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Abstract

Stochastic chance-constrained programming is mainly concerned with the problem that
the decision maker must give his solution before the random variables come true. In
this problem, the probability of decision satisfying the constraints cannot be less than
some given probability level, or reliability level or confidence level α. There are two main
difficulties with such chance-constrained problems. First, checking feasibility of a given
candidate solution exactly is impossible in general. Second, the feasible region induced
by chance constraints is, in general, non-convex leading to severe optimization challenges.

Chance constrained optimization problems in engineering applications possess highly
non-linear process models and non-convex structures. As a result, solving a non-linear
non-convex chance constrained optimization (CCOPT) problem remains as a challenging
task. The major difficulty lies in the evaluation of probability values and gradients of
inequality constraints which are non-linear functions of stochastic variables. This the-
sis will focus on Inner-Outer smooth analytic approximation to improve tractability of
non-convex chance constraints. Also this thesis is devoted to an example of optimization
problems that include PDEs constraint in the case of heat transfer by implementing the
Inner-Outer approximation scheme.

Keywords: Stochastic Optimal Control, Probability Constraint, Chance constrained
optimization and Analytic approximation.
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Variables, Parameters and Notations

x Spatial Variable
D Spatial Domain
BD The Boundary of the Spatial Domain D
Ω The set of Random Variables
u Control/Decision Variable
y State Variable
ξ Random Variable
L Length
yd Desired State
λ Regularization Parameter
α A Pre-defined level of reliability
κpx, ξq Random coefficient
ymax The State Constraint
Jpu, yq Objective Functional
U Admissible Control
umin Minimum Control Required
umax The Maximum Control
F The σ-algebra
P The Probability Measure
Φpξq The Probability Density Function of ξ
τ A Positive Real Approximation Parameter
Θ A Parametric Function
Rm m couple of real numbers
T Temperature
Tmin Minimum Temperature
k The Kernel Function
∆y Laplacian of y
fpu, x, ξq Random Forcing/source term
gpu, ξq A Random State Constraint
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Abbreviations / Nomenclature

PDF Probability Density Function
MC Monte Carlo
KL Karhunen-Lèove
PC Polynomial Chaos
GPC Generalized Polynomial Chaos
QMC Qausi-Monte Carlo
NLP Non-linear Programming
ODE Ordinary Differential Equation
PDE Partial Differential Equation
SPDE Stochastic Partial Differential Equation
SQP Sequential Quadratic Programming
DC Difference-Convex
SAA Sample Average Approximation
IA Inner Approximation
OA Outer Approximation
E Expected Value
Pr Probability Value
PIA Problem using Inner Approximation
POA Problem using Outer Approximation
NQMC Number of Random Samples using QMC
min Minimize
TIA Temperature using Inner Approximation
TOA Temperature using Outer Approximation
UQ Uncertainty Quantification
CCOPT Chance Constrained Optimization
CCOPTPDE CCOPT with PDE Constraints
NLP1 Non-Linear Programming Problem 1
NLP2 Non-Linear Programming Problem 1
w.r.t. with respect to
s.t. subject to
i.e. That is
e.g. Example
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Chapter 1

Introduction

Today, deterministic mathematical models are still widely used in the analysis of different
systems composed of uncertain media. This result to the introduction of the conservative
factors of safety applied to the approximate mean-value solution, which gives a signifi-
cant increase in the design, construction and operational costs. Apparently, deterministic
models can be considered only as approximations to the corresponding physical prob-
lems. The lack of a versatile stochastic model for uncertain media and the inadequacy of
compatible analysis tools for the corresponding stochastic partial differential equations
(SPDEs) are the reasons why deterministic models are still widely used. Therefore, it is
of vital importance to investigate the mathematical foundation and to develop efficient
and tough solving method for practical scientific systems consisting of uncertain media.

Many engineering problems are modelled by partial differential equations (PDEs)
with uncertainties in both model and parameters and in operating conditions. In general,
when a PDE system has random coefficients or disturbances, then the solutions of the
PDE system will be also random. Hence, a mathematical analysis of such PDE systems
requires appropriate characterization of the random (input) disturbances and quantifica-
tion of their impact on the solutions (outputs) of the PDE system. Generally, this calls
for strategies of uncertainty quantification in order to capture the propagated uncertain-
ties from random inputs to the outputs. Currently, there is an extensive research work
on uncertainty quantification methods. As a result, uncertainty quantification meth-
ods are frequently used to extract statistical properties, such as, first- or second-order
moments, probability distributions, etc., of the solutions of the PDE system. Neverthe-
less, uncertainty quantification methods are basically simulation methods and they do
not automatically provide optimal solution to stochastic PDE systems. Consequently,
optimization problems with PDE constraints under uncertainties remain as a challenge
due to their mathematical and numerical complexities. Optimization of stochastic PDE
systems, where chance constraints are to be imposed on spatially distributed output vari-
ables have not been properly investigated.

This work implements an Inner- and Outer parametric approximations of the feasible set
of a chance constrained optimization with partial differential equations (CCOPTPDE)
problem. The parametric approximation problems are more tractable than the original
CCOPTPDE problem. Furthermore, the solution of the inner approximation problem
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are always feasible to the CCOPTPDE and converge to an optimal solution of CCOPT-
PDE w.r.t. the approximation parameter. Furthermore, the outer approximate problem
is designed to provide a numerical validation for approximate solution obtained through
the inner approximation.

The remainder of the thesis is organized as follows. Section 2 states the problem
formulation, Section 3 presents a review on partial differential equations with random
input and optimization problems with PDE constraints. Section 4 presents a brief review
on theory and methods of chance constrained optimization problems. Section 5 presents
a Numerical example implemented by the Inner and Outer approximation schemes. The
thesis concludes in Section 6 with a summary and some future research directions.
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Chapter 2

Problem Formulation

This study on CCOPTPDE is motivated by engineering applications. For the sake of
clarity of presentation, the discussion here considers CCOPTPDE with one chance con-
straint in the case of heat induction. As a result, the study considers a chance constrained
optimization of linear elliptic partial differential equation problems.
This research work deals with numerical methods for problems with elliptic PDE con-
straints under chance constrained state variables in the case of heat transfer. Hence, the
problem to be studied has the general form:

pCCOPTPDEq min
u
ErJpu, yqs (2.1)

Subject to

´κpx, ξq∆y “ fpu, x, ξq, in D ˆ Ω, (2.2)

y “ 0, on BD ˆ Ω, (2.3)

Prtypx, ξq ď ymaxpxqu ě α, in D, (2.4)

umin ď u ď umax. (2.5)

where

• D Ă Rnpn “ 1, n “ 2 or n “ 3q is a bounded region, x P D represent the spatial
variables and y P pH1rDs ˆ L2pΩq,Rpq represents state variables.

• The decision variables u P U “ tv P Rm | umin ď v ď umaxu are commonly called
controls. Hence, equation 2.5 defines a box-constraint on the control variables.

• The objective function in 2.1 has the form

ErJpu, yqs “
1

2
Er‖y ´ yd‖2

s `
λ

2
‖u‖2

L2pDq.

The variable y represents the actual state of the system and yd is a desired value that
the actual states should attain. Due to uncertainties, the desired values cannot be
attained deterministically. Hence, we minimize the expected value of the deviations
of the actual states y from the desired states yd in norm, as indicated by Er‖y´yd‖2s.
The regularization term λ

2
‖u‖2

L2pDq guarantees stability of optimal solutions with
an appropriately chosen regularization parameter λ ą 0.
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• Equation 2.2 is a linear elliptic partial differential equations with a random coeffi-
cient κpx, ξq and a random forcing term fpu, x, ξq;

• Equation 2.3 imposes Drichlet type boundary condition; where BD represents
the boundary of the spacial domain D. However, Neumann or other type of bound-
ary conditions can be also considered.

• Ω Ă Rp is the set of random variables ξ .

• The multivariate random variable ξT “ pξ1, ξ2, ¨ ¨ ¨ , ξpq is assumed to have a known
or a given joint-probability density function Φpξq. Thus, the random variable ξ
belongs to a probability space pΩ,F ,Pq, where F is the σ-algebra and P is the
probability measure associated to ξ .

• The operators Er¨s and Prp¨q respectively represent expected value and probability
measure with respect to the random variable ξ .

• Equation 2.4 defines chance constraints. The constraint Prtypx, ξq ď ymaxu ě α
specifies probability (reliability) level of holding restrictions the spatially varying
state variables, where α P r0, 1s is a pre-specified level of reliability. The chance
constraints are required to hold point-wise over the spatial dimension D.

• In particular, for the systems of PDE equations (2.2 - 2.3) we take a heat transfer
equation.

2.1 Scope of the Study

The scope of this thesis is to investigate the application of numerical methods with PDE;
in particular chance-constraints. The modeling concept introduced here, in the specific
area of heat transfer optimization problems under uncertainties. To deal with the opti-
mization under parameter uncertainty has to be considered. Most parameter uncertain-
ties are usually steady-state in nature. Uncertainties can be temperature and pressure of
the operating unit conditions and uncertainties representing the unavailability of process
knowledge such as model parameters. Model parameters are often retreated from an
uncertain data. However, these uncertain variables will propagate through the process to
the output variables and the outputs will also be uncertain. To overcome this problem,
numerical methods for heat transfer under chance constrained is proposed in this thesis.
This applies new approaches to probability density function (PDF). This computational
experience shows that chance-constraints solving methods to optimality problems that
could not or could be only approximately solved by other existing approaches.

2.2 Objectives of the Study

The major objectives of the study are:
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I. To develop numerical methods for the efficient solution of the problem.

To design a tractable analytic approximation of chance constraints to facilitate sim-
pler computation of chance constraints. Furthermore, to implement efficient numerical
method for the discretization of deterministic PDE and transformation of the PDE con-
strained problem into an optimization problem. Finally, to apply an efficient optimization
solver for the solution of the (possibly nonlinear large-scale) optimization problems.

II. To demonstrate the viability of the overall numerical developments by
solving practical problem.

We consider an optimal control of heat transfer with chance constraint as an example
to show the viability of the Inner-Outer Analytic approximation scheme. The example
is a practical problem in heat induction process.

15



Chapter 3

Partial Differential Equations with
Random Inputs and Optimization
Problems with PDE Constraints

3.1 Partial Differential Equations with Random In-

puts

3.1.1 Sources of Uncertainty and Their Distributions

In many PDE systems, there are difficulties in complete and precise determination of
process parameters due to difficulties in taking accurate measurements, high spatial vari-
ations, and heterogeneity of materials [6]. Coefficients that depend on imprecisely known
material properties, like specific heat capacity, viscosity, hydraulic conductivity, perme-
ability (as in flow through porous media) are sources of input uncertainties. Beside
these internal uncertainties, there can also be uncertainties arising from external inputs.
For instance, ambient temperature, pressure, aerodynamic activities could impose a non-
negligible impact on the process performance. In a PDE system such uncertainties reveal
themselves through the source term (forcing term) or through boundary conditions ([5],
[41], [53]).
These input uncertainties are usually described as random variables with known prob-
ability distributions. They may be Gaussian or non-Gaussian or mixed distributions.
Recent results show that Gaussian models are not always appropriate for all types of in-
put uncertainties ([1], [49], [114], [123]). For instance, the work [4] considers log-normal
input uncertainties, while Beta-distribution was considered in [122]. In addition, input
random variables of physical processes are often either partially or fully correlated, which
may complicate the study of such uncertainties.
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3.1.2 Uncertainty Quantification Methods for Partial Differen-
tial Equations with Random Inputs

Uncertainty quantification refers to characterization of the impact of input uncertainties
on the outputs. The outputs of a PDE system are actually the solutions of the PDE for
a given realization of the random variables.
In general, input uncertainties propagate through the PDE model and cause uncertainties
in the system outputs. It is imperative to have an appropriate characterization of the
uncertainty properties of the output variables. Nevertheless, an analytic representation
of distributions of output variables from the probability distributions of the uncertain
inputs is rarely available. Therefore, current research effort is highly concentrated on the
quantification of the uncertainties of the outputs to extract statistical properties like first,
second and higher order moments, or to approximate their probability distributions ([5],
[60], [95], [120]). Almost all following studies are limited to the design of computational
strategies for efficient simulation of the stochastic PDE model to facilitate uncertainty
quantification of system outputs.

a. Monte-Carlo Methods

Monte-Carlo (MC) methods are widely used classical approaches for simulating stochastic
PDE systems to characterize the effects of random inputs. An accurate estimation of
statistical properties of the outputs can only be attained through repeated simulations
with a large sample size. This makes MC methods impractical, since a repeated solution
of a large set of PDEs in many scenarios is intractable. Recently, a potential improvement
was proposed by the so-called multilevel MC methods which use a stepwise refinement
of the sample sets guaranteeing variance reduction ([8], [9], [40]).

b. Karhunen-Loève (KL) Expansion

Uncertain inputs in a PDE model often vary both spatially and randomly. Such compo-
nents of the stochastic PDE model are commonly considered as random fields. When the
mean and covariance of the random fields are known, the Karhunen-Loève(KL) expan-
sion (Karhunen [78], Loève [86]) provides an infinite sum as an analytic representation
of these random fields. It consists of eigenvalues and eigen-functions of the Fredholm
integral operator which is associated with the covariance of the respective random fields.
Each random field can be described as an infinite sum of deterministic (spatially vary-
ing) basis functions with random coefficients. As a result, this representation provides a
decoupling of deterministic and stochastic parts and simplifies subsequent processing of
spatial and random variables independently. The substitution of each random field in the
stochastic PDE system by its corresponding KL expansion yields an infinite dimensional
problem. To solve this problem, the infinite sums have to be truncated by retaining only
the first few terms [60]. The resulting stochastic PDE system (surrogate model) is only
an approximation of the original governing PDE. Therefore, the impact of truncation
error on the chance constrained outputs is an open issue that should be investigated.
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c. Polynomial Chaos Expansion

The polynomial chaos (PC) expansion provides a direct functional and analytic rela-
tion between the random inputs and the solutions of the PDE system. This relation
is expressed in terms of infinite weighted sums of (multi-dimensional) polynomials of
the random input variables. The weights (coefficients) of this infinite-sum expansion
are deterministic functions of the spatial variables. Hence, it facilitates a decoupling of
the random outputs into stochastic and spatial components. Wiener [117] first consid-
ered expansion of output uncertainties in terms of input uncertainties by introducing the
concept of homogenous chaos. In 1989 Ghanem and Spanos [109] extended this to (spec-
tral) stochastic finite elements. These initial considerations were limited to Gaussian
distributed input uncertainties using Hermite polynomials. In 2002 Xiu and Karniadakis
[123] extended the theory to generalized polynomial chaos (GPC) expansion to consider
input uncertainties with various types of probability distributions.
For PC expansion of random fields, the components of the random input vector are as-
sumed to be statistically independent and their joint density function is a product of
the probability densities of the one-dimensional components [123]. As a result, in the
probability space, multidimensional interpolating polynomials are generated as a tensor-
product of the corresponding one-dimensional orthogonal polynomials. However, if the
input uncertainties are non-Gaussian random variables, a de-correlation of the random
variables is needed to express their joint density function in a product form.
Again, the PC expansion consists of an infinite sum of multi-dimensional random polyno-
mials whose degrees increase along with the summation index. For a practical numerical
computation, there should be a balanced truncation of the infinite series. Subsequently,
replacing the unknowns of the PDE system by their respective truncated PC expansions
leads to a finite dimensional approximation of the original PDE system. Consequently,
due to its ability to capture both Gaussian and non-Gaussian input uncertainties, the
PC expansion has evolved as an indispensable tool for the analysis of stochastic PDE
models ([49], [53], [121], [122]). In the context of chance constrained optimization of PDE
systems, it is necessary to derive optimal spatially varying coefficients of truncated PC
expansions of individual outputs.

d. Deterministic Transformation of Stochastic PDEs

A chance constrained optimization of a stochastic PDE system presupposes a transfor-
mation of the system into a deterministic optimization problem, so that it can be solved
by an available NLP algorithm. The truncated KL expansion or the PC expansion of
the random fields yields a tractable substitution of the original stochastic PDE model.
However, such a surrogate model is still stochastic and have to be represented by an
equivalent deterministic one for the intended numerical computation. Following strate-
gies have been commonly used to accomplish this task.

I. The Stochastic Galerkin Method
Initially proposed by Ghanem and Spanos [60], the stochastic Galerkin method
projects the stochastic PDE system onto the space of the multi-dimensional orthog-
onal polynomials. The projection uses the orthogonality property of the expansion

18



polynomials w.r.t. the scalar product of the underlying Hilbert space to which the
polynomials belong. This results in a set of deterministic PDEs. Basically this
method was used for uncertainty quantification in relation with linear or quasi-
linear stochastic PDE models ([6], [7], [42], [49], [51]).When the governing stochas-
tic PDEs are of complex structure, the Galerkin method leads to highly coupled set
of deterministic PDEs, posing difficulties for subsequent numerical computation on
the spatial dimension. It could also damage some salient problem structures that
are exploitable in computational procedures [121].

II. Quasi-Monte Carlo Methods
Quasi-Monte-Carlo (QMC) methods generate deterministic samples that cover the
domain of random variables as uniformly as possible with a given low-discrepancy
property ([19], [94]). They are simple to construct and can be used irrespective of
the type of probability distribution of the random input variables as long as the
random variables are independent. A stochastic PDE model can be transformed
into a set of deterministic PDEs by substituting the random input variables with
their discrete realizations from the QMC sequences. Recently QMC methods were
used for deterministic transformation of stochastic PDEs in some engineering ap-
plications ([4], [64], [82]). In contrast to the Galerkin projection method, the QMC
methods lead to a decoupled system of deterministic PDEs. This is particularly
advantageous for the treatment of stochastic PDEs with complex nonlinearities.
Unfortunately, accurate deterministic representation of the stochastic PDE model
requires a large set of uniformly distributed low-discrepancy sequences, which leads
to a very large number of deterministic PDEs whose solution cannot be attained
within a reasonable CPU time. Hence, optimization of chance constrained PDE
systems may suffer from computational complexities if QMC methods are employed.

III. Discretization Based on Sparse-Grid Collocation
Introduced by Smolyak [108], sparse-grid methods (also known as sparse-grid stochas-
tic collocation methods [95]) discretize the probability space of the random input
variables by using a few number of grid points to transform the stochastic PDE
model into a set of deterministic PDEs. Further studies showed that the construc-
tion of high-dimensional sparse grid discretization of the probability space can be
attained by a skillful combination of one-dimensional quadrature nodes ( [10], [17],
[59]). The quality of a given sparse-grid is measured by its polynomial exactness
[10]. Therefore, the number of discretization points in the sparse-grid methods is
very low in contrast to QMC methods.
Currently, one-dimensional embedded quadrature rules like Gauss, Clenshaw-Curtis,
Kronord-Patterson are found to lead to embedded sparse grids which have good
error estimates and are easy to refine. Such grid-points are highly acclaimed for
computation of probability integrals as well as for deterministic representation of
stochastic PDEs [95]. Like QMC methods, the sparse grid discretization of the
probability space leads to a set of uncoupled deterministic PDEs. This has several
advantages. First, the number of constituent deterministic PDEs is relatively low in
comparison to the QMC methods. Second, efficient deterministic representation of
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nonlinear stochastic PDEs is preferably done by sparse-grid than by Galerkin pro-
jection methods [121]. Third, the use of sparse-grid methods in conjunction with
polynomial chaos collocation of the outputs provides an enormous benefit, since
sparse grids can be constructed in such a way as to be able to exactly integrate all
polynomials in the PC expansion. Thus, it can provide an exact evaluation of the
surrogate PDEs on the probability space.
A further important advantage of sparse-grid collocation methods is their poten-
tial use for the computation of multi-dimensional integrals associated with chance
constraints and their gradients. Therefore, the construction of sparse-grids should
consider this issue from the outset and sparse grids should be designed to tackle
both the task of deterministic transformation of the PDEs as well as efficient eval-
uation of multi-dimensional probability integrals. In particular, chance constrained
stochastic optimization problems require repeated evaluation of multi-dimensional
probability integrals and the use of sparse-grid methods entails enormous compu-
tational benefits as has been demonstrated by our thesis ([55], [79]).

3.2 Optimization Problems with PDE Constraints

Optimal control problems of deterministic PDE systems are currently fairly well studied.
Nevertheless, optimization problems with PDEs under state constraints are known to
pose enormous difficulties ( [20], [80], [89], [92]).
Up to now, there exist only a few contributions where quasilinear equations have been
studied in the context of optimal control problems. Recently, Casas and Tröltzsch con-
sidered in [20], [31], [32] the equation (5.7) - (5.8) with homogeneous Dirichlet boundary
conditions and the theory developed in [20] extended to the more delicate case of inho-
mogeneous Neumann boundary conditions in [47].

3.2.1 Existence of Solutions

Proving the existence of an optimal control in the PDE case requires more work than
in the ODE case. A priori estimates of the norms of the states in the solution space
are needed to justify convergence. If the controls are bounded above and below, one can
usually obtain corresponding bounds in the solution space for the states. The existence
of optimal solution to the problem of semilinear elliptic PDEs was well studied ([20], [80],
[89], [92]).

3.2.2 Optimality Conditions

For convex problems first-order necessary optimality conditions are even sufficient for
global optimality. In contrast to this, for nonlinear problems higher order conditions
such as second-order sufficient conditions should be employed to verify local optimality.
The latter ones are proved to be indispensable for several reasons. First, they play an
important role in the stability and numerical analysis of the optimal control problems,
in particular in the error analysis for local solutions of the finite element approximation
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of the control problems. Secondly, the convergence analysis of higher order numerical
optimization algorithms such as SQP-type methods rely heavily on second-order suffi-
cient conditions, see Alt and Malanowski [2], Dontchev et al. [48] or Ito and Kunisch
[77]. Likewise, second-order necessary conditions should also be studied since they serve
to measure the gap between them and the sufficient ones. In turn, this gap shows how
restrictive the sufficient conditions under consideration are. This explains why we are
concerned in formulating sufficient second-order conditions which are the closest to the
associated necessary ones.
There are two common techniques to verify that certain second-order conditions are
sufficient for local optimality. The first way is to apply some abstract methods for op-
timization problems in function spaces, see Casas and Tröltzsch [34], while the other
method uses Pontryagin’s principle, cf. Casas and Mateos [28]. In [29], Casas, Mateos
and Tröltzsch, have shown that both methods are equivalent.
Meanwhile, there exists a very extensive literature devoted to second-order optimality
conditions for control problems governed by partial differential equations. We mention
only the textbook by Tröltzsch [112] for an overview, Goldberg and Tröltzsch [61], [62],
[63] for boundary control of parabolic equations, Casas, Tröltzsch and Unger [35], [36],
as well as Casas and Tröltzsch [33], for elliptic boundary control problems with nonlinear
boundary conditions.
The list of contributions concerning the Pontryagin’s principle is very large. For ellip-
tic problems this principle was investigated by Casas [21], while the parabolic case was
studied by Casas [23], Casas et al. [30] and Raymond and Zidani [102]. In the context
of quasilinear equations with nonlinearity of gradient type, Pontryagin’s principle was
considered by Casas [22] and Casas and Yong [37].
There is some recent progress in the case of optimal control problems governed by quasi-
linear equations. The first step towards a corresponding analysis was recently made by
Casas and Tröltzsch in [20], where first- and second-order optimality conditions as well
as a Pontryagin’s principle for the distributed optimal control of quasilinear elliptic equa-
tions are discussed. Other publications concerning quasilinear equations, in which the
leading coefficient of the differential operator depends on the gradient of the solution,
Casas and Fernández [25], [26], Casas and Yong [37] and Casas et al. [27], for problems
with non-linearity of gradient type.

a. Optimality Conditions in the Presence of Control Constraints

Since the controls are in Rm and infinitely many point-wise state constraints are given,
this problem belongs to the class of semi-infinite mathematical programming problems.
Therefore, the first- and second-order optimality conditions might be deduced from the
theory of semi-infinite programming. Nevertheless, the transfer of these results to the
control of PDEs needs the handling of the associated partial differential equations and
discussing the differentiability properties of the underlying control-to-state mappings
([20], [80], [89], [92]).
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b. Optimality Conditions in the Presence of Both Control and
State Constraints

State-constraints in PDE control problems are known to pose difficulties. The optimality
conditions of control problems of state-constrained deterministic PDEs was well studied
([21], [43], [44], [68]) .
In the late 1980s and early 1990s a number of research efforts focused on the existence of
Lagrange multipliers for point-wise state constraints in optimal control of partial differ-
ential equations (PDEs); see, for instance, [21] in the case of zero-order state constraints.
While [21], [24] focus on second order linear elliptic differential equations and tracking-
type objective functionals, subsequent work such as, [103], [104] considered parabolic
PDEs and/or various types of nonlinearities. Moreover, investigations of second order
optimality conditions in the presence of pointwise state constraints can be found in [101]
and the references therein. In many of these papers, for guaranteeing the existence of
multipliers it is common to rely on the Slater constraint qualification, which requires that
the feasible set contains an interior point.

3.2.3 Regularity Conditions

It is well known that the numerical treatment of state-constrained problems is a quite dif-
ficult issue. On the one hand, the measure type form of Lagrange multipliers complicates
the numerical treatment of the problems, see [21]. On the other hand, in the analysis one
is faced with some ill-conditioned equations when dealing with state-constrained prob-
lems. This is mostly due to the compactness of the mapping u ÞÑ y. This is known for
distributed optimal control problems and it turns out to be even harder in the case of
boundary control.
In the last years, two different regularization concepts were proposed to overcome the
difficulties mentioned previously. First, Ito and Kunisch [76] suggested a Moreau- Yosida
type regularization approach, which removes the point-wise state inequality constraints
by adding a penalty term to the objective functional and interior point methods, [107]
and the so called virtual control concept, first introduced in [81]. Hereafter, the penalized
problems are solved in an efficient way. We also refer to [13], [14], and [76].
Later, Meyer, Rösch, and Tröltzsch, [89] came up with a Lavrentiev type regularization
to the point-wise state inequality constraints, see also the case of pure state constraints
in [90]. In contrast to the first method, it preserves, in some sense, the structure of the
state-constrained problem.
A Lavrentiev type regularization technique for solving elliptic boundary control problems
with pointwise state constraints is also considered by F. Tröltzsch, I. Yousept [111].

3.2.4 Numerical Solution Methods

The efficient numerical solution of optimal control problems is an important task in a
variety of applications. Discretization of the corresponding first-order conditions yields
a large linear indefinite saddle point system and additional complementarity conditions
due to the control-constraints. Efficient methods to solve such problems include the
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primal-dual active set strategy ([12], [13], [70]) and interior-point methods ([88], [119]).
Concerning the development of numerical solution algorithms for PDE constrained op-
timization problems subject to point-wise state constraints significant advances were
obtained only in comparatively recent work. In [76], [71], [72], for instance, Moreau-
Yosida-based inexact primal-dual path-following techniques are proposed and analysed,
and in [89], [100], [113] Lavrentiev-regularization is considered . In [73], [74] a technique
based on shape sensitivity and level set methods is introduced. These works do not
consider the case of combined control and state constraints and the case of point-wise
constraints on the gradient of the state. Concerning the optimal control of ordinary
differential equations with control as well as state constraints we mention [18], [87] and
references given there.
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Chapter 4

A Review on Theory and Methods
of Chance Constrained Optimization
Problems

Chance constrained optimization (CCOPT) models were initially introduced by Charnes
et al. [[38], [39]] in the 1950’s in connection with financial planning problems. Beginning
in the 1990’s, chance constrained optimization methods started to gain ground in Pro-
cess Systems Engineering applications [ [3], [57], [56], [55], [83], [84], [85], [116]], etc., for
steady-state optimization. Since the impact of input uncertainties ξ propagates through
the process and cause the process outputs y to become random, deterministic constraints
like y ď ymax on the output are destined to be violated. Instead, such constraints are
better stated with probabilistic values as Prty ď ymaxu ě α, where α is the probability
(reliability) level such that 0 ď α ď 1. For values of α near 1, the chance constraint pro-
vides a higher reliability of holding the output constraints. As a matter of fact, for α “ 1,
the chance constraint method itself becomes conservative; hence, usually α is chosen less
but near 1. From theoretical and practical point of view, it is generally recommended
that α be chosen so that α ě 0.5; i.e., output constraints need to be satisfied at least
with 50% reliability. Moreover, the expression Prty ď ymaxu ě α is also equivalent to
the expression Prty ď ymaxu ď 1´ α, i.e., the chance constraint allows the outputs y to
violate the bound with a probability of 1 ´ α. This risk of violation of the constraints
is very small, when α is near 1. On the whole, the acceptance of a degree of risk for
violation of constraints can be highly rewarding in terms of economic gains and process
flexibility.

Chance constrained optimization of PDEs leads to an infinite-dimensional optimiza-
tion problem with respect to spatial constraints to be satisfied in the presence of uncer-
tainties. A numerical solution of such a problem in a NLP framework requires

(a) Description of the input uncertainties and their distributions,
(b) Characterization of the impact of the input uncertainties on the constrained out-

puts of the PDE system and dimension reduction (spatially and stochastically),
(c) Conversion to a deterministic optimization problem,
(d) Evaluation of chance constraints as well as their gradients and to efficient solve

the resulting deterministic NLP problem.
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4.1 Chance Constrained Optimization Methods and

Computation of Chance Constraints

The major challenge in solving chance constrained optimization problems stems from
the difficulty of computing the probability values of chance constraints and their gra-
dients. In particular, the evaluation of chance constraints of PDE systems on spatially
varying random variables is not yet known. Recently, there is a concentrated research
effort to improve tractability of chance constrained optimization problems through ap-
proximation methods. Among such methods are analytic approximation, sample average
approximation, scenario generation and deterministic integration.

4.1.1 Sample Average Approximation

The sample average approximation (SAA) ([97], [115]) replaces a probability value by a
relative frequency of satisfying the constraint based on samples taken from the random
inputs. Basically Monte-Carlo or Quasi-Monte-Carlo methods are used to generate sam-
ples for the input random variables. Hence, the potential difficulty associated with SAA
is that the relative frequency approximation of a probability requires a very large sample
size. As a result, the SAA approach incurs high computational expenses, especially with
respect to chance constrained PDEs.

4.1.2 Scenario Generation Methods

Scenario generation methods are applicable irrespective of the type of distribution func-
tion of the uncertain variables. Nevertheless, they require feasibility of constraints for
almost all possible realizations of the uncertain variables which leads to a conservative
approach. In addition, its demand of a large number of scenarios requires solving a very
large deterministic optimization problem which is computationally intractable. Recent
scenario reduction techniques ([32], [65]) could provide some improvements of compu-
tational burdens. Nevertheless, scenario generation approaches are less favourable for
optimization problems of chance constrained PDE systems.

4.1.3 High Dimensional Integration Techniques

Integration methods use interpolatory properties of one-dimensional integrals to generate
integration nodes and weights for high dimensional integration. These are either a tensor-
product of one-dimensional quadrature rules or recursive integration techniques which are
collectively known as full-grid integration rules. Prekopa [99] suggested recursive direct
integration for computing probability integrals with Gaussian weight functions. This
idea was extended and used in engineering applications ([3], [52], [83]). However, full-
grid integration techniques are known to be ineffective and demonstrated redundancy
[91]. It is shown that fully symmetric integration formulas require very few grid points if
the density function and the domain of in integration are centrally symmetric [67]. But
such a property may not be available for non-Gaussian distributions. Besides, simple
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fully symmetric integration formulas (as used for a process design and planning problem
in [15] fail to provide accurate approximation of integrals when the chance constrained
variables have nonlinear relations with the uncertain variables. In general, sparse-grid
integration techniques ([17], [59], [108]) are found to provide efficient approximation of
chance constraints by reducing computational time decisively.

4.1.4 Analytic Approximation Method

Analytic approximation methods replace chance constraints with some approximations
and attempt to provide a guarantee for tractability [98]. In [93] analytic approximations
were proposed for convex chance constraints that are affine with respect to the uncertain
variables. Unfortunately, solutions obtained by this approach may not be optimal to
the original problem. Recently, based on the strategy in [106], Hong et al. [75] (also
[118]) have shown that approximate solutions of convex chance constrained optimization
problems can be obtained by solving a sequence of deterministic difference-convex (DC)
optimization problems. Nevertheless, such algorithms are inherently limited to problems
of small dimensions. Moreover, the DC approach entails little computational advan-
tage for general non-convex chance constrained optimization problems. The work [96]
suggested a method similar to non-parametric density estimation to set up an analytic
approximation, but it is limited to symmetric distributions which excludes major non-
Gaussian distributions. In addition, the linearization scheme of [54] can also be taken as
a type of analytic approximation. But it is shown to work only when the variance of the
uncertain variables is small and the random variables are normally distributed. Recently,
the Geletu research group has proposed an analytic approximation strategy for general
nonlinear non-convex chance constraints that guarantees both feasibility and tractability
in the presence of general input distributions (i.e. Gaussian or non-Gaussian) [57].

In the next section, we discuss the Inner- and -Outer analytic approximation method
which is a smoothing analytic approximation of chance constrained implemented in this
work.

4.1.5 Inner-Outer Analytic Approximation of Chance Constrained

Chance constrained optimization problems(CCOPT)are generally hard to solve. There
are three major difficulties. The problem CCOPT is generally non-convex and non-
differentiable. The probability functions ppuq :“ tgpu, ξq ď 0u is usually hard to evalu-
ate. Feasibility of approximate optimal solutions cannot be trivially guaranteed. Conse-
quently, conventional optimization methods cannot be directly applied to solve CCOPT
problems. This section deals on analytic approximation methods [57, 58] to solve more
general CCOPT problem. The Analytic approximation approach has the following ob-
jectives

• To define two smooth parametric functions in terms of the problem data of CCOPT
which uniformly converge to the probability function of CCOPT w.r.t. the ap-
proximation parameter and, at the same time, the values and derivatives of the
parametric functions are relatively easy to compute.
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• Subsequently, to define two smooth parametric optimization problems IAτ and
OAτ . The feasible set of IAτ is always a subset as well as converges to the feasible
set of CCOPT w.r.t. the parameter τ (inner approximation). The feasible sets of
OAτ is always a superset as well as converges to the feasible set of CCOPT w.r.t.
the parameter τ (outer approximation). Furthermore, any limit point of optimal
solutions of IAτ (or of OAτ ) should be an optimal solution of CCOPT.

The next section characterizes parametric functions that guarantee these desired objec-
tives.

I. Smoothing Parametric Functions

The quality of an analytic approximation of CCOPT strongly depends on implemented
smoothing parametric function and its properties. Thus, to qualify as acceptable, the
approximation function is required to posses a set of basic properties. For the intended
inner and outer approximations, a parametric family of functions Θpτ, sq is assumed to be
already available, where τ P R` :“ r0,`8q is, hereafter, the approximation parameter.

Define

hpsq “

"

1, if s ě 0,
0, if s ă 0.

(4.1)

Assumption 4.1.1 Suppose there a parametric family of functions Θ which possesses
the strict monotonicity and uniform limit properties:

P1: There is a constant C with 1 ă C ă `8 such that

C ě Θpτ, sq ą hpsq, @s P R, τ P p0, 1q. (4.2)

P2: Θp¨, sq is strictly increasing on p0, 1q, for each s P R,

P3: Θpτ, ¨q is continuously differentiable and strictly increasing on R, for each τ P
p0, 1q,

P4: infτPp0,1q Θpτ, sq “ hpsq for all s P R,

P5: limτŒ0` supsPp´8,´εqYr0,8qpΘpτ, sq ´ hpsqq “ 0 for all ε ą 0.

Remark 4.1.1 Property P3 of Assumption 4.1.1 implies that

inf
τPp0,1q

Θpτ,´sq “ hp´sq “ 1´ hpsq.

This along with the observation that

1´Θpτ,´sq ď hpsq ď Θpτ, sq (4.3)

will be helpful for the construction of inner and outer approximations to the feasible set
of CCOPT.
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The basic properties (P1)-(P5) were originally introduced in the work [57, 58], in
the context of finite dimensional CCOPT problems, in order to characterize acceptable
families of parametric functions. In fact, it is always possible to design a convenient para-
metric family of functions for a smooth approximation of chance constraints in Banach
spaces. One particular example is given in [57, 58].

Corollary 4.1.1 (Prop. 3.3., Geletu et al. [57] also [58]) Let m1,m2 be constants
with 0 ă m2 ď m2{p1`m1q. Then, the parametric family

Θ1pτ, sq “
1`m1τ

1`m2τ exp
`

s
τ

˘ , for τ P p0, 1q, (4.4)

satisfies the properties (P1)-(P5) of Assumption 4.1.1.

Remark 4.1.2 The following family is known as kernel smoothing or mollifier function
and is widely used in statistical analysis as well as optimization

Θ2pτ, sq “

ż `8

´8

hps´ τλqkpλqdλ, (4.5)

where kp¨q is a kernel function satisfying the properties

kpλq ą 0, kp´λq “ kpλq and

ż `8

´8

kpλqdλ “ 1. (4.6)

The parametric function Θ2pτ, sq was first used by Tamm [110] and later studied by
Ermoliev et al. [50] as a smoothing approximation of chance constraints in finite dimen-
sions. Unfortunately, Θ2pτ, sq fails to satisfy the monotonicity property P1. Nevertheless,
Θ2pτ, sq is capable of preserving convexity structures.

The family Θ2pτ, ¨q, τ P R` has the following properties.

(i) Θ2pτ, sq ě hpsq, for any τ ą 0.

(ii) Θ2p0, sq “ limτŒ0` Θpτ, sq “ hpsq.

(iii) Θ2 has the equivalent representation

Θ2pτ, sq “

ż s{τ

´8

kpλqdλ. (4.7)

Hence, for any fixed τ ą 0,

(a) Θ2pτ, ¨q is continuous w.r.t. s.

(b) B

Bs
Θ2pτ, sq “ kps{τq ą 0. This implies, Θ2pτ, ¨q is strictly increasing w.r.t. s.

(c) Θ2pτ, ¨q is convex w.r.t. s.

(d) While Θ2p¨, sq is continuously differentiable w.r.t. τ , where

B

Bτ
Θ2pτ, sq “ ´

´s

τ

¯

kps{τq,

it is obviously not monotonic w.r.t. τ .
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(e) Θ2pτ, sq ´Θ2pτ,´sq “ 1 ñ Θ2pτ, sq “ 1`Θ2pτ,´sq

(vi) Furthermore, setting ε :“ t´τλ, we obtain the more useful equivalent representation

Θ2pτ, sq “
1

τ

ż `8

´8

Ir0,`8qpεqk
´s´ ε

τ

¯

dp´εq

“
1

τ

ż 0

´8

k
´s` ε

τ

¯

dε.

II. Smoothing Approximation of Chance Constraints

Unless explicitly specified, the family Θpτ, sq is any acceptable family of functions sat-
isfying the properties in Assumptions 4.1.1. Now, define the parametric approximation
functions

ψpτ, uq :“ ErΘpτ, gpu, ξqqs and θpτ, uq :“ ErΘpτ,´gpu, ξqqs. (4.8)

Observer that, a single chance constraint has the equivalent representations

ppuq “ Prtgpu, ξq ď 0u ě α ” 1´ ppuq “ E rhpgpu, ξqqs ď 1´ α (4.9)

Consequently, equations (4.3) and (4.9) imply that

1´ θpτ, uq ď 1´ ppuq ď ψpτ, uq. (4.10)

Some important approximation properties of ψpτ, uq and θpτ, uq are summarized as fol-
lows.

Theorem 4.1.1 For the parametric functions ψpτ, ¨q and θpτ, ¨q of equation (4.8), the
following hold true.

(i) If gp¨, ξq is continuous w.r.t. u, then ψpτ, ¨q and θpτ, ¨q are continuous w.r.t. u, for
any τ ą 0.

(ii)
inf
τą0

ψpτ, uq “ 1´ ppuq (4.11)

(iii)
inf
τą0

ψpτ, uq “ ppuq (4.12)

(iv) If pp¨q is continuous, then the convergence limτŒ0` ψpτ, uq “ 1´ppuq and limτŒ0` θpτ, uq “
ppuq are uniform on any compact set U Ă E.

Proof 4.1.1 (i) If gp¨, ξq continuous w.r.t. u, then Θpτ, gp¨, ξqq is also continuous
w.r.t. u. Consequently, ψpτ, ¨q “ ErΘpτ, gp¨, ξqqs and θpτ, ¨q “ ErΘpτ,´gp¨, ξqqs are
continuous w.r.t. u, for each fixed τ P p0, 1q.
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(ii) & (iii) Property P1 of Assumption 4.1.1 guarantees that, for any sequence tτkukPN Ă p0, 1q,

Θpτk, gpu, ξqq ď C.

Property P4 and the monotonicity of Θp¨, gpu, ξqq w.r.t. τ imply that

lim
kÑ`8

Θpτk, sq|s“gpu,ξq “ hpsq|s“gpu,ξq

Thus, by Lebesgue Dominated Convergence Theorem, it follows that

lim
kÑ`8

ż

Ω

Θpτk, gpu, ξqqφpξqdξ “

ż

Ω

hpgpu, ξqqφpξqdξ

which implies that
lim
kÑ`8

ψpτk, uq “ 1´ ppuq.

A similar argument also yields (iii), since Θpτk,´gpu, ξqq ď C and using Remark
4.1.1.

(iv) Follows trivially (e.g., using the Weirstrass’ Theorem on Banach spaces).

Theorem 4.1.2 If the function gp¨, ξq is Fréchet differentiable a u and, for each τ P
p0, 1q, there is a measurable function γ1pξq with rγ1 :“ Epγ1pξqq ă `8 such that

|Θpτ, gpu` v, ξqq ´Θpτ, gpu, ξqq| ď γ1pξq}v}E,

and there is a measurable function γ2pξq with rγ2 :“ Epγ2pξqq ă `8 such that
ˇ

ˇ

ˇ

ˇ

B

Bs
Θpτ, sqss“gpu,ξq g

1
pu, ξqpvq

ˇ

ˇ

ˇ

ˇ

ď γ2pξq}v}E,

for any v P E, then ψpτ, ¨q and θpτ, ¨q are also Fréchet differentiable at u.

Proof 4.1.2 For each fixed ξ P Ω, if gp¨, ξq Fréchet differentiable w.r.t. u, then Θpτ, gp¨, ξqq
is also Fréchet differentiable w.r.t. u. Let g1p¨, ξqp¨q : E ˆ E Ñ R represent the Fréchet
derivative of gp¨, ξq w.r.t. u. Let

T pτ, u, vq :“

ż

Ω

Θpτ, sq|s“gpu,ξq g
1
pu, ξqpvqφpξqdξ

for any v P E. Not that

|ψpτ, u` vq ´ ψpτ, uq ´ T pτ, u, vq|

ď

ż

Ω

ˇ

ˇ

ˇ

ˇ

ˇ

Θpτ, gpu` v, ξqq ´Θpτ, gpu, ξqq ´

„

B

Bs
Θpτ, sq



s“gpu,ξq

g1pu, ξqpvq

ˇ

ˇ

ˇ

ˇ

ˇ

φpξqdξ.

By assumption we have
ˇ

ˇ

ˇ

ˇ

ˇ

Θpτ, gpu` v, ξqq ´Θpτ, gpu, ξqq ´
B

Bs
Θpτ, sq

ˇ

ˇ

ˇ

ˇ

s“gpu,ξq

g1pu, ξqpvq

ˇ

ˇ

ˇ

ˇ

ˇ

ď pγ1pξq ` γ2pξqq }v}E.
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Now, using the Lebesgue’s Theorem we obtain

lim
}v}Ñ0

|ψpτ, u` vq ´ ψpτ, uq ´ T pu, vq|

}v}E

ď

ż

Ω

lim
}v}Ñ0

ˇ

ˇ

ˇ
Θpτ, gpu` v, ξqq ´Θpτ, gpu, ξqq ´

“

B

Bs
Θpτ, sq

‰

s“gpu,ξq
g1pu, ξqpvq

ˇ

ˇ

ˇ

}v}E
φpξqdξ.

Consequently.

lim
}v}Ñ0

|ψpτ, u` vq ´ ψpτ, uq ´ T pτ, u, vq|

}v}E
“ 0

Moreover, the operator

T pτ, u, ¨q “

ż

Ω

Θpτ, sq|s“gpu,ξq g
1
pu, ξqp¨qφpξqdξ

is linear by the linearity of g1pu, ξqp¨q and that of the integral. Furthermore, T pτ, u, ¨q
is bounded, since |T pτ, u, ¨q| ď rγ2}v}E, for any v P E. Therefore, ψpτ, ¨q is Fréchet
differentiable at u with Frechet differential T pτ, u, ¨q : E Ñ R. Similar arguments yield
the differentiability of θpτ, ¨q.

Theorem 4.1.2 indicates that the differentiability property of the approaximation func-
tions is only related to the differentiability property of gpu, ξq and that of Θpτ, sq. Never-
thelss, the uniform convergence of the Fréchet differentiable functions ψpτ, ¨q to pp¨q may
not guarantee the Fréchet differentiability of pp¨q. Thus, pp¨q can be nondifferentiable.
Therefore, the families ψpτ, ¨q and θpτ, ¨q are generally smoothing approximations to the
probability function 1´ pp¨q and pp¨q, respectively.

III. Smooth Parametric Optimization Problems and Their Prop-
erties

Define the following smooth parametric optimization problems
pIAτ q minu Jpuq

s.t.
ψipτ, uq ď 1´ αi, i P I,
u P U ,

pOAτ q minu Jpuq
s.t.

θipτ, uq ě αi, i P I,
u P U ,

with respective feasible sets given as

Mpτq :“ tu P U | ψipτ, uq ď 1´ αi, i P Iu , Spτq :“ tu P U | θipτ, uq ě αi, i P Iu .

For any τ P p0, 1q, the feasible sets Mpτq and Spτq are closed sets.

Theorem 4.1.3 The following hold true.

(i) For any τ ą 0,
Mpτq Ă P Ă Spτq. (4.13)
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(ii) Furthermore,

lim
τŒ0`

Mpτq “ P (inner approximation), (4.14)

lim
τŒ0`

Spτq “ P (outer approximation). (4.15)

Remark 4.1.3 Theorem 4.1.3(ii) implies that

lim
kÑ`8

Mpτkq “ P and lim
kÑ`8

Spτkq “ P,

for any sequence tτkukPN Ă R` with τk Œ 0`. Note that, these convergence are monotonic
since the functions ψpτ, sq and θpτ, sq are non-decreasing w.r.t. τ .

Given a sequence tτku Ă p0, 1q with τk Œ 0`, the (uniform) convergence of tψpτk, ¨qukPN
and tθpτk, ¨qu to pp¨q to 1 ´ pp¨q and pp¨q, respectively, on the compact set U will en-
sure that the respective sequence of set of optimal solutions of IAk and OAk are even-
tually contained in that of CCOPT. To this end, let tfkukPN be a sequence of proper
lower semi-continuous functions on the (redreflexive and sparable) Banach space E. Let
epipfq :“ tpα, uq P RˆE | α ě fpuqu is the epigraph of f . Then the sequence tfkukPN is
said to be epi-convergent to a function f if

epipfq “ lim
kÑ`8

tepi pfkqu , (4.16)

in the sense of Painlevé-Kuratowski, (see [16, 105]).

Remark 4.1.4 In general, the point-wise convergence of fkpxq Ñ
kÑ`8

fpxq is not enough

to guarantee epi-convergence (see Theorem 7.10 of [105]). Nevertheless, uniform conver-
gence on a compact subset U of Rn is equivalent to epi-convergence on U (see Theorems
7.11 & 7.14 of [105]). These finite-dimensional results can be shown to carry over to
infinite dimensions.

Thus, for a given sequence tτku Ă p0, 1q with τk Œ 0`, the problems IAk, OAk, and
CCOPT can be represented by the compact form

pIAkq min
uPMk

Jpuq, pOAkq min
uPSk

Jpuq, pCCOPT q min
uPP

Jpuq, (4.17)

where Mk :“Mpτkq, Sk :“ Spτkq.
Let δAp¨q represent the indicator function of a set A Ă E; i.e, δApuq “ 0, if u P A and

δApuq “ `8 if u R A.

Lemma 4.1.1 Suppose E is a separable Banach space. If tCkukPN is a sequence of closed
sets in E such that Ck is Painlév-Kuratowski convergent to a closed set C Ă E, then the
sequence of indicator functions tδCk

p¨qukPN is epi-convergent to the indicator function
δCp¨q.
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Proof 4.1.3 Note that tδCk
p¨qukPN is a sequence of extended lower semi-continuous func-

tions.
For each k P N and α P R, consider the level set

Lα pδCk
p¨qq “ tu P E | δCk

puq ď αu “

"

Ck, if α ě 0,
H, if α ă 0.

Let α P R be arbitrary.

(a) If α ă 0, then the sequence αk “ α ´ 1
k

converges to α. Furthermore, for each k,
Lαk

pδCk
p¨qq “ H and Lα pδCp¨qq “ H. Hence, the sequence of level sets tLαk

pδCk
p¨qqu

is Painlév-Kuratowski convergent to the level set Lα pδCp¨qq.

(b) If α ě 0, then the sequence αk “ α ` 1
k

converges to α. Furthermore, for each k,
Lαk

pδCk
p¨qq “ Ck and Lα pδCp¨qq “ C. Hence, by assumption, the sequence of level

sets tLαk
pδCk

p¨qqu is Painlév-Kuratowski convergent to the level set Lα pδCp¨qq.

Consequently, Theorem 3.1. of Beer et al.[11] yields the epi-convergence the sequence of
indicator functions.

Observe that, in Lemma 4.1.1 a monotonic property of the sequence tCkukPN is not
required. In stead, the closedness of all the sets Ck, k P N, and C is very important.
Otherwise, the lower semi-continuity of the indicator functions is not guaranteed. In the
following, we use the definition a` p`8q “: `8 for any a P R.

Theorem 4.1.4 Let tτkukPN Ă p0, 1q be an arbitrary sequence with τk Œ 0` and the
objective function Jp¨q be continuous. Then, for the optimization problems IAτk and
OAτk , the following holds true.

(i) Both tJp¨q ` δMk
p¨qukPN and tJp¨q ` δSk

p¨qukPN are sequences of proper lower semi-
continuous functions on E and

Jp¨q ` δMk
p¨q Ñ Jp¨q ` δPp¨q and Jp¨q ` δSk

p¨q on U ,

(ii) lim sup
kÑ`8

pArgmintJp¨q ` δMk
p¨quq Ă ArgmintJp¨q ` δPp¨qu,

(iii) lim sup
kÑ`8

pArgmintJp¨q ` δSk
p¨quq Ă ArgmintJp¨q ` δPp¨qu,

where Argminp¨q represents the set of minimum points.

Proof 4.1.4 (i) Using Remark 4.1.3, Lemma 4.1.1 implies that δMk
p¨q Ñ δPp¨q and

δSk
p¨q Ñ δPp¨q. Then, the claim follows trivially, since Jp¨q is a continuous func-

tion.

(ii) & (iii) The domains Dom pJp¨q ` δPp¨qq, Dom pJp¨q ` δMk
p¨qq , Dom pJp¨q ` δSk

p¨qq are each
subsets of the compact set U . Using (i), Theorem 5.1.14 of Borwein and Zhu [16]
yields (ii) and (iii).
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Theorem 4.1.4(ii)-(iii) guarantees that any limit point of (global) optimal solution of IAk

or OAk is an optimal solution of CCOPT. Nevertheless, not all such optimal solution of
CCOPT are approximatable through optimal solutions of IAk or OAk. In other words,
equality may not hold true in statements (ii) or (iii) of Theorem 4.1.4. Furthermore, the
relation

lim
kÑ`8

pArgmintJp¨q ` δMk
p¨quq “ ArgmintJp¨q ` δPp¨qu,

may not hold true even for convex functions, see page 755 of Beer et al. [11] for an
example. Nevertheless, if the nonempty set H ‰ ArgmintJp¨q ` δPp¨qu contains a single
element, this will be determined through the approximation methods. Furthermore, from
numerical computation point-of-view, the guarantee in Theorem 4.1.4 is not enough. In
fact, it would be necessary to assure that a stationary point of CCOPT is obtainable by
solving the smooth optimization problems IAτ and OAτ .
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Chapter 5

Chance Constrained Optimization
for Heat Transfer Problem

Heat Transfer is one of the important transient forms in many problems in mechanical
and chemical engineering. In general, the internal transfer of energy by the flow of heat is
called heat transfer. Thermal energy is transported in three different modes: conduction,
convection, and radiation.

Heat conduction is the mechanism of internal energy exchange from one body to
another, or from one part of a body to another. In this thesis, by heat transfer we mean
heat conduction through a solid, smooth, isolated object. This transfer occurs because
of temperature differences in different parts of the object. The temperature difference is
due to heating or cooling of the boundaries. More specifically, the temperature at the
boundaries is accessible to be changed, and this provides us a control for the temperature
of the other parts of the body. We are seeking optimal changes in the boundaries, so
that every part of the object remains as hot or cool as desired, and the energy needed to
maintain that stays at minimum.

In this case study, we consider a one-dimensional bar of heterogeneous material and
uniform density is to be heated at both ends as indicated in figure 5.1. The length of
the bar is L. Due to material heterogeneity, the heat transfer coefficient of the rod is not
precisely known (i.e. non-deterministic). The objective is to determine the optimal heat
injection strategy so that

Figure 5.1: One-dimensional Bar of Heterogeneous Material
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• The temperature at the middle of the bar should be closed to a desired temperature
Td;

• The temperature at every point on the bar should lie above a given temperature
profile Tmin with a higher reliability.

pCCOPTPDEq min
u
ErJpT, u; ξqs (5.1)

Subject to

0 “ κpx; ξq
B2

Bx2
T, (5.2)

PrtT ě Tminu ě α. (5.3)

T px “ 0q “ u1, (5.4)

T px “ Lq “ u2, (5.5)

0 ď x ď L. (5.6)

Problem Data and Basic Assumptions

• The heating process is assumed to be insulated; i.e. there is no heat energy loss or
gain due natural convection. There is also no forced convection.

• The injected heat energy u1 and u2 are deterministic.

• The random vector ξ “ pξ1, ξ2q has a standard normal distribution;

• The density function φpξq “ 1
2π

expp´1
2
ξT ξq.

• The random process T px; ξq has a finite variance; i.e., T px; ξq is a second-order
random process.

• The one-dimensional rod is assumed to lie on the interval D “ r0, πs; i.e. L “ π.

• Tminpxq “ sinpxqsinpπ
5
q ´ 0.7,

• Td “ 1,

• Reliability level; α “ 0.95.

• Objective function

ErJpx, T, u; ξqs “

ż

Ω

rT pL{2; ξq ´ Tds
2φpξqdξ ` rγ1u

2
1 ` γ2u

2
2s

• The heat transfer (diffusivity) coefficient is a function of the random vector ξ and
is given by

κpx; ξq “ 1`
1

π2
cosp2πxqξ1 `

1

4π2
cosp4πxqξ2
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5.1 Numerical Approach

5.1.1 Generalized Polynomial Chaos Collocation

Since the random process T px; ξq has a finite variance; i.e., T px; ξq is a second-order
random process, T px; ξq has a generalized polynomial chaos (PC) representation (i.e.,
spectral expansion)

T px; ξq “ a0pxqψ0
loomoon

constants

`

Np
ÿ

i1“1

ai1pxqψ1pξi1q

looooooooomooooooooon

first order terms

`

Np
ÿ

i1“1

i1
ÿ

i2“1

ai1i2pxqψ2pξi1 , ξi2q

looooooooooooooomooooooooooooooon

second order terms

`

Np
ÿ

i1“1

i1
ÿ

i2“1

i2
ÿ

i3“1

ai1i2i3pxqψ3pξi1 , ξi2 , ξi3q

looooooooooooooooooooomooooooooooooooooooooon

third order terms

` ¨ ¨ ¨

in terms of orthogonal polynomials w.r.t. the density (weight) function φpξq.

For practical reasons, the above infinite sum needs to be truncated to a finite sum.
In general, the number of terms (or coefficients) in the truncation is suggested to be

N “
pr ` dq!

r!d!
,

where r is the number of random variables and d is the largest-degree polynomial (of the
variables) required to be involved in the truncated approximation. Hence, if r “ 2 and
d “ 2, then N “ 6. And, for r “ 2 and d “ 3, we have N “ 10.

(a) Second-order Hermite truncated PC expansion truncated to 6 terms

T px; ξq “ a0pxq ` a1pxqξ1 ` a2pxqξ2 ` a3pxqξ1ξ2 ` a4pxqpξ
2
1 ´ 1q ` a5pxqpξ

2
2 ´ 1q

(b) Third-order Hermite truncated PC expansion truncated to 10 terms

T px; ξq “ a0pxq ` a1pxqξ1 ` a2pxqξ2 ` a3pxqξ1ξ2 ` a4pxqpξ
2
1 ´ 1q ` a5pxqpξ

2
2 ´ 1q `

a6pxqξ1pξ
2
2 ´ 1q ` a7pxqξ2pξ

2
1 ´ 1q ` a8pxqξ1pξ

2
1 ´ 3q ` a9pxqξ2pξ

2
2 ´ 3q

The problem (CCOPTPDE) should be solved in order to find the deterministic coeffi-
cients a0pxq, . . . , a5pxq (2nd-order PC) or a0pxq, . . . , a9pxq (3rd-order PC).

Now consider (CCOPTPDE) and for our problem we take the Second-order Hermite
truncated PC expansion. That is

T px; ξq “
6
ÿ

i“1

aipxqψipξq, where ψpξq “ r1 ξ1 ξ2 ξ1ξ2 ξ2
1 ´ 1 ξ2

2 ´ 1sT
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Then the problem (CCOPTPDE) is now can be written as:

min
u

ż

Ω

”

6
ÿ

i“1

aip
π

2
qψipξq ´ 1

ı2

φpξqdξ `
“

γ1u
2
1 ` γ2u

2
2

‰

Subject to
´

1`
1

π2
cosp2πxqξ1 `

1

4π2
cosp4πxqξ2

¯

6
ÿ

i“1

` B2

Bx2
aipxq

˘

ψipξq “ 0,

P r
!

6
ÿ

i“1

aipxqψipξq ě sinpxqsinp
π

5
q ´ 0.7

)

ě α.

6
ÿ

i“1

aip0qψipξq “ u1,

6
ÿ

i“1

aipπqψipξq “ u2,

0 ď x ď π.

5.1.2 Analytic Approximation of the Chance Constraints

Define

gpx, ξq “ ´
6
ÿ

i“1

aipxqψipξq `
`

sinpxqsinp
π

5
q ´ 0.7

˘

(5.7)

Hence, we have the functional representation of the chance constraint

ppxq :“ Prtgpx, ξq ď 0u ě α, x P r0, πs, (5.8)

This in fact represents: ppxq ě 0, x P r0, πs.

(I) Inner Analytic Approximation:
Replace the chance constraint by

ϕIApτ, xq :“ ErΘpτ, gpx, ξqqs “ E
” 1`m1τ

1`m2τ expp´ 1
τ
gpx, ξqq

ı

ď 1´ α, x P r0, πs
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Then solve the parametric problem

pPIApτqq min
u

ż

Ω

”

6
ÿ

i“1

aip
π

2
qψipξq ´ 1

ı2

φpξqdξ `
“

γ1u
2
1 ` γ2u

2
2

‰

(5.9)

Subject to
´

1`
1

π2
cosp2πxqξ1 `

1

4π2
cosp4πxqξ2

¯

6
ÿ

i“1

` B2

Bx2
aipxq

˘

ψipξq “ 0,(5.10)

ϕIApτ, xq ď 1´ α, (5.11)
6
ÿ

i“1

aip0qψipξq “ u1, (5.12)

6
ÿ

i“1

aipπqψipξq “ u2, (5.13)

0 ď x ď π.

for a sufficiently small τ ą 0, where τ P p0, 1q.

(II) Outer Analytic Approximation:
Replace the chance constraint by

ϕOApτ, xq :“ ErΘpτ,´gpx, ξqqs “ E
” 1`m1τ

1`m2τ expp 1
τ
gpx, ξqq

ı

ě α, x P r0, πs

Then solve the parametric problem

pPOApτqq min
u

ż

Ω

”

6
ÿ

i“1

aip
π

2
qψipξq ´ 1

ı2

φpξqdξ `
“

γ1u
2
1 ` γ2u

2
2

‰

Subject to
´

1`
1

π2
cosp2πxqξ1 `

1

4π2
cosp4πxqξ2

¯

6
ÿ

i“1

` B2

Bx2
aipxq

˘

ψipξq “ 0,

ϕOApτ, xq ě α,
6
ÿ

i“1

aip0qψipξq “ u1,

6
ÿ

i“1

aipπqψipξq “ u2,

0 ď x ď π.

for a sufficiently small τ ą 0, where τ P p0, 1q.

5.2 Discretization for (PIApτq) and (POApτq)

After discretization of the optimization problems (PIApτq) and (POApτq), we get a Non-
linear programming problem. To do this we follow:
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• Use QMC samples for the random variables ξ1, ξ2 to evaluate the expected values.

• Use finite difference discretization of r0, πs.

5.2.1 Solution Strategy for (PIApτq)

(I) Finite Difference(Space) Discretization:
Define a finite difference (space) discretization for

´

1`
1

π2
cosp2πxqξ1 `

1

4π2
cosp4πxqξ2

¯

6
ÿ

i“1

` B2

Bx2
aipxq

˘

ψipξq

looooooooooomooooooooooon

“ B2

Bx2
T pxq

“ 0 (5.14)

For this:

– Generate space discretization for the bar; i.e. discretization of r0, πs. We use

"

0,
π

8
,
2π

8
,
3π

8
,
4π

8
,
5π

8
,
6π

8
,
7π

8
, π

*

“: tx1, . . . , x9u, with h “
π

8

– Describe B2

Bx2
T pxq by its second-order finite difference approximation to obtain:

∗ At the left end-point x “ x1 “ 0

„

B2

Bx2
T pxq



x“x1

“
u1 ´ 2T px2q ` T px3q

h2

∗ At the interior points xj, j “ 2, . . . , 8

„

B2

Bx2
T pxq



x“xj

“
T pxj`1q ´ 2T pxjq ` T pxj´1q

h2
.

∗ At the right end-point x “ x9 “ π

„

B2

Bx2
T pxq



x“x9

“
u2 ´ 2T px8q ` T px7q

h2

Using the fact that T pxq “
ř6
i“1 aipxqψipξq, the model equation 5.14 is de-
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scretized as follows

0 “

ˆ

1`
1

π2
cosp2πx1qξ1 `

1

4π2
cosp4πx1qξ2

˙

¨

ˆ

u1 ´ 2
ř6
i“1 aipx2qψipξq `

ř6
i“1 aipx3qψipξq

h2

˙

0 “

ˆ

1`
1

π2
cosp2πxjqξ1 `

1

4π2
cosp4πxjqξ2

˙ 6
ÿ

i“1

ˆ

aipxj`1q ´ 2aipxjq ` aipxj´1q

h2

˙

ψipξq

j “ 2, . . . , 8. (5.15)

0 “

ˆ

1`
1

π2
cosp2πx9qξ1 `

1

4π2
cosp4πx9qξ2

˙

¨

ˆ

u2 ´ 2
ř6
i“1 aipx8qψipξq `

ř6
i“1 aipx7qψipξq

h2

˙

For the sake of convenience, define

ΨpξqT :“
“

ψ1pξq, ψ2pξq, ψ3pξq, ψ4pξq, ψ5pξq, ψ6pξq
‰

P R6. (5.16)

λjpξq :“

ˆ

1`
1

π2
cosp2πxjqξ1 `

1

4π2
cosp4πxjqξ2

˙

, j “ 1, . . . , 9. (5.17)

The systems of equations 5.15 can be written in compact form as:

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´λ1u1

0
0
0
0
0
0
0

´λ9u2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

looooomooooon

:“bpuq

“

»

—

—

—

—

—

—

—

—

—

—

—

—

–

O ´2λ1ΨT λ1ΨT O O O O O O
λ2ΨT ´2λ2ΨT λ2ΨT O O O O O O
O λ3ΨT ´2λ3ΨT λ3ΨT O O O O O
O O λ4ΨT ´2λ4ΨT λ4ΨT O O O O
O O O λ5ΨT ´2λ5ΨT λ5ΨT O O O
O O O O λ6ΨT ´2λ6ΨT λ6ΨT O O
O O O O O λ7ΨT ´2λ7ΨT λ7ΨT O
O O O O O O λ8ΨT ´2λ8ΨT λ8ΨT

O O O O O O λ9ΨT ´2λ9ΨT O

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

looooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooon

:“Λpξq

»

—

—

—

—

—

—

—

—

—

—

—

—

–

A1

A2

A3

A4

A5

A6

A7

A8

A9

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(5.18)
where O “ p0q1ˆ6 “ r0 0 0 0 0 0s,

Aj “

»

—

—

—

—

—

—

–

a1j

a2j

a3j

a4j

a5j

a6j

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, with aij “ aipxjq, i “ 1, . . . , 6; j “ 1, . . . , 9.

ΨT and λj, j “ 1, . . . , 9 are given in 5.16 and 5.17 respectively.
Note that:
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• The matrix Λpξq P R9ˆ54 is a constant matrix for a given ξ. Hence, for given ξ and
pu1, u2q, the matrix equation can be solved to obtain Aj’s. For each fixed ξ, the
system 5.15 has 54 “ 6ˆ 9 unknowns.

• The temperature T, at each location on the bar, is dependent on the injected heat
pu1, u2q, in addition to the randomness incurred by ξ. Hence, for different values
of ξ and pu1, u2q we get a different set of values for aij, i “ 1, . . . , 6; j “ 1, . . . , 9,
from equation 5.15.

(II) Representation of the Chance Constraints
For the problem PIApτq we have

ηjpuq :“ ϕIApτ, xjq ď 1´ α, j “ 1, . . . , 9

where
ηjpuq “ ϕIApτ, xjq “ ErΘpτ, gpxj, ξqqs

The function gpx, ξq is defined in terms of coefficient functions ai of the Polynomial
Chaos collocation. But due to equation 5.15, we have implicitly aipx, uq, i “
1, . . . , 6. Consequently, we have the representation ηjpuq “ ϕIApτ, xjq, j “ 1, . . . , 9.
Now generate a sufficient number of Quasi-random samples based on the standard
normal distribution. Assume we have ξr “

`

ξ
prq
1 , ξ

prq
2 q

˘

, r “ 1, . . . , NQMC random
samples. Hence, use

ηjpuq “
1

NQMC

NQMC
ÿ

r“1

Θpτ, gpxj, ξrqq

For a given u, and for each fixed sample ξr, solve the systems of equations 5.15 to
obtain a

prq
ij , i “ 1, . . . , 6, j “ 1, . . . , 9, r “ 1, . . . , NQMC . That is, equation 5.15

should be solved NQMC times (corresponding to each random sample), each time
to obtain the values of 54 variables.

(III) Representation of the Objective Function
Referring to optimization problem pPIApτqq the objective function is

ż

Ω

”

6
ÿ

i“1

aip
π

2
qψipξq ´ 1

ı2

φpξqdξ `
“

γ1u
2
1 ` γ2u

2
2

‰

The first term can be written as

ż

Ω

”

6
ÿ

i“1

aipx5qψipξq ´ 1
ı2

φpξqdξ “
1

NQMC

NQMC
ÿ

r“1

”

6
ÿ

i“1

ai5ψipξrq ´ 1
ı2

“: f1puq

Note that, in fact we have ai5 “ ai5puq, since the temperature in the middle of the
bar depends on u “ pu1, u2q. For a given u, the values of ai5 are found as in step
II.
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So the actual optimization problem, related to pPIApτqq can be written as

pNLP q min
u

"

f1puq `
“

γ1u
2
1 ` γ2u

2
2

‰

*

(5.19)

Subject to

ηjpuq ď 1´ α, j “ 1, . . . , 9 (5.20)

u1 ě 0, u2 ě 0

where

Apuq “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

A1puq
A2puq
A3puq
A4puq
A5puq
A6puq
A7puq
A8puq
A9puq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

Aj, for j “ 1, . . . , 9, Λpξq and bpuq are from 5.18

In the original problem there are no constraints on u1 and u2. So u1 ě 0, u2 ě 0
might be reasonable. In order to also guarantee existence of solution, both variables can
be constrained from above; say by some large values.

5.2.2 Solution Strategy for (POApτq)

The same strategy described above for(PIApτq) works for (POApτq). But we modify the
representation of the chance constraint in the case of outer approximation as follows.

(I) Representation of the Chance Constraints

For the problem POApτq we have

ηjpuq :“ ϕOApτ, xjq ě α, j “ 1, . . . , 9

where
ηjpuq “ ϕOApτ, xjq “ ErΘpτ,´gpxj, ξqqs

The function gpx, ξq is defined in terms of coefficient functions ai of the Polyno-
mial Chaos collocation. But due to equation 5.15, we have implicitly aipx, uq, i “
1, . . . , 6. Consequently, we have the representation ηjpuq “ ϕOApτ, xjq, j “ 1, . . . , 9.

Now generate a sufficient number of Quasi-random samples based on the standard
normal distribution. Assume we have ξr “

`

ξ
prq
1 , ξ

prq
2 q

˘

, r “ 1, . . . , NQMC random
samples. Hence, use

ηjpuq “
1

NQMC

NQMC
ÿ

r“1

Θpτ,´gpxj, ξrqq
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For a given u, and for each fixed sample ξr, solve the systems of equations 5.15 to
obtain a

prq
ij , i “ 1, . . . , 6, j “ 1, . . . , 9, r “ 1, . . . , NQMC . That is, equation 5.15

should be solved NQMC times (corresponding to each random sample), each time
to obtain the values of 54 variables.

So the actual optimization problem, related to pPOApτqq can be written as

pNLP q min
u

"

f1puq `
“

γ1u
2
1 ` γ2u

2
2

‰

*

(5.21)

Subject to

ηjpuq ě α, j “ 1, . . . , 9 (5.22)

u1 ě 0, u2 ě 0

where

Apuq “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

A1puq
A2puq
A3puq
A4puq
A5puq
A6puq
A7puq
A8puq
A9puq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

Aj, for j “ 1, . . . , 9, Λpξq and bpuq are from 5.18

(IV) Optimization Framework
For the given nonlinear optimization problem (NLP), we use a gradient-based it-
erative algorithm Matlab’s fmincon solver, so we generate a sequence of iterates
u0, u1, . . . , uk, . . . until convergence (termination criteria) is achieved. Once uk is
given, the gradient-based optimization algorithm determines the next iterate uk`1

by using the values ηjpukq, j “ 1, . . . , 9, F puq :“ f1pukq ` rγ1ru
pkq
1 s

2 ` γ2rru
pkq
2 s

2s

and the gradients ∇ηjpukq, j “ 1, . . . , 9 and ∇F pukq.

The gradient of the objective function ∇F puq will be

∇F puq “ ∇f1puq `

ˆ

2γ1u1

2γ2u2

˙

where

∇f1puq “
2

NQMC

NQMC
ÿ

r“1

”

6
ÿ

i“1

`

ai5ψipξrq ´ 1
˘

.∇ai5puq
ı

Again the gradients of the chance constrained will be computed as:

∇ηjpuq “
1

NQMC

NQMC
ÿ

r“1

ˆ

p1`m1τqm2expp´ 1
τ
gpxj, ξrqq

“

1`m2τ expp´ 1
τ
gpxj, ξrqq

‰2 .∇ugpxj, ξrq

˙
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where, using equation 5.7

∇ugpxj, ξrq “ ´
6
ÿ

i“1

∇aprqij puqψipξrq

To evaluate ∇aijpuq, i “ 1, . . . , 6, j “ 1, . . . , 9, recall the matrix equation 5.18

ΛpξqApuq “ bpuq ðñ ΛpξqApuq ´ bpuq “ 0

Let F pa, uq “ ΛpξqApuq ´ bpuq . Note that Apuq P R54 . Then on the equation
F pa, uq “ 0 use partial derivative w.r.t. u to obtain

B

Ba
F pa, uq

Ba

Bu
`
B

Bu
F pa, uq “ 0 (5.23)

This leads to

Λpξq

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

Ba11
Bu1

Ba11
Bu2

Ba21
Bu1

Ba21
Bu2

...
...

Ba61
Bu1

Ba61
Bu2

´´ ´´

...
...

Ba19
Bu1

Ba19
Bu2

Ba29
Bu1

Ba29
Bu2

...
...

Ba69
Bu1

Ba69
Bu2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

loooooooomoooooooon

:“GPR54ˆ2

“

»

—

—

—

—

—

–

´λ1 0
0 0
...

...
0 0
0 ´λ9

fi

ffi

ffi

ffi

ffi

ffi

fl

loooooooomoooooooon

:“CPR9ˆ2

For given ξ and u, the matrix equation ΛpξqG “ C can be solved by splitting it in
to two linear systems of equations

ΛpξqG1
“ C1 and ΛpξqG2

“ C2

to obtain G1 and G2, where G1, C1 and G2, C2 represent first and second columns
of G and C, respectively. Consequently, we obtain all the necessary gradient infor-
mation required for the optimization. The expression Ba

Bu
is commonly known as the

sensitivity of a to u, and equation 5.23 is the associated sensitivity equation.

5.3 Numerical Results

We solve for both the inner pPIApτqq and outer pPOApτqq approximation problem by the
same procedure. In both cases, we use m1 “ 2, m2 “ 1, τ “ 0.001, γ1 “ γ2 “ 1, α “
0.95, NQMC “ 10, 000, u1 “ 0.5, u2 “ 0.5.
Once both the inner and outer problem are solved, solutions are obtained as

T ˚IApx; ξq “
6
ÿ

i“1

a˚i,IApxqψipξq
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and

T ˚OApx; ξq “
6
ÿ

i“1

a˚i,OApxqψipξq

where the coefficient functions a˚i pxq are piecewise constant and given by:

a˚i pxq “ aij, pj ´ 1q
π

8
ď x ď j

`π

8

˘

, j “ 1, . . . , 9. (5.24)

for each i P t1, . . . , 6u.

Then we plot the results for T ˚IApx; ξq and T ˚OApx; ξq. If the results are almost the
same, i.e. }T ˚IApx; ξq ´ T ˚OApx; ξq} is small, the approximated solution is good. If not the
problems pPIApτqq and pPOApτqq need to be solved again for a smaller τ .

Now we summarize the problems pPIApτqq and pPOApτqq by substituting all the pa-
rameters which are given.
The particular non-linear optimization problem obtained from the inner approximation
method pPIApτqq becomes:

pNLP1q min
u

"

1

10000

10000
ÿ

r“1

”

6
ÿ

i“1

ai5ψipξrq ´ 1
ı2

` u2
1 ` u

2
2

*

(5.25)

Subject to

1

10000

10000
ÿ

r“1

1.002

1` 0.001expp´1000gpxj, ξrqq
´ 0.05 ď 0, j “ 1, . . . , 9(5.26)

u1 ě 0, u2 ě 0

where

gpxj, ξrq “ ´
6
ÿ

i“1

a
prq
ij ψipξrq `

`

sinpxjqsinp
π

5
q ´ 0.7

˘

And again the particular non-linear optimization problem obtained from the outer
approximation method pPOApτqq becomes:

pNLP2q min
u

"

1

100000

100000
ÿ

r“1

”

6
ÿ

i“1

ai5ψipξrq ´ 1
ı2

` u2
1 ` u

2
2

*

(5.27)

Subject to

1

100000

100000
ÿ

r“1

1.002

1` 0.001expp1000gpxj, ξrqq
´ 0.95 ě 0, j “ 1, . . . , 9(5.28)

u1 ě 0, u2 ě 0

where

gpxj, ξrq “ ´
6
ÿ

i“1

a
prq
ij ψipξrq `

`

sinpxjqsinp
π

5
q ´ 0.7

˘

Table 5.1 shows the Temperature Profile T , the Optimal solution and the Optimal Value
for (CCOPTPDE) problem obtained by using the inner analytic approximation given by
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Space pxq Temperature Profile (T ) Min Temp (Tmin) Opt Solution Opt Value
0 0.2967 -0.7000
π{8 0 -0.4751
π{4 0 -0.2844
3π{8 0 -0.1570
π{2 0 -0.1122 u “ p0.2967, 0.3706q F “ 0.6570821
5π{8 0 -0.1570
3π{4 0.3266 -0.2844
7π{8 0 -0.4751
π 0.3706 -0.7000

Table 5.1: Optimal solution for (CCOPTPDE) problem using the Inner Approximation
Method given by (NLP1).

(NLP1). The optimal solution and optimal value are: u “ pup1q, up2qq “ p0.2967, 0.3706q
and F “ 0.6570821 respectively.

Table 5.2 shows the Temperature Profile T , the Optimal solution and the Optimal
Value for (CCOPTPDE) problem obtained by using the outer analytic approximation
given by (NLP2). The optimal solution and optimal value are: u “ pup1q, up2qq “
p0.2967, 0.3706q and F “ 0.6570821 respectively.

Space pxq Temperature Profile (T ) Min Temp (Tmin) Opt Solution Opt Value
0 0.2967 -0.7000
π{8 0 -0.4751
π{4 0 -0.2844
3π{8 0 -0.1570
π{2 0 -0.1122 u “ p0.2967, 0.3706q F “ 0.6570821
5π{8 0 -0.1570
3π{4 0.3402 -0.2844
7π{8 0 -0.4751
π 0.3706 -0.7000

Table 5.2: Optimal solution for (CCOPTPDE) using the Outer Approximation Method
given by (NLP2).
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Figure 5.2 shows the Temperature Profile T and the Minimum Temperature Tmin
obtained by Inner Analytic Approximation Method.

Figure 5.2: Comparing the Temperature profile T with the Minimum Temperature Tmin
obtained by Using Inner Analytic Approximation

Figure 5.3 shows the Temperature Profile T and the Minimum Temperature Tmin
obtained by Outer Analytic Approximation Method.
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Figure 5.3: Comparing the Temperature profile T with the Minimum Temperature Tmin
Obtained by Using Outer Analytic Approximation

In both cases (Inner and Outer Approximation), the optimal solution is the same.
But on the Temperature Profile their is a slight difference at x “ 3π{4.
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Chapter 6

Conclusion and Recommendation

Optimization of Partial Differential Equations under uncertainty becomes a necessity
in many engineering applications, such as chemical process design and operation, en-
ergy distribution networks, water resources management, and unmanned vehicle control.
Chance constrained optimization of Elliptic PDE provides an appropriate way to tackle
such stochastic optimization tasks due to the fact that the solution achieves maximum
yield while ensuring the desired operational reliability. However, the high complexity of
chance constrained optimization problems confronted in engineering applications makes
them extremely difficult to solve. The approach implemented in this thesis gives a solid
step toward the goal of eventually solving complex engineering optimization problems
under uncertainty.

In general, the numerical solution of these problems can only be done through ap-
proximation strategies. To date, available analytic approximation strategies either fail to
provide tight approximations or lead to non-smooth optimization problems. This work
presents a general smooth analytic approximation of chance constraints and indicates
how to set up conservative but tighter approximations with a priori guaranteed feasibil-
ity, where solutions of the approximating problem remain always feasible to the chance
constraints, converging to a solution of the chance constrained optimization problem in
the limit.

The example demonstrates the viability of the Inner -and Outer Approximation ap-
proach for practical problems. The consideration here is restricted only to single chance
constraints. An investigation with joint chance constraints remains for future research.
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APPENDIX

MATLAB Code

This section presents the MATLAB Code for solving PIA and POA problems.

I. MATLAB Code for PIA

function [u,optimObj]=Inner

u0 = [0.5,0.5]’;

lb = [0.0,0.0]’;

ub= [1,1]’;

options=optimset(’Display’,’Iter’,’TolFun’, 1e-8,’Algorithm’,’interior-point’);

options=optimset(options,’GradObj’,’off’,’GradConstr’,’off’);

tic;

[u,optimObj]=fmincon(@obj7,u0,[ ],[ ],[ ],[ ],lb,ub,@con3,options);

toc

function [f,grad] = obj7(u)

randn(’state’,1);

s1= randn(1, 10000)’;

randn(’state’,2);

s2= randn(1, 10000)’;

s=[s1,s2];

d=s(:,1);

e=s(:,2);

x=0:pi/8:pi;

m=length(s(:,1));

gamma1=1; gamma2=1;

phi1=ones(10000,1);

phi2=d;

phi3=e;

phi4=d.*e;

phi5=d.2 ´ 1;
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phi6 “ e.2 ´ 1;

phi “ rphi1 phi2 phi3 phi4 phi5 phi6s;

lam1 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp1qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp1qq ˚ phi3;

lam2 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp2qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp2qq ˚ phi3;

lam3 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp3qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp3qq ˚ phi3;

lam4 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp4qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp4qq ˚ phi3;

lam5 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp5qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp5qq ˚ phi3;

lam6 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp6qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp6qq ˚ phi3;

lam7 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp7qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp7qq ˚ phi3;

lam8 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp8qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp8qq ˚ phi3;

lam9 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp9qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp9qq ˚ phi3;

A “ r´2 ˚ lam11 ˚ philam11 ˚ phizerosp1, 42q;

lam21 ˚ phi´ 2 ˚ lam21 ˚ philam21 ˚ phizerosp1, 36q;

zerosp1, 6qlam31 ˚ phi´ 2 ˚ lam31 ˚ philam31 ˚ phizerosp1, 30q;

zerosp1, 12qlam41 ˚ phi´ 2 ˚ lam41 ˚ philam41 ˚ phizerosp1, 24q;

zerosp1, 18qlam51 ˚ phi´ 2 ˚ lam51 ˚ philam51 ˚ phizerosp1, 18q;

zerosp1, 24qlam61 ˚ phi´ 2 ˚ lam61 ˚ philam61 ˚ phizerosp1, 12q;

zerosp1, 30qlam71 ˚ phi´ 2 ˚ lam71 ˚ philam71 ˚ phizerosp1, 6q;

zerosp1, 36qlam81 ˚ phi´ 2 ˚ lam81 ˚ philam81 ˚ phi;

zerosp1, 36qlam91 ˚ phi´ 2 ˚ lam91 ˚ phizerosp1, 6qs;

for k “ 1 : 10000

b “ r´lam1pkq ˚ up1q zerosp1, 7q ´ lam9pkq ˚ up2qs1;

a “ mldividepA, bq;

b1 “ r´lam1pkq zerosp1, 8qs1;

b2 “ rzerosp1, 8q ´ lam9pkqs1;

ga1 “ mldividepA, b1q;

ga2 “ mldividepA, b2q;

end

a1 “ ap1 : 6q; a2 “ ap7 : 12q; a3 “ ap13 : 18q; a4 “ ap19 : 24q; a5 “ ap25 : 30q;

a6 “ ap31 : 36q; a7 “ ap37 : 42q; a8 “ ap43 : 48q; a9 “ ap49 : 54q;

aa “ ra1 a2 a3 a4 a5 a6 a7 a8 a9s;

ga15 “ ga1p25 : 30q; ga25 “ ga2p25 : 30q;
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f1 “ psumpa51 ˚ phi1q ´ 1q2; f “ f1` gamma1 ˚ up1q2 ` gamma2 ˚ up2q2;

gradp1q “ 2 ˚ psumpa51 ˚ phi1q ´ 1q ˚ sumpga151 ˚ phi1q ` 2 ˚ up1q;

gradp2q “ 2 ˚ psumpa51 ˚ phi1q ´ 1q ˚ sumpga251 ˚ phi1q ` 2 ˚ up2q;

functionrc, ceq,Gc,Gceqs “ con3puq

randnp1state1, 1q;

s1 “ randnp1, 10000q1;

randnp1state1, 2q;

s2 “ randnp1, 10000q1;

s “ rs1, s2s;

d “ s1;

e “ s2;

x “ 0 : pi{8 : pi;

m “ lengthpsp:, 1qq;

alpha “ 0.95; tau “ 0.001; m1 “ 2; m2 “ 1;

phi1 “ onesp10000, 1q; phi2 “ d; phi3 “ e; phi4 “ d. ˚ e;

phi5 “ d.2 ´ 1; phi6 “ e.2 ´ 1;

phi “ rphi1 phi2 phi3 phi4 phi5 phi6s;

lam1 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp1qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp1qq ˚ phi3;

lam2 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp2qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp2qq ˚ phi3;

lam3 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp3qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp3qq ˚ phi3;

lam4 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp4qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp4qq ˚ phi3;

lam5 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp5qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp5qq ˚ phi3;

lam6 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp6qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp6qq ˚ phi3;

lam7 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp7qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp7qq ˚ phi3;

lam8 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp8qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp8qq ˚ phi3;

lam9 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp9qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp9qq ˚ phi3;

A “ r´2 ˚ lam11 ˚ phi lam11 ˚ phi zerosp1, 42q;

lam21 ˚ phi ´ 2 ˚ lam21 ˚ phi lam21 ˚ phi zerosp1, 36q;

zerosp1, 6q lam31 ˚ phi ´ 2 ˚ lam31 ˚ phi lam31 ˚ phi zerosp1, 30q;

zerosp1, 12q lam41 ˚ phi ´ 2 ˚ lam41 ˚ phi lam41 ˚ phi zerosp1, 24q;

zerosp1, 18q lam51 ˚ phi ´ 2 ˚ lam51 ˚ phi lam51 ˚ phi zerosp1, 18q;

zerosp1, 24q lam61 ˚ phi ´ 2 ˚ lam61 ˚ phi lam61 ˚ phi zerosp1, 12q;
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zerosp1, 30q lam71 ˚ phi ´ 2 ˚ lam71 ˚ phi lam71 ˚ phi zerosp1, 6q;

zerosp1, 36q lam81 ˚ phi ´ 2 ˚ lam81 ˚ phi lam81 ˚ phi;

zerosp1, 36q lam91 ˚ phi ´ 2 ˚ lam91 ˚ phi zerosp1, 6qs;

for k “ 1 : 10000

b “ r´lam1pkq ˚ up1q zerosp1, 7q ´ lam9pkq ˚ up2qs1;

a “ mldividepA, bq;

b1 “ r´lam1pkq zerosp1, 8qs1;

b2 “ rzerosp1, 8q ´ lam9pkqs1;

ga1 “ mldividepA, b1q;

ga2 “ mldividepA, b2q;

end

a1 “ ap1 : 6q; a2 “ ap7 : 12q; a3 “ ap13 : 18q; a4 “ ap19 : 24q; a5 “ ap25 : 30q;

a6 “ ap31 : 36q; a7 “ ap37 : 42q; a8 “ ap43 : 48q; a9 “ ap49 : 54q;

aa “ ra1 a2 a3 a4 a5 a6 a7 a8 a9s;

ga11 “ ga1p1 : 6q; ga12 “ ga1p7 : 12q; ga13 “ ga1p13 : 18q; ga14 “ ga1p19 :
24q; ga15 “ ga1p25 : 30q;

ga16 “ ga1p31 : 36q; ga17 “ ga1p37 : 42q; ga18 “ ga1p43 : 48q; ga19 “ ga1p49 : 54q;

ga21 “ ga2p1 : 6q; ga22 “ ga2p7 : 12q; ga23 “ ga2p13 : 18q; ga24 “ ga2p19 :
24q; ga25 “ ga2p25 : 30q;

ga26 “ ga2p31 : 36q; ga27 “ ga2p37 : 42q; ga28 “ ga2p43 : 48q; ga29 “ ga2p49 : 54q;

zp1q “ ´sumpa11 ˚ phi1q ` sinpxp1qq ˚ sinppi{5q ´ 0.7;

zp2q “ ´sumpa21 ˚ phi1q ` sinpxp2qq ˚ sinppi{5q ´ 0.7;

zp3q “ ´sumpa31 ˚ phi1q ` sinpxp3qq ˚ sinppi{5q ´ 0.7;

zp4q “ ´sumpa41 ˚ phi1q ` sinpxp4qq ˚ sinppi{5q ´ 0.7;

zp5q “ ´sumpa51 ˚ phi1q ` sinpxp5qq ˚ sinppi{5q ´ 0.7;

zp6q “ ´sumpa61 ˚ phi1q ` sinpxp6qq ˚ sinppi{5q ´ 0.7;

zp7q “ ´sumpa71 ˚ phi1q ` sinpxp7qq ˚ sinppi{5q ´ 0.7;

zp8q “ ´sumpa81 ˚ phi1q ` sinpxp8qq ˚ sinppi{5q ´ 0.7;

zp9q “ ´sumpa91 ˚ phi1q ` sinpxp9qq ˚ sinppi{5q ´ 0.7;

Gzp1, 1q “ ´sumpga111 ˚ phi1q; Gzp2, 1q “ ´sumpga211 ˚ phi1q;

Gzp1, 2q “ ´sumpga121 ˚ phi1q; Gzp2, 2q “ ´sumpga221 ˚ phi1q;

Gzp1, 3q “ ´sumpga131 ˚ phi1q; Gzp2, 3q “ ´sumpga231 ˚ phi1q;

Gzp1, 4q “ ´sumpga141 ˚ phi1q; Gzp2, 4q “ ´sumpga241 ˚ phi1q;

54



Gzp1, 5q “ ´sumpga151 ˚ phi1q; Gzp2, 5q “ ´sumpga251 ˚ phi1q;

Gzp1, 6q “ ´sumpga161 ˚ phi1q; Gzp2, 6q “ ´sumpga261 ˚ phi1q;

Gzp1, 7q “ ´sumpga171 ˚ phi1q; Gzp2, 7q “ ´sumpga271 ˚ phi1q;

Gzp1, 8q “ ´sumpga181 ˚ phi1q; Gzp2, 8q “ ´sumpga281 ˚ phi1q;

Gzp1, 9q “ ´sumpga191 ˚ phi1q; Gzp2, 9q “ ´sumpga291 ˚ phi1q;

cp1q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp1qqq ´ 1` alpha;

cp2q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp2qqq ´ 1` alpha;

cp3q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp3qqq ´ 1` alpha;

cp4q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp4qqq ´ 1` alpha;

cp5q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp5qqq ´ 1` alpha;

cp6q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp6qqq ´ 1` alpha;

cp7q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp7qqq ´ 1` alpha;

cp8q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp8qqq ´ 1` alpha;

cp9q “ p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ expp´p1{tauq ˚ zp9qqq ´ 1` alpha;

if nargout ą 1

Gcp1, 1q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp1qqq˚Gzp1, 1q{p1`m2˚tau˚expp´p1{tauq˚
zp1qqq2;

Gcp2, 1q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp1qqq˚Gzp2, 1q{p1`m2˚tau˚expp´p1{tauq˚
zp1qqq2;

Gcp1, 2q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp2qqq˚Gzp1, 2q{p1`m2˚tau˚expp´p1{tauq˚
zp2qqq2;

Gcp2, 2q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp2qqq˚Gzp2, 2q{p1`m2˚tau˚expp´p1{tauq˚
zp2qqq2;

Gcp1, 3q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp3qqq˚Gzp1, 3q{p1`m2˚tau˚expp´p1{tauq˚
zp3qqq2;

Gcp2, 3q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp3qqq˚Gzp2, 3q{p1`m2˚tau˚expp´p1{tauq˚
zp3qqq2;

Gcp1, 4q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp4qqq˚Gzp1, 4q{p1`m2˚tau˚expp´p1{tauq˚
zp4qqq2;

Gcp2, 4q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp4qqq˚Gzp2, 4q{p1`m2˚tau˚expp´p1{tauq˚
zp4qqq2;

Gcp1, 5q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp5qqq˚Gzp1, 5q{p1`m2˚tau˚expp´p1{tauq˚
zp5qqq2;

Gcp2, 5q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp5qqq˚Gzp2, 5q{p1`m2˚tau˚expp´p1{tauq˚
zp5qqq2;
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Gcp1, 6q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp6qqq˚Gzp1, 6q{p1`m2˚tau˚expp´p1{tauq˚
zp6qqq2;

Gcp2, 6q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp6qqq˚Gzp2, 6q{p1`m2˚tau˚expp´p1{tauq˚
zp6qqq2;

Gcp1, 7q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp7qqq˚Gzp1, 7q{p1`m2˚tau˚expp´p1{tauq˚
zp7qqq2;

Gcp2, 7q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp7qqq˚Gzp2, 7q{p1`m2˚tau˚expp´p1{tauq˚
zp7qqq2;

Gcp1, 8q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp8qqq˚Gzp1, 8q{p1`m2˚tau˚expp´p1{tauq˚
zp8qqq2;

Gcp2, 8q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp8qqq˚Gzp2, 8q{p1`m2˚tau˚expp´p1{tauq˚
zp8qqq2;

Gcp1, 9q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp9qqq˚Gzp1, 9q{p1`m2˚tau˚expp´p1{tauq˚
zp9qqq2;

Gcp2, 9q “ ´p1`m1˚tauq˚p´expp´p1{tauq˚zp9qqq˚Gzp2, 9q{p1`m2˚tau˚expp´p1{tauq˚
zp9qqq2;

end

ceq “ r s;

Gceq “ r s;

T p1q “ up1q;

T p9q “ up2q;

phiz “ sumpphiq;

for j “ 2 : 8

T pjq “ sumpapj, :q ˚ phizq;

end

x “ 0 : pi{8 : pi;

Tmin “ sinpxq ˚ sinppi{5q ´ 0.7;

plotpx, T, x, Tminq

axispr0pi´ 12sq;

legendp1T pxq1,1 Tminpxq
1q

xlabelp1Space1q

ylabelp1Temperature1q
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II. MATLAB Code for POA

function [u,optimObj]=Outer

u0 = [0.5,0.5]’;

lb = [0.0,0.0]’;

ub= [1,1]’;

options=optimset(’Display’,’Iter’,’TolFun’, 1e-10,’Algorithm’,’interior-point’);

options=optimset(options,’GradObj’,’off’,’GradConstr’,’off’);

tic;

[u,optimObj]=fmincon(@obj7,u0,[ ],[ ],[ ],[ ],lb,ub,@con3,options);

toc

function [f,grad] = obj7(u)

randn(’state’,1);

s1 = randn(1, 10000)’;

randn(’state’,2);

s2 = randn(1, 10000)’;

s=[s1,s2];

d=s1;

e=s2;

x=0:pi/8:pi;

m=length(s(:,1));

gamma1=1; gamma2=1;

phi1=ones(10000,1);

phi2=d;

phi3=e;

phi4=d.*e;

phi5=d.2 ´ 1;

phi6 “ e.2 ´ 1;

phi “ rphi1 phi2 phi3 phi4 phi5 phi6s;

lam1 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp1qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp1qq ˚ phi3;

lam2 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp2qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp2qq ˚ phi3;

lam3 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp3qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp3qq ˚ phi3;

lam4 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp4qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp4qq ˚ phi3;
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lam5 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp5qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp5qq ˚ phi3;

lam6 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp6qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp6qq ˚ phi3;

lam7 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp7qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp7qq ˚ phi3;

lam8 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp8qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp8qq ˚ phi3;

lam9 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp9qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp9qq ˚ phi3;

A “ r´2 ˚ lam11 ˚ phi lam11 ˚ phi zerosp1, 42q;

lam21 ˚ phi ´ 2 ˚ lam21 ˚ phi lam21 ˚ phi zerosp1, 36q;

zerosp1, 6q lam31 ˚ phi ´ 2 ˚ lam31 ˚ phi lam31 ˚ phi zerosp1, 30q;

zerosp1, 12q lam41 ˚ phi ´ 2 ˚ lam41 ˚ phi lam41 ˚ phi zerosp1, 24q;

zerosp1, 18q lam51 ˚ phi ´ 2 ˚ lam51 ˚ phi lam51 ˚ phi zerosp1, 18q;

zerosp1, 24q lam61 ˚ phi ´ 2 ˚ lam61 ˚ phi lam61 ˚ phi zerosp1, 12q;

zerosp1, 30q lam71 ˚ phi ´ 2 ˚ lam71 ˚ phi lam71 ˚ phi zerosp1, 6q;

zerosp1, 36q lam81 ˚ phi ´ 2 ˚ lam81 ˚ phi lam81 ˚ phi;

zerosp1, 36q lam91 ˚ phi ´ 2 ˚ lam91 ˚ phi zerosp1, 6qs;

for k “ 1 : 10000

b “ r´lam1pkq ˚ up1q zerosp1, 7q ´ lam9pkq ˚ up2qs1;

a “ mldividepA, bq;

b1 “ r´lam1pkq zerosp1, 8qs1;

b2 “ rzerosp1, 8q ´ lam9pkqs1;

ga1 “ mldividepA, b1q;

ga2 “ mldividepA, b2q;

end

a1 “ ap1 : 6q; a2 “ ap7 : 12q; a3 “ ap13 : 18q; a4 “ ap19 : 24q; a5 “ ap25 : 30q;

a6 “ ap31 : 36q; a7 “ ap37 : 42q; a8 “ ap43 : 48q; a9 “ ap49 : 54q;

ga15 “ ga1p25 : 30q; ga25 “ ga2p25 : 30q;

f1 “ psumpa51 ˚ phi1q ´ 1q2; f “ f1` gamma1 ˚ up1q2 ` gamma2 ˚ up2q2;

gradp1q “ 2 ˚ psumpa51 ˚ phi1q ´ 1q ˚ sumpga151 ˚ phi1q ` 2 ˚ up1q;

gradp2q “ 2 ˚ psumpa51 ˚ phi1q ´ 1q ˚ sumpga251 ˚ phi1q ` 2 ˚ up2q;

functionrc, ceq,Gc,Gceqs “ con3puq

randnp1state1, 1q;

s1 “ randnp1, 10000q1;

randnp1state1, 10q;
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s2 “ randnp1, 10000q1;

s “ rs1, s2s;

d “ s1;

e “ s2;

x “ 0 : pi{8 : pi;

m “ lengthpsp:, 1qq;

alpha “ 0.95; tau “ 0.001; m1 “ 2; m2 “ 1;

phi1 “ onesp10000, 1q; phi2 “ d; phi3 “ e; phi4 “ d. ˚ e;

phi5 “ d.2 ´ 1; phi6 “ e.2 ´ 1;

phi “ rphi1 phi2 phi3 phi4 phi5 phi6s;

lam1 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp1qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp1qq ˚ phi3;

lam2 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp2qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp2qq ˚ phi3;

lam3 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp3qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp3qq ˚ phi3;

lam4 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp4qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp4qq ˚ phi3;

lam5 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp5qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp5qq ˚ phi3;

lam6 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp6qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp6qq ˚ phi3;

lam7 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp7qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp7qq ˚ phi3;

lam8 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp8qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp8qq ˚ phi3;

lam9 “ phi1` p1{ppi2qq ˚ cosp2 ˚ pi ˚ xp9qq ˚ phi2` p1{p4 ˚ pi2qq ˚ cosp4 ˚ pi ˚ xp9qq ˚ phi3;

A “ r´2 ˚ lam11 ˚ phi lam11 ˚ phi zerosp1, 42q;

lam21 ˚ phi ´ 2 ˚ lam21 ˚ phi lam21 ˚ phi zerosp1, 36q;

zerosp1, 6q lam31 ˚ phi ´ 2 ˚ lam31 ˚ phi lam31 ˚ phi zerosp1, 30q;

zerosp1, 12q lam41 ˚ phi ´ 2 ˚ lam41 ˚ phi lam41 ˚ phi zerosp1, 24q;

zerosp1, 18q lam51 ˚ phi ´ 2 ˚ lam51 ˚ phi lam51 ˚ phi zerosp1, 18q;

zerosp1, 24q lam61 ˚ phi ´ 2 ˚ lam61 ˚ phi lam61 ˚ phi zerosp1, 12q;

zerosp1, 30q lam71 ˚ phi ´ 2 ˚ lam71 ˚ phi lam71 ˚ phi zerosp1, 6q;

zerosp1, 36q lam81 ˚ phi ´ 2 ˚ lam81 ˚ phi lam81 ˚ phi;

zerosp1, 36q lam91 ˚ phi ´ 2 ˚ lam91 ˚ phi zerosp1, 6qs;

for k “ 1 : 10000

b “ r´lam1pkq ˚ up1q zerosp1, 7q ´ lam9pkq ˚ up2qs1;

a “ mldividepA, bq;

b1 “ r´lam1pkq zerosp1, 8qs1;
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b2 “ rzerosp1, 8q ´ lam9pkqs1;

ga1 “ mldividepA, b1q;

ga2 “ mldividepA, b2q;

end

a1 “ ap1 : 6q; a2 “ ap7 : 12q; a3 “ ap13 : 18q; a4 “ ap19 : 24q; a5 “ ap25 : 30q;

a6 “ ap31 : 36q; a7 “ ap37 : 42q; a8 “ ap43 : 48q; a9 “ ap49 : 54q;

ga11 “ ga1p1 : 6q; ga12 “ ga1p7 : 12q; ga13 “ ga1p13 : 18q; ga14 “ ga1p19 :
24q; ga15 “ ga1p25 : 30q;

ga16 “ ga1p31 : 36q; ga17 “ ga1p37 : 42q; ga18 “ ga1p43 : 48q; ga19 “ ga1p49 : 54q;

ga21 “ ga2p1 : 6q; ga22 “ ga2p7 : 12q; ga23 “ ga2p13 : 18q; ga24 “ ga2p19 :
24q; ga25 “ ga2p25 : 30q;

ga26 “ ga2p31 : 36q; ga27 “ ga2p37 : 42q; ga28 “ ga2p43 : 48q; ga29 “ ga2p49 : 54q;

zp1q “ ´sumpa11 ˚ phi1q ` sinpxp1qq ˚ sinppi{5q ´ 0.7;

zp2q “ ´sumpa21 ˚ phi1q ` sinpxp2qq ˚ sinppi{5q ´ 0.7;

zp3q “ ´sumpa31 ˚ phi1q ` sinpxp3qq ˚ sinppi{5q ´ 0.7;

zp4q “ ´sumpa41 ˚ phi1q ` sinpxp4qq ˚ sinppi{5q ´ 0.7;

zp5q “ ´sumpa51 ˚ phi1q ` sinpxp5qq ˚ sinppi{5q ´ 0.7;

zp6q “ ´sumpa61 ˚ phi1q ` sinpxp6qq ˚ sinppi{5q ´ 0.7;

zp7q “ ´sumpa71 ˚ phi1q ` sinpxp7qq ˚ sinppi{5q ´ 0.7;

zp8q “ ´sumpa81 ˚ phi1q ` sinpxp8qq ˚ sinppi{5q ´ 0.7;

zp9q “ ´sumpa91 ˚ phi1q ` sinpxp9qq ˚ sinppi{5q ´ 0.7;

Gzp1, 1q “ ´sumpga111 ˚ phi1q; Gzp2, 1q “ ´sumpga211 ˚ phi1q;

Gzp1, 2q “ ´sumpga121 ˚ phi1q; Gzp2, 2q “ ´sumpga221 ˚ phi1q;

Gzp1, 3q “ ´sumpga131 ˚ phi1q; Gzp2, 3q “ ´sumpga231 ˚ phi1q;

Gzp1, 4q “ ´sumpga141 ˚ phi1q; Gzp2, 4q “ ´sumpga241 ˚ phi1q;

Gzp1, 5q “ ´sumpga151 ˚ phi1q; Gzp2, 5q “ ´sumpga251 ˚ phi1q;

Gzp1, 6q “ ´sumpga161 ˚ phi1q; Gzp2, 6q “ ´sumpga261 ˚ phi1q;

Gzp1, 7q “ ´sumpga171 ˚ phi1q; Gzp2, 7q “ ´sumpga271 ˚ phi1q;

Gzp1, 8q “ ´sumpga181 ˚ phi1q; Gzp2, 8q “ ´sumpga281 ˚ phi1q;

Gzp1, 9q “ ´sumpga191 ˚ phi1q; p2, 9q “ ´sumpga291 ˚ phi1q;

cp1q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp1qqq ` alpha;

cp2q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp2qqq ` alpha;

cp3q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp3qqq ` alpha;
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cp4q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp4qqq ` alpha;

cp5q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp5qqq ` alpha;

cp6q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp6qqq ` alpha;

cp7q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp7qqq ` alpha;

cp8q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp8qqq ` alpha;

cp9q “ ´p1`m1 ˚ tauq{p1`m2 ˚ tau ˚ exppp1{tauq ˚ zp9qqq ` alpha;

if nargout ą 1

Gcp1, 1q “ p1`m1˚tauq˚pexppp1{tauq˚zp1qqq˚Gzp1, 1q{p1`m2˚tau˚exppp1{tauq˚zp1qqq2;

Gcp2, 1q “ p1`m1˚tauq˚pexppp1{tauq˚zp1qqq˚Gzp2, 1q{p1`m2˚tau˚exppp1{tauq˚zp1qqq2;

Gcp1, 2q “ p1`m1˚tauq˚pexppp1{tauq˚zp2qqq˚Gzp1, 2q{p1`m2˚tau˚exppp1{tauq˚zp2qqq2;

Gcp2, 2q “ p1`m1˚tauq˚pexppp1{tauq˚zp2qqq˚Gzp2, 2q{p1`m2˚tau˚exppp1{tauq˚zp2qqq2;

Gcp1, 3q “ p1`m1˚tauq˚pexppp1{tauq˚zp3qqq˚Gzp1, 3q{p1`m2˚tau˚exppp1{tauq˚zp3qqq2;

Gcp2, 3q “ p1`m1˚tauq˚pexppp1{tauq˚zp3qqq˚Gzp2, 3q{p1`m2˚tau˚exppp1{tauq˚zp3qqq2;

Gcp1, 4q “ p1`m1˚tauq˚pexppp1{tauq˚zp4qqq˚Gzp1, 4q{p1`m2˚tau˚exppp1{tauq˚zp4qqq2;

Gcp2, 4q “ p1`m1˚tauq˚pexppp1{tauq˚zp4qqq˚Gzp2, 4q{p1`m2˚tau˚exppp1{tauq˚zp4qqq2;

Gcp1, 5q “ p1`m1˚tauq˚pexppp1{tauq˚zp5qqq˚Gzp1, 5q{p1`m2˚tau˚exppp1{tauq˚zp5qqq2;

Gcp2, 5q “ p1`m1˚tauq˚pexppp1{tauq˚zp5qqq˚Gzp2, 5q{p1`m2˚tau˚exppp1{tauq˚zp5qqq2;

Gcp1, 6q “ p1`m1˚tauq˚pexppp1{tauq˚zp6qqq˚Gzp1, 6q{p1`m2˚tau˚exppp1{tauq˚zp6qqq2;

Gcp2, 6q “ p1`m1˚tauq˚pexppp1{tauq˚zp6qqq˚Gzp2, 6q{p1`m2˚tau˚exppp1{tauq˚zp6qqq2;

Gcp1, 7q “ p1`m1˚tauq˚pexppp1{tauq˚zp7qqq˚Gzp1, 7q{p1`m2˚tau˚exppp1{tauq˚zp7qqq2;

Gcp2, 7q “ p1`m1˚tauq˚pexppp1{tauq˚zp7qqq˚Gzp2, 7q{p1`m2˚tau˚exppp1{tauq˚zp7qqq2;

Gcp1, 8q “ p1`m1˚tauq˚pexppp1{tauq˚zp8qqq˚Gzp1, 8q{p1`m2˚tau˚exppp1{tauq˚zp8qqq2;

Gcp2, 8q “ p1`m1˚tauq˚pexppp1{tauq˚zp8qqq˚Gzp2, 8q{p1`m2˚tau˚exppp1{tauq˚zp8qqq2;

Gcp1, 9q “ p1`m1˚tauq˚pexppp1{tauq˚zp9qqq˚Gzp1, 9q{p1`m2˚tau˚exppp1{tauq˚zp9qqq2;

Gcp2, 9q “ p1`m1˚tauq˚pexppp1{tauq˚zp9qqq˚Gzp2, 9q{p1`m2˚tau˚exppp1{tauq˚zp9qqq2;

end

ceq “ r s;

Gceq “ r s;

T p1q “ up1q;

T p9q “ up2q;

phiz “ sumpphiq;

for j “ 2 : 8
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T pjq “ sumpapj, :q ˚ phizq;

end

x “ 0 : pi{8 : pi;

Tmin “ sinpxq ˚ sinppi{5q ´ 0.7;

plotpx, T, x, Tminq

axispr0 pi ´ 1 0.5sq;

legendp1T pxq1,1 Tminpxq
1q

xlabelp1Space1q

ylabelp1Temperature1q
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[63] H. Goldberg and F. Tröltzsch. Second order sufficient optimality conditions for a
class of non- linear parabolic boundary control problems. SIAM J. Control and
Optimization, 31(4):1007-1025, 1993.

[64] I. G. Grahama, F. Y. Kuo, D. Nuyens, R. Scheichla, I. H. Sloan. Quasi-Monte Carlo
methods for elliptic PDEs with random coefficients and applications. Journal of
Computational Physics, 230(10) : 3668 - 3694, 2010.

[65] R. Henrion, C. Küchler, W. Römisch. Scenario reduction in stochastic programming
with respect to discrepancy distances. Comput. Optim. Appl., 43 : 67-93, 2009.

[66] R. Henrion, C. Strugarek. Convexity of chance constraints with independent random
variables. Comput. Optim. and Appl., 41 : 263 - 276, 2008.

[67] A. Hinrichs, E. Novak. Cubature formulas for symmetric measures in high dimensions
with few points. Math. Comput., 76 : 1357 17 1372, 2007.

67



[68] M. Hintermüller, K. Kunisch. Stationary optimal control problems with pointwise
state constraints. SIAM J. Optim. 20 : 1133 - 1156, 2009.
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