; (q) = F; ( 1,q1,92,..., q/)

e The non norm.ahz.ed adjustment process treats all commodities symmetrically.
and the dynamics is expressed as in (3)

e From g}ngthematical point of view the non normalized process has a maltitude
of equilibrium prices vectors, since if p* is an equilibrium point, then all points
on the ray A p*(A >0) are equilibrium points. ( Due to the homogeneity of )

Solutions of (3) and (6) are the form p(t) = ¥(t,p’) and q(t) = (1, q') respectively
with initial price vectors p’ and q’.

The excess demand functions from hence forth (i.e F(p) and G(q)) is assumed to
possesses enough smoothness property to guarantee that the solutions (‘\P(t,p") and
@ (t, q°) is uniquely determined and changes continuously with the initial price
vector po.

Note that any strictly positive equilibrium vector p* (t) = P(t,p*) = p* is a fixed
point solution.

In the following sections we seek to determine criteria which imply that any
solution ¥ (t,p’) or solution @ (t, q°) converges to an equilibrium vector.

It seems worth while to discuss various conditions which yield stability leaning
detail analysis for next sections.

(7)

(8)

Definition

utability (strictly) prevails for the non-normalized process

We say that gross substit : I pro
i - and is true for the normalized processes 100 (i.e if

if OF, /op; > 0 (>0) Vi #
2G:/5qj > 0 (>0))
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x ¢ R.

Definition 2

A matrix c= (cj) is called Metzele i i
i i r matrix ( or in short (M) matrix) if ¢
and strictly M-matrix if ¢;; >0 for ; #j R LAy T T

e (7) has the : Ve 9 " '
§\/I)-matrix. property of gross substitutability for each p if and only if A(p) 1s an

The economic justification underlying this property is as follows

If the? price of the i th comodity rises while the prices of the other commodities
remain unchanged, then an increase in the demand for every other commodities
may be expepted and hence the above holds. Commodities related in this way are
called "substitutes".

But this relation is not always valid; if the price of butter goes up for example, it

may happen that the demand for bread decreases, since many people can not enjoy
bread with out butter.

Definition 3

A matrix T is negative quasi- definite if and only if (x,Tx) <0 Vx # 0 Where
and a real matrix c is said to be a negative quasi definite if ¢ ¢ s

negative definite.

2. A matrix ¢ whose eigen values, all have negative real parts is called a

stable matrix.

The following three lemmas are important for our discussions we ~ will
state them with out proof.

LEMMA 1

Let ¢ be an M-matrix Define o(c) : = max R (oi;) where ot 18 the eigen value of ¢
(R (o), real part of o). then we have the following
a) The eigen value of an M-matrix with largest real part isrealand  has an

associated non-negative eigen vector.. |
b) o (c)< 0 if and only if there exists x>0 such that cX=* 0
c) o (c) <0if and only if ¢’ is positivity - preserving.

Let A be a positive matrix.
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LEMMA 2

The eigen value of A of largest magnitude A, = A,

. ; (A) is real and non-negative and
is characterized as A = max A where B

={ L /xA> Ax for some x>0}

LEMMA 3

If there exists x’ >> 0 such that x’ A < nx’,

; then u is an upper bound to the
spectral radius of A.

VI:I LOCAL STABILITY

VI:I:1 NORMALIZED PROCESS

In this section we determine conditions for local stability .
1.e conditions implying convergence to the equilibrium vector p* when the initial
price vector p’ is sufficiently close to p*.

Note that through this sections we take q*>> 0.

In studying local stability, we may replace dp/dt = F(p) by a system of linear
differential equations.

Expectly by Taylor's expansion of the right hand side at equilibrium point q=q*
d(g-9*) = G(q-q*)
dt
Where q-q* is a small disturbance from the equilibrium point . Then
r | r ~2 -~ 2
G(g-q*) = G(@*) +¥ G @)oq) (g% *3; ¥ (@GQ*)dq” )

(q-qi*)” +.... and d (q-q))/dt = dg/dt

The stability state in the neighbourhood of the equilibrium [)oint {q,*'} is thus
determined by approximation (whose accuracy must be carefully examine) by a

linear system.

ie dg/dt ~ Gi(q*) + 3 (8G(q*)/0qi)(qi - qi%)

=0

or in vector form dg/dt ~ G (¢*) +B(q*) (4-9%)

Therefore dg/dt = B(q*) (q-q*) where B(q) = (3Gi(a)/ 0 1 =1.2...F
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T.he loc:al stability (8) is obviously equivalent to the stability of the linear
qu’ferentlal §yst§m dz/dt = cz Where ¢= B(q*) since every solution of (8)is a
linear combination of exponential function '
of ¢ clearly (8) will be stable if and
real parts.

hot :
S €1 where the A, represents eigenvalue
only if all characteristic root of ¢ has negative

THEOREM 1

If B(q*) is an M-matrix and either

a) det B(q*)# 0 and (0Go/dg;)> 0,
b) (6G0/6q;)§(r) g=12...10)

Then the normalized adjustment process (8) is locally stable.

Remark : the first assumption is synonymous with the statement that the
normalized process locally (at q*) has the property of gross substitutability

Proof f

Differentiating {q, G(q) ) =0 ( the walras law) ,

5 4G (0 =G0 (1) +5$4.G (@ =0

“__.VA

6/0q 3.q; Gi@) =0 Gs (@)/ 0g; +$:(0a/ 3q) Gi@) + 5 G/ 0g; =0

o |

Evaluating at q* |
0G, (q*)/ 0qi +Gi (q*) +54i (9Gi(q*)/ 0g) =0 [

|
0G, (q*)/ 0gi + ¥ 4 (3G(q*)/ 0g) =0 (9) |

Hence by the hypothesis, ¢* ¢ < 0 and by assumption g*>=0 since ¢ is an M-matrix

it is enough to show that ¢ (c) <0 By adding a positive multiple of the identify

matrix we may suppose that A= ¢+ ul is a non negative matrix. Then q* (¢t 1 1)

=q*c+q*(@D< q*pl=q*n

ie q*A <pq*
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compl )%
Tc})lere )piezz the t;:roof of the f[heorem it 1s necessary to verify that Ao(A)< p
W o (A) is the spectral radius of A since it implies & (c) < 0 :

Let Ao dentate the largest eigen value of A, and suppose Ay > |

In case (&) Ao > p. (since det B(q*) 20 =>3IA>0IBx=A x A # 0) then 3 a
vector x>0 such that A x >(A - €) x for (Ao - & > 1 (and € is small enough)

But q*>> 0, it follows that
wig* x) > (q*A, x)=(q*, Ax ) > Ao - £{q*x )
ie p{q*x) >N -&{q*x ) which is impossible.
In case (b) by (9) q*A<<pq*

by (Lemma 3) implies p is an upper bound of the special radius of A, hence Mo(A)
<./l

Further conditions of the same kind which guarantees local stability is as follows

THEOREM 2

Let T = B(q*) + pl be a positive matrix such that some power of T is strictly
positive. If 0Go/0q; > 0 (i=1,2,...,r) with strict inequality for some;, then B(q*)
stable.

Note that the hypothesis is satisfied if B(q*) has the property of strict gross
substitutability.)

Proof

Relation(9) and the hypothesis together yields ¢* B(q*) < 0 and hence

q* T<pq*

Since (B(q*) + 1 1) KeuDf k>0ie T* < ¥, some iterate of T has
q* T << pf q* ( since there is strict inequality for some i)
of T,

By Lemma 3 p is an upper bound of the spectral radius

e Rl
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From this we conclude that A (T) lies with in the circle of radius . /

VLLIINON-NORMALIZED PROCESS.

Stability fgr the non-normalized process must be interpreted on account of the
homogen:xty of the excess demand functions Fi(p), as noted earlier, the whole ra.y
= { A p*I L >0} constitutes of equilibrium price vectors.

In the following discussion local stability shall mean that if P is a price vector near
the ray I, then p(t) tends to some equilibrium vector situated on the ray I

And finally we will discuss about global stability i.e conditions implying
convergence too an equilibrium price vector regardless of the nature of the initial
price vector p'.

LEMMA 4

Let A(p*) be a strict M-matrix and p*>>0 is an equilibrium vector, if p is sufficiently close
to I then (p*F(p) ) > 0 for p = A p*.

Proof

Let . () = (p*, F[p(®)] ), where p(8) =p* + 8 (p-p*)
% (0) = (p*, F[p(0)] ), but p(®)=p*

= (0) = (p*, F[p*] ) = 0 (by walras law)

and 2 (8) = d/d8 [ $-pi*, Fi [p(®)] = $-p*i (@F: [p(®)V/op) (Op(OF 00)

N©) = § pi* SO O]/ (Prp) (10)
Differentiating the walras law with respect to i
d/dpi( ¥ piFi ()= 3 (@p /p: JFi(p) + ¥ pi (OF (p)/ opi) =0

—F,(p) + % i OF: @)/ 0P) =0 (11)

at p=p*, we have Fi(p*) * 'Zpi* (of; (p*)/0pi) = 0
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= p*A (p*) =0 (writting in vector form)
Changing the order of summation in (10) we have

$(pi-pi*) ¥ p* OFiP (6) /op;
M ()= SEp*) 3 it O (070 = (p-p*, p*AGY) ) =0

There fore A' (0) =0
Differentiating (10) again

A ©®)= 5 pi* 5 (prp®) § (@ Fi[pO) i 0 pe XOP(O) opr)
A (©)= z p* Y () 3 0" Fi [p(®))/ 0pi 0 pi] (pi- pi)

for 6 =0, we have

A0 = $p* § (rp®) 3 @ Fi [l opi O p)pe- pi*) (13)
0 ) 0

Differentiating (11) we have
S (0m / OpIORG) Op+ i (@ Fi () 00 ) R () 0070
OFx (p) / Opi+ 3 Pi & F (p)/ Opi Ope+ OFi (p)/ Opi =0

at p=p* and rearranging the terms we have

$ &£ (p*)/ OpiOpe = - [ F; (p*)/opi+ O Fi(p™)/0px] (19)

=

Writting (13) as
A (0)= 3 (pe- pi*) (pi - P
k0

Substituting (14) in the above e

nsn & F, (p*)/opi Opx

quation, we have
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A" (0)= < P L 1
H JJZO: (Pe- p¥) [0 £ (p*)/ Opi Bpic + 0F; (p*)/Opi+” £ (p*) / Opi Opu |

(pi - Pi¥)
or invector product form

v (0)=- (p-p*, [A N+ AT (PN ] (P-P¥)
= -(p-p* T-(p-p*)) whereT= A+AT

We have shown above that P* A (P*) =0
The homogeneity of F; (p), which is equivalent to the Euler relation
3 (&fi(p)/ 0 pi) pi =0 gives in particular A(p*) p*=0
A
It follows that P* [A(p*) + AT (P*)] =p*T =0
But T is a real symmetric M-matrix and since p*>>0 by Lemma 1 (a) we conclude that
any other solution <of xT=0 is a scalar multiple of p*, and that all nonzero eigen valve of
T are negative since the largest is zero. Thus, T is negative semi definite. Hence
_(P-P*, T (P-P*) ) >0

Hence A" (0) > 0 unless p = Ap*, by vertue of the fact that F; is homogeneous

To come to the results of the Lemma, choose a suitable A p* instead of p* in (p*, F(p))
and by Taylor expansion

A0) = (p*, FAp*)) + 'Z e rz (0F (A p*)/ opi)(pi2 - M p*i2)

+(1/2) i A pi rz (piz - piz*) rz (P - A p*e) o F (A p*) Op Opis

We want to approximate A(6) by i=2 by some error ( since p- A p* 18 very small
disturbance, then the error is very small)

Then
A0) = M0) + A" (0) T A 0)

_ 0+0+A"(@=A"©0)>0
= M0)>0

Therfore (p*, f(p) » > 0- I
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THEOREM 3

Let A(p*) be a strict M-matri i
p*) t M-matrix. If p* >> 0 is an equilibrium vector and p is

sufficiently close to I' ={ A p* | A>
o { A p* | A>0}, then p(t) converges to an equilibrium point

Proof

Define v(t) = 1/2 [p(t) - p* [ = 1/2 (p()) -p*, p(t) - p*) =1/2 § [pit) - pi*]”

0

Where p(t) =¥ (t, p’) and p’ is sufficiently close to the ray A p*.

We have d V(t)/dt = 1/2 Z (pi(t) -p;*) d pi(t)/dt

U

= Z [pi®) -p*1 Fi[p (V) ]
= {pi(®) -p*, F [p ®1 = i) Fi (p (1) ) - p*, F[POD

dv(ty/dt =-<p®)F (p (1)) (by walras law)

But - (p*, F[p(+)]) <0

1.e dv(t)/dt < 0 unless p(t) = A p* as F is homogeneous)

— v(t) is decreasing.

Then we see that v(t) is decreasing and v(t) = 0 (bounded from below), hence
convergent. It intern implies p(t) is convergent.

Let p be a limit point of p(t). Then there exists a sequence t, —p o steh that lim
p(ty) = lim W (ta,Po) = p

n-»oo
The contivity of the s

Lo Pta +1) = lim W (ta,p0) =V (t.p)
N—>e n »wo 709

olution with respect to the initial position vector implies lim

Now

d vt o= drdt (12 5 [Pt -p*)

=)




= i [pi (ta 1) - p*] dp; (t, +t) /dt

=

r

= $ [P ) - P F [, 40)

= (p(ta tt) - p*, F [p(ta +t)] )

= (p(ta 1), F [p(ta 1)1 ) - {p*, F [p(ta +1)] )

d V(tn t)/dt e <p*v F [p(tﬂ +t)] >

lim

Here we consider two cases

Casel: I Pel

dV (t, +t) /dt = -lim{p* Flp (tnt+t)] )
n »oo n »oo
Um

= - {p*, F[ nPo p(tntt)] ) ('by continuity of {.,.) and F)

= {p,Fly(tApH)])=0 ( Since p* is a fixed point solution

im (t, A p%)= A p*) and using walras law.

lim

This implies that all limit point of p(t) is in I. Hence p(t) converges to a point
which is on the ray A p*, A >0.

Case 2: Ifp €T
By the same argument as in case 1 we have

dv (t, +ty/dt  =( p* F[ v (t,p)]) <0 (by lemma 4)
n P
which is a contradiction to the fact that the initial price vector p’ is sufficiently
close to the ray A p*, A >0.

Consequently, if lim v(t) =2a, where
v(t) = 12 [p(t) - P* |

lim |p(t) - p* > = 2a, then all Timit point of p(t) lie on the ray T" at distance 2a from

p*. Any p consists of one of two points.




However, the differential i o ' :
- equation dp/dt = F(p) shows, which the aid of the Walras

S pi()@p/d) = $ p®Fi[p)] =0

=0 3

then d/dt Z pi2 (t) = z 2 pi(t) dpit) /dt =2 Z pi (1) dp; (t)/dt =0

e

Y
r 2 . .
and hence Y pi (t) is a constant say b independent of t. Then follows, P A
=

p*, where A = \}b/'zpf A
H

Globalist'ability is also based on non- normalized price vectors, and we also notice
the Valldlt}{ of the walras law, the homogeneity of the excess demand function F;,
and the strict positively of an equilibrium price vector Pr,

THEOREM 4

If (p*, F(p)~ »A for all vectors p for which F(p) # o, then the non-normalied price
adjustment processes is globally stable; i.e as t tends to infinity P(t,p’) converges 1o a
fixed-point solution.

Proof

Let p’ be any initial price vector and let p(t) designates the solution of dp/dt = F(P)
with initial position p’ , thatis p(t) = Y(t,p")

Consider the norm deviation measure
Ve = 172 [p(®) - p*F =12 (p®-P" p(t) - p*)

—12 ¥ [p® -p*1°

V(= § [pie)-p* 1dpi®/ dt

= $ [p)-p*] BPO1= (p(®) - p*, FIp®OD

= (p*, F[p(t)] y (by the usual walras 1aw)




By the hypothesis v(t) <0, unless p(t) satisfies F[ p(1)]

converges. 0 Therfore v(t)

Which means f(t) converges, but in Theorem 3 we have shown that this limit lies
on the ray A p* ,A >0, which means it is globally stable.

Now let us consider one application of Theorem 4

Definition

The aggregate demand functions are said to satisfy the weak axiom of revealed
preference if

(p, F(p") - F@) » <0 (F(") #F(p))
= (" F@")-FP)) O
THEOREM 5

If the excess demand function satisfy the weak axiom of revealed preference, then
the process descried as dp/dt = F(P) is globally stable.

Proof

Let p" =p* andp'=p; then
(p, F(p") - F(p) > ={p, F(d*))- (P, F(p))=0<0

Also, if p is not an equilibrium price vector, We have F(p) #0 then,

(p*, F(p*) - F(p) »=<{p% F(p*))- (p* F())
—~(p*,F(p)) <0

The hypothesis of Theorem 4 is satisfied, hence the process is globally stable

which proves the theorem.//

VLEII A DIFFERENCE EQUATIONS FORMULATIONS OF GLOBAL

STABILITY

In this section we describe adjustment mechanism over time by means of a

difference equation expectely

p(t+1) = max { 0, p® * PF p®)] ) (=01.2) (15)
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Where p(t) is the pri .
P PEGSIVETOr ot tme 1 and F represents the excess demand

function and p is a iti
i £l P fixed posmve constant . We assume as always
is valid for any non-negative price vector RN N e i e

The system which i i in thi
norma}{ized e W:n jhiz;llt;lr}vestlgate in this section corresponds to the non
: is case it is customary t . ,
: 0 suppose that the exce
demand functions are homogeneous function of degree zero Sisiminaars
LEMMA 5§
The equilibrium price vector exists.

(Recall that an equilibrium price p* is a price vector for which F; (P*) < 0.)

Proof

Suppose every non-zero price vector is normalized as Z pi=1

Lety={p>0] Z pi= 1, p price vector}.

Observe that forp ey, Z max { 0, pi +p Fi (p) } = Mp) >0, otherwise

=0

pi+pF; (p) <0 Vi, and thus
(ptpF@),p) < (0P

$ e+ pF@)P= ¥ p’tp ¥ piFi(p) =0

i pii <0 p=0Vi which is a contradiction to the supposition that pe y.

Define a mapp Ty y, by

T = 1_ max {op+pF(P)}
A (p)

(Note that the maximum operation is taken component wise)

T(p) is a continuous mapping of y int0 ¥-

Then by "Theorem 4" (Brouwer fixed point theorem) and infer the existence of p €

y such that P =T(P), that is
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A(P) P =max {0, P +pF (P) }
AMP)P; > PHpF(P) (i=0,12,. 1) (16)
with equality for all i such that P; > 0.

Then multiplying by P; and adding the resulting equations,

X(F)i B = _'Zf%*p Z P.Fi (P) = Z P’

=0

ie MB) § Bi= p2

£l

AP) =1

Substituting this result in (16) we have

Which shows that P is an equilibruim vector.//

Once the existence of equilibrium having been extablished we know turn to a
discussion of the dynamic stability. The following theorem gives one criteria for
stability of the discrete time system.

THEOREM 6

Let p* denote a strictly positive equilibrium vector, and suppose that the excess
demand vector function F satisfies the property of strict gross substituability. Then
there exists a positive Po such that for p < po the price system p(t) satisfying (15)
converges to an equilibrium price vector.

Remark: The conclusion of this theorem can be interpreted as follows: if only
relative prices are relevant, then the discrete time price adjustment process, as

defined by the system (15) is globally stable.

Proof

Consider the norm function v(t) = Z [pi(t) - pi*]°

N
n




Now we have

v(t) - v(t+l) = ; [p*(H) - 2 pi () pi* + p ] - { Y pi’ (t+1) -

2p; (t+1) pi* + pf}

¥ {p(t) - p? (t+1) 2 pi (1) pi* + p Jpi*

=

AV

; P’ () - p* (t+1) +2 p § pi* Fi [p(t)]

> follows from  p; (t+1) >pi(t) + pFi [ p(t) ]
pi (t+1) - pi ()= p Fi [ p(t) ]

Le v(D) - v(t+]) > § {p() - p (t+1) -2p § pi* Fi [p(V)]

Let R denotes these indices of the set { 1,2,....r} for which
pi(t+1) = pit) p + Fi [p(t)] , and R' the complementary set of indices, those for
which p; (t+1) =0

for the indices in R, we have

(pi(t+1))2 = pict) + p Fi(p()* = p(®) + 2 p pi (O i (p() + p"Fi * (p(1))

s {pi’ () -p° (D) =p 22; £ {p()} -2 Zpi) Fi(p(®)

=p* 2, F2 {p(t) + 0 2, p() Fi (p(V)}
Fias R
The last equality follows by vertue of the walras law.

S [p ®)-p (D] i () - pi” (t+D)]
R R

=p2J, F [p(t) 2 p 25 pi(t) Fi (PO Zpi ()
R R IR




=-p2§ F? [p(t)] +% pilt) T Fi [p()]* - p° 3, pilt) Fi [p(t)]

=" 5, F {p() + 2ipi®) F: (p(0]> > p* 3 F? [p(t)) (18)

iegmfmmﬁmnz&inm

£

Now we choose p satisfying 0< p < min 2r2p;* Fi{p}/ Z £2 (p) (*)
0 A
pEAp*
(p #\ p* otherwise Fi(Ap*) = F; (p*) =0)
Let po=23", pi* Fi{p} / S, F* ()
i) £l

from (*) , we have

0<p> F[p] <2 pi* Filp)
# )

—0<p’ S F[p] <2pZpi*Filp]
=) ;;{)
(19)

Now reconsider (17)

v(t) - v (ttl) 2 Z P (t) - P (t+1) 2p2 pi* Filp(t)]
# -pZZr. p* Fi[p(®)] + 2er1 pi* () Fi[p()] >0 (by (18) and (19)

= v(t) > v (tt1), unless p(t) = Ap*

and hence v(t) is decreasing and v(t) = 0. consequent by Tim v(t) exists

— lim p () existsast= 0.




But we have shown in Theorem 3 that any limit point of p(t) lies on the ray A p*, 7 > 0

Therefore lim p(t) = A p* for some A >0. hence p(t) converges to an
equilibrium price vector. /

vI:111 STABILITY AND EXPECTATION

The mdels in the previous discusions involved the adjustment of prices over time in
response to change in the excess demand functions, which are functions of the current
market prices only.

In this sgction we examine the influence of the anticipated future prices in addition to
actual prices on the dynamic stability of the market system.

With this end inview, we propose to write the general dynamic equilibrium system as dp/dt
— KF. where P is the price vector of the commodity with r components, K is an rxr matrix
of constants which determines how rapidly prices adjust to excess demands, and F
designates as usual, the excess demand vector function.

Here, in general each component of F is a function of the current price vector P and the
expected future price vector p. In discrete time the price vector pf refers to the
anticipated price for the next time period. In continuous time, p' corresponds to the
anticipated prices in the next infinistsmal time period.

. . . . . .. f .
In our previous sections discussions we implicitely assumed that p° = P, 1.e, that the
expectation are static, and we accordingly took the matrix K as a diagonal matrix with

positive components.

Here by contrast, we permit the expected future prices to deviate from current prices

according to a determinative law and this way influences the flactuation of current prices

Notice that the effects of expected future prices will be considered only with regard to the

structure of local stability.

0 - 1 P S
At equilibrium P = P* it is customary to suppose that P'=p* . 1.€, the expectation and the

ctual prices agree.

. f 1 1 e are
Hence by Taylor's € xpansion we may a approximate F(p,p) about an equilibrium price

vector p*, as follows:

Fi (p.pt) =Fi (p*, p*) * S (@F{p*p*1/opi) (pi - P*31)

i=1

+ 5 (OF[p*.p*] Jopi) (i - %) T
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Then by some error we can approximate F (p,p) by a linear form
F (p.p) ~0+ 5 (GFilp*,p*]/0pj1) (pi - p*) +

5 (OFLp*p*] /opih ) (pf" - pi*)

i=1

Which is valid in the neighborhood of p*.

Let a; = OFi[p*,p*]/0pj and bij = 3 Fi[p*,p*] /op;!

n

= F;- ), a;(pj-p*+ nz bij (pjf' pi*)

i=l1 i=1

The problem of ensuring the local stability of dp/dt = KF can thus be reduced to the
problem of stability of the linear system of differntial equations:

dz/dt = K (AZ + BW) (20)
Where Z(t) = p(t) - p* and w(t) = p'(t) - p*

Since the linear system involves the two functions Z(t) and W(t). To completely specify
the dynamics of the price system it is necessary to indicate how W(t) is related to current

prices

One assumption is that changes in the expected future prices of the i th commodity are
induced by changes in its actual prices according to the relation

pi' - pi + i dpi/dt, where n; is a constant with

a) If n; = 0, then the current prices are expected to presist

b) If n; > O, then some multiple of the changes in prices is added to the current
prices in arriving at the expected price-

c) If 1; < 0, expected prices doesn't change as much as actual prices.

In vector notation we can write it as PE=P + 1 dp/dt
In the above notation W(t)=Z (t) ¥ M dp/dt
Inserting in (20), we have
dZ/dt =K [AZ +B (Z +ndp/d) ]

=K (AZ+BZ)+ Bn dZ/dt)
— dZ/dt - KBn dZ/dt =K (AZ +BZ)

— dZ/dt (I-KBn)=K (AZ +BZ)
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or dZ/dt =(1- KBn )" K (A+B) Z, provided that the matrix [1-KBn ]’
We shall assume for convenience in what follows that the inverse matrix is well defined

In the case of static i = . .
(ATB)Z expectations (pf = p), the corresponding dynamic system is dZ/dt = K

LEMMA 5

Let T be a stable M—mgtrix of order r. if D is a non-singluar diagonal matrix, then DT has
no eigen values on the imaginary azis.

Proof

suppose to the contrary that id is an eigen value of Q = DT (obviously A#0, since T is
non-singular)

Consequently there exists a non-zero vector x such that
dij i ti Xj =N X; (l = 1,2...,r)
@i G Xj =i\ Xij

i=1

Adding a sufficiently large positive multiple p of the identify makes it is certain that T + ul
~ S is a non-negative matrix. Then the above equation becomes

S sij xi = (4 + iMdj ) %i

i=1

, we obtain

Taking absolute value and identifying yi = [X;
sy > (min| p +iA/d;; [y) = Ky andy>0

from the characterization of the spectral radius of non-negative matrices as given in
Lemma 2 it follow that there exists an eigen value Ao (s) = K

consequently T has a non-negative eigen value, contrary to the hypothesis. Hence the

Lemma is true. //

THEOREM 7

e M-matrix, and let Q be a real diagonal matrix. Then QT is stable if and

Let T be a stabl e
rictly positive.

only if the diagonal elements of Q are st
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Proof

(=) suppose QT is stalbe, and obviously Q is non-singular
Let Q represents a real parameter (0<Q<1)and consider the family of matrices U(6)

QIQT-(1-QI]
For each Q, the bracketed term is a stable m-matrix and U(Q) stable too,

Therefore_ by Lemma 6, u (8) never has an imaginary eigen value. But the eigen value
vary continuously and has for each 6 with 0 <6 < 1, they always lie interior to the left

have complex plan since that is the situation for @ = | Using this fact for 6 = 0, we infer
that the diagonal element of Q are all positive i.e.

w(0)=Q[0.T-(1-0)I] =-QL=-Q = Q>0 (since U is stable)
(<) suppose that the diagonal element of Q are strictly positive.

Clearly QT is an M-matrix, more over - (AT) =-T" Q" is a positiveity preserving by
Lemma 1 (c) QT is stable.//

The economic significance of Theorem 7 is as follows,
Definition

Two commodities labeled i and j are called complementary if OF; /dp; < 0 and j";:, <Qz

Example pen and ink. If the price of ink rises, the demand for pen drops, and
conversely.

I. The fact that the matrix T = A+B has non-negative off diagonal elements means that

the system contains no complementary commodities.
2. If the matrices K, B, and mare all diagonal, then theorem 7 asserts that the

expectationless system (A) is stable if any only if all the Kii are positive. :
3. For T = A+B stability remains unaffected by the introduction of the expectational

cofficients if and only if 1> kii bii nii Vi
Follows from dZ/dt =[I1-KBn] " K (A+B)Z
THEOREM 8

A real negative quasi-definite matrix is stable.

61



Proof

Suppose that Tx = Ax where x = x; + ix, and A= A, +

1A, with x; and x, are real vectors
not both zero.

Now T(X1+ in) = (7\.1+ 7»2) (X1+ in)
Tx;+ iTXz = 7\41 X1 - 7\,2 Xy +1 O\«l Xy + }\'2 Xl)
writting the real and imaginary parts once again

Tx, = A Xp - 7\.2 X, and TXﬂ)\l X+ }uz X1)

and also { x,Tx1) = (xq, A1 X1 - A2 X3 )
<X21TX2> ={Xz, M X2+ A2 X1 )

o (x1, Txp) + (%2, Txa) = A (X1, X1) = A (X1, X2) + A; (X1, X2)
+ Az (X2, X1)

=Ml X1, 1) + (X2, X2) |

By the hypothesis (x; Tx;) < ©
cand (xp Txp) <0

= M [ X1, X)) + (X2, %) ] <0
:>7\,1<O
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