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Abstract

This thesis discusses the relationship between Bernstein-Sato ideals of
a=zy(asz +y)...(anzr +y),a; € C,a; # aj,m >3
and the decomposition of the Dy-module

MP = C(x,y, O, 8y)aozﬁ

a

over the Weyl algebra C(x,y, 0,,0,), where for each i € {1,2,...,m},
P = afl -a§2 o aﬁl’”,ﬁi eC

and o == x, a0 = y,; == a;x +y, (3 < i < m) are linear forms on C2. The thesis
starts by summarizing the definition, properties and the results on the number
of decomposition factors of M?. Then it continues with the definition and basic
properties of univariate Bernstein-Sato polynomials, and collects what is known of
Bernstein-Sato polynomials for hyperplane arrangements. A variation of the idea

are the multivariate Bernstein-Sato polynomials and ideals.

Main new results in the thesis are on the description of different types of Bernstein-
Sato ideals of & = zy [[\~5(a;x +y) (in chapter 4) and on the use of these ideals in
the decomposition of the Dy-module M? (in chapter 5).
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Notations

The following are some of the most frequently used notations in this thesis:

C,R,Q,Z denote the usual sets of complex, real, rational and integer numbers,
respectively.
Clzy, xg, ..., ] := Clz] - ring of polynomials in n variables over C.

D, = Clxy,79, ..., Tn, 04y, ..., On, ) - n''-Weyl algebra. We use (...) to denote
non-commutative algebra generators instead of [...], which denotes commuta-

tive generators.

D, [s] - ring of polynomials in a commuting variable s over Weyl algebra D,,.
We use multi-index notations e.g. o := ozfla?...aglm, where a = ...y, is

product of linear forms over C" and (fy, ..., B,) € C™.
N={0,1,2,..}.

By 4;; we denote the Kronecker-Delta with

1 1=
5ij =
0 i
We use the Lie bracket [a,b] := ab — ba for ring elements a, b.

If v is multi-index, || denotes sum of its components; but if I is a set, then

|I| denotes its cardinality.

In general, when we say a module (ideal) we mean left module (ideal) unless

stated otherwise.



Chapter 1

Introduction

The theory of D-modules plays a key role in algebraic analysis. One of the main
applications of this theory is that it leads to algorithms which can be implemented
to compute topological invariants. For example, the classical result of Malgrange
and Kashiwara led to algorithms for computing Milnor monodromy eigenvalues via
the classical Bernstein-Sato polynomials [11]. Bernstein-Sato polynomials and de-
composition of certain D-modules are intimately related, through certain modules

over the Weyl algebra which are defined as follows.
Set X = C" with coordinates (zy,...,2,) and consider the n'* Weyl algebra D,, =
C(x1, sy Ty Opy sy vy O, ) o0 X in 2n variables with relations

Tilj = T4, 8%@% = 0%0@7 axil'j = xjﬁxi -+ 52]

Let f=fi-fa-...- fp with 0 # f; € C[z] := C[z4, .., x,]. The localization C|z]; of

Clx] at f is the ring of rational functions

Clzl; = Clz, /Y] = {% | g € Clz], k € N},

which is a finitely generated D,-module where z; and 0,, act as usual multiplication
and differentiation, respectively. Let s = (s, ..., s,) be a new set of dummy variables
which commute with every element of C[z]; and D,,. Then we also consider the

Clz, f', s]-free module
L=Claz, f~s]- f*, where f* = f' f52... [ (1.0.1)
This module has a D,,[s]-module structure with the action described in the following
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way:
x; - h(x,s)f* = x;h(z,s)f?, for 1 <i<m;

5 Oh(z, s) U 1 0fk\ . , ‘
Ou, hlo,5)f* = (5 2+ b s) Yot G 1< i<

k=1

where h(zx,s) € Clz, f~,s]. The D,[s|-module L is holonomic (which implies that
it has finite length) and this property is essential for the proof of the existence of
Bernstein-Sato polynomials [9, 10, 15]. If p = 1 for f = fi...f,, fi € Clxy, ..., 2],
then the Bernstein-Sato polynomial of f is defined as the non-zero monic polynomial

be(s) € Cls] of least degree among polynomials b(s) € Cl[s| satisfying the equation
b(s)f* = p(s) £+, for some p(s) € D,[s]. (1.0.2)

The set of all polynomials satisfying equation (1.0.2) forms an ideal of C[s]. This
ideal is called Bernstein-Sato ideal of f. In this case Bernsten-Sato ideals are princi-
pal since C[s] is a principal domain. Unlike for p = 1, if p > 2, Bernstein-Sato ideals
of f are not uniquely defined, and there are different possibilities of ideals that we

will discuss in the first section of chapter 3.

Computing Bernstein-Sato polynomials b¢(s) for general polynomials f is not easy.
But certain special cases and methods are known, for an overview see [5]. All of
these methods of computations have the feature in common that their first step is the
computation of the annihilating ideal annp, [y (f*) = {p(s) € Dx[s]| p(s) - f* = 0} of
f*in D,[s]. Among the different implementations of algorithms for the computation
of the Bernstein-Sato polynomials that exist, we will use the one developed by

Levandovsky and et al [5, 6] with the Singular:Plural’s package for D-modules.

If we specialize the dummy variables s = (sq, ..., 5,), in the definition of L above, to
some complex numbers 3 = (f, ..., 5,), we get one of the objects of major interest
in this thesis - M }’? (which is clearly a D,,-module, see Definition 1.0.1 below). Let
(s —B) CCJs]: C[sy, ..., 5] be the ideal (s1 — fy, ..., 5, — 5p)-
Definition 1.0.1.

M} = L/(s— B)L =Clz, f]f*. (1.0.3)

Note that Mf = Clz, f7f? has rank one, as a Clx, f~t-module, generated by the
image of f*, which we call f%. One should view this as an abstract description of

the complex function fP.



Our main problem in this thesis is to describe Bernstein-Sato ideals for the case
when f is the equation of a central plane arrangement and use the zero set of these
ideals in decomposition of the module M f . Our main result is Theorem 4.1.5, that
gives a complete description of different Bernstein-Sato ideals for central hyperplane
arrangements. The method of proof is to relate the Bernstein-Sato ideals to the
decomposition of the module M A , which has been found in [1, 2]. Furthermore, the
connection of multivariate and univariate Bernstein-Sato ideal B and polynomial b,

of @ = xy [ 5(a;x + y) is examined.

Briefly, the thesis is structured as follows. In chapter 2, we will review some im-
portant prerequisites on the decomposition factors of the module M B , which are
fundamentals for our main theorem proof. Moreover, in this chapter we will study
univariate Bernstein-Sato polynomials and their properties. Chapter 3 is dedicated
to multivariate Bernstein-Sato polynomials and ideals. Our new results which relate
Bernstein-Sato ideals and decomposition of D-modules, and use results on the de-
composition of M J;B to obtain information on Bernstein-Sato ideals, are contained in
chapter 4 and chapter 5. Finally, in chapter 6, we will present some computational

examples with brief procedures using singular.



Chapter 2

Fundamentals

In this chapter we will first give an overview of the properties of the D,,-module M?,
when « is equation of a central plane line arrangement. In particular, we will focus
on its decomposition properties for n = 2. These were determined in [1], where
the number of decomposition factors of M, are described in terms of the complex

parameters [ .

Then we will define and discuss the univariate Bernstein-Sato polynomial, and in
particular describe what is known of the Bernstein-Sato polynomials for hyperplane

arrangements.

2.1 The D,-module M’

We will give the definition, and some properties of the D,-module M#, which is a
specialization of the module L, mentioned in the introduction, and give a criterion

on [, for irreducibility of the module (for details, see [2, 1]).

2.1.1 Definition of M/

Definition 2.1.1. Let o; be a linear form on C", for i=1,2,....m and let H; be the
hyperplane in C* defined by ;. If we let Q = C"™\ U}~ Hi, then the coordinate ring



of Q1 is the localization

Clx1, .o, Tpla = Cl1, .., 2, ], where a = HOQ

=1

Thus the localization C[zy, ..., x,], is the ring of rational functions of the form %,

where f € Clxy,...,z,] and r € N. It is a left D,-module through the action given
by

/ Tif
T, — = and
of a’
j=m 10z, ()
f B ‘9:% Z a] —L= f
Tr ar

Definition 2.1.2. Let M? be a free left Clx]o-module of rank one generated by o.
That is, M? := Clz],a”. It has a natural left D,-module structure through the

actions:

where O,, (o) = Z] T 'Bjag; %) 08 and &El(—T) is as usual differentiation of rational

functions.

2.1.2 Properties of M/

Following [13], the associated graded module of D,, with respect to the Bernstein
filtration B = { By }r>0, where By, is the set of all operators in D,, of degree < k, is
Sn = gr¥(D,) = @(Bk+1/Bk)a

k>0
which is isomorphic to a polynomial ring over C in 2n variables. Furthermore,
for a filtration I' = {I';};>¢ of a left D,-module M compatible with the Bernstein
filtration, the associated graded module of M,

gr" (M) = @ (Tis1/T5)
i>0

is a .S,-module.
Theorem 2.1.1 ([13]). For a finitely generated left D,,-module M there exists a
filtration T' = {T;}i0 such that gr' (M) is a finitely generated over S, (such a
filtration is called good filtration).



Definition 2.1.3. For a finitely generated left D, -module M its dimension dim(M)
is defined as dim(M) = dimg, (gr" (M)).

Recall that a finitely generated left D,-module is holonomic if it is zero, or if it has
dimension n. By the Bernstein inequality, the dimension of every D,-modules lies in
the interval [n, 2n] (for details, see [13]). Thus holonomic modules are the non-zero
D,-modules with minimal possible dimension. Moreover, holonomic modules have
finite length, that is, in any composition series of a holonomic module, the number
of factors is finite.

Theorem 2.1.2 ([1], Proposition 2.1). M? is holonomic with multiplicity less than

(m 4+ 1)", where m is the degree of .

Let R be a ring and M is an R-module. If
0=MyCM, C..CM.=M
is a composition series of M, then the set
DE(M) = {M;/M;-1}i_

of simple R-modules is the set of decomposition factors of M. We denote the length
of M by ¢(M). The following result is standard.

Lemma 2.1.1. Let N be a submodule of M. Consider the exact sequence of R-
modules:

0— N — M —s M/N — 0.
Then
1. DF(M) = DF(N)U DF(M/N) and
2. ¢(M) = ¢(N) + c(M/N).

In general, if My C M; C ... C M, = M is a sequence of R-modules, then

DF(M) = | JDF(M;/M;_y) and ¢(M) = > c(M;/M;_y).

i=1 i=1
Definition 2.1.4 ([13]). Let A, B be C-algebras. Suppose that M is a left A-module
and N is a left B-module. Then the C-vector space M ®c N is an A Q¢ B-module
denoted by MRN and called the external product of M and N. The action of
a®bec ARB onu®v € M ®c N is given by the formula (a ®b)(u®v) = au ® bv.
If A= D, and B = D,,, then M®N is an D, -module.



The following is not true in general, but uses properties special to Weyl algebras.
Lemma 2.1.2 ([1],Lemma 2.3). Let M be a simple D,,-module and N be a simple
D,,-module. Then M®N is a simple Dy, n-module. Furthermore, ¢(M®N) =
c(M)c(N).

We have the following important results on the properties of the D,-module M?
which constitute the main result of [1], and which we will repeatedly use in this

thesis.
1. MP >~ MY if 3=+ (mod Z™); and MF = Clz], if B € Z™.
2. Let MP = Cla]oa®, where o = 27252 2P and m < n. If k is the number
of B;’s which belongings in Z, then M? has 2% decomposition factors.

3. Let of = 2Py [ 5(aix 4+ y)P, a; € C with a; # a; # 0 for i # j. Then the
D, - module M? = Cl[z, y],a” is irreducible if

B, B2y -wos B € C\Z and |B| = Y~ §; € C\Z;
=1

but if £y, fs, ..., B € C\Z and |5| € Z, then it has m — 1 decomposition
factors. Whereas, if (1, B2, ..., B € Z, then c¢(M?) = 2m.

2.1.3 Annihilator ideals of M”

We will also need information on the annihilators of the generator of M?. Consider
MP = Clz, y|oo?, where

m

of = xPryP H(aix + )%, and a; # a; # 0 for i # j.

=3

The annihilator of o® in D, is the ideal

annp,(a”) ={p € Dy | p-a’ =0}.

Let P:= P(f) = 20, + y0, — |8] and Q := Q(S) = (H a;)0, — Zﬁz H a;j.
=2 =2 =25
Then we have the following results on the decomposition factors of the Dy-module

M? | which will be important for our computations later.

Lemma 2.1.3 ([1], Lemma 4.3). Assume that §; € C\Z,i =1,2,...,m. Then

10



1. D3P + DyQ C annp,(a?);

2. (annp,(a?))g C DoP + DyQ, where (annp,(a?))y C annp,(a”) denotes the
homogeneous part of annp,(a”).

Lemma 2.1.4 ([1], Lemmas 4.4, 4.6). Consider o and let B = B+ N, where
N e Z™ and o® = aNoP € MP. Then

1. J = J(B) := Dax+DyP(B)+D2Q(B) = Dy + Do(yd, — (|8]+1)) + Da(y™2).

2. Dy/(Dsx + DoP(B) + D2Q(B)) = Do/ (Dox + Annp,o” = Dya/ Doz is a
non-trivial simple Dy-module if and only if —(m —2) < |B| +1 < —1 and
zero otherwise. That is, Doxa® - Do if and only if —(m—1) < |B] < =2
otherwise Dgscaﬁ = DgaB.

Lemma 2.1.5 ([1], Lemma 4.5). Let Dy = C(y, 0,) and
J = Di(ydy —7) + Duy",

forve C and 0 < k € Z. Then we have the following:
1. If y¢ {-1,...,—k}, then J = D;.

2. IfyeZ and —k <y < -1, then J = Dy(y0, — ) + Dyyh!. Further more

Dy /J = Clyl,/Cly]

and hence it is simple.
Lemma 2.1.6 ([1], Lemma 4.7). Consider M? = Clxz,y|o,a®. Then there exists
N, € N™ such that o~ generates Mg Moreover, there exists No € N™ such that

Dya® ™3 s a simple submodule if
N3 € Ny +N™.
Lemma 2.1.7 ([1], Theorem 1.3). Let 8 = (p1, ..., Bm) € C™ and k be the number
of B3; that belongs to Z, for any linear forms a;,1 < i < m on C?.
o Ifk=m, then c(MP) = 2m.
o Ifk<mand ;" B €Z, then c(MP)=m+k — 1.
o Ifk<m and Y;" B € C\Z, then c(MP) =k + 1.

The following example gives a full description of the decomposition factors of the

D;-module M?, where m = n = 1.

11



Example 2.1.1 ([1], Proposition 1.2). Consider, for m = n = 1, the Dy-module
MP = Clz],2".

1. If B € Z, then c(MP) = 2 with DF(M?) = {C[z], C[z],/C[z] = C,}.

2. If B € C\ Z, then MP is a simple Dy-module,i.e., c(MPFP) = 1.

2.2 Univariate Bernstein-Sato polynomials

In this section we are going to discuss Bernstein-Sato polynomials in the one variable

case, in more detail.

They first appeared in Sato’s study of so-called prehomogeneous vector spaces under
the name b-function [4]. They are fundamental objects in the study of D-modules
both in theory and algorithms. Independently, they were defined by Bernstein [4],
who had as motivation the problem of meromorphic continuation of distributions of
complex powers of a polynomial, but it is interesting to note that actually their exis-
tence was proved algebraically using what would now be called a D-module-theoretic
approach . The theory was then developed analytically by Bjork, Malgrange and by

members of the Sato school: Kashiwara and Yano among others [11, 15].

2.2.1 Definition of the univariate Bernstein-Sato polyno-

mial

Let us give a formal definition of a univariate Bernstein-Sato polynomial. Suppose
that f € C[z] = Clxy, ..., x,], and consider the D,[s]-module C[z, !, s] - f*, which
is the rank one free module over the ring C[z, f~!, s|, with s as an indeterminate,
and with the action of D,[s]| given as in the introduction.
Definition 2.2.1 ([19], Section 2). The Bernstein-Sato polynomial of f (with re-
spect to Clz]), denoted by bs(s), is the monic polynomial in C[s] of minimal degree
satisfying the equation

by(s)f* = P (22.1)
for some P € D,[s|. The Bernstein-Sato polynomial bs(s) of f is also called the
global b-function of f.

12



The set of polynomials b(s) satisfying 2.2.1 form an ideal of C|s], denoted by Bz (f)
(or B(f) or simply as B if there is no ambiguity), and is called Bernstein-Sato ideal
of f (with respect to C[z]). This ideal is principal since C[s] is principal domain

and its monic generator is the Bernstein-Sato polynomial of f; that is,

B = Cls| - bs(s) = (bs(s))-

2.2.2 Existence of univariate Bernstein-Sato polynomials

The existence of a nontrivial Bernstein-Sato polynomial was, as stated at the begin-
ning of this section, proved by Bernstein and Sato independently in the algebraic

case and in the local analytic case is due to Kashiwara [15].
Some facts about the Bernstein-Sato polynomial b¢(s) of a polynomial f € C[z]:
e Considering the D, [s]-submodule D,[s| - f* of Clxy,...,xn, f71, 8] - f°. Then
the equation bs(s)f* = p(s)f*™' means that the action of s on the quotient:

52 Duls)- [/ Dals] - [ —> Dyls] - f*/Dals] -

, which is the D,-linear map [p(s)f*] — [sp(s)f?], admits a minimal polyno-
mial. Hence the module D,,[s] - f*/D,[s] - f**! is finite over D,, (see details in

[15], section 1.2).

e If f is a non-zero constant, then by = 1. If f is not a constant, then by setting

s = —1 in the functional equation

ps) - [ =b(s)f*

we obtain p(—1)-1 = b(—l)%. However, p(—1)-1is a polynomial in Clxy, ..., x,]
and it can only equal b(—l)% if b(—1) = 0. We sometimes write accordingly
b(s) = (s + 1)b(s), and then we have that b(s) is the minimal polynomial of

the action of s on

(s +1)(D,[s] - £°/Dy[s] - 1) ([15], Lemma 1.1).

13



2.2.3 Local univariate Bernstein-Sato polynomial

Let again X = C" with coordinates x = (z1, ..., z,) and let a = (a4, .., a,) be a fixed

point in C". Denote
me = (1 — a1, ..., Ty — ap) C Clay, ..., 2]

the maximal ideal at a. Then the local Weyl algebra (D,,), is defined as:

0
<Dn)a - (C[xl’ ”'7xn]ma<a$17 ~~aa$n | aﬁl»‘z ’ f = fazZ + 8_;L'f>7

for f € Clxy, ..., p|m,, 1 < i < n, that is, the ring of linear differential operators

with coefficients in

Clzy, ooy Tn)m, = {g |f,g € Clxy,...,xn],9 &€ Mma}

instead of Clzy, ..., z,].

Bernstein-Sato polynomials and the corresponding Bernstein-Sato ideals, that we
have discussed in subsection 2.2.1, that are obtained when C|z] is replaced by its
localization C[z],,, at a in the definitions, are called local Bernstein-Sato polynomials
and local Bernstein-Sato ideals respectively [8, 19]. That is, for f € C[z] \ {0}, the
nonzero monic polynomial by, € Cls] of minimal degree, for which there exists an

operator Py, € (D,), such that

Pro- [ =bpal(s)f*

holds, is called the local Bernstein-Sato polynomial of f at a and we call the corre-
sponding ideal B, := B(f), a local Bernstein-Sato ideal for f.

Definition 2.2.2 ([4], Definition 4.7). For an ideal I C Clz], let V(I) := (¢, f71(0) C
C" denote the affine algebraic variety defined by I. For f € Clx] the variety
Sing(V((f))) := V(T%) is called the singular locus of V' ({f)), where Ty := (f, %, o %}.
By abuse of notation, we will abbreviate Sing(f) := Sing(V({f))).

The following proposition shows that the two different Bernstein-Sato polynomials
(global and local) that we have defined are closely related.
Proposition 2.2.1 ([15], Proposition 1.2). Let f € C[x] and a € C". Then

bi(s) = lemaesing(r) (bf.a(s))-

14



As a corollary, we have the result by Oaku in [22], that if f has 0 as its only
singularity, then the local and the global b-functions of f coincide.
Example 2.2.1. Here are some examples of Bernstein-Sato polynomials computed

using Singular, developed by [5, 6] (for the procedures see Section 6).
1. Let h(z,y) € Clz,y] such that h(x,y) = x. Then by(s) = s + 1.

2. Let h(z,y) € Clx,y] such that h(z,y) = x*. Then

bnls) = (5 + 1)(s+ 2)(s + 3).

3. Let h(z,y) € Clz,y] such that h(z,y) = xz* —y>. Then

bu(s) = (s +1)(s + g)(s + g).

4. Let h(z,y) € Clx,y] such that h(x,y) = zy(x +y). Then

br(s) = (s +1)%(s + ;)(s + %)

2.2.4 Bernstein-Sato polynomials of hyperplane arrangements

Now let us consider the Bernstein-Sato polynomials of hyperplane arrangements.
Definition 2.2.3. An affine hyperplane in the vector space C" over C is a linear
subspace of codimension one; and a finite hyperplane arrangement is a finite set of

affine hyperplanes in the vector space C".

We will simply use the term arrangement for a finite hyperplane arrangement. A
polynomial f € Clzy,...,z,| defines a hyperplane arrangement A if it splits as a
product of linear polynomials. The arrangement A is reduced if f is reduced. It
is central if f is homogeneous and it is essential if it is not the pullback of an

arrangement on a smaller affine space [25, 26].

The arrangement A is indecomposable, if f cannot be written as the product of two
non-constant polynomials, in two disjoint sets of variables, for any choice of coordi-
nates. An arrangement is called generic, following [25], if it is a reduced collection of
k hyperplanes such that each subset, with cardinality n, of set of hyperplanes cuts
out the origin. For example a collection of more than two distinct lines through the

origin in C? is generic.
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Each H € A is the kernel of non-zero linear polynomial,
ag :C"— C,

uniquely determined by H up to non-zero scalar multiple. The polynomial f =
[I5cq@n is the defining polynomial of A. It is homogeneous of degree m = |A|,
if the arrangement is central. For instance, the arrangement A consisting of the n
coordinate hyperplanes has defining polynomial f = xyxs...x,, with degree n. There
is an extensive literature on hyperplane arrangements referenced in [24]; here we are
interested in the Bernstein-Sato polynomials of hyperplane arrangements determined
by f = zylasz + y)(asx + y)...(amx + y) for non-zero distinct a, € C,3 < k < m.

Theorem 2.2.2 ([25], Proposition 2.5, Corollary 4.14). For k — 2 pairwise distinct
non-zero numbers {a; }3<i<k, the Bernstein-Sato polynomial of Q = xy(asx+y)(asx+

Y)...(arx +y) is

(s+1) ﬁ(wﬁz).

In general, the Bernstein-Sato polynomial of the central generic arrangement ) =

H,H,...H;, where H;’s are linear forms on C", is

2k—n—2 .
1+ n

s+ I s+ ) (125, 23)).

1=

Saito showed that the roots of the Bernstein-Sato polynomial bs(s) of a central
essential hyperplane arrangement in C" defined by f are in (—2,0) and that the
multiplicity of the root s = —1 is n [20].

2.2.5 Decomposition of modules and Bernstein-Sato poly-

nomials

As we mentioned in the introduction, our main focus in this thesis is to discuss the
relations between Bernstein-Sato polynomials and decomposition factors of certain

D-modules. Theorem 2.2.4 below gives a prototype of this relation.

Let D,[s]f* C L (for the definition of L, see 1.0.1 with p = 1). For § € C we define
N? = Dy[s]f*/(s — B)Dnl[s] f*
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Consider then D,,- f? C Mf Asusual D,-f? = D, Jannp, (f?). There is a surjective

map of D,-modules
N{ = D,[s|f*/(s — B)Duls]f* = Dy, - f* € MY, (2.2.2)

This map is an isomorphism under certain conditions.

Theorem 2.2.3 ([18], Proposition 6.2). If bs(8 —j) #0, for j =1,2,3,..., then

Nf%Dn-ffB

We describe how the condition really is necessary in the simplest possible case.
Example 2.2.2. Let f =z € Clz|. Then annp,5(z*) = (20, — s). For f € C, we
have

(20, = B) - 2" = xfa’t = pa” = 0,
which implies that

annp, s (x*)]s=p C annp, (1;6)

But if B € N, restricting the s-parametric annihilator does not yield the full annihi-
lator of 2, because O°T1 - 2P = 0, so the inclusion is strict. If 3 ¢ N, on the other

hand, we have equality.

On the module side we hence have that the surjective map
Nf = Dy /annp,(g(2*)|s=g — D1/annp, (z”),

is injective exactly when the condition by(f —j) =05—j+1#0, forj=1,2,3, ..,
15 fulfilled.

The above result can be used to prove that zeros of Bernstein-Sato polynomials give
criteria for non-irreducibility as follows.
Theorem 2.2.4 ([25], Lemma 1.3). Let f € Clxy,...,x,] be a non-constant poly-
nomial and let B € Q such that by(5) = 0, but by(8 —7) # 0, for j =1,2,3,....
Then

D, - fﬁ £ D, - fﬁﬂ‘

The restriction to rational numbers here is a reflection of the result by Kashiwara,

that roots of by are rational numbers.

We also have the following partial converse.
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Lemma 2.2.1. Let f € Clzy, ..., x,] be non-constant polynomial and suppose that 3

is not a zero of by. Then

1. 8 can be written in the form

B__ P s
m=3m

for some p € D,,.
2. D, - f%=D, - ff+L.

8. If in addition B — j, j =1,...,i, is not a zero of by, then P~ can be written

in the form

R T A
Hj:l by(B—7)

for some p; € D, and 1 =1,2,3, ....
Let 5 € C and f € C[xy,...,x,] be a non-constant polynomial. Consider the map
0:D,— D, f% pwp-fP Then kerf = annp,(f?). Furthermore, there is a
natural map
Dy - [P Dy f% p- P s pf - f7

Here we can conclude that D,, - f#*' C D,, - f. Theorem 2.2.4 shows that some
roots of the Bernstein-Sato polynomial bs(s) of f detect the failure of this map to
be an isomorphism. We analyze the following examples.

Example 2.2.3. Consider f = zy(z+y)(2x +y). Its Bernstein-Sato polynomial is

by(s) = (5 + 125 + 3)(s+ (s + (s + 3).

The least root of bs(s) is —3/2. Thus, for every j = 1,2,3,... and all roots B of
-1
2

br(s) except for f = =, we have by(S — j) # 0. Therefore, by Theorem 2.2.4,
Dy f? # Dy fP*Y that is, Dyf?* C Dyf?

But for the root f = ’71, bf(%l —1) = bf(%i”) =0.
Claim: Dgf_T1 # Dgf%. Using Singular computation we have

cmnDQ(f_Tl) = (20, + y0, + 2,42%y0, + 62y°0, + 2y°0, + 22* + 67y + 337,

2y°0,0, — 4:13y28§ — 6y38§ + 3y*9, — 6xyd, — 18y, — 6y)
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and
annp, (f%) = (20, + y0, — 2,42*yd, + 62y°0, + 2y°9, — 22* — 6y — 3y°,
2y°0,0, — 4xy?02 — 6y°0% — 3y*0, + 14ayd, + 18y°0, — 8z — 18y).

Let us consider the following diagram of Ds-module homomorphisms, where i denotes

the incluston map.

annDQ(f1/2) L> annDz(ffl/Q) —— M

p—pf
7 7 a
Dy 1 D, — K
p—=pf
L f1/2 Lis /2 ¢

i

Dyft?2 ——  Dyf "2 —— N

where M, K, N are the cokernel of the corresponding homomorphisms ~',v,i in the

respective rows. Since the column M — K — N is exact,
cokera = N = Dy f~Y2 /D,y fY/2,
Therefore, N = 0 if and only if a is surjective if and only if
annp,(f %) + Dyf = Ds.

But annp, (f~Y/?)+Dyf # Dy, since the Groebner basis {x0,+y0,+2} of annp,(f~1/?)+

Dy f doesn’t contain 1. Hence,
N =Dof V2/DyfV2 £0 = Dof 7 # Dof?,
that is, Daf'/? C Dyof~V/2. Therefore, for all roots B of bs(s), we have
Do fPt C Dy f”.

Example 2.2.4. Consider f = x1 € Clx1] a polynomial in one variable x1. Then
be(s) = s+ 1 and its only root is —1. Therefore, for all positive integer k, we have
bp(—1—k) #0 and

Cloy)=D, - f7""'C Dy - f
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Chapter 3

Multivariate Bernstein-Sato

Polynomials and Ideals

In this chapter we are going to give several definitions of multivariate Bernstein-
Sato polynomials and ideals generalized from the univariate case. In addition we
will also define logarithmic annihilators. Budur’s approach to determine upper and
lower bounds of Bernstein-Sato ideals will be discussed. We give in 3.4.2 a result on
the relations of different Bernstein-Sato ideals for plane central linear arrangements
that is related to a conjecture of Ucha-Enriquez, that is a consequence of our work

in the next chapter.

3.1 Existence of multivariate Bernstein-Sato poly-

nomials

In the introduction we have discussed the finitely generated left D,-module C[z] :=
Clzy,...,xn, 1/ f] for f = fi...f,, where each f; € C[zy,..,x,] are linear forms on
C". Recall also, for the new set of indeterminate s = (si,...,s,), the Ry =

Clx1, ..., Tn, 1/ f, s]-free module

L=Clzy,...;xn, 1/f,s].1°, (3.1.1)
where f5 = f7*...f,*. We will write b(s) for element b(sy, ..., s,) in C[s] := Cl[sy, ..., 5]
and P(s) for element P(sy, ..., s,) in D,[s] := Dy[s1, ..., sp|. The existence of Bernstein-
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Sato polynomials of f = f;...f, in the multivariate case is due to [12, 15].
Theorem 3.1.1 ([15] Theorem 2.9). For an integer p > 1, let f = fi...f,, where
fi € Clxy, ..., z,] are non zero polynomials. Then there exists a polynomial b(s) €
Cls1, ..., sp] such that

b(s)f* € Dyls] - f5, (3.1.2)
where f5 = f3. 37 and fo = fart ettt
Polynomials b(s) € C[sy, ..., s,] satisfying (3.1.2) are called multivariate Bernstein-
Sato polynomials of f. Note that they are not defined uniquely unlike the univariate

Bernstein-Sato Polynomial of f. However, they form an ideal of C[sy, ..., s,], and in

fact we will give three different variants (see Definition 3.2.1).

3.2 Multivariate Bernstein-Sato ideals

Definition 3.2.1 ([7], Definition 5.1). The set of polynomials b(s) satisfying 3.1.2
form an ideal of Clsy, ..., sp]. This ideal is called the classical (also called the usual

or ordinary) Bernstein-Sato ideal of f (with respect to Clzy, ..., x,]); denote it by B
(or By). That is,

B:={b(s) € C[s] | b(s)f* € Dy[s]- f- [}, where f*= fi*...f".
The other two related Bernstein-Sato ideals of f are defined as follows:
Bj = {b(s) € Cls] | b(s)f* € Dnls]- f- f*}, forj=1,2,...p;
and

By = {b(s) € Cls| | bs)f* € Y Duls] - f;- £°).

From the definitions one can conclude that the relations B C B; C By and the
equality B = B; = By~ for p = 1. It is an open problem to determine criterion when
these ideals are principal. Following from [11], B is generated by polynomials with
coefficients in the subfield of C generated by the coefficients of f. In section 4.2 we

will show that these ideals are principal for a polynomial

fzwa(@ix‘Fy)aaz‘ € C,a; # a; for i # j,

=3

which determines a central generic hyperplane arrangement.
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3.3 s-Parametric Annihilator of f° and the Mal-

grange ideal I;

In this section we will discuss the annihilator of f* in D,[s] and in its extension

D,,+p[s] which is the basic tool to compute the Bernstein-Sato ideals [17].

3.3.1 s-Parametric Annihilator of f~.

Consider the (n+p)™" Weyl algebra D, +p) = Dy (t1, ..., tp, Oy, ..., Op,) with additional
2p operators tj, 0;;1 < j < p to the n!" Weyl algebra D,, which commute with

every element of D,, and are subject to the relations
titj = tjti, 8tiatj - 6tj8ti> 8tjti = tiatj + 5@',

where 9;; is the Kronecker delta symbol.

The free Ry-module
L=Clzy,....;xn, 1/f,s].f°

is a left D, ,-module via the actions:
e z;(1 <1< n)acts as usual multiplication;

® Oy, h(x,81,....8,)f* = (W + h(x, $1, .00y Sp) D0y skfglg—ﬁ)fs, 1<i<

n;
o ti-h(x,s1,....8)f = h(x,s1,....,8; +1,...,8,) f; f5,1 < j < p;

® O, - h(z,s1,...,8,) f° = —s;h(x,51,..., 55 — 1, ...,sp)fj’lfs, 1<j<np,

where h(z, s1, ..., 8p) € Clzy, ..., z,][f 71, 51, ..., 8p), and
Diip[s] = Dpyp ®c Clsq, ..., 8p).

Note that each t; is a D, -linear map on L with relation [s;, t;] = d;;t;.

From the action of D,,1, on L we can easily check that
(atj'tj>'(g<x7 S)fs) = (tj'atj + 1)(9(:’;7 S)fs>7 for 1 < J < p.
Furthermore, we have the relations:
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1. —=0y,ti(g(w,8)f*) = s;g(x,s)f* if g(x,s) € Clay,...,xn,1/f, 5], that is, —0t;
acts like s;.

2. (t;— fi(x)).f*=0, forall j =1,2,...,p,

3. (On + 225 %@J).fs =0, foralli=1,2,...,n.

From these relations we have the following inclusion:

Dy[s1, .., $p)f° € Dy f® C L. (3.3.1)

3.3.2 The Malgrange Ideal I;.

Definition 3.3.1 ([3], Definition 1.38). For f = fi...f,, where f; € Clxy, ..., x|, the

1deal

p
8 .
If = <tj —fj,ag;i‘f“z af]

J=1

of the (n+p)™"™ Weyl algebra D, (t1, ..., tp, Oy, ..., By,) is called the Malgrange ideal of
f.
Following Ucha and Castro-Jiménez (2004, section 2.2), the annihilator of f* =

S1

P fp” in Dy is the left ideal annp, . (f*) generated by the family

—0f .
{8+ fity, 0+ D520, |i=1,2,.n}.
Jj=1 !

Furthermore, the s-parametric annihilator of f* in D,[s] is

annp,,,(f*) N Dy[s].

Theorem 3.3.1 ([7], Lemma 4.1, 4.2, Corollary 4.3). The Malgrange ideal Iy is a

mazimal ideal and annihilates f* in D,,.,. Moreover, for p(s) € D,|[s],

p(s).f*=0in L if and only if p(=0y,t1, ..., =0 t,) € If. (3.3.2)

The relation in 3.3.2 is the strong relation between the s-parametric of f and the

Malgrange ideal I;. Therefore, the ideal

annp, o (f) = {p € Dals] | p- £* = 0}
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is obtained as the intersection of the Malgrange ideal I; of f and the subring
Dy (=04 t1, ..., =0, tp) [7]. According to [17], once we have the annihilator annp, s(f*),

the Bernstein-Sato ideals are computed by the relations:
B = (annp,s(f*) + Dy[s]fifa... fp) NCls],
B; = (annp,(f°) + Dxls]f;) N Cls], and (3.3.3)
By~ = (annp, ) (f°) + Du[s|fi + Dy[s]fa + ... + Dy[s]f,) N Cls].

3.4 Logarithmic Annihilator

Definition 3.4.1 ([4], Definition 4.39). For a polynomial f € Clxy,...,x,], and
d € Z>y, define

anngi[s}(fs) = (P € annp,5(f°) | ord(P) < d) C D,ls],

called the annihilator of f* up to order d, where ord(P) denote order of the operator
P. This ideal is clearly contained in annp,(f*). When d = 1, anngi[s](fs) is
called the logarithmic annihilator of f°.

We have a tower of annihilators

S S k S S
{0} = annd)  (F) C ann) (f%) € .. C annd) (%) = annp, ()

for some k € Z>q. Following [5], it is possible to compute anngi [S}( f#), for each d,
using Grobner bases. In particular to compute the logarithmic annihilator the corre-
sponding procedure in dmod.lib is Sann fslog. Let us see the logarithmic annihilator

of the polynomial f = zy(z + y) € C[z,y| as an example with singular.
e LIB " dmod.lzb”;

o ring r =0, (z,y), dp;

poly f=xxyx*(z+y);

def A = Sannfslog(f); setring A;
o LDI;

— LD1[l] =z« Dx+yxDy—3xs

— LD12|=axxy*Dy+y** Dy —xxs—2xyx*s
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Therefore, the logarithmic annihilator of f* is generated by z0, + yd, — 3s and
xyd, + y*0, — xs — 2ys.

It is an open problem to determine the minimal value of £ such that anng? [s}( %) =
annp,s(f°) without actually computing annp,(f*). Following [4], for s = —1 and
non-constant polynomial f € Clx,y|, k = 1 if and only if f is quasi-homogeneous.
Note that f € C[zy, ..., x,] is called quasi-homogeneous if there exist weights wy, ..., w,, €

Qo such that f(z}",...,2¥") is homogeneous.

cey n

Andres [4] contains the following conjecture proposed by Ucha-Enriquez:
Conjecture 3.4.1 ([4], Conjecture 4.47). Let fi,..., f, € Clxy,...,z,] be non-zero

polynomials. Consider the substitution homomorphism

p p
1 1
¢ : Dyls1, ..., Sp, H —] — Dyls, H —]
it i i i
defined by s; — s such that ¢ is identity on D,[[]}_, %] Then
p p
¢(a'nnDn[31 77777 Sp] (H f’L‘%)) = annDn[s} (H fzs)
i=1 i=1
Let us abbreviate
P p
A, = annp,s, ..., SP](H 171, and A := a’rmpn[s}(H 1)
i=1 i=1

The inclusion ¢(A,) C A always holds because if P(sy,...,sp) - [[1-, fi* = 0, then
P(s,....;s) - TI’_, ff = 0. It remains open to prove the other inclusion. However,

Daniel Andres has proved that it is true for the logarithmic annihilator of f* =

P f7 4], that is,

1 Si 1 S
gb(ann(Di[SI ..... sp](H fi) = Cm”gji[s}(n f7).
i=1 i=1
Moreover, he has given an idea for a proof of his conjecture (see details in [4], remark

4.48 and Subsection 4.4.2).

Now consider the multivariate Bernstein-Sato ideal B of the polynomial

f= xyHai, where a; = (a;,x +y),a; # a;(i # j),a; € C. (3.4.1)

1=3

And recall the the relations for multivariate case in 3.3.3 and for the univariate case
(by(s)) = (annp,1q(f*) + Duls] - f) N C[s].
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Therefore, using the map in Conjecture 3.4.1, we have ¢(B) C (bs(s)). But the
reverse inclusion may not be hold. For instance, consider the polynomial f =

zy(x + y)(2z + y) with

(br(s)) = ({5 + 15 + 5)(s + D)l + 2)(s+ 5) and

(see subsection 6.2). Then

B(B) = (s + 1*(s + )5+ (s + s+ 2) &
(5 + 1%+ 5)(s+ s+ s+ 2)) = (by(s)). (342)

Having this in mind we have the following proposition.
Proposition 3.4.2. For a plane central configuration determined by the polynomial
in (3.4.1),

Vo(B) =/ (bs(s)), where \/$(B) and \/(bs(s))

denotes the radical ideals of the respective Bernstein-Sato ideals of f.

Proof. Observe that

2m—2 m 2m—2

O+ 1) TL S s+ = s+ IT s+ L),

=1 7j=2 Jj=2

up to multiplicity its generator has the same irreducible factors as

2m—2

(s+1)H(s+%).

Hence the proposition follows from Theorem 4.1.5 and Theorem 2.2.2. O

3.5 Generalized Bernstein-Sato ideal

Definition 3.5.1 ([11], Definition 4.2). Let f = fifo...f, with 0 # f; € Clzq, ..., x,].
Let M = {my € NP|k = 1,2,...,7} be a collection of vectors, which we also view
as an v X p matrix M = (my;) with my; = (mg);,with r,p > 1. The generalized

Bernstein-Sato ideal associated to f and M is the ideal
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of all polynomials b(sy, sa, ..., sp) such that

T p
S Si+Mmy
aw,llw > Il
k=1 7j=1

for some algebraic differential operators Py € Dy [sq, ..., ).

Remark 3.5.1.

1. For a pointa € X = C", generalized local Bernstein-Sato ideal B . 1s simalarly
defined by replacing D,, with the ring (D), (localization of D,, at the point a).

Moreover,

=157

aceX

Due to [11], the ideals BY!, are non-zero as well as By'.

a

2. B} is the Bernstein-Sato ideal B of f, where 1 = (1,1, ..., 1).

3. B;j is the Bernstein-Sato ideal B; of f, where e; is the vector in NP with 1 in

the 7" component and zero otherwise.
4. BJIC” is the Bernstein-Sato ideal By~, where I, is the p x p identity matriz.

For k =1, ..., p, define a D,-linear action t; on

1 L
L=Clxy,...;xp,——,81,..,§ £
[ 1 fl'-'fp 1 p]]l:[l J
by ti(s;) = s; + 1, if j = k, and tx(s;) = s;, otherwise. More precisely, for any

polynomial m in p variables over C[z1, ..., z,|[1/ f1...f,], we have that

tkm 1y S Hfsj = rn(sl7 very Skyy Sk + 1,81143_5.1,...7 kafSJ 3 9. 1

Also note that the action of ¢, is bijective.
Lemma 3.5.1 ([11], Lemma 4.9). Let m,n € NP. Then there are inclusions of
ideals of Cl[sy, ..., sp)]

BY(t"™BY}) C B C By N (1" BY),

where ™ = [[}_, t7"
Theorem 3.5.1 ([11], Theorem 4.7). Let v € NP. For t;;1 < j < p be the ring

isomorphism of Clsy, ..., sp] defined by
tj(SZ‘) =5; + (523
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Then there are inclusions of ideals in C[sy, ..., sp)

mj—1 mj—1
H H ¢ mj—l Bej C Bl C ¢ m] Bej
f="r= o

1<j<p, m;>0 k=0 1<5<p, m;>0 k=0

where 7" .. tmﬂ tk means composition of maps; and by convention to 1s the identity
map and t]" ...t 7] th 7 is the image of the ideal Bf under this product.
Theorem 3.5.2 ([11], Lemma 4.19). For a matriz M € N"™P with row vectors my,
for1 <k<r,

> By e B, VB € VB,

k=1
Remark 3.5.2. From Theorem 3.5.1 one can conclude that

mj—1

viep=|J e tvsy).

1<5<p, m;>0 k=0
Thus for any vector v € Z%,,,
v
B; CBCB; C By.

Hence, V(B) C V(B}) and by Remark 3.5.2

mj;—1

vieye |y U amgrrevisy).

1<5<p, m;>0 k=0

Observe that V(B}") forms a hyperplane arrangement, say

for some hyperplanes Hj, determined by linear forms. It is clearly an interesting
challenge to determine the exact relation between the hyperplane arrangement that

f induces and the hyperplane arrangement given by V(B}V[ ).
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Chapter 4

Computation of Bernstein-Sato

ideals for a plane line configuration

In this chapter we will give results on the relation between Bernstein-Sato polynomi-
als and decompositions of the Dy-module M? = Clz, y]oo?, for o = 2Py 17", (a;z+
y)%. In particular, we will compute the different Bernstein-Sato ideals of o and we
will see in the proof how one may use the decomposition behavior of the Dy-module

M.

4.1 Motivation and statement of our result

The following review of conjectures as well as our computational examples (section
6) indicate that Bernstein-Sato ideals connected to hyperplane configurations have
a particular form. We will mostly consider Bernstein-Sato ideals of plane central
arrangements, and show how the examples leads to the formulation of our main
result.

Conjecture 4.1.1 (Budur - Mustata - Teitler, [12]).  Let f be an indecomposable

essential central hyperplane arrangement in C" of degree d. Then by(—n/d) = 0.

This conjecture is proved for reduced f with n < 3, and for reduced f, (n,d) = 1

and one hyperplane is in general position by Budur - Saito - Yuzvinsky [12].

Gyoja has analytically proved the following result.
Theorem 4.1.2 ([16]).

29



Let f = fi...fp, where f; € Clzy,...,x,] be non-zero polynomials. For any A\ =
(A1, A2, ooy Ap) € NP there exist a differential operator

P\(s1, ..., 8p) € Dyls1, ..., Sp]
and a non-zero polynomial by(sy, ..., s,) € C[s1, ..., sp] such that
Py(51, ..., 8,) it 232“2...fp81’+)"’ = Oa(S1, -0 8p) [T S22 S0

Moreover, by(si, ..., s,) can be taken in the form

ba(S1, .., Sp) = H(aﬂsl + o aupsy + a;),
where a;; € N, ged(a, ..., cup) = 1 and a; € Qs for any i.
That is, he has proved the Bernstein-Sato ideal B of f contains a polynomial that
factors into a linear forms with relatively prime set of positive integer coefficients
and positive rational constant term. Generalizing Theorem 4.1.2, Malgrange and
Kashiwara have developed the following conjecture [11].
Conjecture 4.1.3 (Generalized Malgrange - Kashiwara Property, [11]). Let f =

fi...fp be product of non-zero polynomials f; € Clzy,...,x,]. The Bernstein-Sato
ideal B of [ is generated by products of linear polynomaials of the form

@181 + ... + sy +
with o; € Q¢ and a € Q.

Nero Budur in [12] has indicated that this generalized conjecture follows from The-
orem 4.1.4, given below. Recall that if X C C” be an affine variety and U C X be

an open set. We say f : U — C is a regular function if
h
f= g; h,g € Clxq, ..., x,],

with g(a) # 0, for all @ € U. A germ of a function f at a point a € U is pair (U, g)
where g : U — C is regular function on U, and U is an open subset.

Theorem 4.1.4 ([11], Proposition 2). Let x € X = C". Assume f = fi...f,
such that the f; with x € fj_l(()) define mutually distinct reduced and irreducible
hypersurface germs at x. Then locally at x, for all « € V(By),

(85 = ) Dplst, oy spl 7 f37 2 Dils1, s Spl fi e [
1

p
Jj=

s1+1 5p+1
modulo D, [s1, ..., sp) fi* - ol .
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Note that these conjectures only treat one of the Bernstein-Sato ideals, the one
that is the most direct generalization of the univariate Bernstein-Sato polynomial.
We will below see the use of the other ideals, and also see that the generalized

Malgrange-Kashiwara property holds for them.

4.1.1 Some Motivating Examples

Let us start this section by some examples, which are computed using singular
library dmod.lib via the procedure annfsBMI (for details see subsection 6.2).
Example 4.1.1. Let f = f1 - fo- f3 with fi =z, fo =y and f3 = (cx + y), where ¢
is any positive integer. The Bernstein-Sato ideals B, B, By, B3 and By~ of f are:

1. B = ([T (si + )T _a(s1 + 52+ 55+ 1))

2. By ={(s1+1)(s1+ 82+ s3+2));
3. By ={(s2+1)(s1+ s2+s3+2));
4. Bs = ((s3+1)(s1+ 52+ s3+2)); and
5. By = (s1+ s+ 53+ 2).

Motivated by these and similar examples, by Theorem 2.2.2 (univariate case) and
from discussions in [4] section 4.4., we have the following theorem which is proved
in section 4.3.

Theorem 4.1.5. For f = xy(azxr + y)(ayx + y)...(amz + y), for non-zero distinct
a; € C,3 <i < m, the Bernstein-Sato ideals B, B;, By of f are given by

D s+

m 2m—2

B = (H(Sﬂr 1) H

Let us consider one more example that supports our claim.
Example 4.1.2. Let f = (12 + y)(cox + y)(csx + y)(cax + y) for any non-zero
distinct ¢; € C,1 <1 < 4. Then its Bernstein-Sato ideals are

1. B=([]- 1(814-1)1_[] (514 Sa+ s34 84+ 7));
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2. By = (814 82+ 53+ 54 +2); and

3. B, = <(Si—|—1)(81+82+83+S4+2)(81+82+83—|—84—|—3)>, fO?“i: 1,2,3,4.

4.2 Multivariate Bernstein-Sato ideals for a plane

arrangement

In this and the coming sections we will use the notations s = (s1,..,8,), @1 =
T, a9 1=y, ;= a;x +y, for 3 <i < m, and Dsy[s] := Cls|(z,y, 0, Jy)- the second
Weyl algebra over C[s]. Let us consider the following lemmas before our main
theorem.

Lemma 4.2.1. Let m > 3. H;";;(Z:Zl s; + ) annihilates

Clsl(y: 9y)/Cls]{y, 9y) (y0y — (Z si+1),y"77).

Proof. Denote by ¢ = Y s; (note that we will use this notation now onwards)
and consider the left ideal I = (y9, — (¢ + 1),y™ 2) C Ds[s] := C][s]{y, d,). Denote
the canonical map

Dy[s] — Dy[s]/I =W

by p — [p] and note that [p] e W = p= 3", k0l -yF(modl), 0 <k <m—2, j >
0, for some ¢;;, € C[s]. Then we have the following identity in W

0=1[0y -y =" > (dy) + (m —2)y™ ] = (¢ +m — D[y,

which implies that (¢ +m — 1) annihilates all elements of the form

D epd) -y

J
Similarly, we have the identity:

0=(g+m—=1)[0,-y" | =(¢g+m—-1)(g+m—2)[y"",

which implies that (¢ + m — 2)(¢ + m — 1) annihilates all elements of the form

D )y

J
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Continue the process; in the last two steps we get:

0= (P)[(9,-y*)] = (P)[(y(y3,) +2y)] = (P)(q + 3)[y]

and

0= (P)(g+3)[9, -yl = (P)(a+3)(yd, + 1)] = (P)(q +3)(¢ +2)[1],

where (P) = (¢+m —1)(¢+m —2)(qg +m — 3)...(¢ + 4). Therefore,

m—1

[ 1 (a+ ) annihilates Cls](y, 9,) /Cs](y, 9,) (43, — (a +1),y™ ).

=2

This completes the proof of the lemma.

Following [1], let us consider the operators in Dsy[s]:

m

P(s) :=x0, +y0, — Z Si,

1=1

H% ZSZ II o

= J=2,j#i

where oy = 2,0 =y, a; = a;x +y. Then, for f* = oj'a5? [[; )", we have

and

m

P(s)- f* = (20a) - f*+ (YD) - [* =Y _si- [*

=1

—s1f* + Z”Z AR Zajﬁy—Zsifs

3 ! =1
S1+82+Z ajaca—zky ai;if—y)) _;Sifs
= si—Y s)f
i=1 i=1

=0

and
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Hence both P(s) and Q(s) annihilate f*. The first part of the following lemma
follows by careful reading of the proof of Lemma 2.1.4, given in [1]. The fact that
we are working over C|s] explains why there is now a factor before y™~2, in contrast
to Lemma 2.1.4. The second part is an immediate consequence.

Lemma 4.2.2. 1. The ideal
(z, P(s), Q(s)) = (2,99 — (g + 1), (s1 + 1)y ).
2. Hence
Dss)/Dals](x, P(s),Q(s)) = Da[s]/Dels|(z, 43, — (g + 1), (s1 + 1)y™ )

> (Cr, 0,)/C{r, )1)@es (Cls) (9. 0,/ Cls) . 0, (wd, — (1) (514 1)y™2)).
Lemma 4.2.3. Let .

L= ([ (a+ k) = (a(s))

k=2
and Mg = {6 € C[sy, ..., 5,)|0(8) = 0} be the mazimal ideal associated to € C™.

Then

1. if € C™ \ Z™ then
IQMB — Bngﬁ

2. Hence,
12 B;.

3. Furthermore,

Proof. 1) Assume I C Mp, implying that ¢g(8) = 0. Let § € B; \ Mg, so that
d(B) # 0. Since 0 € B;, there exists ps(s) € Ds[s] such that

ps(8)fore = 6(s)f°.
By specialization of s to 3, we have
Dy f? /Dy f?*e = .

Therefore, by Lemma 2.1.4, >~ ; ¢ {—(m — 1), ..., —2}. Hence, > ", 5; + k # 0,
for all k =2,3,...,m — 1, and g(5) # 0, which is a contradiction to the assumption
[C M,

34



2) Therefore,

B,ICMpg
where 5 € C™\Z™. Because of the restriction on /3, we cannot immediately conclude

that

But the inclusion

IS\ Mg
is of course obvious. To prove the reverse inclusion, note first that V() is a union
of hyperplanes, and that V() \ Z™ is dense in V(I), in the Zariski topology (since
m > 3). This exactly says that ¢’ € ﬂIgMﬂ Mp has to vanish on V(I), and so ¢’ € I

since [ is clearly a radical ideal, which implies
(| MsC1I

B,ICMg
3) Now consider S = {y € C™|Dyf7/Dyf "% # 0} and assume 0 # § € B;.
Then if 5 € S, clearly § € Mj, since if otherwise 6 ¢ Mz = () # 0 =
Dy f8 /Dy fPte =0 (as above). Hence

B C () M.

BeS

Consider the set
T={BeC"B=P1,-,—1,.... Bm)}-

We have an exact sequence Clz,y|] — Clz,y|., — K; where the cokernel K; is non-
trivial and has support on V(«;). Let f=7 /a; and localize the sequence, and

multiply by f? to get
Clz,yljaif” — Cla,yl f7 — K f7,

where the last module is still non-zero. Since if it vanished, it would have to have
support on some V(o) with j # ¢ and so on V(a;) NV (e;) which is the point at the
origin. If now f; = —1, the sequence will be a sequence of Dy-modules, and hence

we have

szB/D2f6+€i 75 07
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which implies that T C S. Furthermore, we have

<Si -+ 1> Q ﬂ M/B'
BeT
It is clear (as above) that (s; +1) = 5oy Mp. More precisely, let h € (g Mg =
h(f) =0 and 8 € T. Then, since V((s; + 1)) € T, we have h|y (1)) =0 = h €
(s; +1). Hence,

<SZ' + 1) == ﬂ Mﬁ.
BET
From which we conclude that B; C (s; + 1) since T'C S. O

4.3 Proof of Theorem 4.1.5

We are going to prove the theorem in three parts for the ideals By, B; and B

separately.

Proof. Part I
We want to prove that By = (3" s; +2) = (¢ + 2). Consider the isomorphism:

M = D2[S]fs/z Do[slai f* = Da[s]/(annp,s(f*) + Z Ds|[s]a).

By definition, By~ is the C[s]-annihilator of this module.

Now, (annp,s(f°) 2 Da[s|P[s] + D[s|Q]s], and using Lemma 4.2.2, we have

N = Do[s]/(Da[s]P[s] + D2[s]Q[s] + 3277 Dals]ev) (4.3.1)
= Dy[s]/Do[s](x,y,y0y — (¢ + 1), (s1 + 1)y™?) (4.3.2)

= Dyls]/(Dss]z + Dao[s](ydy — (¢ + 1), 1)) (4.3.3)

= Dyls]/(Dzs]e + Da[sly + Da[s|(q + 2)). (4.3.4)

Therefore,

N = C[s)(0x, 9y)/Cls](q + 2),

and anncgN = (¢ + 2).
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Since there is a canonical surjection N — M, we have that (¢ +2) C By-. To prove
the converse containment, we argue as in Lemma 4.2.3. By specializing s = § €
C™\ Z™ we get equality

M ®c[) C = N ®¢jy C;

and this is a non-zero module if and only if ¢(8) + 2 # 0 by Lemma 2.1.4. For
p € By, p(8) # 0 implies that M ®c(;) C = 0, which then implies that ¢(3) +2 = 0.
Hence p € (¢ +2).

Hence, we conclude that

By = anncy(Das]f*/ > Dafslaif*) = (O si+2).
=1 =1
Part II:

We want to prove that B; = ((s; + 1) [[1'-, (¢ + k)). Let

m—1

1= ([J(a+ k).

k=2

In Lemma 4.2.3, we have proved that

Therefore, since s; + 1 and szzl(q + k) are relatively prime irreducible polynomials

in C[sy, ..., S;m], we have
m—

B, C (s +1) H q+k))
It remains to prove the reverse inclusion. By changlng coordinates we may assume

that ¢ = 1, and by definition of B;, we have then to prove that

m—1

A= (s1+1) H (¢ + k) annihilates Ny := Ds[s]f®/Ds[s]x f
k=2

Set
M; := Ds[s]/(Da[s|z + Ds[s]P(s) + Da[s]Q(s)).

There is a surjection M, — N, so it is enough to prove that A annihilates M. Set

L = C[s|{y, 9,)/(C[s(y, B,)(ydy — (¢ + 1), (51 + 1)y™?)); and
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W = C[s)(y, 8,)/(C[s)(y, 0,) (ydy — (g + 1),y ?)).
Then by Lemma 4.2.2 we have the relation
M, = (Clz, 8,)/C(x, 0:)x) @c L.

Thus, anncgs) (M) 2 annciy(L). We will show that

m—1
(s1 4+ 1)( H q+j) € annc[s}(f,).
7j=2

Since C[s|(y, ,)(y9, — (¢ + 1), (s1 + 1)y™?) C C[s|(y, 0,)(y9, — (¢ +1),y™?), we

have a surjective map L —» W, with kernel the D;-submodule
J = C[s){y, 0,)5"

of L. Since (s; 4+ 1)7™ 2 =0, .J is annihilated by s; + 1.

Thus
(s1 4+ Dannc (W) C anncig(J)anncy (W) € anneg(L).

Using Lemma 4.2.1, we have (s; + 1) H;":_;(q +j) € annciy(L) which implies that
(s1+ D IS "(¢+ ) also annihilates M,. Therefore,

m—1
81+ Hq—l-j 681
7j=2

The proof of this part is finished.
Part III:

We have to compute

B = annciy(Da[s]f*/ Dals]f f*) = annci(Dals]/ (Ds[s]f + annp,5(f°)))-

Recall ([13], Chapter 11, Proposition 1.3) that, if N, M are modules over a ring R,
with N C M, then from the exact sequence

00— N-—M— M/N—0,
we may conclude that

anngM C anngN Nanng(M/N) (4.3.5)
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and that
anngN - anng(M/N) C anngM. (4.3.6)

Consider the sequence

Dy[s]f* 2 Da[s|xf* 2 Dy[slryf* 2 Da[s|ry(asr +y)f* 2.
m—1

D Dy[slay [[ cif* 2 Dals]ff*. (4.3.7)

=3
Each consecutive quotient module in this sequence is of the same type as discussed
in part II: for example Ds[s|zf*/Ds[s|lwyf® = Dy[s|f*/Ds[s|yf®, where § = (s; +

1,89, ..., 8m). Hence by part IT we know the annihilator:

m—1
I, := anncig(Da[s]on...on1 f*/Ds[s]aq...an f°) = (s, + 1) H q+7+(r—1))).

j=2
By (4.3.5) and (4.3.6) this implies that
m 2m—2
BCJ=ntidy =[G+ 1) ][ (a+)
i=1 j=2

and that I;...I,, C B. Note that, since the radical of I;...1,, is equal to J, we have
that v/B = J. But we want to prove that B = J, and will again use the results of
part II. By the above, it suffices to show that

J— <H(Sz +1) ﬁ (¢ + 7)) annihilates Ds[s|f°/Ds[s]f f

i=1 =2

We have an inclusion A := Dy[s]f* D B = Ds[s|af® + Ds[s|yf°. Since (z0, +
y0y) f* = qf*, and 0,x + Oyy = ©0, + y0, + 2 it is clear that (¢ + 2)f° € Dsy[s|z f*+
Ds[s]yf¢. Hence q + 2 annihilates the cokernel A/B. For a subset I C {1,...,m} =

[m], set o' =T],.; a; and
My = Dy[s]a’ f*/Dy[s] f f*.
Then we have a map
Mpp 1y @ M2y — Mo = Do[s]f*/Da[s]f f*,
and it follows by (4.3.6) and the observation above, that
(q + 2)(anncps (Mpnp13) N annecpg) (M q23y)) € anncig(Mp) = B.
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This idea can now be turned into an inductive proof of the remaining part of the

theorem.

Set t = [[1%,(s; + 1) and ¢, = Hffzﬁn#(q + 1), and let the inductive statement in
r be that

tq, annihilates My if [I| =m —r. (4.3.8)
Note that if » = m, this says that tq,, € B, which is exactly what we want to prove.

The basis r = 1 of the induction is the statement that

2m—2

tgp =t H (q+1)

i=m—1+2
annihilates

M; == My giy = Da[s]fif*/Da[s]f f*,

where f; = f/a;. This we can check by part II, since
M; = Dy[s|f*/ Dalsla; f*,

where § = (s1+1, ..., 84, ..., S;y+1)). This changes ¢ to g+m—1. Hence the annihilator
of M; will be ((s; + 1) H;”;;(q +(m—1)+4)) = ((s; + 1)g1). This implies the basis
statement. The induction step is similar to the introductory example. Suppose
without loss of generality that 1,2 ¢ I, and let [; = I U {1} and I, = I U {2}. The
operator £ = 0,z + 0yy = 20, + y0y + 2 € Dyay + Dyary (for any pair of «;) and
Ealfs = (q+|I| +2)a’ f5. Hence the cokernel of the map

M[l @MIQ — M[,

is annihilated by ¢ + |I| + 2. Let |/| = m — r. By the inductive assumption both
My, and Mj, are annihilated by tg._;. Hence tq, = tq._1(q +m — r + 2) annihilates
M. This finishes the inductive step, and thus,

m 2m—2 m

B= ([t + 1) TT (X si+h)
i=1 k=2 i=1
holds. This completes the proof of our main theorem. n
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4.4 Generalized Bernstein-Sato ideals of plane con-

figuration

Following [11], in this section we will study generalized Bernstein-Sato ideal of our
plane line configuration determined by the polynomial f = HT:I a;, where o =
z,as =y and o = (a;2+y),a; € C,j = 3,4,...,m and a p X m non-negative integer
matrix

U = [Ul,'LLQ, ...,up],

where u, € N k = 1,2,...,p. We use the same definition as in Definition 3.5.1.
That is, the generalized Bernstein-Sato ideal associated to f and U is the ideal

BY C Cls1, ..., 5m)

of all polynomials b(sy, ..., ;) such that

m P m
Sj _ 8 Ukj
b(sl,...,sm)Haj = PkHaj
j=1 j=1

k=1

for some P, € D,[s1,..,$n]. Consider the D,-linear ring isomorphism ¢; of the
ring C[sy, ..., s,»] defined by #;(s;) = s; + 0;5. We also consider the ideal B}, where
u= (U1, ..., Up) € N™ u; > 1; that is, u is an 1 X m matrix.

Theorem 4.4.1. Consider the plane line configuration determined by f = H;nzl o

and u = (U, ..., Up) € N u; > 1. Then

moou; mAy i ui—2
JITIs+%  JI  (@+4)=/Bs
i=1 k=1 j=2

Proof. By Theorem 3.5.1 we get the relations

uj_l u]'—l
IT Tl a0 eBY By () )ttt i By, (4.4.1)
1<j<m k=0 1<j<m k=0

where e; denote the m-tuple with the k' entry d,,. By definition the ideal B;j is
equal to the ideal B; that we have discussed in Theorem 4.1.5, also we proved that

Bj = ((s; + DII% (a + k).
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The product in the left side of (4.4.1) is product of the following ideals:

ul m—1
(B (7B (i B)EB) = ([ [(s1 + k) [[(a+ 5 + k= 1)) = I;
k=1 7j=2
ug m—+u;—1

(18527 Bo) (1785272 Bo) . (11 1 Ba) (11 1585) = ([ [(s2+K) [[ (a+i+k—1) = by

(2 e e B ) (B 2 e o B ) (B 2t Y By

m—1 “m m—1 “m

Um, m+pu—1

=([IGm+k [[ (¢+i+k-1) =1L

k=1 G=p+2

where p = ZZ . u;. Thus, we have

m o u; m+3 0 ui—2
LTI, CchﬂI_ II1IG:+% I @+
i=1 k=1 j=2
Therefore,
m ug mA+307 ) u—2
TIIIesi+w0  TI @+ =B
i=1 k=1 j=2

]

Example 4.4.1. Let f = xy[[“5(ax +y). We analyze B} for u =3, e; where
I C [m] ={1,2,...,m} using Theorem 4.4.1. Assume I = {1}. Then u = e, =
(1,0,...,0) € N™ and by (4.4.1)

m—1

tYBf* = B = Bf = By = ((s1 + 1)

'Fﬂs

I
—

j:2 %

Assume I ={1,2}. Thenu=-e;+ey = (1,1,0,...,0) € N™ and using (4.4.1)
(tYBf)(tit9BF*) € BY C (11Bf) N (Lt BY?),

where 9By = ((s2 + 1) H;”:_zl(z;zl si+j+1)). Thus

\/ B} =((s1+1)(s2+ 1) H(Z si+7)).
j=2 i=1
In general for I C [m] with |I| = r, we have
m—1 m
Btatr By = (5 + 1) [ (S s+ 47— 1)
j=2 i=1
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Therefore, applying Theorem 4.4.1 we get

m+r—2 m

NG| R O SR
i=1 =

11
Example 4.4.2. Let f = xy and U = | 2 1|. The generalized Bernstein-Sato
31

ideal associated to f and U for the i"-row vector u; = (u;1, usq) of U is given by:

u; Z“u
Hﬁsj+k H (s1+s2+7))=1/By"
j=1k=1 r=2

Thus,
o ((s1+1)(sa+1)(s1+s2+2))=,/By".
[ <(81 + 1)(81 + 2)(82 + 1)(81 + S9 + 2)(81 + S9 + 3)) = B}l&

o ((s1+1)(s1+2)(s1+3)(s2+1)(s1+82+2)(s1+52+3)(s1+852+4)) = /By
Remark 4.4.1. For U = (ugj)pxm with all ug; € N,

m p m
b(S1, ..y Sm) € B]q < b(S1, ey Sm) Ha] = P Hajﬁuk]
j=1 k=1  j=1
for some Py, ..., P, € Ds[sy,...,8p]. Thus
[T, o)
j=1%
[T, s
b(Sl,...,Sm)_(P17P27---7Pp) =t Eanan[sl ,,,,, sm](Haj‘])'
. ‘]:1
H;’n—l a;m
m m
= b(81,...,5m) € (annp,s,,.., Sm](H H YN C[s1, ..y S
=1 k=1 j=1

Here it is also an interesting problem to explicitly determine the relation between

the ideal BY and the quotient module

m
s]+u;w
Sl,...7 | |OZJ/D2 81449 S | |
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Chapter 5

Decomposition of D-modules and
its description in terms of

Bernstein-Sato Ideals

In this chapter we will describe the decomposition properties of the D,-module M?
in terms of the zero sets of Bernstein-Sato ideals of a. We will concentrate on the
normal crossings case, and plane line configurations, and see what information of
the decomposition behavior that is contained in these cases in the Bernstein-Sato

ideals, which we have calculated earlier.

5.1 Decomposition of D-modules

We start by studying the simplest case.
Example 5.1.1. Consider the Di-module M? = Clx],2”, for B € C, and its sub-
module D1x®. Then it is easy to see that Diz” is reducible if and only if there exists

X € Zsq such that b, (B + \) = 0, where b,(s) is the Bernstein-Sato polynomial of x.

The argument is as follows. By Ezample 2.1.1, M? = C[z],2” is reducible if 3 € Z
and it is irreducible if § € C\Z; moreover, MP = C[z],, for 3 € Z. Also note that
the Bernstein-Sato polynomial b,(s) of x is by(s) = s+ 1.

Since MP is irreducible for 3 € C\ Z, Di2” is irreducible for 3 € C\ Z. Moreover,
for B € Zso, Dia? = Clz]; hence DyaP is irreducible. However, for 8 € Zo,
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DyxP = Clz],; hence it is reducible with decomposition factors Clx] and C|x],/Clz].
Therefore, we can conclude that Dix? is reducible if and only if B € Zy. So we

claim that there exists X\ € Zq such that by(8 + X\) = 0 if and only if B € Zo.

Let X € Zso. Then, b,(B+ X)) =0 4+ A=—-1<0=—-1—X€ Z.. Thus,
b.(8+A) =0 if and only if 5 € Zy.

Therefore, Dyx? is reducible if and only if 3 € Zo if and only if there exists A\ € Zxg
such that b, (8 + ) = 0.

The following lemma generalizes this; it follows from Lemma 1.3 in [25],
Lemma 5.1.1. Let f € Clzy,...,z,] be a non-constant polynomial. If a € C such
that by(a) # 0, then D,, - f* = D,, - f*+1.

Proof. Let a € C with bs(a) # 0. Then by definition of Bernstein-Sato polynomial
bs(s), there exists p(s) € D,[s] such that

p(s) 5 = bp(s)f*.

Hence, by specialization of s to a, we have by(a)f® = p(a)f**" from which we

conclude that

= L e Dy since by(a) 0.

Hence, D, - f* C D,,- fo*t = D,,- f- f¢* C D,,- f% Therefore, D,,- f¢*1 = D,,- f¢. O

We now have, in the general case, several different candidates for Bernstein-Sato
ideals and for all of them it is clear as above from the definition that the existence
of an element b in the ideal that is non-zero at a point implies that certain corre-
sponding modules are the same. More precisely we have the following for B, B; and
Bs-.

Proposition 5.1.1. Let M? = C[zy, ..., z,]a0” and D,,o® C MP, where o; (1 <i <
r) are linear forms on C". If (ay,...,a,) € C" and b, is such that b,(ay,...,a,) #

then

=)

)

. , +1 o1
1. if by € B, then D,af*...a% = Do . .a& ™t

. i1
2. if by € By, then Dyaf*...al = Dyaft...af toaor

T (2 vt

3. if by € By, then Dyaf*...a =>"" D,a;af"...a.

T
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Proof. We only prove the first statement, since the other statements are proved in
a similar way. For o« = ajas...q,., by definition, there exists p(s) := p(s1,...,8,) €

D,[s] := Dy[s1, ..., ;] such that

Sr

p(s)as Tt = by (s, ..., 80)d Al

Hence, by specializing (s, ..., s,) to (ay, ..., a,), we have

play,...,a.)ad ™ot = by(ay, ..., a. )l .alr

Since by (aq, ..., a,) # 0, we get

ar __ p(a17"7a7“) aal—l—l‘

1
ar = v ottt e DyattLatr
ba(ala ) ar‘)

af'..«

Therefore, D, a®*!...a%*t D D, a*..a%. The reverse inclusion is obvious, so we
) n+tl r = n-tl r )

have

ay ar __ a1+1 ar+1
Dyaf'...apm = Dyai™™ o

]

Note that if b belongs to one of the generalized Bernstein-Sato ideals in an earlier
section, we have an analogous statement. The proposition shows that we can hope
to find the decomposition factors of M? by changing one index at a time successively,

which is what we will do in the examples in the next sections.

5.2 Normal crossings

5.2.1 Plane case

Consider M = C[z,y, ;- ]v"y”. Then using Lemma 2.1.7:
1. If all 81,82 € C\ Z, then M? is irreducible.
2. If exactly one of the 3] belong to Z, then M’ has two decomposition factors.
3. If all By, By € Z, then MP has four decomposition factors.

Thus, we have the following cases of decomposition of DyxP g%

1. If all By, B2 € C\ Z, then Dyz”1y? is irreducible.
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2. If py € Z and By € C\ Z, then
o DyaPryP2 = Clz] @c Cly]y? for B; > 0. Hence DyzP1y? is irreducible if
p1 € Zso and fy ¢ Z.
o DyaPryP2 =~ Clx, %] ®c Clyly™ for B; < 0. Hence DozP1y? is reducible if
p1 € Zyand Py ¢ Z
3. If f € Z and p; € C\ Z, then
o DyaPryP2 = Clx] @c Cly]z? for By > 0. Hence DyaP1y™ is irreducible if
By € Z>o and fy ¢ Z.
o DyaPryP2 =~ Clz] @c Cly, i]xﬁl for By < 0. Hence DoxP1yP is reducible if
By € Zicp and By ¢ Z.
4. If all By, By € Z, then
o DyaPyP2 = Clz)@cCly| for f; > 0, B2 > 0. Hence DozP1y® is irreducible
if By, Ba € Zxo.
o DoxPy? = Clz, L] ®c Cly] for f; < 0,8, > 0. Hence Dyz™y” is re-
ducible if 5y € Z-y and By € Z>o.

o DyaPyP2 = Clz)®cCly, %] for By < 0,81 > 0. Hence Doz 4”2 is reducible
if 5, € ZZO and [y € Zg.
o DyaPiyP2 =~ Clz, %] ®c Cly, i] for B; < 0,8, < 0. Hence DyxPy? is
reducible for 51, By € Z .
The interesting thing is that we may then characterize the reducibility of M? in
terms of B.
Proposition 5.2.1. Dyz”1y% is reducible if and only if there exists (A, o) € ZQZO
such that br(B1 + A1, B2 + A2) = 0, where by(sy, s2) is the generator (s; + 1)(s2 + 1)
of the Bernstein-Sato ideal B of f = xy.

Proof. From the above discussion, we have that D,x® 4% is reducible if and only if
either 51 € Z.y or B3 € Zo. Moreover, the Bernstein-Sato ideal B of f = xy, is
((s1+ 1)(s2+1)).

Now suppose there exists (A, A2) € ZQZO such that by (51 + A1, B2 + A2) = 0. Then
br(B1+A1, BatAe) = 0 <= (B1+A+1)(Bot+Ao+1) =0 <= f1+M+1 =0o0r fo+A+1 =0
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<:>51:—1—)\1€Z<00r52:—1—/\2€Z<0.

Therefore, Dya?'y is reducible if and only if there exists (A1, A2) € Z2, such that
bi(Br+ A1, B2 + Ag) = 0. o

We can also see that B; = (s; + 1) and By, = (s1 + 1,s2 + 1) have the following
meaning, in this case.

Proposition 5.2.2. Dyz?'y” has a decomposition factor with support on x =0 or
y = 0 if and only if there exists (A1, \s) € Z2, such that bs(By + A1, B2 + A2) = 0,
where by € By or by € By, respectively. It has a decomposition factor with support
onz =y =0, i.e., the origin if and only if there exists (A, A2) € ZQZO such that
(B1 4+ A1, P2 + A2) is a point on the variety V(Bs), i.e., such that 1+ py + A\ =
14 Bo+ Ay =0.

Proof. Both statements are clear from the case by case proof of the preceding propo-

sition. O

5.2.2 (General normal crossings case

Consider M? = Clzy, ..., 7,]o0”, where of = x11x§2...xf’", for some r < n. Then by

Proposition 3.1 in [1] we can conclude that M? is irreducible if all
B, € C\Z,ie{1,2,...r}

and reducible otherwise. Therefore, D,a” is irreducible if 3; € C\ Z, for all i €
{1,2,...,7}. Analogous to this statement we have the following lemma.
Lemma 5.2.1. Let M? = Clxy, ..., x3]00?, where of = 2722 2P r < n. Then

the module D,a” is reducible if and only if B; € Z—, for some i € {1,2,....,r}.

Proof. If all 3; € C\ Z, for i € {1,2,...,7}, then M? is irreducible. Hence D,a” is

irreducible. Therefore, D, o is reducible implies that
Bi € Z, for some i € {1,2,...,r}.
It is left to show that such f; is less than zero. Since

Dnaﬂ g Dllel®D12x§2®@Dlrxfr®6[vrr+1; m’l’b]?
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where D, is the first Weyl algebra with respect to the variable z;, for 1 < j <,
and since Dljxfj is reducible if 3; € Zy, we conclude that D,a? is reducible if

Bi € Zg, for some i € {1,2,...,1}.

Conversely suppose 8 € Z.g, for 1 < k < r. Since
D,af =~ Dllel®D12$§2®...®D1kx£k@...@Dlwf’"@)@[%ﬂ, )

and ¢(Dypzi*) > 2, we have ¢(D,a?) = [T c(Dljx?j) > 2. Therefore D,a” is
reducible. O

It is known that for a = x129...2,,7 < n

1. The univariate Bernstein-Sato polynomial is b,(s) = (s +1)".

r

2. bo(s1,...,80) = [[;—1(si + 1), where b, is the generator of B.
3. B; is generated by s; + 1, for each 1 < i <.
4. By = (s1+1,...,8.+ 1).

The Bernstein-Sato ideals for normal crossings, thus have the following relation to
decomposition, which is a straightforward generalization of the plane case.

Theorem 5.2.3. For o = 27 252 26

T

r <n, D,o? is reducible if and only if there
exists X = (A1, ..., \r) € ZLq such that b,(B8 + A) = 0. It has a decomposition factor
with support on a hyperplane x; = 0 if and only if there exists A = (A1, ..., \,) € Z%,
such that b',(8 + \) = 0, where b}, = s; + 1 is the generator of B;. Finally, we have
that it has a decomposition factor with support in the origin, if and only if there

exists A = (A1,..., \p) € Z% such that B+ X € V(Bs) with 8+ X = (—1,...,—1).

Proof. We only describe the argument for the first statement. We know D, o is
reducible if and only if §; € Z o, for some i € {1,2,...,r} and b,(s) := ba(s1, ..., 8) =
[T_ (si+1). Let A = (Ay,..., \r) € Z%, such that b,(8 + A) = 0. Then

ba(B+A) :0<:>H(Bi+/\i+1) =0<= i+ \+1=0<=f,=—-1-\; € Zo.

i=1
Therefore, by the preceding lemma, D,,a” is reducible if and only if there exists a

vector

A= (A1, ..., Ar) € Z5 such that b (8 + A) = 0.
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Note that this description suggests that one could possibly more generally define and
study Bernstein-Sato ideals that are similarly constructed as to By, and that would
have a relation to decomposition factors on flats on the hyperplane configuration,

i.e., intersections of the hyperplanes.

5.3 Plane line configuration case

Now we will describe the decomposition of Dy for plane configuration

a =y H(aix +v)
=3

as related to the Bernstein-Sato ideals in Theorem 4.1.5. First we will see that the

zeroes of
B=(ba) = ([Lts:+1) TT O si+)

(see Theorem 4.1.5 in the preceding chapter) describe whether the module Dya? is

irreducible.

5.3.1 The ideal B and reducibility

We start with a preliminary lemma.
Lemma 5.3.1. Let of = 2Py [T, (a;x + ) a; # a; for i # j. Then Dy is

wrreducible if one of the following conditions is true:
1. Dyo® = Dya®*7, for all v € 2%, or

2. bo(B+7)#0, for ally € ZZ,.

Proof. Suppose (1) is true. Then by Lemma 2.1.6, there exist Ny, N € ZZ; such
that Dya®t™2 is irreducible, for Ny € Ny + ZZ,. By assumption

Do’ = Do, for all y € Z2;
hence in particular, Dya® = Dya®N2. Therefore, Dya® is irreducible.

Suppose (2) is true. Since m > 3, M? is irreducible exactly if

pi € C\Z, foralli € {1,2,..,m}, and Z/BZ e C\Z.
i=1
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Hence, if 8; € C\ Z, for all i € {1,2,..,r}, and ;" 3; € C\ Z, then Dya” is

irreducible. Now suppose
ba(B +7) # 0, for all vy € ZZ,.

If we can show §; € C\ Z for all i € {1,2,..,r} and ) 1", 5; € C\ Z, then we are

done.

By definition of the Bernstein-Sato ideal By, we conclude b,(s1, ..., Sm) € By, since
B C B;. Therefore, there exists Pi(s1,S2, ..., Sm) € Dals| := Ds[sq, Sa, ..., S| such
that

ba (81, ey Sm)® = Pi(81, Sy ..y S )TC°.

Since bo (B 4 ) # 0, for all v € ZZ,, we have bo(f) # 0 (taking in particular
(Y15 - 9m) = (0,0, ..., 0)).
Hence, by specializing, we have b, (8)a” = Pi(8)ra” and since b,(3) # 0 one can

have

o (5.3.1)

Analogously, since B C By, we have b,(s1, ..., sm) € Ba; and therefore, there exists
PQ(Sl, S92, ...y Sm) c DQ[S] = D2[81, 59, .00y Sm] such that

ba (81, ey Sm)® = Pa(81, S, ..., S )yas’.

Thus, by specialization of s and using (5.3.1), we have

B _ PZ(B)ya,B _ Pl(ﬁ)PQ(ﬁ)xyaﬁ
ba(P3) ba(B)? '

Continue the process and at the m!" step we get

La(B)

of = 2e\0) i1 o p st

ba(B)"
where P,(8) = Pi(8)Py(8)...P,(B) and ot = gAtlyStl (g, 2 + y)Pmt!,

Now assume
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Hence, o®*! € Dya®t" = Dya®! C Dya®t7. Which implies
af € Dyat vy € 27,

Therefore, Dya” = Dya®7,Vy € Z%. Hence Dya” is irreducible. O

Theorem 5.3.1. Let of = 2Py [T, (a;z + )% for non-zero distinct a; € C and
Dya? C MP = Clzy, ..., 25]ac®. Then the following are equivalent:

a. Dya? is reducible.
b. 36 € Z.y, forie{1,2,...m} or X" B € Zy.

c. Iy € ZZ, such that b (S + ) = 0.

Proof. (a) < (b). Suppose Dya” is reducible. Then, by Lemma 5.3.1, there exists
v € Z> such that b, (8 + ) = 0. Thus, by Theorem 4.1.5,

Bi+7v+1=0or Zﬁi‘l'ZWi‘Fj:O,
i=1 i=1
for all j € {2,3,...,2m — 2}. From this we get that

ﬁi =1 —; € Z<O or Zﬁz = —] — Z,%’ c Z<0, because v e ZZO‘
=1

=1

Conversely, suppose 35; € Z.g, for some ¢ € {1,2,....,m} or >."* | B; € Zy. Claim:

D,a? is reducible. To prove this let us consider the following cases:

1. there exists B; € Zg.

2. no f3; belongs to Z for every i € {1,2,...,m} and > " | 3; € Zy.
For case one, WLOG: assume that 3, € Z.g. Then we have

Dgx_ﬂlaﬁ = DQ&B g DQ@ﬁ,

where a7 =y 17, (aiz + y)™. Hence Dya? is reducible.

In case two if > ", f; < —(m — 1), then using Lemma 2.1.4 we conclude that

Dsa’ | Daza® = 0. Thus,

Dyo® = Dyxa® = ... = Dyz"a
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for some positive integer r such that r + > 7" 3 = —(m — 1). For —(m —2) <
Yo Bi+ 1< —1, we have

Dyx™2aP C Dyax™3aP C ... C Dyxa® C Dy,

Therefore, Dy is reducible.

(a) & (c). By Lemma 5.3.1, if Dya” is reducible, then 3y € Z7 such that b, (5 +
~v) = 0. Conversely, suppose 3y € 2%, such that bo(B 4+ 7v) = 0. Therefore, we

conclude that

m 2m—2 m
H(5i+7¢+1):00r H(Z(Bi+%)+j):0~
=1 j=2 =1

Hence f;+7;+1 =0, for some i € {1,2,...,m}or > ;" Bi+> i, vi+Jj =0, for some
J€{2,3,...,2m — 2}. Since v € ZZ,, we get f3; € Z<o, for some i € {1,2,...,m} or
S Bi € Zg. Therefore, Dya” is reducible. O

5.3.2 Support of decomposition factors of M/

In this section we will see that B; determines the decomposition factors of M# that

have support on the hyperplane

Hy = {(x,y) : () =0}.

Recall from Theorem 4.1.5 that
((s; +1) H Z sj+k
k=2 j=1

We will see that the factor s; + 1 governs whether there is a decomposition factor
with exact support H;, and that the other factors of the form 27:1 sj + k tell us
about the existence of decomposition factor with support on the origin.

Theorem 5.3.2. Let o = 2%y [T j(a;x+y)%, a; # a; fori # j,m > 3. Consider
the Bernstein-Sato ideal B; of . If

(B+Z™)NV(B)) #0,

then MP? has a decomposition factor with support on H;.
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Proof. Suppose, for a fixed j, (8 4+ Z™) NV (B;) # (. Then let v € Z™ such that
p+~ € V(B;). Therefore, 5; +~v; +1 = 0or " (8 +v) + k = 0, for some
ke {23, ..,m—1}.

Case 1: If 8; +v; + 1 =0, then ; = —v; — 1 € Z. Hence, we have that

M? = Cla, y]ad”,

«

B1, B2 Bi—1, Bj+1

where a° = o'} e ...a’m  Therefore,

Cl, y]ad®/Cla, yla = C[i]dé

—lar, where & = ajan...0_10G41... 0y,
j

is a decomposition factor of M? with support on H;.

Case 2: If 7" (B + ) + k = 0, for some k € {2,3,....,m — 1}. Then |f] =
S (B + i) € {=(m —1),....,—2}, where 3 = (81 + V1, ., Bm + Ym); and hence,

for a fixed linear factor a; of a,
DQaB / DgozjaB
is non-trivial simple with a decomposition series
= DQOCB 2 _DgOéjOéB 2.2 Dga;ozB = Dgagl,

where || := |8 +r = —(m — 1), for some r € Z,. Therefore, N = DQOCB/DQOZJ'O[’B
is a decomposition factor of M with support on any H;, and so actually on the

intersection of them, i.e., the origin. O

Remark 5.3.1. Since the Bernstein-Sato ideal B; is not identically zero, then from

Theorem 5.3.2 one can conclude that if
(B+Z™)NV(B;) #0,

then M? is reducible.

Theorem 5.3.3. The number of hyperplanes in

U vV(B))) with (8+2Z™) NV (B;) # 0

1<j<m

is at most one less than or equal to the number of decomposition factors of MP.
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Proof. Using case one of proof of Theorem 5.3.2 for each 1 < 57 < m if there exists
v € Z™ such that §;+7;+1=0and > ", (f;+7)+k # 0 foreach k € {2,...,m—1},
then the number of hyperplanes in U, ;,,(V(B;)) with (8 +Z™) NV (B;) # 0 is
m and by Lemma 2.1.7, we have m + 1 factors of M?. And also using case two
of the proof of the same lemma, if 5; +v; +1 # 0 and Z;n:l(ﬁj +7;)+k=0
for all 1 < j < m and some k € {2,...,m — 1}, then the number of hyperplanes
in U cjcn(V(B))) with (8 +Z™) NV (B;) # 0 is m — 2 and by Lemma 2.1.7, we
have ¢(MP?) = m — 1. If both cases happen, then the number of hyperplanes in
Ur<jcm(V(B))) with (8 +Z™) N V(B;) # 0 is 2m — 2, whereas ¢(M[)) = 2m (by
Lemma 2.1.7). This completes the proof. ]

Theorem 5.3.4. Let a = zy [~ (aix +y) € Clz,y],m > 3, a; # a;, fori # j.
The Dy-module MP = Clxz, ylo?, for some B = (B, Ba, ..., Bm) € C™, is reducible if
and only if there exists A = (A1, Ag, ..., \y) € Z™ such that b, (B + X) = 0.

Proof. Suppose M? is reducible. By Lemma 2.1.6, there exists N = (Ny, ..., N,,) €
N such that M(f = Dya” V. Thus Dya® " is reducible, and hence there exists
k= (ki,....,km) € Z>o such that b,(8 — N + k) = 0 (by Theorem 5.3.1). Therefore,
A=(Ny—Fk —1,..,Ny —k,, — 1) € Z such that b,(8 + \) = 0.

Alternatively, if M? is reducible. Then by Lemma 2.1.7 we have either
Bi € Z for some i € {1,2,...,m}
or

Zﬁi €Zand §; ¢ Z,Vi € {1,...,m}.
i=1

Case 1: §; € Z for some i € {1,.....m}. WLOG: let 3; € Z. Therefore,
... = Dya®d® = Dyza® = Dy’ C Doz 'a? = Dox™20% = ...

Hence Dya? is reducible, where 3 = (61 — 1, Ba, ..., Bm). Therefore, there exists
k € Z, such that b,(3 + k) = 0. Thus, A\ = (1 — ky, ks, ..., k) € Z™ such that
ba(B+ ) = 0.

Case 2: Let Y." | f; € Zand 3; ¢ Z,Vi € {1,...,m}. For —(m—2) <Y " fi+1<
—1, we have

Dya? | Dyxa®
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is non-trivial simple Dy-module. Hence Doza® C Dya?; that is, Dya? is reducible.
Therefore, there exists A € ZZ, such that b,(3 + A) = 0. For the other case if
Yoy B¢ {-2,...,—(m — 1)}, we have

Dya? | Dyza’ =0 = Dyxa® = Dya” C Dyd”,

where 8 = (1 — 1, Bs, ..., Bm). Therefore, A\ = (1 — ky, ko, ..., k) € Z™ such that
ba(B+A) = 0.

Now let us prove the converse. Let A = (A1, ..., \;,) € Z such that b, (8 + \) = 0.
Then from b, (8 + A) = 0, we have either (8; + A\; +1) = 0, for some i € {1,2,...,m}
or " (Bi+N)+k =0, for some k € {2,3,...,m — 1} (by Theorem 4.1.5). If
(Bi+Xi+1) =0, for some i € {1,2,...,m}, then (0,...,0, 8; + \;, 0, ...,0) € V(s; +1).
Hence (8 + Z™) NV (B;) # 0. Therefore, by Theorem 5.3.2, M? is reducible. If
B; ¢ Zforalli e {1,...,m}and >\" (B, +\;)+k =0, for some k € {2,3,...,m—1},
then we have Y 7" 3; € Z. Hence M’ is reducible from case 2 of proof of Theorem
5.3.2. [

Remark 5.3.2. From our previous results we have summarized the following possible

number of decomposition factors of MP = C|x,yl,a”, where
of = 2My% [[(ax + )%, a; # aj fori # j,m >3
i=3

Case 1: If 5, € Z,Vi € {1,...,m}, then we have

e For each j, one decomposition factor with support on each of the plane

Hj, j € {1,,m}

e One decomposition factor with support on the whole space C™.

e m — 1 decomposition factors with support on the origin which is the intersec-
tion of the hyperplanes determined by the two element sets in the unbroken

independent subsets (see the definition of this in [1]).

Thus, if B; € Z,Vi € {1,...,m}, then there are 2m decomposition factors of MP.

Case 2: [f 5; € C\ Z,Vi € {1,...,m}, then we have the following two subcases:
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o If>" Bi € C\Z, then by Theorem 5.5.4 we can conclude that
ba(B+ A) # 0,¥\ € Z™.

Therefore, M? is irreducible.

o If>" Bi € Z, then for each v € {2,...,m — 1} there exists A € Z™ such that

m

Z(ﬂi +A) +7=0.

i=1
Thus, we have m —2 decomposition factors with support on the origin and one

decomposition factor with support on the whole space C™.
Case 3: If the number k of B; € 7 is strictly less than m:

o If > " B € C\Z, then we have one decomposition factor with support on
each line H;, i = 1,...,k; and one decomposition factor with support on the

whole space C™.

o If>"", B € Z, then in this case for eachy € {2, ...,m—1} there exists A € Z™
such that

m

i=1
Hence we have m — 2 decomposition factors with support in the origin, one
decomposition factor with support on each plane H;,i = 1,....,k; and one de-

composition factor with support on the whole space C™.
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Chapter 6

Computational examples

The Bernstein-Sato polynomial and related ideals are not easy to compute in gen-
eral. Until T. Oaku and N. Takayama (1997) developed an algorithm there was no
algorithm for the computation of Bernstein-Sato polynomial (b-function) for arbi-
trary polynomial [25]. Since then, the computer algebraic side of D-module theory
has been drastically developed with many algorithms as well as implementations
for plenty of different problems. Among the algorithms developed by different de-
velopers one may mention Bahloul [7], Ucha and Castro-Jiménez [17], Budur and
et al [21]. In this chapter we are going to give some examples of Bernstein-Sato
polynomials and ideals of hyperplane configurations computed using the computa-
tional procedures developed by Levandovskyy and et al [5, 14] using SINGULAR.
While computing these examples we faced limitations to get outputs for the clas-
sical Bernstein-Sato ideal B of a polynomial with more than five linear factors.
However, computations of this ideal B up to that level and for the ideals B; and
Bs~ with more linear factors indicate that the generators of Bernstein-Sato ideals of
a = zy [ 125 (a;x + y) have some particular structures which we claimed and proved

in Theorem 4.1.5.
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6.1 Examples on computations of Bernstein-Sato

polynomials

Here we use in the singular library bfun.lib the procedure bfctAnn to compute the
univariate Bernstein-Sato polynomials. Note that we can use the procedure bfct
instead of bfctAnn. In general, LIB ”...” shows which library in singular we are
using, "ring 7 = 0 7 gives a ring with characteristic 0 with variables defined in (...),
"dp” is the degree reverse lexicographical monomial ordering, "poly” is the input
code for the polynomials, ”def” is definition in the computation process.

Example 6.1.1. In this example we are going to compute the Bernstein-Sato poly-
nomial br(s) of the polynomial F = xy € Clz,y| using singular library bfun.lib. In
the computational procedure as shown below the outputs are a lists of roots of the
polynomial br(s) given in stage [1] with corresponding multiplicities given in stage

e LIB "bfun.lib”;

4 rlng r= 07 (‘/‘U’ y)7 dp;

o poly '=xxy;
o def A = bfctAnn(F); setring A;
o A;
o [1]:
- [1]=-1
° [2]:2

Therefore, the Bernstein-Sato polynomial of F' = zy is
br(s) = (s +1)%

Example 6.1.2. Our second example is the computation of the Bernstein-Sato poly-
nomial bp(s) of the polynomial F = xy(ax +y) € Clz,y] (for any non-zero a € C)
using singular library bfun.lib. Similar to the previous example in this computation
the outputs are lists of roots of the polynomial br(s) in stage [1] with corresponding

multiplicities in stage [2], respectively:
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LIB "bfun.lib”;

b rzng r= 07 ($7 y)7dp).

poly F =z *xyx*(a*xx+vy);

def A = bfctAnn(F); setring A;

o A;
o [1]:
~ 1] =-2/3
~ 1] =-1
— [3] = —4/3
o [2:1,2,1

Hence, the Bernstein-Sato polynomial of F' = xy(ax +y) is

br(s) = (s +1)*(s + ;)(3 - %)

Example 6.1.3. Now let us compute the Bernstein-Sato polynomial br(s) of the
polynomial F = zyz(x +y + z) € Clx, y, 2|:

e LIB "bfun.lib”;

e ringr =0, (x,y,2),dp;

poly F=x*xy*xzx*(x+y+2);

def A = bfctAnn(F); setring A;

o A;
o [1]:
~ 1] = -3/4
~ 2= -1
— [3] = —5/4
— 4] = —-3/2
e [2:1,3,1,1
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Therefore, the Bernstein-Sato polynomial of F' = xyz(x + vy + 2) is

br(s) = (s 1)%(s + )5 + )5 +2).

6.2 Examples on computations of Bernstein-Sato

ideals

In these examples we are going to compute the Bernstein-Sato ideals of some poly-
nomials using singular library dmod.lib by procedure annfsBMI. Here we use the
singular library dmod.lib instead of bfun.lib and "ideal” is the input code for the
generators of the ideal separated in coma.
Example 6.2.1. In this ezample we are going to compute the Bernstein-Sato ideals
of ' = zy(ax + y)(bx + y) (for any non-zero distinct a,b € C) which are the
Bernstein-Sato ideals of the ideal generated by x,y,ax + y,bx + y. The outputs
in [1] are lists of generator factors of the Bernstein-Sato ideals with corresponding
multiplicities in [2], respectively, if it is principal; otherwise only a list of generators
as BS[1], BS[2], ... , ([6]).

e LIB "dmod.lib”;

L4 /rzng r= 07 (:B7 y)? dp;

o ideal F =x,y,axx+y,bxx+y;
Let us compute the ideal B of F':

o def B=annfsBMI(F); setring B;

e BS;

o [1]:
- [l]=s+1
— 2] =s2+1
— [Bl=s3+1

— [4]:Sl+82+83+84+3

— [Bl=s1+s2+s3+8,+6
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—[6]=s1+s2+s3+S4+5
—[7M=s1+s2+s3+s4+4
— 8] =81+ 82+ 83+ 8442
— 9 =ss+1

o [2:1,1,1,1,1,1,1,1,1

Therefore, the Bernstein-Sato ideal B of F' is

4 6 4

(LI + DI s+

i=1 j=2 i=1

B

Now let us compute the ideal By of F':

e setring r;

o def By =annfsBMI(F,0,1); setring Bi;

e BS;

o [1]:
- [1]=s+1
—[2]=s81+s2+s3+84+3
—B]=s1+s2+s3+84+2

o [2]: 1,1,1

Therefore, the Bernsten-Sato ideal By of F' is

By = ((s1+1)(s1+ s2 4 s34 54+ 2)(s1 + 52 + 53+ 54+ 3)).

Now let us compute the ideal By of F':
e setring r;
o def By = annfsBMI(F,0,2); setring Bs;
e BS;
o [1]:
- [1]=s+1

- [2]281+82+83+54+3



*[3]:Sl+82+83+$4+2
e [2]: 1,1,1
Therefore, the Bernsten-Sato ideal By of F' is

By = ((s2+ 1)(s1+ $2 4 s34 54+ 2)(s1 + 52 + 53+ 54+ 3)).

Now let us compute the ideal By of F':
e setring r;
o def By =annfsBMI(F,0,3); setring Bs;
e BS;
o [1]:
- [1]=s3+1
—[2]=s1+s2+s3+84+3
— [B]=s1+s2+s3+84+2
o 2]: 1,1,1
Therefore, the Bernsten-Sato ideal By of F' is

By = ((s3+ 1)(s1+ 52+ 853+ 54+ 2)(81 + 82+ 83+ 84 + 3)).

Now let us compute the ideal By of F':
e setring 1y
o def By =annfsBMI(F,0,4); setring By;
e BS;
e [1]:
- [1]=s4+1
— 2]=s1+s2+53+5:+3
—[B]=s1+s2+ 83+ 84+2
e [2]: 1,1,1
Therefore, the Bernsten-Sato ideal By of F is

By = ((s4 4 1)(s1 4 52 + 53 + 54 +2)(51 + 52 + 53 + 54 + 3)).
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Now let us compute the ideal By~ of F:
e setring 1

o def By = annfsBMI(F,0,—1); setring By~;

e BS;

e [1]:
—[1]=s1+s2+s3+84+2

e 2]: 1

Therefore, the Bernsten-Sato ideal By~ of F' is

Bs~ = (51 4+ 52+ 53+ 54 + 2).

6.3 Bernstein-Sato ideals for braid arrangement

In this section we are going to compute the Bernstein-Sato ideals of braid arrange-
ment in 3 and 4 variables.

Example 6.3.1. Here let us compute the Bernstein-Sato ideals of
F = (r1 — 2z2)(x1 — x3) (292 — 3)
which is braid arrangement in 3 variables:
e LIB 7dmod.lib”;
o ring r =0,x(1..3), dp,
o ideal F =11 — 19,29 — T3, T1 — T3;
let us compute the B ideal:
o def B=annfsBMI(F); setring B;
e BS;
o [1]:
- [1]=s+1
- [2]=s2+1
—Bl=s1+s+s3+4
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— [4] =51+ 52+ 53 +2
— [5] =51 +52+53+3
—[6]=s3+1

o [2]: 1,1,1,1,1,1

Therefore, the Bernstein-Sato ideal B of F is

3 4

B = <H(Sl + 1) H(Sl + S9 + S3 —|—j)>

i=1 =2
Now let us compute the ideal By of F':
e setring r;
o def By = annfsBMI(F,0,1); setring Bi;
e BS;
o [1]:
- [1]=s+1
—2]=s1+5+53+2
o [2: 1,1
Therefore, the Bernstein-Sato ideal By of F is By = ((s1+1)(s1+s2+s3+2)). With

simalar computational procedures we get
By = ((sa+ 1)(s1 4 s2 + s3+2)) and By = ((s3 + 1)(s1 + s2 + 53 + 2)).
Now let us compute the ideal Bs> of F':

e setring r;

o def By = annfsBMI(F,0,—1); setring By;

o BS;
o [1]:

— [ =51 452+ 83+2
o [2: 1

Therefore, the Bernstein-Sato ideal By of F is By = (s1 + s2 4 53 + 2).
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Example 6.3.2. For the braid arrangement in four variables

[[Gi—a)1<i5 <4,

i<j

we compute the Bernstein-Sato ideals for any four of the factors from the siz linear
forms. These sets of four elements form two orbits Q2 and I under the permutation
group Sy acting by permuting variables, that is, for 6 € Sy, x; = T54). At least
directly (but see next example) we can not calculate the Bernstein-Sato ideals for
the whole arrangement. But we can do it for such factors as above. For the orbit )

which contains three elements such as, just to mention one of them

(21— @2) (21 — 24) (T2 — 23) (3 — T4),

the Bernstein-Sato ideals are

4 6

B = <H(Si+1)H(81+82+S3+54+j)>

i=1 =3

<

B = ((sj + 1)(s1 + 52+ s34+ 54 + 3))

and

BZ = <(81+82+$3—|—S4+3)>.

For the orbit I' which contains twelve elements we have similar structured Bernstein-
Sato ideals. For instance, let us take (x1 — x9)(x1 — x3)(x1 — x4) (2o —x4) € T, it has
the following Bernstein-Sato ideals

4 4

B = <H<Sz + 1) H(Sl + S3 + S4 +])>, BZ = <(82 + 1), (81 + S3 -+ Sy 4+ 2)>,

i=1 =2
Bi=(s;i+1)(s1+s3+ss+2),i=1,3,4; and By = (s9 + 1).

Note that the Bernstein-Sato ideal By~ in this orbit is not principal. By permuting

I' with suitable element in Sy, one can obtain the following possibilities:
1. B= ([T (si + D ITi_y(s1+ 52 +5347)); By = ((s4+1), (51 + 59+ 53 +2));

J=2

Bi=(s;i+1)(s1+s2+s3+2),i=1,2,3; and By = (s4 + 1);

2. B= <H?:1(Si+ 1) H?:2(82+83—|—S4 —|—j>>, BZ = <(51 —|—1), (82+83+S4—|—2)>;
Bi=(si+1)(sa+s3+s4+2),i=2,3,4; and By = (s1 + 1);
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3. B= (H?Zl(si—l— 1) H?:Q(Sl +s3+54+7)); By = ((s3+1), (514 52+ 54+ 2));
Bi=(s; +1)(s1+ 8y +84+2),i=1,2,4; and B3 = (s3+ 1).

Example 6.3.3. In Example 6.3.2 if we let x := x1 — 29,y := T — 3, and z :=

r3— Xy, then x+y =21 — 23,y + 2 := x5 — x4 and x +y + z := x1 — x4. Therefore,

calculating the Bernstein-Sato ideals of the braid arrangement Hi<j(xi —xz;),1 <
1,7 < 4 in 4 variables, is the same as calculating the Bernstein-Sato ideals of o :=
zyz(x +y)(y + 2)(x +y + z). Hence, the Bernstein-Sato ideals B; corresponding to

each linear factors of a are calculated using singular as follows.
o LIB 7dmod.lib”;
e ringr =0, (x,y,2),dp;
o ideal v =x,y,z,c+y,y+z2,2+y+ 2
Let us compute the ideal By~ of a:
o def By = annfsBMI(«,0,—1); setring By;
e BS;
o [1]:
—[1]=s1+s2+83+84+85+56+3
e [2]:1
Therefore, the Bernstein-Sato ideal By~ of « is principal generated by

81+82+83+34+$5+S6+3.

Let us now compute the ideal By of a:
e setring r;
o def By = annfsBMI(«,0,1); setring By;
e BS;
o [1]:
- [1]=s+1
—2l=s1+s1+5:+2

- [3]281+82+83+S4+85+86+3
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— [4 =s1+ 52+ 83+ 54+ 85+ 56+ 4
— [5]:Sl+85—|—86+2
o [2:1,1,1,1,1

Therefore, the Bernstein-Sato ideal By of o s

6

B, = (H(Zsi + 7)(s1 4 1) (514 824 54+ 2)(s1 + 55 + 56 + 2)).

<.

With analogous procedures, the other Bernstein-Sato ideals of a are

6

Bs = HZSH‘] (s3+1)(s2+ s34 85 +2) (83 + 84+ 56 1 2));
7=3 =1

6

Zsl—i—j (544 1)(83+ 54+ 56 + 2)(s1 + 2+ 54+ 2));
7j=3 =1

:»

By = {

4 6

Bs = HZSH—] (85 4+ 1)(s2 + s34 85+ 2)(51 + 55 + 86 + 2));
7j=3 =1

4 6

Bo = (][O si+3)(s6+ 1)(s5 + sa+ 56+ 2) (51 + 55+ 56+ 2)).

§=3 i=1

Note that Sy acts transitively on the hyperplanes x;—x; = 0 and hence on x,y, z, v+

Y, y+z and x+y+z. For example (13)(x; —x2) = —(z2—x3). So (13)x = —y. This

induces an action on the exponents sy, Sa, ..., ¢, and clearly on B; e.g. (13)B; = Bs.

Thus for any braid arrangement it suffices to determine one of the B; (and one also

gets information on which permutations keep By invariant).
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