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Abstract

In this thesiswe study two important families of polynomials calledHermite and Laguerre
polynomials. These special functions, like so many others functions arise as solutions of ordinary
differential equations and have many interesting orthogonality properties. We prove some
properties of the Hermite and Laguerre polynomials. These polynomials can be given through
generating functions and Rodrigues formulae.
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INTRODUCTION

In this thesis,we discussspecial second order differential equations occurring frequently in
applied mathematics, engineering and physics.These equations are Legendre's, Bessel's,
Hermite's and Laguerre's equations. The solutions to these equations,that occurs in applications
are referred to as special functions. They are called 'special' as they are different from the
standard functions like sine, cosine, exponential, logarithmic etc. In this thesis we concentrate on
Hermite and Laguerre polynomials which are solutions to Hermite's and Laguerre's differential
equations.The applications of Hermite and Laguerre polynomial play an important role in
quantum mechanics and in probability theory.

In this thesis we discuss the properties ofHermite polynomials and Laguerre polynomials. Like
Legendre and Bessel polynomials, Hermite and Laguerre polynomials are solutions of linear
second order ordinary differential equations known as the Hermite and the Laguerre differential
equations. The generating function and the recurrence relations for Hermite and Laguerre
polynomials are given in section 2.3 and section 3.3 respectively and alsowe learn how the
generating function ofHermite and Laguerre polynomials is helpful in obtaining many of their
properties. The recurrence relations connecting Hermite and Laguerre polynomials of different
orders and their derivatives are derived from the generating function. The other very important
property of different orders is that their integrals with suitable weight polynomial over specified
ranges of integrations are zero. We have derived these orthogonality properties of Hermite and
Laguerre polynomial in section 2.6 and section 3.6 respectively.

vi



CHAPTER -1PRELIMINARIES

Special orthogonal polynomials began appearing in mathematics before thesignificance of such a
concept became clear. For instance, Laplace used Hermitepolynomials in his studies in
probability while Legendre and Laplace utilized Legendre polynomials in celestial mechanics.
We devote this paper to the study of some elementary properties of Hermite and Laguerre
polynomials because these are the most extensively studied and have the longest history.

We also point out that the properties we establish in the present paper can be extended to other
special functions.

The classical orthogonal polynomials of Hermite and Laguerre satisfy linear differential

equations of the form

a(X)y"+b(x)y+c(x)y=0(1.1)

In both cases, the factor c(x) is actually independent of x (respectivelyc(x) = 2nforHermite’s
polynomials and c(x) = nfor Laguerre’s polynomials and dependsonly on the integer parameter n,
which turns out to be also the exact degree of the polynomial solution of (1.1).

In the study of special functions, solutions to differential equations in the form of Rodrigues’
formulae are of considerable interest. More precisely, for each of the classical families of
orthogonal polynomials (Hermite and Laguerre) there is a generalized Rodrigues formula
through which the nth member of the family is given (except for a normalization factor) by the

relation

P(x) = = (W) () ™.(1.2)
A particular family of polynomials is characterized by the choice of functionsw and f. For the
Hermite polynomials we have w(x) = e **and f(x) = 1 and for the Laguerre polynomials w(x) =
e ~*and f(x) = x.
Definition 1.1:-We say that a sequence of polynomials for n non-negative integer{p,,(x)} € R[X]
where p,, (x) has exact degree n is orthogonal with respect to the weight function w(x) if there is

a sequence of real numbers h,, such that

f: P () () w(x)dx = h,, 8, Wheres,,,,= 1 if m=n, and &,,,,, =0 ifm =n.



Definition 1.2: The gamma functionl"(x),x> 0 defined asI“(x):fooo et t* 1dt.

Hermite polynomials

The Hermite polynomials are polynomial solutions to Hermite's DE

y'-2xy'+2ny=0,

where n is non-negative integer.

Using the power series method it can be easily shown that y(x) =a,y,(x) + a;y,(x)is the
general solution to equation

y'-2xy"+2ny=0,where

21 12,02 1(172) |4 53 (-2)(n-4) 6
y1(x)= 1 x +2 " ) - ‘.
and
¥, () =x 2R 342 L) 5.3 (oD y 7

5! 7!

and both series converges for all x.

If n is a non-negative integer, then one of these series terminates and is thus a Polynomialy; (x)
if n is even and y,(x) if n is odd, while the other remains aninfinite series. It can be easily
verifiedthat for n = 0,1, 2,3,4, 5, these polynomialsare

1,x,1-2x 2,x-§x3,1-4x2 + %x”‘ — §x3 + 14—5x5, respectively.

The polynomial solutions of Hermite's Equation:

y'-2xy'+2ny=0,

areconstant multiples of these polynomials. The constant multiples with the property that the
terms containing the highestpowers of x are of the form 2"x™ are denoted by H,,(x) and called
theHermite polynomials.

We also define the Hermite polynomialsH,(x) by means of the relation

et =y Hy(x) = for all finite x and t.

The function on the left hand side is called the generating function of the Hermitepolynomials.
In addition to series the Hermite polynomials can be defined by the Rodrigues formula that is

given by:
Hy(0)=(-1)"e™ Lo (e



Orthogonality of Hermite polynomial

The Hermite polynomials H,, (x)are orthogonal with respect to the weightfunction w(x) =e~*’ in
the sense that

f_zo e H, (x)H,(x) dx=5,,\/mT2"n!

We discuss the basic properties of Hermite polynomials with theirdetialexplanation on the
second chapter of this thesis.These properties are the generating function,the recurrence
relation,the rodrigues formulaand the orthogonalityof Hermite polynomials.Laguerre
polynomials

The Laguerre polynomials L, (x) are polynomial solutions to Laguerre'sDE

xy"+(1-x)y+ny=0, where n is a constant.

The general solution ofxy"+(1-x)y'+ny=0 where n is a positive integer is given by

y=a,L,(x) + a,¥,(x)
We define Laguerre polynomials L, (x) by means of the relations

—-xt

el—-t

(1-t) =m0 Ln(x)tM |t <1,0<x < 0
The function on the left handside is called the generating function of the Laguerre polynomials.

In addition the Rodrigues formula for Laguerre polynomials L, (x) is given by

Ln(x)=éﬁ (x™e™) ,n=0,1,2,3,.....

n! dx™
and the recurrence relations of Laguerre polynomials are discussed in section 3.4.
Orthogonalityof Laguerre polynomial
The Laguerre polynomials L,,(x)are orthogonal with respect to the weightfunction w(x) = e, in
the sense that

oifm+n

f0+°0 e_me(x)L”(x):{l ifm= n~ om

We also discuss the basic properties of Laguerre polynomials with their detail explanation on the

n

third chapter of this paper.These properties are the generating function,the recurrence relation,the
Rodrigues formula, orthogonality of Laguerre polynomials and generalized Laguerre
polynomials.



CHAPTER -2 HERMITE DIFFERENTIAL EQUATION
2.1 Hermite’s Equation

For n=0,1,2,...HermiteDifferrential Equation of order n is given by the form
y"—2xy'+2ny = 0,—00 < x < 00(2.1.1)

The DE has no singular points and all points are ordinary points.

We assume that the solution is of the form Y(x) =% _, a,,x™.Thencalculatingy'(x) and

Y'(Q).y (X=X manx™t and -y (X=X, m(m — 1)ay,x™"?

we substitutey’(x) andy”(x) in Equation y" — 2xy'+ 2ny = 0 to get
weam(m—1)apx™ 2 —2x Yo Mapx™ 1 +2n)% o apx™=0

Displacing m by m+2 in the first summation to get

2 _o(m + 2)(m + 1) a2 x™+2n Y75 o @px™]- 2 X5 - ma, x™=0

We separate out the x°terms and collect the coefficients of all higher x™to get

2(a, +nay) + 25 _[(m+2)(m + Da,,, + 2(n-m)a,,]x™=0

— — _ 2(m-n) _ ; ;
Therefore,we get,a,= - na, anda,,,, = et D) a,,vYm=0,1,2,...is the recurrence relation.

From the above recurrence relation we rewrite,using m-2 inplace of m to get

_ 2(m-n-2)

ey — Am_z,form =234, ..

am

the even coefficients (m=2k) the odd coefficients (m=2k+1)

_ 2(-n+2k-2) _ 2(-n+2k-1)

ar, = Ay —2 A = Ayj—
2k 2k(2k—-1) 2k—-2Y2k+1 (2k+1)2k 2k-1

_[2(—n+2k—2) [2(—n+2k—4) _[_ 2(n—2k+1) [_ 2(n—2k+3)
A2k = 2k(2k-1) | l@2k-2)(2k-3) A2k-4%2k+1 = (2k+1)2k (2k-1)(2k-2) A2k-3

2k

k
Aok (2K-1-2)(2K-N-4)..(-0) aoa2k+l=ﬁ(2k-n-l)(2k-n-3)...(l-n) a



Thus the solution to the Hermite differential equation is

y:aoyeven + A1Yodd (212)

with the linearly independent solutions.

a, Ay Qg ag
=1+ —x*+—x*+—=x®+—
Qo Qo Qo Qo

Yeven x° A

as as a, Ao as as a, Ao
Yodd = x+—x3 +—x5 +—x7 +—x9+: x(:|_+—x2 +—x4+—x6 +—x8...
a, a, a, a, 1 a, a, a,

2.2 Hermite Polynomial

Fora non -negative integer n,we find that the Hermite differential equation becomes
y"'=2xy'+2ny =0 (2.2.1)

The recurrence relation obtained above is:

a __—2n-m) Am, form =0,1,2,3
m+2_(m+2)(m+1) ms — U, 1,£4,9,...

21, m=na,,, = ————2 _q =
32 L v PTTEYMAZ T i) (1)

0

For m=0 a, = —na, ,m=la; = —

As m increases taking the integral values upto m=n we find that the coeffienta,,,, = O.

Due to recurrence relation it follows that all a,,;4=a,,¢ = an4+g=...=0. This means that the
series terminatesafter a,,.An odd value of the parameter n, will lead to the terminationof the odd
series while if n is even then even series will terminates i.e,depending on n the terminating

solution will be either one of the two linearly independent solutions y,,en 07V aa-

The terminating series will be called the Hermite Polynomial H,, (x) and the non-terminating

series is the hermite polynomial of second kind Y, (x)leading to the general solution
Y =c;H,,(x) + ¢, Y, (x)(2.2.2)
Now let’s have alook at the Hermite polynomial

Hy(x) = apx™ + ap_,x" 2+ ay_yx™ 4+ -+ a,x" (2.2.3)

5



Note:-The last term would be a,x°if n=even while it would be a,xif n=odd .

To know this we would like to write a ‘backward’ recurrence relation instead of a “forward’

recurrence relation. That is,

m(m — 1)
Qp_» = —————————a

m-2 2n—-m+2) ™

If we consider m=n,n-2,n-4,.... ,then
n(n—-1) n(n—1)
a, »=———————a, = ———a
n-z 2(n—n+2) " 22) ™
—_ (n-2)(n-3) _(—1)2 n(n-1)(n-2)(n-3) _
An-4 = 2(n-n+4) N2 T g2 (4.2) nr Hn-6 T

Thus in general we can write

_D)'n(n-1)(n—-2)..(n—-2r+1)
ntEa e e r...2.1 n

Multiplying by n!the numerator and the denominator we get

_ =Y nn—1)(n—-2)..(n—2r +1)(n)!
An—2r = 22r - (n)l a,

_ (1) n!
In-2r = o 4 (n—2r)! n

Aoy = (—1)T277%" assuminga,, = 2"

n!
ri(n-2r)
We obtain theHermite polynomial denoted by H,, (x),

— -2 -2
H,(x) = a,x™+ a,_,x" 2+ -+ q,_,,x" 2T+ ..

Ho(x) = ZMo gy x™ 27 = NMo(—1)7 202 2" (2.2.4)

(n—27r)ir!
Where M:Z2 for n is even or M:nZ—_1 for n is odd

Using Equation (2.2.4) above we obtain,



Hy(x) =1

H;(x) =(2x)* =2x

2!
(2-2)11!

Hy(x) = (2x)* + (-1)

(2x)?7%2=4x2 -2

3!

H3(x) = (2x)° + (-1)

(2x)32 =8x3 -12x

(3-2)!1!
41 !
Hy(x) = (2x)* + (-1) G- (2x)*72 + (-1)? @G-z (2x)**
=16x* — 48x% + 12
51 I
Hs(x) = (2x)° + (—1)m(2x)5‘2 + (-1)? m(Zx)s“*

=32x> — 160x3 + 60x

The respective plots of the Hermite polynomial are:-




Examplel:-Solve the differential equation
y'(x) — 2xy'(x) + 8y(x) =0

Let us comparey "(x) — 2xy'(x) + 8y(x) = Owith the Hermite DEy "(x) — 2xy'(x) +

2ny(x) = 0.Then the parameter n=4 and we find that x=0 is an ordinary point.

Since the parameter n is even,we expect the Hermite polynomial solution to be a polynomial of

even power.The recurrence relation is

_ 2(m—n)
G2 =+ 2)(m+ 1) ™

We get an infinite series for m=odd as

= -1 =2
A3= -415=— 15 A307= —— Qs ...
While a finite polynomial for m=even as

1

a2 ='4a0a4 ='g a2 a6 =0 ......
Since the finite solution is that of the Hermite polynomial we write it as
H, (x)=a,x* +a2x2+a0=a0(§ x*—4x2+1) (%)
If we determine the polynomial of the form of H,,(x) by putting n=4 is

4!
(4—27)Ir!

4!
(4—27)Ir!

(Zx)4—2r

Hy(Q)=X2_,(-1)" x)* 2=z _o(-1)"
=16x*-12(2x)%+12
=16x*-48x2+12=12(; x*-4x2+1) (**)

Then by comparing (*) and (**) a,=12

2.3 The Generating Function of the Hermite Polynomial



The function

Gu(x, £) = 258" =y A yn (2.3.1)

is known as the generating function of all the Hermite polynomials.

We prove this starting from Eq.(2.3.1) and expand the exponential function as

rl s!
r=0 s=0

r 2 —-1)s
p2Lx—t? — o T [(th) (-t )] I Y (r!ls)! (Zx)rt25+r](2.3.2)

r! s!

e—

If we replace n=2s+r & r = n-2s in eq.(2.3.2) we get

p2tx—t2 Zyo {Z[ (2x)"" 2stn]} (2.3.3)

(n— Zs)'s'

Note that this would restrict s to a maximum value of — for even value of n and (n- )for odd

value of n .This is required as the variable x would assume negative powers and a minimum of 0

for the coefficient . - )) to be well defined .Thus
n - n n—1
—t2 _ v 20T (-1)* - Vo or——r (-1)° -
2 =¥, B, 535 @0 | SR I, T [ s Q0T

(2.3.4)

Comparig with the form of the Hermite polynomial which we have read as

Ha()=22 7 (- 1y @ (2.2.4)

—2r )| |
We note that we can write

e =y {1} (2.3.5)

Thus the function e2tx—t* generates all the Hermite polynomial and hence it is called the

generating function of Hermite polynomials.



2.4The Recurrence Relations of the Hermite polynomials

The generating function for the Hermitepolynomials yield some interesting relations among the
polynomials and their derivatives. These are known as the recurrence relation of the Hermite
polynomials. They are:

i) Between the polynomial and its derivative :H, '(x) = 2nH,_,(x)

Let’s see how to get this from the generating function G, (x, t)oftheHermitepolynomials
e2tx—t* = yo_ 'H (x) R.1.1

Differentiating with respect to x we get

2t x g2tx—t* =y _ 'H '(x) R.1.2

FromR.1.1 and R .1.2 we get

Displacing n by n-1 on the LHS, then

i D n1<x)—2 HA)

Comparing the coefficients oft™we can write in general

2Hn—1(x) _ Hn '(x)
(n—-1)  nl

H‘;l(x) = 2an—1(x)

i) Between the polynomial themselves: 2xH, (x) = 2nH,_,(x) + H,,1(x)

10



Again from the generating function G, (x, t)oftheHermitepolynomialswehave
e2tx—t* = yo_ 'H (%) R.2.1

Differentiating with respect to t
n-—1

ot
o255t 5 (2x — 21) = Z ()

n=0

2(x — t)e2txr—t? = Yo "M (Y R.2.2

n!

FromR.2.1 and R.2.2 we get

20x — t) x Z%Hn(x) =y tn H,(x)

n=0

oo 20Hy (x) = Tig o 2H, (X)=00 "o Hy (%)

o Hy GOE = Siol B (1™ 1Ko [ Hy (2)]67120

Displacing n by n-1 in the second term and n by n+1 in the third term we rewrite

ol HaCON™ = B ol Hm1 (16" Er o[ 5 Hae1 (016720

Then equating the coefficient of t™ to zero we get

B Hn () = 5 Hnoa (0 Ho o (1)=0

(n+1)!
Multiply by n! throughout we get

(n+1)n
(n+1)!

2xH, (x) — Hp 1 (%)~ Hnt1(x)=0

2xH,(x) = 2nH,_,(x) + H,,,(x) Using the first two recurrence relations

to get a relation between the polynomials and its derivative:H,, '(x) = 2xH,(x) — H,,1(x)

We rewrite the previous two recurrence relations as

11



Hy'(x) = 2nHp—, (x)(*)

and
2xHy (x) = 2nHy, 1 (x)+Hpy1 () (%)
Replacing 2nH,,_, (x) in (**) byH,,'(x) in (*) we get a new recurrence relation
H,'(x) = 2xH, (x) — H,,(x) (R.3.1)
Differentiating (R.3.1) w.r.t to *x” we get
Hy"(x) = {2xH,'(x) + 2H,(x)} — Hp41'(x)
H,"(x) = {2xH, (x) + 2H,(x)} — 2(n + 1)H, (x), whereH,,.., '(x)=2(n + 1)H, (x)
H,"(x) — 2xH, (x) + 2nH,(x) =0

This is HermiteDifferential Equation.
2.5The Rodrigues Formula for Hermite polynomials
The Rodrigues formula for Hermite polynomials has the form
Ho(x) = (-1)re* e (25.0)

Let’s see how to get this from the generating function again which we re-express

— 2tx—t2 — Hy
Gy(x,t) = e t" = E . t"
n=0

And expanding the summation we get

Gy(x, t):HOO_('X)tO + Hll—('x)tl 4 sz('X) £2 _|_H33('X) £3 _|_H44('X) 4 4 _”_|_Hnn_('x)tn+ (2.5.2)

DifferentiatingG (x, t) with respect to t once and its value at t =0 is

d
E GH(X, t) | t=O:H1(x)

12



DifferentiatingG (x, t) with respect to t twice and its value at t =0 is
dtz GH(X t) | reo=Hz(x)
Likewise if we differentiateG (x, t)with respect to t n times and then its value at t =0 is

4 6 (x, )| ,_,=Hn(x) (25.3)

atm
Now
() = 356 0)| o =gm (2 )| = ettt )| = et

Ho() = [e Lf{e-2%] | ) (25.4)

Therefore, by substituting x=y+t, we find

— 2 n -
Ho(y + 1) = [0 — e N,
H,(y) = (=1)"e” jy—ie—yz (2.5.5)

This differential form of theHermite polynomials is called the Rodrigues Formula.

Example: Determine the Hermite polynomials from the Rodrigues formula

n

H (y) = 1nyd —y2
2(¥) = (=1 We

Hy(y)=1, Hi(y)=2y,H,(y)=4y* — 2, H;(y)=8y3-12y, H,(y)= 16y*-48y>+12,...
2.60rthogonalityof theHermite polynomial
Theorem 2.1  OrthogonalityOfHermite Polynomials

) For non —negative integers m and n with m # n, we have
f Hm(x)Hn(x)e‘xzdx =0

i) For all n=0,1,2,... ,we have

13



Jo H? (x)e~*’dx=2"n! V1
Proof:-
1)To prove this we start with the fact that all the Hermitepolynomials satisfy the equation
H,"(x) — 2xH,'(x) + 2nH,(x) =0 (2.6.1)
If we multiply throughout by e and rearranging subsequently we get

e‘szn"(x) — 2xe‘x2Hn '(x) + 2ne ‘szn(x) =0

d
e~ Hy"(x) + Hy'(x) e ™ + 2ne ™ Hy(x) = 0
d _xz ' _xZ _
a{e H,'(x)}+2ne ™" H,(x) =0

If we take two Hermite polynomials of ordern&m then for both

L e H,'(x)} + 2me " H,,(x) =0 (2.6.2)

i{e"‘ZHn’(x)} + 2ne‘x2Hn(x) =0 —

dx

and upon multiplication by H,,, (x)&H,, (x)respectivey we get

Hm(x);—x{e—szn'(x)} +2ne*"H,, (x)H,(x) = 0

H, (x);—x{e—szm'(x)} +2me~**H, (x)H,,(x) = 0

Subtracting one from the other

2 2

Hum () 2= {e ™" Hy (x)}=Hy () 5-{e ™" H GO}+2(n-m)e ™" Hy (x) Hip (x) = 0

Which we rewrite as

[ {Hin (x)e ™" Hy' G} ™ Hy COXHin' (Y [ Ho (x)e ™ Hyy' ()} —

{e ‘szm’(x)}{Hn’(x)}] +2(n— m)e‘szn(x)Hm(x) =0

14



2

;—x [H,,(x)e > H,'(x)—H,(x)e ™ H,,'(x)] + 2(n — m) e *"H, (x)H,,(x) = 0

(e [ (M ()~ (O T} + 20— m) €7 Hy (1) () = 0
Now integrating the above over the limits —co to oo we find
J2,, dx == {e ™" [Hyp () Hy, (x) = Hy () Hy' COII[, 2(n — m) €7 Hy, (x) Hyp, () X0
{e=**[H,,)H., (x) — H,(x)H,,' GO} | 2t] . 2(n—m) e *"H, (x)H,, (x)dx=0
Therefore,
0+f_°ooo 2(n —m) e **H, (x)H,, (x)dx=0
(n—m) [~ e Hy (x)Hp (x)dx=0
If n# m then we must have
I Hy(x)Hpy (x)e™* dx =0

which is the orthogonality condition.

i))Now from the Generating Function of the Hermite polynomials we can write

J— — 2_ H. (x) _ H (X)
Gy(x,t) = 2=y 2=t Gy(x,s) = e2sx=s*=y®_ ml) gm

Multipling the above two together along with the function e’ we get

(o]
e Zeth tZeZSx 52 _ —x Z (x)
ml!

:Z?{) . Zoo_ e—xz Hp (x) Hpp (x) tngm

n! m!

Integrating it for the variable x over the limits -co to + oo we get

0 .2 .2 2 _ (oo —x2 Hp(x) Hp (%)
f_ooe X7 2tx—t" 5 25x=5"qy _f_oo[zg;ozgnl:()e x<Hn T;! tnsm]dX

n!
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f_woo e—x2 eth—tZ est—SZZZZJ O[f —x2 Hn(x) Hm(x)dX]tn
Separating the RHS for n=m, then

O[I Hn(x))de]tn n — f°° e—xzeth—tZeZSx—s2

o[f Hn(x))zdx]tn _f —t2 eth—(x—s)ZdX:f_woo e—tz eZt(y+s)—y2dy
Where we have put x=y+s
0[f H"(x))zdx]tn n_eZtsf e—t2+2ty y? dy_ 2tsf —(y t)? dy_ 2ts\/_

[0¢]

Now expanding the exponential term in the RHS we find
I G 0 B e O [ P
Thus,equating the coefficients of t™s™ on both the sides

ffooo e*’ (H"n—('x))zde\/Ei—T =2"nl\1
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CHAPTER -3 LAGUERRE DIFFERENTIAL EQUATION

3.1 Laguerre’s Equation
For n=0,1,2,...Laguerre’s Differential Equation of order n is given by:-
xy"+(@Q —x)y'+ny =0, 0<x < 0(3.1.1)
The general solution of Eq.3.1.1 is given by:
y=a,L,(x) +a,Y,(x) (3.1.2)

Where L,, (x)are the Laguerre polynomials (Laguerre functions of first kind) and Y,,(x) are
Laguerre functions of second kind.Dividing Eq.3.1.1 by x we get Laguerre’s differential equation

in standard form as

(1-x)

y'+==y +-y=0 (313
which can be compared to the general standard form

Y +p()y'+Q(x)y=0(3.1.4)

The functions p(x) and Q(x) are analytic everywhere except at the point x=0.The singularity
occursin the Laguerre’s equation due to the “’x’” sitting in the denominator of these functions.

So x = 0 is regular singular and others are ordinary points. Thus,we study the general solution on

an interval(0< |x| < oo)which is the range.

A Frobenius series method can be applied to achieve a solution to a second order differential
equation only for an ordinary point or a regular singular point.We can have a power series

solution with m as running index and k as index(to be obtained from indicial equation) as,
Y(X)=Xm =0 @m x™*"
Now with term by term differentiation of the series solution, we get

Y'(X) =Xm=o(m + k)any x™ " and y"(X) =X5-o(m + k)(m + k — 1)a,, x™+?

17



Which we substitute back into the Eq.3.1.1 to get
xX2_o(m+k)(m+k — 1)a,, x™52 + (1 — x) T2_o(m + k)a,, x™H* 14+ n ¥O_ o a, x™k=0
m=ol(m +k)(m + k — 1) + (m + k)]ap, x™* 1 = Z0_o((m + k) — n)ay, x™**=0
Displacing mby m-1 in the second summation,then
®om+k)ia,xmt -y (m+k—1—-—n)ay,_,x™ =0

(m + k)?a,, — [m+k —1—nla,,_,=0

_ (m+k-n-1)

Um = =T a.,—1,1Sthe recurrence relation.

We put m=0 to get the indicial equation

(k—n-1)
= a

g =m0
k*ay=(k—n—1a_,

k*ay— (k—n—1)a_,=0

k*a, =0 as a_,=0

Since a_;=0 as we have our series solution starting a,,and also a, # 0 but an arbitrary constant
SO

k?=0

The roots are thus k,k,=0. So we have a case of repeated indices or double roots case.
3.2 Laguerre’s polynomials

The second order Laguerre’sDifferrential Equation is

xy"+(@Q—-x)y'+ny=0 (3.2.1)

which will have the parameter n as a non-negative integer in many applications.

Further the recurrence relation (obtained above)

18



(im+k—-—n-1)
(m+k)2 Am-1

a, =

Will yield the first solution for the first root taken as k; = k = 0,50 that we have

_(m-n-1)

mz Am-1

am

By replacing m = m+1 in the above relation then we have ,

(n-m)
Amar = — (:;Z;z a,,(3.2.2)

Now we observe as the running index m starts counting from 0,1,2,3,.... it reaches the value n if
n is a positive integer; this implies that a,,,; = 0as m=n. Obviously as the recurrence relation
relates the present coefficient with the previous one,it means that all coefficients beyond it are

zero (Am4z = ez = Ames = --- = 0).Thus we can write the first solution as
Lp(x) = X0 cpamx™=a,x™ + ap_ x4+ a,_,x™" 2 + -+ ayxt + ay(3.2.4)
Thus,theLaguerre’s polynomial L,,(x) is a polynomial of degree n.

We now start upon to determine its closed form by using the “backward’ recurrence relation
where in the lower coefficient a,,,_; is expressed in terms of higher coefficient a,, .Thus using

the relation

mZ

Rl e R

Ifwe replace m=n,n-1,n-2,...in the above recurrence relation

n? n?
ap-1 — (n —n—- 1) a, — (_1) an

I G _(-1? n
2T - -1 T (=) (™

Similarly for a,_ ,

19



_(n—k+1)> (n-3)*)(n-2)*(n—-1)* n?
TET T T E () () (o

_ n!? (n—-k+1)2..(n-2)%(n-1)*n?
Tz (-1)k k! n

_ k n!z
=(=1) (n—l)2k1 I

Thus,we write the first solution as

— -1 -2 1 _yn
Lp(x) = apx™ + ap_ 1 x" 1+ @y x™ + e agxt + ag=Xoo QnogX

n—k

n!?

L,(x) = ;€l=0{(—1)"man}x""‘(S.Z.?)Ln(x) is Laguerre’s polynomial.

The plots of a first six Laguerre’s polynomials are shown in figure below

20



3.3 Generating Function of Laguerre’s Polynomials

. .. th . . .
The Laguerre polynomial L,,(x) can be expressed as coefficients of — inaseries summation

which represents the expantion of

xt

e~ G=P n
G == o La () =, for |t] <1 (3.3.1)

We can express the function f(x,t) as

xt
P ) _ 1 ngn

1-t 1 t

(it)n_ w (DT _yoo D" neneq )=+ (33.2)

=Y ! (1—t)n+1_ n=0

Now we know that

+1 +1 +2 +1 +k—-1
(1—t)‘r:1+rt+r(r )t2+r(r ) )t3+-":Zr(r —u )
2! 3! k!
k=0
_ \-T — Vo r-D)'r(r+1)..(r+k-1) _voo @+k-1! 5
(1-6)7" = Xito (r—1)! k! t*=Xk=o (r-1)k!
If we substitute r=n+1 in above Equation then,
o (n+ k)!
_ \-(n+1) — MRk
== Z nlk! t
k=0
Substituting back in Equ.3.3.2 we get
xt
i-t ( +k)' (=)™ (n+k)!
- Z n' “t”Zk =0 n'k' ozk 0#??””( (3.3.3)

Therefore we replace n by n-k in Eq.3.3.3 to get
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ei-t i i (_1)n—k(n!)2xn—k tn
1—t Z{Z (n — kD2k! L
Xt
G(x,t):il—__::Z;?=0 t" L"n—('x)which is the generating function for the Laguerre polynomial.

3.4Recurrence Formulae for Laguerre’s polynomials
Afew important recurrence relations used frequently are
L Lpy1(x) = (@2n+1 - x)Ln(x) — n?Ly_1 (%)
We prove by using the generating function of the Laguerre polynomial which is

—xt/(1-t) Ln(x)

Gxt)=———=27_

n!

Differentiate this equation with respect to ‘t’to get

_1 xt/(-t) p L, -xt/(1-1) [—_" ] n-1Ln(x)

(1-t)2 € + 1—te (1- t)2 Z (n—-1)!

e—xt/(1-t) [L_i_ xt ] _ e—xt/(1-t) (1—X)(1—l') ] Z (- 1 Ln(x)
1-t  li-t 1-t (@-021 1-¢ (1-t)? (- t)2 (n—1)!

(1-x)(1-t)—xtq_ 1-t-x -1 Lp(x)

(A-t-x)) " n('x) = <1—t>22t“‘1<n_(?>!
OOE nLn(x) — 2 OOE n-1 Ln(x)

oo Ln o) i
Z(tn _ tn+1 _ xtn) n(|x) — Z(tn—l _ tn+1) (n _(3;-))I
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Lp(x) _ Lp—1(x) _ XLn(x):Ln+1(x) _ 2Lp—1(x) _ Lp—1(x)
n! (n-1)! n! n! (n-1)! (n-2)!

Multiply throughout by n! to get
Lp(x) = nLy_1(x) = xLp(x)=Lp11(x) — 2nLy (x) + n(n — 1)Ly 4 (x)
Lpy1(x) = (L —x + 2n) Ly (x) — n?Ly_1 (%)
2. nlL,_;(x) =nL,_,'(x) — L,,'(x)
We also prove by using the generating function,

_e—xt/(l—t)_ . Ln(x)
G(x)= gy =T 7 2

n!

Differentiate this equation with respect to ‘x’ to get

a i ) [1_—tt] e = Z t Lnrll(!x)

-t — Voo n Ln’(x)
160 0) =250 t™

i

Ln—l(x) _ Ln’(x) Ln—ll(x)
(-1 nl (n-21)!

Multiply throughout by n! to get
—nlL,_;(x) =L,"(x) —nL,_,'(x)
n—1(x) = _Ln’(x) + nLn—ll(x)

3.5Rodrigues Formula for Laguerre’s polynomials
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Rodrigues formula for Laguerre’s polynomials is expressed as
L,(x) =e* ;—:n (x"e™) (3.5.1)
By Leibnitz theorem we know that for two functions u and v the nth differential is expressed as
n
D" (vu) = v(D™u) + ( 1) (Dv)(D™ 1)

+ (Z) (DZ2v)(D™ 2u) + -+ (:) (D"v)(D™Tu)+. ..+ (Z) (D™v)(u)

Where D™ is differentiation performed n times. we can also represent Leibnitz theorem for two
functions f, (x)f,(x) as

LA LIS (M) A G () (3.5.2)

Where the function f;" (x) represents rthdifferential. We have determined the form of the

Laguerre’s polynomial above as

Lo (x) = Zn_o ELO yner (35.3)

=0 [(n-7)127!
Let us assume that there exists a function given by f(x)=x™e~* such that f; (x) = x™and
f>(x) = e™*. using Eq.3.4.2 we get

dn dn—r

_ _ ar _
g (e *x™) —Z;l:O(Z) (mxn)( dx"""e x)
But ——x"=n(n-1)...(n-r+1)x"~"= (n’_“r)! XM (e7X)=(—1)"Te™* then,
an —ae ny n! _ oy n! n! _ —_r -
ﬁ(xne x) _Z;l:O(T) (n—r)!xn 7"(—]_)” et = ;1:0 (n—r)ir! (n—r)!xn T(—l)n e

r=0 oz X € Ln (%)

;—:n (x"e ™) =e L, (x)

dn
L,(x) = exﬁ(e"‘x”)
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dO

For n=0,1,2,3,.... Lo(x) = e"dx0

(x%*)=1

1

Li(x) = exﬁ(xle‘x) =e¥(e*—xe*)=1—x

2

L,(x) = exw(xze‘x) =2 —4x + x?

3
— X ____ 3,-XxX) — _ + 2 _ .3
Ly(x)=e I3 (x3e™*) =6 —18x + 9x% — x

3.60rthogonal properties of Laguerre’spolynomials

Theorem 3.1:- Orthogonality OfLaguerre Polynomials

) For non-negative integers mand n such that m=+#n ,we have
Jy L ()L (x)e~*dx =0
i) For all n=0,1,2,.... ,we have

Jy I3 (x)e™dx=1
Proof:-
Let us consider any two Laguerrepolynomials L, (x) and L, (x) ,
XLy (x) + (1 = x)Ly " (x)+mL,, (x)=0  (*)
xLn"(x) + (1 — x) L' (x)+nL, (x)=0 (**)
we multiply Eq.(*) by L,, (x)and Eq.(**) by L,,(x) and subtract to get
X[Ly (X)L " (x) = Ly (X)L, ()] + (1 = ) [Lyy () L3 (x) = Ly () L7, (1) ]=(N-M) Ly, () L, ()

on division by x throughout we get

[L, ()L, " (x) = L, (X)L, ()] + L2 [L, () Ly () = Ly (0L, ()22 1 (%)L, (x)

X X

25



Which can be re-expressed as

L ()L () = Ly ()L (] + 2 Ly (L' (6) = L ()L ()12 Ly () Ly ()
Multiplying the above equation by the integrating factor given by x e~ which is
ef%dx:elnx—x:xe—x

2 e (L’ (6) = Ly G)Ly ()1} 20 =2 L () L ()

Integrating from o to co we get by writing the RHS first

(n—m) [ Ly, (x) Ly () dx={xe ™ [Ly, (X)L (xx) = Ly (X)L, ()]} =0

Form#n

fooo e *L,, (x)L, (x)dx=0

For m=n we use the Rodrigues formula L,,(x) = e* ;{—1 (x™e ™) for the Laguerre polynomial

and get

fooo e *L,(x)L, (x)dx= fooo e~ (e* ;{—1 (x"e™™)(e* ;{—1 (x™e~*)dx

o (=T [(— 1) e e

(n— r)'r' (n—r)!
an , _ _ 21y _ _ 51
e’ — (e x")=e* oo [(=1)" T((n T),) e xR (D)™ T((n T),) i E A
Which on substitution we get

Jy e L () Ly (dx=,” €7 Do [(~1)" 7 () 2™ Bl (1) ()2 Sl x

Iy e Ly (X)L (x)dx

_Zn OZ Of e AT de[( 1)" r((n r)l)2 l][( 1)” S((n s)') _]

The integral is easy to calculate

26



o0 —X A N—T A N—S —_r0 vVrs#+n
fo e "x x dx_{l Vr=s=n

This [} e Ly ()L (dx = 1[(-1)"" (22 1= () 2]
fooe‘an(x)Ln(x)dx =nl!?

3.7 GeneralizedLaguerre Polynomials

Generalized Laguerre’s differential equation is given by the form
xy" +(a+1-x)y’ +ny=0, 0<x<o, (3.7.1)
Where n=0,1,2,3, ... and «a is a real number, a >-1

Applying the method of Frobenius there is a regular singular point at x=0.we can find the

recurrence relation using the power series,

Let y(x) =Xm=0 @amx™ Y'(X) =Xm-omam,x™ ™ and y”’(X) =X5_o m(m — 1)a,x™?
Substituting the above relation in EQ.3.7.1,then

XYoo _om(m — 1)a,x™ 2+ (a+1-X)Y e _oma,x™ 1+ nYe_oa,x™ =0

Yoo _om(a+m)a,x™ 1+ (n-m)Yee_a,x™ =0

Replacing m by m+1 in the first summation then we get,

Zm=om + 1(a+m+ 1)apx™ + (-M)X7 o amx™ =0

m-n

ey — an.is the recurrence relation.

Am+1 =

By using also the Frobenius method,we can showthat the equation (3.7.1) has a polynomial
solution that,when appropriately normalized, is called the generalized Laguerre polynomial of

degree nand order « and is given by

1)k
1209 = (@ +n+1) Tioo k(),r < (3.7.2)

27



Where I" denotes the gamma function.

Theorem 3.2 :Orthogonality Of Generalized Laguerre Polynomials
) If m=nare non —negative integers,then

Jy L% (x) L% (x)e *x%dx =0
i) For all n=0,1,2,.... ,we have

F(n+a+1)
n!

Jy L ()] Pe* xdx=

The generalized laguerre polynomials are also given by the Rodrigues-type formula

_x"%* a® +a,—x
La()= g X" e,

Summary and Conclutions

The second order differential equation of the form
y'"-2xy'+2ny=0

where,the constant n is a positive integer is known as Hermite Differential equation. This
differential equation has no singular point and all points are ordinary points and the series

solution for it is

Y(X)=2m=0 Amx™

e Therecursive relation is am:% A, fOrm=2,34,....

e Thus the solution to the Hermite differential equation is

y :aOyeven + A1Yodd

With the linearly independent solutions

az Ay A ag
=1+ —x*+—x*+—=x®+—x8+..

yeven aO aO aO aO
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as as az Qg as as az Qg
Yoaa =X +—x3+=x>+—"x7+—=x+=x(Q+—x%2+=x*+—x®+—x8...
a, a, a, a, 1 a, a, a,

e The general form of Hermite polynomial is given by :-

!
Hn () = Z =1 (n —r;r)!r! (@x)"

e The generating functions ofHermite polynomial is given by,

e The recurrence relations of the Hermite polynomials are
-Between the polynomials and its derivative:H,, '(x) = 2nH,,_, (x)

-Between the polynomialsthemselves :2xH,, (x) = 2nH,,_,(x) + H, ., (x)

e The Rodrigues formula of Hermite polynomial is given by

n

Hy() = (~1er* ()

e TheOrthogonality ofHermite Polynomials is

) For non —negative integers m and n with m # n, we have
f Hm(x)Hn(x)e‘xzdx =0

i) For all n=0,1,2,... ,we have

Jo H? (x)e~*’dx=2"n! V1
The second order differential equation of the form
xy"+ (1 —x)y'+ny =0,

where n is positive integer is known as Laguerre Differential Equation.
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e The general solution of equation xy'’ + (1 — x)y’ +ny = 0 in case where n is a positive
integer given by

y=a;L,(x) + a,¥,(x)
e The recurrence relation of Laguerre Differential equation is

_(m+k-n-1)
T (m+k)z  Omt

am

e The general form of Laguerre’s polynomial is given by :-

12

$ n!
L,(x) = kZO{(—l)k [CEYATER an}x" "

e The generating functions of Laguerre polynomials isgiven by

- n
GO)==Er o La(¥) 7, for [t] <1

e The recurrence relation for Laguerre differential are :

[HEN

: Ln+1(x) = (27’1 +1-— x)Ln(x) - nZLn—l(x)

o

nL,_;(x) =nlL',_;(x)— L, (x)

e Rodrigues formula for Laguerre’s polynomials is expressed as

n

d
L,(x) = exﬁ(x“e‘x)

e Orthogonality of LaguerrePolynomials is,

) For non-negative integers mand n such that m=n,we have
Jy L ()L (x)e~*dx =0

i) For all n=0,1,2,.... ,we have
Jy I3 (x)e™dx=1

e Generalized Laguerre’s differential equation is given by the form
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xy" +(a+1-x)y’+ny=0, 0<x<o,
Where n=0,1,2,3, ... and « is areal number, a >-1

Generally, in this thesis we present Hermite and Laguerre polynomials are polynomial solutions
of Hermite and Laguerre differential equations. In addition to solutions we present the generating
function, the recurrence relation,the Rodrigues formula and the orthogonality properties of the

two polynomials .
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