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ABSTRACT

The‘eiements of group theory are presented. Representation theory

of both finite and continuous groups is suitably developed. The
Schwinger formulation of angular wmomentum theory is discussed and
applications of SU(2) symmetry to elementary particle physics are -
considered. The dynamical symmetries of the Coulomb and isotropic
oscillator problem are studied. The connection between Quasi-Exactly-
Solvable problems and group theory is analyzed. A number of interes-
ting open guestions are shown to emérge and partial answers tdisome

are provided. Perspectives for future work are recorded.
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INTRODUCTION

Qur interest in group theory stems from its uti]it} in §implifying quantum
mechanical problems, An important share of theoretical work in extra
nuclear physics {physics of atoms, molecules and solids) belongs to the
realm of solving the eigenvalue problem of the Hamiltonian operator. Apart
from spin and relativistic effects H is obtained from the classical expres-
sion for energy H(pi,qi) through the usual operator substitution §{~§»ihvi.
For low energy phenomena which mainly concern us here,spin can be incor-
porated through the standard two component Pauli treatment. The basic

Hamiltonian, accurate enough for the mentioned domain is easily written

down as
2 2 2 2
Ho= I Ei+z E_k__ z Zke-&szZ?e%‘z e?
25 20 nuc 2Mp  nuc,et Ty Tio er Tyj
¥ Hso ¥ Hss ¥ ths * Hext
Where Hso’ HSS, ths’ Hext refer to spin-orbit, spin-spin,hyperfine,struc-

ture and external field couplings (such as applied external magnetic or
electric fields) réspective1y. Even for simple systems it leads to very
complicated wavefunction and one should have no hope to ever reduce them
to the class of solvable problems like the Coulomb problem, the oscillator

problem or that of non-interacting particies iin a square walled box.

Approximations must thus be sought. Prior simplifications based on symmetry
thus become an important sfarting point. Further approximations which then

reduce the generdlity and accuracy of the rasult may then be invoked.

The need for symmetry based simpiification requires a basic knowledge of
group theory. What concerns a phyvsicist mosc is the symmetiry of the Hamil-

tonian operator. The representation theovy of ¢roups is thus of paramount
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importance to physicists. This is one of the main topics we focus on in
this work. Of course, first a some amount of abstract group theory will

have to be discussed.

By recognizing the syimmetry group associated wiih a Henmiltonian one is_
often led to a considerable direct simplification of the diagonalization
problem through the recognition of selection rules which can eliminate a
number of matrix elements by inspection. This is so because if H commutes
with R then H and R have a cowmon eigenbasis. Two functions that helong

to different eigenvalues of R can not be connected by H.

The use of group theory a]sg{]eads to additional insight, into the dynamics
of a given problem. We know that dageneracies almost always originate in
the existence of underlying symmetry groups. The invariance of a Hamilto-
nian under & rotation group, for example, implies & (2w + 1) fold degene-
racy among the energy levels, The existence of larger degeneracies of the

Coulomb and the oscillator problems ultimately find their clues in the

fact that the corresponding Hamiltonians have much larger symmetries than

are manifest.

Group theory alse turns out to be useful in cases where the Hamiltonian

can not be written downy as we have done above. This is so in the domain

of nuciear and subnuclear physics where we are Fot certain about the inter-
action poten%iaTélbut the observed regu!aritieS in a system still permit

- a recognition of underlying symmetry groups. Many elementary particles

were discovered in this manner,

In the last few years a new application of group theory seems to be emerging.

This is the domain of quasi-exactly-solveble problems. Usually, when a
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Schrodinger oquation can not be vegucad fo a two term recursion relation,
ciosed %orm.soiutious are hard to write and the imposition of the square
integrability condition becowes problematic. In such cases one finds that
if a connection betwsen M and somz symnetry group can be established i.e.,
if the Hamiitonian can be written as & function of group genarators then
a partial set of solutions that are wanifestiy norieal izable can be wrill L
down. Such knowledge provides some information about the system and could

also form a basis for a Timitad perturbative trestment.

The plan of the thesis is as follows:

In Chapier one we outiine the elements of graup theory. Chapter two is
devoted to e represeat&tieﬁ theory of finite groups. In Chapter throc
we will study vepresentation’thgary of coniinuous groups. One of the most
important g oups in physics is the votatioa group, we will follow here an
elegant procedure due to Schwinger to  be discussed in Cnapter four. We
also study SU(2) group using this wethod. Finally, we will dwell upon the
fact that exactly sclvable problems in quentum machanics have an intimate
connaction with group theory. To this end we will analyze the Coulomb
probiea and tha caoillater problems in one two  three dimensionz. o
will lezrn that the well knouwh accidental &eganeracies of the Coulomb and
osci1létar problems Gerive frem the larger symmztries of the underlying
Hamilionians than s m;ﬁifest. We will discuss also dynamical groups which
are not invarionni groups Lit sive intivetely relatzd to certein Handltonians
rendering them either exactly or quasi-exactly-solvable problems. The

jmnense utility of the quasi-oxactly-stlvoble probiems will be discussed.
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CHAPTER 1

ABSTRACT GROUP THEORY 23

1.1 Deffnifions_and Basic Concepts

A grbup is a set of distinct elements, G = {E,A,B,C,... }, endowed

with a law of composition (such as addition, multiplication, matrix

multiplication, etc.), such that the following properties are satis-

Tied:

-a) The composition of any two elements A and B of G under the given

b)

¢)

law results in an element which also belongs to G. Thus,
AoBeG, Bohceag, (1.1}
where we have denoted the composition of two elements of G by the
symbol o. Symboiiéally,
AolBe G VA, Be G
This property is known as the closure properiy of the group and

tha set is said to be closed under the given law of composition.

There exists an identity element Ee G such that for all Aeg,
. EoA=A0FE=A4A : (1.2)
Symbolically, |
FEeG 2EoA=A0E =7 YAcG

E is known as the identity element of G.

P

For any element A G, there exists a unique element Be G such

tha% " -
AoB=BoA=¢E (1.3)

Symbolically,
VYAeG 3BecG A0 B=sBo A =§E
B is called the inverse of A, and vice versa.

(b) end (c) arc not independent axioms.
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d} The law of composition of the group element is associative, i.e.,

“for any A,R,C, ¢ G
| Ao(BoC)=(AoB)oc (1.4)
Symbo]ica)‘iya
Ao(BoC)=(AoB)oGC VA,B,CEG

The number of elements in a group is called its order. A group comtain~
ing a finite number of elements is called a finite group; a group con-
taining an infinite number of elements is called an infinite group.

An infinite group may further be either discrete or continuous. If

the number of the elements in a group is denumerably infinite (such

as the number of all intégers), the group is discrete; if the number
of the elements in a grou? is nondenumerably infinite (such as the

number of all real numbers), the group is continuous.

The product of the group elements is not necessarily commutative,
i.e., in general, AB # BA. If all the elements of a group commute

with each other, it is said to be an abelian group.

A subgroup H of G is a subset which is itself a group under the group
multiplication defined in G. The subgroups G and {E} are called

improper subgroups of G. A1l other subgroups are proper.

Some examples of groups are:

i) The real numbers R with addition as the group product. The product
of two elements A,B is their sum A+B. The identity is 0 and the
inverse of an element is 1ts negative. R is an infinite abelian
group. Among the subgroups of R are the integers, the even

integers, and the group consisting of the element zero alone.
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i1} The nonzero real numbers in R with multiplication of real numbers

as the group product. The identity is 1 and the inverse of reR
is 1/r. Group muitiplication is again commutative. One of the

subgroups is the group of positive numbers.

1i1) The real special linear group SL(n,R). Here, n is a positive inte-

iv)

ger. The group elements are nonsingular nxn real matrices with
determinant +1. Group multiplication is ordinary matrix multipli-
cation. The identity element is the identity matrix E = (Gij)’
where 61j is the kronecker - deita, The inverse of an element A
is itg matrix inverse, which exists since A is nonsingular.

Clearly SL(n,R) is infinite and nonabelian.

The symmetric group Sn. Let n be a positive integer. A permutation
of n objects (say the set X = {1,2,...,n1)is a 1-1 mapping of X
onto itself. Such a permutation S is written
1 2 ... n

S = ) (1.5)

! pl pz R pn
and we say: 1 is mapped into Py 2 into Pos voe 5 N into Py The
numbers Pis «ees Py are a reordering of 1,2, ..., n and no two of

the py are the same. The order in which the columns of (1.5) are

written is unimportant. The inverse permutation 5"1 is given by
3 Py Py e P
sl (" "2 n) (1.6)
) 1 2 ...
The product of two permutations S and t,
£Q, Gy +es Q
¢ = ( I “) | (1.7)
i 2 ...n

is given by the permutation

(ql qZ e qn) -
St = Py Py e Py (1.8)
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where the product is read from right to left. That is, the integer
- G is mapped to 1 by t and 1 is mapped to Py by s, so'qi is mapped

to P; by st. The identity permutation is

1 2 ... n

e = ( ) (1.9)

12 ... n -

with these definitions the permutations of n objects form a group

Sn called the symmetric group. Sn has order n!,
v} The group of order two consisting of the real numbers 1, -1, with
ordinary multiplication as the law of composition.

vi) The group of order four consisting of the complex numbers 1,i,-1,-i

(where i? = -1), under multiplication.

vii) The set of two matrices [, 91 and [“é _?j under matrix multipli-

cation.

viii) The set of all nonsingular square matrices of order n(n a positive

integer) under matrix multiplication.

1.1.1 Groups of Transformations

The group of particular interest to a physicist are the groups of
transformations (such as rotations, reflections, permutations,
translations, etc;) of physical systems. A transformation which
leaves a physical system invariant is called a symmetry transfor-
mation.of the system. Thus, any rotation 3? a circle about an axis
passing through its center is a symmetry transformation for it.

A permutation of two identical atoms in a molecule is a symmetry

transformation for the molecule.

The set of all symmetry transvormetions of a systém forms a group.
The group of all symmetry transformations of a system is called the

group of symmetry of the system.
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1.1.3

The Rearrangement Theorem

A1l products of the group elements can be represented by‘a table,
known as the group multiplication table. Ia the multiplication table
each column or row contains each element once and only once. This

rule is trué in general and is called the rearrangement theorem. ..

To prove this theoram, we show that no element can occur more than
once in a row o a column. For, suppose an element D occurs twice
in a columa corresponding to the element A. This means that there
exists two elemants, say 8 and C, such that

BA =0 and CA=0D
Multiplying from the right by A"I, we get

1o¢= ot

B = DA™
showing that B = €, which is contrary to the hypothesis that the
group elements are distinct. The sam2 line of arqument can be used

to show that no element can occur more than once in a row.

An important consequence of this theorem is that if f is any function

of the group elements, then

: f(A) = = f(AB) {1.10)
Ael Ael

wWhere B is an element of the finite group G and the sum runs over

- -
all the group vicmeils™.

Generators of a Finite Group

It is possible to gencrate a1l the zlements of a group by starting
from a certain set of elaments which are subject to some relations.
Consider the smallest set of elem2nts whose powers and products gene-
rate all the eizmenis of the grovp. The olements of this set are

called the generators of the group.
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As an example suppose we wish to generate a group from two elements

A and B subject only to the relations A = 8° = (AB)? = E,

The group must contain the etements £,A,B and B?, since A® = £ and

B® = . But then it must also contain all the products of A,B and B?
among themselves. Hence, we get two new elements of the group, AB and
BA. 1t can be shown that A and B do not commute, since if they do,
then from the relation (AB)? = E, Qe have

E = ABAB = A®B® = B° | .
which is not true. Therefore AB and BA are distinct elements. He have
thus generated the six elements of the group E,A,B,8%,AB,BA. It can
now be shown that this set is a group, i.e., it is closed under

multiplication.

The generators of & group are not unique; they can be chosen in a
variety of ways. Thus, for example, the group of order six of example
above may be generated by any one of the following sets of generators:

(AsB)s (A;Bz)s'(AsAB)s (BsAB), etc.

Conjugate Elements and Classes

An element B is said to be conjugate to A if

b= XA or A= xTlex (1.11)
Where X is some member of the group. The operation is called a simi-
larity transformation of A by 8 or of B by A. Further, if B and C

are both conjugate to A, they are conjugate to each other.

To prove this we assume that

B = xax"! and ¢ = vay'! (1.12)
then, A= yoley
and B = xv rovt = v hye vyt = zeztt
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It immediately follows thal we can splii a group into sets such that
all the elements of a set are conjugate to each other but no two
elements belonging to different sets are conjugate to each other. In
fact, such sets of elemenis are callad thé conjugacy calsses or simply
the classes of a group. The identity element E always constitutes a
c¢lass by itself in any group, since, for any.e1ement A of the group,

A len = £,

In case we are dealing with groups of transformations consisting of
rotations, reflections and inversion of a physical system, there are
some simple rules which allow the determination of the classes of a
group without having to perform explicit calculations for all the
elements. These are:

i) Rotations through angles of «ifferent magnitudes must belong to

differant classes.

i1} Rotations through an angle in the clockwise and in the anticlok-
Wise sense about an axis belong to a class if and only if there
exists a %ransfermation in the group which reverses the direction
of the axis or wihich changes the sense of a cartesian coordinate
system (i.e., takes a right-handed system into a left handed one

oy vice versa).

111) Rotations throunh the same angle about {wo different ares or
reflections in two discincet planes befong to the same class if
and only if the two axes or the two planes can be brought into

each other by some clewment of the group.

In abelian groups, each element is in a class by itself, since

Y LR VO Sl Ve
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1.2.1 Multiplication of Classes

1.3

Let Ci = (A, A - Am) and C. = (B;, B s Bn) be two

i 12 Bpr

classes (same o distinct) of a group containing m and n elements,

pr e o
reenectively. We define their product as a set of containing all the
elements obtained by taking the products of each element of Ci with
every element of CJ. We keep each element as many times as it

oceurs in the product. Thus,

€;C

(A
35 A

hoBos vivs Agbpseuss A B ) " (1.13)

i 181’ M h

We can easily show that the set Cicj consists of complete classes.
1t would bhe enough to show that if an element AQBK helongs to the
set cicj, tnen any element conjugate to Asz also belongs to the
set. Corsider an element conjugate to A,B), with respect to some
element X of the group G:

HagBx = (1B x) = A B, say REY

where, by the definition of 3 class, Ar belonys to Ci and BS belongs
to €. Hence,-APBq halongs to the set Cicj‘
He can thin capress tha preoduct of two classes of a group as a sum
of complete classes nf the group:
C.o= Lo, 0. o L .-

S I AL T T S Ce :(}.15)
where, a4y are nopnzgative integers giving the number of times the
class Ck is contained "in the product Cicj and the sum is over all the

classes of the group.

Subgroups
A set H is said to be a subgroup of a group G if H is itsel+ a gr-
under the same law of composition as that of G and if all the elements

of H are also in G.
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Every group G has two trivial subgroups - the identity element and
the group G itself. A subgroup H of G is called a proper Subgroup if

H# G, i.e., if G has more elements than H.

As an example of a subgroup we have a group of positive numbers which
are a subgroup of nonzero real numbers with multiplication of real
numbers as the group product. The real numbers R with addition as
the group product have subgroups such as the set of integers, the set

of even integers and the group consisting of the element zero alone. -

Cyclic Groups
If A is an element of a group G, all integral powers of A such as
A%, A%,..., must also be in G. If G is a finite group there must
exist a finite positive integer n such that

A" = E, (1.16)
the identity element. The smallest positive (noh zero) integer satis-
fying (An = E) is called the order of the element A.

' !

The group (A, AZ, Aa, vees A = E) has the property that each of its
elements is some power of one particular element. Such groups are
called cyclic groups. A group generated by a single element is a
cyctic group. Clearly, cyclic groups are abelian, while the converse
i$ not necessarily true,
Cosets

Consider a subgroup H = (H1 EEI’HZ""’ Hh) of order h of a group G

which is of order g. Let X be any element of G. Construct all the
products such as XE, XHZ’ etc., and denote the set of these elements

by
XH = (XE, XH,, XHyyooos XHh). (1.17)




1.3.3

13
Now there arise two cases - X may be in the subgroup H or X may not
bé in H, If X is a member of H, the set XH must be identical to the
group H by the definition of a group. In the set XH, we only have a
rearrangement of the elements of H. This can be denoted by
XH =H if XeH (1.18)
On the other hand, if X does not belong to H, one can show that no

element of the XH belongs to H.

When X is not a member of the subgroup H (but, of course, i; a member
of the full group G), the set XH is called the left coset of H in G
with respect to X. Similarly, we can define the right coset of H in
G with respect to X as the set of elements

HX = (EX, H2X, H3X, N HhX), (1.19)
which will also be disjoint to H if X is not in H. A1l the elements
of the left coset and the right coset must of course belong to the

bigger group G since X as well as Hi belongs to G.

A Theorem on Subgroups

If a group H of order h is a subgroup of group G of order g, then g

is an integral multiple of h,

To prove this, let H = (E,Hz,H3, cies Hh) be the subgroup of G. We
can form the left{ coset of H with respect to an element XeG which
does not belong to ﬁ; Now all the elements XHi (1< 1 < h) belong to
G but none of them belong to H. Thus, we have h new elements of the

group G. We have so far generated the following 2h members of G.
HUXH = {E,HZ,H3, N Hh,X,XHz, cess XHh) (1.20)

If this does not exhaust the group G, then we can pick up an element

Y from the remaining elements of G such that Y belongs neither to H
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nor to XH. Again, forming the left coset YH, we see that all the
elements YH belongs to G, but no element of YH can belong to K.
That is, the sets H and YH are disjoint. He can show that the sets
H and YH and XH are also disjoint. Thus, we have a set of h new

elements of G, making altogether the 3h elements.

HUXHUYH = (E,Hz,...,H X,XHZ,...,XHh,Y,YHZ,...,YHh) (1.21)

h!

If this still does not exhaust the group G, then we pick up one of
the remaining elements of G and continue the process. Every f%me we
generate h new elements, which all belong to G and hence the order

of G must be an integral mutliple of h.

The integer g/h is called the index of the subgroup H in G,

If an element A of a finite group & is of order n, we have seen that

the set (A, A%,..., A" = E) is a subgroup of G. Hence it follows that

the order of every element of a finite group must be an integral

divisor of the order of the group.

Normal Subgroups and Factor Groups

If the left and the right cosets of a subgroup H with respect to all
the elements XcG are the same, then H is called a normal subgroup

or an invariant subgroup of G. This condif{ion can be written as

XH = HC  or  X“THX = H for all XeG (1.22)
We can also express this condition alternatively by requiring that
every element of XH be equal to some element of HX, or

- : -1
XHi = Hjx, 1.8., X

Hjx = Hi _ {1.23)
But this is just the conjugation relation between the elements Hi and

Hj and shows that if an element Hi belongs to a normal subgroup H of G,
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then all the elements conjugate to Hi also belong to H. This often
expressed by saying that a normal subgroup consists of complete
élasses of the bigger group. The converse also hofds, t.e., if a
subgroup H consists of complete classes of G, then H is a normal

subgroup of G.

The multiplication of two cosets is defined as the set obtained by
multipiying each element of the first coset with every element of

the other, repeated elements being taken only once.

When we consider the cosets of H as elements, and define product as
the result of coset multiplication, the cosets of the invariant sub-
group form a group which is called the factor group {or quotient

group) symbolized by K = G/H.

Direct Product of Groups

The direct product of two groups H = {H

1 F E,HZ,H3,..., Hh} of order

h and K = {K1 2 E,KZ,K3,.‘., Kk} of order K is defined as a group G

of order g = hk consisting of elements obtained by taking the

products of each element of H with every element of K,'provided

i) that H and K have no common e]ement except the identity element
and

ii) that each element of H comnutes with every element of K.

The dirgct-product group is denoted by

G = HEK = (ESEKsEKgs e s B G Hy Koy e HoKy e st Ky ) (1.24)
Taking the direct product of groups provides the simplest method of
enlarging a group. This concept finds its immediate use in the study
of symmetry of physical systems such as atoms, molecules, crystals,

nuclei and elementary particles. To take an example suppose G is a

L
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group of symmetry (of a system) consisting of proper rotation only.
Suppose we later discover that the inversion, J, is also a symmetry
transformation of the system. The inversion operator J along with
the identity E constitutes a group of order 2, (E,d). Since the inver
sion commutes with all rotations, we can take the direct product of

G with (E,J) to obtain a bigger symmetry for the system which is now

() (E,J).

[somorphism and Homomorphism

A1l groups having similar multiplication tables have the same struc-

ture-they are said to be isomorphic to each other.

Mathematically, there is an isomorphism between two groups

G = {E,AB,C,... } and G' ={E",A'",B',C',...) both of the same
order g, if there exists a one-to-one correspondence between the
elements of G and 6'. In other words, if the one-to-one correspon~
dence is denoted by A+ A', B<*B', C<*C', etc. then a mu%tiplication
such as AB = C in the group G implies that A'B' = C' in the group G'.
The multiplication table of G' can thus be obtained from that of G
simply by replacing the elements of G by the corresponding elements

of G'.

It should be noted that the identity element of one group corresponds

to the identity element of the other group under isomorphic mapping.

Very often we come across a many-to-one correspondence or mapping
from one group to another {or one set to another, in general). We
say that there is a homomorphism from a group Gl to another 62 if
to each element A in G1 there corresponds a unique element o (A) of

82 such that ¢(AB) = o(A) ¢(B). The mapping ¢ must be defined for
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all elements of G;. The element ¢ {A) of G, is called the image or map
of the element A of G1 under the homomorphism. Although each element

A of G1 is mapped onto a unique element ¢ (A) of 62 several elements

of Gl may be mapped onto the same element in GZ‘ Thus, it may happen
that #{A) = ¢(B) even if A # B, If n elements of G, are mapped onto
each element of Gz, we say that there is an n-to-1 mapping or homomor-
phism from G1 to GZ' It is evident that if n = ], the mapping reduces

to isomorphism,

To make the concepis more clear let G = {E,A,B,C,...} be a group of
order g and let G' = {EI’E2""’En’A1’A2""’An""} be a group of
order ng (note that only one element, say E1 is the identity of G').
Suppose that it is possible to split the group G' into g sets (Ei)’
(Ai)’ etc.; each containing n elements such that the elements of G'

can be mapped onto the elements of G according to the scheme

EI’EZ""’En - > £ AI,AZ,...,An—~——> A etc. (1.25)

Then the group G' is said to be homomorphic to G if the mapping is

such that the product

§
A{Bs = 1 <K<n (1.26)

in &' implies AB = C in G, where C is the image in G of the elements

Cl’ CZ""’Cn of G'. We say that there is an n-to-1 homomorphism or

mapping from G' to G.
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CHAPTER 2

REPRESENTATION THEORY OF FINITE GRoups '*">"*

In this Chapter we are going to study about matrices representing all the

elements of a group. The study of such matrices comes under the representa-

tion theory of groups.

2.1
2.1.1

Introduction

Definition

tet G = {E,A,B,C,...,} be a finite group of order g with E asdthe
identity element. Let T = {T(E), T{A),...,} be a set of nonsingular
square matrices, all of the same order, having the property

T(A)T(B) ="T{AB) (2.1a)
that is, if AB = C in the group G, then

T{A)T(B} = T(C}, (2.1b)
then the set T of matrices is said to be a representation of the group
G. The order of the matrices of the set T is called the dimension of

the representation.

If all the matrices of the set T are distinct, there is clearly a
one-to-one correspondence between the elements of G and the matrices
of 7. In this case, the groups G and T are isomorphic to each other
and the representation generated by the matrices of T is called a
faithful representation of G. On the other hand, if the matrices of
T are not all distinct, there exists only a homomorphism from G to
T and such a representation is called an unfaithful representation

of G.

The simplest representation of a group is obtained when we associate

unity with every element of the group. This is known as the identity
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representation. The identity representation is clearly an unfaithful

representation of any group.

Some Properties of The Representations of a Group

The identity element £ of G has the property that EA = AE = A for all

elements AcG. In terms of the matrices of a representation, this

jmplies that

T{E)T(A) = T(A)T(E) = T(A) . (2.2)
We see that this matrix equation is satisfied only if T(E) = £, the
unit matrix. Thus, in any representation, the identity element of
the group must be represented by the unit matrix of the appropriate

order,

On taking AL for B in (2.1a), we see that
Ty = Ty = T(E) = &

o (A = [1(a)77! (2.3)

This is to say that the matrix representing the inverse of an element

is equal to the inverse of the matrix representing the element.

Consider two representations of a group G given by
Ty = ATENL T (A) s 3, Ty = (TL(E),T,(R),. .
Then, T1 and T2 are said to be equivalent representations of G if
there exists a nonsingular matrix S such that
1

Ty (8) = ST, (A)S, T,(8) = s7MT,(8)s, etc. (2.4)

In short, ' Tl = S'ITZS (2.5)

If two representations of a group are not equivalent to each other,

they are called inequivalent or distinct representations.
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Invariant Subspaces and Reducible Representations

It is evident that the vector space L, which is used to generate a
representation of the group 6 has the following property: For every
etement A of G and every vector ¢el,, A¢ also belongs to L. We say
that the vector space L, is closed under the transformations of G.
It means that the operation of any element of G on any vector of Ly

does not take us outside Lp.

A vector space L, is said to be a subspace of another vector space Ly
if every vector of Ly is also contained in L,. L, is called a proper
subspace of Ly if the vectors of L, do not exhaust the space Ly.

Thus, L, is also a subspace of itself, but, of course, not proper.

The vector space L, which is closed under G, may posses a proper
subspace Lm which is also invariant under G. In such a case, Ly s
said to be an invariant subspace of L, under G, and the space L, is

said to be reducible under G.

Reducibility of a Representation

Let, as before, (T(E),T(A),T(B),... 1 be a representation of G in i),
We now state that if Ly has an invariant subspace Lyp{m<n) under G,
then in a suitable basis the matrices of the representation have the

form

TA) = =« « = o oo = {2.6)
where D(l)(A) and D(g)(A) are square matrices of order m and n-m
respectively, X(A} is of order (n-m} xm and 0 is a null matrix of

order mx(n-m).
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Let us consider the product of twe elements of the group G, say,
AB = C. In terms of the matrices of the representatibn considered

above, we have T(A)T(B)} = T(C), or

0@yt o Wy ! o
T(C)= _.m_....f. _____ ‘....._‘_n..;.:_...__...m

a1 oBwl e | 0@

e i t

(1) (1) '

L 1.2 en

k(o (s) + 0 ayx(e) ¢+ 062 ()02 g)|

- i

But T{C) must itself be of the form

Therefore, we have
o (e = o) , 0@ @ ey = 1@ey (2.8

d :
o x(A)0 1 (8) + 0 p)xep) = x(c) (2.9)

From (2.8), it is clear that the two sets of matrices

o) = o e),p M m),..00 and 002 = @) p@ (). a1so
gives us two new representations of dimensions m and n-m respectively
for the group G. It is also clear that the basis vectors STRIPTRRFUIN
are the basis for the representaiton p(1) and the remaining n-m basis
vector {¢m+1""‘,¢n} for D(z). In this case, T is said to be a
reducible representatjon. Thus, we see thﬁt the reducibility of a

representation s connected with the existence of a proper invariant

subspace of the full space.

2.2.2 A Theorem on Representations

We sihall now show that any representation T of a finite group, whose

matrices may be non unitary, is equivalent {through a similarity
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transformation) to a representation by unitary matrices. For this

purpose, we define, a hermitian matrix

o + “
W= B TNT ) (2.10)

Where the summation is over all the elements of a group G. We invoke
a theorem ffom matrix algebra that a hermitian matrix can be fully
diagonalized by a unitary transformation; If U is the necessary
transformation, then

UtHy = Hg (2.11)
where Hy is a diagonal matrix whose diagonal elements are the’ (real)

eigenvalues of H. Using {2.10) and (2.11), we have

s ulray vttt Ay -

-1
Hi = U
d Acl

+
AEGT(A)T (A) U

H

1 14
A:GT (A)T'F(A) (2.12)

where T'(A) = U”lT(A)U.

The required similarity transformatioh matrix which converts the non

unitary matrices T(A) into unitary matrices r(A) is then seen to be

1
V = UHg (2.13)
1

] i 1
giving r(A) = V- IT(A)v = Hg Uir(a)uny = HdT*(A)Hﬁ (2.14)
© To verify that the matrices r{A) are indeed unitary, we note that

r(A)r (A)

t

-4 i 1 "Jz‘-s
[HG*T* (AYHE] [HZ T’+(A)Hd J

i

HG? 1" (A)HgT* +(A)HG

[t}

Ha%T'(A)BEGT'(B)T'+(Bf1'+(A)Ha% by (2.12)

I

"% i 3 i+ "%
Ha® 2 T'(AB)T'*{AB
dpis (AB)T'+{AB)Hq

HitHgHgt by (1.10) = &

u

which shows that (A} is a unitary matrix.
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2.2.3 Irreducibie Representations

If the representation T considered above is reducible, the represen-
tation r= {r{(E), r{A},...} , defined by (2.14), is also reducible,
since they are defined in the same space and are equivalent, Moreover,

since the matrices of r are unitary, they must have the form

PA) =| — == —p — = (2.15)

where we have the two representations by unitary matrices

s ey, s qay, . 0 and 8= 058y s py,. 00 which
are defined in the spaces Ly and Ly {p = n - m) aﬁd hence are equi-
valent to D(l) and 0(2) respectively.

2) are further

It may be possible that the representations S(l} and S(
reducible, i.e., the spaces I and Lp may contain further invariant
{proper) subspaces within them. This process can be carried on until
we can find no unitary transformation which reduces all matrices of a
representation further. Thus, the final form of the métrices of the

representation T may Took like

;(1)(A) |

e e - ——

]‘(2)(A)1
- .._{__ , etc.  (2.16)

r —
il”
I

1
|
!
!

(51 (n)

with all the matrices of r having the same reduced structure. When
such a complete reduction of a representation is achieved, the
component representations of the group G and the representation r is

said to be fully reduced.
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It may be noted that an irreducible representation may occur more

than once in the reduction of a reducible representation r. The
matrices of the representation r are just the direct sum of- the
matrices of the component irreducible repfesentatﬁons and this may

be denoted by
= . p(1) (2) ple) oopy pli)
r=a @@ @ ar fa;r (2.17)
where, in the last step, the symbol for the summation is to be under-

stood in the sense of direct sum,

2.3 The Schur's Lemmas and the Orthogonality Theorem

There are two theorems of fundamental importance which go by the name
of Séhur's Temmas and which are extremely useful for the study of
the irreducible representations of a group. They also lead to the
orthogonality theorem of the irreducible representations and we shall

now consider them.

2.3.1 Schur's Lemna 1

If F(1) is an irreducible representation of a group G and if a matrix
P commutes with all the matrices of r(1l then P must be a constant

matrix, i.e., P = cE where ¢ is a scalar.

To prove this, let A be any element of the group G; then we are given
that

{0y p= prli)(a) for all Acq (2.18)
If the dimension of P(i) is n, P is a square matrix of order n. Since
the matrices of a representation can be taken to be unitary by pre-
vious discussions, it follows that each of the matrices r(A), r{B),
etc., possesses a complete set of n eigenvectors. Since P commutes

with 1r(A), etc., it follows that P also has n linearly independent
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“eigenvectors. Let xj be the eigenvectors of P with the eligenvalues

cj. Then, we have

de eyt (2.19)

Hultiplying both sides from the left by r(i)(A). we get

(1) . U
r (A)ij I (A)cjxj, -
. PP(*)(AJK = ¢ r(§)(A)x (2200
J J AR
by using (2.18). This means that r(i)(A)xj, for all A«G, are eigen-
vectors of P with the same eigenvalue c., Let there he m such indepen-

, J
dent eigenvectors of P having the same eigenvalue c,. But the eigen-

vectors belonging to an eigenvalue generate a‘subsche Ly which is
invariant under G. Now 4f Ly, is a proper subspace of Ly, i.e., if Ly
ts not the same a&s Ly, thert Ly has ah invariant subspace and the
representatinﬁ P(i) mist bhe reducible which is contrary to the hypo-

thesis. Therefore, Ly, must be identical with L, making all the

‘eigenvalues of P equal to each other and equal to, say, gy 8 Co

giving P = cE. The possibility that the invariant subspace Ly, may
tontain only the null vector 1s excluded from considerafion because
¥ x is a null vector, it trivially satisTies the eigenvalue equation
Px = cx with an arbitrary eigenvalue ¢. Hence, the theorem is provéd;

v ER]

Schur's Lemmna 2

If (1) and 3 are two irreducible representations of dimensions
£ and by respectively of a group G and if a matrix M (of erder

By X %} satisfies the relation

ey -1 e for a1 Acs, (2.21)
then either (a) M = 0, the null matrix, or (b) detd # 0, in which

case 11’) and r(j} are equivalent representations.
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It should be noted that two representations can be equivalent only
if their dimensions are equal. Hence, if &, :Ej’ only case (a)

applies.

To prove this lemma we first take the hermitian conjugate of both

sides of (2.21), we have
w0y = G ) MY for all Aca,
or M*r(i)+(g“1)= r(3)+(A"1) Mt for atl Acg.

Multiplying from the right by M, we get

wh ) (ahyw = c0 Dty for all Ace,
(2.22)
or

whrdd) (amly = 3 At for al1 Aca,

It

by using (2.21). Thus, the matrix MM commutes with F(J)(A"l) for
all A=G and therefore, by the the previous Temma, must be a

constant matrix:

MM = cE. ' (2.23)

Consider first the case T Ej = n, say. From (2.23), we have

det(M'M) = det(M’) det(M) = c". (2.24)
+ * -1
If ¢ # 0, then det M # o {because det M = (det M) ); therefore M
exists and from (2.21), we have
£y <t Um for all Aca,

shoviing that P(j) and ?(J) are equivalent representations, If ¢ = o,

then taking the {(i,1) element of (2.23), we find
MY oM. =0 EML Moo= S(MLi2 =0
k Mik Mg =0 or f Mes Mg = (Mgl = 0s

which is possible if and only if M . =0 for I <k < n. But i s

arbitrary and can take any value from 1 to n; hence M = 0.
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In the second case, when ¥ # zj, we can assume without loss of

generality that L < ﬂj. We supplement the matrix M by writing
(%,

- Ei) rows of zeros to give a hew matrix M':

J
, ﬂj L4 Rj"ﬁ.i
P e et Wi A
Mt = ___r_’l,._ }E'i Mi+ = I_M+ :T] (2.25)
0 [y eyee, . o4

By matrix multiplication it is easily seen that M’+M' = M+M, and
hence

det(M'™M') = det(M'M) or det(M'*)det(M') = ",

by using (2.24). Here, we have put Ej = n. However, by inspection
of (2.25), det(M') = det(M'") = 0; hence ¢ = o, and MM = 0. Once
again, taking the {i,1) element of M+M, we see that M = 0, This

cdmpletes the proof of the lemma.

The Orthogonality Theorem

As an application of the above two temmas, consider a matrix M

given by
21 (i) (i)p-1
M_._ Iy T A It » .
3 Ass (A) X (A7) (2.26)
where r(i) and r(j) are two inequivalent representations of

dimensions % and zj respectively of a group G of Erder g, and x

is an arbitrary matrix of order TooX ﬂj independent of the group
elements. Multiplying both sides of (2.26) from the left by r(i)(B),
where BeG, we get )

) (g - ﬁ_;m 220 () xeld) (a1

it

1 {1) wopldlya-ty 2 1 (i) (3)p-1
: AEGI (BA) X ¥/ (A™) 3 CiGr (C) xr¥¥(c™*8)

where BA = C

% Ciﬁr(i)(c)x P(j)(c—l)r(j)(B) - Mr(j)(B) (2.27)
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for all BeG. Therefore, by the second lemma of schur, we have that

M =0,
Taking the (k,s)-th element of (2.26), we obtain

; x (1) i) ra-1y L
A;G PG Fk; (R) qu Fég)(lﬂ‘ ) =0 (2.28)

We now conveniently choose the arbitrary matrix X to be a matrix

all of whose elements are zero except the (m,n) element which we

take to be unity, i.e., qu = Gpm 6qn' Then, we have, from the above
equation
(i PVia-ty - i) (3)*(ay =
AEG Iﬁm)(A) rgs (A7) =0 or Acg km (M) (A) =0
for 1 <km < ag, 1 Enys g (2.29a)

Next consider a matrix N obtained by replacing r(j) in {2.26) by
) that s

P N T A (2.30)
9 Acq

By a treatment that led to (2.27), we can show that

1w = welia) for al1 Ace.
Therefore, by Schur's first lemma, we see that N must be a constant
matrix, say, N = aE, where E is the unit matrix of order I Again,

taking the (k,s)-th element of (2.30), we get

1 (i), (i) ,n-1
| Jake pfq ka (A) qu Tas (A7) = as, (2.31)
As before, if we take_qu = 5pm éqn, then
| (i) (i);a-1y . ;
3 aZe Tkm (A) A (A7) = a S ks (2.32)

To get the scalar a, we take the traces of the matrices on both

sides of (2.30), giving




29

ﬁg £ (1)(A) X (1)(A-l),

= ap, = 4
trace ¥ = ati = g i1 Ak piq k0 '™ ¥oqTak

. (1) (i )
or  anyg p ] Xpq 4% el (A™ ) Pep (A)
= rid )( E) =g & X ? = g trace X
p,q Xpq AE_G "ap Psq PQ PQ !
or a = {trace X)/zi (2.33)

But, due to our choice of X, trace X = 0 unless m = n, in which case

trace X = 1. In short, trace X = 6, .. Hence, we get from (2.32),

AegT (é)(A)F(TJ( 1y - (9/24)6q 6y (2.29D)

for 1 < kynyn,s ¢ 25+ Combining egns. (2.29a) and (2.29b) we get

ag T A RN < e 6o

or (2.34)
£ Tha (A) f§. )y = (gray) 0

H

ALe i3 % ks® mn®

This s known as the great orthogonality theorem for the irreducible

representations of a group and occupies a central position in the

theory of group representations.

As a consequence of this theorem one can establish the relfation

N
r 2t <y (2.35)

where ¢ is the total number of distinct irreducible representations
of a finite group G = {E,A,B,...} of order g. It can be shown that
the equality sign applies in (2.35).
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Characters of a Representation

Let I be a representation {reducible or irreducible} of a group G.
The characters of the representation r is defined as the set of the

traces of all the matrices of the representation r, i.e.,

x(A) = ﬁ rkk(A) | (2.36)
Obviously, if the representation is one-dimensional, the character
is the same as the representation. Also, the characters of conjugate
elements in a representation are the same, because the trace of a
matrix is invariant under a similarity transformation. Thus;‘if A
and B are conjugate elements, then there exists an element C such
that A = C"lBC, or

r(A) = r(c7Y) r(B) r(C) ;

taking the trace of both sides gives

trace {r{A)) = trace {(r(B))
or  x(A) = x{(B) (2.37)

where we have used the cyclic property of trace, that is, for any
matrices P, ¢ and R, we have

trace (PGR) = trace (QRP) = trace (RPQ)

A1l the elements in a class thus have the same character in a repre-
sentation. The character is therefore a function of the classes just

as a representation is a function of the group elements.

Orthogonality of Characters

Eqn.(2.34) can be transformed into an orthogonality of characters
after putting k = m and 5 = n in (2.34), summing over k and s and
using {2.36) as

s ) ) = (7064504 = 055

AeG ij (2-38)
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where x(fJ(A) is the character of the element A in the representation
(i)
r

, etec. If Ny is the number of elements in the class Ck'of the

group, then (2.38) reduces to
- a
< My e n "
T )\
k Vg % gk 6ij {2.39)
i

where xi ) is the character of an element A in the class Ck in the
representation P(1}, etc., and the summation is over all the distinct

classes of G.

An equivalent relation to eqn. (2.35) is
number of irreducible representations of G < number of classes of G,

(2.40)

Taking the equality sign'in (2.40), the orthogonality relation (2.39)

can be expressed in an alternative form as
¢ *
(1% .0y . g
kTR Sk (2.41)
The sum is over all the 1nequivalent irreducible representations of
G and (2.41) denotes the orthogonality of the characters for diffe-
rent classes. It is helpful in writing down the characters of a
group bj inspection.

.« Fr

Reduction of a Reducible Representation

It is possible to find the number of times an irreducible represen-
tation P(i) occurs in the reduction of r. For this we take the traces
of both sides of (2.17). If y(A), etc., denote the characters of the

elements in the representation r, then we have

(8 = 1 a U, ' (2.42)
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*
for all AeG., Multiplying both sides by x(j)(A) and summing over all
the elements of G, we get

2 ) x(a) = 5 a5 XU da) = g,
AeG i AeG
4 ’ a. = -l. L (i)*
0l i%5 alg > (A) x(A). (2.43)

This gives a method for obtaining the coefficients in (2.17). The
characters of the irreducible representations are called primitive

or simple characters, while the characters of the reducible represen~
tations are called compound characters. A compound characterléan be
expressed as a linear combination of the simple characters of a

group as in (2.42).

4.3 A Criterion for Irreducibility

Let us multiply (2.42) by its complex conjugate equation, sum over

+all the group elements and divide by ¢, the order of G, we obtain

[T=3E

AEG x*(.A) x(A} = %lix’j ﬁfita‘j Agax(i)*(A)x(j)(A)z ?iaifz (2.44)

If this quantity turns out to be equal to I for the representationr,
it follows that all the ai's must be zero except one, say A Which
must be equal to unity (note that the ai's are nonnegative integers).
it follows that the representaiton r must be identical with (or equi-
valent tc) the irreducible representation r(k). We thus have a very
simple'criterion for the irreducibility of a representation: The 7
necessary and sufficient condition for a representation to be irredu-

¢ible is that its characters satisfy the equation
avg X(A) x(A) = g, or % onax, =9, (2.45)

where Xj 1s the character of the k-th class of the group.
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The Regular Representation

Given the multipiication table of a group, we canwélways form a
reducible representation called the reguﬂar representation as
follows: ‘Mrite down the multiplication table, rearranging rows so
that they correspond to thé inverses of the elements labeling thé
columns. In this way one naturally obtains only the identity element
E along the principal diagonal. The matrix of the regular represen-
tation for the group element B is then ohtained by replacing B hy

unity and all other elements by zero in the resulting table,

Evidently, in general X(reg)(E) = ¢, and x(reg)(B) =0 for B #E,
since by construction only F(reg)(E) has non-zevo elements on the

diagonal, and it has uﬁity g times.
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CHAPTER 3

2,3,4

. 1,
CONTINUOUS GROUPS AND THEIR REPRESENTATION

Topological Groups and Lie Groups

The elements of a continuous group can be characterized by a set of
real parameters s Bgsenns B at least one of which varies conti-
nuously over a certain interval. Let the number of continuous para-
meters be r{l < r < n). If this number is finite, the continuous
group is said to be finite and r is called the order of thé continu-

ous group.

Some examples of continuous groups are:
1} The set of all real number is a continuous group of order one
because any real number can be characterized by one parameter,

say X, taking values on interval [«« , « ],

2) Consider a Tinear transformation of a variable x to x' of the form

x' = ax + b, a,bef~e, ], a #0. {3.1)

The set'of all such transformations is a two-parameter group, an

element of which can be symbolically denoted by T{a,b) such that

T{a,b)x = x' = ax + b (3.2)
T(al,bl)T(az,bz)x = T(al,bl)(azx + b2)

= al(azx + bz) t by = aja,x + a;b, + by (3.3)
Tag,by) = T(ay,by) T(a,,b,)= T(aja,,a; b, + by) (3.4a)
ay = aja, , by = aja, + by (3.4b)

The identity element is T(1,0} and the inverse is given by

T(c,d) = 171 (a,b) = T(2,- B); (3.52)

C=—;‘§d=-

i

(3.5b)
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The set of all displacements in a three-dimensional real vector
space of the form :

x' = xta, y' = ytb, 2! = zic (3.6)
is a three-parameter, coniinuous group. If we denote the trans-
lation operator by T(a,S,c), the identity element is T(0,0,0)“and

the inverse of T{(a,b,c) is T(-a,-b,-c).

Consider a linear homogeneous transformation of two variables of

the form

X' =apxtany, yo= 8y % + Ay (3.7)
or, in the vector form L (3.8)
with det A = (2541 £0 . (3.9)

The set of all such transformations, obtained by giving all

possible real values to a,. subject to the condition (3.9), is

J
a group. It is a four-parameter, continuous group, known as the
Tinear group in two dimensions and denoted by GL(2}. It can be
seen that-this group is isomorphic to the group of all nonsingular

matrices of order two under multiplication.

Consider a linear homogeneous transformation of n variables

(a generalization of example 4);

Xy =
T

H =233

LITLY 1<i<n jéfjl #0 (3.10)
The set of all such transformations is a continuous, n?-parameter
group known as the linear group in n-dimensions and denoted by

GL(n). This group is isomorphic to the group of all non-singular

matrices of order n under multiplication.
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6). The set of all rotations about an axis is a continuous group of
order one, whose parameter may convenfent%y be chosen to bhe the
angle of rotation, say e, taking values on the interval [.n, 1]

or [0, 21]. This group is denoted by S0(2).

7) The set of all rotations about all axes passing through a fixed
point in the three-dimensionai Space is a group whose elements can
he characterized by the Euler angles o » Bs Y. The group 1‘§‘ denoted
by 50(3).

Topological Groups

Owing to the continuous nature of the group elements it is desirable
to 1ntroduce a topology ‘in the group. Consider a composition of group
elements such as

K1 Xy = Xg° (3.11)
The taw of composition of the group elements is said to be continuous
if a small change in one of the factors in the product produces a
small change in the product. Similarly, the continuity of the Jay
of inversion of the group elements means that a small change in an

element produces a small change in its inverse.

We now define a topological group as a group in which the law of
composition and the 1aw of inversion are cont: nuous in all the group

elements ;

A subset of an r-dimensional real inner product space is called
parameter space. A group is said to be connected if there exists a
path connecting any two group elements, or, in other words, if its

Parameter space is connected. A topelogical group is said to he
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compact if its parameter space is a compact space, that, is, it is a

closed and bounded space.

3.1.2 Lie Groups-

These are groups the elements of which can be generated from the
identity element by continuous variation of the parameters. A1l such

groups are Abelian to the first order of infinitesimals.

It is convenient to choose the continuous parameters of a Lie group
such that the image of the identity element e is the origin of the
parameter space, i.e., e £ x{0,0,..., 0). With this parametrization,
an element near the identity may be written due to the analytical

properties of the Lie'group, as

X(0,0,500 05 e5500050) = X(0,04.0.,0)+ 1e515(0,0,...,0) (3.12)
to first order in €5 The operator Ij can be obtained from (3.12) and
is given hy

S dime 1 ) '

Ij“ej«;o[isj x(0,..., ej,...,()) x(0,0,...,0)} ] _ (3.13)

A1l the properties of a Lie group can be derived from the r operators
.Ij(l_g Jj € r) which need to be defined only near the identity element

of the group.

b4

By the successive application of the product rule, we can arrive at
an element of the group a finite distance away from the identity.

Thus, suppose we wish to generate the element x(0,0,...,aj,...,O).

Let us write aj = st, where N is a large positive integer so that

€5 is a small quantity. Then,
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%(0,0,00 002500 [X(O,U,...,Ej,...,O)]N

: N

-

=

—
i

t

N

H

{e + i (aj/N)Ij] (3.14)

(0,041 0sdssen.s0) = MER (3.15)

3
For a general element of the group, we can easily extend the above

result to obtain
ro .
x(ay,8y500058,) = exp[jg1 ja.l.]. (3.16)
A1l the elements of the Lie group belonging to the subset containing
the identity can be obtained by giving various values %o the para-

d
are therefore called the generators of the Lie group. A Lie group

meters a, on the respective prescribed intervals. The operators Ij

with r continuous parameters has r generators.

.The Axial Rotation Group S0(2)

Consider the set of rotations of a circle about an axis normal to the
plane of the circle and passing through its center. Each element of
this set can be characterized by one parameter which can be chosen

to be the angle of rotation ¢ which takes values on the interval
{0,21]. This is-clearly @ one-parameter, continuous, connected
abelian, compact, Lie group, known as the axial rotation group, and

is denated‘By so(2). -

1f we denote an element of this group by T(e), the law of composition
is
T{o+8) if ¢ +6< 2n
T(6)T(e) = T(0)T{¢} = (3.17)
T(e+e-25) ife +6 > 2i

The identity element is T(0) and the inverse of T(¢) is T(2n-¢),
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The transformations of a cartesian coordinate system (x,y) in the
plane of the circle under the rotations of the group S0(2) can be
used to generate a representation of the group. The operation of an

element T(¢) on (x,y) is given by

cos@ sin¢
T(6)(x,y) = (x*.y') = (xy) [ ] (3.18)

-5in¢ cosé
The matrix of transformation on the right-hand side is an orthogonal
matrix of order 2. With every element T(¢) of the group can thus be
associated a 2x2 orthogonal matrix with determinant + 1 and the
correspondence is clearly one-to-one. The set of all orthogonal matri
ces of order 2 having determinant + 1 is a group which is isomorphic
to the axial rotation gfuup and therefore provides a two=dimensionaT

representation for it. This matrix group is aigo dencted by the same

symbol S0(2).

3.2.1 Generator of S0(2)

Since SO(2) is a one-parameter group, it has only one generator. The
generator will depend on which group isomorphic to 80(2) is under

consideration. To illustrate this we consider the following examples.

1) The group of all orthogonal matrices of order 2 with determinant

+ 1. We have seen that a typical element of this group can be

cosd sinéj
-s5ind cosé’

written as { .
The generator is therefore, by {3.13)

Yim 1 Cosé sing 10

I'= 40 [?${[~sin¢ cos¢] " [0 1] V]

L [0 -i '
- [i 0] (3-19)

which is one of the pauli spin matrices commoniy denoted by Iy
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By (3.15), any 2x2 orthogonal matrix with determinant + 1 can then
be written as

cose $iné

i¢0y
. =@
=S¢ Ccase

(3.20)

2) Let f = f(x,y) and Tet the operator T(¢) stands for an orthogonal
transformation of the coordinate system as in {3.19}. The operator

of T(¢) on f then gives
T(e)F(x,y} = f{x cosé + y sine,-x sins + Yy cose). + {3.21)

The generator can be found out as follows:

1im
If(x,y) = 00 1%[f(x COS¢ + y sing , ~ x sing + y cose) - f(x,y)]
Vim 1. of  of
PRS2 L
LB
= -y g - xgy) fly) (3.22)

Hhere LZ {s the component of the angu1ar_momentum operator normal

to the plane (x,y):

L, = ifi(y g% - xg% = Xpy - yp, = - ih g% (3.24)

An orthogona} transformation of the coordinates in the two-dimen-
sional plane (x,y) is then given by

Moy =etle (3.25)

The Three-Dimensional Rotation Group S0(3)

Consider the set of all orthogonal transformations in a three-dimen-
sional real vector space (i.e., a space defined over the field of

real numbers), It is a group which is denoted by 0(3). It can also




41
alternatively defined as the group of all 3x3 orthogonal matrices.

The two groups are isomorphic to each other,

If R is an-orthogonal matrix, it satisfies the relation

RR = RR

b

E (3.26)
where E is the unit matrix and R is the transposed matrix of R, Taking
the determinants of both sides of (3.26) and noting that det R = detR,
we have

(det RY* =1 » det R=x1 (3.27)
The matrices of the group 0{(3) are thus divided into two sets - one
containing the matrices with determinant + 1 and the other containing
the matrices with determinant -1, The first set can be checked to
form a group. This grdup - the group of all real orthogonal matrices

of order 3 with determinant + 1 is denoted by $0O(3).

" The generators of SO0(3) can be obtained by considering an infinite-
simal rotation through the angle « about an axis U. The group of
rotation Ru(¢) for 0 < ¢ < 20, which is a subgroup of S0(3), is
isomofphic to S0{2) and hence, in the manner in which (3.24) is
obtained, we get

I, = - Lu/h (3.28)

where Lu = L « U is the component of the¢ angular momentum operator
L along U, U being a“unit vector along U. Since any rotation can be
expressed as the product of three rotations about the cartesian

coordinate axes, we see that we need the three operators

IX # - Lx[ﬁ’ Iy

[bys L] = 4R ey L.

= - Ly/.h, lz Eo- LZ/-h R (3.29)
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Any rotation operator can then be written as

Ry(#) = (R I (3.30)

The Group 0(n)

The set of all real orthogonal matrices of order n is a group. This
group is denoted by 0(n) and is a continuous, compact, Lie group,
which is, however, not connected. It can be alternatively thought
of as the set of all orthogonal transformations in a real n-dimen~
sional vector space. If X; are the orthonormal hasis vectors in this

n
space, a transformatiop of 0(n) leaves the quadratic form ifl x?

invariant.

The parameter space of 0{n) consists of two disconnected pieces, one

corresponding to matrices with determinant + 1 (proper rotations)

and the other to matrices with determinant - 1 (reflections). The
subgroup coniaining proper rotations is ﬂi%:ll - parameter, connected,

Lie group, denoted by SO{n). O(n} has one discrete paﬁameter in

addition to the Eigill continuous parameters of S0(n).

For example, 0(4) is the group of all orthogonal transformations
which leave the quadratic form x* + y? + 22 + u? invariant. From
the theory of SO(2) ahd SO(3) [egs. 3.22 and 3.29], it can be seen

that the six generators of S0(4) can be conveniently taken to be

_ 3 B Y 3
Ap = -y g3 -2 :;’* Ay = -1(z PYIE EE)’
S By A = oifx 2o . g By
A3 = .{(x 2y Y ax), B1 i{x " Y aw) (3.31)

2
@
]

. 2
-1(y-~-u'f§). B3=-1(z: = U =),
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The commutator of these generators with each other are found to be
[AI’AZJ = 1A3’ [Bl’BZ] = 1A3, gAl’Bl] = 0
and others obtained by cyclic permutations of the indices in each-of

the above.

Changing to a new set of linearly independent generators defined by

3 = 3Ry + By Ky = 3(Ay = By),y 2= 1,2,3,0 " (3.33)

we see that the commutators become
[JI’JZ} = ida, [KI’KZ] = 1K3 (3.34a)
[Jg’l‘K‘j] = 0’ 2 ’j = 1’2’3 (3034b)

with permutation of indices in (3.34a). This shows that each of the
sets (JI'JZ’Jé and KI,KZ,K3) generates the group S0{3), so that SO(4)

is isomorphic to the direct product of SO(3) with itself.

The Lorentz Group

Is a group which leaves the quadratic form x2+y2+22-u2-5nvarianﬁ;“lt‘
contains as a subgroup the group 0(3) of real orthogonal transforma-
tions in the three-dimensional space (x,y,z). In addition, it also
contains imaginary. rotations in the xu,yu, and zu planes., Thus, it

is a six-parameter, continuous, noncompact, Lie firoup. The six gene-

7

rators can be chosen to be A.j and By» j.k = 1,2,3, where

= oif{yl . 20 s iz o
Ay = T(yaz Zay)’ Ay 1(Zax xaz)’
= 8L A 2 ~f x-le 3
A3 = ui(xay yax)' By 1(xau + u;i), (3.35)

o
it

7 ui(yg% + ui%), By = ~i(zy ¢ ).
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The commutation relations among these generators are fouﬁﬁ to be
[Algnz:] = iAs: [81,32] B “iAa’ [51’81] = 0
with the others obtained by-cyclic permutations of the indices in

each of the above.

The Special Unitary Group SU(2)

Let U and v be a pair of vectors in a two-dimensional vectof'space
defined over the field of complex numbers. A rotation in this space

transforins u and v into their linear combinations:
U' = al + by, v' = clb + dv; (3.37a)

or [0, v = [0, 0] 2 805 (3.37b)

where a,b,c,d are complex numbers and hence the transformation

matrix involves 8 parameters. If we consider only those rotations

which leave the quadratic form UU* + w* = Ui 2 + [v[2 jnvariant,

we see that the matrix of transformation in (3.37b) must be a unitary
matrix. In other words, if we require that ly'[2+ Iv'[% = (U124 |v]2,
then from (3.37), we obtain the conditions

aa® + cc® = 1, bb* + dd* = 1, ab™ + éd* = ), (3.38)
Since the scalar's dre complex, the last of eqns. (3.38) is equivalent
to two conditions. These conditions thus reduce the number of para-

meters in (3l37) from 8 to 4.

The set of all such transformations is the group U(2) which is isomor
phic to the group of all unitary matrices of order 2. It is a 4-para-

meter, continuous. connected, compact, Lie group.

The subgrdup of U(2) which contains all the unitary matrices of order
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2 with determinant + 1 is of particular interest in physics, It is

the set of matrices whose general element is
a -b* ) X . '
[ %] with aa® +bb* =1 (3.39)

It is known as the unitary unimodular group or the special unitary
group and is denoted by SU(2)}. Owing to the additional condition on

the determinant, SU(2) is a three-parameter group.

Generators of U(n) and SU(n)

The group of all unitary matrices of order n is known as U(n), where-
as the group of all unitary matrices of order n with determinant + 1
is denoted by SU(n}. SU(n) is a subgroup of U(n). Since a unitary
matrix of order n has n® indépendent e1ements, U{n) is a continuous,
connected, n?-parameter, compict, Lie éroup. The elements of the

grolip SU(n) have ohe more condition to satisfy (that their determinant

be + 1), so that SU{n) is a continuous, connected, {n?-1)-~parameter,

.compact, Lie group.

To obtain the n? generators of U{n) we note that if H is a hermitian
matrix, exp(iH} is a unitary matrix. The converse is aiso true, t.e.,
if U is any unitary matrix, then it can be expressed in the form

U = exp{iH)} (3.40)
where H is a hefm%%ian matrix. Now any linear combination of hermi-
tian matrices with real coefficients is again a hermitian matrix,
Hence, there can be at most n? independent hermitian matrices of
order n. Let Hl'Hz""'HN be a set of n® independent hermitian matri-
ces of order n, where N = n? for the sake of convenience. Let
aj(l < J < N) be n? real independent parameters. Then any unitary

matrix of order n can be written as

ol
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: N . .
U = exp[1i X ajHj]. . (3.41)

The N independent hermitian matrices Hj are thus the generators of

U(n).

If A is any hermitian matrix, it can be seen that

det(eA) = gtrace A ' (3.42)
Using (3.40), we therefore see that -
det U = det(e') = exp(i trace H) (3.43)

Coming to SU(n), we make use of the fact that its elements have their
determinants egual fo +;1. Thus, if we denote an element of SU(n) by

U0 = eiHO, then it follows from the condition det UO = 1 that trace

it

H

5 = 0 The {n2-1) independent traceless hermitian matrices of order

.n, can be conveniently chosen to be the generators of SU(n) along

with n?-1 real independent parameters.

It is convenient to choose the n?-1 generators of SU(n) first and
then add to this set the unit matrix of order n to obtain the n?

generators of U(n).

PLINERE F 4

As an example, the three generators of SU{2) can be chosen to be the

pauli spin matrices

o1l
1o

1 0
0 -1

2[0

-1
]s oy i 0]: 0y = [ ] ) (3{44)

G)(:[
which are a set of three independent traceless hermitian matrices of

~ order 2. They satisfy the commutation relations -

[U‘j, Uk]""‘Z'ie‘jkz 62 (3045)
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For the generators of U{2}, we could then choose the set

(E, o , o.) where [ is the unit matrix of order 2.

x* %y Yz

Lie Algebra and Representations of a Lie Group
In a finite group all the properties of the group can be obtained
from the structure of its multiplication table. For a Lie group, the

commutators of its generators determine the structure of the group.

The set of real linear combinations of the generators of a Lie group
is a Lie algebra. Quite generally, a Lie algebra is a real r-dimen-
sional vector space L with elements (x,y,z,...) endowed with a law

of composition for any two elements of L denoted by [x,y] such that

i) [x,yjel i1)  [x,y] = -Ly.x]
1) Dx,ly,z11 + [y, lz,x]1] + [z,0x,y]]1 = O,
for all x,¥,z, cL. The law of composition [x,y] is known as the

commutator of x and y.

The minimum number of mutuaily commuting generators of a Lie group
is called its rank. The rank of SO(3) is thus 1 because no two of

its generators Lx’ -and LZ commute with each other. The rank of

Ly
SU(2) is also 1.

An operator which comﬁutes with allthe generators of a Lie group is
known as a Casimir operator for the Lie group. According to a
theorem due to Racah, the number of independent Casimir operators

of a Lie group is equal to its rank. It was recognized by Casimir
himself that ohe such operator could always be constructed by taking

a suitable bilinear combination of the generators.
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The one and only Casimir operator of SO{3) is thus L% L§4~L;-+ Lg,

s L, and lz. The only Casimir operator

b

which commutes with each of L v

2 02 02
y+z°

of SU(2) is similarly o2 = ¢% +

>

Since the Casimir operators of a Lie group can be diagonalized simul~
taneously with its generators, the eigen values of the Casimierpera-
tors may be used to label the irreducible representations of the Lie
group. Thus, the Casimir operator L% of $0(3) has the eigeﬁ‘va1ue

t(e+ 1), where ¢ takes on all nonnegative integral values, and hence
the irreducible representations of S0{3) may be labeled by the index
¢. Similarly, the Casimir operator o of SU(2) has, in general, the
eigenvalues j{j + 1) Where J takes all nonnegative integral and half-

odd integral values. The irreducible representations of SU(2) can

therefore be labeled by j.

The Special Unitary Group SU(3)

As should be clear from the name, SU(S)'is the group of all unitary
matrices of order 3 with determinant + 1. It has 3% - 1 = 8 genera-

tors which are usually denoted by As Apseers Age Although these can

" be chosen in many ways, it has become a convention to use the follow-

ing traceless matrices as the generators of SU(3);

0 1 o o ~i. 0
X =11 0o of, a=ji 0
L 0 0 0 2 i 0

O ot 3

1

[ = R

Lo =

et
-
Y
w
1"

r
oo
]
(=l =
(=3 o e
by
-

O
[ N o= R =]
o O
O
w

S

oy

]

¥
QO Q

[
o 0O -
b 3

@
-
(=23
]
1]

1
(=R = -
—_0 O
Q s O
b ]

-
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They satisfy the comnutation relations

'[aj, O I ST (3.47)
wheré the only nonvanishing components of fjp, are
- . - . S f o 1
fFlaz =1 f1a7 * T516 = foa6 = Tos7 = F3a5 = To37 = 3
= = . 3-48
fass = Tor8 = 732 (3.48)

add all permutations with proper signs.

We see from (3.46) that rg and ag are diagonal matrices and hence
commute with each other. No other matrix of (3.46) commutes with both

A, and A,. The rank of SU(3) is thus 2.

3 8
The group SU(3) theref@re has two Casimir operators. One of them is
a quadratic combination of the generators:

8 2 N .
€, = iil Aj s [CI, xi] =0 (1L£1%K8) (3.49}
‘The other casimir operator is a complicated trilinear combination of

the generators,
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CHAPTER 4

THE HARMONIC OSCILLATOR MODEL FOR ANGULAR MOMENTUM ‘

Introductory Remarks

Schwingers'? has given a fascinating formalism of the theory of angu-
1ar momentum using two independent one-dimensional oscillators. The
basics of this approach and an elegant derivation of rotation matri-
ces will be presented below. We also study the SU{2) group using this
me thod wﬁich uses bilinear forms of fermionic operators rather than
the bosonic creation and annihilation operators employed in ﬁﬂe
angualr momentum theory. These number conserving bilinear products
can also he used to study other interesting type of groups such as

SU(3) (chapter 3). A detailed account is provided by Lipkin®»

A one-dimensional oscillator with mass » and angular frequency » and

described by the canonical variables p,q has the Hamiltonian (with

fi=1)
2
H = gi + %11 w? g% (4.1)
=w(at 5 4 %) ‘ (4.2)
where a = “Eg-(q + gg) and a¥ = /%g (g = %%) (4.3)
The operators a angd a* satisfy,
[a, a*] =1 (4.4)
clearly, I, atal = 0 ’ (4.5)

Thus, H and a*a share common eigenvectors. The eigenvalues of a*a

are integers n( =0,1,2,...). The oscillator eigenfunctions Y obey,
ata gy, =Ny, _ {4.6)

It is easily checked that at ¢, and ay are also eigenstates of
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the number operator N = a%a with eigenvalues (n+1) and (n-1) respec-

tively. Thus, a* and a can be identified as number raising and

lowering operators, respectively.

The normalized eigenstate of N with eigenvalue n is

in>= L o) (4.7)

where Jo> represents the ground state of the oscillator with no

quanta.

Now consider two indepéndent oscillators described by the pairs
(a, a:) and (a_ , afi respectively., The "+" operators commute with
the "-" operators and

[a,, a,] =[a,al=1 (4.8)

The normalized eigenstates of the combined system can be written in

self-evident notation as,

i N . S
a )’ +v (a_) -
tan > = {ay) ) bo> (4.9)
- an RT :
where |o> is the state with n, = n_ = 0.

. b

Consider now the following hermitian operators.

NEETOCREERN (4.10a)
+ +
Jy 2 %ﬁ(a+a_ - a_a,) (4.10b)
S I + |
J, 2 5laa, - aly ) (4.10¢)

It can be easily checked that the J's satisfy,

[0,00,= 10,5 [9,,0,1= 49, o [3,.0,] = 43, (4.11)
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Thus, ngdy and Jz obey the angular momentum conmutation rules. Al

the results that follow from these commutation relations'wouid also

follow from the two-oscillator-nodel embodied in eqns. 4.10(a,b,c).
TR 2 = 12 2 2 s
Defining J° = JX + Jy + JZ one f1nds,

gz = 3l v 1y (4.12)

i a, + aj a_ 1is the total number operator. Thus, the

where, N = &
. 2 n.n . . Lo_n o 1
eigenvalues of J* are §(§ 1) or J{j + 1) with j = 5 =0, 5, 1,...
Further, .
ng=n_
Jyin, n > = (—ﬁwjf—«~)in4,n‘> (4.13)

n,~n
Introducing m = *‘2 “Q, the state [ n, n_> can be alternatively

denoted as 1Jm> with j% |gm> = J(3+1)}(dn> and d 1dm> = m | jn>.

n, +n .
If j= “i_a ~ is fixed then the allowed values of m are g;%gg, = j-n.

where n. runs from 0 to 2j in unit steps; Thus, the allowed values of

moare +j, j-l,..., - as desired.

We can also introduce the usual raising and lowering operators,

Ji 3 Jx + iqy with,

_ Lt _ ot
J, =a, a_ and J_=a_a, (4.14)

W3

Eqn.(4.13) make§ it clear that each "+" quantum contributes + % to
the m value-and eééh ":“ quantum c&ntributés - %. Eqn.{4.14) tells us
that J, is an operator which destroys - % unit of m value and creates
+ % unit thereby increasing the m value by one unit without changing

the j value. Since n, —> n, + L and n_-—> n_~ 1 so that n_+n

remain unchanged. In other words J, commute with the total number
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operator and hence with J2%. In the same manner the expeéted action of

J_ can be undersiood.
Egn. (4.9) can be rewritten as:

j+in i4
. _ (a:)J (ai)‘} m ,
Fim > = t0> (4.15)
A6 I {(3-m)?

This, then is the explicit form of the angular momentum eigenstates

in this formalism. Let us calculate the matrix elements of J;

@™ I s
S(itm)E (G-m)!

. + . -
Jom> =2, a [jm> =

Using the identity [A,:B"] = n[llx,B]Bﬂ'1 one gets

a (@' < (Gem)(aF)I ™1 4 (aFyIM 4

since a_ 10> =0, we have

N €94 R R TER Sl
Jylim> = —- [ - 110>
: )] 7(5-m)!

. _ jwm) ( J+mtl + jHtl o jemel
dudn > =) I el gy (g6

From eqn. (4.15) we have

. (atydHml (o ¥yd-mel
(Imly = - e 0D (4.17)
) T §-m-1)1

F

Combining eqns. (4.16)-and (4.17).we get

dy Wm > = A{Jem){jHmel} [ Jmel >, (4.18)

Similarly, it can be shown that

3. lim> = Fm)(G-m1) 1gm-1>. (4.19)
So far we have considered bilinear products of operators describing

the oscillators, that do not change the number of quanta {that is how
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Jx’ Jys J, compute Hith J% iﬁ this model). However, the mode?

natura?!y suggesﬁs number changing (and hence j changing) bilinear

products. These are,

RS

K, = a

-+ .
" a and k_=a

; . a (4.20)

From previous discussion it follows 1mmed1ate1y that k+ increases
the j value by one unit and k_ decreases the'j value by one unit.
They do not affect the m value. Procaeding exactly as above we can

check that,

ke ldm> = TRITTRY 13+, (4.21a)
k_1jm> = “‘tj?mitj~m7- Li-1,m> , (4.21b)

Finally, we record thélderivation of rotation matrices using this

!

approach.

The operator representing the rotations v, 0, ¢ (Euler angles) is

~10dy -4 -
R(4y0.9) =0 Z e‘iedy 0" 1¥dz

The matrix elements of the rotation matrix are,

<mie 9z 1Y oWz g, (4.22)

wn

bY 1+ (646,9)

omime nim ¥ <jm[e°1°J3{jm’> (8.23)

Thus, the non- tr1via1 part that need to be evaluated is, _
d%ma(o) <Jm [ e 1G'Jy:jm > . ‘ -'(4.24)

1

' Using egn. (4.15) and 1ts conjugate we have,
i+m, j-m V VI T TS | . t
(o) = <0l al M Yl - alad (a3 (a) Mgy, (a.25)
1 "-"m - - areeatis
AFmyT(Gem) T3+ JH(J-m"}

Egn. (4.25) is the expectation value of a product of lots of a, and

-

ai in the ground state | 0> . It is evaluated easily by introducing
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a generating function. Given the parameters X, and X_ let us define,

JtmtyJ-mt "
Xy XS dm.(a)

U R Y

G ) (Gm )

1114

6(X,, X_)
)T I Cympe= 100 1>
m G ) (Gem )]

i1

oy & KM I 0>, (4.26)

{imle '
! m' G 1 (e )

2} :
i} (X,ap + X a)¥ 0>,
mie™ 100y ZEX (4.27)
, (29)!

H

. i ,
In the last step we h%ve used the binomjal theorem exploiting the

conmutativity of ai and af. Now,

ewfady(x%’a': + Xnat)zé - [e"iﬂdy(x+ai + xha‘t)eiedy]ZJ e-*iedy (4.28)

- and ‘
ey o5 & 10> . o 3 (4.29)

Hence, to evaluate G(x,, x_) we need the behaviour of'(x+ai +xat)’

under rotation around the Y-axis. We exploit the identity

eMae™ = B« a[A,B] + 47 [A[R,B11...

Fa g

to get e“iedf.ai eisqy = a: cos % % af sin % (4.30)

Using eqns’ (28-30) we get j
B(K,X ) = pyfyr<im [X (o) cosg + a’ sing)ex (alcosd - aysing®io> (431)
Using the binomial theorem in reverse order we get,

m'=j <jm [a,t(x +cas~% - Xﬂsin%)]ﬁm

By = 2 TR x
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-t 8 < 0 qj-m' 5
[a (X _cos 5 + X, s%n 5 ]
' 227 o> (4.32)
(j-m')] .

Using the orthogonality of |jm> it is clear that only one term on
the right hand side contributes. Thus,

LBy . ;00 v -
) (X+cos-~g—«-x_sm§~)J m(X_cos-g- * X+sm92—)J m
(Jm} T (G-m}!

(4.33)

6(X,,X_)
Using the defining equation for G(X+,X_) and taking X = nsin% cos% and
X =1 - coszg we get upon equating the two results for 6(X ,X )

5t st g
a (sin% cos%)J+m (t«coszg)J m d&m' {¢)

Gy T (G )1

i+
g (-)0
Hi"

(51n%) I (cos) 3 43130
= ' 4.34
“(g#mpt (§-m)! -3

T extract d%m'(e) from the above equation we should arrange matters

so that only one term with m" = m survives on the left hand side,
For this purpose we differentiate eqn.{4.34) (j-m') times with respect

to ¢ and finally set t = cos%, we then find that

' . oydmt {Jj+m' )1 L oymem' 9y ~Ti-im’
G ()= T iy () (eosg) X

d .+ . ‘,'
(el e7™(12)0 5 £ = cos?3

N

¢ ' ' wrem? . .
w (<310 (sing)" "‘(cosg)"*m K[(1-) W ¢ =M %{tﬁ“‘(m)‘]"“} Jt=cos®3

(4.35)
This is the desired result.
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The Isospin Symmetry [SU(2)] and Its Applications®

We now turn to the SU(2) group and its Lie Algebra using the Schwinger
approach . This is an angular momentun like algebra and is an illust-
ration of the utility of studying homomorphic group. Let us first

motivate the SU{2)} group from the point of view of physics.

Nuclear physics phenomenclogy tells us that the proton (p) and the
neutron (n) are essentially the same particles. They are nearly dege-
nerate in mass and have the same spin and parity. Strong interactions
between two protons, two neutrons and a proton and a neutron in the
‘same space spin states are the same. Similar behaviour holds for
other strongly interacﬁing particles such as mesons and hyperons.
Electromagnetism distinguishes between members of a given group of
particles such as {p,n), (ni, ), (zi, £°) behaving identically
under strong forces. Electromagnetism is a much weaker force in the
‘domain in which strong forces are operational and could be ignored

in the first approximation. Then, proton and neutron correspond to
the degenerate levels of a quantum mechanical system. This signals

an underiying symmetry of the strong interaction Hamiltonian. Since
it is the n-p symmetry we want to understand, the simplest symmetry
one can think of invariance under V2(C) so that a single entity
calted the nucleon can appear in two states n and p. The parallelism
with a spin % states in a rotationally sy%metric world is obvious.

When electromagnetism is "switched on” it singles out a direction in

our Vz(C) and breaks the symmetry just as a magnetic field defines

a direction in V’(R) and destroys the rotational symmetry of atomic
Hamiltonians resulting in Zeeman splitting. For strong interactions

we think of V(C) rather than V?(R) as the appropriate space, for
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the SO(3) group has no two dihensionai representations. Tﬁe suitabie
simplest group is SU(2). Hadrons, in the absence of electromagnetism,
wWill fransfqrm as representations of this SU(2) group. Further studies
show that hadrons can be divided into reptesenfations of a Targer -
group called SU{3) of which the SU{2) group 15 a subgroup. The resem-
blence of the nucleon to a spin % state has given rise to this SU(2)

being termed as the isospin symmetry.

We know that SU{2) is the set of all unitary unimodular 2x2 matrices
g with det g = + 1. They leave the quadratic form in VZ(C) invariant,
There are three such in&Ependent matrices. For infinitesimal trans-
formations,

g = 1+E Te,7 ,9=1,2,3 (4.36)
where =, are the generators of SU{2) and ¢, are three independent
parameters. A well known set of T-matrices are the Pauli matrices
that determine the Lie Algebra of SU{(2) to be

[Ti,'g] = i “ijk k* 1.4,k =-1,2,3, - (4.37)

This is a rank 1 group with the Casimir operator

2 = T% + 15 + T% (4.38)

Tﬁe algebra of SY{2) is clearly identical to that of S0(3) but the
action is defined in VZ(C) rather than in V3(R).

£

Lie Algebra Via Schuinger Method

We start with the (n,p)} multiplet that according to our argument, is
required to transform as a two-dimensional irreducible representa-
tion of the SU(2} group. Define two pairs of fermionic creation and

annihilation operators (a;, ap) and (a:, an)6 We have four number
conserving bilinear products a;ah,a+

N PRI .
o3y Aand-doap. The first two
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‘seems to have the action of «, and the other two are number opera-

tors. We also introduce the total number operator B = ata 4-a+ a

pp non
whiéh counts the baryon number in the present context.
K S -
Set B = apap + anan,
o+ Co
T, = apan y T = anap s {4.39)

= :.'.-..]:. + - +
To(" T3) 2(ap 3, = ay an)
= «ala = 1
Q = the net charge ap ap T0 + 5 B
It is easily checked using the fermion anti commutation relations

that we indeed have the SU(2} algebra.

i+

T, » (7,71 = 27,

and [B, T = 0 (4.40)

£,0 1
Thus, B, Tiso generate a U(2) algebra and Ti’o generate the SU{2)
“algebra. The group transformations such as g = 1 c(T+ + T_) mix the
n,p states producing rotétions in VZ(C). A11 angular momentum results
that follow from these commutation re]ationslare directly app]icab1e.
We can infact add an index K everywhere to the T's. k denotes the '
space and spin degrees of freedom., The commutation relation remain
valid, for bilinear products corresponding to two different quantum
states K and K"c;mmute. Thus, each K acts independently in the
commutator, Thus, for the time being, K can be ignored.

in analogy to angular momentum we can introduce the operator

T? = Ti + Tg + Tg with eigenvalues Ds%,l,.,. . Any state is written
as !T,T3 >. A given multiplet i.e., to a given T we have 2T + 1 states
with T3'= -T t0 + T in unit steps. The n,p systemis a T = %

doublet. We see that Qp> = [p>, Q(n> =0 as should be with
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D> = 132 2> and |nd> =[5, - 5> . The pions befong to a T = 1

multiplet. For pions we know that B = 0 and Q =

Some Applications of SU(2)°

To consider some applications Tet us examine & pion~nucieon system.

~This is mathematically a problem of coupling two angular momenta

jl = 1 and 32 = %. Instead we have to construct IT.T3 > from the

states lT("), Tgn), T(N), TgN)> f'ngn), Tgn) >. Angular momentum
theery tells us that,

Y T3 T3> <L3 15, TH 11,4,7,T,0. (4.41)

| TsT
(H) (N)

where the required Clebsch Gordon co-efficients are (1‘=-% ar %),

1ozl ., 1,013 ¢ f1.'3
b lfer g thapty> =Yzt 3 ond
: T (4.42)
I.21,171,11 .13
LgTgf g (15372 = £f373

Using these repeatedly we get

%3%>3[Hp> b Jﬁnn>+vwmﬁp>
]‘g‘,"%>"’ {%‘qiﬂnp> +@}Ho n.>s lzs “"") =10 n>

and a2

I2’2 ﬁ'ltq‘n} "'h[j:i Hop> L] ,
(4.44)
> fm%»f"mw

Physically, these mean. e.g., that in [%,—%)- state the probability

(4.43)

amplitude for having a |n'n> dis “Z/3 and [°p> is 'T/3 . Al

other amplitudes are zero.
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- Now the relevance of these results, The identical behaviour of the
neutron and the proton under strong nuclgar forces is described as
the charge independence of nuclear forcaes. Isospin is an elegant
mathematicﬁi description of this property. Charge-independence says
that proton-proton, neutron-neutron and_broton—neutron forces in the
Asame space-spin states are identical. Hence, if two nucleons are in
an isotriplet state (symmetric) or isosinglet state (antisymmetric)
their space-spin function is antisymmetric or symmetric respectively.
Two nucleons in state iT,TB > = 11,1>, 11,0>, |1,-1> are the same,
other things being equal. The interaction in the |0.0> state is

different.

Now deuteron is a proton-neutron bound state (331) with symmetric
space-spin function. Thus, deuteron is an isosinglet. If the deuteron
were in the 150 state it would be an isovector. No such bound state

exists.

Thus, under charge-independence nuclear forces are determined by onty
the total T rather than T3 which characterizes the charge. Thus,

~nuciear forces depend only on

Fa

. T? = Ti + T§ + 2:{:1~:£2 i.e., on 11.12 (4.45)
Hence, ' ,
Hing * A+ B(T,"T,) (4.46)
So that '
[Hinee To ol = 0= [Hyes 771 (4.47)

Thus, both T, and T* are conserved. Hing 15 an isoscalar. Hence, for

strong processes we have the selection rule, aT = 0. This has
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Profound consequences for scattering and decay processes going via

strong interactions.

Consider a general reaction,

ay * by = ¢, +d; (4.48)
where all particles of the type a,b,c,d belong to one and the same
multiplet, The scattering amplitude fi ts proportional to the matrix
element, | |

Mz <, diag by > (4,09
lfit2 defines the scattering cross section. If the initial state has
the wave function iT,T3 > the same must be true of the final state.
Further M can depend only on T and not on Ty (charge-independence).
Thus, ‘

CTTy | ToTg> =0 for T' # 7, (4.50)

and

<T,T4 | T,Tg> = m(T) (4.51)

Now for any pﬁbcess of the type (4.48) f(i) can be expressed only in
terms of a few M(T). For this we expand {aibi > and [61d§ > in
terms of IT,T3 >, substiiute this in (4.49) and use egns. (4.50) and
{4.51). A number of useful relations for different processes corres-
ponding to the same initial and final spatial spin states then obtain.

’

Consider an example of-two process,

prp=d+ g ,n+p=d+ e,

We know that lpp> = 1,15, (4.52)
inp > = 01,05 -10,05]
A = (1,10, (dym> = 1,0
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because deuteron is an isoscalar. Hence, by Wigner Eckart theorem

WP ity pp > = <11 ] 1,15 = (Y

bP . o - (1,02 ~ 10,027, 1 (1)

MF = <% d [ npd> = <D,o] [ 7 - ] J?h% (4.53)
dﬂppjdﬂ . IM(l)lz .
ao"Pran Al

This checks experimentally.

Symmetry Breaking Effects

Isospin is a broken symmetry. However, if the symmetry breaking part
has well defined transfdrmation properties and can be considered as
a small éorrection then perturbation theory can be meaningfully
applied. It is known from particle physics phenomenology that such

effects are indeed small. It is also known that H?a?‘ that breaks

the symmetry behaves as a sum of an isoscalar {S) and an isovector (V).

This in itself. generates very valuable information.

As an example consider the magnetic moment operator u. Assume that it

is of the form S+V0. Then, Wigner-Eckart theorem tells us that

ey s ety = s ey,
u ()} = julr > =8 ¥,

, (4.55)
(%) = <% u® > =8

(%) = “§2+) + (")
2
To summarize our discussion, we have seen the importance of the con-
cept of homomorphism. We have also seen that only the knowledge of the
tesnsorial behaviour of an interaction without its explicit form can
provide a wealth of information. Similarly, an idea of the transfor-

mation properties of perturbation provides still further insight into
the processes. ‘




64
DYNAMICAL SYMMETRY 1710

Symmetries which refer to the external geometrical structure of the system
are termed geometrical symmetries, These include rotations, reflections and
inversion. Internal symmetry relates to the paﬁticuiar form of the force law

or the interaction between different parts of the system.

The operators of the geometrical symmetry group are those under whieh the
potential energy of the particle remains invariant. However, there are other
operations which invelve simultaneous transformation of the coordinates and
the momenta and which leave invariant the Hamiltonian as a whole. These are
usually called dynamical symmetries. We shall consider fhe three-d imensional
hydrogen atom and the isotropic harmcnic oscillator, and see that their dyna-
mical symmnetry groups are 0{4} and SU(3), respectively. The dynamical symme~
try group of a system of course contains its geometrical symmefry group as

a subgroup,

5.1 The Hydrogen Atom

The Hamiltonian for this problem is

» 2 2
HOF) = 2o v & (5.1)

It is manifestly sphericaliy symmetric. This problem is exactly
saolvable. The energy gjgenvalues are

R
[ = - n.-\x
E, . (5.2)

The Tevel degeneracy is n®. The expected degeneracy is (2¢ + 1) from
rotational symmetry. This degeneracy was termed accidental. We will

see that there is nothing accidental about it. The problem has a
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larger symmetry due to the availability of another constant of

motion~the Runge Lenz vertor given hy
3 - F4
i = Qﬁk(ﬁxiwwlﬁxﬁ)m%?.. (5.3)

Here, L is the orbital éngular momentum operator which is normal to
the plane of the orbit., From eyn.{5.3) we gan see that

oo L= (5.4)
So that M' 15 a vector in the plane ¢f the orbit, The Runge Lenz
vector corresponds to the classical vector H = % ?j{i « %gﬁ. it is
easily verified to be a constant of motion i.e., é‘ = 0. This ieads
to closed orbit in the classical Kepler problem. The orbital angular

momentum also commutes with the Hamiltonian and is & constant of

- motion. We thus have,

(e, wl=0, (L, Hl=o. (5.5)
" Using the commutation relations between the components of ¥ and P,

we can show that {after scme tedius algebra)
fir? = 22 52)s o0 (5.6)

We now have six operators {three componenﬁs each of 1. and ﬁ') which
correspond to the invariants of the problem at hand. There will be
fifteen commutators which are given below in five eguations, each

" standing for three

¥

eguations obtainable from it by cyclic permutation
of X, y and Z.
[lyobyl = Hily, DL T = 0,01 ] = TiM,
(Mot = by, [ )e £l (5.7)
The components of i by themselves constitute a closed algebra and

can be usad to generate the Lie group G(3). But, as egns.(5.7) show,

the six operators L and H' do not form a closed algebra because of
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the appearance of a new operator, the Hamiltonian H, in the commutator
of ‘the components of'ﬁ'. However, let us work in a.gegeneﬁate subspace
with energy E <0. In this subspace, we can replace H by E, and define
a new operat?r by.
= (= gp) (5.8)

In the first commutators of {5.7), the components of M simply replace
those of M'. The last commutator, however, takes the form

| ’ [Mx.My] = ifiL,. (5.9)
The algebra of the six operators I and ﬁ is closed. These genérate a
six-parameter Lie group which is the dynamical symmetry group of the

hydrogen atom.

To show that this group;is 0(4), we define six new operators by
writing

J for i,i,k = X,y.23 (5.10a)

iJ - k 1Jk Lk
'J.im: b Jm_-l = M.i (5.1Db)

Here, €39k is the Levi Cevita symbol. Thgy satisfy the relation

[ xy’ _YZ] = ik \] % [JXm’JYZ] = 0,
0 Yo ,J ] = ii J m’ [JXm’Jym] = {h ny (5.11)
Doy = 3,

where, again, each equation stands for three equations obtained from
it by cyclic permutatjon of X, y, and z. fhe six operators

Joolp, 0= X,¥s2,0) are the infinitesimal generators of a group whose
operations leave the quadratic form x2 + y® + z% + »2 invariant,
i.e., the group of all real orthogonal transformations in a four -

dimensional vector space, or 0{4).
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Let us now introduce two operators A and B with
A=ft+t), B=30-M ; (5.12)

They satisfy the relations

(8., B.] = {he,. B
7 13k Tk (5.13)
[A1° Bj] = 0 for i, = X,¥s2

[Aia H] = [Bia H] = 0

The A's and B's generate two commuting SU(2) algebra showing that
0{4) is homomorphic to SU(2) (X} su(2).

The rank of 0(4) is seen from (5.7) to be 2; we may choose the two
commutihg generators td be any one component of 5 and any one compo-
nent of B. There are therefore two Casimir operators which commute
with all the six generators. These are obviously, 32 and Ez or any
two independent Tinear combinations of these. Their eigenvalues, in

analogy with the theory of SU(Z), may be written as

AZ = ala+1)h? , B? = b{b+ 1)K? , - (5.14)

The compiete commuting set of operators that label the states are
e.g., A%, B2, Az, 82. So that the states can be labelled as
{a,b,u, v?, usv bejng the eigenvalues of Az and Bz where a and b take
all nonnegative integral or half-odd-integral values. Since-i = E*—E,
L% = A%+BZ + 2A-B, our states are not eigenstates of L2, Taking the
sum and the difference of A% and B?, we find that
CE A+ B = (L2 ),
Ct = A% « B2 = LM (5.15)
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Using egns. (5.4) and {5.8), the second of the above equations shows

that C* = 0, so that our physical system (the hydrogén atom) carres-
ponds only to that part of 0(4) for which A% = BZ g a(ati) = b(h+l),
This gives the two solutions a = b and a = ~{b+1}; the second solution
must, however, be discarded since a and b are restricted to nonnegétive

values.,

The eigenvalues of the Casimir operator C then become
C = 2a{a +1Th? (5.16)
Using eqns. (5.6}, (5.8) and (5.15), we then have that

_1 v ,2E 2 4
ca-z—[Lﬁ-ﬁ{T(L%*ﬁ Y+ e )]

' 4
_— %['h“ + 2L (5.17)

Using egn. (5.16) in the above equation, this finally gives
£ = - el
T 202 (2a41)*

T ‘é%%s} , N = 2atl . (5.18)

as vequired. The existence of the dynamical symmetry 0(4) thus allows
us to solve the problem algebraically and correctly accounts for the

degeneracy.

In the same manner one show that the symmetry group of the two-dimen-
sional hydrogen atom is SU(2) or 0(3). Since half integral represen-
tations do not occur in the Coulomb problem one must choose 0(3) as

SU(?2) gets ruled out.
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The Isotropic Harmonic QOscillator

A three-dimensional isotropic oscillator has 0(3) symmetry. We should
expect only a {21+ 1) fold degeneracy on this basis. But its known

(n+1)(n2)
2

degeneracy is higher, It is where n {s the principal

quantum number, Recall that n = 2k + % where k is the degree of the

polynomial solution of the osciliator problem. Clearly n > and hence

(Eil%éﬂi§)> 22 +1. The relation n = 2k +2 together with the fact
that the energy levels are given by En =n+ % in units of h'e implies
that levels of different : too are degenerate. For a given n,r can
take the values 0,2,4,...,n or 1,3,5,...,n depending on whether ¢, n

is even or odd. This degeneracy was also termed accidental. We will
now see that there 1s nothing accidental about this degeneracy too.

It is due to the fact that an N-dimensional oscillator is invariant

under rotations in V&(C).

Setting h = u = 1, the Hamiltonian of an N-dimensional oscillator is
Ho=3(p? + 0% v?) (5.19)
where p and r are N-dimensional vectors. Introduce a set of N opra-

tors a.at a la Dirac with

JJ
a; = l’(D -for.) al = 1 ( Hor }3=1,2 N {5.20)
j Vzw}.j i’ i 7?’;’93 i 1lseeny .
We have
+ aom ‘ £
. ) [a'i’ aJ] = 'SU' . (5.21)
Further N
+ +
Ho=ot (aja;+ 3 =elaha+ B, (5.22)

Here gf and a are complex N-dimensional vectors. We see that H is
controlled by the N-dimensional scalar product gf°g and is thus
invariant under rotations in VN(C)‘ For the three-dimensional case

the invariance group of the oscillator is V3{C) which is larger than
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V?(R). In this fact lies the extra degeneracy of the oscillator.

Restricting to the three-dimensional case et us try to figure out
the symmetry group of the oscillator. In the process we will also

tearn how the Schwinger forinulation of angular momentum can be exten-
ded to study SU{N) algebras. From the six operators al,az,a3,az,a;.a;

we can generate nine distinct number conserving bilinear forms of the

type a:'a The quantities like aiaT are not indepzndent of these.

e B

Let us group them as follows:

o+ + gt +
Ay T aga, fagdy s a7 mi{agay - ay3y),
. 2t + cate St
LT A B LY T I S
. R t + +
A = -H{ajay - d58) s ag = 23+ aj3y (5.23)

) i + o Lo + t
ry = ~i{ayay - ag8,), ag = plagay + a0, - 2242,)

_and

o
1

= m@a%i 4 %)
A1l the a's commute with M. But the aight a's generate the algebra
of SU(3). '

£rys Aj] = Zizzfijk Ak (5.24)
Thus, the symmetry group of the oscillator Hamiltonian is SU(3).
Together with H_#é have the algebra of U(3).

4

As a point of interest we may note that the angular momentum opera-

tors are given by
i + +

they clearly commute with H, It is also clear that in a similar

manner SU(N) algebras can be generated out of N a's and N a's.
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Let us also take this occassion to 11lustrate how spherical tensors

can be constructed within the Schwingerlapproach and how 2 degene-

racy can be understood. Define,

e
4
=1}
o

(5,26)

These are nine conserved operators for the probilem. Now

N K :
Te T = T11 + T22 + T33 = a

-

a . It is a scalar, It transforins 1ike

the spherical tensor Tg. It is essentially the Hamiltonian operator

for our case. Next consider the three antisymmetric combinations.

(Actually Li)'
Ta’3 - Ty = {2 xal {5.27)

4
These transform as a vector (

¥ = (a2 x a). There seems to be a diffi-
4

’ . 5 1.:._-:{;_ 1V!‘
culty here. Consider V; ffy“? .

If we apply it to the {ngze> state of the‘osciT1ator thgn by Wigner
Eckart theorem

Vi ined = Clnyo e 1, 04 1> (5.28)
Hence, oscillator states differing by one unit of angular momentum
are degenerate, for V% comnutes with H. This cannot be. The answer
is simp]e.“V{ s nothing but L . It should raise the m value by one
unit but cannot change the i value since [L?, L,] = 0. The result

is that C = 0.

The remaining five components of Tij mist transform as & spherical
tensor of rank 2. If this were not so we could form irreducible

tensors with less than 5 components. The enly possibilities are
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: : .
tensors with rank 1 and 3. Bul given two vectors & and 8 these are
+ 4 v .
a +a and @ x a. These we have already used uwp. Thus, the five
remaining degrees of freedom must give us Tg. One refers to this

object as the quadrupole tensor Qq. We need the component Qg sinte

we want

Q5 Ineed> = Cin,n+2,242) {5.29)
so that the degeneracy in & at each n can be explained {remembering
that [QS. H} = 0) when 2= n = toax © must vanish. Now a and at are

vector operators Trom which we can form tensors operators a? and azq

which behave like llg> . The product behaves like the direct product
of two spin one objects. Since Qg fs Tike 122> = 111> (X)111> we
find that

2= ("] (a)]

L
[
id

a+ a + la
AP ¥ N
i 75 (5.30)

R I
+
By + 1

1

]

1.4 + Ya +at '
3 laya, - aya, + 1}(ax‘a&}r baga)l.
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CHAPTER 6

QUASL-EXACTLY-SOLVABLE PROBLEMS

and

SL{2,R) ALGEBRA

The term quasi-exactiy-solvable (QES) prob]ém §s to be understood in the
following sensell. Consider a gquantum system and assume Jjust for the sake
of definiteness that the spectrum is discrete. One solves the eigenvalue
problem either.by solving the Schrodinger equation or by diagonalizing an
appropriate matrix. We call this a non-algebraic operation. In some cases
ohe can obtain the entire spectrum or part thereof by purely algebraic
means. Well known examples are the Coulomb problem, the oscillator problew,
the angular momentum probfem and the free particle problem in three dimen-
sions. In effect? the well known special functions of mathematical physics
such as the Hermite, Legendre, Leguerre and Besse! functions can be genera-
ted by purely algebraic means. A closer examination indicates that there is
alﬁays an underlying symmetry that results in such a facility. In the
Coulomb case it is 0(4), for the three-dimensional isotropic oscillator
it is SU(3), for the one-dimensional oscillator it is the underlying har-
monic osciliator group and for the free particle it is translational sym-
metry. In recent years & number of problems have emerged that admit partial
algebrajzation. A certain number of levels un can be obtained by algebraic
means. Such problems are said to be quasiuexgctly solvable. In all such
cases a cérta%ﬁ number of couplings appeariﬁg in the Hamiltonians must be
appropriately tuned or quantized. In addition to these with & regular
pattern of well defined sets of soliuions there are many other problems in
which tuning of parameters leads to one easily obtainable solution in
general and two under special conditions. A typical example of this type

is the bound state potentiall?
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vex2a 3 : (6.1)

We shall come to a discussion of thase later.

QES problems have been known in boih classical and quantum physics for a.
fong time®™ . As far as we know Co1egarold was the first one to point ocut a
general procedure for obtaining potentials that support a ground state

solution which is of a polynomial type. He noticed that if

A

H = p% + g%( + #(x) (6.2)

with ¢(x ») = ¥ = then v = exp[ éx s (y) dy] (6.3)

is the normalizable ground state wave function. He also indicated a proce-
dure for obtaining higher states as polynomials. Flessas'® and others also
noticed many special potentials (i.e., with tuned couplings) that support
polynomial soiutions. Singh et Y noticed, via a Hill Determinant approach
that the sextic anharmonic potential V = ax® + bx% + ¢x6 , ¢ > 0 has poly-
nomial solutions provided the Hill Determinant can be factored into a
product of two determinants which again Teads to a tuning condition on the
couplings. Turbiner17 has classified QES problems that belong to the

SL(2,R) class. Leach18 has traced the partial solvability to the factoriza-

bility of the Hamiltonain that relates it to the Riccati equation. Thus, if

Ha.p) =8 + () (6.4)

the Schrodinger equation can be written as

Ly = [D® +2 « V] = 0 (6.5)

where %A is the energy eigenvalue. Suppose L can be factored as
L= {D=-a){D=-8) {6.6)
then : a+ B =0 and o8 - %% = A~V . (6.7)

i.e., L= (D wa){(D+a) (6.8)
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%nd we have the Riccati equation

U S (6.9)

;One finds that polynomial solutions for the original problem obtain if this
jequation can be satisfied. Ushveridze' has noticed a connection between
:the SL{2,R) based problems and the Riccati equation, It thus seems that
-the availability of an underlying symmetry, the factorizability of the
?Hami1tonian and the reduction of the problem to a Ricc;fi equation ard the
;factorizahi1ity of the Hi1l Determinant are all interrelated aspects of QES

}problems. No study of such a connection exists in literature and this should

-deserve attention.

}From a practical point of view QES problems, had ti1) recently been consi-

~dered to be of not any great significance. One could get some information

- on the given system and there is a Timited scope of developing a perturba-

- matrices g = (,

~{ive approach based on these solutions. The exact results are useful for
-testing approximation schemes and numerical techniques. However two recent
;papersza have shown that such problems can be immensely valuable in solving
;a given probtem or a sub problem. Thus, the QES problems deserve greater
%;attention. In this final chapter we shall study some SL(2,R) based problems
fiin detail, try to find an answer to an interesting question raised by

" Turbiner and point out a number of interesting questions which warrant

detailed study in future. -

% First we collect some important facts about the SL{Z,C) groupz. It is a

" group of complex 2x2

a 2) with det g = 1.
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Thus, the Lie algebra of SL(2,C) is the three dimensional space of all

complex 2x2 matrices o with trace a«=0 i.e.,

(il 0.2
a = (u3 »al) (6.10)
For SL{2,R)}, ay3 Ggy Gy Are real. A possible basis is defined by
- 0-1 +_,0 0 o .l o
J = (0 0)3 = (_l 0)’ J7 = (0 ,1) (6'11)
So that [0°, 0*1 = 320, [d7, 9%]1=0° (6.12)

The algebra is of course independent of the basis chosen. With the quantum
problems in view, we are more interested in a differential representation of

the generators. For this one observes that the set of operators

-1 d . 1 .. d :
J+ = vFé (yz a"y - sz)s J“'Ji dy ° JO“.Y&; = (6'13)

acting on the space of functions y3+m with J = g = {1, %, 1,... and
m= -j, =j+1,..., +j generate the SL{2} algebra. One straightforwardly

varifies that

[0, 9,0 = 3, [9,,0,] = % 9, (6.14)

In analogy with the angular momentum commutation relations one finds the

Casimir operator to be
2 = 12
Jé = JO ~dd - dy (6.15)

so that [d2, 3, ] =0 (6.16)

1,0

Thus, the states can be written as |jm>. Proceeding in exact analogy with

the angular momentum problem one finds that j = 0, %, 1,... and

m = 'j’ “j+1t---a +j“(2j+1) values.

Next consider the following bound state problem520

V= ~ax? 4+ cx?® (6.17a)

. a,b,c 5 0
Vo= bx* + cx {6.17b)
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variable y = x% and write V(x) = U{y) for even solutions. We find the

following eigenvalue probiem

hu =ey (6.23a)

d? d 2 d

Using the representations of the SL(2,R) generators J, o 9iven by eqn.{6.13)
-5

ho= .dy

we find
ho= 46d, - 2(25#1)9_ - 40 + 8 (83+3) - 1ly (6.24)

But if BA win

Thus, in general h is not representable in terms of J 8373

£,0°
we see that
h=-4J_ - 2(2j+1)}0_ + 48d, . (6.25)

Going back to the original probiem

H= (0% - (8343)x% + x°] (6.26)
one checks that {2j+1) even parity solutions which were obtained above are
recavered for j = 0, %, I,... . The wave functions that we obtained direc-
tly are of the form

AL 7 (6.27)
i.e., linear combinations of the SL(2,R) basis functions yjfm in the given
subspace of fixed j. e believe that a combination of the génerators Ji,o
with co-efficients depending on j and m should be constructible which would
connect all solutions of the problem with a fixed j. However, we have been

unable to locate such an operator in general.

Pl

A similar sét of odd solutions can he obtained by writing V(x) = xU{x}) and
again going over to the variable y = x®. The corresponding Hamiltonian is
found to be

H= 302 - (8545)x* + x°] (6.28)

and admits (2j+1) polynomial solutions. To sum up, thé polynomial solutions
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of the probiem in hand are the linear combination of SL{2,R) basis FUR
with a fixed j value and the Hamiltonian is a simple fuﬁction of the sp |
geperators. It is not invariant under SL(Z,R)‘transfurmations. It onty &

a symmetry connection that allows a partial solution of the probl e,

For the second problem we write the Schrodinger equation as

gt e X" 482 x5 Ju =0 (6.=¢
“yx? o pxt )
¢‘ - e-T .-—E- V(x) (6.89
287 = 1 (6.7 0
n
V = zapx (6.2 9,

Polynomial solutions of degree K obtain if

3

1
87 % 5ET3 (6.30x)
and the (m+l)} roots of 4y = 0 determine the corrvesponding levels. ppg.

ceeding as before we form the new eigenvalue problem

h'v = ey (6.31 &
d2 d d d
h' =« by oo Ay qpt Ay gy <2y 4 -(r? ~3s)y (6.3185
h' =~ 800+ ABY, + AV - 2(2041)d_ +Y(43+1) + [8(8343) ¥l ¥ (6,31 )

If v2 = g(Bj+3) we have even parity polynomial solutions. If v? =3 (3j;5)

we have an equal number of odd parity polynomial solutions. As j =+ = the
coupling g%+ o and the energy levels approach those of the pure x*
problem from above. Thus, tﬁese solutions proviﬁe an excellent approximatic

to the guartic spectrum for large j.

T:m:n‘manr*l7 has given a whole Tist of SL{2,R) based QLS problems all of
which are reducible to a three-step format and require quantization of

coupling constants.
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