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Abstract

In this thesis, we have studied the quantum properties of the light produced by degenerate
three-level laser in which three-level atoms available in a cavity coupled to a thermal
reservoir are pumped from the lower to the upper level at the rate r,. Employing the
master equation, we have obtained the quantum Langevin equations for the cavity mode
and atomic operators. With the aid of the solutions of these equations, we have calculated
the mean and variance of the photon number, the quadrature variance, the quadrature
squeezing and power spectrum for the cavity light.

We have found that the variance of the photon number is greater than the mean photon
number, indicating that the light produced by degenerate three-level laser has super-
Poissonian photon statistics. On the other hand, we have realized that the presence
of thermal reservoir decreases the quadrature squeezing. The maximum quadrature
squeezing of the light generated by degenerate three-level laser is found to be 50% for
n =0 and 36.6% for 7 = 0.2 below a vacuum state level.
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Chapter 1

Introduction

A three-level laser is a quantum optical system in which light is produced by three-level
atoms inside a cavity usually coupled to a vacuum reservoir [1-4].

The statistical and squeezing properties of the light generated by three-level laser have
been investigated by several authors [5-21]. It is found that degenerate three-level laser
can produce squeezed light under certain conditions [6-8].

In this thesis, we consider the case in which N degenerate three-level atoms in
cascade configuration and available in a cavity coupled to a thermal reservoir via a single
port-mirror are pumped from the lower level to the upper level at a rate r,. We study the
case in which the cavity mode interacts with thermal reservoir via a single port-mirror
and the three-level atoms interact with the cavity mode as well as a vacuum reservoir.
We denote the upper, middle and lower levels of the three-level atom by |a;), |b;) and |¢;)
respectively. A three-level atom may then decay spontaneously from level |a;) or level
b;) to level |¢;) at the rate v or make a transition from level |a;) to level |b;) and from
level |b;) to level |¢;) by emitting two photons of the same frequency w

as shown in figure 1.1.
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Figure 1.1: Degenerate three-level atom.

Applying the master equation for the system under consideration, we evaluate the
equation of evolution for the expectation values of the cavity mode and atomic operators,
and the correlation properties of the cavity mode and atomic noise operators. Thus taking
the solutions of these equations into account, we determine the mean photon number,
variance of the photon number, quadrature variance, quadrature squeezing and power

spectrum for the cavity mode.



Chapter 2

Operator Dynamics

In this chapter we are going to study the dynamics of degenerate three-level laser.

To this end, employing the master equation, we evaluate the equations of evolution for
the expectation values of the cavity mode and atomic operators. Moreover, we determine
the correlation properties of cavity mode and atomic noise operators.

The Hamiltonian describing the interaction of degenerate three-level atom with a cavity

mode is expressible as [1]

H = igla® (1b;){a;] + les)(b51) — (laz) (bl + [b5){e;)al, (2.1)

where |b;){(a;| and |c;)(b;| are atomic operators, @ is the annihilation operator for the
cavity mode, ¢ is the coupling constant between the atom and cavity mode.

The master equation that describes the interaction of degenerate three-level atom with
cavity mode and vacuum reservoir, and interaction of cavity mode with the thermal

reservoir is expressible as [1]

dp R
d—f = —i[H,p] + g(ﬁ +1)(2apa’ — atap — pata) + gﬁ(wﬁa —aa'p — paal)
gl . .
+ 5 @le)aglplag)(es] = lag){aslp — plas){ay] (2.2)

+ 2e;)(bs1p1b;) (es] — 1b5)<bsl o — plbs)(bs1),
where k is the cavity damping constant, 7 is mean photon number of the thermal
reservoir and vy is spontaneous emission decay constant.

Now using Eq. (2.1) in Eq. (2.2), the master equation for the system under consideration

3



is expressible as
dp

i g(a'|b;)(a;1p + a'le;) (bj|p — |as)(bjlap — |bj) (c;lap — pat|b;){a;| — palle;) (b;]

+ plaj)(bjla + plb;){c;|a) + 5(” +1)(2apa’ — a'ap — pa'a) 23
K e v ) o '

+ 5”(2(1T,0a —aa'p — paa’) + 5(2|Cj><aj|0|%><cj| — laj)(a;|p — pla;){a,]

+ 2]e;)(bj|plbs) (c;] — 1b5)(bs]p — plbs)(b;]).

2.1 Equation of evolution for the expectation values
of the cavity mode and atomic operators

In this section we seek to evaluate the time evolution for the expectation values of the

cavity mode and atomic operators. To this end, applying the relation

d

E<A> = Tr (@A) (2.4)

dt

along with the master equation described by Eq. (2.3), we have

%(d) =Tr (%d)
= gTr(a'|b;)(a;|pa + allc;) (b;|pa — |a;) (bjlapa — |bj){c;lapa — pal|b;)(asla
= palle;) (bjla + pla;) (bla® + plb;) (es1a) + 5 (7 + 1 Tr(2apala — alapa — pa'a?)
+ ATr(2a pa” — adlpa — paa'a) + STr(2le;) (a;lpla;) (esla — aj)(a;16a — plas){asla

+ 2e;)(bs1p1bs) (csla — [b;)(bj|pa — plbj)(bs|a).

(2.5)
Now applying the cyclic property of trace operation to Eq. (2.5), one obtains
d . o o . . . .
i@ = glTr(paa'lbs)(a;]) + Tr(paat|e;) (bs]) — Tr(pala;)(bsla) — Tr(palb;){c;|a)
— Tr(pa'|b;)(ajla) — Tr(pa'le;) (bjla) + Tr(plas) (bjla®) + Tr(plb;) (c;la®)]
+ g(ﬁ +1)[2Tr(pata?) — Tr(paata) — Tr(pata?)] .
2.6

+ gﬁ[QTT(ﬁdeT ) — Tr(pa*a’) — Tr(paa'a))
+ %[2Tr(ﬁ!aj><cj!&lcj><aj!) — Tr(pala)(a;]) — Tr(pla;)(asla)
+ 2T (plbj){c;lale;) (bjl) — Tr(palb;){bs|) — Tr(plbs)(bjla)].



Assuming that the cavity mode and atomic operators commute, and employing the
commutation relation [a,a’] = 1, we can rewrite Eq. (2.6) as

2 (ay = gl{(a'a + Db} {asl) + ((@'a + 1)]e;)(bs1) — (lag){bsla)

dt
= (Ib){c;la®) — (a'alb;){a;]) — (@ale;)(bsl) + (laz) b;1a®)

+ (b5} {ejla*)] + 5 (n + 1 ((a'a®) — (a'a*) — (@) + 5 n((a*a’)

— (a%a’) + {a)) + %(2<|aj><cjlcj><aj\d> = (la){ajla)

= {lag)(ajla) + 2([bs)(¢;le;) (bsla) — {Ibs) (bla) — ([b;) {bsla))

K

| =

= g({b5){asl) + (les) (0s])) = 5 (R +1)(a) + gﬁ@
(2.7)

+ %(%!%)(%Iﬁl) = 2(lay)(a;la) +2(]b;) (bsla) — 2(]b;) (bs1a)),

or

—a) = —2(a) + g((a2) + (67)), (2.8)

where

a5 = b;)ayl, (2.9)
63 = le;) by, (2.10)

are atomic operators.

Moreover, employing Eq. (2.4) along with Eq. (2.3), we see that

~

d dp
£<|bj><aj|> ZTT’(E|bj><aj|)

= gTr(a'[b;)(a;|p[b;){as] + a'le;) (b;|plb;) (as| — laz) (bjlaplbs) a;|
— [b;)(ejlaplbs) (a;| — patlbs)a;lb;){as| — patle;)(b;lbs)(as| + plag) (bslalb;){ay]
+ plbj) (cslalbs){as]) + g(ﬁ +1)Tr(2apal|b;) (a;| — a'aplb)(a;] — patalbs)(a,))
+ gﬁTT’(QdTﬁde)(aﬂ — aa'plbs) (a;| — paa'(bs) (a;))
+ %TT(Q\%?<aj!ﬁ!aj><cj|bj><aj’ — la;){a;1plbs){a;| — pla;){a;|b;)(a;|

+ 2[c;)(bs]p[bs){(c;lbs) (az| — [b;){b;1plbs){a;| — plb;)(b;|bs){(as])



= gTr(a'[b;)(a;1plb;){as| + alle;) (b;1p1b;) (az| — laj)(blapib;) a;|
— o) {eslaplb;) (as| — patle;) (a;] + plag)(bslalb;){ay| + plbs) (c;lalb;) ay])
+ g(ﬁ + 1)Tr(2apal|b;) (a;| — a'ap|by){a;| — patalb;)(a,)) (2.11)
+ gﬁTT(Q&Tﬁ&wj)(aﬂ — aa'plb;)(a;| — paat|b;)(as))
+ %TT(—!aj><aj|ﬁ|bj><aj| — [b5)(b;1p1b5) (as| — plbj){ayl)-
So that applying the cyclic property of trace operation to Eq. (2.11), we have
%<|bj><aj|> = g[Tr(plb;){a;lalbs)(a;]) + Tr(plbs){asla’|c;) (b;])
= Tr(plby) aslas)(bsla) — Tr(plb;){as|b;) (c;la) — Tr(pal|e;)(a;l)
+ Tr(plag)(bjlalbs){a;]) + Tr(plb){c;lalbs){a;])]
+ g(ﬁ +1)[2Tr(pa'|b) (asla) — Tr(plb;){a;lata) — Tr(pa'albs) (as))]
+ gﬁ[QTT(ﬁ&’bﬁ(%\dT) — Tr(plbs){alaa’) — Tr(paa’|bs)(a;))]

+ %[TT‘(—ﬁlbﬁ(aanj)(ajl) = Tr(plby)(a;1b;){bs1) = Tr(plbs)(a;])]

= g(=(1b;){bsla) — (a'le;){a;1) + (laj){a;a))

+ 50+ D)(2atalb;) (o)) — 2(atalb;) (a,]))
“ (2.12)
+ 5a((@ka + DIb) () - 2((@'a + Do) as))
— 2 ({Ibiasl) + {Ibs)as 1))
d iy _ otiiia NP APy 5
—(o1) = gl(ia) — (a) — (a'52)) —v{ol). (2.13)
where
i = lag){ayl, (2.14)
= [b;) (b, (2.15)

7 = lej)ayl, (2.16)



are atomic operators.

Furthermore, with the aid of Eq. (2.4) along Eq. (2.3), we find
C e bsl) = Tr( Pl )

= gTr(a'|b;)(a;|ple;) (b| + a'le;) (bs1ples) (bl — lag)(bjlaple;) (b;]
— o) (eslaple;)(bs| — pat|bs) asle; b — patles) (bsle;) (bl
+ play)(bjlale;)(bsl + plbs) (cslale;) (b;]) + g(ﬁ +1)Tr(2apa’|e;) (b
— ataple;)(b] — patale;) (b)) + gﬁTT(Q&Tﬁd|Cj><bj| — aa'ple;) (bl
— paa’|e;)(bs]) + %TT(QIW(aj\ﬁ\aj><cj|cj><bj! — laj)(a;|ple;) (bl
= Plag)ajle;)(bsl + 2]e;){b;1p1b;){(cjle;)(bs] — [bs)(bs|oles) (bl
— plbj) (bjle;) (bl)

= gTr(a'[b;)(a;|ple;) (bl + a'|c;) (bs1ples) (bl — lag) (bjlaple;) (sl
— |bj){c;lanle;){bs| + plaj)(bjlale;) (b;| + plbj)(c;lale;){bs])
+ g(ﬁ +1)Tr(2apat|e;) (b] — ataple;) (b — patale;) (b))
+ AT (2 pale;) (b;] — aalple;) by — paa'|e;) (b
+ %TT(Q\CJ><aj|ﬁ|aj><bj| — laz){a;|ple;){bs| + 2[c;) (b |plbj) (b;|

— [b;){b;1plc;) (b;1)-
(2.17)
Then employing the cyclic property of trace operation to Eq. (2.17), it follows that

%(\%’)@D = g[Tr(ple;) (bjlat|b;) (a;]) + Tr(ple;)(bjla’|c;) (bj])
— Tr(ple;)(bslaz)(b;la) — Tr(plc;)(bs|bs){c;la)
+ Tr(plag)(bslale;){b;]) + Tr(plbs){c;lalc;) bs])]

+ 5 (7 + D277 (pale;) (bjla) — Tr(ple;)(bsla’a) — Tr(paale;) (b))

[N

+ SR[2Tr(pale;) (bilah) — Tr(ple;) (b;laat) — Tr(paat|e;) (b;])]
+ 5 [=Tr(ples)(bjlas)(as]) — Tr(ple;)(bi|bs) (bsl)

— Tr(ple;)(bjle;)(c;|) — Tr(ple;)(b;|)]

N2 Do



= g((@'le;)(a;]) — (lej)(cila) + (|b;) (b;la))

L
2 (2.18)
+ f@((fﬁd + 1)) (by]) — ((aa +1)[e;) (by1)

—((@'a +1)le;)vs1)) — %(<|Cj><bjl> + (e 050))

or
—(a) = g({a'el) + (ma) — (Ala)) —1(67), (2.19)
where

i = lep){el, (2.20)
is atomic operator.

In a similar manner, it can be established that

< 61) = glloia) — (5]a)) — Lo, (2.21)
) = —g((all) + (6Ya)) — (il 2.22)
) = o(latod) + (6a) — (a'a}) — (617a) — 1), (2.23)
i) = o((ata]) + (61a)) + A ((R2) + (i) (2.21)

Based on Eq. (2.8), we can write

da . .
d—j = —gd+g(a—g+&{,) + §a(1), (2.25)

where g,(t) is cavity mode noise operator when the cavity mode interacts with a single
three-level atom and whose correlation properties remain to be determined.
Taking the expectation value of Eq. (2.25) and comparing the resulting expression with

Eq. (2.8), it immediately follows that
{9a(t)) = 0. (2.26)

We observe that Eqgs. (2.13), (2.19), (2.21), (2.22), (2.23) and (2.24) are coupled non-

linear differential equations and it is thus difficult to obtain their exact solutions.



We need to overcome this problem by applying the large-time approximation scheme [9].

We therefore use this approximation scheme to Eq. (2.25) and write

att) = 2 |g(6t) + 63(0)) +ga<t>]. (2.27)

Now substituting Eq. (2.27) and its adjoint into Eqgs. (2.13), (2.19), (2.21), (2.22), (2.23)

and (2.24) respectively, we find

60 =2 |29(200) + G050} + RO} - 9610) — 080
K (2.29)
— (53 (1),

400 =2 [(6208,0) - a62(0) - GO0} - Jiot00), (2.30)

50 = =22 20000 + GLOFO) + GL 0] - 100 231

G0 = 2 29(a2(0) + Gl + 65 0300} - 2007)

at (2.32)
~ GO = (6 0a(0)] - o),

40 = 2 [29lad(0) + GO0} + P ORO)] +GHO) + N, (239

We next proceed to determine the expectation values of the products of cavity mode noise
operator and atomic operator appearing in Eqs. (2.28)-(2.33).
Now employing Eq. (2.4) along with Eq. (2.3), we have

d A dp .
%<|aj)(aj\a> = TT(%’%’M%’W)
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= gTr(a'|b;)(a;lplas)(a;la + alle;) (bl alaz) (azla — las) (bjlaplas)asla
—[b5){ejlaplag)asla — pallb;)(aslaz) (ajla — patle;) (bjla){ayla
+ plag)(bjlala)(ala + plbs){c;lalas){as|a)
+ g(ﬁ +1)Tr(2apata;) (ajla — a'apla;)(ala — patalay)(ayla)
+ gﬁTT(%Tﬁ&Wﬁ(Gﬂd — aa'plag)(asla — paatla;)(ayla)
+ %TT(2|Cj><aj|ﬁ|aj><Cj|aj><aj|& — laz){aj|plas){asla — plas){a;las)(a;|a
+ 2[¢;)(bj|plbg) (cslaz)(azla — [b;){bjlplas){asla — plbs)(bslas){asla
= gTr(a'|b;)(a;lplas)(a;la + alle;) (bl pla;b) (azla — laj)(bslaplas)(asla
— |bj)(ejlaplag)(ala — patlbs) asla + plaj)(bslalas){asla + plbs)(c;lalas) a;la)
+ g(ﬁ +1)Tr(2apata;) (ajla — a'apla)(ala — patala;)(a,la)
+ gﬁTT(QdTﬁ&Wj)(%m —aa' plag)(asla — paatla;)(ayla)
+ %TT(—\%XGHN%M%I& — plaj){a;la — 1b;)(bs|plas)(as]a).
(2.34)

Moreover, using the cyclic property of trace operation to Eq. (2.34), we see that

i(\%ﬂ%@ = g[Tr(plaj){a;laat|b;)(a;|) + Tr(plaj){a;laatc;) (b;])

dt
— Tr(plaj){a;lala;)(bjla) — Tr(pla;) (a;lalb;){c;|a)
— Tr(pa'|b;)(a;la) + Tr(play) (bjlala;){asla)
+ Tr(plb;) (¢jlala;){a;la)] + g(ﬁ +1)[T'r(2pa'|az) (a]aa)
— Tr(plaj)(a;laa‘a) — Tr(pa'alas)(a;|a)] + gﬁ[TT(Qﬁ&Wj)(aﬂd&T)
— Tr(plaj)(a;laaa’) — Tr(paa'|a;)(a;la)]

+ %[—Tr(ﬁ|aj><aj\d!aj><aj|) = Tr(plag){asla)

— Tr(pla){ajalb;) (b;)],

= —g({a'alb;)(a;]) + (las) (b;1a%)) + g(ﬁ +1)((a'a?|az){a;]) — (aa'ala;)(a;]))

+ gﬁ((&szlaM%D — (ad'ala;){a;)) — {la;)(asla),



or
d .. K

T(ma) = —g((a'aey) + (07a%)) — S {(a) — ¥(a).

Furthermore, taking Eqgs. (2.9) and (2.14) into consideration, we can rewrite

Eq. (2.22) including a noise operator as

%!@M%! = —g(al|b;){az] + la;){|b;la) — v]as)(a;] + Gos(t),

where G,;(t) is the atomic noise operator.

Now writting the expectation value of Eq. (2.36) as

%(I%)(%D = —g((a'[b;){a;]) + {laz)(bsla)) —{laz){a]) + (Gas (1))

and comparing with Eq. (2.22), we find

(G (1)) = 0.

Using the mathematical relation

%<yaj><aj|a> = <W“> + <|aj><aj!%>>

along with Egs. (2.25) and (2.36), we have

%<|aj><aj|a> B < = 9(a'lb;)asla + la;) (b510%) = vlag){asa + @w‘“)&>

+ (lasbon ot e + oD - 5+ a0 )

A = —g((@1a6d) + (61a%) — 5 (1a) —1(a) + (H((0) + (Cus(0)

Upon comparing Egs. (2.35) and (2.40), we see that

(7 (£)4a(t)) + (Gay(t)a(t)) = 0.

11

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(t)). (2.40)

(2.41)
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The formal solution of Eq. (2.36) can be written as

t
() = (0)e +/ e { — gl (t)a3(t') — goll (t")a(t)) + Goy(t) |dt'. (2.42)
0
Now multiplying Eq. (2.42) from the right by g,(¢) and taking the expectation value of
the resulting expression, we obtain

(030 = @O)u(ENe " + [ e [ = 9@l (!)3()3a(1))
0 (2.43)

= a6 ()30 + (Cug (1130
Taking Eq. (2.26) into account along with the assertion that a noise operator at a certain

time t should not affect the atomic and cavity mode operators at an earlier time, we note

that
(2(0)da(6)) = (00} (3u(6)) = . (2.41)
(@ (A )3u6)) = (@ ()5 (1)) =0, (2.45)
(6 (E)aE)3u(0)) = U (NAE)) (a(1)) = . (2.16)
Eq. (2.43) thus becomes
(#0800 = [ G o)t (2.47)

Moreover, a formal solution of Eq. (2.25) can be written as

t t
a(t) = a(0)e= ® + g/ e (=) [ It + &t )} dt’ + / e g (thdt . (2.48)
0 0
Then multiplying Eq. (2.48) on the left by Gaj(t) and taking the expectation value of the
resulting expression, we get

(Gaj(t)a(t)) = (Gai(t)a(0))e > V) + / e 71 [g@aj(t)&f;(t’»
0 (2.49)

A

GGy (D)) + (Cos (Dt >>}dt

Also since the noise operator at a certain time t has not affect atomic and cavity mode

operators at an earlier time and in view of Eq. (2.38), we see that

(Gas(1)a(0)) = (Guo(t))(a(0)) = 0, (2.50)



Then Eq. (2.49) reduces to
~ t —K ’ ~
(G (Di(t)) = / e T (G (Dt .

Now introducing Egs. (2.47) and (2.53) into Eq. (2.41), we obtain

t

t
/ e TG L () ga (1)) dl + / e G (1) Ga(t))dt = 0,
0

0

and assuming that ( (Gai(1)Ga(t)), we see that

t

Goj(t)ga(t)) =
t , —K / A
|:/ 6_’Y(t_t) + GT(t_t ):| dt/<Gaj (t)ga(t/» =0,
0 0

It then follows that

So that using Eq. (2.56) in Eq. (2.53), one obtains

(G (D)a(1)) = 0,
with the aid of which Eq. (2.41) becomes

(.(t)3a(t)) = 0.
Following the same procedure, we can readily check that

(i (1)3a(1)) = 0,
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(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)
(2.61)
(2.62)

(2.63)
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(61 (£)3a(t)) = 0, (2.64)
(95 (®)a3(1) = 0, (2.65)
AOLAGIEI (2.66)
(gi(1)ai(t)) =o. (2.67)

Therefore, employing Eqgs. (2.58)-(2.67), we can rewrite Eqgs. (2.28)-(2.33) as follows

%W) = —(7e +){63), (2.68)
SH61) = 2u460) = 500+ 206, (2:69)
2460 = —5 (e + 1)), (270
40l =~ ) 2.1)
) = 260l — e+ 1)) (272)
L0t = (e + 1)) + 20, 273
where
e = 4_,32 (2.74)

is the stimulated emission decay constant.

The degenerate three-level atoms available in the cavity are pumped from the lower level
to the upper level at a rate of r,. The pumping process affects the rate of change of
number of atoms in the upper level and in the lower level. Thus, (7)/) increases at the
rate of r,(7?) and (/) decreases at the same rate of r,(5?) [12].

Incorporating the effect of the pumping process, we can rewrite Eqs. (2.71) and (2.73) as

L) = (e + VA + ruld), (2.75)

) = Gie + 1)) + 10 = il (2.76)
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Now summing over N three-level atoms, we can rewrite Egs. (2.68), (2.69), (2.70), (2.72),
(2.75) and (2.76) in the form of

Sl =~ 7)), 2.17)
) = i) = 50+ 20, 279
i = =3 (e + )0, (2.79)
() = (e () a0, (2.80)
S =2l = (e 7)), 2.81)
TR = O+ ) ) + () — ol ), 2.82)
in which N N
e =307 = 3" sl = Nal, 259
i = >0 = Sl byl = Ve, 254
e = 3261 = S le)as| = Nlelal, (259
No = S0 = Y lashas] = Nlaal, (250
Ny =3 i = 3ol = Npl, 257
N =3 i = 3l o] = Niekel, (259

where N,, N, and N, are atomic operators representing number of atoms in the upper,
middle and lower levels respectively.

In addition, employing the completeness relation

WA+l =1 (2.89)



and summing over N three-level atoms, we obtain
N,+N,+ N, = NI.

Now taking the expectation value both sides of Eq. (2.90), we arrive at

~

(Na) + (Np) + (N) = N.

The steady-state solution of Eqs. (2.80)-(2.82) can be written as

A~ T(l

(F) = s (),
S Ye N
(%) = eyt
(N — Wcr—tmm + 100,

We note from Eq. (2.91) that
(Ne) = N — ((Na) + (V).

Now combination of Egs. (2.95) and (2.92) yields

Ta ~

(Na) = m(]\f — (Vp)).

Moreover, substituting Eq. (2.93) into Eq. (2.96), we readily get

Nro(ve +7)

N,) = .
(Ne) (Ye +7) (Ve +7 +7a) +YeTa

On the other hand, using Eq. (2.97) in Eq. (2.93), we find

N7erq
(% + 7)(% + v+ ra) + fycra'

(Ny) =

Finally, inserting Eqs. (2.97) and (2.98) into Eq. (2.94), we easily arrive at

Ay — N(ve+7)?
(Ne) = :
(’Yc + 7)(70 +v+ Ta) + Yela

Moreover, defining

m = mg+ My

16

(2.90)

(2.91)

(2.92)
(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)
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and taking into account Eqs. (2.83)-(2.88), it can be readily established that

mim = N(N, + N,), (2.101)
mm’ = N(N, + N,), (2.102)
m? = Nr,. (2.103)

In the presence of N three-level atoms in the cavity, we can rewrite Eq. (2.25) as [1,12]

Zalt) = —gd(t) + Ni(t) + Bia(t), (2.104)

in which A and S are constants whose values remain to be fixed.
We now proceed to evaluate the values of A and /.

Employing Eq. (2.27) along with its adjoint, we see that

= % oteteatieann]| oot ol il - 5 st aal i) [stors o atn)
= 29— )+ 253 (1), 300)) + 21620, 810 + Zlau(t). 57 (1)
K K K K (2.105)

and assuming that atomic operator commute with cavity mode noise operator, we can

write Eq. (2.105) as
. 49° (5 T s
o)y =25 (- ) + 2003100 ~ al(0a.(0) (2.106)

and on summing over N three-level atoms, one obtains

a.af) =22 (5= 80) + 25 lan(0ako) - skt (2.107)
where N
(a,af] = "la,a');. (2.108)
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On the other hand, application of the large-time approximation scheme to Eq. (2.104)
yields
2
a(t) ==~ [)\m(t) + ﬁﬁa(t)]. (2.109)

Moreover, employing Eq. (2.109) together with its adjoint, we have

Again assuming that atomic operator commute with cavity mode noise operator, Eq.

(2.110) becomes

.6 = 2 (st =t + 2ol - o)

Now substituting Eqgs. (2.101) and (2.102) into Eq. (2.111), we find

4NN

K2

(@, af]

(- 5) + o aao - w2

On account of Egs. (2.107) and (2.112), we observe that

. 9
A —im (2.113)
and
5 =+VN. (2.114)

So that inserting Eqs. (2.113) and (2.114) into Eq. (2.104), we readily have

d K g

Zalt) = —Za(t) + \/_Nm(t) +VNga(t) (2.115)
Do) = —Rat) + —Lrn(t) + G (2.116)
dt 2 VN ’ '

where G(t) = v/Nij,(t) is cavity mode noise operator when the cavity mode is interacting

with NN three-level atoms. Its also a vanishing mean.
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2.2 Correlation properties of noise operators

Under this section we want to determine the correlation properties of the cavity mode

noise operator and atomic noise operators.

2.2.1 The correlation properties of the cavity mode noise operator

Employing the relation
d

o
Slata) = Tr(Lata) (2.117)

together with the master equation described by Eq. (2.3), we have

d .. . YT
EW@ = gTr(a'b;) (a5l pa’a + a'|e;) (bjlpata — |ay) (bjlapa’a — [b;b)(c;lapa’a
— pal|b;)(ajla’a — patle;) (bjlata + plaj)(bslaaa + plb)(c;laa’a)
+ Z(a + 1)Tr(2apa'?a — atapata — pataata)
2 (2.118)

i N At ant A " N
+ §T7“(2|Cj><aj|P|%><Cj|aTa — |a;){aj|pa’a — plaj){a;|a’a

+2[e;) byl lb) (ejlata — [b;) (bs|pata — plbs) (bslata).

Applying the cyclic property of trace operation to Eq. (2.118), we see that

d, ..

£<GTCL> = gTr(pataa’|b;)(a;]) + Tr(pataat|c;)(b;]) — Tr(pa'a?|a;)(b;|) — Tr(pata’(b;)(c;|)
— Tr(pa'alb;){a;|) — Tr(paale;)(b;]) + Tr(paa‘ala;)(by|) + Tr(paa'alb;)(c;))
+ g(ﬁ + 1)Tr(2pa"a*) — Tr(pataa’a) — Tr(pa‘aata)

- gnTr(zﬁdaTa&T) — Tr(pa‘aaa’) — Tr(paaa)
+ §T7“(2p|aj><cj|aTalcj><aj|) — Tr(pa'alag){a;]) — Tr(plas)(asla‘a)
+Tr(2p|b) (eslatale;) (by]) — Tr(patalb;) (b)) — Tr(plb;)(bslata),
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= g((a™alb;)(a;]) + (al[b;){a;]) + (@alc;)(b;]) + (@'le;) (b))

— (a'a?|a;) (b;]) — {a'a?[b;){esl) — (a™alb;){as]) — (a™ale;)(b;)

+(ala?]ag) (bs1) + (ala)(bs]) + (@'a®[b;) (c; 1) + (alb;){esl))
+ g(ﬁ + 1)(2(aa?) — 2(a™a?) — 2(a'a)) + gﬁ@(aaTaaT) —2(aa‘aa’y + 2(aa'))
+ %(2<de!%><%|> — 2(a%ala;)(a]) + 2(a'alb;)(b;1) — 2(atalb;) (b;1)),

%<d*&> — g((al67) + (aT67) + (67a) + (57a)) — r(aTa) + wn. (2.119)

Now using the mathematical relation

d dat da
“lata) = (—a) + (@' — 2.12
Gla'a) = (—-a) +{a'—) (2.120)

along with Eq. (2.25) and its adjoint, one obtains
d i SF o\ L (atady L (atiay L (atin ot
(a'a) = g((a'ay) + (a'oy) + (07 a) + (@) — w(a'a)

dt (2.121)
+(a'(1)ga (1)) + (gl (H)a(t)).

(@' (1)3a(1)) + (gh(B)a(t)) = rn. (2.122)

With the aid of Eq. (2.48) and its adjoint, Eq. (2.122) becomes

Kt

(@ (0)ga(t))e™= + /0 e 370 {g@'lj (t)3a()) + 9(a} (1) 3a(1)) + (@l(t’)ﬁa(t»}dt’

+(gh()a(0))e™= +g /0 PR [(Ql(t)fﬁ;(t’» ++(gl(1)a] (t’)>} dt’

(2.123)

Since cavity mode noise operator at an certain time t could not affect cavity mode and

atomic operators at an earlier time, we note that

(@ (0)ga(t)) = (a%(0)){ga(t)) = 0, (2.124)



(@i6)a3() = (@l®) (a3 (t) = 0.

In view of Egs. (2.124)-(2.129), we can put Eq. (2.123) as

t t
/ e 31t galt))dt + / e 30 (GH (1) g (1))t
0 0

So that on assuming (g1 (#)ga(t)) = (31 (t)3a(t')), we obtain
t K ’ K
| e naimaar = 5n.
0

In view of the relation
¢
/ e " I(f(t)g(t')dt' = D,
0
we note that

(f(D)a(t) = 2Ds(t — ),
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(2.125)
(2.126)
(2.127)
(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

where a and D are some constant values. Based on Egs. (2.132) and (2.133), we can

put Eq. (2.131) as

(94(D)3a(t)) = Knd(t = ).

Now for N three—level atoms in the cavity, Eq. (2.134) goes over to

(GT)G)) = kNad(t —t').

In another case, using the relation

(2.134)

(2.135)

(2.136)
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along with Eq. (2.3), we get

d

E@dw = gTr(a'b;){a;lpaa’ + a'le;) (bjlpaa’ — Jaj)(bjlapaa’ — [b;){c;lapaal

— pallb;)(aslaa’ — pa'le;) (bjlaa’ + plas)(bsla*a’ + plb;)(e;la*al)

+ g(n + 1)Tr(2apa‘aa’ — a'apaa’ — pata*al) + gﬁTr(QdTﬁdQ&T — aa'paat
A At n v N A~ A An A N A

— paa‘aa’) + §T7”(2|Cj><aj|,0|%‘><cj|@0lT — la;)(aj|paa’ — pla;)(a;|aa’

+2[e;) byl plb;) (ejlaa’ — [b;) (bs|paat — plbs) (bslaat.
(2.137)

Applying the cyclic properties of trace operation to Eq. (2.137) leads to

d

%(aeﬂ) = gTr(paa'|b;)(a;|) + Tr(paa’|c;)(b;]) — Tr(paa'ala;) (b))

— Tr(paatalb;){c;|) — Tr(pataa’|b;) (as]) — Tr(pataalle;) (b))
+ Tr(pa*a’la,)(b;]) + Tr(paa’|b;)(c;|) + g(n + 1)Tr(2pataa’a)
— Tr(paaa) — Tr(pata’al) + gﬁTr(Q,édQ&TQ) — Tr(paa‘aa’)
— Tr(paa‘aa’) + %Tr(2ﬁ|aj><cj!&d”cj><aj|) — Tr(paa’|a;)(a;))
— Tr(pla;)(aslaa’) + Tr(2plb;) (cjlaa’|c;) (b;]) — Tr(paa’|b;) (b;])
— Tr(plb;) (bjlaat),

= g(aa®|b;)(a;l) + (aa'|e;) (bs]) — (a*a’|a;)(b;])
+{alag) (bsl) — (@%alby) (e5]) + (alby)(esl) — (aa'|bs)(a;l)

+(a'[b;) (a]) — (aa™|e;)(bs]) + (a’lej)(bs1) + (a%al|az)(b;1)

+

(a*al|b;){c;)) + aa'a) — (a'a*a’))

N}

{
Fooa2at? — (aataa — (aataa™) + Lotaat
+ Sn(2(a%a®) — (aataal) — (aalaa)) + 3 (2(aala;) (o)
b

d . . . )
@W‘U = g<<&geﬁ> +{6la') + (a6l7) + <a&,ﬁf>) —r(aa’) + k(R +1).  (2.138)
Now summing over N three-level atoms, Eq. (2.138) is expressible as

%(aaw = \/LN (<ma&T> + (rpal) + (aml) + <amj,>) — rlaa’y + kN(7 +1). (2.139)



Now employing the mathematical relation

d da da'
aat it 4 @2
Glaa’) = (=al) +(a—-)

together with Eq. (2.116) and its adjoint, we obtain

S (aa’) = \/LN(@MU + (@) — k(aa’) + (@(t)G'(t) + (G(1)a (1))

Comparison of Egs. (2.139) and (2.141) shows that
(@()GH(1) + (G(1)al(t)) = kN (n +1).
We can write the formal solution of Eq. (2.116) as
t =)
a(t) = a(o / —2 (¢t + /egtt/Gt’dt’
(t) 5 i (t)

and using Eq. (2.143) and its adjoint in Eq. (2.142), we find

Kt N ~

(d(O)@T(t»e_?—l—/ e 30t “li(m(t’)(ﬁ(t»+<é(t’)GT(t)> dt’
T (G At (0)) / 5O (G ey (¢)) e
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(2.140)

(2.141)

(2.142)

(2.143)

(2.144)

Based on the fact that the noise operator at a certain time t does not affect the cavity

mode and atomic operators at earlier times, then Eq. (2.144) reduces to

GG )t = kN (7 +1)

C\W
Q)

t
| esenGwcioar +
0
and assuming that (G(¢)GT(t)) = (G(t)GT(t')), we assert that
t
/ e HOGNE (W)t = EN( 1)
0
So that based on the result of Egs. (2.132) and (2.133), Eq. (2.146) becomes

(GG () = kN (7 + 1)0(t —t').

(2.145)

(2.146)

(2.147)



24

Following the same procedure, we can verify that
(GHG()) =0, (2.148)

(GT (Gt = 0. (2.149)

Therefore Egs. (2.135), (2.147), (2.148) and (2.149) are the correlation properties of cavity

mode noise operators.

2.2.2 The correlation properties of atomic noise operators

Making use of the master equation described by Eq. (2.3) along with the relation
. dp
—(mlm,) = T'r(%mama) (2.150)

and noting that mlm, = N Na, one obtains

d d, -
— (i) = N—(N,). 2.151
il = N2 (¥, (2151)
Upon combining Eqs. (2.80) and (2.151), we get
d, . .. . .
7 Mara) = = (e + )N {Na) + 1N (Ne). (2.152)

On the basis of Eqgs. (2.77) and (2.78), we can write

d .
%ma = _('70 + V)ma + fa(t) (2153)
and
d . 1 R N 2
2 = —5(% + 29)mp + g + fo(t), (2.154)

where f,(t) and f,(t) are atomic noise operators with a vanishing mean.

The solution of Egs. (2.153) and (2.154) can be written as

t
Ma(t) = tha(0)e OVt 4 / O £ () g (2.155)
0

and

~

t
my(t) = mb(O)e*%(%Hv)t + / @*%mm)(m’)[%ma(t') + f(t)]dt'. (2.156)
0
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Now employing the mathematical relation

) (2.157)

%(mlmJ = =2(7e + V)N (NG) + (mf (0) fo(8)) + (fI(E)a(2), (2.158)

Upon comparing Eqgs. (2.152) and (2.158), we see that
(mh (8) fa(0)) + (fL (O (t) = N[(ve +7)(Na) + 1a(No)]. (2.159)
Now introducing Eq. (2.155) and its adjoint into Eq. (2.159), we find

<m2(0)fa(t)>e*(%+7)t n /t 67(’7c+’Y)(t7t’) <f';r (t/)fa(t)>dt/ + <]§; (t>ma(0)>€7(%+’y)t
t X (2.160)
+ /0 6—(7c+7)(t—t’)<fg(t)fa(t/)>dt/ _ N[('Yc i ’7) <Na> n T‘a<NC>].

Since atomic noise operator at some time t should not affect atomic operator at an earlier

time, we note that

in view of which Eq. (2.160) reduces to

] O () + / e O ) )t
0 0

(2.162)
= N{(ve + N (Vo) + o).
On assuming (fi(t') fa(t)) = (f1(t)f.(t')), we have
b t—t') ) ¢ g Y \ \
/0 e~ O P () fu(t))dt = 3[(%+7)<Na> + Ta<Nc>} (2.163)

Taking Eqgs. (2.132) and (2.133) into account, we can put Eq. (2.163) as

GHOL) = N [wc )R + ra<Nc>} (1 — 1), (2.164)



Then, using Egs. (2.97) and (2.99) in Eq. (2.164), there follows that

2N%r (e +7)?

e 2 »
(fa) fa(t)) (%+v)(%+v+ru)+wa5(t t).

Furthermore, employing the master equation in

~

d dp
Lo Sty Tr(2P s 5 1
pm (maem!) T(dt mam))

and using .M = NN, we obtain

d dp
dt(mam ) = NTr(deb)
or
d d
Wy = N=(N,
g ata) = N7 (No).

Now substitution of Eq. (2.81) into Eq. (2.168) leads to

d

dt <mamT> 70N<Na> — (e + 7>N<Nb>

On the other hand, using Eq. (2.153) along with its conjugate in the relation

d dm dm!
9 i) = (FMagty 4 g, I
dt <mama> < dt ma) + <ma dt >7
we obtain
d, . L s S ) F i\t
%<mama> - _2(76 + /7) <mama> + <ma(t)fzz(t)> + <fa(t)ma(t)>’
or

@ il = 205 + )N GY + e 71(00) + iyl 1),

Comparison of Egs. (2.169) and (2.172), we see that

(i (D) £1(6)) + {fa(O)ml(6) = N(ve + 7)(Ns) +7e(Na)].

Again introduction of Eq. (2.155) and its adjoint into Eq. (2.173) yields

mmmﬂwwwwW+l¥<ww“”U<nﬂ»ﬁwwﬂ@mWMewﬂﬁ

b [ NGO = N |Gt )+ 200
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(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)
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So that in view of Eq. (2.161), we can write Eq. (2.174) as

[ e il + [ e fiwar

(2.175)
= N[(3 +7)(N5) +7{Na))-
Assuming that (f,(#)f1()) = (f.(t)fI(#')), we note that
[ et G ienar = 5 oo+ i), 2am
Now taking into account Egs. (2.132) and (2.133), we can put Eq. (2.176) as
(fa) i) = {(%Jrv)(Nb) +%<Na>] ot —t). (2.177)
Upon substituting Egs. (2.97) and (2.98) into Eq. (2.177), we find
¢ PO — 2N278Ta<70 +7) Yy
O = o e g ) 2179
Following the same procedure, we can verify that
(fa(®) fu(t)) =0, (2.179)
(i) =o, (2.180)
Gy = et 2] (2.15)

(Ye +7)(ve + v +7a) + Yera

N*(7e +7) ) o
(Ve + 1) (e + 7 + Ta) + Yera [(% (% + 27)] ot —t),  (2182)

(SO FL() =

(o) fu(t)) =0, (2.183)
THOTHGIEAU (2.184)
(OA) = (230 ) Gt - 0), (2.185)
O ) = (200430 ) adote - ), (2.156)
(fl®f") =0, (2.187)
(fi (D) fa(t)) =0, (2.188)
(fa) Fi()) =0, (2.189)

(S fit") = 0. (2.190)



Chapter 3

Photon Statistics

In this chapter we are going to study the statistical properties of a light generated by
degenerate three-level laser in which degenerate three-level atoms available in cavity are
pumped from lower level to upper level at a rate r,. To this end, we evaluate the mean

and variance of the photon number, and the power spectrum for the cavity mode .

3.1 The mean photon number

Employing the solution

N

¢ ¢
a(t) = a(0)e 2 + —= [ e 2"t )dt’+/ e 2 G dt (3.1)
0
of Eq. (2.116) and its adjoint

t
dT(t> _ &T( \/_/ R t” //)dt// +/O (15—15//)GJ[(t//)dt//7 (32)

the mean photon number of the cavity mode is

fe = (a'(t)a(t))

~ @ aoe s+ [ et t)[%ﬁmom(t'» (@0 >>]dt

L s gnaonar + Lo [ s e aar

+—e / / s G )t dt + / e~ 2= (G (E)a(0))dt”

0

/ [ e [%w(")ﬁz( )+ (GG |arar,

(3.3)

28
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Based on the fact that the cavity mode noise operator at a certain time does not affect a

cavity mode operator at earlier times, we see that

(@' (0)G(1) = (@' 0)(G() =0, (G'(¢")a(0)) = (G1(t"))a(0) =0.  (3.4)

On the other hand, summing Eqgs. (2.125), (2.126), (2.128) and (2.129) over N three-level

atoms, we can write as

(GH()m(t)) = (G () (t)) + (G ()ri(t)) = 0. (3.6)
Based on Egs. (3.4)-(3.6), we can reduce Eq. (3.3) as
ne = (a'(0)a(0))e " + —/ 2O GH0)m (1)) dt!
/ e~ 5 i (#1)3(0)) (3.7)
/ / 54) { (¢ )i(t) + (GG | dedr.
Now for a cavity mode initially assumed to be in a vacuum state, we can write
(a(0)) = Tr(p(0)a) = Tr(|0)(0[a) = (0[alo) =0 (3.8)
and
('(0)a(0)) = Tr(p(0)a'a)
= Tr(|0){(0]a'a)
= (0la'alo) = 0, (3.9)

where p(0) = |0)(0| is the initial density operator for the cavity mode initially in a vacuum
state.
Assuming that cavity mode and atomic operators are not initially correrated,

we note that
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Therefore, using Egs. (3.9) and (3.10) in Eq. (3.7), we find

t t 2
ne=e"" / / ezt +t) {gﬁ(mf(t”)m(t’)) + (GG | dt"dt (3.11)
0 JoO

or
t t
R = (@ (O () + et / / W (GG ()t dt (3.12)
0 0
where
t
a'(t) = \/% —St/o e2Vm(t)dt, (3.13)
t
i) = L e S”t/ St (¢t 3.14
R e 3.14)

Now differentiating Eq. (3.13) with respect to time t, one obtains

d . g _ kg d / Byl /
—a(l) = —=—= tdt' + — — t)dt'. 1
dta<) e /e2m +\/Ne2d ez" m(t') (3.15)
Applying the relation
d ‘ / / * d / /
the time derivative of the integral in Eq. (3.15) becomes
d t K 4! K t d K 3/
pr ezt m(t)dt’ = e2'm(t) — m(0) +/0 Eeft m(t')dt’
= e3tm(t) — m(0). (3.17)

y ¥ i 9o 5t
@) = =58(0) + —i(t) = —J=m(0)e ¥ (3.18)

Applying the large-time approximation scheme to Eq. (3.18), we can write as

(1) = Zj’_ (). (3.19)

Then taking the expectation value of the product of Eq. (3.19) and its conjugate, we find

Ry 4g° .
(@"(t)a'(t)) = 52]\/( m (t)m(t)),
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or

A/ ~/ ’YC A~ A~
(@' (t)a'(t) = N (! (t)n(1)). (3.20)

Employing Eq. (2.101) along with Egs. (2.97) and (2.98), we obtain

N?r
nim) = = 2. + 7], 3.21
R e ET AR AL 2

in view of which Eq. (3.20) becomes

&/T d/ — N/YCTa
o) K((Ye +7) (Ve + 7+ 7a) + Yera) e+l (322

Finally, taking into account Egs. (2.135) and (3.22) and carrying out the integration, the

steady-state mean photon number is expressible as

N~.rq _
Ne = 2v.+ v+ Nn 3.23
(R ey wrapen Lot ] (3.23)

where 7. is mean photon number of a cavity mode and n is the mean photon of thermal
Teservoir.

Therefore, we see from Eq. (3.23) that, the mean photon number of a cavity mode is
the sum of the mean photon number of laser light and the mean photon number due to

thermal reservoir.

3.2 The variance of the photon number

Under this section we want to calculate the variance of the photon number for the cavity

light, which is expressible as

= (a'aa'a) — n?. (3.24)

Now with the atoms considered to be initially in the lower level, the expectation value of
Egs. (2.155) and (2.156) leads to
(ra(t)) =0 (3.25)
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and

(myp(t)) = 0. (3.26)
On account of Egs. (3.25) and (3.26), the expectation value of Eq.(2.100) turns out to
(m(t)) = 0. (3.27)

On the other hand, in view of Eq. (3.27) and the assumption that the cavity light is

initially in a vacuum state, the expectation value of Eq. (3.1) goes over into
(a(t)) = 0. (3.28)

Now in view of Egs. (2.116) and (3.28), we note that a is a Gaussian variable with a
vanishing mean.

Therefore, we can write

=n? + (a?)(a*) + (a'a)(aa’). (3.29)
Now using Eq. (3.29) in Eq. (3.24), we have
(An)? = (a'a)(aa’) + (a'?)(a?). (3.30)
Again with the aid of Egs. (3.1) and (3.2), one obtains

<wmw»=w@w@w%+/?vwfﬂf%wmwww+w@@wwkﬂ

ot [ e e + Sty aar
7 =52t 15 (1 gt / tefg(zt—t’) (et "
‘KWA eyt o)ar + [ (G(t)al (0)dt
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Then in view of Egs. (3.4), (3.5), (3. 6) and (3.10), we can put Eq. (3.31) as

(@(0)d' (1) = (@' 0)e / [ eyt paar
(3.32)
—nt/ / t+t” GT( //)>dt dt".
Again on assuming a cavity mode to be initially in a vacuum state, we can write
(a(0)a'(0)) = Tr(p(0)aa')
— Tr(|0)(0]aa)
= (0]aa’|0)y =1, (3.33)

in view of which Eq. (3.32) becomes

(a(t)al () = e 4+ e~ /0 /0 ) [%«(t)*( N+ (GENGHE) | ddr (3.34)
(at)a’ () = e ™ + (@' (#)a (1)) + e /0 e2 (GG (")) dt' dt”, (3.35)

where @'(t) is given by Eq. (3.13).

Now with the aid of Eq. (3.19) and its adjoint, we note that

(@ (#)al") = L tn(tyi' (). (3.36)

Employing Eq.(2.102) along with Eqgs. (2.98) and (2.99), we can put Eq. (3.36) in the

form

@O O) = e e Gt 33D

Finally, taking into account Eqs. (2.147) and (3.37) and carrying out the integration,

then Eq. (3.35) can be written at steady-state as

N7e

MT> _
aaq =
< (Ve +7) (Ve +7 + 1) +7eTa

) [%ra + (7. + 7)2] + N(a+1). (3.38)

We now can rewrite Eq. (3.2) as

t
at(t) = a'(0) "f+—/ 2t dr +/ Gt (3.39)
0
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Then with the help of Egs. (3.2) and (3.39), we can determine the expectation value of

their product and write
<awwdww>:<anaWo»eﬂ“+-[:e-ﬁ%-“[—ﬁ—«ﬂ«»ﬁﬁav>+<aW0ﬂ§Wﬂ»]dﬂ
tawwﬂﬁwwwww+@wmwﬂw
—§2t—t’—t” g_m //m / im 1\ A / 1" 340
[ s | St it () + )Gy at'a
[ s | g + e | aar
(3.40)

Now in view of Egs. (3.4), (3.5), (3.6) and (3.10) and using Eq. (2.149) in
Eq. (3.40), we find

(@' (1)) = (al(0)al (0 *tN//“SWW’Wmmmmwc<Mn
We again assume that a cavity mode to be initially in a vacuum state and write
(a'(0)a'(0)) = Tr(p(0)ata’)

= Tr(|0)(0la’a’)

= (0la’a’|0) = 0. (3.42)

Using Egs. (3.42) in Eq. (3.41), we obtain
wmwm=§f/?“%“wﬁwmwwww (3.43)
(a(t)al () = (@' (t)a’ (1)), (3.44)

where a'f(t) is given by Eq. (3.14).

Employing the adjoint of Eq. (3.19) along with the adjoint of Eq. (2.103), we find that

(@ (0a (1) = L (ml). (3.45)
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with the aid of which Eq. (3.44) reduces to

c

(@'?) = %(mw. (3.46)

Following a similar procedure, we can verify that

(%) = (). (3.47)

Then substituting Eqgs. (3.38), (3.46) and (3.47) into Eq. (3.30), one finds

N,
/{((76 + 7)(’% +v+ Ta) + 707”11)

72
+ -5 {ml) ().

(An)? = n{

[Yera + (v +7)%] + N(n + 1)} -
3.48

We now proceed to determine the expectation value of the atomic operator .. Then

expressing the state vector of a three-level atom as [1,3,12]
|¢j> = Ca|aj) + Ob|b]> + CC|C]'>7 (349)

where C,, C, and C, are the probability amplitudes of finding the atom in states |a;),
b;) and |c;), respectively. Now multiplying this equation from the left by (a;| and (c;]
respectively, we readily find

Ca = (a;lij) (3.50)
and

Ce = (cj[y)- (3.51)

In view of Egs. (3.50) and (3.51), we observe that

CaCy = (i), (3.52)
C.Cy = (i), (3.53)
C.C* = (67). (3.54)

In order to have a mathematically manageable analysis, we take 67 to be real and write

C.Cr = CC, (3.55)
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and on subtracting C.C, from both sides of this equation, we have
C(Cr —C,) + Co(C. — CF) = 0. (3.56)
Hence for all possible values of C, and C,, we see that

Cr = C,, (3.57)

a

Cr =C.. (3.58)

C

So that on account Eqs. (3.52) and (3.53) together with Egs. (3.57) and (3.58), we can

put Eq. (3.54) in the form of
(62) = /(i) (i) (3.59)
Finally, on summing over N three-level atoms in the cavity and taking into account of

Egs. (2.85), (2.86) and (2.88), we can write Eq. (3.59) as
(e = \/ (Ne) (Vo). (3.60)
Now using Eqs. (2.97) and (2.99) in Eq. (3.60), we obtain

(1) = N(e+1) Sl ). (3.61)

(e + 7) (Ye + 7 +7a) +YeTa

Finally, introducing Eq. (3.61) and its conjugate into Eq. (3.48), we arrive at

N7e
H((’YC + ’7)(’% +v+ Ta) + VCTa)
N { NYe(ve +7)
E((Ye +7) (Ve +7 + 1) +7era)

(Any? = n{ era + (o & 7)7] + N7 + 1)}
2 (3.62)

Ta(Ye + )

where 7. is given by Eq. (3.23).
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Figure 3.1: A plot of Egs. (3.23) and (3.62) versus r,, for N = 30,7, = 1,7 = 0.4,
k=0.8 and n = 2.

A plot in Figure 3.1 shows that the mean and variance of the photon number versus
pump rate. From this plot, we observe that the variance of the photon number is greater
than the mean photon number, then the light produced by degenerate three-level laser

exhibits super-Poissonian photon statistics [2].

3.3 The power spectrum

In this section we want to evaluate the power spectrum of the cavity light. So that the

power spectrum of a single-mode light with central frequency wy is expressible as [15]
1 o .
Pw) = ~Re / (61 ()a(t + 7)) sue @077 (3.63)
m 0

where the subscript “ss® represents the steady-state.

Now upon integrating both sides of Eq. (3.63) over w, we readily obtain

/OO P(w)dw = n, (3.64)

[e.e]
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in which n. is the steady-state mean photon number of cavity mode. On the basis of this
result, we assert that P(w)dw is the steady-state mean photon number in the interval
between w and w + dw [12,15].

We then proceed to evaluate the two-time correlation function that appears in Eq. (3.63)

for the cavity light. To this end, we realize that Eq. (2.143) can be rewritten as
a(t+7) = a(t)e / e 2T t+7)d7+/ e 2T TGt + 7')dr'. (3.65)
0

Furthermore, adding Eqgs. (2.153) and (2.154) together, we find

i = =i = Loy + fu(t) + fo(t) (3.66)

and setting m, = m — m,, we obtain

d . 1 ~ C A ¢
i = == (e + 29 + 72 Mo + Falt) + folt), (3.67)
or
4 = —am+ 25 4 f(®) (3.68)
g = e i+ fn (1), .

where f,,(t) = fo(t) + fo(t) and o = 1(ve+27y)

Moreover, the solution of Eq. (3.68) can be written as

m(t—FT/) _ m(t)@iaT/ _'_/ 6704(7'/77-//) [%ma(t—l—Tﬂ) + fm(t+7//) dr" (369)
0
Application of the large-time approximation scheme to Eq. (2.153) yields

et +7) = falt+7). (3.70)

(e +7)
Then using Eq. (3.70) in Eq. (3.69), we note that

/

~ / ~ —ar’ i —a(r =7 Ve r " R " "
m(t+ 7 ——mte‘”%-/ er T)[—fat+7 + fm(t+ T }dT- 3.71

Upon introducing Eq. (3.71) into Eq. (3.65), we get

alt +17) :a(t)e§T+\/5;Nm(t)egT/OT (5-a)’ g1 +_€ / {
X /0 o {ﬁ fat+7") + fm(t—i—T”)]dT”}d (3.72)
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So that integrating the first integral, we find

K 2 “ . T " ,
at+7) = a(t)e 5 + =) — e FT] + == ef/ {euaw
0

\/N(/@ — 2a) VN
" at” Ve £ " £ " " /
X /(; e {mfa(t‘i"f ) +fm<t+7_ )1 dT }dT (373)

+/ G_g(T_T/)é(t—l-T/)dT/.
0

Upon multiplying both sides of Eq. (3.73) by af(t) from the left side and taking the

expectation value of the resulting expression, we have

a'(t)a = (a'(t)a L at(Om(t))[e o —e 27
(@' (t)alt + 7)) = (a'(Ba(t)e>" + \/N(n—m)( ")) ]

ptoew{ [ [Terl 2 @inger) @)

Ve +7)
+ (at () fin(t + 7'”)>] dT”}dT/ + /0 e 2T OG(t + 1))dr.

Since the noise operators at some time has no effect on the cavity mode operator at an

earlier time, we see that

(@' (1) fult + 7)) = (@' (D) falt + 7)) = 0, (3.75)
(@' (t) fon(t +7")) = (@1 () (fm(t +7")) = 0, (3.76)
@Gt +7)) = @G+ 1)) = 0. (3.77)

In view of these results, Eq. (3.74) reduces to

K

ATt + 1)) = (@ (DA I+ ——L (@l (Bi(e)) | e — e F7 .
(0l +7) = @ O} + 2l 0 | | e

Applying once more the large-time approximation, one obtains from Eq. (2.116)

(t) = a(t) — Y2G(), (3.79)

with the aid of which Eq. (3.78) becomes

Aty A KNe o 20n,  _x.
(a'(tya(t + 7)) = PETr L s LI (3.80)
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Upon substituting of Eq. (3.80) into Eq. (3.63), we have

KN * 2an Sl .
Plw)=—""=R liw=wo)=elrgy — _~—¢ R / [i(w—wo)— 517 g
() (kK — 2a) 6/0 ‘ ’ (K — 2a) ‘ 0 ‘ ’
__ fime  po 1 Pliw—wo)—alr|  _ _ 20T 1 plilweo)— 17
m(k —2a)  i(w—wy) —« o T(h—2a) i(w—wy) —% 0

_ Kl { a/m ]_ 20, { K/2m )2]. (3.81)

(k—2a) | (w—wp)?+ a? (k—2a) [(w—wo)?+ (5
We now realize in view of Eq. (3.64) that the mean photon number in the interval between
w' = —X and W’ = X is expressible as
A
iy — /_ P (3.82)
in which w’ = w — wp. Upon introducing Eq. (3.81) into Eq. (3.82), and carrying out the

integration applying the relation

A
d 2 A
/ 5 Y 5 = —arctan (—), (3.83)
Ay ta a a

R = Nez()) (3.84)

we readily arrive at

where

2(0) = Lﬂ) arctan (3) _ (40‘—/”) arctan (%) (3.85)

(k — 2« a K — 2 K
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Figure 3.2: A plot of Eq. (3.85) versus A, for k = 0.8 and a = 3.

A plot in Fig.(3.2) shows that z(\) versus A, which is approach to 1 for a relatively small
value of A. This shows that the total mean photon number is confined in a relatively
small frequency interval near the central frequency. From this plot, we can easily find
2(0.5) = 0.64, z(1) = 0.84, 2(1.5) = 0.92, 2(2) = 0.95. Then combination of these results

with Eq (384) gives Nedt05 = 0.64’ch7 Net1 = 0.84’7167 Nedt15 = 0.92770, Neto = 095ﬁc



Chapter 4

Quadrature Squeezing

In this chapter we are going to study the squeezing properties of a light produced by

degenerate three-level laser in which degenerate three-level atoms are pumped from lower

level to upper level r,, by means of electron bombardment. To this end, we evaluate

the quadrature variance and the quadrature squeezing of a light produced by degenerate

three-level laser.

4.1 The quadrature variance

In this section we determine the quadrature variance of the plus and minus quadrature

operators. The squeezing properties of the cavity light are described by the plus and

minus quadrature operators defined by [1,12]

and

~

a_ =i(a' —a)

The variance of the plus quadrature operator is defined as

(Aa+)2 = (Cﬁ) - <d+>27

so that taking into account Eq. (4.1), we have

(Aay)* = (a'a) + (aal) + (@) + (@) — ((@")* + (@")(a) + (a)(a') + (@)?).

(4.1)

(4.2)
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Then based on Eq. (3.28) and its conjugate, Eq. (4.4) reduces to
(Aay)? = (a'a) + (aa®) + (a'?) + (a?). (4.5)
In a similar manner, the variance of the minus quadrature operator can be shown to be
(Aa_)? = (a'a) + (aa') — (a'?) — (a?). (4.6)

On the basis of Egs. (4.5) and (4.6) the plus and minus quadrature variances can be

expressed as

(Aas)? = (a'a) + (aa') + (a'?) £ (a?). (4.7)

Now employing Eq. (4.7) along with Eqgs. (3.23), (3.38), (3.46) and (3.47), we find

Nvera(27e +7) LN Nve[(ve +7)? + 7erd]
n+
£((Ye +7) (Ve + 7+ Ta) + Yera) R((ve +7)(ve + 7 +7a) +7e7a) (4.8)

+ N(+ 1) £ 2((mf) + (1)),

(Aai)Q =

Then using Eq. (3.61) and its adjoint in Eq. (4.8), we readily arrive at
N7e 2
(Aag)? = [Ta(3% +7) + (e +7)
(e +7) (Ve + 7+ 7a) +7eTa)

£ 2(% + M)V ra(e +v)} +N(2n+1).

(4.9)

On account of the result described by Eq. (4.9), the variance of the plus and minus

quadrature operators can be written respectively as

2 _ Ne T i
(Aay)” = K((Ve +7) (Ve +7 +1a) +7eTa) { e e (4.10)
+2(%e + N Vra(ve + ’Y)] + N @0+ 1)
and
2 _ Ne T i
(Aa-)"= K((Ye +7) (Ve + 7 + 7a) + 7eTa) { e e (4.11)

2+ )l +v>} L N@R ),

Now for v, + v >> r,, Eq. (4.9) becomes

(Aay)* = N:C + N(2n+1). (4.12)




44

The product of the uncertainities in the two quadrature variances is thus

N7.
Aa;Aa_ ==+ N©2a+1). (4.13)
K

Employing Eqs. (4.1) and (4.2), we easily find
[&—H &—] = 22[&7 dT]a (414)

or

(lar,a-]) = 2i({aa’) — (a'a)). (4.15)

Based on Eq. (4.14), the minimum uncertainity relation for the plus and minus quadrature

operators can be written as

I
A =i )
= [{aa'") — (a'a) (4.16)
Introduction of Egs. (3.23) and (3.38) into Eq. (4.16) gives
Aa,Aa_ = ki (e + 7P = ralre + 7]+ N (417)
(Ve +7) (Ve + 7 +7a) +7eTa)
For the condition of 4. + v >> r,, Eq. (4.17) becomes
Nve
AasAa_ =~ ¢ N. (4.18)

K

Now for n = 0, Eq. (4.13) is equal to Eq. (4.18). Moreover, we note from Eq. (3.23) that
the mean photon number of the cavity mode is zero for n = 0 and 7, + vy >> r,. Thus
the cavity mode is in a vacuum state under these conditions.

In the other case, for n = 0, Eq. (4.12) can be expressed as

N
(Aas)? = —° + N, (4.19)
K

which is quadrature variance of the cavity light in a vacuum state.
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4.2 The quadrature squeezing

In this section we seek to study the squeezing properties of the light generated by
degenerate three-level laser. We now seek to calculate the quadrature squeezing relative

to the quadrature variance of the cavity light in a vacuum state. That is;

Aai)Q — (ACZ_)2

vac

(Aay)?

vac

o

(4.20)

where (Aa4)?,. is quadrature variance of the cavity light in a vacuum state given by Eq.
(4.19), S is quadrature squeezing and (Aa_)? is given by Eq. (4.11).

With the aid of Egs. (4.11) and (4.19), we can put the quadrature squeezing as

s N/;YC - n((fye—o—y)(%j\—[&-’?yc—i-ra)—i-'ycra) |:(70 + 7)2 + Ta(?)’)/c + ’7) - 2(’70 + ’7) Ta(’Yc + ’7) —2Nn

TN
2(Ye+)\/Ta(Ye ) —YeTa _
¢ [ (Yet+7) (Ye+y+ra)+cra o QHKJ
S = , (4.21)
Yot n
or
. 2 Vcra(l + 77) - 1:__an - 2NK (4 22)
(Ve + )L+ + 2T et s

where

n="/%- (4.23)

Therefore, we observe from Eq. (4.22) that, unlike the mean photon number, the quadrature
squeezing does not depend on the number of atoms. This implies that the quadrature
squeezing of the cavity light is independent of the number of cavity photons. Moreover, we
note that the interaction of cavity mode with thermal reservoir decreases the quadrature

squeezing.
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Figure 4.1: A plot of Eq. (4.22) versus 7, for 7. = 1.6,r, = 2,k = 0.8, and n = 0 and 0.2.

The plot in Fig.(4.1) shows that, the maximum squeezing of the cavity light is 50%
below a vacuum state level for the values n = 0 and n = 2.7. On the other hand, we
observe that the maximum squeezing of the cavity light is 36.6% below a vacuum state

level for the values n = 0.2 and n = 2.7.



Chapter 5

Conclusion

In this thesis, we have considered degenerate three-level laser in which degenerate three-
level atoms available in the cavity are pumped from lower level to upper level at a rate of r,.
Employing the master equation for the system under consideration, we have obtained the
equation of evolution for the expectation values of the cavity mode and atomic operators.
Applying the large-time approximation scheme and the correlation properties of the cavity
mode and atomic noise operators, we have determined the mean and variance of photon
number for the cavity mode. We have found that the photon statistics of the cavity light
is super-Poissonian.

We have realized that the light produced by degenerate three-level laser is in a
vacuum state for v, + v >> r, and n = 0. Moreover, we have evaluated the quadrature
variance and quadrature squeezing of a light produced by degenerate three-level laser. We
have observed from Fig. (4.1) that, the maximum squeezing of the cavity light is 50%
and 36.6% below a vacuum state level in the absence and presence of thermal reservoir,
respectively.

On the other hand, we have seen that the interaction of cavity mode with thermal reservoir

reduces the quadrature squeezing.

47
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Furthermore, we have calculated the power spectrum of a light produced by degenerate
three-level laser. From Fig. (3.2) the value of z(\) described by Eq.(3.85) approaches to 1
for a relatively small values of A, indicating that the total mean photon number is confined

in a relatively small frequency interval.
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