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PREFACE 

Eventhough we have not attempted to present an exhaustive study of mathematical 
economics in this seminar, we have tried to show the application of the theory of 
optimization to study economic models , 

• The Seminar has two parts: 

PaJi I deals with static economic models where we examined elements of production 
theory, consumption theory, equilibrium and of course welfare economics, 
Ln all the e concepts we have pointed out briefly the relevance of mathematics for decision 
making (i ,e choosing an optimal strategy), 

In part II we have discussed dynamic economic models at length, where we tried to show 
tability of a competitive equilibrium. Mathematically speaking, the idea is one of 

determining criteria which ensures the stability of solutions of differential equations (or 
difference equations, depending on the model.) 

Before all I like to thank unto HE, the heavenly father Almighty God, with the help of 
WHOM this seminar come to reality, 

My special gratitude to my advisor and teacher proff,Dr, DeurnJich, whom 1 respect very 
much and learned not only every thing I know about optimization theory but also a lots of 
interesting things I don't have the space to mention, I am really lucky to have him as my 
advisor, with out his kind help this seminar would have been impossible, 

Finally, I am indebted to Ato Tesfaye Shede and Ato Tilahun Tsegaye for helping me in 
the preparation of this seminar, 

Teshome Mogessie 
June, 1998 
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CHAPTER I 

CLOSED AND OPEN LJNEAR LEONTIEF MODELS 

In Thi s section we will formulate exchange models for an economy and classify the 
models as closed and open linear leontief models and earch for an economi cal 
meaningful solution for the mathematical description. 

Model I 

Suppose there are n activities (or industries) , each producing a product. set 

Xi The total output of activity 1. 
Xij The total amount of the product of activity i used by the j the activity 

n 

X,' " - L.J Xij , then 
) =1 

Yi expresses the difference between the total output of activity i and the amount of it 
product consumed by the activities , Yi is commonly refereed to us the "final demand of 
commodity i . 

We will classify the above model in to two, depending on the value of Yi as 

1. CLOSED LEONTIEF MODEL. 

If Yi = 0, 'II i , that means there is no surplus. All the product is consumed by the activity. 
For example if steel is the type of activity, then all of the steel produced is consumed by 
the system 

A closed model typically includes such activities as services, managements, and the 
production of raw materials 

2. OPEN LEONTIEF MODEL 

If Yi > 0 for at least one i. i.e there is surplus. From an economically point of view an 
open model implies the presence of exogeneous materials some quantity of capital labor, 
raw material s, etc ., that is supplied to the system from out side. 



The essential characteristics of the open model is the exi tence of out ide demand or 
supply or both. 

x 
Define a .. = _u 

IJ X 
J 

Where 
aij = The amount of activity i' s commodity needed to produce one unit of commodity j . 

The quantity aij is referred to as the "production coefficient " and assumed in their section 
to be constant independent of the actual value of Xi . 

Now we will have the fo llowing equations 

n 

~ = X I - LXI ) 
) = 1 

n 

Y2 = X 2 - LX2 ) 

) = 1 

---------------- ( I ) . 
n 

Yn = X n - LXI1j 
) = 1 

It is also possible to write the equations in (1) as 
n X 11 n 

YI=X I- L _ IJ X j=X I_ Lalj X j=(1 - aIJXI - Lal jX j 
j=i X j j=1 j=2 

11- 1 

r:,=(l - am,)Xn- L anjXj 
) =1 

As usual the above system of linear equations can be written as (n,n) square matrix 

I - all - a12 - - - --- - - a ln XI 

- a21 1- a22 - - - - - - - - a211 

- ani - an2- - - - ---1- al1n Xn 

Whichcanbe furtherdescribedas 

100-- - - -----0 

010 -- - - - - ---0 

= (Y Y - - - - y ) 
I ' 2' n 

000 -------- -1 a a ------ - --a 
111 n2 nn 

2 

X I 

X2 

Xn 

= (YI -- Y,J 



Let 

A = (aij), i,j = 1,2, ... , n & 1 = (aij) i,j = 1,2 .. . . n with 

aij = 1 if i = j & 0 otherwise 

With this we can write the system of linear equations in (1) simply as (I - A) X = Y ____________ (2) 

When X = (XI X2 - - - - - X) Y= (YI Y2 - - - y) ,) 1\ , _ " 11 

A we defined above, (2) i called 

1. Closed linear leontief model if Y = 0 
2. Open linear Leontief model if Y > 0 for at least one i. 

Model 2 

The following model is a model of trade between n countries. 

Consider n countries. 

Let aij = denote country j ' s marginal propensity to import from country i (i .e, the increase 
in imports from country i to country j per unit increase in income of country j.) 

aij = denote country i' s marginal propernsity to consume its own goods . 

Xi = Country i' s national income. 
C; = Country i's national expenditure, independent of Xi . (in come) 

Then we can express this model mathematically as 

n 

X j = L: au X j + Cj 

j = 1 

n 

~ X , -L:aUX j =C j 

i = 1,2 ,3, .. ... ,n 

J= l 

We have a system of linear equations, as we did above we can write this system of linear 

equation in matrix form as 

(1 - A) X = C 
_________________________ (3) 

Where A = (aij) i,j = 1,2, ... ,n I = the identity (n,n) matrice and 

X = (X I , X2 , ... . , Xn) 
C = (C I , C2 , ..... , Cn) 

For this system of equation to be equal economically true X and C must be positive 

vectors . 
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Thus (3) i an open Leontief model. 
This same model can also be interpreted as a closed model of trade between n countrie . 
Suppes that all income to country j comes from the sale of goods to other countries and to 
itself 

Let Uij = the fraction of country j ' s income that is spent on goods from country i . 

Xi = annual income of country j . 

Then we will relate the above parameters by 

n 

n 

Xi = La ij X j 

j = 1 

When La Ij = 1 , (X ij ~ 0 and 
1= 1 

(i = 1,2, .. .. ... n) 

Xi = the total value of exports from country i. 

------------ (4) 

As we pointed out above that the income of country i comes from the sale of commodity 
to other countries then the Xi in (4) is also the national income of country i. 

n 

Equivalently expressed as Xi - L a ij X j = 0 
j= 1 

(5) is a closed linear leontief model of trade between n countries. 

(5) 

Then we will have as usual the (n,n) matrix. reperesensation (I-A) X = 0 ~ AX = X 
where 
A = (Uij) i , j = 1, 2, ...... , n,I is an (n,n) identity matrix, and X = (XI , ... Xn) 

From the above discussion we have seen that closed linear leontief models are generall y 
given as AX = X and Open linear Leontief models also expressed as (I -A) X = Y 

For AX = X , non trivial solution exists if and only if 1 is the eigen value of the matri x 
A. But for the solution to be economically meaningful we need morethan that namel y the 
eigen vector x must be a positive vector and also we notice that X in the open model mu st 
be positive. 

In the rest of this sections discussion, we will answer the following two basic questions 

1. Determine x, such that the system of equations AX = X, is economjcally meaningful , 
I.e X ~o ? 

4 



2. uppo e we have any final pre cribed demand vector Y. Find X uch that I-A) X=Y, 
Where X is a non - negative vector ? 

In order to answer the above two question we employ po itive matrices. 

Definition 

A positive matrix . is a matrix with all its elements are positive, 
i.e if A = (aij) i,j = 1,2, - - - m , then aij > 0 Vij . 

The following two Lemma' s have paramount importance to the proofs of the theorem 
we state shortly after this theorems. 

Notation 1. A » 0 if aij > 0 Vi,j & A > 0 if aij ~ 0 
2. X » 0 if Xi > 0 Vi & X > 0 if Xi ~ 0 

Now we are ready to state our first lemma 

Lemma 1 

If A » 0 , then there exists Xo » 0 such that Xo A = Ao Xo 

Proof. 

Defi ne S: = { A / xA ~ A x for some x > 0 } 
With out loss of generality assume that the non-negative vectors corresponding to A is 

n 

normalized so that LXi = 1. 
i= 1 

n 

letB = {x / xA ~ Axand LXi = l} 
i = 1 

Claim B is bounded and closed. 
Obviously the elements (vectors) in B are bounded. 
To show B is closed . 

111--> 

let {XIII t=1 Where Xm EB & Xm ~ Xo 

If we show that xo EB, then we are done. Then from B 

5 



n m 

L XI/II = 1, LimLxl/1/ = Liml 
1=1 III~ 00 1=1 III 

III 

=> L lim Xlii i 
1=1 /II~ OO 

1 

Since the x' s are finite dimensional , B is compact Define ,.1, 0 Sup A 
A. c s 

From the definition of supremum, there is {A n }== I 

where 

n~OO 

An ES with An ~ Ao 

As An ES :JXn EB 3 Xn A ~ A., Xn· 

Now consider {Xn} OOn=1 Which is convergent , since we selected this sequences term 
n co 

parallel to that of An then Xn X o 

But B is compact => B is closed => Xo E B. 

Then we have Xo A ~ Ao Xo· 

Since A » 0 , we have xA » 0 for x > 0 , it follows that 
Xo A = yo » 0 , and (xo A)A ~ Ao (xo A) <=> yo A > Ao yo unless Xo A = Ao Xo 

But if yo A > Ao yo, a positive c: can be found such that yo A ~ (Ao + c:) yo , 

Contradicting the meaning of Ao. 
Hence Xo A = Ao Xo , and Xo » 0 

Definition : Ao (A) the specteral radius of A as defined 111 the proof of the above 
theorem . some times designated by r (A). 

Lemma 2 

If P > Ao(A) and A > 0 , then (pI_AyJ transforms nonnegative vectors into nonegative 

vectors . 
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For "A > "Ao (A) 
Consider the Neumann series for matrices 

(Ai - At' = ('«1 -~)r =(1-> r .<-. = '<-{1- ~r 
=> A-I (1 _ ~ A) -I = A-I ± A K = L A K 

A . K=O A K K=O A K + 1 
Since A > 0 , A K > 0 , Thus each A k maps the nonnegative orthant into itself, so that the 

"" A K 
Series L K maps too. 

;"'= 0 A + 1 
: , ("AI - A) - I transforms non-negative vectors in to non negative vectors 
Now using the above lemmas we can answer the two questions stated above, 

To answer the first question, observe that in closed linear Leontief model, L Xij = Xj i,e 

The total value of the output of the /h activity is fully used in acquiring various input 
used, 

We can also write as L xij = <=:> L x ij ~ , = 1 
X ' IX , 

, I 

i, e L aij =1- - - (6) 'V} =1,2, - --,n. Whereaij = X'j ~ , , IX, 

Theorem 1 

n 

Ln a closed linear leontief system with LXi) X )' there exist nontrivial positive 
i= ! 

solution to the equation AX = X. 

( 
n n n ) 

Let U (1,1 ,---- , 1) , with n components, then UA = ~ai l ,~ai 2 , - -- , ~aln = 

(1 ,1, ------ , 1) by (6) , that means UA = U , 

i= 1 i= 1 

( Since A is apositive matrice, NzJ ~ I"AI IzJ ) 
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n 

On the other hand (U A,IZh = L h / (**) 
1= 1 

Compairing (*) and (**) and considering (u,A,l zi> = (UA,Izi> 
We see that II..I ~ 1 and Since the eigen value of A and A tran pose Coincides, we have 
1..0 (A) = 1 . Then by lemma I there exi ts X > 0 which solve AX = X. 

Answering the second question is equivalent to determining an economi call y true 
solution of the form 

x = (l-Ayl Y, i.e (I - Ayl = (bij) i , j = 1,2, .. " , n .Then 
n 

Xi = L bij Yj (i = 1,2, .. , n) where bij can be interpreted as the amount by which the 
i = 1 

output of activity i must be increased to produce one additional commodity j . 

Theorem 2 

If there exists some output vector Xo such that (I - A) Xo is a strictly positi ve vector, then 
(1- Ayl exists and transforms nonnegative vectors into nonnegative vectors. 

Remark : The hypothesis of this theorem means that there is some combination of output 
which guarantees a surplus for every commodity. 

In view of Lemma 2. Taking p=l it is sufficient to show that all eigen values of A are of 
magnitude smaller than 1. 

Let A be 3 ZA = AZ with Z a non zero vector 

Since A is positive matrx Iz/ A ~ II..I h I. By the hypotheses (I - A) Xo » 0 , then 

o < «(I - A) Xo , Iz/) (xo , hi ) - ( A Xo , Iz/) = (xo, Iz/ ) - (xo , Iz/ A) 

But ( xo, h i ) - (xo , h i A) ~ (xo, Iz/ ) - (xo, II..I Iz/ ) = (xo, Iz/) (1- II..I) 

i.e 0< (xo , Iz/ ) (1- 11..1) (xo is a nonnegative vector). 

Hence II..I < I as required. Then by threom 2 it is proved . 
Example 

Suppose we have two industries, named as Industry A and Industry B. 

Assume that Industry A produces rubber while Industry B produces Iron. 
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To produce 1 tone of rubber Indu try A need 0 tone of rubber and 0.6 tone of Iron. And 
also Industry B required to have 0.3 tone of rubber and 0 tone oflron to produce I tone of 
Iron. 

If Industry A & B wants to have 2.5 tone and 0.9 tone a a final product respectively , 
then what must be the input ofIndustry A & B ? 

Solution 

Let Industry A = Indu stry I & that oflndustry B industry 2. Then we have the fo ll owin3 
a ll = 0 a12 = 0.6 a21 = 0.3 and a22 = 0 and YI = 2.5 , Y2 = 0.9 all these amount are 
measured by tone. 

Y = (Y I, Y2) >0 =:> the problem is an open linear leontief model. Then 

A= = and Y=(Y1 ,Y2 ) =(2.5 ,0.9) 
(

all a12) (0 0.6J 
a21 a22 OJ ° 

=> X = (I - A) -, Y , But (I - A) = (~OJ -O~) 
") (100 

~ X=(J-Af l Y = -
2 30 

60 I (2.5) 
100) 0.9 

---Y = - tone oif rubber ----'".. X __ (304 165) X· 304 
82 ' 82 ' I 82 

X 2 = 16Ys2 tone of Iron . 
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CHAPTER II 

THE THEORY OF PRODUCTION 

The theory of production is concerned first with the allocation of productive factor 
among various technological act ivitie to produce good for consumption , and then with 
the di tribution of the value of the total product among the productive factors. 

Consider a situation in which n finished products are produced by u ing a given amount 
of each of r factors of production. Where labor, land, raw materi als, etc. are con idered 
factors of production. 

let us denote the products by i = 1,2, ..... , n and the factors of production by 
k = 1,2,3 , .. .. , r. 

The economy has a finite set of basic activities j = 1,2, ........ , m each of which has an 
activity level associated with it in any given set of circumstances. The activity level for 
the economy as a whole may be denoted by an m - vector x = (XI , X2, .... , XI11) ' where 
each component Xj ~ 0 Stands for the level at which the ba ic activity j is operated . 

The technology of the system will now be characterized by specify ing a pair of vector 
functions f(x) and g (x) . 
f(x) = (fl (x) , f2 (x) , ....... , [" (x» where fi (x) = stand for the amount of product i 
produced by operating the system at activity level X. 

While g(x) = (g l(x) , g2 (x) , ...... , gk (x) ) , where gk (x) stands for the amount of 
productive factor k required in order to operate at activity level x. 

Let us now assume that certain amount of the productive factors, which are represented 
by an r - vector V = (V I , V2, - - - - - - , vr ) are avail ab le to the system. 

Assume that the system is concerned onl y with getting the maxi mum value of the output 
as evalu ated at given market prices. P = (PI , P2 , - - - - - , PIl ) , Pi ~ o. 

The problem of production can now be stated as follows . 

Find an activity level X = (XI , X2, - - - - - , XII) that maxi mizes the value of out put 

(P, f(x) = L Pi f; (x) , Subject to the restriction x ~ 0 , g (x) ~ V 

The above formulation of the production function gives us the allocation of productive 
factors among various technological activities. 
The basic assumptions for the technology which play an important role in the economic 
analysis of production are 
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(1) Law of constant return to the cale. 

Which is explained by the po itive Homogenity of f (x) & g (x) that mean a proportional 
increase in all input value ay (k r i) producing an equiproption increa e in out put ky , 
i.e if h (X I, X2, - - - xn) = y , if we increa e each input by k time i.e k:x l, kX2, - - - - , 
kx ll , then h (k:x l, k:x2 - - - , k:xll ) = ky i.e h i homogeneou . 

Example 

At> explains the term. 

YI 2YI 

Fig 1 

F(2YI ,2Y2) = 20 

F(YI ,Y2) = 10 

(2) Diminishing marginal rates of transformation. 

Which is described by the concavity off(x) and the convex ity of g(x) 
The rate at which the input is transformed to the output so the marginal rate of 
transformation is explained by the tangents slope of the graph of the production 
possibility set. For n = r = 1 see the following graph. 

Production possibility set 

f(x) 

- g (x) S; b 

Marginal rate of transformat ion 

1 1 



[t will help a great deal to reduce th problem f pr duction t that of al ul atin o- th 
minimum of its lagrange form 
then 

L (X,A) = - (p, f(x) + (A, g(x) - v) (x ~ 0, A ~ 0) 

n n 

I.e L (X,A) = - L Pi f (x) + L Ai (g(x) - V) __ - - - - - - - - - - - (7) 

i= 1 i= 1 

So our problem of production is equivalent to determining the minimum ofL (X,A) . 

When the vector A is interpreted as an input price vector, it can be construed a a relative 
measure of the distribution of the value of the total product among the productive factor . 

Now it is time to consider an illustrative example 

Example . 

Determine an activity level (XI , X2) for a factory producing two goods 
f(xl , X2) = (SXI ) 4X2) from the factors of production given by g(x) = (3xl , Ll2 X2) , if the 
market price of the two commodities is (PI , P2) = ( 10 , IS) Birr and the total amount of 

inputs is 
V = (20 , IS) ? 

Solution 

We have the following information, 
- f (XI ) X2) = (SxJ , 4X2) 
- P = (10 , IS) Birr 

Now by (7) 

n r 

g(X I , X2) = (3xl,I/2X2) 
v = (20 , LS) 

L (X,A) = - LPif (x) + LAi(g(x)-v) 
i= 1 i= l 

L (x , A) = -PI fl (x) - P2 f2 (x) + Al (gJ (x) - VI ) + A2 (g2 (x) - V2) 

= _ 10.Sxl - IS x 4X2 + Al (3xJ - 20) + A2 el2 X2 - IS) 

Now the problem of production in this problem is equivalent to 

L (x ,A) ~ min 
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ecessary - Conditions 

oL 
1) - = -50+3,,1, = 0 ex I 

I 

oL 1 
2) - = - 60 + - A = 0 ex 6 2 

2 

4) A2 ( 1/2 X2 - 1S) = 0 

S) 3xI - 20 ~ 0 

6) X2 - 30 ~ 0 

(3) => 3xI - 20 = 0 

(4) => 1/2 X2-1S = 0 

(2) => A2 = 120 

_ 2°1 => XI - 3 

=> X2 = 30 

The required activity level (XI , X2) = eO/3 , 30). The minimum value is 

2 

-L I , (x I ,x 2) = -PI I, (x) - P2 f 2 (x) 
i= 1 

= - 10.5. 20/3 -15.4.30 

= _1000 _ 1800 = _ 6400 
3 3 

The maximal value is 

2 6400 
~ P, I , (x I ,x2 ) = - 3-

Moreover Al = 5°/3 and A2 = 120 shows as the distribution of the total value among 
the productive factors (factors of production) 

A special case of the production problem occurs when there is no joint product , i.e when 
the amount of each produced is uniquely determined by the amount of producti ve factors 

used in the activity that produces it. 
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By taking an appropriate cale of the ba ic acti vitie we ma tate thi pe ial pr bl em a 
fo ll ows, 

Find the distribution of the productive fact r 
n 

'I Pi f i CV,I ,V,2' ---,v,J subj ect to the con traint 
1= 1 

Vik ~ 0 (i = 1,2, ---- n, k = 1,2, --- r) 

n 

'I V,k ::::; V k (k = 1,2, ----, r) 
1= 1 

Where Vik denotes the amount of the produced factor K u ed in the acti vity i. 

Example 

Cobb - Douglas model : 

c ( V V V ) - V flll V fl 12 V fl l, Li ii , i2, --- , ir - a I I I 12 - - - - - - - Jr 

Where exi, ~ ik are constants and ~ ik ~ 0 , 'I ~ik = ] 
k 

Let us take a specific example for the cobb - Dougla model. 

Suppose we have two factors of production labor (L) and capital (C), production fun cti on 

is given by f (L ,C) = ex LP C
l
•
p 

Then the problem of production is to find the di stribution of labor and capi tal that 
maximize Pf(L , C) = Pu LP C I

.
p subject to the constraint L ~ 0 , C ~ 0 and V given 

to be greater than 0 such that (L , C) ~ V 

The di stinction between fini shed products (Consumption goods) and factors of 
production is rather arbitrary. A fini shed product may be used in the producti on of other 
finished products, and also a productive factor may be produced. 

So it is possible to formulate the model in such away as to treat all goods (productive 
factors and consumption goods) as symmetrical. 

Let us represent the goods by i = 1,2, - - - - , n + r and denote by an (n + r) vector the out 
put of all goods . Notice that a negative amount signi fy an input. 

The technology of the system is described by specify ing the production possibility et Z 
as subsets of the (n+r) vector space Such that an out put vector Z is technologicall y 

possible if and only if z E Z. 
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The assumption corresponding to the law of con tant r turn t th cal and f 
diminishing marginal rates oftran formation will be that Z i a con e c n in th (n r) 
pace. 

Now we have two way of expre ing the technol gy f th tern . B pr du ti n 
possibi lity set Z and using the pair of vector function f (x) and g (x) . Th r lat i n 
between the two ways of expressing the technology i : if th technology of the y t m i 
formulated interim off(x) and g (x) , then Z i defined by 

{( 
f (X)) } 

Z= Ix ~ O 
- g ( x ) 

On the other hand, if the technology i given interm of Z , the corre ponding f (x) and 

g (x) are defined by taking Parametric representation of Z, if thi i pos ibl e, namely 

Z = Z (x) (x ~ 0 ) , then 

f (x) = (x, ZI (x), Z2 (x), - - - - , Zn (x)) , g (x) = (-Zn+I' (x) , -Zn+I(X), - - - -Zn-+ I (X)) 

where the negative sign means inputs . 

J 5 



CHAPTER LO 

THE THEORY OF CONSUMER AOJCE 

The theory of consumption is concerned with individual buying preference. 

In this section we deal with the theory of con umer choice to an wer th nti al 
question of this theory namely : 

Given a consumer with a limited budget and a definite set of preference with 
respect to different commodity bundles what quantitie doe he con um e when 
confronted with a given market prices for the variou commoditie ? 

To answer the above question, first we wil l define the axiom of preference 

relation. 

Suppose that there are n commoditie con umed by the con umer, and let the 
quantity of these commodities be represented by an n vector, x = (x I ,X2, .... ,xn) wher Xi 

stands for the amount of the commodity con umed. we al 0 as ume, by taking an 

appropriate scale that Xi ~O Vi i = 1,2, .... n 

Suppose that the consumer ha a preference relation " p " between con umpti n 

vectors i.e. let x = (XI , X2 , .... ,xn) & y = (YI ,Y2,· ··,Yn) 

xpy reads as "x preferred to y" meaning the consumer prefers x than y when 

confronted with the two commodities. 

Let x = (Xl ,X2 , ... , xn) and y = (Yl , Y2, ... ·,Yn) be consumption vectors, we have 

the following possibilities. 

1. xpy 
2. y px 

3. xpy or ypx , meanll1g xpy = -,(x p Y) 

4. if xpy & Y P x , then write x I y 

x [ y = x is in different to y i.e . the consumer prefers neither x nor y. 
We postulate that p has the following propelties 

p-1 Irreflexivity: x P x for any x ~ 0 

p-2 Transitivity : x P y and y p z => x p z 
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p-3 Monotonicity : x > y => x p y 
p-4 Convexity: x p z or x J z and y p z or y I z with :t:- z 

=> [tx + (1-t)y]pz forany t E (O, I) 
p-S Continuity: Px = {y / y px } and Q = {y / x p y } are open et D ran x. 

The preference relation we have defined now give a a little informati n about 
the consumption vector so it is better to replace thi preference relation of c n umption 
vectors with another equivalent numerical valued function called utility index function . 

This preference relation induces thi numerical valued function , we de ignat thi 
function by U defined for x ~ 0 x consumption vector. uch that 
x p y if and only if U (x) > U (y) . 
From this follows immediately x I y <=> U (x) = U (y) 

From the above definition it is obviou to ee that p-l , p-2 follow . 

For p-3 and p-4 to be satisfied it is necessary & ufficient that the et 

{xl U(x) ~ c} for CElR is strictly convex, notice that it i for all CEIR. 

To show this 
Suppose p-3 and p-4 are satisfied i.e 

Let x, y E {xl U (x) ~ c} 

l. x > Y => U (x) > U (y) 
2. U (x) ~ U (z) and U(y) ~ U(z) => U (tx + ( l-t) y) > U (z) 

WTS { x / U(x) ~ c} is strictly convex 

Letx > y => tx + (L-t)y > y with tE (O, L)& x , y E {xlU(x) ~ c} 
From (1) U(tx + (l-t) y) > U (y) ~ c 

=> U (tx + (1-t) Y ) ~ c 
: . the set is strictly convex . 

Suppose the set A = {x / U (x) ~ C } is strictly convex. 

WTS (1) x > Y => U(x) > U (y) 
(2) U(x) ~ U(z) & U (y) ~ U(z) 

=> U (x+(I-t) y) > U (z) 
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To show 1 

Let x, yEA with x > y 
Assume the contrary that x > y => U (x) $ (y) 
LetU(y) = C , t E (0, 1) 
We know that tx + (1-t) Y > Y => U(tx + I-t) y) $ (y) = C => <= to th fact that 

tx + (l-t)y E A 

To show 2. 

Let x , y , Z E A , and U (x) 2 U(z) and U(y) 2 U(z) the a umption x , , z E A 

means U(x) 2 C , U(y) 2 C & U(z) 2 C 

suppose the contrary that U(tx + (1-t) y) $ U(z) 
Let U(z) = c , t E (0 , 1) 
=> U (tx + (1-t) y) $ U(z) = C => <= to A i trictly convex . 
so for Vex) > U(y) to be utility index function the et {xl U(x) 2 c} \;j C E IR mu t 

be strictly convex 
_ Finally the axiom of continuity is satisfied if U i a continuous function . 

Lf we have a utility index function it induce the preference relation also . 
To see the relation between utility indexfi.lI1cti n and preference r lation , 

geometric description is a short cut. 

xpy 

/ Indifference curve (graph) 

Fig. 3 

The region below the graph Vex) = c ( i.e the shaded region ) is the set of points of 

where x is preferred , it is an open set. 

And the region {y/ U(y) 2 c} is the region where x p y and is a closed set. 

Example 
l. V(Xl , X2) = Xl l12 X2112 be utility function 
Let us draw the graph of u when u = 1, U = 2 u = 3 & u = 4 which is call ed the 

contour graph ofu . 
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Fig. 4 II = ? 
u = l 

u = 4 
u = 3 

From the graph we read easily that A P B , ePB, AI 

i.e APE and EPA, since they have the same utility valu 
Notice that the actual value of the indifference curve ha no significant but the 
commodity with larger utility value is preferred to that commodity with maIl er utility 

value. 

We shall assume that the consumer behaves in uch a manner a to maximi ze hi 
preference among all commodity vectors x satisfying hi budget constraints. 

Suppose the market prices be given by P = ( PI , P2, .·· , Pn) and the con umer 
income M, now the consumer chooses vectors x for which x ~ 0 , (p , x) ~ M () 
where (p,x) the total cost of the commodity. 

lnterms of preference relation we write it as xpy for any y ~o , (p,y) ~ M (9) 

Theorem 3 

The vector x satisfying (8) & (9) always exists and is uniquel y determined by P 

andM. 

We will use the postulates p-l to p-5 in order to prove the above theorem. 

1. uniqueness. 

Let x &X' satisfies (8) and (9) with x 1:- x' 
a) since x ~ 0 & (P,x) ~ M , then 

x p x' , x' ~ 0 , (p, x') ~ M by (9) 
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b) since x' ~ 0 & (p, x') ~ M 
x' px , x ~O , (p,x) ~ M by (9) 

We have x p x' and x' px ~ x p x ~<= to p-l th reD r x = ' 

2. Existence 

For each x satisfying (p , x) ~ M. We con ider the et Bx = { / (p , y ) ~ M , X P 
which is closed (by p-5) subset of the et T = {y/ (p,y) ~ M , P » O} which impact 
as closed and bounded. 

We prove first r = BXl " BX2 " .... " Bxn :j:. ~ for any finite Xi · To thi nd , 

let XI, X2, .. . ,Xn be separated into two group Xl and X2 where 

For any Xi , Xj E Xl , Xi px ] and some member of Xl is preferred to each 

member of X2 Such a decomposition is possible by p-l and p-2 . 

To see this let us compair Xl & X2 if Xl PX2 , then X2 i a signed to X2 and 

compair with X3. then if X3 is dominated we will drop it to X2 , if Xl px , th n x E Xl 

etc, this gives us an idea of the separation. 

Now with separation let Xl , X2 , .. . ,Xk belongs to Xl and Xk+ 1 , Xk 2 , .... , Xn E X2 

Claim : 

Xl + x2 + .... +Xk 
By p-4 , P Xi (i = 1,2, .. .. . , k) (10) since X]PXi 

k 
"i7'j = 1, 2, .... k , then by convexity the above followed. 

We know from the definition of X2 3Xi 3 Xi pXj for j = k+ 1, . . , n. 

Xl + X 2 + .. '+X k 
By (p-2) (transitivity) PXj G = 1, 2, .... , n ) by (10) 

k 
Furthermore, ________ _ 

, otherwise 

~<= (p- l) 
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The above argument shows as the 
I.e A = (lBx i= ¢ 

xET 

the finite inter n pr p rt 

Let Xo E A => (p , xc) ~ M i.e. xO satisfie the budget con traint. M r er, 

xO py '\Iy :f- XO , yET. Otherwise if 3 l ET uch that X O pya by the con tructi n of . 

Hence l Ixo, also xo I XO 

=> [t XO + (1 - t) l] Pxo for tE(O, 1) by p-4 =><= the choice of Xo· Thi nd th 

proof 

Definition 
XO = f(p,m) and f is called the demand function derived from the preference relat ion P. 

The demand function may also be characterized a the vector xo ati fying. 

x0 2: 0 , (P, xc) = M , Xo px '\I x such that (p,x) < M when p » 0 and M>O 

It will help some times to see the geometrical interpretation ince it will give a a clear 

vesion of the idea, so for x = (XI , X2) 

the income line 

X = f(p , M) 

Fig 5 
XI 

If the preference relation is described by a utility index U, then xo is the vector for which 
U(x) is maximized with respect to all X satisfying the restrictions (p,x) ~ M 
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Example 

Consider a consumer with a utility function (XI , X2) = 2 log XI ( I-a) I g 2 
with a E (0,1) 
If the prices of the commodity are given by (PI ,P2) for the n umpti n 
and the income of the consumer is M, a sume further that the c n L1mer p 
income to buy goods for consumption. Determine demand fu ncti n. 

solution 

We can write easily the question as 

maximize U(XI , X2) subject to the condition XI PI + X2 P2 = M 

r ( I , 2 

nd all hi 

Then this optimization problem can also be equally tated a (X I , X2) ~ min, 
with PI XI + P2 X2 - M = 0 or S = {PI XI + P2 X2 - M = O} 

Then we will use the lagrange - form with equality constraint . 
L(xi , X2 , A) = (a log Xl + (1-0.) log X2) + A (P I XI + P2 X2 - M) 

Let XO be a solution of L (Xi , X2 , A) , then 

Kuhn - Tucker conditions 

2) 
oL(x!)x;!. , A.) 

dr· 
I 

o 
dr· I 

o where i = L,2 

a (1- a) 
- - + A PI = 0 and - + A P2 = 0 o 0 

XI x 2 

a a - I 
API =-0 and AP2 = 0 

X I x 2 

a 
and /-... = -

(a -1) 
/-... = 0 0 

PiXI P 2X 2 

0 a 
and 

0 
- (a - J) 

P2 X2 = PI XI 
A. A. 
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o 0 
then PI XI + P2 X2 

OaM 
then XI =-

P 
and 

a - (a - 1) a I - a I 
- + =-+ --=-= M 
A A A A A 

o (l - a)M 
x2 = 

P2 

(
aM , (1 - a )MJ is the demand functi n 

PI P2 

o (0 0) X = XI , X2 = 

For further illustration, let C1 = }j & PI = I , P2 = 2 and M = 0 => X I = X2 = 10 

Geometrically speaking , we have the following 

15 

10 ~--·-

Fig. 6 10 30 

u = log 15 

--u = log 10 
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CHAPTER IV 

NONLINEAR MODEL OFEQUILLBRI M 

The state of an economic system under condition of c mpetiti n at an pint in 
time can be formulated as the solution of a ystem of inequalit relati n xpr in th 
demand for goods by consumers, the supply of good by pI' ducer and th quilibrium 
condition that supply exceeds demand in every market it being a um d that if th 
supply of any commodity is overabundant the price of that commodity i zer 

The key mathematical tools which will help u in rdef to determine luti n fI r 
our models are the following . I will state the theorem with ut pI' of 

First let us define a few terms which is related to the theorem . 

Definition. 

1. A mapping <p which transforms every point x in X into a ub t f X 
called a point - to - set mapping . 

2. A simplex in RIl is a convex set spanned by the ongln and n lin arl y 

independent points. 

Theorem 4 (Brouwer 's jixed - point theorem) 

Let <p (x) be a continuous point - to - point mapping of a clo ed impl ex X into 

itself Then there exists a point Xo in X such that Xo = <p (xo). 

Theorem 5 (Kakutani 'sfixed point theorem) 

Let X be a closed simplex , and let <p represent an upper semi co ntinuou 
mapping which maps each point of X into a closed convex subset of X. Then there ex i st 

a point Xo E X such that Xo E <p (xo) 

Now let us consider the following two model s 

Modell 
A model with variable volumes. 
Suppose that we have n producers, named as PI , P2, ... , pn 

Each Pj produces commodity Gj. 
Let fjj (x) (i ;t:j) represents the amount of money that Pi spends on Gj when hi 

x. 

. . 
Income IS 

Assume that each producer spends his entire income in buying good from the 

other producers 
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n 

Then the total amount of money that each Pi pend x = ""( ~ . ij ft r > and 
)= 1 

also iii (x) = 0 

From the above description the economic law tate that the inc m 
producer Xi is determined such that the total amou nt f each c mm dit 
producer must equal to the total amount of that comm dit b ught b 
producers. 

Mathematically we seek to find values Xi which sati fy the y tem of equation . 
n 

Xj = I fij (Xi) 
i =1 

To see the relation between (11) & (12) we will prove the following theorem. 

Theorem 6 

t th ith 

b a 
th th r 

If the nonnegative functions fij are continuous, and if ( II ) i ati fied for all nonn gati ve 

numbers, then there exists nonnegative numbers XI , x2 , . .. , xn which at i fy ( 12) 

Proof 
n 

Let S = {Y/I Yi = 1 , Yi ~O} 
i=1 

Define T : S ~ S as 

n 

Ty = ((TY)l, (TY)2, .. " (TY)n) where the/
h 

component i (TY)j = Ifij(Y') 
1= 1 

claim : T(y) E S 
n 

Ty = I(TY)j 
i=! 

n n 

I (Ifij (y,)) = 
} = I i =1 

= 
n n n 
I II } (y I ) + I I2j (y 2) +" .+ I fnj (y J 
} = 1 J= ! J= l 

YJ + Y2 + . .. + Yn = 1 by ( 11 ) 

Hence the claim. 

The mapping T is continuous since each fij are continuous and have ~he same domain . . 
The hypothesis of the Brouwer' s theorem is satisfied, then by thIs theorem there I a 

vector X in S such that T X =x, i.e 

25 



n n 

Ti = (( Ti) I , ( Ti) 2 , . .. , ( Ti) n ) = (I I '1 (x ,) I I , 2 
,= 1 ,=1 

which is the solution of (12) 

Model 2 

n 

I . In x , 
,=1 

A model with variable prices. 
In models with fixed prices for the supply to be equal to the demand each pr du r I 

fo rced to control the volume of hi s output. 

In this model we will show that there is an economi cal equilibriu m i. upp l and 
demand can be balanced by shifting prices rather than vo lumes. To thi end , we a k th 

question, 

Does there exist a set of prices such that the value of go d old by each pr du r 

is equal to the value of goods he buys? 

To answer this question we will develop the fo llowing model. 

Let a i = the amount of Gi produced by Pi in some fi xed period of time. 

Pi = the price of one unit of Gi 
If each producer sells hi s entire output, then hi s income M = Pja j 

Let Dij ( PI , P2, ... . , Pn) = Xij represents the amount of Gj demanded by Pj · 

Assume that each producer spends hi s entire income, 

then pi ai = LPjD/p ) (i = 1, 2, 3, .. , n ) (I) 
j 

(set Dij = 0 by definition) 

Assume that (1 3) holds for any price vector P . 

The total amount of goods demanded is Gj = L Dij(p) 
f 

The total supply of goods is aj 

The condition for equilibrium is aj - L Dij (p) = 0 
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Theorem 7 

If the nonnegative function Dij (p) satisfie ( 13) for e er p iti t r P and a , > Vi , 

then - there exists (Pl* , P2*, ... , Pn*) such that aj - I, Dij P* ~ 0 and if qua li t d 

h ld 0 h oth 0 P * not 0 In t e J equatIOn, then . = 0 
10 

I 

(The theorem states that there always exist price fI I' whi h uppl 
demand and that only goods which are over supplied have pric zero. 

at I a t qua I t 

Proof 
LetS== {p/'LPi=l , p>O} &Fj(p) == I,Dij (p) , pE and j== l , 2, ... , n. 

i i 

A real valued Il is called admissible if there exists a pE sLi ch that ~l aj ~ Fj (p) 
( I ) 

Let V == {Il /Il admissible} , Obviously , V "j:. ~ and bounded below. 
Let Ilo == infv Il : by definition of infemum there exi t a eqLlence (Iln) f admi ibl Illl 

such that n -t 00 

f-L ~ f-L 

n ° 
S is bounded and closed hence compact in IR

n 

Then from the compactness of S and continuity of Dij if fo ll ow that ~lO al 0 

admissible. 

To see this , let Iln aj ~ Fj (Pu), where Pn is the corresponding price v ctor fr 111 

S for admissible Iln in V and Pn~PO E S as S is clo ed. 

lim 
lim n 00 

n -too 

=> Iln aj ~ Fj (po) 
But !lO -E is not admissible => there exists atleast one YES uch that , 

< (Ilo - E) a _ F(p), y) ~ 0 -( 16) 

Let S(p) == {yES/ ((1l0 -E) a - F(p), y) ~ O} 

1) S(p) "j:. ~ 
2) S(p) is convex. 

Let Yl , Y2 E s(p) , let A == (Ilo- E) a - F(p) 

=> (A, Yl) ~ ° and (A , Y2) ~ 0 

Let A E (0,1) 
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wrs: A.Yl + (1-A.) Y2 E S(P) 

n n 

~ ALY 1; LA Y1i = A - (17 and at 
;=1 ;=1 ;= 1 

1'1 n 

;= 1 
LY2;=1, 
1= 1 

(l-A) LY2; =(l-A) 

n n 

Adding (17) and (18) , 

:. A. Yl + (I-A.) Y2= 1 

AL YI; +(1-A)L Y21= A + I - A = 1 
;=1 ,= 1 

To show that it satisfies the inequality 

(A, A.YI + (I-A.) Y2) = A(AYI +( I-AY2) = AAYI + (1- A)AY2 ~ 0 
:. A.Yl + (I-A.) Y2 E S (p) 

(3 ) S (p) is closed. 

Let {Y n } :=1 be a sequence of elements in S (p) such that 

lim Yn = Y 
n~oo 

wrs: Y ES (p) 

n 

a) Since each Yn E S(P) , L Yn = 1 
;=1 

n n n 
lim LY n = L lim Y n = L Y = 1 
n~oo i =1 i=! n~oo i= ! 

lim (J.1 o-&)a-F(P) Yn ~O 
n~oo 

=> «j.!{)=E)a -F(p), Y) ~ 0 

=> YES (P) 

,Since lim Yn = Y 
n 00 

As a function ofp the set S(p) are continuous in the sense of point to et mapping 
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shince th~ requirements 0t the Kakutani fixed - pint 
t ere eXists an element p in S such that 

This last statement together with (13) =:> Ilo - E ~ I 

and hence Ilo ~ 1 as E is arbitrary. 

Multiplying (15) which is the J.lh equation by PJ' and 't . um I , I. 

L Jia / p / ~ L f ; (p) P; 
; j 

It followes from (13) that Il :2: 1. for any adnissible Il . Th refore llo :2: I , and thu 

Ilo = 1. 

Let po = p* the vector corresponding to ~lO = \ , then 

n 

a / ~ LDiJ (p*). G = 1,2, ..... .. , n) 

i =1 

Since (aj , p*) - (F (p*), P*) = 0 by (13) iffollow that p*j = 0 
n 

Whenever a / ~LDiJ (p*). 
i=1 

that 

Model 3 
A model with variable prices and volumes In this model both the amount and typ f 
goods supplied vary with prices. For instance, the quality of services supplied wi ll often 
depend on the remuneration received by the supplier. Consequentl y, we hall as um the 
existence of supply functions Sij (p) (i 1:- j) which represents the amount of j whi ch pi 
will supply at prices PI , P2 , - - - pn The demand function Dij(P) are pecifi ed a 

previously . 
n n 

The equation LPi SiJ (p) = LPi Dij (p) _ - ( 19) (agai n Sij (p) i defined to be 

/= 1 / =1 
identically zero). Then the law of supply and demand leads to the relation 

LSi] (p) ~ L Di] (p) - (20) 
i i 

We seek to find a price vector p which satisfies (20) and such that the price f an 

commodity for which the supply exceeds the demand is zero. 

29 



Theorem 8 

Let Sij (p) and Dij (p) be continuous nonnegative functi ali fi d r 

each p and L: S ij (p) is positive for each j . Then ther exi tan nn ati 

P*== (Pl* , P2* , ----- Pn*) (LPi*=l which at i fi e (2 > andin add iti n 

LPj*L:[Sij(p*)-Dij (p*)] =0 
j i 

The proof is parallel to that ofthe prove of theorem 7 hence mitted. 
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CHAPTER V 

WELF ARE ECON M1 

A study of welfare economics is mainly concerned with the problem f d ribin th tat 
of the economy where no consumer can be made better off with ut making an th r 

consumer worse off. 

The goal of welfare economics is a system in which all con umer uniD rml a hi 
maximal utility. When more than one consumer is involved thi rar ly happen . 
us study welfare economics. 

Suppose commodity bundles are represented by vector of ize r, and t th i th 
consumer (i=l ,2, .... m) corresponds a set of consumption vect r in Rr, and utilit 
indicator function Ui (Xi) defmed for Xi f: Xi which characteri e the i th n um r 

preference scale. 

or convenience of exposition we shall assume flllther that Ui(Xi) define a tri 

function for Xi f: Xi. 

The economy attains perfection when all consumers can imultaneou ly achi ve th Ir 

maximal utility. 

Definition 

A vector system {Xi} , (Xi f: Xi) is said to be a pareto optimum if 

a) {Xi} is possible. (see * next page) 
b) there exists no other vector system {x;'} (Xi f: Xi) such that Ui (Xi') ~ (Xi) u 

(i=1 ,2, ... ,m) with strict inequality for at least one consumer. 

Our objective in this section is two fold 

1
S
t. We seek to characterise all paretu optimum consumption vector sy tem . 

2nd We examine the relation ship between a given paretu optimum and the 

existence of a competitive equilibrium. 
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V: I THE CASE OF A SINGLE CONSUMER 

Let Yj (j=1,2 .. n) in Rr designates the set of production po ibility 

n 
Y = L)j' constitute the vector of the total production of the ec n my. 

p i 

• The total production set Y is assumed to be convex and c mpact. 

Let X be contained in the positive orthant of R\ and repre ent 
available to the consumer and u(x) denotes his utility index function . 

f firm j . 

The consumer desires to select a vector x* E X such that u(x*) = max u(x), wh r th 
maximum is extended over all x E X for which there exist vector y e Y uch that x ~ 

Any vector x e X for which there exists Y E Y such that y ~ x i call d ( a ibl ) r 

possible. (*) 

Since Y is compact, it follows that the range of possible x vector (x ~ y) i als 
and hence the operation max u(x) extended only over possible c n umpti n vect r 

defined. 

We shall also impose the following requirements: 

Assumption I. 
Assumption II. 

There exists vectors Xo E X and Yo E Y such that Yo-xo» 0 

For each x E X there exists a vector x' E X uch that u(x'»u(x) . 

The problem of determining the optimum consumption vector can be put in th foil wlI1g 

form; 

Let g : X x Y __________ >R and F: X x Y --------> R 

Let {x,Y} E X X Y , then we define g (x,Y) as g(x,Y) == u(x) and 

In this notation the problem of selecting a consumption vector of maximal utilit bec me 

max g(x,Y)= max u(x) subject to the constraint F (x,Y) ~ 0 (x E X, Y E y) 

or -u(x) -t min 
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(P) { (x,Y) f: X X Y) : - F (x,Y) :s 0 } 

The definition of a competitive equilibrium in the case of on 

A vector (p* ,x* ,y*), where x* f: X , Y*f: Y and p* is a relative price 

(i.e pj* :2 0 , t Pi* = 1) is a competitive equilibrium if 

> 

a) 

b) 

c) 
d) 

;~ 

)\ 

u (x*) = max u(x), x f: X 
Where ~ = {x, f: X, <p*,x):s ( p*, y* )} 

( p* , y*)= max ( p*,y) , y f: Y 
x* :s. y* ,(p*, x*-y*) =0 

t r 

he key theorem relating competitive equilibrium and con umpti n f maximal ulili l I a 

foll ows: 

THEOREMS 

Let assumption I and II be satisfied. A vector x* maximize u(x) am ng all fI a ibl 
vectors if and only if there exists a vector y* f: Y and a price vect r P* u h that 

{p* ,x* ,y*} is a competitive equilibrium. 

Proof 

(=» Suppose x* maximizes u(x) among all feasibl e vector choo e y* f: Y uch 
that y* > x* (the existence is guranted by assumption I). Then the La ran ian D rm f 
the optimization problem (P) is L(x,y, A) = -g(x,y) -A F (x,y) where (x,y) f: X Y and 

A 2: 0 

Then :1 AO with AO 2:0 such that {x*,y*} A ° } is the solution set of thj 

optimization problem. 

=> F (x*, y*) > 0 and ( Ao, F (x* , y*) == 0 

Claim: AO > 0 
Suppose not, i.e 

=> -u(x*)- ( AO, F(x* ,y*) ~ -u(x) - ( Ao, F(x,y) 

=> -u(x*)~ - u (x) 
=> u(x*) 2: u (x) 'fI x f: X . . 

Which is a contradiction to assumptIOn n .Hence the claim. 
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/1 

Let p* = ~'" 0 Where ~ = 1 / L A, 

We now establish that {x* y* p* } const't t i=l . , 1 U e a competltl quilibrium. 

22 u(x*) > u (x) for any x E X li .e x is feasible) 
consider (Ao, F (x,y) ) = ( ",0, y-x ) = ( P*/ ~ , y-x) 

:: 11 ~( p*, y) 4 *, x» 

But for any special choose {x,y} = {x*,y} 

u(x: ) + ( Ao, F (x*,y) ) s u (x*) + ( ",o,F (x*,y*» 
:::} ( A , F (x*,y) ) S (",o,F (x*,y*) ) 
( A O,y) -(A o,x) S < A o,Y*) -( '" o , ~ 

(A O,y ):::; (A O,y* ) for any y E Y 
<: (p* ,y) :::; (p* ,y* ) (multiplying by ~ on both sides) 

I.e ( p*,y*) =max( p*,y ), YEY 2 

From (21),(22) and (23) we see that all the requirement f th dfi ni ti n f 
competitive equilibrium is full filled. 

Hence {p*,x*,y*} constitutes a competitive equilibrium. 

(<=) Suppose {p*,x* ,y*} constitutes a competitive equilibrium. We want 
to show that u(x*) = max u(x) for all feasible x. By (a) of the 
definition of competitive equilibrium it is clear i.e. u(x*)= max u(x), 

X8X 

V. II THE CASE OF MANY CONSUMERS 

Let Xi represents the consumption set in Rr available to consumer i (i= 1,2,oo. m) 
and let X = :t Xi designates the comulative consumption set of all con umer . 

i=1 

• The preference ordering of consumer is described by a trictly conca e utilit 

function Ui(Xi). 
• Each set Xi is assumed to be convex and closed and lie in the non-negati 

orthant ofRr. 
• The situation of the production possibility set is the ame a for the ingl 

consumer. 
Again we seek to determine conditions which imply the pareto optimum I an 

element of a competitive equilibrium. 
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A system of vectors {XI* X2* x *'Y * * *. * . 
, , . .. m , 1 ,y2 ,··· Yn , p I aid t b mp liti 

equilibrium, if p* is a relative price vector (i .e Pi* ~O f Pi*= I u h that 

A) 

B) 

(P* 'Yi*) = max < P*,Yi) 
Yi E Y 

Ui (Xi*) = max Ui (Xi) 
'" XiEX i 

,- I 

~ m 

C) Where X = {x;l Xi E Xi, ( P*,Xi ) ::: I ex ij(P*,Y;* )} 
;=1 

Where the term a. ij is the share of the profit alloted to the i th 
assumed to satisfy the condition I ex ij =1 , G = 1,2 ... m) 

;.0 

m 

D) and x* ::: y* , (p*,x*-Y*) = 0 where X* =2 Xi *, Y* =ZYi* 
iol hl 

The problem of characterising pareto optima will be stated a foil w : 

n um r, it i 

Define for each {XI,X2, ... ,Xm; YI , Y2, .. . , Yn} (Xi , c: Xi , Yi, E Vi) the ve t r fLln ti 11 : 

G(XI,X2, ... . Xm; YI,Y2, ... . Yn) = {Ui (x;} = u(x) 

and let F (XI,X2, .. . ,Xm; YI,y2, ... ·· ,Yn)=y-x where y= i Yi and x= Z Xi 
1=1 u 

u(x) ~ max 
(P) with F(x,y) ~ 0, X c: X, Y c: Y 

and u(x) = {Ui (Xi)}. 

Let us define some concepts which are important for the following di CLI n: 

Definition: 

1) Suppose we have an optimization problem 

g(x) ~ max . 
with F(x» 0 where g (x) and F(x) are concave functIOns . 

The Lagrangian form of the above optimization problem is 

L(x, A ) = g(x) + A f(x) Where A 2:0. 
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Suppose {x*, ')... *} is the solution of the above opt" . Imlzatlon pr bl 01 

L(x, ')... *) < L (x*, ')... *) S L(x*, ')...) \fx E X, ')... ? O. 

Then the pair {x*, ')... *} is called the saddle point of L(x "') 

2. A feasible vector Xo is said to be efficient point if there i n th r 
vector x such that g (x) > g(xo). 

The ~ollo.wing Lemma is also very crucial for the prove of the the 
stale it With out prove. 

LEMMA 3 

r 01 , ill 

Let G be a concave vector function defined for x £ X and let ={fj } all b 
concave functions defined on a convex set X ofR". ' 

Inorder for XO to be an efficient point, it is necessary that th r t w 
negative vectors ')...0 (",0,* 0) and 11° with the same number of c mp nent a 
F, respectively such that {xo, 11°} is a saddle point of 

L(x, ~, ')...0) = ( ')...0, G(x) > + (11 , F(x) >, that is 
L(x, ~o, ')...o} < L (xo, 11°, ",0):<::; L (xo, 11, ",0) \f Il ? 0 & x E X. 

If ')...0 has all components strictly positive, then the lemma i al 0 uffic ient. 

n n­

and 

Now (P) is equivalent to characterising all efficient points of {Ui(Xi)} ubje t t th 
constraint F ? 0, Xi £ X and Yj £ Yj. The next two theorem how the qui val n 

of pareto optimum and competitive equilibrium. 

THEOREM 9 

Let assumptions I and II be fulfilled Let {XI*' X2*, .. . Xm*} ~ a paret . ptimum 
such that y*'?. x*, there exists a consumption vector system {x;} for each 10, where 

Xi = Xi* i :;t:io, and there is some Y E Y such that . 
y-x» O. Then there is exists vectors, Yl· ,Y2·, .. Y: (y;' E V;), a pnce eet r p' , 

m \-I) h th t { * * x *. * * *. 
and a matrix (U*ij) (U*ij '?. O,Z Uij =1 v j sue a XI ,X2 , .. . m ) \, 2 , ... \1 , 

.. 
p *, U * ij } is a competitive equilibrium. 

Proof 

Suppose {Xl*,X2*, .. .xm*} is a pareto optimum. 
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Lt * * *d' e Yl ,Y2 , .. ·Yn eSlgnates the respective term f 

selected such that Y*?. x*= 2Xi* clearly, by (*) {XI* .. 
of G, among all vectors Xi, Yi satisfying the con traint 

Because of assumption I the hypothesis of Lemma I i ati fi d. 

Then by Lemma 3 :3 vectors Ilo and 1..° (Il°?. 0 1..° ~ 0) uch that 

(1..0 , u(x*) ) + (Ilo ,y-x) :s (Ao,u (x*) ) + (Ilo ,y* -x*) :s 
(1..0 , u(x*) + (Il,y*-x*) V 1l ?.0 and Xi I': Xi, Yi I': Y i 

We conclude from the right hand inequality that (Ilo, y*-x* ) =0 

24 

We also see that 1l0 >0, otherwise considering the left in quality, 

= 

with "A0 >0, u(x) ~ u(x*) X VI': X which contradict a umpti n II. 

hi h i 
... 

n ITt nt p int 

Suppose the contrary that AOio = ° then in the left hand id in qualit 
may assign Xi =Xi * for i::F io such that x« y by the hyp th 'is, th n w d ha 

Therefore 1..0» 0 

Define p*= ~ Ilo , where ~ = _-'1:.---- and a *ij = ai 

Where ai = (~) 
(p*,y* ) 

"' . ( 0 * * ) ==0 (p* X· ) > ° 
Note that ai 2:_0 , and zai =1 , smce Il , Y -x , , 1 -.. 

{ 
* * *. * * * p* } I a 

Now we are ready to show that XI ,X2 ... Xm , I , 2 ,'" n , , lJ 

competitive equilibrium. 

* > * nd (llo y* -x* ) ==O 
But (D) follows immediately from y - x a , 

tI . . Then the left hand in qualit 
Next set Xi = Xi * V i, and Yi ==Yi *, or J ::F Jo· 

gIves 
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(1-1°, YjO) ~ (1-1°, y*jo) which gi:-es (A) since jo is arbitrary 
Fmally, set Yj = Yj * \fJ and Xi = Xi * for i -:;:. io and 

The left han inequality of (4) reduces to the ~ rm 

) ° () no ° a v io u;o X io + zu i (p* ,y* -x) :s VO i~ UiO(X i*) .. 
Now Xi* E Xi by the construction of a " Then IJ ) , 

.0 E ' . 

b) (p* ,Xi* ) = ai (p* ,y* ) (i -:;:. io), (p* ,xio) :s aiQ (p* y* ), b ummll1 

and (b) we have (p*, X ):s (p* ,y* ) 

From this observation, combined with VOiO> 0, we d duc 
for x* io E X io which gives (B) 

This completes the proof ofthe theorem) / 

THEOREM 10 

up th t 

* ,. 

If {Xl* ,X2*, . .,X
m
*;Yl* ,Y2* ,." Yn* ; p* ,a *ij } IS a c mpetitive quilibriu m, th n 

( * * *) . . XI ,X2 ,."Xm IS a pareto optimum 

Proof 

Suppose to the contrary that there exists a fea ible ve tor t m { , 
Ui(Xi) 2: Ui (Xi*) (i=1 ,2.,.m) with inequality for at lea tone i. 

Let us arrange the indices such that Xi := Xi * (i:= 1,2 .. .5), Xi -:;:. Xi * 

(i= s+l , s+2, .. .. m) 

Obviously s<m, since Xi dominates Xi * in the sense of utility b a umpti n, 

tv rJ 

Since Ui is strictly concave, it follows that Xi:= t Xi + (l-t) Xi* 

(i=1 ,2,." m; o<t<l) 

Hence Ui (X;) > t Ui (~) + (l-t) Ui (Xi* ) 2: t Ui (Xi*) + ( l-t) Ui ( 'i*) := Ui 

i,e Ui (~ > Ui (Xi*) i= s +1, .. ,m 
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S· x . h ,.J ,.. !flce i IS convex, we ave X~ = t Xi + (I-t) X*i iDa ibl and h n 
n 

Y = L Yi 2: XO = ix; 
j=l j,j 

Therefore (p* , Y > 2: (p*,x > 

N,.J ,.I 

Since ( p* , y*> 2: (p*, y > 2: (p* ,x > => (p* , y*) 2: (p*,x ) 

Taking into account of Xi = Xi* for i = 1,2, ... s and (2 ) winD r th 
(m 2: io 2: s+ 1) such that 

, -. 
However, UiO~O) > Uio (X*io), which is contradiction t (B) 

Hence our supposition is wrong and the the rem i rr t./I 
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CHAPTER VI 

THE STABILITY OF A COMPETITlV 

In t.he previous chapters we have discussed about econ mi m 
statIC. ~ut from now on we will be concerned with th d nami 
and partIcularly the concept of stability. All the model whi h 
dynamic. 

In this section we shall describe a formal dynamic model wh 
reflects the nature of the competitive process and examin it ta ili t 
the light of certain assumptions as to the properties of the indi 
excess demand functions. 

Suppose there exists m consumers with available con umpti n 
(i=1 ,2, .. . ,m), consumer i seeks to choose a possible con umpti n 
which maximizes his utility. 

M 

hi h r 

In 

1\1 R'I 

Let X= L Xi denotes an aggregate demand consumption vect r and Y r pr nl 
the aggregate production sector of commodity bundle in R rl l . a h lh 
production units (firms) seeks to produce in manner which maximize pr fit . 

Consequently, with any price vector P=(PO,PI , .. pr) of the c ml11 dit bundl . th -r ' 
are associated an aggregate demand vector x(p) and an aggr ate PI' du li n 
vector y(p) determined by conditions (B) and (A) of the la t chapt r r sp li I , 

which possesses the desired maximality characteristic. 

Because of conditions underlying equilibrium, we have 

(p,x(p) - yep) > = (p, F(p) > == 0 

for each price vector P (1) is classically called the Walras law. 

• 
F(p) is called the (aggregate) excess dema~d vector fun ction . 
demand vector function for the i th consumer IS denoted b 

Fi (p), and F(p) == is Fi(P)· 

Th e ' 

.. 
Now it follows from the same consideration that (p, Fi (P) > =0 

h t F( ) . s continuou I differ ntia I 
Through out what follows we assume taP 1 • 

• 
and single valued for p>O. . . * 
An equilibrium price vector p* is distingUIshed by the propert thatF p ~ . 

(2) 
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Which ensures that the consum t' . p Ion vector x(p* b 
production vector y(p*) . an 
For mathematical convenience and to h I I' e p canty th d 
processes, we shall assume in what foil h . . . * . . * " ows t at a tn tl p III 
vector p eXists I.e p » 0 Impbes in view of (1) and 2 F p 

• W. e hall ~l~o assume that the excess demand function 
F(p) IS a positively homogeneous function of degree zer , i, 

F(A po, A pt, ... A Pr)= ')..,0 F(po, PI, ... Pr) = F(po, PI , ... Pr) 

hi 

= 

d th 

dju l m nt 

rium pri 

This is a, n~tural a~sumption that only relative price of vari u mm diti 
relevant m mfluencmg flactuation ofthe excess demand functi n . 

We are now prepared to propose dynamic model which de rib 
adjust over time to variations of supply and demand in a competiti 

h pri 

One such dynamic model is based on the system of differential equati n : 

QQi = Fi (PO,PI, .. ·,Pr) 0=0,1,2, ... r) 
dt 

or in vector form @ = F (P) 
dt 

4 

m . 

F or such a system the price of a commodity increases (decrea e ) wh n the 
demand for that commodity is positive (negative). 

The rate of increase (decrease) is proportional to the amount 
or supply of each commodity. By a suitable choice of mea urem nt 
the commodities we can convert (3) into 
QQi..= kjFj 0= 0,1 ,2, .. , r) with the proportionality constant ki positive and 

dt 
arbitrary. Thus there is no loss of generality in suppasing kj = 1, 

A discrete time analog of the dynamic system (3) is 

Pi(t+ 1) = p;(t) + pFi [po (t), ... PrCt)] 0= 0,1,2 ... r) 
(5) 

d mand 
~ r a h r 

In view of physical interpretation we need to make some restri ction in p t I. P t) 

is a non - negative vector for all 1. 
Then we modify the above difference equation as 

p(t+ 1) = max { 0, pet) + pF [ p(t~] , } th,us preserving th P iti 

of p( t) \j t while reflecting the dynamics of the pnce adjustment proce 

We do study stability for two systems emerging from (4) 
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1) 
2) 

The normalized price adjustment proce 
The non normalized price adjustment proce 

• In the normalized prices a single commodi ty a th h . d" . 'I d 
th d

" z r t I I tin JU I 1 • 
e commo Ity smgled out ' fr I CC ' , , IS equent y rell ered t th nUI11 r Ir and th 

pnce vector IS normalized so that I I . = . G= 1 2 ) II Q2, .. , qr 1 
~ 21- , , ... r 

Po 
Now the differential e9uation (3) has the same meaning a 

Q.Qj = Giq) G=I ,2 ... . ,r) 
dt 
Where Gj (q) = Fj ( 1,q\ ,q2, ... , qr) 

• The non normalized adjustment process treats all c mm diti mm tri all , 
and the dynamics is expressed as in (3) 

• From a mathematical point of view the non normalized pr 
of equilibrium prices vectors, since if p* is an equilibrium pint, th n ail pint 
on the ray 'A p*('A >0) are equilibrium points. ( Due to the h m ' n it 

Solutions of(3) and (6) are the form pet) = \!'(t,po) and q(t) = (I) t, qO 
with initial price vectors po and qO. 

The excess demand functions from hence forth (i.e F(p) and i a urn I t 

possesses enough smoothness property to guarantee that th ' iJ t,pO and 
<I> (t, qO) is uniquely determined and changes continu u I with th ini tial I ri 

° vector p . 

Note that any strictly positive equilibrium vector p* (t) = 'Y(t p*) = p* i a ft 'd 

point solution. 

In the following sections we seek to determine criteria whjch impl 
solution \f' (t,po) or solution <I> (t, qO) converges to an equilibrium ve t r. 

It seems worth while to discuss various conditions which yield tab ili t 

detail analysis for next sections. 

Let A(p) = (8F / Opj) ij ; O, .... r 

and B(q) = (8GJ8~)ij ; 0 , . . r 

Definition 

that an 

an lng 

7 

We say that gross substitutability (strictly) prevails f?r the non-normaliz ~ pr'
f 

if 8F
j 
/8pj 2: 0 (>0) Vi :;tj and is true for the normalized proce e t I. I 

~ 4t/8qj 2: 0 (>0) ) 
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Definition 2 

1. 
x 8 R. 

A matrix c= (Cij) is called Metzeler matrix ( or in hort (M malri 
and strictly M-matrix if Cij >0 for i -:f- j 

• (7) has the property of gross substitutability for each p if and nl if 
M-matrix. 

The economic justification underlying this property i a f:I II w : 

an 

If the price of the i th commodity rises while the price of the th r mm diti 
remain unchanged, then an increase in the demand fo r very th r mm di ti 
may be expected and hence the above holds. Commoditie related in thi 

called "substitutes" . 

But this relation is not always valid; if the price of butter up f:I r ampl , it 
may happen that the demand for bread decreases, since many p pi 

bread with out butter. 

Definition 3 

A matrix T is negative quasi- definite if and only if (x,Tx) <0 Vx :t:. 

and a real matrix c is said to be a ne ative uasi definite if c 

negative definite. . . 
2. A matrix c whose eigen values, all have negative real parts I 

stable matrix. 

The following three lemmas are important for our di cu 

state them with out proof. 

LEMMA 1 

Wh r 

T 

all d a 

ill 

Let c be an M-matrix Define cr(c) : = max R (Ui.) where Ui is the eigen alue f . 

(R ((X,i), real part of Ui). then we have the followmg 

a) The eigen value of an M-matrix with largest real part i real and 

associated non-negative eigen vector. 0 
b cr (c)< 0 if and only if there exis~s. x~O such tha~ cx« 
c ~ cr ( c) <0 if and only if -c·1 is pOSItiVity - preservmg. 

ha an 

Let A be a positive matrix. 
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LEMMA 2 

!he eigen ~alue of A of largest magnitude A = Ao 
IS charactenzed as Ao == max A where ~ == { A /x ~ A fI r 

nd 
m 

LEMMA 3 

If there exists X
O > > 0 such that XO A < II XO tl . 

I d
' - I-" , 1 n II I an upp r LIn d l lh 

spectra ra IUS of A. I-" 

VI:I LOCAL STABILITY 

VI:I:I NORMALIZED PROCESS 

In this section we determine conditions for local stabili ty . 
i.e conditions implying convergence to the equilibrium v t r p* wh n th initi al . ° . , pnce vector p IS suffiCiently close to p*. 

Note that through this sections we take q*» O. 

In studying local stability, we may replace dp/dt = F(p b a tem f li n ~ar 
differential equations. 

ExpectJy by Taylor's expansion of the right hand side at equilibrium pint q=q *. 
d(q-q*) == G( q-q*) 

dt 
Where q-q* is a small disturbance from the equilibrium point . Then 

G(q-q*) == G(q*) +t (8Gj (q*)/8q) (q;_q;*) + ~! r ( q *)/ q,2 
:.() 

(qi-qi*i + .. .. and d (q-qi)/dt == dq/dt 

The stability state in the neighbourhood of the equilibrium pint {q;*} i thu 
determined by approximation (whose accuracy must be carefully e amjn b a 

linear system. 

i.e dq;/dt - Gi(q*) + t (8G(q*)/8qi)(q; - qi*) 
;,i) 

or in vector form dq/dt - G (q*) + B(q*) (q-q*) 

Therefore dq/dt == B(q*) (q-q*) where B(q) == (8Gj{q)/ qi) i j == J 2 ... r 
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T,he loc~l stability (8) is obviously equivalent t th 
~dferentIal ~yst~m dz/dt == cz Where c== B(q* in IUli n 
lmear combmatlO~ of exponential functions e"il wh r th "" r pr 
of c clearly (8) will be stable if and only if all characteri ti r l 
real parts. 

THEOREM 1 

IfB(q*) is an M-matrix and either 

a) det B(q*) ot 0 and (aGolaqi)2: 0, 
or 

b) (aGO/aqi»O (i== 1,2 .. . r) 

Then the normalized adjustment process (8) is locally table. 

Remark : the first assumption is synonymous with the tat m nt th t th 
normalized process locally (at q*) has the property of gr sub titutabilit . 

Proof 

Differentiating <q, G(q) ) == 0 (the walras law) 

t eo Gj (q) == qoGo (q) +t qi Gi (q) ==0 
:,;} :,;} 

a/aq teo Gj(q) == a Go (q)/ acu + t(acul acu) Gi q) + t l q)/ cu == 
~ ~ . 

Evaluating at q* 
aGo (q*)/ aqi + Gi (q*) +tqi (aGi(q*)/ aqi) == 0 

:.j 

aGo (q*)/ aqi + t qi (aG(q*)I aqi) == 0 
:.j 

Hence by the hypothesis, q* c ~ 0 and by assumption ~ ~» O in~e i an -matri 
. . h h th t (J (c) < 0 By adding a positive multiple f th identi It IS enoug to s ow a . . Th * 

, th t A== c+ III is a non negative matri x. en q matnx we may suppose a ,.... 
== q * c + q * (Il I) < q * Il I == q * J.1 

I.e q*A ~ llq* 
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To complete the proof of the theore 't ' . m I IS neces ary t 
where Ao (A) IS the spectral radius of A since it implie (J 

th t ) 

< 

Let Ao dentate the largest eigen value of A d '\ . , an suppo e I\.() ~ ~. 

In case (a) Ao > 11· (since det B(q*) :t 0 ~ :3 A >0 :3 B x = A x A:t 
vector x>O such that A x >(Ao - £) X for (Ao - £ > ~ (and £ i mali n u 

But q*» 0, it follows that 

Il (q*, x ) 2: (q*A, x ) = (q* , Ax » Ao-£ (q*,x ) 

I. e I-l (q* ,x ) > Ao - £ (q*,x ) which is impossible. 

In case (b) by (9) q* A« 11 q* 

by (Lemma 3) implies 11 is an upper bound of the special radiu f , h n "-<) 

< I-l .// 

Further conditions of the same kind which guarantees local tabili ty i a ft \I w : 

THEOREM 2 

Let T = B(q*) + III be a positive matrix such that some power 
positive. If aGoiaqi ~ 0 ( i=1 ,2, ... ,r) with strict inequali ty fo r m ;, th n 

stable. 

Note that the hypothesis is satisfied if B(q*) has the property of tri t I' 

substitutability. ) 

Proof 

Relation(9) and the hypothesis together yields q* B(q*) < 0 and hence 

q* T < l-lq*. 

Since (B( q*) + 11 I) K < (11 It, k > 0 i.e Tk <.11 k, some ite:ate of T ha 
q* TK « I-lK q* ( since there is strict inequahty for some I.) 

By Lemma 3 I-lK is an upper bound of the spectral radius ofT\ 

K K 
i.e Ao (T )< I-l . 
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From this we conclude that 1.0 (T) lies with in the circle f radiu Il. II 

VI:I:IINON-NORMALIZED PROCESS. 

Stability for the non-normalized process must be interpr t d n lh 
homogeneity of the excess demand functions Fi(p), ant d arli r, th ra 
r = { A p*t A >O} constitutes of equilibrium price vector . 

In the following discussion local stability shall mean that if Pi a pri 
the ray r , then pet) tends to some equilibrium vector ituated on th ra 

And finally we will discuss about global stability i.e c ndi ti n impl in J 

convergence to an equilibrium price vector regardless of the natur f th initial 
. 0 pnce vector p . 

LEMMA 4 

Let A(p*) be a strict M-matrix and p*» O is an equilibrium vector, if p i uffi i ntl 

to r , then (p* ,F(p) > 0 for p -j; A p* . 

Proof 

Let A (8) = (p*, F[p(8)] ), where p(8 ) = p* + 8 (p-p*) 

A (0) = (p*, F[p(O)] ), but p(8)= P* 

~ 'A (0) = (p* F[p*] ) = 0 (by walras law) 
and 'A '(8) = d/d8 [ tpi*' Fi [p(8)] = IP*i (OFi [p(8) ]1 p) ( p(8)1 ) 

:~ :~ 

'A\8) = t Pi * t(oFi [p(8)] lOp) (pi-Pi*) 
:~ ;~ 

Differentiating the walras law with respect to Pi 

d/dpi( :t Pi Fi (p) ) = I (Opi IOpi )Fi(p) + t Pi (oFi (p)1 Pi) = 0 
:~ :~ 

=F;(p) + t Pi (oFi (p)1 Opi ) = 0 
:~ 

at p=p*, we have Fi(P*) + tpi* (Of; (p *)IOpi) = 0 
;~ 
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=> P* A (P*) = 0 (writting in vector form) 

Changing the order of summation in (10) we have 

t(p;-p/) t pj* aFi P (8) l(Jpj 
;~ ;~ 

",1 (0) = t(Pi-p/) t Pi* 8fi (P*)/(Jpi = (p-p*, p*A(p*» = 0 

There fore ",1 (0) =0 
Differentiating (10) again 

"," (8) = t Pi* t (pi-Pi*) t (el Fi [p(8)]1 api a Pk )( p(8)1 I k) 
;~;~ jJ<iJ 

",1 (8) = t Pi* t (Pi-Pi*) t el Fi [p(8)]1 api Pk] (Pk - Pk *) 
;~ ;~ jJ<iJ 

for 8 = 0 , we have 

'" 1 (0) = t Pi* t (pi-Pi*) t (el Fi [p*]1 api a Pk )(Pk - Pk *) 
;~;~ jJ<iJ 

Differentiating (11) we have 

t (Opi I Opk)(aF/p) I (Jpi)+ t Pi (el Fi (p) lapi apk)+ Fi (p)1 )k =0 

;~ 

aFdp) I apj + t Pi a2 Fi (p)1 (Jpi apk + aFi (p)1 apk = 0 
;~ 

at p=p* and rearranging the terms we have 

t cl £; (p* )1 Opi Opk == - [el Fi (p*)/api + el Fi (p*)/apk ] 

;~ 

Writting (13) as 
",' (0) = t (Pk - Pk *) (Pi - Pi*) t Pi* el Fi (p*)/(Jpi apk 

j)oiJ :~ 

Substituting (14) in the above equation, we have 
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A" (0) = ~ (Pk - Pk *) [& fk (p*)1 Opi Opk + Oti (P*)I Pk ~ p* I P, ( 

(Pi - Pi*) 

or invector product form 
A" (0) = - ( p-p* , [A (p*) + AT (P*)] (P-P*) 

= _ ( p_p* , T - ( P - p*) where T = A+AT 

We have shown above that P* A (P*) =0 

The homogeneity ofFi (p), which is equivalent to the Euler relation 
t (a±i(p)l a Pi) Pi = 0 gives in particular A(p*) p* = 0 
:,,(J 

It follows that P* [A(p*) + AT (P*)] = p*T = 0 

But T is a real symmetric M-matrix and since p*» O by Lemma 1 (a) we n Iud that 

any other solution xof xT=O is a scalar multiple of p*, and that all nonzer i n al r 
T are negative since the largest is zero. Thus, T is negative semi defini te. Hen e 

_ (P_P* , T (P-P*) ) >0 

Hence A" (0) > 0 unless p = AP*, by vertue of the fact that Fi i horn ne u . 

To come to the results of the Lemma, choose a suitable A p* instead of p* in ( p*, F p ) 

and by Taylor expansion 

A(8) = (p*, F(A p*) ) + t A Pi,*, t ( a Fi (A p*) I Opi2)(Pi2 - A P*i2) 
:,j) :,j) 

+ (1 /2) t A Pi t (Pi2 - Pi2*) t (p*;; - A P*~3) cl Fi (A p*)1 Opi2 Pi3 
:,,(J ;,,(J :,j) 

We want to approximate A(8) by i=2 by some error ( ince p- A p* i 

disturbance then the error is very small) , 

Then 

A(O) = A(O) + A I (0) + A" (0) 
= 0 +0+ A " (0) == A" (0) >0 

=> A(O) > 0 

Therfore (p*, f(p) > o. II 
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THEOREM 3 

Let A(p*) be a strict M-matrix. If p* » 0 . " . 
sufficiently close to r ={ ')... * I ')...>0 IS an e.qUlhbnum . t. r. and p i 
off. p}, then pet) converge to an quiltbnum p int 

Proof 

Define vet) = 112 Ip(t) - p* \2 = 1/2 (p(t) -p*, pet) - p*) =1/2 t [Pi(t) - Pi* ] 2 
.~ 

Where pet) = '¥ (t, pO) and pO is sufficiently close to the ray')... P* 

We have d V(t)/dt = 112 t (Pi(t) -p;*) d pi(t)/dt 
:~ 

= t [Pi(t) -Pi*] Fi [p (t) ] 
:~ 

= (Pi(t) -p*, F [p (t)]) = (Pi(t) Fi (p (t» - (p*, F [pet)]) 

dv(t)dt = -(p(t)F (p (t) ) (by walras law) 

But - (p*, F[p(+)]) < 0 

I.e dv(t)ldt < 0 unless pet) = ')... p* as F is homogeneous) 

=> vet) is decreasing. 

Then we see that vet) is decreasing and vet) :: 0 (bounded from bel w), h n 

convergent. It intern implies pet) is convergent. 

Let p be a limit point of pet) . Then there exists a sequence tIl -. Sttdt that lim 

p(tn) = lim \)/ (tn,po) = p 
n·oo 

The contivity of the solution with respect to the initial position vector impli 

.am p(tn +t) = lim \jI (tn,pO) = \jI (t,p) 

lim 

n-+q:> n..-oo 
Now 

d v(tn +t)/dt = d/ dt (1/2 t [Pi (tn +tl - p*f) 
:~ 
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= ~ [Pi (tn +t) - p*] dPi (tn +t) Idt 

= (p(tn +t) - p*, F [p(tn +t)] > 

= (p(tn +t), F [p(tn +t)] > - (p* , F [p(tn +t)] > 

d V(tn +t)/dt = - (p*, F [p(tn +t)] > 

Here we consider two cases 

Casel: If PEr 

lim dV (tn +t) Idt - lim ( p*, F[p (tn+t)] > 

n . 00 n . 00 
lJ,,.. 

_ (p*, F[ n..too p(tn+t)] ) ( by continuity of (., .) and F 
= 

= _( p*, F [ \jl (t, A p*) ] > = 0 (Since p* is a fixed point lu ti n 

Jlmlf (t, A p*) = A p*) and using walras law. 

This implies that all limit point of pet) is in r Hence pet) converg S t ap int 

which is on the ray A p* , A >0. 

Case 2: Ifp E r 

By the same argument as in case 1 we have 

lim dV (tn +t)/dt = ( p*, F[ \jI (t,p) ]) < 0 (by lemma 4) 

n · 00 

which is a contradiction to the fact that the initial price vector pO i uffi inti 

close to the ray A p*, A >0. 

Consequently, iflim vet) = a, where 
vet) = 1/2 Ip(t) _ p* 12 

lim Ip(t) _ p* 12 ~ 2a, then all limit point ofp(t) lie on the ray r at di tance 2a fr m 

p*. Any P consists of one of two points. 
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However, the differential equation dp/dt == F(p) show which th aid th Ir 

law that 

r 

L Pi (t) (dpJdt) == i Pi(t) Fi [pet)] == 0 
:~ ;~ 

then d/dt t Pi2 (t) == i 2 Pi(t) dpi(t) Idt == 2 i Pi (t) dPi (t)/dt == 
~ ~ ~ 

and hence t Pi 2 (t) is a constant say b independent of t. 
.~ 

p*, where A' == ) b/ipi2 :11 
cC 

, P A 

Global stability is also based on non- normalized price vectors and w al n Ii 
the validity of the walras law, the homogeneity of the excess demand fun ti n 'i, 
and the strict positively of an equilibrium price vector P*. 

THEOREM 4 

If (p*, F(p t -»)0 for all vectors p for which F(p) :f::. 0 , then the n n-n fm ali d pri 
adjustment processes is globally stable; i.e as t tends to infinity I:P(t,po) n er' l a 

fixed-point solution. 

Proof 

Let pO be any initial price vector and let pet) designates the solution f dp/dt = I' P 

with initial position pO , that is pet) == q'(t,po) 

Consider the norm deviation measure 

Vet) == 112 Ip(t) - p*12 = 112 ( pCt) - p* , pCt) - p* ) 

== 112 t [Pi(t) - p;* ] 2 
.~ 

v'Ct) == t [ Pi(t) - Pi* ] dpi(t)1 dt 
;,j) 

t [Pi(t) - P;* ] Fi [p(t)] == ( pCt) - p* , F[p(t)] ) 

:~ 

== _ (p*, F[p(t)] ) ( by the usual walras law) 
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By the hypothesis v'(t) <0, unless () converges. p t satisfies F[ pet)] 

Which means pet) converges, but in Theorem 3 on the ray A p* A >0 hi . . we have hown that thi limit Ii 
, , w ch means It IS globally stable. 

Now let us consider one application of Theorem 4 

Definition 

The aggregate demand functions are said to satisfy th k ' 
preference if e wea aXIOm f r al d 

(p', F(p") - F(p') »:s 0 (F(p") :;tF(p')) 
=> (p", F(p") - F(p') 0 

THEOREMS 

If the excess de~and function satisfy the weak axiom of revealed prefer n , th n 
the process deserted as dp/dt == F(P) is globally stable. 

Let pOI = p*, and p' = p, then 

(p, F(p") _ F(p') ) ~ (p, F (d*) ) - (p, F(p) ) == O:s 0 
Also, if P is not an equilibrium price vector, we have F(P) :;tO then, 

(p*, F(p*) - F(p') ) = ( p* , F (p*) - ( p* , F(p) 
=-( p*, F (p» < 0 

The hypothesis of Theorem 4 is satisfied, hence the process is globa\l table. 

which proves the theorem.!/ 

V1:ll A DIFFERENCE EQUATIONS FORMULATIONS OF GLOBAL 

STABILITY 

In this section we describe adjustment mechanism over time b mean f a 

difference equation expectely 

p(t+ 1) = max { 0 , pet) + p F [pet)] } (t== 0,1,2, ... . ) 
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Where pet) is the price vector at time t and F repre ent the 
function and p is a fixed positive constant . We assume a alwa 
is valid for any non-negative price vector. 

d l11and 
alra I \ 

The system which we shall investigate in this section corre pond t th n n­
normalized process, and in this case it is customary to suppo e that th 
demand functions are homogeneous function of degree zero. 

LEMMA 5 

The equilibrium price vector exists. 
(Recall that an equilibrium price p* is a price vector for which Fi (P*) ~ O. 

Proof 

Suppose every non-zero price vector is normalized as t Pi = I 

Let y = { p>O I i: Pi = 1, P price vector} . 
;~ 

Observe that for p 8 y, t max { 0, Pi + P Fi (p) } = A(p) >0, otherwi e 
;~ 

Pi + P Fi (p) :S ° V i, and thus 

( p+pF(p), p ):S ( O, p) 

r r 2 r . F. ( ) < ° L (Pi+ P Fi(P) ) Pi = L Pi + p L PI I P -
;~ ;~ ;~ 

i: p?:S 0 pi=O Vi which is a contradiction to the supposition that pc y. 

:~ 

Define a mapp T: y --y'by 

T (p) = _1_ max {O,p+pF(p)} 

A (p) 

(Note that the maximum operation is taken component wise) 

T(p) is a continuous mapping ofy into y. 

int theorem) and infer the e i ten fp c 
Then by "Theorem~" (Br~uwer fixed po 
y such that P = T(P), that IS 
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AcP) P = max {O, P + P F cP) } 

A(P) p; 2: Pi+ P F (p) (i= 0,1,2, ..... r) 

with equality for all i such that Pi > 0. 

Then multiplying by Pi and adding the resulting equations, 

A(P) t Pi
2 

= tFi~ p t Pi Fi (P) = t Pi
2 

I.e A(P) t Ii? = t j>;2 
:~ ;~ 

Substituting this result in (16) we have 

Pi 2: Pi+ p Fl p) 
Pi - Pi 2: P f. (P) => Fi (P) :S 0 

Which shows that P is an equilibruim vector.!/ 

Once the existence of equilibrium having been extabli hed w know turn t a 
discussion of the dynamic stability. The following theorem give ne cri teria ~ r 

stability of the discrete time system. 

THEOREM 6 

Let p* denote a strictly positive equilibrium vector, and suppo e that th ex e 
demand vector function F satisfies the property of strict gross sub tituabili t . Then 
there exists a positive po such that for p < po the price system pet) ati f ino ( J 

converges to an equilibrium price vector. 

Remark: The conclusion ofthis theorem can be interpreted a fo Uo : if nJ 
relative prices are relevant, then the discrete time price adju tment pr ce , a 

defined by the system (15) is globally stable. 

Proof 

Consider the norm function vet) == t [Pi(t) - Pi*] 2 
;~ 
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Now we have 

vet) - v(t+l) = t [Pi
2
(+) - 2 Pi (t) Pi* + Pi2] - { t Pi2 (t+ l)-

:.0 

2Pi (HI) Pi* + p/} 

= I {p/(t) - Pi2 (t+ 1) -2 Pi (t) Pi* + Pi2 }Pi* 
:~ 

> I p/ (t) - Pi
2 

(t+ 1) +2 p t Pi* Fi [pet)] 
~ ~ 

> follows from Pi (t+ 1) ~ Pi (t) + P Fi [ pet) ] 

Pi (t+l) - Pi (t)2 P Fi [p(t)] 

i.e vet) - v(t+ 1) > I {p/(+) - Pi2 (t+1) -2p t Pi* Fi [pet)] 
:~ :~ 

Let R denotes these indices of the set { 1,2, ... . r} for which 
Pi(t+ 1) = Pi(t) p + Fi [pet)] , and R' the complementary set of indices, th fI r 

which Pi (t+ 1) = 0 

for the indices in R, we have 

(p;(t+ 1)/ = p;(t) + P Fi(P(t»2 = Pi2(t) + 2 P Pi (t) f; (p(t» + p2 Fi 2 (p(t» 

~ { Pi 2 (p) _ Pi2 (t+ I)} = P 2~ (2 {p(t)} -;?P~Pi(t) Fi(P(t» 

= p2 Z Fi2 {pet) + ~pZ Pi(t) Fi (p(t)} 
IR IR 

The last equality follows by vertue of the walras law . 

.L [Pi 2 (t) - Pi2 (t+ 1)] +]; [Pi 2 (t) - Pi
2 

(t+ 1)] 
IR IR 

= p2Z F? [pet) + 2 p?, p;(t) Fi (p(t)]+ Z p?(t) 
.m !R 

IR 1" 
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r 

=- p2 Z Fi
2 

{p(t) + Z[Pi(t) Fi (p(t)] 22: p2 ~ Fi2 [pet)] ( 18) 
cl fR cl 

r r 

Now we choose p satisfying 0< p < min 2 ~ Pi* Fd p} / 2.. [;2 (p) (*) 
;,() ;,() 

p:t:AP* 

(p :t:A p* otherwise Fi(AP*) = Fi (P*) =0) 

r r 

Let po= 22:, Pi* Fi{p} / Z F/ (p) 
;,(J ;,(J 

from (*) , we have 
r r 

0 < P Z Fi2 [p] <24 Pi* Fi(P) 
cO ;,(J 

=> 0 < p2 ± Fi2 [p] < 2 pi Pi *Fi [p] 
;,(J ;,() 

(19) 

Now reconsider (17) 

> -p2i Pi* Fi[P(t)] + 2P2 Pi* (t) Fi[P(t)] >0 (by ( l8) and (l 9 
:,(J ;,() 

=> vet) > v (t+ 1), unless pet) = AP* 

and hence vet) is decreasing and vet) 2: O. consequent by lim vet) exi t 

=> lim P (t) exists as t 2: O. 
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But we have shown in Theorem 3 that any limit point of (t) I' h . ( ) _ * pies on t e ray A p*, A> O. 
The.r~fo.re hm .p t - A p for some A >0. hence pet) converges to an 
eqUlhbnum pnce vector. / / 

VI:Ill STABILITY AND EXPECTATION 

The mdels in the ~revious discusions involved the adjustment of price over tim in 
response ~o change 111 the excess demand functions, which are functions of the curr nt 
market pnces only. 

In this section we examine the influence of the anticipated future prices in additi n t 
actual prices on the dynamic stability of the market system. 

With tills end inview, we propose to write the general dynamic equilibrium system a dp/dt 
== KF, where P is the price vector of the commodity with r components, K i an ncr matri x 
of constants which determines how rapidly prices adjust to excess demand , and F 
designates as usual, the excess demand vector function . 

Here, in general each component of F is a function of the current price vector P and th 
expected future price vector pf. In discrete time the price vector pf refer t th 
anticipated price for the next time period. In continuous time, pf corre pond t th 
anticipated prices in the next infinistsmal time period. 

In our previous sections discussions we implicitely assumed that pf = P, i.e, that the 
expectation are static, and we accordingly took the matrix K as a diagonal matri with 

positive components. 

Here by contrast, we permit the expected future prices to deviate from current ~ ri 
ac ording to a determinative law and this way influences the flactuation of current pnc 

Notice that the effects of expected future prices will be considered only with regard t th 

structure of local stability. 

At equilibrium P = P* it is customary to suppose that pf = p* , i.e, the expectati on and th 

actual prices agree. 

" 'mate F(p pI'. about an equilibrium pri 
Hence by Taylor s expansIOn we maya approXi , ) 

vector p*, as follows : 

Fi (p,pt) == Fi (p* , p*) + t (OFi[P*,P*] lopjl) (Pjl - p* jl) 
; ::: 1 
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Then by some error we can approximate F (p pf\ b I' C , ) y a mear lorm 

, ., 
± (0 Fi [P *,P*] IOp{1 ) (p{ - pj*) 
,., 

Which is valid in the neighborhood of p* , 

Let aij = OFi[P* ,p*] IOpj and bij = u Fi[p*,p*] lup/ 
n 

=> Fi = L aij (pj - P*j) + ± bij (p{ - pj*) 
i=1 j", 1 

The problem of ensuring the local stability of dp/dt = KF can thus be reduced t the 
problem of stability of the linear system of diffemtial equations: 

dZ/dt = K (AZ + BW) (20) 

Where Z(t) = pet) - p* and wet) = pf(t) - p* 

Since the linear system involves the two functions Z(t) and Wet) . To completely 
the dynamics of the price system it is necessary to indicate how Wet) is related to un nt 

pnces 

One assumption is that changes in the expected future prices of the i th comm dit ar 
induced by changes in its actual prices according to the relation 

p/ _ Pi + 11i dpJdt, where Tli is a constant with 
a) If11i = 0, then the current prices are expected to presist 
b) If 11i > 0, then some multiple of the changes in prices is added to the 

prices in arriving at the expected price-
c) If 11 i < 0, expected prices doesn't change as much as actual prices. 

In vector notation we can write it as Pf= P + Tl dp/dt 

In the above notation Wet) = Z (t) + Tl dp/dt 

Inserting in (20), we have 

dZ/dt = K [AZ + B (Z + Tl dp/dt) ] 
= K (AZ + BZ) + BTl dZ/dt) 

=> dZ/dt - KB11 dZ/dt = K (AZ + BZ) 

=> dZ/dt (I - KB11 ) = K (AZ + BZ) 

59 

CLi rrent 



or dZ/dt =( I - KBll yl K (A+B) Z, provided that the matrix [ I - KBl1 r l 

We shall assume for convenience in what folio th t th . . . ws a e mverse matnx I well defin d. 

In the case of static expectations (pf= p) the correspo d' d . (A+B)Z ' n mg ynal11Jc y tern i dZ/dt = K 

LEMMA 5 

Let ! be a stable M-m~trix of order r. ifD is a non-singluar diagonal matrix, th n DT ha 
no elgen values on the Imaginary azis. 

Proof 

s ppose to the contrary that iA is an eigen value of Q = DT (obviou Iy ",*0, in e T i 
non-singular) 

Consequently there exists a non-zero vector x such that 

dij ± tij Xj = iA Xi (i = 1,2 ... ,r) 

G~ t · X=iAx · ~ IJ J IJ 

1= \ 

Adding a sufficiently large positive multiple Il of the identify makes it i certai n that T III 

= S is a non-negative matrix. Then the above equation becomes 

i Sij Xi = (Il + iA/dij ) Xi 

Taking absolute value and identifying Yi = lXii , we obtain 
sy > (mini Il + iA/dij Iy) 2: IlY and y > 0 

from the characterization of the spectral radius of non-negative matri ce a glv n In 

Lemma 2 it follow that there exists an eigen value Ao (s) > 11 

consequently T has a non-negative eigen value, contrary to the hypothe i . H n e the 

Lemma is true. II 

THEOREM 7 

Let T be a stable M-matrix, and let Q be a real diagonal matrix. Then QT i tabl if and 

only if the diagonal elements of Q are strictly positive. 
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Proof 

(=» suppose QT is stalbe, and obviously Q is non-singular 

Let Q represents a real parameter (0 :s Q :s ] ) and consider the family of matri 
Q [QT - (1 - Q) I ] = 

For each Q , the bracketed term is a stable m-matrix and U(Q) stable too. 

Therefore by Lemma 6, u (8) never has an imaginary eigen value. But the io n alu 
vary continuously and has for each 8 with 0 :s 8 :s 1, they alway lie interi or to th I ft 
have complex plan since that is the situation for 8 = 1. Using thi s fact for 8 = 0, w in fl r 
that the dIagonal element ofQ are all positive i.e. 

u(O) = Q [O.T - (1-0) I] = -QI.= -Q => Q>O (since U is stable) 

(<=) suppose that the diagonal element of Q are strictly positive. 

Clearly QT is an M-matrix, more over - (AT) = -T -I Q -I is a positiveity pre ervin ' b 
Lemma I (c) QT is stable.!! 

The economic significance of Theorem 7 is as follows . 

Definition 

Two commodities labeled i and j are called complementary if Fi I Pi < ° and 

Example pen and ink. If the price of ink rises, the demand for pen drop ) and 
conversely. 

' F/ ' 0 - " p; 
t 

1. The fact that the matrix T = A+B has non-negative off diagonal element mean that 
the system contains no complementary commodities. 

2. If the matrices K, B, and 11are all diagonal, then theorem 7 asserts that th 
expectationless system (A) is stable if any only if all t~e Kii ar~ positi ve. . 

3. For T = A +B stability remains unaffected by the mtroductlOn of the ex pectatl nal 
cofficients if and only if I> kii bii 11ii \Ii 

Follows from dZ/dt = [ I - KB 11] -1 K (A+B)Z 

THEOREMS 

A real negative quasi-definite matrix is stable. 
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Proof 

Suppose that Tx = AX where x = XI + iX2 and A= Al + iA2 with XI and X2 ar r al 
not both zero. 

Now T(xI+ iX2) = (AI+ A2) (XI+ iX2) 
TXI+ iTx2 = Al Xl - A2 X2 + i (AI X2 + A2 XI) 

writting the real and imaginary parts once again 

and also ( xl) TXl) = (Xl, Al XI - A2 X2) 
(X2JTx2) = (X2, Al X2 + A2 XI ) 

<=> (Xl, TXl ) + (X2 ,TX2) = A (XI , Xl ) - A2 (Xl , X2) + AI (XI , X2) 
+ A2 (X2, XI ) 

= AI[ (XI , XI ) + (X2, X2) ] 

By the hypothesis (xI,Txl ) < 0 

, and (X2, TX2) < 0 

:::::> Al [ (Xl , Xl) + (X2, X2) ] < 0 

:::::> Al < 0 
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