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Abstract

This dissertation explores the non-equilibrium thermodynamics of quantum systems, specifically fo-
cusing on spin-1 nuclei and the dual influences of external perturbations and quadrupolar interactions.
We first analyze the dynamic responses of these nuclei to external perturbations, utilizing principles
from quantum and statistical mechanics. By manipulating a work parameter and treating work as a
random variable, we collect data from finite-duration cyclic processes to compute the generated work
distribution. We then extend our investigation to the contributions of quadrupolar interactions, com-
paring their effects with those of external perturbations. Through this comprehensive analysis, we
derive key equilibrium quantities, such as the free energy difference between initial and final states,
while deepening our understanding of work distribution properties. Overall, this research enhances
our insights into the complex dynamics of non-equilibrium quantum thermodynamics and sets the
stage for future explorations of quantum systems under varying conditions.
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Chapter 1

Introduction

1.1 Background

Quantum thermodynamics[ 1] is an emerging field that seeks to unify the principles of quantum me-
chanics with classical thermodynamics. Explores how macroscopic thermodynamic laws emerge
from the quantum-mechanical description of microscopic systems. Unlike classical thermodynamics,
which focuses primarily on macroscopic variables such as pressure, temperature, and volume, quan-
tum thermodynamics emphasizes the role of quantum fluctuations and the influence of microscopic
interactions on these macroscopic properties.

In classical thermodynamics [2, 3], systems are typically assumed to be in or near equilibrium, and
the laws of thermodynamics describe the exchange of energy, work, and heat between systems. How-
ever, many quantum systems of interest, especially at the atomic and molecular levels, operate far
from equilibrium. In such non-equilibrium situations, traditional thermodynamic approaches are in-
sufficient for describing these systems. Instead, quantum thermodynamics seeks to extend these clas-
sical principles to systems that are far from equilibrium, small in size, and are influenced by quantum
effects.

This field has become particularly relevant in recent years due to advances in experimental techniques
that allow for the precise control and measurement of small quantum systems. Experiments on sin-
gle molecules, atoms, and even quantum bits (qubits) have inspired new models and approaches to
understanding thermodynamics at the quantum scale. The development of powerful numerical meth-
ods[4-8], novel theoretical tools [9H11]] and a well-established experimental technique [12-21]] used
in quantum information science and thermodynamics has further accelerated research in this area.

1.2 Quantum Thermodynamics: Key Concepts

At the core of quantum thermodynamics is the idea that quantum systems, when driven out of equi-
librium, exhibit behavior that is fundamentally different from classical systems. One of the key
differences is how work and heat are treated. In quantum systems, work is a fluctuating quantity, and
its distribution must be described statistically [22-25]]. This is in contrast to classical systems, where
work is typically a deterministic quantity.

Much of the research in quantum thermodynamics focuses on the study of small systems that ex-
hibit significant quantum fluctuations [26, 27]. These fluctuations are often characterized by random



variations in quantities such as energy, work, and heat, which in turn affect the system’s overall ther-
modynamic properties. For example, the fluctuation theorems of Crooks [28] and Jarzynski [29]
have provided significant insight into the thermodynamics of small systems. These theorems relate
the properties of non-equilibrium processes to equilibrium quantities, allowing for the prediction of
thermodynamic behavior even in systems far from equilibrium.

Another important aspect of quantum thermodynamics is the role of the environment. In real-world
situations, it is impossible to completely isolate a quantum system from its surroundings. The in-
teraction between a system and its environment often leads to decoherence — the loss of quantum
information from the system to the environment which must be taken into account when modeling
the system’s evolution. This interaction introduces additional complexities, as it can affect the work
and heat exchanged with the system.

1.3 Motivation and Objective of the Study

The primary motivation for this study is to explore the thermodynamic properties of small quantum
systems, particularly when they are driven out of equilibrium. Specifically, we focus on the behav-
ior of spin-1 systems in the context of Nuclear Magnetic Resonance (NMR). NMR systems offer a
convenient platform for studying quantum thermodynamic phenomena due to their high degree of
controllability and the ability to manipulate their quantum states using external magnetic fields.

The main objective of this work is to investigate the distribution of work performed on a spin-1 system
during a nonequilibrium process. By treating work as a random variable, we aim to understand how
quantum fluctuations influence the thermodynamic properties of small quantum systems. In particu-
lar, we are interested in studying the work distribution and its statistical properties, such as mean and
variance, in a spin-1 system subjected to time-dependent external magnetic fields. Additionally, we
examine the system’s dynamical evolution, focusing on how it transitions between different quantum
states when driven by a work protocol.

1.4 Scope of the Study

This study is primarily concerned with the theoretical modeling and analysis of spin-1 nuclei in a
non-equilibrium thermodynamic process. We consider a quantum system initially in a strong static
magnetic field, which is then perturbed by a small time-dependent radio frequency (RF) magnetic
field. The system’s response to this perturbation is analyzed, and the work performed on the system
is computed using quantum-mechanical principles.

The study is divided into the following key areas:

Work Distribution: We calculate the distribution of work performed on the spin-1 system during the
non-equilibrium process, treating work as a fluctuating quantity.

Quantum Fluctuations: We investigate how quantum fluctuations affect the thermodynamic proper-
ties of the system, particularly the distribution of work and the free energy differences between initial
and final states.

Non-equilibrium Dynamics: We study the system’s dynamical response to the time-dependent mag-
netic field, focusing on how the system evolves from one quantum state to another and how this evo-
lution affects the system’s thermodynamic properties.

Comparison with NMR Experiments: Although this is a theoretical study, our aim is to compare
our findings with experimental results from NMR systems, which can serve as a testing ground for



these theoretical predictions.

1.5 Significance of the Study

The research presented in this thesis contributes to the growing field of quantum thermodynamics
by providing new insights into the behavior of small quantum systems far from equilibrium. By
focusing on spin-1 systems, we provide a concrete example of how quantum fluctuations influence
the thermodynamic properties of a quantum system. The theoretical framework developed in this
work can be applied to other quantum systems, making it a valuable contribution to the broader
understanding of quantum thermodynamics.

Furthermore, the results of this study have potential applications in quantum information science,
where understanding the thermodynamic properties of small quantum systems is crucial for the de-
velopment of quantum technologies. For example, the ability to control and manipulate the work
performed on a quantum system is essential for the development of efficient quantum engines and
heat pumps.

1.6 Structure of the Thesis

The remainder of this thesis is organized as follows.

Chapter 2: Offers a review of the literature focused on spin physics and the principles of nuclear
magnetic resonance (NMR), which form the basis for the model used in this study. It also outlines the
theoretical framework of quantum thermodynamics, emphasizing work fluctuations and their mea-
surement in small quantum systems. Additionally, this chapter includes a quantum thermodynamic
description of the spin-1 system and the model used to analyze the system’s behavior in a time-
dependent magnetic field. Chapter 3: Discusses the models and methodologies utilized in this in-
vestigation. Chapter 4: Presents the results obtained and provides a discussion of these findings.
Chapter 5: Summarizes the key findings of the study, offering conclusions and suggestions for fu-
ture research. Appendices: Provide detailed mathematical derivations and supporting calculations
for the results presented in the main chapters.



Chapter 2

LITERATURE REVIEW

The study of quantum systems, particularly those driven out of equilibrium, has gained significant
interest in recent years. As thermodynamics extends into the quantum domain, it becomes crucial
to investigate the unique behaviors and characteristics of quantum systems under non-equilibrium
conditions. This chapter aims to provide a comprehensive review of the fundamental concepts of
spin physics, Nuclear Magnetic Resonance (NMR), and quantum thermodynamics, with a particular
focus on work fluctuations in spin-1 systems. By exploring the relevant literature, we build a solid
theoretical framework for understanding the non-equilibrium thermodynamic properties of quantum
systems, especially spin-1 systems in NMR.

2.1 Spin Physics and Nuclear Magnetic Resonance (NMR)

This section provides an overview of spin dynamics, focusing on nuclear spins in a magnetic field. It
covers essential concepts such as atomic and nuclear structure, nuclear magnetism, spin precession,
spin states, spin-spin interactions, and the fundamentals of Nuclear Magnetic Resonance (NMR).
These principles form the conceptual basis for understanding nuclear spin interactions and NMR
phenomena.

Atoms and Nuclei

Atoms, the basic units of matter, consist of electrons and nuclei. Both electrons and nuclei exhibit
the property of spin. Electrons, which carry a negative charge, occupy orbitals surrounding the nu-
cleus. The nucleus, located at the atom’s center, consists of protons (positively charged) and neutrons
(uncharged). Since the nucleus contains protons, it is inherently positively charged.

The atomic nucleus possesses four key physical properties: mass, electric charge, magnetism, and
spin. While properties like mass and electric charge significantly influence atomic behavior—such as
determining the heat capacity, viscosity, and chemical properties—the magnetic and spin properties
play a more subtle but crucial role, especially in quantum mechanics and applications like quantum
computing [30} 31].

The contributions from circulating electric currents and electron magnetic moments are typically
much larger than those from nuclear magnetic moments. For example, the bulk magnetism of ma-
terials like iron is predominantly due to electron magnetic moments, not nuclear magnetism. Con-
sequently, nuclear magnetism plays a minimal role in the atomic or molecular structure of matter,



though it becomes essential in specialized contexts, such as nuclear magnetic resonance [32]] and
quantum information processing [33]].

It is well known in electromagnetic theory that the magnetism of a matter may arise from three
sources: (1) from the circulation of electric currents, (2) from the magnetic moments of the electrons,
and (3) from the atomic nuclei magnetic moments. The electronic contributions (1) and (2) are
almost always many orders of magnitude larger than the nuclear contribution (3). This implies that
the nuclear magnetism is very weak when compared to that of electrons. For example, the bulk
magnetism of some materials, such as iron, is due to the electrons, not to the nuclei. As a consequence,
the nuclear magnetism plays little role in atomic or molecular structure of matter.

Nuclear and Electron Magnetic Moments

While the magnetism from circulating currents is easily understood via elementary physics (e.g., a
magnetic field generated by a current in a loop), the magnetism arising from the intrinsic magnetic
moments of nuclei and electrons is more complex. Both nuclei and electrons possess intrinsic mag-
netic moments, not due to current circulation, but as a fundamental property of their spin.

The magnetic moments Uy and tg for nuclei and electrons, respectively, are related to their spin via
the following expressions:

eh
— —\/I(IT+1 2.1
Ky ngmP (I+1) 2.1
and
eh
= 1 2.2
Us gszme S(S+1) (2.2)

where e is the elementary charge, / is Planck’s constant, m, and m, are the proton and electron
masses, and g., and g; are the respective g-factors for the nucleus and electron.

Spin: Intrinsic Angular Momentum

The spin of a nucleus means that it behaves as though it is ”spinning” like a tiny planet. However, this
is a quantum mechanical property and does not imply actual rotation in the classical sense. Spin is an
intrinsic form of angular momentum, fundamentally different from the classical angular momentum
L, which is associated with the rotation of an object around a point.

The spin angular momentum and magnetic moment are proportional, given by the relations:

o= 9 23)
or
o = v (2.4)

where ¥ is the gyromagnetic ratio, typically expressed in units of rads ™' Tesla™".

In classical mechanics [34], a rigid body can have two types of angular momentum: orbital angular
momentum (L = r x P), associated with motion around a center of mass, and spin angular momentum
(S = Iw), associated with rotation about an internal axis. In quantum mechanics [35]], the total spin
angular momentum for particles like electrons and nuclei is quantized, taking values of [S(S+ 1)] 172
for electron spin, § and [I(I + 1)]'/? for nuclear spin /.



An electron with spin § or a nucleus with spin / has (254 1) or (21 + 1) sub-levels, which are
degenerate in the absence of external fields. However, when subjected to a magnetic or electric field,
these sub-levels can experience energy shifts.

Magnetic Moments and Energy

The nuclear magnetic moment is proportional to the spin angular momentum, I, as:
p=y=yli+1i;+1,) (2.5)

The corresponding nuclear magnetic energy for a spin I in a magnetic field B depends on the dot
product of the magnetic moment and the magnetic field:

This energy is minimized when the magnetic moment is aligned with the external magnetic field and
maximized when aligned in the opposite direction [35]].

In general, the intrinsic angular momentum (spin) and magnetic moment of nuclei play a pivotal
role in nuclear spin interactions and NMR. While nuclear magnetism is much weaker than electron
magnetism, it is this property that allows for the detailed study and manipulation of spin states in
quantum systems, a key area of investigation in both quantum thermodynamics and NMR-based
technologies [36].

2.2 Nuclear Magnetism

The study of magnetism focuses on the interactions between matter and magnetic fields, as well as
the magnetic properties of matter itself. A magnetic field is a fundamental concept in this discipline,
describing a property of space around magnetic objects or moving charges. It can be detected through
the force it exerts on a probe, for example, a wire carrying an electric current.

In classical physics [37], the magnetic effect of a proton is attributed to its electric charge. A moving
charge, akin to an electric current, generates a magnetic field. Similarly, a rotating charge gener-
ates a magnetic effect along the axis of rotation, producing what is known as a magnetic moment.
Fundamental particles exhibit magnetic moments, just as they possess spin angular momentum.

Interestingly, despite being electrically neutral, neutrons also exhibit magnetic moments due to their
intrinsic spin. This demonstrates that an electric charge is not a prerequisite for nuclear magnetism.
In fact, modern quark theory [38]] suggests a reverse relationship, proposing that magnetism might be
the cause of electric charge.

As discussed earlier, one of the four key properties of atomic nuclei is their magnetism, which arises
from the angular momentum of the nucleus. Since nuclei contain positively charged protons and
uncharged neutrons, the nucleus as a whole is positively charged. When the nucleus rotates due to its
spin, it generates a local magnetic field or magnetic moment. This magnetic moment, generated by
nuclear spin rotation, is a crucial factor in magnetic resonance experiments and aligns parallel to the
axis of rotation.

Although nuclear magnetism and nuclear spin have negligible effects on the macroscopic chemical
and physical properties of materials, they provide invaluable tools for probing the microscopic struc-
ture of matter without causing disturbances [39, 40].
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2.2.1 Nuclear Spin

As mentioned earlier, atomic nuclei possess spin as an intrinsic property. The spin of the nucleus
causes it to rotate about an axis perpendicular to the direction of rotation. This rotation generates a
local magnetic field or magnetic moment, indicating that any nucleus with spin is inherently magnetic.

The spin of atomic particles is quantized, meaning it takes on discrete values. These values depend on
the number of protons (atomic number) and neutrons in the nucleus. Based on these numbers, atomic
nuclei fall into three categories regarding their spin values: 1) Zero Spin (I = 0) : Nuclei with an even
number of protons and neutrons (such as '2C, with 6 protons and 6 neutrons, and 20, with 8 protons
and 8 neutrons) have zero net nuclear spin. These nuclei are magnetically neutral and cannot interact
with external magnetic fields. 2) Half-Integral Spin (I = 1/2, 3/2, 5/2, ...): Nuclei with an odd total
number of protons and neutrons, or an odd atomic weight, have half-integral spin values. An example
of such a nucleus is '3C (with 6 protons and 7 neutrons). 3)Integral Spin (I =1, 2, 3, ...): Nuclei with
an odd number of protons but an even atomic weight have integral spin values. Examples include 2H
and SLi (lithium). This can be summarized in Table 1.1 below as:

’ Spin Value I \ Atomic Composition H Examples ‘
I=0 | Even protons + Even neutrons 2¢, 160
I=1/2,3/2, ... | Odd total protons + neutrons or odd atomic weight Be 31p
I=1,2,3,... | Odd protons + Even atomic weight ZH,OLi

The spin of the nucleus is a vital factor in determining its magnetic properties, and this quantization of
spin values plays a central role in nuclear magnetic resonance (NMR) and other quantum mechanical
phenomena.

The concept of Spin Precession

Just as the angular momentum of a rotating object is represented by a vector, the angular momentum
of a particle with spin is also a vector. This vector indicates the axis of rotational motion, commonly
referred to as the spin polarization axis [41]. For particles such as atomic nuclei, the spin polarization
axis can point in various directions in space. For example, in the absence of an external magnetic field,
the spin vectors of protons in hydrogen atoms are randomly oriented. This results in a continuous
distribution of spin orientations, as illustrated in Figure 2.1. However, when the sample is placed in a
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Figure 2.1: Randomly directed spin polarizations.

strong static magnetic field of magnitude By, the individual protons begin to precess (rotate) around
an axis perpendicular to the direction of the magnetic field. This precession is a direct result of the
interaction between the nuclear spin and the external magnetic field. As a result, the spin vectors of
the nuclei tilt slightly away from the axis of the magnetic field, with each precession axis remaining
parallel to By.



Assuming the magnetic field By is aligned along the z-axis, the motion of each nucleus can be de-
scribed in coordinates perpendicular to the x- and y-axes and parallel to the z-axis. The transverse
(perpendicular) components of the motion vary cyclically over time due to the precession, while the
longitudinal (parallel) components remain constant. The spin polarization axis traces a cone-shaped
path around the magnetic field, maintaining a constant angle between the spin axis and the direction
of the magnetic field. This motion is referred to as spin precession.

The behavior of spins in this way is due to the fact that they possess both angular momentum and
magnetic moments. The presence of angular momentum significantly alters the dynamic properties of
the magnetic moment. The magnetic moment of a nucleus may either align with the spin polarization
axis (for nuclei with y > 0), or in the opposite direction (for nuclei with y < 0).

In equilibrium and in the absence of a magnetic field, the distribution of magnetic moments is
isotropic, meaning all possible directions are equally represented [32]]. However, when an external
magnetic field is applied, the spin polarization axis begins to precess around the field, maintaining
a constant angle between the magnetic moment and the field. This motion, known as Larmor pre-
cession, occurs at a specific frequency called the Larmor frequency @y, which is proportional to the
strength of the magnetic field Bg. The Larmor frequency is given by:

wp = YBy (2.7)

where 7 is the gyromagnetic ratio of the nucleus. The stronger the magnetic field, the faster the
precession of the spin.

2.2.2 Nuclear Spin States

When a nucleus is placed in a strong static magnetic field By, its angular momentum becomes quan-
tized, adopting one of 2/ + 1 possible orientations with respect to the magnetic field. For nuclei with
I= % (such as 'H and '3C, there are two possible orientations: one parallel to the external field
(lower-energy state) and one anti-parallel (higher-energy state). The potential energy of a nucleus in
a magnetic field is given by:

E = —uBycos 6 (2.8)

where U is the magnetic moment, By is the strength of the magnetic field, and 6 is the angle between
the nuclear spin axis and the magnetic field. In most cases, the nuclear spin axis is aligned with the
direction of the external field (taken as the z-axis), and the potential energy simplifies to

E = —,LLB(). (2.9)

When electromagnetic radiation of the correct frequency is applied, it can induce transitions between
adjacent energy levels. The relationship between the frequency v of this radiation and the magnetic
field strength By is governed by the Larmor equation:

B
p=120 (2.10)
2
In general, nuclei with spin / may have 2/ + 1 different orientations, each with its characteristic
energy. Nuclei with [ = % have a symmetrical charge distribution around the nucleus, while nuclei

with [ > % have an asymmetrical charge distribution, leading to an electric quadrupole moment, O
[41].



2.2.3 Spin in a static magnetic field

A magnetic field of uniform field strength is called a homogeneous field, of which field lines are drawn
as equidistant, straight lines running in parallel. If this magnetic field strength does not vary with time
it is known as a static field. The main role of this static magnetic field is to split the orientation of
nuclear spins, which were in random distribution in the absence of external magnetic field. For
example, in the body tissue, the static magnetic field is used to generate a preferred orientations of
the spins, parallel as well as anti-parallel to the field lines: | 1) spin up and | |) spin down are the two
preferred spin orientations [42]]. More precisely, the two spin orientations, up and down, correspond
to two different energy states. The up spin has a lower energy (£_) than in the field-free space (E);
the down spin has a higher energy (E-). The lower energy state is the preferred in the magnetic field:
more spins jump into the lower energy state (E_) than into the higher one (£ ). If the ratio of up
and down spins is the same, the spins could cancel for the most part. But, practically, there is a small
majority of excess spins in the up direction which leaves the down spins in the minority.

Most of the measurable macroscopic effects are due to the excess in spin magnets. This excess in spin
magnets (m) is known as the magnetization (M) of the ensemble. The source for the magnetization
of the ensemble is the energy split of the spins in the magnetic field. After the ensemble is disturbed
by application of external static magnetic field, it takes a certain time for the magnetization to reattain
its initial value. But after its recovery of its initial magnetization, the ensemble will be in a state of
energy equilibrium.

For a nuclear spin in an external static magnetic field of magnitude, By, applied along the z-axis
(which is the axis of rotation of the spin), the quantum mechanical Hamiltonian for the interaction of
a nuclei spin of magnetic moment, y, = v/, to the the static magnetic field is given by:
Hy = —u-By
= —yBol, (2.11)
This interaction energy, Hy is called the nuclear Zeeman interaction. The term yB, may be identified
as the Larmor frequency of spin I. Thus we can rewrite it as wy = yBy, where, @y is the Larmor

frequency in megahertz (MHz), By the magnetic field strength in tesla (T) that the nuclei experiences,
and v is a constant for each nucleus in MHz/T, known as the gyromagnetic ratio.

Then the Schrodinger equation corresponding to the Hamiltonian of Eq. (2.11]) is given by:

L o|w(t) > N
ol > —[1-Bo|y(t) >

ot
= —aol;|y(t) > (2.12)

2.2.4 Spin in a rotating magnetic field

In order to cause transitions between spin states, the second radio frequency field is applied per-
pendicular to the original static magnetic field. Let us consider the time varying (alternating) radio
frequency pulse with in the x-y plane given as:

B (t) = |By|(cos wt£, sin wry,0) (2.13)

This transversal radio frequency field is the component of the vector that rotates about the external
field in the x-y plane. This means that by applying magnetic field in perpendicular direction (a 90
degree pulse), magnetization flips in the transverse direction, that is, the x-y plane. For the nuclei of
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spin initially in static magnetic field, By (along z-axis), the applied radio frequency field causes the
spin nuclei to lose its original equilibrium.

As long as the r.f. pulse is present, two magnetic fields are in effect: (i) the static magnetic field, By,
which is static and strong, and (ii) for a short time, a weak rotating r.f. magnetic field, B;(z).
The effective Hamiltonian is then given as:

A

Her = —,ﬂ “Besr
= — (W + pyP + U:2) - [BoZ + | B1|(cos @t + sin )]
= —Y(I&+ 1,9+ I.Z) - [BoZ + | B1|(cos wtx + sin wty)]
H.t = —yBol,— yBi(coswtl +sin wtfy) (2.14)

A

Hy = Hy+H (1) (2.15)

The Hamiltonian in question is often referred to as the rotating frame Hamiltonian. It’s important to
note that for a spin-1 system, the matrix representation of the nuclear spin components is defined as
follows:

1 —i
(10 0 R R VA
L=10 0 0 ; L=|7 0 75 I, = ﬁ 0 % (2.16)
—1 ne i
00 0 % 0 0 7 0

These matrices represent the components of the angular momentum for a nuclear spin-1 system,
where I, Iy, and I, correspond to the X, y, and z components of the spin operator, respectively.

In order to study the non-equilibrium properties of the system under study, we must know the initial
thermal state and the time evolution operator, U (¢), which is the solution of the Schrodinger equation
of the following form:

L o|w(t) > N
Y2 B y) >
ihdU(t) = H,U(t) (2.17)

2.3 Nuclear Magnetic Resonance

Magnetic resonance is a process by which a physical excitation (resonance) is set up via magnetism.
It is based upon the interaction between a particle that possesses spin and charge (electrons and
other subatomic particles), and an applied magnetic field. While any atomic particles having charge
and spin, and producing spin angular momentum can be examined using magnetic resonance (MR)
techniques [32], in our study we focus on the magnetic resonance produced due to the interaction of
atomic nuclei and the external magnetic field, and the use of MR techniques for their study, formally
known as Nuclear Magnetic Resonance (NMR).

On the other hand, nuclear magnetic resonance (NMR) is a physical phenomenon in which nuclei
in a strong static magnetic field are perturbed by a weak oscillating magnetic field, in the near field.
Then the nuclei respond to the perturbation by producing an electromagnetic signal, with a frequency
characteristic of that of the magnetic field at the nucleus. This process occurs near resonance, when
the oscillation frequency matches the intrinsic frequency of the nuclei. The phenomenon of magnetic
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resonance mainly depends on the strength of the static magnetic field, the chemical environment, and
the magnetic properties of the isotope involved.

The nuclear magnetic resonance process have been used to develop magnetic resonance imaging and
for nuclear magnetic resonance spectroscopy technology. The technology is also being used to de-
velop nuclear magnetic resonance quantum computers. More generally, magnetic resonance (MR)
is a measurement technique used to examine atoms and molecules. One illustrative case, is the case
where the nuclear magnetic resonance (NMR) spectroscopy is used in the study of molecular struc-
ture through measurement of the interaction between an oscillating radio frequency electromagnetic
field and a collection of nuclei immersed in a strong external magnetic field. These nuclei are compo-
nents of atoms that, in turn, are assembled into molecules. Therefore, a nuclear magnetic resonance
spectrum, can provide detailed information about molecular structure and dynamics, information that
would be difficult, even may not be possible, to obtain by any other methods.

The phenomenon of nuclear magnetic resonance is based on the fact that the nuclei of certain el-
ements, possessing a spin angular momentum and an associated magnetic moment, is allowed to
interact magnetically with external magnetic field. At first, When such nuclei are placed in a strong
static magnetic field, they can adopt one of a number of quantized orientations. Each of these orien-
tations correspond to a particular energy level. The orientation with the lowest energy is the one in
which the nuclear magnetic moment is most closely aligned with the external magnetic field while
the orientation with the highest energy is the one in which the nuclear magnetic moment is least
closely aligned with the field. Secondly, as relatively weak oscillating radio frequency magnetic field
is applied to the nuclei, which is already in static magnetic field, the nuclei in the lower energy level
absorb the RF energy and the nuclei in the upper energy level are stimulated to emit their energy [43]].
As more energy is transmitted, the nuclei populations of the two levels (the lower energy level and
the higher energy level) will gradually equalize. At this moment, no further net absorption of energy
is possible, and this condition is known as saturation condition or equilibrium condition. But, there
is a limited amount of energy that a collection of nuclei can absorb before they become saturated.

The principle of NMR usually involves three sequential steps: (1) the polarization (alignment) of the
magnetic nuclear spins in an applied strong static magnetic field, By. (2) The perturbation of this
alignment of the nuclear spins by a relatively weak oscillating magnetic field, usually referred to as
a radio-frequency (RF) pulse, where the oscillation frequency required for significant perturbation
is dependent upon the static magnetic field (Bp) and the nuclei of the sample. (3) The detection of
the resonance signal during or after the RF pulse, due to the voltage induced in a detection coil by
precession of the nuclear spins around By. After an RF pulse, the precession usually occurs with the
nucleus’s intrinsic Larmor frequency, @y, but the nuclei in itself does not involve transitions between
spin states or energy levels [42].

One of the area where we apply the concepts of quantum-thermodynamics is a magnetic resonance
experiment, where a typical setup consists of a sample of non-interacting spin particles (electrons,
nucleons, etc.) placed under a strong static magnetic field By in the z direction, and is perturbed
externally by a relatively very small magnetic field, B;. The role of this perturbation is to bring the
sample system out of equilibrium condition [44]]. The Hamiltonian of this interaction of the system
to the externally imposed magnetic fields can be described as:

H=-u-B (2.18)
where B = By + B;
In magnetic resonance experiments the measuring device called nuclear magnetic resonance spec-

trometer may be used to supply three kinds of magnetic fields: 1) The main super-conducting solenoid
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which provides a very strong, very homogeneous, static magnetic field By, and 2) The radio frequency
(RF) coil in the probe that generates an oscillating magnetic field, B; (7). In normal circumstances
this field is spatially homogeneous as possible. 3) The third one might be the gradient field.

In general, the nuclear magnetic resonance involves transitions between the energy levels (or changes
in the orientation of the nuclei as it is exposed to the external magnetic field). The transitions among
energy levels may be induced by the absorption of radio frequency radiation of the correct frequency,
which is measurable on a recorder in the form of a NMR signal of the nucleus [435].

2.4 Quantum Thermodynamics: Work Fluctuations and Mea-
surements

In this chapter we focus on the theoretical discussion of work distribution and its measurements in
quantum thermodynamics. In the concept of quantum thermodynamics the work done on/by the
system may arise from thermal fluctuations or quantum fluctuations or both. Due to the complexity
of the dynamics taking place at atomic or molecular level, the work done as a result of quantum
fluctuation is considered to be a random variable. Thus, in quantum thermodynamic description,
work is taken as random variable. This quantum thermodynamics considers the case of exploring
the dynamics of the quantum system as it is driven out of equilibrium by suddenly imposing the
external driving parameter. In this chapter we will also discuss Jarzynski relations, which takes
into account fluctuations in non-equilibrium dynamics, and connect it to equilibrium properties of
thermodynamical relevance with explicit non-equilibrium features.

2.5 Thermodynamic description of work

An important aspect of thermodynamic processes are their energetic impact. For example, if any
physical system is brought in contact to a heat reservoir then the energy of the system may flow
between the system and the reservoir. Such energy exchanged is what is known as heat energy.
This exchange of heat energy between the two may change the internal energy of the system. But
the internal energy of any system may also change by means of an external agent which manually
changes some parameters in the Hamiltonian of the system. This type of change in energy of the
system is called work.

Any system of the world is either in its own progressive change or in continuous interaction with
its environments. This implies that any system is the result of the change which modifies its states
or which modify the system itself. Such changes of the system can be expressed in terms of the
heat absorbed or released by the system and through the change in the Hamiltonian of the system.
Generally speaking, heat and work are not properties of the system. Rather, they are the outcomes of
processes which alter the state of the system. If during a certain interval of time an amount Q of heat
entered the system and a work W was performed on the system, energy conservation implies that the
total energy of the system must have changed by:

AU =0+W, (2.19)

This is the familiar first law of thermodynamics. When W > 0 it is said that the external agent
performed work on the system. On the other hand, when W < 0 it is said that the system performed
work on the external agent.
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Accordingly, the first law of thermodynamics states that the internal energy of a given system can
change in two ways: 1) by adding heat or 2) by adding work. This further inserts that heat and work
refers to two different process types rather than two different forms of energy. These two different
processes are related to the typical means of control available in the thermodynamic setting. As the
internal energy is the average energy of the system under consideration, for a given thermal state,
there are two fundamental ways for change: Change the state of the system or change the system
itself.

The change in the thermal state of a given system is related with heat while the change of the system
is related to work. The change of the system requires to modify certain parameters that specify the
system; in principle, such modifications might affect anything, from the particle mass to the particle-
particle interactions. Some of these parameters include the volume of a container, an electric or
magnetic field, or the stiffness of a harmonic trap. But a simple and well established parameter
(because easily accessible) would be the volume of a gas. Indeed, to compress a gas, say, requires
work. So to do work on a system or by the system means performing work on a system (or by a
system) through change of some parameter A in the Hamiltonian [46]. Since A is used as an external
agent that do work on the system, it can be called as the work parameter. When an external agent
changes A, it is performing work on the system.

In order to describe exactly how the work was performed we must specify the protocol to be used.
This means specifying exactly under what conditions are the changes being made and with what
time-dependence is A changing. We usually assume that the process lasts between a time ¢t = 0 and
a time ¢ = 7, during which A(¢) varies according to some predefined function A (¢), from an initial
value A; = A(0) to a final value Ay = A (7).

Overall, describing an arbitrarily fast (non-equilibrium) process can be a very difficult task since
it requires information about the dynamics taking place within the system and how the system is
coupled to its environment. Instead, thermodynamics usually focuses on quasi-static processes, in
which A changes very slowly in order to ensure that throughout the process the system is always in
thermodynamic equilibrium [47].

The advantage of a quasi-static process is that the system always remain in equilibrium throughout
the process. For instance, consider the process of compressing a gas with a piston. If you compress
it very quickly, different parts of the gas will have different temperatures and densities. So a quick
compression pushes the system away from equilibrium. But if we compress it very slowly, at each
instant the system has enough time to adjust itself to the changes and therefore always remain in
equilibrium. Quasi-static processes are therefore a temporal. That is, one does not need to specify the
function A (¢), but merely the initial and final A values.

One of the most important example of quasi-static process is the isothermal process, in which the
temperature of the system is kept constant throughout the protocol. Because work usually changes
the temperature of an isolated system, to ensure a constant temperature the system must remain
coupled to a heat reservoir. Note that an isothermal process must necessarily be quasi-static, if not,
the temperature the system will not remain constant or homogeneous. In fact, intensive quantities
such as temperature and pressure are defined only in thermal equilibrium, so any process where these
quantities are kept fixed must be quasi-static.

The work done on an isothermal process can not be fully converted into useful work for the reason
that part of the energy is consumed as heat. The remaining part of the energy is called the free energy
and is defined as:

AF =F(T,Af) = F(T,A;). (2.20)
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Accordingly Eq. (2.19) can be rewritten as:
W =AF =F(T,A;) —F(T,A;) = AU — Q. (2.21)
The energy is free because it is the part of AU that may be used to perform work.

On the other hand, if the undergoing isothermal process is not quasi-static (performed so too quickly),
the initial state is still F(7T',A;) while the final state will not be the same to F (T, Ay), which is the one
measured in quasi-static case. Instead, the final state will be something complicated which depends
exactly on how the process was performed (see Fig. [2.2). This indicates that, if a system which is
initially coupled to the heat reservoir is leaved alone (de-touched from the heat bath) after the protocol
is over, it will eventually relax to the state F'(T, A f); which in turn shows that a certain amount of work
W was performed to take the system from F (T, A;) to F(T,Ay). But this work is not the same to the
change in free energy, AF, given in Eq. (2.20)), which holds only in the case of quasi-static processes.

Non—eq. A¢

F(Ti‘rlj.) Pea, Teiwa. L, ...i.... x‘

F(T.Af)

Figure 2.2: Diagram of a non-equilibrium process. Through the protocol A(z), the system is taken
from an initial state F (T, ;) to a final non-equilibrium state with parameter As (solid line). After the
process is done, the system will eventually relax from the non-equilibrium state to the equilibrium
state F (T, Ar) (dashed line) [46]

In general, since work in non-equilibrium process can not be easily expressed in terms of the change
in free energy of the system, a famous inequality which stems directly from the second law of thermo-
dynamics, can be used to express it [48]. It states that the work done in the non-equilibrium process
always be larger or equal to AF':

W > AF (2.22)

with the equality holding only for isothermal and quasi-static processes. From this inequality equa-
tion, one can understand that the minimum amount of work needed to change the free energy of a
system is equal to AF, and will be accomplished in an isothermal (quasi-static) process. Any other
protocol will require more work. The difference W;,, = W — AF > 0, known as the irreversible work,
therefore represents the extra work that had to be done due to the particular choice of the work pa-
rameter.

The inequality in Eq. can be easily demonstrated to be a direct consequence of the second
law of thermodynamics. In the Lord Kelvin postulation, the second law states that “A transformation
whose only final result is to transform into work, heat extracted from a source which is at the same
temperature throughout, is impossible [49]. The key part of this statement is the expression “only
final result. It means that it is impossible to extract work from a bath at a fixed temperature, without
changing anything else (such as the thermodynamic state of the system).
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To clarify what is formulated in Eq. (2.22), consider the three trajectories shown in Fig. where
the whole process is divided into 3 steps. In the first step, a certain amount of work W is performed
in a non-equilibrium process. In the second, without performing work, the system is allowed to relax
from the non-equilibrium state to the final state of F(T,Ay). Finally, in the third process (represented
by a dotted line), the system is allowed to go quasi-statically from F(T,As) back to F(T,A;). The
amount of work required for this return journey can be expressed as:

Wieturn = —AF for the reason that the reverse process is a quasi-static one. Now, we are back to the
original state, having performed a total work of W + W, = W — AF. But, according to the second
law thermodynamics, this total work cannot be negative for the reason that no work can be extracted
from a reservoir at a fixed temperature, without any changes in the state of the system. This implies
that because it is impossible to extract work from a reservoir at a fixed temperature, the total work
done must be greater than zero (0), W — AF > 0. This is what is formulated in Eq. (2.22).

2.6 Isothermal processes in equilibrium statistical mechanics

Consider the case where the system of interest, having Hamiltonian of H(4;), was initially in thermal

equilibrium with heat bath at inverse temperature 3 = ﬁ. Then, the quantum counterpart of the

canonical distribution for the system, with Hamiltonian A operator and kept in contact with heat
reservoir of constant temperature,can be given in terms of the Gibb’s density matrix of the form:

_ﬁH

Z

o = (2.23)

where Z-is the partition function and is given as Z = tr(e’ﬁﬁ ), and B = % (where we have used
kg = 1). If the system was initially in state |n) with an energy eigenvalues of E,, the probability of
finding the system in this state can be given as:

efﬁEn

Z b

P, = (n|py|n) = (2.24)
where P, is the probability of finding the system in the state |n). Then the average (internal) energy

of the system becomes
U= (H)=tr(Hpy) =Y EnP. (2.25)
n

Let the system is undergoing an isothermal quasi-static process and parameterized by a quantity A
that expresses the path along the process. To analyze the process quantitatively, it is possible to
decompose the path into a series of infinitesimal processes, where A is changed slightly to A +dA.
The full process is then simply the sum effect of these small steps. As the external parameter, A,
change from A to A +dA, both E,, and P, will change. Hence, U will change by:

dU =Y d(E.P,) =Y [d(E,)P,+E,d(P,)]. (2.26)

n

The above equation, Eq. (2.26), has an interesting physical interpretation. Since the change in A
is infinitesimal and instantaneous, immediately after this change, the system has not yet responded
to it. This corresponds to the first term: it is the average of the energy change dE, over the old
(unperturbed) probabilities P, . In the second term, the energy is fixed and the probabilities change.
We interpret this as the second step, where the system adjusts itself with the bath in order to return to
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equilibrium. So each infinitesimal process may be separated in two parts. The first part is the work
performed and the second is the heat exchanged as the system relaxes to equilibrium. This help us to
define:

W =Y d(E,)P, (2.27)
and
80=Y E.d(P,) (2.28)
so that Eq. may be written as:
dU = 6Q+ 6W (2.29)

Where we have used 9 instead of d simply to emphasize that heat and work are not exact differentials.

To show that OW is related to the change in the free energy of the system, let we use the definition
F=-ThZ. (2.30)

The differential form of this free energy (F) can be expressed as:

-T -T —Ep T —1 —En e T
dF = —-dZ = 761(;6 T) = 7;[7(6151)@ T )= ;(dEn)T- (2.31)

where we have used Z =) ,e 7 for T is a temperature which is constant.

Eq. (2.31) is precisely equal to Eq. (2.27), and so we conclude that for an infinitesimal isothermal
process,
oW =dF (2.32)

From this result, Eq. (2.20) is recovered by integrating over the several infinitesimal steps.
Similarly, to relate 8Q in Eq. (2.28)) to the Shanon entropy of the system, defined as

S==Y palnp, (2.33)
n

let we invert Eq. (2.24) and have E,, = —T In(ZP,). Next we substitute this in Eq. (2.28)) and separate
the two terms, one proportional to In(Z) and the other to In(7,). The term with In(Z) will be

—TY In(Z)d(P,) = —TIn(2)d(}_P,) =0, (2.34)

since Y, P, = 1 and d(1) = 0 Thus, we are left only with

80 =—TY d(P,)InP,. (2.35)
n
But now note that, by the chain rule,
P
d(;Pn InP,) = ;d(Pn) InP, + Z }T:d(Pn) (2.36)
and the last term is also zero for the same reason as above. Hence, we conclude that
80 = —T(). dP,InP,)
n
= Td(—) P,InP,) =TdS. (2.37)
n
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Here it is important to note that this relation expressed in Eq. (2.37)), holds only for infinitesimal
processes. For finite and irreversible processes, there may be additional contributions to the change
in entropy. We see that even though 60 is not a function of state, it is related to the variation of a
quantity (entropy, S) which is a function of state.

All the above calculations show how to use the Gibb’s theory, which is a microscopic description
of thermal processes, to relate work and heat with thermodynamic quantities such as free energy
and entropy and to enlighten the physical meaning of these quantities. Therefore, here it possible to
concluded that it is possible to give microscopic definitions to thermodynamic quantities such as heat
and work. Moreover, it is possible to relate them to functions of state which can be constructed from
the initial density matrix p;; . While these thermodynamic quantities may be defined independently
of statistical mechanics, it is believed that the microscopic description helps to clarify their physical
interpretations of the dynamical process taking place at atomic or molecular level..

In general, it is necessary to catch up that in an isothermal quasi-static process, which assumes the
system’s temperature of the system to remains constant throughout the protocol, it is important to
realize that the system cannot be isolated from its environments. This implies that, even though, the
process is very slow in quasi static process there exist heat exchange between the system and the
environment. This can be readily seen by considering the compression of a gas with a piston. When
the gas is compressed, it warms up. To keep the system’s temperature constant, some energy must
be released to the environment, which further tells that in an isothermal process the system must
always be remain in contact with a heat reservoir at a fixed temperature. It is also important to note
that there is a slight ambiguity in the term isothermal process. One may choose it to mean that the
temperature of the system is always constant, or for it to mean that the temperature of the bath is
constant. Thus, it is possible to conclude that for the temperature of the system to remain constant,
the process must be quasi-static. For, in a non-equilibrium process, the temperature will not remain
constant or homogeneous. In fact, intensive quantities, such as temperature and pressure, are only
defined in equilibrium.

2.7 Quantum thermodynamic description of Work

2.7.1 Work as a random variable

The great insight into the properties of non-equilibrium processes could be gained by treating work
as a random variable [[13} 24, |50]. This means that when dealing with microscopic system (small size
systems), the fluctuations at quantum level may perturb our measurements of the work distribution.
More precisely, each time we measure the work done we may obtain the slightly different measure-
ments due to this quantum fluctuations, although the fluctuations at quantum levels in many cases are
negligibly small. Hence, work may be treated as a random variable. But the idea that fluctuations
at quantum level are negligibly small, does not stop us from interpreting W in this way; rather when
dealing with microscopic systems, this interpretation becomes essential because fluctuations become
more significant in the study of molecular or atomic theory. A famous example is the measurement
of the work performed when folding RNA molecules [6]. Because the process is strongly affected by
thermal fluctuations (Brownian motion), each time the experiment is performed, a different work W
must be done to achieve the same outcome.

Accordingly, it can be said that in addition to thermal fluctuations, some microscopic systems also
have a strong contribution from quantum fluctuations. These fluctuations[27] are related to the fact
that in order to access the amount of work performed in a system, one must measure its energy and
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therefore collapse the wave-function. As is known from quantum mechanics, when this is done the
system may tend to different states with different probabilities Eq. (2.24). So in addition to the
thermal fluctuations, we may also have inherently quantum fluctuations.

The Jarzynski equality

Observation is a central theme not only in quantum mechanics but also in thermodynamics. Not being
an observable does not mean that work or heat could not be measured at all. However, the strategy
implemented in quantum mechanics is not the same to that of thermodynamics. This means that in
quantum mechanical measurement, the work can be reduced to two separate energy measurements,
one at the beginning and the other one at the end of the process. Of course, for this strategy to hold
one has to make sure that no heat has been exchanged in parallel. Such quantum processes under
observation have been studied in the context of the so-called quantum Jarzynski relation. The results
are measurement-induced fluctuations [S1]. These fluctuations are quantum mechanical in origin,
but, nevertheless, fulfill the same relations as derived within a classical context.

Usually, our knowledge of non-equilibrium processes is restricted only to inequalities such as Eq.
(2.22). But, Jarzynski [52] had formulated the equality equation by considering work, W, as a ran-
dom variable. Accordingly, it inserts that one may obtain an equality equation, even for the process
performed arbitrarily far from equilibrium.

Consider several realizations of a non-equilibrium process, such as that described by the solid line
in Fig. 2.2] At each realization the system must always be prepared in the same initial state. Then
by executing the protocol one can measure the total work W performed. After repeating this process
many times, one may construct the probability distribution of the work, P(W). From this probability
any average may be computed. For instance the average work will be

(W) = / WP(W)dW (2.38)

Or we may study the average of other quantities such as (W?) and so on. In each realization we
computed the work W and use this data to construct the statistics of work, from which all sorts of
averages may be computed.

The Jarzynski’s main result was to show that the statistical average of e A%

(e PWy = e PAF (2.39)

should satisfy:

where AF = F(T,As)—F(T, A;). Such arelation has substantial importance in quantum-thermodynamic
description of the system, since it holds for the average value of the calculations done for the processes
performed arbitrarily far from equilibrium. And it is an equality, which is a much stronger state-
ment than the inequalities used in thermodynamics. The appearance of F(T,A¢) in AF = F(T,Af) —
F(T,A;) of Eq. does not necessarily represents the final state of the process (it would only be
the final state in a quasi-static process). Instead, F (T, Ay) is the state that the system wants to go, but
cannot do so because the process is too quick.

By using Jensen’s inequality relation, now, it is possible to show that the inequality in Eq. (2.22) is
contained within the Jarzynski’s equality. The Jensen’s inequality states that:

(e PW) > e=PW) (2.40)
Then combining this <Eq. @) with Eq. (2.39) yields:
(W) > AF. (2.41)
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This relation inserts that, for non-equilibrium process, the average work is always greater than the
change in the free energy, AF. So when work is treated as a random variable, the old results from
thermodynamics can be recovered for the average work.

2.7.2 Non-equilibrium unitary dynamics

Consider a system described by a time-dependent Hamiltonian, H(¢), whose time-dependence is re-
alized via externally applied parameter, A(z), which we refer to the work parameter (or an externally
driving work parameter). Moreover, let us assume that at time ¢ = O the system is in thermal equilib-
rium with heat reservoir of constant temperature, given in terms of § = —=. Hence, the system can

KT "
be described by the Gibb’s density matrix as: ’

e_ﬁHO

Zy

Pin = (2.42)

where Hy = H(Ap) and Zy = Z(Ay) = ¥ ¢~PHo is a canonical partition function corresponding to the
initial state of the system.

Assume that the system was evolving with time before it was coupled to the reservoir. Then it is
allowed to equilibrate with a heat reservoir at temperature T. By de-touching the system from the
bath after it equilibrate with it, and then measure the energy of the system. Here, let we assume the
system is initially in a quantum state |n) with energy eigenvalues E,? and the corresponding energy
eigenvectors of Hy = H(Ay). Then the state |n) is obtained with probability

e_ﬁEg

VA

Py = (n|pmln) = (2.43)

Immediately after this measurement is made, implement (set on) the protocol, A(¢), that help to
disturb the system that was in state |n) and to take the system out of equilibrium. The deriving pa-
rameter, A(¢), is a chosen transformation that modifies itself in time by changing A from A(0) = A;
to A(7) = 7Lf. Then, by assuming a constant switching rate, %, different realizations (work measure-
ments) can be measured over a total switching time, T =t. If we assume that during the first instance
of energy measurement, the system was not in contact with the bath (or the contact with the bath was
very weak), then it is possible to approximate the process as unitary evolution. Accordingly, the state
of the system at any given time ¢ will be given by

(w(1)) = U(1)[n) (2.44)
where U () is the time-evolution operator, which satisfies Schrodinger’s equation:
iU=H(t)U, U(0) =1 (2.45)

If at the end of the process the measured energy of the system is assumed to be E7, then the Hamil-
tonian of the system become H = H(A;) and therefore may have completely different energy levels
(eigenvalues) E,i; in a new eigenvectors |m). Thus, the probability that we now measure an energy E},
can be given as:

¢—BEn

Zp

Py = (m|pp|m) = (2.46)

which indicates that the change found in |m) after a time 7 .
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According to quantum theory [53} 54|, given the spectral decompositions of the initial and final
Hamiltonian:

A(Ag) = Hy =Y E°|E®,) (E%] (2.47)
and
A(A) =Hy =Y E"u|E%)(E%y] (2.48)

respectively, the energy difference between the two outcomes E%,, — EY, may be interpreted as the
work performed by the external driving force in a single realization of the protocol.

Particularly, for the case where no heat may be exchanged with the environment immediately after
the protocol is applied, any change in the energy must necessarily be attributed to the work performed
by the external driving force. Hence, for the energy obtained in the first measurement, EV and the
energy obtained in the second measurement, E7,,, the work performed by the external agent can be
given as:

W=E%, —E° (2.49)

Both E? and E?, are fluctuating quantities which change during each realization of the experiment.
The first energy E? is random due to thermal fluctuations and the second energy, Ef,, is random due
to quantum fluctuations. Consequently, W is considered as a random variable, encompassing both the
fluctuations.

Eq.(2.49) shows that work is a quantity which requires two measurements to be accessed and hence
cannot be associated with a quantum mechanical observable. In general, as understood from the above
derivations, the work is not a property of the system, but rather the outcome of a process performed
on the system.

The particular value of the work W in Eq. (2.49) occurs with probability p°, p®,., for a quantum

mln
system undergoing a transformation that changes its Hamiltonian as Hy — H; in a time 7. The
corresponding probability distribution of work is given by:

PW) =Y p’.p%ndW — (E" —E)) (2.50)

~BEY . .. .. ~BE} .
%, which keeps track of the initial thermal statistics, and p7m|n = %, which

embodies the transition probability arising from the change of basis.

where p¥, =
Instead of dealing directly with Eq. (4.16)), it is convenient to use the Fourier transform of the work

distribution or work characteristic function:
G(r,7) = / P(W)e™ aw @2.51)
which is referred to as the characteristic function of the work distribution and it can be formulated as:
G(r,7) = ¥ PP e E BN aw (2.52)

n,m

= tr(Ue 0 p,, Ut ") (2.53)

where p;;, is the initial thermal state of the system, and r represent the time propagator generated by
the forward protocol.

If it is concerned with a specific driving protocol, known as sudden quench, where A(z) is abruptly
changed from its initial value to the final one; the unitary time evolution operator reads Uz = 1
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and any dependence on 7 disappears. Thus we will refer to the work distribution and characteristic
function simply as P(W,7) = P(W) and G(r, ) = G(r).

Thus, the work probability distribution (or equivalently its characteristic function) introduced above
helps for the formulation of quantum versions of the fundamental fluctuation theorem. The use-
fulness of the work characteristic function becomes apparent when calculating the moments of the
work probability distribution explicitly. Indeed, the ¥’ moment of P(W) can be obtained from the

characteristic function as: .

)
(WE) = (=ih) 5 2 G(r)|=0 (2:54)
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Chapter 3

Models and Methodology

This chapter utilizes a theoretical framework to explore the non-equilibrium thermodynamics of spin-
1 quadrupolar systems through two models: one focusing on the interaction of spin-1 nuclei with
external fields (both static and rotating magnetic fields) without considering quadrupolar interactions,
and the other that incorporates these interactions. The spin-1 system is connected to a heat bath at
temperature 7', with the assumption of extremely weak coupling, ensuring that energy relaxation and
decoherence rates remain minimal, allowing for unitary evolution. Initially, the system is allowed
to equilibrate with the heat bath before undergoing a finite-time cyclic process, during which data is
collected at each cycle.

By employing mathematical modeling and numerical simulations, the study addresses the Schrodinger
equation to investigate the system’s behavior. It provides insights into quantum thermodynamics and
work distributions in the spin-1 system, which can occupy three quantum states denoted by the quan-
tum numbers m (where m = +1 and 0). The research emphasizes transitions between these states
when a weak oscillating magnetic field acts as a quantum perturbation, promoting dynamics akin to
magnetic resonance. The model describes performing work on the spin-1 nuclei through changes in
a work parameter, A (¢) = B;(¢), in the Hamiltonian A (¢), with a weak alternating magnetic field as
the work parameter. The cyclic process involves switching on the magnetic field, measuring energy
values at the start and end, and repeating this procedure multiple times to gather sufficient statistical
data.

In order to describe exactly how the work is performed on a nuclei of spin-1, we must specify the
protocol to be used. This means, specifying exactly under what condition is the change being made
and with what time dependence is A = B(t) changing. We usually assume that the process lasts
between a time ¢t = 0 and a time ¢t = 7, during which A varies according to some predefined function
A(t), from an initial value A; = A(0) to a final value Ay = A (7).

3.1 Model-1: Spin-1 System in Static and Rotating Fields (No
Quadrupole Interaction)

The first model considers a collection of spin-1 quadrupolar nuclei subjected to a strong static mag-
netic field B aligned along the z-axis, and a weak rotating r.f. field B, (f) = |B;|(sin wt,cos @t,0) in
the xy-plane where , |B;| denotes the amplitude of the r.f. field, B (¢) serves as the time-dependent
externally controlled work parameter, A(z). In this model, quadrupolar interactions are neglected,
and the system is described solely by its interaction with the external magnetic fields. The system
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Hamiltonian as the system interacts with these external magnetic fields will be given as:
H(t) = —u-B
= —yBol.—yB: ( sin o1, + cos (otix)>

= —apl, — o (I;cos o +1,sinwr) (3.1)
At) = Ao+ Ailr)
3.2)

where we have used wy = YBg and w; = VB;.

3.1.1 Hamiltonian and Energy levels

In this study, the strong static magnetic field, ByZ, is used to split the energy of the nuclei into three
energy levels, the energy-level diagram for a spin-1 nucleus I (as shown in Figure [3.1)), therefore,
has three energy levels, spaced evenly by @y = ¥By in natural units, if the quadrupole interaction is
ignored.

11, +1>; m=+1

Energy states for 1, 0>, m=0

Spin-1 nuclei

1, -1>; m=-1

Figure 3.1: The representation of energy levels of spin-1 nuclei.

The Schrodinger equation for a nuclear spin in a strong static magnetic field oriented along the z-
direction is:
oly)

5 = Holw) = =, Boly) = —aL|y). (3.3)

i

where we have assumed / = 1. Since the Hamiltonian Hy is proportional to the operator I;, Hy and I,
commute, and therefore, they share common eigenstates. This will become clearer when we express
the Hamiltonian as a matrix in the Zeeman eigenbasis of I.

Because the static magnetic field is uniform, the orientation of the spin changes periodically. This im-
plies that if the spin is initially aligned along the z-direction, it periodically returns to that orientation.
Since Equation (3.3)) is the time-independent Schrodinger equation, its solution will be:

(1)) = e/ [y (0)). (3.4)
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This implies that if the state of the spin system is known at one point in time, then it is possible to
predict it at later times by applying the time-dependent Schrodinger equation to each individual spin.
Accordingly, for the spin-1 nuclei coupled to the heat bath at inverse temperature, f3, the state of the
system can be expressed by the Gibbs density matrix as

e_ﬁﬁ()

Zy

Pin = (3.5)

where Zj is the initial partition function which ensures the normalization condition of the state density
matrix.

Let EY and |n) be the eigenvalues and eigenvectors of the Hamiltonian H, = H(2y). Then, the prob-
ability P, of having the system in the state |n) with energy eigenvalue Eno will be

e_ﬁEr?

A

P, = (n|pm|n) = (3.6)

Since the Hamiltonian, Hy, given in Equation (3.3) is already diagonal in the usual Zeeman basis
which diagonalizes I, Equation (3.5)) can be rewritten in matrix form as

1 [¢7 0 O
Pih = A 0 1 0
"\o 07
The partition function is the trace of this matrix,
_A _
Zo :tr(eTO) —1teT feT. 3.7)

+x _ l&tanh(3)

Using the hyperbolic trigonometric relations of the form: e , the thermal density matrix

= Tran(})
can be rewritten in a convenient way as

L (1220 i 0
where we have used f = tanh(3) and x = %

3.1.2 Evolution in a Static and Rotating Magnetic Fields
Immediately after the first energy measurement, we initiate the r.f. field
B (1) = Bj(cos w;t% + sin @,ty). (3.9)

where @, may be positive or negative. Although B| < By, it plays the role to tip the magnetization
away from the z-axis into the xy-plane giving rise to the nuclear magnetic resonance (NMR) signal
in the form of an induced voltage in an orthogonal plane.

Our system under the collective action of the strong static field, By and an alternating weak radio
frequency field, B;(z) can be described as

B(t) = BoZ+ B (cos @ 1% + sin @,1y). (3.10)
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The magnetic spin Hamiltonian (which describes the way the nuclear magnetic energy changes as the
nuclei rotate) will be

H(t) = —u-B
= —apl, — o (I;cos o +1,sinwyr) (3.11)
I:I(t) = 1:10+I:11(l) (3.12)

where we have used @y = YBy and @; = yB;. Thus, the total Hamiltonian of the sample has a time-
independent z-component, Hy = — @y, and a circularly polarized field representing a magnetic field
rotating in the xy-plane, H () = —®; (cos @t + sin .t).

Now, by using the matrix form of nuclear spin components for the spin-1 system, I, I, and fy the
matrix representation of the above time-dependent Hamiltonian in Equation (3.25) will become

—ay —%(cos o1 — isin @,?) 0
H(t) = —% (cos @, + sin @;1) 0 —% (coswt—isinwt) | . (3.13)
0 —%(cos ;1 +isin ;1) 0y

We note here that as a result of this time-dependent field, the system evolves in time.

To study the non-equilibrium properties of the system, we must know the initial thermal state, p;,
given in Equation (3.3)) and the time-evolution operator, U (¢) given as

v(t)=U®)|n);0(t=0)=1. (3.14)
where |n) represents one of the three possible states of the spin-1 system |1, 1) or |1,0) or |1,—1).
The Schrodinger equation corresponding to this Hamiltonian, H (¢), can be given as

iU(t) = HMU(r)
i00(t) = {—wol,— @ (Iycos ot +1,sinw;)}U(t) (3.15)

where we have used J; = a% Substituting the value of H(¢) from Equation (3.13)) into Equation (3.13)
yields

X — _%e—iwzt 0
U0 oo 0 —OLemiot |y (3.16)
o | V2 - v2 ' '
0 _ﬂelwzl a)o
V2

where we have used the Euler formula: e™®! = cos .t & isin w.t.

For the spin-1 system, the unitary time evolution operator, U (¢), can be expressed in matrix form (by
using Zeeman basis) as

@)y = | Oo(r) |- (3.17)

Then, by substituting Equation (3.17) into Equation (3.16) and performing matrix multiplication it
yields:

U, (1) —a)oU+(t) -o Ao(t)e—ia)zt.
i\ alo(0) | = | U Oe = FU- (e | (3.18)
dU(t) —%U (1)e’® + awy0_(1)



This leads to the three coupled equations

(1) id0.(t) = —a)00+(t)—%00(t)eiwzt
2)  idbt) = —%(U+(t)eiw2’—|—0(t)eiw1’) (3.19)
3)  idU_(t) = —%Uo(t)eiwzf+a>00_(z).

3.1.3 Time Evolution and Rotating frame

The time-dependence in the coefficients of these three equations can be eliminated by defining a new
time-varying operator by the transformation method. This transformation corresponds to going to a
coordinate system that rotates with an angular frequency @, about the z-axis

0'(t) = L0 (1) = U(t) = e =0 (1). (3.20)

Accordingly, the three coupled equations in Equation (3.19) can be rewritten as

a1 A

(1) idUL(r) = —<wo+wz>l7’+(t>—ﬁvé<t> (3.21)
2) Q0 = —%{U;(t)JrU’_(t)} (3.22)

@1~

——L0
\/5 0

As a result, the modified Schrodinger equation (in terms of I, and I,) will become

(3) QU (1) = (w+o,)U (1) (1). (3.23)

i0,0' (1) = {—(@o+ @) [, — an [;}U'(1). (3.24)

Hence, the modified quantum mechanical time-independent Hamiltonian (in angular frequency units)
for the spin-1 nuclei placed in an external magnetic field consisting of a static field, By along the
z-axis and a weak radio frequency (r.f) field, of amplitude B; , polarized along the x-axis will be

H ={—(wy— o), — o1} (3.25)

Note that we are considering the case where the oscillating r.f field is rotating along with the precess-
ing spin (clockwise direction, @, = —®) and will partake in resonance.

The solution to Equation (3.24) will be
O'()=0'(0)e " =" — (1) = 0k M1 (3.26)

where for unitary operator U(t =0) =U’(t =0) = 1.

3.1.4 Effective Magnetic Field and Precession

Physically, Equation (3.25)) states that in the rotating frame, the moment acts as though it effectively
experienced a static magnetic field, He¢. The moment therefore precesses in a cone of fixed angle 0
about the direction of H.g at an angular frequency YH.g. The situation is illustrated in Figure [3.2| for
a magnetic moment initially oriented along the z-direction.
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Figure 3.2: The precession of the nuclei spin under the effective field.

From Equation (3.24)) we understood that the time-dependence of the externally applied radio fre-
quency field, B;(¢), or its Hamiltonian, H (1), has been eliminated. In fact, we recognize it as repre-
senting the coupling of the nuclei spin with an effective field, Beg. So the nuclei spin acts as though
it experiences effectively a magnetic field Beg which can be defined mathematically as

(0]
Best =Q = \/B%+(Bo—?)2~ (3.27)
The angle 0 can be obtained from the components of the effective field as
B
6 =tan ! (———). (3.28)
(Bo—%)

As a result, the corresponding effective energy operator, A’ can be expressed in terms of 0 as
H = —yQ(I,cos8+1,sin8). (3.29)

This is the polar form representation of the modified Hamiltonian, A’; where 6 is an angle between
the effective field and the axis of rotation (z-axis).

Now, by substituting this form of A’ in Equation (3.29) into Equation (3:26)) one can obtain the full
time evolution operator, U (¢), in matrix form as

eiwzt 0 0 o
U(t) = 0 1 0 |e&*M (3.30)
0 0 e o

where we have used o = yQt and M = I,cos 0 + I,sin@. The operator M satisfies the conditions:

~ ~ ~, ~ . . . . . 7 A/ 7
M = M**1 and M? = M?". Whenever this is true, a direct Taylor series expansion of e " = /@M

where o is a constant, gives
¢M — 1 4+ iMsinc — (1 — cos o) M>. (3.31)

Then, after solving for the matrix form of M, and M? and substituting their value in Equation (3.31)

A

one can obtain the full time evolution operator, U (), as

) ve)  —e ' uN(r)  —x*(r)
O@t)= | —v*(r) 1-27y() o) |. (3.32)
—x() () V(1)
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where we have defined

.2 )
_ _iws Sin" 0 _ sin“6 , , '
v(t)=e {—2 + (1 5 )cosoH—zcosGsma}, (3.33a)
sin 0 . )
v(r) = 7 (cos@(l —cosoc)—l—zsma), (3.33b)
s (SIN% 0
x(t) = e’“’zf<— (1 cos a)). (3.33¢)

3.1.5 Transition Probabilities

To obtain a better physical interpretation of Equation (3.32), let us consider the situation where the
system initially starts in the pure state (eigenstate) |1,1) of [.. Then, the probability that after a time
't the system will be found in state |1,0) will be

Prob. 10 = ‘(1,0]U(t)|1,1>’2
— V(1) (1) = ‘v(t)‘z. (3.34)
Then, by substituting for v(¢) from Equation (3.33]) we obtain
Prob. 1), = sin” 6(1 — cosar) — 0 | cosa)?. (3.35)

Similarly, the probability that the system of spin-1 nuclei that was in state |1, 1) will be found in state
(1,—1| can be given as
2 sin* 0

Pl’Ob.|+1>_>|_1> = ‘%(Z)‘ =2 (1 —COS(X)z. (3.36)

Moreover, the unitary condition

Uru@) = 1. (3.37)
implies that |[v(¢)|? + |v(¢t)|> + |x(¢)|*> = 1. This further gives |v(£)|? = 1 — {|v(t)|* + |x()|*},
which represents the probability that no transition occurs. From Equation (3.33) we have seen that

v(t),v(t),x(t) are all the functions of sin 6. Therefore, this attributes a physical meaning to the angle
0, defined in Equation (3.28) as representing the transition probability.

In fact, at resonance, where @, = —yBy or @ = yBy we have: sinf = 1 and cos @ = 0. Hence, at
resonance Equation (3.33)) can be rewritten as:
efia)zz it
v(t) = 5 [14cosal = v*(t) = [14cosal (3.38a)
i « —i .
V(t) = —=sina = V" (t) = —=sin& (3.38b)
(=—5 (1) 7
iot —iwgt

x(1) = 62 (1—cosa) = x*(r) =

(I —cos) (3.38¢)

For further discussion of the dynamics taking place as the nuclei of spin-1 interact with external
magnetic field, having obtained the initial density matrix, p;;,, and the full time-evolution operator,
U (t), it is necessary to study spin polarization. The evolution of any observable A is given as

(A, = tr{UT()AD (1) py}- (3.39)
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3.2 Model-2: Incorporating Quadrapolar Interactions

3.2.1 Spin-1 Quadrupolar System in Static Fields

Let’s consider a collection of spin-1 quadrupole nuclei that interact weakly with each other and are
placed within a strong static magnetic field, denoted as By, aligned along the z-axis. In addition
to this dominant external interaction caused by the strong static magnetic field, B, there exists a
static component of the quadrupole interaction resulting from the coupling of spin-1 with the nuclear
quadrupole moment. This static component can induce a shift in the Zeeman levels and often acts
to inhibit the exchange of spin between different transitions. Consequently, each nucleus in the
system has three possible quantum state orientations: parallel, anti-parallel, or perpendicular to the
external magnetic field (Bg). The spin Hamiltonian describing the interaction of each individual
spin-1 quadrupole nuclei with the static fields can be expressed as:

Ri=Hy+Hy = —n-Bo+AY +AF +AY +.. (3.40)
where Hy refers to the Hamiltonian corresponding to the dominant external magnetic field, By, and

I:Ié is the j'" order quadrupolar Hamiltonian of the system under study.

Here, our specific focus is on deuterium atomic nuclei, where the magnitude of its quadrupolar cou-
pling constant, symbolized as Cp, is assumed to be smaller than the Larmor frequency. As a result,
the quadrupolar interaction Hamiltonian given in Eq.(3.40) can be truncated to its first-order term and
is given as

~ (1 1 1 ~ PR
Ay = a)(Q)x6<3122—2I(1+1)>

1 -
_ a)(Ql)x63IZ2—21 (3.41)

where a)(Ql) = 371Cq refers to the first-order quadrupolar coupling.

This truncation of ﬁQ corresponds to applying static perturbation theory at the first order with respect
to the dominant Hamiltonian, Hy. The Hamiltonian in unperturbed state, which incorporates the
first-order high field-truncated quadrupolar Hamiltonian, is given by

B, = Hy+A)

0
1
_ _H.Bo+a>g>><g<3i§—21)
— —wph+aVA (3.42)
- a)OZ 6 Q Q N
where we have defined
1 0 O
Ap=10 -2 0 (3.43)
0 0 1

The energy-level diagram for this quadrapolar spin-1 nuclei, therefore, has three energy levels, spaced
evenly by @y (in natural units), if the quadrupolar interaction is ignored and spaced by @ & %a)(Ql)
if the first order quadrupolar interaction is considered. Therefore, the appearance of the energy-level

diagram may change as a result of quadrupolar interaction as shown in the Figure As it can be
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FIRST-ORDER
QUADRUPOLE

Figure 3.3: The representation of energy levels of quadrupole spin-1 nuclei.

(1)

understood from the figure a positive quadrupolar coupling @y shifts the states |1,£1) up in energy,
whereas the central state |1,0) shifts down in energy by twice as much. All shifts are in the opposite

(1)

e (1), .
direction if @, is negative.

The dynamics of the spin quadrupolar system, accounting for minor quadrupole effects, in the domi-
nant magnetic field aligned along the z-direction can be described using the Schrodinger equation as
follows:

ly)

. A A B ~ 1 (),
im0 = (Ao+Ho ) lw) = (— @l + <0y Ag) ). (3.44)
h is set to unity.

The solution of Equation (3.44) will take the form of:

i+ Loy

(o) = i AQ>f|w<o>>. (3.45)

This result states that if we know the initial state of the spin system at a specific time, we can predict
the subsequent states of each individual spin.

For an ensemble of quadrupole spin-1 nuclei in a strong magnetic field ( By > a)g)) and coupled to
a heat bath at inverse temperature 3, the state of the system can be described by the thermal density
matrix, Py, as it given in equation (3.8).

3.2.2 Dynamics of the Spin-1 Quadrupolar System in a Time-Varying Field

We now consider the temporal evolution of the spin-1 quadrupolar system under the influence of both
a strong static magnetic field By and a weak rotating radio frequency (r.f.) field B () = b(cos wt%+
sin @,ty). The total magnetic field acting on the system is:

B(7) = BoZ + b(cos w,1% + sin @,19). (3.46)

Below we investigate the combined effects of these fields and analyze their time evolution.

The dynamics of the system, under the combined influence of the static and time varying fields, can be
described in terms of spin Hamiltonian, which elucidates the alterations in nuclear magnetic energy
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due to the rotation of the nuclei, can be expressed as:

ﬂ(l‘) = —,u-B(t)+FIQ
. A - 1 A
= —wpl; — w(I,cos .t +1;sinw.t)+ ga)g)AQ (3.47)

H(t) = Hy+Hi(1)+HY

In this context, the total Hamiltonian of the sample is split into two parts: a time-independent com-
ponent (ﬁi = Hy +Flg)> and a time-dependent component (Hl (t) = —o; (I cos ,t + 1y sin a)zt)>.
The presence of the time-dependent field is crucial as it induces time evolution in the system.

By utilizing the matrix representation of nuclear spin-1 components, (I, I, fy) and the quadrapo-

lar operator given in equation(3.43) the matrix representation of the time-dependent Hamiltonian in
Equation (3.1) can be represented as follows:

—ayp + %wg) —%(cos ;1 — isin ;1) 0
H(t) = —% (cos @, + sin @,t) —%a)(Ql) —% (cos@,r —isinwg) | . (3.48)
0 —%(cos ot +isin o) Wy + %a)(Ql)

The time evolution process will be carried out by employing the time-dependent Schrodinger equation
as follows:

i U(t) = HOU({)
. N . . 1 A ) oA
= { — wpl; — wy (I, cos w;t + I sinw;t) + ga)g)AQ}U(t) (3.49)

The matrix form of this equation will be:

N — o+ 50 ——126_"”” 0
U (¢ . .
QOO0 e 1l i |y (3.50)
0 O et wo-l—%(!)(Ql)

where we have defined: e™? = cos @, % isin @,t, which is the Euler formula.
For the three state system the operator, U (1), can be defined in matrix form, the Zeeman basis, as

follows:

U)n)y = | o) |- (3.51)

By substituting Equation (3.51)) into Equation (3.50) and performing matrix multiplication, we obtain:

at0+ (l) < ()] + 6 Q ) t) Tl (t)e_l(z)zt
i| a0o(t) | = | — 940 (0)ei — L0 (t)e @ — Lol Uo(r) |- (3.52)
au() 2L 0o(1)e ! + (@0 + by )0 (1),
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This results in a set of three coupled equations:

A 1 A

A0:0) = { oot gy }0.0) = 000
A A 1 A

i9,00(t) = _\%(m(z) ¢+ 0_(1)e ”"’Zt)—ga)g)Uo(t) (3.53)
N 1 N

B0-(1) = — 2000 +{ov+op }0-0)

By using the rotating frame approximation method and introducing the new time-varying operator:
U'(1) = €90 (1) = U (1) = e 0 (1), (3.54)

we can eliminate the time-dependent coefficients. This transformation allows us to work in a frame
where the oscillating r.f. field is rotating in sync with the precessing spin in a clockwise direction
(W, = —). This resonance condition is important for studying the behavior of the system under the
influence of the r.f. field.

By substituting Equation (3.54) into Equation (3.53), we can obtain the following result:

00" (1) = { Aa)+éa)()}U+() %ﬁo(t) (3.55)
. . . 1 (-

Q01 = —%{U;(t)+U’(r)}—§wél)U5 (3.56)

0,0 (1) = {Aw+éa)g)}”_(t)—%l7{,(t) (3.57)

where we have defined Aw = wy — .

Consequently, we can rewrite Equation (3.49)) in a new form as:

A ey ~ 1 ~ A
i0,0'(t) = {—Aol, — onl, + gwg)AQ}U’(t). (3.58)
From this, we obtain the new time-independent Hamiltonian (in unit of angular velocity) of the form:
v L,
H = —Awl a)11+6 QAQ
= H.yp+h) (3.59)

where we define A’, ff= Awl, — wyI; as the effective Hamiltonian due to the effective external mag-
netic field, B, 7r- In the rotating frame, the magnetic moment experiences this effective magnetic field
and precesses in a cone of a fixed angle, 6, about the direction of B, 77 at an angular frequency, YB, ff-

Indeed, the nuclei spin can be interpreted as being coupled to an effective field, Begr. As a result, the
nuclei spin behaves as if it is subjected to an effective magnetic field. Mathematically, this effective
magnetic field can be defined as:

Bet = Q = Vb2 + Aw*. (3.60)
The value of the angle 6 can be determined as follows:

b
_ -1
6=tn"' (). (3.61)
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The solution to Equation (3.58)) can be obtained as follows:
O'()=0'(0)e " =" — (1) = ¢ 0k H" (3.62)

Here, it is specified that the unitary operator U’ (t =0) = 1 holds true.

By substituting Equation (3.59)) into Equation (3.62), one can derive the complete time evolution
operator, U (¢), in matrix form as follows:

(1)

—_

U(t) _ eiwzteiaMengt
eia)zt 0 0 eéw(Ql)t
_ 0 1 O eiaM 0 ef%wél)t
0 0 e '@ 0 e%a)g)t
ezl("((z])tv(t) eéw(Ql)te_’w’v*(l‘) —e%lw(Ql)tX*(t)
0() = |79 () 80T (1-2e@ip() 7% 00 [ (363
_e%l“’g)tx(t) e%w(Ql)tein’v(t) e?lw(Q])tv*(t)

To gain a deeper understanding of Equation (3.63)), let’s consider the scenario where the system
initially resides in a Zeeman eigenstate, |1,+1), of . In this case, v(¢) and y(¢), which represent the
off-diagonal elements of U(t), correspond to the probability amplitudes for transitions from |1, 1)
to [1,0) and from |1,+1) to |1,—1), respectively (with their respective amplitudes for the reverse
processes being v*(r) and x*(z)). The transition probability for either case can be calculated as
follows:

Prob. 1y 0 = :‘(1,0\U(t)|1,1>‘2
— v(1)v () = ‘v(z)‘z. (3.64)
By substituting the expression for v(¢) from Equation (3.33), we derive the following result:
Prob. 1), = sin” 6(1 — cosar) — 0 (1 cosar)?. (3.65)
In a similar manner, we obtain:
Prob. 1)1y = 1(0) ]2 - Sirj 91— cosa) (3.66)

Moreover, the unitary condition U7 (¢)U (¢) = 1 implies that |v(¢)|* 4 |v(2)]> + |x (t)|> = 1, so |v(¢)|?
is the probability that no transition occurs.
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Chapter 4

Results and Discussion

In this chapter, we present and analyze the results of the two models introduced in Chapter 3, focusing
on the dynamical behavior and thermodynamic properties of spin-1 quadrupolar systems under static
and rotating magnetic fields. We explore the impact of both thermal and quantum fluctuations, the role
of quadrupolar interactions, and the distribution of work in non-equilibrium processes. The results are
discussed in terms of energy level dynamics, polarization, work distributions, and the characteristic
function of the system.

This chapter is organized as follows: Section 4.1 discusses the results for the average polarization
components. Section 4.2 presents the analysis of work distributions and their dynamics. Section 4.3
explores the dependence of average work on the frequency and duration of the process. Section 4.4
discusses Characteristic Function and Work Distribution, which provides insight into the statistical
properties of the work distribution.

4.1 Average Polarization Components

In this section, we explore the average polarization components of spin-1 systems under two dis-
tinct models: one that ignores quadrupolar interactions (Model-1) and another that incorporate them
(Model-2). By examining the time evolution of spin observables, we can elucidate the dynamics of
these systems and their implications in various physical contexts.

The time evolution of any observable A can be described by the following expression:
(A =Tr{U" (AT (1)pn}- (4.1)

where T denotes the trace operation, U (¢) represents the time-evolution operator, A is the observable,
and py, is the thermal density matrix.

To investigate the mean polarization components (L), (I,), and (), we employ:
i) = Tr{UT (LU (0)pun}- 4.2)

where (IA,> represents the mean value of the spin component I (i =x,y,2). All computations involve
performing matrix multiplications using 3 x 3 matrices. The time evolution operator U (t) governs
how the system’s state changes over time, and its Hermitian conjugate U J’(t) is used to track the
evolution of the spin operators. By taking the trace of the matrix product U (t)[;U(t) with the ini-
tial thermal density matrix p,j, we can obtain the mean value (f;), which provides insights into the
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spin dynamics of the system. This analytical approach has applications in various fields, such as
condensed matter physics [55]], quantum information processing [9], and nuclear magnetic resonance
spectroscopy [32]], where understanding the behavior of spin observables is crucial.

Accordingly, in case of model 1 (where quadrupolar interactions are ignored)the mean polarization
component in the z-direction will be

(L) = tr{UT(OLU(t)pu}

4 4 .
- 3+ff2 (Mz— ‘%’2> = 3+ff2{1 —sin” (1 —cothy)}. 4.3)

In the same manner, the mean polarization along the x and y-axis will be

. 4fsin0@

(I;) = (;j—l;z) { cos B cos.1(1 —cos ) — sin o sin a)zt}. 4.4)
N 4fsin0O

(L) = (3];5_1;2) { cos 6 cos w;1(1 —cosa) + sin o sin a)zt}. 4.5)

The evolution of these components leads to expressions detailing their behavior over time. At reso-
nance, where sin 0 = 1, they become

. 4f
<IZ> = ?fz COS(QI"}/). (46)
A —4 ) )
<Ix> = ﬁ{ S1in O S1n (th}. (47)
. 4f L
(Iy) = m{ sin ¢ sin a)zt}. (4.8)
These equations (Equations (.6)—(4.8))) describe a parametric curve in a sphere of radius, R = %,

which is the initial magnetization.

In the second model, we also utilize the same foundational equation for the time evolution of observ-
ables. However, we incorporate the effects of quadrupolar interactions in our analysis.

The mean polarization components are similarly defined, but now we also account for additional
terms due to quadrupolar interactions, leading to:

(A >:4Rf{1—3sin29(1—cosa)+§sin49(1—cosa)2}.

The expressions for (I,), (Iy) and (I,) remain consistent with those in Model-1, yielding:

A 4fsin0

(I;) = ij—l;z){cosecos ;t(1 —cosa) —sin o sin a)zt}. 4.9)
A 4fsin@

(Iy) = (3]6_7_—1;2){ cos B cos w1(1 —cosa) + sin o sin a)zt}. (4.10)

>

(L) = tr{UT(OLU(t)pu}

4f 4f .
= i (\VIZ— \%!2> = ?fz{l —sin?(1 —cothy)}. @.11)
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At resonance, where sin 0 = 1, the expressions simplify to:

(L) = 4Rcos(Q17y).

(I.) = —4Rsin @ (sinasin a)zt>.
() = 4Rsin <sin 0cos a)zt) . (4.12)

(Ap) = 2Rf(3c0s2oc— 1).

Where we utilized the expression for R = # which represents the initial magnetization of the
system. This formulation allows us to analyze how the polarization components evolve over time,

providing crucial insights into the dynamics of the spin-1 system under the specified conditions.

The analysis highlights significant differences in the polarization dynamics when quadrupolar interac-
tions are considered versus when they are ignored. While both models offer insights into the behavior
of spin-1 systems, the inclusion of quadrupolar interactions introduces additional complexity and
potential shifts in energy levels.

The results indicate that quadrupolar interactions can affect the amplitude and phase of the polariza-
tion components, which may have implications for applications in quantum information processing,
condensed matter physics, and nuclear magnetic resonance spectroscopy. Understanding these dy-
namics is crucial for advancing technologies that rely on spin-based phenomena, such as quantum
computing and advanced imaging techniques.

4.2 Work Distributions and Their Dynamics in Spin-1 Nuclei
Systems

The work performed in a non-equilibrium process is the difference between the energy measurements
at the final and initial states:
W=E;—E,. (4.13)

For our specific case of spin-1 nuclei, which is the three-state system, we can explore the possible
work values in energy transformations. Two models are considered: one where quadrupolar interac-
tions are ignored, and the other where they are incorporated.

In model-1, when quadrupolar interactions are not considered, the Hamiltonian at the initial time
t = 01is given by H; = —ayl_, resulting in the initial energy eigenvalues: E' | = ay for the state | — 1),

E} = 0 for the state |0) and E'; = —ay for the state |+ 1). At an arbitrary time ’t’, the Hamiltonian

becomes Hy = —ayl, + By (cos 01, + sin 61,) with final energy eigenvalues: E| = /B2 + B3(t) for
|+ 1), and Ey = 0O for |0).

However, since B; < By, the final eigenvalues are very similar to the initial eigenvalues. Conse-
quently, the three values of W are very close to zero. To simplify the discussion, let us suppose that

the radio frequency field By (¢) = Bj(cos w;t,sin @,t,0) always changes by a full period. That is, we
assume that the final protocol time 7 is given by

27l
=123, (4.14)
(0]
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Physically, this tells us that for @ being a very fast frequency, we measure the work W after a certain
amount of complete cycles. In this case, H = I:Ii, which further implies that both the two measure-
ments (the initial and final) may have the same energy spectrum: E+ = F@y and Eyp = O in their
respective states. Thus, we can obtain seven possibilities of work distributions for spin-1 nuclei in an
effective magnetic field. These are:

(1) W=E—-E ==20=]|—1)~|+1)

2) W=E | —Eq=20=|+1)~]|-1)

3) W=Ey—Eq=amy=|+1)~|0)

4)  W=E—Ey=—ay=1[0)~|+1) (4.15)
(5) W=E | —Ey=amy=[0)~|—1)

6) W=Ej—E_1=—-ap=]|—1)~10)

(7) W =0=>0)~ [0)or|+ 1) ~ |+ Dor| — 1) ~ | —1).

As we can understand from this illustration, the work required to flip the nuclei spin from its initial
state of | — 1) to |+ 1) is equal to —2@y while the work required to flip in the reverse is 2a@y. On the
other hand, the work performed to flip the nuclei spin from initial states of |0) to the final state of |+-)
is equal to — @y and that performed in the reverse is @y. Likewise, the work performed to flip the spin
from initial states of | — 1) to the final state of |0) is equal to —y while that performed in the reverse
1S @y.

The probability of the above work distributions, Equation can be calculated by using:

POW) = Y. P38 (W — (5 —ED) ). (4.16)

Accordingly, using Equations [3.8] and [3.33] the probabilities for the work distributions in Equa-
tion (4.15) are obtained as

W pw=-2a) =T = - e
@ =20y =" pgp = )
B W)= P = )~ 10 o 0|1 -
@ W =)= 3RO =0~ [+1) or [-1)=[0) |
5 rw=0=4"0=0-0
©  Pw=0=Gor= s~ o oo,

where s(1) = (1 4|y (1)]2 — 2¢O y (1) — 2efwzfx*(;)).

If @y > 0 it is more likely that the spin will be aligned parallel to the field. In such a case, f > 0 and
this further adds P(W =2ay) > P(W = —2ax) and P(W = ay) > P(W = —ay). This implies that it
is more likely that the field will promote a flip from |+ 1) to | — 1) or from |+ 1) to |0) (and from |0)
to | — 1)) than the other way around.
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On the other hand, when quadrupolar interactions are included, Model-2 the initial Hamiltonian is
H = a)of + éa)g)AQ, and the energy eigenvalues att = 0 are: Eil =wy+ %wg) for the state | — 1),

Ey=-1% ( ) for the state |0) and EfH = —wy+ éa)(Ql) for the state |+ 1).
At a later time ¢, the Hamiltonian becomes:
A A 1 1 A A . A
Hy = —wolz-l-ga)é )AQ—a)l(cos 01 +sin01y). (4.18)

The final energy eigenvalues in the respective states are similar to the initial ones, with three work
values close to zero. Assuming the radio frequency field completes a full period change, the protocol
time is again T = %,l =1,2,3,---.

In this case, the energy spectrum for the respective states is: E4+ = Fwy + éwg) and £y = —%a)g).

Accordingly, the seven possible work distributions for the case quadrupolar interactions are consid-
ered will be obtained as:

(1) W=E—E =20 = [-1)~[+1)

(2) W=E_|—E; 1 =20)=|+1)~]|-1)

1
() W=E—En=wy—505 = |+1)~0)

1
4) W=E, —E= —a)0+§wg) — [0 ~ [+ 1) (4.19)
1
(5)  W=E.i-Eo=+;0p = [0)~]-1)
1
(6) W=Eg—E_=—a—50p = |-1)~0)
(7)) W=0==10)~ |0)or|+ 1) ~ |+ Dor| = 1) ~ | — 1)

The probabilities of these work distributions, Equation[4.19] will be given as:

(1) POW=—2a)= ?(1 ~2f 4 12 l20)P

@) PW=20) = (1+27+ )|t
(3)  PW=an— % ) 1+2f+f)\v
1 1

\I%\I%\I%\I%

7
=5 (
(1=
==(1-1 ) (4.20)
=7(1-
Al

where s () = (1 F Al ()2 — 2e7 0 y (1) —2eiwzfx(t)*(t)).
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In both models, the work distributions for spin-1 nuclei in non-equilibrium processes are explored.
Model-1, where quadrupolar interactions are ignored, yields symmetric work distributions, while
Model-2, with quadrupolar interactions, introduces asymmetry in the probabilities. Both models
highlight the dependence of work distributions on external magnetic fields and spin dynamics, with
seven possible work values corresponding to different spin transitions.

4.2.1 Dependence of Average Work on Frequency and Time

In cases where P(W) is not explicitly known, the average work performed during the transformation
can be computed by using

A

(W) = (Hy)i—z — (H;)io- 4.21)

In computing the expectation values of quantities related to the energy of the system, we may always
use the unperturbed case (where a nucleus of spin-1 is only in the static, strong and uniform magnetic
field, Eo), for the reason that we expect the result, which we match with what we know from measure-
ments in the unperturbed condition. Particularly, in our case of the spin-1 system in a strong static
magnetic field, Bg (applied in the direction of the z-axis) and where a weak alternating magnetic field,
B,, is applied along the perpendicular direction to the axis of rotation (z-axis) we use Hy = —mpl. as
a Hamiltonian operator in unperturbed conditions.

The mean value of the Hamiltonian in the absence of any perturbation to the system can be expressed
as:

(Ho) = (—apl) = —an(L). (4.22)

But since we already explicitly obtained the probability distribution of work, P(W), for both models
we considered in our study, it is possible to compute the average work, (W), from the definition:

W)=Y wP(W =w). (4.23)

where the sum extends over all possible values of w.

In model-1 where we ignored the role of quadrupolar interactions, for the work distribution given in
Equation (4.13)) and the corresponding probability distributions given in Equation (4.17), the average
work will be given as:

W) = ) WpPW)

W=E},—E}
= 20 M2 ror 2o (S P 2 (o
2003 )00 0 x {201+ ) v+ (1= ) (1 +41(0F ~ 267 20
2 ))
W) = TP {oP+ 2}
- ;j: “}02 sin29{1—cos(m)}. (4.24)
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By substituting sin0 = %, the average work at time ’t’ is given by:

4fon B
(Wﬁ::3+f2§?{l—codﬂfnn (4.25)
The amplitude multiplying the average work is proportional to the initial magnetization: R = #

2
and to the ratio, %. The average work, therefore, oscillates indefinitely with frequency, Q. This is the

consequence of the fact that the evolution operator is unitary. This resembles the known Lorentzian
function, representing a sharp peak at the resonance frequency (® = @y), which becomes sharper for
smaller values of B;. The maximum possible work occurs at resonance:

day f

I (4.26)

< >max -

In Model 2, with quadrupolar interactions included, the average work is modified by the quadrupolar

interaction parameter a)g). By using the expression for the work distribution in Equation (#.19) and

the corresponding probabilities in (4.20)), the average work becomes:

20,
3+f2

oS
3442

Further substituting for v(z) and  (¢) will yields:

(W) [(r). (4.27)

{lo@P+20x()12} -

sin* @

(1 - cos(QT}/)) ’

—smze(l—coqgrw>} (4.28)

(W) = 4Raysin’ 0{1—cos(Q1y) | +2Rf0} {

Again by substituting for sin @ = %, this can be further simplified as

Qv>:4RBOg%<1—cqurw>{1—‘§£f{1-;§2(1—cmxgrw)}} (4.29)

The expressions provided here in Equation (4.29)) is the average work (W) done on the spin-1 system
during the consideration of quadrupolar interactions. The maximum attainable work is achieved at
resonance and can be quantified as follows:

m0:4R@b—§w8§. (4.30)

Average Work as a Function of Frequency

By utilizing the assumption from equation (4.14)), the average work in equation (4.25]), which results
from neglecting quadrupolar interactions, can be expressed as:

<W>__4foo0 B%{ 27l }.

NN Ry l—cos(?Q) (4.31)

This result is similar to that obtained in the spin-half case discussed in reference [46], although it
includes the additional multiplicative term {1 - cos(%’”Q) }
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By substituting for Q = \/ (o —By)2+ B% and rearranging the terms, we can derive the full expression
for the mean work as:

_ 4fByg B3 _ 2nl — By)2+ B2 }
<W>_3+f2 (co—Bo)erB%{1 COS( ) \/(w Bo) +Bl> (*-32)

2
w) <BI/BO) )2{1—COS< 2ml \/(a)/Bo—l)2+(Bl/BO)2>}

4RBy  (@w/By—1)24(B;/By ® /By
o K 2 27ZIZK3
- <E) {1 cos( s )} (4.33)

where we have used the notations:

B w
Ki=—1iKy=——ik3 = \/(Kz— 12+ KER =
By By

f

The results in Equation (4.33)) are illustrated in |4.1{for various values of /, while maintaining a fixed

ratio of the externally applied fields, g—(‘). The resonance condition occurs when K, = B—“; = 1. The
dependence of (W), on the angular frequency ® is complex but meaningfully relates to the duration

[ of the protocol.

The average work (W), exhibits a notable dependence on the duration I’ of the protocol, with distinct
behaviors observed at different time scales. For small values of ’I’, as shown in d.Th—c, the average
work remains relatively modest, even near resonance. As frequency ® increases, (W), gradually rises,
reaching a peak near resonance, but this peak is not highly pronounced. After this point, the average
work slowly decreases as the system returns to equilibrium. This gradual increase and decrease
indicate a smooth transition of energy for short protocol durations, where the system does not have
sufficient time to fully respond to the resonance condition. The relatively low magnitude of the work
in this regime suggests that the system’s energy absorption is limited when the protocol is brief.

In contrast, for larger values of ’1’, the behavior of (W); becomes much more pronounced. As seen
in [4.Td—f, especially for / = 1000 in {.Tff, the average work sharply rises as the system approaches
resonance, reaching a distinct maximum exactly at resonance. For these larger / values, the system has
more time to respond to the driving frequency, leading to a sharper and more significant increase in the
work near resonance. Once the maximum is reached, the average work exhibits rapid oscillations as
o varies, reflecting the system’s enhanced sensitivity to the frequency in this regime. This sharp rise
and rapid fluctuation underscore the critical role of the protocol duration in determining the system’s
energy dynamics, with longer protocols allowing for more pronounced resonance effects and greater
energy absorption.

To estimate the upper limit on the number of cycles for radio frequency (RF) oscillations without vi-
olating the assumption of an isolated system, we consider an energy relaxation time of approximately
3 seconds. Assuming a period of 1 ms for the RF oscillations, performing a thousand cycles would
take about 1 second [56]], well within the 3-second limit, ensuring safe operation. We can deduce that,
for the spin-1 nuclei system, the change in free energy AF is zero when Hy = H;, indicating that the
free energy depends solely on the Hamiltonian at the initial or final state. This leads to the conclu-
sion that (W), > 0, meaning the average work always exceeds the free energy. However, caution is
warranted regarding individual work realizations, as cases like W = —® and W = —2® may violate

41



: : 0.015
0.01H — 1=1 —

0.005 - —

<W>/4RB0
W/4RB,

0.005

2
(a) (b)
0.03
0.025
0.02
] o
g o015
=
| 0.01
0.005
3 2 0 2
/B, (¢) (d)
0.06 “‘) r
[ ==t
0.05
0.047 i l
o
F 003 - R
=
0.02
0.01
A, |
0.5 1 5 2
/B, (f)

Figure 4.1: Average work % VS. B% computed using Equation (4.33) for fixed value %i =0.01.

the condition W > AF, suggesting that while average work respects thermodynamic laws, individual
instances may not.

Furthermore, when incorporating quadrupolar interactions in model 2 by substituting

Q= \/ (®—By)?+ B% and setting ¥ = 1, we can present the complete expression for Equation (4.29)
as follows:

% - <%>2<1_°05(2¥f)>{1_a;%:,r{l—%(%>2(1—COS(275§§3))}} (4.35)

In the given expression, we have employed the following notations:

(0] 0
Ki= k= ks =/ (Ka— 12+ KER = (4.36)
Wy Wy

3412

The findings presented in Equation (4.33)) are visualized in Figure[4.2] where various values of / and a
fixed ratio of externally applied fields (g—(‘)) are considered. The resonance condition is reached when
K> = B% = 1. Upon analyzing the figure, it becomes apparent that the relationship between (W),
(average work) and the angular frequency @ is intricate, yet it exhibits a meaningful dependency on
the duration (/) of the implemented protocol. In general, the work performed experiences a sharp
increase as it approaches the resonance condition, signifying a notable correlation.
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Figure 4.2: Average work W)

RB; VS ﬂo computed using Equation (4.33) for fixed value %i =0.01.

Figure ( see a — e) illustrate that, for small values of [/, the average work initially rises with the
angular frequency @, approaching the resonance value. However, it then gradually declines, returning
to the initial equilibrium state before reaching the resonance value. Conversely, for a large value of
I, the average work experiences a sharp increase near the resonance value of 4~ = 1 and reaches its
maximum at resonance. This behavior is explicitly depicted in Figure {.2ff for [ =1000. In such
instances, the oscillation becomes rapid as ® is varied.

Figure.2]in our study appears similar to the one presented in[4.1] However, upon closer examination,
we notice a difference in the amplitude of the average work. Although the manner in which the
average work varies with the ratio of frequencies remains the same, the amplitude of the average
work is smaller in f.2] This suggests that when considering the quadrupolar interaction, there is a
delay or lag in the average work. To illustrate this, we can compare the average work ratio to the
initial magnetization.

The free energy of the spin-1 nuclei system can be inferred as follows, considering our selected time
7 in Equation (#.14) where H = H;. Consequently, the change in free energy (AF) is determined
to be 0, indicating that the free energy solely depends on the Hamiltonian measured at either the
initial or final state. In this scenario, Equation (4.35) aligns with the inequality (W), > AF, which
can now be expressed as (W), > 0. Thus, it is always expected that the average work surpasses
the free energy. However, caution must be exercised when considering individual realizations of the

work distribution. For instance, cases where W = —w + %a)g) and W = —2® do not satisfy the
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aforementioned condition (W > AF). This further implies that individual realizations may indeed
violate the second law, while the average work remains unaffected.

The average work as a function of time

To provide a comprehensive understanding, we can also explore the average work as a function of time
without relying on the assumption presented in Equation (4.14). In cases where P(W) is not explicitly
known, the average work done during the transformation can still be computed using alternative
methods, defined as:

A

(W) = <[:If>t:7: — (H;)i=0. (4.37)

The general formula for (W), involves calculating the difference between the average energy at time
t (when the protocol is deactivated) and the average energy at the initial time, t = 0 (immediately
before the protocol was initiated).

Therefore, in the case of model-1, where we have ignored the quadrupolar interactions, using Equa-
tions (3.11)) and (4.22) the average work as a function of time will be

(W) = (H(t))s — (Ho)i=0
= —Bo(L); — B1{(l:)coswt + (I,) sinwt } — (—Bo(l;)i—0)- (4.38)

Substituting for (1), (I;), and (I,) from Equations(4.11} 4.4/ and [4.10), respectively, and simplifying
the equation, yields us:

W) (5

4RBy,  \ K;

2

K, —1

) { (l - cos(BoK3I)> - 2K cos @t (1 - cos(B0K3t)> (cos ot + sin wr)
3

+sin(BoK3t) sin ot ( sin @t — cos a)t) } . (4.39)

This result is illustrated in Figure 4.3|for different values of our work parameter, B; () and the angular
frequency, w, by which the spin is precessing around the resonance value, ® = @y. As we can see
from the figure, the average work oscillates with two characteristic periods: a fast oscillation of
frequency @ and a slow oscillation of frequency @; = B;. The closer the oscillation is to @y the
higher is the performance of the average work performed.

For the case of Model 2 utilizing Equations (3.1)) and (3.42), we can determine the average work as a
function of time in a similar procedure to that of model 1 as follows:

(W) = (H(t))— (Ho)i=0
= (= Bolkh+ c08 (Aol — Br{{Ldcosor + (1) sino})
= —(~Bol-o+ g0 tAohimo). (4.40)

Now, by substituting for (L), (L), (I;) and (Ap) from Equations (@.IT) and |4.4) respectively, and
simplifying the equation, we will have

(W) = 4RBOSBZ—%2 <1 — cos(Q’L’j/)) {1 —

(1)
2Q1190f {1 - zBéz (1 - COS(QW)) }} (4.41)
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(1 —kz)} (4.42)

This equation models the normalized average work (W) as a function of time for a spin system,
incorporating previously defined parameters K1, K3, and K3 that represent various frequency ratios and
nd using mathematical terms to capture the system’s complex behavior, enabling accurate calculations
of the average work.

Figuredemonstrates this outcome for various values of the work parameter, B (¢), and the angular
frequency, w, representing the precession of the spin around the resonance value, @ = @y. The graph
reveals that the average work exhibits two distinct periods of oscillation: a rapid oscillation with a
frequency of @ and a slower oscillation with a frequency of ;. Notably, the average work achieves
better performance when the oscillation closely aligns with @y.

While our findings may bear resemblance to Figure there are noteworthy distinctions. Specif-
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7 and 2.

ically, when the frequency associated with the magnetic field aligns closely with the frequency of
the assumed strong static magnetic field (By) and @ exceeds @y, the quadrupolar interaction as-
sumes greater importance in determining the resonance condition (see: [4.3p). In these instances,
the quadrupolar interaction surpasses the influence of other parameters, establishing itself as the pri-
mary factor. This underscores the significance of accounting for quadrupolar interaction when the
frequencies of the external work parameter and the static magnetic field are in close proximity.

4.3 Characteristic Function and Distribution of Work.

The change in energy within the total system characterizes the response of a quantum system, specif-
ically the spin-1 nuclei, to an external magnetic field perturbation. Consequently, the characteristic
function of the work distribution, which encompasses all statistical aspects of the work, can be ex-
pressed as follows:

G(u) = tr{0" ()™ 0 (1)e i p,y) (4.43)
where H; and H - refers to the initial and final Hamiltonian respectively.

As we have mentioned in the past section, to calculate the the expectation value of the work distribu-
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tion we use the unperturbed Hamiltonian, Ay. Therefore, we replace both H; and H by Hy. In case

where we have ignored the quadrupolar interactions the initial Hamiltonian is Hy = — o/, but while
incorporating quadrupolar interactions it becomes: Hy = —wyl, + %a)g)AQ.

Then the characteristic function of the work done on the system for the model 1 (see details in ap-

pendix [A.4) will be:
Glu) = 1r(0F ()e O (e Ep, ) (4.44)

Substituting for U (¢) from Eq. (3.32)and for p,;, from Eq. (3.8) into Eq. (4.44) the characteristic
function of work (model 1) in a more simplified form will be:

3+ f2
(1= 267 = 2" 4 4l o [ ) (1 f7) (445)

#(IvE+ e+ e ) 127+ )

6) = ppa{ (IVE+ IR P (1427 +)

This can be rewritten in more useful form as:

1
Ow) = 377

+200(1) PP (L~ f) + [ ()PP (L+2f + f2) + [ (1) P72 (1 —2f+f2)}
Similarly for model 2 case, Then substituting for U (¢) from Equation (3.63)), for p;; from Equation

3.8]into Equation (4.44) the characteristic function of work, for the case of incorporating quadrupolar
interactions (model 2), can be expressed in a more simplified form as follows:

Gw) = 3 jr2{2\v<r>|2<1+r2>+(1+4rx<r>12—2x<r>e’“’z ~21" (0™ ) (1= 1)
+o()| [ ( (Q]) "”( (gl))}(l_fz)
+[Jo()e (- i (1) P | (1421 + /%)
+[loPe ™ <“’°+(Q1> + (1) 2o 2] (1 - 2f+f2)} (447)

Let’s now investigate the connection between the probability distribution P(W) and the characteristic
function G(u).

According to the definition of the characteristic function, we can establish the following connection:
G(u) = (") = / P(W)e"V aw (4.48)

Subsequently, the characteristic function G(u) can be represented using a power series expansion in
terms of the statistical moments of work, as outlined below:

(iu)?
21

(iu)’

3 (W3) + ... (4.49)

Gu) = (") = 1+ iu(W) + = (W?) +
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where
3"G(u)

(W) = (=i)" lu=0 (4.50)

4.3.1 The average and variance of the Work distribution

In this section, we compute the first and second moments of the work distribution and the correspond-
ing variance for two models: Model 1, where quadrupolar interactions are neglected, and Model 2,
where quadrupolar interactions are included. These models allow us to analyze how the inclusion of
quadrupolar interactions affects the work statistics of a spin-1 system subjected to external magnetic
fields.

Model 1: Neglecting Quadrupolar Interactions

In Model 1, where quadrupolar interactions are ignored, we can calculate the first and second mo-
ments of work, along with the variance by employing:

(W) = (—i)agiu) lu=0 4.51)

Substituting for G(u) from Eq. ((4.47)) into Eq. ((4.31))) and performing partial differentiating with
respect to "u’ will yields:

w) = ﬁ{zmmmze”%(wf)—2iwo|v|2e"’”*’0(1—f>+2iwo|x|2e2”‘*’0<1+2f+f2)
“dianfrPe (1 -27 4 1))
_ Wo 2 a2/ 2 2\ o201 2
= Gy PN = 20R0 = 1)+ 2 P20+ ) 2P =27+ )
Further simplification of this equation will yield:
. 4fay 2 o)
W) = Gyt (4.52)

Then, by substituting for v and y the first moment of the work will become:

4
(W) € ia}%) sin (1 — cos @) (4.53)
Again, substituting for o = Qyt, wy = YBp and sin@ = % it can be rewritten as:
4fyBy B?
W) = Ll (1 _ COS(Q}/t)) (4.54)

This is what we have already obtained in Eq. (4.62)

The second moment of work, (Wz), can also be calculated as

9°G
wy = T 2, @55




By substituting for (W) from Eq. (4.52) and performing differentiation with respect to ’r’, the second
moment of work can be expressed as:

_ N2
w2y = {—2w§|v|2(1+f)—2w3|v|2(1—f)—4w§|x|2(1+2f+f2)

(3+/2)

—4w02|x|2(1—2f+f2)}

4(&)()2 2 2 2 )
= ——(|v]"+2 1+ 4.56
Again, by substituting for v and ) one can obtain:
day? 4a0%f* (sin*6
2y _ 2 2
(W*) = G+ /7 sin 9(1—cosoc)+(3+f2) > (1 —cosa) (4.57)

From the first moment of work obtained in Eq. 1i one can find its square, <W>2, as:
16208 . 4 2
W)y = —L%sin*0(1—cosa) (4.58)
(3+/2)?
As a consequence, the variance of the work distribution becomes

Var(W) = (W% — (W)

2 22 . 4
= %{sinze(l—cosa)%—éﬁ?]z) (sze(l—cosa)z)
2 2
—é6f—of§)2sin49(1—cosa)2}
2 2
var(W) = (34i’of2) {sin26(1—Cosoc)—kfz%sin‘le(l—cosa)z} (4.59)

Model 2: Incorporating Quadrupolar Interactions

In model 2 where quadrupolar interactions are incorporated, we can solve for the first and second
moment of work, and the variance of work as follows. Specifically, the first moment of the work can
be calculated by substituting Eqn. (4.47) into Eqn.(4.51)) as follows:

wy = ()2,

= Gl ol WP+ (0Pl — 5001+ 200fx(OR) (1+27+ )
(o) Plan+ 501+ 2a0x () (1 -27 + )}
W) = 4ren{ ()2 +20z(0) } —2Rf ol [o(r) . (4.60)

By replacing v(¢) and x(¢) with their corresponding values from Equation (3.33)), the first moment
of the work can be expressed as:

(1)
A

= 4Raysin” (1 — 1—
(W) wp sin” O( cosa){ 7

<1—sin29(1—cosa)>} (4.61)
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Once again, after substituting o = Qt, @y = By, y=1and sin0 = %, the expression can be rephrased
as:

(W) = 4RBOS—%2 (1 - cos(m)) {1 - C;%:f{l - ZBQ%Z (1 - cos(m)) }} (4.62)

Similarly, we can calculate the second moment of work, denoted as (W?), using the following ex-
pression:

9°G oW
W) = S = (025 g
4Rax? oy f oy
= —;’0 (\v|2+2|%!2(1+f2)—QW!v\2(1—Ltfiwo))- (4.63)

Upon substituting the respective values of v(¢) and x(¢) from Equation (3.33)), we arrive at the fol-
lowing result:

w2 = %sinze(l—cosa){l—faa)g) <1_4a}%b>
_fSi;lze(l—cosOC)<f— a;%;) (1—40}%30))} (4.64)

Using the first moment of work obtained in Equation (4.53), we can determine its mean square,
denoted as (W)Z, by performing the necessary calculations. As a result we obtain

oy

(1) (1) 2 2
f@" . 5 foo N 79
+msm 9(1—00806)(1— T + 1602

(1) (1)
o o
(W)? = 16R2w§sin46(1—cosa)2{l—f Q (l—f Q )

Thus, the work distribution exhibits a variance characterized by

Var(W) = (W?)— (W)

(1)
4R x> ©
= Ta)osinze(l—cosa){l—éﬁ—étfiwo)
. (1) (1)
Rsin? (1 —cos ) 2Rf20)Q faog'N ., 2
- P — (1= 6(1 —cosa
82f (f)+ o ( o >sm (1—cosa)
Rf3a)ésin66 3
+4—w§(1—cosa) .
(4.66)
(1) 0 )
where P(f) = 8 f*0g” +  on2(1 — o) + oy (8R + %) — %4

This equation (4.66) breaks down the variance of the work distribution, Var(W), in a quantum system.
The first term relates to the mean work (W), while the subsequent terms account for higher-order
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moments and angular dependencies. The full expression represents the complete variance of the
work distribution, which can offer insights into the energy fluctuations and dynamics of the quantum
system.

The probability distribution of the work.

Finally, we determine the work probability distribution P(W), which represents the complete distri-
bution of work. To do this, we utilize the characteristic function G(u) defined in Equation (4.49).
By performing the inverse Fourier transform of the characteristic function G(u), we can obtain the
probability distribution function from the relation:

| YA :
P(W)=— / duG(u)e V. (4.67)
27 )
Here, let we define the Dirac delta function given as:
/ My = §(y—x) (4.68)
By substituting the expression for G(u) from Equation (4.47)), (obtained while ignoring quadrupolar

interactions) into Equation (4.67) we will obtain the corresponding probability distribution of the
work as follows:

PV) = 5 fz{zrv|2<1+f2>6<w>+(1+41x\2—2xe-f“’zf—2x*e"wﬂ)<1—f2>6<w>

+2|02(1+ £)S(W — ap) +2|v > (1 — £)S(W + ax) (4.69)
P (L+2f + f)8(W —2a0) + 1] (1 —2f+f2)5(W+2wo)}-

In the same procedure, by substituting the expression for G(u) from Equation (4.47)), (obtained while
considering quadrupolar interactions) into Equation (4.67) we will obtain the corresponding proba-
bility distribution of the work as follows:

PW) = fﬂ{zww%wﬂwww(1+4|x<t>|2—2x<r>e—“°zf—2x*<r>e"“’zf)<1—f2>6<w>

HO@PO—28(W - 00— 305)) + o0 P - 215 (W +an— 500)

o) +2f+f2)5<vv— W%mg”) + o) —2f+f2)5<W+a)o+%a)g)>

Hx @A +2f + W —2a0) + |x(1)[F(1 = 2f + f)S(W +2(D0)}- (4.70)

The probability distributions described by Equations (4.69) and (4.70) provides a detailed characteri-
zation of the work (W) done on the spin system during a nuclear magnetic resonance (NMR), reveal-
ing important information about the energy levels and transitions within the spin system. The different
Dirac delta functions in the expression correspond to specific energy changes that can be related to
fundamental properties of the spin system, such as the Zeeman splitting (@g) and the quadrupolar

splitting ( a)g)), allowing researchers to gain valuable insights into the quantum-mechanical behavior
of the system for interpreting NMR spectra and understanding spin dynamics.
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Consequently, when viewed as a random variable, the work can assume seven distinct values:
W=0,W=am+ %wg),W = —wp+ %a)(QI),W = 4wy — %a)g),W = —wy— %a)g),W = —2ap, and

W =2ay.
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Chapter 5

Summary and Conclusions

In this work, we developed a theoretical framework to analyze the quantum thermodynamic behavior
of spin-1 nuclei under the influence of an externally applied work protocol. In particular, we focused
on two models: Model 1, which ignores quadrupolar interactions, and Model 2, where quadrupolar
interactions are included. Our aim was to study how these interactions influence the nuclear magnetic
resonance (NMR) response of the system and to assess the impact of the externally imposed work
parameter, a weak alternating radio frequency (R.F.) magnetic field, on the thermodynamic properties
of the system.

In Model 1, we considered a spin-1 system subjected to a strong static magnetic field along the z-
axis, which splits the energy levels of the nucleus into three distinct states: E;,E_ and Ey. A weak
alternating magnetic field Bi(¢) was applied perpendicular to the static field to induce transitions
between these energy states. The first goal was to observe how the average work (W) and the variance
of the work distribution behave as a function of the frequency w of the R.F. field and the duration / of
the applied protocol.

The results showed that for small protocol durations /, the average work (W); remained relatively
small, even near resonance. As the frequency increased, (W); gradually rose, reaching a peak at
resonance, before slowly decreasing back to equilibrium. For longer durations, however, the work
sharply increased near resonance and exhibited a distinct maximum at the resonance frequency. This
behavior indicated that the system’s dynamics are governed mainly by the external magnetic fields,
with the alternating field driving transitions between the energy states. The variance of the work
distribution also revealed that fluctuations in the work are sensitive to both the frequency @ and the
duration /, with larger fluctuations occurring as the system approaches resonance.

In Model 2, we introduced quadrupolar interactions, which arise from the non-spherical charge distri-
bution of the spin-1 nuclei. These interactions added an extra term Cyp to the Hamiltonian, modifying
the system’s energy levels and dynamics. With the inclusion of quadrupolar interactions, the energy
levels were further split, complicating the transitions between states driven by the R.F. field. The goal
here was to assess how this additional interaction affects the average work and variance compared to
the simpler case of Model-1.

The results demonstrated that the quadrupolar interaction introduces additional dependencies on the
angles and strength of the applied fields. Specifically, the average work (W) in Model-2 exhibited
sharper increases near resonance, and the work distribution was more sensitive to the frequency vari-
ation. The inclusion of quadrupolar interactions led to higher-order terms in the expressions for both
the average work and its variance, reflecting more complex dynamics in the presence of these inter-
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actions. The variance of the work also increased more dramatically compared to Model 1, indicating
that quadrupolar interactions introduce larger fluctuations in the system, particularly near resonance.
This suggests that quadrupolar interactions play a significant role in governing the energy transitions
and the overall thermodynamic behavior of the spin-1 nuclei.

By comparing Model 1 and Model 2, we demonstrated that quadrupolar interactions have a profound
effect on the quantum thermodynamic behavior of spin-1 nuclei. In Model 1, where quadrupolar
interactions are ignored, the system’s dynamics are primarily dictated by the external magnetic fields,
with the frequency of the alternating field playing a crucial role in driving energy transitions. In
Model 2, the inclusion of quadrupolar interactions leads to more complex behavior, with sharper
and more pronounced energy transitions near resonance, as well as larger fluctuations in the work
distribution.

Overall, this study provides insights into the role of quadrupolar interactions in spin-1 systems and
highlights the importance of considering these interactions when analyzing quantum thermodynamic
properties. The results suggest that quadrupolar interactions significantly alter both the average work
and the fluctuations in the system, particularly near resonance, making them essential to accurately
describe the behavior observed in experiments. We recommend that future experimental studies inves-
tigate the influence of quadrupolar interactions in NMR and other quantum thermodynamic systems
to further validate our theoretical findings.
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Appendix A

Details of Mathematical Derivations

A.1 Time-Dependent to Time-Independent Schrodinger

Here we try to transform the time dependent schrodinger equation to that of time-independent one by
using the rotating wave approximation method [57]]. To do so let we consider the new time evolving
operator, U'(t) given as:

U'(t) = =0 (1) (A.1)

To have an explicit form of the new time evolving operator, U’ (¢), we need to have the matrix form of
io.tf,

e as follows. Using the properties of pauli matrices for spin-1, and since I, is already a diagonal
matrix we have: .
el(l)zt 0 0
=10 1 0 (A.2)
0 0 e—ia)zt

Then an operator I, that acts on the three Zeeman basis will yield:

(1)
o e 0 0 1 e WA A N
_— elwzllz|1, 1> — 0 1 O 0] = 0 = elwzl 0] = e’wzl|l, 1> (A3)
0 0 ' 0 0 0
(2) .
o dot 00\ [0\ [0
. ezcoztlz|1,0> _ 0 1 () 1Ll=11]=]1,0) (A4)
0 0 '] \0 0
3)
o dot 0 0\ [0 0 /0 |
— elwz[]z“7 _1> = 0 1 0 0] = 0 =e 1[0 ]| = e_lwzt|1, —1) (A.5)
0 0 efiwzt 1 e—ia)zt 1

Thus, the transformation equation becomes

O'(t)|n) = e*E0(t)|n) = L0 (1)1, 1) + L0, (1)[1,0) + =0 (1)1, —1)
O'(0)ln) = €0, ]1,1) +0p|1,0) + ¢ 0|1, 1)
UL(0)1,1) + Tg(1)[1,0) + U (1)[1,—-1). (A.6)
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This indicates that

Up(t) =e "0 (1)
Uo (1) = Up(1) (A7)
U_(t) =0 (1)

and in matrix form it can be given as:

00\ (e @0
Up(t) | = . U(’)A(t) (A.8)
U_(t) ey’ (1)

Now substituting for U (¢),U_(t),Uy(t) from Eq. (A7) into Eq. (3.53) and implementing the method
of differentiation by parts we will obtain:

(1)
QU (1) 9 O ioap
i— = —apU, (1) — \/Qe Uo(1)
DT ULO) w1 O gy
i 5 =—pe UL (1) - ﬁe U(t)
J —ia)ztU/ A ; o i1 1Y @1 1]
i (6 ~ +<I)) _ i{—i(!)zelwztU_/,_(t)‘f‘elwzl aUai(t)} _ _woeflwztU_/i_(t) _%el(A)ztU6(t)
» . AU (1) A O] A —iw,
e wzt{a)ZUJlr(l)—f—l 8+t }: {—G)OUL(I)—j%U(S(l)}e w;t
AU’ (¢ N W1
. (;t()=—(w0+wz)Ul+(f)—71§U6(’) (A.9)
(2) 20! (1)
Ui(t (] i —iw, 2 —i0;t i1 7y
) — L (ot (1) - e o0 (1))
U/ - A
.y aot@ :_%{U;(r)w’_(t)} (A.10)
¥ 9 (¢ 0" (1))
'&—_ﬂ oty i 7y
; > -5 Up (1) + wpe' ™' U’ (1)
it ry! A . ! TONES i@ 7Y
ia{ea—ij_(z‘)} _ i{ia)zelwztU/_(t)+elwztaUa_t(t)} _ woela)ztU/_(t) — %el(ﬂztUé(t)
, . QU (1) A O - '
it | , _ / Rt I 474 10t
e { o UL(1) +i— } {on(t) foo(f)}e
U’ (t N 01
— 220 — (@ @00 () - 250400 (A1)
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Hence, the matrix form of the modified Schrodinger equation becomes:

oy’ A7 QU'(1) o
17 = H()ll/, ZT—H(I)U(I)
20L0) ~ (@0 o) 0L - 24050 (2%
i j?f((l)) — _%<U’+(t)+”_(t)> j{ggt((z))
G A ~ U’ (¢t
7 ~ 9040+ (@0 + @) 02() ) \ %5
1
90" (1) 100 AR
i = {—(wo+wz) 00 0 |- 0O 5 }U'(t) (A.12)
00 —1 0 ﬁ 0
This further gives
ddi
2V _ ey (A.13)
Jt
where
H ={—(0y+ o), — oI} (A.14)

Since A’ is time-independent, the solution to the Eq. (A.13) can be easily calculated as follows:

W' (1),
3 ) = —iHU (1)
U'(t) ! ot
/ av _ —iH’/ dt
v U 0
éd
In0'(t) —InT'(0) = lnl{<t> = —iH't
U'(0)
U'() = U'(0)e ™"
0'(t) = e " (A.15)

A.2 The solution of the schrodinger equations

The full time evolution operator, U(t), in Eq. (3.59) can be rewritten as:

l,](t) — eiwzlize*il:l/l _ eia)ztI}eiaM
eia)zt O 0 A
= | o 10 (A.16)
0 0 e—lwl

To have in hand an explicit formula of eioM , we must apply the following trick. Since M-is an operator

of 3 X 3 matrix the exponential of it can be evaluated by using Taylor expansion as follows:
> (iM)" oM oM atmt oM aM®

iaM __ R o _
e _n;)—m = l+iaM it i T (A.17)

By collecting odd terms together and even terms together we will have

2042 4 s 6 176
. ~ oM oM o°M N
&M — (1 + — +> +i<aM—

(1= 2! 4! 6! (A.18)

OC3M3 OCSMS
3 s )
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Since, M? — M? = 0, so adding it to the right side of Eq. (A.I8) can not change the equation, rather
helps us to have the mathematically known form of equation as follows:

2 4372 6 174 373 5075
i v 2 2 o a'M oM (oo~ M oM
M 7 P+ M (1—2—!+ e o) i adl - T+, —) @19
Now using the matrix form of 7, and Iy, M can be expressed as:
10 0 0 5 0
M = Icos®+1Isinf= 88 O1 cos 0 + % (1) \% sin @
0 7 0
sin 6
cosf 0 0 .09 g% .06
s s
= 0 0 0 +| V2 .0 Yo
0 0 —cosH 0 51%9 0
which further gives us
1 .
) cos 6 %sme 0
M=|J5sin6 0 5sinf (A.20)
0 \/Ljsine —cos 8

Then, M? can be obtained by performing the matrix multiplication, M x M, of Eq. as follows:

1

cos 6 Tisine 0 cos O %sin@ 0
2 1o 1 & 1o 1o
M- = \/Esme 1 0 fzsme ﬁsme 1 0 \/Esme
0 %smﬂ —cos O 0 ﬁsme —cos 6
cosze-l-%sinze % %sinze
o cos Osin O Si[lz 0 __cosBsinf
— LA . R
% sin” 6 — —Cos\e/%me cos? 6 + % sin® 6
or
1 .:..2 cosOsin 6 1 .:.2
1—§S%n 0 RV 5 8in .6
M2 — cos@sﬁm@ sin29 _cosf)/sime (A.21)
1.2 __cosBsin@ 12
5 sin 0 7 1 5 8in 0
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Similarly M? and M* can be derived as follows:

M = M*M
I—3sin®f  <=O8  Jsin’6 cos®  ssin® 0
o cos Bsin O -2 __cosfsinf 1 1
= ] ﬁz 31n969 1\52 \/isme 1 0 \/Esme
1o _cosfsin® 1 _ 1 1 g _
5 sin” 6 7 1 —5sin” 6 0 ﬁsme cos O
1 ) sinf _ sin0 | sin’@ 1 20 1 )
cos 6 — 5 cosBsin” 6 2 W + 22 5¢0s0sin“ 6 — 5 cos Osin“ 6
—l—%cosGsinZG
= %[cosze—ksin2 0] cos Bsin® 6 — 1 cos Osin” O %[cosze—ksin2 0]
1 =20 1 ) sin’@ | sin® _ sin’@ 1 - 20
2cos@sm 0 2cos@sm 0 22 + 2 22 2cos@sm 0 —cos0
+%cos@sin29
cos 6 %sin@ 0
/\3 o L . L . o A
M = ﬁsme 1 0 ﬁsme =M (A.22)
0 %sme —cos O
From this we can obtain
M* = MPM = MM = M?>
1—%sin29 —cos\e/%me %sinze
_ cos Bsin @ 2 __cosBsinf
= —1 \/52 51n6Q0 —1\/52 (A.23)
: COS U s1in :
5 sin 0 —=a l—zsm 0

Now it is possible to conclude that M?" = M? and M*"+! = M. As aresult Eq. (A.19) can be rewritten
as:

2 4 6 3 5 7
oM a2 w2 o ot o A o’ oo
Ly (1—2—!+4—!—a+...>+zM(a—§+§—7+...) (A.24)
and again using the mathematical relations of the form:
3 5 7
. (04 a (04
2 4 6
a (04 o
we do have o
e — 1+ i sino— (1 cosa ) M2 (A27)
Then substituting Eqs. (A.20) and (A.2T)) into Eq. we will have
1 00 cosf sin6 0
dM—10 1 0] +isina % .0 Sm\/ge — (1 —cosoc)]\?l2
001 0 =52 —cosé
Then by method of matrix addition
1+icosOsing Isinfsina Si“\e/%i““ 0 1— % sin” 6 —Cosf)/%i“e % sin” 6
eia}\?[ _ isin@sing 1 isin @sin ¢ i (1 —COS OC) cos O sin O sin2 0 ~_cosBsinf
\(? isin@sino 1—l'CO\£§98inOC lS\ifze __cosBsinf 1—1\8/151129
V2 2 V2 2
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Again employing matrix addition and reordering terms will yield:

#—k(l—%)cosa ’\S/i%e (cos@(l—cosa) —#(1—005&)
+icos@sina —isin 6)
s _\s/ige<cos@(l—cosa) 1 —sin?6 (1 —cos ) %(cos@(l—cosa)
e =
—isin@) +isin9>
—#(1—005&) Si\“fze(cose(l—cosa) @—l—(l—#)cosa
+isin6> —icosOsina

(A.28)

Now, by substituting Eq. (A.28) into Eq. (A.16) we can express the full time evolution operator,

U(t), as '
o v)  —e " r(r)  —x"(1)
U(t) = e ®hel0®M — | _p*(z) 1-— 207 x(t)  v(1)
—x(t) () V()

where we have used

) )

. 0 sin“ 0
R L
v(t)=e [ > +

sin 0

v(t) = 7
in?

x(t) = ! [% (1—cos a)]

)cosoc#—icos@sina} ;

[cos@(l —cosq) —|—isina};

On the other hand, we can find U7 (¢) as:

V() —0(t) (1)
U}(t): —e @Iy (1) 1 =26 y* (1) e %l p* ()
—x(7) v*(7) V()

A.3 Solving for Mean Polarizations

The mean value of any operator A can be given as

~ ~

For instance, we can compute for (I;), (I;) and (1) as follows:

4y

a~

(I) = tr{UT(t)izU(t)Pth}

(A.29)

(A.30a)

(A.30b)

(A.30c)

(A.31)

(A.32)

! v* —v —x* 1 0 0 v —e %yt
= —tr —e'®%ly ] — 2P y* oW * 00 O —0* 12 %'y
b —x v* v 00 —1) \—x e
{ (V*V—x%*)A (eia)ztx*,u_efia)ztv*v*)B | 0 .
- 4 (e—lcoztv*x — el®1yy)A 0 (elwzt%*’l) . e—zwztv*v*)c
D 0 (e7 @ p*y — e yv)B —(v*v—xx*)C
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oo >

oo

O o o

(A.33)



where we have used D = 3 + f2 and

A=(1+2f+f%),
B=(1-f%),
C=(1-2f+f),

A lvE=lxP)A+0—(vI* = [x)C}

Then substituting back for A and C, will give us:
1

0 = 5 (VPP 2742 0= (VP - P 1= 27+ 1)
= 5 (VP = 12P) @) +0= (VP - [xP) (-2}
R (7

Now using Eqgs. (A.30) we can obtain |v|? and || as:

)

)
. 2] 0
|v|2 = v(t)v*(t) — 0 {% + (1 — sz )cosa%—icosesina] X

. 9 )
, 2] 0
POt {% + (1 _ s )cosa—icosesina}

sin* @ sin*@cosa  sin*Ocos? o

= 7 +sin® O cos o — 5 + ) +cos’ 0
v|> = Sirfe(l—cosoc)z—l-sinzecosoc—l—cosze
and
1P = aox (=% [T 1 cona)| <o [0
2P = S0 cosap
Then substituting these into Eq. (A.36) will yield:
(L) = 3j—ff2 (v = 1x*) = %}}2 (cos® 8 +sin B cos )
= %ffz (1 —sin’ 0 —|—sin29005a)
(L) = %@2 {1 —sin®6(1 —cosa)}

where we have used cos2 0 = 1 —sin2 6.
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(I —cos a)]

(A.34a)
(A.34b)
(A.34¢)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)



(2)

>

(L) = tr{UT (1) ( )Pin}
_v _x* O \/LE O V) _e—l'(x)z.tv* _%* A
- —tr ezco wo1— 2ez*wzt%* e i0: % (1) \% —vF 1— %f);mzr% 1)* 8
—X ) v 0 7 0 —X 'y %
* — ¥ 0 4 0 _ ta)Z ¥
1 % v -X V2 VA *B xC
= Btr ety 11— 2e;"’ztx* e 'Oyt % (1) % —v’Z\ (1- 212 t’“’}z;x)B v*%
— ()] \% 4 — <0 \%
X 0 7 0 X e
| v’ —v X L[ VA (1-2e7"'x)B vC
— B” el(DZ D) 1 — zela)ztx* e—la)ztv* - (V _ %)A (eza)ztv _ e.—la)ztv*)B (V* _ x*)c
—X v* v V2 —V*A (1—2¢ ' y)B vC
As a result of further multiplication one can obtain:
1 (s1+57)A s7B 0
() = —————tr $5A (s4+s;)B s3C
2
V2(3+17) 0 s3B —(s1+s7)C
1 * * *
(L) = m{(ﬁ+S1)A+(S4+S4)B—(Sl+51)c} (A.40)

where

SI=VY —VV s, = e_iw1’|v|2—|—26_iwzt|x|2 _eia)ztvz —Ze_iwztv*x—f—v* _x*
53 = efza)zt|v|2 +2€zwzt%*2 — ol 2 _ Ze’wzfx*v* +VE—
54 =20y — 2e*% y*p

Now substituting back for A = 14+2f + >, B

<ix> =

1

V2(3+£?)

A

<x>:

V2(3+£2)

1

Again, substituting back for s1,s4 and using the fact that vy = e

(L)

>

1 * *_ ko, %k e
m{4f[(vx—vv)+(v X —v%v )} (2vx - 2)( v

+2U*X* B 2xv*672iwzt)(1 _fZ)}

4f

V2(3+f2)

or

4f

V2(3+1?)

{(vx —vv)+ (VY =0V

{(vx +0*x")— (vv+0*Vv")
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j
j

it

{4f (1450 + (satsi)(1 =)}

=1—f2and C =1—2f+ f? we will have

x*v we will obtain

2i;t

0

(A41)

(A.42)

{2 (14504 (145D (1412 + (a5 (1= ) = (221 s1+57) = (145D (1412 }



Then by substituting for v(z), v(¢) and x(¢) from Egs. (A.30) we will have:

sin O - sin% 60
VY = [COSG 1—cosa +isinoc] x '@t [— 1—cosa]
£ =22 [eosb(1 —cosey S (1 -cosa)
-3 it -3 it
sin” 0 ,e' sin” @ . e'™
= cosO(1—coso)"— +1i sino(1 —coso A.43a
vyt = 51;5 [cosG(l —cosa)—isina] x e ' [%(1 —cosa)}
- 3 —iw,t -3 —i,t
0 i, 0 .
_ cos9(1—cosoc)2€ _ sina(l—cosa)e (A.43Db)

2 V2 2

) ) .
; 0 0 0
vy = 1% {&—F <1 — sz >cosa+icos@sina1 x 7 [cos@(l —cosa) +isina]

2 V2
in3 —iwt in3 —io;t
0 z 0 z
= Cose(l—cosa)ze e sina(l—cosa)e
V2 2 V2
N . - .
i sineiod MY o O(1 —coso)e ¥ (A.43c¢)

V2 V2

.2 .2
. 0 0 0
vt = '@ [%—i— <1 — sz >cosa—icosesina1 X >

V2

[cos 0(1 —cosar) — isinoc]

sin> @ elor  gip3 e' %!

7 cos (1 —cosa)? 5 +i 7 sina(1 —cosa) >
o ' 6 '
- is$§ sin ote'®! — %cos 0(1 —cosa)e' ™ (A.43d)
By using the trigonometric relations of the form:
it _ ,—iogt
$in . — (%) (A.44a)
i
it —io;t
COS .f = (%) (A.44b)
i
we will get:
103 it —iwt i3 it —iw;t
« s SIN°O s e et sin” @ . e’ —e '™
(vy+v*x") = 7 cos (1 —cosa) < > ) 7 sinor(1 COS(X)(T)
sin® 6 , sin’@
(vy+v*x") = 7 cosOcos (1 —cosa)” — 7 sinocsin ;¢ (1 — cos ) (A.45a)
i3 0t —iw;t in3 it —iw;t
0 10, 2 (] b 2
(Vv +0*VY) = 51\11/5 cosO(1 —cosa)2<e +26 ) - 31\11/5 sino(1 —cosa)(%)
ind io;t _ ,—i;t in@ it —iwt
+281I/1§ sinoc(e 2; ) —2811/15 cosO(1 —cosa)(%)
3 3
in’ 0 sin” 0
(Lv+V*V) = cos O cos w,1(1 —cosa)? — sinocsin @,¢(1 — cos )
V2 V2 |
in 0 in 0
+2£ sin @ sin ;¢ — 217 056 cos (1 —cosa) (A.45b)

V2 V2
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Thus, the full expression of the polarization along x-axis can be expressed as:

N 4f
I :—{ vy +0x")—(vv+V*V* }
=l )~ )
4f [sin39 , sin’@ ,
= cosOcosw,t(1 —cosax)” — sina sin w,¢(1 — cos & A.46a
eyt (1~ cos0) - T2 11— cosa)] (46w
sin” 0 5, sin”0 . ) sin@ . )
— cosBcosm,t(1 —cos)”+ sinasinw,f(1 —coso) —2 sin o sin @t
-5 21 ’+=5 1 -2 :
(A.46b)
sin 6
+2 cos 0 cos w,t l—cosa}}
NG 1 )
A 4fsinf
= Ocosw,t(1— a—'a'wt} A 47
(L) (3+f2){cos cos @,¢(1 —cos o) — sin & sin @, ( )
(3) In the same manner to the above derivation of (fx):
(L) = o {UT () LU(1)pin}
| ( V* _p _X* O % 0 vV _efia)z‘tv* _%* A 0 0
— 5” _ela)ztv 1_251*60ti* e—ta‘)jtv* ﬁ (l) \% —0* l_%f)—t;(:)zt% ‘})* 8 g g
\ 4 0 NG 0 X e
| ( V* _p _x* O % 0 VA _efia)z.tv*B _X*C
= i —e'®y 1—25:"”%* e"“"j’v* 7 (l) 7 —vif (1—2ig_t;j’;x)B 3)*6;
\ X 0 7 0 X e
{ v* —v X" iv*A —i(1—=2e7"'x)B —ivC
= pir —e' %y 1 =2y TV | —= i(v+)A —i(e v+ *v)B —i(v'—x*)C
—X v* 1% V2 —iv*A i(1—2¢7'“y)B ivC

Then the polarization along y-axis can be give in a simplified from as:

; (=s1+s7)A s>B
() = ——tr —s52A (—s4+s,)B
\/5(3 +f2) 0 —s3B

i

— —{(—sl +57)A+ (—s4+54)B+ (51— ST)C}

V2(3+f2)
where

s1=VY+ VD

Sy = eicozt|v|2_l_efiwztv*2+2€iwzt|x|2+zeiwztx*v_ v—g
53 = elwzt’U‘Z +e—zwztv*2 _|_2e—la)zlx2 +26—1wztvx —v—yx

54 =20y — 2% y*p

0
53C
(s1—s7)C

(A.48)

For the same reason to the case in (I;), (—s4+s;) = 0 and hence, by substituting for A, B and C, one
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will obtain:

B = a2+ )+ ot =)+ (=D =27+ 1)}
_ 4fi X
- \/§(3+f2){(—sl+s1)} (A.49)
Again, substituting back for sq,s7 will give us:
<Iy>_m{(—vx+v X))+ (=vo+vo )} (A.50)

But, by using Eqgs. (A.43)) one can obtain:

.3 it —i@;t i3 it —i;t
S ' — e sin” 0 'l e
(—vx+v'x")=—i cosG(l—cosa)z( : )—i smoc(l—cosa)(—)
V2 2i V2 2
(A.51a)
i3 it —i;t i3 it —imt
(] L __ 2 0 2 2
(—l)v—l—v*v"‘):iSl\n/5 cos@(l—cosa)2<e 2; ) iSl\n/z sina(l—cosa)(%)
ind it —io;t ind iwgt _ ,—iot
2 e () 2 cos (1 —cosa) (S ) (ASIb)
V2 2 V2 2
i
As aresult, () will be:
=———— 3 (—vx+ V") +(—vv+v'V }
(1y) ﬁ(3+f2)( X+ +( )
Afi-i

-3 : 2 .3 .
= —sin” B cosOsinw.#(1 —cosa)“ —sin” O@sin @ cos @.¢(1 —cos )
\/§~\/§(3+f2){< !l ) !l )
(A.52a)

+ (sin3 6 cos 0 sin .1(1 — cos or)? + sin® O sin ot cos @,¢ (1 — cos &) — 2 sin O sin 0 cos W
—2sin 6 cos O sin @7 (1 — cos a))}

A 4fsin 0 . .
(1) = ) { cos 0 cos ,(1 — cos o) + sin & sin a)zt} (A.53)

A.4 Solving for Characteristic Function of the Work.

Then the characteristic function of the work done on/by the system can be calculated as follows:
G(r) = tr{01 (1)e™ 10 (t)e ™Hip,,} = tr{07 (7)e ™ (1), ) (A.54)

As usual, the matrix representation of the operator I is diagonal in the Zeeman basis, with the quan-
tum numbers m = 1, 0, 8’1 on the diagonal, so that its exponentials can be given in matrix form

as: .
o e % 0 0
e ironls — 0 1 0 (A.55)
0 0 €™
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Then substituting Eqs. (A.33), into Eq. (A.54) and substituting for U (¢) from Eq. (A.29), for UT (1)
from Eq. (A.31), for p;, from Eq. (3.8) into Eq. (A.54) the characteristic function can be rewritten as

Y* —.'l) ._x eira)() 0 0 vV eiwtp* 2
G(r)=tr e 1Oy 1 — @yt QPp* 0 1 0 —v* 1—e @y v |D
_%* v* v 0 0 e ira _x* efiwtv v*
(A.56)
where
o e "™ 0 0 A 0 O e ™A 0 0
D=e"%p,={ 0 1 0 0 C 0= 0 C 0
0 0 ™ 0 0 B 0 0 "B
T Co ) e e A o T ) el i
forA" = 317 ,C —3+f2,B =57
Then after long matrix multiplication of Eq. we obtain:
(171) (170) (17_1)
G(r) = Str (0,1)  (0,0) 0,—1)
TT\LD (-L0) (-1,-1)
1
= — a0+ 0,004(-1,-1 } A.57
()00 + (1) (A7)
Where
(1,1) = (]v12+]v]zeim’wr1x|2e2"w0)(1+2f+f2) (A.58)
(1,0) — <V*U*€iwt€_irw0 _ Xve—ia)teirw() + v%e—ia)t _ U> (1 _fZ) (A.59)
(1,—1) - (_ V* e 2irdy _ 2 pirey _ xv*) (1—2f+f2) (A.60)
(0, 1) — (DVeficot _ v*eira)o +X*v*eiwteira)0 _ U*x*eithZier> (1 +2f+f2) (A.61)
(0,0) = (\vyze—im’o +1— e i — y*el® 4|y |? + \vyzei"*’o) (1—£?) (A.62)
(0, _1) — (_ UXe—ia)te—Zirw() + ve—ir(O() _ vx*eiwte—irw() + v*v*eiwt> (1 o 2f+f2) (A63)
(~1,1) _ (—vx*eZira)o_v*zei""O—x*v>(1+2f+f2) (A.64)
(—1,0) = (— LIV PeTID |y i@ir® _ ¥ oI 4 v*) (1—1?) (A.65)
(~1,-1) = ([VI2+ JoPeire 4 g Pe 2ro ) (1= 2f + f7) (A66)
Hence the characteristic function of work becomes
1 . .
60) = ] (1vP+IoPer™ + P 1427+ )
+ (1 —xe O — O |y 2+ v]e T 4 |v\2el"“’0) 1-13)  (A67)

(VP [oPe s e 2127 4 )}
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or in a more simplified form

1
3+ f2
+2[vfe (1 f) + g PP (1+2f + £2) + |x [P (1 - 2f+f2)} (A.68)

G(r) = {21+ 72+ (14 P = e = e ) (1= £2) + 2|0 P (1 + )
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