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Abstract
This dissertation is motivated by practical problem of traffic flow on round-
abouts. The study aimed at modelling traffic flow on roundabouts, propos-
ing an optimization strategy for traffic flow on roundabouts and investigat-
ing the impact induced by short stay of pedestrians on the crosswalk on the
performance of the roundabout in regulating traffic flow problem. To this end,
macroscopic approach of traffic modelling has been used. To be specific, first
the roundabout was modelled as a sequence of 2× 2 junctions with one main
lane and secondary incoming and outgoing roads. The evolution of traffic flow
on the road networks of the roundabout was modelled by Lighthill-Whitham-
Richards model. Then, we considered two cost functionals: the total travel time
and the total waiting time, which give an estimate of the time spent by drivers
on the network section. These cost functionals were minimized with respect to
the right of way parameter for the incoming roads. For each cost functional,
the analytical expression was given at each junction. We then solved numer-
ically the optimization problem and the traffic behaviour was studied on the
whole roundabout. The approach was numerically tested on a simple round-
about with three incoming and three outgoing roads. Two different choices of
parameters were considered: instantaneously locally optimal and a well chosen
but fixed values. The simulation results have shown that the local optima pa-
rameter value outperform the other choices, in improving the performances of
the network. This result indicate the effectiveness of the optimization strategy
compared to the case of fixed constant right of way parameters. In the second
case, we formulated the problem in discrete form. Then a cost functional that
measures the total travel time spent by drivers on the roundabout in discrete
form were introduced. Numerical tests were conducted for a roundabout with
four incoming and four outgoing roads. The simulation results show that gra-
dient based instantaneous optimal choice of the priority parameters produce
better results in improving the performance of the roundabout compared to
the fixed choices of priority parameters. In the third case, we considered the
roundabouts as alternatively periodic sequences of 2× 1 and 1× 2-type junc-
tions and external incoming and outgoing roads. The evolution of traffic flow
on the road networks of the roundabout was modelled by Lighthill-Whitham-
Richards model with extended flux to capture the presence of pedestrians on
crosswalk. To this end, we introduced three cost functionals that measure the
total mass of vehicle , average velocity, and total flux respectively on the net-
work. Then we analyzed the performance of the roundabout with and without
pedestrian through numerical simulation using Godunov scheme. The simula-
tion result indicated that, the presence of pedestrians on the crosswalk reduces
the performance of roundabout in controlling traffic flow problem.
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Chapter 1
Introduction

In the recent years, a wide range of traffic flow theories and models have been
developed by scientists and engineers. Nevertheless, in the transportation sec-
tor, the issue of traffic congestion is still one of the main environmental and
economical problem in the current years. For example, according to the 2011 Ur-
ban Mobility Report of Texas Transportation Institute [63], congestion caused
urban Americans to travel 4.8 billion hours more and to purchase an extra 1.9
billion gallons of fuel for a congestion cost of $101 billion. Further, in the report
it was estimated that congestion cost will grow from $101 billion to $133 billion
in 2015 and $175 billion in 2020. This report shows that the impact of congestion
increases every year in the US.

Similar to other countries, traffic congestion is widely observed in Ethiopia
particularly in Addis Ababa. It is sever at intersections and roundabouts es-
pecially during peak hours. However, due to lack of well structured facilities,
documented data on traffic congestion and absence of significant research made
in this filed, it is hard to figure out the effects of congestion on urban Ethiopians
in terms of economic impact, and environmental pollution.

In addition to the increasing demand of mobility among our society, the
steady growth of traffic volume, and the occurrence of traffic jams on the road
network remains prompt us to consider traffic flow problem.

Roundabouts are special forms of road network having short links and con-
nected to external incoming and outgoing roads. Traffic evolution on the round-
about also differ from other road networks due to priorities given for traffic on
the main road. Modern roundabouts are considered as an alternative traffic con-
trol device that can improve safety and operational efficiency at intersections
when compared to other conventional intersection controls [27]. This implies,
studying traffic flow on the roundabout play vital role in improving sustain-

1



2 1 Introduction

ability and safety issues of the society. Therefore, traffic flow modeling and op-
timization on the roundabout are the core theme of this dissertation.

Traffic flow models can be considered as a theoretical substitution of a real
traffic system. It provides a better understanding of traffic evolution, in particu-
lar the formation and propagation of traffic congestion. Broadly speaking, there
are three main ways in which traffic models can be used:

• in traffic flow prediction and estimation
• in control strategies such as roundabout, traffic light and ramp meter-

ing.
• in assessing different design options and in choosing most cost-effective

strategy.

Traffic flow models are broadly classified into three main categories based on
level of detail, representation of the process, and scale of application. The clas-
sifications are: Microscopic, Mesoscopic, and Macroscopic traffic flow model.

Microscopic traffic flow model concentrates on the behavior of each individ-
ual vehicle. The driver will adjust his or her velocity and acceleration according
to the conditions ahead. These models are often called Follow-the-Leader mod-
els. In Follow-the-Leader models each vehicle is influenced directly by the one
in front, as often happens in real traffic flow. Thus, vehicle position is treated
as a continuous function and each vehicle moves according to an ordinary dif-
ferential equation normally dependent on its speed and the distance to the next
vehicle [3, 32]. The solution of a large system of ordinary differential equa-
tions can provide the desired description of the flow conditions on the road.
However, when the number of vehicles become large this model is not compu-
tationally feasible.

The mesoscopic approach is based on a statistical description that closely re-
lated to the kinetic theory of gases. Kinetic theory describes the state of the
system by a probability distribution function of the position and velocity of
the vehicles. Mathematical models use integro-differential type equations. The
kinetic equations for vehicular traffic discussed by various authors, see for ex-
ample in [48, 56] and references therein.

The macroscopic approach studies features of traffic flows such as flow rate
f , traffic density ρ and travel speed v globally which are assumed to be contin-
uous. Mathematical models are stated in terms of nonlinear partial differential
equations derived from hyperbolic conservation laws, and phenomenological
models are used for their closure. It provide better understanding on the forma-
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tion and dissipation of traffic jams. The advantage of macroscopic models are
their tractable mathematical structure and low number of parameters.

Each of the modelling approach that has been presented above is character-
ized by advantages and disadvantages. None of them is absolutely good or ab-
solutely bad in capturing all the observed traffic phenomena. Regardless of its
technical limitations, in this dissertation we follow macroscopic approach that
are derived from fluid dynamics because it seems appropriate to describe phe-
nomena such as shock formation and propagation.

1.1 Structure of the Dissertation

This dissertation is organised as follows. We begin with reviewing important
related literature and its basic mathematical properties in Chapter 1. Then we
briefly recall important mathematical preliminaries and its derivation in chap-
ter 2. We present traffic flow optimization on roundabouts by modelling round-
about as a concatenation of junctions with its detail analysis in Chapter 3. In
Chapter 4 we addressed impacts of pedestrians’ on the performance of the
roundabout in regulating traffic problem. Finally we present conclusions and
future work in Chapter 5.

1.2 Background of the Study

The origins of macroscopic traffic flow models date back to 1950’s, when the
seminal works of Lighthill and Whitham [53] and Richards [61] proposed a
fluid dynamic model for vehicular traffic flow on an infinite single road, com-
monly denoted as LWR. The main mathematical challenge to the LWR, and
more generally systems of conservation laws, is the development of discontinu-
ities, which can occur in finite time even from smooth initial conditions [8, 30].
The existence and uniqueness of an initial value problem (Cauchy problem) for
conservation laws on infinite domain are achieved through a suitable entropy
condition introduced in the pioneering works of Oleinik [58] and Kruzkov [50].

The LWR model has been extended to road networks by several authors in
most recent years, see [11, 13, 16, 25, 29] and references therein. In the network
setting, one-dimensional hyperbolic systems of conservation laws are also an
efficient framework for modeling gas pipeline flow [2], data networks [23], and
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supply chains [35]. These models have also been utilized for the optimization
of vehicular traffic flow on road networks through various approaches, see for
example [10, 12, 24, 40, 60]. Optimal control of traffic flow on networks have
been investigated by different authors using different optimization techniques;
detailed presentation and analysis can be found for example in [38] and refer-
ence therein.

The scalar LWR traffic flow model has some limitation in capturing all the
properties of traffic phenomenon. For example, the model can not efficiently de-
scribe observed traffic behavior in light traffic [5, 30]. To harmonize some of the
limitations of first-order models Payne [59] and independently Whitham [65]came
up with second order traffic model that couple the mass conservation equation
with a momentum equation. Usually denoted as PW in the literature. The PW
model written as {

∂ρ

∂ t +
∂ρv
∂x = 0

∂v
∂ t + v∂v

∂x +
1
ρ

∂ (Ae(ρ))
∂x = 1

τ
(Ve(ρ)−V )

(1.1)

where

(a) Ve(ρ) is the equilibrium value of the speed,
(b) 1

ρ

∂ (Ae(ρ))
∂x represents the anticipation term proposed differently by dif-

ferent authors.
(c) 1

τ
(Ve(ρ)−V ) denotes relaxation term of V with in a certain time τ > 0

towards its equilibrium value Ve(ρ).

However, the model has several limitations from engineering point of view as
Daganzo detailed in [20]. Motivated by Daganzo’s criticisms, Aw and Rascle [1]
introduced a new macroscopic model which reads{

ρt +(ρv)x = 0
(v+ p(ρ))t + v(v+ p(ρ))x = 0

(1.2)

where the quantity p(ρ) plays the role of an “anticipation factor ”that takes
into account the reactions of the drivers to what happens in front of them.
These models avoid several inconsistencies of previous models, like wrong
way traffic and missing bounds on the density. Nevertheless, as pointed out
by the authors, the Aw-Rascle model is not well-posed near the vacuum ρ = 0.
This fact is intended to reproduce instabilities that might appear in real sit-
uations at low car densities, but it is a source of difficulties from the mathe-
matical point of view. This model has been intensively investigated in the last
decade by different researchers, see for example [28, 31, 33]. Other higher or-
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der traffic flow model have been also introduced and investigated, see for ex-
ample [14, 16, 30] and references therein. In addition to analytical discussions,
numerical methods have been studied for macroscopic traffic flow models for
example in [9, 18, 46, 49, 51, 64].

Compared to higher order models, the LWR model is simple, robust, and suf-
ficient to describe correctly most of the important behavior of traffic phenom-
ena and situations. It admits analytical solutions for most traffic situations and
is presently the only traffic flow model for which a fairly complete theory and
numerical techniques are available. Therefore, this is the model we used in this
dissertation.

1.2.1 The LWR Model

In this subsection, we briefly recall the mathematical descriptions of vehicular
traffic based on nonlinear hyperbolic conservation laws. Macroscopic models
describe the evolution of vehicle in terms of macroscopic variables such as the
density and average speed of cars. The basic assumption is that the road is con-
sidered as a line with infinite in length and car’s size is assumed negligible
compared to the road’s length. A unidirectional road is modelled by an interval
I = (a,b) ⊂ R, a < b. The density ρ(t,x) and the average velocity v(t,x) depend
on the time t ∈ R+ and position x ∈ I.

The first model of this type was due to the pioneer work of Lighthill and
Whitham [53] and independently Richards [61]. The conservation of the number
of vehicles leads to the following scalar hyperbolic partial differential equations

ρt + f (ρ)x = 0 (1.3)

where ρ = ρ(t,x) is the mean traffic density defined as the number of vehicles
per unit length, and f (ρ) is the traffic flow usually denotes the number of vehi-
cles per unit time. The flux is assumed to depend only on the density and can
be written as

f (ρ) = ρv(ρ) (1.4)

where the mean velocity v is a non-negative, non-increasing function. This phe-
nomenological relation is valid in steady state conditions, and it is not realistic
in more complicated situations. Experimental measurements [47] revealed that
the closure relation at steady state only hold for small values of the density. Oth-
erwise the fundamental diagram becomes multi-valued and leads to free flow
and congested region. Further analysis can be found in [5, 30, 39] and references
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therein. R. Colombo [14, 16] introduced a second order model that includes the
ideas of a congested and free-flow region and discussed transition between the
two regions. For the detailed derivation and analysis of nonlinear hyperbolic
conservation laws we refer to [8, 19, 26, 45, 49].

1.2.2 LWR Model for Traffic Networks

In this subsection, we review some of the literature on LWR model which has
been implemented on road networks for later reference. The idea to consider
the LWR model on a road network was first proposed in [44] by Holden and
Risebro. Then there has been a growth of interest among researchers [9, 13, 22]
in modelling traffic on road networks using macroscopic model. More recently,
several authors proposed models on networks that are able to describe the dy-
namics at intersections, see [16, 25, 29] and references therein.

In the network setting, one-dimensional hyperbolic systems of conservation
laws have been utilized for the optimization of vehicular traffic flow on road
networks through various approaches, see for example [10, 12, 17, 38, 40, 60].
Furthermore, optimal control of traffic flow on networks have been investigated
by different authors using different optimization techniques; see for example in
[38] and references therein.

First let us briefly recall the definition of road network and definitions of so-
lution at junctions on the network.

Definition 1.1. Road networks consist a couple(I ,J ) where I denotes a finite
collection of unidirectional roads and J is the set of junctions. Each road is
modelled by an interval Ii = [ai,bi] ⊆ R, i = 1, . . . ,n, possibly with either ai =
−∞ or bi =+∞, while each junction J ∈J is the union of two non empty subsets
Inc(J) and Out(J) of 1, . . . ,n respectively represents the incoming and outgoing
roads.

The term unidirectional in this definition is for formality purpose since a two
way road is described through two distinct unidirectional roads. The vehicular
dynamics on each road segment is governed by hyperbolic conservation laws
[8, 30] away from the junctions{

∂tρi +∂x f (ρi) = 0, ∀i ∈I ,x ∈ (ai,bi), t ∈ R+,
ρi(0,x) = ρi,0(x), ∀x ∈ (ai,bi),

(1.5)
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where the function ρi = ρi(t,x)∈ [0,ρmax] describe the density of vehicular traffic
on road i, and ρmax is the maximal density of the vehicles on the road under
consideration. The traffic flux

f : [0,ρmax]→ R+

is assumed to be differentiable, strictly concave and f (0) = f (ρmax) = 0.

Definition 1.2. Let J be a junction with incoming roads, say I1, . . . , In, and out-
going roads, say In+1, . . . , In+m. A weak solution at J is a collection of functions
ρi : Ii× [0,+∞)→ R, i = 1, . . . ,n+m, such that

n+m

∑
i=1

(∫ +∞

0

∫ bi

ai

(
ρi

∂ϕi

∂ t
+ f (ρi)

∂ϕi

∂x

)
dxdt +

∫ bi

ai

ρi,0(x)ϕi,0(x)dx
)
= 0, (1.6)

for every ϕi, i = 1, . . . ,n+m smooth having compact support in the set (ai,bi]×
(0,+∞) for i = 1, . . . ,n (incoming roads) and in [ai,bi)× (0,+∞) for j = n +
1, . . . ,n+m (outgoing roads), that are also smooth across the junction, i.e.

ϕi(.,bi) = ϕ j(.,a j),
∂ϕi(.,bi)

∂x
=

∂ϕ j(.,a j)

∂x
,

where i ∈ {1, . . . ,n} and j ∈ {n+1, . . . ,n+m}

The formulation of a well−defined problem at each junction on the road net-
work needs Rankine-Hugoniot condition for the existence of weak solutions.
This leads to the following Lemma.

Lemma 1.1. Let ρ = (ρ1, . . . ,ρn+m) be a weak solution of (1.5)at the junction such that
x→ ρi(t,x) has bounded variation. Then ρ satisfies the Rankine-Hugoniot condition at
the junction J, namely

n

∑
i=1

f (ρi(t,bi)) =
n+m

∑
j=n+1

f (ρ j(t,a j)) (1.7)

for almost every t > 0.

This result confirms the conservation of vehicles at a junction. For the technical
proof we refer ([30], page 98).

Definition 1.3 (Weak solution of a Riemann Problem at a Junction). By a weak
solution of the Riemann problem for a junction J j ∈J we mean a weak solution
of the initial value problem (1.5) for the road network consisting of the single
junction with n incoming and m outgoing roads all extending to infinity [44].
The initial data are given by
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ρi,0(x)≡ ρi,0 ∀x ∈ [ai,bi], i = 1, . . . ,n+m.

where ρi,0 are constants.

The existence of weak solution alone can not be sufficient unless it meet the
required physical meaning for a given junction. In the study of traffic flow on a
road network, the main challenging task is the definition of suitable additional
coupling conditions at junction in order to recover a unique weak solution of
the Riemann problem. To this aim, a variety of approaches has been suggested,
see for example [13, 25, 29, 43, 44]. For completeness we review some of the
main ideas suggested in these references and defer others for the next chapter.

Coclite-Garavello-Piccoli (CGP) approach

In this approach [13] , the authors considered a junction with n incoming and
m outgoing roads. For a given initial data ρi,0, the authors restricted the possi-
ble values of ρ̂i,0 in order to obtain the correct wave speed , and then solved a
Riemann problem on each road as follows

ρ̂i,0 ∈

{{
ρi,0
}
∪ (τ(ρi,0),1] if 0≤ ρi,0 < ρc i = . . . ,n,

[ρc,1], if ρc ≤ ρi,0 ≤ 1
(1.8)

and

ρ̂ j,0 ∈

{
[0,ρc] if 0≤ ρ j,0 ≤ ρc{

ρ j,0
}
∪ [0,τ(ρ j,0)) if ρc ≤ ρ j,0 ≤ 1 j = n+1, . . . ,n+m.

(1.9)

where τ(ρ) 6= ρ denotes a unique number such that f (τ(ρ)) = f (ρ) for every
ρ 6= ρc. Further the authors introduced a traffic distribution matrix by assuming
that:

(A) there are some prescribed preference of drivers, that is the traffic from
incoming roads is distributed on outgoing roads according to fixed
coefficients. Precisely, there exists a traffic distribution matrix

A = {β j,i} j=n+1,...,n+m,1,...,n ∈ Rm×n,

such that

β ji 6= β ji′,∀i 6= i′, 0 < β jn < 1,
n+m

∑
j=n+1

β ji = 1 (1.10)

where β ji is the percentage of the drivers arriving from the ith incoming road
and take the jth outgoing road for each i′ 6= i = 1, . . . ,n and j = n+1, . . . ,n+m.
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(B) respecting rule (A), drivers choose so as to maximize fluxes.

Then the following coupling condition is assumed to be satisfied for the junc-
tion J ∈J ,

γ̂i = f (ρ̂i)

f (ρ̂ j) =
n+m

∑
j=n+1

β ji f (ρ̂i) =
n+m

∑
j=n+1

β jiγ̂i, ∀ j = n+1, . . . ,n+m. (1.11)

The function E was introduced to measure the flux function on the incoming
roads as follows,

E : (γ1, . . . ,γn) ∈ Rn 7→
n

∑
i=1

γi

and the sets

Ωi :=

{
[0, f (ρi,0)], if 0≤ ρi,0 ≤ ρc

[0, f (ρc)], if ρc ≤ ρi,0 ≤ 1,
i = 1, . . . ,n,

Ω j :=

{
[0, f (ρc)], if 0≤ ρ j,0 ≤ ρc

[0, f (ρ j,0)], if ρc ≤ ρ j,0 ≤ 1,
j = n+1, . . . ,n+m,

Ω :=
{
(γ1, . . . .γn) ∈Ω1×·· ·×Ωn : A · (γ1, . . . ,γn)

T ∈Ωn+1×·· ·×Ωn+m
}
.

Then proved that

E(γ̂1, . . . , γ̂n) = max
(γ1,...,γn)∈Ω

E(γ1, . . . ,γn) subjected to (1.8)− (1.11).

has a unique solution in the sense of Definition 1.3. Because of condition (1.10)
this approach do not include a junction with two incoming and one outgoing
roads. More precisely, one can treat the problem where the number of incoming
roads is greater than the number of outgoing ones. In this case, if not all cars can
go through the junction then there should be a yielding rule between incoming
roads. This corresponds to fix right of way parameters, which permit to find a
unique solution. For the details about priority parameter rule we refer to [30].
Also, the authors proved the existence of solutions to the Cauchy problem and
showed the Lipschitz continuous dependence on initial data does not hold in
general, but it does hold under special assumptions.

Herty-Lebacque-Moutari Approach

In this approach, the authors extended the models introduced in [13, 44] for
intersections using a description in terms of supply and demand functions by
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introducing a buffer of finite storage capacity at a junction. This approach is
motivated by an effort for a relevant modeling of complex intersections such as
roundabout and on-ramps.

The characteristics of the buffer is defined by making the assumptions that:
junction has a certain limited capacity so that vehicles can enter the junction
and get stuck provided that no car should be lost inside the buffer. The instan-
taneous rate of change of the buffer load at a junction is governed by the dif-
ference between the inflow and outflow of the traffic at a junction. This leads to
the following Cauchy problem for a given junction J:

∂tρi +∂x f (ρi) = 0, (1.12)

ρi(0,x) = ρi,0 =

{
ρ
−
i,0 for x < bi if i ∈I −

ρ
+
i,0 for x > ai if i ∈I +

(1.13)

l̇(t) = ∑
i∈I +

f (ρi(t,bi))− ∑
i∈I −

f (ρi(t,ai)), ∀t ≥ t0, (1.14)

l(0) = l0, 0≤ l0 ≤ lmax, (1.15)

Herein I − and I + denotes the set of incoming and outgoing roads respec-
tively. In this setting, equation (1.12) describes traffic evolution on incoming
and outgoing roads.

Set the rules for entering and exiting the junction as follows.

• If the buffer is not empty, the demand of the buffer is constant, regard-
less of the current number of cars in the buffer and thus, the exiting
flow from the buffer is idealized to be constant.

• If the buffer is not full, the supply of the buffer is constant, regardless
of the current number of cars in the buffer. Hence, the flow entering
the buffer is idealized to be constant.

For a junction with multiple outgoing roads, the authors considered traffic
distribution matrix as in [13]. Whereas in the case of multiple incoming roads
and a completely filled buffer they follow the approach given in [41] to deal
with the matter of priorities on the incoming roads. Eventually, the modeling
approach modified so that the actual fluxes qi := f (ρi(t,bi)) if i ∈I + and q j :=
f (ρ j(t,a j)) if j ∈I − satisfy for a.e. time t > 0



1.2 Background of the Study 11

qi = min{ 1
∑i di

sB,d(ρi(t,bi))}, q j = min{β jdB,s(ρ j(t,a j))}, (1.16)

dB =

{
µ if 0 < l(t)≤ lmax,

min{∑i∈I + d(ρi(t,bi)),µ} if l(t) = 0,
(1.17)

sB =

{
µ if 0 < l(t)≤ lmax,

min{∑ j∈I −min(s(ρ j(t,a j)),β jµ)} if l(t) = lmax,
(1.18)

l̇(t) = ∑
i∈I +

f (ρi(t,bi))− ∑
j∈I −

f (ρj(t,aj)),∀t ≥ t0, (1.19)

Equations(1.16)-(1.19) define a Riemann solver at a single junction where roads
are extended to infinity while equation (1.16) states that the actual flow on the
incoming road is bounded by the demand in order to obtain the correct wave
speeds. According to the authors, if the supply of the buffer sB is less than the
total demand ∑i di, then the right-of-way rule applies. Similarly, the outgoing
fluxes q j : are bounded by the supply on the corresponding road, s(ρ j(t,a j)),
and by the maximal inflow toward this road, β jdB. The demand of the buffer dB
is equal to µ , whenever the buffer is not empty. If the buffer is empty we require
that at most the demand of the incoming roads is used to determine the actual
outflows. In the case of a full buffer only the minimum of β jµ and s(ρ j(t,a j)) is
allowed as throughput through the buffer.

Unfortunately, the authors remarked that well-posedness for an arbitrary
number of incoming and outgoing roads is not achieved except for a single in-
coming and single outgoing roads as special case. For this special case, the exist
of a unique weak entropy solution established in [43] Lemma 3.1.

In addition to well-poesedness limitation for arbitrary number of incoming
and outgoing roads, all cars entering the same buffer might loose the informa-
tion about their origins and destinations due to the proposed model contains
buffer inside the junction.

However, in [29] the authors considered the same approach and proved the
existence and well posedness of solutions at the node with buffer for an arbi-
trary number of incoming and outgoing roads.

In order to achieve the result, the authors established the following techni-
cal definitions for entropy admissible solution, Riemann problem and Riemann
solver which we are going to recall briefly.

The following consecutive definitions are taken from [29].
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Definition 1.4. A function ρi ∈C([0,+∞[;L1
loc(Ii)) is an entropy admissible solu-

tion to (1.12) in the arc Ii if, for every k ∈ [0,1] and every ϕ : [0,+∞[×Ii→R which
is smooth, positive and with compact support in ]0,+∞[×(Ii \{0}), it holds∫ +∞

0

∫
Ii

(|ρi− k|)∂tϕ + sgn(ρi− k)( f (ρi)− f (k))∂xϕdxdt ≥ 0. (1.20)

Definition 1.5. A collection of functions ρi ∈C([0,+∞[;L1
loc(Ii)) where i∈{1, . . . ,n+

m} and l ∈W 1,∞ is a weak solution at J if

1. for every i∈ {1, . . . ,n+m}, the function ρi is an entropy admissible solution
to (1.12) in Ii ;

2. for every i ∈ {1, . . . ,n+m} and for a.e.t > 0, the function x 7→ ρi(t,x) has a
version with bounded variation;

3. for a.e.t > 0

l̇(t) =
n

∑
i=1

f (ρi(t,0−))−
n+m

∑
i=n+1

f (ρi(t,0+))

where ρi stands for the version with bounded variation.

Consider a node J with a buffer, whose demand and supply are equal to a
constant µ ∈ (0,max{n,m} f (ρc)). Then fix ρ1,0, . . . ,ρn+m,0 ∈ [0,1], l0 ∈ [0, lmax]
and consider the following Riemann problem at J

∂ tρi +∂x f (ρi) = 0
ρi(0, .)≡ ρi,0

l̇(t) = ∑
n
i=1 f (ρi(t,0−))−∑

n+m
i=n+1 f (ρi(t,0+)), i ∈ {1, . . . ,n+m}

l(0) = l0

(1.21)

The real valued function l(t) ∈ [0, lmax] denotes the total number of cars in the
buffer inside the junction J at time t.

Definition 1.6. A solution to the Riemann problem (1.21) is a weak solution at
J, in the sense of Definition 1.5, such that ρi(0,x) = ρi,0 for every i∈ {1, . . . ,n+m}
and for a.e. x ∈ Ii and such that l(0) = l0 .

Furthermore, the authors considered the concept of Riemann solver at junction
as in [30] in order to fix the correct wave speed.
Definition 1.7. A Riemann solver RS is a function

RS : [0,1]n+m→ [0,1]n+m

(ρ1,0, . . . ,ρn+m,0) 7→ (ρ̄1, . . . , ρ̄n+m)

satisfying the following
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1. for every i ∈ {1, . . . ,n}, the classical Riemann problem
∂tρ +∂x f (ρ) = 0, x ∈ R, t > 0.

ρ(0,x) =

{
ρi,0, if x < 0,
ρ̄i, if x > 0,

is solved with waves with negative speed;
2. for every j ∈ {n+1, . . . ,n+m}, the classical Riemann problem

∂tρ +∂x f (ρ) = 0, x ∈ R, t > 0.

ρ(0,x) =

{
ρ j,0, if x < 0,
ρ̄ j, if x > 0,

is solved with waves with positive speed;

Using these concepts and formulations the authors precisely set the Cauchy
problem at J:

∂tρi +∂x f (ρi) = 0, x ∈ Ii \{0}, t > 0
ρi(0,x) = ρi,0(x)
l̇(t) = ∑

n
i=1 f (ρi(t,0−))−∑

n+m
i=n+1 f (ρ j(t,0+)), i ∈ {1, . . . ,n+m}

l(0) = l0

(1.22)

where ρ1,0, . . . ,ρn,0 ∈ BV(]−∞,0]; [0,1]) are fixed initial data on the incoming
arcs, ρn+1,0, . . . ,ρn+m,0 ∈BV([0,+∞[; [0,1]) m- initial data on the outgoing arcs and
l0 ∈ [0, lmax].

Theorem 1.1. For every T > 0, the Cauchy problem (1.22) admits a weak solution at
J(ρ1, . . . ,ρn+m, l) such that

1. for every i ∈ {1, . . . ,n+m}, ρi is a weak entropic solution of

∂tρi +∂x f (ρi) = 0

in [0,T ]×Ii;
2. for every i ∈ {1, . . . ,n+m}, ρi(0,x) = ρi,0(x) for a.e x ∈Ii;
3. for a.e t ∈ [0,T ]

RS l(t)(ρ1(t,0−), . . . ,ρn+m(t,0+)) = (ρ1(t,0−), . . . ,ρn+m(t,0+));

4. for a.e t ∈ [0,T ]

l̇(t) =
n

∑
i=1

f (ρi(t,0−))−
n+m

∑
i=n+1

f (ρ j(t,0+)).
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Then proved existence and well-posedness of the solutions by using the
wave-front tracking technique and the generalized tangent vectors. For the de-
tail technical analysis we refer to [29]. More recently, modelling junction with
ramp buffer was introduced in [25] and proved the existence and uniqueness of
solutions of the Riemann problem at the junction by solving a Linear Program-
ming (LP) optimization problem. In chapter 3 , this is the model we modified to
study traffic flow on a roundabout.

The first macroscopic pedestrian flow model was due to the seminal work of
Hughes [62] where the preferred direction of motion is given by the solution of
an Eikonal Equation

f (ξ )||∇φ ||= 1 (1.23)

where the function f (ξ ) is given by

f (ξ ) =Umax

(
1− ξ

ξmax

)
.

Here Umax is the maximal velocity, ξmax the maximal density of the pedestrian
and ξ = ξ (t,x) denotes the pedestrian density in bounded domain. Further-
more, in [15] the authors presented a model for the flow pedestrians that de-
scribes features such as the fall due to panic in the outflow of people through a
door. More recently, the coupling of traffic flow networks with pedestrian mo-
tion on the street has been studied in [6, 7].

1.3 Contributions

The main contribution of this dissertation is in the macroscopic traffic flow mod-
eling and optimization on roundabouts which include: Macroscopic traffic flow
optimization on roundabouts, Gradient-based instantaneous traffic flow opti-
mization on a roundabout and Pedestrians’ impact on the performance of a
roundabout. From these contributions, one of them published, one accepted,
submitted and the last in preparation.



Chapter 2
Derivation of Scalar Conservation Law

2.1 The Scalar Conservation Law

Physical quantities are said to be conserved in certain process if the amount of
substance before the process remains the same also after the process ends. Based
on this assumption, the equation of scalar conservation law is already derived
in standard books. For instance properties and detailed analysis of nonlinear
hyperbolic conservation laws can be found in [4, 8, 19, 26, 45, 49, 54, 55].

To recall, a road is considered to be a line with infinite length and size of a
vehicle is assumed to be negligible compared to the road length. Furthermore,
assume that vehicles do not enter or leave the section of the road at any of its
points. The conservation law states that the change in the total amount of a
physical quantity contained in any region of space must be equal to the net flux
of that quantity across the boundary of that region. Fix any two distinct points
x1 and x2 on the section of the road. Then the number of vehicles between x1 and
x2 varies according to the law

d
dt

∫ x2

x1

ρ(t,x)dx =
∫ x2

x1

∂

∂ t
ρ(t,x)dx (2.1)

This rate of change must be equal to the net flux across x1 and x2 which is given
by ∫ x2

x1

∂

∂ t
ρ(t,x)dx = f (ρ(t,x1))− f (ρ(t,x2)) (2.2)

Equation (2.2) measures the flow of vehicles entering the road segment at x1
and leaving the segment at x2. In other words, the quantity ρ is neither created
nor destroyed. Thus the total amount of ρ contained inside any given interval
[x1, x2] can be changed only due to the flow of ρ across boundary points. But
f (ρ(t,x)) = ρ(t,x)v(t,x) where v(t,x) is the average velocity of vehicles. Integrat-

15
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ing both sides of equation (2.2) on [t1, t2] yields∫ t2

t1

∫ x2

x1

∂

∂ t
ρ(t,x)dxdt =

∫ t2

t1
f (ρ(t,x1))− f (ρ(t,x2))dt (2.3)

For continuously differentiable functions ρ and f (ρ) this equation is the same
as∫ t2

t1

∫ x2

x1

∂

∂ t
ρ(t,x)dxdt =−

∫ t2

t1
[ f (ρ(t,x2))− f (ρ(t,x1))] dt =−

∫ t2

t1

∫ x2

x1

∂

∂x
f (ρ(t,x))dxdt

(2.4)
Rearranging and simplifying equation (2.4) gives∫ t2

t1

∫ x2

x1

[
∂

∂ t
ρ(t,x)+

∂

∂x
f (ρ(t,x))

]
dxdt = 0 (2.5)

Since this equation holds for arbitrary limits of integration, the integrand must
be zero. Consequently equation (2.5) holds for all x1 and x2, which leads to the
conservation law

∂

∂ t
ρ +

∂

∂x
f (ρ) = 0 (2.6)

where ρ is the conserved physical quantity and f is the flux function.
In the case of smooth initial data we can not expect that there are continuous

solutions for equation (2.6) that exist globally in time. To see such cases we have
the following example.

Example 2.1. Consider the problemρt +ρρx = 0

ρ(0,x) = ρ0(x) =
1

1+ x2 .
(2.7)

For small t > 0, the solution can be found by the method of characteristics as
follows: {

dx
dt = ρ,
dρ

dt = 0
(2.8)

Solving this system of ordinary differential equation we have
ρ(t,x) = c1 and x(t) = c1t +c2, where c1 and c2 are arbitrary constants. Applying
initial condition one can obtain that

x(t) = x+
t

1+ x2 .
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The function ρ(t,x) is constant along the characteristic lines in the x-t plane.
Now the main goal is to find the positive time ts(breaking time) and the location

xs of the first appearance of the shock. To achieve this we consider, f (ρ) =
ρ2

2
,

f ′(ρ) = ρ , f ′′(ρ) = 1, and ρ0(ξ ) =
1

1+ξ 2 , where ρ ′0(ξ ) =
−2ξ

(1+ξ 2)2 .

The non-negative function

z(ξ ) =− f ′′(ρ0(ξ ))ρ
′
0(ξ ) =

2ξ

(1+ξ 2)2

has a maximum at ξM, where z′(ξM) = 0 which on solving gives ξM =
1√
3

and

z(ξM) =

√
27
8

. Thus, the breaking time ts and the location of the first appearance
of the shock is at

xs = f ′(ρ(ξM))t +ξM =
√

3.

For t sufficiently small 0≤ t <
8√
27

, the characteristic lines do not intersect each

other and the solution is unique. The solution to our Cauchy problem is thus
given implicitly by

ρ(x+
t

1+ x2 , t) =
1

1+ x2 .

On the other hand, when t >
8√
27

, the characteristic lines start to intersect each

other. As a result, the map

x 7−→ x+
t

1+ x2

is not one-to-one and the map (x+
t

1+ x2 , t) =
1

1+ x2 no longer defines a single

valued solution of our Cauchy problem. This example lead us to the idea of
weak solution.

2.2 Weak Solution

Smooth solutions of hyperbolic conservation law can blow up (develop discon-
tinuities or singularities) in finite time. In such a case one could not follow the
practice of accepting the solution of a differential equation even when the equa-
tion itself failed to make sense because closed form solutions of the nonlinear
problems could not be computed. In order to compute discontinuous solutions,
we needed to extend the notion of solution itself. Thus, to construct solutions
global in time, we are forced to work in a space of discontinuous functions, and
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interpret the conservation equations in their distributional sense as in equation
(2.10). Now we give the definition of weak solution [8].

Definition 2.1. Let f : Rn→ Rn be a smooth vector field. A measurable function
ρ : R× [0,∞)→ Rn is a weak solution of the system of conservation laws{

ρt +( f (ρ))x = 0
ρ(0,x) = φ(x)

(2.9)

if ∫
∞

0

∫
∞

−∞

(ρϕt + f (ρ)ϕx)dxdt +
∫

∞

−∞

ρ(0,x)ϕ(0,x)dx = 0 (2.10)

for all smooth function ϕ : Ω −→ Rn with compact support.

Remark 2.1. In the above definition no continuity assumption is made on ρ . We
only need ρ and f (ρ) to be locally integrable in Ω . We also notice that weak
solutions are defined up to L1 equivalence.

The proof of the following theorem can be found in [8, 26].

Theorem 2.1. Suppose ρ−,ρ+ ∈ Rn and λ ∈ R. If the function

ρ(t,x) =

{
ρ+ if x > λ t
ρ− if x < λ t

(2.11)

is a weak solution of the system of conservation laws (2.9), then

λ (ρ+−ρ
−) = f (ρ+)− f (ρ−). (2.12)

Proof. Let ϕ = ϕ(t,x) be any continuously differentiable function with compact
support suppϕ ⊂ Ω . Let Γ be a smooth curve that divides Ω into two parts.
Ω− := Ω ∩{x < λ t}, Ω+ := Ω ∩{x > λ t}. Let~n = (n1,n2) be the unit normal to
the curve Γ pointing from Ω− to Ω+ and ~n− = −~n+. Suppose that the curve Γ

is represented parametrically as {(t,x) : x = s(t) = λ t} for some smooth function
s : [0,∞)→ R.

Then n+ = (n+1 ,n
+
2 ) =

1√
1+(ṡ(t))2

(1,−ṡ(t)) where ṡ(t) =
d
dt

λ t = λ . Substituting

we get n+ =
1√

1+λ 2
(1,−λ ).

Define the vector field g := (ρ(t,x) ·ϕ(t,x), f (ρ(t,x)) ·ϕ(t,x)). From definition of
weak solution we know that∫∫

Ω

(ρϕt + f (ρ)ϕx)dxdt = 0 (2.13)
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Fig. 2.1: Region where the divergence theorem is applied

Equation(2.13) can be written as

0 =
∫∫

Ω+∪Ω−
divg dxdt =

∫
∂Ω−

(n− ·g)ds+
∫

∂Ω+
(n+ ·g)ds (2.14)

where ds denotes the differential of the arc length along the curve Γ . Since
suppϕ ⊂Ω , then ϕ = 0 on the boundary ∂Ω . That is∫∫

Ω

(ρϕt + f (ρ)ϕx)dxdt =
∫∫

Ω−
(ρϕt + f (ρ)ϕx)dxdt +

∫∫
Ω+

(ρϕt + f (ρ)ϕx)dxdt = 0

(2.15)
Applying integration by parts on Ω− we get∫∫

Ω−
(ρϕt + f (ρ)ϕx)dxdt =−

∫∫
Ω−

(ρt + f (ρ)x)ϕdxdt +
∫

Γ=∂Ω−
g ·~n−ds

=−
∫

∂Ω−
n− ·gds =−

∫
∂Ω−

(ρ− ·n2 + f (ρ−) ·n1)ϕds

(2.16)
Similarly, applying integration by parts on Ω+ with n+ gives∫∫

Ω+
(ρϕt + f (ρ)ϕx)dxdt =

∫
∂Ω+

(ρ+n2 + f (ρ+)n1)ϕds (2.17)

Adding equation(2.16) and (2.17) and comparing with equation (2.14) we obtain

−
∫

Γ

(ρ−n2 + f (ρ−n1))ϕds+
∫

Γ

(ρ+n2 + f (ρ+n1))ϕds = 0 (2.18)

or which on rearranging gives

−
∫

Γ

((ρ+−ρ
−)n2 +( f (ρ+)− f (ρ−)n1))ϕds = 0 (2.19)
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Since ϕ ∈C1
c (Ω) is arbitrary, we must have

(ρ+−ρ
−)n2 +( f (ρ+)− f (ρ−))n1 = 0. (2.20)

After rearranging and simplifying equation (2.20) we obtain the famous Rankine-
Hugoniot jump condition

λ (ρ+−ρ
−) = f (ρ+)− f (ρ−). (2.21)

Here we observe that equation (2.21) form a set of n scalar equations relating
the right and left states of ρ−,ρ+ ∈ Rn and the speed λ of the discontinuity.

Remark 2.2. In the scalar case, one can arbitrarily assign the left and right states
ρ−,ρ+ ∈ R and determine the shock speed as

λ =
f (ρ+)− f (ρ−)

ρ+−ρ−
(2.22)

Geometrically this can be interpreted as the slop of the secant line through the
points (ρ−, f (ρ−)) and (ρ+, f (ρ+)) on the graph of the flux function f .

Example 2.2. Consider the problem
ρt +ρρx = 0 t ≥ 0

ρ(0,x) =

{
0 if x < 0
1 if x > 0

The solution ρ is constant along the characteristic curves. We have a region
on which we do not have enough information. There are many possibilities to
define our solution in this region.

As first possibility take

ρ1(t,x) =

0 for x <
t
2

1 for x >
t
2

One can easily see that ρ1(t,x) is a classical solution on the either side of the

curve of discontinuity x =
t
2

. Also ρ1(t,x) satisfies the Rankine-Hugoniot condi-
tion along the curve of discontinuity.
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x

ρ = 1
x = t

2

t

ρ = 0

Fig. 2.2: Non physical solution

Therefore, ρ1(t,x) is a weak solution to the initial value problem. This is not
the only possible solution. As a second possibility consider

ρ2(t,x) =


0 for x≤ 0
x
t

for 0≤ x≤ t

1 for x≥ t

ρ2(t,x) is a continuous solution of the given problem.

x

ρ = 1

ρ = x
t

t

ρ = 0

Fig. 2.3: Physically Acceptable solution

This types of a solution which ’fans’ the wedge 0 < x < t is called a rarefaction
wave. ρ1(t,x) is not physically realistic but ρ2(t,x) is considered to be the more
physically realistic solution and we consider this as our solution. In general, for
every 0 < α < 1, the function ρα : [0,+∞)×R→ R defined by

ρα(t,x) :=


0 if x <

α

2
t;

α if
α

2
t ≤ x≤ (1+α)

2
t;

1 if x≥ (1+α)

2
t



22 2 Derivation of Scalar Conservation Law

is also a weak solution.
The piece-wise constant function ρα satisfies the equation outside the jumps.

Moreover, the Rankine-Hugoniot conditions hold along the two lines of discon-

tinuities x =
α

2
t and x =

(1+α)

2
t for all t > 0. From this example it is clear that

weak solution must be supplemented with further admissibility conditions in
order to get physically acceptable solution. Thus we have the following entropy
condition.

For the discussion of the following concepts and results we mainly rely on
the references [8, 19, 26, 45].

2.3 Entropy Admissible Solutions

In the previous section, we have seen that the weak formulation is not enough
to guarantee uniqueness of the solution for initial value problems. In this sec-
tion we shall see how to guarantee unique solution by supplementing the weak
formulation with admissibility condition. One way is using the entropy con-
dition. The entropy acts as an indicator of discontinuities, and can be used to
isolate a unique solution. This leads to the following definition.

Definition 2.2. A C1 function η : Rn→R is an entropy for (2.6) if it is convex and
there exists a C1 function q : Rn→ R such that

Dη(ρ) ·D f (ρ) = Dq(ρ) (2.23)

for every ρ ∈ Rn. The function q is said to be an entropy flux for η . The pair
(η ,q) is called entropy-entropy flux pair for ( 2.6).

Definition 2.3. A weak solution ρ = ρ(t,x) to the Cauchy problem{
ρt + f (ρ)x = 0
ρ(0,x) = ρ0

(2.24)

is said to be entropy admissible if, for every C1 function ϕ ≥ 0 with compact
support in [0,T ]×R and for every entropy-entropy flux pair (η ,q), it holds∫ T

0

∫
R
(η(ρ)ϕt +q(ρ)ϕx)dxdt ≥ 0. (2.25)

Let Ω ⊆Rn be an open set and f : Ω →Rn be a smooth flux function. Suppose
that the system of conservation laws

ρt + f (ρ)x = 0 (2.26)
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is strictly hyperbolic.

Remark 2.3 (Lax condition). A weak solution ρ = ρ(t,x) of (2.24) is admissible if at
every point (τ,ξ ) of approximate jump, the left and the right state ρ−,ρ+ and
the speed λ = λ (ρ−,ρ+) of the jump satisfy

λ (ρ−)≥ λ ≥ λ (ρ+).

Example 2.3 (Traffic Light Problem). Consider the evolution of traffic at signalized
intersection. Suppose that a bumper-to-bumper traffic is standing at a red light
placed at position x = 0, while the road ahead stay empty. Then, we can express
the given problem as 

ρt + f (ρ)x = 0

ρ0 =

{
ρmax, if x≤ 0;
0, if x > 0.

(2.27)

Assume that at time t = 0, the traffic light turns green and the cars start to
pass through the junction. At the beginning, only cars nearer to the light start
moving while most remain standing. To see the real situation of the dynamics,
we solve the given problem by the method of characteristics.
The characteristic equation becomes

dx
dt

= f ′(ρ),
dρ

dt
= 0

which after solving gives x(t) = f ′(ρ(x(0)))t + x(0) and ρ = constant. The char-
acteristics are straight lines x(0) = x(t)− f ′(ρ)t with slop f ′(ρ(x(0))). f ′(ρ(x(0)))
is the local wave speed.
If x≤ 0, then x(0) = x(t)− f ′(ρmax)t ≤ 0 and this implies x(t)≤ f ′(ρmax)t. If x > 0,
then x(0) = x(t)− f ′(0)t > 0 and this implies that x(t)> f ′(0)t. Thus,

ρ(t,x) =


ρmax, if x≤ f ′(ρmax)t;
?, if f ′(ρmax)t < x < f ′(0)t;
0 if x(t)> f ′(0)t.

At point of discontinuity, x(t)= x(0)+ f ′(ρ(x))t which implies that x(t)= f ′(ρ(x))t
since x(0) = 0. In the middle region, where the characteristics satisfy x(t) =
f ′(ρ(x))t one can easily obtain that ρ(x) = ( f ′)−1 (x

t

)
. Therefore,

ρ(t,x) =


ρmax, if x≤ f ′(ρmax)t;
( f ′)−1 (x

t

)
, if f ′(ρmax)t < x≤ f ′(0)t;

0 if x(t)> f ′(0)t.
(2.28)
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Next using the relation f (ρ) = vmax

(
ρ− ρ2

ρmax

)
and its derivative one can easily

obtain the following expression

x = vmax

(
1− 2ρ

ρmax

)
t.

Again solving for ρ we get

ρ =
ρmax

2

(
1− x

vmaxt

)
.

Note that other choice of the flux function is also possible.

x

x = x0 + vmaxt

x = f ′(ρ)t
t

ρ = 0ρ = ρmax

x = x0− vmaxt

Fig. 2.4: The evolution in the case of traffic light, when the red light turns green

After solving for f ′(ρmax) in terms of vmax and substituting the obtained ex-
pression in equation (2.28), the density at any time t becomes

ρ(t,x) =


ρmax, if x≤−vmaxt;
ρmax

2

(
1− x

vmaxt

)
, if −vmaxt < x≤ vmaxt;

0 if x(t)> vmaxt.

For a fixed time t > 0, the density is equal to ρmax to the left of the point x =
x(0)− vmaxt; hence there is a queue to the left of this point. In the middle the
density ρ = ( f ′)−1 (x

t

)
i.e there is a decreasing in density which is the effect of

progressive accumulation of cars at the green light. The density vanishes to the
right of the point x = x(0)+ vmaxt, hence no car reached yet this point. The flow
is maximal at the traffic light when ρ(t,0) = ρmax

2 and we observe that after the
light turn green the density in the middle thins out.

Thus, from the initial data and maximum density we have ρ+ < ρc < ρ−.
Hence, the speed of the characteristics can be ordered as f ′(ρ+) > 0 > f ′(ρ−).
This tell us that the characteristics on the left move left, and the characteristics
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x

ρ(t,0)

(a) Initial density

x−vmaxt vmaxt

ρ(t,x)

(b) Density at ant time t

Fig. 2.5: The initial density at t = 0 and the density at time t > 0

on the right side move right and envelope appears through which no charac-
teristic curves emanating from the initial condition pass through. Since the en-
tropy condition prevents the formation of the shock, a rarefaction wave would
be formed as shown in the Figure 2.4. Note that, the rarefaction wave move
forward and back.

Now consider the velocity of a single car located initially at the position x =
−x0. Then the car starts moving when−vmaxt0 = x0, so t0 =− x0

vmax
. The velocity of

the car becomes v(t,x) = vmax

(
1− ρ

ρmax

)
. To obtain an equation for x(t) we plug

in v(t,x) = dx
dt and the expression for ρ(t,x) in the middle region:

dx
dt

= vmax

[
1− 1

2

(
1− x

vmaxt

)]
=

vmax

2
+

x
2t
.

Using the method of integrating factor we obtain x(t) = vmaxt+C
√

t. From initial
condition we know that x

(
x0

vmax

)
=−x0. Using this we obtain that C =−2

√
x0vmax.

Hence,
x(t) = vmaxt−2

√
x0vmaxt.

If the light turns red again before the queue has dissipated, the shock does not
get through, the flow never comes free and the traffic jam develops. Some times
the car at the back of the queue during the first red period may encounter the
queue in the second times when the light turn red again. On the other hand, if
the flow rate towards the traffic light is greater than that of away from the traffic
light, the queue has never-ending growth.

Note that similar condition may experienced at incident sites, merging areas
and behind a slow-moving vehicles.
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Example 2.4 (Traffic jam ahead). Consider the following equation of scalar conser-
vation law: 

ρt + f (ρ)x = 0

ρ0 =

{
1
8ρmax, if x < 0;
ρmax, if x > 0.

(2.29)

For x > 0, the density is maximal and the traffic is bumper-to-bumper. The
cars on the left moves with speed v = 7

8vmax so that we expect congestion propa-
gating back into the traffic. When ρ is small, it is reasonable to assume that the
average speed v is more or less equal to the maximal velocity vmax given by the
speed limit.

As discussed above, v(ρ) = vmax

(
1− ρ

ρmax

)
. Then, equation(2.29) becomes

ρt + vmax

(
1− 2ρ

ρmax

)
ρx = 0

subjected to

ρ(x0) =

{
1
8ρmax, if x < 0;
ρmax, if x > 0.

When x < 0,
Applying the given initial datum and flux function we get

f (ρ) = vmax×
1
8

ρmax

(
1−

1
8ρmax

ρmax

)
=

vmaxρmax

64

and the maximal flow attain at ρ = ρmax
2 .

When x > 0, there is no flow. Since the wave on the left move right, and the
wave on the right move left, they intersect and a shock wave would be formed
as shown in the Figure (2.6). We compute the shock speed using Rankine-

x

ρ = 1
8 ρmax

ρ = ρmaxt

t

Fig. 2.6: Evolution of characteristic curve for shock wave



2.3 Entropy Admissible Solutions 27

Hugoniot condition

λ =
f (ρ+)− f (ρ−)

ρ+−ρ−
=
−1
8

vmax.

This indicates that, the shock propagates back with speed −1
8 vmax as it revealed

by the braking of the cars slowing down because of traffic jam ahead. More-
over, since f ′(ρ−) = 3

4vmax > λ > f ′(ρ+) =−vmax the shock is entropy admissible.
Therefore, the unique solution is

ρ(t,x) =

{
1
8ρmax, if x < −1

8 vmaxt;
ρmax, if x > −1

8 vmaxt.

The two constant states are connected by shock curve.

Definition 2.4. A weak solution ρ = ρ(t,x) to the scalar Cauchy problem (2.24)
satisfies the Kruzkov entropy admissibility condition if∫ T

0

∫
R
{|ρ− k|ϕt + sgn(ρ− k)( f (ρ)− f (k))ϕx}dxdt ≥ 0

for every k ∈ R and every C1 function ϕ ≥ 0 with compact support in [0,T ]×R.

Now we have the following theorem.

Theorem 2.2. Let ρ = ρ(t,x) be a piecewise C1 solution to the scalar equation (2.24).
Then ρ satisfies the Kruzkov entropy admissible condition if and only if along every line
of jump x = ξ (t) the following condition holds. For every α ∈ [0,1]{

f (αρ++(1−α)ρ−)≥ α f (ρ+)+(1−α) f (ρ−), if ρ− < ρ+

f (αρ++(1−α)ρ−)≤ α f (ρ+)+(1−α) f (ρ−), if ρ− > ρ+
(2.30)

where ρ− := ρ(t,ξ (t)−) and ρ+ := ρ(t,ξ (t)+)

Geometrically, condition (2.30) implies that, the graph of f remains above the
segment connecting (ρ−, f (ρ−)) to (ρ+, f (ρ+)) if ρ− < ρ+. If ρ− > ρ+, the graph
of f remains below the segment connecting (ρ−, f (ρ−)) to (ρ+, f (ρ+)). For de-
tail explanation and proof of this theorem see [8] page 87.

Definition 2.5. A Riemann problem for the system(2.26) is the Cauchy problem
for the initial datum

ρ0(x) :=

{
ρ− if x < 0,
ρ+ if x > 0,

(2.31)

where ρ−,ρ+ ∈Ω .
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The existence of solution to the Cauchy problem was proved in [8] by employ-
ing the method of wave-front tracking. The method of wave-front tracking is a
set of techniques for constructing approximate solution to hyperbolic conserva-
tion laws in one space dimensions. The idea of the method is that the initial data
is approximated with a piece-wise constant function and each Riemann prob-
lem is solved approximately within the class of piece-wise constant function. If
the exact solution contains a centered rarefaction, this must be approximated
by a rarefaction fan containing several small jumps. At the first time t1 where
two fronts interact, the new Riemann problem is again approximately solved by
piece-wise constant functions. The solution is then prolonged up to the second
interaction time t2, where the new Riemann problem is solved and so on.

The other important feature is that, in a solution constructed by wave front
tracking method, the locations of the jumps and of interaction points depend
on the solution itself. For detail technical analysis such as wave front track-
ing, uniqueness and continuously dependence on the initial data we refer
to [8, 19, 45]. If the flux function is continuous and piece-wise linear, all dis-
continuities in the solution are referred as fronts. A discontinuity that satisfies
the entropy condition is referred as a shock wave and the continuous part of the
solution of the Riemann problem are called rarefaction waves. These terminol-
ogy as well as the term entropy condition comes from gas dynamics.

The global existence of entropy weak solutions within a class of functions
with bounded variation is already proved in the classical sense using different
approach. To recall we state the following theorem.

Theorem 2.3. Let f be locally Lipschitz continuous and let ρ0 ∈L1 have bounded vari-
ation. Then the Cauchy problem

∂tρ +∂x f (ρ) = 0,
ρ(0,x) = ρ,0(x),

admits an entropy weak solution ρ = ρ(t,x) defined for all t ≥ 0, with

Tot.Var.{ρ(t, .)} ≤ Tot.var{ρ0}, ‖ρ(t, .)‖L∞ ≤ ‖ρ0‖L∞ ∀t ≥ 0.

This theorem is proved in detail in [8] section 6.

Theorem 2.4. For f uniformly convex, there exists a unique weak admissible solution
to Riemann problem (2.26) and (2.31).

(1) If ρ− > ρ+, then the admissible solution has a shock curve of speed λ and the
solution is given by
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ρ(t,x) =

{
ρ− if x

t < λ ,

ρ+ if x
t > λ

(2.32)

where λ = [ f (ρ)]
[ρ]

(2) If ρ− < ρ+, then the solution has a rarefaction wave and the solution is given by

ρ(t,x) =


ρ− if x

t < f ′(ρ−),
G
(x

t

)
if f ′(ρ−)< x

t < f ′(ρ+),

ρ+ if x
t > f ′(ρ+)

(2.33)

where G≡ ( f ′)−1

For the proof we refer the reader to see Lawrence C. Evans [26] chapter three. A
curve of discontinuity is a shock curve for a solution ρ if the curve satisfies the
Rankine-Hugoniot jump condition and the entropy condition for that solution
ρ .





Chapter 3
Traffic Flow Optimization on Roundabouts

3.1 Introduction

In this chapter, we focus on traffic flow optimization on roundabouts. Round-
abouts can be seen as particular road networks and they can be modelled as a
concatenation of junctions. At each junction we will consider the model intro-
duced in [25], suitably modified to adapt it to the roundabout structure.

The chapter is structured as follows. In Section 3.2 we describe the junction
model and the roundabout model in general. In Section 3.3, we give detail con-
struction and the solution of the Riemann problem. Section 3.4 is devoted to the
description of the numerical scheme. In Section 3.5 we describe the cost func-
tionals and compute local optimal priority parameters and finally we close the
chapter by discussing simulation results.

3.2 Mathematical Model for Roundabout

In this section, we first describe a roundabouts with three entrances and three
exits. Then we present traffic flow modelling on the road network of a round-
about. Next we generalize to a roundabout with arbitrary m incoming and m
outgoing roads, m ∈ N, that can be modelled as a concatenation of m 2×2 junc-
tions with two incoming and two outgoing roads. In particular, in both cases
each junction has one incoming main lane, one outgoing main lane and a third
link with incoming and outgoing fluxes. We model the third road with a buffer
of infinite capacity for the entering flux and with an infinite sink for the exiting
one.

31
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3.2.1 Roundabout with three Entrances and three Exits

In this subsection, we shall introduce traffic flow models on road networks of a
roundabout. For this, we start the section by describing a junction which is the
basic concept in the network. Junction can represent an intersection of different
roads such as a merging or a diverging or T-intersection. If a road network is
viewed as a graph where each arc is a road segment, then the junctions corre-
spond to the nodes (vertices). The origin or end vertices are also the particular
forms of a junction. These vertices are actually used to represent the real begin-
ning of a road or, to demarcate the part of the physical road network. The other
form of junctions are just the combinations of these basic ones. For instance, a
junction with an n-incoming and m-outgoing road is a combination of multiple
merging and diverging. In this chapter, we shall restrict ourselves to a junction
of two incoming and two outgoing type to study traffic flow phenomena on the
roundabout.

Consider a roundabout joining three roads as illustrated in Figure 3.1.

J1

J2J3

Fig. 3.1: Sketch of the roundabout considered in the section.

A roundabout can be seen as a periodic sequence of junctions and it can be
represented by an oriented graph, in which roads are described by arcs and
junctions by vertices. Each link forming the roundabout is modelled by an inter-
val Ii = [ai,bi]⊂R, i= 1,2,3, ai < bi. In particular, each junction can be modelled
as a 2×2 junction, see Figure 3.2. To recover the behavior of the roundabout, pe-
riodic boundary conditions are introduced on the main lane such that bi = ai+1,
i = 1,2,3 and b3 = a1. At each junction we will consider the model introduced
in [25], suitably modified to adapt it to the roundabout structure. The evolution
of the traffic flow in the main lane segments is described by a scalar hyperbolic
conservation law

∂tρi +∂x f (ρi) = 0, (t,x) ∈ R+×Ii i = 1,2,3, (3.1)
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fin

Fout Fin

foutJi

(a) Part of the roundabout.

J
I1 I2

r2 r1

(b) Corresponded junction.

Fig. 3.2: Detail of the network modelled in the section

where ρi = ρi(t,x)∈ [0,ρmax] is the mean traffic density, ρmax the maximal density
allowed on the road. The flux function f : [0,ρmax]→ R+ is given by following
flux-density relation

f (ρ) =

ρvf if 0≤ ρ ≤ ρc,
f max

ρmax−ρc
(ρmax−ρ) if ρc ≤ ρ ≤ ρmax,

with vf the maximal speed of the traffic, ρc =
f max

vf
the critical density at which

the flow transitions from free to congested flow state. At ρc the traffic flow
attains f (ρc) = f max, which is the maximal flow allowed on the road. For
continuity of the flux at the critical density ρc, the relation ρv f (ρmax − ρc) =
f max(ρmax− ρ) must hold. When ρ = 0, there are no vehicle on the road and
a driver is free to drive as fast as either the speed limit or as fast as she ( he) feel
comfortable. In reality different drivers have different maximum velocities as
per their behavior. In this dissertation we do not treat drivers behavior. As the
density of cars increases drivers start reducing their speed and we have dv

dρ
≤ 0.

If the cars are bamper-to- bamper, then cars should stop and v = 0. This time the
density attains maximum value and we call it jam density so that v(ρ jam) = 0.
Hereafter, we will assume ρmax = 1 and vf = 1 for simplicity. The law giving the
flux as function of the density is commonly referred as fundamental diagram in
the transportation literature. Nowadays, there are different types of fundamen-
tal diagram which are widely available in the literature, for example see [21, 30]
and references therein. In this chapter we chose the fundamental diagram intro-
duced in [21]. This is because triangular fundamental diagram is useful in con-
verting rarefaction wave into standing wave compared to the others. Thus, it is
helpful in minimizing the complexity of computation which might occur due to
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rarefaction wave mainly in subsection 3.3.1 when we solve Riemann problem at
junction using wave front tracking method. Figure 3.3 gives an example of flux
function satisfying the previous hypotheses.

ρρc ρmax

f max

f (ρ)

vf
f max

ρmax−ρc

Fig. 3.3: Fundamental diagram considered throughout the chapter.

The incoming lanes of the secondary roads entering the junctions are mod-
elled with a buffer of infinite size and capacity. This choice is made to avoid
backward moving shocks at the boundary. In particular, the evolution of the
queue length of each buffer is described by an ordinary differential equation
(ODE)

dli(t)
dt

= F i
in(t)− γr1,i(t), t ∈ R+ i = 1,2,3, (3.2)

where li(t) ∈ [0,+∞[ is the queue length, F i
in(t) the flux entering the lane and

γr1,i(t) the flux exiting the lane into the roundabout. For simplicity, the outgoing
lane is considered as a sink that accepts all the flux coming from the main lane.
Moreover, no flux from the incoming lane is allowed entering on the outgoing
stretch of the same road.
The Cauchy problem to solve can be expressed as

∂tρi +∂x f (ρi) = 0, (t,x) ∈ R+×Ii,
dli(t)

dt
= F i

in(t)− γr1,i(t), t ∈ R+,

ρi(0,x) = ρi,0(x), on Ii,
li(0) = li,0

(3.3)

for i= 1,2,3, where ρi,0(x) are the initial traffic densities and li,0 the initial lengths
of the buffers. This will be coupled with an optimization problem at the junc-
tions that gives the distribution of traffic among the roads.
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The existence and well-posedness of the solutions to Cauchy problem at node
with buffer is proved in [29].

To treat the problem systematically, we start by the following definition.

Definition 3.1 (Demand and Supply function). The demand d(F i
in, li) of the en-

trance lane for the secondary roads, the demand function δ (ρi) on the incoming
main lane segment, and the supply function σ(ρi) on the outgoing main lane
segment at each junction of the roundabout can be defined as

d(F i
in, li) =

{
γmax

r1,i if li(t)> 0,
min(F i

in(t),γ
max
r1,i ) if li(t) = 0, (3.4)

δ (ρi) =

{
f (ρi) if 0≤ ρi < ρc,
f max if ρc ≤ ρi ≤ 1, (3.5)

σ(ρi) =

{
f max if 0≤ ρi ≤ ρc,
f (ρi) if ρc < ρi ≤ 1, (3.6)

for i = 1,2,3, where γmax
r1,i is the maximal flow on the incoming lane r1,i.

Figure 3.4 depicts demand and supply function in the (ρ, f (ρ)) plane. From

ρ

δ (ρ), f (ρ)

ρc 1

δ (ρ)
f max

(a) Demand on the incoming Road

σ(ρ)
f max

ρc 1 ρ

σ(ρ), f (ρ)

(b) Supply on the outing Road

Fig. 3.4: Demand and supply function.

the figures one can easily see that for 0 < ρ < ρc, the demand function is in-
creasing while the supply capacity of the outgoing road remains constant. The
demand function attains maximum value at critical density. But for ρc < ρ < 1,
the supply function is decreasing due to traffic congestion on the road while
the demand function remains constant. In [43] the authors proposed the LWR
model for intersection using a description in terms of supply and demand func-
tions by introducing a buffer of finite storage capacity at a junction.

Next we describe how a traffic coming from the incoming roads choose to
distribute to the outgoing roads. To this aim, we introduce β ∈ (0,1), the split
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ratio of the outgoing lane r2,i, and its flux γr2,i(t) = β f (ρi(t,0−)), i = 1,2,3. More
precisely, at each junction J, we consider a matrix describing the distribution of
the traffic among outgoing roads. The formal definition for distribution rate at
a junction with arbitrary number of incoming and outgoing roads is given as
follows.

Definition 3.2 ([30]). Fix a junction J with n incoming roads, say I1, . . . , In, and m
outgoing roads, say In+1, . . . , In+m. A traffic distribution matrix A is given by

A =

βn+1,1, · · · , βn+1,n
...

...
...

βn+m,1, · · · , βn+m,n

 (3.7)

where 0≤ β j,i ≤ 1 for every i ∈ {1, . . . ,n} and for every j ∈ {n+1, . . . ,n+m} and

n+m

∑
j=n+1

β j,i = 1 (3.8)

for every i ∈ {1, . . . ,n}.
This definition illustrates that, given a junction J and an incoming road Ii, the
i−th column of A describes how the traffic from incoming road Ii distributes in
percentages to the outgoing roads. This means that if N is the total quantity of
the traffic coming from road Ii, then β j,iN traffic moves towards roads I j. This
definition stresses maximizing traffic flux through a junction in contrary to our
case which maximize flux on outgoing main road of the roundabout. That is, in
the context of the present work, the distribution rate at a given junction can be
written as

A =

(
β 0

1−β 1

)
(3.9)

This is due to the fact that no flux from the entrance road is allowed entering on
the adjacent outgoing road.

Remark 3.1. One may also assume that the matrix A is time dependent. For ex-
ample in the case of car traffic on an urban road network, the preferences of
drivers may change depending on the period of the day [30].

On the network, distribution rate alone can not sufficiently describe traffic
flow at all junctions since some of them are merging and the others are diverg-
ing. For instance, for junction with two incoming and one outgoing roads. This
is due to the fact that if not all cars can go through the junction, then there
should be a yield rule between incoming roads that describe the percentage of
cars crossing the junction. For this we have the following remark in the context
of a roundabout.
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Remark 3.2. A parameter p ∈ ]0,1[ is introduced as given in [30] to ensure
uniqueness of the solution. More precisely, p is a right of way parameter that
defines the amount of flux that enters the outgoing main lane from each incom-
ing road. When the priority applies, p f (ρi(t,0+)) is the flux allowed from the
incoming main lane into the outgoing main lane, and (1−p) f (ρi+1(t,0+)) is the
flux from the entrance of the roundabout.

In this remark we note that the role of the priority parameter is to force the
priority to neither impose insufficient flows nor send excess vehicles than the
capacity of the main outgoing road of the roundabout. Now we give the defini-
tions of weak solutions at the junction.

Definition 3.3 (Weak solutions). Consider a roundabout with three roads Ii =
[ai,bi] ⊂ R , ai < bi, for i = 1,2,3, with b3 = a1, three entrances r1,i i = 1,2,3, and

three exits r2,i i= 1,2,3. A collection of functions (ρi, li)i=1,2,3 ∈
3
∏
i=1

C 0 (R+;L1∩BV(Ii)
)
×

3
∏
i=1

W1,∞(R+;R+) is an admissible solution to (3.3) if

1. ρi is a weak solutions on Ii, i.e., ρi : [0,+∞[×Ii→ [0,1], such that∫
R+

∫
Ii

(
ρi∂tϕi + f (ρi)∂xϕi

)
dxdt +

∫
Ii

ρi,0ϕi,0dx = 0, (3.10)

for every ϕi ∈ C 1
c (R+×Ii), i = 1,2,3.

2. ρi satisfies the Kružhkov entropy condition [50] on (R+×Ii), i.e.,∫
R+

∫
Ii

(|ρi− k|∂tϕi+sgn(ρi− k)( f (ρi)− f (k))∂xϕi)dxdt+
∫
Ii

∣∣ρi,0− k
∣∣ϕi(0,x)dx≥ 0

(3.11)
for every k ∈ [0,1] and for all ϕi ∈ C 1

c (R×Ii), i = 1,2,3.
3. At each junction Ji, f (ρi(t,0−))+γr1,i(t)= f (ρi+1(t,0+))+γr2,i(t) for i= 1,2,3

(where we set ρ4 = ρ1).
4. At each junction Ji, the flux of the outgoing main lane f (ρi+1(t,0+)) is max-

imum provided that it satisfies the conditions

f (ρi+1(t,0+)) = min
(
(1−β )δ (ρi(t,0−))+d(Fin(t), li(t)),σ(ρi+1(t,0+))

)
,

(3.12)
for i = 1,2,3, and ρ4 = ρ1 and 3.

5. li is a solution of (3.2) for almost every t ∈ R+, i = 1,2,3.

Notice that, in this definition the linear optimization problem maximizes the
flux on the outgoing main road of a roundabout rather than at the junction.
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Condition (1) corresponds to conservation of cars.

3.2.2 Roundabout with Arbitrary m Entrances and m Exits

In this subsection we consider a roundabout joining m arbitrary incoming and
outgoing roads, m ∈ N, m≥ 2, as illustrated in Figure 3.5.

J1 Jm−2

Jm

J2
J3

Jm−1

Fig. 3.5: Roundabout with arbitrary m incoming and m outgoing roads

As in Subsection 3.2.1, each link forming the roundabout is modelled by in-
tervals Ii = [xi−1,xi] ⊂R, xi−1 < xi, i = 1,2, . . . ,m. Junction Ji is located at x = xi for
i = 1,2, . . . ,m.

Ji
Ii Ii+1

ri ri+1

Fig. 3.6: Sketch of a roundabout junction.

To recover the behavior of the roundabout periodic boundary conditions are
introduced on the main lane such that xm = x0. Each junction is composed of a
main lane and by two links representing a lane with incoming flux (ri) and a
lane with outgoing flux (ri+1), see Figure 3.6. The other formulation and evo-
lution of the traffic flow on the main lane segments and on the incoming third
road is exactly described as in the previous subsection.



3.2 Mathematical Model for Roundabout 39

The following two consecutive definitions are repeated only for notational
purpose for later use in Subsection 3.3.2 through different approach.

Definition 3.4. The demand d(F in
i , li) of the incoming lane for the secondary

road, the demand function δ (ρi) on the incoming road forming a roundabout at
each junction, and the supply function σ(ρi) on the outgoing main lane segment
at each junction of the roundabout can be defined as

d(F in
i , li) =

{
γmax

ri
if li(t)> 0,

min(F in
i ,γmax

ri
) if li(t) = 0, (3.13)

δ (ρi) =

{
f (ρi) if 0≤ ρi < ρc,
f max if ρc ≤ ρi ≤ 1, (3.14)

σ(ρi) =

{
f max if 0≤ ρi ≤ ρc,
f (ρi) if ρc < ρi ≤ 1, (3.15)

for i = 1,2, . . . ,m, where γmax
ri

is the maximal flow on the incoming lane ri,
i = 1,2, . . . ,m.

Definition 3.5. Consider a roundabout as in Figure 3.5. A 2m-tuple

(ρi, li)i=1,...,m ∈
m

∏
i=1

C 0
(
R+;L1∩BV(Ii)

)
×

m

∏
i=1

W1,∞(R+;R+)

is an admissible solution to (3.3) if

1. ρi satisfies the Kružhkov entropy condition [50] on (R+× Ii), that is, for
every k ∈ R and for all ϕ ∈ C 1

c (R× Ii), t > 0,∫
R+

∫
Ii
(|ρi− k|∂tϕ + sgn(ρi− k)( f (ρi)− f (k))∂xϕ)dxdt

+
∫

Ii

∣∣ρi,0− k
∣∣ϕ(0,x)dx≥ 0; i = 1,2, . . . ,m. (3.16)

2. f (ρi(t,xi−))+ γri(t) = f (ρi+1(t,xi+))+ γri+1(t), i = 1,2, . . . ,m.
3. The outgoing flux f (ρi+1(t,xi+)) is maximum provided that it satisfies the

conditions

f (ρi+1(t,xi+)) = min
(
(1−βi)δ (ρi(t,xi−))+d(F in

i (t), li(t)),σ(ρi+1(t,xi+))
)
,

(3.17)
and condition 2 above.

4. li solves (3.2) for almost every t ∈ R+, for all i = 1,2, . . . ,m.

In the next section we give the construction of Riemann problem and some
important results.
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3.3 Riemann Problem at the Junction

In this section we treat the construction of Riemann solver at each junction of a
roundabout under consideration. We shall employ wave-front tracking method
to construct a solution for a Riemann problem at a junction of a roundabout
with three incoming and three outgoing roads in Subsection 3.3.1. We repeat-
edly solve the problem until wave junction interaction terminate within the
region. The absence of wave junction interaction indicates the smoothness of
traffic evolution on the roundabout. In Subsection 3.3.2 we extend the construc-
tion of the Riemann solver at each junctions of a roundabout with arbitrary m
entrances and m exiting road by formulating the problem in discrete form. For
simplicity, we will focus on each single junction and drop the index i when not
necessary.

3.3.1 For Roundabout with 3 Entrances and 3 Exits

In this subsection we describe the construction of the Riemann Solver at a junc-
tion and then we apply it to our particular case to recover the expressions of
the cost functionals later on. The Riemann problem at J is the Cauchy problem
(3.3) where the initial conditions are given by ρ0,i(x)≡ ρ0,i on Ii for i = 1,2,3. In
the following, we will focus only on one junction J with two incoming roads
and two outgoing ones. Then we fix constants ρ1,0,ρ2,0 ∈ [0,1], l0 ∈ [0,+∞[,
Fin ∈ ]0,+∞[ and a priority factor p ∈ (0,1). We define the Riemann Solver as
in [25] at junction by means of a Riemann Solver RS l : [0,1]2 → [0,1]2, which
depends on the instantaneous load of the buffer l. For each l the Riemann Solver
RS l(ρ1,0,ρ2,0) = (ρ̂1, ρ̂2) is constructed in the following way.

1. Define Γ1 = f (ρ1(t,0−)), Γ2 = f (ρ2(t,0+)), Γr1 = γr1(t);
2. Consider the space (Γ1, Γr1) and the sets O1 = [0,δ (ρ1,0)], Or1 = [0,d(Fin, l)];
3. Trace the lines (1−β )Γ1 +Γr1 = Γ2; and Γ1 =

p
(1−p)(1−β )Γr1;

4. Consider the region

Ω =
{
(Γ1,Γr1) ∈ O1×Or1 : (1−β )Γ1 +Γr1 ∈ [0,Γ2]

}
. (3.18)

At this step two different situations can occur depending on the value of Γ2.
That is,

1. Demand-limited case: Γ2=(1−β )δ (ρ1,0)+d(Fin, l).
In the absence of demanding traffic on the road the junction operate with
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less traffic. In this case we set as a solution Γ̂1 = δ (ρ1,0), Γ̂r1 = d(Fin, l) and
Γ̂2 = (1−β )δ (ρ1,0)+d(Fin, l), as illustrated in Figure 3.7(a).

2. Supply-limited case: Γ2 = σ(ρ2,0).
Some times excess traffic may occur on the section of a road. This time
the junction becomes congested unless drivers behaves in good manner
in addition to the give way rule. In supply-limited case, we first calculate
the intersection point of (1− β )Γ1 + Γr1 = Γ2 and Γ1 = p

(1−p)(1−β )Γr1 and
denote it by Q. If Q ∈Ω , we set (Γ̂1,Γ̂r1)=Q and Γ̂2 = Γ2, see Figure 3.7(b); if
Q /∈ Ω , we set (Γ̂1,Γ̂r1)=S and Γ̂2 = Γ2, where S is the point of the segment
Ω ∩ (Γ1,Γr1) : (1−β )Γ1 +Γr1 = Γ2 closest to the line Γ1 = p

(1−p)(1−β )Γr1 see
Figure 3.7(c).

Γr1d(Fin, l̄)

Γ1

δ (ρ1)

Γ2 = (1−β )Γ1 +Γr1

Q

(a) Demand-limited case

Γr1d(Fin, l̄)

Γ1

δ (ρ1)

Γ2 = (1−β )Γ1 +Γr1

Γ1 =
p

(1−p)(1−β )Γr1

Q

(b) Supply-limited case: intersection
inside Ω

Γr1d(Fin, l̄)

Γ1

δ (ρ1)

Γ2 = (1−β )Γ1 +Γr1

Γ1 =
p

(1−p)(1−β )Γr1

Q

S

Γr1d(Fin, l̄)

Γ1

δ (ρ1)

Γ2 = (1−β )Γ1 +Γr1

Γ1 =
p

(1−p)(1−β )Γr1

Q

S

(c) Supply-limited case: intersection outside Ω

Fig. 3.7: Solutions of the Riemann Solver at the junction.
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For later use we define the function τ as follows, for detail properties see [30,
page 75].

Definition 3.6. Let τ : [0,1]→ [0,1] be the map such that:

1. f (τ(ρ)) = f (ρ) for every ρ ∈ [0,1];
2. τ(ρ) 6= ρ for every ρ ∈ [0,1]\{ρc}.

Remark 3.3. Compared to [25], the model presented in this chapter has a modi-
fied Riemann problem at junction. In particular, on roundabouts exits precede
entrances. Therefore, the flow coming from the main lane and crossing the junc-
tion, interacting with the incoming flow is (1−β )Γ1. This leads to consider the
priority line as Γ1 =

p
(1−p)(1−β )Γr1 adding a factor of 1

1−β
with respect to the other

model. This takes into account the amount of cars that leave the roundabout be-
fore the entrance. All the results in [25] can be extended and adapted to fit this
case.

Theorem 3.1. Consider a junction J and fix a right of way parameter p ∈ (0,1).
For every ρ1,0,ρ2,0 ∈ [0,1] and l0 ∈ [0,+∞[ there exists a unique admissible solu-
tion (ρ1(t,x),ρ2(t,x), l(t)) in the sense of Definition 3.3, compatible with the Rie-
mann Solver proposed in Section 3.3. More precisely, there exists a unique couple
(ρ̂1, ρ̂2) ∈ [0,1]2 such that RS l(ρ1,0,ρ2,0) = (ρ̂1, ρ̂2):

ρ̂1 ∈
{
{ρ1,0}∪]τ(ρ1,0),1] if 0≤ ρ1,0 ≤ ρc,
[ρc,1] if ρc ≤ ρ1,0 ≤ 1, f (ρ̂1) = Γ̂1, (3.19)

and

ρ̂2 ∈
{
[0,ρc] if 0≤ ρ2,0 ≤ ρc,
{ρ2,0}∪ [0,τ(ρ2,0)[ if ρc ≤ ρ2,0 ≤ 1, f (ρ̂2) = Γ̂2. (3.20)

For the incoming road the solution is given by the wave (ρ1,0, ρ̂1), while for the outgoing
road the solution is given by the wave (ρ̂2,ρ2,0). Furthermore, for a.e. t > 0, it holds

(ρ1(t,0−),ρ2(t,0+)) = RS l(t)(ρ1(t,0−),ρ2(t,0+)).

Proof. Existence and uniqueness follow directly by construction of the Riemann
Solver presented under subsection 3.3.1. In the following we will show the proof
of the consistency of RS l(t). Fix any t = t0 ≥ 0. If (ρ1(t0,0−),ρ2(t0,0+)) is a so-
lution of the Riemann Solver, corresponding to the same buffer value l(t0) we
need to show that

RS l(t0)(ρ1(t0,0−),ρ2(t0,0+)) = (ρ1(t0,0−),ρ2(t0,0+))

Without loss of generality, we assume that t0 = 0. Recall that the solution of the
Riemann problem consists of a shock wave with a negative speed on the incom-
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ing road and a shock wave with positive speed on the outgoing road. Having
this in mind we detail each cases as follows.

On the incoming main road of the roundabout: if 0 ≤ ρ1,0 ≤ ρc, then either
ρ̂1 = ρ1,0 or ρ̂1 ∈ (τ(ρ1,0),1]. In the first case δ (ρ1,0) = f (ρ1,0) = f (ρ̂1) = δ (ρ̂1), see
Figure 3.10a. In the second case, δ (ρ1,0) = f (ρ1,0) ≤ f max = δ (ρ̂1), as shown in
Figure 3.10b. On the other hand if ρc ≤ ρ1,0 ≤ 1, we have that ρc ≤ ρ̂1 ≤ 1 and
δ (ρ1,0) = f max = δ (ρ̂1) as it can be seen from Figure 3.10c. Hence, we have

δ (ρ1,0)≤ δ (ρ̂1) (3.21)

ρ1ρc

δ (ρ), f (ρ)

ρ1,0 = ρ̂1

f max

δ (ρ̂1) = δ (ρ1,0)

(a) ρ1,0 = ρ̂1

ρ1ρc

δ (ρ), f (ρ)

Shock

ρ̂1ρ1,0

δ (ρ̂1) = f max

δ (ρ1,0)

(b) 0≤ ρ1,0 ≤ ρc

ρ1ρc

δ (ρ), f (ρ)

Shock

ρ1,0

δ (ρ1,0) = δ (ρ̂1) = f max

(c) ρc ≤ ρ1,0 ≤ 1

Fig. 3.8: Demand evolution in the Riemann problem(On incoming road).

On the outgoing main road of the roundabout: if 0≤ ρ2,0≤ ρc, then 0≤ ρ̂2≤ ρc
as well and the corresponding supply function becomes σ(ρ2,0) = f max = σ(ρ̂2),
see Figure 3.9c. For ρc ≤ ρ2,0 ≤ 1, then either ρ̂2 = ρ2,0 or ρ̂2 ∈ [0,τ(ρ2,0)). In the
first case σ(ρ2,0) = f (ρ2,0) = f (ρ̂2) as shown in Figure 3.9a. In the second case
σ(ρ2,0) = f (ρ2,0)≤ f max = σ(ρ̂2), as illustrated in Figure 3.9b.
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ρc 1 ρ

σ(ρ), f (ρ)

σ(ρ2,0) = σ(ρ̂2)

ρ2,0 = ρ̂2

f max

(a) ρ2,0 = ρ̂2

Shock

ρc 1 ρ

σ(ρ), f (ρ)

σ(ρ2,0)

ρ̂2 ρ2,0

σ(ρ̂2) = f max

(b) ρc ≤ ρ2,0 ≤ 1

Shock

ρ1ρc

σ(ρ), f (ρ)

ρ2,0

σ(ρ2,0) = σ(ρ̂2) = f max

(c) 0≤ ρ2,0 ≤ ρc

Fig. 3.9: Supply evolution in the Riemann problem(On outgoing road)

Hence, we can conclude that

σ(ρ2,0)≤ σ(ρ̂2) (3.22)

On the incoming entrance road of the roundabout we consider two different
cases, when the buffer is initially empty and when it is not. In both cases differ-
ent situations can occur.

Case: 1 Initially empty buffer: l(0)= 0. This implies that d(Fin, l(0))=min(Fin,γ
max
r1 )

Case: 1.1 Buffer increases: l(0+)> 0. This implies d(Fin, l(0+)) = γmax
r1 by defini-

tion.

If d(Fin, l(0)) = Fin, then d(Fin, l(0)) ≤ d(Fin, l(0+)) . If d(Fin, l(0)) = γmax
r1 , then

d(Fin, l(0)) = d(Fin, l(0+)).

Case: 1.2 Buffer remains empty: l(0+) = 0. This implies that d(Fin, l(0+)) =
min(Fin,γ

max
r1 ). Hence, d(Fin, l(0)) = d(Fin, l(0+))

Case: 2 Buffer initially not empty: l(0)> 0. This implies d(Fin, l(0)) = γmax
r1 .

Case: 2.1 Buffer increases(decreases) linearly: 0 < l(0)< l(0+)(0 < l(0+)< l(0)).

This implies d(Fin, l(0+)) = γmax
r1 by definition. Hence, d(Fin, l(0)) = d(Fin, l(0+)).

Hence, from these case we can deduce that
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d(Fin, l(0))≤ d(Fin, l(0+)) (3.23)

Our aim is to show that the optimal point lies in the feasible set Ω as defined in
(3.18), resulting from the Riemann Solver does not change. From equation (3.21)
− (3.23) it is straight forward to infer that the set Ω either increases between
times t = 0 and t > 0 or does not change, as illustrated in Figure 3.10 and 3.11. In
order to prove that the optimal point does not change, we shall treat the supply
and the demand-limited cases separately in sequel as follows.

1. Supply-limited junction problem

We assume that the junction is supply-limited at t = 0. In this situation, by con-
struction of the Riemann solver, it holds ρ2,0 = ρ̂2 and hence σ(ρ2,0) = σ(ρ̂2).
Thus, the priority line is fixed, and the intersection point Q does not change.

Γr1d(Fin, l(0)) d(Fin, l(0+))

Γ1

δ (ρ1,0)
δ (ρ̂1)

σ(ρ2,0) = σ(ρ̂2)

Γ1 =
p

(1−p)(1−β )Γr1

Q

(a) Q ∈Ω

Γr1d(Fin, l(0)) d(Fin, l(0+))

Γ1

δ (ρ1,0) = δ (ρ̂1)

σ(ρ2,0) = σ(ρ̂2)

Γ1 =
p

(1−p)(1−β )Γr1

Q

S

(b) Q /∈Ω , Γ̂1 = δ (ρ1,0)

Γr1d(Fin, l(0)) = d(Fin, l(0+))

Γ1

δ (ρ1,0)
δ (ρ̂1)

σ(ρ2,0) = σ(ρ̂2)

Γ1 =
p

(1−p)(1−β )Γr1

Q

S

(c) Q /∈Ω , Γ̂r,1 = d(Fin, l(0))

Fig. 3.10: Supply-limited junction problem.

(a) Feasible solution inside Ω
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Since Q is determined by the intersection of the two lines and Ω can only in-
crease δ (ρ1,0)≤ δ (ρ̂1) and d(Fin, l(0))≤ d(Fin, l(0+)), we have

(ρ̂1, ρ̂2) = RS l(0)(ρ̂1, ρ̂2).

(b) Feasible solution on the border of Ω , Γ̂1 = δ (ρ1,0)

We need to show that the point S in the figure does not change. point S is ob-
tained by orthogonal projection on the convex set. By construction of the Rie-
mann Solver it holds that ρ1,0 = ρ̂1. This implies δ (ρ1,0) = δ (ρ̂1) by case 1. Again
from case 1 and case 2 we observe that d(Fin, l(0)) can only increase. Conse-
quently we have,

(ρ̂1, ρ̂2) = RS l(0)(ρ̂1, ρ̂2).

(c) Feasible solution on the border of Ω , Γ̂r1 = d(Fin, l(0))

On the incoming road towards the entrance of the roundabout, the only case
where the demand can increase is the case 1.1. In this particular setting, if
d(Fin, l(0)) = Fin we have that γr1(0) = Fin and Fin≤ γmax

r1 . When the buffer start in-
creasing we have γr1(0+) = d(Fin, l(0+)) = γmax

r1 , which implies γmax
r1 ≤ Fin. Hence

γmax
r1 = Fin and d(Fin, l(0)) = d(Fin, l(0+)). The demand on the main road of the

roundabout can only increase. Hence,

(ρ̂1, ρ̂2) = RS l(0)(ρ̂1, ρ̂2)

2. Demand-limited junction problem

In this case ρ1,0 = ρ̂1 and on the external incoming road of the roundabout γmax
r1 =

Fin and this implies δ (ρ1,0) = δ (ρ̂1) and d(Fin, l(0)) = d(Fin, l(0+)) by case 1 and
2 above. The supply can only increase by (3.22). Hence,

(ρ̂1, ρ̂2) = RS l(0)(ρ̂1, ρ̂2)

Γr1d(Fin, l(0)) = d(Fin, l(0+))

Γ1

δ (ρ1,0) = δ (ρ̂1)

σ(ρ̂2)σ(ρ2)

Γ1 =
p

(1−p)(1−β )Γr1

Q

Fig. 3.11: Demand-limited junction problem.
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Moreover, the limiting side of Ω does not change, i.e, it is not possible to
pass from a demand-limited junction problem to a supply-limited one and vice
versa. This follows from the fact that σ(ρ2,0) = σ(ρ̂2) when we have a supply-
limited junction problem, Figure 3.10 and d(Fin, l(0)) = d(Fin, l(0+)), δ (ρ1,0) =
δ (ρ̂1) when we have a demand-limited junction problem, Figure 3.11. This con-
clude the proof of the theorem.

We suppose that the network and the buffer are empty at t = 0 and we assume
that the following boundary data are given: f in the inflow on the incoming main
lane, f out the outflow on the outgoing main lane and Fin the incoming flux of the
secondary road. Moreover, to reduce the number of cases to be studied, we as-
sume Fin ≤ f max = γmax

r1 and f out ≤ f max. Now, we can solve the corresponding
initial-boundary value problem at a junction using Definition 3.3.

The first step is to compute the demand and supply functions of the roads.
We have δ (ρ1,0) = 0, d(Fin, l) = min(Fin,γ

max
r1 ) = Fin and σ(ρ2,0) = f max. Then we

can compute Γ2 using Definition 3.3 as follows

Γ2 = min
(
(1−β )δ (ρ1,0)+d(Fin, l),σ(ρ2,0)

)
= Fin.

It is straightforward to see that the problem is demand limited, hence the opti-
mal point is the point at maximal demands. Thus it follows Γ̂1 = 0, Γ̂2 = Fin and
Γ̂r1 = Fin, from which we uniquely derive ρ1,0 = 0 and ρ̂2 = Fin < ρc . Since we
are demand limited we also have l(t) = 0. The solution in the x-t plane looks as
in Figure 3.12. The wave produced by the junction problem interacts with the
right boundary x = 1 at time t1 = 1. Moreover at x =−1, the boundary condition
enforces the creation of an additional wave at t = 0 with speed equal to 1. This
gives a density ρ̂1 = f in < ρc, which reaches the junction at the same time t1 = 1,
see Figure 3.12.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

t

−1 1 x

t1

Fig. 3.12: Solution of the initial-boundary value problem for t ∈ [0, t1].
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At t1 = 1 we solve a new Riemann problem at the junction with initial densi-
ties

ρ(1,x) =
{

ρ̂1 if x < 0,
ρ̂2 if x > 0.

We assume that the splitting ratio β ∈ (0,1) is the same for all roads and fixed.
Also note that 0≤ ρ̂1 < ρc and 0≤ ρ̂2 < ρc. The demand and supply functions on
the respective roads are δ (ρ̂1) = f in, d(Fin, l0) = min(Fin,γ

max
r1 ) = Fin, σ(ρ̂2) = f max.

Computing Γ2 from these values we obtain

Γ2 = min
(
(1−β )δ (ρ̂1)+d(Fin, l),σ(ρ̂2)

)
Now two cases can occur at this point according to the value of Γ2. These are

A. Demand-limited case: Γ2 = (1−β )δ (ρ̂1)+d(Fin, l)

In this case the Riemann problem at t1 is demand limited. No wave is created in
the incoming link, and a wave with speed 1 emanates from the junction on the
outgoing road with a density ρ2 = (1−β ) f in+Fin. The buffer remains empty. At
this point we have two different situations according to:

• Fin < f out,
• f out < Fin.

In the first case (Fin < f out) the wave from the junction interacts with the bound-
ary x = 1 at t2 = 2, generating a wave with negative speed and a density ρ3 =
f max− (1− f max) f out

f max ∈ [ρc,1] which reaches the junction at t3 =
2λ (ρ2,ρ3)−1

λ (ρ2,ρ3)
as

shown in Figure 3.14.

ρρc 1

f max

f (ρ)

Fin

f out

ρ3ρ2

λ

Fig. 3.13: Wave created at the right boundary.
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In the discussion above, λ (ρ2,ρ3)=
((1−β ) f in +Fin− f out) f max

(1−β ) f in f max +Fin f max− f max +(1− f max) f out

is given by the Rankine-Hugoniot jump condition. Notice that if the flux func-
tion is continuous and piecewise linear, the Rankine-Hugoniot condition can be
used to calculate the speed of any front.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2 t2
ρ3

t
t3

−1 1 x

t1

Fig. 3.14: Solution of the junction problem for t ∈ [0, t3]

In the second case ( f out <Fin) at time t1 the wave that interacts with the bound-
ary x = 1 produces a wave with negative speed and the same density ρ3 as
above. This wave intersect the wave that comes out from the junction at time t1
inside the region [0, 1] at point O generating an additional wave with negative
speed.

Computing the coordinates of the intersection point O = (to,xo) we get

to =
λ (ρ̂2,ρ3)−2
λ (ρ̂2,ρ3)−1

and xo =
1

1−λ (ρ̂2,ρ3)
(3.24)

Now we can solve the following classical Riemann problem at O

∂tρ +∂x f (ρ) = 0

ρ(t,x) =
{
(1−β ) f in +Fin if x < xo,
ρ3 if x > xo,

(3.25)

where xo is given by (3.24). Since (1−β ) f in +Fin < ρc < ρ3, from the Rankine-
Hugoniot condition we can compute the characteristic speed of the wave ema-
nating from the point O
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λ (ρ2,ρ3) =
f out− (1−β ) f in−Fin

ρ3− ρ̄2
=

(
f out− (1−β ) f in−Fin

)
f max

f max
(

1+ f out− (1−β ) f in−Fin

)
− f out

< 0.

(3.26)
The solution of the classical Riemann problem at O reads

ρ(t,x) =
{
(1−β ) f in +Fin if x < λ (t− to)+ xo,
ρ3 if x > λ (t− to)+ xo,

(3.27)

where to and λ are respectively as in (3.24) and (3.26). The wave with speed λ

reaches the junction at time t3 = to−
1

λ (ρ2,ρ3)
as shown in Figure 3.15.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2
ρ3

t

−1 1 x

t1

t3
O

Fig. 3.15: Solution of the junction problem for t ∈ [0, t3] when the wave interact
inside the region [0, 1].

This time we solve the following Riemann problem at the junction.

d(Fin, l) = Fin,

δ (ρ̂1) = f in, (3.28)

σ(ρ3) = f out. (3.29)

with

ρ(t3,x) =
{

ρ̂1 if x < 0,
ρ3 if x > 0. (3.30)

In both cases at t3
f out ≤ (1−β ) f in +Fin.
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Clearly, at time t3 the junction problem is supply limited resulting in the fol-
lowing fluxes Γ2 = f out, Γ1 =

p
1−β

f out and Γr1 = (1− p) f out. Moreover, let us

introduce the following values

• p1 =
f out−Fin

f out ,

• p2 =
(1−β ) f in

f out .

Observe that

p2−p1 =
(1−β ) f in

f out − f out−Fin

f out =
(1−β ) f in +Fin− f out

f out ≥ 0, (3.31)

which implies p1 ≤ p2, see Figure 3.16

Γr1d(Fin, l)

Γ1

δ (ρ1)

Γ2 = (1−β )Γ1 +Γr1

Γ1 =
P1

(1−P1)(1−β )Γr1

Γ1 =
P2

(1−P2)(1−β )Γr1

Fig. 3.16: Relationship between p1 and p2

The solutions of the Riemann problem at the junction are given by:

(1a) If max(0,p1) ≤ p ≤ min(p2,1), then
(

p
1−β

f out,(1−p) f out, f out
)

is the

solution of the Riemann problem.
(2a) If 1≥ p > min(p2,1), then

(
f in, f out− (1−β ) f in, f out) is the solution.

(3a) If 0≤ p < max(0,p1), then
(

f out−Fin

1−β
,Fin, f out

)
is the solution.

According to the different values of p, different cases can occur. For this reason,
in the following we give detail computation of the solution case by case.
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1. The case: max(0,p1)≤ p≤min(p2,1)

We solve the Riemann problem at t3. The solution of the Riemann problem is
given by (1a). From this it follows

ρ1 =
(1−β ) f max− (1− f max)p f out

(1−β ) f max (3.32)

and the wave speed λ (ρ̂1,ρ1) is

λ (ρ̂1,ρ1) =

(
f in(1−β )−p f out

)
f max

(1−β )( f in−1) f max +(1− f max)p f out (3.33)

The characteristic x = λ (ρ̂1,ρ1)(t− t3) crosses the boundary x =−1 at

t4 = t3−
1

λ (ρ̂1,ρ1)
(3.34)

On the outgoing road there is no new wave created since Γ̂2 = f out = f (ρ3) which
can be seen in Figure 3.17.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2
ρ3

ρ1
t

−1 1 x

t1

t3 O

t4

Fig. 3.17: Solution for t ∈ [0, t4].

The value of the flux from the buffer at this time is Γr1 = (1−p) f out. Then we
have

l̇ = Fin−Γr1 = Fin− (1−p) f out > 0.

Solving the buffer length is given by

l(t) = (Fin− (1−p) f out)(t− t3)> 0, for t > t3. (3.35)
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Clearly, the length of the buffer start increasing. The cases Fin < f out also
treated exactly in the same way. Moreover, at t4 there is no additional wave
on the incoming road since (1−p) f out < f in.

2. The case: min(p2,1)< p≤ 1

In this case the solution of the Riemann problem is given by (2a). On the in-
coming main road there is no wave with negative speed exiting the junction.
Similarly, on the outgoing main road there is no wave since Γ̂2 = f out. The solu-
tion is shown in Figure 3.18. The buffer increases since l(t) = (Fin +(1−β ) f in−
f out)(t− t3)> 0.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ̄2
ρ3

t

−1 1 x

t1

t3
O

Fig. 3.18: Solution for t ∈ [0, t3] in the case min(p2,1)≤ p < 1.

3. The Case: 0≤ p < max(0,p1)

The solution of the Riemann problem is given by (3a). This implies that
f out−Fin

1−β
=

1− ρ̌1

1−ρc
f max which yields

ρ̌1 =
f max(1−β + f out−Fin)+Fin− f out

(1−β ) f max . (3.36)

Note that on the incoming main road of a roundabout 0 ≤ ρ̂1 ≤ ρc and hence
ρc ≤ ρ̌1 ≤ 1. The wave with characteristic speed
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λ (ρ̂1, ρ̌1) =
f in− Γ̂1

ρ̂1− ρ̌1
=

(
(1−β ) f in +Fin− f out

)
f max

(1−β ) f in f max− f max(1−β + f out−Fin)+Fin− f out (3.37)

emanating from the junction crosses the boundary x = −1 at time t = t4 ex-
pressed as:

t4 = t3−
1

λ (ρ̂1, ρ̌1)
(3.38)

Since
f out−Fin

1−β
< δ (ρ̂1) = f in, there is no wave produced by the interaction with

the boundary x =−1 at time t4. Also, on the outgoing main lane there is no new
wave. The complete solution at t4 is depicted in Figure 3.19.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2
ρ̂1

ρ2

ρ̌1

t2

ρ3

t

t3

−1 1 x

t1

t4

Fig. 3.19: Complete solution for t ∈ [0, t4].

From the value of Γ̂r1 we can solve the ODE (3.2) and find l(t) = 0. This con-
cludes the analysis of this subsection.

In this subsection we presented the situation in which the junction is initially
demand limited and gradually end up with supply constrained case. In the next
subsections we focus only on the supply constrained cases.

B. Supply-limited case: Γ2 = σ(ρ̂2)

Some times the amount of traffic demanding form the incoming road to access
the junction may be greater than the capacity of the outgoing road from the
junction. In this case we have
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f max ≤ (1−β ) f in +Fin (3.39)

and hence, it is straightforward to compute the value of Γ2 = f max, Γ1 =
p

1−β
f max

and Γr1 = (1−p) f max.
Moreover, we introduce the following as in the previous case

• p1 =
f max−Fin

f max ,

• p2 =
(1−β ) f in

f max .

Observe that also in this case it holds

p2−p1 =
(1−β ) f in

f max − f max−Fin

f max =
(1−β ) f in +Fin− f max

f max ≥ 0 (3.40)

because of (3.39), which implies p1 ≤ p2, see Figure 3.20. Then the solutions of
the Riemann problem at the junction are given by

(1b) If p1 ≤ p≤ p2, then
(

p
1−β

f max,(1−p) f max, f max
)

is the solution of the

Riemann problem.
(2b) If p≥ p2, then

(
f in, f max− (1−β ) f in, f max) is the solution.

(3b) If p≤ p1, then
(

f max−Fin

1−β
,Fin, f max

)
is the solution.

Γr1d(Fin, l)

Γ1

δ (ρ1)

Γ2 = (1−β )Γ1 +Γr1

Γ1 =
P1

(1−P1)(1−β )Γr1

Γ1 =
P2

(1−P2)(1−β )Γr1

Fig. 3.20: Relationship between p1 and p2

In this case also, depending on the values of p different cases can occur. Exactly
similar to the previous procedure we compute the solution at the junctions in
detail.
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1. The Case: p1 ≤ p≤ p2

We solve now the Riemann problem at the junction at t1. Since we assume that
we are supply limited and that p1 ≤ p ≤ p2 it is straightforward to have the
following fluxes at the junction: Γ1 =

p
1−β

f max,Γr1 = (1−p) f max and Γ2 = f max.

It follows that
ρ1 = 1− (1− f max)p

1−β
(3.41)

and that from Rankine- Hugoniot condition the wave speed λ is

λ (ρ̂1,ρ1) =
f in(1−β )−p f max

(1−β )( f in−1)+(1− f max)p
(3.42)

The characteristic x = λ (t−1) crosses the boundary x =−1 at

t2 =
λ

1−λ
= 1− (1−β )( f in−1)+(1− f max)p

f in(1−β )−p f max

=
1−β −p

f in(1−β )−p f max (3.43)

In the outgoing road ρ2 = ρc which produces a wave with positive speed 1 as
can be seen in Figure 3.21

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2ρ1

t

−1 1 x

t1

t2

Fig. 3.21: Junction problem at t1.

The value of the corresponding flux from the buffer is Γr1 = (1− p) f max. For
all β and p ∈]0,1[ we have 1−p < 1, so the length of the buffer satisfies

l̇ = Fin−Γr1 = Fin− (1−p) f max > 0
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Since Fin > (1−p) f max or p f max > f max−Fin then p >
f max−Fin

f max = p1. Therefore,

l(t) = (Fin− (1−p) f max)(t−1)> 0. (3.44)

That means, the length of the buffer increases linearly.

In this case, at time t1 the interaction between the wave in the outgoing road
and the boundary at x = 1 can generate an additional wave if Fin > f out. When
this is the case, in fact, there is a wave with negative speed which can interact
with other waves between [0,1]. We make the following assumption:

Fin > f out. (3.45)

When (3.45) is satisfied there is a wave with negative speed created at (t1,1).
This new wave creates a density

ρ3 = 1− f out(1− f max)

f max , (3.46)

and has a wave speed λ (ρ̂2,ρ3), given by

λ (ρ̂2,ρ3) =
Fin− f out

ρ̂2−ρ3
=

Fin− f out

Fin−1+ f out(1− f max)
f max

=
f max(Fin− f out)

(Fin−1) f max +(1− f max) f out .

(3.47)
This wave with equation x = λ (t−1)+1 intersect the characteristic line x = t−1
at a point S as in Figure 3.22.

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2
ρ1 ρ3

t

−1 1 x

t1

St2

Fig. 3.22: Solution at t1.

Solving the system we get the coordinates of the point S = (tS,xS):
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tS = t3 =
λ −2
λ −1

=
f max(Fin− f out)−2((Fin−1) f max +(1− f max) f out)

f max(Fin− f out)− ((Fin−1) f max +(1− f max) f out)
=

=
f maxFin−2 f max +2 f out− f max f out

f out− f max (3.48)

xS =
1

1−λ
=

(Fin−1) f max +(1− f max) f out

(Fin−1) f max +(1− f max) f out− f max(Fin− f out)
=

=
f max f out + f max− f maxFin− f out

f max− f out . (3.49)

Once we have determined the coordinates of S, we can solve the classical Rie-
mann problem at S:

∂tρ +∂x f (ρ) = 0

ρ(t,x) =
{

ρc if x < xS,
ρ3 if x > xS,

(3.50)

where xS is given by (3.49). Note that ρc < ρ3, hence, from the Rankine-Hugoniot
jump condition we can compute the characteristic speed of the wave emanating
from the point S as:

λ (ρc,ρ3) =
f (ρ3)− f (ρc)

ρ3−ρc
=

f max

f max−1
. (3.51)

The solution of the classical Riemann problem at S is, then

ρ(t,x) =
{

ρc if x < λ (t− tS)+ xS,
ρ3 if x > λ (t− tS)+ xS,

(3.52)

where λ and tS are respectively as in (3.51) and (3.48). The characteristic line
with speed λ starting from S interacts with the junction at x = 0. This line inter-
cepts the t-axis at

t4 = tS−
1
λ

xS = tS +
1− f max

f max xS =
( f max)2− f maxFin + f max− f out

f max( f max− f out)
. (3.53)

The situation at t = t4 looks as in Figure 3.23



3.3 Riemann Problem at the Junction 59
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Fig. 3.23: Solution at time t = t4.

We can then, solve at t4 another Riemann problem at the junction:

ρ(t4,x) =
{

ρ1 if x < 0,
ρ3 if x > 0. (3.54)

To do so, we compute:

d(Fin, l) = γ
max
r1 , (3.55)

δ (ρ1) = f max, (3.56)

σ(ρ3) = f out. (3.57)

In order to limit the complexity of the computation we fix γmax
r1 = f max. Then it

follows that Γ2 =min((1−β )δ (ρ1)+d(Fin, l),σ(ρ3))=min((1−β ) f max+ f max, f out)=

f out, Γ̂1 =
p

1−β
f out and Γ̂r1 = (1− p) f out. Since, by assumption, it holds that

f out < f max the solution of the Riemann problem at the junction lies inside the
feasible region as shown in Figure 3.24.
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Γrd(Fin, l) = f max

Γ1

δ (ρ1) = f max
Γ2 = (1−β )Γ1 +Γr

Γ1 =
P

(1−P)(1−β )Γr

P2

P1

Q

Fig. 3.24: Solution of the Riemann problem at the junction at t4.

Since p ∈ [p1,p2], the solution of the Riemann problem at the junction is given
by

(Γ̂1, Γ̂r1, Γ̂2) =

(
p

1−β
f out,(1−p) f out, f out

)
From this we can uniquely recover the corresponding values of the queue length
and of the densities of the mainline. Since the flux exiting the secondary road is
Γ̂r1 = (1−p) f out then the queue length is

l(t) = l(t4)+
(
Fin− (1−p) f out)(t− t4)> 0. (3.58)

Thus, the length of the buffer increases linearly.
On the outgoing mainline there is no new wave created since Γ̂2 = f out = f (ρ3).

And on the incoming mainline we have Γ̂1 =
p

1−β
f out⇒ p

1−β
f out =

1− ρ̌1

1−ρc
f max

which gives

ρ̌1 = 1− (1− f max)p f out

(1−β ) f max . (3.59)

On the incoming main road of a roundabout ρc ≤ ρ1 ≤ 1 so ρc ≤ ρ̌1 ≤ 1, and the
pair (ρ1, ρ̌1) produces a wave with negative speed on the incoming road of the

roundabout, with the speed given by λ (ρ1, ρ̌1) =
f max

f max−1
. This characteristic

line crosses the left boundary x =−1 at a time t = t5 given by

t5 = t4−
1
λ
= tS +

1− f max

f max (xS +1) =
f maxFin− f max f out−2 f max +2 f out

f max( f out− f max)
. (3.60)
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Moreover, since
p

1−β
f out < f in, there is no wave produced by the interaction

with the boundary x=−1 at time t5. The solution at t5 looks like as in Figure 3.25

f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2
ρ1 ρ3

ρ̌1

t

−1 1 x

t1

t4
t5

St2

Fig. 3.25: Solution of the problem in [0, t5]

In this case, depending on the priority parameter p, the waves emanating
from the junction at t1 and t4 can collide within the region −1 < x < 0. This, in
particular, occurs for the value of the priority parameter p = p̄, given by

p̄ =
(1−β )

(
( f max)2 + f max(2 f in− f out− f inFin + f out f in)+2 f out f in

)
f max(Fin f max− f max + f out− f out f max)

(3.61)

where p̄ is the value at which the waves interact in the region [-1, 0]. We can,
then, distinguish two additional cases p1 ≤ p < p̄ and p̄≤ p≤ p2.

1. p1 ≤ p < p̄. In this case, the waves do not interact in the region −1 < x <
0 and no new waves are created. Hence, the study is concluded and the
solution is depicted in Figure 3.25.

2. p̄ ≤ p ≤ p2. In this case there is a collision between the waves emanating
from the junction at t1 and t4 on the incoming link and the final solution is
shown in Figure 3.27.

As described above, the pair (ρ1, ρ̌1) produces a wave with negative speed

λ =
f max

f max−1
on the incoming main road of the roundabout. This wave in-

teracts with the wave exiting from (t1,0) at point Q as in Figure 3.26
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Fig. 3.26: Solution in the case p̄≤ p < p2.

The coordinates of the point Q are then

tQ =
( f max−1)

(
(1−β ) f in−p f max

)
+ t4 f max

(
(1−β )(1− f in)+p(1− f max)

)
(1−β )( f max− f in)

(3.62)
and

xQ =
f max

f max−1
(tQ− t4) (3.63)

Once we have determined the coordinates of point Q, we can solve the
classical Riemann problem at Q

∂tρ +∂x f (ρ) = 0 (3.64)

ρ(t,x) =
{

ρ̂1 if x < xQ,
ρ̌1 if x > xQ,

(3.65)

where Q is given by (3.63). By Rankine-Hugoniot jump condition we can
derive

λ (ρ̂1, ρ̌1) =
f (ρ̂1)− f (ρ̌1)

ρ̂1− ρ̌1
=

f in− Γ̂1

ρ̂1− ρ̌1
=

f in− p
1−β

f out

f in−
(

1− (1− f max)p f out

(1−β ) f max

) =

=

(
f in(1−β )−p f out) f max

(1−β ) f max( f in−1)− (1− f max)p f out (3.66)

where λ is the characteristic speed of the wave emanating from the inter-
section point Q. The solution of the classical Riemann problem at Q is
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ρ(t,x) =
{

ρ̂1 if x < λ (t− tQ)+ xQ,
ρ̌1 if x > λ (t− tQ)+ xQ,

(3.67)

where λ and tQ are respectively as in (3.66) and (3.62). The wave with speed
λ starting from Q crosses the left boundary x =−1 at

t5 = tQ−
1+ xQ

λ
(3.68)

The complete solution can be seen in Figure 3.27

f in f out

F in

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2
ρ1 ρ3

ρ̌1

t

−1 1 x

t1

t4

t5

SQ

Fig. 3.27: Solution for t ∈ [0, t5] with p̄≤ p≤ p2.

For all cases for t ≥ t4 the buffer length increases linearly with a value

l(t) = l(t4)+
(
Fin− (1−p) f out)(t− t4)> 0. (3.69)

This concludes the analysis of the case p1 ≤ p≤ p2.

2. The Case: p > P2

In this situation the priority rule is not respected due to limited traffic demand
entering the junction from the main road of the roundabout. The solution of the
Riemann problem is given by (2b). In this case, ρ1 = ρ̂1 and no wave is created in
the incoming main lane. On the outgoing link we have ρ2 = ρc, which generates
a wave with speed equal to 1. The buffer length increases since l(t) = (Fin +
(1−β ) f in− f max)(t− 1) > 0. The wave with positive speed v f = 1 generated at
(t1,0) interacts with the wave generated from right boundary at point S = (tS,xS)
at time t = tS under assumption (3.45), see Figure 3.28. At the right boundary

f out =
1−ρ3

1− f max f max, hence we obtain that
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ρ3 = 1− f out(1− f max)

f max . (3.70)

Up to time t4 the analysis is exactly the same as in the previous case. We will
solve directly the Riemann problem at t4 with the new assumption.

Again we solve the Riemann problem at the junction having density

ρ(t4,x) =
{

ρ̂1 if x < 0,
ρ3 if x > 0,

coupled with the following demand and supply functions

d(Fin, l) = γ
max
r1 = f max, (3.71)

δ (ρ̂1) = f in, (3.72)

σ(ρ3) = f out. (3.73)

We can now compute

Γ2 = min
(
(1−β )δ (ρ̂1)+d(Fin, l),σ(ρ3)

)
= min

(
(1−β ) f in + f max, f out

)
= f out

and
Γ̂1 =

p
1−β

f out.

Two cases can occur at this point. If (1−β ) f in < f out the solution of the Riemann
problem at the junction is given by (Γ̂1, Γ̂r1, Γ̂2) = ( f in, f out− (1−β ) f in, f out) for

all values of p> ¯̄p= (1−β )
f in

f out . From this it is straightforward to see that ρ̂1 = ρ1

since f in = ρ̂1 for vf = 1. No new waves are created.

For p2 < p < ¯̄p we have (Γ̂1, Γ̂r1, Γ̂2) =

(
p

1−β
f out,(1−p) f out, f out

)
. The solution

of the problem in this case is similar to the case (1−β ) f in > f out hence, we obtain
its description in the following. If (1−β ) f in > f out the solution of the Riemann
problem at the junction becomes

(Γ̂1, Γ̂r1, Γ̂2) =

(
p

1−β
f out,(1−p) f out, f out

)
.

From this we can uniquely recover the corresponding values of the densities.
The solution looks as in Figure 3.28.
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Fig. 3.28: Solution in the case p≥ p2

Solving the ODE we observe that the buffer increases linearly and its expres-
sion is given by

l(t) = l(t4)+
(
Fin− (1−p) f out)(t− t4)> 0. (3.74)

This completes the analysis for this case.

3. The case: 0≤ p≤ p1

By similar argument as in the previous case the priority rule is not respected
due to limited traffic demand entering the junction from entrance road of the
roundabout. The solution of the Riemann problem is given by (3b). In this case,
the computations are similar to those of Section 3.3.1. The solution is sketched
in Figure 3.29. To be noted here that the point of intersection N in this case does
not depend on the value of p but on the value of the other parameters.
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Fig. 3.29: Solution in the case p≤ p1

Finally, we compute the queue length at t4 which is given by

l(t) = l(t4)+
(
Fin− (1−p) f out)(t− t4)> 0. (3.75)

With this, we conclude our discussion of solving the Riemann problem using
wave front tracking method. After this time step, there is no wave junction in-
teraction. Note that what we calculated in the above cases are not an approxi-
mation to the entropy weak solution but the exact solution. In the next section
we shall extend the construction of the Riemann problem to a roundabout with
arbitrary m entrances and m exiting roads. We also, note that the generalization
of the study to a roundabout with an arbitrary number of roads being straight-
forward.

3.3.2 For Roundabout with Arbitrary m Entrances and m
Exits

In this section, we extend the construction of the Riemann solver at each junc-
tions of a roundabout with arbitrary m entrances and m exiting roads. In this
case, we do not apply wave front tracking as in the previous section. Instead we
formulate the problem in discrete form. The procedure is exactly similar to the
previous case except the usage of indexes for later use. To recall, we define the
Riemann Solver at junction by means of a Riemann Solver RS l : [0,1]2→ [0,1]2,
which depends on the instantaneous load of the buffer l(t). For each l, the Rie-
mann Solver RS l(ρi,ρi+1) = (ρ̂i, ρ̂i+1) is constructed in the following way. For
each i = 1, . . . ,m, we fix the priority parameter pi ∈ (0,1) and proceed as follows.
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1. Define Γi = f (ρi(t,xi−)), Γi+1 = f (ρi+1(t,xi+)), Γri = γri(t);
2. Consider the space (Γi, Γri) and the sets Oi = [0,δ (ρi)], Ori = [0,d(F in

i , l)];
3. Trace the lines (1−βi)Γi +Γri = Γi+1; and Γi =

pi

(1− pi)(1−βi)
Γri ;

4. Consider the region

Ωi =
{
(Γi,Γri) ∈ Oi×Ori : (1−βi)Γi +Γri ∈ [0,Γi+1]

}
. (3.76)

Similar to the discussion in the previous section different situations can occur
depending on the values of Γi+1. That is, it can be either demand or supply-
limited.

Demand-limited case: Γi+1=(1−βi)δ (ρi)+d(F in
i , l)

In the demand limited case the solution of the Riemann problem at each junc-
tion can be calculated as Γ̂i = δ (ρi), Γ̂ri = d(F in

i , l) and Γ̂i+1 = (1− βi)δ (ρi) +
d(F in

i , l), as illustrated in Figure 3.7(a).

Supply-limited case: Γi+1 = σ(ρi+1)

At each junction we solve the linear equation (1− βi)Γi +Γri = Γi+1 and Γi =
pi

(1− pi)(1−βi)
Γri and denote the intersection point by Q. If Q ∈ Ωi, we set

(Γ̂i, Γ̂ri) = Q and Γ̂i+1 = Γi+1, see Figure 3.7(c); if Q /∈ Ωi, we set (Γ̂i,Γ̂ri)=S and
Γ̂i+1 =Γi+1, where S is the point of the segment Ωi∩(Γi,Γri) : (1−βi)Γi +Γri = Γi+1

closest to the line Γi =
pi

(1− pi)(1−βi)
Γri see Figure 3.7(c).

We can extend Theorem 3.1 to a junction of a roundabout with arbitrary m
entrances and m existing roads as follow.

Theorem 3.2. Consider a junction Ji and fix a priority parameter pi ∈]0,1[. For every
ρ0

i ,ρ
0
i+1 ∈ [0,1] and l0

i ∈ [0,+∞[ there exists a unique admissible solution (ρi(t,x),ρi+1(t,x), li(t))
in the sense of Definition 3.5, compatible with the Riemann Solver proposed in subsec-
tion 3.3.2. Moreover, there exists a unique couple (ρ̂i, ρ̂i+1) ∈ [0,1]2 such that

ρ̂i ∈
{
{ρ0

i }∪]τ(ρ0
i ),1] if 0≤ ρ0

i ≤ ρc,
[ρc,1] if ρc ≤ ρ0

i ≤ 1,
f (ρ̂i) = Γ̂i, (3.77)

and
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ρ̂i+1 ∈
{
[0,ρc] if 0≤ ρ0

i+1 ≤ ρc,
{ρ0

i+1}∪ [0,τ(ρ0
i+1)[ if ρc ≤ ρ0

i+1 ≤ 1,
f (ρ̂i+1) = Γ̂i+1. (3.78)

For the incoming road the solution is given by the wave (ρ0
i , ρ̂i), while for the outgoing

road the solution is given by the wave (ρ̂i+1,ρ
0
i+1). Furthermore, for almost every t > 0,

it holds
(ρi(t,xi−),ρi+1(t,xi+)) = RS li(t)(ρi(t,xi−),ρi+1(t,xi+)).

The proof is exactly similar except considering every case per each junction.

A. Demand-limited case at junction Ji: (1−βi)δ (ρ
n
i )+d(F in

i , ln
i )≤ σ(ρn

i+1)

When the situation becomes demand-limited we set Γ̂i = δ (ρi−1) and γri =
d(F in

i , li). From this it is evident that those who demand to enter the junction
can access it without restriction. Hence,

Fn,+
i = (1−β )δ (ρn

i )+d(F in
i , ln

i ) (3.79)

and at the instant time tn, the flux at the left side of the junction reads as

Fn,−
i = δ (ρn

i ). (3.80)

where
Fn,−

i = Fn,−
i
(
ρn

i ,ρ
n
i+1, pi, li,F in

i
)

Fn,+
i−1 = Fn,+

i−1
(
ρn

i−1,ρ
n
i , pi−1, li−1,F in

i−1
)
,

i = 1,2, . . . ,m. (3.81)

The fluxes Fn,+
i−1 and Fn,−

i stand respectively for inflow Γ̂i and outflow Γ̂i+1 at
junctions Ji−1 and Ji on the main road of the roundabout.

Besides, the dynamics of the buffer length at the entrance of the roundabout
at junction Ji is governed by

d
dt

ln
i (t) = F in

i −d(F in
i , ln

i ),

which gives after integration:

ln+1
i = ln

i +
(

F in
i −d(F in

i , ln
i )
)

∆ t. (3.82)

B. Supply-limited case at Junction Ji: (1−βi)δ (ρ
n
i )+d(F in

i , ln
i )> σ(ρn

i+1)

We calculate the flux at the right hand side of the junction as

Fn,+
i = σ(ρn

i+1), (3.83)
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while on the left side it becomes

Fn,−
i =


δ (ρn

i ) if 1≥ pi > min{1,Pi
2},

pi

1−βi
σ(ρn

i+1) if max{0,Pi
1} ≤ pi ≤min{1,Pi

2},

σ(ρn
i+1)−d(F in

i , ln
i )

1−βi
if 0≤ pi < max{0,Pi

1},

(3.84)

where

Pi
1 =

σ(ρn
i+1)−d

(
F in

i , ln
i
)

σ(ρn
i+1)

and Pi
2 =

(1−βi)δ (ρ
n
i )

σ(ρn
i+1)

. (3.85)

As in the demand-limited case the dynamics of the corresponding buffer
length is governed by

d
dt

ln
i =


F in

i − (σ(ρn
i )− (1−βi)δ (ρ

n
i )) if 1≥ pi > min{1,Pi

2},
F in

i − (1− pi)σ(ρn
i+1) if max{0,Pi

1} ≤ pi ≤min{1,Pi
2},

F in
i −d(F in

i , ln
i ) if 0≤ pi < max{0,Pi

1},

which yields after integration:

ln+1
i =


ln
i +
(
F in

i −
(
σ(ρn

i+1)− (1−βi)δ (ρ
n
i )
))

∆ t if 1≥ pi > min{1,Pi
2},

ln
i +
(
F in

i − (1− pi)σ(ρn
i+1)

)
∆ t if max{0,Pi

1} ≤ pi ≤min{1,Pi
2},

ln
i +
(
F in

i −d(F in
i , ln

i )
)

∆ t if 0≤ pi < max{0,Pi
1}.

(3.86)
In the next section we will briefly present numerical scheme used in this chap-

ter.

3.4 Numerical Scheme

In this section we consider the traffic regulation problem for a network as the
one in Figure 3.1 and Figure 3.5. Then we treat the numerical scheme used to
study the evolution of traffic in both cases in the sequel.

Network Topology for Roundabout with 3 Entrances and
3 Exits

The roundabout can be modelled by
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• 4 roads from the roundabout: I1,I2,I3,I4 with I1 and I4 linked
with periodic boundary conditions;

• 3 roads connecting the roundabout with the rest of the network: 3 in-
coming lanes and 3 outgoing ones.

From the topology, it can be noted that all the junctions in the roundabout can
be represented by 2x2 junctions for which it might be necessary to define a right
of way parameter p.

3.4.1 Godunov Scheme

The Godunov scheme as introduced in [46] is based on exact solutions to Rie-
mann problems. The main idea of this method is to approximate the initial da-
tum by a piecewise constant function, then the corresponding Riemann prob-
lems are solved exactly and a global solution is simply obtained by lamenting
them together. Finally, one takes the mean on the cell and proceeds by induction.

In the process of numerical investigation, the first step is to discretize the
junction model. To this aim, we define a numerical grid in (0,T )×R using the
following notation.

• ∆x is the fixed space grid size;
• ∆ tn is the grid size, given by the CFL condition;
• (tn,x j) = (tn−1 +∆ tn, j∆x) for n ∈ N and j ∈ Z are the grid points.

Each road is divided in N + 1 cells numbered from 0 to N. Under the CFL con-
dition

∆ tn max
j∈Z

∣∣∣λ n
j+ 1

2

∣∣∣≤ 1
2

∆x, (3.87)

the waves generated by different Riemann problems do not interact. In the
above inequality, λ n

j+ 1
2

is the wave speed of the Riemann problem solution at

the interface x j+ 1
2

at time tn. Under condition (3.87) the scheme can be written
as

ρ
n+1
j = ρ

n
j −

∆ tn

∆x
(g(ρn

j ,ρ
n
j+1)−g(ρn

j−1,ρ
n
j )), (3.88)

where the numerical flux g takes in general the following expression:

g(u,v) =
{

minz∈[u,v] f (z) if u≤ v,
maxz∈[v,u] f (z) if v≤ u. (3.89)
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Conditions at the Junction.

For the incoming main lane, that is connected at the junction at the right end-
point, we set

ρ
n+1
N = ρ

n
N−

∆ tn

∆x
(Γ̂1−g(ρn

N−1,ρ
n
N)),

while for the outgoing one, connected at the junction at the left endpoint, we
have

ρ
n+1
0 = ρ

n
0 −

∆ tn

∆x
(g(ρn

0 ,ρ
n
1 )− Γ̂2),

where Γ̂1 and Γ̂2 are the maximized fluxes computed in Section 3.3.

ODE Treatment

Let us consider now the buffer modelled by the ODE (3.2). At each time step
tn = tn−1+∆ tn we compute the new value of the queue length with explicit Euler
first order integration:

1. If Fin(tn)< Γ̂r1

ln+1 =

{
ln +(Fin(tn)− Γ̂r1)∆ tn for tn+1 < t̄,
0 otherwise .

2. If Fin(tn)≥ Γ̂r1
ln+1 = ln +(Fin(tn)− Γ̂r1)∆ tn.

For more details on the numerical scheme for the junction model we refer the
reader to [25].

Network Topology for Roundabout with m Entrances and
m Exits

In this subsection we can describe the topology of the roundabout under con-
sideration (see Figure 3.5) in the following way.

• m+1 roads forming the roundabout: I1, I2, I3, . . . , Im+1, with I1 and Im+1
linked with periodic boundary conditions;

• m roads connecting the roundabout with the rest of the road network:
m incoming and m outgoing lanes.
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To compute approximate solutions, we adapt the classical Godunov scheme to
our problem with some adjustment due to the presence of buffers on the en-
trance roads of the roundabout. We use the following notation to define a nu-
merical grid in (0,T )× [x0,xm].

• xi, i = 0, . . . ,m, are the cell interfaces;
• Li = xi− xi−1 represents the length of each segment of the roundabout

and ∆ t is the time step, to be defined according to the CLF stability
condition below;

• tn = tn−1 +∆ t, n ∈ N are the time grid points.

3.4.2 Adapted Godunov Scheme at Junctions

In this subsection we consider the distance between two adjacent junctions of a
roundabout as the fixed space grid size of the Godunov discretization and junc-
tions as cell interfaces. This is because each link of the roundabout is reasonably
short to fit the scheme discretization. In this setting, on the main road of the
roundabout we set

ρ
n+1
i = ρ

n
i −

∆ t
Li

(
Fn,−

i −Fn,+
i−1

)
, i = 1,2, . . . ,m, (3.90)

Under the Courant-Friedrichs-Lewy (CFL) condition [52]

∆ t ≤ mini Li

λ max (3.91)

where λ max = max{v f ,w f }. This condition ensures that waves origination at an
interface do not cross other interfaces before ∆ t.

Computing Buffer Length From ODE

We consider the buffer evolution described by (3.2) to compute the queue length
on the secondary road of a roundabout. At each time step tn = tn−1 + ∆ t we
update the new value of the queue length as follows:

1. If F in
i ≥ γri , the buffer length is increasing and we set

ln+1
i = ln

i +
(

F in
i − γri

)
∆ t, i = 1,2, . . . ,m. (3.92)

2. If F in
i < γri , the buffer length is decreasing and we set
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t̃i =
ln
i

γri−F in
i

+ tn (3.93)

the time at which the buffer empties.
i. if tn+1 < t̃i

ln+1
i = ln

i +
(

F in
i − γri

)
∆ t, i = 1,2, . . . ,m; (3.94)

ii. if t̃i < tn+1, ∆̃ t = t̃− tn and ln+1
i = 0.

The above computation can be summarized as in the following algorithm.

Algorithm 1 State variable update procedure

1. Input: states at time tn: (ρn
i , l

n
i )i=1,...,m.

2. Output: states at time tn+1: (ρn+1
i , ln+1

i )i=1,...,m.
(a) If t̃i > tn+1 or t̃i ≤ tn ∀i: set tn+1 = tn +∆ t and update the density on roundabout

with Godunov fluxes at junctions

ρ
n+1
i = ρ

n
i −

∆ t
Li

(
Fn,−

i −Fn,+
i−1

)
, i = 1,2, . . . ,m,

and the buffer lengths at junction Ji of the roundabout with

ln+1
i = ln

i +∆ t
(

F in
i − γri

)
, i = 1,2, . . . ,m.

(b) If tn < t̃i < tn+1, ∃i ∈ {1,2, . . . ,m}: set tn+1 = t̃i, and ∆̃ t = tn+1− tn; then update the
density on the roundabout with Godunov fluxes at junctions

ρ
n+1
i = ρ

n
i −

∆̃ t
Li

(
Fn,−

i −Fn,+
i−1

)
, i = 1,2, . . . ,m,

and the buffer lengths as

ln+1
i = ln

i +
(

F in
i − γri

)
∆̃ t, i = 1,2, . . . ,m.

This Algorithm takes as inputs the states ρn
i , and ln

i at time-step n for all
roundabout links and on the incoming secondary roads and returns the states
advanced by one time step.



74 3 Traffic Flow Optimization on Roundabouts

3.5 Optimization on Networks

3.5.1 Minimal area approach

In this section we define the optimization problem, the cost functionals and de-
rive their expressions. We introduce the Total Travel Time (T T T ) on the road
network and the Total Waiting Time (TWT ) on the incoming lanes of the sec-
ondary roads, which are defined as follows:

T T T (T,~p) =
3

∑
i=1

∫ T

0

∫
Ii

ρ(t,x)dxdt +
3

∑
i=1

∫ T

0
li(t)dt +T ·

3

∑
i=1

∫
Ii

ρ(T,x)dx+T ·
3

∑
i=1

li(T )

(3.95)

TWT (T,~p) =
3

∑
i=1

∫ T

0
li(t)dt +T · li(T ) (3.96)

for T > 0 that we will take sufficiently large so that the solution is stabilized. In
equation (3.95) the first and second term respectively equals to the time taken
to travel on the main road of the roundabout and the waiting time on the buffer.
Also, the third and fourth term respectively equals to the time taken to travel
on the main road of the roundabout and the waiting time on the buffer at final
time T.
Our aim is to optimize cost functionals (3.95), (3.96), that measure the Total
Travel Time (TTT) and the Total Waiting Time (TWT) through a suitable choice
of the right of way parameter p for incoming roads. To this end, we derive the
explicit expression of the cost functionals locally at junctions to study their de-
pendence on the right of way parameter p. We consider a single junction as in
Figure 3.2(b) with I1 = [−1,0] and I2 = [0,1]. We suppose that the network and
the buffer are empty at t = 0 and we assume that the following boundary data
are given: f in the inflow on the incoming main lane, f out the outflow on the out-
going main lane and Fin the incoming flux of the secondary road. Note that, if
initially the buffer is not empty, it can be fit to the problem without problem by
constant translation. Moreover, to reduce the number of cases to be studied, we
assume Fin ≤ f max = γmax

r1 and f out ≤ f max.

The optimization problem is then

min
p∈[0,1]

TTT(T,p) and min
p∈[0,1]

TWT(T,p) (3.97)

The TTT and the TWT give an estimate of the time spent by drivers in the net-
work sections or in the queues at the buffers, respectively. The cost functionals
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are computed analytically on a single 2x2 junction. Then, the traffic behavior for
the whole roundabout is studied numerically using local optima.

Local Total Waiting Time (TWTloc) and Total Travel Time (TTTloc)

We are now ready to compute the expressions for the Total Travel Time and the
Total Waiting Time for each value of p. We treat the problem depending on the
situation at the junction. It is either demand limited or supply limited. We detail
the analytical computation for each case in the sequel.

A. Demand-limited Case

1. The case: max(p1,0)≤ p≤min(p2,1)

We calculate the TWTloc as follows

TWTloc(T,p) =
∫ T

t3
(Fin− (1−p) f out)(t− t3)dt +T (Fin− (1−p) f out)(T − t3).

(3.98)

while the T T Tloc(T ) is obtained by a constant term which does not depend
on the priority parameter p plus a term depending on p, that we denote by
T T Tloc(T,p) :

T T Tloc(T,p) =
∫∫

A1

ρ̂1dtdx+
∫∫

A2

ρ1(p)dtdx+T
∫ 1

−1
(ρ1(p)+ρ3)dx

+
∫ T

t3
(Fin− (1−p) f out)(t− t3)dt +T (Fin− (1−p) f out)(T − t3),

(3.99)

where the areas of the integration domains are defined by

A1 =
1
2
(t4(p)− t3) = A2

as shown in Figure 3.30.
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f in f out

Fin

ρ2,0ρ1,0

ρ̂2ρ̂1

ρ2

A2A1
ρ3

ρ1
t

−1 1 x

t1

t3 O

t4

Fig. 3.30: Area of integration in the case: max(p1,0)≤ p≤min(p2,1)

2. The case: min(p2,1)< p≤ 1

The TWTloc(T,p) is computed as

TWTloc(T,p) =
∫ T

t3
(Fin +(1−β ) f in− f out)(t− t3)dt+

T (Fin +(1−β ) f in− f out)(T − t3). (3.100)

and the TTTloc(T ) is given by:

TTTloc(T,p) = T
∫ 1

−1
(ρ̂1 +ρ3)dx+

∫ T

t3
(Fin +(1−β ) f in− f out)(t− t3)dt+

T (Fin +(1−β ) f in− f out)(T − t3). (3.101)

3. The case: 0≤ p < max(p1,0)

In this case TWTloc = 0 since the buffer is empty. The TTTloc(T ) is given by a
constant term plus

TTTloc(T,p) = T
∫ 1

−1
(ρ̌1 +ρ3)dx. (3.102)

B. Supply-limited Case

By similar argument we explicitly express the total travel time and the total
waiting time locally case by case.
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1. The case : p1 ≤ p < p̄

In this case both cost functionals depend on the variable p and can be expressed
separately. We compute the TWTloc as follows

TWTloc(T,p) =
∫ t4

t1
((Fin− (1−p) f max)(t−1))dt

+
∫ T

t4

(
l(t4)+

(
Fin− (1−p) f out)(t− t4)

)
dt +T l(t4)

+T
(
Fin− (1−p) f out)(T − t4). (3.103)

Concerning TTTloc(T ), it is given by the expression

TTTloc(T,p) =
∫∫

A1

ρ̂1dtdx+
∫∫

A2

ρ1(p)dtdx+
∫∫

A3

ρ̌1(p)dtdx

+
∫ t4

t1
((Fin− (1−p) f max)(t−1))dt

+
∫ T

t4

(
l(t4)+

(
Fin− (1−p) f out)(t− t4)

)
dt

+T l(t4)+T
(
Fin− (1−p) f out)(T − t4)+T

∫ 1

−1
(ρ̌1(p)+ρ3)dx,

(3.104)

where the areas of integration are defined by

A1 =
1
2
(t2(p)−1), A2 =

1
2
(t5(p)+ t4− t2−1), A3 =

1
2
(t5(p)− t4)

and T = t5, as in Figure 3.31.
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St2

A1

A2

A3
t5

Fig. 3.31: Area of integration in the case p1 ≤ p < p̄
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2. The case: p̄≤ p≤ p2

The TWTloc is as in (3.103), since it does not depend on the wave interactions
but only on the queue length. The TTTloc(T ) can be expressed as

TTTloc(T,p) =
∫∫

A1+A2+A5

ρ̂1dtdx+
∫∫

A3

ρ1(p)dtdx+
∫∫

A4+A6+A7

ρ̌1(p)dtdx

+
∫ t4

t1
((Fin− (1−p) f max))(t−1))dt +T

∫ 1

−1
(ρ̌1(p)+ρ3)dx

+
∫ T

t4

(
l(t4)+

(
Fin− (1−p) f out)(t− t4)

)
dt

+T l(t4)+T
(
Fin− (1−p) f out)(T − t4). (3.105)
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A6 A7

A4

A3

tQ

Fig. 3.32: Area of integration in the case p̄≤ p≤ p2

The areas are defined by

A1 =
1
2
(tQ(p)−1) A5 =

1
2
(t5(p)− tQ(p))(xQ(p)+1)

A2 =
1
2
(tQ(p)−1)(xQ(p)+1) A6 =

1
2
(t5(p)− tQ(p))(xQ(p)+1)

A3 =
1
2
(xQ(p)− xQ(p)t4) A7 = (t5(p)− tQ(p))(−xQ(p))

A4 =
1
2
(tQ(p)− t4)(−xQ(p))

as in Figure 3.32.



3.5 Optimization on Networks 79

3. The case: p > p2

In this case we have to consider two different situations according to the value

of p. If p > ¯̄p = (1− β )
f in

f out and (1− β ) f in < f out then the functionals do not

depend on p and hence, we skip it from our analysis. If p2 < p < ¯̄p and p
(1−β ) f in < f out or (1−β ) f in ≥ f out then the TWTloc is given by

TWTloc(T,p) =
∫ t4

t1

(
Fin +(1−β ) f in− f max)(t−1)

)
dt

+
∫ T

t4

(
(Fin +(1−β ) f in− f max)(t4−1)+

(
Fin− (1−p) f out)(t− t4)

)
dt

+T (Fin +(1−β ) f in− f max)(t4−1)+T
(
Fin− (1−p) f out)(T − t4).

(3.106)

The TTTloc(T ), as usual, is instead calculated by the constant term plus

TTTloc(T,p) =
∫

A1

ρ̂1(p)dtdx+
∫

A2

ρ̌1(p)dtdx

+
∫ t4

t1

(
Fin +(1−β ) f in− f max)(t−1)

)
dt +T

∫ 1

−1
(ρ̌1(p)+ρ3)dx

+
∫ T

t4

(
(Fin +(1−β ) f in− f max)(t4−1)+

(
Fin− (1−p) f out)(t− t4)

)
dt

+T (Fin +(1−β ) f in− f max)(t4−1)+T
(
Fin− (1−p) f out)(T − t4)

(3.107)

and the areas for this case are A1 =
1
2(t5(p)− t4) and A2 =

1
2(t5(p)− t4) as shown

in Figure 3.33.
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Fig. 3.33: Area of integration in the case p > p2
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4. The case: 0≤ p < p1

We have two different situations which depend on the intersection of the waves
as explained in Section 3.3.1. When the waves do not interact between x = −1
and x = 0 the TWTloc is computed as

TWTloc(T,p) =
∫ T

t4

(
Fin− (1−p) f out)(t− t4)dt +T

(
Fin− (1−p) f out)(T − t4),

(3.108)
while the TTTloc(T,p) is given by

TTTloc(T,p) =
∫∫

A1

ρ1dtdx+
∫∫

A2

ρ̌1(p)dtdx+
∫ T

t4

(
Fin− (1−p) f out)(t− t4)dt

+T
(
Fin− (1−p) f out)(T − t4)+T

∫ 1

−1
(ρ̌1(p)+ρ3)dx, (3.109)

where A1 =
1
2(t5− t4) = A2 as shown in Figure 3.34.
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Fig. 3.34: Area of integration in the case 0≤ p < p1

Whereas when the waves interact between x = −1 and x = 0, then the TWT
remain the same and the TTTloc(T,p) is computed as follows

TTTloc(T,p) =
∫∫

A1

ρ̂1dtdx+
∫∫

A2+A3+A4

ρ̌1(p)dtdx

+
∫ T

t4

(
Fin− (1−p) f out)(t− t4)dt +T

(
Fin− (1−p) f out)(T − t4)

+T
∫ 1

−1
(ρ̌1(p)+ρ3)dx.
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Fig. 3.35: Area of integration when the wave collide in the region [-1,0].

The areas of integration are defined by the following equations as shown in
Figure 3.35.

A1 = A2 =
1
2
(t5(p)− tN(p))(xN(p)+1), A3 = (t5− tN(p))(−xN(p)),

A4 =
1
2
(tN(p)− t4)(−xN(p)).

Remark 3.4. We only consider the areas of integration for each case in which the
cost functional depend on the priority parameter, p .

Note that the cost functionals are continuous w.r.t. p ∈ [0,1] , therefore they ad-
mits a minimum. However, due to the high number of parameters appearing, it
is not possible to compute analytically the optimal solution. Hence, we compute
the optimal priority parameter only numerically, as explained in the following
subsection.

Numerical Simulations

In this section we show some simulation results corresponding to different
choices of the right of way parameters. We consider approximations obtained
by Godunov numerical method, with space step ∆x = 0.1 and the time step
determined by the CFL condition. The traffic flow on the road network is sim-
ulated in a time interval [0,T ], where T = 50. As for the initial condition on the
roads of the network, we assume that at initial time t = 0 all the roads and the
buffers are empty, f in = f out = 0 and we take Fin 6= 0. We consider the following
parameters for each link: f max = 0.66, ρc = 0.66 and γmax

r1 = 0.66 . Moreover, we
distinguish different cases of simulations which vary according to the value of
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Fin ∈ {0.1,0.2,0.3,0.4,0.5,0.6} and β ∈ {0.2,0.3,0.4,0.5,0.6,0.7}. For each value
of Fin and β we study different simulations cases.

Instantaneous right of way parameter

Due to the complicated expressions of the cost functionals it is difficult to use
an analytical approach for the development of an optimized algorithm for the
whole roundabout. For this reason, we consider at each junction and at each
time step the optimal parameters to optimize the cost functionals TTTloc and
TWTloc corresponding to the road densities near the junction. The technique
for the simulation of the optimal case is based on the local optimization of ev-
ery junction of 2×2 type, which form the roundabout.To compute the optimal
value of the priority parameter, we take the minimum of the cost functionals
computed in Section 3.5 over a grid of 100 points equidistributed in [0, 1]. The
cost functionals are evaluated at each time step from the values of Fin, f out and
f in given by

• f in = δ (ρinc)
• f out = σ(ρout)
• Fin = d(Fin, ln)

Fixed right of way parameter

We analyze the behavior of the cost functionals TTTloc and TWTloc, assuming
that the priority parameter p is the same and kept fixed for each junction. This
simulates, for instance, if the junction is regulated by a constant signalized sys-
tem.

Simulation Results

In Figures 3.37 and 3.36 we show some of the simulation results for some repre-
sentative cases. More precisely we show the value of the functionals TTT (3.95)
and TWT (3.96) computed on the whole roundabout as a function of Fin. A leg-
end for every picture indicates the different simulation cases. Moreover, the
Tables 3.1− 3.6 depict the gain in percentage between the optimal case and the
constant one for different values of p.
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Fig. 3.36: TTT as a function of Fin computed for a time horizon T = 50.
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Fig. 3.37: TWT as a function of Fin computed for a time horizon T = 50.
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Fin
β 0.2 0.3 0.4 0.5 0.6 0.7

0.1 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.2 -23.9359% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.3 -19.2538% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.4 -15.8362% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.5 -13.3060% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.6 -11.5724% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

Table 3.1: Gain in TTT computed with the optimal right of way parameter and
a fixed one p = 0.7.

Fin
β 0.2 0.3 0.4 0.5 0.6 0.7

0.1 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.2 -26.1638% -26.7080% 0.0000% 0.0000% 0.0000% 0.0000%

0.3 -21.8880% -30.3638% -38.8852% 0.0000% 0.0000% 0.0000%

0.4 -18.2182% -25.1910% -32.8044% -40.3677% 0.0000% 0.0000%

0.5 -15.3961% -21.1096% -27.1844% -32.9931% 0.0000% 0.0000%

0.6 -13.3412% -18.3294% -23.2688% -27.9928% 0.0000% 0.0000%

Table 3.2: Gain in TTT computed with the optimal right of way parameter and
a fixed one p = 0.4.

Fin
β 0.2 0.3 0.4 0.5 0.6 0.7

0.1 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.2 -26.2608% -26.9396% 0.0000% 0.0000% 0.0000% 0.0000%

0.3 -22.0246% -30.6028% -39.4182% 0.0000% 0.0000% 0.0000%

0.4 -18.3772% -28.0082% -33.4924% -42.2899% -49.5546% 0.0000%

0.5 -15.6867% -21.6484% -28.6658% -35.5027% -43.4925% -51.7438%

0.6 -13.5821% -18.6328% -24.1359% -30.1316% -36.6248% -43.3260%

Table 3.3: Gain in TTT computed with the optimal right of way parameter and
a fixed one p = 0.2.



86 3 Traffic Flow Optimization on Roundabouts

Fin
β 0.2 0.3 0.4 0.5 0.6 0.7

0.1 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.2 -37.7363% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.3 -20.0221% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.4 -13.6862% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.5 -10.3010% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.6 -8.3728% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

Table 3.4: Gain in TWT computed with the optimal right of way parameter and
a fixed one p = 0.7.

Fin
β 0.2 0.3 0.4 0.5 0.6 0.7

0.1 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.2 -41.5096% -92.2568% 0.0000% 0.0000% 0.0000% 0.0000%

0.3 -23.6510% -43.9810% -72.9952% 0.0000% 0.0000% 0.0000%

0.4 -16.5219% -29.0594% -44.6035% -64.1409% 0.0000% 0.0000%

0.5 -12.5626% -21.4584% -31.6873% -42.9263% 0.0000% 0.0000%

0.6 -9.2872% -17.0847% -24.7253% -32.5150% 0.0000% 0.0000%

Table 3.5: Gain in TWT computed with the optimal right of way parameter and
a fixed one p = 0.4.

Fin
β 0.2 0.3 0.4 0.5 0.6 0.7

0.1 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

0.2 -41.6784% -92.3688% 0.0000% 0.0000% 0.0000% 0.0000%

0.3 -23.8452% -44.3239% -73.5147% 0.0000% 0.0000% 0.0000%

0.4 -16.7143% -29.4949% -45.5005% -66.1746% -94.3553% 0.0000%

0.5 -12.8840% -22.1229% -33.0143% -46.0431% -61.9339% -81.8636%

0.6 -10.4278% -17.6115% -25.7892% -35.1576% -45.9640% -58.3022%

Table 3.6: Gain in TWT computed with the optimal right of way parameter and
a fixed one p = 0.2.

In both cases, the cost functionals computed with a fixed right of way param-
eter or with the optimal ones have a different behavior only for those values
of Fin for which the problem is supply limited. In both cases we have better re-
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sults for the optimal case. We can see that even when optimizing the TWT, low
values of the priority parameters that should favor the entrance with respect
to the main lane are bad choices. In fact, for these values the roundabout tends
to be overly congested blocking the entrances. From our analysis, it seems that
in both cases the optimal priority parameters are the ones that favors the main
lane compared to the entrances.

3.5.2 Instantaneous Optimization of ODE-PDE
Constrained System

Hyperbolic conservation laws may be nonlinear and lead to non-convex or non-
linear formulations of the corresponding optimization problem. In such cases
fewer optimization techniques exist for the discretized version of the problems
than for convex problems. One approach is to approximate the system with a
relaxed version in order to use efficient linear programming techniques. The
linearization approach was used in [34] for optimal ramp metering using Go-
dunov discretization scheme.

In this subsection we are going to determine discrete instantaneous optimal
priority parameters pn

i = pi(tn) in order to minimize total travel time on the
roundabout on a fixed time interval [0,T ], expressed by the cost functional

J(~p) =
m

∑
i=1

∫ T

0

∫
Ii

ρ(t,x) dxdt +
m

∑
i=1

∫ T

0
li(t) dt. (3.110)

Here, ~p : [0,T]→ [0,1]m is the time dependent vector of control variables. We se-
lect instantaneous optimal control approach to minimize the total travel time on
the networks of the roundabout under consideration. The idea of instantaneous
control has been discussed in [42] for the optimization of traffic flow problems
on road networks. The purpose is to minimize large storage requirements aris-
ing from the network structure and the strong coupling of adjoints and state
equations by generating a sequence of optimal control problems of reduced di-
mension. In this subsection, rather than generating a sequence of sub-optimal
control problems, we compute the gradient of the cost function at each time step
tn to obtain the optimal priority parameters. We apply the procedure to mini-
mize the total travel time across a roundabout.

Given a time step ∆ t (to be replaced with ∆̃ t when needed) compatible with
the CFL condition (3.91), we can introduce the instantaneous cost functional Jn

at time tn read as
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Jn(~p) = ∆ t
m

∑
i=1

Liρ
n+1
i +∆ t

m

∑
i=1

ln+1
i

= ∆ t
m

∑
i=1

[
Liρ

n
i −∆ t

(
Fn,−

i −Fn,+
i−1

)]
(3.111)

+∆ t
m

∑
i=1

[
ln
i +∆ t

(
F in

i − γri

)]
,

where the dependencies of Fn,±
i and γri on pi are expressed by (3.79)-(3.82) in the

demand-limited case and by (3.83)-(3.86) in the supply-limited situation. Within
this framework, we treat both demand and supply-limited cases at junctions.

Nonlinear optimization techniques such as gradient descent method can be
applied to the descretized system without any modification to the underlying
dynamics. Gradient descent is a first-order optimization algorithm which gives
no guarantee for finding a unique global minimum. In the computation of the
gradient, we consider each cases based on the situation at the corresponding
junction of the roundabout. The optimization problem thus writes

min
~p∈[0,1]m

Jn(~p). (3.112)

such that for each ~p equations (3.1) and (3.2) holds. Note that in our case the
cost functional Jn is piece-wise linear with respect to pi, i = 1, . . . ,m.

Theorem 3.3. Consider junctions of a roundabout as in Figure 3.5 with two incoming
and two outgoing roads at each junction. Suppose the instantaneous cost functional Jn

at time tn is given by equation (3.111). Then the optimal priority parameter exists and
it is obtained at Pi

2 which is given by equation (3.85) for i = 1,2, . . .m and for each n.

Proof. The cost functional Jn is piecewise linear and continuous with respect to
the priority parameter pi, i = 1,2, . . .m. Furthermore, it is non-convex. Straight
forward computations with respect to pi, i = 1,2, . . .m gives

∂

∂ pn
i

Jn(~p) =


βi

βi−1
σ(ρn

i+1)∆ t2 ≤ 0 if pi ∈ [max{0,Pi
1},min{1,Pi

2}]

0 otherwise,
(3.113)

where Pi
1, and Pi

2 are as given by (3.85). This implies that Jn is decreasing on the
interval [max{0,Pi

1},min{1,Pi
2}]. Since Jn is piecewise continuous and decreasing

on the compact set [max{0,Pi
1},min{1,Pi

2}], the optimal point exists by Weier-
strass extreme value theorem. Consequently the values of optimal priority pa-
rameter is attained at Pi

2 for each n and for i = 1,2, . . . ,m. Therefore, any choice of
pi ≤min{1,Pi

2}, i = 1, . . . ,m solves (3.112), resulting in the same flow dynamics.
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The optimal parameter values are used to update the priority variables pn
i

which is adjusted for each iteration n to produce local optimal solution that
satisfies the given target.

Numerical Simulations

In this section we present the results obtained through numerical simulations
for a roundabout modelled as a concatenation of four 2× 2 junctions with two
incoming and two outing roads at each junction using the gradient descent
method. That is, we take m = 4 for the simulation purpose. Any other reason-
ably finite arbitrary choice of m is also possible.

We analyze the cost functional (3.110) introduced in Section 3.5.2. In partic-
ular, we want to compare the effectiveness of instantaneous optimal choices
of the priority parameters given by pi = Pi

2, i = 1, . . . ,m, with respect to fixed
constant parameters. For this, we compute the corresponding value of the dis-
cretized functional

J̃(~p) = ∆ t
nT

∑
n=0

m

∑
i=1

Liρ
n+1
i +∆ t

nT

∑
n=0

m

∑
i=1

ln+1
i , (3.114)

with ~p : [0,T ]→ [0,1]m is piecewise constant on [tn, tn+1[, n = 0, . . . ,nT ,where we
set t0 = 0 and tnT+1 = T .

Below, we present the choice of simulation parameters. The numerical ap-
proximation of the hyperbolic conservation laws that describe the evolution of
densities for each road of the roundabout is made using the adapted Godunov
scheme described in Subsection 3.4.2. The time step is determined by the CFL
stability condition (3.91) with coefficient equal to 0.5. Periodic boundary condi-
tions are imposed on the left and on the right of the computational domain. The
ODE is discretized using an explicit Euler first order integration method. The
roundabout traffic evolution is simulated on a time interval [0,T ], with T = 30,
long enough to attain a stabilized situation.

At initial time t = 0, we assume that all the links and the buffers are empty,
and we impose Fi

in 6= 0 at each junctions. For the simulations, we consider ρmax =
v f = 1, f max = ρc = 0.66, Li = 1 and γmax

ri
= 0.66 for all i = 1, . . . ,4. Finally, for each

value of the fixed control parameters we study 6× 6 simulation cases based
on different values of the flux Fi

in and βi. For each of them we perform two
simulations
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1. Instantaneous optimal priority parameters: We use pi = Pi
2, i = 1, . . . ,4 in

Algorithm 1 to compute the corresponding value of (3.114).
2. Fixed optimal priority parameters: In this case, the priority parameters

pi are kept fixed with the same constant values for all junctions in each
simulation cases. Then, as in case 1, we apply Algorithm 1 to compute the
state variables on each links of the roundabout and the buffer lengths and
the corresponding total travel time on the roundabout.

Simulation Results

We run simulations for the values of Fi
in and βi as given in Tables 1-6. Then we

compute the difference between total travel time obtained with different fixed
pi and the optimal pn

i . That is

TTTD =
TTTF−TTTO

TTTF

where TTTF stands for the value of (3.114) corresponding to fixed pi, TTTO rep-
resents total travel time with optimal pn

i and TTTD for their difference. Tables
1-6 report the gain percentage in total travel times to compare the effectiveness
of our approach.

βi
Fi

in
0.1 0.2 0.3 0.4 0.5 0.6

0.2 0% 47.42% 36.86% 29.44% 24.42% 20.66%

0.3 0% 0% 54.12% 43.42% 36.08% 30.52%

0.4 0% 0% 69.87% 57.42% 47.68% 40.36%

0.5 0% 0% 0% 71.07% 59.3% 50.11%

0.6 0% 0% 0% 0% 70.75% 59.76%

0.7 0% 0% 0% 0% 81.68% 68.92%

Table 3.7: Improvement in total travel time using instantaneous optimal
parameters compared to fixed constant parameter pi = 0.2, i = 1, . . . ,4.
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βi
Fi

in
0.1 0.2 0.3 0.4 0.5 0.6

0.2 0% 47.3% 36.76% 29.38% 24.15% 20.35%

0.3 0% 0% 54.04% 43.24% 35.72% 29.99%

0.4 0% 0% 69.72% 57.23% 47.19% 39.57%

0.5 0% 0% 0% 70.63% 58.4% 48.92%

0.6 0% 0% 0% 0% 69.01% 57.2%

0.7 0% 0% 0% 0% 0% 0%

Table 3.8: Percentage gained in total travel time using instantaneous optimal
parameters compared to fixed constant parameter pi = 0.3, i = 1, . . . ,4.

βi
Fi

in
0.1 0.2 0.3 0.4 0.5 0.6

0.2 0% 47.19% 36.6% 29.14% 23.74% 19.94%

0.3 0% 0% 53.7% 42.95% 34.97% 29.32%

0.4 0% 0% 69.22% 56.51% 45.75% 38.29%

0.5 0% 0% 0% 69.11% 55.36% 45.86%

0.6 0% 0% 0% 0% 0% 0%

0.7 0% 0% 0% 0% 0% 0%

Table 3.9: Percentage gain in total travel time using instantaneous optimal
parameters compared to fixed constant parameter pi = 0.4, i = 1,2, . . . ,4.

.

βi
Fi

in
0.1 0.2 0.3 0.4 0.5 0.6

0.2 0% 46.94% 36.25% 28.36% 23.07% 19.38%

0.3 0% 0% 53.04% 41.49% 33.55% 28.02%

0.4 0% 0% 67.41% 52.97% 42.27% 35.03%

0.5 0% 0% 0% 0% 0% 0%

0.6 0% 0% 0% 0% 0% 0%

0.7 0% 0% 0% 0% 0% 0%

Table 3.10: Percentage gain in total travel time using instantaneous optimal
parameters compared to fixed constant parameter pi = 0.5, i = 1,2, . . . ,4.

.
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βi
Fi

in
0.1 0.2 0.3 0.4 0.5 0.6

0.2 0% 46.22% 34.95% 27.02% 21.91% 18.33%

0.3 0% 0% 49.42% 37.67% 30.12% 24.96%

0.4 0% 0% 0% 0% 0% 0%

0.5 0% 0% 0% 0% 0% 0%

0.6 0% 0% 0% 0% 0% 0%

0.7 0% 0% 0% 0% 0% 0%

Table 3.11: Percentage gain in total travel time using instantaneous optimal
parameters compared to fixed parameter pi = 0.6, i = 1,2, . . . ,4.

.

βi
Fi

in
0.1 0.2 0.3 0.4 0.5 0.6

0.2 0% 43.23% 30.99% 23.7% 19.07% 15.87%

0.3 0% 0% 0% 0% 0% 10%

0.4 0% 0% 0% 0% 0% 0%

0.5 0% 0% 0% 0% 0% 0%

0.6 0% 0% 0% 0% 0% 0%

0.7 0% 0% 0% 0% 0% 0%

Table 3.12: Percentage gain in total travel time using instantaneous optimal
parameters compared to fixed constant parameters pi = 0.7, i = 1,2, . . . ,4.

As indicated in Tables 1-6, the percentage gain in total travel time is nul in the
case of demand-limited and both approaches give the same value. However,
as the traffic inflow increases on the incoming secondary road at the entrance
of the roundabout, a sensible percentage gain is observable for different fixed
constant pi and optimal pi, as illustrated in the above tables. These situation
correspond to supply-limited cases on the main lane of the roundabout. This
shows that, when a large population of vehicles remain on the main road of the
roundabout, the instantaneous optimal choice of priority parameter increases
the performance of the roundabout compared to different fixed values of pi.

For the fixed priority parameters greater than Pi
2 at each junction both ap-

proaches take the same values. This is due to the fact illustrated by Figure 3.7c
in Section 3.3. That is, the junction solution is approximated by the point on
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the feasible set. Furthermore, as the values of the fixed parameters pi decreases,
the instantaneous choice of optimal parameter shows better performance in in-
creasing traffic throughput. Compared to small fixed priority parameters, larger
fixed values are better in optimizing traffic flux on the network portion.

Fig. 3.38: Comparison between the total travel times obtained with optimal
choice of pi and fixed pi = 0.4, for different values of incoming flux and

splitting ratio.

In Figure 3.38 we plot the values of total travel time obtained by both ap-
proaches as a function of the incoming flux Fi

in for different values of splitting
ratio βi for the whole roundabout. The legend indicates different simulation
cases.

Fig. 3.39: Density at T = 30 (left), buffer lengths (middle) and optimal priority
parameter (right) evolution on the time interval [0,30].



94 3 Traffic Flow Optimization on Roundabouts

Figure 3.39 illustrates sample density, buffer length and optimal priority pro-
files for different inflows from the secondary incoming road of a roundabout at
junctions during the simulation time interval [0,30].



Chapter 4
Modelling Pedestrians’ Impact on the
Performance of a Roundabout

4.1 Introduction

A wide variety of mathematical models describing traffic flow and separately
pedestrians motion have been intensively investigated in the recent years us-
ing microscopic and macroscopic approaches as reviewed in chapter 1. In the
present chapter, we are interested to present the relation between short stay
of pedestrian on the crosswalk situated on entrance and exiting roads of the
roundabout and its implication on the performance of the roundabout in regu-
lating traffic flow problems. Compared to [10, 57], the model presented in this
chapter use extended flux due to pedestrians motion on the crosswalk and fo-
cused on investigating the performance of the roundabout rather than optimiz-
ing the traffic flow.

Roundabouts can be seen as particular road network and can be modelled
as alternatively periodic sequences of 2×1 and 1×2-type junctions. In the rest
of the chapter, we consider a roundabout joining m-incoming and m-outgoing
roads, m ∈ N, m ≥ 2, with pedestrian crosswalk situated both on the entrance
and exit roads. The evolution of the traffic flow on the whole road network of
the roundabout is described by nonlinear scalar hyperbolic partial differential
equation (PDE) as discussed in chapter 3.

Here, we introduce three cost functionals that measure the total mass of vehi-
cle, average velocity, and total flux on the network to analyze the performance
of the roundabout with and without pedestrian through numerical simulation.

The chapter begins with reviewing existing literature on traffic and pedes-
trians flow modelling . In Section 4.2, we describe mathematical model for the
road networks of the roundabout, governing equations and the solution of Rie-

95
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mann problem at junctions. In Section 4.3 we detail numerical approximation
and finally we close the chapter by presenting comparisons.

4.2 The Model

Consider a roundabout joining m-incoming and m-outgoing roads, m ∈ N, m ≥
2, with pedestrian crosswalk situated both on the entrance and exit roads as
illustrated in Figure 4.1.

Crosswalk

J1

J2m−2

J4

J5J2m

J2 J3

J2m−1

Fig. 4.1: Sketch of the roundabout considered in the chapter.

Such a roundabout can be described as a directed graph in which roads are
represented by arcs and junctions by vertexices.The arcs are modelled by inter-
vals Ii = [ai,bi] ⊂ R, ai < bi, i = 1,2, . . . ,2m. In the case of incoming and outgoing
roads either bi or ai can be extended to +∞ or −∞. Each junction Ji is described
by its incoming and outgoing roads, where we denote the set of all incoming
roads of junction Ji by Inc(Ji) and the set of all outgoing roads of junction Ji by
Out(Ji) for i = 1,2, . . . ,2m. In this setting, the roundabout illustrated in Figure 4.1
can be decomposed into alternatively periodic sequences of 2×1 and 1×2-type
junctions (compare Figure 4.2). This modelling approach is different from the
model introduced in chapter 3 which consider the roundabout as a concate-
nation of 2× 2- type junctions in addition to buffer on the external secondary
roads.
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1
3

2

2
1

3

Fig. 4.2: A junction with two incoming and one outgoing road (left), and a
junction with one incoming and two outgoing roads (right).

To recover the behavior of the roundabout we apply Coclite, Garavello and
Piccoli (CGP) condition at each junction of the roundabout.

For the definition of road networks and detail description we refer to [30, 44].

Definition 4.1. A road network is a couple (I , J ), where I = {Ii = [ai,bi]⊆ R},
i = 1,2, . . . ,2m represents a finite set of edges (roads), and J is the collection of
vertexes. Each vertex J is a union of two non empty subsets Inc(J) and Out(J) of
{1,2, . . . ,2m} representing respectively, the incoming and the outgoing roads.

In this chapter, each junction can be identified as either 2×1 or 1×2 type. The
evolution of the traffic flow on the road network of the roundabout is given by
the scalar hyperbolic conservation law

∂tρi +∂x fi(ρi) = 0, (t,x) ∈ R+× Ii, i = 1,2 . . . ,2m, (4.1)

where ρi = ρi(t,x) ∈ [0,ρmax] is the mean traffic density and ρmax the maximal
density on the road. The flux function fi : [0,ρmax]→R+ is given by the following
flux-density relation

fi(ρi) = ρiv(ρi)

where v : [0,ρmax]→ R+ is a smooth decreasing Lipschtiz continuous function
denoting the mean traffic speed. As given in [44], the basic assumption we will
make for the evolution of traffic on the roundabout is that the velocity function
only depends on the density ρ of the cars. The mean traffic speed v attains its
maximal value vmax for small density and when ρ increases to some maximum
capacity ρmax, the mean traffic speed vanishes. This means that when traffic is
light on the road, cars will drive at maximum speed and as the road gets more
congested, the cars will have to slow down until they come to a complete stand-
still as the traffic stands bumper to bumper. The simplest example of velocity
function [37] ensuring these assumption is

v(ρ) = vmax(1−ρ)
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where vmax is the maximal speed of vehicles on the road. For future use we
normalize the vehicle density ρ(t,x) so that 0≤ ρ ≤ 1. Furthermore, as presented
in [30], we make the following assumption on the flux function

(A1) fi is smooth strictly concave C2 function.
(A2) fi(0) = fi(1) = 0.

Assumption (A1) and (A2) guarantees the existence and uniqueness of critical
density ρc ∈ (0,1) such that f ′i (ρc) = 0. A typical example of flux function satis-
fying assumption (A1) and (A2) is

f (ρ) = ρvmax(1−ρ) (4.2)

which is commonly referred as fundamental diagram in the transportation lit-
erature(compare Figure 4.3).

ρρc 1

f max

f (ρ)

Fig. 4.3: Flux function considered.

More recently, the coupling of traffic flow networks with pedestrian motion
on the street has been investigated in [6, 7] using scalar hyperbolic conservation
laws in combination with the solution of the eikonal equation.

In this chapter, we are interested to investigate the relation between short
stay of pedestrian motion on the crosswalk on entrance and exiting roads of the
roundabout and its implication on the performance of the roundabout in regu-
lating traffic flow problems. To achieve this goal, we assume that the crosswalk
is a two-dimensional space orthogonal to the driving direction and extend the
traffic flux at the exit and entrance by

f̃ (ρi) = ρiv(ρi)g(p), i = 1,2, . . . ,m (4.3)

where the function g is defined by
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g(p, t) =

{
0 if p = 1, t ∈ [t1, t2]

1 if p = 0
(4.4)

and p ∈ {0,1}. The state p = 1 denotes the presence of pedestrians certainly on
the crosswalk while the state p = 0 corresponds to the absence of pedestrians on
the crosswalk. The time t1 and t2 are randomly chosen. The duration t = t2− t1 is
the time taken by pedestrians to cross the road. The situation g(p, t)= 0 indicates
the occupancy of road by pedestrians and the interruption of traffic flow. The
state g(p, t)= 1 corresponds to the absence of pedestrians on the crosswalk at the
exit and/or entrance of the roundabout and the traffic flow behaves normally
as given in the LWR model as presented in the previous chapters. We solve the
Cauchy problem {

∂tρi +∂x f̃ (ρi) = 0, (t,x) ∈ R+× Ii,

ρi(0,x) = ρi,0(x) x ∈ Ii, 1,2, . . . ,2m.
(4.5)

on each Ii where ρi,0(x) is the initial density on the road network of the round-
about.

A weak solution of the network and Riemann problem has been given in
[30, 44] and references therein as a solution in the sense of distributions with test
functions, which are smooth at the junctions. We use entropic solutions on each
of the single roads of the roundabout in the sense of the following definition.

Definition 4.2. Consider a roundabout as in Figure 4.1. Let A be a distribution
rate at a fixed junction of the roundabout as given in Definition 3.2. A collection
of function

ρ = (ρi)i=1,...,2m ∈
2m

∏
i=1

C 0
(
R+;L1∩BV(Ii)

)
is an admissible solution to (4.5) if

1. ρi satisfies the Kružhkov entropy condition [50] on (R+× Ii), that is, for
every k ∈ R and for all ϕ ∈ C 1

c (R× Ii), t > 0,∫
R+

∫
Ii
(|ρi− k|∂tϕ + sgn(ρi− k)( f̃ (ρi)− f̃ (k))∂xϕ)dxdt

+
∫

Ii

∣∣ρi,0− k
∣∣ϕ(0,x)dx≥ 0; i = 1,2, . . . ,2m. (4.6)

2. f̃ (ρi(t,b−i )) =
n
∑
j=1

β j,i f̃ (ρi(t,a+i )), at each junction of the roundabout;

3. f̃ (ρi(t,b−i )) must be maximized subject to (1) and (2).
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Here b−i denotes left side of bi in the interval whereas a+i indicates the right
side of ai. Condition (1) is concerned with conservation of cars whereas condi-
tion (2)and (3) correspond to the preferences of drivers and the maximization
procedure. In the definition , n = 1 or 2 depending on the junction type of the
roundabout.

Definition 4.3. A Riemann solver for junction J is a map RS : [0,1]2× [0,1]→
[0,1]2× [0,1] that associates to the Riemann data ρ0 = (ρ1,0,ρ2,0,ρ3,0) at J to a
vector ρ̂ = (ρ̂1, ρ̂2, ρ̂3) such that the solution on the incoming road Ii, i = 1,2 is
given by the wave (ρi, ρ̂i) and on the outgoing road I j, j = 3, the solution is given
by the wave (ρ̂ j,ρ j). Consistency condition: RS (RS (ρ0)) = RS (ρ0).

For a road i∈ Inc(J), the solution ρi(t,x) over its spacial domain x < bi is given
by the solution to the following Riemann problem

∂tρi +∂x f̃ (ρi) = 0, (t,x) ∈ R+× Ii,

ρi(0,x) =

{
ρi,0 if x < bi,

ρ̂i if x≥ bi.

The Riemann problem for outgoing road is defined similarly except ρi(0,x >
bi) = ρi,0 and ρi(0,x ≤ bi) = ρ̂i. If ρ = (ρ1, . . . ,ρn+m), ρi ∈ [0,+∞]× Ii is a weak
solution as in [30, 44] at the junction such that each x 7→ ρi(t,x) has a bounded
variation, then precisely the conservation of cars through the junction J

n

∑
i=1

f̃ (ρi(t,bi)) =
n+m

∑
j=n+1

f̃ (ρi(t,a j)) (4.7)

holds where for a junction type 1× 2, n = 1,m = 2 and for 2× 1, n = 2,m = 1 in
the context of the roundabout.

To ensure the uniqueness of solution at each junction we use priority rule as
in the previous chapter. A parameter p ∈ (0,1) is a priority parameter that de-
fines the amount of flux that enters the outgoing main lane from each incoming
road. In particular, when the priority applies, p f̃ (ρ(t,b−)) is the flux allowed
from the incoming mainline into the outgoing main lane, and (1− p) f̃ (ρ(t,b−))
the flux from the incoming secondary road of the roundabout.

For a junction with 1×2 type, we consider traffic distribution rate as given in
Definition 3.2 describing the distribution of traffic among outgoing roads de-
pending on the preference of drivers at each junction J. We denote the Riemann
initial data by ρi,0 = ρi,0(bi) for incoming arcs and ρi,0 = ρi,0(ai) for outgoing arcs
for a single junction. Assuming a unique solution for the problem at the junc-
tion, we denote the solution at the junction, i.e., at x = bi for incoming and at
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x = ai for outgoing roads, by
(ρ̂1, ρ̂2, ρ̂3).

Given the constant initial values ρi,0, we need to determine a unique solution ρ̂i
satisfying the coupling condition in the context of Coclite, Garavello and Piccoli
(CGP) approach at junction. The possible values of ρ̂i are necessarily as follows.

On the incoming road

ρ̂i ∈

{{
ρi,0
}
∪ (τ(ρi,0),1] if 0≤ ρi,0 < ρc

[ρc,1], if ρc ≤ ρi,0 ≤ 1
(4.8)

and on the outgoing road

ρ̂i ∈

{
[0,ρc] if 0≤ ρi,0 ≤ ρc{

ρi,0
}
∪ [0,τ(ρi,0)) if ρc ≤ ρi,0 ≤ 1.

(4.9)

For further technical analysis we refer to [30]. The values of i are easily fixed
depending on the junction type.

Remark 4.1. On the incoming road

• if ρi,0 < ρc < ρ̂i < 1, f̃ (ρi,0)> f̃ (ρ̂i), and ρc < ρi,0 < 1, the solution of the
Riemann problem consists of a shock wave with a negative speed and;

• if ρi,0 < ρc < ρ̂i < 1 and f̃ (ρi,0) = f̃ (ρ̂i), the solution consists of contact
wave.

On the outgoing road

• if ρi,0 < ρc the solution of the Riemann problem consists of a shock
wave with a positive speed.

• if ρ̂i < ρc < ρi,0 < 1, the solution of the Riemann problem consists of
a shock wave with positive speed and contact wave when f̃ (ρi,0) =
f̃ (ρ̂i).

For the following discussion we refer to [36, 40] for detail.

A. Coupling conditions for junction type 2×1

Let us consider a junction with two incoming arcs and one outgoing arc. Define
the initial densities on each roads i by ρi,0 with i = 1,2,3. The corresponding
flux on the roads as γi,0 = f̃ (ρi,0). Denote the maximum of the flux by f̃ (ρc).
Then define the sets of valid resulting fluxes γi by Ωi. For the incoming roads
i = 1,2, this is equivalent to saying that

ρi,0 ≤ ρc⇒Ωi = [0,γi,0],
ρi,0 ≥ ρc⇒Ωi = [0, f (ρc)].

(4.10)
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For the outgoing road i = 3,

ρi,0 ≤ ρc⇒Ωi = [0, f̃ (ρc)],
ρi,0 ≥ ρc⇒Ωi = [0,γi,0].

(4.11)

Moreover, we can define ci such that

Ωi = [0,ci].

Now after distinguishing two cases, we can compute precisely the fluxes at each
junction of the roundabout in the following way.

(1) c1 + c2 ≤ c3 : Then we have to look for γ1,γ2 such that

maxγ1 + γ2 w.r.t.
0≤ γ1 ≤ c1, 0≤ γ2 ≤ c2, γ1 + γ2 ≤ c3.

The unique solution is found to be γ1 = c1,γ2 = c2,γ3 = c1 + c2.

(2) c1 + c2 ≥ c3 : Then we have to look for γ1,γ2 such that

maxγ1 + γ2 w.r.t.
γ1 =

p
1−pγ2

0≤ γ1 ≤ c1, 0≤ γ2 ≤ c2, γ1 + γ2 = c3.

where p ∈ (0,1) is the priority parameter introduced at merging junction as
given in [30]. Figure 4.4 illustrates feasible set for the solution of the Riemann
solver. For detail theory regarding Riemann solver at junction we refer the
reader to see [30] section(5.2.2). The purpose of the priority parameters is to
neither impose insufficient flows nor send excess vehicles than the carrying ca-
pacity of the main link of the roundabout.

γ1γmax
1 (ρi,0)

γ2

γmax
2 (ρi,0)

γmax
3 (ρi,0) = γ1 + γ2

γ1 =
p

1−p γ2

Q

(a) Intersection inside Ωi

γ1γmax
1 (ρi,0)

γ2

γmax
2 (ρi,0)

γmax
3 (ρi,0) = γ1 + γ2

γ1 =
p

1−p γ2

Q

S

γ1γmax
1 (ρi,0)

γ2

γmax
2 (ρi,0)

γmax
3 (ρi,0) = γ1 + γ2

γ1 =
p

1−p γ2

Q

S

(b) Intersection outside Ωi

Fig. 4.4: Solutions of the Riemann Solver at the junction.
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Since c1 + c2 > c3, γ̂3 = min(c1 + c2,c3) = c3. For c2 > (1− p)c3 and c1 > pc3,
we set Pi

1 = 1− c2
c3

and Pi
2 =

c1
c3

such that Pi
2−Pi

1 =
c1
c3
− (1− c2

c3
) > 0. Under these

conditions, the unique solution at junction is found to be

• (γ̂1, γ̂2, γ̂3) = (c3− c2,c2,c3) if p ∈ (0,Pi
1);

• (γ̂1, γ̂2, γ̂3) = (pc3,(1− p)c3,c3) if p ∈ [Pi
1,P

i
2];

• (γ̂1, γ̂2, γ̂3) = (c1,c3− c1,c3) if p ∈ (Pi
2,1).

B. Coupling conditions for junction type 1×2

In this case, we consider a junction with one incoming and two outgoing arcs.
We use the same notation as before; i.e., we define γi,0 and the sets Ωi depending
on whether incoming or outgoing roads are considered. Using traffic distribu-
tion rates β2,1,β3,1 ∈ (0,1) with β2,1 +β3,1 = 1, then the CGP-conditions are

(1) γ1 ∈Ω1,β j,1γ1 ∈Ω j for j = 2,3;
(2) Maximize γ1 w.r.t. (1);
(3) γ j = β j,1γ1, j = 2,3.

Using Ωi = [0,ci], i = 1,2,3, we can obtain

γ1 = min{c1,
c2

β2,1
,

c3

β3,1
}.

Remark 4.2. Condition (B) is exactly what is known as the FIFO (first in, first out)
rule of a dispersing junction in the traffic engineering literature.

4.2.1 Analytical Study

In this subsection, we give analysis for traffic evolution on the roundabout net-
work with and without the presence of pedestrians on the crosswalk. The anal-
ysis is only limited to a roundabout having four incoming and four outgoing
roads for later numerical study and simplification purpose.

In the Absence of Pedestrians

Let f̃ =( f̃1, f̃2, f̃3, f̃4) be the traffic flux on the incoming roads towards the round-
about and f (ρc) be the maximal traffic flux on the road network. Assume that
β f (ρc) of the traffic is flowing out of the main road of the roundabout through
their corresponding existing roads while the remaining (1− β ) f (ρc) proceed
to flow on the main road of the roundabout towards the next junction. Sup-
pose that p = (p1, p2, p3, p4) is the applied priority parameters at their respective
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merging junctions of the roundabout where β = (β ji) the splitting rate. In the
case of supply limited situation,

f̃i +(1−β ) f (ρc)> f (ρc), i = 1,2,3,4. (4.12)

On the other hand from presentation under condition (A) we know that (1−
β ) f (ρc)< c1 and f̃i ≤ c2. Then we have the following conditions

(a) pi ∈ (0,Pi
1)

(b) pi ∈ [Pi
1,P

i
2]

(c) pi ∈ (Pi
2,1), i = 1,2 . . . ,4.

If pi /∈ [Pi
1,P

i
2], i= 1,2 . . . ,4, then either pi ∈ (0,Pi

1) or pi ∈ (Pi
2,1). If pi ∈ (0,Pi

1), all
the traffic on the incoming external roads of the roundabout enter the junction
while excess vehicles waiting on the main link of the roundabout. In such a situ-
ation, backward propagating shock waves are produced on the main link of the
roundabout while no wave on the incoming secondary road at each junction.
On the contrary, if pi ∈ (Pi

2,1) all the traffic on the main link of the roundabout
enter their corresponding junctions while queues are formed on the external in-
coming road of the roundabout. In both situation, the priority rule is violated
due to the limited traffic demand entering the junction from either the main
road of the roundabout or from the incoming external road of the roundabout.
However, if pi ∈ [Pi

1,P
i
2] the priority rule is satisfied well due to sufficient de-

mand from both main and the incoming secondary roads of the roundabout at
each junction. In this case backward propagating shock will be formed on the
network and congestion get raised. Furthermore, some of the junctions could be
congested while the others stay demand limited. This fact is due to the volume
of inflow traffic on the incoming edges.

Pedestrians Involvement

This situation includes all the previous cases in addition to the presence of
pedestrian on the crosswalk. We assume that the crosswalk is situated both on
the incoming and outgoing roads of the roundabout without any traffic light.

Consider vehicular traffic and pedestrian flow during peak hours. Assume
for short period of time the crosswalk on the exit arm of the roundabout is
occupied by pedestrians. Consequently, the original traffic flux is altered and
behaves as given by equation (4.3). For the random duration t1 ≤ t ≤ t2 the flux
is equal to zero on the crosswalk since the road is occupied by pedestrians. The
interruption in flux function on the outgoing road results in a backward prop-
agating shock waves. Thus, depending on the amount of traffic volume and
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duration of the pedestrians staying on the crosswalk, the operational perfor-
mance of the roundabout could be reduced.

On the contrary, when the pedestrians occupy the crosswalk on the entrance
arm of the roundabout in the random time interval t1 ≤ t ≤ t2, queue would be
formed on the incoming edge behind the crosswalk while the roundabout op-
erate with less traffic compared to its carrying capacity. Further, when the prob-
ability of the pedestrians to be on the crosswalk both at entrance and exit road
of the roundabout equal to 1, some of the circulatory road of the roundabout
becomes congested due to backward propagating shock wave being demand
limited on the entrance side. Also, as a result of priority parameter, drivers wait
at the give-way lines for appropriate acceptable gaps between vehicles already
circulating on the roundabout. This could also contribute in producing a back-
ward propagating shock wave. However, under low traffic flow, any vehicle can
proceed through the roundabout without delay.

From these scenarios, one can infer that traffic congestion plays a funda-
mental role in the formation of delay because vehicles spend longer periods
of time near the roundabout while queuing, decelerating or accelerating due to
the presence of pedestrian on the crosswalk. This shows the fluctuation on the
performance of the roundabout in regulating traffic flow problem.

4.3 Numerical Approximation

In this section, we consider the traffic regulation problem for a network as the
one in Figure 4.1. We analyze the impact of pedestrians’ motion on the traffic
evolution on the networks of a roundabout. In particular, we want to compare
the performance of a roundabout with and without the involvement of pedes-
trians during peak hours.

4.3.1 Network Topology

The roundabout will be modelled by:

• 8 roads from the circle: I5,I6,I7,I8,I9,I10,I11,I12 coupled with
CGP condition;

• 8 roads connecting the roundabout with the rest of the network: 4 in-
coming roads and 4 outgoing ones.
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4.3.2 Numerical Scheme

From the topology, it can be noted that all the junctions in the roundabout can
be represented as alternatively periodic sequences of 2× 1 and 1× 2-type for
which it might be necessary to define respectively a right of way parameter p
and distribution rate β . The first step is then to discretize the junction model.
We define a numerical grid in (0,T )×R using the following notation.

• ∆x is the fixed space grid size;
• ∆ t is the grid size, given by the CFL condition;
• (tn,x j) = (n∆ t, j∆x) for n ∈ N and j ∈ Z are the grid points.

Each road is divided in to N + 1 cells numbered from 0 to N. The first and last
cell of an edge are always a junction and we assume that these cells are ghost
cells.

4.3.3 Godunov Scheme

We apply exactly the Godunov scheme briefly discussed in subsection 3.4.1.
Under the CFL condition

∆ t max
j∈Z

∣∣∣λ n
j+ 1

2

∣∣∣≤ ∆x, (4.13)

the waves generated by different Riemann problems do not interact where, λ n
j+ 1

2
is the wave speed of the Riemann problem solution at the interface x j+ 1

2
at time

tn. Under the condition (4.13) the scheme can be written as

ρ
n+1
i = ρ

n
i −

∆ t
∆x

(FG(ρn
i ,ρ

n
i+1)−FG(ρn

i−1,ρ
n
i )), i = 2,3, . . . ,N−1 ∀n (4.14)

where the numerical flux FG takes the following expression:

FG(u,v) =

min( f (u), f (v)) if u≤ v,
max( f (u), f (v)) if v < u < ρc∨ρc < v < u,
f (ρc) if v < ρ < u.

(4.15)

for concave flux f .

In the following we introduce cost functionals that indicate the total mass
of vehicle on the road networks of the roundabout, average velocity, and flux
respectively to analyze the performance of the roundabout with and without
pedestrian motion on the crosswalk.
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J1(t) =
m
∑

i=1

∫
Ii

ρ(t,x) dx,

J2(t) =
m
∑

i=1

∫
Ii

v(ρi(t,x)) dx,

J3(t) =
m
∑

i=1

∫
Ii

f̃ (ρi(t,x)) dx

(4.16)

For a fixed time horizon [0,T ] our aim is to compare
∫ T

0 J1(t)dt,
∫ T

0 J2(t)dt, and∫ T
0 J3(t)dt for an appropriate fixed distribution matrix and priority parameters.

We do not treat optimization problem in this chapter. We left it for future work.

Comparison of roundabout with and without pedestrian motion

We consider approximation obtained by Godunov scheme with space step size
∆x = 0.333 and the time step determined by the CFL condition. The traffic and
pedestrian flow on the road network is simulated in a time interval [0,Tmax],
where Tmax = 10. For the initial condition on the roads of the network, we as-
sume that at initial time t = 0 all the roads are empty and influx at boundary of
incoming edges equal to 0.2.

Crosswalk

J1I1

I6 I10

I7

I5

I9

I11

I8

I12

I13 I3

I15

J6

J4

J5J8

I14

I4 I16

I2

J2 J3

J7

Fig. 4.5: For comparison.

In order to show the different state of traffic evolution on the network, we
assume that the crosswalk is marked orthogonally at the midpoint of incoming
and outgoing external roads. There is no crosswalk on the main roads forming
the roundabout under consideration. Further we assume that the crosswalk on
the incoming and outgoing roads are occupied by pedestrians for short period
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of time t = t2− t1, see Figure 4.5. We now compare the results of the traffic flow
with and without the pedestrians. The corresponding pictures on all the exter-
nal incoming and outgoing roads, roads forming the roundabout look the same
and therefore we just compare one from each of them.

(a) Roundabout with pedestrians on the
crosswalk.

(b) Roundabout without pedestrians on the
crosswalk.

Fig. 4.6: Traffic evolution on the incoming roads of the roundabout.

For the first few time steps t < 62, the evolution of traffic on the incoming
roads behave similar in both cases due to the absence of pedestrians on the
crosswalk. As soon as the pedestrians interrupt flow on the incoming roads at
cell position x = 15 at time step t = 62, the situation is immediately changed as
illustrated in Figure 4.6. Different colors in the figure correspond to different
states of traffic evolution over simulation period. The blue color corresponds
to demand limited case whereas the red color corresponds to congested state.
The shock occurred due to pedestrians motion on the crosswalk propagating
back on the incoming road. The part of the road between crosswalk and round-
about stay demand limited until the pedestrians cleared on the road at time
step t = 77. Then rarefaction wave fill this portion of the road. Due to priority
at merging junctions of the roundabout, new shock wave is produced on the
incoming road. This shock wave moves back on the incoming road as depicted
in Figure 4.6a.

Traffic congestion can occur at merging junctions in the case of roundabout
without pedestrian involvement, see Figure 4.6b. Similar to the other case shock
wave propagating back on the incoming roads. Comparing these two states of
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the roundabout one can easily observe the difference in the magnitude of traffic
jam. Shock formed due to priority at merging junction do not reach the influx
boundary in the absence of pedestrian involvement.

(a) Roundabout with pedestrians on the
crosswalk.

(b) Roundabout without pedestrians on the
crosswalk.

Fig. 4.7: Traffic evolution on the main road between merging and diverging
junctions of the roundabout.

In Figure 4.7a, the blue color at about time step t = 100 reveals that the inter-
rupted flow reach the main road between merging and diverging junctions of
the roundabout. Rarefaction waves on the main road between merging and di-
verging junctions of the roundabout increases the density to its critical density.
The evolution of traffic on this portion of the roundabout remains smooth.
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(a) Roundabout with pedestrians on the
crosswalk.

(b) Roundabout without pedestrians on the
crosswalk.

Fig. 4.8: Traffic evolution on the main road between diverging and merging
junctions of the roundabout.

Traffic congestion appearing on the main road forming the roundabout at
merging junctions. The shocks moving back as it can be seen from Figure 4.8.
Further, the impact induced by pedestrians do not clearly reflected in this por-
tion of the roundabout. This could be due to β f of the traffic exist the round-
about through outgoing roads and the influence of priority at merging junc-
tions.

(a) Roundabout with pedestrians on the
crosswalk.

(b) Roundabout without pedestrians on the
crosswalk.

Fig. 4.9: Traffic evolution on the outgoing roads of the roundabout.
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Traffic jam on the outgoing edges when pedestrians moving on the crosswalk
arises (compare Figure 4.9). The influence due to this jam on the traffic circulat-
ing on the inner road of the roundabout is insignificant because of short stay of
pedestrians on the croswalk. The outgoing secondary roads of the roundabout
without pedestrians interference remains demand limited.

Comparison

In this subsection we compute changes in total density, average velocity and
total flux of the cost functional introduced in equation (4.16). That is, in the
case of traffic evolution on the roundabout without pedestrian and pedestrian
involvement. More precisely, we consider fixed distribution rate in both cases
and different simulations cases which vary according to the values of the pri-
ority parameter p ∈ {0.2,0.3,0.4,0.5,0.6,0.7,0.8} . Then we compute separately
the values of the cost functional and take their respective differences for com-
parison.

p
T
∑

t=0
J1

T
∑

t=0
J2

T
∑

t=0
J3

0.2 36.1013 119.0809 19.1204

0.3 36.1013 119.0809 19.5410

0.4 36.1013 119.0809 19.6240

0.5 36.1013 119.0809 19.4765

0.6 36.1013 119.0809 19.2031

0.7 36.0878 119.0944 18.988

0.8 36.0877 119.0945 18.9765

(a) In the absence of pedestrians

p
T
∑

t=0
J1P

T
∑

t=0
J2P

T
∑

t=0
J3P

0.2 43.6625 111.5197 19.0936

0.3 43.6625 111.5197 19.1127

0.4 43.3753 111.8065 18.9086

0.5 42.6935 112.4887 18.6102

0.6 42.3726 112.8096 18.3428

0.7 42.2879 112.8943 18.1639

0.8 42.2879 112.8943 18.1574

(b) In the presence of pedestrians

Table 4.1: Sum of values of cost functional over time horizon. J1, J2 and J3
respectively denotes cost functionals that measure total density, average

velocity and total flux. The subscript p is used to indicate pedestrian.
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(b) Change in average velocity
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(c) Change in total Flux

Fig. 4.10: Difference in the values of cost functional measuring total density of
vehicles, average velocity and total flux on the network.

From Table 4.1 one can easily infer that due to presence of pedestrian on the
crosswalk there are more vehicles waiting on the network. In the case of round-
about without pedestrian involvement the role played by priority parameters
are insignificant in altering total density. This is due to the fact that congestion
which propagate backwards on the incoming roads do not reach the other end
over the given time interval. In the contrary, in the case of roundabout with
pedestrian involvement the priority parameter plays remarkable role in reflect-
ing changes in the cost functionals.

To minimize traffic congestion, we give more priority for cars circulating on
main road of the roundabout in both cases. Consequently, the change in the
total density of vehicles initially constant and then it start decreasing, see Fig-
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ure 4.10a. Furthermore, for p≥ 0.7 the change in the total mass of vehicles on the
network becomes constant. Similarly, the change in the average velocity of ve-
hicles initially constant and then it start increasing as depicted in Figure 4.10b.
Figure 4.10c describe the change in the total flux due to priority parameters on
the whole network.

Comparing these tables we can deduce that the interruption due to pedes-
trian decreases the average velocity of vehicles on the network, also see Fig-
ure 4.10b. Similarly it reduces the traffic flux on the whole network as it can be
seen from Figure 4.10c. Thus, the simulation result indicates that the presence
of pedestrians on the crosswalk influences the performance of the roundabout
in controlling traffic flow problem. Since this reflects some what the validity of
our model, the optimization and further analysis is still work in progress.





Chapter 5
Conclusion

In this dissertation, the issue of traffic congestion and its socio-economic impact
is presented briefly. The advantages and disadvantages of modeling approaches
were recalled before giving detail analysis. The use of traffic flow models were
also briefly discussed and more emphasis was given to the macroscopic ap-
proach in particular the LWR model for this study. In Section 1.2 we reviewed
some of the existing related literature.

The main results of this dissertation can be summarized as follows. In Sec-
tion 3.2, the roundabout has been modelled as a concatenation of 2× 2 junc-
tions. The incoming roads have been modelled by a buffer of infinite capacity
for the entering flux and with an infinite sink for the exiting one. The evolution
of traffic flow on the whole road networks of the roundabout was described by
nonlinear scalar hyperbolic partial differential equation (PDE). At each junction,
the Riemann problem was uniquely solved using a right of way parameter and
solutions were constructed exactly via wave front tracking method (cf. Subsec-
tion 3.3.1).

In Section 3.5, an optimization problem was solved where the optimal con-
trol acts on the priority parameters, which assigns right of way among incoming
roads. Two cost functionals that measures the total waiting time and total travel
time on the network were introduced. The cost functionals were computed ana-
lytically for a single junction in subsection 3.5.1. The approach was numerically
tested on a simple roundabout with three incoming and three outgoing roads.
Two different choices of parameters were considered: instantaneously locally
optimal and a well chosen but fixed values. The local optima parameter value
outperform the other choices, in improving the performances of the network.
The simulation results have shown the effectiveness of the optimization strat-
egy compared to the case of fixed constant right of way parameters.

115



116 5 Conclusion

In subsection 3.3.2, the construction of Riemann solver was extended to a
roundabout with arbitrary m entrances and m existing roads. First the hyper-
bolic PDE was discretized via the Godunov scheme and the ODE using an
explicit Euler first order integration method. Then the Godunov scheme was
adapted in subsection 3.4.2 to fit to the settings considered.

In subsection 3.5.2, a cost functional was introduced that measures the total
travel time spent by drivers on the roundabout in discrete form. Then the gra-
dient of the cost functional was computed instantaneously at each time step tn

and the optimal priority parameters were found.

Numerical tests were conducted for a roundabout with four incoming and
four outgoing roads in subsection 3.5.2. The simulation results show that gra-
dient based instantaneous optimal choice of the priority parameters produce
better results in improving the performance of the roundabout compared to the
fixed choices of priority parameters. In the case of fixed priority parameters,
larger fixed values are better in optimizing traffic flux on the main lane of the
roundabout relative to smaller values.

In chapter 4, the performance of a roundabout in regulating traffic flow prob-
lems was studied in the presence and absence of pedestrians on the crosswalk
located at entrances and existing roads. Roundabouts can be seen as particular
road network and can be modeled as alternatively periodic sequences of 2× 1
and 1× 2-type junctions. The evolution of traffic flow on the whole road net-
works of the roundabout was described by nonlinear scalar hyperbolic partial
differential equation (PDE).

Then the PDE was discretized again via the Godunov scheme and the time
evolution of traffic on the network was studied through numerical simulation in
subsection 4.3.3. Additionally, cost functionals were introduced that measures
the total mass of vehicles on the road networks of the roundabout, average ve-
locity and total flux for both cases and the values of the functionals were com-
puted. Then, the sum of values of these cost functionals were compared. The
simulation result indicated that, the presence of pedestrians on the crosswalk
reduces the performance of roundabout in controlling traffic flow problem. The
design of suitable optimization strategy for a roundabout involving pedestrians
motion on the crosswalk and probablistic incoming flow require a future con-
sideration. Multi-lane roundabout cases are also challenging and can be con-
sidered as future work. Furthermore, validation of the models with real data
would be considered in the future work.
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