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Abstract

Within the ΛCDM model, we studied dynamical aspects of the universe in SdS spacetime background.

Mainly, the precession of orbits from solar-planetary to binary galaxy, the effect of geometry in radially

falling particles to massive compacts and the gravitational deflection of light by extended sources. Using

Einstein field equations and conservation laws, equation of motion and the general effective potential in SdS

were derived. The potential has used in the characterization of the orbits, where hypothetical potential sources

ranging from small mass to critical black holes were used. The sample orbiters cover both massive and mass-

less particles with and without angular momentum. Generally, SdS potential differs from the Schwarzschild

potential. Moreover, the potential has used to derive important boundary conditions in the motion of the

particles. Specially, it has used to derive photon orbit and radial solution of closed circular orbits of massive

particles. Taking into account the positions of the source, lens and observer the photon orbit solution used to

derive the gravitational bending angle; where it has in turn used in gravitational lensing to estimate the mass of

the lensing whereΛ effect was of order 2% relative to the Schwarzschild background. In the case of circular

orbits, the radial deviation has studied, where the effect was insignificant at small-scale, within Milky-Way

galaxy; but at binary galaxy level becomes viable,kpc to Mpc order. For the case of elliptical orbits, a

two-body problem has developed to derive the precession.Λ effect was dominant over the Schwarzschild

in open and wide systems like binary galaxy, but insignificant in others.Λ has significant effect compared

to the Schwarzschild case on radiations from in falling particles to massive objects if appreciable distances

are considered. Finally, we have reflected our views regarding the criticisms on Einstein modified field equa-

tions, attributed to the cosmological constant. A detailed review with some supplementary works presented

to enrich the relevance of the cosmological constant as an intrinsic constant.

Keywords: ΛCDM model, SdS, cosmological constant, Orbit precession, light bending, lensing, GR
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General introduction
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In general the work is structured into three parts including this part as follows:

Part I - General introduction: In this introductory part we provide the background of the

work including, motivation, literature reviews/issues thereof, objectives and methods.

More detailed cosmological constant history, issue and progress in relation to the full

theory of general relativity is addressed. In addition, the background physics, Gen-

eral Relativity (GR) theory is previewed where the current standard Cosmological

Constant & Cold Dark Matter (ΛCDM) model has considered in the work.

Part II - Motion in SdS geometry, precession of orbits, light bending and radiation

Covers the study of motion of particles in SdS geometry, the effect of cosmological

constant in the precession of orbits of astrophysical systems that includes: solar-

planetary system, binary stars, binary-discs around the Milky-Way galaxy center and

binary galaxies all performed in the SdS spacetime background. The photon tra-

jectory in SdS spacetime and the effect ofΛ in gravitational bending of light and

lensing will also covered. Finally, this part includes the study of radiation from in

falling particles into BHs/AGNs and other massive systems.

Part III - Future perspective and summary

This part includes the future perspective chapter, in which some views and comple-

mentary works be given and covers the summary chapter.

2



Chapter 1

Background and Literature reviews

1.1 Motivation

The motivation for the choice of the title was basically instigated from the then recent and

active issue concerning the discovery of the accelerated universe. It was very fresh where

the standard theory was questioned for alternative theories to replace. Actually, before this

thesis I was working on another thesis issued on “Pulsars’ timing noise model” under the

supervision of Dr. Legesse (Addis Ababa University) and co-supervision of Prof. Okkie

de Jager (Timing pulsar group, SKA) where the project was also well received for collab-

oration at ICTP for three years grant. But due to later modeling issue arguments among

ourselves I was forced to identify a new supervisor from abroad to continue. Thus, though,

identifying a potential supervisor was not so easy, it was fortunate to me to have my current

supervisor with such rich scientific career and fatherly helpful scientist with this presented

and different issue. So this thesis is accompanied with a lot of background own interesting

history including motivation and development background setup.

Initially, this thesis was focused to calculate i) planetary orbits to estimate the effects of pe-

riastron precession, ii) the orbit described by two neutron stars, iii) the orbits of relativistic

and non-relativistic particles around a very massive black holes using Schwarzschild - de
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Sitter (SdS) metric and then to compare the results with that of the classical Schwarzschild

background. However, as mentioned earlier due to complicated situations related to my

home institutes Jimma University (the sponsor of my PhD work) and Addis Ababa uni-

versity (for my affiliation), unexpected period has elapsed where I could not had regular

communication for close assistance and focus from my supervisor. So, with this real situ-

ation the thesis shaped in the present view with much extended issues as addressed in the

coming sections, the background rationale - methodology design to bear the recent update

issues including the original design of the thesis too.

1.2 Background rationale

The pioneering work in both observational and theoretical developments during the period

1920-1930 [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] in astronomy and physics has re-

warded the discovery of expanding universe where its inaugural discovery is recognized

mainly by [9]. Until 1998, the expanding universe had considered as a decelerating one,

where gravity has purely considered ever as attractive with two future fate scenarios. i)

If the mass density of the universe were greater than the critical density, then the universe

would reach a maximum expansion to halt for a while and then begin to collapse to the Big-

Bang state (a Big Crunch); then the dynamics recycles. ii) If the density in the universe

were equal to or below the critical density, the expansion slows down but never stops so that

the average temperature of the universe would gradually and asymptotically approaches to

the absolute zero a Big-Freeze leading to a scenario known as heat death. For detailed

reviews, see for example the literatures by [15, 16, 17]. However, the late discovery of

the accelerated expansion of the universe [18, 19] has come up with more complication

problem in the study of the cosmos. It has raised the issue that whether gravity can act

4



repulsively at large scale bringing more new concerns about the nature of gravity and the

content of the universe. Is the acceleration being driven by dark energy? Or is general

relativity itself in error, requiring a modification to account for the late acceleration?

Consequently, there is a lot of effort in progress both (1) in further developing the existing

General Relativity (GR) based cosmological model where the dark energy & dark matter

scenario is being entertained and (2) in the construction of modified gravity models as alter-

natives to dark energy. Also, in connection to the theoretical progress there are interesting

developments in the mechanisms of cosmological tests of gravity.

The GR based and extensions model that can explain the accelerated expansion of the

universe if, besides baryonic and dark matter, another component is present in the uni-

verse. Such a component, dubbed dark energy, would represent approximately 70% of the

total matter-energy content of the universe today and is characterized by a “negative” pres-

sure. Then the idea is constructing an extension of GR with unified, continuous description

of the early inflationary era and the late-time cosmic acceleration epoch of the universe.

Various Scalar field models with generic features have been introduced into the Einstein-

Hilbert action (See the literatures: [16, 20, 21, 22, 23] and the references therein.). The

simplest isotropic and homogeneous scalar fieldφ introduced, is constructed from a self-

interaction(slowly rolling) potentialV (φ) with associated energy densityρφ and pressure

pφ given by

ρφ =
φ̇2

2
+ V (φ)

pφ =
φ̇2

2
− V (φ) (1.2.1)

The corresponding equation of state is given by

ω =
pφ

ρφ

=
φ̇2

2
− V (φ)

φ̇2

2
+ V (φ)

. (1.2.2)
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A dot onφ means derivative with respect to the cosmic time.

A negative pressure can be obtained if the potential term dominates the kinetic one. Two sit-

uations are possible: a) The equation of state can be dynamical, with slightly time-varying

scalar fieldφ which is referred as “quintessence"; b) the kinetic term is null, correspond-

ing to the constant equation of state,ω = −1. In this case the dark energy component is

a vacuum energy density, the “cosmological constant” case. To this end, a nearω = −1

equation of state is favoured by the present epoch of the universe as the recent observational

data analysis indicate. This means that, either a “quintessence” case with dynamic energy

density whose present equation of stateω ≈ −1 or the cosmological constant case whose

equation of state remains constant (ω = −1) will be considered.

The newly constructed modified gravity model theories include f(R) gravity, braneworld

gravity, Horndeski theory and massive/bigravity theory. As the review works indicate that,

in general, the modification scenarios commonly share the need of additional degrees of

freedom into the gravity sector with extra fields which couple non-minimally to gravity

that ultimately lead to new fifth forces, for example see the recent reviews by [24, 25, 26]

and the references therein.

However, the modified gravity theories need time to pass all the local and large scale struc-

ture evolutionary tests within the available mechanisms or that come to support. Presently,

there are challenges from both small and large scale structures. For example [27, 28] and

the references therein well discuss the challenges to self-acceleration in modified gravity

from gravitational waves and large-scale structure. Moreover, the detection of the first

gravitational wave signal in 2015 from binary black hole mergers [29] and the first direct

observation of a binary neutron star inspiral gravity wave (GW170817) [30], from the joint

gravitational and electromagnetic observation by the Advanced LIGO and Advanced Virgo

6



gravitational-wave detectors provides the success of General Relativity Theory. Supple-

mentary analysis and review works of the observations, for example [31, 32] rule out the

structure of (non -)viable gravitational actions, and some current popular modified gravity

models. In effect, this encourages researches for further development of General Relativity

and extensions.

1.3 Research Proposal/Statement of the problem

As current reviews indicate that the modified gravity theories for cosmological models are

interesting and in progress (see 1.2). Probably, these theories will be amongst the future

standard theories that will solve the current unresolved cosmological problems awaiting ob-

servational tests. However, though they are viable candidate theories, they need to pass the

present observational constraints and featured observational tests. On the other hand, the

standardΛCDM base cosmology seems successfully explaining cosmological issues from

small scale to large scale structures. It is consistent with a wide range of cosmological

data. It is successfully explaining temperature and polarization anisotropies of the cosmic

microwave background (CMB) radiation spectra, lensing, dark matter & dark energy sector,

neutrino sector, the standard big bang nucleosynthesis predictions, Baryon acoustic oscilla-

tion (BAO), the Early-Universe inflationary scenario, structures and formations of systems

in small and large scale systems [24, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43].

Even the effect of the positive cosmological constant on the radial velocity profile of galaxy

groups in the Local Universe studied by [44] corresponding to scales of 1-2 Mpc were

shown to fit with actual data in preference over the bare cosmological constant.

Here, questions aroused by reviews related to the models and their developments are unis-

sued in our case. We are relaxed to accept that they are not yet finished and so believed
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to be open to research. With this belief, we are interested to address some issues within

the current standardΛCDM base model where the cosmological constant is considered as

an intrinsic geometric quantity as originally proposed by Einstein. Then, the background

metric is a de Sitter spacetime; while locally around a point mass object the SdS metric is

used for the description of dynamical aspects. Concerning the model issue, we will provide

some comments and our supplementary works under the future perspective chapter. Thus,

we have designed the following research questions to work.

Research questions

i. Questions related to origin ofΛCDM and astrophysical implications:

1. IsΛ a real geometrical entity or a "hand craft" constant as "concordance" as it

is called or other else?

ii. Questions related to light bending and its application (gravitational lensing):

1. How doesΛ affect bending of light around a massive compact object?

2. Is there a way thatΛ effect will be explicitly determined in gravitational lens-

ing?

iii. Questions related to precession of orbits of various systems:

1. To what extent does the cosmological constant affect the precession of planets

in solar system? Is cosmological constant locally measurable?

2. Is the effect of cosmological constant significant on the precession of binary

stars: including pulsars and binary supermassive black holes?

3. Does cosmological constant affect the precession of motion of binary-discs

around the nucleus of the Milky-Way galaxy?

8



4. Is the effect of cosmological constant on the precession of orbits of satellite

galaxies being observable?

iv. Miscellaneous questions

1. What is the effect of cosmological constant on the radiation of radially falling

particles to massive objects like BHs/AGNs?

1.4 Objectives

General objective

To study dynamical aspects in the Schwarzschild-de Sitter geometry.

Specific objectives

1. To derive photon trajectory in SdS spacetime and then study the effect ofΛ in gravi-

tational bending of light and lensing.

2. To study the effect of cosmological constant in precession of orbits of systems that

includes solar-planetary system, binary stars, binary-discs around the Milky Way

galaxy and binary galaxies in the SdS spacetime background.

3. To derive radiation from in falling particles to BHs/AGNs and other massive compact

systems in the SdS background and describe the effect ofΛ.

4. To comment and supply additional notes on issues raised concerning the modification

of EFE, the case of cosmological constant.

9



1.5 Methodology

The current standardΛCDM base model where GR is considered as the fundamental

physics of the model is being assumed. The observed accelerated universe is caused by

a “dark component” is taken into account where the repulsive force is associated with the

cosmological constant is considered.

The local effect of cosmological constant near a point massM can be included, if the

Schwarzschild-de Sitter (SdS) metric [45] is considered, which is given as

ds2 = −
(

1− 2MG

r
− Λ

3
r2

)
dt2 +

(
1− 2MG

r
− Λ

3
r2

)−1

dr2 + r2dΩ2. (1.5.1)

Note that, in the absence of material source,M = 0, the SdS metric goes to the de Sitter

metric given by [46]:

ds2 = −
(

1− Λ

3
r2

)
dt2 +

(
1− Λ

3
r2

)−1

dr2 + r2dΩ2. (1.5.2)

Here, we notice that the SdS metric is asymptotically a de Sitter metric where the back-

ground spacetime curves. Therefore, geometrically it differs from the flat Minkowski

spacetime background.

On the other hand, at a relatively small distance where the contribution from the cosmolog-

ical constant is negligible, the SdS metric describes the Schwarzschild geometry given by

[47]

ds2 = −
(

1− 2GM

c2r

)
dt2 +

(
1− 2GM

c2r

)−1

dr2 + r2dΩ2. (1.5.3)

So, all the problems raised here by the research questions related to studying the local

effects ofΛ near astrophysical systems are all calculated by the SdS metric. The remaining

projects raised by the research problems will considered as complementary to GR.

More additional supplementary methods such as the detailed boundary conditions are being

10



introduced in view of literatures and physical assumptions under the respective specific

researches.

Finally, we underscore that the historical overview of cosmological constant together with

the preview of GR theory (the background physics for the research) would be considered

as an enriching background of the methodologies.
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Chapter 2

Expanding universe and cosmological
constant historical background

2.1 An overview of the beginning of modern cosmology

Historically, the observational evidence of an expanding universe is dated back to the de-

velopment of Einstein’s General Relativity (GR) theory during the 1910’s. Coincidentally,

during this period there was also an interesting observational activities both in data extrac-

tion and developing physical mechanisms to calculate distances at different observatories.

Specially the data extraction carried out by V.M. Slipher at Lowell Observatory [1, 2] is

considered as the first step towards discovery. The spectral data that Slipher had collected

(summarized as in table 2.1 of the book by [48], page 162) and the spectroscopic work of

light from other several spiral nebulae (later re-christened galaxies) were red-shifted with

only few of them were blue-shifted (for example see the remarks by [49]). For historical

remarks, for example see the history by [50, 51].

From observational viewpoint the 1910’s period is considered as the beginning of the mod-

ern cosmology towards the expanding universe discovery. Slipher is considered as one of

the main pioneer contributor both in providing data and inspiring for the later developments
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Table 2.1: Slipher 1910’s observational data from spiral nebula as it appears in the book by
[48, page 162]

of the expanding universe. While other contributors including the development of physical

mechanisms to astronomical distances are acknowledged today. For example [52] strongly

acclaim that Slipher’s data were very necessary for the formulation of the expansion law

both by Hubble and Lemaître discovered in the 1920’s. On the other hand, [53] and many

more scholars emphasize for better acknowledgment of others contributions during this

time including the 1920’s work for the discovery.

On the theoretical grounds, the expanding unverse was already embedded in GR and would

have celebrated as discovery. Einstein had already noticed the dynamism of the solutions

to his field equations. But immediately reacted to modify it. He was in a tug of contrary

ideas between the implication of his original theory, which was with dynamic solutions and

his philosophical perception to establish a static universe seeking Mach’s principle. In fact,

the notion for the theoretical development of the modern cosmology has started during the

time where de Sitter and Albert Einstein were in scientific debates over the “dynamic” and
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“static” forms of Einstein’s field equations in the period 1916 - 1918 where the two have

formulated their own mathematical expressions for the metric of the universe as a whole.

For details see the review by [54] and the forthcoming section 2.2 for how this initiated the

present day cosmological models.

Notably, the second decade of the beginning of the 20th century era was one of the scientific

revolutionary events where the theoretical GR was developed and further initiated cosmo-

logical models while looking to proceed for observational tests and, on the other hand,

the observational side has independently entered and further lured up for new cosmologi-

cal outlooks. A theoretical model that incorporates the interpretations to such observational

nebulae redshifts was needed. Further observational investigations, improved spectroscopic

work and more data were required for firm observational conclusions .

The 1920’s and 1930’s are the magnificent decades where the current cosmology founda-

tion has been shaped when theory and observation converged to develop the current model

of the expanding universe. Theory and observation have been converged to confirm the

Island Universe hypothesis (today known as extra-galaxies outside the Milky-Way galaxy),

the classification of extragalactic nebulae, the discovery of a linear relationship between

distance and velocity for extragalactic nebulae, providing the first evidence for the ex-

panding universe, the brightness profile of galaxies. In fact the new attempt mechanisms

including to use novae as standard candles to measure the distances to spiral nebulae during

the 1910’s were materialized to derive expressions for radial distance in terms of the linear

velocity where internal evolutionary scenarios were also entertained. Mainly, the methods

developed by Hubble were considered as confirmation of the discovery of the extragalactic

nature of the spirals and its exploited extension in the discovery of the expanding universe,
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for detail reviews see [50, 51, 52, 53] and the references therein. In the case of the expand-

ing universe, Hubble had selected a set of extra galactic nebulae data mainly from Slipher

data and some from others including his own to measure the shift of spectral lines. Inter-

preting the observed shift he derived that the velocitiesv were correlated linearly to the

apparent distance of the nebulaer as:

v = H0r (2.1.1)

whereH0 is the proportionality constant now called the present Hubble-Lemaître constant.

On theoretical grounds, [13, 14] and [10] are considered to have discovered an expanding

universe. Because in these seminal papers both Friedmann and Lemaîre independently de-

rived dynamic solutions to Einstein’s GR equations that describe an expanding universe.

In particular Lemaître also derives that the expansion of the universe implies the spectra of

distant galaxies are redshifted by an amount proportional to their distances. Furthermore,

he used published data on the velocities and photometric distances of galaxies to derive the

rate of expansion of the universe (assuming the linear relation) [55] and for more details

refer the forthcoming section 2.2.

The 1930’s period which has even extended until the end of 1940’s is more of philo-

sophical debates over methodological approaches where mathematical physics came into

play. In particular, the philosophy initiated by [56] purely based on kinematical consid-

erations was drawn attention. In subsequent works Milne developed “kinematic theory

of relativity” where he had reworked and summarized it in his book [57]. On the other

hand, some of his contemporaries with different viewpoints adopted his operational method

[58, 59, 60, 61, 62, 63] to develop a paring of non-observational concepts, then embed the
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resulting minimalist concept set in an axiomatic hypothetical-deductive structure, for detail

reviews see [64, 65] and the references therein. Where then the expanding metric known as

the Robertson-Walker (RW) metric was introduced. On the other hand, the contrary views

and other supplementary works by others were directly and as well indirectly contributed

in enriching this new theory. Consequently, this philosophical debate later in 1948 was

emerged with the steady-state theory of the universe developed by [66, 67] (For details,

refer the popular books by [65, 68, 69]).

On the contrary, Gamow and collaborators were persistent with the expanding universe

developed from GR that has led to the development of the hot “big bang” theory of the

expanding universe. Gamow was the earliest to employ the non-static solutions of Ein-

stein field equations (EFE) derived by Friedmann and Lemaître describing a universe that

would have evolved from a primordial quantum as Lemaître suggested in the 1920’s.

His idea that the early universe was dominated by radiation rather than by matter is the

founding evolutionary scenario in creation of chemical elements (cosmic nucleosynthesis)

and to the subsequent formation of galaxies. Gamow, contemporaries and collaborators

([70, 71, 72, 73, 74] and the supporting reference therein) exploited this new idea in devel-

oping radiation and matter density ratio mechanism to determine the density of the relict

background radiation of the “big-bang,” which had supported by the discovery of the cos-

mic background radiation (CMBR) by Penzias and Wilson in 1965, [75] (Which was al-

ready observed in 1941 before such theoretical prior established [76]).

Then subsequently more new observational discoveries during the late 1960’s and the be-

ginning of the 1970’s like quasars, active galaxies, gravitational lensing, Sunyaev-Zeldovich

effect, etc including new technical abilities favored the “hot big-bang ” model over the

steady-state-cosmology. Thus, GR theory and extensions were taken seriously for further
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research to test and apply. While others begin to look for modifications and alternative the-

ories. It is during this period that, on one side clear distinction between models being made

and on the other side the current candidate models have being seriously taken in advance,

for modification and seek for alternatives. As a result, the field of cosmology has evolved

to the current understanding in two pictures of expanding scenario, the decelerating and

accelerating pictures. In the next section we try to overview these development issues.
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2.2 Current cosmological models development overview

Certainly, the period 1910’s to the mid of 1960’s was marked by the exploration of new

revolutionary physical philosophies that are in effect today. These new modern physical

philosophies (particle, quantum, GR, etc) are implemented to develop model theories for

empirical discoveries, develop new mechanisms and techniques to test theories, unison of

fields, etc. In essence, modern cosmology has benefited this trend where mainly GR is

considered as successful. Some bright ideas like evolutionary scenarios including synthe-

sis and structure, mathematical model equations to determine geometry were introduced in

cosmology. Accordingly, in the case of cosmology, GR base cosmological equations devel-

oped by Friedmann, Lemaître, Robertson, Walker commonly acknowledged as Friedmann-

Lemaître-Robertson-Walker (FLRW) cosmology is one of such products. However, it is

important to recognize that generally the status of our today science is a built up through

generations that cannot be addressed in any single file but shall be acknowledged back.

For comprehensive reviews see the classical books by [65, 69], and review articles by

[16, 21, 23, 54, 77].

As briefly introduced in earlier section 2.1, the observational capabilities and advance dur-

ing the late 1960’s and the beginning of the 1970’s has already favored the “hot big-bang”

model over the steady-state-cosmology. Then, the majority of pioneering cosmologists

lost further research interest towards the steady-state models. Yet, Hoyle and Narlikar in-

cluding little followers maintained their views on the viability of steady-state model with

modified versions (where the current one is called Quasi-steady state cosmology(QSSC))

[78, 79, 80, 81, 82]. Now by then, the favored hot big-bang theory is both being to chal-

lenge and to be challenged by more cosmological tests ahead of it.
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Accordingly, the main ingredient of the model that the overall mass-energy system per-

ceived as gravitationally attractive so that the rate of expansion expected to be slowing

down is a crucial challenge to ascertain. Because, the related fundamental question whether

this decrease in the rate of expansion is sufficiently enough that at some point the expansion

would stop and reverse (a “Big-Crunch” and then recycle to the bang, a closed universe)

or insufficient to stop to expand forever (an open universe) was decisive to establish. Sec-

ondly, the theory was also constrained to explain the following observed problems by then.

a) The missed mass problem:The majority of the observed structures, distributions and

evolutionary scenario of astrophysical systems show that the baryonic matter we

know now is too small to account by the hot big-bang model. Approximately about

95% of the universe by mass is non-baryonic whose nature is not well known. For

brief reviews and reports see [83, 84, 85, 86].

b) The horizon problem: Observationally, the universe appears homogenous and isotropic

in large scale structure but with small primordial anisotropies of cosmic background

such as: CMBR, gravity, etc. [30, 39, 69, 87].

c) The flatness problem: The total energy density of the universe is closer to its critical

value where the spacetime curvature is flat. [54, 69, 87]

d) The magnetic monopole problem:From the Grand Unified Theories (GUTs) of par-

ticle physics, the hot big-bang model is expected to predict huge number of mag-

netic monopoles at the Planck scale. Then, as the GUTs explain these seed frozen in

monopoles are expected to exist in abundant relicts of cosmic background at least one

per baryonic nucleon relict surviving phase transitions. But observationally, there ex-

ist no noticeable number of monopoles except in small anisotropies. See for details
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[69, 88, 89].

Interestingly, the problems of the second issue were successfully addressed through sub-

sequent developments in the 1980’s within the GR theory where the hot big-bang model

is modified to an inflation driven Cold Dark Matter (CDM) big-bang model. The CDM

in the first place is modeled to account the missed mass, by postulating a massive particle

whose nature is yet unknown(non-baryonic) called Dark Matter (DM). In the second place,

the DM is considered to be free of interaction with known baryonic matter physics except

that of gravitation where its presence is proclaimed by; that it is an electrically neutral and

pressureless matter fluid (cold fluid) [90, 91, 92]. For detailed review and supplementary

comments see [69] and the references therein.

On top of this, the introduction of theory of inflation has offered a solution to the problems

with provisional mechanisms of testing the origin of large-scale structure, by observations

of anisotropies in the cosmic microwave background [93, 94, 95, 96, 97]. Today the in-

flationary theories are satisfactorily describing the observed CMB anisotropies including

gravitational waves and the large scale structures [30, 39].

The first issue related to the fate of the universe has observationally surprised the scientific

community with an acceleration rate contrary to the expected deceleration rate [18, 19].

This new scenario, on one hand has solved the problem of the big crunch but on the other

hand has brought more puzzles about the nature of the universe. To incorporate this ac-

celeration a new hypothetical energy (Dark Energy, DE) with negative pressure was pro-

posed. Within the GR theory, the simplest solution came as in the form of the cosmological

constant and was significantly able to explain the observations. Consequently, further en-

hancing and testing mechanisms of GR in the realm of standard particle physics were being

progressively envisioned and developed. Besides the GR base cosmologies, a number of
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new theories were began to develop.

Historically, the emergence of new theories of gravity will probably be longer. Regardless

of this, the emergence of the current developments is just not far from the completion of GR

theory when Weyl [98, 99] and others soon developed an alternative theory of gravitation

in higher order differential field equations than the GR. The appearance of the majority of

these alternatives or new theories are linked to the observations of dark sectors (DM & DE)

of the universe [23, 25, 26, 41, 54]. However, while the GR base is found to be consis-

tent with all current data sets, the constraints are still too large to exclude some of the new

possible theories [95, 96, 100]. Nonetheless, some others need sometimes to proceed for

viability, or succeed to overtake the GR or being invalidated to terminate.

In general, the current modern cosmology has developed enormously less than a century

ago mainly conceived with the birth of GR together with the advancement of fundamental

physical sciences including particle physics, mathematical methods, etc. Also, new techno-

logical innovations, capabilities in modeling observational mechanisms and tools for data

extraction and analysis have played significant role. Moreover, whatsoever philosophical

and physical views therein for the emergence of the various current viable theories, unde-

niably their emergence is directly or indirectly linked to this historical startup either for

comprehensive theory to explain fully both observations and future predictions or philo-

sophical and physical framework issues.

Finally, irrespective of the ongoing progresses for better and more comprehensive theory to

establish, cosmological theories framed within the harmony of GR and the standard theory

of particle physics seem favorable. In particular, the DE-CDM along with inflation the-

ories developed during the 1980’s and 1990’s came up as viable theories. Where, today

the simplest of which theΛCDM model is the standard cosmology that has successfully
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explained most of the observations like large scale structure and distributions, the big bang

nucleosynthesis together with Baryonic Acoustic Oscillations (BAO) with little tension

[18, 19, 30, 38, 40]. It is also taken as the standard used to test new features, constrain

other theories and considered as a buildup for further progress to develop its extensions for

more success or other alternative theories.
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2.3 Origin, role and inspirations of Λ in cosmology

As addressed in the preceding sections including the background chapter, the history of

modern cosmology is directly or indirectly associated to Einstein GR theory. Especially,

the entertainment of the cosmological constant has played a great role both in observational

and theoretical advances. So, in this section we highlight some relevant historical issues of

the cosmological constant in modern cosmology and physics. Thus, first we try to address

the introduction ofΛ as Einstein’s cosmic background perception. Then, next we see the

implications of the modified equations. And finally, we look at a glance the role ofΛ and its

inspirations in modern cosmology. Moreover, chapter two will be consulted in case detail

GR technical and mathematical explanations are required.

2.3.1 Einstein field equations and cosmic interest: Introduction ofΛ

Einstein original GR field equations [3, 4, 5, 6] are given as 2.3.1:

Rµν −
1

2
gµνR =

8πG

c4
Tµν (2.3.1)

Where the signature (-,+,+,+) for the metrics is adopted from the book by Misner, Thorne,

and Wheeler (MTW) [101] for sign convention. The quantities appearing in the equations

are:Rµν is the Ricci curvature tensor,R is the scalar curvature,gµν is the metric tensor,G

is Newton’s gravitational constant,c is the speed of light in vacuum, andTµν is the stress-

energy tensor. Note also that throughout this work the Greek indices likeµ, ν, ... run from

0 to 3, while Latin indices likei, j, ... run from1 to 3.

Then, in 1916 Einstein was interested to apply his theory to cosmology [7] with the idea of

incorporating Mach’s principle (universe with a finite average density of matter) provided

that he finds a static solution of the field equations. But soon noticed that his field equations
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yield a non-static solution, a dynamic universe that will expand or contract. As the con-

sequence, Einstein himself introduced a positive cosmological constantΛ with the belief

of constructing a static solution [8]. The idea is that, the constant introduces a repulsive

force which can counterbalance the attractive force of gravity leading to the “static Einstein

universe.”

The modified Einstein’s 1917 field equations with the cosmological constant is

Rµν −
1

2
gµνR + Λgµν =

8πG

c4
Tµν (2.3.2)

Einstein’s model considers a universe filled with matter in a uniform manner, which de

Sitter called it as “Material postulate of relativity of inertia.” The metrics in his field equa-

tions has to exhibit a finite spherically static universe where then thegµν ’s shall be zero

at infinity, which de Sitter called this mathematical framework “Mathematical postulate

of relativity of inertia.” However, [12] did derive spherically static solutions to Einstein’s

modified equations by proposing another expression of the metric. By using spherical polar

coordinates (r, θ, φ), he represented the Einstein universe (system A), i.e. as 3-dimensional

hyper-spheres embedded in a 4-dimensional Euclidean space while he proposes an ellipti-

cal geometry (in preference to Einstein’s model) for simpler imagination of the “physical

world” and models it as a hyperboloid universe (system B) embedded in a 4-dimensional

Euclidean space:

ds2
A

= −c2dt2 + dr2 +R2 sin2
( r
R

)
dΩ2 (2.3.3)

ds2
B

= −c2 cos2
( r
R

)
dt2 + dr2 +R2 sin2

( r
R

)
dΩ2 (2.3.4)

wheredΩ2 = dθ2 + sin2 θdφ2. R is the radius of the universe.

Assuming pressureless and internal forces free and supposing all matter at rest, the only
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non vanishing stress-tensor is:

T00 = ρg00 (2.3.5)

whereρ is decomposed intoρ0, the average uniform density of the “world matter” andρ1,

the density of local matter that attributes to the local inhomogeneity.

Neglecting the local effect, “gravitation”, the global solution of Einstein universe “world

matter” according to de Sitter [12] is strictly connected to the cosmological constantΛ

through the uniform densityρ0 and the radius of the universeR as:

Λ =
4πGρ0

c4
=

1

R2
(2.3.6)

de Sitter model considers an empty universe that contains no matter but somehow be ad-

justed to describe the real universe, provided the density of matter is close enough to zero.

Historically, it therefore seems that the introduction ofΛ by Einstein himself with his cos-

mic background interest and de Sitter’s supplementary work and genuine scientific debates

during 1916 - 1918 to Einstein’s discovery has laid the foundation of the modern cos-

mology both as model framework and progress, where the two did formulate their own

mathematical expressions for the metric of the universe as a whole. In fact in 1916 Einstein

[7] was providing the meanings and contents of his summarized works of the principles

of general relativity. While de Sitter [12] was working on further interpretations and lia-

bilities of this new theory by providing supplementary interpretations and some additional

elegant mathematical frameworks. In that he was verifying the theory with supplementary

examples of astronomical consequences. de Sitter was observed to acknowledge Einstein’s

theory of gravitation as a powerful instrument of discovery that Einstein had laid intimate
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connections between various science disciplines which before were entirely considered in-

dependent of each other∗ and thus considered Einstein’s new theory as the first step towards

the unity of nature. However, on the other side, de Sitter was raising question on the origin

of inertia. He called the world - matter concept of Einstein the “Machian concept of iner-

tia” and further strengthen his view calling it “absolute space under another name.”† in the

other next year.

These initiatives and motives in effect have brought forth the 1920’s preeminent progress

for the present modern cosmological foundation [52, 53] while the Einstein’s field equa-

tions in its “dynamic” and “static“ forms remained with debates and speculations of model

formalisms.

2.3.2 Implications of Einstein modified equations

It is obvious that the modified EFEs due to the presence ofΛ have different philosophical

and physical consequences on space, time and gravitation. Philosophically, it has primar-

ily blurred Einstein himself again and again from its conception to dropout. While on the

way to publish his modified field equations in the presence ofΛ, Einstein was suspicious

of the future consequence of his work. Actually, as explained in the previous subsection

2.3.1, Einstein was able to establish a field equation that avoids collapsing universe. But

the problem is that, Einstein was unaware of its state of expansion where de Sitter had soon

recognized. This was uncomfortable to Einstein, while de Sitter was glad with the modi-

fied equation. Here, some of the philosophical logics requested by de Sitter in the original

∗In an Astronomical Monthly Review of November 1912, entitled as “Absorption of Gravitation,”de Sitter
remarks that there was no satisfactory physical explanation for law of gravitation and gravitation was not
interconnected to other physical theories. On the other hand, in his 1916 work the newly discovered theory
of gravitation by Einstein has answered it and thus declares the theory to be approved at once.

†de Sitter in his 1917 work calls Einstein’s concept of world - matter “The material postulate of relativity
of inertia”
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equation (where de Sitter was questioning the logic why Einstein was pleading for a matter

filled universe) apparently had delivered viable logic in the modified one.

On the other hand, the modified equation has received criticism since from its birth that

the introduction ofΛ is a simple hand set constant without proper logical explanation. Yet,

there is no concrete reasoning that challenges to invalidate the modification∗. To the con-

trary, the complementary and supplementary works of distinguished scholars signify it as

the more general field equations that can be constructed from Riemannian invariants in four

dimensional spacetime geometry. Furthermore, the scholars also show that the fundamen-

tal metricgµν itself, its first and second derivatives are the only possible ones being used

for the construction of such Riemannian invariants to establish the more general field equa-

tions in four dimension. For comprehensive description, refer [12, 48, 69, 102, 103].

Besides the principles of mathematical competence and implications, the astrophysical con-

sequences were also crucial issues. As pointed out earlier, the formalism had already gone

beyond Einstein’s goal of establishing a static universe. However, though it was unpleas-

ant to Einstein, its astrophysical consequences had immediately attracted a number of both

observational and theoretical pioneering scholars. On the observation side, in its early de-

velopment stage it was considered to explain the observed receding nebulae [10, 48, 49].

However, the unanimous empirical confirmation of the expanding universe at the end of

1920’s had cast shadow on the inclusion ofΛ for three decades, until 1960’s mainly for

two reasons: 1) Einstein himself and others lost interest inΛ assuming that the original

field equations (withoutΛ ) can explain the expansion.; 2) The conception and birth of

Steady-state-universe cosmology as an alternative with attractive theoretical philosophy.

Yet, few had maintained EFE in the presence ofΛ to explain observational discrepancies

∗We argue that Einstein was reasonable enough in his own style. We supply our arguments under the
supplementary chapter, ch. 8.
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faced by the other theories. Especially, the discrepancy between astronomical and geolog-

ical age estimates of astrophysical systems including our own galaxy, the universe, nucle-

osynthesis and abundances were all preferably explained by EFE withΛ. Furthermore, the

earlier mechanisms developed to predict cosmic radiations associated to the Big Bang were

succeeded by its discovery in the mid of 1960’s as discussed earlier.

2.3.3 Cosmological constant as a paradigm shift

A demanding considerate and success of GR theory withΛ came in the 1960’s when the

steady-state cosmology failed to explain new observations like excess quasi-stellar objects

(QSOs) near the redshiftz ' 1.95. Therefrom, GR had gained success to its early theo-

retical predictions whereΛ was invoked on several occasions as a tool to address diverse

empirical puzzles such as the time span of cosmic expansion, the formation of galaxies

and the redshifts of quasars. Thus, interests begun to develop on the revaluation of the

cosmological constant in the mid of 1960s where [104, 105] took the initiative for the pos-

sible unification of gravity and quantum, where the observed vacuum energy fluctuation

in quantum field theory is considered as the possible association toΛ. Since then, the in-

volvement of pioneering field theoreticians and cosmologists including Zeldo’vich in the

unification effort successfully and cumulatively have shown that the form of the vacuum

energy density associated with the inflation of the universe shall consider a scalar field that

takes the form of a cosmological constant. Conversely, the cosmological constant is that

scalar field that plays the role of vacuum energy fluctuation in quantum field and the form

of negative/dark energy in the case of cosmology, so that it is either a pure fundamental

scalar constant or a varying scalar with time where its present value should coincide with

the present observations. However, the calculated energy density at the Planck’s ultravi-

olet cutoff is more than 120 orders of magnitude larger than is allowed by observation,
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[54, 106, 107]. Moreover, its coincidence in order of magnitude as that of matter in present

universe has remained an open puzzle. Irrespective of these puzzles, current observations

has favoured the unrevealed dark energy sector in the form of cosmological constant 2.3.1.

The standardΛCDM model has so far successful apart from its limitation in explaining the

nature of the dark sectors that mainly constitute the universe and the unresolved unification

of gravity and quantum; whereΛ is used to decide the vacuum constant as dark energy in

the large scale structure while it is considered as the quantum vacuum fluctuation energy

in the small scale case. On the other hand, several modified gravity models introduced

have not yet resolved the problem either. However, most of these new theories mimic the

ΛCDM model in the late cosmic acceleration as viable models either with fine tune or be

challenged by observational constraints in other astrophysical applications. Among, the

modified gravity theories, thef(R) are successful as theΛCDM model in weak-field re-

gion but in trouble in the strong-field region.

In general, the cosmological constant has played a great role as interplay between theoret-

ical physics and astronomical observation. Since from its birth, conceived with philosoph-

ical believe of static universe has got attention with outstanding scientific debates both on

philosophical and observational estates. A century has passed without common agreement

to the nature of this term whether it is a temporal integration or pure physical constant

related to some fundamental nature of force or geometry. However, the cosmological con-

stant has overcome the challenges to abandon it and so succeeded on many occasions in

subsequent decadal programmed testing issues. Some of such outstanding specific ob-

servational puzzles addressed by the cosmological constant include: the timespan of cos-

mic expansion, the formation of large-scale structure, the redshifts of quasars, the cosmic
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microwave background fluctuations, gravitational lensing and galaxy clustering (see for

example [108, 109, 110, 111] and references therein). On the theoretical ground, it has

caught attention from its birth as necessity for the completeness of the Riemann tensor

being constructed and the field equations being established under GR; though it is occa-

sionally criticized as a handcraft extension for the then Einstein philosophical perception

towards universe. However, since the beginning 1980’s it has received physical attention in

the context of the hypothesis of cosmic inflation of a universe with an inflationary phase in

early times and an accelerated expansion at late times, indicative of a positive cosmolog-

ical constant dominant at both epochs [93, 94, 112]; an ingredient of the current standard

ΛCDM model.

Apart from the standardΛCDM model, the cosmological constant found a theoretical

motivation in steady-state cosmology [66, 113], and found physical attachment in other re-

cently introduced modified computing alternative gravity theories with wide range of views

including: gravity with extra fields like Brans-Dicke gravity (eg. [114]), vector theory of

gravity (eg. [115, 116]), higher derivative and non-local theories of gravity like f(R) grav-

ity (eg. [117]) & [118] and higher dimensional theories of gravity such as for example

[119]; Also more advocating traceable facts can be deduced from more detailed reports

like [25, 100] and others.

Finally, the vast number of exact solutions so far derived for EFE exhibits the richness

and mathematical beauty of the field, where those physically interpreted ones have suc-

cessfully passed all observations they have being tested. On the other hand, the remaining

majorities and others that will possibly be derived in the future leave open research for its

completeness where the cosmological constant therein inherits issues both explicitly and

implicitly. Also, most viable modified gravity theories claim the cosmological constant in
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some form as discussed earlier. Thus, the recent attention towards the cosmological con-

stant in modern cosmology seems a compelling paradigm shift, considered to be stipulated

as supplementary and complementary fundamental physics problem to be discovered.
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Chapter 3

Introduction to general relativity and its
basic principles in cosmology

3.1 General relativity fundamental principles and basics

Albert Einstein’s theory of general relativity is a modified theory of gravity that describes

gravity as a cause of spacetime curvature and feedback effect due to distribution of matter

and energy over the entire spacetime in continuum. The principle of covariance - that is

the laws of physics must be independent of any coordinate system is the foundation of the

theory. So, the mathematical objects being used to construct the field equations must be

tensors or other coordinate independent entities. Locally, the theory is expected to be con-

sistent with special relativity and must inherit its principles including the equivalence of

local inertial frames of reference, the universal constancy of the speed of light in vacuum,

and the Lorentz-invariance of the theory.

Past surveys of leading expertise opinions consider the theory either as i) the geometriza-

tion of gravity as the reduction of spacetime geometry or as ii) the advancement of the

unification program of all physics in direct continuation of special relativity to the general

theory of inertia and gravity or iii) both. Nevertheless (regardless of these sentiments), the
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guiding principles of general covariance and unification of all physics is implicitly con-

cealed in all outlooks of the formalisms. Moreover, irrespective of lack of understanding

in some astrophysical situations, all the approaches of GR theory development are being

motivated to accommodate matching observables in all astrophysical applications.

Here we introduce the fundamentals of GR and related basic concepts based on the

general coordinate transformation approach. Its aim is to provide the background physics

being implemented in the main work of the thesis. It is also true that, conversely the

thesis is there to develop extensions of the theory and also provides complementary and

supplementary issues to the theory as outlined in the background objectives. Whenever a

deep understanding of GR theory is required, the standard books and review works like

[23, 48, 54, 65, 100, 101, 120, 121, 122, 123] will be consulted.

3.1.1 Spacetime geometry of gravitation

In general relativity the geometry is a curved pseudo-Riemannian space, having locally

the structure of 4-dimensional Euclidean space, and to lowest order have the structure of

Minkowski space with its light cones.

Distances on these intrinsic surfaces are defined by the line element called metric given as

ds2 = gµνdx
µdxν (3.1.1)

Wheregµν is called the metric tensor. It is symmetric and intrinsic to the structure of

the Riemannian space. The signature (-,+,+,+) is used for the metrics as in [101] for sign

convention.

The inverse ofgµν is denoted asgµν so that

gµσgσν = δµ
ν (3.1.2)
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Moreover, the geometries have geodesics defined as lines of stationary length,

δ

∫
ds = 0 (3.1.3)

which can be minimal, or maximal.

3.1.2 Tensor: Mathematical language of General Relativity

A non-Euclidean geometry called Riemannian geometry, is the key mathematical frame-

work which Einstein found it to fit his conception of gravity to develop general relativity.

It was identified meanwhile Einstein was in search for relativistic theory of gravity as an

extension of Special relativity(SR) that eventually has modified Newtonian gravity. The

development of this new physics was recalled as a fortunate for Einstein to consult great

mathematicians like Marcel Grossmann and others including physicists. Even, it is consid-

ered by many that the very foundations of GR theory and its field equations were besought

the language of tensors for assertion. Thus, the mathematics used in Einstein GR is the

tensor algebra developed for the Riemannian geometry.

3.1.3 The metric tensor and Affine connection

The metric tensor is a fundamental object in Einstein’s general relativity that describes the

geometry of spacetime and its effects in the dynamics of physical systems on it. It plays

great roles in the generation of other field tensor both in the construction and solutions of

Einstein field equations. On the other hand, the so called affine connection is a non-tensorial

object that plays great roles in the construction of other tensor fields and transformations.

The metric tensor

In GR the spacetime structure of SR is generalized on the basis of the principle of equiv-

alence, where gravitation is locally a freely falling system. That means, on infinitesimal
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scale related locally inertial system, special relativity remains valid. So, the transformation

from the locally inertial system where the metric is Minkowskianηµν to the general metric

gµν is carried out from the locally inertial coordinateξα to the general coordinate system

xµ as

gµν(x) =
∂ξα

∂xµ

∂ξβ

∂xν
ηαβ (3.1.4)

Affine Connection

Affine connection is an additional important geometrical structure of the manifold associ-

ated to differential transformation of the tensor fields owned by the geometry. It is consid-

ered as an operator that defines a covariant derivative which transforms tensor fields into

other tensor fields, such as parallel transport of vectors on tangent planes along a smooth

curve, and geodesics. Furthermore, an affine connection fully characterizes the curvature

and torsion of a manifold.

To gain an insight of the affine connection, here the equivalence principle is being im-

plemented to see how the motion of a particle from a free fall coordinateξα system is

transformed to that of an arbitrary (general) coordinate systemxµ. Thus, in the free fall

coordinate the equation of the particle is

d2ξα

dτ 2
= 0 (3.1.5)

wheredτ is the proper time in this free fall coordinate given as

dτ 2 = ηαβdξ
αdξβ (3.1.6)

Since the free fall coordinatesξα are functions of the general coordinatesxµ, then with little

algebra the transformation of the free fall particle equation 3.1.5 to the general coordinate
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system takes the form
d2xλ

dτ 2
+ Γλ

µν

dxµ

dτ

dxν

dτ
= 0 (3.1.7)

where now the proper timedτ is just the infinitesimal line element given as by eq. 3.1.2,

dτ 2 = gµνdx
µdxν

The mathematical symbolΓλ
µν used in 3.1.7, also known as the Christoffel symbol of second

kind which is denoted as{µν, λ} or {λ
µν}, is apparently recognized as the affine connection

between the two set of coordinate systems in the transformation expressed as

Γλ
µν ≡

∂xλ

∂ξα

∂2ξα

∂xµ∂xν
(3.1.8)

By virtue of eq. 3.1.7 the affine connection acts as the field that determines the gravitational

force. In fact, for slowly moving particle in a week stationary gravitational field we may

neglect
dx

dτ
in comparison to

dt

dτ
' 1, so that eq. 3.1.7 will yield

d2xi

dt2
' −Γi

00 = ∇Φ (3.1.9)

Equation 3.1.9 indicates the equivalence between the local gravitational forceΓi
00 and the

Newtonian force as the Newtonian limit in the weak-gravity approximation for a slowly

moving particle. sub

3.1.4 Relationships between the metric tensor and affine connection

As discussed earlier, physically the affine connection determines the gravitational force in

the Riemannian spacetime geometry. On the other hand, by mathematical intuition the

forms of equations 3.1.4 & 3.1.8 suggest that the affine connection is a derivative form of

the metric tensor, so that the metric tensor is thought of as representing the gravitational

potential. Thus, both have field of gravitation in common to relate.
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There are various approaches in deriving the relationships between the two, where one of

them is using equations 3.1.4 & 3.1.8, see for example [120]. Here, we use the variational

technique in the extremization of the invariant line element eq. 3.1.1.

From the variational principle along a curvexµ(σ) parameterized by the parameterσ the

extremum condition of equation 3.1.3, is∫
ds =

∫ √
gµν

dxµ

dσ

dxν

dσ
dσ =

∫
Ldσ = 0 (3.1.10)

The Euler-Lagrange equation for the extremum associated with the integral is

d

dσ

(
∂L
∂ẋµ

)
− ∂L
∂xµ

= 0 (3.1.11)

where dot over the vector indicates derivative with respect to the parameterσ: ẋµ = dxµ

dσ

Then using the symmetric property of the metric and applying contraction properties, we

obtain

ẍµ +
1

2
gµρ

(
∂gρν

∂xλ
+
∂gρλ

∂xν
− ∂gλν

∂xρ

)
dẋλdẋν = 0

Or

d2xµ

dσ2
+

1

2
gµρ

(
∂gρν

∂xλ
+
∂gρλ

∂xν
− ∂gλν

∂xρ

)
dxλ

dxσ

dxν

dxσ
= 0 (3.1.12)

Now comparing eq. 3.1.7 & eq. 3.1.12 the relationship between the affine connection and

the metric tensor is given by

Γσ
λµ =

1

2
gνσ

(
∂gµν

∂xλ
+
∂gλν

∂xµ
− ∂gµλ

∂xν

)
(3.1.13)

Considering once again the stationary weak-field gravity approximation for a slowly mov-

ing particle with the metric

gµν ≈ ηµν + hµν(x) (3.1.14)
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so that all time derivatives of the metric tensors are zero and the relevant forceΓi
00 to the

significant terms in the particle motion 3.1.7 to first order inh(x) by equation 3.1.13 is

Γi
00 = −1

2

∂h00(x)

∂xi
= −1

2
∇h00(x) ≡ −∇Φ(x) (3.1.15)

just the Newtonian force. On other hand, the metric tensorg00(x) acts as gravitational

potential that modifies the Minkowski metric component by2Φ(x).

g00(x) = −1 + 2Φ(x) (3.1.16)

3.1.5 Curvature & the curvature tensor

In GR gravity is described as the relative acceleration of particles resulted from the cur-

vature of spacetime in which the particles are moving, but not gravitational forces. Rie-

mann and others generalized the concept of curvature to a number of intrinsic and extrinsic

groups. In the Riemannian geometry it is quantified by an invariant Riemann tensor, which

is derived from the affine connection. This Riemann tensor arises as the measure of cur-

vature of geometry when the tensor fields are being transformed by the affine connection

covariantly. In other ways, it arises when any of the properties of locally flatness geometry

alter during transformations including parallel transport of vectors around a closed loop,

covariant derivatives of tensors, and so on.

Einstein GR is developed to provide the exact mathematical foundation for applying

this new idea of gravitation as the manifestation curvature of the manifold they are moving

in, the curvature of the given surface. Thus, the field equations are constructed from the

curvature tensor as the measure of spacetime geometry where this tensor is also used to

construct other important lower rank curvature tensors, such as the Ricci and scalar curva-

ture tensors used in the equations. In metric approach of GR theory development especially
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the Riemann curvature tensor is the only tensor that can be constructed from the metric ten-

sor itself and its first and second derivatives.

Here, we provide some key relations and equations of these important tensors that can

be used later in the construction of EFEs (without detailed derivations).

a) Riemann curvature tensor

Rλ
µκν =

∂Γλ
µν

∂xκ
−
∂Γλ

µκ

∂xν
+ Γλ

ηκΓ
η
µν − Γλ

ηνΓ
η
µκ (3.1.17)

The Riemann curvature tensor in its full covariant form can be constructed as,

Rσµκν = gσλR
λ
µκν (3.1.18)

Upon expansion this can also be written directly in terms of the space-time metric

and product of the affine connections as,

Rσµκν =
1

2

(
∂2gσν

∂xµ∂xκ
+

∂2gµκ

∂xσ∂xν
− ∂2gσκ

∂xµ∂xν
− ∂2gµν

∂xσ∂xκ

)
(3.1.19)

+ gηρ (Γη
µκΓ

ρ
σν − Γη

µνΓ
ρ
σκ)

Using the symmetric properties of both the metric tensor and the affine connection,

other important algebraic properties of the curvature tensor can be deduced including

symmetry, antisymmetry and cyclicity properties. As such, eq. 3.1.19 will be used

to deduce these properties.

1. Symmetry

Rλµνκ = Rνκλµ (3.1.20)

2. Antisymmetry

Rλµνκ = −Rµλνκ = −Rλµκν = Rνκλµ (3.1.21)
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3. Cyclicity

Rλµνκ +Rµκλν +Rλκµν = 0 (3.1.22)

Note that spacetime is considered flat if the Riemann tensor vanishes everywhere.

b) Ricci tensor

Applying the symmetric and anitsymmetric properties of the Riemann tensor a unique

two rank important symmetric tensor can be constructed by contraction of the Rie-

mann tensor as

Rµν ≡ Rγ
µγν = gλσg

σκRλ
µκν (3.1.23)

c) The scalar curvature tensor

Another important invariant scalar tensor constructed by further contraction of the

Riemann tensor equivalent to the construction of Ricci tensor given as

R ≡ Rµ
µ = gµκRµκ = gλνgµκRλµνκ (3.1.24)

The antisymmetric and cyclicity properties of the Riemann tensor determine thatR is

unique.

3.1.6 The Bianchi identities & Einstein tensor

By Equivalence principle it is always possible to define a locally inertial coordinate system

so that the torsion (affine connection) vanishes. So at any point in locally inertial coordinate

system the covariant derivative of eq. 3.1.19 yields

Rσµκν ; λ =
1

2

∂

∂xλ

(
∂2gσν

∂xµ∂xκ
+

∂2gµκ

∂xσ∂xν
− ∂2gσκ

∂xµ∂xν
− ∂2gµν

∂xσ∂xκ

)
(3.1.25)

By permutingκ, ν andλ cyclically, we obtain the Bianchi identities,

Rσµκν ; λ +Rσµνλ ; κ +Rσµλκ ; ν = 0 (3.1.26)
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Recall that, the metric tensor is an invariant tensor so that its covariant derivative vanishes

(also possible to show). Thus, the double contraction of eq. 3.1.26 bygσκgµν implies

(Rµ
λ −

1

2
δµ
λR) ; µ = 0 (3.1.27)

(Rµν − 1

2
gµνR) ; µ = 0 (3.1.28)

Equation 3.1.28 suggests the existence of a divergence free tensor which was actually iden-

tified by Einstein in the derivation of his field equations. Thus, it is called Einstein tensor

given as

Gµν = Rµν −
1

2
gµνR (3.1.29)

3.1.7 Energy-Momentum Tensor

The energy-momentum tensor is the source of the gravitational field in Einstein field equa-

tions attributed from matter, radiation, and other force fields. It describes the density and

flux of energy and momentum in the given spacetime. From a geometric point of view the

stress-energy-momentum tensor is a very much debated issue that still stands. However,

its flow in the given spacetime geometry is commonly understood as a two rank tensor that

describes the projection of the flux of a momentum vector across a surface with a constant

coordinate. That means ifT µν is considered to represent this two rank symmetric tensor,

then it is described as the flux of theµth component of the momentum vector across the

surface with constantxν coordinate.

Tµν = pgµν + (ρ+ p)uµuν + qµuν + uµqν + πµν (3.1.30)

whereuµ is the tangent velocity 4-vector normalized byuµu
µ = −1, ρ is the relativistic

mass-energy density,p is the isotropic pressure,qµ the energy flux, andπµν is the trace-free
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anisotropic pressure or stress, all relative touµ. The quantitiesρ, p, qν , andµνπ are func-

tions of time and space.

In the standard (ΛCDM) cosmology, it is assumed that the cosmic fluid is well-described

by a perfect fluid (i.e.,qµ = 0 andπµν = 0) at the cosmic background level which accounts

for baryons, dark matter, radiation and a cosmological constant or another dark energy

component. Then the energy-momentum tensor reduces to

Tµν = pgµν + (ρ+ p)uµuν (3.1.31)

3.1.8 Einstein Field Equation

Einstein field equations assume equivalence of geometry that determines the behavior of

the sources of fields t hat exist in it, and conversely the sources of the fields pronounce

the underlying geometry they exist in and also further alter the geometry to other fields.

Accordingly, any Energy-momentum tensor being constructed must be a covariantly diver-

gence free that fits to describe the densities and fluxes of energy and momentum flows in

this geometry.

Thus, Einstein derived his field equations with this assumption where the geometri-

cal part is contained by his geometrical tensor (eq. 3.1.29) while the energy-momentum

tensor is considered as the sources of gravitation. That means a divergence free energy-

momentum tensor that informs such evolution and distribution shall be equated with the

geometrical counterpart as the totality of stable universe for coexistence. Moreover, in the

week-field gravity approximation the field equations must be reduced to that of Newtonian

physics Poisson equation via Equivalence principle that well accurately describes experi-

mental results of such weak fields.

So Einstein original field equation was constructed by equating the geometrical tensor
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with that of the source tensor which is given as

Gµν = kTµν (3.1.32)

where the matching constantk is identified from Poisson equation as the limiting case of

Newtonian physics, as discussed earlier.

Assuming a pressureless fluid in the weak-field approximation, the time-time compo-

nent of the stress-tensor & the field equation are respectively given as

T00 = ρu0u0 ' ρc2 (3.1.33)

R00 ' 1

2
kρ (3.1.34)

Using eqs. 3.1.16 & 3.1.17 in eq. 3.1.34 to first order inh we obtain

∇2h00(x) ' −kρc2 (3.1.35)

Using eqs. 3.1.16 & 3.1.35, we obtain the familiar Poisson equation given by

∇2Φ(x) ' −k
2
ρc2 = −4πG

c2
ρ (3.1.36)

Then follows the matching constant given by

k =
8πG

c4
(3.1.37)

Later, Einstein modified his equation with the idea of establishing a static universe given

by

Gµν + Λgµν = kTµν (3.1.38)

The modification was controversial in several ways since from its birth that include phi-

losophy, mathematical framework and physical interpretations. However, currently it is

considered as the major field equation being used in the theory of gravitation and cosmo-

logical applications as discussed in the historical background chapter.
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3.2 Solutions of Einstein field equation

As literatures point out that EFEs have over 1300 exact solutions that have been derived

over the last century, see for example [100] and the references therein. Regardless of such

large rich number of solutions a number of these solutions still lack any physical interpre-

tation.

Some solutions that have found direct applications in astrophysical systems include:

1) spherically symmetric static vacuum solutions to model spacetime around concentric

masses like the sun, static black holes and so on, for example Schwarzschild solution

2) solutions to axially symmetric rotating compact objects, for example Kerr solution

3) solutions used to model interior of stellar system, for example Tolman solution

4) solutions used to model gravitational waves where linearization of EFEs is used

5) solutions used in cosmological models like the homogenous cosmological models, for

example the Friedmann-Lemaître-Robertson-Walker (FLRW) solution and the inho-

mogeneous cosmological models, such as the Lemaître-Tolman-Bondi solutions.

Here we focus only on 1) the spherically symmetric static vacuum solution around a con-

centric mass that yields the Schwarzschild-de Sitter (SdS) solution and 2) the standard

FLRW cosmological solution that we use in our work. Moreover, the linearization of the

fields will be discussed under the topic it is intended to apply.
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3.2.1 The Schwarzschild-de Sitter solution

Looking for a symmetrically static and isotropic solution, the metric given by eq. 3.1.1

takes the form (see, for instance [120])

ds2 = −B(r)dt2 + A(r)dr2 + r2dΩ2 (3.2.1)

where

dΩ2 = r2(dθ2 + sin2 θdϕ2) (3.2.2)

Now the components of the metric tensorgµν are

grr = (grr)−1 = A(r); g
θθ

= (gθθ)−1 = r2; gϕϕ = (gϕϕ)−1 = r2 sin2 θ;

gtt = (gtt)−1 = −B(r); gµν = gµν = 0, for µ 6= ν (3.2.3)

The forms ofA(r) andB(r) are determined from the field equations by allowing the source

to vanish.

Gµν = Rµν + Λgµν = 0 (3.2.4)

Using the metric components given by eq. 3.2.3 in eq. 3.2.4 we obtain the following set of

equations corresponding to the coordinate components:

Rrr + Λgrr = 0 ⇒ B′′

2B
− B′

4B

(
A′

A
+
B′

B

)
− 1

r

(
A′

A

)
= −ΛA (3.2.5)

Rθθ + Λgθθ = 0 ⇒ −1 +
r

2A

(
−A

′

A
+
B′

B

)
+

1

A
= −Λr2 (3.2.6)

Rϕϕ = sin2 θRθθ (3.2.7)

Rtt + Λgtt = 0 ⇒ −B
′′

2A
+
B′

4A

(
A′

A
+
B′

B

)
− 1

r

(
B′

A

)
= ΛB (3.2.8)
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Rµν = 0, for µ 6= ν (3.2.9)

Primes onA & B imply differentiation with respect tor.

Using eqs. 3.2.5 & 3.2.8 with a little algebra we obtain

A′

A
+
B′

B
= 0 (3.2.10)

Integrating this we get

A(r)B(r) ≡ constant (3.2.11)

Using equations 3.2.6 & 3.2.10 we get

d

dr

( r
A

)
= −Λr2 (3.2.12)

Equation 3.2.12 is integrated to yield

A(r)−1 = 1− Λ

3
r2 +

C
r

(3.2.13)

Where the constant of integrationC is determined inquiring the Newtonian limit. This

condition identifies the constant of integration in eq.3.2.11 as unity, so that

A(r)B(r) = 1 ⇒ A(r)−1 = B(r) (3.2.14)

On the other hand, the equivalence of the metrics under this limiting case, by eqs. 3.1.14,

3.1.16 3.2.13 & 3.2.14 implies that

ANL(r)−1 = BNL(r) = −gtt
NL

(r) ≈ 1 +
2Φ(r)

c2
= 1− 2GM/c2

r
(3.2.15)

where the subscriptNL stands for the Newtonian limit.
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In view of eqs. 3.2.13 & 3.2.15, we recognize that the constant of integrationC is given

by

C =
2GM

c2
(3.2.16)

This constant is after all called the Schwarzschild radius denoted asrS for historical honor

of Schwarzschild who had first derived the exact solution of EFEs in the absence of the

cosmological constant, as we see soon. Also for historical reasons it is called gravitational

radius denoted asrg. Here after, we represent this constant as:

rS ≡ rg =
2GM

c2
(3.2.17)

Note also that this constant of integration constrains the cosmological constant value at

most of the order of10−52m−2 in order to fit with present astronomical observations. Re-

garding constraining of the cosmological constant value case, we raise it again in our main

work issued under comments in the development of GR. There, we provide a new alterna-

tive approach to rediscover the value theoretically.

Now using eqs. 3.2.13, 3.2.14 & 3.2.16 , A(r) and B(r) are given by

A(r)−1 = B(r) = 1− Λ

3
r2 − 2GM

c2r
(3.2.18)

Finally, the required spherically static, homogenous and isotropic metric derived from Ein-

stein field equations withΛ that describes the geometry around a point mass is

ds2 = −
(

1− 2GM

c2r
− Λ

3
r2

)
dt2 +

(
1− 2GM

c2r
− Λ

3
r2

)−1

dr2 + r2dΩ2 (3.2.19)

This metric is known as the Schwarzschild-de Sitter metric since in the limiting cases, it

yields the Schwarzschild metric in one way and the de Sitter metric in the other way, as we

see soon. It is also known as the Kottler metric since first derived in its general form [45].
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Limiting case

i) At sufficiently large distance from a concentrated mass, i.e., as1
r
→ 0 or equivalently

in the absence of material sourceM = 0, the metric describes the de Sitter universe

given by [46]:

ds2 = −
(

1− Λ

3
r2

)
dt2 +

(
1− Λ

3
r2

)−1

dr2 + r2dΩ2 (3.2.20)

Notice that, eq. 3.2.20 is the "static" form of the de Sitter spacetime. Its dynamic

version can be obtained by a suitable coordinate transformation provided as in sec-

tion 3.2.3.

ii) At a relatively small distance where the contribution from the cosmological constant is

negligible, it describes the Schwarzschild geometry given by [47]

ds2 = −
(

1− 2GM

c2r

)
dt2 +

(
1− 2GM

c2r

)−1

dr2 + r2dΩ2 (3.2.21)

The event horizon at the Schwarzschild radiusr = rg leads to gravitational collapse.

All radii smaller than this, describe what we call black hole interior. The surface

at the Schwarzschild radius acts as an event horizon in a non-rotating body where

no particle can escape through this surface from the region inside, hence the name

“black hole”.

3.2.2 The Friedmann-Lemaître-Robertson-Walker (FLRW) solution

Universe modeling was among the important essences of GR theory by Einstein where

originally he thought of it as a static universe. In fact, the solutions were later determined

to be rather dynamic. Moreover, Einstein proposed a spatially isotropic and homogenous

universe in the form of fluid at large scale. This principle is often known as the Cosmolog-

ical principle.
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The mathematical solution derived by [12] de Sitter for an empty universe was consid-

ered as the first theoretical prediction of an expanding universe. Later, a detailed theoreti-

cal solution was provided by [14] that covers all the possible cases and later independently

worked out by [10] where observational data was also taken into account. From obser-

vational stand point GR theory gained attention after the discovery of expanding universe

from observational data analysis by [9, 124] during the latter years of 1920’s. Actually,

the observational data used both by Lemaître and Hubble were mainly extracted by [1] and

hence today the discovery is acknowledged as Hubble-Lemaître-Slipher (HLS) discovery.

Furthermore, [59, 60, 61] and [62, 125] subsequently showed that the Friedmann-Lemaître

solution was the only solution to Einstein field equations consistent with spatial homogene-

ity and isotropy expanding universe. Thus, the dynamical universe described by GR theory

is known as the Friedmann-Lemaître-Robertson-Walker (FLRW) model.

The standard FLRW metric that describes the geometry of the universe is given by

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dΩ2

)
(3.2.22)

wherea(t) is the expansion scale factor representing the time-dependent evolution of the

spatial part of the metric with constant surfaces of time andk ε {−1, 0, 1} is the signature

of curvature that determines the geometry of the spatial sections; negatively curved, flat, or

positively curved spaces, respectively.

The EFEs 3.1.38 for the FLRW metric 3.2.22 and a perfect fluid source energy-momentum

tensor eq. 3.1.31 yield the two set of Friedmann dynamical differential equations as fol-

lows:

i) The time-time components of EFEs yield

H2 =
8πG

3
ρ− k

a2
+

Λ

3
(3.2.23)
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whereH is defined as the Hubble parameter

H =
ȧ

a
(3.2.24)

the overdot indicates derivative with respect to time:̇= d/dt

ii) The spatial-spatial components of EFEs

ä

a
= − k

2a2
− 1

2

(
ȧ

a

)2

− 4πGp+
Λ

2
(3.2.25)

Now using eqs. 3.2.23, 3.2.24 & 3.2.25 we obtain the second Friedmann equation

given by:
ä

a
= −4πG

3
(3p+ ρ) +

Λ

3
(3.2.26)

3.2.3 Relationship between FLRW and SdS metrics

The FLRW metric uses the co-moving coordinates(r, t). In order to obtain the FLRW

metric, in “static”(T,R) coordinates, the following transformation of variables will be per-

formed:

R = ra(t); T = t− F (R) (3.2.27)

wheref(R) is only a function ofR. Using eq. 3.2.27 in eq. 3.2.22 and applying Friedmann

equations with appropriate reasonings we obtain the equivalent static metric given by:

ds2 = −f(R, T )dT 2 dT 2

1− kR2

a2(R,T )

+ f−1(R, T )dR2 +R2dΩ2 (3.2.28)

where

f(R, T ) = 1− 2GM

R
−
(

Λ

3
+

2k

a2(R, T )

)
R2 (3.2.29)

For flat universe, wherek = 0, this metric is exactly the SdS metric given by eq. 3.2.19.
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For the derivation of eqs. 3.2.28 & 3.2.29 we come back under thermodynamic ra-

diation of SdS black holes in our development. Moreover, the detail connections can be

inferred from literatures like [126, 127, 128] and others.

In the case of flat empty universe, the de Sitter universe, eq. 3.2.23 gives the scale factor

a(t) = et/`, where` =
√

3/Λ. Then, the de Sitter metric in expanding coordinates is given

by

ds2 = −dt2 + e2t/l
(
dr2 + dΩ2

)
(3.2.30)

In order to obtain the static isotropic metric form of eq, 3.2.30 we can apply the transfor-

mation eq. 3.2.27 where the transformations be given by:

r =
e−T/`R√
1− (R/`)2

; t = T +
l

2
ln

(
1− R2

l2

)
(3.2.31)

Then, the transformed expanding metric in its static isotropic form is given by

ds2 = −
(

1− R2

l2

)
dτ 2 +

dR2(
1− R2

l2

) +R2dΩ2 (3.2.32)

This is exactly the same as the SdS solution in the absence of source or equivalently at

larger distance as in equation 3.2.20.

In summary, the SdS field goes over asymptotically to the de Sitter universe with in-

creasing distance from generating mass. Moreover, its background metric to describe the

cosmological phenomenon is the FLRW metric. On the other hand, the Schwarzschild

field goes over asymptotically to the Minkowskian static flat space, which contradicts the

observational evidence that the universe is expanding at an accelerating rate. And thus for

reasonable distances, where the contribution of the cosmological constant be comparable

at least with the second correction to the Schwarzschild effect, then the local effect ofΛ

will be analyzed by the SdS metric.
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3.3 GR application and basic concepts in cosmology

3.3.1 Cosmic mass-energy budget and cosmic acceleration

Cosmic mass-energy budget

Conservation laws are among the important techniques used to derive dynamical equations

in physics generally. This technique in GR is equivalent to the vanishing of covariant

derivative of invariant tensors.

Consequently, an important dynamical equation that can determine the content and

expansion rate of the universe will be derived from the conservation law of the energy-

momentum tensor given by:

T µ
ν ; µ = 0 (3.3.1)

Now, assuming the perfect fluid energy-momentum tensor given by eq. 3.1.31 and the

FLRW metric given by eq. 3.2.22 in eq. 3.3.1 we obtain the fluid continuity equation

ρ̇+ 3
ȧ

a
(ρ+ p) = 0 = ρ̇+ 3

ȧ

a
ρ(1 + w) (3.3.2)

In the last step of eq. 3.3.2,w is defined as the fluid equation of state variable given by

p = wρ (3.3.3)

The general solution of eq. 3.3.2 is

ρ(t) = ρo
(ao

a

)3(1+w)

(3.3.4)

where the subscripts & superscripts denoted byo, are indicating that the parameters they

stand for are being evaluated atto, anda ≡ a(t).

Note that the total densityρ(t) is the sum of all fluid contents of the universe contribu-

tions from matter, radiation, curvature, and other energy sources(often called dark energy)
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including the cosmological constant.

So the total density of the universe is given by

ρ(t) =
∑

i

ρi(t) (3.3.5)

where the subscripti ∈ {m, r, k, de} corresponding to matter, radiation, curvature & dark

energy contributions respectively. So after allρm(t), ρr(t), ρk(t) & ρde(t) are respectively

defined as density of matter, radiation, curvature and dark energy (including the cosmolog-

ical constant) respectively. The limiting cases are:

w = 0, matter or “dust” EoS: ρm ∝ a−3 ;

w = 1
3
, radiation EoS: ρr ∝ a−4 ;

w < 0, quintessence - accelerated

w < −1
3

: ρde ∝ a−3(1+w) ;

w = −1, Cosmological constant: ρde ≡ ρΛ = Λ
8πG

;

w = −1
3
, curvature EoS: ρk ∝ a−2 .

(3.3.6)

Eqs. 3.2.23, 3.3.4 & 3.3.5 are used to give

H2 =
8πG

3
ρ(t) =

8πG

3

∑
i

ρo
i

(a0

a

)3(1+wi)

(3.3.7)

In order to describe the energy budget of the universe, the simplest initial boundary con-

ditions are to consider present measured observations. Thus, the reference density being

evaluated today, often considered as the critical densityρo
crit. By eq. 3.3.7 this density is

given by

ρo
crit =

3H2
o

8πG
=
∑

i

ρo
i (3.3.8)

where the subscript & superscript represented byo are indicating present measurements.

Eq. 3.3.8 can be conveniently given by

1 = Ωo =
∑

i

Ωo
i (3.3.9)
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whereΩ is the density parameter defined as the ratio of the densities with respect toρo
crit:

Ωo
i =

ρo
i

ρo
crit

(3.3.10)

Now using eqs. 3.3.6, 3.3.7, 3.3.8 & 3.3.10 the general equation of Hubble parameter as a

function of the expansion scale, the density parameters and the state parameters is give by

H2(a; Ωo
i ;wi) = H2

o

∑
i

Ωo
i

(a0

a

)3(1+wi)

(3.3.11)

where the curvature and the cosmological constant case density parameters are given by

Ωo
k = − k

H2
oa

2
o

; wde = −1 ⇒ Ωo
de ≡ Ωo

Λ =
Λ

3H2
o

(3.3.12)

Cosmic acceleration

The acceleration equation of the universe is described by the evolution of the scale factor

with time given by the Friedmann eq. 3.2.25. This equation can be recast as

ä

a
= −4πG

3
(3p̃+ ρ̃) (3.3.13)

where the density and pressure are redefined to contain the cosmological constant contri-

bution in both forms as

ρ̃ = ρ+ ρ
Λ

p̃ = p+ p
Λ

(3.3.14)

ρ
Λ

= −p
Λ

=
Λ

8πG

As we see eq. 3.3.13 is generally true including all forms of densities of the universe.

Thus dropping the tildes and using eqs. 3.3.3 & 3.3.13 we obtain

ä

a
= −4πG

3
ρ(t) (1 + 3w) (3.3.15)
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Upon using eqs. 3.3.7 & 3.3.11 in eq. 3.3.15, the acceleration equation will be expressed

in more directly measurable parameters given as

ä

a
= −H

2
o

2

∑
i

Ωo
i (1 + 3wi)

(a0

a

)3(1+wi)

(3.3.16)

Note that, eq. 3.3.15 can also be given in terms of the Newtonian acceleration as

ä = −GM
a2

(1 + 3w) (3.3.17)

whereM(t) = 4π
3
ρ(t)a3(t).

Equation 3.3.17 looks like the classical equation of motion of a point particle moving on

the surface of a sphere, where (in this case) the scale factora is recognized as the radius of

the sphere.

In general, the FLRW universe has the following three cases:
ä = 0 ⇒ w = −1

3
, expanding universe at a constant rate whose age is equal to the Hubble time;

ä < 0 ⇒ w > −1
3
, decelerated universe;

ä > 0 ⇒ w < −1
3
, accelerated universe.

(3.3.18)

The accelerated universe is dominated by negative pressure which causes the acceleration.

The nature of this energy is yet undetermined, and so called dark energy. The particular

case wherew = −1 is equivalent to the cosmological constant energy content. Today,

observations favor the dark energy in the form of cosmological constant.

For nearby objects the scale factor may be approximated by series expansion about the

present timet0 as

a(t) = ao

(
1 +Ho(t− to)−

qo
2
Ho

2(t− to)
2 + ...

)
(3.3.19)
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where the Hubble parameterHo and the deceleration parameterqo at to are respectively

defined by

Ho =
ȧ(to)

a(to)
; qo = −ao(to)äo(to)

ȧo
2(to)

= − 1

H2
o

äo(to)

ao(to)
(3.3.20)

These present values of the Hubble parameterHo and the deceleration parameterqo are

among the fundamental numerical constants that define observations in cosmology. Pre-

dominantly, in early developments of the modern standard cosmology these parameters

were the major parameters used to constrain cosmological models.

Generally, the expansion scale factora(t) plays important roles in all cosmologies. It is

used to derive and define key observational parameters and quantities that can explain the

physical universe.

3.3.2 Cosmical redshift

Application of general relativity to cosmic observations is a subject of extracting infor-

mation from the source to the observer. This information is primarily derived from the

waves/particles that go out from the sources to the observers along their geodesies. Ac-

cordingly, for electromagnetic waves as the source of information propagating along radial

direction, the photon null geodesyds2 = 0 is used. So, in this case eq. 3.2.22 yields

dt

a(t)
= ± dr√

1− kr2
(3.3.21)

Moreover, if the propagation is considered along the radial coordinate where a photon in

the position ofr = re at cosmic time,te, from the source propagates inward to reach an

observer located at the originro at the cosmic timeto. In this approachr decreases ast
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increases, so that the minus sign must be used in 3.3.21. Then, it is integrated to yield

∫ to

te

dt

a(t)
=

∫ re

ro

dr√
1− kr2

=


sin−1(

√
k re)−sin−1(

√
k ro)√

k
, k > 0;

re − ro, k = 0;
sinh−1(

√
−k re)−sinh−1(

√
−k ro)√

−k
, k < 0.

(3.3.22)

Taking the origin atro = 0 and assuming the particular universes with curvaturesk = 1,

k = 0 & k = −1 eq. 3.3.22 is simplified to be given as

∫ to

te

dt

a(t)
=

∫ re

0

dr√
1− kr2

= χ =


sin−1 (re) , k = 1;

re, k = 0;

sinh−1 (re) , k = −1.

(3.3.23)

Consequently, eq. 3.3.23 is used to define an instantaneous radial comving distance given

by

d(re; t) = a(t)× re = a(t)× sinn(χ) (3.3.24)

where sinn(χ) is defined as

sinn(χ) =


sin(χ), k > 0;

χ, k = 0;

sinh(χ), k < 0.

(3.3.25)

Taking the differential of 3.3.23, and recalling that the radial coordinatere of co-moving

sources is time-independent, we see that the intervalδte between departure of subsequent

light signals is related to the intervalδto between arrivals of these light signals by (See for

eg. [69])
δte
a(te)

=
δto
a(to)

(3.3.26)

The signal time intervals can be expressed in terms of their corresponding frequencies as:

νo =
1

δto
; νe =

1

δte
(3.3.27)
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For an increasing scale factora(t) with time,

a(to)

a(te)
=
δto
δte

=
νe

νo

≥ 1 (3.3.28)

so that the frequency received by the observer is smaller than the frequency emitted by the

source as the two expand away from each other, a redshift to the observer.

Often the ratio of the excess frequency∆ν in νe with respect to the frequency received

by the observer is defined as the redshiftz given by

z =
∆ν

νo

(3.3.29)

a(to)

a(t)
= 1 + z (3.3.30)

wherea(t) is the general scale factor at any emission time.

3.3.3 Cosmic distances

Distances are important in astronomy to calculate various parameters of astronomical ob-

jects including energy release, mass, physical size, age and other quantities. Distances are

important in astronomy to calculate various parameters of astronomical objects including

energy release, mass, physical size, age and other quantities. However, since the universe is

expanding; measuring distances to distant objects like galaxies is not the same as measuring

distances locally as in the Euclidean flat geometry. Therefore, it is important to describe

distances both in comoving coordinates and static coordinates for genuine physical obser-

vations. So, here we derive some convenient operational cosmic distances used in cosmic

observations.

58



a) The physical distance

The physical distancedphys, also known as the proper distance, is the instantaneous co-

moving distance defined along the radial direction of motion of the object. Actually, it was

already derived in sec. 3.3.2 which is given by eq. 3.3.24 for universes with curvatures

k = 1, k = 0 & k = −1. So for these universes at presenta(t) = a(to), the physical

distance is given by

dphys = a(to) re (3.3.31)

b) The luminosity distance

The absolute luminosity (intrinsic luminosity)L of an object is the energy emitted per time

by the source to the surrounding environment. While the apparent luminosity also called

the apparent brightness or the energy fluxF is the energy received per unit time per unit

receiving area at the observer. Then, imagining the luminous object to be surrounded with

a sphere whose radius is equal to the distancedL between the luminous object and the

observer, the apparent luminosity and the intrinsic luminosity are related by

F =
L

4πdL
2 (3.3.32)

The intrinsic luminosity at the source forn photons being emitted with frequencyνe of

each photon during an interval of timeδte is given by

L = n
hνe

δte
(3.3.33)

Using eqs. 3.3.28 & 3.3.29 in eq. 3.3.33 we obtain

L = (1 + z)2 n
hνo

δto
= (1 + z)2 Lo (3.3.34)

or

Lo =
L

(1 + z)2
(3.3.35)
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whereLo is considered to be the intrinsic luminosity at the observer.

Here the intrinsic luminosity is redshifted by(1 + z)−2 due to the expansion of the

universe. On the other hand, the area of the physical sphere to which the photons being

distributed during the expansion is equal to4πd2
phys. Thus, the apparent luminosity is the

ratio of the intrinsic luminosity at the observation to the physical sphere area to which the

photons being distributed at the physical distance of the observer, which is given by

F =
Lo

4πd2
phys

(3.3.36)

Then, using eqs. 3.3.31, 3.3.34 & 3.3.36 the apparent luminosity is given by

F =
L

4π(1 + z)2 a2(to) r2
e

(3.3.37)

Finally, by eqs. 3.3.32 & 3.3.37 the luminosity distance is given by

dL = (1 + z) a(to) re = (1 + z) dphys; or dphys =
dL

1 + z
(3.3.38)

c) The angular diameter distance

If D is the physical extension of distant object, andθ is its angle subtended, then the angular

diameter distancedA is defined as usual in the Euclidean geometry given by

dA =
D

θ
(3.3.39)

Conversely, if the object is imagined to be extended along the zenith,θ, coordinate over a

physical sphere of radius equal to the angular distancedA , then the differential of D defined

at the emission timete is the line element given by eq. 3.2.22, wheredr = dϕ = dt = 0,

so that

dD = a(te) re dθ (3.3.40)
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Using eqs. 3.3.39 & 3.3.40dA is given as

dA = a(te) re =
a(te)

a(to)
a(to) re (3.3.41)

Finally, using eqs. 3.3.30, 3.3.38, & 3.3.41, the angular diameter distance is given by

dA =
dphys

1 + z
=

dL

(1 + z)2
(3.3.42)

3.3.4 Expansion dynamics in terms of measurable parameters

So far, GR is used to develop theoretical models and equations of the expanding universe

in a more general way. These theoretical models and equations must be expressed in terms

of measurable parameters that can explain observable cosmic expansions. In standard cos-

mology, the universe content budget parameters (theΩ’s), the Hubble parameterHo and

the cosmic acceleration parameterqo are the major measurable parameters used to together

with the cosmic redshift to calculate distances, ages, sizes and other cosmic observables.

Here, some of these expansion observables be derived

Hubble and deceleration parameters

The Hubble parameter and deceleration parameter have long history in modern cosmo-

logical observations. They are continuing to serve as the main ingredients of measurable

parameters to define observations.

a) The Hubble parameter

Using eqs. 3.3.11 & 3.3.30, the Hubble parameter in terms of the measurable quan-

tities: the Hubble constantHo, the redshiftz, the density parametersΩo
i ’s and the

equation of state parameterwde is given as

H(z) = HoE(z; Ωo
i ;wde) (3.3.43)
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where

E(z; Ωo
i ;wi) =

√∑
i

Ωo
i (1 + z)3(1+wi) (3.3.44)

b) The deceleration parameter

In view of eq. 3.3.20, the deceleration parameter is given by

q = − 1

H2

ä

a
(3.3.45)

Using eqs. 3.3.11, 3.3.16 & 3.3.45 we get

q =
1
2

∑
i Ω

o
i (1 + 3wi)

(
a0

a

)3(1+wi)∑
i Ω

o
i

(
a0

a

)3(1+wi)
(3.3.46)

At present epoch:a = a0 so that eq. 3.3.46 will be reduced to give the present

deceleration

qo =
1

2

∑
i

Ωo
i (1 + 3wi) (3.3.47)

=
1

2
(Ωo

m + 2Ωo
r + (1 + 3wde)Ω

o
de)

Ages

Using the Hubble parameter eq. 3.2.24 & the redshift eq. 3.3.30 we obtain

dt =
−dz

(1 + z)H(z)
(3.3.48)

Integrating this from the emission time to observation time we obtain

to − te =
1

Ho

∫ to

te

dz

(1 + z)E(z′; Ωo
i ;wde)

(3.3.49)

The time intervalto−te is called the lookback time used to measure ages during the interval

between emission to observation events.
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Distances

a) The physical distance

With the aid of eqs. 3.3.23, 3.3.24 & 3.3.31 the physical distance can be recast as

dphys = a(to)re = a(to)× sinn

(∫ to

te

dt

a(t)

)
(3.3.50)

Eqs. 3.3.30, 3.3.48 & 3.3.44 are being used to recast eq. 3.3.50 as

dphys = a(to)r(z) =
Ho a(to)

Ho

sinn

[∫ z

o

dz′

Hoa(to)E(z′; Ωo
i ;wde)

]
(3.3.51)

Finally, using eq. 3.3.12,whereHoa(to) =
(
− k

Ωo
k

)1/2

, for all k the physical distance

is given by

dphys =
1

Ho

√
Ωo

k

sinh

[√
Ωo

k

∫ z

o

dz′

E(z′; Ωo
i ;wde)

]
(3.3.52)

b) The Luminosity distance

Using eqs. 3.3.38 & 3.3.52, the luminosity distance is given by

dL =
1 + z

Ho

√
Ωo

k

sinh

[√
Ωo

k

∫ z

o

dz′

E(z′; Ωo
i ;wde)

]
(3.3.53)

c) The angular distance

Using eqs. 3.3.42 & 3.3.52 or 3.3.53, the luminosity distance is given by

dA =
1

(1 + z)Ho

√
Ωo

k

sinh

[√
Ωo

k

∫ z

o

dz′

E(z′; Ωo
i ;wde)

]
(3.3.54)

3.4 The flatΛCDM model expansion dynamic equations

Since, in our work, we are going to apply the flatΛCDM model in the large scale dynamics

of the universe, so the general field equations developed in the previous sections are used
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to derive simpler and reduced useful equations that consider the model .

Accordingly, a pressureless universe with zero curvature and dark energy content in the

form of Λ is considered to derive the simpler and reduced equations.

Then, in the flatΛCDM model the primary boundary equations are:

k = 0 ⇒ Ωk = 0; wde = −1 ⇒ Ωde = ΩΛ;

wm = 0 ⇒ Ωm = Ωo
m

(ao

a

)3

; ρr ≈ 0 ⇒ Ωr ≈ 0. (3.4.1)

3.4.1 The scale factor, the Hubble and deceleration parameters

Using eqs. 3.3.11, 3.3.30 & 3.4.1 the Hubble parameter in terms of the scale factor and the

redshift can be recast respectively as

H(a) =
ȧ

a
= Ho

√
ΩΛ + Ωo

m

(ao

a

)3

(3.4.2)

H(z) = HoE(z; Ωo
i ;wde) = Ho

√
ΩΛ + Ωo

m (1 + z)3) (3.4.3)

In order to obtain the scale factora(t), eq. 3.4.2 is used to establish the differential equation

da

a

√
1 +

(
Ωo

m

ΩΛ
a3

o

)
a−3

=
√

ΩΛHo dt (3.4.4)

Eq. 3.4.4 is integrated to yield

a(t) = a(to) (Ωo
m/ΩΛ)1/3 sinh2/3

(
t

L

t
H

)
(3.4.5)

wheretL andtH are respectively defined as the lookback and the Hubble times given by

t
L

= t− te; t
H

=
2

3Ho

√
ΩΛ

. (3.4.6)

Evaluating att = to, the lookback time gives the age of the universe given by:

tuniv =
2

3H0

√
ΩΛ

sinh−1

√
ΩΛ

Ωo
m

(3.4.7)
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

matter dominated universe,
t
L

t
H
� 1, then series expansion of eq. 3.4.5

⇒ sinh2/3
(

t
L

t
H

)
'
(

t
L

t
H

)3

+ ...

⇒ a(t) ∝ t2/3 ;

Λ dominated universe,
t
L

t
H
� 1

⇒ sinh2/3
(

2t
L

3t
H

)
' e

(
t
L

t
H

)

⇒ a(t) ∝ e(Ho
√

ΩΛ t)

(3.4.8)

The deceleration eq. 3.3.46 for the flatΛCDM model with pressureless fluid is reduced to

be given as

q =
Ωo

m

2

(
a0

a

)3 − ΩΛ

Ωo
m

(
a0

a

)3
+ ΩΛ

=
Ωo

m

2
(1 + z)3 − ΩΛ

Ωo
m(1 + z)3 + ΩΛ

(3.4.9)

The condition where the universe goes from deceleration phase to the acceleration phase is

acquired atq = 0 given as

a = ao

(
Ωo

m

2ΩΛ

)1/3

(3.4.10)

In terms of the redshift, this transition phase is acquired at

z =

(
2ΩΛ

Ωo
m

)1/3

− 1; ΩΛ + Ωo
m = 1. (3.4.11)

Since for source recession, the redshift is always greater than or equal to zero, then by eq.

3.4.11Ωo
m is limited by 2/3 as its upper boundary value.

Finally, using equation 3.4.9 the deceleration parameter at the present is given by

qo =
Ωo

m

2
− ΩΛ (3.4.12)

3.4.2 Distances and age

a) Distances
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Notice that for the flat universe case,k = 0. Then using eq. 3.3.51 & 3.4.3 the

physical distance is given by

dphys =
1

H0

∫ z

0

dz√
Ωo

Λ + Ωo
m(1 + z)3

(3.4.13)

And the other distances by eqs. 3.3.38 & 3.3.42 immediately follow to be given by

dL = (1 + z)dphys =
1 + z

H0

∫ z

0

dz√
ΩΛ + Ωo

m(1 + z)3
(3.4.14)

dA =
dphys

1 + z
=

1

H0(1 + z)

∫ z

0

dz√
ΩΛ + Ωo

m(1 + z)3
(3.4.15)

b) Age

Using eqs. 3.3.49 & 3.4.3 age in terms of the lookback time is given by

t
L

= to − te =
1

Ho

∫ z

0

dz′

(1 + z′)
√

ΩΛ + Ωo
m(1 + z′)3

(3.4.16)

Eq. 3.4.16 is integrated to be given by

to − te =
2

3Ho

√
ΩΛ

ln

 (z + 1)3/2
(
1 + 1√

ΩΛ

)
1 +

√
1 +

(
Ωo

m

ΩΛ

)
(z + 1)3

 (3.4.17)

The age of the universe is determined at very large redshift where z » 1. So eq. 3.4.17

will be used by the limiting casez →∞ to give

touniv =
2

3Ho

√
ΩΛ

ln

[
1 +

√
ΩΛ√

Ωo
m

]
(3.4.18)

For matter orΛ - dominated cases, the present age of these liming universes by eq.

3.4.7 are respectively given by: matter dominated universe, touniv = 2
3Ho

(
1− 1

(zo
univ+1)3/2

)
≤ 2

3Ho
;

Λ dominated universe, touniv = 1
Ho

ln(zo
univ + 1)

(3.4.19)
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For the matter dominated universe with the favored Hubble constantH0 ∈ [55, 75] km/s Mpc−1,

the maximum age of the present universe by eq. 3.4.19 is∼ 10 Gyr which is too small to fit

present observations reporting∼ 14 Gyr. On the other hand, theΛ dominated universe to

meet this age needs to be at redshiftzo
univ ∼ 2 for the Big-bang observation which is even

too small to meet the age of fainter galaxies observed with higher redshifts.

Consequently, in order to describe present observations the universe would exist in the

form of different fluid admixtures. So in the simplest standard flatΛCDM model both mat-

ter andΛ components expected to coexist in dynamism where observable parameters are

used to measure them. The particular case of present age of the universe estimated to be

13.82Gyr is used to generate some fitting theoretical data for the present Hubble constant

H0, the matter andΛ density parameters is shown as in table 1 in the expected range ofH0.

For the most likely measured value ofH0 = 70 the theoretical best fitting is corresponding

to Ωm = 0.27 & ΩΛ = 0.73 that accurately in agreement with observations so far made.

Whereas, in the general case, the contours in fig.3.1 indicate the possible present theoretical

age of the universe in terms of the three parameters to be constrained by observations. As

can be inferred from the general appearance of the contours relatively higherH0’s assume

lower ages with more matter domination while lowerH0’s assume higher ages with more

Λ domination.

Table 3.1: ΛCDM model theoretical fitting data corresponding toH0 & the density pa-
rametersΩm & ΩΛ to the present age of the universe estimated to 13.82Gyr as of current
observations.

H0 55 56 57 58 59 60 61 62 63 64 65
Ωm 0.62 0.59 0.55 0.52 0.49 0.47 0.44 0.42 0.40 0.38 0.36
ΩΛ 0.38 0.41 0.45 0.48 0.51 0.53 0.56 0.58 0.60 0.62 0.64

H0 66 67 68 69 70 71 72 73 74 75
Ωm 0.34 0.32 0.30 0.29 0.27 0.26 0.25 0.23 0.22 0.21
ΩΛ 0.66 0.68 0.70 0.71 0.73 0.74 0.75 0.77 0.78 0.79
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Figure 3.1: Present age of the universe in billion years where the solid & dashed contours
are respectively corresponding toH0 = 67 & 75 km/sMpc−1.
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Part II

Motion in SdS, precession of orbits, light
bending and radiation
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Chapter 4

Motion of particles in SdS Geometry

4.1 The general equation of motion and horizon solutions

In this section, we derive the general conserved equations of motion in SdS geometry where

the resulting equation is being used to further derive the event horizon solutions in the

geometry. Then using the results, we discuss on the boundary conditions where the SdS

metric be applied.

4.1.1 The general equation of motion

The equations of motion can be derived from the particle motion provided as in ch.3, eq.

3.1.7, recalled to be given as

d2xµ

dρ2
+ Γµ

νλ

dxν

dρ

dxλ

dρ
= 0. (4.1.1)

Whereρ is a parameter describing the trajectory in which the proper timedτ is generally

expected to be proportional to it. Furthermore, for a material particle we could normalize

ρ so thatρ = τ .

In order to integrate these equation of motion, we use the non-vanishing components of

the affine connection as in equation 3.1.13 and consider the orbit of particles confined to an
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equatorial plane, i.e.,θ = π
2

so that we omit equations involving the zenith angleθ. Then

the radial, azimuthal and time components of equation 4.1.1 are respectively given by

d2r

dρ2
+
A′

2A

(
dr

dρ

)2

− r

A

(
dφ

dρ

)2

+
B′

2A

(
dt

dρ

)2

= 0, (4.1.2)

d2φ

dρ2
+

2

r

dφ

dρ

dr

dρ
= 0, (4.1.3)

d2t

dρ2
+
B′

B

dt

dρ

dr

dρ
= 0. (4.1.4)

The ‘prime’ onA andB shows derivative with respect tor.

Equation 4.1.3 is integrated to give one constant of motion

r2dφ

dρ
= J, (4.1.5)

whereJ plays the role of angular momentum per unit mass per unit time.

The integral of equation 4.1.4 gives another constant of motionE , which is a form of

energy given as
dt

dρ
=
E
B
. (4.1.6)

Now using equations 4.1.5 & 4.1.6, equation 4.1.2 can be recast as:

d2r

dρ2
+
A′

2A

(
dr

dρ

)2

− J2

Ar3
+
B′

2A

E2

B2
= 0. (4.1.7)

Multiplying equation 4.1.7 by2A and involving little algebra we obtain

d

dρ

[
A

(
dr

dρ

)2

+

(
J2

r2
− E

2

B

)]
= 0. (4.1.8)

The integral of eq, 4.1.8 gives another constant of motionε given as:

A

(
dr

dρ

)2

+
J2

r2
− E

2

B
= −ε. (4.1.9)
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Using the conservation of the four vector energy momentum one can easily verify thatε is

equal to1 for massive particles, and is equal to0 for massless particles.

Using the relationsA = B−1, equation 4.1.9 can be recast as:

E2 =

(
dr

dρ

)2

+

(
ε+

J2

r2

)
B, (4.1.10)

B(r) = 1− rg

r
− r2

`2
, (4.1.11)

whererg = 2GM is the Schwarzschild radius and` =
√

3/Λ is the cosmological length.

SinceE plays the role of the total energy per unit mass, consequently the first term on

the right hand side of eq. 4.1.10 plays the role of the effective kinetic energy per unit mass,

while the second term expression plays the role of the effective potential per unit mass.

Then, in Schwarzschild - de Sitter spacetime the effective potential is defined as,

V
eff

(r) =

√(
ε+

J2

r2

)
B(r) . (4.1.12)

Now introducing the value ofε for massive particlesε = 1 and for massless particlesε = 0,

the effective potential is V
eff

(r) =
√(

1 + J2

r2

)
B(r), ε = 1;

V
eff

(r) = J
r

√
B(r), ε = 0.

(4.1.13)

It is advantageous to represent the potential in terms of dimensionless parameters de-

fined as:

α =
J

rg

; β =
rg

`
; x =

r

`
, (4.1.14)

so that eq. the effective potential in terms of these parameters be given as V
eff

(x) =
√(

1 + α2

x2

)
B(x), ε = 1;

V
eff

(x) = αβ
x

√
B(x), ε = 0.

(4.1.15)

Where,

B(x) = 1− β

x
− x2. (4.1.16)
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4.1.2 SdS horizon and its region of application

The location of event horizons is given by the conditionB(x) = 0, corresponding to

1− β

x
− x2 = 0. (4.1.17)

Eq. 4.1.17 is expect to provide three possible solutions forx, real or complex. However,

being constrained by the beta parameter, only two physically meaningful positive real so-

lutions are allowed. In view of eq. 4.1.17, the beta parameter constraining equation will be

given by:

β(x) = x(1− x2). (4.1.18)

For physical black holes the parameterβ takes values ranging from0 (at x = 0 or

at x = 1) to βmax = 2
√

3/9 (at x =
√

3/3). This condition imposes on the solutions

of the event horizon that there exist two distinct solutions betweenx = 0 andx = 1

corresponding to a singleβ except for theβmax, where the two degenerate to a single

solution. The solutions are:

xh =
2√
3

sin

(
1

3
arcsin

(3
√

3

2
β
))

, (4.1.19)

xc =
2√
3

cos

(
1

3
arccos

(
−3
√

3

2
β
))

. (4.1.20)

Here we notice that a Schwarzschild de Sitter black hole is characterized by two horizons,

the black hole horizonxh and the cosmological horizonxc (See Fig. 4.1.2), wherexh ≤ xc.

On the other hand, in the case of Schwarzschild spacetime, only the black hole horizon so-

lution exists.

At the maximum value ofβ the black hole and the cosmological horizons coincide at

xh = xc =
√

3
3

. This point also predicts the maximum limiting mass of black holes, the
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Figure 4.1: Graphical representation of the event horizons around SdS black hole. The
intersections of the horizontal line determine the two horizons.

critical black hole to bec2/(3GΛ1/2). Conversely, this limiting condition will also impose

observational constraints on the value of the cosmological constant if such black holes are

observationally detectable. For example, if a giant galaxy of the order ofM = 1015M� is

collapsed to form the critical black hole, the cosmological constant is considered to have

value of∼ 10−27m−2. In case, if all the galaxies in our universe with such mean mass are

merged to form a single black hole, where the mass of the ordinary matter of the universe

is ∼ 1053km (as of [40] data), thenΛ ∼ 10−53m−2. This particular case seems likely to

fit the present observational value of the cosmological constant. Accordingly, the critical

black hole is just an equivalent of the big-bang if the whole universe will be considered to

collapse again. Subsequently, it is impossible to find any critical black hole in the universe

to observe today.

Irrespective of the constraints on the exact value of the cosmological constant or else,

the horizon solution extends in the region betweenx = 0 to x = 1, respectively corre-

sponding torh = rg andrc = `. In fact, a light star whose gravitational radius is less than
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the surface radiusrs of the star cannot have the horizonrh = rg. In the rest of the cases,

that is, forrg ≥ rs the two horizons exist where the horizons get very much closer to each

other for black holes of mass near the critical black hole. On the other hand, the horizons

are separated bỳ− rg for stars whose gravitational radii are approximately equal to their

surface radii.

Where does the SdS metric be effective?

The region around where the gravitational attraction and the cosmological repulse in

balance will be reasonably described by the SdS metric. By eq. 4.1.17 the balance occurs

at

xb = β1/3 or rb = (`2rg)
1/3. (4.1.21)

In general the SdS metric is effective in the region fromxb to xout outwards away from

the hole; andxb to xin towards the hole to the extent of accuracy required by observation.

Actually, in view of eqs. 4.1.19 & 4.1.20 the near field may also consider further closer re-

gions to the hole as far asxs (at the surface of the star) beyond the defined limits depending

on the value of the angular momentumJ .
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4.2 Planetary motion and orbit solutions

4.2.1 General characteristics of the orbit

In this subsection, we examine the general characteristics of the SdS potential for both

massive and massless particles in some general cases.

Case 1: The free fall case,J = 0.

In this case, the effective potential given by eq. 4.1.15 is reduced to

V (x) =

√
1− β

x
− x2; ε = 1, (4.2.1)

V (x) = 0 ; ε = 0

for massive and massless particles respectively.

From the reduced potential, we see that there is no effective potential on the massless

particles. There is no difference between the Newtonian motion and the general relativistic

cases. So a particle being in fall towards the potential source continuous to fall into it.

However, in the case of massive particles there are important characteristic features

with significant differences and similarities among the three potentials corresponding to

the Newtonian, Sch and SdS geometries.

The general qualitative behavior of the SdS potential (See Fig. 4.2) is characterized by

developing a centrifugal barrier starting fromx =
(

β
2

)1/3
outwards, away from the black

hole. However, the potential turns out to be attractive from this point inwards in a similar

fashion as that of the classical Schwarzschild potential does. Interestingly, this turning

point nearly coincides with the balance point where the gravitational attraction and the

cosmological repulse cancel each other, as discussed in subsection 4.1.1. Thus, there are
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Figure 4.2: The free fall potential of a massive particle: The dashed, solid & dotted curves
representing the Newtonian, Schwarzschild & SdS potentials respectively whereβ = 0.1
for the left panel whileβ = 10−9 for the right panel.

basic differences between the SdS and that of the classical Schwarzschild potentials where

the latter is ever attractive.

Case 2: Particle with sufficient angular momentum,J 6= 0

I. Massless Particles

Upon exploiting eq. 4.1.15, we observe that in wider range of the SdS horizon region,

the potential is generally characterized by repulsion, towards the cosmological horizon.

But, near the black hole horizon over a small region aroundχ = 3
2
β (where it attains the

maximum potential,Vmax = 2
√

3
9
α
√

1− 27β2/4 ) the potential turns out to be attractive.

The plots of the potential (See Fig. 4.3) indicate that the orbits of motion of particles in

the SdS potential are generally unbounded. These unbound orbits can be classified to three

groups described as:

a) An ongoing particle with insufficient total energy, E, less than the maximum barrier

potential (see the plots), upon colliding with the potential bounces back and will

never return back to the potential source.
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b) An ongoing particle with sufficient energy, E, greater than the barrier potential jumps

into the massive object is trapped and never escape away.

c) An ongoing particle with energy, E, equal to the barrier potential will undergo an unsta-

ble circular orbit with probabilistic final destiny (being trapped or run away).

Moreover, there is no significant difference between the SdS and the Sch potentials near

the black hole horizon. But, both deviate significantly from the Newtonian potential in this

near zone. However, the SdS potential widely deviates from the Sch potential at far away

from the black hole horizon where the Sch potential goes to that of the classical Newtonian

potential.

Figure 4.3:Potentials of massive black holes in the vicinity of massless particles with sufficient
angular momentum. Left panel:α = 0.1 andβ = 0.1. Right panel:α = 10−8 andβ = 10−15.
The dashed, solid & dotted curves representing the Newtonian, Schwarzschild & SdS potentials
respectively.

II. Massive particles

Fig. 4.4 is the plot of the potential for supermassive black hole in the vicinity of motion of

a massive particle possessing sufficient angular momentum. The considered black hole is
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extremely massive but much less than the critical black hole. Hypothetically, it is supposed

to represent the general characteristics of the SdS potential for all massive compact system.

The details of the orbit solutions and their implications are addressed in the forthcoming

section 4.2.2.

As we learn from the plot, the general potentials in the SdS region of application signif-

icantly differ among the Newtonian, Schwarzschild (Sch) and SdS geometries. In the case

of the SdS, the general potential is characterized by three turning points where the particles

velocities vanish, as usual. These turning points are attained either at locally minimum or

maximum value of the potential.

Figure 4.4: Potential of a massive black hole withβ = 10−3 in the vicinity of a particle with
sufficient angular momentum,α = 2. Dashed, solid & dotted curves respectively representing the
Newtonian, Sch and SdS potentials.

Generally, the orbits are characterized as follows;

a) Bound orbits: An ongoing particle with energy, E, less than the potential well barrier

surrounding the local minimum point of the potential exhibits a bound orbit. Thus,
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in the SdS geometry ongoing particles with energy likeE5 & E6 trapped by the

potential well undergo bound orbits and never escape the barrier. Furthermore, the

orbits of particles withE5 are generally elliptical classes. While the special case of

particles withE6 are characterized by circular orbits. Note also that, all bound orbits

in SdS potential are also bound in Sch potential. However, the orbits differ in their

ellipticities where the SdS case posses relatively higher ellipticity.

b) Unbound orbits: An ongoing particle with sufficient energy, E, greater than the barrier

potential well but less than the maximum potential energy likeE3 upon colliding

with the potential bounces back and will never return back to the potential source.

However, these same classes of particles, under the Sch and as well as Newtonian

potentials will undergo bound orbits where the Sch case possesses relatively higher

ellipticity. On the other hand, ongoing particles with energy, E, greater than the

maximum potential energy of the SdS (which is also approximately equal to the Sch)

like E1 jump into the massive object are trapped and never escape away.

c) Unstable circular orbits: An ongoing particle with energy,E2, equal to the maximum

barrier potential will undergo an unstable circular orbit with probabilistic final des-

tiny (being trapped or run away) both in SdS & Sch cases. Also ongoing particles

with E4 equal to the local maxima of the SdS potential will undergo an unstable

circular orbit in the SdS geometry while the particles will undergo bound elliptical

orbits in the Newtonian and Sch cases.

4.2.2 Orbit analytical solutions

In the previous subsection mainly the plots of the general equation of motion were used

to describe the general characteristics of orbits in the SdS potential. In this section we
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derive the analytical solutions of the orbits and discuss their implications in relation to the

exploited plots in earlier section.

At the turning points, where the particles velocities vanish, the potential locally attains

either its minimum or maximum values. The minima locations grant the presence of bound

orbits depending on the potential developed around it and the magnitude of the energy

of the particles passing through it. The locations of the exterima are determined by the

condition,
dV (x)

dx
= 0. (4.2.2)

Using eqs. 4.1.15 & 4.2.2 we get a principal quintic radial equation given by;

x2 − 2βα2x+ 3α2β2 − 2

β
x5 = 0. (4.2.3)

By re-scaling this equation through the transformations:

x = −3β

2
y ,

A =
3

4α2
, (4.2.4)

B =
81β2

16α2
,

we obtain the principal quintic equation

By5 + Ay2 + y + 1 = 0. (4.2.5)

One of the roots of this principal quintic equation, sayy1, is given as a series expansion:

y1 = −
∑
j,k>0

(−1)k (2j + 5k)!

j!k!(j + 4k + 1)!
AjBk. (4.2.6)

Where the domain of convergence of this series is given by the condition:

3125|B|2 − 256|B|+ 108|A|5 − 27|A|4 + 1600|A||B| − 2250|A|2|B| < 0. (4.2.7)
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By re-expressingB in terms of the parametersA andβ, eq. 4.2.7 can be recast as

27A3(−1 + 4A)− 27

16
β2
(
1024− 6400A+ 9000A2 − 84375Aβ2

)
< 0. (4.2.8)

This condition is readily satisfied for all practical black holes withA < 1/4. This con-

dition in the case of Schwarzschild black holes leads to elliptical bound orbits. However,

for theoretically giant black holes comparable to the critical black holes, the upper bound

value ofA / 0.0556557 is required to fulfil the condition.

The other four roots of the principal quintic, different fromy1 can be obtained by con-

structing a quartic equation using Viete’s relations. Accordingly, we construct this quartic

equation of the following form:

y4 − y1y
3 + y2

1y
2 +

(
A/B + y3

1

)
y +

(
1/B + A/B y1 + y4

1

)
= 0. (4.2.9)

The method of radicals is used to obtain algebraic expressions of the solutions of Eq. 4.2.9

in terms of the set of parameters used. The obtained expressions possess very large and

complex terms. However, compact form expressions can be provided by definingU , V and

W as:

U =
21/3

81β2

(
32α2 + 60y1 + 567β2y4

1

)
,

V =
16

27β4
− y2

1

9β2

(
80α2 − 24y1 + 63β2y4

1

)
, (4.2.10)

W =
(
V +

√
V 2 − 4U3

)1/3

.

Then the other four remaining solutions of y, generally complex conjugates, are given by:

y2,3 =
y1

4
−Q±D+, (4.2.11)

y4,5 =
y1

4
+Q±D−. (4.2.12)
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WhereQ andD± are given by:

Q =
1

2

√
− 5

12
y2

1 +
3
√

2U

3W
+

W

3 3
√

2
,

(4.2.13)

D± =
1

2

√
−
(

5

4
y2

1 + 4Q2

)
± 32/(27β2) + 11y3

1

8Q
.

Among the four roots ofy obtained by eqs. 4.2.11 & 4.2.12, only two real roots are allowed

for realQ associated with theD+ case, otherwise all the roots be complex. In fact,Q is

real as can be determined by the limiting value ofβ and physical considerations embedded

in α. The real roots condition associated withD+ by eq. 4.2.13 is given by:

−
(

5

4
y2

1 + 4Q2

)
+

32/(27β2) + 11y3
1

8Q
> 0. (4.2.14)

The three real roots, if they exist, will locate the extrema of the potential. The local min-

imum value of the potential corresponds to stable circular orbit; while the maxima values

correspond to unstable circular orbits. As can be observed from the plots of the potential,

Fig. 4.4, ifD+ 6= 0, unlike the Schwarzschild solution(characterized by a single unstable

circular orbit) the SdS solution is characterized by two unstable circular orbits. Sinceβ

is remarkably very small, Taylor expansion can be used to obtain simple but significantly

precise expressions ofQ andD+ given as:

Q =
1

6

(
2

β

)2/3

+
(16α2 + 15y1)

36
− 64

243
(22/3α6β4/3), (4.2.15)

D+ =
1

2

(
2

β

)2/3

− 2Q. (4.2.16)
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Then, the real roots ofy corresponding toD+ by equations 4.2.11, 4.2.15 and 4.2.16 are

given by

y2 = −
(
y1 +

4α2

3

)
+

64

81
(22/3α6β4/3), (4.2.17)

y3 =
1

3
(y1 − y2)−

1

3

(
2

β

)2/3

. (4.2.18)

The smallest stable circular orbit corresponding to one of the inflection points is obtained

when y1 and y2 coincide. Using eqs. 4.2.6 and 4.2.17, and then restoring the original

parameters back through the transformation eqs. 4.1.14 & 4.2.4 we obtain:

r =
J2

rg

− 16

27

(
2Λ

3rg

)2/3
J6

r3
g

. (4.2.19)

The first term,J2/rg, of eq. 4.2.19 is the familiar circular radius solution of the Schwarzschild

orbit. So the radial orbit shift in stable circular orbits due to the cosmological constant is

4r = −16

27

(
2Λ

3rg

)2/3
J6

r3
g

. (4.2.20)

Another possible circular bound orbit will be obtained by the conditionD+ = 0, where by

equation 4.2.11y2 andy3 coincide. For this particular case, the relation in equation 4.2.14

can be used to construct a standard cubic equation forQwhose solution is given by a single

real root,

Q =
1

2

√
5

3
|y1| sinh

[
1

3
sinh−1

{√
3

5

1

|y1|3

(
32

27β2
+ 11y3

1

)}]
. (4.2.21)

The case whereβ is very small (generally true excepting the critical black hole cases)

considerably requires large value ofα so that equation 4.2.17 can be given by

α u
√

3

4

(
2

β

)1/3

. (4.2.22)

84



Now using eqs. 4.2.11 & 4.2.22, the double rootsy2 andy3 of this circular orbit is given by

y2 = y3 =
y1

4
− 1

2

√
5

3
|y1| sinh

[
1

3
sinh−1

{√
3

5

1

|y1|3

(
32

27β2

)}]
. (4.2.23)

In the general case, the physical roots of the extrema of the potential in terms of the pa-

rameterx, upon using the transformation equation 4.2.4 in eqs. 4.2.6, 4.2.17 & 4.2.18 are

given by:

x1 =
3β

2

∑
j,k>0

(−1)k (2j + 5k)!

j!k!(j + 4k + 1)!

(
3

4α2

)j+k
(

3
√

3

2
β

)2k

, (4.2.24)

x2 = 2α2β − x1 −
32

27
(22/3α6β7/3), (4.2.25)

x3 =

(
β

2

)1/3

+
1

3
(x1 − x2) . (4.2.26)

Using the transformation equations 4.2.4 and equations 4.2.24 - 4.2.26 the physical roots

of the extrema of the potential in terms of the radial distancer are given as:

r1 =
3

2
rg

∑
j,k>0

(−1)k × 32j × (2j + 5k)!

j!k!(j + 4k + 1)!

(
3
√

3 rg

2J

)2j+2k
Λk

22k
, (4.2.27)

r2 =
2J2

rg

− r1 −
32J6

27r3
g

(
2Λ

3rg

)2/3

, (4.2.28)

r3 =
3

√
3 rg

2Λ
+

1

3
(r1 − r2) . (4.2.29)

4.3 Result and discussion

Using Einstein Field equations, the general conserved equations of motion in SdS geometry

with brief boundary conditions have been derived. Furthermore, the SdS horizon boundary
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conditions were used in detailing and addressing the region, where the resulting conserved

equations are being applied.

Applying, the developed equations we examined the general characteristics of the SdS

potential for both massive and massless particles in some general cases. In free falling

particles, there is no difference among Newtonian, Schwarzschild and general relativistic

effective potentials for massless particles; but, will differ significantly depending on theβ

parameter for massive particles as discussed in sec. On the other hand, for particles pos-

sessing angular momentum different from zero, the SdS effective potential in both massive

and massless particles behaves differently from both Sch and Newtonian ones whose sig-

nificance is determined by the underlining parameters as discussed earlier.

The general physical characteristics of the potential for exploited representative cases have

been plotted. Then, the plots have been used in characterizing the orbits of particles mov-

ing in the region of the potential field; where the brief description for various representative

cases have been provided using Fig. 4.4. In fact, the analytical orbit solutions were also

used to complement the description.

For massive particles, generally the SdS potential differs from both the Newtonian and

the Schwarzschild potentials. Primarily, the SdS potential is characterized by three turning

points where the particles velocities vanish, as usual. Also, the points of apsis for bound or-

bits are different among the three potentials; so that the eccentricities of the orbits become

different. Especially, as the region of SdS application becomes effective, the differences

will become more significant.

The plot as in Fig. 4.5 will be used to summarize the general overview of the potentials.

For example, a particle owning total energy betweenE4 andE5 (Fig. 4.4) performs a bound

orbit under the three potentials. But, the apsidal positions of the three orbits and hence the
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Figure 4.5: SdS effective potential: summary

eccentricities of the orbits are quite different. As, we see from the plot the perihelia posi-

tions xNP
, xScP

, xsdsp for the Newtonian, Schwarzschild and SdS potentials and their corre-

sponding aphelia positions xNA
, xScA

, xsdsA
are generally different. In fact, the perihelia of

Schwarzschild and SdS slightly coincide; where we represented it as xdscp ≡ xScP
≈ xsdsP

.

However, this does not imply to possess the same eccentricity as the aphelion positions are

reasonably differ.

Using appropriate boundary conditions, the effective potential was used to derive some

special orbit equations and their solutions analytically.

For a quick overview of the effect of the cosmological constant, here, we examine the

circular orbit special case, whose radius is given by eq. 4.2.19. For this particular case,

a theoretical result for radial deviation of orbits (eq. 4.2.20) with respect to the classical

Schwarzschild radius was generated, as given in Table 4.1. The choice of the systems

considers small eccentricities, seeking circular orbit approximations, with some exceptions

(due to lack of such observational data system). The latest observational data were used
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in producing Table 4.1. The representative systems include: a) planetary system, b) binary

stars (binary pulsars and SMBHs), c) orbits of stars and other binaries around galactic cen-

ter, where the Milky-Way center is used as representative and d) orbit of binary galaxies,

where the local group is used.

Table 4.1: Effect ofΛ in circular orbits.
Λ (km−2)

Λ = 10−50 Λ = 10−46 Λ = 10−42 Λ = 10−36 Data
System Orbiting object 4r ( µm) 4r ( mm) 4r ( m) 4r ( km) Sources

Mercury 1.03 0.478 0.222 2.22
Solar system Earth 4.27 198 0.92 9.20

Jupiter 51.1 23.7 11 110 [129]
Pluto 106 493 229 2290

Binary stars
Binary pulsars low eccentricity
IGR J17062-6143 orbiter chosen ∼ 10−33 ∼ 10−33 ∼ 10−33 ∼ 10−32 [130]
Intermediate mass
rg ' 1.6 rg�

Binary-SMBH low mass 493 229 106 1060 [131]
rg ' 107 rg� BH

Milky-Way center
Disc-binary 1
Central-SMBH Disc system 2.9× 10−5 4.3× 10−5 2.0× 10−5 2.0× 10−5 [132]
rg ' 107 rg� M ∼ 50M�

Binary-galaxies
MW-MC
Central-SMBH Clouds with M 2.0× 1015 9.2× 1014 4.3× 1014 4.3× 1015 [133]
rg ' 1012 rg� Model dependent

From the table, the following comments have been derived:

1) In the case of solar system, the effect ofΛ on orbit radial perturbation is insignificant,

just the order ofµm to fewkms.

- Also, the complicated interaction scenario of the solar system makes difficult

to determineΛ effect precisely.

88



- Moreover, the orbits of the planets is not exactly circular.

2) In the case of low mass binary pulsars, the effect ofΛ on circular orbit is negligible

as can be observed from the table. The case of binary SMBHs is just identical to the

solar system case.

3) The effect ofΛ on circular orbits near AGNs is insignificant.

4) The effect ofΛ on circular orbits will be significant in open and wide systems like

binary-galaxies. As can be observed from the table,Λ effect is∼ Gm to ∼ kpc

corresponding to lowΛ ∼ 10−50km−2 to higherΛ ∼ 10−36km−2.

- Actually, for the current standard value ofΛ ∼ 10−46km−2, its effect is of the

order of AU, quite observable!

Finally, we believe that the work of this chapter will benefit to study astrophysical dynamics

in the SdS geometry. For example, in the more general elliptical orbit motions under the

SdS geometry, the apsidal shifts of the orbits will be examined using the radial solutions

given by eqs. 4.2.27- 4.2.29. On the other hand, we also note that the precession of bound

elliptical orbits have been studied in chap. 6, where a two-body problem of this geometry

have been developed to see the effect ofΛ.
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Chapter 5

The cosmological constant and the
gravitational light bending

5.1 Introduction

In this chapter, we address the detailed derivations to our paper [134] by providing further

supplementary comments and boundary conditions to enrich the thesis. The detailed review

made therein the paper, has considered as a complementary review literature background

of this chapter. Additionally, articles that have cited the paper are considered as review

literature to this work.

Thus, this chapter provides the detail derivation of the equation of gravitational bending of

light ray in the Schwarzschild-de Sitter background. The cosmological constant, the impact

parameter and the angular distances to the source and the observer are considered as the

important parameters of the equation.

The bending angle equation has considered in gravitational lensing to quantify the effect

of cosmological constant. The detail work of this part has left to the reported article [134].

However, the detailing of orbit and bending angle equations developed here, shall be con-

sidered as supplementary and complementary future researches.
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Finally, summary and conclusion will be given.

5.2 The photon orbit equation in SdS geometry

Using the GR orbit equations provided in ch. 4 (eqs 4.1.5, 4.1.10 and 4.1.11, whereε = 0),

we obtain a non-radial equation of motion as function of the azimuthal coordinateφ given

as (
1

r2

dr

dφ

)2

+
1

r2
=

1

b2
+

1

`2
+
rg

r3
, (5.2.1)

whereb is the Schwarzschild impact parameter defined by

b =
J

E
. (5.2.2)

Using the closest radial approachro, wheredr/dφ = 0, eqs. 5.2.1 and 4.1.11 will be used

to recast it as

b =
ro√
B(ro)

, (5.2.3)

where,B(r) is the time-time component of the metric given by eq. 4.1.11,

B(r) = 1− rg

r
− r2

`2
. (5.2.4)

The modified impact parameter in the presence ofΛ will be defined as

1

b2Λ
=

1

b2
+

1

`2
. (5.2.5)

Then, eq. 5.2.1 can be recast as(
1

r2

dr

dφ

)2

+
1

r2
=

1

b2Λ
+
rg

r3
. (5.2.6)
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The closest trajectory radial approach,r0, to the gravitating object is determined by impos-

ing the boundary condition,dr/dφ = 0, whose solutions are given as(
r0
bΛ

)[
1−

(
r0
bΛ

)2
]

=
rg

bΛ
(for Λ 6= 0);

(r0
b

)[
1−

(r0
b

)2
]

=
rg

b
(for Λ = 0). (5.2.7)

The roots ofr0/bΛ are(
r0
bΛ

)
1

=
2√
3

sin

[
π

6
+

1

3
arccos

(
9

2
√

3

rg

r0

)]
;(

r0
bΛ

)
2

= − 2√
3

sin

[
1

3
arccos

(
9

2
√

3

rg

r0

)]
; (5.2.8)(

r0
bΛ

)
3

=
2√
3

sin

[
π

3
+

1

3
arccos

(
9

2
√

3

rg

r0

)]
.

Using Taylor expansion about the small quantity,rg/bΛ, eq 5.2.8 will yield(
r0
bΛ

)
1

= 1− 1

2

(
rg

bΛ

)
− 3

8
(
rg

bΛ
)2 + ...,(

r0
bΛ

)
2

= −1− 1

2

(
rg

bΛ

)
+

3

8

(
rg

bΛ

)2

+ ..., (5.2.9)(
r0
bΛ

)
3

= ' rg

bΛ
⇒ r0 ' rg.

In view of eq. 5.2.9, the only solution to the closest approach be(r0/bΛ)1. Because,

(r0/bΛ)2 is negative which has no physical meaning; while(r0/bΛ)3 lies outside of the

region of interest for observation.

Consideringb� `, and then using eq. 5.2.5bΛ is approximately given as

bΛ ≈ b− b3

2`2
. (5.2.10)

Now, using eqs. 5.2.9 and 5.2.10, the minimum distance to the gravitating object in SdS

geometry is occurred at the radial coordinate,r0, given by

r0 = b

(
1− 1

2

(rg

b

)
− 3

8

(rg

b

)2

+ ..

)
︸ ︷︷ ︸−

b3

2`2
+ ... (5.2.11)
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The under-braced expression is the closest radial coordinate to that of the Schwarzschild

geometry. Therefore, the cosmological constant reduces the impact parameter compared to

the Schwarzschild geometry or, in other words, reduces the minimum radial distance to the

origin.

The constant of motion,b (defined as the impact parameter in the case of Sch spacetime),

defined by eq. 5.2.2, in terms ofr0 is exactly given by

b =

(
r3
0

r0 − rg

) 1
2
[
1− r3

0

(r0 − rg)`2

]− 1
2

. (5.2.12)

Whereas, its approximation to third order inrg/r0 and second order inΛ is given by

b ≈ r0

(
1 +

1

2

(
rg

r0

)
+

3

8

(
rg

r0

)2

+
r2
0

2`2

)
. (5.2.13)

5.2.1 Solution of the orbit equation

By now, we have sufficient information about the constants of the motion to solve the orbit

equation given as in eq. 5.2.6.

In the absence of source mass (rg = 0) we have a pure de Sitter space where its trivial

solution is given by
1

r
=

sinφ

bΛ
. (5.2.14)

In this case, the impact parameter is equal to the closest radial approachr0.

In the general case, the integration of eq. 5.2.6 is not so simple. However, the radial coor-

dinate transformation

r =
1

u
, (5.2.15)

will be used to convert the orbit equation to the relatively simpler form given as(
du

dφ

)2

+ u2 =
1

b2Λ
+ rgu

3. (5.2.16)
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The derivative of eq 5.2.16 with respect toφ, yield a non-linear second order ordinary

differential (ODE) equation
d2u

dφ2
+ u =

3 rg

2
u2. (5.2.17)

Introducing the dimensionless quantitiesv(φ) andα defined as

u(φ) =
v(φ)

r0
; α =

3 rg

2r0
, (5.2.18)

eq. 5.2.17 is transformed to be recast as

d2v

dφ2
+ v = αv2. (5.2.19)

Note that,α is a small quantity. So, eq. 5.2.19 is the appropriate non-linear ODE equation to

apply the standard perturbation method for its approximate solution. Thus, we can assume

a series sum approximation of the form

v(η) =
∞∑

n=0

αnvn, (5.2.20)

whereη is the corresponding coordinate transformation to the perturbation given by

η = φ

(
1 +

∞∑
n=0

αnwn

)
. (5.2.21)

Thewn’s are the undetermined constants of multipliers corresponding to the degrees ofα,

that can be deduced from the initial boundary conditions. For significant physical observa-

tion, it is sufficient to carry the series sum to second order correction inα. Then, eqs. 5.2.20

and 5.2.21 will be respectively recast as

v(η) = v0 + αv1 + α2v2, (5.2.22)

η = φ
(
1 + αw1 + α2w2

)
. (5.2.23)
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Using eqs. 5.2.22 and 5.2.23 the differential eq. 5.2.20 will be given as

α2

(
d2v2

dη2
+ v2 + 2ω1

d2v1

dη2
− 2v0v1 + 2ω2

d2v0

dη2

)
+α

(
d2v1

dη2
+ v1 + 2ω1

d2v0

dη2
− v2

0

)
+

(
d2v0

dη2
+ v0

)
= 0. (5.2.24)

Equating the coefficients ofαn’s to zero (wheren ∈ {0, 1, 2}), we obtain three simultane-

ous second order linear differential equations inv0, v1 andv2 respectively given by

coff. α0 :
d2v0

dη2
+ v0 = 0; (5.2.25)

coff. α1 :
d2v1

dη2
+ v1 + 2ω1

d2v0

dη2
− v2

0 = 0; (5.2.26)

coff. α2 :
d2v2

dη2
+ v2 + 2ω1

d2v1

dη2
− 2v0v1 + 2ω2

d2v0

dη2
= 0. (5.2.27)
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The solution ofv0 is trivial. Then, replacing the solution ofv0, in eq. 5.2.26, we again

trivially solve forv1 and so on forv2. The solutions are:

v0(η) = a1 sin η + a1 cos η; (5.2.28)

v1(η) =
(a2

1 + a2
2)

2
+ (a4 + w1a2 − w1a1η) cos η + (a3 + w1a2η) sin η

+
(a2

1 − a2
2)

6
cos 2η − a1a2

3
sin 2η; (5.2.29)

v2(η) =
a1a3 + a2a4 + a2

2ω1

2
+

(
a5 +

a1 (3a2
2 − a2

1)

48

)
sin η

+

((
ω1a4 + ω2a2 +

5a2 (a2
1 + a2

2)

12

)
η − ω2

1a1

2
η2

)
sin η

+

(
a6 + ω1a4 + ω2a2 +

a2(11a
2
1 + 23a2

2)

48

)
cos η (5.2.30)

+

((
ω2

1a1 − ω1a3 − ω2a1 −
5a1 (a2

1 + a2
2)

12

)
η − ω2

1a2

2
η2

)
cos η

+

(
−(a1a4 + a2a3 + ω1a1a2)

3
+
ω1(a

2
1 − a2

2)

3
η

)
sin 2η

+

(
(a1a3 − a2a4 − ω1a

2
2)

3
+

2ω1a1a2

3
η

)
cos 2η

+
a1(3a

2
2 − a2

1)

48
sin 3η +

a1(a
2
2 − 3a2

1)

48
cos 3η;

wherea1, a2, ...,a6, ω1 andω2 are constants of integration.

To give thev′ns in terms ofφ, the transformation eq. 5.2.21 will be used. So, to third order

in α we have

η = φ(1 + αω1 + α2ω2)
−1 ' φ− αφ

(
ω1 + α(ω2 − ω2

1)
)
;

sinnη ' sinnφ− nαφ
(
ω1 + α(ω2 − ω2

1)
)
φ cosnφ; (5.2.31)

cosnη ' cosnφ+ nαφ
(
ω1 + α(ω2 − ω2

1)
)
φ sinnφ.
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Using eqs. 5.2.20 and 5.2.28 - 5.2.31,v(φ) is given by

v(φ) =
α

2
(a2

1 + a2
2) +

α2

2
(a1a3 + a2a4 + ω1a

2
2)

+

(
a1 + a3α+

a1 (3a2
2 − a2

1) + 48a5

48
α2

)
sinφ

+

(
2ω1a2α+ α2

(
2ω1a4 + 2ω2a2 − ω2

1a2 +
5a2 (a2

1 + a2
2)

12

)
− 2ω2

1a1α
2φ

)
φ sinφ

+

(
a2 + α(a4 + ω1a2) + α2

(
ω1a4 + ω2a2 + a6 +

a2(11a
2
1 + 23a2

2)

48

))
cosφ

+

(
−2ω1a1α+ α2

(
3ω2

1a1 − 2ω2a1 − 2ω1a3 −
5a1 (a2

1 + a2
2)

12

)
− 2ω2

1a2α
2φ)

)
φ cosφ

+

(
−a1a2

3
α− α2

3
(ω1a1a2 + a1a4 + a2a3) +

2α2ω1(a
2
1 − a2

2)

3
φ

)
sin 2φ

+

(
(a2

1 − a2
2)

6
α+ α2 (a1a3 − a2a4 − ω1a

2
2)

3
+

4ω1a1a2

3
α2φ

)
cos 2φ

+
α2a1(3a

2
2 − a2

1)

48
sin 3φ+

α2a2(a
2
2 − 3a2

1)

48
cos 3φ. (5.2.32)

There are eight constants and so need eight independent equations. The two boundary

conditions atφ = π/2 wherev(φ) = 1 anddv/dφ = 0 are used to form six independent

equations when the corresponding coefficients ofα: α0, α1 andα2 are being equated.

The seventh and eighth equations can be constructed from the boundary condition at the

position of the sourcev(φ) = v
SO

and position of the observerv(φ) = v
OB

. Here, it has to

be clear that the trajectory equation contains implicitly the deflection angles at the source

and at the observer as constants of integration.

Thus, the six independent equations obtained by the two boundary conditions (φ = π/2

wherev(φ) = 1 anddv/dφ = 0) being evaluated at the closest approach are:

a1 = 1; a2 = 0; a3 = −1

3
; a4 = πω1;

a5 =
2

9
− π2ω2

1

2
; a6 = πω2 −

πω1(15ω1 + 2)

6
+

5π

24
. (5.2.33)
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Using eq. 5.2.32 and 5.2.33, we obtain

v(φ) = sinφ+
α

2

(
1 +

cos 2φ

3
− 2 sinφ

3
+ ω1(π − 2φ) cosφ

)
−α

2

3

(
1 +

sin 3φ

16
+

cos 2φ

3
− 29

48
sinφ− 5

8
(π − 2φ) cosφ

)
+
α2(π − 2φ)

6

(
6ω2 − ω1

[
2 sin 2φ+ 3πω1(π − 2φ) sinφ

])
. (5.2.34)

Eq. 5.2.34 is the proper solution of the orbit equation with two undetermined constants of

integrations,ω1 andω2; to be determined by the remaining two boundary conditions related

to v
SO

andv
OB

as described earlier.

5.2.2 Perturbation along the radial coordinate: orbit special solution

In the special case where the perturbation is carried along the radial coordinate alone im-

poses an additional constrain, that the coordinate transformation given by eq. 5.2.23 leads

to congruency ofη andφ; since there is no perturbation effected alongφ, i.e.,

η = φ.

Then, follows

ω1 = ω2 = 0. (5.2.35)

Then, the complete orbit solution of the photon in a centrally gravitating object in this

special case is given by

v(φ) = sinφ+
α

2

(
1 +

1

3
cos 2φ− 2

3
sinφ

)
(5.2.36)

−α
2

3

(
1 +

1

16
sin 3φ+

1

3
cos 2φ− 29

48
sinφ− 5

8
(π − 2φ) cosφ

)
.

Eq. 5.2.36 satisfies all the boundary conditions required at the closest radial approach to

third order correction in the small quantityα; whereas in the case of article [134], the
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correction was held to second order only.

Note that eq. 5.2.36 holds true for both Schwarzschild and SdS geometry. The difference

comes only in the presence ofΛ, intrinsic tor0 in the case of SdS geometry whose relation

is explicitly given by eq. 5.2.12, whereas it is absent in the case of Schwarzschild geometry.

5.3 The Deflection Angle

In asymptotically flat spacetime, like the Schwarzschild spacetime, the difference in angu-

lar coordinates of the sourceφs and the observerφob is defined as the bending angle when

the source and the observer are at infinitely large distances away from the lens. In such

cases, the orbit solution, eq. 5.2.36, immediately yields the classical Schwarzschild bend-

ing angle up to the third order correction inα. But, in the general case when spacetime is

not asymptotically flat, the bending angle will be different. Because, the source and ob-

server distances matter on the horizon of observation as spacetime curves (for the detailed

review see [134] and the references therein).

So, in the SdS case (where spacetime is not asymptotically flat), the derivation of the bend-

ing angle involves the source, the deflector and the observer.

Thus, following the trajectory of the photon the true bending angle at arbitrary observation

point along the path is determined by the angle between the light ray at the source and at

the observer. This angle is just the difference between the coordinate invariant angleψ (the

angle between the three vectork of the photon and the radial vectorr) and the angular

coordinateφ at that position,

δ = ψ − φ. (5.3.1)
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Figure 5.1: Lensing setup in gravitational light bending in SdS spacetime.

5.3.1 The lensing setup and bending angle derivation

The lensing setup is displayed as in Fig. 5.1, where eq. 5.2.36 is mainly used for the draw-

ings. In the drawings:

• The photon trajectory is displayed with the lower half parabola emanating from the

source "SO" then passing through an arbitrary point, "P", then passing through the

closest radial position "r0" and then being received at the observer point "OB". The

upper branch parabola is a manifestation of the SdS geometry, that appears to exhibit

a symmetric virtual lensing system.

• LL′ represents the polar axis.

• AA′ stands for the optic axis.

• The positions of the source, lens and the observer are respectively represented by

SO, L andOB.
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• The lineL′(SO) is the undeflected photon trajectory when there is no lens.

• The lineI(OB) is the observers line of sight perceiving the source’s image atI.

• ψ is the coordinate invariant angle at the arbitrary point, P, on the trajectory of the

photon; where the deflection angle at this point is represented byδ. At the source

and the observer, it is represented respectively asψs andψob.

• φ is the angular coordinate at the arbitrary point P. At the source and the observer, it

is represented respectively asφs andφob. In the special case when the source is being

located on the optic axis (φs = 0), the half bending angleδs from the source; on the

way to the minimum radial positionr0 is just the angle between the undeflected line

L′(SO) and the optic axis,ε. Similarly, the half bending angleδob at the observer

will be defined.

Now upon using eq. 5.3.1 and the lensing setup description, in the general case where the

source and the observer being located respectively at small angular positionsφs andφob,

the total deflection angleδ is given by

δ = ψs + ψob − (φs + φob). (5.3.2)

The orbit solution given by eq. 5.2.36 will be series expanded both at the source (r = rs)

aroundφ = 0 and the observer (r = rob) aroundφ = π whose leading terms are given as

φ = φs + φob = −4M

ro

+ (ro +M)

(
1

rs

+
1

rob

)
+ ... , (5.3.3)

where we have recalled:α = 3rg/(2ro) and then used the relationrg = 2M .

The invariant angleψ case needs a further geometrical interpretation. However, in case

of small deviations along the particle geodesy (the photon, in our case),ψ will be approx-

imated by its tangent value at any point. [135], derives this tangent from the cosine of the
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Figure 5.2: The invariant angle,ψ, between the 3-k vector of photon and the radial vector
r at an arbitrary pointP along the orbit.

angle in the projected 2-D Euclidean surface. Here, we use directly the orthogonality of the

coordinate changes (r, φ) on the surface of the geodesy at the point of interest (see Fig. 5.2)

so that

tanψ =
dsφ

dsr

, (5.3.4)

wheredsφ anddsr are the projection of the line element,ds, along theφ andr coordinate

changes respectively. Then, eq. 5.3.4 will be recast as

tanψ =

√
gφφ√
grr

dφ

dr
= r
√
B(r)

dφ

dr
, (5.3.5)

where in the SdS spacetime the metric componentsgφφ andgrr are respectively given by

(see ch. 3)

gφφ = r2; grr =

(
1− rg

r
− r2

`2

)−1

=
1

B(r)
. (5.3.6)

Using eqs. 5.2.1, 5.2.3 and 5.3.6, equation 5.3.5 will be recast as

tanψ =
ro

r

[
B(ro)

B(r)
− r2

o

r2

]−1/2

. (5.3.7)
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Taylor expanding the right hand side expression of eq 5.3.7 around the small quantities:

ro/r, rg/r, r/`, rg/ro, ro/` and then usingrg = 2M , we obtain

tanψ =
M + ro

r

(
1− M

r

)
+ ... (5.3.8)

− 1

4`2

[
2(M + ro)(r +M) +

r3
o

r

(
1− M

r

)]
+ ...

Using the small approximation fortanψ ' ψ, as discussed earlier and splitting it to the

source (wherer = rs) and the observer (wherer = rob), eq. 5.3.8 is recast as

ψ = ψs + ψob

= (M + ro)

(
1

rs

+
1

rob

−M

(
1

r2
s

+
1

r2
ob

))
+ ... (5.3.9)

− 1

4`2

[
2(M + ro)(2M + rs + rob) + r3

o

(
1

rs

+
1

rob

−M

(
1

r2
s

+
1

r2
ob

))]
+ ... .

Now using eqs. 5.3.1, 5.3.3 and 5.3.9, the total deflection angle with leading terms in terms

of the closest radial approach is given as

δ =
4M

ro

−M(M + ro)

(
1

r2
s

+
1

r2
ob

)
+ ... (5.3.10)

− 1

4`2

[
2(M + ro)(2M + rs + rob) + r3

o

(
1

rs

+
1

rob

−M

(
1

r2
s

+
1

r2
ob

))]
+ ... .

AssumingM � r for all r’s, all expressions with factor M+r will be split to terms of lower

order where the r factor term is being considered in the lead terms; and the M factor term is

being considered in the higher order ones. In this case, using the approximation forro given

by eq. 5.2.11 in eq. 5.3.10, the total deflection angle in terms of the measurable quantityb

with leading terms is given by

δ =
4M

b
−Mb

(
1

r2
s

+
1

r2
b

)
+

2MbΛ

3
(5.3.11)

−bΛ
6

(rs + rob)−
b3Λ

12

(
1

rs

+
1

rob

)
+
Mb3Λ

12

(
1

rs
2

+
1

rob
2

)
+ ...
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Eq. 5.3.11 is exactly the same as the result obtained in the previous work reported as in

[134].

5.3.2 Comment on earlier results: slight modification

The third term of eq. 5.3.11 arises only from the first term (4M/ro) of eq. 5.3.10 in the

approximation ofro where the other higher order terms have been truncated. However,

other considerableΛ coupled terms having equal footing with the third term of eq. 5.3.10

have been oddly consumed in the truncated higher order terms. In the case of [134], the

blunder arises in the assumption just made to derive eq. 5.3.11 from eq. 5.3.10.

The blunder arises in the splitting ofM + ro as lower and higher order factors in the

assumption. In order to reveal this, it is important to see the expansion of this factor using

the series approximation ofro given by eq. 5.2.11, where

M + ro ≈M + b

(
1− M

b
− 3M2

2b2
− ...

)
= b− 3M2

2b
− ... (5.3.12)

Plugging eq. 5.3.12 into eq. 5.3.10 reduces the third term of eq. 5.3.11 by half factor,

where the change comes mainly from theΛ coupled term (third term of eq 5.3.10). Other

additional terms will be consumed to the truncated higher order terms, while the other

leading terms remain un affected.

Thus, the corrected total bending angle in the SdS spacetime is given by

δ =
4M

b
−Mb

(
1

r2
s

+
1

r2
b

)
+
MbΛ

3
(5.3.13)

−bΛ
6

(rs + rob)−
b3Λ

12

(
1

rs

+
1

rob

)
+
Mb3Λ

12

(
1

rs
2

+
1

rob
2

)
+ ...
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5.4 Summary and conclusion

We derived the trajectory equation of light from its geodesy in the more general standard

perturbation method that holds true for both, the Schwarzschild and the SdS spacetimes.

In the derivations, the integration constants were all determined with appropriate boundary

conditions of the geodesy. Conversely, it is possible to see that the final solution completely

satisfies all the boundary conditions of the light geodesy.

The geodesic equation of light, eq. 5.2.1, demonstrates the appearance ofΛ that the geodesic

equation of light indeed includesΛ; which is considered to be an intrinsic geometrical con-

sequence of the SdS spacetime. Actually,Λ disappears from the solution of the geodesic

eq. 5.2.36. However, intrinsically it exists in the parameters of the solution. To reveal this

obscured fact, it is sufficient to refer the radial closest approachro (α = 3M/ro) that has

already includedΛ by way of eqs. 5.2.3 and 5.2.5.

Another important issue to comment is, the criticism raised in some recent literatures (see

for example [136]) where in the bending eq. 5.3.11 whenM → 0, δ 9 0, as problem-

atic "claiming that lensing without source". However, this is a blunder, just equivalent to

observe the ray coming from the source in a straight ruler on flat spacetime. Because,

whatsoeverM is,Λ itself curves spacetime in the opposite sense to the effect ofM ; a man-

ifestation of the intrinsic geometrical property ofΛ, whose background is a pure de Sitter

geometry (see for example [135, 137]). Moreover, other extensive recent studies (see for

example [138] and the references therein) show that the inclusion ofΛ both in light bend-

ing and gravitational lensing is a prevailing geometrical intrinsic property of the embedding

spacetime. Consequently, other fresh and recent investigations (see for example [139, 140])

show the influence of the cosmological constant on the shadow of black holes as a result
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of gravitational lensing in strong gravity regime; where the observer point of view is taken

into account by way of the appropriate comoving coordinates.

On the other hand, the application of the bending equation is used to quantify the effect

of cosmological constant in gravitational lensing system. The detail work of this part is

left to the reported article [134]. Actually, the paper sufficiently covers all the basic and

necessary background literature reviews on whetherΛ is a real geometrical effect or not,

in gravitational bending of light. Furthermore, all the boundary conditions imposed on the

selected model lensing system remains valid here. Thus, the slight modification made here

has no essence on the physics used, except increasing the magnitude ofΛ effect. However,

emphasis is given here on detailing the orbit and bending equations of light for considering

supplementary and complementary future researches.

Finally, we conclude that the cosmological constant influences light bending and gravita-

tional lensing independent of coordinate transformations.
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Chapter 6

Gravitational two body problem in SdS
geometry

If the gravitational potential energy between two bodies deviates slightly from Newton’s

gravitational law, then the ellipse of the orbit gradually rotates leading to apsidal preces-

sions (see for example [141]). This precession corresponds to the rotation of the Laplace-

Runge-Lenz vector (LRL), which points along the line of apsides. The LRL vector is a

constant of motion chiefly used to describe the shape and orientation of the orbit of bod-

ies around one another, such as a planet revolving around a star. In the general view, the

conservation of the vector corresponds to a particle moving freely on the surface of a four-

dimensional hyper-sphere so that the whole problem is symmetric under certain rotations

of the four-dimensional space (see for example [142], [143]). Various generalizations of

the LRL vector have been defined (see for example [141], [143], [144], [145], [146], [147])

to incorporate the effects of relativity, and other fields. Customarily, perturbation is being

used to derive the additional (but small) effects with the aid of the LRL vector.

The inclusion ofΛ effect in the precession of planetary orbits have been carried out with

different approaches (see for example [122, page 305], [148], [149], [150], [151], [152])

where some of the results are highly approximated while others are claimed as “exact.”
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However, due to the smallness ofΛ, observations have not yet constrained the theoretical

results. Probably, it will take some more periods of observational advances to come to con-

clusion.

Regardless of the efforts, some of the theoretical results seem paradoxical. Because, the

secular first-order effect ofΛ to the precession of the planetary orbits has the multiplicative

factor(1−e2)n wheren > 0. So, smaller eccentricities result to largerΛ effects over larger

eccentricities contrary to expected increasingΛ effect with distance. Therefore, constrain-

ing Λ effects in planetary orbits need further developments.

Thus, in this chapter we develop GR two-body problem equations different from the previ-

ous approaches. Essentially, the developed equations are expected to reproduce the Newto-

nian theory of gravitation if the later can successfully account observations. So an extension

of the standard Post-Newtonian (PN) expansion is considered in linearization of the field

equations in a region where we are going to implement the model with the SdS metric.

The organization of the work is: In section 1 we provide the boundary conditions where

and how the SdS linearization and PN expansions will work. In section 2 we linearize the

field equations in the Post-Newtonian expansion with the Schwarzschild-de Sitter (SdS)

metric. In section 3 we derive the energy momentum tensor for higher order corrections in

the PN expansion in SdS metric. In section 4, the energy momentum tensor developed is

used to derive the Lagrangian and Hamiltonian ofn system of gravitationally interacting

particles to the fourth order correction in the velocity(v4) of the particles. In section 5, we

apply the results of section 4 to two-body system then derive the precession of orbits of the

system. Finally, in section 6 we discuss the results of the new development to remark.
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6.1 Conditions for the application of Post-Newtonian ex-
pansion and linearization of EFE in SdS

The general assumption, that EFE can be tested observationally in the context of Newto-

nian formalism under weak-field approximation, is being valid if the later accounts for a

successful observation. So, in a region where the Post Newtonian expansion and lineariza-

tion of the fields going to be implemented with the SdS metric be subjected to this general

assumption. This is possible in a region where the effect ofΛ is very small but considerably

competent with higher PN corrections (if required). This region is precisely determined by

the conditions we have described in 4.1.2. On the other hand, the operational conditions

for the weak-field approximation in the specified region (of the SdS geometry), will be ad-

dressed with oversimplified description as undergoing.

In Newtonian gravitation, as a particle falls from the outer region of a gravitating system

with varying potentialΦ to the inner region, then gravity accelerates it to a kinetic energy

1

2
mv2 ∼| mΦ |max ; v � c . (6.1.1)

Wherem is mass of the particle,v is the speed of the particle andc is the speed of light

in vacuum. Whereas,Φ is the Newtonian potential normalized to zero at sufficiently far

distance from the gravitating system.

The condition given by eq. 6.1.1 implies

| Φ |� c2. (6.1.2)

Using the conditions imposed by eqs. 6.1.1 & 6.1.2 to the perfect fluid given by eq. 3.1.31,

the speed of sound in the fluid environment is approximately given by

vs = (dP/dρ)1/2 ∼ (P/ρ)1/2 ∼| T ij/T 00 |1/2� 1, (6.1.3)
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whereP is the pressure of the fluid,ρ is the density of the fluid andT 00 andT ij are the

total energy momentum and stress energy momentum tensor of the fluid, respectively.

By eq. 6.1.3 the stress component of the energy momentum tensor is very much smaller

than the total energy momentum density of the system.

By now we have sufficient and necessary conditions for the weak-field approximation of

GR equations to test in terms of the Newtonian formalism. To implement these conditions

for the development of the detailed work as outlined in sec. 6.1, the parametric expansions

will be practically carried out in either of the following procedures.

i) The higher correction potentials are obtained by series expansion of the metrics with the

Newtonian potentials, hence the Post Newtonian(PN) formalism. The zero compo-

nents of the metrics are considered to be Euclidean metrics.

ii) The perturbing potentialhµν to the flat Minkowski metricsηµν are considered to be

linear with the Newtonian potentials, whenever being considered as their first order

corrections. In this case, the Minkowski metrics play role in raising and lowering

indices everywhere in the differential equations.

In the presence of positive cosmological constant, the Post Newtonian expansion will be

carried out by considering the Newtonian potential and the potential that arises from the

cosmological constant as a single potential in the Euclidean background spacetime. On

the other hand, the linearization case will be achieved in two possible ways: 1) Keep both

potentials together as a single potential analogous to the Post Newtonian expansion, but

the Minkowski spacetime is being used as the background. 2) Consider the potential that

arises from the cosmological constant as a higher correction to the Schwarzschild space-

time background in the specified region.
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In this work we follow the linearization method where the first approach is being imple-

mented, i.e., linearization of the fields with SdS metric in the Minkowski background.

Furthermore, in view of the small value of the cosmological constant we keep the cosmo-

logical constant term to first degree order, and avoid all cross terms with the cosmological

constant terms (except in a prevailing condition to permit) during the linearization.

6.2 Linearization of EFEs in SdS spacetime

The SdS metricgµν in spherical coordinate system, eq. 3.2.19, in terms of the generalized

Newtonian potentialΦN can be recast as

ds2 = −
(

1 +
2ΦN

c2
− Λ

3
r2

)
dt2 +

dr2(
1 + 2ΦN

c2
− Λ

3
r2
) + r2dΩ2. (6.2.1)

The metric perturbation in the Minkowski background is given by

gµν ≈ ηµν + hµν ; gµν ≈ ηµν − hµν , (6.2.2)

whereηµν is the Minkowski metric with signature (-, +, +, +).

Considering the presumed boundary conditions (as discussed earlier), the perturbing

potentialshµν and their derivatives with respect to the space-coordinates are of the order

of v2/c2, v4/c4, and so on forh00 andhij; while for h0i the potentials are of the order

of v3/c3, v5/c5, etc. On the other hand, every derivative of the potentials with respect

to the time-coordinate increases each order byv/c additional factor. Subsequently, upon

using eqs. 3.1.17, 3.1.23 & 6.2.2 we observe that the relevant Ricci tensor components be-

ing used in EFEs, for the weak field approximation possess the same order of perturbations.
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Thus, the relevant Ricci tensors to the fourth order correction in the perturbing poten-

tials, as we will see soon, are given as:

R00 = R
(2)
00 +R

(4)
00 ,

Rij = R
(2)
ij , (6.2.3)

R0i = R
(3)
0i .

The time-time component,R00, of the Ricci tensor to the fourth order perturbation in

the Newtonian potentials is given by

R00 =
1

c

∂

∂t

(
∂hi0

∂xi
− 1

2c

∂hi
i

∂t

)
− 1

2
∇2h00 +

1

2
hij ∂

2h00

∂xi∂xj

−1

4

(
∂h00

∂xi

)2

+
1

4

∂h00

∂xj

(
2
∂hi

j

∂xi
− ∂hi

i

∂xj

)
. (6.2.4)

Using the harmonic coordinate condition,

gµνΓα
µν = 0, (6.2.5)

we get the relation
∂hi0

∂xi
− 1

2c

∂hi
i

∂t
= 0. (6.2.6)

Now using the relation given by eq. 6.2.6, eq. 6.2.4 will be recast as

R00 = −1

2
∇2h00 +

1

2
hij ∂

2h00

∂xi∂xj
− 1

4

(
∂h00

∂xi

)2

+
1

4

∂h00

∂xj

(
2
∂hi

j

∂xi
− ∂hi

i

∂xj

)
. (6.2.7)

The first term in equation 6.2.7 is second order in the perturbing potentialh, while all the

remaining terms are of fourth order inh.
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So,

R
(2)
00 = −1

2
∇2h

(2)
00 , (6.2.8)

R
(4)
00 = −1

2
∇2h

(4)
00 +

1

2
h

(2)
ij

∂2h
(2)
00

∂xi∂xj
− 1

4

(
∂h

(2)
00

∂xi

)2

+
1

4

∂h
(2)
00

∂xj

(
2
∂h

(2)
ij

∂xi
− ∂h

(2)
ii

∂xj

)
. (6.2.9)

Whereh(2)
00 , h(2)

ij , andh(4)
00 are all considered to be the sum of the corresponding Newto-

nian and that of theΛ potentials given as

h
(2)
00 = h

N(2)
00 + h

Λ(2)
00 , (6.2.10)

h
(4)
00 = h

N(4)
00 + h

Λ(4)
00 , (6.2.11)

h
(2)
ij = h

N(2)
ij + h

Λ(2)
ij . (6.2.12)

The superscriptsN andΛ stand for the Newtonian and cosmological potentials, respec-

tively.

In view of equation 6.1.1, the fourth order correction inh obtained fromRij is insignif-

icant. Hence, only the second order correction inh to the Newtonian potentials is relevant.

So, using equation 6.2.2 in the expansion of the space-space component of the Ricci tensor,

we obtain

R
(2)
ij =

1

2

∂2h
(2)
00

∂xi∂xj
− 1

2

∂2h
(2)
kk

∂xi∂xj
+

1

2

∂2h
(2)
jk

∂xi∂xk
+

1

2

∂2h
(2)
ik

∂xj∂xj
− 1

2
∇2h

(2)
ij . (6.2.13)

Using the harmonic coordinate condition (eq. 6.2.5), eq. 6.2.13 is reduced to yield

R
(2)
ij = −1

2
∇2h

(2)
ij . (6.2.14)

The space-time component of the Ricci tensor corrections contributes odd orders only,

which begin from the third order. Thus, in our case, the significant space-time component
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of the Ricci tensor is of third order. So, using eq. 6.2.2 in the expansion of the space-time

component of the Ricci tensor, we obtain

R
(3)
i0 =

1

2c

∂2h
(2)
ij

∂t∂xj
+

1

2

∂2h
(2)
0j

∂xi∂xj
− 1

2c

∂2h
(2)
jj

∂t∂xi
− 1

2
∇2h

(3)
i0 . (6.2.15)

Using eqs. 6.2.6 & 6.2.15,R(3)
i0 is recast as

R
(3)
i0 =

1

2c

∂2h
(2)
ij

∂t∂xj
− 1

4c

∂2h
(2)
jj

∂t∂xi
− 1

2
∇2h

(3)
i0 . (6.2.16)

In summary, the important Ricci tensors are given by eqs. 6.2.8, 6.2.9, 6.2.14 & 6.2.16 that

we recast them as

R
(2)
00 = −1

2
∇2h

(2)
00 , (6.2.17)

R
(4)
00 = −1

2
∇2h

(4)
00 +

1

2
h

(2)
ij

∂2h
(2)
00

∂xi∂xj

−1

4

(
∂h

(2)
00

∂xi

)2

+
1

4

∂h
(2)
00

∂xj

(
2
∂h

(2)
ij

∂xi
− ∂h

(2)
ii

∂xj

)
, (6.2.18)

R
(2)
ij = −1

2
∇2h

(2)
ij , (6.2.19)

R
(3)
i0 =

1

2c

∂2h
(2)
ij

∂t∂xj
− 1

4c

∂2h
(2)
jj

∂t∂xi
− 1

2
∇2h

(3)
i0 . (6.2.20)

Note that, the Lagrangian of the system being used is determined by the underlying

metric of the system; whereas, the gravitational content of the metric is imbedded in the

background geometry and the perturbing potentials. To obtain the solutions of the per-

turbing potentials, in particular, it is important to express the exact Einstein field equations

with the positive cosmological constant; where the relevant Ricci tensors (derived earlier)

are being used.

So, the exact Einstein field equations in this case is given as

Rµν =
8πG

c4
Sµν , (6.2.21)
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where

Sµν = Tµν −
1

2
gµνT

λ
λ +

Λc4

8πG
gµν . (6.2.22)

In view of eqs. 3.1.31, 6.2.2, 6.2.17 - 6.2.22 and the developments (more on the energy

momentum tensor) of the upcoming section (sec. 6.3), the significantSµν-components

relevant to the exact field equations to use are:S
(0)
00 , S(2)

00 , S(0)
ij andS(1)

i0 , respectively given

as

S
(0)
00 =

1

2

(
T

(0)
00 −

Λc4

4πG

)
, (6.2.23)

S
(2)
00 =

1

2

(
T

(2)
00 + T

(2)
ii +

Λc4

4πG
h

(2)
00

)
, (6.2.24)

S
(0)
ij =

1

2
δij

(
T

(0)
00 +

Λc4

4πG

)
, (6.2.25)

S
(1)
i0 = T

(1)
i0 . (6.2.26)

6.3 The Energy Momentum Tensor

The contravariant form of the energy momentum tensor ofn discrete particles is given as

(see for example [120])

T µν =
∑

n

mnc√
−g

dxµ
n

dτ

dxν
n

dt
δ(r− rn). (6.3.1)

Its equivalent covariant form is

Tαβ =
∑

n

mnc√
−g

gαµgβν
dxµ

n

dτ

dxν
n

dt
δ(r− rn). (6.3.2)

By eq. 6.3.2 the time-time component of the energy-momentum tensor is given by

T00 =
∑

n

mnc√
−g

(
(g00)

2dx
0
n

dτ

dx0
n

dt
+ g0ig0j

dxi
n

dτ

dxj
n

dt

)
δ(r− rn). (6.3.3)
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The second term of eq. 6.3.3 is of ordero(v8), and hence negligible. So the significant

T00 is given as

T00 =
∑

n

mnc
3

√
−g

(g00)
2 dt

dτ
δ(r− rn). (6.3.4)

Using equations 3.1.1 & 6.3.4 we obtain

T00 =
∑

n

mnc
2(−g)−1/2(−g00)

3/2

(
1 + 2

g0i

g00

vi
n

c

gij

g00

+
vi

nv
j
n

c2

)−1/2

δ(r− rn), (6.3.5)

whereg, the determinant ofgµν is given as

g = Detgµν =

∣∣∣∣∣∣∣∣∣∣∣

g00 g01 g02 g03

g10 g11 g12 g23

g10 g11 g12 g23

g10 g11 g12 g23

∣∣∣∣∣∣∣∣∣∣∣
. (6.3.6)

In expanding equation 6.3.6, for example along the first row or the first column, the

significantly relevant term is given as

g ≈ g00

∣∣∣∣∣∣∣∣
g11 g12 g23

g11 g12 g23

g11 g12 g23

∣∣∣∣∣∣∣∣
= g00|gij|, (6.3.7)

where|gij| is the determinant of the space-space components.

Plugging eq. 6.3.7 in eq. 6.3.5, we obtain

T00 =
∑

n

mnc
2(|gij|)−1/2(−g00)

(
1 + 2

g0i

g00

vi
n

c
+
gij

g00

vi
nv

j
n

c2

)−1/2

δ(r− rn). (6.3.8)

Observing the diagonal property ofgij, and so using equations 6.2.2 and 6.3.8,T00 is

given as

T00 =
∑

n

mnc
2(1 + hii)

−1/2(1− h00)

(
1− 2h0i

vi
n

c
− (1 + h00)

v2
n

c2
+ ...

)−1/2

δ(r− rn).

(6.3.9)
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Finally, upon using the relationhij = δijh00, the time-time component of the energy-

momentum tensor to the fourth order correction inv is given by

T00 =
∑

n

mnc2

(
1− 5

2
h

(2)
00 +

1
2

v2
n

c2
+

3
8

v2
n

c2
+ h

(3)
0i

vi
n

c
− 5

2
h

(4)
00 +

3
2
(h(2)

00 )2 − 5
4
h

(2)
00

v2
n

c2

)
δ(r− rn).

(6.3.10)

Using eqs. 6.3.2 & 6.3.10, the zero and the second order corrections ofT00 are respec-

tively given by:

T
(0)
00 =

∑
n

mnc
2δ(r− rn), (6.3.11)

T
(2)
00 =

∑
n

mnc
2

(
−5

2
h

(2)
00 +

1

2

v2
n

c2

)
δ(r− rn). (6.3.12)

Using eqs. 6.2.2 & 6.3.2, the spatial-spatial component of the energy-momentum tensor

up to the fourth order correction inv is given by

Tij =
∑

n

mnv
i
nv

j
n

(
1 + h00 +

v2
n

2c
+ 2hi0v

j
nc

)
δ(r− rn). (6.3.13)

Now using eq. 6.3.13, the spatial-spatial component of the energy-momentum tensor

to the second order correction inv is given by

Tij =
∑

n

mnv
i
nv

j
nδ(r− rn). (6.3.14)

The space-time (mixture) component of the energy-momentum tensor, by equation 6.3.2,

is given by

Ti0 = −T i0 = −
∑

n

mnc
2

√
−g

vi
n

dt

dτ
δ(r− rn). (6.3.15)

Expandingdτ andg with similar procedures as contemplated in earlier discussions, the

space-time energy-momentum tensor component,Ti0, to the third order correction inv is

given by

Ti0 = −
∑

n

mnv
i
nc

(
1 +

v2

2c2
− h

(2)
00

)
δ(r− rn). (6.3.16)
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To the second order inv, Ti0 is given by

Ti0 = −
∑

n

mnv
i
ncδ(r− rn). (6.3.17)

6.4 Solutions of the perturbing potentials

As we have discussed in previous sections, the perturbing potentials are part of the contents

of gravitation that were used to define the exact Einstein field equations. Thus, the solutions

of the perturbing potentials are expected to be derived from the exact EFEs. Moreover, the

intended boundary conditions so far discussed should be used appropriately.

Accordingly, using eqs. 6.2.17-6.2.26, the corresponding correlations among the Ricci

and effective energy-momentum tensors being used to derive the perturbing potentials are

given by

R
(2)
00 =

4πG

c4

(
T

(0)
00 −

Λc4

4πG

)
, (6.4.1)

R
(4)
00 =

4πG

c4

(
T

(2)
00 + T

(2)
ii +

Λc4

4πG
h

(2)
00

)
, (6.4.2)

R
(2)
ij =

4δijπG

c4

(
T

(0)
00 +

Λc4

4πG

)
, (6.4.3)

R
(3)
i0 =

8πG

c4
T

(1)
i0 . (6.4.4)

1) The second order time-time component perturbing potential:h(2)
00

Using equations 6.2.17, 6.3.11 and 6.4.1 we obtain

∇2h
(2)
00 = −8πG

c4

(∑
n

mnc
2δ(r− rn)− Λc4

4πG

)
. (6.4.5)

The relation

∇2

(
1

| r − rn

|
)

= −4πδ(r − rn), (6.4.6)
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is used to re-express equation 6.4.5 as

∇2h
(2)
00 =

2

c2

(
∇2

{
G
∑

n

mn

| r − rn |

}
+ Λc2

)
. (6.4.7)

The embraced expression in equation 6.4.7 is noticeably the negative of the first kind

of Newtonian potential. So, we will attempt to write a modified potential of the form

Φ = Φ
N

+ Φ
Λ
, (6.4.8)

whereΦ
N

is the classical Newtonian potential given by

Φ
N

= −G
∑

n

mn

| r − rn |
. (6.4.9)

Φ
Λ

is the potential that arises as the first kind from cosmological constant.

Using the relation

∇2r2 = 6, (6.4.10)

the potential that arises as the first kind from cosmological constant is given by

Φ
Λ

= −Λ c2

6
r2. (6.4.11)

Now, using eqs. 6.4.8, 6.4.9 & 6.4.11 eq. 6.4.7 can be recast as

∇2h
(2)
00 = − 2

c2
∇2Φ. (6.4.12)

Then, eq. 6.4.12 immediately yields the solution ofh
(2)
00 given by

h
(2)
00 = − 2

c2
Φ (6.4.13)

The corresponding first class Newtonian andΛ-content potentials are respectively

given by

h
N(2)
00 = − 2

c2
Φ

N
, (6.4.14)

h
Λ(2)
00 = − 2

c2
Φ

Λ
. (6.4.15)
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2) The second order space-space component perturbing potential:h(2)
ij

Evaluating eq. 6.2.17 to 6.4.1, 6.2.19 to 6.4.3, and then combining the results yield

∇2h
(2)
ij = δij (∇2h

(2)
00 − 4 Λ). (6.4.16)

Now, using eqs. 6.4.7 - 6.4.9, 6.4.12, 6.4.16 we obtain

∇2h
(2)
ij = −δij

2

c2
∇2Φ′, (6.4.17)

whereΦ′ is given by

Φ′ = Φ
N
− Φ

Λ
(6.4.18)

Therefore, the solution ofh(2)
ij is given by

h
(2)
ij = −δij

2

c2
Φ′ (6.4.19)

3) The fourth order time-time component perturbing potential: h(4)
00

Evaluating eq. 6.2.18 to eq. 6.4.2 and then developing it further using equations

6.3.12, 6.3.14, 6.4.13 and 6.4.19, we obtain

∇2h
(4)
00 −

4

c4
Φ′∇2Φ +

2

c4

(
∂Φ

∂xi

)2

+
2

c4

(
∂Φ

∂xi

)(
∂Φ′

∂xi

)
= −8πG

c4

(∑
n

mn

{
5
Φ

c2
+

3

2
v2

n

}
δ(r− rn) +

Φ∇2Φ
Λ

2πG

)
. (6.4.20)

Using the relation given by equation 6.4.6 and the relations

∂2

∂x2

(
Φ2
)

= ∇2
(
Φ2
)

= 2

(
∂Φ

∂x

)2

+ 2Φ∇2Φ, (6.4.21)

Φ′ = Φ
N
− Φ

Λ
= Φ− 2Φ

Λ
, (6.4.22)

∇2(ΦΦ
Λ
) = 2

(
∂Φ

Λ

∂xi

)(
∂Φ

∂xi

)
+ Φ∇2Φ

Λ
+ Φ

Λ
∇2Φ, (6.4.23)
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in equation 6.4.20 we get

∇2

(
h

(4)
00 +

2 Φ2

c4
− 2 Φ

Λ
Φ

c4

)
= −8πG

c4

∑
n

mn

(
Φs

c2
+

3

2
v2

n

)
δ(r− rn) +∇2Φc.

(6.4.24)

Φc is the additional coupling between the Newtonian and that of cosmological con-

stant potentials of orderΦ
Λ
Φ. Φs is the second potential due to the other particle,

which upon using equations 6.4.8, 6.4.9 and 6.4.11 is given by

Φs = −G
∑
n′

mn′

| rn − rn′ |
− Λc2

6
r 2

n. (6.4.25)

Using the relation given by eq. 6.4.6, eq. 6.4.24 can be recast as

∇2

(
h

(4)
00 +

2Φ2

c4
− 2Φ

Λ
Φ

c4

)
= ∇2

(
2G

c4

∑
n

mnΦs
n

| r − rn |
+

3G

c4

∑
n

mnv
2
n

| r − rn |
+ Φc

)
.

(6.4.26)

Finally, by equation 6.4.26, the solution ofh(4)
00 is given by

h
(4)
00 = −2 Φ2

c4
+

2Φ
Λ
Φ

c4
+

2G

c4

∑
n

mnΦs
n

| r − rn |
+

3G

c4

∑
n

mnv
2
n

| r − rn |
+ Φc. (6.4.27)

4) The third order time-space component perturbing potential:h(3)
i0

Relating eq. 6.2.20 to eq. 6.4.4, we get

1

2 c

∂2h
(2)
ij

∂t∂xj
− 1

4 c

∂2h
(2)
jj

∂t∂xi
− 1

2
∇2h

(3)
i0 =

8πG

c4
T

(1)
i0 . (6.4.28)

Now, plugging the solution ofh(2)
ij (eq. 6.4.19) and the relevant energy momentum

tensorT (3)
i0 given by eq. 6.3.17 into eq. 6.4.28, we obtain

∇2h
(3)
i0 =

16πG

c4

∑
n

mnv
i
nc δ(r− rn) +

1

c3
∂2Φ′

∂t∂xi
. (6.4.29)

Using the relation given by eq. 6.4.6 in eq. 6.4.29 and then regrouping, we obtain

∇2

(
h

(3)
i0 +

4G

c3

∑
n

mnv
i
n

| r − rn |

)
=

1

c3
∂2Φ′

∂t∂xi
. (6.4.30)
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Since we are looking for linear solutions, therefore, we reconstruct equation 6.4.30

as

∇2

(
h

(3)
i0 +

4G

c3

∑
n

mnv
i
n

| r − rn |

)
= ∇2

(
1

c3
∂2f

∂t∂xi

)
. (6.4.31)

Then, the linear solution toh(3)
i0 is given by

h
(3)
i0 = −4G

c3

∑
n

mnv
i
n

| r − rn |
+

1

c3
∂2f

∂t∂xi
, (6.4.32)

where the auxiliary solution tof is obviously given by

∇2f = Φ′ = Φ
N

+ Φ
Λ

= −G
∑

n

mn

| r − rn |
+

Λ c2

6
r2. (6.4.33)

Using the relations (in static spherical coordinates)

∇2r =
2

r
, (6.4.34)

∇2r4 = 20 r2, (6.4.35)

f is given by

f = −G
2

∑
n

mn | r− rn | +
Λ c2

120
r4. (6.4.36)

Plugging eq. 6.4.36 into eq. 6.4.32, we obtain

h
(3)
i0 = − G

2 c3

∑
n

mn

(
8 vi

n

|r − rn|
+

∂2

∂t∂xi
|r− rn|

)
+

Λ

120 c

(
∂2

∂t ∂xi
r4

)
.

(6.4.37)

A further simplification ofh(3)
i0 will be obtained upon simplifying the expressions

( ∂2

∂t ∂xi R) and( ∂2

∂t ∂xi r4) of eq. 6.4.37; wherer − rn is represented byR, while its

corresponding magnitude|r− rn| is represented byR.

By vector algebra we will immediately derive the relation

∂R

∂t
= v

R
· û

R
, (6.4.38)
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wherev
R

is the difference in velocity between the particles located atrn andr whose

direction is parallel toR, andû
R

is the unit vector alongR.

Then, using eq. 6.4.38, the expression (∂2

∂t ∂xiR) will be given by

∂2R

∂t ∂xi
=

∂

∂xi
v

R
· û

R
+ v

R
· ∂
xi

û
R
. (6.4.39)

With little algebra,∂
xi vR

and ∂
xi ûR

are respectively given by

∂

∂xi
v

R
=

(
vi

R
− ui

R
(v

R
· û

R
)

R

)
ûi, (6.4.40)

∂

∂xi
û

R
=

ui
R

R
(ûi − û) . (6.4.41)

Now using eqs. 6.4.40 - 6.4.41 and expressingv
R

in terms ofvn, eq. 6.4.39 is recast

as
∂2R

∂t ∂xi
=
−vi

n
+ ui

n
(vn · ûn)

|r− rn|
. (6.4.42)

With similar procedure, but less effort, the expression( ∂2

∂t ∂xi r4) is given by

∂2

∂t ∂xi
r4 = 4 r2

(
vi

n + 2 (vn · ûn)ui
n

)
. (6.4.43)

Finally, using eqs. 6.4.37, 6.4.42 and 6.4.43,h
(3)
i0 given by

h
(3)
i0 = − G

2 c3

∑
n

mn

|r− rn|
(
7 vi

n + ui
n
(vn · ûn)

)
+

Λ

30 c
r2
(
vi

n + 2 (vn · ûn)ui
n

)
. (6.4.44)

6.5 Lagrangian of the System

The Lagrangian of a particle in the gravitational field of another particle is given by

Ln = −mnc
dτ

dt
. (6.5.1)
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Using eqs. 3.1.1, 6.2.2 and 6.5.1 the Lagrangian of the system to the fourth order correction

in v is given by

Ln = −mnc
2

(
1− h00 − 2h0i

vi
n

c
− (δij + hij)

vi
nv

j
n

c2

)1/2

. (6.5.2)

Using Taylor expansion, and then neglecting the rest mass energy, eq. 6.5.2 yields

Ln = mnc
2

(
h

(2)
00 + h

(4)
00

2
+ h

(3)
0i

vi
n

c
+

1

2
h

(2)
ij

vi
nv

j
n

c2
+

(h
(2)
00 )2

8
+
h

(2)
00

4

v2
n

c2

)

+
mnv

2
n

2
+
mnv

4
n

8 c2
. (6.5.3)

The net force acting on one of the particles (say then′ particle) due to the others is given

by

fn′ =

(
∂Ln′

∂r

)
r=rn′

. (6.5.4)

Then, the total Lagrangian ofn system of interacting particles is given by

L =
∑

n

∫ (
∂Ln′

∂r

)
r=rn′

dr. (6.5.5)

Equation 6.5.5 will be used to normalize sufficiently far away distances (in the vicinity the

intended boundaries as outlined in the previous discussions) to interacting distances. Then,

the proper Lagrangian of the system is given by

L =
∑

n

(Ln′)r=r′n , (6.5.6)

whereLn′ is given by eq 6.5.3.

Plugging the simplified forms of the perturbing potentials,h
(2)
00 , h(2)

ij , h(4)
00 andh(3)

i0 re-

spectively given by equations 6.4.13, 6.4.19 , 6.4.27 and 6.4.44 in equation 6.5.3 will pro-

vide the appropriate Lagrangian of one of then system of particles. Then, using the result

124



in equation 6.5.6, a little vector algebra will provide the simplified final form of the total

Lagrangian of then body system given by

L =
∑

n

mnv
2
n

2

(
1 + 3

∑
n′

Gmn′

c2 rnn′

)
+
∑

n

mnv
4
n

8 c2
+
∑

n

∑
n′

Gmnmn′

2 rnn′

−
∑

n

∑
n′

Gmnmn′

4 c2rnn′
(7vn·vn′ + (vn· ûnn′)(vn· ûnn′)) +

∑
n

Λc2mnr
2
n

6

−
∑

n

∑
n′

∑
n′′

G2mnmn′mn′′

2 c2 rnn′ rnn′′
+
∑

n

Λmn

30
r2
n (v2

n + 2 (vn· ûn)2) (6.5.7)

−
∑

n

∑
n′

GΛmnmn′

12 c2rnn′
r2
n +

∑
n

Λ2c2mnr
4
n

72
−
∑

n

Λmnv
2
nr

2
n

12
,

wheren stands for the first particle andn′ stands for the second particle in the interaction

while n′′ = n or n′′ = n′.

The center of massRcm of the system in the second order correction inv in the presence

of Λ is given by

Rcm =
1

E

∑
n

rn

(
mnc

2 +
mnv

2
n

2
−
∑
n′

′Gmnmn′

2 rnn′
− Λc2mnr

2
n

6

)
. (6.5.8)

E is the total energy of the system to second order correction inv in the modified Newto-

nian potential due to cosmological constant. Perhaps, the order correction inΛ will be even

much less than the second order correction inv. However, the inclusion ofΛ benefits to

see whether there is any significant effect due to its appearance in any of the contributing

terms in the final result. Thus, with this remarkE is given by

E =
∑

n

(
mnc

2 +
mnv

2
n

2
−
∑
n′

′Gmnmn′

2 rnn′
− Λc2mnr

2
n

6

)
. (6.5.9)
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6.6 The two body problem

In this section we derive the Lagrangian of gravitationally interacting two massive spineless

uncharged particles. Then, using the resulting Lagrangian we derive the Hamiltonian of the

system. Finally, applying Hamilton-Jacobi equations we derive the precession of the orbits

of two body system.

6.6.1 Lagrangian, Hamiltonian and radial momentum of the system

The Lagrangian of the two body system in the SdS metric will be derived from eq. 6.5.7,

by puttingn = 1, n′ = 2 andn′′ = 1 or n′′ = 2. Then we have,

L =
m1v

2
1

2
+
m2v

2
2

2
+

1

8 c2
(m1v

4
1 +m2v

4
2)

+
Gm1m2

r
− G2m1m2(m1 +m2)

2 c2 r2

+
Gm1m2

2 c2 r

(
3 (v2

1 + v2
2)− 7v1·v2 − (v1· û)(v2· û)

)
(6.6.1)

+
Λc2

6
(m1r

2
1 +m2r

2
2) +

Λ

60
(m1v

2
1r

2
1 +m2v

2
2r

2
2)

− GΛm1m2

12 c2 r
(r2

1 + r2
2) +

Λ2 c2

72
(m1r

4
1 +m2r

4
2),

wherer is the distance between the particles.

The Lagrangian is used to develop the simplified forms of the Hamiltonian and the

radial momentum of the system. In the simplifying processes, certainly there exist various

approaches; where a vanishing net linear momentum about the center of mass of the system

is the most common technique adopted. In the case of two-body system, the equivalent of

vanishing net linear momentum about the center of mass of the system is the same as:

p1 + p2 = 0, (6.6.2)

where,p1 andp2 are the linear momenta of particle 1 and 2 respectively.
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The Hamiltonian of the system will be derived from the Legendre transform of the

Lagrangian,

H =
∑

i

q̇ipi − L, (6.6.3)

whereq̇i is the velocity of thei’s particle in the generalized coordinateq.

Now representingp1 byp and then using equations 6.6.1 - 6.6.3, the Hamiltonian of the

system about the center of mass up on considering the perturbing potentials to the fourth

order correction inv is given by

H =
p2

2µ
− GµM

r
− p4

8 c2µ3

(
1− 3µ

M

)
− G

2 c2r

(
p2 (1 +

3M

µ
) + (p· û)2

)
+
G2µM2

2 c2r2
(6.6.4)

−Λc2

6
(m1r

2
1 +m2r

2
2)−

Λ p2

60µM

(
m2r

2
1 +m1r

2
2

)
+
GΛµM

12 c2r
(r2

1 + r2
2)−

Λ2c2

72
(m1r

4
1 +m2r

4
2),

whereM andµ are the total and reduced masses, respectively given by

M = m1 +m2; µ =
m1m2

m1 +m2

. (6.6.5)

The Post-Newtonian radial momentumpr in terms of the constants of motion, the total

energyE, the total angular momentumJ and the cosmological constantΛ will be derived

as follows:

1. Since the system is conservative,H = E.

2. The total momentump is given by:

p2 = p2
φ + p2

rad (6.6.6)
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wherepφ is the azimuthal component of the momentum given by:

p2
φ =

J2

r2
, (6.6.7)

whereasprad is the radial component composed of the Newtonian momentumpr

and that resulted from the corresponding cosmological constant. In view of equation

4.1.10 it is given by:

p2
rad = p2

r −
Λc2

3
(r2

1 + r2
2). (6.6.8)

3. Following the method by [153] the higher Post-Newtonian potential terms will be

reasonably approximated by the second order energy corrections as seen by equation

6.5.9.

4. Finally, using the center of mass motion equation where the velocityVcm = dRcm/dt

vanishes, after a vigorous algebraic calculations 6.6.4 be recast as:

E =
1

2µ

(
p2

r +
J2

r2

)
− GµM

r
− 1

2c2µ

(
1− 3µ

M

)(
E +

GµM

r

)2

− G

2c2r
p2

r

−Gµ
c2r

(
1 +

3M

µ

)(
E +

GµM

r

)
+
G2µM2

2c2r2
− Λc2µ r2

2
+ F (Λ,m1,m2), (6.6.9)

where higher order terms free ofΛ are kept to fourth order inv, while the other

higher order correction terms both linear and conjugated toΛ are being represented

by F (Λ,m1,m2).

Then, neglecting higher order terms and involving some little algebra we obtain the

requiredpr compactly given as

pr =

∫ √
α(r) +

δE
r2

+ δΛ r2, (6.6.10)

where the functionα(r) and the small constantsδE andδΛ are given by

α(r) = A+
B

r
− J2

r2
; δE =

6G2µ2M2

c2
; δΛ = Λc2µ2. (6.6.11)
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A andB are constants given by

A = 2µE +
E2

c2

(
1− 3µ

M

)
;

B = 2Gµ2

(
M − E

c2

)
+
GµE

c2

(
8M +

E

c2
(1− 3µ

M
)

)
. (6.6.12)

6.6.2 Precession of orbits of two-body system

In this section we derive the precession of orbits of two-body system using Hamilton-Jacobi

Equation. The Hamiltonian of the system is as given by equation 6.6.4 from which we have

already developed the conjugate radial momentum. So, here, we need only the form of the

trajectory equation.

The Hamilton-Jacobi equation for a massive particle in a centrally symmetric gravita-

tional field is given by:

gµν ∂S

∂xµ

∂S

∂xν
+mc2 = 0, (6.6.13)

whereS is the action that generates the Hamiltonian.

Following the standard method, generally the action assumes of the form:

S = −E0t+ Jφ+ Sr, (6.6.14)

whereE0 is the total zero order energy of the system,J is the angular momentum of the

system,φ is the angular position andSr is component of the action that depends only on

radial position.

The trajectory of a particle in such centrally symmetric system is given by

∂S

∂J
= constant. (6.6.15)

Using equations 6.6.14 and 6.6.15, the trajectory is given by

φ = constant− ∂Sr

∂J
. (6.6.16)
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By Hamilton-Jacobi canonical momentum equationspr is given as:

pr =
∂S

∂r
=
∂Sr

∂r
. (6.6.17)

Then,

Sr =

∫
prdr, (6.6.18)

wherepr is given by equation 6.6.10.

Taylor expansion ofpr with respect to the small quantitiesδE andδΛ and then using the

first order approximation,Sr is given by

Sr =

∫ √
α(r) dr +

δE
2

∫
dr

r2
√
α(r)

+
δΛ
2

∫
r2dr√
α(r)

= S(0)
r − δE

2 J

∂S
(0)
r

∂J
+
δΛ
2

∫
r2dr√
α(r)

, (6.6.19)

where

S(0)
r =

∫ √
α(r) dr (6.6.20)

corresponds to the Newtonian ellipse.

The last term of eq. 6.6.19 will be transformed to an easily integrable form upon using

the elliptical orbit equation

r =
a(1− e2)

1 + e cosφ
, (6.6.21)

wherea is the semi-major axis,e the eccentricity andφ is the true anomalous angle of the

ellipse. Thus, using eqs. 6.6.11 and 6.6.21,S
(Λ)
r is given as

S(Λ)
r =

δΛ
2

∫
r2dr√
α(r)

→ δΛ
2

∫ π

0

ε(e)κ(J) sinφ dφ(
χ(J) + ε(e) cosφ

)4√
1− ε2(e) cos2 φ

=
δΛ
2
F (J).

(6.6.22)

where the parametersκ(J), χ(J) andε(e) are given by

κ(J) =
16 J7

B4
χ(J); χ(J) =

B√
B2 + 4AJ2

; ε(e) =
e√

2− e2
. (6.6.23)
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F (J) is the integration result compactly given by

F (J) = κ(J)f (χ(J)) (6.6.24)

where the functionf (χ(J)) is given as

f (χ(J)) =


ε
√

1− ε2 (3χ2(2− 6χ2 + 9χ4) + 2ε2(1− χ2 − 15χ4) + ε4(4 + 11χ2))

(1− χ2)3(χ2 − ε2)3

+
χ (3 + 2χ2)

2(1− χ2)7/2
ln

[
χ2 (1− 2ε2) + 2χ ε

√
(1− χ2) (1− ε2) + ε2

(χ2 − ε2)

]
 .

(6.6.25)

Now using eqs. 6.6.19 - 6.6.224Sr is given by

4Sr = 4S(0)
r − δE

2
4
( 1

J

∂S
(0)
r

∂J

)
+
δΛ
2
4F (J)

= 4S(0)
r − δE

2J2

∂S
(0)
r

∂J
4J − δE

2J

∂4S(0)
r

∂J
+
δΛ
2

∂F (J)

∂J
4J. (6.6.26)

The precession of the orbit of the binary about its center of mass in terms of the angular

change∆φ per revolution by equation 6.6.16 is given by

4φ = −4
(
∂Sr

∂J

)
= − ∂

∂J
(4Sr), (6.6.27)

= −∂4S
(0)
r

∂J
+

∂

∂J

(
δE
2J2

∂S
(0)
r

∂J
4J

)
− δE

2J2

∂4S(0)
r

∂J

−δΛ
2

∂2F (J)

∂J2
4J − δΛ

2

∂F (J)

∂J

∂4J
∂J

.

Neglecting higher order corrections in both, with and withoutΛ, eq. 6.6.27 will be recast

as

4φ = −∂4S
(0)
r

∂J
− δE

2J2

∂4S(0)
r

∂J
− δΛ

2

∂F (J)

∂J

∂4J
∂J

. (6.6.28)

Since,4S(0)
r is the zero order change corresponding to the fixed Newtonian ellipse (see for

example [153]) so that

4φ(0) = −∂∆S
(0)
r

∂J
=
∂4J
∂J

= 2π. (6.6.29)
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Using eqs. 6.6.11, 6.6.28 - 6.6.29, the total angular change becomes

4φ = 2π +
6πG2µ2M2

J2c2
− πΛc2µ2 ∂F (J)

∂J
. (6.6.30)

Obviously, the second term is the well known orbit change due to mass gravitation given

by

4φE =
6πG2µ2M2

J2c2
, (6.6.31)

while the third term is the angular change contribution from the dark energy sector (in the

form of cosmological constant) given by

4φΛ = −πΛc2µ2 ∂F (J)

∂J
. (6.6.32)

ExpressingJ andF as a function ofχ, ∂F (J)
∂J

will be given as

∂F (J)

∂J
= − B2

4A3

(1− χ2)3

χ2

(
(4χ2 + 3)f(χ)− χ(1− χ2)

∂f(χ)

∂χ

)
(6.6.33)

Finally, using eqs. 6.6.25 and 6.6.32 - 6.6.33 the angular change contribution of the cos-

mological constant will be precisely determined provided the parameters of the motion

A, B, a, e& J are known from observation.

Some special cases

1)A andB are being approximated by their leading terms (classical equivalent)

Then, by eq. 6.6.12

A ' 2µE =
Gµ2M

a
=

J2

a2(1− e2)
; B ' 2Gµ2M = 2aA, (6.6.34)

where E and J are the classical total energy and momentum given by

E =
GµM

2 a
; J =

√
Gµ2Ma(1− e2). (6.6.35)
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Using eqs. 6.6.34 - 6.6.35, eq. 6.6.22 is easily transformed to

S(Λ) =
δΛa(1− e2)7/2

2J

∫ 1

1−e2

du

u4
√
ε1 + ε2u− ε3u2

(6.6.36)

where

ε1 = 2− e2 − e(1− e2)(1 + 2e);

ε2 = 2e(1− e2)(1− e); ε3 = e(1− e2). (6.6.37)

Then,

4φΛ = −∂4S
(Λ)

∂J
=
πδΛa

4(1− e2)7/2

J2

∫ 1

1−e2

du

u4
√
ε1 + ε2u− ε3u2

. (6.6.38)

Using eqs. 6.6.11 and 6.6.35 eq 6.6.38 be recast as

4φΛ = −∂4S
(Λ)

∂J
=
πΛc2a3(1− e2)5/2

GM

∫ 1

1−e2

du

u4
√
ε1 + ε2u− ε3u2

. (6.6.39)

In terms of the Keplerian period, eq. 6.6.39 is recast as

4φΛ =
Λc2P 2

p (1− e2)5/2

4π

∫ 1

1−e2

du

u4
√
ε1 + ε2u− ε3u2

. (6.6.40)

where the Keplerian period is given by

Pp = 2π

(
a3

GM

)1/2

. (6.6.41)

2) Integrating by series expansion

Integrating by series expansion ofSr
(Λ) about the small quantity1/r will lead to

Sr
(Λ) =

δΛ
2

∫
r2dr√
α(r)

' − δΛJ
2

4A3/2
r + ... (6.6.42)

Then, the non-averaged instantaneous angular change contribution due toΛ with the

series leading term is approximated as

4φΛins
= −∂4S

(Λ)

∂J
' − δΛJ

2A3/2

∂4J
∂J

r + ... ' −π δΛJ
A3/2

r (6.6.43)
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In averaging over the Keplerian period, eq. 6.6.43 will be recast as

4φΛ =' − π

Pp

δΛJ

A3/2

∫ Pp

0

rdt. (6.6.44)

The time integral will be converted to the useful angular integral upon using the

conservation of angular momentum

J = µ r2φ̇, (6.6.45)

so that eq. 6.6.44 will be recast as

4φΛ ' − π

Pp

δΛJ

A3/2

∫ 2π

0

µ r3

J
dφ.

= − π

Pp

δΛJ

A3/2

∫ 2π

0

µ r3

J
dφ. (6.6.46)

Finally, using the approximate classical value ofA and plugging eq. 6.6.21, into

eq. 6.6.46 the angular change due to the cosmological constant is given by

4φΛ = −
Λc2Pp

2(1− e2)1/2(1 + e2

2
)

4π
. (6.6.47)

For nearly circular orbits, eq. 6.6.47 will be approximated as

4φΛ = −Λc2Pp
2(1− e2)1/2

4π
. (6.6.48)

In general, the mean angular change corresponding to the cosmological constant has the

form

4φΛ = −Λc2Pp
2

4π
f(e), (6.6.49)

wheref(e) is only as a function of the ellipticitye of the orbit.
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The mean change of the angular frequency of the orbits when the averaging is being

taken over the Keplerian period is

< ω̇Λ >=
1

Pp

∫ Pp

0

ωΛdt =
4φΛ

Pp

= −Λc2Pp

4π
f(e), (6.6.50)

so that basically the earlier derivations corresponding to the mean angular change remains

the same except the two differ in factor ofPp.

As an alternative derivation of the mean frequency change, following [141, chapter 12],

the secular precession of angular velocity due toΛ over the unperturbed Keplerian period

P is given by:

< ω̇Λ > =
1

Pp

∫ Pp

0

∂ 4HΛ

∂J
dt =

1

Pp

∂

∂J

(∫ Pp

0

4HΛdt

)
, (6.6.51)

where4HΛ is the leading perturbing potential contributed fromΛ. With the aid of eq. 6.6.9,

it is given by

4HΛ = −Λc2

2
µ r2. (6.6.52)

Using eqs. 6.6.45 and 6.6.52 in eq. 6.6.51, we obtain

< ω̇Λ > =
1

Pp

∂

∂J

(
J

∫ 2π

0

(
µr2

J

)2

dφ

)
, (6.6.53)

where the integrand of eq. 6.6.53 is observed to be the square of the instantaneous clas-

sical angular velocity of the system. Using the general field equations derived in ch. 4,

particularity eq. 4.1.7 (see also ), it can be expressed as(
µr2

J

)2

=
r3

GM
. (6.6.54)

Then, using eqs. 6.6.21 and 6.6.54 in eq. 6.6.53, the final precession in orbit frequency is
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given by

< ω̇Λ > = −Λc2

2Pp

∫ 2π

0

r3

GM
dφ,

= −
Λc2Pp

√
1− e2 (1 + e2

2
)

4π
. (6.6.55)

Eq. 6.6.55 is in agreement with eq. 6.6.47.

The form of J2 in the presence ofΛ

Since, both the Newtonian attractive force between the particles and the repulsive force

of the cosmological constant are radial so that the angular momentumJ is a conserved

quantity. Thus, the Laplace-Runge-Lenz vectorA is the easiest way to constructJ2. Fol-

lowing [141, section 3.9], in the presence of cosmological constant, we find the modified

Laplace-Runge-Lenz vector given by

A = p× J−Gµ2M r̂ + AΛ, (6.6.56)

whereAΛ is the new vector due toΛ in modification to the old Laplace-Runge-Lenz vector

p× J−Gµ2M r̂, given by

AΛ = GµMmΛr̂ +
ΛmΛ(µ−M)

3

∫
r× (r× ṙ)dt. (6.6.57)

mΛ is considered to represent an equivalent mass parameter contribution ofΛ. From geo-

metrical perspective,mΛ may be computed by assuming an ellipsoidal vacuum filled with

uniform density−(Λc2)/(4πG) whose principal axis be parallel to the plane of motion of

the binary.

The second term in eq. 6.6.57 is ofO(Λ2) and is insignificant. Then, considering the

first term (besides the implicitΛ content withinp andJ), the classical ellipse equation is
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modified to be given by (the intermediate procedures are the same as [141, section 3.9])

1

r
=
Gµ2M(1− σΛ)

J2
(1 + e cosφ), (6.6.58)

where the eccentricitye, and the small quantityσ are respectively defined by

e =
A

Gµ2M(1− σΛ)
; σΛ =

mΛ

M
. (6.6.59)

The maximum magnitude ofσ be obtained if the geometry is being assumed to be spherical,

so that

|σΛ|max ≤ |
ρvacVvac

M
| =

Λc2

4πG
× 4π

3
a3

M
=

1

3

(
Λc2Pp

2

4π

)
. (6.6.60)

At the apsis wherer = rmin; φ = 0 andr = rmax; φ = π + δφ. Using this boundary

conditions, eq. 6.6.58 yields

rmin + rmax =
J2

Gµ2M(1− σΛ)

(
1

1 + e
+

1

1− e cos(δφ)

)
, (6.6.61)

whereδφ is the half period precession angle due to the relativistic effect.

Taylor expand ofcos δφ in eq. 6.6.61 is of(δφ2), and hence does not contribute to first

order correction inδφ. Thus, to the significant first order correction inδφ, eq. 6.6.61 yields

J2 = Gµ2Ma(1− σΛ)(1− e2), (6.6.62)

where2a = rmin + rmax is twice the semi-major axis of the ellipse swept by the binary

motion.

So the additionalΛ contribution to the precession of orbit parameters can be included

throughJ by way of eq. 6.6.62. However, this additional value is relatively very small com-

pared to the result obtained using the classicalJ already used. For example, the coupledΛ
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effect contained in the angular precession due to gravitation given by eq. 6.6.31 upon using

the improvedJ is

|4φEΛ
| ' 6πGM

c2a(1− e2)
|σΛ|

≤ 6πGM

c2a(1− e2)

∣∣∣∣13
(

Λc2Pp
2

4π

)∣∣∣∣ (6.6.63)

≤ 1

3

∣∣∣∣Λc2Pp
2

4π

∣∣∣∣ ,
to first order series expansion in the small quantityσΛ.

Thus, fairly, the decoupledΛ term (eq. 6.6.49) just derived using the classicalJ will

precisely determine the effect ofΛ in the precision of the orbit provided thatf(e) 6= 0.

However, in casef(e) = 0, the non-vanishing additional term obtained from the coupling

as seen by eq. 6.6.63 would be used to see theΛ effect.

6.7 Result and Discussion

With the general assumption, that EFE being observationally tested in the context of New-

tonian formalism, the weak-field approximation in a region where the effect ofΛ is very

small but considerably competent with higher Post-Newtonian corrections has been de-

rived with appropriate boundary conditions. Methodologically, we have used the Post-

Newtonian expansion of the perturbing potentials, and thus developed an extension of the

standard Post-Newtonian expansion to derive GR two-body problem equations in SdS ge-

ometry. Also, the details of the boundary conditions where and how the SdS linearization

and PN expansions will work have been provided.

Actually, we did develop the Lagrangian and Hamiltonian of many body problems that will

be used to derive relevant equations of the system. However, we focused on the two-body
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problem where we have further imposed boundary conditions to derive observable con-

served physical quantities including energy and momentum.

As application of the new development, the precession of orbits in SdS geometry were

derived using Hamilton-Jacobi equation; where the Hamiltonian already developed from

the PN expansion formalism is being used. In the detailed derivation of the precession of

the orbits, the formal approach of using small deviations resulting to the precession cor-

responding to rotation of the Laplace-Runge-Lenz vector (LRL) pointing along the line of

apsides was used for the incorporation ofΛ effect. Moreover, an additional term of the

LRL vector has been derived that helps to see the effect ofΛ.

The analytical result of the work shows the effect ofΛ on precession of orbits that depend

on the parameters of the orbits. Especially, the dependence ofΛ effect with respect to ec-

centricity of the orbit is indebted to other parameters of the orbit. However, in the limiting

cases the results of the new approach will agree with the previous results as shown in the

simplifying cases as discussed in sec.??.

Moreover, in the new development there is no vanishing effect ofΛ obtained as in the case

of earlier works (see for example [149, 150]) corresponding to
√

1− e2 = 0, at e = 1.

In the new development, even though the value obtained by the classical approximation of

J vanishes, still the improved LRL vector coupled to it will yield a non-vanishing value

observed by eq. 6.6.63.

In table 6.1, we present some representative orbit precessions calculated using our new de-

velopment with the inclusion ofΛ, where the latest observational data is being used. The

representative binary systems include: a) planetary system (solar and alpha century), b) bi-

nary stars (binary pulsars and SMBHs), c) orbits of stars and other binaries around galactic

center where the Milky-Way center is used as representative and d) orbit of binary galaxies
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where the local group is used.

Finally, the following conclusions have been derived;

1) In the case of planetary system, the precessional effect ofΛ compared to that of the

classical Einstein effect is. 10−9, which is insignificant.

2) In the case of binary stars and systems orbiting around galactic centers, the relative

precession ofΛ compared to that of the classical Einstein precession is. 10−20,

which is too small to consider.

3) The effect ofΛ on the precession of orbits of two-body system will be significant

in open wide systems like binary-galaxies. As can be observed from the table,Λ is

much dominant over the Einstein classical precession.

4) The results obtained in the new development well agrees with the earlier results ob-

tained by others for low eccentricities (as can be inferred from the table). However,

for large eccentricities the results deviate up to102 order.

5) The results obtained in the new development will be improved, if the parameters

of the orbits are being used with increased observational precisions (instead of the

simple assumptions used here as in table 6.1).
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Table 6.1: Orbit precession of binaries covering from solar system to binary galaxies.
System e a Pp ∆φE (′′) ∆φEΛmax (′′) ∆φΛn (′′) ∆φΛs (′′) ∆φnr ; ω̇nr ∆φsr ; ω̇sr Reference

Planetary system
Solar system
Mercury 0.2056 0.387 au 87.95 d 43.0 2.2× 10−19 2.8× 10−12 1.3× 10−12 6.4× 10−14 2.9× 10−14 [129]
Earth 0.0167 1.0 au 1.0 yr 3.84 3.3× 10−19 8.9× 10−13 5.4× 10−12 2.3× 10−13 1.4× 10−12 [129]
Comet-Halley 0.967 17.94 au 76.1 yr 0.043 2.2× 10−17 3.3× 10−8 1.0× 10−10 7.6× 10−7 2.4× 10−9 [129]
Exo-Solar system
Aldebaran-b 0.1 1.46 pc 1.725 yr 1.61 4.2× 10−19 9.3× 10−12 9.2× 10−12 5.8× 10−12 5.7× 10−12 [154]
Binary stars
Binary pulsars
IGR J17062-6143 0.03 1169.2 km 37.97′ 6.2× 102 2.8× 10−25 1.2× 10−16 3.9× 10−16 1.8× 10−19 6.2× 10−19 [130]
B1913+16 0.617 701514 km 0.323 d 2.0× 105 1.3× 10−20 4.8× 10−14 3.7× 10−15 2.4× 10−19 1.9× 10−20 [155]

Binary-SMBH 0.3 121.7 au 150 d 5.8× 1020 1.1× 10−9 8.4× 10−17 2.4× 10−17 1.4× 10−37 4.2× 10−38 [131]
Milky-Way center
Closest starS2 0.881 8.313pc 15.6 yr 1.3× 1010 2.8× 10−7 2.8× 10−9 4.0× 10−11 2.1× 10−19 3.0× 10−21 [156]
Gas cloud-G2 0.9384 1.92 pc 137 yr 1.9× 106 3.2× 10−9 4.0× 10−8 2.5× 10−10 2.0× 10−14 1.3× 10−16 [157]
Disc-binary 1 0.01 1.0 au 0.365 d 3.8× 109 3.3× 10−16 5.3× 10−16 5.4× 10−15 1.4× 10−25 1.4× 10−24 [132]
Disc-binary 2 0.9 20 au 1.033 d 3.6× 1011 2.5× 10−13 5.8× 10−13 6.6× 10−15 1.6× 10−24 1.9× 10−26 [132]
Binary-galaxies
MW-MC 0.5 0.1Mpc 2 Gyr 2.7× 10−7 9.4× 10−8 0.073 0.0093 2.7× 105 3.4× 104 [133]
M31-M33 0.76 127kpc 2.4 Gyr 4.5× 10−7 2.3× 10−7 0.23 0.0084 5.1× 105 1.9× 104 [158]

Parameters: a is the semi-major axis given in au, pc or km;e is the eccentricity;Pp is the Keplerian period
given in minutes (′); all the precession angles are given in arc seconds (′′) per century. ∆φE (′′) is the
classical Einstein precession,∆φEΛmax

(′′) is the coupling precession component,∆φΛn
(′′) represents the

new precession and∆φΛs
(′′) represents the precession derived in earlier works by others (taken as standard

here). ∆φnr and ∆φsr represent the relative(ratio) angular precessions of the new and the "standard,"
respectively with respect to∆φE ; while ω̇nr andω̇sr are representing the corresponding relative precession
frequencies.
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Chapter 7

Radiation from radially in falling
particles to black holes in SdS geometry

Radiation from radially in falling particles into Schwarzschild Black Holes has been stud-

ied since 1960’s (see for example [159], [160]). In this regard, today, there is a great

deal of seminal works in various frameworks that includes: Einstein’s linearized and non-

linearized field equations(in the classical field theory framework), quantum field theory,

Quantum optics, etc., (see for example [161], [162], [163]). However, there are limited

studies under the more general SdS spacetime geometry, where the Schwarzschild is a spe-

cial case. So, in this chapter we derive radiation of small particles in falling to BHs in the

SdS geometry. Then, examine the effect ofΛ on the spectrum of the radiation.

Here, the radiation considers only the electromagnetic component from a small charged

particle interacting with a neutral BH in the specified geometry. The gravitational radiation

case is probably not significant, where the particle’s mass is too small to perturb the metric.

The organization of the work is as follows: in sec. 7.1 we derive the redshift due to the

geometrical effect and discus on the results. In sec. 7.2 we derive the energy spectrum of

the radiation and discuss on the results. In the final sec. 7.3, we provide our conclusions.

142



7.1 The redshift in the SdS Spacetime

The gravitational redshiftz is defined by the ratio between emitted frequencyνe and ob-

served frequencyν0 as in eq. 3.3.29

νe

νo

= 1 + z. (7.1.1)

The relative frequency,νe/νo, in SdS will be derived from the line element

ds2 = −f(r)dt2c2 +
dr2

f(r)
+ r2dΩ2, (7.1.2)

where f(r) = 1− rg

r
− r2

`2
.

The proper timedτ of the line element, eq. 7.1.2, is given by

dτ 2 = −f(r)dt2c2. (7.1.3)

The frequency of a particle atr travelling in the SdS spacetime is related to the proper time

as

ν(r) =
1

dτ(r)
. (7.1.4)

Then, the frequency ratio at the source to observer by eqs. 7.1.1 and 7.1.4 is given by

νe

νo

=

(
f(ro)

f(re)

)1/2

. (7.1.5)

In the Schwarzschild spacetime, the frequencyνe of a photon emitted at a distancere from

a black hole is related to the frequencyν∞ observed at infinity by

νe

ν∞
= f(re)

−1/2 =

(
1− rg

re

)−1/2

. (7.1.6)

But, in the SdS spacetime this is not the case. Since, asr becomes large the term containing

cosmological constant curves spacetime too. Both of the radial distances necessarily enter
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into the redshift equation given by

νe

νo

=

(
1− ( rg

ro
+ r2

o

`2
)

1− ( rg

re
+ r2

e

`2
)

)1/2

. (7.1.7)

The effect of the cosmological constant can be easily recognized by recasting eq. 7.1.7 as

νe

νo

=

1− rg

ro

1− rg

re


1/2
1− r2

o/`
2

(1− rg/ro)

1− r2
e/`

2

(1− rg/re)


1/2

. (7.1.8)

For the zero cosmological constant (Λ = 0), at a very large observation point eq. 7.1.7

just reduces to the Schwarzschild geometry redshift relation given by that of eq. 7.1.6.

However, for non zero cosmological constant (Λ 6= 0) it is given by

νe

νo

u

1− r2
o

`2

1− rg

re


1/2

, for ro � rg. (7.1.9)

7.1.1 Significance ofΛ in the redshift

In order to determine the effect ofΛ in the redshift, we define the unit-less quantitiesre

rg
, ro

`

& the β parameter (eq. 4.1.14) respectively as

re

rg

= 1 + 10−ζ ,
ro

`
= 10−η, β = 10−ξ. (7.1.10)

The parameters,ς andη are designed to accommodate respectively the precisions related

to position of emission with respect torg and the position of observation with respect to

the cosmological length̀. While, ξ represents the possibleβ parameter ranging from2
3
√

3

(for critical black holes) to10−22 (whenΛ = 10−52m−2) for smaller black holes of mass

∼ 10M�. Then, the general equation for the relative redshift, eq. 7.1.7 is given by

νe

νo

=

√
10−(2η+ξ) (1 + 10ζ) [10(2η+ξ) − (10ξ + 103η)]

1− 10−2(ζ+ξ) (1 + 10ζ)
. (7.1.11)
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At very large observation point, eq. 7.1.9 yields

νe

νo

=
√

(1 + 10ζ) (1− 10−2η), asro → large. (7.1.12)

The limiting case, given by eq. 7.1.9 will provide a simple and quick overview of the cos-

mological constant effect in the radiation redshift. For example, if an emission takes place

at re as closer as10−8 from rg and an observer be located atro ∼ 1Gpc from a black hole

of mass108M⊙, so thatζ = 8, η ' 1.0 andξ ' 15, the relative redshift be9950. However,

in the vanishing cosmological constant it becomes10000. A considerable difference!

A theoretical numerical data generated from the general eq. 7.1.11 is shown as in Table 7.1.

The table is theoretically designed to represent a range of feasible sample representative

systems of in the universe; that believed to give a general overview of the redshift relation

with respect to the emission and observation points with representative black holes as small,

massive and supermassive ones indicated through the parameters defined as in eq. 7.1.10.

As can be observed from the table, for small black holes (eg.ξ = 15) when the ob-

servation points are taken closer to the holes (eg.η = 8), there is no significant redshift

difference between the Schwarzschild spacetime and that of the SdS spacetime; irrespec-

tive of the accuracy level taken into account for how far the emission point being closer to

the Schwarzschild radius. On the other hand, in this case, the level of accuracy for how

close the emission point goes to the Schwarzschild radius, shows an increasing redshift

that reaches infinity at the Schwarzschild radius. However, for points of observations be-

ing closer to the cosmological length, the redshift differences become very large between

the two spacetime geometries. In this case, for a given point of emission, the redshift re-

mains the same under Schwarzschild geometry, irrespective of the observation point while

under the SdS geometry the redshift varies with the location of point of observation. It de-

creases with increasing observation distance from the source to vanish or even blueshifted.
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Table 7.1:The redshift in SdS for in falling particles to black holes.
ξ = 15 ξ = 4

SdS Schwarzschild SdS Schwarzschild
ζ η νe

νo
(Λ 6= 0) νe

νo
(Λ = 0) νe

νo
(Λ 6= 0) νe

νo
(Λ = 0)

-2
8 1.00499 1.00499 − −

0.3 0.869655 1.00499 0.869583 1.00489
10−3 0.0681214 1.00499 0.0673777 1.00494

-1
8 1.04881 1.04881 − −

0.3 0.907575 1.04881 0.907455 1.0487
10−3 0.0710918 1.04881 0.0703121 1.04876

3
8 31.6386 31.6386 − −

0.3 27.3781 31.6386 27.3744 31.6354
10−3 2.14457 31.6386 2.12105 31.637

12
8 106 106 − −

0.3 865339 106 865224 999900
10−3 67783.4 106 67039.9 999950

8 108 108 − −
16 0.3 8.65339× 107 108 8.65224× 107 9.999× 107

10−3 6.77834× 106 108 6.70399× 106 9.9995× 107

However, for sizable black holes including the critical black holes (eg.ξ = 4), totally the

redshift relation behaves different in the two geometries.

7.2 Energy received at observation point from radially in

falling particles towards a black hole in SdS geometry

The energy received (dErec) atro far away from the source is related to the energy emitted(dEem)

at re near the source by

dErec =
νo

νe

× dEem. (7.2.1)
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Using eqs. 7.1.9 and 7.2.1, the energy received per unit time at the positionro (far from a

particle) emitted at the positionre (near from the source) is given by

dErec

dt
=

1− rg

re

1− r2
o

`2


1/2

× dEem

dt
. (7.2.2)

Following the method adopted by D.K.Ross [160], the energy emitted per unit time by an

accelerating chargeze, where retardation effects have been taken into account is given by

dEem

dt
= −

(
v̇2

c3
z2e2

6πε0

)
× 1

(1− v2)3
. (7.2.3)

Then, the energy received at the observer when the redshift effect is taken into account

through terms of orderv3 (related to significance) by using eqs. 7.2.2 - 7.2.3 is approxi-

mately given by

dErec

dt
= −

(
v̇2

c3
z2e2

6πε0

)
× (1 + 3v2)×

1− rg

re

1− r2
o

`2


1/2

. (7.2.4)

The redshift correction is not only important near the Schwarzschild radius as in the ab-

sence of the cosmological constant but all observation points, wherero goes closer to the

cosmological length i.e.,̀ =
√

3
Λ

, is important. That means the location of the observer

enters in the radiation received to increase the magnitude. Of course, the position of the

observer is important in addition to the near emission position.

7.2.1 Integral boundary conditions and solutions: Euler-Lagrange equations

To integrate eq. 7.2.4 we need the form ofv and v̇ for a small particle of massm falling

in SdS spacetime in the vicinity of the gravitating object. Thus, these quantities of motion

can be derived from the LagrangianL of the particle in the gravitational field of the black
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hole given by

L = −mds

dt
, (7.2.5)

whereds is the line element given by eq. 3.1.1

ds2 = gµνdx
µdxν . (7.2.6)

The Euler-Lagrange equation for the coordinatexλ is given by

∂L

∂xλ
− d

dt

(
∂L

∂ẋλ

)
= 0, (7.2.7)

where the dot overx shows the ordinary derivative with respect to time.

Using eqs. 7.2.5 - 7.2.7, the Euler-Lagrange equations for the coordinatexλ is given by

ẋµẋν ∂gµν

∂xλ
− 2

d

dt

(
gµλẋ

µ√
gµν ẋµẋν

)
= 0. (7.2.8)

Since, the metricgµν in SdS geometry does not explicitly depend on time, so eq. 7.2.8 for

xλ = t is integrated to give a constant, sayC, given by

gtt
dt

ds
= C, (7.2.9)

wheregtt is the time-time component of the SdS metric given as in eq. 7.1.2.

Considering the case where the particle is to fall from far distance atro with velocity vo

towards the hole, then the constantC is given by

C =

(
f0

1− v2
of

−2
o

)1/2

, (7.2.10)

where we adoptedf(ro) ≡ fo, etc.

For non relativistic particles, eq. 7.2.10 will be approximately given as

C ≈ f 1/2
o

(
1 +

1

2
v2

ofo
−2

)1/2

. (7.2.11)
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For a particle falling from rest at this point,

C = f 1/2
o . (7.2.12)

C takes values ranging from zero to its maximum value,C2
max = 1−3

( rg

2`

)2/3
for a particle

released from rest atr0mx =
(

`2rg

2

)1/3

. With the exception of this maximum value, anyC

between zero and this maximum value will be a constant for two release positions from rest

on either side ofr0mx , towards̀ or towardsrg decreasing monotonically to reach its zero

value at these extremal positions. The two possible release positions for a single value of

C by the use of eqs. 7.1.2 and 7.2.12 are given by

ro1 =
2`√
3

√
1− C2 cos

(
1

3
arccos

(
−3
√

3rg

2`

(
1− C2

)−3/2

))
, (7.2.13)

r02 =
2`√
3

√
1− C2 sin

(
1

3
arcsin

(
3
√

3rg

2`

(
1− C2

)−3/2

))
. (7.2.14)

For non-critical black holes, these release positions are approximately given by

ro1 ≈
√

1− C2 `, (7.2.15)

r02 ≈ rg

1− C2
. (7.2.16)

Using eq. 7.2.9, the velocityv and the acceleratioṅv of the particle at anyr in the region

of SdS application are respectively given by

v = f

(
1− f

C2

)1/2

, (7.2.17)

v̇ = f

(
1− 3f

2C2

)(
rg

r2
− 2r

`2

)
. (7.2.18)
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The particle attains extremal velocities at two postions near the cosmological length and

the Schwarzschild radius respectively given by

rvm1 =
2`√
3

(
1− 2

3
C2

)1/2

cos

(
1

3
arccos

(
−3
√

3 rg

2`

(
1− 2C2

3

)−3/2
))

, (7.2.19)

rvm2 =
2`√
3

(
1− 2

3
C2

)1/2

arcsin

(
3
√

3 rg

2`

(
1− 2C2

3

)−3/2
)
. (7.2.20)

For non-critical black holes, these extremal velocity positions are approximately given by

rvm1 ≈
√

1− 2

3
C2 `, (7.2.21)

rvm2 ≈ rg

(
1− 2

3
C2

)−1

. (7.2.22)

Comparing the release position and the position where the extremum velocity occurs, upon

using eqs. 7.2.15 and 7.2.21, that the particle is moving away. This analysis may lead to an

assertion for the manifestation of expansion of the universe in the context of cosmological

constant or else that needs further investigation. Since, this is not our main investigation

issue; here we focus on the case of the falling towards the hole. So, the extremum velocity

for the fall is given by eq. 7.2.20 whose approximation is given by that of eq. 7.2.22. As

can be determined from the equation, for a particle being released from rest nearr0mx,

whereC ≈ 1, the maximum velocity attained in the SdS spacetime occurs atrvmx ≈ 3rg.

However, a particle being released from rest at the extremal positionsrg and` will achieve

this extremal velocity atrvmx ≈ rg, which is a rather vanishing velocity (as we can see soon

in the forthcoming paragraph). In general, wherever the particle falls from, the extremal

velocity occurs at some position in the rangerg ≤ rvmx ≤ 3rg. On the other hand, in

the case of Schwarzschild spacetime,3rg seems the favoured natural occurrence position

of maximum velocity for all far fall positions. However, falls from nearbyrg assume to

attain their extremal velocities nearly at the same positions both in SdS and Schwarzschild
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geometries.

Up on using eqs. 7.1.2 and 7.2.20 in eq. 7.2.17 the exact maximum velocity of the particle

will be obtained. However, instead of eq. 7.2.20 if its equivalent approximation given by

eq. 7.2.22 will be used to yield easily

vmax =
2
√

3

9
C2. (7.2.23)

In the vicinity of eq. 7.2.23, the largest velocity that a falling particle into a black hole can

attain is2
√

3
9

; being attained at about3rg under the special case where the particle is to fall

from rest nearr0mx (C ≈ 1). In the general case where the particle is falling from any

position away fromr = 2
√

3
9

, the value of the extremal velocity decreases monotonically as

the release point goes towards the extremal positionsrg or `. Of course, the value vanishes

at the extremal positions.

On the other hand, in the Schwarzschild spacetime for all far distant falls, whererg/ro � 1,

C ≈ 1 and so the particle always possessvmax =
2
√

3

9
around3rg. However, as the distance

of fall gets closer to the hole, the extremal velocity becomes very small.

Table 7.2, provides a general overview of the evolution of the extremal velocities in both

geometries with respect to release positions.
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Table 7.2:Effect of cosmological constant on extremal velocity of particles radially falling into black holes.

The special case when the point of release be
closer to the cosmological length (ro → `).

Λ 6= 0 Λ = 0
ro

` C2 rvmx

rg
vmax

0.995 0.01 1.01 0.00385 C2 ' 1;
0.949 0.1 1.07 0.0385 rvmx

rg
' 3;

0.707 0.5 1.5 0.192 vmax ' 0.385;
0.1 0.99 2.94 0.381 for all ro

` cases.
0.01 0.9999 3 0.385

The special case when the point of release be
closer to the Schwarzschild radius (ro → rg).

ro

rg
C2 rvmx

rg
vmax

100 0.99 2.941 0.381
10 0.9 2.5 0.346 No significance differences
2 0.5 1.5 0.192 between the

1.11 0.1 1.07 0.0385 Λ = 0 andΛ 6= 0 cases.
1.01 0.01 1.01 0.00385

7.2.2 Integration of energy received

Eq. 7.2.4 is used to derive the energy received at the observation point. Integration of this

equation in terms ofr is a complicated task. However, transforming the integrand fromdr

to df∗ will simplify the integration. Thus, using eqs. 7.2.4, 7.2.17 and 7.2.18, the rate of

∗

f = 1− rg

r
− r2

`2

⇒ df

dr
=

rg

r2
− 2r

`2

rin terms of f is given by

r =
2 `√

3

√
1− f sin

(
1
3

arcsin

(
3
√

3rg

2`(1− f)3/2

))
≈ rg

1− f
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energy received per unitf is given by

− dErec

df
=

e2z2

6πε0c3
f 3/2

fo

√
1− f

fo

(
(1− f)2

rg

− 2rg

l2(1− f)

)
(7.2.24)

×
(

1− 3f

2fo

)2(
1 + 3f 2

(
1− f

fo

))
.

Integrating eq. 7.2.24, we obtain

Erec(f) =
e2z2

6πε0 c3

{f 11/2
o arcsin

(√
f−1

o f
)

131072 rg

(
A(f)−

128 r2
g

`2f 10
o

B(f)

)
(7.2.25)

+
(3− 4fo)(3− 2fo)

2rg

2 `2f 4
o

√
1− f−1

o

C(f) +

√
f − f2

fo

13762560f 3
o rg

(
D(f)−

2688 r2
g

`2
E(f)

)}
,
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whereA(f),B(f), C(f) ,D(f) andE(f) are respectively given by

A(f) = −1089 + 2556f−1
o − 12832f−2

o + 24064f−3
o − 13824f−4

o ;

B(f) = 39 + 84f−1
o + 632f−2

o + 4672f−3
o − 34944f−4

o + 59904f−5
o − 27648f−6

o ;

C(f) = ln

(1−√f)
(
1 + f−1

o

√
f +

√
1− f−1

o

√
1− f−1

o f
)

(
1 +

√
f
) (

1− f−1
o

√
f +

√
1− f−1

o

√
1− f−1

o f
)
 ;

D(f) = −10321920f 8 + 645120(36 + 25fo)f
7 (7.2.26)

−46080(288 + 804fo + 137f 2
o )f 6

+3840fo

(
7008 + 3884fo + 11f 2

o

)
f 5

−384fo

(
32256 + 30432fo + 284f 2

o − 121f 3
o

)
f 4

+48fo

(
161280 + 139776fo + 12832f 2

o − 2556f 3
o + 1089f 4

o

)
f 3

−56f 2
o

(
84480 + 24064fo − 12832f 2

o + 2556f 3
o − 1089f 4

o

)
f 2

+70f 3
o

(
13824− 24064fo + 12832f 2

o − 2556f 3
o + 1089f 4

o

)
f

+105f 4
o

(
13824− 24064fo + 12832f 2

o − 2556f 3
o + 1089f 4

o

)
;

E(f) = 1152 (12− 17fo) f
4 + 48

(
360− 516fo + 181f 2

o

)
f 3

+8
(
2880− 5160fo + 1508f 2

o − 13f 3
o

)
f 2

+10
(
3456− 6336fo + 2520f 2

o − 28f 3
o − 13f 4

o

)
f

+5
(
13824 + 2304f 5 − 26496fo + 11712f 2

o − 632f 3
o − 84f 4

o − 39f 5
o

)
.

In the classical Schwarzschild spacetime where the particle is considered to fall from in-

finity (fo = 1) to fmin (the metric specified at the point where the radiation is received)
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eq. 7.2.25 is given by

Erec =
375e2z2

262144πrgε0

{(π
2
− arcsin[f

1/2
min]

)
+
√
fmin − f 2

min

(
1 +

2fmin

3

−259144f 2
min

5625
+

4998736f 3
min

39375
− 8044928f 4

min

39375
(7.2.27)

+
2791168f 5

min

7875
− 1258496f 6

min

2625
+

124928f 7
min

375
− 32768f 8

min

375

)}
.

Introducing the substitutionx = rg/rmin and usingfmin = 1−rg/rmin in the Schwarzschild

spacetime, then eq. 7.2.27 is given by

Erec =
375e2z2

524288πrgε0

{(
π − 2 arcsin

[√
1− x

])
−2
√

(x− x2)

(
1 +

2

3
x− 62536

5625
x2 +

1263184

39375
x3 (7.2.28)

+
3161728

39375
x4 − 660736

1575
x5 +

1559552

2625
x6 − 137216

375
x7 +

32768

375
x8

)}
.

This is exactly the same as that of equation (13) derived as in [160] given by

Erec = 2me

(
re

rg

)(
I

12

)
z2, (7.2.29)

whereme is the electron rest mass,re is the classical electron radius(re = e2

4πε0me
) andI in

our case is given by

I = 0.0171661

{(
π − 2 arcsin

[√
1− x

])
(7.2.30)

−2
√

(x− x2)

(
1 +

2

3
x− 62536

5625
x2 +

1263184

39375
x3 +

3161728

39375
x4

−660736

1575
x5 +

1559552

2625
x6 − 137216

375
x7 +

32768

375
x8

)}
.

The I in our expression appears to differ from that of equation (14) as in [160]. But a

straightforward expansion and algebraic arrangements of either of the two shows that both
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expressions are identical (see the footnote∗).

Indeed, the adopted method mimics the previous results obtained by others on the special

case where the investigation was carried out under the Schwarzschild geometry. To get an

insight of the non-zero cosmological constant effect, we consider the special case where

the particle falls from sufficiently large distance, comparable with cosmological length. For

example, for a particle to fall fromro = 1
2
`, fo ≈ 1 so that the Schwarzschild radiation

given by eq. 7.2.28 remains valid. On the other hand, in the SdS radiationfo ≈ 1−r2
o/`

2 =

3/4, quite different from the Schwarzschild case. So for the SdS radiation case, eq. 7.2.25

∗For example the expressionπ− 2 arcsin
[√

1− x
]

in our work is the same as that ofπ
2 − arcsin[1− 2x]

as in [160] as follows.

Let y = arcsin
[√

1− x
]

⇒ sin2[y] =
1− cos[2y]

2
= 1− x

⇒ − cos[2y] = sin[2y − π

2
] = 1− 2x

⇒ y =
1
2

arcsin[1− 2x] +
π

4
Then follows, π − 2 arcsin

[√
1− x

]
=

π

2
− arcsin[1− 2x].
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recast as

Erec =
578625

√
3

1073741824π

e2z2

rgε0

{(
π − 2 arcsin

[
2√
3
f

1/2
min

])

+
4

3

√
3fmin − 4f 2

min

(
1 +

8

9
fmin −

116561536

2893125
f 2

min

+
7939941376

60755625
f 3

min −
12859899904

60755625
f 4

min +
2775842816

7290675
f 5

min

−7218397184

12151125
f 6

min +
2449473536

5207625
f 7

min −
2147483648

15622875
f 8

min

)}
(7.2.31)

− 3003
√

3

131072π

e2z2rg

ε0`2

{(
π − 2 arcsin

[
2f

1/2
min√
3

])
+

4

3

√
3fmin − 4f 2

min ×(
1 +

8

9
fmin −

44672

45045
f 2

min +
19456

6435
f 3

min −
32768

45045
f 4

min +
262144

27027
f 5

min

)}
.

Imposing further assumptions, such as neglecting the relatively very small terms of order
rg

l2
where the region of fall is being considered near Schwarzschild domination, eq. 7.2.31

with reasonable accuracy be given by

Erec =
578625

√
3

1073741824π

e2z2

rgε0

{(
π

2
− arcsin

[5− 8x

3

])

+
4

1640401875

√
(1− x)(4x− 1)

(
116220089 + 1110751160x (7.2.32)

+3932876672x2 + 13424983040x3 − 206735835136x4

+548757831680x5 − 628998799360x6 + 344100700160x7 − 75161927680x8

)}
.

Equation 7.2.32 can compactly be given as

Erec =
e2

4πε0M

(
I ′

12

)
z2, (7.2.33)
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whereI ′ is given by

I ′ = 0.0224011

{(
π

2
− arcsin

[5− 8x

3

])
+

4

1640401875

√
(1− x)(4x− 1)

(
116220089 + 1110751160x (7.2.34)

+3932876672x2 + 13424983040x3 − 206735835136x4 + 548757831680x5

−628998799360x6 + 344100700160x7 − 75161927680x8

)}
.

For a particle falling into the Schwarzschild radius wherex = 1, eqs. 7.2.30 and 7.2.34

will reduce respectively toI = 0.0171661π andI ′ = 0.0224011π. Then, radiations in the

Schwarzschild and SdS backgrounds are respectively given by

Erec,Sch = 0.00898817me

(
re

rg

)
z2; (7.2.35)

Erec,SdS = 0.0117292me

(
re

rg

)
z2. (7.2.36)

Thus, radiations from particles in falling into black holes significantly differ when cal-

culated in the Schwarzschild and SdS backgrounds. So, the cosmological constant has

significant effect in radiations resulted from in falling particles to massive objects if an

appreciable distance from the hole is being considered.

7.3 Conclusions

Radiations from particles in falling into black holes significantly differ when calculated

in the Schwarzschild and SdS backgrounds. So, the cosmological constant has significant

effect in radiations resulted from an in falling particles to massive objects if an appreciable

distance from the hole is being considered. Moreover, in the Schwarzschild background, a

charged particle of magnitudeze when falling from a large distance of cosmological length
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order into a black hole radiates an electromagnetic energy given by eq. 7.2.35. This energy

is considered to escape to infinity. But in the case of SdS background the same particle

falling from the same position of fall to the black hole radiates a greater amount of energy

given by eq. 7.2.36. However, the destiny of where this amount of energy will reside needs

further investigation.
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Part III

Future perspective and summary
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Chapter 8

Future perspectives

In this chapter, we provide our views regarding the criticisms of Einstein modified field

equations, attributed to the cosmological constant. Then, we provide some supplementary

works to enrich the relevance of the cosmological constant as an intrinsic constant. As the

background literature review, ch. 2, especially sec. 2.3 has considered to cover issues we

raise here. Thus, whenever further investigation is required the chapter will serve as the

background material.

8.1 Einstein field equations: the case of modification

Einstein modified equation has received criticisms that the introduction ofΛ is a simple

hand set constant without proper logical explanation. Yet, there is no concrete reasoning

that challenges to invalidate the modification. Though the criticism is relevant in many

ways pertaining to the literatures, we argue that the introduction is a logical approach by

Einstein himself. As we know from Einstein’s philosophy towards formalisms that sim-

plicity is more important than extended mathematics, where in his belief that others can
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do. Thus, we do expect that why the introduction is logically ostensible. Moreover, we

claim that Einstein with an intention of "the others (like mathematicians) will do," (his)

principle kept the explanation open. Furthermore, as experienced as he was, he had well

knew the necessity of further mathematical and physical explanations, as such, doubtless to

tackle in time he would had preferred to open as an issue. Moreover, the sustained progress

and science products in relation to this issue will strengthen our idea in either ways as

suggested.

Construction of Einstein tensor

In deriving his field equations, Einstein originally had constructed his tensor with the inten-

tion that the tensor would determine the geometry of the source of gravitation or curvature.

Moreover, the theory is a metric theory from which his tensor was supposed to be con-

structed. Therefore, the metric tensor would have entered as a contribution to gravitation

or curvature property in some form that imposes logically the introduction of a form of

cosmological constant (may or may not be a constant). In actual logic, there is no reason

to think it as a form that depends on some scalar or vector variable and or even time depen-

dent. Since,gµν represents the geometry of spacetime itself, the properties of mass, stress,

energy and momentum should not be seen as intrinsic properties of matter, but as relational

properties that material systems have only in virtue of their relation to spacetime structure.

Thus, with this comment, we argue that the geometric part shall be relocated in thegµν or

attached to it, theΛ case; while the energy issue (that raised concern from conservation

perspective) need to be considered under dark energy content of the universe being added

to the stress-tensor.
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In effect, our suggestion will help to rediscover the construction of Einstein field equa-

tions; and will resolve the disagreement among the expertise view, in the inclusion ofΛ

where some of them follow from the energy conservation law while others consider it as

geometrical issue.

8.2 The value of cosmological constant: a new approach

The cosmological constant, one of the key components of Einstein field equations, has re-

ceived great attention since its introduction including its empirical value. Especially, during

the early developments there were different theoretical models to obtain zero or none zero

values that would have hung on till the development of sophisticated observational means.

However, as current astronomical observations indicate that the universe is expanding at

an accelerated phase that suggests a non-zero positive cosmological value in Einstein field

equations. So far, the theoretical estimates for the value have involved quantum field the-

ory that requires an energy cutoff at the Plank length. Here, we derive the theoretical value

from different approach where the luminosity of the universe is being considered with key

physical assumptions.

8.2.1 Cosmological constant value derived from universe’s luminosity

Assuming the whole universe as a luminous body, the Eddington luminosity limit can be

applied to define the maximum luminosity of the universe for outward universes (if exists

any), where the minimum time be at least equivalent to the age of the universe. With this

assumption, an observer located within the interior of our universe can define the luminosity

in the reverse way where the minimum time now becomes the same as that of an outside
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observer just located at the age of the universe.

Key assumptions and propositions

a) The maximum luminosity of the universe is determined at the Planck length given by

Emax

tmin

= γ
c5

2G
(8.2.1)

whereγ is the luminous matter component of the universe.

b) The source of the maximum energy used for the luminosity must come from the nuclear

mass-energy conversion of the luminous part of the universe, given by

Emax = M
LU
c2 (8.2.2)

whereM
LU

is the maximum mass of the luminous part of the universe

c) The minimum time is the age of the universe as described earlier for an in inside ob-

server. In view of eqs. 8.2.1 & 8.2.2, given by

tmin = tAU =
rgLU

γc
(8.2.3)

Where,tmin, tAU & rgLU
are representing the minimum time, the age of the universe

and the Schwarzschild radius contributed from the luminous part of the universe

respectively.

d) The weak-field approximation is used to constrain on the upper bound value of the

cosmological constant.

Recall that the exact SdS metric time-time component is given by

gtt = −1 +
2GM

c2r
+

Λ

3
r2 (8.2.4)
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In the weak-field approximation this reduces to

gtt
NL

(r) ≈ −1 +
2GM

c2r
(8.2.5)

as discussed in chapter 3.

As we can see in the metric perturbation the neglected term is of second order in

Newtonian potential i.e.,(rg/r)
2. This limiting case imposes on the upper value of

the cosmological constant where the term with the cosmological constant expression

in 8.2.4 be at most first order in the Newtonian potential.

So outside a concentrated mass wherer ≥ rg,

Λ

3
r2 ≤ rg

r
(8.2.6)

In the extreme, special case where the equality in eq. 8.2.6 holds true

Λmax =
3rg

r3
max

(8.2.7)

where the subscriptmax stands for the upper boundary value (the possible maximum

value) forΛ and related quantities.

Since, outside the Schwarzschild radiusr ≥ rg the second order Newtonian potential

is less than or equal to the first order, then

3r2
g

r4
≤ Λmax ≤

3rg

r3
(8.2.8)

Additionally, in view of 8.2.4 and the limiting case of the metrics we have an addi-

tional condition
rg

r
+

Λmax

3
r2 ≤ 1 (8.2.9)

Using eqs. 8.2.8 & 8.2.9, we get two exact results:

Λ1 =
3

8r2
g

& Λ2 =
3
(
7− 3

√
5
)

2r2
g

(8.2.10)
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whereΛ2 > Λ1, so that the maximum value of the cosmological constant is given by

Λ =
3
(
7− 3

√
5
)

2r2
gmaxU

(8.2.11)

wherergmaxU is the maximum Schwarzschild radius of the universe contributed from

all gravitational masses, both baryonic and dark matter. Also, we can classify these

into luminous and non-luminous masses respectively denoted asMLU & MNLU .

ThenrgmaxU is given by

rgmaxU =
2G

c2
(MLU +MNLU)

= rgLU
(1 +

MNLU

MLU

) (8.2.12)

Using eqs. 8.2.3, 8.2.11 & 8.2.12 the maximum value of the cosmological constant

value is expressed by

Λ =
3(7− 3

√
5)

2
[
γct

AU
(1 + MNLU

MLU
)
]2

=
3(7− 3

√
5)

2
[
γct

AU
(1 + α

γ
)
]2 (8.2.13)

whereα is the ratio of non-luminous matter content of the universes, the dark matter

plus the non-luminous baryonic content of the universe.

Finally, using the 2018 Planck satellite data [40]:

α ' 0.31, γ ' 0.005, t
AU
' 13.82 G year &c = 3× 108m/s

Λ = 2.66× 10−52m−2 (8.2.14)
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8.3 Conclusion

The vast number of exact solutions so far derived for EFE exhibits the richness and math-

ematical beauty of the field, where those physically interpreted ones have successfully

passed all observations they have being tested. On the other hand, the remaining majorities

and others that will possibly be derived in the future leave open research for its complete-

ness where the cosmological constant therein inherits issues both explicitly and implicitly.

Also, most viable modified gravity theories claim the cosmological constant in some other

forms. Thus, the recent attention towards the cosmological constant in modern cosmol-

ogy seems a compelling paradigm shift, considered to be stipulated as supplementary and

complementary fundamental physics problem to be discovered.
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Chapter 9

Summary and conclusion

Using Einstein field equations, the general conserved equations of motion in SdS geometry

with brief boundary conditions have been derived. The SdS horizon boundary conditions

were used in detailing and addressing the region, where the resulting conserved equations

are being applied. The conserved equations were in turn, implemented to derive other

important specific equations, including the SdS effective potential equation. Especially,

the effective potential has used to derive orbit equations and their general characteristic

features, for both massive and massless particles.

In examining the general characteristics of the SdS potential, we notice that in free falling

particles, there is no difference among Newtonian, Schwarzschild and general relativistic

effective potentials for massless particles; but, will differ significantly depending on the

mass and region of interaction parameters for massive particles. On the other hand, for

particles possessing angular momentum different from zero, the SdS effective potential in

both massive and massless particles behaves differently from both Sch and Newtonian ones

whose significance is determined by the underlining parameters that includes: the region of
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interaction, mass of the gravitating system, the particles angular momentum, and others. In

characterizing the potential, plots of some sample exploited representative cases have been

used, while analytical orbit solutions were also used to complement the description.

For massive particles, generally the SdS potential differs from both the Newtonian and the

Schwarzschild potentials. Primarily, the SdS potential is characterized by three turning

points where the particles velocities vanish, as usual. Also, the points of apsis for bound

orbits are different among the three potentials; so that the eccentricities of the orbits become

different. Especially, as the region of SdS application becomes effective, the differences

will become more significant.

Three special cases have examined to quantify the effect ofΛ on orbits, where the results

have summarized as follows:

1) Massive particles in circular orbits: In this special case, the deviation of circular or-

bits from that of the classical Schwarzschild counterpart has calculated using the

radial solution of the effective potential. In seeking for circular orbit approxima-

tions, systems with small eccentricities have selected (with some exceptions, due to

the lack of such observational data). Then, the latest observational data have used in

producing numerical data table for the representative systems that includes: a) plane-

tary system, b) binary stars (binary pulsars and SMBHs), c) orbits of stars, and other

binaries around galactic center (where the Milky-Way center has used as representa-

tive) and d) orbit of binary galaxies (where the local group has used). The numerical

results indicate that the effect ofΛ at small scales, systems a) - c), is insignificant.

However, it is quite significant in open and wide systems like binary-galaxies where

the radius of the circular orbit shift will go probably beyond the order ofkpc.
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2) Light trajectory: In this case, the effective potential was used to derive photon orbit

equation to derive the bending angle. In turn, the bending angle has used in gravi-

tational lensing to quantify the effect ofΛ. For the selected systems, the observed

effect is of order of 2% compared to the classical Schwarzschild effect.

3) Massive particles in elliptical orbits: In this case, we developed a two-body problem

in the SdS geometry to describe elliptical motions. Then, we were able to quantify

the effect ofΛ on orbit precession for selected astrophysical binaries, where a similar

observational data with that of the circular orbit case have used. In fact, data selection

has become easier in this case than the circular orbit, since almost all binaries poses

non-zero ellipticities. The effect ofΛ on precession of orbits of two-body system

will be significant in open and wide systems like binary-galaxies. However, at small

scales, systems within the Milky-Way galaxy, the effect ofΛ is negligible.

Moreover, it is also possible to quantify the geometrical effect ofΛ in terms of the

apsidal shifts, where the radial solutions corresponding to the turning points of the

effective potential will be used.

The cosmological constant has also significant effect in radiations resulted from an in

falling particles to massive objects if an appreciable distance from the hole is considered.

We have shown that, a charged particle of magnitudeze when falling from a large distance

of the order of cosmological length to a black hole radiates a greater amount of electromag-

netic energy compared to that of the Schwarzschild case. However, the destiny to where

this amount of energy will reside needs further investigation. Of course, in the case of

Schwarzschild spacetime, the same particle falling from the same position of fall has con-

sidered to escape to infinity as previous studies describe.

170



On the other hand, as we have addressed in the detailed review works, the GR based grav-

ity theory is prominently passing all observational tests irrespective of the criticisms it has

regularly faced. Yet, as discussed under the future perspectives, a lot of work remains to

discover. For example, the cosmological constant nature itself remains as a fundamental

physics problem to discover.

Finally, we believe that our work will benefit to fill some academic issues. In addition, it

will also help as a reference for further researches.
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