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Abstract

Stochastic chance-constrained programming is mainly concerned with the problem that
the decision maker must give his solution before the random variables come true. In
this problem, the probability of decision satisfying the constraints cannot be less than
some given probability level, or reliability level or confidence level a. There are two main
difficulties with such chance-constrained problems. First, checking feasibility of a given
candidate solution exactly is impossible in general. Second, the feasible region induced
by chance constraints is, in general, non-convex leading to severe optimization challenges.

Chance constrained optimization problems in engineering applications possess highly
non-linear process models and non-convex structures. As a result, solving a non-linear
non-convex chance constrained optimization (CCOPT) problem remains as a challenging
task. The major difficulty lies in the evaluation of probability values and gradients of
inequality constraints which are non-linear functions of stochastic variables. This the-
sis will focus on Inner-Outer smooth analytic approximation to improve tractability of
non-convex chance constraints. Also this thesis is devoted to an example of optimization
problems that include PDEs constraint in the case of heat transfer by implementing the
Inner-Outer approximation scheme.

Keywords: Stochastic Optimal Control, Probability Constraint, Chance constrained
optimization and Analytic approximation.
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Chapter 1

Introduction

Today, deterministic mathematical models are still widely used in the analysis of different
systems composed of uncertain media. This result to the introduction of the conservative
factors of safety applied to the approximate mean-value solution, which gives a signifi-
cant increase in the design, construction and operational costs. Apparently, deterministic
models can be considered only as approximations to the corresponding physical prob-
lems. The lack of a versatile stochastic model for uncertain media and the inadequacy of
compatible analysis tools for the corresponding stochastic partial differential equations
(SPDEs) are the reasons why deterministic models are still widely used. Therefore, it is
of vital importance to investigate the mathematical foundation and to develop efficient
and tough solving method for practical scientific systems consisting of uncertain media.

Many engineering problems are modelled by partial differential equations (PDEs)
with uncertainties in both model and parameters and in operating conditions. In general,
when a PDE system has random coefficients or disturbances, then the solutions of the
PDE system will be also random. Hence, a mathematical analysis of such PDE systems
requires appropriate characterization of the random (input) disturbances and quantifica-
tion of their impact on the solutions (outputs) of the PDE system. Generally, this calls
for strategies of uncertainty quantification in order to capture the propagated uncertain-
ties from random inputs to the outputs. Currently, there is an extensive research work
on uncertainty quantification methods. As a result, uncertainty quantification meth-
ods are frequently used to extract statistical properties, such as, first- or second-order
moments, probability distributions, etc., of the solutions of the PDE system. Neverthe-
less, uncertainty quantification methods are basically simulation methods and they do
not automatically provide optimal solution to stochastic PDE systems. Consequently,
optimization problems with PDE constraints under uncertainties remain as a challenge
due to their mathematical and numerical complexities. Optimization of stochastic PDE
systems, where chance constraints are to be imposed on spatially distributed output vari-
ables have not been properly investigated.

This work implements an Inner- and Outer parametric approximations of the feasible set
of a chance constrained optimization with partial differential equations (CCOPTPDE)
problem. The parametric approximation problems are more tractable than the original
CCOPTPDE problem. Furthermore, the solution of the inner approximation problem
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are always feasible to the CCOPTPDE and converge to an optimal solution of CCOPT-
PDE w.r.t. the approximation parameter. Furthermore, the outer approximate problem
is designed to provide a numerical validation for approximate solution obtained through
the inner approximation.

The remainder of the thesis is organized as follows. Section [2| states the problem
formulation, Section [3| presents a review on partial differential equations with random
input and optimization problems with PDE constraints. Section 4| presents a brief review
on theory and methods of chance constrained optimization problems. Section [5| presents
a Numerical example implemented by the Inner and Outer approximation schemes. The
thesis concludes in Section [6] with a summary and some future research directions.
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Chapter 2

Problem Formulation

This study on CCOPTPDE is motivated by engineering applications. For the sake of
clarity of presentation, the discussion here considers CCOPTPDE with one chance con-
straint in the case of heat induction. As a result, the study considers a chance constrained
optimization of linear elliptic partial differential equation problems.

This research work deals with numerical methods for problems with elliptic PDE con-
straints under chance constrained state variables in the case of heat transfer. Hence, the
problem to be studied has the general form:

(CCOPTPDE) min E[J(u,y)] (2.1)
Subject to

_H($a S)Ay = f(uaza 6)7 in D x Q7 (22)

y =20, on dD x (, (2.3)

Priy(z,&) < Ymae(z)} = «, in D, (2.4)

Umin SU S Umaz- (25)

where

e Dc R*n=1,n=2o0rn=3)is a bounded region, = € D represent the spatial

variables and y € (H'[D] x L?(Q),RP) represents state variables.

e The decision variables u € % = {v € R™ | Upin < v < Upar} are commonly called
controls. Hence, equation defines a box-constraint on the control variables.

e The objective function in [2.1 has the form

1 A
Bl (u.9)] = 5 Ellly = vall ] + S llull72(0)-

The variable y represents the actual state of the system and y, is a desired value that
the actual states should attain. Due to uncertainties, the desired values cannot be
attained deterministically. Hence, we minimize the expected value of the deviations
of the actual states y from the desired states y4 in norm, as indicated by E[||y—yal?]-
The regularization term ’%HuH%Q( py guarantees stability of optimal solutions with
an appropriately chosen regularization parameter A > 0.
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e Equation is a linear elliptic partial differential equations with a random coeffi-
cient x(x,§) and a random forcing term f(u,x,§);

e Equation [2.3]imposes Drichlet type boundary condition; where 0D represents
the boundary of the spacial domain D. However, Neumann or other type of bound-
ary conditions can be also considered.

e () — R? is the set of random variables & .

e The multivariate random variable £ = (&1, &, -+ ,&,) is assumed to have a known
or a given joint-probability density function ®(§). Thus, the random variable £
belongs to a probability space (2, .%#, &), where % is the o-algebra and &7 is the
probability measure associated to £ .

e The operators E[-] and Pr(-) respectively represent expected value and probability
measure with respect to the random variable & .

e Equation [2.4] defines chance constraints. The constraint Pr{y(z,¢) < Ymas} = @
specifies probability (reliability) level of holding restrictions the spatially varying
state variables, where « € [0, 1] is a pre-specified level of reliability. The chance
constraints are required to hold point-wise over the spatial dimension D.

e In particular, for the systems of PDE equations - we take a heat transfer
equation.

2.1 Scope of the Study

The scope of this thesis is to investigate the application of numerical methods with PDE;
in particular chance-constraints. The modeling concept introduced here, in the specific
area of heat transfer optimization problems under uncertainties. To deal with the opti-
mization under parameter uncertainty has to be considered. Most parameter uncertain-
ties are usually steady-state in nature. Uncertainties can be temperature and pressure of
the operating unit conditions and uncertainties representing the unavailability of process
knowledge such as model parameters. Model parameters are often retreated from an
uncertain data. However, these uncertain variables will propagate through the process to
the output variables and the outputs will also be uncertain. To overcome this problem,
numerical methods for heat transfer under chance constrained is proposed in this thesis.
This applies new approaches to probability density function (PDF). This computational
experience shows that chance-constraints solving methods to optimality problems that
could not or could be only approximately solved by other existing approaches.

2.2 Objectives of the Study

The major objectives of the study are:
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I. To develop numerical methods for the efficient solution of the problem.

To design a tractable analytic approximation of chance constraints to facilitate sim-
pler computation of chance constraints. Furthermore, to implement efficient numerical
method for the discretization of deterministic PDE and transformation of the PDE con-
strained problem into an optimization problem. Finally, to apply an efficient optimization
solver for the solution of the (possibly nonlinear large-scale) optimization problems.

II. To demonstrate the viability of the overall numerical developments by
solving practical problem.

We consider an optimal control of heat transfer with chance constraint as an example
to show the viability of the Inner-Outer Analytic approximation scheme. The example
is a practical problem in heat induction process.
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Chapter 3

Partial Differential Equations with
Random Inputs and Optimization
Problems with PDE Constraints

3.1 Partial Differential Equations with Random In-
puts

3.1.1 Sources of Uncertainty and Their Distributions

In many PDE systems, there are difficulties in complete and precise determination of
process parameters due to difficulties in taking accurate measurements, high spatial vari-
ations, and heterogeneity of materials [6]. Coefficients that depend on imprecisely known
material properties, like specific heat capacity, viscosity, hydraulic conductivity, perme-
ability (as in flow through porous media) are sources of input uncertainties. Beside
these internal uncertainties, there can also be uncertainties arising from external inputs.
For instance, ambient temperature, pressure, aerodynamic activities could impose a non-
negligible impact on the process performance. In a PDE system such uncertainties reveal
themselves through the source term (forcing term) or through boundary conditions ([5],
], [53).

These input uncertainties are usually described as random variables with known prob-
ability distributions. They may be Gaussian or non-Gaussian or mixed distributions.
Recent results show that Gaussian models are not always appropriate for all types of in-
put uncertainties ([1], [49], [114], [123]). For instance, the work [4] considers log-normal
input uncertainties, while Beta-distribution was considered in [122]. In addition, input
random variables of physical processes are often either partially or fully correlated, which
may complicate the study of such uncertainties.
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3.1.2 Uncertainty Quantification Methods for Partial Differen-
tial Equations with Random Inputs

Uncertainty quantification refers to characterization of the impact of input uncertainties
on the outputs. The outputs of a PDE system are actually the solutions of the PDE for
a given realization of the random variables.

In general, input uncertainties propagate through the PDE model and cause uncertainties
in the system outputs. It is imperative to have an appropriate characterization of the
uncertainty properties of the output variables. Nevertheless, an analytic representation
of distributions of output variables from the probability distributions of the uncertain
inputs is rarely available. Therefore, current research effort is highly concentrated on the
quantification of the uncertainties of the outputs to extract statistical properties like first,
second and higher order moments, or to approximate their probability distributions ([5],
[60], [95], [120]). Almost all following studies are limited to the design of computational
strategies for efficient simulation of the stochastic PDE model to facilitate uncertainty
quantification of system outputs.

a. Monte-Carlo Methods

Monte-Carlo (MC) methods are widely used classical approaches for simulating stochastic
PDE systems to characterize the effects of random inputs. An accurate estimation of
statistical properties of the outputs can only be attained through repeated simulations
with a large sample size. This makes MC methods impractical, since a repeated solution
of a large set of PDEs in many scenarios is intractable. Recently, a potential improvement
was proposed by the so-called multilevel MC methods which use a stepwise refinement
of the sample sets guaranteeing variance reduction ([8], [9], [40]).

b. Karhunen-Loéve (KL) Expansion

Uncertain inputs in a PDE model often vary both spatially and randomly. Such compo-
nents of the stochastic PDE model are commonly considered as random fields. When the
mean and covariance of the random fields are known, the Karhunen-Loeve(KL) expan-
sion (Karhunen [78], Loeve [86]) provides an infinite sum as an analytic representation
of these random fields. It consists of eigenvalues and eigen-functions of the Fredholm
integral operator which is associated with the covariance of the respective random fields.
Each random field can be described as an infinite sum of deterministic (spatially vary-
ing) basis functions with random coefficients. As a result, this representation provides a
decoupling of deterministic and stochastic parts and simplifies subsequent processing of
spatial and random variables independently. The substitution of each random field in the
stochastic PDE system by its corresponding KL expansion yields an infinite dimensional
problem. To solve this problem, the infinite sums have to be truncated by retaining only
the first few terms [60]. The resulting stochastic PDE system (surrogate model) is only
an approximation of the original governing PDE. Therefore, the impact of truncation
error on the chance constrained outputs is an open issue that should be investigated.
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c. Polynomial Chaos Expansion

The polynomial chaos (PC) expansion provides a direct functional and analytic rela-
tion between the random inputs and the solutions of the PDE system. This relation
is expressed in terms of infinite weighted sums of (multi-dimensional) polynomials of
the random input variables. The weights (coefficients) of this infinite-sum expansion
are deterministic functions of the spatial variables. Hence, it facilitates a decoupling of
the random outputs into stochastic and spatial components. Wiener [117] first consid-
ered expansion of output uncertainties in terms of input uncertainties by introducing the
concept of homogenous chaos. In 1989 Ghanem and Spanos [109] extended this to (spec-
tral) stochastic finite elements. These initial considerations were limited to Gaussian
distributed input uncertainties using Hermite polynomials. In 2002 Xiu and Karniadakis
[123] extended the theory to generalized polynomial chaos (GPC) expansion to consider
input uncertainties with various types of probability distributions.

For PC expansion of random fields, the components of the random input vector are as-
sumed to be statistically independent and their joint density function is a product of
the probability densities of the one-dimensional components [123]. As a result, in the
probability space, multidimensional interpolating polynomials are generated as a tensor-
product of the corresponding one-dimensional orthogonal polynomials. However, if the
input uncertainties are non-Gaussian random variables, a de-correlation of the random
variables is needed to express their joint density function in a product form.

Again, the PC expansion consists of an infinite sum of multi-dimensional random polyno-
mials whose degrees increase along with the summation index. For a practical numerical
computation, there should be a balanced truncation of the infinite series. Subsequently,
replacing the unknowns of the PDE system by their respective truncated PC expansions
leads to a finite dimensional approximation of the original PDE system. Consequently,
due to its ability to capture both Gaussian and non-Gaussian input uncertainties, the
PC expansion has evolved as an indispensable tool for the analysis of stochastic PDE
models ([49], [53], [121], [122]). In the context of chance constrained optimization of PDE
systems, it is necessary to derive optimal spatially varying coefficients of truncated PC
expansions of individual outputs.

d. Deterministic Transformation of Stochastic PDEs

A chance constrained optimization of a stochastic PDE system presupposes a transfor-
mation of the system into a deterministic optimization problem, so that it can be solved
by an available NLP algorithm. The truncated KL expansion or the PC expansion of
the random fields yields a tractable substitution of the original stochastic PDE model.
However, such a surrogate model is still stochastic and have to be represented by an
equivalent deterministic one for the intended numerical computation. Following strate-
gies have been commonly used to accomplish this task.

[. The Stochastic Galerkin Method
Initially proposed by Ghanem and Spanos [60], the stochastic Galerkin method
projects the stochastic PDE system onto the space of the multi-dimensional orthog-
onal polynomials. The projection uses the orthogonality property of the expansion
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polynomials w.r.t. the scalar product of the underlying Hilbert space to which the
polynomials belong. This results in a set of deterministic PDEs. Basically this
method was used for uncertainty quantification in relation with linear or quasi-
linear stochastic PDE models ([6], [7], [42], [49], [51]).When the governing stochas-
tic PDEs are of complex structure, the Galerkin method leads to highly coupled set
of deterministic PDEs, posing difficulties for subsequent numerical computation on
the spatial dimension. It could also damage some salient problem structures that
are exploitable in computational procedures [121].

Quasi-Monte Carlo Methods

Quasi-Monte-Carlo (QMC) methods generate deterministic samples that cover the
domain of random variables as uniformly as possible with a given low-discrepancy
property ([19], [94]). They are simple to construct and can be used irrespective of
the type of probability distribution of the random input variables as long as the
random variables are independent. A stochastic PDE model can be transformed
into a set of deterministic PDEs by substituting the random input variables with
their discrete realizations from the QMC sequences. Recently QMC methods were
used for deterministic transformation of stochastic PDEs in some engineering ap-
plications ([4], [64], [82]). In contrast to the Galerkin projection method, the QMC
methods lead to a decoupled system of deterministic PDEs. This is particularly
advantageous for the treatment of stochastic PDEs with complex nonlinearities.
Unfortunately, accurate deterministic representation of the stochastic PDE model
requires a large set of uniformly distributed low-discrepancy sequences, which leads
to a very large number of deterministic PDEs whose solution cannot be attained
within a reasonable CPU time. Hence, optimization of chance constrained PDE
systems may suffer from computational complexities if QMC methods are employed.

Discretization Based on Sparse-Grid Collocation

Introduced by Smolyak [10§], sparse-grid methods (also known as sparse-grid stochas-
tic collocation methods [95]) discretize the probability space of the random input
variables by using a few number of grid points to transform the stochastic PDE
model into a set of deterministic PDEs. Further studies showed that the construc-
tion of high-dimensional sparse grid discretization of the probability space can be
attained by a skillful combination of one-dimensional quadrature nodes ( [10], [17],
[59]). The quality of a given sparse-grid is measured by its polynomial exactness
[T0]. Therefore, the number of discretization points in the sparse-grid methods is
very low in contrast to QMC methods.

Currently, one-dimensional embedded quadrature rules like Gauss, Clenshaw-Curtis,
Kronord-Patterson are found to lead to embedded sparse grids which have good
error estimates and are easy to refine. Such grid-points are highly acclaimed for
computation of probability integrals as well as for deterministic representation of
stochastic PDEs [95]. Like QMC methods, the sparse grid discretization of the
probability space leads to a set of uncoupled deterministic PDEs. This has several
advantages. First, the number of constituent deterministic PDEs is relatively low in
comparison to the QMC methods. Second, efficient deterministic representation of
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nonlinear stochastic PDEs is preferably done by sparse-grid than by Galerkin pro-
jection methods [I21]. Third, the use of sparse-grid methods in conjunction with
polynomial chaos collocation of the outputs provides an enormous benefit, since
sparse grids can be constructed in such a way as to be able to exactly integrate all
polynomials in the PC expansion. Thus, it can provide an exact evaluation of the
surrogate PDEs on the probability space.

A further important advantage of sparse-grid collocation methods is their poten-
tial use for the computation of multi-dimensional integrals associated with chance
constraints and their gradients. Therefore, the construction of sparse-grids should
consider this issue from the outset and sparse grids should be designed to tackle
both the task of deterministic transformation of the PDEs as well as efficient eval-
uation of multi-dimensional probability integrals. In particular, chance constrained
stochastic optimization problems require repeated evaluation of multi-dimensional
probability integrals and the use of sparse-grid methods entails enormous compu-
tational benefits as has been demonstrated by our thesis ([55], [79]).

3.2 Optimization Problems with PDE Constraints

Optimal control problems of deterministic PDE systems are currently fairly well studied.
Nevertheless, optimization problems with PDEs under state constraints are known to
pose enormous difficulties ( [20], [80], [89], [92]).

Up to now, there exist only a few contributions where quasilinear equations have been
studied in the context of optimal control problems. Recently, Casas and Troltzsch con-
sidered in [20], [31], [32] the equation - with homogeneous Dirichlet boundary
conditions and the theory developed in [20] extended to the more delicate case of inho-
mogeneous Neumann boundary conditions in [47].

3.2.1 Existence of Solutions

Proving the existence of an optimal control in the PDE case requires more work than
in the ODE case. A priori estimates of the norms of the states in the solution space
are needed to justify convergence. If the controls are bounded above and below, one can
usually obtain corresponding bounds in the solution space for the states. The existence
of optimal solution to the problem of semilinear elliptic PDEs was well studied ([20], [80],
[89], [92]).

3.2.2 Optimality Conditions

For convex problems first-order necessary optimality conditions are even sufficient for
global optimality. In contrast to this, for nonlinear problems higher order conditions
such as second-order sufficient conditions should be employed to verify local optimality.
The latter ones are proved to be indispensable for several reasons. First, they play an
important role in the stability and numerical analysis of the optimal control problems,
in particular in the error analysis for local solutions of the finite element approximation
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of the control problems. Secondly, the convergence analysis of higher order numerical
optimization algorithms such as SQP-type methods rely heavily on second-order suffi-
cient conditions, see Alt and Malanowski [2], Dontchev et al. [48] or Ito and Kunisch
[77]. Likewise, second-order necessary conditions should also be studied since they serve
to measure the gap between them and the sufficient ones. In turn, this gap shows how
restrictive the sufficient conditions under consideration are. This explains why we are
concerned in formulating sufficient second-order conditions which are the closest to the
associated necessary ones.

There are two common techniques to verify that certain second-order conditions are
sufficient for local optimality. The first way is to apply some abstract methods for op-
timization problems in function spaces, see Casas and Troltzsch [34], while the other
method uses Pontryagin’s principle, cf. Casas and Mateos [28]. In [29], Casas, Mateos
and Troltzsch, have shown that both methods are equivalent.

Meanwhile, there exists a very extensive literature devoted to second-order optimality
conditions for control problems governed by partial differential equations. We mention
only the textbook by Troltzsch [112] for an overview, Goldberg and Troltzsch [61], [62],
[63] for boundary control of parabolic equations, Casas, Troltzsch and Unger [35], [36],
as well as Casas and Troltzsch [33], for elliptic boundary control problems with nonlinear
boundary conditions.

The list of contributions concerning the Pontryagin’s principle is very large. For ellip-
tic problems this principle was investigated by Casas [2I], while the parabolic case was
studied by Casas [23], Casas et al. [30] and Raymond and Zidani [I02]. In the context
of quasilinear equations with nonlinearity of gradient type, Pontryagin’s principle was
considered by Casas [22] and Casas and Yong [37].

There is some recent progress in the case of optimal control problems governed by quasi-
linear equations. The first step towards a corresponding analysis was recently made by
Casas and Troltzsch in [20], where first- and second-order optimality conditions as well
as a Pontryagin’s principle for the distributed optimal control of quasilinear elliptic equa-
tions are discussed. Other publications concerning quasilinear equations, in which the
leading coefficient of the differential operator depends on the gradient of the solution,
Casas and Fernandez [25], [26], Casas and Yong [37] and Casas et al. [27], for problems
with non-linearity of gradient type.

a. Optimality Conditions in the Presence of Control Constraints

Since the controls are in R™ and infinitely many point-wise state constraints are given,
this problem belongs to the class of semi-infinite mathematical programming problems.
Therefore, the first- and second-order optimality conditions might be deduced from the
theory of semi-infinite programming. Nevertheless, the transfer of these results to the
control of PDEs needs the handling of the associated partial differential equations and
discussing the differentiability properties of the underlying control-to-state mappings
(1201, [80], [89], [92]).
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b. Optimality Conditions in the Presence of Both Control and
State Constraints

State-constraints in PDE control problems are known to pose difficulties. The optimality
conditions of control problems of state-constrained deterministic PDEs was well studied
(211, [43], [44], [68]) .

In the late 1980s and early 1990s a number of research efforts focused on the existence of
Lagrange multipliers for point-wise state constraints in optimal control of partial differ-
ential equations (PDEs); see, for instance, [2I] in the case of zero-order state constraints.
While [21], [24] focus on second order linear elliptic differential equations and tracking-
type objective functionals, subsequent work such as, [103], [104] considered parabolic
PDEs and/or various types of nonlinearities. Moreover, investigations of second order
optimality conditions in the presence of pointwise state constraints can be found in [101]
and the references therein. In many of these papers, for guaranteeing the existence of
multipliers it is common to rely on the Slater constraint qualification, which requires that
the feasible set contains an interior point.

3.2.3 Regularity Conditions

It is well known that the numerical treatment of state-constrained problems is a quite dif-
ficult issue. On the one hand, the measure type form of Lagrange multipliers complicates
the numerical treatment of the problems, see [21]. On the other hand, in the analysis one
is faced with some ill-conditioned equations when dealing with state-constrained prob-
lems. This is mostly due to the compactness of the mapping u — y. This is known for
distributed optimal control problems and it turns out to be even harder in the case of
boundary control.

In the last years, two different regularization concepts were proposed to overcome the
difficulties mentioned previously. First, Ito and Kunisch [76] suggested a Moreau- Yosida
type regularization approach, which removes the point-wise state inequality constraints
by adding a penalty term to the objective functional and interior point methods, [107]
and the so called virtual control concept, first introduced in [81]. Hereafter, the penalized
problems are solved in an efficient way. We also refer to [13], [14], and [76].

Later, Meyer, Rosch, and Troltzsch, [89] came up with a Lavrentiev type regularization
to the point-wise state inequality constraints, see also the case of pure state constraints
in [90]. In contrast to the first method, it preserves, in some sense, the structure of the
state-constrained problem.

A Lavrentiev type regularization technique for solving elliptic boundary control problems
with pointwise state constraints is also considered by F. Troltzsch, 1. Yousept [111].

3.2.4 Numerical Solution Methods

The efficient numerical solution of optimal control problems is an important task in a
variety of applications. Discretization of the corresponding first-order conditions yields
a large linear indefinite saddle point system and additional complementarity conditions
due to the control-constraints. Efficient methods to solve such problems include the
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primal-dual active set strategy ([12], [13], [70]) and interior-point methods ([88], [119]).
Concerning the development of numerical solution algorithms for PDE constrained op-
timization problems subject to point-wise state constraints significant advances were
obtained only in comparatively recent work. In [76], [71], [72], for instance, Moreau-
Yosida-based inexact primal-dual path-following techniques are proposed and analysed,
and in [89], [I00], [I13] Lavrentiev-regularization is considered . In [73], [74] a technique
based on shape sensitivity and level set methods is introduced. These works do not
consider the case of combined control and state constraints and the case of point-wise
constraints on the gradient of the state. Concerning the optimal control of ordinary
differential equations with control as well as state constraints we mention [18], [87] and
references given there.
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Chapter 4

A Review on Theory and Methods
of Chance Constrained Optimization
Problems

Chance constrained optimization (CCOPT) models were initially introduced by Charnes
et al. [[38], [39]] in the 1950’s in connection with financial planning problems. Beginning
in the 1990’s, chance constrained optimization methods started to gain ground in Pro-
cess Systems Engineering applications [ [3], [57], [56], [55], [83], [84], [85], [116]], etc., for
steady-state optimization. Since the impact of input uncertainties £ propagates through
the process and cause the process outputs y to become random, deterministic constraints
like ¥y < Ymae on the output are destined to be violated. Instead, such constraints are
better stated with probabilistic values as Pr{y < ymaz} = «, where « is the probability
(reliability) level such that 0 < ao < 1. For values of « near 1, the chance constraint pro-
vides a higher reliability of holding the output constraints. As a matter of fact, for a = 1,
the chance constraint method itself becomes conservative; hence, usually « is chosen less
but near 1. From theoretical and practical point of view, it is generally recommended
that a be chosen so that a > 0.5; i.e., output constraints need to be satisfied at least
with 50% reliability. Moreover, the expression Pr{y < ym.:} = « is also equivalent to
the expression Pr{y < Yma:} < 1 — @, i.e., the chance constraint allows the outputs y to
violate the bound with a probability of 1 — «. This risk of violation of the constraints
is very small, when « is near 1. On the whole, the acceptance of a degree of risk for
violation of constraints can be highly rewarding in terms of economic gains and process
flexibility.

Chance constrained optimization of PDEs leads to an infinite-dimensional optimiza-
tion problem with respect to spatial constraints to be satisfied in the presence of uncer-
tainties. A numerical solution of such a problem in a NLP framework requires

(a) Description of the input uncertainties and their distributions,

(b) Characterization of the impact of the input uncertainties on the constrained out-
puts of the PDE system and dimension reduction (spatially and stochastically),

(c) Conversion to a deterministic optimization problem,

(d) Evaluation of chance constraints as well as their gradients and to efficient solve
the resulting deterministic NLP problem.
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4.1 Chance Constrained Optimization Methods and
Computation of Chance Constraints

The major challenge in solving chance constrained optimization problems stems from
the difficulty of computing the probability values of chance constraints and their gra-
dients. In particular, the evaluation of chance constraints of PDE systems on spatially
varying random variables is not yet known. Recently, there is a concentrated research
effort to improve tractability of chance constrained optimization problems through ap-
proximation methods. Among such methods are analytic approximation, sample average
approximation, scenario generation and deterministic integration.

4.1.1 Sample Average Approximation

The sample average approximation (SAA) ([97], [I15]) replaces a probability value by a
relative frequency of satisfying the constraint based on samples taken from the random
inputs. Basically Monte-Carlo or Quasi-Monte-Carlo methods are used to generate sam-
ples for the input random variables. Hence, the potential difficulty associated with SAA
is that the relative frequency approximation of a probability requires a very large sample
size. As a result, the SAA approach incurs high computational expenses, especially with
respect to chance constrained PDEs.

4.1.2 Scenario Generation Methods

Scenario generation methods are applicable irrespective of the type of distribution func-
tion of the uncertain variables. Nevertheless, they require feasibility of constraints for
almost all possible realizations of the uncertain variables which leads to a conservative
approach. In addition, its demand of a large number of scenarios requires solving a very
large deterministic optimization problem which is computationally intractable. Recent
scenario reduction techniques ([32], [65]) could provide some improvements of compu-
tational burdens. Nevertheless, scenario generation approaches are less favourable for
optimization problems of chance constrained PDE systems.

4.1.3 High Dimensional Integration Techniques

Integration methods use interpolatory properties of one-dimensional integrals to generate
integration nodes and weights for high dimensional integration. These are either a tensor-
product of one-dimensional quadrature rules or recursive integration techniques which are
collectively known as full-grid integration rules. Prekopa [99] suggested recursive direct
integration for computing probability integrals with Gaussian weight functions. This
idea was extended and used in engineering applications ([3], [52], [83]). However, full-
grid integration techniques are known to be ineffective and demonstrated redundancy
[91]. It is shown that fully symmetric integration formulas require very few grid points if
the density function and the domain of in integration are centrally symmetric [67]. But
such a property may not be available for non-Gaussian distributions. Besides, simple
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fully symmetric integration formulas (as used for a process design and planning problem
in [15] fail to provide accurate approximation of integrals when the chance constrained
variables have nonlinear relations with the uncertain variables. In general, sparse-grid
integration techniques ([17], [59], [108]) are found to provide efficient approximation of
chance constraints by reducing computational time decisively.

4.1.4 Analytic Approximation Method

Analytic approximation methods replace chance constraints with some approximations
and attempt to provide a guarantee for tractability [98]. In [93] analytic approximations
were proposed for convex chance constraints that are affine with respect to the uncertain
variables. Unfortunately, solutions obtained by this approach may not be optimal to
the original problem. Recently, based on the strategy in [106], Hong et al. [75] (also
[T18]) have shown that approximate solutions of convex chance constrained optimization
problems can be obtained by solving a sequence of deterministic difference-convex (DC)
optimization problems. Nevertheless, such algorithms are inherently limited to problems
of small dimensions. Moreover, the DC approach entails little computational advan-
tage for general non-convex chance constrained optimization problems. The work [96]
suggested a method similar to non-parametric density estimation to set up an analytic
approximation, but it is limited to symmetric distributions which excludes major non-
Gaussian distributions. In addition, the linearization scheme of [54] can also be taken as
a type of analytic approximation. But it is shown to work only when the variance of the
uncertain variables is small and the random variables are normally distributed. Recently,
the Geletu research group has proposed an analytic approximation strategy for general
nonlinear non-convex chance constraints that guarantees both feasibility and tractability
in the presence of general input distributions (i.e. Gaussian or non-Gaussian) [57].

In the next section, we discuss the Inner- and -Outer analytic approximation method
which is a smoothing analytic approximation of chance constrained implemented in this
work.

4.1.5 Inner-Outer Analytic Approximation of Chance Constrained

Chance constrained optimization problems(CCOPT)are generally hard to solve. There
are three major difficulties. The problem CCOPT is generally non-convex and non-
differentiable. The probability functions p(u) := {g(u,§) < 0} is usually hard to evalu-
ate. Feasibility of approximate optimal solutions cannot be trivially guaranteed. Conse-
quently, conventional optimization methods cannot be directly applied to solve CCOPT
problems. This section deals on analytic approximation methods [57, 58] to solve more
general CCOPT problem. The Analytic approximation approach has the following ob-
jectives

e To define two smooth parametric functions in terms of the problem data of CCOPT
which uniformly converge to the probability function of CCOPT w.r.t. the ap-
proximation parameter and, at the same time, the values and derivatives of the
parametric functions are relatively easy to compute.
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e Subsequently, to define two smooth parametric optimization problems IA, and
OA,. The feasible set of A, is always a subset as well as converges to the feasible
set of CCOPT w.r.t. the parameter 7 (inner approzimation). The feasible sets of
OA is always a superset as well as converges to the feasible set of CCOPT w.r.t.
the parameter 7 (outer approzimation). Furthermore, any limit point of optimal
solutions of TA, (or of OA,) should be an optimal solution of CCOPT.

The next section characterizes parametric functions that guarantee these desired objec-
tives.

I. Smoothing Parametric Functions

The quality of an analytic approximation of CCOPT strongly depends on implemented
smoothing parametric function and its properties. Thus, to qualify as acceptable, the
approximation function is required to posses a set of basic properties. For the intended
inner and outer approximations, a parametric family of functions ©(, s) is assumed to be
already available, where 7 € R, := [0, 4+0) is, hereafter, the approzimation parameter.

Define ;
1, ifs>=0,
hs) = { 0, if s <0. (4.1)

Assumption 4.1.1 Suppose there a parametric family of functions © which possesses
the strict monotonicity and uniform limit properties:

P1: There is a constant C' with 1 < C < +0o0 such that

C = 0O(r,s) > h(s),VseR,7€(0,1). (4.2)

P2:  O(,s) is strictly increasing on (0,1), for each s € R,

P3:  O(r,-) is continuously differentiable and strictly increasing on R, for each T €

(0,1),
P4:  infrc1)O(7,s) = h(s) for all s e R,

P5: lime o, SUDse(—o0,—c)0[0,00)(O(T, 8) — h(s)) = 0 for all ¢ > 0.

Remark 4.1.1 Property P3 of Assumption implies that
inf O(r,—s) = h(—s) =1—h(s).

7€(0,1)
This along with the observation that
1—0(r,—s) < h(s) < O(1,s) (4.3)

will be helpful for the construction of inner and outer approximations to the feasible set

of CCOPT.
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The basic properties (P1)-(P5) were originally introduced in the work [57, 58], in
the context of finite dimensional CCOPT problems, in order to characterize acceptable
families of parametric functions. In fact, it is always possible to design a convenient para-
metric family of functions for a smooth approximation of chance constraints in Banach
spaces. One particular example is given in [57, [58].

Corollary 4.1.1 (Prop. 3.3., Geletu et al. [57] also [58]) Let m, my be constants
with 0 < ma < ma/(1 4+ my). Then, the parametric family

1+my7

O4(T,8) = ,for 7€(0,1), (4.4)

1+ moTexp (f)
satisfies the properties (P1)-(P5) of Assumption|4.1.1]

Remark 4.1.2 The following family is known as kernel smoothing or mollifier function
and is widely used in statistical analysis as well as optimization

Os(T, 5) = foo h(s — TA)k(A)dA, (4.5)

—0
where k(+) is a kernel function satisfying the properties

k() > 0, k(=\) = k()\) and rw k(\)d\ = 1. (4.6)

—00

The parametric function Oq(T,s) was first used by Tamm [110] and later studied by
Ermoliev et al. [50] as a smoothing approximation of chance constraints in finite dimen-
sions. Unfortunately, O (7, s) fails to satisfy the monotonicity property P1. Nevertheless,
Os(7, s) is capable of preserving convexity structures.

The family ©s(T,-), 7 € Ry has the following properties.

(1) ©y(1,s) = h(s), for any T > 0.
(it) ©2(0,s) = lim o+ O(7, s) = h(s).

(11i) O has the equivalent representation

Os(T, 5) = J k(\)d\. (4.7)

Hence, for any fized T > 0,

(a) Os(T,-) is continuous w.r.t. s.
(b) £05(7,s) = k(s/7) > 0. This implies, ©(,) is strictly increasing w.r.t. s.
(c) Os(T,-) is conver w.r.t. s.

(d) While ©4(-, s) is continuously differentiable w.r.t. T, where

%@2(7, $) == (2) ksm).

it 15 obviously not monotonic w.r.t. T.
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(e) Oa(T,8) — Os(T,—8) =1 = Oy(7,5) =1+ Oy(7, —5)
(vi) Furthermore, setting e := t—T1\, we obtain the more useful equivalent representation

Oy(7,8) = = J+OO Iio, 10y (€)k (S — 8) d(—e¢)

T J_n T
S k(e

II. Smoothing Approximation of Chance Constraints

Unless explicitly specified, the family O(7, s) is any acceptable family of functions sat-
isfying the properties in Assumptions [£.1.1] Now, define the parametric approximation
functions

b(r,u) := E[O(7,9(u,£))] and 0(7, u) := E[O(7, —g(u, )], (4.8)
Observer that, a single chance constraint has the equivalent representations
p(u) = Pr{g(u,§) <0} = a=1-p(u) = E[h(g(v,§))] <1-a (4.9)
Consequently, equations and imply that
1—0(r,u) <1—p(u) <P(r,u). (4.10)

Some important approximation properties of ¥ (7,u) and 6(7,u) are summarized as fol-
lows.

Theorem 4.1.1 For the parametric functions ¢(,-) and 0(7,-) of equation (4.8), the
following hold true.

(1) If g(-, &) is continuous w.r.t. w, then (1, ) and 0(r,-) are continuous w.r.t. u, for
any T > 0.

(i)

inf (7, u) = 1 —p(u) (4.11)
(iii)
inf (7, u) = p(u) (4.12)

(w) If p(-) is continuous, then the convergence im~ o+ (7, u) = 1—p(u) and im o+ 0(T,u) =
p(u) are uniform on any compact set % < E.

Proof 4.1.1 (i) If g(-,&) continuous w.r.t. w, then O(t,g(-,§)) is also continuous
w.r.t. u. Consequently, P(7,-) = E[O(7,9(-,£))] and 0(t,-) = E[O(T, —g(+,&))] are
continuous w.r.t. u, for each fized T € (0,1).
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(it) & (iii) Property P1 of Assumption[4.1.1) guarantees that, for any sequence {Ti}ren < (0, 1),
O (7, 9(u,§)) < C.
Property P4 and the monotonicity of ©(-, g(u,§)) w.r.t. T imply that
lim O(7,s)|

k——+00 s=g(u,£)

h(8)|s=g(u,§)

Thus, by Lebesque Dominated Convergence Theorem, it follows that

Jim | (gl )0(€)ds — | hlalw,£)o(e)de

which implies that
lim (7, u) =1 = p(u).

k—+00

A similar argument also yields (iii), since O(1y, —g(u,§)) < C' and using Remark

G114
(iv) Follows trivially (e.g., using the Weirstrass’ Theorem on Banach spaces).

Theorem 4.1.2 If the function g(-,&) is Fréchet differentiable a U and, for each T €
(0,1), there is a measurable function ~,(§) with 7, := E(71(§)) < +00 such that

O(7, 9(w +v,8)) = O(7, 9(w, &) < N()|v]e,

and there is a measurable function vo(§) with 7y := E(v2(£)) < 4+ such that

0
75 O 8)] g 9 (. ) () < 2 (E)vlle,
for any v € E, then 1(r,-) and 0(r,-) are also Fréchet differentiable at 1.
Proof 4.1.2 Foreach fizred & € Q, if g(-, &) Fréchet differentiable w.r.t. u, then O(7, g(-,§))

is also Fréchet differentiable w.r.t. w. Let ¢'(-,€)() : E x E — R represent the Fréchet
derivative of g(-,&) w.r.t. u. Let

Tr1,0) = | Or5)|yu 8 (0 ) (00
for any v e E. Not that

(T, a4+ v) —(r,u) — T(r,a,v)|

<J‘
Q

By assumption we have

O(r. g(i + v.)) — O(r. g(1,€)) — [3@<r,s>] J(@6)(v)

O(r gl +v,€)) ~ O(r, g1, €) ~ ~O(r.5)  @EW)

s:g(ﬂ,é)

< (&) +72(8) lv[ e
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Now, using the Lebesque’s Theorem we obtain

hb(Tvﬂ + U) - w(Tv E) — T(ﬂ7 U)|

Jol=0 [z
O(r,g(u + v, — O(1, g(1, - [£e6 , . (m,
<J m}\@gw 0.6)) <¢¢uo>[%<fﬁmemexw¢@M6
q lv]—0 lv]e
Consequently.

(T, a4+ v) —(r,u) — T(r,a,v)| _

o] -0 [v| g

Moreover, the operator

T(r) = | Oy o (@€
is linear by the linearity of ¢'(u,&)(-) and that of the integral. Furthermore, T(7,7, ")
is bounded, since |T(7,w,-)| < Ya|v|g, for any v € E. Therefore, 1(r,-) is Fréchet
differentiable at w with Frechet differential T(T,w,-) : E — R. Similar arguments yield
the differentiability of 0(t,-).

Theorem indicates that the differentiability property of the approaximation func-
tions is only related to the differentiability property of g(u, ) and that of ©(r, s). Never-
thelss, the uniform convergence of the Fréchet differentiable functions ¢ (7, ) to p(-) may
not guarantee the Fréchet differentiability of p(-). Thus, p(-) can be nondifferentiable.
Therefore, the families ¢(7, ) and 6(r, ) are generally smoothing approximations to the
probability function 1 — p(-) and p(-), respectively.

II1I. Smooth Parametric Optimization Problems and Their Prop-
erties

Define the following smooth parametric optimization problems

(IA;) min, J(u) (OA,) min, J(u)
s.t. s.t.
Vi(T,u) <1 —ay,iel, Oi(t,u) = ay,i el
ueE U, ueE U,

with respective feasible sets given as

M(r)={ue | Yi(t,u) <1 —aiel}, S(1):={ue | 0;(r,u) > q;iecl}.
For any 7 € (0, 1), the feasible sets M(7) and S(7) are closed sets.
Theorem 4.1.3 The following hold true.

(i) For any T >0,
M(r)c & < S(1). (4.13)
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(11) Furthermore,

l\i\‘m+ M(r) =% (inner approzimation), (4.14)
7\.0
l\i\‘m+ S(t) =2 (outer approximation). (4.15)
7\.0

Remark 4.1.3 Theorem[{.1.5(ii) implies that

lim M(r) =% and lim S(7,) = 2,
k—+00 k—+00

for any sequence {1y }ren < Ry with 7, \, 0%. Note that, these convergence are monotonic

since the functions (1, s) and 0(7,s) are non-decreasing w.r.t. T.

Given a sequence {7} < (0, 1) with 7, \, 07, the (uniform) convergence of {1 (7%, -) },cx
and {6(7,-)} to p(-) to 1 — p(-) and p(-), respectively, on the compact set % will en-
sure that the respective sequence of set of optimal solutions of A, and OA, are even-
tually contained in that of CCOPT. To this end, let {fi}ren be a sequence of proper
lower semi-continuous functions on the (redreflexive and sparable) Banach space E. Let
epi(f) = {(a,u) e Rx E | a = f(u)} is the epigraph of f. Then the sequence { fi}xen is
said to be epi-convergent to a function f if

epilf) = Jim_{epi (£)}. (4.16)

in the sense of Painlevé-Kuratowski, (see [16] [105]).

Remark 4.1.4 In general, the point-wise convergence of fr(x) L f(z) is not enough
—400

to guarantee epi-convergence (see Theorem 7.10 of [105]). Nevertheless, uniform conver-
gence on a compact subset U of R™ is equivalent to epi-convergence on U (see Theorems
7.11 & 7.14 of [105]). These finite-dimensional results can be shown to carry over to
infinite dimensions.

Thus, for a given sequence {73} < (0,1) with 7, N\, 0T, the problems IA;, OAj, and
CCOPT can be represented by the compact form

(IAy) min J(u), (OAg) minJ(u), (CCOPT) min J(u), (4.17)
u€ My, UESk ue
where My, := M (1), Sk := S(7%).
Let 04(-) represent the indicator function of a set A < E; i.e, da(u) =0, if u € A and
(5A(u) =4wifu¢ A.

Lemma 4.1.1 Suppose E is a separable Banach space. If {Cy}ren is a sequence of closed
sets in E such that Cy, is Painlév-Kuratowski convergent to a closed set C < E, then the
sequence of indicator functions {0c,(-)} ey @5 epi-convergent to the indicator function

del(:).

32



Proof 4.1.3 Note that {éc, () },cy 5 @ sequence of extended lower semi-continuous func-
tions.
For each k € N and a € R, consider the level set

Lo (0o () = fue B |do,() <a) = | O 4020

Let @ € R be arbitrary.

(a) If @ < 0, then the sequence oy = @ — % converges to @. Furthermore, for each k,

Ly, (0¢, () = & and Lz (dc(+)) = &. Hence, the sequence of level sets { La, (¢, (+))}
is Painlév-Kuratowski convergent to the level set Lz (dc()).

(b) If @ = 0, then the sequence ay, = @ + % converges to @. Furthermore, for each k,
Lo, (0¢, (1)) = Cx and Ly (0c(+)) = C. Hence, by assumption, the sequence of level
sets {La,, (6c,(+))} is Painlév-Kuratowski convergent to the level set Lz (0¢(-)).

Consequently, Theorem 3.1. of Beer et al.[T1] yields the epi-convergence the sequence of
indicator functions.

Observe that, in Lemma a monotonic property of the sequence {Cy}, .y is not
required. In stead, the closedness of all the sets Ci, k € N, and C' is very important.
Otherwise, the lower semi-continuity of the indicator functions is not guaranteed. In the
following, we use the definition a + (+o0) =: +00 for any a € R.

Theorem 4.1.4 Let {tp}ren < (0,1) be an arbitrary sequence with 7, \, 07 and the
objective function J(-) be continuous. Then, for the optimization problems IA, and
OA,,, the following holds true.

(i) Both {J(-) 4+ 0m,, () ey and {J () + 95, (-)} ey are sequences of proper lower semi-
continuous functions on E and

J() +0m, () = J() + 02 () and J() + b5, () on U,

(i) limsup (Argmin{J(-) + oa, (-)}) = Argmin{J(-) + 05(-)},

k—+0

(iii) limsup (Argmin{J(-) + ds,(-)}) < Argmin{J(:) + d»(-)},

k—+00
where Argmin(-) represents the set of minimum points.

Proof 4.1.4 (i) Using Remark[4.1.5, Lemma implies that oy, (1) — 02(-) and

ds, () = 02(-). Then, the claim follows trivially, since J(-) is a continuous func-
tion.

(ii) € (i1i) The domains Dom (J(-) + 02(:)), Dom (J(-) + . (+)), Dom (J(-) + dg,(+)) are each
subsets of the compact set % . Using (i), Theorem 5.1.14 of Borwein and Zhu [16]
yields (ii) and (iii).
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Theorem [4.1.4(ii)-(iii) guarantees that any limit point of (global) optimal solution of IAy,
or OA;, is an optimal solution of CCOPT. Nevertheless, not all such optimal solution of
CCOPT are approximatable through optimal solutions of IA; or OA,. In other words,
equality may not hold true in statements (ii) or (iii) of Theorem [4.1.4] Furthermore, the
relation
Jm (Argmin{J () + 0, (1)}) = Argmin{J(-) +02(-)},

may not hold true even for convex functions, see page 755 of Beer et al. [II] for an
example. Nevertheless, if the nonempty set & # Argmin{J(-) + 04(-)} contains a single
element, this will be determined through the approximation methods. Furthermore, from
numerical computation point-of-view, the guarantee in Theorem [4.1.4]is not enough. In
fact, it would be necessary to assure that a stationary point of CCOPT is obtainable by
solving the smooth optimization problems IA, and OA, .
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Chapter 5

Chance Constrained Optimization
for Heat Transfer Problem

Heat Transfer is one of the important transient forms in many problems in mechanical
and chemical engineering. In general, the internal transfer of energy by the flow of heat is
called heat transfer. Thermal energy is transported in three different modes: conduction,
convection, and radiation.

Heat conduction is the mechanism of internal energy exchange from one body to
another, or from one part of a body to another. In this thesis, by heat transfer we mean
heat conduction through a solid, smooth, isolated object. This transfer occurs because
of temperature differences in different parts of the object. The temperature difference is
due to heating or cooling of the boundaries. More specifically, the temperature at the
boundaries is accessible to be changed, and this provides us a control for the temperature
of the other parts of the body. We are seeking optimal changes in the boundaries, so
that every part of the object remains as hot or cool as desired, and the energy needed to
maintain that stays at minimum.

In this case study, we consider a one-dimensional bar of heterogeneous material and
uniform density is to be heated at both ends as indicated in figure [5.1, The length of
the bar is L. Due to material heterogeneity, the heat transfer coefficient of the rod is not
precisely known (i.e. non-deterministic). The objective is to determine the optimal heat
injection strategy so that

(&7 1 (&0

r J (<)

2

L

Figure 5.1: One-dimensional Bar of Heterogeneous Material
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e The temperature at the middle of the bar should be closed to a desired temperature
Ty;

e The temperature at every point on the bar should lie above a given temperature
profile T},,;,, with a higher reliability.

(CCOPTPDE) min E[J(T,u;€)] (5.1)
Subject to
62

0= “(x;g)@T,

(5.2)
Pri{T = T,in} = . (5.3)
T(x=0)=u, (5.4)
T(x = L) = uy, (5.5)
0<z<L. (5.6)

Problem Data and Basic Assumptions

e The heating process is assumed to be insulated; i.e. there is no heat energy loss or
gain due natural convection. There is also no forced convection.

e The injected heat energy u; and uy are deterministic.
e The random vector £ = (&, &) has a standard normal distribution;
e The density function ¢(§) = %exp(—%fo).

e The random process T(z;£) has a finite variance; i.e., T'(z;€) is a second-order
random process.

e The one-dimensional rod is assumed to lie on the interval D = [0, 7]; i.e. L = 7.
® Tin(z) = sin(x)sin(§) — 0.7,

o Ty=1,

e Reliability level; o = 0.95.

e Objective function

E[J(z,T,u;§)] = L[T(L/Z;f) = Ta$(§)d€ + [muf + y2u3)

e The heat transfer (diffusivity) coefficient is a function of the random vector £ and
is given by

1 1
K(z;€) =1+ ﬁcos@?m)fl + RCOS(‘W@&
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5.1 Numerical Approach

5.1.1 Generalized Polynomial Chaos Collocation

Since the random process T'(z;¢§) has a finite variance; i.e., T'(z;€) is a second-order
random process, T'(x;¢) has a generalized polynomial chaos (PC) representation (i.e.,
spectral expansion)

T(.T,f) = ¢0 + Z a21 1/)1 511 Z Z a1112 77b2 5117&2)

11 1i9=1
constants \ v
'

first order terms second order terms

P i1

+ Z Z Z a'111213 w?) 5117612757,3>

11 1io=114i3=1
>

third order terms

in terms of orthogonal polynomials w.r.t. the density (weight) function ¢(¢&).

For practical reasons, the above infinite sum needs to be truncated to a finite sum.
In general, the number of terms (or coefficients) in the truncation is suggested to be

~(r+a)!
orld

where 7 is the number of random variables and d is the largest-degree polynomial (of the
variables) required to be involved in the truncated approximation. Hence, if r = 2 and
d=2,then N =6. And, for r = 2 and d = 3, we have N = 10.

(a) Second-order Hermite truncated PC expansion truncated to 6 terms
T(2;€) = ao(w) + ar1(2)&r + az(2)& + as(2)€i&e + as(2) (& — 1) + as(2)(& — 1)
(b) Third-order Hermite truncated PC expansion truncated to 10 terms

T(x;:€) = ao(x) + ar(x)&1 + as(2)& + as(x)616 + ag(x) (& — 1) + as(2)(&5 — 1) +
ag(2)61(&5 — 1) + ar(2)& (67 — 1) + as(2)&1 (& — 3) + ag(x)&2(&5 — 3)

The problem (CCOPTPDE) should be solved in order to find the deterministic coeffi-
cients ao(z), ..., as(z) (2nd-order PC) or ag(z), ..., a9(z) (3rd-order PC).

Now consider (CCOPTPDE) and for our problem we take the Second-order Hermite
truncated PC expansion. That is

6
:Zaz‘(x)%(f)a where () =[1 & & &i& f%—l 522_1]T

i=1
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Then the problem (CCOPTPDE) is now can be written as:

6 2

min | [ S Guate) 1] ote)ac + [ + e
Subject to

6 62

(1 + %cos(%m){l + %cos(@m)ﬁg) ' (@az(@)%(f) =0,

4

~
—

Pr{ Z a;(x); (&) = sin(m)sin(g) — 0.7} > .
> ax(0)6:(6)
Zai(ﬂ')wi(é) = Uy,
:1< T <.

= Uq,

~

~

=}

5.1.2 Analytic Approximation of the Chance Constraints
Define
: . .,
9(x,&) = = > ai(x)i(§) + (Sln(x)sm(g) —0.7) (5.7)
i=1
Hence, we have the functional representation of the chance constraint
p(x) = Prig(e,€) <0} = a, we0.7], (5.8)
This in fact represents: p(x) =0, € [0,7].

(I) Inner Analytic Approximation:
Replace the chance constraint by

1+my7

e oo Tey) <L TE0

ora(t,x) == E[O(1,9(2,))] = E[
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Then solve the parametric problem

6
(Pra(r)) Inuin L [Z ai(g)d}i(f) - 1]2¢(§)d§ + [l + you3] (5.9)
i—1
Subject to
<1 + icos(27r:c)£ + Lcos 4drx)€ > 26: - (&) ©0,0)
2 T gr? 2 =~ 0x? ail
ora(t,z) <1 —a, (5.11)

a;(0)hi(§) = ua, (5.12)

M=

1

<.
Il

M=

a;(m)¥i(§) = ue, (5.13)

1
<Tr <.

-.
Il

o

for a sufficiently small 7 > 0, where 7€ (0, 1).

(II) Outer Analytic Approximation:
Replace the chance constraint by

[ 1+my7

1+ ma7 exp(tg(, §))] o, wel07]

voa(T, ) := E[O(7, —g(z,£))] =

Then solve the parametric problem

(Foar))  min | [ V(G ~ 1] 6(€)ds + [ + 7]
Subjectl_to

1 1 :
(1 + FCOS(QW;U)& + 4—7T2(:os(47m:)52> Z; 2 a;(x ))%(f) 0,

voulT, ) = a,

6
Zal = Uy,
=1
6
Zaz = U2,

=1
<T <.

Os

for a sufficiently small 7 > 0, where 7€ (0, 1).

5.2 Discretization for (P;4(7)) and (Ppoa(7))

After discretization of the optimization problems (Pr4(7)) and (Ppa(7)), we get a Non-
linear programming problem. To do this we follow:
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e Use QMC samples for the random variables &1, &, to evaluate the expected values.

e Use finite difference discretization of [0, 7].

5.2.1 Solution Strategy for (P;4(7))

(I) Finite Difference(Space) Discretization:
Define a finite difference (space) discretization for

(1 + %cos(%r:r;)fl + #COS(47T£C)§2> Z (%ai(x))wi(ﬁ) =0 (5.14)

1=1
“

For this:
— Generate space discretization for the bar; i.e. discretization of [0, 7]. We use

T 2 37 4w Sw 6w Tw

T
e N L S ithh ==
{0787 87 8’ 87 87 8’ ] 77T} {$17 73:9}’ wr R

— Describe %T(z) by its second-order finite difference approximation to obtain:

* At the left end-point v =2, =0

0? uy — 27T (z2) + T'(x3)
~T —
Ol P2

* At the interior points z;, j =2,...,8

l;_;T(l,)L:m _ T(xj) - QT}E;UJ‘) + T(xj-1)

J

x At the right end-point v = 29 =7

[;—;T(x)L_xg i 2T<~Zs2) + T'(7)

Using the fact that T'(z) = 31, a;(x)i(€), the model equation is de-
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scretized as follows

1
0 = (1 + —cos(2mr1)&1 + —cos (4mxq)& )
2

( — 2300 ai(ws)ihi( )+Z?=1 ai($3)¢z‘(§)>

1 a;(x —2a;(x;) + a;(z;
0 = (1 + ﬁcos(vaj)fl —5cos(4mz;)§ )Z( i11) h(2 ) (- 1)>¢Z(§)
=1
j=2,...8 (5.15)
0 = (1 + icos(27r:159)$1 + —cos (4mxg)& )
2
< 0 — 2300 airs)i(€) + X0, az‘(%)%‘(f))
B2
For the sake of convenience, define
UE)" = [v1(8),v2(E), ¥3(€), ¥a(€), 1s5(€), b6 (&) ] € RS (5.16)
1 1 .
(&) = (1 + ﬁcos(%mj)& + 4—7TQCOS(47T:Ej)§2), j=1,...,9. (5.17)

The systems of equations [5.15 can be written in compact form as:

—)\1U1 [ @ —2A1\I/T )\1\I/T @ @ @ @ @ @ 171 Al
0 AUT 20,07 )\ wT @) O @) O @) ) As
0 O U7 2007 \ut ) @) ) @) ) As
0 ) @) AU o0t N\ U T @) 0) @) ) Ay
0 = ) @) @) A UT 20507 N\ 0T ) @) ) As
0 @) @) @) @) A UL 2201 \gUT @) ) Ag
0 @) @) @) @) @) AT o0 et T O Ay
0 @) O @) @) O @) AgUT =20 UT \gUT Ag

_)\QUQ | O @) O O O O )\Q\IJT —2)\9\DT O 1L Ag

:Y(u) ::X(é)
(5.18)
where Q@ = (0)146 =[00000 0],

T

a2
A= | ® || withay =ai(x;), i=1,...,6; j=1,...,0.

Gy
Q55

| 65

UT and \j, j=1
Note that:

PRI

,9 are given in and respectively.
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e The matrix A(£) € R is a constant matrix for a given £. Hence, for given & and
(u1,uz), the matrix equation can be solved to obtain A;’s. For each fixed &, the
system has 54 = 6 x 9 unknowns.

e The temperature T, at each location on the bar, is dependent on the injected heat
(u1,usz), in addition to the randomness incurred by . Hence, for different values
of £ and (ug,u2) we get a different set of values for a;;, ¢ =1,...,6; j =1,...,9,
from equation [5.15]

(II) Representation of the Chance Constraints
For the problem P;4(7) we have

nj(uw) == pra(r,z;) <l—a, j=1,...,9

where
ni(u) = pra(r, z;) = E[O(1, 9(;,§))]

The function g(z, €) is defined in terms of coefficient functions a; of the Polynomial
Chaos collocation. But due to equation [5.15] we have implicitly a;(z,u), i =
1,...,6. Consequently, we have the representation n;(u) = ¢ra(7,z;), 7=1,...,9.
N oW generate a sufficient number of Quasi- random samples based on the standard
normal distribution. Assume we have &, = ( §2T )), r=1,..., Nomc random
samples. Hence, use

1 Nowmc
773(“) = NQMC’ Z @<T7g<mj7gr))
r=1

For a given u, and for each fixed sample &,, solve the systems of equations |5.15| to
obtain ag ), t=1,...,6, 7 =1,...,9, r = 1,..., Ngmc. That is, equation |[5.15

should be solved Ngae times (corresponding to each random sample), each time
to obtain the values of 54 variables.

(III) Representation of the Objective Function
Referring to optimization problem (P;4(7)) the objective function is

f [i 1] P(&)dE + [ﬁu% + ’Yﬂé]

The first term can be written as
Nowmco

JQ [Zﬁjaz(%)%(f) - 1]2¢(§) NQMC Z [2%5% &) — 1] —: fi(u)

1=1 r=1 1=1

Note that, in fact we have a;5 = a;5(u), since the temperature in the middle of the
bar depends on u = (uy,uz). For a given u, the values of a;5 are found as in step
I1.
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So the actual optimization problem, related to (Pra(7)) can be written as

(NLP) m&n {fl (u) + [vlu% + 72u%]} (5.19)
Subject to
ni(u) <l—-cao, j=1,...,9 (5.20)
Uy = 0, uz = 0
where -~ _
Ai(u)
A (u)
Asz(u)
Ay(u)
A(U) = A5<u> )
Ag(u)
Az (u)
Ag(u)
| Ag(u) |

Aj, forj=1,...,9, A(§) and b(u) are from [5.1§

In the original problem there are no constraints on u; and us. So uy = 0, us = 0
might be reasonable. In order to also guarantee existence of solution, both variables can
be constrained from above; say by some large values.

5.2.2 Solution Strategy for (Pp4(7))

The same strategy described above for(Pra(7)) works for (Poa(7)). But we modify the
representation of the chance constraint in the case of outer approximation as follows.

(I) Representation of the Chance Constraints

For the problem Pp(7) we have

ni(u) == voa(T,zj) =2, j=1,...,9

where
7]](“) = ()OOA(Ta mj) = E[G(T’ _g(xja 5))]
The function g(z,&) is defined in terms of coefficient functions a; of the Polyno-

mial Chaos collocation. But due to equation [5.15, we have implicitly a;(x,u), i =
1,...,6. Consequently, we have the representation n;(u) = woa(7,z;), 7 =1,...,9.

Now generate a sufficient number of Quasi-random samples based on the standard
normal distribution. Assume we have & = ( fr), ér))), r=1,..., Nouc random

samples. Hence, use

Nowmce
1 Q

Z @(7—7 _g<xj7 ér))

r=1

n;(u) = Nowrc
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For a given u, and for each fixed sample &,, solve the systems of equations [5.15] to
obtain a{)), i = 1,...,6, j =1,...,9, 7 = 1,..., Noae. That is, equation [5.15
should be solved Ngp¢ times (corresponding to each random sample), each time
to obtain the values of 54 variables.

So the actual optimization problem, related to (Ppa(7)) can be written as

(NLP) min { fi(w) + [nui + 721@]} (5.21)
Subject to
nju)=a, j=1,...,9 (5.22)
uy =0, ug =0

where

S

o
<

@
<

W~
<

=)
<

et
S

co
<

B~

S

I
e il e
/\/\AAE\/\/\/\/\

©
<

A, for j=1,...,9, A§) and b(u) are from[5.1§]

(IV) Optimization Framework
For the given nonlinear optimization problem (NLP), we use a gradient-based it-
erative algorithm Matlab’s f.incon SOlver, so we generate a sequence of iterates
U, U1, - - ., U, . .. until convergence (termination criteria) is achieved. Once uy is
given, the gradient-based optimization algorithm determines the next iterate g,
by using the values n;(ug), 7 = 1,...,9, F(u) := fi(ux) + [n [ugk)]2 + 72[[u§k)]2]
and the gradients Vn;(ux), j =1,...,9 and VF(uy).

The gradient of the objective function VF(u) will be

VF(u) =Vfi(u)+ ( gz;z; )

where
9 Nomc 6

2 [Z (aisi(&) — 1).Vai5(u)]

Nowe ;7 Y5

V fi(u)

Again the gradients of the chance constrained will be computed as:

Vi, () 1 Z ((1 + myT)maexp(—+9(7;5, &)

2 Vu Zj,Qr
[1 + moT exp(—%g(xj, fr))] 9tz ))

N NQMC r=1

44



where, using equation [5.7

6

Vug(z;, &) = = Y Val (w)ii(&,)

i=1
To evaluate Va;;(u), i =1,...,6, j =1,...,9, recall the matrix equation m
A§)A(u) = b(u) = A(§)A(u) — b(u) =0

Let F(a,u) = A(§)A(u) — b(u) . Note that A(u) € R> . Then on the equation
F(a,u) = 0 use partial derivative w.r.t. u to obtain

0 oa 0
—F(a,u)— + —F(a,u) =0 5.23
aa ( Y )au au ( Y ) ( )
This leads to ~ _
da11  daii
ou1 ous
daz21  dazi
ou1 ous
dagl dagl _>\1 0
0u1 auz 0 0
A(¢) =
6&19 aa19 0 O
0 0 _
56?219 a61!1229 B 0 /\9 _
6u1 6u2 ~ g -
:=CeR9%2
Jdagg  Oagy
| Ouy ouz |
:=GEeR54x2

For given ¢ and u, the matrix equation A(§)G = C' can be solved by splitting it in
to two linear systems of equations

A)G" = C* and A(§)G? = C?

to obtain G' and G?, where G', C! and G?, C? represent first and second columns
of G and C|, respectively. Consequently, we obtain all the necessary gradient infor-
mation required for the optimization. The expression g—z is commonly known as the
sensitivity of a to u, and equation [5.23|is the associated sensitivity equation.

5.3 Numerical Results

We solve for both the inner (Pr4(7)) and outer (Ppa(7)) approximation problem by the
same procedure. In both cases, we use my =2, ms =1, 7 =0.001, vy =1 =1, a =
0.95, Nomc = 10,000, uy = 0.5, ug = 0.5.

Once both the inner and outer problem are solved, solutions are obtained as

Tiy(z;€) = Z azIA(x>wi(€)
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and

HM@

TOAxf

where the coefficient functions a}(x) are piecewise constant and given by:

*

af(z) = ay, (j—1)
for each i € {1,...,6}.

<e<j(3) J=10 (5.24)

ool 3

Then we plot the results for 77, (z;€) and Tg,(x;€). If the results are almost the
same, i.e. [T}, (z;€) — TH4(2;€)| is small, the approximated solution is good. If not the
problems (P;a(7)) and (Ppa(7)) need to be solved again for a smaller 7 .

Now we summarize the problems (Pr4(7)) and (Poa(7)) by substituting all the pa-
rameters which are given.

The particular non-linear optimization problem obtained from the inner approximation
method (P;4(7)) becomes:

1 10000 6 9
(NLP1) min { > [Z aisi (&) — 1] +ul ug} (5.25)

v (10000 &~
Subject to
1 10000 1.002
—-005<0, j=1,..(526
10000 ; 1 + 0.001exp(—1000g(zx;,&:)) ’ 920

Ul = 0, U2 = O
where

9(xj,&) = Za” (&) + sm(:L’])sm(S) — 0. 7)

And again the particular non-linear optimization problem obtained from the outer
approximation method (Ppa (7)) becomes:

10000 6
: 2 2
(NLP?2) min { 00000 Z [;aw@/), &) — 1] +u + uQ} (5.27)
Subject to
1 100000 1.002
09520, j=1,..(598
100000 ; 1+ 0.001exp(1000g(z;, &,)) J (5:28)

’LL1>0, UQ>O

where
6

g(z;, &) = — Z ag)l/)i(fr) + (sin(z;)sin( 5) —0.7)

i=1
Table shows the Temperature Profile T, the Optimal solution and the Optimal Value
for (CCOPTPDE) problem obtained by using the inner analytic approximation given by
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Space () | Temperature Profile (7') | Min Temp (Tin) Opt Solution Opt Value
0 0.2967 -0.7000
/8 0 20.4751
/4 0 "0.2844
37/8 0 -0.1570
/2 0 -0.1122 u = (0.2967,0.3706) | F = 0.6570821
b /8 0 -0.1570
3 /4 0.3266 -0.2844
/8 0 20.4751
71' 0.3706 -0.7000

Table 5.1: Optimal solution for (CCOPTPDE) problem using the Inner Approximation
Method given by (NLP1).

(NLP1). The optimal solution and optimal value are: u = (u(1),u(2)) = (0.2967,0.3706)
and F' = 0.6570821 respectively.

Table [5.2| shows the Temperature Profile T', the Optimal solution and the Optimal
Value for (CCOPTPDE) problem obtained by using the outer analytic approximation
given by (NLP2). The optimal solution and optimal value are: u = (u(l),u(2)) =
(0.2967,0.3706) and F' = 0.6570821 respectively.

Space () | Temperature Profile (7') | Min Temp (Tin) Opt Solution Opt Value
0 0.2967 -0.7000
/8 0 20.4751
/4 0 "0.2844
37/8 0 -0.1570
/2 0 -0.1122 u = (0.2967,0.3706) | F = 0.6570821
5 /8 0 -0.1570
3 /4 0.3402 -0.2844
/8 0 20.4751
71' 0.3706 -0.7000

Table 5.2: Optimal solution for (CCOPTPDE) using the Outer Approximation Method
given by (NLP2).
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Figure 5.2 shows the Temperature Profile T" and
obtained by Inner Analytic Approximation Method.

the Minimum Temperature T,,;,
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Temperature
(=]
I

05— T

0 0.5 1 15
Space

Figure 5.2: Comparing the Temperature profile T" with the Minimum Temperature T},;,

obtained by Using Inner Analytic Approximation

Figure [5.3| shows the Temperature Profile 7" and
obtained by Outer Analytic Approximation Method.
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Figure 5.3: Comparing the Temperature profile 7" with the Minimum Temperature 7,,;,
Obtained by Using Outer Analytic Approximation

In both cases (Inner and Outer Approximation), the optimal solution is the same.
But on the Temperature Profile their is a slight difference at x = 37 /4.
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Chapter 6

Conclusion and Recommendation

Optimization of Partial Differential Equations under uncertainty becomes a necessity
in many engineering applications, such as chemical process design and operation, en-
ergy distribution networks, water resources management, and unmanned vehicle control.
Chance constrained optimization of Elliptic PDE provides an appropriate way to tackle
such stochastic optimization tasks due to the fact that the solution achieves maximum
yield while ensuring the desired operational reliability. However, the high complexity of
chance constrained optimization problems confronted in engineering applications makes
them extremely difficult to solve. The approach implemented in this thesis gives a solid
step toward the goal of eventually solving complex engineering optimization problems
under uncertainty.

In general, the numerical solution of these problems can only be done through ap-
proximation strategies. To date, available analytic approximation strategies either fail to
provide tight approximations or lead to non-smooth optimization problems. This work
presents a general smooth analytic approximation of chance constraints and indicates
how to set up conservative but tighter approximations with a priori guaranteed feasibil-
ity, where solutions of the approximating problem remain always feasible to the chance
constraints, converging to a solution of the chance constrained optimization problem in
the limit.

The example demonstrates the viability of the Inner -and Outer Approximation ap-
proach for practical problems. The consideration here is restricted only to single chance
constraints. An investigation with joint chance constraints remains for future research.
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APPENDIX

MATLAB Code

This section presents the MATLAB Code for solving P;4 and Pp4 problems.

I. MATLAB Code for Pry

function [u,optimObj|=Inner

w0 = [0.5,0.5]";
Ib = [0.0,0.0]';
ub= [1,1]’;

options=optimset('Display’, Tter’ ' TolFun’, 1e-8,’ Algorithm’ ’interior-point’);
options=optimset (options,’GradObj’,’off’’GradConstr’, off);
tic;

[u,optimObj]=fmincon(@Qobj7,u0,[ |, |,[ ],[ ],Ib,ub,@con3,options);
toc

function [f,grad] = obj7(u)

randn(’state’,1);

sl= randn(1, 10000)’;

randn(’state’,2);

s2= randn(1, 10000)’;

s=[s1,82];

d=s(:,1);

e=s(:,2);

x=0:pi/8:pi;

m=length(s(:,1));

gammal=1; gamma2=1;

phil=o0nes(10000,1);

phi2=d;

phi3=e;

phid=d.*e;

phi5=d.?2 — 1;
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phi6 = e.2 — 1;
phi = [phil phi2 phi3 phi4 phi5 phi6];

lam1 = phil + (1/(pi®)) * cos(2 = pi = z(1 2

) = phi2 + (1/(4 = pi

) * phi2 + (1/

) = phi2 + (1/(4 = pi* * phi3;
) = phi2 + (1/(4 = pi* * phi3;
)
)
)
)

) (1/(4 = pi?)) = cos( (1)) * phi3;
) (1/(4 = pi?)) = cos( (2))
) (1/(4 = pi?)) = cos( (3))
) (1/( )) = cos( (4))
) = phi2 + (1/(4 = pi?)) = cos(4 = pi = x(5)) = phi3;
) (1/( )) = cos( (6))
) (1/( )) = cos( (7))
) (1/( )) = cos( (8))
) (1/( )) = cos( (9))

x phi3;

x cos(4+pt = x(1

lam2 = phil + (1/(pi? 2% pixx(2 « pi2)) * cos(4 * pi * x(2

lam3 = phil + (1/(pi?)) = cos(2 = pi = 2(3 # cos(4 = pi+x(3

lam4 = phil + (1/(pi® « i+ x(4 x cos(4 = pi = x(4

lam6 = phil + (1/(pi?

lam7 = phil + (1/(pi?

6)) = phi2 + (1/(4 = pi? « phi3;
25 pi#x(7)) = phi2 + (1/(4 = pi® « phi3;
* phi3;
x phi3;

*pz*x *6084*pi*$6
% coS(4 # pt + x(7
lam8 = phil + (1/(pi?

x08(2 % pi + x(8)) x phi2 + (1/(4 = pi®)) = cos(4 = pi = x(8

(1/(pi*)) = cos( (
(1/(pi*)) » cos( (
(1/(pi®)) = cos(2 (
lamb = phil + (1/(pi?)) = cos(2 = pi = 2(5
(1/(pi®)) = cos(2 (
(1/(pi%)) = cos( (
(1/(pi%)) = cos( (
( (

lam9 = phil + (1/(pi?)) = cos(2 = pi = (9)) = phi2 + (1/(4 * pi?
A = [=2*lam]1’ * philam1’  phizeros(1,42);

% cos(4 * pi + (9

lam2' = phi — 2 « lam2' « philam2'  phizeros(1, 36);
zeros(1,6)lam3’ = phi — 2 = lam3' = philam3' = phizeros(1, 30);
zeros(1,12)lamd’ « phi — 2 = lam4’ = philam4’ = phizeros(1,24);
zeros(1,18)lamb’ = phi — 2 = lam5' = philam5' = phizeros(1, 18);

) )

(
(
( (1,
zeros(1,24)lamb’ = phi — 2 = lam6' = philam6' = phizeros(1,12);
( (1
zeros(1,36)lam8 « phi — 2 = lam8' = philam8' * phi;

(

)
)
zeros(1,30)lam7 = phi — 2 = lam7" = philam7’ = phizeros
)
)

zeros(1,36)lam9’ = phi — 2 = lam9’ = phizeros(1,6)];

For k=1 : 10000

b= [—laml(k) =u(l) zeros(1,7) — lam9(k) = u(2)]’;

a = mldivide(A,b);

bl = [—lam1(k) zeros(1,8)]';

b2 = [zeros(1,8) — lam9(k)]';

gal = mldivide(A,bl);

ga2 = mldivide(A, b2);

end

al =a(l:6); a2 =a(7:12); a3 = a(13:18); a4 = a(19: 24); ab = a(25 : 30);
ab = a(31:36); a7 =a(37:42); a8 = a(43 : 48); a9 = a(49 : 54);
aa = [al a2 a3 a4 ab ab a7 a8 a9,

gal’5 = gal(25:30); ga25 = ga2(25 : 30);
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f1 = (sum(ab =phi") — 1)%; f = f1+ gammal = u(1)? + gamma2 = u(2)?;
grad(l) = 2 * (sum(ab * phi') — 1) » sum(gald’ = phi") + 2  u(1);

grad(2) = 2« (sum(ab * phi') — 1) = sum(ga25’ = phi’) + 2  u(2);
function|c, ceq, Ge, Geeq| = con3(u)

randn('state’; 1);

sl = randn(1,10000)’;

randn(’state’, 2);

s2 = randn(1,10000)’;

s = [s1,s2];
d = sl;
e = 52;

x=0:pi/8: pi

m = length(s(:,1));

alpha = 0.95; tau = 0.001; ml1 = 2; m2 =1,

phil = ones(10000,1); phi2 =d; phi3 =e; phid=d.=e;
phi5 = d.2 — 1; phi6 =e.? — 1;

phi = [phil phi2 phi3 phi4 phi5 phi6];

lam1 = phil + (1/(pi?)) = cos(2 = pi = 2(1)) = phi2 + (1/(4 = pi?)) = cos(4 = pi = (1)) = phi3
lam2 = phil + (1/(pi?)) = cos(2 = pi = (2)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(2)) = phi3;
lam3 = phil + (1/(pi?)) = cos(2 = pi = x(3)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(3)) = phi3;
lam4 = phil + (1/(pi?)) = cos(2 = pi « x:(4)) = phi2 + (1/(4 * pi?)) = cos(4 = pi = x(4)) * phi3;
lamb = phil + (1/(pi®)) * cos(2 = pi = x(5)) = phi2 + (1/(4 = pi?)) = cos(4 = pi = x(5)) = phi3;
lam6 = phil + (1/(pi®)) * cos(2 = pi = x(6)) = phi2 + (1/(4 = pi®)) * cos(4 = pi = x(6)) = phi3;
lamT = phil + (1/(pi®)) * cos(2 = pi = x(7)) = phi2 + (1/(4 = pi®)) * cos(4 = pi = x(7)) = phi3;
lam8 = phil + (1/(pi?)) = cos(2 = pi = x(8)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(8)) = phi3;
lam9 = phil + (1/(pi?)) = cos(2 = pi = x(9)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(9)) = phi3;

A = [-2#laml’ = phi lam1" = phi zeros(1,42);
lam?2' = phi — 2 = lam2' = phi lam?2' = phi zeros(1, 36);

zeros(1,6) lam3' = phi — 2 = lam3' = phi lam3' = phi zeros(1,30);

zeros(1,12) lam4’ = phi — 2 = lam4’ = phi lam4’ = phi zeros(1,24);
zeros(1,18) lam5' = phi — 2 = lamb' = phi lamb’ = phi zeros(1,18);
zeros(1,24) lam6’ = phi — 2 = lam6' = phi lam6’ = phi zeros(1,12);
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zeros(1,30) lam7" = phi — 2 = lam7' = phi lamT = phi zeros(1,6);
zeros(1,36) lam8' = phi — 2 = lam8' = phi lam8' = phi;
zeros(1,36) lam9' = phi — 2« lam9' = phi zeros(1,6)];

For k =1 : 10000

b= [—laml(k)=u(l) zeros(1,7) — lam9(k) = u(2)]’;

a = mldivide(A,b);

bl = [—lam1(k) zeros(1,8)]’;

b2 = [zeros(1,8) — lam9(k)]';

gal = mildivide(A,bl);

ga2 = mldivide(A, b2);

end

al =a(1:6); a2 =a(7:12); a3 =a(13:18); a4 = a(19:24); ab = a(25 : 30);
ab = a(31:36); a7 =a(37:42); a8 = a(43 : 48); a9 = a(49 : 54);
aa = [al a2 a3 a4 a5 ab a7 a8 a9];

gall = gal(1 : 6); gal2 = gal(7 : 12); gal3 = gal(13 : 18); gald = gal(19 :
24); gald = gal(25 : 30);

gal6 = gal(31:36); gal7 = gal(37 : 42); gal8 = gal(43:48); gal9 = gal(49 : 54);

ga2l = ga2(1 : 6); ga22 = ga2(7 : 12); ga23 = ga2(13 : 18); ga24 = ga2(19 :
24): ga25 = ga2(25 : 30);

9a26 = ga2(31 : 36); ga27 = ga2(37 :42); ga28 = ga2(43 : 48); ga29 = ga2(49 : 54);
2(1) = —sum(al’ = phi’) + sin(x(1)) * sin(pi/5) — 0.7;

(1) (
2(2) = —sum(a2’ = phi") + sin(x(2)) = sin(pi/5) — 0.7;
2(3) = —sum(a3d' = phi’) + sin(x(3)) * sin(pi/5) — 0.7;
2(4) = —sum(ad’ = phi’) + sin(x(4)) * sin(pi/5) — 0.7;
2(5) = —sum(ab’ = phi') + sin(x(5)) = sin(pi/5) — 0.7;
2(6) = —sum(ab6’ = phi’) + sin(x(6)) * sin(pi/5) — 0.7;
2(7) = —sum(a7 = phi’) + sin(x(7)) * sin(pi/5) — 0.7;
2(8) = —sum(a8 = phi") + sin(x(8)) = sin(pi/5) — 0.7;
2(9) = —sum(a9’ = phi’) + sin(x(9)) = sin(pi/5) — 0.7;
Gz(1,1) = —sum(gall’ « phi'); Gz(2,1) = —sum(ga2l’ = phi');
Gz(1,2) = —sum(gal2' = phi'); Gz(2,2) = —sum(ga22' = phi’);
Gz(1,3) = —sum(gald’ = phi'); Gz(2,3) = —sum(ga23’ = phi’);
Gz(1,4) = —sum(gald’ = phi'); Gz(2,4) = —sum(ga24’ = phi');
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Gz(1,5) = —sum(gald' = phi'); Gz(2,5) = —sum(ga25’ = phi');
Gz(1,6) = —sum(gal6’ = phi'); Gz(2,6) = —sum(ga26’ = phi’)
Gz(1,7) = —sum(galT = phi'); Gz(2,7) = —sum(ga27 = phi’)
Gz(1,8) = —sum(gal® = phi'); Gz(2,8) = —sum(ga28 = phi’)
G=z(1,9) = —sum(gal9’ = phi'); Gz(2,9) = —sum(ga29’ = phi’)
c(1l) = (1 + ml = tau)/(1 + m2 » tau = exp(—(1/tau) = 2(1))) — 1 + alpha
c(2) = (1 + ml = tau) /(1 + m2 = tau = exp(—(1/tau) * 2(2))) — 1 + alpha
c(3) = (1 + ml = tau) /(1 + m2 = tau = exp(—(1/tau) * z2(3))) — 1 + alpha
c(4) = (1 + ml =tau)/(1 + m2 » tau = exp(—(1/tau) = z(4))) — 1 + alpha
c(5) = (1 + ml =tau)/(1 + m2 = tau = exp(—(1/tau) = z2(5))) — 1 + alpha
c(6) = (1 + ml =tau)/(1 + m2 = tau = exp(—(1/tau) = z2(6))) — 1 + alpha
c(7) = (1 4+ ml = tau) /(1 + m2 = tau = exp(—(1/tau) = 2(7))) — 1 + alpha
¢(8) = (1 4+ ml = tau)/(1 + m2 = tau * exp(—(1/tau) = z(8))) — 1 + alpha
c(9) = (1 + ml =tau)/(1 + m2 = tau = exp(—(1/tau) = 2(9))) — 1 + alpha

if  nargout > 1
Ge(1,1) = —(1+mlstau)(—exp(—(1/tau)=2(1)))*Gz(1,1)/(1+m2=tau=exp(—(1/tau)

21) = —(1+mlxtau)*(—exp(—(1/tau)*z(1)))*Gz(2,1)/(1+m2=tauxexp(—(1/tau) =
Gc(1,22) = —(1+mlxtau)*(—exp(—(1/tau)*2(2)))*G=(1,2)/(1+m2+taurexp(—(1/tau)
GC(Q,S) = —(1+mlxtau)*(—exp(—(1/tau)*2(2)))*Gz(2,2)/(1+m2=tau+exp(—(1/tau)

Ge(1, é%) = —(14+ml=tau)=(—exp(—(1/tan)=z(3)))=Gz(1,3)/(1+m2=tauxexp(—(1/tau)*

i;é()z),) 3) = —(Lbmistau) s (~eap(—(1/tau)«=(3))) G=(2,3)/ (1 m2etawseap(—(1/tau)»
ZG(Z(;),);L} = —(1+mlstau)(—exp(—(1/tau) =2(4)))*Gz(1,4)/(1+m2xtausexp(— (1 /tau) »
ZG(Z()Q),) 4) = (Lt etau)s (~eap(~(1/tau)»=(4)))»G2(2 4)/ (1 +m2etauseap(~(1 ftau)»
%)1))?) — —(1+mlstau)«(—exp(—(1/tau) «2(5)))*G=(1,5)/(1+m2«tausexp(—(1/tau) «

Ge(2, 25) = —(1+mlxtau)*(—exp(—(1/tau)*z(5)))*Gz(2,5)/(1+m2+taurexp(—(1/tau)
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Ge(1,6) = — (1t ml etau)(~eap(— (1/tau) +=(6))) »G=(1,6)/(1-+ m2stauwseap(—(1/tau)»
Gc(Q,S} = —(1+mlstau)«(—exp(—(1/tau) «2(6)))* G=(2,6)/(1+m2«tausexp(—(1/tau) «
Gc(1,27} — —(1+mlstau)«(—exp(—(1/tau) «2(7)))*Gz(1,7)/(1+m2«tausexp(—(1/tau) «
) =~ (b mistau)s (~eap(=(1/tau)«=(7))) G(2, )/ (1 m2stawseap(—(1/tau)»
Gc(1,§} = —(1+mlstau)(—exp(—(1/tau) =2(8)))*Gz(1,8)/(1+m2xtausexp(—(1/tau) »
Gc(2,§} = —(1+mlstau)«(—exp(—(1/tau) «z(8)))* G=(2,8)/(1+m2xtausexp(—(1/tau) «
Gc(l,g,) — —(1+mlstau)«(—exp(—(1/tau) «2(9)))*Gz(1,9)/(1+m2«tausexp(—(1/tau) «

2(9))%
Gc(2,§)) = —(1+mlxtau)*(—exp(—(1/tau)*2(9)))*G=(2,9)/(1+m2=taurexp(—(1/tau)

end

ceq = [ ]

Geeg = | ]

T(1) = u(1);
T(9) = u(2);
phiz = sum(phi);
for 7=2:8

T(j) = sumf(a(j, :) » phiz);

end

x=0:pi/8: pi

Tmin = sin(x) = sin(pi/5) — 0.7,
plot(x, T, x, Tmin)

axis([Opi — 12]);

legend("T'(x)") T (z)")
xlabel(’Space’)
ylabel("T'emperature’)
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II. MATLAB Code for Py
function [u,optimObj]=Outer

w0 = [0.5,0.5]';
Ib = [0.0,0.0]';
ub= [1,1]’;

options=optimset(’'Display’,'Iter’,”TolFun’, 1e-10,” Algorithm’’interior-point’);
options=optimset(options,’GradObj’,’off’,’Grad Constr’, off’);

tic;

[u,optimObj|=fmincon(@obj7,u0,[ |,[ |,[ ],[ ],Ib,ub,@con3,options);

toc

function [f,grad] = obj7(u)
randn(’state’,1);

sl = randn(1, 10000)’;
randn(’state’,2);

s2 = randn(1, 10000)’;

s=[s1,82];

d=sl;

e=s2;

x=0:pi/8:pi;

m=length(s(:,1));

gammal=1; gamma2=1;
phil=ones(10000,1);

phi2=d;

phi3=e;

phid=d.*e;

phi5=d.? —

phi6 = e.? — 1;

phi = [phil phi2 phi3 phi4 phi5 phi6];
lam1 = phil + (1/(pi?)) = cos(2 = pi = x(1)) = phi2 + (1/(4 = pi?)) ( (1))
(1/(p%)) = cos 2)) v phi2 + (1(4» pi?)) » cos(d » pi » £(2))
lam3 = phil + (1/(pi?)) = cos(2 = pi = (3)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(3)) = phi3;
lamA4 = phil + (1/(pi?)) = cos( )) * phi2 + (1/(4 + pi®)) = cos( (4))

(

lam2 = phil + (1/(pi? $(2# pi = x(
(

(

% coS(2 = pi+x(4
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lam5 = phil + (1/(pi?)) = cos(2 = pi = £(5)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(5)) = phi3;
lam6 = phil + (1/(pi®)) * cos(2 = pi = x(6)) = phi2 + (1/(4 = pi®)) # cos(4 = pi = x(6)) = phi3;
lamT = phil + (1/(pi®)) * cos(2 = pi = x(7)) = phi2 + (1/(4 = pi®)) * cos(4 = pi = x(7)) = phi3;
lam8 = phil + (1/(pi®)) * cos(2 = pi = x(8)) = phi2 + (1/(4 = pi®)) * cos(4 = pi = x(8)) = phi3;
lam9 = phil + (1/(pi?)) = cos(2 = pi = x(9)) = phi2 + (1/(4 = pi?)) * cos(4 = pi = x(9)) = phi3;

A = [-2#laml’ = phi lam1" = phi zeros(1,42);
lam2' = phi — 2 = lam2' = phi lam?2" = phi zeros(1, 36);
zeros(1,6) lam3' = phi — 2 = lam3’ = phi lam3' = phi zeros(1,30);
zeros(1,12) lam4’ = phi — 2 = lam4’ = phi lam4’ = phi zeros(1,24);
zeros(1,18) lamb' = phi — 2 = lam5' = phi lamb’ = phi zeros(1,18);
zeros(1,24) lam6’ = phi — 2 = lam6' = phi lam6’ = phi zeros(1,12);
zeros(1,30) lam7' = phi — 2 = lam7" = phi lamT = phi zeros(1,6);
zeros(1,36) lam8' = phi — 2 = lam8' = phi lam8' = phi;

(1,36)

zeros(1,36) lam9' = phi — 2 = lam9' = phi zeros(1,6)];

for k=1:10000

b= [—laml(k)=u(l) zeros(1,7) — lam9(k) = u(2)]’;

a = mldivide(A,b);

bl = [—lam1(k) zeros(1,8)]";

b2 = [zeros(1,8) — lam9(k)]’;

gal = mldivide( A, bl);

ga2 = mldivide(A, b2);

end

al =a(l:6); a2 =a(7:12); a3 =a(13:18); a4 = a(19: 24); ab = a(25 : 30);
ab = a(31:36); a7 =a(37:42); a8 = a(43 : 48); a9 = a(49 : 54);

galb = gal(25: 30); ga25 = ga2(25 : 30);

f1 = (sum(ab =phi’) — 1)% f = f1+ gammal =u(1)* + gamma2 = u(2)?;
grad(l) = 2 = (sum(ad’ = phi') — 1) » sum(gal’" = phi’) + 2 = u(1);

grad(2) = 2« (sum(ab’ = phi') — 1) = sum(ga2b’ = phi’) + 2 = u(2);
function|c, ceq, Ge, Geeq| = con3(u)

randn('state’; 1);

s1 = randn(1,10000)";

randn(’state’, 10);
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s2 = randn(1,10000)";

= [s1, s2];
d = sl;
e = 82;
x=0:pi/8: pi

m = length(s(:,1));
alpha = 0.95; tau = 0.001; ml1 = 2; m2 = 1;
phil = ones(10000, 1); phi2 = d; phi3 = e; phid = d. =
phid = d.?> — 1; phi6 = e.? —1;
phi = [phil phi2 phi3 phi4 phi5 phi6];
)+ phi2 + (1/(4 + pi%))
) # pha2 + (1/(4 + pi?))
) # pha2 + (1/(4 * pi?))
) * phi2 + (1/(4 « pi®))
) phi2 + (1/(4 + pi®))
) (1/(4 * pi?))
) (1/(4 * pi?))
) (1/( )
(1/( )

lam2 = phil + (1/(pi? % pi

lam3 = phil + (1/(pi? * i
lam4 = phil + (1/(pi?
lam6 = phil + (1/(pi* «* phi2 + (1/

lam7 = phil + (1/(pi?)) * cos

(1)
(1/(pi®)) = ¢ (2)
(1/(pi®)) (3)
(1/(pi*)) = cos(2 = pi = x(4)
lamb = phil + (1/(pi?)) = (5)
(1/(pi%)) (6)
(1/(pi%)) (7)
(1/(pi%)) (8)) * phi2 + (1/(4 » pi?
(

lam9 = phil + (1/(pi?)) = cos(2 = pi = (9)) = phi2 + (1/(4 = pi?
A=

lam8 = phil + (1/(pi?)) * cos

05(2
(2
(
cos(2 # pi = x(5
(2
(
(
(
[—2 * lam1’ * phi lam1" = phi zeros(1,42);
lam2' = phi — 2 = lam2' = phi lam2' = phi zeros(1,36);
zeros(1,6) lam3' = phi — 2 = lam3' = phi lam3' = phi zeros(1,30);
zeros(1,12) lam4’ = phi — 2 = lam4’ = phi lam4’ = phi zeros(1,24);

(

(1,12)
zeros(1,18) lamb’ = phi
zeros(1,24) lam6’ = phi
zeros(1,30) lam™ = phi
zeros(1,36) lam8' = phi
zeros(1,36) lam9' = phi

for k =1:10000

b= [—laml(k) = u(l) zeros(1,7)

a = mldivide(A,b);

— 2« lamb' = phi lamb’ = phi zeros(1,18);
— 2« lamb’ = phi lam6’ = phi zeros(1,12);
— 2% lamT7" = phi lamT = phi zeros(1,6);
— 2« lam8 = phi lam8&' = phi;

— 2 lam9 * phi zeros(1,6)];

—lam9(k) = u(2)]';

bl = [—lam1(k) zeros(1,8)]’;
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b2 = [zeros(1,8) — lam9(k)]’;

gal = mldivide(A, bl);

ga2 = mldivide(A, b2);

end

al =a(1:6); a2 =a(7:12); a3 =a(13:18); a4 = a(19: 24); ab = a(25 : 30);
ab = a(31:36); a7 = a(37:42); a8 = a(43 : 48); a9 = a(49 : 54);

gall = gal(1 : 6); gal2 = gal(7 : 12); gal3 = gal(13 : 18); gald = gal(19 :
24); gal5 = gal(25 : 30);

gal6 = gal(31:36); gal7 = gal(37:42); gal8 = gal(43:48); gal9 = gal(49 : 54);

ga2l = ga2(1 : 6); ga22 = ga2(7 : 12); ga23 = ga2(13 : 18); ga24 = ga2(19 :
24); ga25 = ga2(25 : 30);

9a26 = ga2(31 : 36); ga27 = ga2(37 42); ga28 = ga2(43 : 48); ga29 = ga2(49 : 54);
) = sin(pi/5) — 0.7;

(1) (
2(2) = —sum(a2' = phi’) + sin(x(2)) * sin(pi/5) — 0.7;
2(3) = —sum(a3’ = phi’) + sin(x(3)) * sin(pi/5) — 0.7;
2(4) = —sum(ad’ = phi") + sin(x(4)) = sin(pi/5) — 0.7;
2(5) = —sum(ad’ = phi’) + sin(x(5)) * sin(pi/5) — 0.7;
2(6) = —sum(ab’ = phi’) + sin(x(6)) * sin(pi/5) — 0.7;
2(7) = —sum(aT = phi") + sin(z(7)) = sin(pi/5) — 0.7;
2(8) = —sum(a8 = phi’) + sin(x(8)) * sin(pi/5) — 0.7;
2(9) = —sum(a9’ = phi’) + sin(x(9)) * sin(pi/5) — 0.7;
Gz(1,1) = —sum(gall’ = phi'); G=z(2,1) = —sum(ga2l’ = phi');
Gz(1,2) = —sum(gal2' = phi'); Gz(2,2) = —sum(ga22’ = phi’);
Gz(1,3) = —sum(gald’ = phi'); Gz(2,3) = —sum(ga23’ = phi');
Gz(1,4) = —sum(gald’ = phi'); Gz(2,4) = —sum(ga24’ = phi’);
Gz(1,5) = —sum(gald’ = phi'); Gz(2,5) = —sum(ga25 = phi’);
Gz(1,6) = —sum(gal6’ = phi'); Gz(2,6) = —sum(ga26’ = phi');
Gz(1,7) = —sum(gal7 = phi'); Gz(2,7) = —sum(ga27" * phi’);
Gz(1,8) = —sum(gal8 = phi'); Gz(2,8) = —sum(ga28'  phi’);
Gz(1,9) = —sum(gal9’ = phi’); (2,9) = —sum(ga29’ = phi');
c(l) = =(1 +ml = tau)/(1 + m2 = tau = exp((1/tau) = z(1))) + alpha;
c(2) = —(1 + ml = tau)/(1 + m2 = tau = exp((1/tauw) = 2(2))) + alpha;
c(3) = —(1 +ml = tau)/(1 + m2 = tau = exp((1/tau) * z(3))) + alpha;
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sum(phi);

phiz

forj=2:8
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T(j) = sumf(a(j, :) » phiz);

end

x=0:pi/8: pi

Tmin = sin(x) = sin(pi/5) — 0.7,
plot(x, T, x, Tmin)

axis([0 pi — 1 0.5]);
legend("T'(x)") T (z)")

xlabel(’ Space’)
ylabel("T'emperature’)
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