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Abstract

The transfer function of a linear time-invariant system describes the input output behav-
ior of the system when all initial conditions are zero. Hence, it should be independent
of the state variables used in a state space description of the system. A state space de-
scription of an input-output system can be regarded as a time-domain description. For
linear time-invariant systems, transfer functions provide another way of describing input-
output systems; this description is sometimes called a frequency domain description. To

discuss transfer functions of continuous-time systems, we need the Laplace transform.

il



Chapter 1

PRELIMINARIES

1.1 The Laplace Transform

This section is devoted to the discussion of Laplace Transform,which converts certain
types of initial value problems in to algebra problem.We solve the algebra problem and
then apply the inverse transform to produce the solution of the IVP. The process may
be diagrammed as follows :

[VP—algebra problem — solutions of algebra problem — solution of the IVP

Definition 1.1.1. (The Laplace Transform) Suppose f(t) is defined for t > 0 . The
Laplace Transform,L[f] is the function defined by

for all s such that this improper integral converges. Sometimes ,the Laplace Transform
of fis denoted by F(S) = £[f](s)

Example 1.1.1. For any real number a, we have

00 00 k
1 1
Lle”](s) = / e e dt = / et = lim [ et = lim [——e@)HE] =
0 0 k—oo Jq k—oco a4 — 8 S—a
if a—s < 0 or equivalently,s > a Hence the Laplace transform of f(t) = e™ is F(s) = S_La

fors>a .

Example 1.1.2. Determine the Laplace Transform of f(t) =1,t >0

solution:

0o k
F(s) = / e S'dt = lim et
0

k—o0 0

—st
€ ik




[

for s >0
Thus,£[1](s) = 1 for s >0

Theorem 1.1.1. (Linearity of the transform) Let f1 and fs be functions whose laplace

transform exist for s > a and let ¢ be constant. Then

LE[fi + fo] = £lA] + £1f2]

2.2lcf] = c8lfi]
Proof. 1.
S+l = [+ ft
:/O est(f1>dt+/0 () dt
= L[fi] + £[fo]
2. similar ]

Definition 1.1.2. (piecewise continuity) 1.A function f is piecewise continuous on a
finite interval [a, b]if fis continues at every point in [a, b] except possibly for finite number
of points at which f has a jump discontinuity.

2.A function f is piecewise continuous on [0,00) if f is piecewise continuous on [0, N| for

all N > 0.

Definition 1.1.3. A function f is said to be of exponential order « if there exist positive
constants T and M such that
|f(t)] < Me forallt >T

Theorem 1.1.2. (Conditions for existence of the transform) If f is piece wise continuous

on [0, 00)and of exponential order a,then L£[f](s)exists for s > «

1.1.1 properties of Laplace Transform

Theorem 1.1.3. If the laplace transform £[f](s) = F(s) exists for s > a then £[e™ f(t)](s) =
F(s—a)

Proof. .
F(s—a)= / e (t)dt

0

= /00 e Ste™ f(t)dt
0

= /OO ee ™ f(t)dt
0
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= Lle" f(1)](s)
O

Theorem 1.1.4. Let f(t)be continuous on [0,00) and f(t)be piecewise continuous on

[0, 00) with both exponential order a, Then,for s > a,

Llf(1)](s) = sL[f(®)](s) — f(0)

Theorem 1.1.5. Let f(t), f(t)...f" " D(t)be continuous on [0,00] f™(t) be piecewise

continuous on [0, 00| ,with all these function of exponential order . Then for s > «
S W)(9) = LLFD)(s) — 7 F(O) — 82(0)...7(0)

1.1.2 Inverse Laplace Transform

If F(s) = £[f](s) then we write £![F](t) = f(¢) we call £~ the inverse laplace trans-
form.In words,the inverse laplace transform of F(s) is f(¢) if the laplace transform of
f(t)is F(s) . For instance

1.2 Taylor and Maclaurin series

Theorem 1.2.1. If f has a power series representation (expansion) at a , that is, if
f(x) = calz—a)"
n=0

then its coefficients are given by the formula

f"(a)

n!

Cp =

Proof. We start by supposing that f is any function that can be represented by a power
series
f(x)=co+c(z—a)+cr—a)?+cs(x—a) +cy(z—a)t. (1.1)

Lets try to determine what the coefficients ¢, must be in terms of f . To begin, notice

that if we put £ = a in Equation 1.1, then all terms after the first one are 0 and we get

f(a) = co

we can differentiate the series in Equation 1.1 term by term:

f(z) = c1 + 2c5(z — a) + 3es(x — a)® + 4es(z — a)... (1.2)



and substitution ofr = a in Equation 1.2 gives
f (a) =1
Now we differentiate both sides of Equation 1.2 and obtain
f(x) = 2¢0 + 2 x 3es(x — a) + 3 x deg(x — a)?... (1.3)
Again we put z = a in Equation 1.3. The result is

f(a) = 2¢,

Lets apply the procedure one more time. Differentiation of the series in Equation 1.3
gives
FO(x) =2 x 3c3+2 x 3 x deg(x — a)... (1.4)

and substitution of z = a in Equation 1.4 gives
f(3)(a) =2 X 3c3 = 3leg

By now you can see the pattern. If we continue to differentiate and substitute x = a ,
we obtain

f™(a) =2x3x4x..xnec, =nle,

Solving this equation for the nth coefficient ¢, ,we get

This formula remains valid even for n = 0 if we adopt the conventions thatO! = 1 and

fO =7 O

Substituting this formula for ¢,, back into the series, we see that if f has a power series

expansion at a , then it must be of the following form.

n!

2 4(n) (g
fo) =S LW gy (15)

The series in Equation 1.5 is called the Taylor series of the function f at a (or about a

or centered at a). For the special case a = Othe Taylor series becomes

X r(n)
o) =3 L0 gy (1.6)

n!

This case arises frequently enough that it is given the special name Maclaurin series.

Example 1.2.1. Find the Maclaurin series of the function f(x) = e*

4



If f(x) = e® , then f)(x) = e®, so f™(0) = e® =1 for all . Therefore the Taylor series
for fat 0 (that is, the Maclaurin series) is

=, (0 =z x x> a3
S ey = = e g
n=0 ’ n=>0 ’ ’

1.3 Laurent Series

1 What is a Laurent series?

The Laurent series is a representation of a complex function f(z) as a series. Unlike
the Taylor series which expresses f(z) as a series of terms with non-negative powers of
z, a Laurent series includes terms with negative powers. A consequence of this is that a

Laurent series may be used in cases where a Taylor expansion is not possible.
2. Calculating the Laurent series expansion

To calculate the Laurent series we use the standard and modified geometric series

which are

1 _{Zgj;ozn , <1

l—=z —Ziilfn el >1

Here f(z) = ﬁ is analytic everywhere apart from the singularity at z = 1. Above
are the expansions for f in the regions inside and outside the circle of radius 1, centred
on z = 0, where |z| < 1 is the region inside the circle and |z| > 1 is the region outside

the circle.

Example 1.3.1. Determine the Laurent series for

that are valid in the regions (1) z : |z| <5, and (ii) z : |z| > 5.
Solution

The region (i) is an open disk inside a circle of radius 5, centred on z = 0, and the
region (ii) is an open annulus outside a circle of radius 5, centred on z = 0. To make
the series expansion easier to calculate we can manipulate our f(z) into a form similar

to the series expansion shown in equation (1). So

1 1
=5 s "=




Now using the standard and modified geometric series, equation (1), we can calculate
that

1 {%zm-ﬁ“ . lEl <5
)

_%Zzozl (_Ti)" , |zl >5

1.4 Introduction to systems and their representa-

tions

A system is a collection of parts that interact with each other to function as a whole.
We are interested in dynamical systems. The components of a dynamical system evolve

in time.Mathematically speaking,they are function of time,they will be called ”signals”.

Definition 1.4.1. A dynamical system > is determined by the following data:
x a set T,called the time set;

x a set W,called the signal value set;

x a set f C WT called the behavior.

The set T is our mathematical model of time. We will deal with following cases:
T = Z or a subinterval, especially N = {0, 1, 2, ...} (discrete time);

T = R or a subinterval, especially Ry := [0, 00) (continuous time).

A signal w is a function of time, taking its values in the signal value set W.
We write w: T'— Wt = w(t).
The set W7 is the set of all functions from T to W, therefore it is the set of all signals.
Typically, not all signals in W7 can occur in our system (or at least, a system in
which anything can happen would not be very interesting from the mathematical point
of view). Usually, there will be a system law which is satisfied only by some signals.
The subset 8 of W7 formalizes this law which governs the system. The signals
w € [ are precisely those which are compatible with the system law. We also call them
admissible signals and we write
B={w € WT|w satisfies the system law}. A signal has several, say q,
components coming from the same set K (usually, K = R). Then W = K% and a signal
has the form w : T'— K9,

wq

Definition 1.4.2. A dynamical system > = (T, W, B) is called a differential (difference)
system if its time set is continuous (discrete) and its system law is given by differential

(difference) equations.



Differential systems: Systems of linear differential equations with constant coeffi-

cients. These can be put in the form

d

d

where R; € RP*? are real matrices. We define
R:= Rys®+ ...+ Ris+ R,

Then R is a polynomial p x ¢ matrix, and we may rewrite (1.7) in the concise form

d

R<%

Jw =0

. Difference systems: Systems of linear difference equations with constant coefficients.

These can be put in the form

(RdUd + ...+ Rl(f + Ro)'w =0

R(o)w =0

In the following, let R be a p x ¢ polynomial matrix in the variable s, with real
coefficients. We write
R € R[s|P*1

. * The continuous standard model is
d
g ={w e AYR(—)w =0}
dt
where A = D/(T) with T'=R or T'=R,. * The discrete standard model is
f={we AlR(c)w =0}

where A = RT with T = N or T' = Z. The polynomial matrix R is called a representation
of 3.

Remark 1.1. The behavior (8 is uniquely determined by R. The equation RW = 0 1is

called kernel representation of the system.

Definition 1.4.3. A square polynomial matriz U is called unimodular if its determinant

1s a non-zero constant. This is equivalent to the existence of a polynomial matriz V such
that
Uv=VvVU=1



We observe that pre-multiplication by a unimodular matrix U does not change the

behavior represented by R. More precisely, R and R=UR represent the same behavior.

Definition 1.4.4. A representation R of the behavior 3 is called a minimal if there exists
no polynomial matrix which represents the same behavior and has a smaller number of

rows.

Theorem 1.4.1. (Smith form) For every polynomial matriz R € R[s|P*? there exist

unimodular matrices U € R[s|P*P and V' € R[s]|7*? such that
D 0

0

URV =
where D = diag(dy, .,.,d,) is a non singular diagonal matrix withd;|ds|...|d, and
r = rank(R) As a direct consequence of the Smith form we have:

Corollary 1.1. For every polynomial matrix R € R[s]P*? there exists a unimodular
matriz U € R[s|P*P such that

UR = where Ry € R[s|"™*? has full row rank, that is, rank(Ry) = 7.

Since R and R; represent the same behavior, we have the following conclusion.

Theorem 1.4.2. Any [ possesses a representation matrix with full row rank. If R is a

minimal representation of B, then R has full row rank.

Now, given the kernel representation
Rw =20

of a system. We may assume that R € R[s]P*? has full row rank.Then there exists a p x p

non singular submatrix of R.We can permute the columns of R such that R = [ —-Q P ]

u
where P is such a non singular p X p matrix.Writing w = ]
Y
correspondingly,our system law Rw = 0 takes the form:
Py =Qu (1.8)

Definition 1.4.5. A system law in the form of equation (1.8), where P is square and
non-singular, is called an input-output representation of 5. One calls p = rank(R) the

number of outputs (or output-dimension), and m = q — p the number of inputs.
Remark 1.2. The input output representation of 5 is not unique.

For every input-output representation P (%)y = Q(%)u, of a behavior § we can find

a first order representation of the form:

d d 4y — Ax+Bu;
P(-)y=Q(—=)u<edrc A" : { @ ’
(G = @) { y= Cx+Du.



and similarly for ¢ instead of %. The explicit equations

= Ax + Bu
y=Cx+ Du

or

or = Ar + Bu
y=Cx+ Du

are called state space representations.

1.5 Controllability and Observability of a system

consider the state space equations

T = Az + Bu

y=Cx+ Du
or

or = Az + Bu

y=Cx+ Du

where A € R™" B € R™™ (' € RP*" D € RP*™,

1.5.1 Controllability

Does there exist an input w(.)that drives the state x(.) to zero is finite time?(x(.) is

arbitrary)

Theorem 1.5.1. The following are equivalent: a).i = Az + Bu or ox = Ax + Bu is
controllable.
b).K = [BAB...A" ' B] has full row rank.
In this case we say that the matriz pair (A, B) is Controllable. Equivalently,(A,B) is
controllable if and only if
rank[A\ — A Bl=n

forall N € C

1.5.2 Observability

In the state space representations given above u and y are called manifest variables
and x is called latent variable. Observability is concerned with the following problem
. If we know the manifest variables of a system,what can we conclude about the la-
tent variables. Thus ,an observabile system is one in which the latent variables can be

reconstructed from the manifest variables.



Theorem 1.5.2. The following are equivalent:

a).x = Ax. y = Cx is observable.

b)

C
CA
O pr—
CAnfl

In this case we say that the matriz pair (A,C) is observable.
Equivalently, (A,C) is observable if and only if
AN —A

rank =n

for all A € C

10



Chapter 2

TRANSFER MATRICES

An input-output representation has the form:
P(%)y = Q(%)u or P(o)y = Q(o)u

where P € R[s]P*? is non-singular, and @) € R[s]P*™.Non singularity of P is not a
restriction because we can achieve this by removing rows that are linear combinations

of the other rows. The rational matrix
H:=P'Q e R(s)P*™

is called transfer matrix (or: transfer function) of the input-output representation.

Lemma 2.0.1. The transfer matriz of a state space system © = Az + Bu,y = Cx + Du
18
H=C(sI—-A)"'B+D (2.1)

Proof. Consider the linear time invariant system system

along with the initial conditions z(0) = 0. Taking the laplace transform of the state

equation results in
sz(s) = Az(s) + Bu(s)

which can be written as
(sI — A)z(s) = Bu(s)

2 and u are the laplace transform of x and u,respectively.

The matrix s/ — A is invertible
(sI — A)z(s) = Bu(s)
#(s) = (sI — A)"'Ba(s)

11



and the above output equation is

7 is the laplace transform of y. Using the expression of z.

i(s) = C(sI — A) ' Ba(s) + Di(s)
(sI — A)"'B + D)a(s)

Il
Q

Here,
H(s) = C(sI — A)"'B + D Where the transfer matrix H(s) is defined by H(s) =
C(sI — A)"'B + D, which relates the laplace transforms of the input and the output.
m

Example 2.0.1.

Here

Example 2.0.2.

T1 = T2
{t'g =Uu
Yy=mn
01 0
Here A = ,B = ,C:[l O],DzOH@nce
00 1
1 1
S
Uy
. . 1 -2 2 1 1
Example 2.0.3. consider the system & = T+ uy |Y=2
-1 2 1 0 -1
Uus
find the transfer matriz.
solution:
We have

H(s)=c(sI —A)™'B

12
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C'\J’_‘CI}:)v—'}—*l\')
L 1 O

2.1 Realization theory

By the previous section ,we have seen that, it is easy to compute H if A.B,C,D are
known. However, one often faces the inverse problem: Given H, find matrices A,B,C,D
such that (2.1) holds. This is known as the realization problem. If (2.1) is satisfied, the
matrix quadruple (A,B,C,D) is called a realization of H, and H is called realizable if it

possesses a realization.

We first observe that any H according to (2.1) will be a proper rational matrix, that
is, if we write H = &, where N € R[s]P*™ is a polynomial matrix, and 0 # d € R[s] is

a scalar polynomial, then

deg(N;;) < deg(d) for all i, 7. (2.2)

This follows from (sI — A)~! = Zﬁig:ﬁg using Cramers rule. In (2.2), strict inequality

holds for all i, j if and only if D = 0. In this case, one says that H is strictly proper.

It turns out that properness is not only necessary but also sufficient for realizability.
Theorem 2.1.1. A rational matriz is realizable if and only if it is proper.

Proof. LetH € R(s)P*™ be proper, then we can writeH = D + H; with D € Rr*™
andH; strictly proper. ThusH; = % with d = s* + dy_15° ' + ... + dys + dy and

N = N, s ' 4+ ... + Nys + N, for some v = deg(d),d; € R,N; € RP>*™._ Put
n = vm and O
- ; i

A=
0 I
—dol —dyI . . . —d,_11

13



C: N() Nl e Nv—l

then (A,B,C,D) is a realization of H. To see this, note that

1
ST
[sI — A]
s
[s] -1 ]
0 sI -1 1
ST
0 sl —I sv1T
do] dll . . . sl + dy—ll_
and hence _ _
1
ST
=6I-A)1| | =(sI—-A"'Bd
sV dl
Pre_—multipl_ying this by C, we obtain
I
ST
C ' =N=C(s[ —A)'Bd
sV

14



= H, = % =C(s[—A)'B

which yields the desired result, after division by d.

Thus, any proper rational matrix H is realizable. Let (A,B,C,D) be a realization of
H, with A € R™". We call the number n the size of the realization. Of course, it is
desirable to have small realizations. We say that a realization of H is minimal if there

exists no realization of H with a smaller size.

Definition 2.1.1. The realization (A,B,C,D) of H with A € R™*" is said to be minimal
if there exists no other realization (fl, B.C, D) of H such that A € R™" qnd 7 < n. The

next lemma gives an important relation between two realizations of transfer function

Lemma 2.1.1. If (A, B,C, D) and (A, B,C, D) are two realizations of the same transfer
matriz, thenD = D and

CAB=CA'B
for all 1€ N.

Proof. ItH = C(sI — A)™'B + D, then

lim H(s) =D

S§—00

This shows that we must haveD = D . Moreover, we can expand H — D into a

Laurent series
H-D=C(s[—A)'B=% CA'Bs"!

and this is convergent on |s| > p(A), wherep(A) is the spectral radius of A. Therefore,
by comparing coefficients,CA'B = CA'B for all i. O

Now we can give a sufficient condition for minimality which will soon turn out to be
also necessary.For the proof we need the folllowing inquality from linear algebra called

Sylvesters inequality.

Lemma 2.1.2. (Sylevesters law of nullity ) Let A and B be n X k and k x m matrices
respectively. Then 1) rank(AB) < min{rank(A),rank(B)}
2) rank(AB) > rank(A) + rank(B) — K

Lemma 2.1.3. Let (A, B,C, D) be such that (A, B) is controllable and (A, C) is observ-
able. Then (A, B,C, D) is a minimal realization of H=C(sI—A)™'B+D.

Proof. Suppose that (A, B,C, D) is a realization of H, with size n, in which (A, B)
is controllable and (A, C) is observable. Let(A, B,C, D) be another realization of H,

with size n. We need to prove that n < n. Define:

15



o= ' K=|B AB ...XMAB]MM

O
I
=
I
Sy
AN
Sy

A5 |

i

Note that whereas O,K are precisely the Kalman matrices associated to (A, B) and

(A, C), this is not true forO, K (we have n instead of n in the highest power
of A). Then, because CA'B = C A’ Bfor all i,

OK = OK

We have

rank(K) > rank(OK) > rank(O) + rank(K) — n.

By assumption, K and O both have rank n.Since the system is controllable and observ-
able. Therefore,

n =rank(OK) = rank(OK) < rank(O) <n

0
as desired.
Theorem 2.1.2. (Reduction to minimality) Let (A, B,C, D) be a realization of H.
1. Consider a Kalman controllability decomposition T AT = A i2 T71B =
3

i{MCT—[Q @]

Then H = C(sI — A)™'B+ D = C1(sI — A))"'By + D, that is, (Ay, B,Cy, D) is

another realization ofH , with size r = rank(K), where K is the Kalman controlla-
bility matrix.
. . L. -1 Al O -1
2. Consider a Kalman observability decomposition T—'AT = A A ,T7'B =
2 A
B
Ylor=[a o]
By

16



ThenH = C(sI — A)"'B+ D = C1(sI — A))™'By + D, that is, (A, B1,C1, D) is
another realization of H, with size r = rank(O), where O is the Kalman observability
matriz.

3. If the two reduction steps are done successively, one ends up with a minimal

realization of H.

Proof. One can easily check that a similarity transform does not change the transfer
function. Therefore, assume that a Kalman controllability decomposition has already

been performed. Then
~1

I—-A —A B
H=|c o ]| ™ ’ "1+
0 S[—Ag 0
[ (S[—Al)_l * Bl
-, C +D
ey 0 (sI—A5)™ | | 0
[ (sI — A)"'B
= |: 01 02 ] (S 01) ! + D :Ol(SI — Al)ilBl + D.

The second statement is analogous. Recall that after a Kalman controllability decompo-
sition, the matrix pair (A;, By) is controllable. Now if one performs a Kalman observ-
ability decomposition with the already reduced system (A, By, Cy, D), then one obtains
A 0 B

T AT =
! A12 A13 12

,Tl_lBlz ,01T1:|:CH O]

in which (Aj;,Cyy) is observable. We only need to convince ourselves that the con-
trollability of (A1,B1) implies the controllability of(A;1, By1) (i.e., the controllability
established in the first reduction step is not destroyed by the second reduction step in
which we achieve observability).

Let K = [By, A1 By, ..., A7'Bi] be Kalman controllable matrix for (A, B;).Then,

T'K = [T'BiT'A\TT 'B,.. T AT 'TT~'B]

| Bu A By ... A'By

a By AipBiy+ AizBp ... *

since T~! is invertible,rank(T~*K) = rank(K)

[Bi1, A1 By, ..., A77 By has full row rank

[B11, A11 By, ..., A57' By has full row rank where s = rank(O)and O is Kalman ob-
servability matrix of (Ay,Cy) . Thus, (Ajq, Bi1) is controllable. Therefore, the resulting
realization (Aj1, B11, Ci1, D) is both controllable and observable, and hence minimal ac-

cording to Lemma 2.1.3.

In particular, this theorem shows that if in a realization (A, B) is not controllable or
(A, C) is not observable, then the realization can be reduced in size. Moreover, this
can be done constructively, using a Kalman decomposition. In other words, a minimal
realization will always be both controllable and observable. Combining this result with

Lemma 2.2.2, we obtain the following theorem as a summary.
O

17



Theorem 2.1.3. The matriz quadruple (A, B,C, D) is a minimal realization of H =
C(sI — A)"'B+ D if and only if (A, B) is controllable and (A, C') is observable.

The next theorem says that minimal realizations are essentially unique (up to similarity

transforms).

Proof. («<)suppose (A, B,C, D) is minimal realization of H.Suppose also that either
(A, B) is not controllable or (A, (') is not observable.If (A,B)is not controllable then
by Kalman controllability decomposition there exist a realization (A;, By, Cy, D) with
realization size less than the size of the realization (A,B,C,D) which contradicts the
minimality of (A,B,C,D). Thus,(A,B) is controllable and (A,C) is observable. O

Theorem 2.1.4. Any two minimal realizations of a transfer matriz are similar, that is,
if (A,B,C,D) and (A,B,C,D) are two minimal realizations of H, then there exists a
non-singular matrix T such that

A=T'AT, B=T"'B,C=CT,D =D.

Proof. Since both realizations are minimal, their size must be the same, that is,n = n.
Moreover,D = D , andC A'B = CA'B for all i. LetO, K, O, K be the observability and
controllability matrices of the two realizations. Then OK = OK and

OAK = OAK,0B = OB,CK = CK .
By assumption, K has full row rank, andO has full column rank. Therefore, there exist

matrices L,N such that KL =1 andNO =1.
PutT := KL € R™", thenT! = NO, because NOKL = NOKL = I. We have

TYAT = NOAKL = NOAKL = A
T~'B=NOB=NOB =28
CT=CKL=CKL=C

which completes the proof.

Starting with an arbitrary realization of H, one can determine the size of a minimal
realization of H by successively computing two Kalman decompositions, as outlined in
Theorem 2.1.2. However, there is also a direct way to determine the size of a minimal

realization. This will be discussed in the next section. O

Example 2.1.1. show that any minimal realization of H(s) = —= [ ] must have

1 -1
a state space dimension n at least two.

solution:

Assume there exists a realization with dimension n =1 ,Then we have (x(t) : R+ —

R) such that

18



z(t) = ax(t) + [ by by ] Z;
v\ [ Ch
wt) )\ G o

Then to achieve the required transfer matriv,we need

C T
bl [ by by } e Thus,a — —1,c161 = 1,¢162 = 0,261 = 1 and

Cy, | 57 1 =1
L s+1 s+1
c2b2 = —1 which is impossible. This rules out any realization with n = 1. We now show
that there exists a realization with n=2 that is
-1 0 10 1 0 _ , .
A= ,B = ,C = including that a minimal real-
0 -1 01 1 -1

ization must have n = 2

1 -1

Example 2.1.2. show that there is a realization of H(s) = SJ%I [ —

] with state

space dimension n = 1

solution:
1
observe that A= —1,B = (1,—1) and C = ( ) ) works.
Example 2.1.3. Find a realization of a)

s34+2s2+3s5s—1
s3—s2+s+1

H(s) =

s24+5—2
s34+ 382 + 2s
in controller form.Check the resulting system for observability and minimality. Explain
the difference between (a) and (b)

solution: a) we have

H(s) =

352 + 25 — 2
H= 83—82+S+1+1
0 1 0 0
ThusD=tand A={ 0 0 1 |.B=|0|.c=(-223)
-1 -1 1 1
(A,B,C,D)is a realization of H clearly,(A,B) is controllable and since
C -2 2 3
0 = CA = | =3 =5 5 | has full column rank,the system is observable.
CA? -5 =8 0
therefore, The realization is minimal.
b) ,
sc4+s—2
H(s) = s34+ 352 + 2s
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0 1 0
D=0N=52+5—-2,d=25"+35>+25+0 Thus, A= 0 0 1 B=10 [|.C=
0 —2 -3

<—2 1 1)

Here the ranks of the observable matrix
-2 1 1

0= 0 —4 -2
0 4 2
is 2 instead of 3 that is the system is not observable hence not minimal. (1 uncontrol-
lable state can be eliminated ). Reason: s* + s — 2 and s* 4+ 3s> + 2s are not coprime
(s+2)(s—1) s—1

H) = 9651 ~ 565D

3 4 —4s—5
Example 2.1.4. compute a minimal realization of H(s) = ﬁ st °
3 4s+T7 —Ts—10
3 —4 4 =5

solution: we have H(s) = z5—( I + - 10 )

Realizing the transfer function(or matriz) in block controller form yields

0 0 1 0 00
1 4 — —4
A - 0O 0 0 B= 00 O 5 3 b_ 00
-1 0 -2 0 10 7 10 4 -7 0 0
0O -1 0 =2 01
00 1 0 4 -5 3 -4
1 1 4 —
Thus,K:[B AB}Z 000 and O = ¢ = 7 0 7
10 -2 0 CA -3 4 -2 3
01 0 =2 -4 7 -1 4

Then, rank(K) =4 and rank(O) = 2.
(A,B) is controllable and (A,C) is not observable.
Thus, two unobservable states can be eliminated,and we obtain a minimal realization

given by:
-2 1 —
A=l 2 B[ o[t \p_(O0
9 -8 47 0 1 00
2.2 Matrix fraction descriptions

Let H € R(s)?*™ be given. If H = P~1Q for some Q € R[s|P*™ P € R[s]P*P
with det(P) # 0, we call (P, Q) a left factorization (or: left matrix fraction descrip-
tion) of H.

Similarly, ifH = QP! for some polynomial matricesQ € R[s]P*™ P € R[s]™*™ with
det(P) # 0, we call (Q, P) a right factorization of H.
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For example, we have already used the representationH = % several times. In other

words, (dl,, N) is a left and (N, dl,,) is a right factorization of H.

In the scalar case, it is desirable to write a rational function h € R(s) as the ratio
(fraction) of two coprime polynomials. We wish to do the same with polynomial matri-
ces.

We say that a left factorization (P, Q) is left coprime if the matrix [ P Q ] is left irre-

ducible . Similarly, a right factorization (@, P) is called right coprime if the matrix

is right irreducible, which means, by definition, that its transpose is left irreducible.

Definition 2.2.1. The polynomial matrizc R € R(s)P* is said to be left irreducible
left coprime (respectively right irreducible) if there exists a matriz S € R(s)T*P such
that RS = I(res. SR = I) Equivalently,R is left coprime if R = URy for some U €
R(s)P*P Ry € R(s)P* then U must be unimodular.

Lemma 2.2.1. 1. Let (P,Q) be a left coprime factorization of H. The degree of the
determinant of P is independent of the specific choice of the coprime factorization and

therefore

d(H) := deg det(P)
(2.3)

is well-defined. If (P,Q) is an arbitrary (not necessarily coprime) left factorization of
H, then

d(H) < degdet(P).

2. Let (Q, P) be a right coprime factorization of H. The degree of the determinant of P

1s independent of the specific choice of the coprime factorization and moreover,
d(H) = degdet(P)

where d(H) is the number defined in (2.3). If (Q,P) is an arbitrary (not necessarily

coprime) right factorization of H, then
d(H) < degdet(P).

Remark 2.1. The degree of the determinant of the denominator matrix P is as small
as possible if the factorization is coprime. This generalizes the well known fact that the
degree of d is minimal if we write a scalar rational function h = % € R(s) as the ratio of
two coprime polynomials. The choice of the coprime factorization does not influence this
minimal degree, it does not even matter whether we take a right or left matriz fraction

description.
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In the proof, we use the formula
A B 1 0

¢ D | CA™' I

I A'B
0 I

A 0
0 D-CA'B

which holds provided that A is invertible. Thus
A B
det = det(A)det(D — CA™'B).
C D

This shows that the block matriz is invertible if and only ifD — CA™ B is invertible, and

we have

At 0
0 (D—CA'B)!

I —A7'B
0 1

A B
¢ D

I 0 | * *
—CA™Y I| | (D—CA'B)"
The matriz D — CA™'B is called Schur complement of A.

Proof. 1. Let (P,Q) and (P, Q1) be two left factorizations of H, that is,
H=P'Q=P'Q

which implies thatQ, = UQ andP, = UP, whereU := P,P~!. We show that U is
polynomial if (P, Q) is left coprime; and even unimodular if both factorizations are

coprime. If (P, Q) is left coprime, then there exist, polynomial matrices R, S such that
PR+QS =1
Then
P'=R+P'QS=R+HS=R+P'Q,S

and thus

U=PP'=PR+Q,S.
This shows that U is polynomial. Then
det(Py) = det(UP) = det(U)det(P)
means that det(P)divides det(P;), in particular,
degdet(P1) > degdet(P).

Similarly, if also (P, Q)1) is coprime, there exist polynomial matricesR;, S; such that
P Ry 4+ Q151 = I and then

Pil'=R +P'Q1S, = Ry + HS, = R, + P71QS5,

and thus
U™l = PP ' = PR, + Q5

which shows thatU ! is polynomial and hence, U is unimodular. Thus we have
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det(Py) = det(U)det(P)
where det(U) is a non-zero constant, and hence
degdet(Py) = degdet(P).

2. In view of part 1, it suffices to show that if(P, Q) is a left coprime, and (Q1, P;) is a

right coprime factorization of H, then
degdet(P) = degdet(P1)

. We have H = P7'Q = QP " and thus

QP = PQ.

There exist polynomial matricesR, S, Ry, S1 such that (because (P, Q) left coprime and
(Q1, Py)right coprime)

PR+QS =1
and
RiP+5Q1=1

Thus

P — R 1

@ @ whereX = S, R — R;S. Post-multiplying this by
'S R || S P X
I 0
ields

P —Q R Q| |I0

S Ry -S P 0 I
~ This shows that the matrices are unimodular, and inverse to each other,
_ 4 -1 -

Pl [k &
B -S P
ThusP~! is the Schur complement of P that is P! = Ry + s P~'Q,and hence

P _
det(P)det(P; ") =det| @ |=c
1

where

0 # ¢ € R because g ;%Q . Thus det(P) = cdet(P1), in particular,degdet(P) =
1 I

degdet(P).
It turns out below that the integer d(H) from (2.3) equals the size of a minimal
realization of a proper rational matrix H. For the proof, we need the concept of a row-

reduced polynomial matrix. O

Definition 2.2.2. The degree of a non-zero polynomial row vector is defined to be the
highest power of s appearing in it with a non-zero coefficient, and the degree of the zero
row is set to be —oo. For a non-singular polynomial matrizP € R[s|P*P, letd;(P) be the

degree of the i"row of P, fori=1,...,p. Then P has a unique representation
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P=25P,+1L

whereS = diag(s®"), ..., s%P)) P, € RP*? and L € R[s|P*P is such that 6;(L) < &;(P).
One callsPy, the highest row coefficient matriz. IfPy, is non-singular, we say that P
is row-reduced (or row-proper). ForR € R[s|P*? with full row rank, the highest row
coefficient matrizRy,, € RP*Y is defined analogously, and R is called row-reduced ifRy,

has full row rank.

$?+s $24+s+1

Example 2.2.1. Let P =
s+2 1

, then 61(P) = 3 and 62(P) = 1.Thus

we can write P as :

s2 0 10 s s24+s+1
p= 4
0 s 1 0 2 1

10 2 1
where S = diag(s®,s) ,Pp = ( Lo >,L o ) Observe that 6;(L) <

2 1
0;(P) fori=1,2 and P is not row proper because Py, is singular.

Example 2.2.2. Let R = s+ 1 s s2 4925+ )

s—1 s-—1 s+1
Then R can be written as:

£ 0\ (111 1 —1 25+3
R= +
0 s /\1 11 -1 -1 1
111 1 —1 25+3

where S = diag(s®,s), R, = L= Observe that R
1 11 -1 -1 1

18 not row proper because Ry, has rank 1.

Lemma 2.2.2. Let P € R[s|P*? be non-singular.
1. We have

P 0i(P) > degdet(P)

The matriz P is row-reduced if and only if

P 0:(P) = degdet(P)
2. If H= P7'Q is strictly proper, then 6;(Q) < 6;(P) fori=1,....,p; if H is proper,
then 0;(Q) < 6;(P) for all i. The converse is also true, provided that P is row-proper.

3. For every non-singular P € R[s|P*P there exists a unimodular matriz U € R[s]P*P
such that UP s row-proper.
4. For every R € R[s|P*9 with full row rank, there ezists a unimodular matriz U € R[s]P*P

such that U Ris row-proper.

Proof. 1. RewriteP = SPy, + L asP,, = S~'P — S~'L. Consider the limit as s — oo.
Then we have, since

lim S7'L =0

S—00
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Phr = lim,_,,, S7'P
and, putting
0(P) =22 0:i(P)
det(Py,) = limg_00 %
This shows that degdet(P) < 6(P) and

det(Py,) = 0 & degdet(P) < §(P)

2. LetH = P7'Q, then
p
Qij = Z P Hy;
k=1

and

Qi _~~F

i = 2 i
k=1

Consider again the limit as s — oo . If H is strictly proper, the right hand side tends

to zero, and hence all the powers of s appearing in );; must be strictly less than 9,(P).

Since this holds for all j, we obtaind;(Q) < 6;(P). For the converse, writeP = S Py, + L,

and assume that P,is invertible. Then
P'Q=(SP,+L)'Q=(I+ P,;TlS*lL)*IPh;lS*lQ

and thus, since

lim S™'L =0
S— 00
and
lim S™'Q =0,
S—00
we have
lim P7'Q =0
S—00

that is,P~1(Q is strictly proper. The argument for proper is similar.
3. If P is row-proper, we are finished. Therefore, assume otherwise, that is, let
det(Py.) = 0. We show that there exists a unimodular matrix U such that

degdet(P) = degdet(UP) < zp: 4;(UP) < zp: 3j(P)

j=1 j=1
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. Iteratively, this yields the result. We write ¢; := §;(P) for simplicity. Since det(DPy,) =
0, there exists 0 # a = (ay, ..., o) € RYP with

p .
Y o) =0
j=1

WherePéi)deno‘ces thej — th row ofP,,.. Among the j witha; # 0, select j* with 07 < ¢,
for all j witha; # 0. Without loss of generality, let o = 1. Then we have

PE) 4 5P =0

Now perform the elementary operation:P?" plus

J#I*

The new matrixP! = UP satisfies 6;«(P!) < 6;-(P) and §;(P!) = 6,;(P) for all j # j*.
This establishes the claim.

4. The final statement is analogous to the previous one.

Example 2.2.3. a).compute a unimodular matriz U such that UPis row proper,
s$2+s s24+s+1
s+2 1
b). Let = {w € A*|R(L)w = 0} with

s2+1 s2—1 s2+25+3

s—1 s—1 s+1
Determine all i/o structures of 5 with proper transfer matriz.

where P =

R:

10
solution: a). we have Py, = Lo
choose a = [1,—1] and j* = 1.perform:1st row minus s* times second row:
—25°+5 s+1 -2 0
Pr= v s Pyl = choose a = [1,2] and j* = 1.perform:1st
s+2 1 1 0

row plus 2s times 2nd row.

P — 5s 3s+1 P = 5 3
s+ 2 1 1 0

, _ 1 2s—s? , 1 —s2
P s row proper and Pt = UP with U = 0 ) we did Pl = 0 P

1 2s
Pn = P
0 1

Pn=UP
b) rank(R) = 2 and since all 2 x 2 sub determinants are nonzero. there are three
possible i/o structures:each variable can play the role of input(and the other two variables

are output). To find out which transfer functions are proper,one may use brute force,that is
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compute the three transfer functions and check whether they are proper.A more systematic

way involves transforming R to row properness.

We have

oo (11
111

+1 s—1 s+3 111
row: Rr = | ° ° ° Ryt = choose a = [1,—1] and j* =
s—1 s—-1 s+1 111

choose a = [1, —1] and j* = 1.perform:1st row minus s times 2nd

‘ 2 0 2 2 0 2
1.perform:1st row minus 2nd row: RIl = R = Rn
s—=1 s—1 s+1 1 11

1 —s—1
1
Moreover,if wy(ws) is chosen as input,the 2 X 2 sub matriz of Ryl resulting from

15 row proper and RIM = UR with U =

deletion of the first and 3rd colummn,is non singular. Therefore, the corresponding transfer
function will be proper. However,if wo is chosen as input,the resulting sub matriz of Ry,.I
is singular. That is we may expect some problems.Indeed,this i/o structure yields a non

proper transfer function
—1
HepiQ=priiqn=| °* 2 0 =1 s=1)
S—1 S+1 —s+1 —s+1

Given a full-row-rank representation R of 8, we can thus assume without loss of

]

generality thatR is row-proper. ThenRy, has full row rank, and thus it contains a sub-
matrix that is square and invertible. If we choose an input-output decomposition of
such that the output corresponds to such a choice of the columns of R, then one can
show that in the resulting representation (2.6), the matrixNy is invertible (recall that
this assumption was needed to transform (2.6) into state space form). This shows that
anyB = {w € Aq|R(%w = 0} admits a partition of its signal components into inputs and
outputs such that it has a state space representation, in particular, the resulting transfer

matrix is proper.

Theorem 2.2.1. Let H be a proper rational matrixz. The size of a minimal realization
of H is given by the integer d(H) from (2.3).

Proof. There is no loss of generality in assuming that H is strictly proper. Let (A, B, C,0)

be a realization of H, that is,
H = C(sI, — A)'B.
DefineG := (sI,, — A)"'B. Then (sI,, — A, B) is a left factorization of G. Thus

degdet(sl, — A) =n > d(G)

On the other hand, if (Q, P) is a right factorization of G, that is,G = QP~!, thenH =
CG = CQP7!, that is, (CQ, P) is a right factorization of H. We conclude that
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d(G) > d(H).

This shows thatn > d(H), that is, the size of any realization of H must be at least
d(H). Conversely, we show that a strictly proper H possesses a realization of size d(H).
Let H = P7'(Q) be a left coprime factorization. Without loss of generality, let P be row-
proper. Now consider the i-th row of P and(), and denote them by P; and @);, respectively.

According to Theorem 2.22, there exist matricesK;, L;j, M;, Ni;(j = 1,2) such that

Pi(%)y = Qi(%)u < dr: {%xi = K;z; + Lijju + Lpy
{0 = M;x; + Nau + Njoy.

HereKj;can be chosen to be a 0;(P) x 6;(P) matrix. Combining these representations via

Xl Kl Llj

X, K, La;
X = K = Lj =

__Xp_ L ) [_fp_ ) _ij_
Ml Nlj
M, N2j
M = N; =
Mp i L ij i

We obtain
P%y = Q%u & dx :{%x = Kz + Lyu + Loy;
0=Mzx+ Niu+ Nyy

where the size of K is 3 §;(P) = degdet(P) = d(H). Moreover,N; = 0 (becauseP~'Q
is strictly proper) and Ny = Py,., which is invertible. Thus we can find, as in Section 2.7,
matrices A, B, C, D with A of the same size as K, such that

P4y =Q(4)u< Jo: {4z = Az + Bu
{Y =Cnu.

Then H = P7'Q = C(sI — A)~'B which shows that H has a realization of size
d(H). O

Remark 2.2. In the final step of the proof, we have used the fact that equivalent repre-
sentations have the same transfer function. This statement has not been proven. Alter-

natively, one may give a direct proof of

H=P'Q=C(sI — A)'B
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using the special form of A,B,C that results from Section 2.7. The details are omitted.
The question now is how to get left coprime factorization to get d(H).This is another

problem. We use the following theorem to determine the size of minimal realization.

Theorem 2.2.2. (McMillan form) For each rational matricH € R(s)P*™ there exist

unimodular matrices U € R[s]P*P and V' € R[s]™ ™ such that

UHV = | 107 8 ] (2.4)

where D € R(s)"™" is a diagonal matrix

- _
o1

qr
5,

with p_olynomials Vi, 0; 7 Osuch that each pair (;, ¢;) is coprime and 71 |...|y, and d,|...|d;.
Clearly, 7 = rank(H). The matrix on the right hand side of (2.4) is called McMillan

form of H and the integer
n:=>Y_ deg(d;) is called McMillan-degree of H.
Proof. Write H = & where N € R[s]P*™ and 0 # d € R[s]. compute the Smith form of
N,say
D 0
0 0

Where U,V are unimodular and D = diag(dy, ..., d,) for some non zero polynomials di.We
divide UNV by d and put

UNV =

D d  d,
D = — =diag(—, ..., —
d dZag( d Y ? d )
Let ~;,0; be coprime polynomials with
di _ %
d 0

Since d;|ds|...|d,,we have d;;1 = d;e; for some polynomials e;,where i = 1, ..., — 1.This
implies

%‘+15i = %5i+16i

for all i.

because
Yi+1 _ dit1 _ die; _ Yi€i
i1 d d 0;

which implies 7;|7v;416; and 6;41|7v;+19; since d; and ; are coprime,y;,; must be a multiple

of ;. similarly,coprimeness of d;,,1 and ~;,; implies §; must be a multiple of §;;. m
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Theorem 2.2.3. The size of a minimal realization of H equals the McMillan-degree of

H.

Proof. We show that d(H) from (2.3) coincides with the McMillan-degree of H. Let
D 0

UHV = 0

be the McMillan form of H, with D = diag(3...3") Define

diag(yi..v) 0 and A — diag(d;...0,)
0 0 0
(I', A) is a right factorization of UHV . Since each pair (7;,d;) is coprime, it is even a

I' = Then UHV = I'A™!, that is,

right coprime factorization of UHV . Then (U™, VA) is a right coprime factorization
of H. Therefore

d(H) = degdet(VA) = degdet(A) = deg H 0 = Z deg(0;)
i=1 i=1

which is precisely the McMillan-degree of H. O

2.3 Poles

A complex number ) is called a pole of a rational matrix H if it is a pole of one of its
entries. Equivalently, the poles of H are the zeros of the polynomials ¢; in the McMillan
form of H. Still equivalently, they are the zeros of det(P), where P is the denominator

matrix in a coprime factorization of H.

Theorem 2.3.1. Let (A, B,C, D) be a realization ofH. Any pole ofH is an eigenvalue
of A. Conversely, an eigenvalue of A which is not a pole of H must be an uncontrollable
mode of(A, B) or an unobservable mode of (A,C). In particular, if (A, B,C,D) is a

minimal realization ofH , then the eigenvalues of A are precisely the poles of H.

Remark 2.3. This theorem shows that there is a close relation between the eigenvalues
of A and the poles of H = C(sI — A)"'B+ D. This is the reason why one speaks of pole
shifting in Section 5.3, although eigenvalue shifting would probably be more appropriate.

Proof. Without loss of generality, let H be strictly proper. Since

H=C(sl —A)™'B= %

any pole of H must be a zero of det(sI — A), that is, it must be an eigenvalue of A. Now
let\ be an eigenvalue of A which is not a pole of H. Assume that A is not an unobservable

mode, that is,

M —A

o =n (2.5)

rank

We need to show that A is an uncontrollable mode. LetG = (sI — A)™'B = QP! where
(@, P) is right coprime. Then we have
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BP = (sI — A)Q (2.6)

and H = CG = CQP™!, with

rank [ ¢ =m (2.7)

To see this, let v be such thatCQ(A)v = 0 and P(A\)v = 0. We need to show that this
implies v = 0. From (2.7),

0=BPNv= (A —A)Q(\)v

and thus

A — A
C

which implies that@Q(A)v = Obecause of (2.5). But then both P(A\)v =0 and Q(\)v = 0,

which implies that v = 0 due to the right coprimeness of (Q, P).

Now we must have det(P()\)) # 0. If conversely, det(P())) = 0, then there would exist

a v # 0 such that P(A)v = 0. Since A is not a pole of H, the complex matrix H(\) is

well-defined, and thus

QN)v =0

0= HM\PA\)v=CQN\)

and this would be a contradiction to (8.9).

Since) is an eigenvalue of A, there exists 0 # z € C'*" such that 2(Al — A) = 0. Then
(8.8) implies zBP(\) = 0 and hence, since P(\) is non-singular, we must have zB = 0.
Then

z[)\[—A B]:o

which shows that

rank[)\I—A B]<n

that is, A is an uncontrollable mode of (A, B). O

2.4 Zeros

A complex number A is called a zero of a rational matrix H if it is not a pole of H and

rank(H (X)) < rank(H).
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Equivalently, the zeros of H are the zeros of the polynomials 7;in the McMillan form
of H provided that they are not also zeros of the §;. Equivalently, they are the A\ with
rank(Q(N)) < rank(Q) and det(P())) # 0 in a coprime factorization of H.

Let (A, B, C, D) be arealization of H. A complex number A is called a zero of (A, B, C, D)
if

A—-A B
C

A—sl B
C D

rank < rank

Theorem 2.4.1. Let (A, B,C, D) be a realization of H. Any zero of H must be a zero
of (A, B,C, D). Conversely, a zero of (A, B,C, D) which is not a zero of H must be a
pole of H or an uncontrollable mode of (A, B) or an unobservable mode of (A,C). In

particular, let (A, B,C, D) be a minimal realization of H and let A be not a pole of H.
Then X is a zero of H if and only if it is a zero of (A, B,C, D).

Proof. Over R(s), we have the Schur complement formula

A-sl B | I 0 A—sI 0 I (A-—sI)™'B
C D| | CA=s I 0 H||o0 I
Thus we get
A—sl B
rank CS = rank(A — sI) + rank(H).
Without loss of generality, let (A, B, C, D) be such that
Ay — sl A B A —slI B A
A—s] B 1— S 2 1 1— S 1 2
- 0 A3 — s/ 0 ~ 01 D Cg
C D
Cl CQ D 0 0 Ag — s

where the equality comes from a Kalman decomposition, and ~ denotes unimodular
equivalence of matrices. By construction, we have H = C(sI — A)™'B + D = Cy(sI —
A1)™'B;y + D, and (Ay, By) is controllable. Let G := (sI — A;)"'B; and letG = QP!

be a right coprime factorization. Then we have
Blp = (S[ — Al)Q, RP + SQ = I, (A1 — S[)Rl + B151 =7

for some polynomial matrices R, S, Ry, S;. In matrix notation,

Al — sl Bl Rl Q . I 0

which yields
A1 — SI Bl él Q - I O
S R S, P 0 I
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similarly as in an earlier proof. We may conclude that the matrices on the left hand

side are unimodular. Since

Ai—sI B || R Q I 0
¢, D||8& P| |x ¢.Q+DP
we get
Al —sl B I 0

¢, D] o aQ+pP

Coming back to the original state space system, we obtain
A—-sl B ! 0 0
o D ~ |0 CiQ+DP *

0 0 Az — sl

Recalling that G = QP~!, we have H = C,G + D = (C1Q + DP)P~'. Hence the zeros
of H are zeros of C1Q) + D P, which implies that they are also zeros of (A, B,C, D).
Now let A be a zero of (A, B,C, D).

Case 1: A is an eigenvalue of A and neither uncontrollable nor unobservable. Then A is
a pole of H.

Case 2: \ is an eigenvalue of A and uncontrollable or unobservable.

Case 3: A is not an eigenvalue of A. Then it is not a pole of H and we may use the
Schur complement formula from above with s = A. Noting that rank(AX) = n =
rank(A — sI), we see that rank(H(\)) < rank(H). Thus X is a zero of H.

U

Remark 2.4. Interpretation of zeros: Assume that rank(H) = m. Then

A—sl B
C D

has full column rank. Thus X is a zero of (A, B, C, D) if and only if there exists (xq, ug) #
(0,0) such that

i) . 0

Uo B 0

Then the input u(t) = upe™ and the initial condition x(0) = zo lead to z(t) = xge

A—sl B
C D

M and
the corresponding output y(t) = Cx(t) + Du(t) is identically zero. (We admit complez-
valued signals, for simplicity; but the same argument holds for the real parts of u,x,y.)
Thus the system annihilates the input u of frequency A, and this is why X\ can be seen
as a zero of the system. If ug = 0, then xq # 0 s indistinguishable from zero. In
particular, any unobservable eigenvalue of A w.r.t. C is a zero of (A,B,C,D). A

similar interpretation is possible for rank(H) = p. Then any uncontrollable eigenvalue

of A w.r.t. Bis a zero of (A, B,C, D).

Example 2.4.1. Let

33



D=1

Then H = > , which has a pole at 1 and a zero at 0. We have spec(A) = {1,2}.
The eigenvalue 2 is not a pole, and indeed one can check that it is uncontrollable (but
not unobservable). Note that the eigenvalue 1 is both uncontrollable and unobservable,
but still a pole of H. The zeros of (A, B,C,D) are 0, 1, 2: 0 is a zero of H, 1 is a
pole, and 2 is an uncontrollable eigenvalue. A minimal realization of H is given by
Ay =By =Cy =D = 1. Then 1 is the only eigenvalue of Ay and 0 is the only zero of

(A1, B1,Ch, D). If we modify this example by taking A, B as above and

| trt |t
00 1 0

then we have

and (A, B,C!, D) has zeros at 0 and 1, but not at 2. This shows that an uncontrollable

mode is not necessarily a zero of the realization if rank(H) < p.

Remark 2.5. In the tutorial, we have seen that the series interconnection of two state
space systems 1s controllable if both systems are controllable and additionally, for all

A € spec(Asy), we have that

Al -\ B
4 D,

has full row rank. This requirement amounts (more or less) to saying that no pole
of Hy should be a zero of Hy (to avoid cancellation effects). In terms of the system
trajectories, this means that no characteristic frequency of the second system should be
blocked by the first system. A similar fact can be shown for H = HyH, withH, = P~'Q,
and Hy = P~'Qq where the requirement was that for all X\ with det(Py()\)) = 0, the
matriz Q1 () has full row rank. Again, this can be interpreted (roughly) as meaning that

no pole of Hy should be a zero of Hy.
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