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ABSTRACT 

The el ements of group theory are presented. Represelltat ion theory 

of both finite and continuous groups is suitably developed. The 

Schwinger fOrmulation of angular momentum theory is discussed and 

applications of SU(2) symmetry to elementary particle physics are 

considered. The dynamical symmetries of the Coulomb and isotropic 

oscillator problem are studied. The connection between Quasi-Exactly­

Solvable problems and group theory is analyzed. A number of interes­

ting open questions are shown to emerge and partial answers to some 

are provided. Perspectives for future work are recorded. 
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I NTRODUCTI ON 

Our interest in group theot'y stems from its utility in s"imp1ifying quantum 

mechani ca 1 problems. An important share of theoreti ca 1 ~/Ork in extra 

nuclear physics (physics of atoms, molecules and solids) belongs to the 

realm of solving the eigenvalue problem of the. Hamiltonian operator. Apart 

from spin and relativistic effects H is obtained from the classical expres­

sion for energy H(Pi,qj) through the usual operator sUbstitution Pj~-i~Qi' 

For 10vi energy phenomena which mainly concern us here, spin can be incor-

porated through the standard two component Pauli treatment. The basic 

Hamiltonian, accurate enough for the mentioned domain is easily vlritten 

dOlm as 

P~ 
H=E _1+" 

.~ ~ 2m nuc 

p2 
k 

2mk -

Where Hso ' Hss ' Hhfs ' Hext refer to spi n-orbit, spin-spi n, hyperfi ne, struc­

ture and external field couplings (such as appl"ied external magnetic or 

electric fields) respectively. Even for simple systems it leads to very 

complicated wavefullction and one should have no hope to ever reduce them 

to the class of solvable problems like the Coulomb problem, the oscillator 

problem or that of non-interacting particles in a.square walled box. 

Approximations must thus be sought. Prior simp1ifications based on symmetry 

thus become an important starting pOint. Further approximations which then 

reduce the general ity and accuracy of the result may then be invoked. 

The need for symmetry based simplification requires a basic knOl~ledge of 

group theory. vlhat concerns a phys i ci st most is the symmetry of the Hamil-

tonian operator. The representation theo,'y of groups is thus of paramount 



importance to physicists. This is one of the main topics \"Ie focus on in 

thi s work. Of course, fi l'st a some amount of abstract group th'eory ~Ii 11 

have to be discussed. 

By recognizing tile sYI .. ,iletry groull associated \"lith a Hamiltonian one is 

often led to a considerable direct simplification of the diagona1ization 

pt'ob1em through the recognition of selection ru'les wh';ch can eliminate a 

number of matrix elements by inspection. This is so because if H commutes 

with R then Hand R have a COll1iilOn eigenbiisis. Two functions that belong 

to different eigenvalues of R can not be connected by H. 

The use of group theory a1sCl, leads to additional insight, into the dynamics 

of a given problem. We know that degeneracies almost always originate in 

the existence of underlying symmetry groups. The invariance of a Hamilto­

nian under it rotation group, fat' example, implies a (2t + 1) fold degene-

racy among the energy levels. The existence of l~rger degeneracies of the 

Coulomb an'J the oscillator problems ultimately find their clues in the 

fact that the correspondi ng Hamil tonians have much 1 arger symmetri es than 

are manifest. 

Group theory also turns out to be useful in cases where the Hamiltonian 

can not be written down'; as we have done above. This is so in the domain 

of nuc'iear and sllbnuc1ear physics 'Ilhere we are not certain about the inter-, 

action potentials but the o-bserved reyular"ities in a system still permit 

a recognition of underlying symmetry groups. Many elementary particles 

were discovel'ed in this m1nner. 

In the last feH years a nel'l appl ;<;ation of group theory seems to be emerging. 

This is the domain of quasi~exac·t1y-solv~l;l'? pt'oblems. Usually, when a 



Schrodinger ~qUution can not bi! i'i~dilC;~d to i\ t',10 term reclH'sion relation, 
, 

closed form sollitions are hard to write and the imposition of the square 

integrability condition becrnnes problematic. In such C1ses one finds that 

if a connection between Hand SOmf! sym;neti'y 'FouP can be established I.e., 

if the Hamiltonli:.l1 can be written' as a function of group generators then 

a partial set of solutions that []I'e manifestly normal izable Ciln be \,!;~.~~- .. 

down. Such knol'/ledge provides some information about the system and could 

also form a basis for a limited pGrturbative treatment. 

'. 
The plan of the thesis is as follows: 

In Chaptel' on'~ v:e out 1 i Ht! th,r': elements of gnup theory. Chapter tvlO is 

devoted to I:I'~ I'epresentation theory of fin'jl;e g\'oups. In Chapter' thrC'(, 

we will study repreS2,lt"tiol; i;;;':.GiY uf c:Ji .. ~h,uOllS groups. One of the most 

impol'tant g"GlipS in physics is the rot,Jt'j(l;) !ltUl!!!, 1:2 \'Iill fo110Yl here an 

elegant proceduY'e dl'e to Sch.,~nger to 119 disCUSSf:d in Ch<1ptct' fOllt. He 

also study SU(2) group using tll'is ;;;,~t!lod. F',nilHy, lie ~,i11 <i11011 upon the 

fact that. exactly solvahle problems in qUenh:!'1 m;>cilanics hav" an intimate 

conll~ction I:itll grc'.!11 tr.!)ory. To '(;~lis end \,;2 Hill analyze th.e Coulomb 

will le;lrn tbt the vell knOH;) accidental Jegmleri'':ics of the Coulo;nb and 

oscnl;;'~or problems (ieti'lB fr'c:n the larger sywf,,}tries of thC! underlying 
_ •. 1-.' 

HamiHuni3.ns UWIl 'j., iHi"nifest. ~Jc will dIsc'15~ also Gynamical groups vlhich 

rendering th0m either exactly or qUIsi-exactly-solvable problems. The 

imillense utility of tl-.<c qllasi-Cl::1Gtly~s( lv:,ble prLl>lans wi il be discussed. 



4 

CHAPTER 1 

ABSTRACT GROUP THEORY 1,2,3,4 

1.1 Definitions and Basic Concept~ 

A group is a set of distinct elements, G ~ {E,A,B,C, ... ), endowed 

with a law of composition (such as addition, multiplication, matr.ix 

multiplication, etc.), such that the following properties are satis­

fied: 

a) The composition of any tl'lO elements A and B ofG undei' the given 

law results in an element which also belongs to G. Thus, 

A 0 BEG. BoA € G, (1.! ) 

where we have denoted the composition of two elements of G by the 

symbol o. Symbolically, 

A 0 B £ G V A, B € G 

This property is known as the closure property of the group and 

th~ set is said to be closed under the given law of composition. 

b) Thet'6 exists an identity element E € G such that for all A € G, 

E 0 A ~ A 0 E ~ A ( 1.2) 

~ymbol Ica lly, 

3 E € G 3"E 0 A " A 0 E " 1\ IJ A € G 

E is knOl'/n as the identity element of G, 

c) Fot' any element A € G, there ex is ts a un I que element B € G such , 
" 

that 

A 0 B " BoA = E (1.3) 

Symbo 1 i ca lly, 

I;j A € G 3 B £ G:>A 0 B ~ BoA ~ E 

B is caned the i nvet'se of A, 1'.ml v"ice versa. 

(b) ()!ld (c) are not independent axioms. 
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d) The law of composition of the gl'oup element is associative. i.e .• 

for any A.B,C, E G 

A o(B 0 C) - (A 0 B) 0 C ( 1.4) 

Symbo Ii ca l1y, 

A o(B 0 C) ~ (A 0 B) 0 C \j A,B,C E G 

The number of elements in a group is called its order. A group corrtain­

ing a finite number of elements is called a finite group; a group con­

taining an infinite numbel' of elements is called an infinite group. 

An infinite group may fuy'ther be either discrete or continuous. If 

the number of the elements in a group is denumerably infinite (such 

as the number of all integers), the group is discrete; if the number 

of the elements in a group is nondenumerably infinite (such as the 

number of a 11 rea 1 numbers), the group is cont i nuous. 

The product of the group elements is not necessarily conIDlUtative, 

i.e., in general, AB f BA. If all the elements of a group commute 

with each other, it is said to be an abelian group. 

A subgroup H of G is a subset which is itself a group under the group 

mUl.tiplication defined in G. The subgroupsG and {E} are called 

improper subgroups" or G. A 11 other subgroups are proper. 

Some examples' of groups are: 

i) The real numbers R with addition as the group product. The product 

of two elements A,B is their sum A+B. The identity is 0 and the 

inverse of an element is its negative. R is an infinite abelian 

gl'oup. Among the subgroups of R are the integers, the even 

integers, and the gl'oup conSisting of the element zero alone. 
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i i} The nonzero rea 1 numbers in R wi th mu 1 tip 1 i ca t i on of rea 1 numbers 

as the group product. The identity is 1 and the i.nverse of I' £ R 

is 1/1'. Gt'OUP multiplication is again commutative. One of the 

subgroups is the group of positive numbers. 

iii) The real special linear gt'oup SL(n,R). Here, n is a positive inte-

gel'. The group elements are nonsingular nxn real matrices with 

determinant +1. Group multiplication is ordinary matrix multipli­

cation. The identity element is the identity matrix E = (oij)' 

\~here 0ij is the kronecker delta. The inverse of an element A 

is its matrix inverse, which exists since A is nonsingular. 

Clearly SL(n,R) is infinite and nonabelian. 

iv) The symmetric group Sn' Let n be a positive integer. A permutation 

of n objects (say the set X = {1,2, ... ,n}) is a 1-1 mapping of X 

onto itself. Such a permutation S is written 

(1.5 ) 

and we say:' 1 is mapped into PI' 2 into P2' ..• , n into Pn' The 

numbers PI' •.• , Pn are a reorderi ng of 1,2, ... , n and no two of 

the Pj are the same. The ol'del' in which the columns of (1.5) are 

-1 
written is unimportant. The inverse permutation S is given by 

S - i ~' ( PI P2'" Pn) 
. 1 2 •.. n 

( 1.6) 

" 
The product of two .permutations Sand t, 

(1. 7) 

is given by the permutation 

( 1.8) 
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where the product is read from right to left. That is, the integer 

, qi is mapped to i by t and i is mapped to Pi by s, so 'qi is mapped 

to Pi by st. The identity pet'nJlItation is 

(1. 9) 

with these definitions the permutation's of n objects form a group 

\ ca 11 ed the symmetl'i c group. Sn has order n!. 

v) The group of order two consisting of the real numbers 1. -1, with 

ordinary multiplication as the law of composition. 

vi) The group of order four consisting of the complex numbers 1,i ,-l,-i 

(where i 2 = -1). under multiplication. 

vii) The set of two matrices [~ ?J 
cation. 

and [-I 0] 
, 0 -I under matrix multipli-

viii) The set of all nonsingular square matt'ices of order n(n a positive 

integer) under matrix multipl ication. 

1.1.1 Groups of Transformations 

The group of particlllar interest to a physicist are the groups of 

transformations (such as l'otations, reflections, permutations, 

translations, etc.) of physical systems. A transformation which 

leaves a physical system invariant is called a symmetry transfor­

mation.{)f the system. Thus, any rotation of a circle about an axis 

passing through its center is a symmetry transformation for it. 

A permutation of t\'/O identical atoms in a molecule is a symmetry 

transformation for the molecule. 

The set of all symmetry tl'i1nsfot'm~;;ions of a system forms a group. 

The group of all sYlr.metry tl'ansformations of a system is called the 

group of symmetry of the system. 
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1.1.2 The Reart'angement Theorem 

A 11 products of the group elements can be r,;presented by a table, 

known as the group multiplication table .. In the multiplication table 

each column or row contains each element once and only once. This 

rule is true in general and is called the rearrangement theorem. 

To prove this theorem, \'Ie sho~1 that no element can occur mOr'e than 

once in a ro\t 01' a co lumn. For, suppose an element 0 occurs t~1i ce 

ina col ur,l" correspondi fly to the e ·ltment A. Ttl i s means that there 

exists two eleffi2nts, say Band C, such that 

BA ~ 0 and CA ~ 0 

Multiplying fl'om the l'ight by A-I, I'/C get 

B = OA- I , C = OA-1, 

showing that B ~ C, \'Ihich is contrary to the hypothesis that the 

group elements are distinct. The same line of argument can be used 

to Sh(M that no eleffiellt can occur more than once in a row. 

An iffi,Jortant Gonsequence of this theorem is that if f is any function 

of the grollp e'i;~ments, then 

L f(A) ~ f. f(AB) 
A"G A<G 

(1.10) 

\-~hE:re B i5 an eler.12nt of the finite group G and the sum runs over 

,. 

1.1.3 Generators of a Finite Group 

It is possible to generate 811 the 21ements of a group by starting 

from a ce)'tain set of ebments \·/hich are subject to some relations. 

Considel' the smallest s"t of elem2nts whose pcwers and products gene-

rate all the elsm2nts of the grQ~p. Th~ eleme~ts of this set are 

called the genE'I'atol's of the group. 
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As an example suppose we wish to generate a group from two elements 

A ~nd B subject only to the relations A2 = 83 
= (AB)2 = E. 

The group must contain the elements E,A,B and 1l2, since A2 = E and 

B3 = E. But then it must also contain all the products of A,B and.S 2 

among themselves. Hence, we get two new elements of the group, AB and 

BA. It can be shown that A and B do not commute, since if they do, 

then from the relation (AB)2 = E, \'Ie have 

E = ABAB = A2B2 = B2 

which is not true. Therefore AB and BA are distinct elements. We have 
2 thus generated the six elements of the group E,A,B,B ,AB,BA. It can 

now be shovm that this set is a group, I.e., it Is closed under 

mu It I pI i ca t i on. 

The generators of a g)'OUP are not unique; they can be chosen in a 

variety of ways. Thus, for example, the group of order six of example 

above mily be generated by anyone of the following sets of geneNtors: 

(A,B), (A,B2), '(A,AB), (B,AB), etc. 

1.2 Conjugate Elements and Classes 

An element B is said to be conjugate to A if 

" B = XAX- l or A = X-IBX (1.11) 

Where X is some member of the group. The operation is called a simi­

larity transformation of A by B or of B by A. Flwther, if Band C 

are both conjugate to A. they are conjugate to each other. 

To prove this we assume that 

B = XAX- 1 and C - YAy-1 (1.12 ) 

then, A 0- y-ICY 

and B = Xy-IcYX-1 = (Xy-I) C (Xy-l)-l ~ ZCZ-1 . 
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It immediately follo\'ls that ~/e can split a group into sets such that 

all the elements of a set al'e conjugate to each other but no two 

elements belonging to differellt sets are conjugate to each other. In 

fact, such sets of elements are called the conjugacy calsses or simply 

the classes ·of " group. The identity element t always constitutes a 

class by itse If in any group, since, for any element A of the group, 

A-lEA = E. 

In case we an~ dealing I'ritli groups of transfonllations consisUng of 

rotations, reflections and inversion of a physicill system, there are 

some simple rules which ailovi the determination of the classes of a 

yroup WithO'lt having to perform explicit calculations for all the 

elements, These are: 

i) Rotations throu\Jh angles of different magnitudes must belong to 

diffel'ent c1 asses. 

ii) Rotations through an angle in the clockwise and in the anticlok-

wise sense about an axis belong to a class if and only if there 

exists a tral!sformation in the group whiel! reverses the directiofi 

of the axis or which changes the sense of i1 cal'tesiilll coordinate 

system Ci .e., takes a ri,jllt·handed system into iJ left handed one 

0,' vice versa). 

Hi} Itotationc; tilrou0h the ';(\l11e an,jle about two di fferellt a;:es or 

reflection:; in two disc'iilct p1anes bel'Qng to the same class if 

and only if the tl'lO axes or the tvlO planes can be brought into 

(weh ot.!~er by SOl:!" Elelflent 0+' the gl'OLlIL 

In abelian groups, each element is in a class by itself, since 

vPX- 1 - A,·u-l - A[· ... "i "~A/\ -- :-: H. 

)' 
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1.2.1 !1tA1HpJ~L(;~t;()~,,()_(Q~~~es 

Let C. ' (A. 1 ' 1\2' ... , A ) alld C, = (~1' B2, ... , Bn) be two 
1 _ m .1 . 

classes (sc;mc Oi' distinct) uf a gt'OUp containing III and n elements, 

respf'ctivdy. He def'in" theit' product as a set of containing all the 

e 1 eillents obta i ned by taki ng the products· of each element of Ci wi th 

eVI~ry element of Cj . He keep each element as many times as it 

occurs in the product. Thus, 

CiC j ~ (A1B1 , 1'2 B2' ... , A~bk"'" Ani\) (113) 

He can easily show that the set CjC j consists of complete classes. 

It wou'ld !Je enough to sho~1 that if an element Az Bk belongs to the 

set C;C j • then any element conjugate to A£B k also belongs to the 

set. COLsider an element conjugate to II 1. Ilk l'lith respect to some 

element X of the stoup G: 

vlhere. by till' definit·ion of a cl~.ss, Ar belongs to Ci and Bs belongs 

to Cj . Hence,' A,.Bs belongs to the set CjCj . 

of:omplete classes !)f the group: 

e.c.· r. 2"kCk 
1 J k lJ " (1.15 ) 

where, a jjk are nonn2gative integers giviQg the number of time~the 

class Ck is cOlltahled "in the product C{j and the sum is over all the 

classes of the group. 

A set Ii 'is said to be d subgroup of a <Jroup Gif H is 'itself it g~~"" 

under the Silll1e lil.I-1 of con'positioll as that of G and if all the elements 

of H arC! also in G. 
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Every group G has two trivial subgroups - the identity element and 

the group G itself. A subgroup H of G is called a proper ~ubgroup If 

H f G, i.e .• If G has more elements than H. 

As an example of a subgroup ~/e have a group of positive numbers which 

are a subgroup of nonzero rea 1 numbers wi th multi pI I ca ti on of rea 1 

numbers as the group product. The real numbers R with addition as 

the group product have subgroups such as the set of Integers, the set 

of even integers and the group consisting of the element zero,alone. 

1.3.1 Cyclic Groups 

If A is an element of a group G. all integral powers of A such as 

A2. A
3

, •..• must also be in G. If G is a finite group there must 

exist a finite positive integer n such that 

An = E. (1.16 ) 

the identity element. The smallest positive (non zero) integer satis­

fying (An = E) is called the order of the element A. 

I 
The group (A, A2. A3 •...• An :: E) has the property that each of its 

elements is some power of one particular element. Such groups are 

called cycl ic groups. A group generated by a single element is a 

cyclic group. Clearly, cyclic groups are abelian, while the converse 

is not necessarily true. 

1. 3.2 Cosets 

Consider a subgroup H = (HI ~El,H2"'" Hh) of order h of a group G 

~Ihich is of order g. Let X be any element of G. Construct all the 

products such as XE, XH2• etc .• and denote the set of these elements 

by 

(1.17) 
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Now there arise two cases - X may be in the subgroup H or X may not 

be in H. If X is a member of H, the set XH must be identical to the 

group H by the definition of a group. In the set XH, we only have a 

rearrangement of the elements of H. This can be denoted by 

XH = H if X t H (1.18) 

On the other hand, if X does not belong to H, one can show that no 

element of the XH belongs to H. 

-. 
When X is not a member of the subgroup H (but, of course, is a member 

of the full group G), the set XH is called the left coset of H in G 

with respect to X. Similarly, we can define the right coset of H in 

G with respect to X as the set of elements 

(1.19) 

which will also be disjoint to H if X is not in H. All the elements 

of the left coset and the right coset must of course belong to the 

bigger group G since X as well as Hi belongs to G. 

1.3.3 A Theorem on Subgroups 

If a group H of order h is a subgroup of group G of order g, then g 

is an integral multiple of h. 

To prove this, let H = (E,H2,H3, ... , Hh) be the subgroup of G. We 

can form the left coset of H with respect to an element XtG which 

does not belong to H. Now all the elements XH. (1< i < h) belong to 
1 - -

G but none of them belong to H. Thus, we have h new elements of the 

group G. We have so far generated the following 2h members of G. 

(1.20 ) 

If this does not exhaust the group G, then we can pick up an element 

Y from the rema i ni ng e 1 eme)lts of G such that Y belongs neither to H 
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nor to XH. Again, forming the left coset YIi, we see that all the 

elements YH belongs to G, but no element of YH can .belong to H. 

That is, the sets Hand YH are disjoint. We can show that the sets 

Hand YH and XH are also disjoint. Thus, we have a set of h new 

elements of G, making altogether the 3h elements. 

(1.21) 

If this still does not exhaust the group G, then we pick up one of .. 
the remaining elements of G and continue the process. Every time we 

generate h new elements, which all belong to G and hence the order 

of G must be an integral mutliple of h. 

The integer g/h is called the index of the subgroup H in G. 

If an element A of a finite group G is of order n, we have seen that 

the set (A, A2 , •.• , An :; E) is a subgroup of G. Hence it follows that 

the order of every element of a finite group must be an integral 

divisor of the order of the group. 

1.3.4 Normal Subgroups and Factor Groups 

I f the 1 eft and the ri ght cosets of a subgroup Ii with respect to all 

the elements X£G are the same, then H is called a normal subgroup 

or an invariant subgroup of G. This condition can be written as 

XH = HX or X-1HX = H for all Xc G (1.22 ) 

We can also express this condition alternatively by requiring that 

every element of XH be equal to some element of HX, or 

XH H . -1 ( ) i = jX, 1.e., X HjX = Hi 1.23 

But this is just the conjugation relation between the elements Hi and 

Hj and shows that if an element Hi belongs to a normal subgroup H of G, 
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then all the elements conjugate to Hi also belong to H. This often 

expressed by saying that a normal subgroup consists of complete 

classes of the bigger group. The converse also holds. i.e .• if a 

subgroup H consists of complete c1asses'of G, then H is a normal 

subgroup of G. 

The multiplication of two cosets is defined as the set obtained by 

multiplying each element of the first coset with every element of 

the other, repeated elements being taken only once. 

When we consider the co sets of H as elements, and define product as 

the result of coset multiplication, the cosets of the invariant sub­

group form a group whiCh is called the factor group (or quotient 

group) symbol i zed by K ~ G/H. 

1.4 Direct Product of Groups 

The direct product of two groups H ~ {HI = E,H2,H3, .•. , Hh} of order 

hand K = {K1 ~ E,K2,K3 •.•. , Kk) of order K is defined as a group G 

of order g ~ 'hk consisting of elements obtained by taking the 

products of each element of H,with every element of K. provided 

i) that Hand K have no common element exce[)t the identity element 

and 

ii) that each element of H commutes with every element of K. 

The direct-product group is denoted by 

G ~ H0 K = (E,EK2 .EK3, .. · ,EKk ,H2 ,K2, ... ,H2Kk, ... ,HhKk) (1. 24) 

Taking the direct product of groups provides the simplest method of 

enlarging a group. This concept finds its immediate use in the study 

of symmetry of physical systems such as atoms, molecules, crystals, 

nuclei and elementary particles. To take an example suppose G is a 

< 
I 
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group of symmetry (of a system) consisting of proper rotation only. 

Suppose we later discover that the inversion, J, is also a symmetry 

transformation of the system. The inversion operator J along with 

the identity E constitutes a group of order 2, (E,J). Since the inver 

sion commutes with all rotations, 1'12 can take the direct product of 

G with (E,J) to obtain a bigger symmetry for the system I'lhich is now 

G@(E,J). 

1. 5 Isomorph i SOl and Homomorph i sm 

All groups having similar multiplication tables have the same struc­

ture-they are said to be isomorphic to each other. 

Mathematically, there is an isomorphism between two groups 

G = (E,A,B,C, ... ) and G' = (E' ,A' ,B' ,C', ... ) both of the same 

order g, if there exists a one-to-one correspondence between the 

elements of G and G'. In other words, if the one-to-one correspon­

dence is denoted by A·' A', S··B', C··C', etc. then a multiplication 

such as AB = t in the group G implies that A'B' = C' in the group G'. 

The multiplication table of G' can thus be obtained from that of G 

simply by replacing the elements of G by the corresponding elements 

of G' . 

It should be noted that the identity element of one group corresponds 

to the identity element of the other group under isomorphic mapping. 

Very often we come across a many-to-one correspondence or mapping 

from one group to another (or one set to another, in general). We 

say that there is a homomorphism from a group G1 to another G
2 

if 

to each element A in G1 there corresponds a unique element ,,(A) of 

G2 such that ~ (AB) = ¢ (A) ,,(B). The mapping " must be defined for 



17 

all elements of G1. The element t{A} of G2 is called the image or map 

of the element A of G) under the homomorphism. Although each element 

A of G1 is mapped onto a unique element t{A} of G2 several elements 

of G1 may be mapped onto the same element in G2. Thus, it may happen 

that 6{A} = t{B} even if A f B. If n elements of G1 are mapped onto 

each element of G2, \~e say that there is an n-to-l mapping or homomor­

phism from G) to G2. It is evident that if n = 1, the mapping reduces 

to isomorphism. 

To make the concepts more clear let G = {E,A,B,C, ••. J be a group of 

order g and let G' = {E1,E2, ... ,E n,Al'A2, ... ,An, ... J be a group of 

order ng {note that only one element, say El is the identity of G'}. 

Suppose that it is possible to split the group G' into g sets {E i }, 

{Ai}' etc.; each containing n elements such that the elements of G' 

can be mapped onto the elements of G according to the scheme 

{1.25 } 

Then the group G' is said to be homomorphic to G if the mapping is 

such that the product 
I 

1 < K < n { 1. 26} 

in G' implies AB = C in G, where C is the image in G of the elements 

C1, C2"'" Cn of G'. We say that there is an n-to-l homomorphi Sol or 

mapping from G' to G. 
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CHAPTER 2 

1 234 
REPRESENTATION THEORY OF FINITE GROUPS ',' • 

In this Chapter Vie are going to study about matrices representing all the 

elements of a group. The study of such matrices comes under the representa-

t i on theory of groups. 

2.1 Introduction 

2.1.1 Definition 

Let G = {E,A,B,C, ... ,} be a finite group of order 9 with E as the 

identity element. Let T = IT(E), T(A), ... ,} be a set of nonsingular 

square matrices, all of the same order, having the property 

T(A)T(B) ='T(AB) (2.1a) 

that is, if AB = C in the group G, then 

T(A)T(B) = T(C), (2.1b) 

then the set T of matrices is said to be a representation of the group 

G. The order of the matrices of the set T is called the dimension of 

the representa;ion. 

If all the matrices of the set T are distinct, there is clearly a 

one-to-one correspondence betVleen the elements of G and the matrices 

of T. In this case, the groups G and T are isomorphic to each other 

and the representation generated by the matrices of T is called a 

faithful representation of G. On the other' hand, if the matrices of 

T are not all distinct, there exists only a homomorphism from G to 

T and such a representation is called an unfaithful representation 

of G. 

The simplest representation of a group is obtained when Vie associate 

unity with every element of the group. This is known as the identity 
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representation. The identity representation is clearly an unfaithful 

representation of any group . 

. 1.2 Some Properties of The Representations of a Group 

The identity element E of G has the property that EA = AE = A for all 

elements AcG. In terms of the matrices of a representation, this 

implies that 

T(E)T(A) = T(A)T(E) = T(A) (2.2) 

We see that this matrix equation is satisfied only if T(E) = E, the 

unit matrix. Thus, in any representation, the identity element of 

the group must be represented by the unit matrix of the appropriate 

order. 

On taking A-I for B in (2.1a), we see that 

T(A)T(A-1) = T(AA- 1) = T(E) = E 

or 
(2.3) 

This is to say that the matrix representing the inverse of an element 

is equal to the inverse of the matrix representing the element. 

Consider two representations of a group G given by 

Then, Tl and T2 are said to be equivalent representations of G if 

there exists a nonsingular matrix S such that 

T1(A) = S-I T2 (A)S, T
1

(B) = S-l T2 (B)S, etc. (2.4) 

In short, T = S-lT S 
1 2 (2.5) 

I f two representat ions of a group are not equi va 1 ent to each other, 

they are called inequivalent or distinct representations. 
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2.2 Invariant Subspaces and Reducible Representations 

It is evident that the vector space Ln which is used to generate a 

representation of the group G has the following property: For every 

element A of G and evet'y vector ~ £ Ln , A~ also belongs to Ln. We say 

that the vector space Ln is closed under the transformations of G. 

It means that the operation of any element of G on any vector of Ln 

does not take us outside Ln. 

. 
A vector space Lm is said to be a subspace of another vector space Ln 

if every vector of Lm is a 1 so conta i ned in Ln' Lm is called a proper 

subspace of Ln if the vectors of Lm do not exhaust the space Ln. 

Thus, Ln is also a subspace of itself, but, of course, not proper. 

The vector space Ln, which is closed under G, may posses a proper 

subspace Lm which is also invariant under G. In such a case, L~ is 

said to be an invariant subspace of Ln under G, and the space Ln is 

said to be reducible under G. 

2.2.1 Reducibility of a Representation 

Let, as before, rT(E),T(A),T(B), ... ) be a representation of G in Ln. 

We now state that if Ln has an invariant subspace Lm(m < n) under G, 

then in a suitable basis the matrices of the representation have the 

form 

T(A) = (2.6) 

where nU)(A) and D(2)(A) are square matrices of order 01 and n-m 

respectively, X(A) is of order (n-01) xm and 0 is a null matrix of 

order mx(n-m). 
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Let, us consider the product of two elements of the group G, say, 
.. 

AB " C. In terms of the matrices of the representation considered 

above, we have T(A)T(B)· T(C), or 

O(1)(A): 0 -o(l)(B) : 0 
T( C)" - - - -- 1 __ _ _ _ _ -' ___ 1.. ___ _ 

X(A) ! o(2)(A) X(B) 1 0(2)(B) 
I I 

I 

_ [~(~)£A?_[J~l_~(~) _____ _ 1 ____ 0 ___ -1, (2.7) 

X(A)D{l)(B) + o(2)(A)X(B) l D(2)(A)0(2)(sj 

But T(C) must itself be of the form 

T(C) " [,~(_~)iC~~ __ O __ ]. 
'X(C) I o(2)(C) -, 

Therefore, \~e have 

D(l)(A)O(l)(B) " D(l)(C) , 0(2)(A)O(2)(B) " O(2)(C) (2.8) 

and 
(2.9) 

From (2.8), it is clear that the tw~ sets of matrices 

Oil) = {O(l)(E),O(l)(A), ... } and 0(2) = {[J(2)(E),0(2)(A), ... } also 

gives us two new representations of dimensions In and nom respectively 

for the group G. It is also clear that the basis vectors (~1'$2'" '~In) 

a~e the basis for the representaiton 0(1) and the remaining nom basis 
, ." 

vector (~mH"'" ~n) for 0(2). In this c~se. T is said to be a 

reduci b'le representati on. Thus, we see that the reduci bi 1 ity of a 

representation is connected with the existence of a proper invariant 

subspace of the full space. 

2.2.2 A Theorem on Representati~ns 

l~e sila 11 nO~1 show that any representation T of a finite group, whose 

matrices may be non unitary. is equivalent (through a similarity 



22 

transformation) to a representation by unitary matrices. For this 

purpose, y/e define, a hermitian matrix 

H ~ L T(A)T+(A) 
AcG (2.10) 

Where the su~nation is over all the elements of a group G. We invoke 

a theorem from matrix algebra that a hermitian matrix can be fully 

diagonalized by a unitary transformation. If U is the necessary 

transformation, then 

(2.11) 

where Hd is a diagonal matrix whose diagonal elements are the' (real) 

eigenvalues of H. Using (2.10) and (2.11), we have 

= E T' (A)T't(A) 
AeG (2.12) 

where T'(A) = U-1T(A)U. 

The required similarity transformation matrix which converts the non 

unitary matrices T(A) into unitary matrices r (A) is then seen to be 
! 

V ~ UHd 

1 -~ 1 1 -~ t 
giving rIA) = V- T(A)V = Hd U- T(A)UHd = HdT'(A)Hd 

(2.13) 

(2. 14) 

( To verify that the matrices riA) are indeed unitary, we note that 

rIA) r+(A) = [HdtT'(A)H~] [H~ T'+(A)Hd~] 

= Hd~T'(A)HdT'+(A)Hdt 

= Hd tT ' (A) L T' (B)T'+(B)'T'+(A)Hi by (2.12) 
BeG 

= Hd t 
L T'(AB)T'+(AB)Hdt 

BEG 

= HdtHdHdt by (1.10) = E 

which shows that rIA) is a unitary matrix. 
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2.2.3 Irreducible Representations 

If the representation T considered above is reducible, the represen­

tation r~ {r(E), r (A), ... 1, defined by (2.14), is also reducible, 

since they are defined in the same space and are equivalent. Moreover, 

since the matrices of r are unitary, they must have the form 

rIA) =[ ~(~)~A~~ __ ~_] . 

o I S(2)(A) , etc. 
1 

where we have the two representations by unitary matrices 

(2.15) 

S(1)= {S(l)(E),S(1)(A), ... ) and S(2)= {S(2)(E),S(2)(A), ... l which 

are defined in the spaces Lm and Lp (p = n - m) and hence are equi­

valent to 0(1) and D(2) respectively. 

It may be possible that the representations s(1) and s(2) are further 

reducible, i.e., the spaces Lm and Lp may contain further invariant 

(proper) subspaces within them. This process can be carried on Until 

we can find no unitary transformation which reduces all matrices of a 

representation further. Thus, the final form of the matrices of the 

representa t ion r may look 1 i ke 

r(A) -

r(1)(A) I 
-- - -1- - - 1 

: r(2)(A) I 
1 1 
1- - - -1-:-. , etc . (2.16) 

• 
;/S'~A) 
I 

with all the matrices of r having the same reduced structure. When 

such a complete reduction of a representation is achieved, the 

component representations of the group G and the representation r is 

said to be fully reduced. 
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It may be noted that an irreducible representation may occur more 

than once in the reduction of a reducible representation r. The 

matrices of the representation r are just the direct sum of the 

matrices of the component irreducible representations and this may 

be denoted by 

r = a r(1)r.j:\a r(2)f.j:\ Q a r(c) = Ea. r(i) 
1 I..:V 2 '-'J ... I.:..J c i 1 (2.17) 

where, in the last step, the symbol for the summation is to be under-

stood in the sense of direct sum. 

2.3 The Schur's Lemmas and the Orthogonality Theorem 

There are two theorems of fundamental importance which go by the name 

of Schur's lemmas and which are extremely useful for the study of 

the irreducible representations of a group. They also lead to the 

orthogona 1 ity theorem of the i rreduci b 1 e representations and we sha 11 

now consider them. 

2.3.1 Schur's Lemma 1 

If r(i) is an irreducible representation of a group G and if a matrix 

P commutes wi th all the matrices of r( I), then P must be a constant 

matrix, i.e., P = cE where c is a scalar. 

To prove this, let A be any element of the group G; then we are given 

that 

(2.18) 

If the dimensi~n of r(i) is n, P is a square matrix of order n. Since 

the matrices of a representation can be taken to be unitary by pre­

vious discussions, it follows that each of the matrices r(A), r(B), 

etc., possesses a complete set of n eigenvectors. Since P commutes 

with I'(A), etc., it follows that P also has n linearly independent 
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eigenvectm's. let Xj be the eigenvectors of P with the eigenvalues 

cj • Then, we have 

PX,J " c,jx j . ' 

Multiply'ltlg-both sides from the left by r(i)(Al. we get 

r(t)(A)PX
j 

• r(i)(A)cjxj • 

Ot' 
p r(i) (A) X j 0: c/( i)(A)X

j 

(2.19) 

(2.20) 

by using (2.18). :fhis means t.hat r(i)(A)X j • for all A<G. are,eigen~ 
vectors of P with the same eigenvalue cr Let there be m such indepen~ 

dent e-igenvectm's of P having the same eigenvalue cj . But the eigen­

vectors belonging to an eigenvalue generate a subspace Lm which is 

invariant undet' G. Now if 4n is a proper subspace of Ln. i.e .• if !.m 

is not the same as Ln. then Ln has ah invariant subspace and the 

representatio~ r(O must be reducible which is contrary to the hypo­

thesis. Therefore. Lm must be identica" with L11 making all the 

-eigenvalues of P equal to each other and equal to, say, c
j 

:: c. 

giving P " cEo. The possibility that the invariant subspace Lm may 

contain only the Ilull vecto)" is excluded ft'om consideration because 

if x is a nun vector, it trivially satisfies the eigenvalue equation 

Px '" ex with an arbitrary eigenvalue c. lience, the theorem is proved.-

, .. 
2.3.2 ~~s l.~.l 

If 1'( 1) and r(j) are. two irreducible representations of dimensions -

ti and tj respectively of II group G and if a matrix M (of order 

~i x~) satisfies the relation 

r(i)(A) M " M l'(j)(A) for all AeG, (2.21) 

then either (a) M " O. the null matriX, or (b) detM ., 0, in which 

case r(1) and l,(j) are equivalent representations, 



26 

It should be noted that two representations can be .equivalent only 

if their dimensions are equal. Hence, if 9" ~~" only case (a) 
,1 J 

applies. 

To prove this lemma we first take the hermitian conjugate of both 

sides of (2.21), we have 

( ,) (')+ + M+r 1 +(A) ~ r J '(A) ~1 for all A£G, 

or 

Multiplying from the right by M, we get 

M+r(i)(A- 1)M ~ r(j)(A- 1)M\1 for all A£G, 

or 
M+Mr{j)(A- 1) ~ r{j)(A-1)M+M for all A£G, 

(2.22) 

by using (2.21). Thus, the rtmtrix M+M commutes with r(j)(A-1) for 

all A oG and therefore, by the the previous lemma, must be a 

constant matrix: 

+ M M = cEo (2.23) 

Consider first the case I. = I. = n, say. From (2.23), we have 
1 J 

(2.24 ) 

+ * 1 If c ; 0, then det M f 0 (because det M = (det M) ); therefore M-

exists and from (2.21), we have 

showing that r(i) and r(j) are equivalent representations. If c = 0, 

then taking the (i, i) element of (2.23), we find 

+ * ~ Mik Mki = 0, or k Mki Mki = kl Mkil
2 ~ 0, 

which is possible if and only if Mki = 0 for 1 ~ k ~ n. But i is 

arbitrary and can take any value fl'om 1 to n; hence M = O. 
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In the second case, when ~i ! ~j' we can assume without loss of 

generality that ~i < 1j" We supplement the matrix 'M by writing 

(1. - ~.) rows of zeros to give a new matrix M': J 1 

9. • 

"[ ...1.--] M ) ~. 
11' 1 

= -0- J£j-£i (2 .2~ 

By matrix multiplication it is easily seen that M'+M' = M+M, and 

hence 

by using (2.24). Here, we have put 

+ of (2.25), det(M') = det(M' ) = 0; 

~ = n. However, by inspection 
+ hence c = 0, and M M = O. Once 

again, taking the (i,i) element of M+M, we see that M = O. This 

cdmpletes the proof of the lemma. 

2.3.3 The Orthogonality THeorem 

As ah appllcation of the above two lemmas, consider a matrix M 

given by 

where r(i) and rlj) are two inequivalent representations of 

(2.26) 

dimens ions ~i and £j respectively of a group G of order g, and x 

is an arbitrary matrix of order ~i X!j independent of the group 

elements. Multiplying both sides of (2.26), from the left by r(i)(B), 

where B £ G, we get 

= 1. 1: r(i)(BA) X r(j)(A- 1) = 1. 1: r(i)(c) xr(j)(c-1B) 
g A<G g C<G 
where BA = C 

(2.27) 
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for all B t G. Therefore, by the second lemma of schur, vie have that 

M = O. 

Taking the (k,s)-th element of (2.26), I'I.e obtain 

(2.28) 

We now conveniently choose the arbitrary' matrix X to be a matrix 

all of whose elements are zero except the (m,n) element which we 

take to be uni ty, i. e., Xpq = "pm 6 qn' Then, we have, from the above 

equation 

for I < k,m < ,"" I < n,s < '"" (2.29a) 
- - 1 - - J 

Next consider a matrix N obtained by replacing l'{j) in (2.26) by 

r(i), that is 

N =.1 E r(i)(A) X r(i)(A- 1). 
g A" G 

(2.30) 

Bya treatment that led to (2.27), we can show that 

rii)(A)N = Nr(i)(A) for all A"G. 

Therefore, by Schur's first lemma, we see that N must be a constant 

matrix, say, N = aE, where E is the unit matl'ix of order '"i' Again, 

taking the (k,s)-th element of (2.30), we get 

.1 E E r(i)(A) X (i) (A-I) 
g A" G p,q kp pq r qs = a 6 ks 

(2.31) 

As bef.ore, if we ta ke Xpq = 6 pm 6 qn' then 

i A~G r~~)(A) r~!)(A-l) = a oks , (2.32) 

To get the scalar a, we take the traces of the matrices on both 

sides of (2.30), giving 
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• (i)() (i)( -1) 
c rkp A Xpqfqk A , p,q 

E X E E r(i)(A-I) r(i)(A) 
p,q pq AcG k qk kp 

= ); X E r(i)(E)" 
p,q pq AoG qp 

a = (trace X)/£; (2.33) 

But. due to our choice of X, trace X = 0 unless m = n, in which case 

trace X " 1. I n short, trace X" 6 mn ' Hence. we get from (2.32), 

(2.29b) 

for 1 i k,m,n,s ,$ ii' Combining eqns. (2.29a) and (2.29b) w~ get 

r r(i)(A) f(j)(A-1) = (/ ) A c G km ns 9 i i Ii i j 6 ks Ii mn' 
or (2.34) 

Thf s f s known as the great orthogona 1 i ty th€lOrem for the i rreduci b Ie 

representations of a group and occupies a central position in the 

theory of group representations. 

As a c0ltSequence of th"is theorem one can establ ish the relation 

.C 

E i1 i 9 
i=l 

(2.35) 

where c is the total number of distinct irreducible representations 

of a finite group G = {E,A,B, ••• } of order g. It can be shown that 

the equality sign applies in (2.35). 
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2.4 Characters of a Representation 

Let r be a representation (reducible or irreducible) of a group G. 

The characters of the representation r is defined as the set of the 

traces of all the matrices of the representation r, i.e., 

x{A) ~ k rkk(A) (2.36) 

Obviously, if the representation is one-dimensional, the character 

is the same as the representation. Also, the characters of conjugate 

elements in a representation are the same, because the trace of a 

matrix is invariant under a similarity transformation. Thus, if A 

and B are conjugate elements, then there exists an element C such 

that A = C-1BC, or 

rIA} = r(C-1) rIB) rIC) 

taking the trace of both sides gives 

trace (rIA)} = trace (r(B)) 

or x(A} = x{B) {2.37} 

where we have used the cyclic property of trace, that is, for any 

matrices p, Q and R, we have 

trace (PQR) = trace (QRP) = trace (RPQ) 

All the elements in a class thus have the same character in a repre­

sentation. The character is therefore a function of the classes just 

as a representation is a function of the group elements. 

2.4.1 Orthogonality of Characters 

Eqn.(2.34) can be transformed into an orthogonality of characters 

after putting k = IT! and s = n in (2.34), summing over k and sand 

using (2.36) as 

1: x{i}(A) ;({j)*(A) = {g/')6 ' - g6 AeG "i ij"i - ij (2.38) 

- ::-
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where x(i)(A) is the character of the element A in the representation 

r(i), etc. If nk is the number of elements in the ~lass C
k 

of the 

group. then (2.38) reduces to 

.~ ~~k'x~i) r;. x~j)* = °ij (2.3~J 
where xki

) is the character of an element A in the class C
k 

in the 

representation r(i}, etc., and the summation is over all the distinct 

classes of G. 
., 

An equivalent relation to eqn. (2.35) is 

number of irreducible representations of G.$ number of classes of G. 

(2.40) 

Taking the equality sign in (2.40), the orthogonality relation (2.39) 

can be expressed in an alternative form as 

~ x(i)* x (1) = .9. " 
j "1 k ~ "k h (2.41) 

The sum is over. all the inequivalent irreducible representations of 

G and (2.41) denotes the orthogonality of the characters for diffew 

rent classes. It is helpfUl in writing down the characters of a 

group by inspection. 

, ,1'-' 

2.4.2 Reduction of a Reducible Representation 

It is poosib'le to find the number of times 'an irreducible represen­

tation r( i) occurs In the reduction of r. For this we take the traces 

of both sides of (2.17). If x(A), etc., denote the characters of the 

elements ill the representation r. then we have 

(2.42) 
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for all A eGo Multiplying both sides by x(j)(A) and summing over all 

the elements of G, we get 

r. x(j)(A) x (A) ~ r. a
i 

l: x(j)(A) )i)(A) ~ ajg, 
A£G i A£G 

or 

This gives a method for obtaining the coefficients in (2.17). The 

characters of the irreducible representations are called primitive 

or sinlple characters. while the characters of the reducible represen-,. 
tations are called compound characters. A compound character can be 

expressed as a linear combination of the simple characters of a 

group as in (2.42). 

4.3 A Criteri on for I rreduci bi 1 i ~1 

Let us multiply (2.42) by its complex conjugate equation, sum over 

'all the group elements and divide by g. the order of G. we obtain 

(2.44) 

If this quantity turns out to be equal to 1 for the representation r" 

it follows that all the ai'S must be zero except one, say ak• Which 

must be equal to unity (note that the ai'S are nonnegative integers). 

It follows that,tb~ representaiton r must be identical with (or equi­

valent te) the irreducible representation r(k). We thus have a very 

simple'criterion for ~he irreducibility of a representation: The 

necessary and sufficient condition for a representation to be irredu­

cible is that its characters satisfy the equation 

(2.45) 

where xk is the character of the k-th class of the group. 
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~.5 The Regular RepresentatJon 

Given the multiplication table of a group, we can always form a 

reducible representation called the regular representation as 

follows: Write down the mul tiplication table, I'earranging rows so 

that they correspond to the inverses of the elements labeling the 

columns. In this way one naturally obtains only the identity element 

E along the principal diagonal. The matrix of the regular represen­

tation for the group element B is then obtained by replacing .• B by 

unity and all other elements by zero in the resulting table. 

EVidently, in general x(reg}(E} "g. and x(reg)(B}" 0 for B I E, 

since by construction ~nlY r(reg}(E) has non-zero elements on the 

diagonal, and it has unity g times, 

" 
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CHAPTER 3 

CONTINUOUS GROUPS AND THEIR REPRESENTATION 

3.1 Topological Groups and Lie Groups 

1,2,3,4 

The elements of a continuous group can be characterized by a set of 

real parameters aI' a2 •... , an' at least one of which varies conti­

nuously over a certain interval. Let the number of continuous para­

meters be r(1 ~ r ~ n). If this number is finite. the continuous 

group is said to be finite and r is called the order of the continu-

ous group. 

Some examples of continuous groups are: 

1) The set of all real number is a continuous group of order one 

because any real number can be characterized by one parameter. 

say x. taking values on interval [-w. w]. 

2) Consider a linear transformation of a variable x to x' of the form 

x' = ax + b. a. b E: [ - ~ • ~ J. a t- O. (3.1 ) 

The set of a 11 such transformations is a two-parameter group. an 

element of which can be symbolically denoted by T(a.b) such that 

T(a,b)x = x' = ax + b (3.2) 

T(a1.b1)T(a2.b2)x = T(a1,b1)(a2x + b2) 

= Bl1a2x + b2) + bl = a1a2x + a1b2 + bl (3.3) 

T(a3.b3) = T(a1.b1) T(a2.b2) = T(aia2,a1 b2 + b1) 

a3 = a1a2 • b3 = a1a2 + b1 

The identity element is T(I,O) and the inverse is given by 

T(c.d) = T-1(a b) = T(1 _ Q). , a' a' 

(3.4a) 

(3.4b) 

(3.5a) 

(3.5b) 
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3) The set of all displacements in a three-dimensional real vector 

space of the form 

x' ~ x+a, y' = y+b, z' ~ z+c (3.6) 

is a three-parameter, continuous group. If we denote the trans-

lation operator by T(a,b,c}, the identity element is T(O,O,O} and 

the inverse of T(a,b,c} is T(-a,-b,-c}. 

4} Consider a linear homogeneous transformation of two variables of 

the form 

or, in the vector form 

with 

+ + 
r' " A r 

det A" la ij I r 0 

(3.7) 

(3.8) 

(3.9) 

The set of all such transformations, obtained by giving all 

possible real values to aij subject to the condition (3.9). is 

a group. It is a four-parameter, continuous group, known as the 

linear group in two dimensions and denoted by GL(2}. It can be 

seen that this group is isomorphic to the group of all nonsingular 

matrices of order two unde\' multipl ication. 

5} Consider a linear homogeneous transformation of n variables 

(a generalization of example 4); 

n 
x ~ = ); a x 1 < i < n la .. , r 0 

1 j=l ijj ,.1J 
(3.1O) 

The set of all such transformations is a continuous, n2 -parameter 

group known as the linear group in n-dimensions and denoted by 

GL(n}. This group is isomorphic to the group of all non-singular 

matrices of order n under multiplication. 
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6) The set of all rotations about an axis is a con~inuou~ group of 

order one, ~Ihose parameter may conveniently be chosen to be the 

angle of rotation, say e, taking values on the interval [-n, uJ 

or [0, 2riJ. This group is denoted by SO(2). 

7) The set of all rotations about all axes passing through a fixed 

point in 'the three-dimensional space is a group whose elements can 

be characterized by the Euler angles a, 6. Y. The group is denoted 
by sot 3). 

3.1.1 Topological Groups 

Owing to the continuous nature of the group elements it is desirable 

to intl'oduce a topology in the gl'OUp. Consider a composition of group 

elements such as 

(3.11) 

The I aw of compos it i on of the group e 1 emen ts is sa i d to be cant i nuous 

if a small cha!1ge in one of the factors in the product produces a 

small change in the product. Simi larly, the continuity of the law 

of inversion of the group elements means that a small change in an 

element produces a small change in its Inverse. 

We now define a topological group as a group in which the law of 

composition and the law of inversion are co'nt~nuous in all the group 
elements. 

A subset of an r-dimensional real inner product space is called 

parameter space. A group is said to be connected if there exists a 

path connecting any two group elements, or, in other words, if its 

parameter space is connected. A tOPological group is said to be 
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compact if its parameter space is a compact space, that, is, it is a 

closed and bounded space. 

3.1.2 Lie Groups-

These are groups the elements of vlhich can be generated from the 

identity element by continuous variation of the parameters. All such 

groups are Abelian to the first order of infinitesimals. 

It is convenient to choose the continuous parameters of a Lie group 

such that the image of the identity element e is the origin of the 

parameter space, i.e., e = x{O,O, .•. , 0). With this parametrization, 

an element near the identity may be written due to the analytical 

properties of the Lie group, as 

x{O,o, ••. , Ej""'O). x{O,O, ... ,O)+ iEjlj{O,O, •.. ,O) (3.12) 

to first order in Ej • The operator Ij can be obtained from (3.12) and 

is given by 

I. = lim [..,.L (x{O, ... , EJ ...... O) - x(O,O .... ,0))] 
J E.+O 1E. 

J J 
(3.13 ) 

All the properties of a Lie group can be derived from the r operators 

, 1.(1 < j < r) which need to be defined only near the identity element 
J - -

of the group. 

" 
By the successive a~lication of the product rule, we can arrive at 

an element of the group a finite distance away from the identity. 

Thus, suppose we wish to generate the element x(O,o, •.• ,aj, •.• ,O). 

Let us write aj = NEj' where N is a large positive integer so that 

Ej is a sma 11 quant i ty. Then, 
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x(o.o •...• aj •.•.• O) z [x(O.O •... ,Ej •...• O))~ 
= [e + i Ej J j]N 

N 
= [e + i (aj/N)lj] 

i a . I . 
x(O.o .... ,aj, ... ,O)=e JJ 

(3.14) 

(3.15) 

For a genera 1 element of the group, we can eas ily extend the above 

result to obtain 

(3.16) 

All the elements of the Lie group belonging to the subset containing 

the identity can be obtained by giving various values to the para­

meters a
j 

on the respective prescribed intervals. The operators I j 

are therefore called the generators of the Lie group. A Lie group 

with r continuous parameters has r generators. 

3.2 The Axial Rotation Group SO(2) 

Consider the set of rotations of a circle about an axis normal to the 

plane of the circle and passing through its center. Each element of 

this set can be characterized by one parameter which can be chosen 

to be the angle of rotation t which takes values on the interval 

[0,2n]. This is'clearly a one-parameter. continuous, connected 

abelian, compact, Lie group, known as the .axial rotation group, and 

i s den~'ted by SO(2). -

If we denote an element of this group by T(¢), the law of composition 

is 

{T($+B) if $ + 0 < 2n 
T($)T(o) z T(O)T($) 

=. T(¢+0-2n) 
(3.17) 

i H + 0 > 2n 

The identity element is T(O) and the inverse of T( ~ ) is T(2n-¢). 
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The transformations of a cartesian coordinate system (x,y) in the 

plane of the circle under the rotations of the group SO(2) can be 

used to generate a l'epresentation of the group. The operation of an 

element T($} on (x,y) is given by 

COS4 sin$ 
T($)(x,y) :; (x' ,y') ~ (x,y) [. ] 

-S1n$ COS$ 
(3.1S) 

The matrix of transformation on the right-hand side is an orthogonal 

matrix of order 2. With every element T($) of the group can thus be 

associated a 2x2 orthogonal matrix with determinant + 1 and the 

correspondence is clearly one-to-one. The set of all orthogonal matr; 

ces of order 2 having determinant + 1 is a group which is isomorphic 

to the axial rotation group and therefore provides a two-dimensional 
, 

representation for it. This matrix group is also denoted by the same 

symbol SO(2). 

3.2.1 Generator of SO(2) . 

Since SO(2) i~ a one-parameter group, it has only one generator. The 

generator will depend on which group isomorphic to SO(2} is under 

consideration. To i.llustrate this we consider the following examples. 

1.) The group of all ol'thogona 1 matri ces of order 2 with determi nant 

+ 1. We have seen that a typical element of this group can be 

written as [ ~~~~. ~!~:] . 
The generator is therefore, by (3.13) 

1 im 
I " $+0 

1 COS$ sin¢ 
[[$ {Csill ¢ COS$] 

1 0 
[0 1] ) ] 

(3.19) 

which is one of the pauli spin matrices commonly denoted by 0y' 
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By (3.15), any 2x2 orthogonal matrix with determinant + 1 can then 

be written as 

(3.20) 

2) Let f:: f(x,y) and let the operator n~} stands for an orthogonal 

transformation of the coordinate system as in (3.19). The operator 

of T($) on f then gives 

T($)f{x,y} " f{x COS$ + Y sin$,-x sint + y cos$). .. {3.21} 

The generator can be found out as follows: 

lim 1 
If{x,y} "~ .. o j4,[f{x cos~ + y sin$ , - x sin$ + y COS$} - f{x,y» 

. (a a ) f{ ) ~ -1 Y -- - x -- x,y ax ay {3. 22} 

Hence, I ~ - lz/n (3.23) 

Where Lz is the component of the angular momentum operator normal 

to the plane (x,y): 

. a a a L ''In{y -- - x--} "xp - yp ,,- i~ __ z ax oy y x a~ {3.24} 

An orthogonal transformation of the coordinates in the two-dimen-
•• >. 

siona1 plane (x,y) is then given by 

-;$ l 
T{$) = e'll z 

3.3 The Three-Dimensional Rotation Group SO(3) 

{3.25} 

Consider the set of all orthogonal transformations in a three-dimen­

sional real vector space (i.e., a space defined over the field of 

real numbers). It is a group which is denoted by 0(3). It can also 
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alternatively defined as the group of all 3x3 orthogona1 matrices. 

The two groups are isomorphic to each other. 

If R is an· orthogonal matrix. it satisfies the relation 

RR=RR=E (3.26 ) 

where E is the unit matrix and R is the transposed matrix of R. Taking 

the determinants of both sides of (3.26) and noting that det R = det R. 

we have 

(det R) 2 = 1 • det R = ± 1 (3.27) 

The matrices of the group 0(3) are thus divided into two sets - one 

containing the matrices with determinant + 1 and the other containing 

the matrices with determinant -1. The first set can be checked to 

form a group. This group - the group of all real orthogonal matrices 

of order 3 with determinant + 1 is denoted by SO(3). 

The generators of SO(3) can be obtained by considering an infinite­

simal rotati-on through the angle" about an axis U. The group of 

rotation Ru{$) for 0 .s; t < 2n, Nhich is a subgroup of SO(3). is 

isomorphic to 50(2) and hence, in the manner in which (3.24) is 

obtained, we get 

(3.28) 

where Lu = h . U is the component of th\1 angular momentum operator 

1-. along Q. Q being a-unit vector along Q. Since any rotation can be 

expressed as the product of three rotations about the cartesian 

coordinate axes, we see that we need the three operators 

Ix = - LX{Ii' Iy = - LY/h' lz = - Lz/tl 

[Lj , Lk] = in ejh L~. 

(3.29 ) 
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Any rotation operator can then be written as 

(3.30) 

3.3.1 The Group O(n) 

The set of all real orthogonal matrices of order n is a group. This 

group is denoted by O(n) and is a continuous, compact, Lie group, 

which is, however, not connected. It can be alternatively thought 

of as the set of all orthogonal transformations in a real n-dimen-

sional vector space. If xi are the orthonormal basis 

space, a transformation of O(n) leaves the quadratic 

invariant. 

vectors in this 
n 

form r x2 

i=1 i 

The parameter space of O(n) consists of two disconnected pieces, one 

corresponding to matrices with determinant + 1 (proper rotations) 

and the other to matrices with determinant - 1 (reflections). The 

subgroup containing proper rotations is ~ - parameter, connected, 

Lie group, denoted by SO(n). O(n) has one diJcrete parameter in 

addition to the n(~-l) continuous parameters of SO(n). 

For example, 0(4)"i5 the group of all orthogonal transformations 

which leave the quadratic form x2 + y2 + t 2 + u2 invariant. From 
" 

the theory of 50(2) and 50(3) [eqs. 3.22 and 3.29], it can be seen 

that the six generators of 50(4) can be conveniently taken to be 

Al 
0 a , ( 0 a = -iCy - - z ay), A2 = -1 Z - - x az), oZ oX 

A3 -i(x -.L _ y 2..) Bl '( a a . 
(3.31) = = -1 X - - u ax)' ay ax ' au 

a a • ( 0 a 
I!~ = -i(y - - u -) B3 = -1 Z - - U all j au ay , au 
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The commutator of these generators with each other are found to be 

[A1 ,A2] "iA3, [B1,B2]· IA3, [AI.B1] " 0 

(3.32) 

and others obtained by cycHc permutations of the indices In each--of 

the above. 

Changing to a new set of linearly independent generators defined by 

J : i(A t + B~), K,_ = i(A~ - Bt ). t .. 1.2,3", ,. (3.33) 

we see that the commutators become 

(3.34a) 

(3.34b) 

with pennutation of indices in (3.34a). This shows that each of the 

sets (J1.J2.J3 and Kl'K2.K3) generates the group 50(3), so that 50(4) 

is isomorphic to the direct product of 50(3) with itself. 

3.4 The Lorentz Group 

Is a group which leaves the quadratic form X2+y2+Z2_U 2 , invarian,t.· It, 

contains as a subgroup the group 0(3) of real orthogonal transforma­

tions in the three-dimensional space (x.y,z). In addition, it also 

contains imaginary, rotations in 'the xu,yu, and zu planes. Thus. it 

is a six-parameter. continuous. noncompact" Lie group. The six gene-
, 

rators'can'be chosen to be Aj and Bk, j,k = 1,2,3, where 

Al • . (a a ) -1 y- - z-az ay' A2 " '( a a ) -1 z- - x-ax az' 

A = 3 
-i(x..1.. _ y..1..) 

ay ax' Bl " - i (x.!.. + u2:,.) au ax' (3.35) 

B2 " 
. (a a ) -1 y- + u-au ay' B3 = - i( z'!" + u-L) au az' 
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The commutation relations among these generators a.r.e found to be 

[Al'A2J ~ iA3' [Bl'B2J" -iA3, [~l'BJ] ~ 0 

(3.36) 

with the others obtained by-cyc" ic permutations of the indices in­

each of the above. 

3.5 The Special Unitary Group.SU(2L 
-. 

Let U and v be a pair of vectol's in a two-dimensional vector space 

defined over the field of complex numbers. A rotation in this space 

transforms u and v into their linear combinations: 

U' " all + b v , v' " cU + d v ; (3.37a) 

or (3.37b) 

where a,b,c,d are complex numbers and hence the transformation 

matrix involves 8 parameters. If we consider only those rotations 

which leave the quadratic form UU* + w*" lUI 2 + I v 12 invariant, 

we see that the matrix of transformation in (3.37b) must be a unitary 

matrix. In other words. if we require that IU'12+ Iv'1 2
' " IUI 2 + 1~12; 

then from (3.37). we obtain the conditions 

aa* + cc* = I, bb* + dd* " 1, ab* + cd* " O. (3.38) 

Since the scalarS 'are complex, the last of eqns. (3.38) is equivalent 

to two conditions; These conditions thus ~educe the number of para-
" ". 

meters in (3.37) from ~ to 4. 

The set of all such transformations is the group U(2) which is isomor· 

phic to the group of all unitary matrices of order 2. It is a 4~para-

meter, continuous, connected, compact, Lie group. 

The subgroup of U(2) which contains all the unitary matrices of order 
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2 with determinant + 1 is of particular interest in physics. It is 

the set of matrices whose general element is 

a -b* 
[b a*] with aa* + bb* " 1 , (3.39) 

It is known ,as the unitary unimodular group or the special unitary 

group and is denoted by SU(2). Owing to the additional condition on 

the determinant. SU(2) is a three-parameter group. 

3.6 Generators of U(n) and SU(n) 

The group of all unitary matrices of order n is known as U(nJ: where­

as the group of all unitary matrices of order n with determinant + 1 

is denoted by SU(n). SU(n) is a subgroup of U(n). Since a unitary 

matrix of order n has n2 independent elements. U{n) is a continuous, 

connected, n2.parameter', compact, Lie group. The elements of the 

group SUtn) have ohe more condition tb satisfy (that their determinant 

be + I), so that SU(n) is a continuous. connected. (n2 -l)-parameter, 

,compact, Lie group. 

To obtain the n2 generators of U(n) we note that if H is a hermitian 

matrix, exp(iH) is a unitary matrix. The converse is also true, i.e., 

if U is any unitary matrix, then it can be expressed in the form 

U " exp(iH) . (3.40) 
,. 

where H is a hermitian matrix. Now any linear combination of hermi­

tian m!ltrices with real coefficients is again a hermitian matrix. 

Hence. there can be at most n2 independent hermitian matrices of 

order n. Let H1.H2 ••.• ,HN be a set of n2 independent hermitian matri­

ces of order n. where N = n2 for the sake of convenience. Let 

aj(l .$ j 5. N) be n2 real independent parameters. Then any unitary 

matrix of order n can be written as 
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N· 
U "exp[i ,r ajH j ]. J=l 

(3.41) 

The N independent hernritian matrices Hj are thus the generators of 

U(n) • 

If A is any hermitian matrix, it can be seen that 

Us i ng (3.40). we therefore see that 
'H det U ~ det(e1 

) "exp(l trace H) 

(3.42) 

(3.43) 

Coming to SU(n), ~Ie make use of the fact that its elements have their 

determinants equal to +,1. Thus. if we denote an element of SU(n) by 

Uo '" eUlo , then it follows from the condition det Uo = 1 that trace 

Ho = O. The (n2-1) independent traceless hermitian matrices of order 

,n, can be conveniently chosen to be the generators of SU(n) along 

with n2-1 real independent parameters. 

It is convenient to choose the n2-1 generators of SU(n) first and 

then add to this set the unit matrix of order n to obtain the n2 

generators of U(I1). 

As an ~xamp1e, the three generators of SU{2) can be chosen to be the , .. 

pauli spin matrices 

[ 0 1] [0 -i] [1 0] 
Ox = 1 0 • ° y" i o' 0 Z '" 0-1 (3.44) 

which are a set of three independent traceless hermitian matrices of 

order 2. They satisfy the commutation relations 

(3.45) 
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For the generators of U(2), we could then choose the set 

(E, ox' 0y' oz) ~Ihere E is the tlnit matt'ix of order 2. 

3.7 Lie Algebra and Representations of a ~·ie_~roJlll. 

In a finite group all the properties of the group can be obtained 

from the structure of its multiplication table. For a Lie group, the 

commutators of its genet'(ltors determine the structure of the group. 

The set of real linear combinations of the generators of a Lie group 

is a Lie algebra. Quite generally, a Lie algebra is a real r-dimen­

s i ona I vector space L with elements (x,y,z, ... ) endowed wi th a law 

of composition for any two elements of L denoted by [x,y] such that 

i) [x,y]£L ii) (x,y] = -[y,x] 

iii) [x,(y,z]J + [y,(z,x]] + [z,[x,yJ] = 0, 

for all x,y,z, EL. The law of composition [x,y] is known as the 

cornmuta tor of- x and y. 

The minimum number of mutually commuting generators of a Lie group 

is called its rank. The rank of SO(3) is thus 1 because no two of 

its genera tors Lx' Ly ' and Lz commute I'lith each other. The ran k of 

SU(2) is also 1. 

An operator which commutes with allthe generators of a Lie group is 

known as a casimir operator for the Lie group. According to a 

theorem due to Racah, the number of independent Casimir operators 

of a Lie group is equal to its rank. It I'las recognized by Casimir 

himself that one such operatol' could always be constructed by taking 

a suitable bilinear combination of the generators. 
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The one and only Casimir operator of SO(3) is thus L2 '" L~+L~+ L~, 

whi eh commutes with each of l.x' Ly <mel "L z ' The on 1y Gas imi r operator 

of SU(2) i,s similarly 0
2 " o~ + o~ + o~ 

Since the Casimir operators of a Lie group can be diagonal ized simu1~ 

taneous 1y ~Iith its generators. the ei gen va 1 ues of the Cas imi r opera­

tors may be used to label the irreducible representations of the Lie 

group. Thus, the Casimir operator L2 of SO(3) has the eigen value 

£ (H 1), where £ takes on a 11 nonnegative integral values, and hence 

the irreducible representations of 50(3) may be labeled by the index 

L Similarly. the Casimir operator 0 2 of SU(2) has, in general. the 

eigenvalues j(j + 1) ~Ihere j takes all nonnegative integral and half­

odd integral values. The irreducible representations of SU(2) can 

therefore be 'labeled by j. 

3.8 The~ecia1 Unitary Group SU(3) 

As should be clear from the name, SU(3) is the group of all unitary 

matrices of order 3 with determinant + 1. It has 32 - 1 " 8 genera­

tors which are usually denoted by hI' 1.2 ' •••• I. 8' Although these can 

, be chosen in many ways, it has become a convention to use the folloN-
," 

1119 traceless matrices as the generators of SU(3); 

l~o 1 o~ [0 ~i " 0]' 
"xl = 1 0 0 :\2 = . i 0 0 , 1.3 

000 000 [
1 0 oJ 

~ 0 -1 0 
o 0 0 

[0 0 0] 
= 0 0 1 • 

010 

o oJ ~ -i , 
1 0 

[
-1 0 oJ' 010 
o 0-2 

(3.46) 
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They satisfy the con~utation relations 

TAj' Ak] ~ 2i fjkt 1.0.' (3.47) 

where the only nonvanishing components of f
J
' k are ,', 

f 123 ~ I, fI47 ~ f516 ~ f246 '" f257 ~ f345 = f637 ~ t 
f458 = f678 = 13/2 • . (3.48) 

add all permutations with proper signs. 

He see from (3.46) that 1,3 and 1..8 are diagonal matrices and hence 

commute with each other. No other matrix of (3.46) co~utes with both 

1.3 and 1.8 ' The rank of SU(3) is thus 2. 

The group SU(3) therefore has two Casimir operators. One of them is 

a quadratic combination of the generators: 

8 
C1 = i;1 A~' [C1, Ai] = 0 (1 ~ i ~ 8) (3.49) 

The other casimir operator is a complicated trilinear combination of 

the genera tor's. 
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CHAfTER 4 

THE HARMONIC OSCILLATOR MODEL FOR ANGULAR MOM~,rHUM 

4.1 ,In1;!oduc~2DL~~lllaJ:~s 

Schwinger 6
,7 has given a fascinating formalism of the theory of angu·· 

lar momentum using t\<!Q independent one-dimensional oscillatOl'S. Tlie 

basics of this approach and an elegant derivation of rotation matri­

ces will be presented below. ~Ie also study the SU(2) group using this 

method which uses bi! inear forms of fermionic operators rather than 

the bosonic creation and annihilation operators enlployed in the 

angual r momentum theory. These number conservi ng bil i neat' products 

can also be used to study other intet'esting type of groups such as 

SU(3) (chapter 3), A detailed account is provided by Lipkin8
• 

A one-dimens iona I osci llator ~Ii th mass p and angul ar frequency" and 

described by the canonical variables p,q has the Hamiltonian (with 

:Ii = 1) 

H = .E + 1 p '" 2 q2 
2\1 2 

""'(a+a+ 1) 
2 

where a" ~ (q + ~) and a+ = '2'" (q - ~) 

The operators a ,an,cl a+ satisfy, 

[a. a+] = 1 

clearly'; 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

Thus, Hand a+a share common eigenvectors. The eigenvalues of a+a 

are integers n( = 0,1,2, ... ). The oscillator eigenfunctions ~n obey, 

(4.6) 

It is easily checked that a+ ~n and aWn are also eigenstates of 
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the number operator N ~ a+a Vlith eigenvalues (n+1) ,lInd (n'-I) respec-

tively, Thus, a+ and a can be identified, as number raising and 

10Viering operators. I~especti ve ly, 

The normalized eigenstate of N with eigenvalue n is 

10 > (4.7) 

where 10> represents the ground state of the oscillator with no 

quanta. 

Now consider two indepandent oscillators described by the pairs 

+ +' (a+ • at) and (a_ • aJ. respectively, The H+" operators commute with 

the "_" operators and 

(4.8) 

The normalized eigenstates of the combined system can be written in 

self-evident notation as, 
(at)n+ 

In n > ~ ~ 
+ - Ii'n" +' 

where 10> is the state with n+ ~ n_ = O. 

Consider now the following hermitian operators. 

" 
_ 1 + +, 

_ Jx = 2(a+a_ + a.a+) 

1 -I- -I-
Jy ~ 2i(a t a. - a.at ) 

_ 1 + -I-
Jz ~ 2(a+a+ - a_a ) 

It can be easily checked that the J's satisfy, 

(4.9) 

(4.10a) 

(4.10b) 

(4.10c) 

(4.11) 
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Thus, Jx,Jy and Jz obey the angular momentum commutation rules. All 

the results that follow fromtliese commutation relations would also 

follow from the two-oscillator-model embQdied in eqns. 4.10(a,b,c). 

Defining J2 ~ J2 + J2 + J2 one finds. x y z 

j2 ~ ~(~ + 1) . (4.12) 

+ " where, N = a a + a a is the total number .operator. Thus, the + + 

eigenvalues of J2 are ¥(¥ + 1) or j(j + 1) with j ,,¥ " 0, ~. 1 •••. 

Further. 
n - n 

Jzln+ n.>" (2-r)ln+n_> (4.13) 

n - n . +-Introduclng m ;: 2 .' the state I n+ n_> can be alternatively 

denoted as Ijm> with i Ijm> " j(j+l)ljm> and Jzljm> " m I jm>. 

If j '" ~+-; n_ is fixed then the allowed values of mare ?jin• = jon. 

~Ihere n. runs from 0 to 2j in unit steps. Thus. the allowed values of 

·m are +j, j-l •. ~., -j as desired. 

We can also introduce the usual raising and lOWering operators. 

J + :: J ± i J wi th • - x y 

+ J+ = a a and J + - (4.14) 
-~ ." 

1 Eqn.(4.l3) makes it clear that each "+" quantum contributes + 2 to 

the m value·and each "_" quantum contribut~s .. ~ .. Eqn.(4.14) tells us 

that J+ is an operator I'/hich destroys - ! unit of m value and creates 

+ ! unit thereby increasing the m value by one unit without changing 

the j value. Since n+ ---> n+ + 1 and n_ ---~ n_ - 1 so that n+ + n_ 

remain unchanged. In other ~Iords J+ commute with the total number 
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operator and hence with J 2 • In the same manner the expec~ed action of 

J can be understood. 

Eqn. (4.9) can be \'ewritten as: 

, (a!)jtm 
IJm> =-­

"(j+m)I 
(4.15) 

This, then is the explicit form of the angular momentum eigenstates 

in this formalism. Let us calculate the matrix elements of J~ 

( +}ji-m+1 (i-)j-m 
, +, a+ a. a. 

J+ IJm > " at a.IJm > <= "(j+m!TTj-m)! 

Using the identity [A.Bn] "n[A,B]Bn-1 one gets 

aJa~)j-m = (j_m)(a~)j·m-l + (a~)j-m a. 

since a I 0 > '" 0 • we have 

, (a!)ji-m+l 
J IJm> = ---
+ 1('+)1 J m • 

10> 

10> 

J+ljm > =V (H:fH(7-I~~! (a!}ji-
m

+1 (a~)j-m.l 10> 

From eqn. (4.15) we have 

I Jm+1> " 

I' '. 

Combinlng eqns. (4.16 ) • .and (4.17}.we get 

J+ Ijm> " l(J.:m)(j+m+l) Urn+l >. 

Simil arly. it can be shown that 

(4.16) 

(4.l7) 

(4.18) 

(4.19) 

So far we have considered bilinear products of operators desc\'ibing 

the OSCillators. that do not change the number of quanta (that is how 
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Jx ' Jy > Jz c(}:1'i1lute~1th J2 il< this tooele]), fiowevel', the !OOdel 
, . 
natur~l1y suggests number changing (and hence j changing). bl1 'Inear 

prot1ucts. These are, 

~ a a + .- (4.20) 

From previous discussion it follows in~ediately that k+ increases 

the j value by one unH and k decreases the j value by one unit. - . 
They do not affect the m value. Proceeding exactly as above we can 

check that. 

k+ Ijm > " I(J-I-l1tH m::m+i) I j+l,m >. 

k Ijm> " 1J+m~(j~mllj-l,m> • 

. . 
(4.21a) 

(4.21b) 

., 
Finally. we record tM,derivation of I'otation matrices using this 

approach. 

The opel'ator representing the rotatiolls $ , 0 •• (Euler angles) is 

R( ) - -i$Jz -iGJy -i·Jz .,6,$ - e e e 

The matrix elements of the rotation matrix are, 

OJ ( ) ;; <jnlle-i~Jz e~i&Jy e-i~Jz Ijm' >. rrrn' * ,6,$ 
(4.22) 

(4.23)' 
_ .• ·A'A, 

Thus, the non-b'ivial part that need to be evaluated 1s, 

.' 'd~, (o)'~ <jm I e- iaJy Ijm:'> • . (4.24) 

Using eqn. (4.15) and its conjugate we have, 

Eqn. (4.25) is the expectation value of a product of lots of ax and 

a! in the ground state 10> • It is evaluated easily by introducing 
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, . 

agenet'ating function. "Given the pal'ameters X+ and X~ let us define, 

xj+m'Xj~m'dj ,(0)' 
~); + - mill - " r,:;--===--_ .. -

m(j+m')! (j-m')! 

" I m' 

(x a+)J+m' {X o:+)J-m' 10>. (4.26) 
'" <jmle-ioJy I, ~ - - ., 

m {j+tlt-' ~1(j~m')1 

( + +)2j 
i oJ X+a+ + X a I 0 >. 

" <jmle- y - - (4.27) 
) (2j) ! 
i' 

In the last step we h4ve used the binomial theorem exploiting the 

commutativity of a: and a ~. Now, 

and 

e- io.Jy 10 > " 10>. (4.29) 

. .. + .,.+. 
Hence, to evaluate G(x+, xJ we Ileed tile behaviour of (x+a+ + .x.aJ 

under rotation around the V-axis. We exploit the identity 

~A -XA ).2 e Be " B + ~[A,B] + n (A,[A,B]){- ••• 
_ •. ,f-./ •• 

to get (4.30) 

'Using"eqns'; (28-30) \lie get 

G(i(+,XJ '" rafn<jm [x+{a! cos~ + a: Sint)+XJa:cos~ - a!Siri]2j
, 0> (4.31) 

Usf"ng the binomial theorem in reverse order we get, 
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(4.32) 

Us i ng the orthogona 1 i ty of I jm> it is clear that on ly one term on 

the right hand side contributes. Thus, 

( e ,6)J'+m( e 'X ,o)j-m X cos--X Sllffi- X cos- 'r S1n--
G(X .X) ~ + 2 - 2 - 2 + 2 

+ l(j+m)! (j-m)! 
(4.33) 

Using the defining equation for G(X+,X_) and taking X+= -Si~ cos~ and 

X = t - COS2~ we get upon equating the tvlO results for G(X+,X) 

jtm" 
~ (-) 
01" 

= 
(si~)jtm(cos~)j-m t j +m(1_t)j-m 

I(jtm)! (j-m)! 
(4.34) 

To extract d~m,(e) from the above equation we should arrange matters 

so that only one term with 01" "m survives on the left hand side. 

For this purpose we diffet'entiate eqn.(4.34) (j-m') times with respect 

° to t and finally set t = cosZ' we then find that 

dj (0) = (_)j+m l 
I {j+m')! (SiIffi-

2
o)m-m ' (cos~2)-m-m' x 

If till I ,,(j+m)! (j-m)! (j-m l )! 

" (_)j+m
l 
(Sir1)m'-m(cost)trrl-m'X[(l_t)firm' t-m-ml ft{tj+m(l-t)j-m) ]t=COS2~ 

(4.35) 

This is the desired resuH. 
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.2 The Isospin Symmetry [SU(2)] and Hs Applications 9 

We now turn to the SU(2) group and its Lie Algebra using the Schwinger 

approach 8. This is an angular momentum like algebra and is an illust­

ration of the utility of studying homomorphic group. Let us first 

motivate the SU(2) group from the point of view of physics. 

Nuc 1 ea r phys i cs phenomeno logy te 11 s us that the proton (p) and the 

neutron (n) are essentially the same particles. They are near.ly dege­

nerate in mass and have the same spin and parity. Strong interactions 

between two protons, two neutrons and a proton and a neutron in the 

same space spin states are the same. Similar behaviour holds for 

other strongly interacting particles such as mesons and hyperons. 

Electromagnetism distinguishes between members of a given group of 

particles such as (p,n), (n i
, nO), (E i

, EO) behaving identically 

under strong forces. Electromagnetism is a much weaker force in the 

"domain in which strong forces are operational and could be ignored 

in the first approximation. Then, proton and neutron correspond to 

the degenerate levels of a quantum mechanical system. This signals 

an underlying symmetry of the strong interaction Hamiltonian. Since 

it is the n-p symmetry we want to understand, the simplest symmetry 

one can think of invariance under V2 (C) so that a single entity 

called the nucleon can appear in two stat~s nand p. The parallelism 

with a spin ~ states in a rotationally sy~etric world is obvious. 

When electromagnetism is "switched on" it singles out a direction in 

our V2(C) and breaks the symmetry just as a magnetic field defines 

a direction in V3 (R) and destroys the rotational symmetry of atomic 

Hamiltonians resulting in Zeeman splitting. For strong interactions 

we think of V2(C) rather than V3 (R) as the appropriate space, for 
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the SO(3) group has no blo dimensionai representations. The suitable 

simplest group is SU(2), Hadrons, in the absence of electromagnetism, 

wi 11 transform as representations of th; s SU(2) group. Fut'ther studies 

show that hadrons can be divtded into representations of a larger '" 

group called SU(3) of which the 5U(2) group is a subgroup. The res em­

b1ence of the nucleon to a spin ~ state has given rise to this SU(2) 

being termed as the isospin symmetry. 

We know that 5U(2) is the set of all unital'y unimodular 2x2 matrices 

g with det 9 = + 1. They leave the quadratic form in V2(C) invariant. 

There are three such independent matrices. For infinitesimal trans­

formations, 

g • 1 + ~ i Ea 'a ' ,,= 1,2,3 (4.36) 

where '" are the generators of SU(2) and t" al'e three independent 

parameters. A well known set of T-matrices are the Pauli matrices 

that determine, the Lie Algebra of 5U(2) to be 

[T,. t,] '" i c"k Tk, i ,j,k = 1,2,3, 
1 J lJ, 

This is a rank 1 group with the Casimir operator 

t 2 ~ 2 + T2 + ,2 
'1 2 3 

The algebra of SIJ(~) is clearly identical to that of 50(3) 

action is defined in V2 (C) rather than in V3 (R). 

" 

4.3 Lie Algebra Jia Schwinger MethoC\ 

(4.37) 

(4.38 ) 

but the 

We start ~Iith the (n,p) multiplet that according to OUl' argument, is 

required to transform as a two-dimensional irreducible representa­

tion of the SU(2) group. Define two pairs of fermionic creation and 

annihilation operators (a;. ap) and (a~. an)' We have four number 

, b '1 ' d t + +' + . '+ Th f' t t conservlIlg lInear pro lIC s apa ,a a ,a·aand·i\ a. e lrs wo . , n n p p p ·n n· 
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. seems to have the action of '± and the other t\~oare nuolber operll-

tors. \~e also introduce the total number operator B ~ 11; ap -I- a~ an 

which counts the baryon number in the p~'esent context. 

Set B + + + = ap ap an an' 

T+ 
+ T 

{-

'" ap an , "a a - n p (4.39) 

To(:T3) = ~(a; ap - a~ an) 

Q = the net charge " a; ap = To + ~ B 

It is easily checked using the fermion anti commutation relations 

that we indeed have the SU(2) algebra. 

[To' T±] " ± T± ' [T+,TJ = 2To 

and [B, T± 0 ] = 0 . , (4.40) 

Thus, B, T±,o generate a U(2) algebra and T±,o generate the SU(2) 

algebra. The group transformations such as 9 " 1 c(Tt + TJ mix the 

n,p states producing rotations in V2 (C). All angular momentum results 

that follow from these corrmutation relations are directly applicable. 

We can infact add an index K everywhere to the T's. K denotes the 

space and spin degrees of freedom. The commutation relation remain 

valid, for bilinear products corresponding to two different quantum 
" states K and K' commute. Thus, each K acts independently in the 

commutator. Thus, for the time being, K can be ignored. 
" . 

In analogy to angular momentum we can introduce the operator 

T2 - '1'2 + T2 + 1'3 • th' 1 0 1 1 A .. t - 1 2 3 VIl elgenva ues '2' ,.... ny state 15 wn ten 

as IT,T3 >. A given multiplet Le., to o. given T we have 2T + 1 states 

Vlith T3 ~ .. T to + T in unit steps. The n,p system is aT" ~ 

doublet. We see that Q IP > '" 1 P >, Q In> ~ 0 as should be with 
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IP> ~ Ii, i> and In> "-I~' -!> . The pions be'long to a T = 1 

multiplet. For p';ons ~/e know that B ~ 0 and Q ~ T~ . 

4.4 S9me Applications of SU(2)9 

To consider some applications let us exafiline 11 pion-nucleon system . 

. This is mathematically a problem of coupling two angular momenta 

jl = 1 and j2 ~~. Instead \'Ie have to construct IT,T3> from the 

states IT(n). T~ n). T(N), T~N) > =1 T~ll), T~N) >. Angular momentum 

theory tells us that, 

(4.41) 

are (T = ~ or ~). 

(4.42) 

Using these r.epeatedly we get 

3 3 + I 3 1 .~ + \12 0 12'2> ~ In p>, 2'"2> "Vjln n> + Vj"1 n p> 

(4.43) 

and 1 l.ft + .R 0 
12, 2' > = Y J ' n n > - y.~ I n p> , 

,'i. -!> ~ if; nOn> - «I n-p > . 
(4.44) 

1 1 Physically, these mean, e.g., that in 12'2> state the probability 

ampl itude fol' having a I JI+n > is /2;3 and Ino p > is "173 . All 

other amplitudes are zero. 
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Now the relevance of these results. The identical behaviour of the 

neutron and the proton under strong nuclear forces is described as 

the charge independence of nuclear forces. Isospin is an elegant 

mathematical description Of this property. Charge-independence s~ys 

that proton-proton, neutron-neutron and proton-neutron forces in the 

same space-spin states are identical. Hence, if two nucleons are in 

an isotriplet state (symnletric) or isosinglet state (anti symmetric} 

their space-spin function is anti symmetric or symmetric respectively. 

Two nucleons in state IT,T3 > " 11,J.>, 11,0>. 11,-1> are the same, 

other things being equal. The interaction in the 10,0> state is 

different. 

NOVI deuteron is a proton-neutron bound state (3S1 ) with symmetric 

space-spin function. Thus, deuteron is an isosinglet. If the deuteron 

were in the Iso state it would be an isovector. No such bound state 

exists. 

Thus, under charge-independence nuclear forces are determined by only 

the total T rather than T3 which characterizes the charge. Thus, 

. nuclear forces depend only on 

T~ " T2 + T2 + 21 ·T 1 2 -1 ~2 (4.45) 

Hence ~ 

(4.46) 

So that 

(4.47) 

Thus. both To and T2 are conserved. Hint is an isoscalar. Hence. for 

strong processes we have the selection rule. AT = O. This has 
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Profound consequences for scattering and decay processes ~oing via 

strong interactions. 

Consider a g~neral reaction, 

at + bi = ci + dt . (4.48) 

where all particles of the type a,b,c,d belong to one and the same 

multiplet. The scattering amplitude fi is proportional to the matrix 

element. 

(4.49) 
. 2 

Ifll defines the scattering cross section. If the initial state has 

the wave function IT.T~ > the same must be true of the final state. 

Further M can depend only on T and not on T3 (charge-independence). 

Thus, 

<T' ,T3 1 T,T3 > = 0 for "[I "I T, (4.50) 

and 

(4.51) 

Now for any process of the type (4.48) f( i) can be expressed only in 

terms of a few M(T). For this we expand I aib; > and I cid; > in 

terms of I T,T3 >, substitute this in (4.49) and use eqns. (4.50) and 

(4.51). A numbet' of useful relations for different processes corres­

ponding to the same initial and final spatial spin states then obtain. 

Consider an example of-two process. 

+ p+p=d+n ,n+p=d+ no. 

We know that IPP> " 11,1> , 

Inp>" .{[II,O> -IO,O>J 
+ Idn> = 11,1>, Id,nO) = 11,0> 

(4.52) 
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because deuteron is an isoscalar. Hence. by vl'igner Eckart, theorem 

MPP " < n t d I pp > ~ <1,1 I 1, 1 > " lP r 

(4.53) 

This checks experimentally. 

4.5 Symmetry Breakin1L-~ffects 

Isospin is a broken symmetry. However, if the symmetry breaking part 

has well defined transformation properties and can be considered as 

a small correction then 'pey'turbation theory can be meaningfully 

applied. It is 'known from particle physics 

effects are indeed small. It is also known 

phenomenology that such 

that He•m• that breaks lnt 

the symmetry behaves as a sum of an isosca1ar (S) and an isovector (V). 

This in itself. generates very valuable information. 

As an example consider the magnetic moment operator u. Assume that it 

is of the form StVo' Then, Wigner-Eckart theorem tells us that 

t + + . iI'( t ) : < E I u It> '" S + V. 

II (r-) '" < r-I u I r- > '" S :- V, 

u(r°),.: <rolupo > '" S 

u (rO) '" viEt) t uP-) 
2 

(4.55) 

To summarize our discussion, we have seen the importance of the con­
cept of homomorphism. We have a'iso seen that only the knowledge of the 
tesnsorial behaviour of an interaction without its' explicit form can 
provide a wealth of information. Similarly, an idea of the transfor­
mation properties of pe,'turbation provides still further inSight into 
the processes. 
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.CHAPTEfL§. 

DYNAMI CAL SY~LMETRY 1,10 

SYlMletries which refer to the extel'Oal geometrical structure of the system 

are termed geometrical sYlMletries, -rhese include rotations, reflections .. and 

inversion. Internal symmetry relates to the particular form of the force law 

or the interaction between different parts of the system. 

The operators of the geometrical sYlnmetry group are those under whieh the 

potential energy of the particle remains invariant. However. there are other 

operations which involve simuHaneous transformation of the coordinates and 

the momenta and which leave illVariant the Hami ltonian as a whole. These are 

usua 11y ca 11 ed dynami ca 1 symmHries. We shall consider the three-d irnensional 

hydrogen atom and the isotropic harmonic oscillator, and see that their dyna­

mical symmetry groups are 0(4) and SU(3), respectively. The dynamical symme-

try group of a system of course contains its geometrical symmetl'y group as 

a subgroup. 

5.1 The Hydro~n Atom 

The Hamiltonian for this problem is 

... n 2 e2 
H( r} " "-- - -

211 r 
(5.1) 

It is manifestly spheri ca 11y symmetri c. This problem is exactly 

solvable. The energy e_i genva lues are 

E ,.- & (5.2) n n2 

The level degeneracy is 02 • The expected degeneracy is (2,_ + 1) from 

rotational symmetry. This degeneracy was termed accidental. We will 

see that there is nothing accidental about it. The problem has a 
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lill'get' symmetry due to the availability of another constant of 

m(jtion~the Runge Lenl vector given by 

(5.3) 

Bere, l is the orbHal angulat' momentum operator which is not'mal to 

the plane of the orbit. From eqn.(5.3) we .can see that 
+ .. 
M'·L"O (5.4) 

+ 
$0 that 1-1" is a vec tor in the plane of ttleorbit. The Runge Lenz 

vector corresponds to the classicii'! vecto\4 M' ".~ ~ xt ~ fro It is 
.. 

easily vel'ified to be a constant of IT.otion i.e., M' '" O. This leads 

to closed orbit in the classical Kepler problem. The orbital angular 

momentum also commut.es with the Hamiltonian and is a constant of 

motion. We thus have, 

• • (M' , H] ·0, (L I H] • O. (5.5) 
.. .• 

Using the commutation relations between the components of r and P, 

we can show that (after SOi11e tetiius algebl'a) 

(5.6) 

We nO\"l have six. operatol'S (three components each of 1 ilnd M') which 

correspond to the invtll'iants of the problem at hand. There will be 

fifteen cOlmlutators which are given belowln five equations, each 

. s'tanding for three equations obtainab"e from it by cyclic permutation 
. ,. 

of x, y and z. 

[lx.tl.y] " ,Hilz• [M~.Lx] = O,(toI~.Ly) " il1M~ 

[ 1<1' L ] "··HIW [M' Mil" ~tnlHL (5.7) x' z- y' x·' y- ~ z 

.,. 
The components of L by themselves constitute a closed algebra and 

can be used to generate the Lie 9t'ouP 0(3). But, ilS eqns.(5.7) show, 
.~ -> 

the six operators Land W do not fohn a closed algebra because of 
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the appearance of a new operator, the Hamiltonian H. in the commutator 
.. 

of 'the components of 14'. However, let us work 1n a.degenerate subspace 

with energy E < O. In this subspace, we car replace H by E. and define 

a new opera tor by 
.. v P 
14·" (~ 2 E) 14' (5.1l) 

In the first commutators of (5.7), the components of M simply replace .. 
those of M'. The last commutator, however, takes the form 

(5.9) 
.. .. . 

The algebra of the six operators Land 14 is closed. These generate a 

six-parameter Lie group which is the dynamical symmetry group of the 

hydrogen atom. 

To show 'that this group, is 0(4), we define six new operators by 

writing 

Jij " ~ "ijk Lk for i ,j ,k '" x.y,z; (5.lOa) 

J. " - J . " M. 
'" ~1 1 

(5.10b) 

Here. "ijk h the Levi Cevita symbol. They satisfy the relation 

[Jxy·Jyzl '" 111 Jzx ' [JxO),Jyzl " 0, 

[Jx" ,Jzx] " iii Jzoo ' [Jx ,Jy ] " ill Jxy (5.11) 
" 6) 

where, again, each equation stands for three equations obtained from 

it by cyclic permutation of x, y, and z. the six operators 

Jpo(p,o" x,y,z,,,) are the infinitesimal generators of a group whose 

operations leave the quadratic form x2 + y2 + Z2 + ,,2 invariant, 

i.e., the group of all real orthogonal transformations in a four -

dimensional vector space, or 0(4). 
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Let us now introduce two operators A and B with 
-+ 1+ -). +. 1-)0 ?) 
A " I(L + M), B" I(L - M (5.12) 

They satisfy the )'elat"ions 

[Ai' Aj ]" in cijkAk 

[B., B.) ~ in < "k Bk 
1 J lJ (5.13) 

[Ai' Bj ] "0 for i ,j " X,y,z 

The A's and B' 5 generate two commuting SU(2) algebra showing"that 

0(4) is homomorphic to SU(2) (8) SU(2). 

The rank of 0(4,) is seen from (5.7) to be 2; we may choose the two 
... 

commuting generators to be anyone component of A and anyone compo-
... 

nent of B, There are therefore two Casimir operators which commute 
.,. .. 

I~ith all the six generators. These are obviously, A2 and B2 or any 

two independent linear combinations of these. Theit' eigenvalues, in 

analogy with the theory of SU(2), may be written as 

(5.14) 

The complete commuting set of operators that label the states are 

e.g., A2 , 82 , Az' Bz' So that the states can be labelled as 

I a ,b.~, \I>, ~,,, .b~jng the ei genva 1 ues of Az and Bz where a and b take 
... .. ... 

all nonnegative integral or half-odd-integral values. Since L "A+B. 

L2" A~+B2+ 2!l:!!.. ou_r states are not eigenstates of L2. Taking the 

sum and the difference of A2 and 82 , we find that 

C:: A2 -I- 82 "~(L2+W), 

C' :: A2 - B2 " L"M (5.15 ) 
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Using eqns. (5.4) and (5.8) , the second of the above equations shoVlS 

"" 

that C' " 0, so that our physical system (the hydrogen atom) Gorres-

ponds only to that part of 0(4) for which A2 '" B2 or a(a+1) ~ b(b+l). 

This gives the two solutions a = b and a = -(b+1); the second solution 

must, however, be discarded since a and b are restricted to nonnegative 

values. 

The eigenvalues of the Casimir operator C then become 

C = 2a(a +1}h2 

Using eqns. (5.6), (5.8) and (5.15), we then have that 

C = 1[L~- ~{~E(12+1i2) + e4
)] 2 2E u • 

= _ 1[1.2 + u e"] 
2 2E 

Using eqn. (5.16) in the above equation, this finally gives 

ue" = - ~2 , n = 2a+1 2n n 

(5.16) 

(5.17) 

(5.18) 

as required. The existence of the dynamical symmetry 0(4) thus allows 

us to solve the problem algebraically and correctly accounts for the 

degeneracy. 
. ~. 

In the same manner one show that the symmetry group of the two-dimen-
, " , 

siona1 hydrogen atom -is SU(2) or 0(3). Since half integral represen­

tations do not occur in the Coulomb problem one must choose 0(3) as 

SU(2) gets l'uled out. 
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5.2 The Isotropi£, Harmonic Oscillator: 

A three-dimensional isotropic oscillator has 0(3) symmetry. We should 

expect only a (2f + 1) fold degeneracy on this basis. But its knmm 

degeneracy -is higher. It is (!ltiJjn+2) where n is the principal 2 .-

quantum number. Reca 11 that n " 2k t £ where k is the degree of the 

polynomial solution of the oscillator problem. Clearly n ~t and- hence 

(ntl)?+V> 2£ i-I. The relation n " 2k u together with the fact 

that the energy levels are given by En " n + ~ in units of ii',. impl jes 

that levels of different t too are degenerate. For a given n. t can 

take the values 0.2,4, ...• n or 1.3.5 ..... n depending on whether t, n 

is even or odd. Thi s degeneracy was a I so termed acci denta 1. We wi 11 

now see that there is nothing accidental about this degeneracy too. 

It is due to the fact that an N-dimensional oscillator is invariant 

undel' rotations in VN(C). 

Setting 1i " 11 " 1. the Hamiltonian of an N-dimensional oscillator is 

(5.19) 

where Q and r are N-dimensional vectors. Introduce a set of N opra­

tors ajaj a la Dirac with 

1.2, •••• N (5.20) 

we have 
+ 

[ai' a j ] " °ij (5.21) 

N + 1 + N 
H ~"'L (a a. + -)" .,(a·a +-). 

j"'l j J 2 - - 2 

Further 
(5.22) 

Here 2..+ and.i!. are complex N-dimensional vectors. We see that H is 

controlled by the II-dimensional scalar product Q+'!!. and is thus 

invariant under rotations in VN(C). For the tht'ee-dimensional case 

the invariance group of the oscillator is V3 (C) \~hich is larger than 
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V3 (R). In this fact lies the extl'a degeneracy of the oscillator. 

Restr'icting to the three···dimensional case let us tl'y to figure out 

the symmetry group of the oscillator. In the process we ~Iill also 

learn h0l1 the Schwinger forinulation of angular momentum can be exten­

ded to study SU(N) algebras. From the six operators a1 ,a2 ,a3 ,ar,a;.8; 

we can generate nine distinct number conserving bilinear forms of the 

type a~ aj . The quantities like aia; al'e not independent of these. 

let us group them as follows: 

+ + . ( + +) Al = a1a2 + a2a1 , 1.2 = -1 81a2 ~ a2a1 • 

+ + + + + 
1.3 ~ alaI a2a2 • A 4 = a1a3 a3a1 

. ( + ,+ + + (5.23) A5 = -1 a1a3 a381), A 6 = 82a3 + a3a2 

. and + 3) H = ~ (£ a . a . + ." 
1 1 Co 

A 11 the A'S cOlMlute with H. But the eight A's genel'8 te the algebra 

of SU(3). 

[Ai' )} = 21 E f ijk Ak (5.24) 

Thus, the symmetry group of the osCillator Hamiltonian is SU(3). 
,. 

Together with H we have the algebra of U(3). 

-
As a point of interest we may note that the angular momentum opera-

tors are given by 

Lj ,,~ E "jk£ (aka: - a~ at) (5.25) 

they c 1 ea r 1 y commu te wi th H. It; sal so c 1 ea r tha tin a simi 1 a r 

mannerSU(N) algebras can be generated out of N a's and N a+'s. 
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Let us also take this occassion to Illustrate how.spherfcal tensors 

can be constructed within the SchVlinget' approach and ho\'/ ~ degene­

racy can be understood. Define, 

T ij :: 

These are nine conserved operators for the problem. NoVi 

Tr T = T11 + T22 + T33 = ~+. 5l . It is a sca1at'. It transforms like 

the spherical tensor T~. It is essentially the Hamiltonian operator 

for our case. Next consider the three antiSynIDletric combinations. 

( 5.27) 

These transform as a vector y ~ (5l+ X ~). There seems to be a diffi-

. . 1 " Yl;)V2 culty here. Conslder Vl - -2 ~. 

If Vie apply it to the In H> state of the oscillator then by Wigner 

Eckart theorem 

(5.28) 

Hence, oscill atpr"states differing by one unit of angular momentum 

are degenerate, for vi commutes with H. This cannot be. The ans~ler 

is simp1e.·Vl is noth.!ng but L+. It shoul'd raise the m value by one 

unit but cannot change the £ value since [L2, L+J = O. The result 

is that C " O. 

The remaining five components of Tij must tt'ansform as a spherical 

tensor of rank 2. If this were not so we could form irreducible 

tensors with less than 5 components. The only possibilities are 
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+ tensors with ranf: 1 and 3. But given t~IO vectors it ilnd!l. these aN 

+ A • 

.'l. '.'1. and i!.' x .\~. ThHse we have ill ready· used IIIJ. Thus, the fi ve 

remaining degrees of freedom must give liS T~. One l'afers to this 

object as the quadrupole teflsOI' Q~. He need the component Q~ sinCe 

we want 

so that the degeneracy 

that [Q~. H] = 0) when 

Q~ In H > " C I n ,£ + 2. 9, + 2 > (5.29) 

in .~ at each n can be explained (remembering 
+ 

~ " n "!max C must vanish. Now a and a are 

vector operators from whi ell we can form tensol's operators ai. and a1q 

wllieh behave like Ilq> • The product behaves like the direct product 

of t\~O spin one objects. Since Q~ is l'Ike 122> " 111 > 0111 > we 

find th(lt 

(5.30) 

. '.,' 
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CHAPTER 6 
-~--~-~~ 

and 

The term quasi-exactly-solvable (QES) problem is to be understood in the 

following sense ll
• Consider a quantum system and assume just fOl' the sake 

of definiteness that the spectrum is discrete. One solves the eigenvalue 

problem either by solving the Schrodingel' equation or by diagonalizing an 

appropriate matrix. We call this a non-algebraic operation. In some cases 

one can obtain the entire spectrum or part thereof by purely algebraic 

means. Well known examples are the Coulomb problem, the oscillator problem, 

the angular momentum probTem and the free particle prob'lem in three dimen­

sions. In effect, the well known Silecial funct'ions of mathematical physics 

such as the Hermite, Legendre, Leguerre and lJessel functions can be genera­

ted by purely algebra'lc means. A closer examination indicates that there is 

always an underlying symmetry that results in such a facil ity. In the 

Coulomb case it is 0(4). for the three~dimellsiona) isotropic oscillator 

it is SU(3). for the one-dimensional oscillator it is the underlying har­

monic oscillator group and for the free particle it is translational sym­

metry. In recent years a number of pI'oblems have emerged that admit partial 

algebraization. A certain number of levels n can be obtained by algebraic 

means. Such problems are said to be quasi-exactly solvable. In all such , 

cases a certain number of coup! ings appearing in the Hamiltonians must be 

appropriately tuned or quantized. In addition to these with a regular 

pattern of well defined sets of soltuions there are many other problems in 

which tuning of pal'ameters 'leads to one easily obtainable solution in 

general and two under special conditions. A typical example of this type 

is the bound state potent'j a 112 
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( 6.1) 

We shall come to a discussion of these later. 

QES problems have been Imown in both classical and quantum physics for a. 

long time13
• As far as we knovi Colegaro 14 was the first one to point out a 

general procedure for obtaining potentials that support a ground state 

solution which is of a polynomial type. He noticed that if 

with 

Ii" p2 + a~, +.f(x) ax 

then ~ " exp[ / ~ (y) dy] 
o 

.. 
(6.2) 

(6.3) 

is the normalizable ground state wave function. He also indicated a proce­

dure for obtaining higher states as polynomials. Flessas 15 and others also 

noticed many special potentials (i .e., with tuned couplings) that support 

polynomial solutions. S'ingh et al 16 noticed, via a Hill Determinant approach 

that the sextic anharmonic potential V = axz + bx4 + cx6 , c > 0 has poly­

nomial solutions provided the Hill Determinant can be factored into a 

product of two deterininants which again leads to a tuning c'ondition on the 

couplings. Turbiner 17 has c'lassified QES problems that belong to the 

SL(2,R) class. leach 18 has tt'aced the partial solvability to the factoriza­

bility of the Hamiltonain that relates it to the Riccati equation. Thus, if 

H(q.p) ~ ~2 + ~ V(q) 

the Schrodinger equation can be written as 

where ~A is the energy eigenvalue. Suppose L can be factored as 

L = (O~,,) (D - ~ ) 

then " + B "0 and "a - ~- ~ A - V aq 
i . e. , L = (0 - a) (0+«) 

(6.4) 

(6.5) 

(6.6) 

(6.7) 

(6.8) 
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'and we ha.ve the Riccati equat iOIl 

-~ (6.9) 

One finds that polynomial solutions for the original problem obtain if this 

equation can be satisfied. Ushveridze
19 

has noticed a connection between 

the SL(2,R) based problems and the Riccati equation. It thus seems that 

,the availability of an underlying symmetry, the factorizability of the 

,Hamiltonian and the reduction of the problem to a Riccati equation and the 

factorizabil ity of the flill Determinant are all interrelated aspects of QES 

;problems. No study of such a connection exists in literature and this should 

deserve attention . 

.. From a practical point of view QES problems. had till recently been consi­

.' dered to be of not any great significance. One could get some information 

on the given system and there is a limited scope of developing a perturba­

tive approach based on these solutions. The exact results are useful for 

· testing approximation schemes and numerical techniques. HO~lever two recent 
· 20 
,papers have ShOl'1n that such problems can be immensely valuable in solving 

'. a given problem or a sub problem. Thus, the QES problems deserve greater 

;; attention. In this f'inal chapter we shall study some SL(2,R) based problems 
" 

in detail, try to find an answer to an interesting question raised by 

TurbineI' and point out a number of interesting questions which warrant , 

" detailed study in future. 
, 

2 
First ~II! collect some important facts about the SL(2,C) group. It is a 

· group of complex 2x2 

matrices 9 3 (~ ~) with dot 9 - 1, 
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Thus, the Lie algebra of SL(2,C) is the three dimensional space of a11 

complex 2x2 matrices " 11ith trace" = 0 i.e., 

(6.10) 

For SL(2,R), "1; "2' "3 are real. A possible basis is defined by 

J- = (0 -1) 
00' 

(6.11) 

$0 that (6.12) 

The algebra is of course independent of the basis chosen. With t~e quantum 

problems in view, we are more interested in a differential representation of 

the generators. For this one observes that the set of operators 

J - 1 ( 2 d 2') J - 1 d J d . + .- i2 y dy - JY, - - i2 dy' 0 = Y dy - J, (6.13 ) 

acting on the space of functions yj+m with j = ¥ = 0, ~, 1, ... and 

m = -j, -j+l, ... , +j generate the SL(2) algebra. One straightforwardly 

verifies that 

(6.14 ) 

In analogy with the angular momentum commutation relations one finds the 

Casimir operator to be 

J2 = J2 - J J - J J 
o + - - + (6.15 ) 

so that (6.16 ) 

Thus, the states can be written as Ijm>. Proc~eding in exact analogy with 

the angular momentum problem one finds that j = 0, .!, 1, ... and 

m = -j, -j+1, ... , +j-(2j+l) values. 

20 
Next cons i der the fo 110~1i n9 bound state problems 

V = _ax 2 + cx 6 

V = bx 4 + cx 6 
a,b,c> 0 

(6.17a) 

(6.17b) 
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variable y " x2 and write V(x) " U(y) for even solutions. We find the 

following eigenvalue pt'oblem 

hU " c U (6.23a) 

(6.23b) 

Using the representations of the SL(2,R) generators J±,o given by eqn.(6.13) 

we find 

(6.24) 

Thus, in general It is not representable in terms of ,l±,o' But if Bn 8~+3 
we see that 

h = . 4JoJ. - 2(2j+l)J_ + 4BJ+ 

Going back to the original problem 

Ii " i[p2 - (8j+3)x 2 + x6] 

(6.25) 

(6.26) 

one checks that (2j+l) even parity solutions which were obtained above are 

recovered for j = 0, i. 1 •..•. The wave functions that we obtained direc­

tly are of the form 

(6.27) 

i.e., linear combinations of the SL(2,R) basis functions yj+m in the given 

subspace of fixed j. We believe that a 1Z0mbination of the generators J+ 
-,0 

with co-efficients depending on j and m should be constructible which would 

connect all solutions of the problem with a fixed j. However. we have been 

unable to locate such an operator in general. 

A similar set of odd solutions can be obtained by writing V(x} = xU(x) and 

again going over to the variable y = x2 • The corresponding Hamiltonian is 

found to be 

(6.28) 

and admits (2j+l) polynomial solutions. To sum up, the polynomial solutions 
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of the problem in hand are the linear combination of SL{2,R) basis fUn<:;:, 

with a fixed j value and the Hamiltonian is a sim(lle function of the SL I 

generato!'s. It is not invariant. under SL{2,R) transformations. It only t 

a symmetry connection that allows a partial solution of the probl eln~ 

For the second problem we write the Schrodinger equation as 

~" + [< ~X4 ;. a2 x 6 ]~ ~ 0 

_YX 2 _ ax4 
~ : e T '-4 Vex) 

2 BY " 1 

Polynomial solutions of degree K obtain if 

3 1 
a ""2m 

(6.29 

(6.29 

(6.29, 

(6.30 ) 

and the (m+l) roots of ak+2 "0 determine the corresponding level s. Pro­

ceeding as before we form the new eigenvalue problem 

h'v "EV (6.31.a' , 

h' " - 4y d~22 + 4ay2 *y+ 4yy ~ -2J; + y_{y 2 -3e)y (6.31 b) 

h' " - 4J
o
J_ + 4eJ+ + 4YJ o - 2(2j+l)J +Y(4j+J.) + [a (8j+3) _y2] Y (6.31e:) 

If y2 " s(8j+3) we have even parity polynomial solutions. If y2 "6 (8j+5) 

we have an equal number of odd parity polynomial solutions. As j'" ~ the 

coupling a2 + 0 and the energy leve"ls approach those of the pure x~ 

prob lem from above. Thus, these sol ut'ions provide an excellent apprQX imatio 111 

to the quartic spectrum for large j. 

Turbiner
11 

has given a whole list of SL{2,R) based QES problems a,'l of 

which are reducible to a three··step format and require quantization of 

coupling constants. 
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