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Abstract

Within the ACDM model, we studied dynamical aspects of the universe in SAS spacetime background.
Mainly, the precession of orbits from solar-planetary to binary galaxy, the effect of geometry in radially
falling particles to massive compacts and the gravitational deflection of light by extended sources. Using
Einstein field equations and conservation laws, equation of motion and the general effective potential in SdS
were derived. The potential has used in the characterization of the orbits, where hypothetical potential sources
ranging from small mass to critical black holes were used. The sample orbiters cover both massive and mass-
less particles with and without angular momentum. Generally, SdS potential differs from the Schwarzschild
potential. Moreover, the potential has used to derive important boundary conditions in the motion of the
particles. Specially, it has used to derive photon orbit and radial solution of closed circular orbits of massive
particles. Taking into account the positions of the source, lens and observer the photon orbit solution used to
derive the gravitational bending angle; where it has in turn used in gravitational lensing to estimate the mass of
the lensing wherd effect was of order 2% relative to the Schwarzschild background. In the case of circular
orbits, the radial deviation has studied, where the effect was insignificant at small-scale, within Milky-Way
galaxy; but at binary galaxy level becomes viabitpc to Mpc order. For the case of elliptical orbits, a
two-body problem has developed to derive the precesstorffect was dominant over the Schwarzschild

in open and wide systems like binary galaxy, but insignificant in oth&rbas significant effect compared

to the Schwarzschild case on radiations from in falling particles to massive objects if appreciable distances
are considered. Finally, we have reflected our views regarding the criticisms on Einstein modified field equa-
tions, attributed to the cosmological constant. A detailed review with some supplementary works presented
to enrich the relevance of the cosmological constant as an intrinsic constant.

Keywords: ACDM model, SdS, cosmological constant, Orbit precession, light bending, lensing, GR
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Part |

General introduction



In general the work is structured into three parts including this part as follows:

Part | - General introduction: In this introductory part we provide the background of the
work including, motivation, literature reviews/issues thereof, objectives and methods.
More detailed cosmological constant history, issue and progress in relation to the full
theory of general relativity is addressed. In addition, the background physics, Gen-
eral Relativity (GR) theory is previewed where the current standard Cosmological

Constant & Cold Dark MatterACDM) model has considered in the work.

Part Il - Motion in SAS geometry, precession of orbits, light bending and radiation
Covers the study of motion of particles in SdS geometry, the effect of cosmological
constant in the precession of orbits of astrophysical systems that includes: solar-
planetary system, binary stars, binary-discs around the Milky-Way galaxy center and
binary galaxies all performed in the SdS spacetime background. The photon tra-
jectory in SdS spacetime and the effect/oin gravitational bending of light and
lensing will also covered. Finally, this part includes the study of radiation from in

falling particles into BHs/AGNs and other massive systems.

Part Il - Future perspective and summary
This part includes the future perspective chapter, in which some views and comple-

mentary works be given and covers the summary chapter.



Chapter 1

Background and Literature reviews

1.1 Motivation

The motivation for the choice of the title was basically instigated from the then recent and
active issue concerning the discovery of the accelerated universe. It was very fresh where
the standard theory was questioned for alternative theories to replace. Actually, before this
thesis | was working on another thesis issued on “Pulsars’ timing noise model” under the
supervision of Dr. Legesse (Addis Ababa University) and co-supervision of Prof. Okkie
de Jager (Timing pulsar group, SKA) where the project was also well received for collab-
oration at ICTP for three years grant. But due to later modeling issue arguments among
ourselves | was forced to identify a new supervisor from abroad to continue. Thus, though,
identifying a potential supervisor was not so easy, it was fortunate to me to have my current
supervisor with such rich scientific career and fatherly helpful scientist with this presented
and different issue. So this thesis is accompanied with a lot of background own interesting

history including motivation and development background setup.

Initially, this thesis was focused to calculate i) planetary orbits to estimate the effects of pe-
riastron precession, ii) the orbit described by two neutron stars, iii) the orbits of relativistic

and non-relativistic particles around a very massive black holes using Schwarzschild - de
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Sitter (SdS) metric and then to compare the results with that of the classical Schwarzschild
background. However, as mentioned earlier due to complicated situations related to my
home institutes Jimma University (the sponsor of my PhD work) and Addis Ababa uni-
versity (for my affiliation), unexpected period has elapsed where | could not had regular
communication for close assistance and focus from my supervisor. So, with this real situ-
ation the thesis shaped in the present view with much extended issues as addressed in the
coming sections, the background rationale - methodology design to bear the recent update

issues including the original design of the thesis too.

1.2 Background rationale

The pioneering work in both observational and theoretical developments during the period
1920-19301([1} 2,13,14,15,/ 6/ 7] 8,109,110,/ 11] 12| [13, 14] in astronomy and physics has re-
warded the discovery of expanding universe where its inaugural discovery is recognized
mainly by [9]. Until 1998, the expanding universe had considered as a decelerating one,
where gravity has purely considered ever as attractive with two future fate scenarios. i)
If the mass density of the universe were greater than the critical density, then the universe
would reach a maximum expansion to halt for a while and then begin to collapse to the Big-
Bang state (a Big Crunch); then the dynamics recycles. ii) If the density in the universe
were equal to or below the critical density, the expansion slows down but never stops so that
the average temperature of the universe would gradually and asymptotically approaches to
the absolute zero a Big-Freeze leading to a scenario known as heat death. For detailed
reviews, see for example the literatures by| [15,[16, 17]. However, the late discovery of
the accelerated expansion of the universe [18, 19] has come up with more complication

problem in the study of the cosmos. It has raised the issue that whether gravity can act



repulsively at large scale bringing more new concerns about the nature of gravity and the
content of the universe. Is the acceleration being driven by dark energy? Or is general

relativity itself in error, requiring a modification to account for the late acceleration?

Consequently, there is a lot of effort in progress both (1) in further developing the existing
General Relativity (GR) based cosmological model where the dark energy & dark matter
scenario is being entertained and (2) in the construction of modified gravity models as alter-
natives to dark energy. Also, in connection to the theoretical progress there are interesting

developments in the mechanisms of cosmological tests of gravity.

The GR based and extensions model that can explain the accelerated expansion of the
universe if, besides baryonic and dark matter, another component is present in the uni-
verse. Such a component, dubbed dark energy, would represent approximately 70% of the
total matter-energy content of the universe today and is characterized by a “negative” pres-
sure. Then the idea is constructing an extension of GR with unified, continuous description
of the early inflationary era and the late-time cosmic acceleration epoch of the universe.
Various Scalar field models with generic features have been introduced into the Einstein-
Hilbert action (See the literatures: [16,/20, 21] 22, 23] and the references therein.). The
simplest isotropic and homogeneous scalar fieldtroduced, is constructed from a self-

interaction(slowly rolling) potential/(¢) with associated energy densjty and pressure

P given by
¢2
po =5 + V(o)
Q‘52
pe =5 —V(9) (1.2.1)

The corresponding equation of state is given by

s _ 5 -V(®)

= = . 1.2.2
Po L 1 V(p) (t22)

w =

5



A dot on¢ means derivative with respect to the cosmic time.

A negative pressure can be obtained if the potential term dominates the kinetic one. Two sit-
uations are possible: a) The equation of state can be dynamical, with slightly time-varying
scalar fieldy which is referred as “quintessence”; b) the kinetic term is null, correspond-
ing to the constant equation of state= —1. In this case the dark energy component is

a vacuum energy density, the “cosmological constant” case. To this end, a nearl
equation of state is favoured by the present epoch of the universe as the recent observational
data analysis indicate. This means that, either a “quintessence” case with dynamic energy
density whose present equation of statez —1 or the cosmological constant case whose

equation of state remains constant-£ —1) will be considered.

The newly constructed modified gravity model theories include f(R) gravity, braneworld
gravity, Horndeski theory and massive/bigravity theory. As the review works indicate that,
in general, the modification scenarios commonly share the need of additional degrees of
freedom into the gravity sector with extra fields which couple non-minimally to gravity
that ultimately lead to new fifth forces, for example see the recent reviews by [24,125, 26]

and the references therein.

However, the modified gravity theories need time to pass all the local and large scale struc-
ture evolutionary tests within the available mechanisms or that come to support. Presently,
there are challenges from both small and large scale structures. For example [27, 28] and
the references therein well discuss the challenges to self-acceleration in modified gravity
from gravitational waves and large-scale structure. Moreover, the detection of the first
gravitational wave signal in 2015 from binary black hole mergers [29] and the first direct
observation of a binary neutron star inspiral gravity wave (GW170817) [30], from the joint

gravitational and electromagnetic observation by the Advanced LIGO and Advanced Virgo
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gravitational-wave detectors provides the success of General Relativity Theory. Supple-
mentary analysis and review works of the observations, for examplé [31, 32] rule out the
structure of (non -)viable gravitational actions, and some current popular modified gravity
models. In effect, this encourages researches for further development of General Relativity

and extensions.

1.3 Research Proposal/Statement of the problem

As current reviews indicate that the modified gravity theories for cosmological models are
interesting and in progress (s¢e ]1.2). Probably, these theories will be amongst the future
standard theories that will solve the current unresolved cosmological problems awaiting ob-
servational tests. However, though they are viable candidate theories, they need to pass the
present observational constraints and featured observational tests. On the other hand, the
standard\CDM base cosmology seems successfully explaining cosmological issues from
small scale to large scale structures. It is consistent with a wide range of cosmological
data. It is successfully explaining temperature and polarization anisotropies of the cosmic
microwave background (CMB) radiation spectra, lensing, dark matter & dark energy sector,
neutrino sector, the standard big bang nucleosynthesis predictions, Baryon acoustic oscilla-
tion (BAO), the Early-Universe inflationary scenario, structures and formations of systems

in small and large scale systems|[24,[30,/31/ 32| 33, 34, 35, 36,137,138, 39| 40,41, 42, 43].
Even the effect of the positive cosmological constant on the radial velocity profile of galaxy
groups in the Local Universe studied hy [44] corresponding to scales of 1-2 Mpc were

shown to fit with actual data in preference over the bare cosmological constant.

Here, questions aroused by reviews related to the models and their developments are unis-

sued in our case. We are relaxed to accept that they are not yet finished and so believed



to be open to research. With this belief, we are interested to address some issues within
the current standardCDM base model where the cosmological constant is considered as
an intrinsic geometric quantity as originally proposed by Einstein. Then, the background
metric is a de Sitter spacetime; while locally around a point mass object the SdS metric is
used for the description of dynamical aspects. Concerning the model issue, we will provide
some comments and our supplementary works under the future perspective chapter. Thus,

we have designed the following research questions to work.
Research questions
I. Questions related to origin of ACDM and astrophysical implications:

1. IsA areal geometrical entity or a "hand craft" constant as "concordance" as it

is called or other else?

ii. Questions related to light bending and its application (gravitational lensing):

1. How doesA affect bending of light around a massive compact object?
2. Is there a way thak effect will be explicitly determined in gravitational lens-
ing?
iii. Questions related to precession of orbits of various systems:

1. To what extent does the cosmological constant affect the precession of planets

in solar system? Is cosmological constant locally measurable?

2. Is the effect of cosmological constant significant on the precession of binary

stars: including pulsars and binary supermassive black holes?

3. Does cosmological constant affect the precession of motion of binary-discs

around the nucleus of the Milky-Way galaxy?

8



4. Is the effect of cosmological constant on the precession of orbits of satellite

galaxies being observable?
iv. Miscellaneous questions

1. What is the effect of cosmological constant on the radiation of radially falling

particles to massive objects like BHs/AGNs?

1.4 Obijectives

General objective

To study dynamical aspects in the Schwarzschild-de Sitter geometry.

Specific objectives

1. To derive photon trajectory in SAS spacetime and then study the eff&dhafravi-

tational bending of light and lensing.

2. To study the effect of cosmological constant in precession of orbits of systems that
includes solar-planetary system, binary stars, binary-discs around the Milky Way

galaxy and binary galaxies in the SdS spacetime background.

3. To derive radiation from in falling particles to BHs/AGNs and other massive compact

systems in the SdS background and describe the effett of

4. To comment and supply additional notes on issues raised concerning the modification

of EFE, the case of cosmological constant.



1.5 Methodology

The current standardCDM base model where GR is considered as the fundamental
physics of the model is being assumed. The observed accelerated universe is caused by
a “dark component” is taken into account where the repulsive force is associated with the

cosmological constant is considered.

The local effect of cosmological constant near a point messan be included, if the

Schwarzschild-de Sitter (SdS) metric [45] is considered, which is given as

IM A oM AN\
ds? = — (1 — G — §r2) dt® + (1 — G — §7‘2) dr? + r2d9?. (2.5.1)
T T

Note that, in the absence of material sourke~= 0, the SAS metric goes to the de Sitter

metric given by|[[46]:

ds? = — (1 — %ﬁ) dt* + (1 — %ﬁ)l dr? + r?dQ?. (1.5.2)
Here, we notice that the SdS metric is asymptotically a de Sitter metric where the back-
ground spacetime curves. Therefore, geometrically it differs from the flat Minkowski
spacetime background.

On the other hand, at a relatively small distance where the contribution from the cosmolog-
ical constant is negligible, the SdS metric describes the Schwarzschild geometry given by

[47]

2GM 2GM\ !
ds? = — <1_ G >dt2+ (1— G ) dr? 4+ r2d§Q2. (1.5.3)

cr cr
So, all the problems raised here by the research questions related to studying the local
effects ofA near astrophysical systems are all calculated by the SAS metric. The remaining

projects raised by the research problems will considered as complementary to GR.
More additional supplementary methods such as the detailed boundary conditions are being

10



introduced in view of literatures and physical assumptions under the respective specific

researches.

Finally, we underscore that the historical overview of cosmological constant together with
the preview of GR theory (the background physics for the research) would be considered

as an enriching background of the methodologies.
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Chapter 2

Expanding universe and cosmological
constant historical background

2.1 An overview of the beginning of modern cosmology

Historically, the observational evidence of an expanding universe is dated back to the de-
velopment of Einstein’s General Relativity (GR) theory during the 1910’s. Coincidentally,
during this period there was also an interesting observational activities both in data extrac-
tion and developing physical mechanisms to calculate distances at different observatories.
Specially the data extraction carried out by V.M. Slipher at Lowell Observatory [1, 2] is
considered as the first step towards discovery. The spectral data that Slipher had collected
(summarized as in tabJe 2.1 of the book by|[48], page 162) and the spectroscopic work of
light from other several spiral nebulae (later re-christened galaxies) were red-shifted with
only few of them were blue-shifted (for example see the remarks By [49]). For historical

remarks, for example see the history by/[50, 51].

From observational viewpoint the 1910’s period is considered as the beginning of the mod-
ern cosmology towards the expanding universe discovery. Slipher is considered as one of

the main pioneer contributor both in providing data and inspiring for the later developments
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Table 2.1: Slipher 1910’s observational data from spiral nebula as it appears in the book by
[48, page 162]
YADIAL VELOCITIES OF SPIRAL NEBULAE

+ indicates receding, — approaching

N.G.C. R, A: Dee. Rad. Vel. N.G.C. R. A. Dec. Rad. Vel.

hom ° ' km, per sec. hom ® ' km. per see
221 0 38 +40 26 - 300 4151* 12 6 +39 51 + 980
29 4% 0 38 +40 50 — 300 4214 12 12 +36 46 + 300
278+ 0 47 +47 7 + 650 4258 12 15 +47 45 + 500
404 1 5 +35 17 - 25 4382+ 12 21 +18 38 + 500
HR4+ 1. 27 - 717 + 1800 4449 12 24 +44 32 + 200
HIR* 1 29 +30 15 — 260 4472 12 25 + 8 27 + 850
936 2 24 — 1 31 + 1300 4486+ 12 27 +12 50 + 800
1023 2 3b +38 43 + 300 4526 12 30 + 8 9 + 5H80
106G8% 2 39 - 0:21 +1120 45651 12 32 +26 26 + 1100
2683 8 48 +33 43 + 400 4594% 12 36 —-11 11 + 1100
9841+ 916 +51 19 + 600 1649 12 40 +12 0 + 1090
3031 9 49 +69 27 - 30 4736 12 47 +41 33 + 200
3034 9 49 +70 5 4+ 250 4826 1953 +22 7 + 150
3115+ 10: .1 - 720 + 60O 5005 18 & +37 29 + 900
3368 10 92 +12 14 + 940 5055 1312 +42 37 4 450
3379% 10 43 +13 0O + 780 13 26 +47 36 + 270
3489t 10 56 +14 20+ GOO 13 27 447 41  + 240
3521 11 L + 0 24 + 730 13 32 —29 27 + 500
3623 11 15 +13 32 + 800 15 4 456 4 + 650
3627 11 16 +13 26 + 650 29 33 +33 23 + 500
4111+ L2553 +43 31 4+ 800

of the expanding universe. While other contributors including the development of physical
mechanisms to astronomical distances are acknowledged today. For example [52] strongly
acclaim that Slipher’s data were very necessary for the formulation of the expansion law
both by Hubble and Lemaitre discovered in the 1920’s. On the other hand, [53] and many
more scholars emphasize for better acknowledgment of others contributions during this

time including the 1920’s work for the discovery.

On the theoretical grounds, the expanding unverse was already embedded in GR and would
have celebrated as discovery. Einstein had already noticed the dynamism of the solutions
to his field equations. But immediately reacted to modify it. He was in a tug of contrary
ideas between the implication of his original theory, which was with dynamic solutions and
his philosophical perception to establish a static universe seeking Mach'’s principle. In fact,
the notion for the theoretical development of the modern cosmology has started during the

time where de Sitter and Albert Einstein were in scientific debates over the “dynamic” and
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“static” forms of Einstein’s field equations in the period 1916 - 1918 where the two have
formulated their own mathematical expressions for the metric of the universe as a whole.
For details see the review by [54] and the forthcoming se€tidn 2.2 for how this initiated the

present day cosmological models.

Notably, the second decade of the beginning of the 20th century era was one of the scientific
revolutionary events where the theoretical GR was developed and further initiated cosmo-
logical models while looking to proceed for observational tests and, on the other hand,
the observational side has independently entered and further lured up for new cosmologi-
cal outlooks. A theoretical model that incorporates the interpretations to such observational
nebulae redshifts was needed. Further observational investigations, improved spectroscopic

work and more data were required for firm observational conclusions .

The 1920’s and 1930’s are the magnificent decades where the current cosmology founda-
tion has been shaped when theory and observation converged to develop the current model
of the expanding universe. Theory and observation have been converged to confirm the
Island Universe hypothesis (today known as extra-galaxies outside the Milky-Way galaxy),
the classification of extragalactic nebulae, the discovery of a linear relationship between
distance and velocity for extragalactic nebulae, providing the first evidence for the ex-
panding universe, the brightness profile of galaxies. In fact the new attempt mechanisms
including to use novae as standard candles to measure the distances to spiral nebulae during
the 1910’s were materialized to derive expressions for radial distance in terms of the linear
velocity where internal evolutionary scenarios were also entertained. Mainly, the methods
developed by Hubble were considered as confirmation of the discovery of the extragalactic

nature of the spirals and its exploited extension in the discovery of the expanding universe,
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for detail reviews see [50, 51, 52,/53] and the references therein. In the case of the expand-
ing universe, Hubble had selected a set of extra galactic nebulae data mainly from Slipher
data and some from others including his own to measure the shift of spectral lines. Inter-

preting the observed shift he derived that the velocitiegere correlated linearly to the

apparent distance of the nebulaas:
v = Hyr (2.1.1)

whereH, is the proportionality constant now called the present Hubble-Lemaitre constant.

On theoretical grounds, [13, 14] and [10] are considered to have discovered an expanding
universe. Because in these seminal papers both Friedmann and Lemaire independently de-
rived dynamic solutions to Einstein’s GR equations that describe an expanding universe.
In particular Lemaitre also derives that the expansion of the universe implies the spectra of
distant galaxies are redshifted by an amount proportional to their distances. Furthermore,
he used published data on the velocities and photometric distances of galaxies to derive the
rate of expansion of the universe (assuming the linear relation) [55] and for more details

refer the forthcoming sectign 2.2.

The 1930’s period which has even extended until the end of 1940’s is more of philo-
sophical debates over methodological approaches where mathematical physics came into
play. In particular, the philosophy initiated by [56] purely based on kinematical consid-
erations was drawn attention. In subsequent works Milne developed “kinematic theory
of relativity” where he had reworked and summarized it in his book [57]. On the other
hand, some of his contemporaries with different viewpoints adopted his operational method

[58,/59, 60[ 61, 62, 63] to develop a paring of non-observational concepts, then embed the
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resulting minimalist concept set in an axiomatic hypothetical-deductive structure, for detail
reviews se€ [64, 65] and the references therein. Where then the expanding metric known as
the Robertson-Walker (RW) metric was introduced. On the other hand, the contrary views
and other supplementary works by others were directly and as well indirectly contributed
in enriching this new theory. Consequently, this philosophical debate later in 1948 was
emerged with the steady-state theory of the universe developed by [66, 67] (For details,

refer the popular books by [65,168,/69]).

On the contrary, Gamow and collaborators were persistent with the expanding universe
developed from GR that has led to the development of the hot “big bang” theory of the
expanding universe. Gamow was the earliest to employ the non-static solutions of Ein-
stein field equations (EFE) derived by Friedmann and Lemaitre describing a universe that
would have evolved from a primordial quantum as Lemaitre suggested in the 1920’s.
His idea that the early universe was dominated by radiation rather than by matter is the
founding evolutionary scenario in creation of chemical elements (cosmic nucleosynthesis)
and to the subsequent formation of galaxies. Gamow, contemporaries and collaborators
([70,[71/72| 78, 74] and the supporting reference therein) exploited this new idea in devel-
oping radiation and matter density ratio mechanism to determine the density of the relict
background radiation of the “big-bang,” which had supported by the discovery of the cos-
mic background radiation (CMBR) by Penzias and Wilson in 1965, [75] (Which was al-

ready observed in 1941 before such theoretical prior established [76]).

Then subsequently more new observational discoveries during the late 1960’s and the be-
ginning of the 1970’s like quasars, active galaxies, gravitational lensing, Sunyaev-Zeldovich
effect, etc including new technical abilities favored the “hot big-bang ” model over the

steady-state-cosmology. Thus, GR theory and extensions were taken seriously for further
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research to test and apply. While others begin to look for modifications and alternative the-
ories. Itis during this period that, on one side clear distinction between models being made
and on the other side the current candidate models have being seriously taken in advance,
for modification and seek for alternatives. As a result, the field of cosmology has evolved
to the current understanding in two pictures of expanding scenario, the decelerating and

accelerating pictures. In the next section we try to overview these development issues.
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2.2 Current cosmological models development overview

Certainly, the period 1910’s to the mid of 1960’s was marked by the exploration of new
revolutionary physical philosophies that are in effect today. These new modern physical
philosophies (particle, quantum, GR, etc) are implemented to develop model theories for
empirical discoveries, develop new mechanisms and techniques to test theories, unison of
fields, etc. In essence, modern cosmology has benefited this trend where mainly GR is
considered as successful. Some bright ideas like evolutionary scenarios including synthe-
sis and structure, mathematical model equations to determine geometry were introduced in
cosmology. Accordingly, in the case of cosmology, GR base cosmological equations devel-
oped by Friedmann, Lemaitre, Robertson, Walker commonly acknowledged as Friedmann-
Lemaitre-Robertson-Walker (FLRW) cosmology is one of such products. However, it is
important to recognize that generally the status of our today science is a built up through
generations that cannot be addressed in any single file but shall be acknowledged back.
For comprehensive reviews see the classical books byl [65, 69], and review articles by

[16,121, 23/ 54, 77].

As briefly introduced in earlier sectipn 2.1, the observational capabilities and advance dur-
ing the late 1960’s and the beginning of the 1970’s has already favored the “hot big-bang”
model over the steady-state-cosmology. Then, the majority of pioneering cosmologists
lost further research interest towards the steady-state models. Yet, Hoyle and Narlikar in-
cluding little followers maintained their views on the viability of steady-state model with
modified versions (where the current one is called Quasi-steady state cosmology(QSSC))
[78,(79,.80] 81, 82]. Now by then, the favored hot big-bang theory is both being to chal-

lenge and to be challenged by more cosmological tests ahead of it.
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Accordingly, the main ingredient of the model that the overall mass-energy system per-
ceived as gravitationally attractive so that the rate of expansion expected to be slowing
down is a crucial challenge to ascertain. Because, the related fundamental question whether
this decrease in the rate of expansion is sufficiently enough that at some point the expansion
would stop and reverse (a “Big-Crunch” and then recycle to the bang, a closed universe)
or insufficient to stop to expand forever (an open universe) was decisive to establish. Sec-

ondly, the theory was also constrained to explain the following observed problems by then.

a) The missed mass problem:The majority of the observed structures, distributions and
evolutionary scenario of astrophysical systems show that the baryonic matter we
know now is too small to account by the hot big-bang model. Approximately about
95% of the universe by mass is non-baryonic whose nature is not well known. For

brief reviews and reports see [83] 34| 85, 86].

b) The horizon problem: Observationally, the universe appears homogenous and isotropic
in large scale structure but with small primordial anisotropies of cosmic background

such as: CMBR, gravity, etc. [30, 39,169, 87].

c) The flatness problem: The total energy density of the universe is closer to its critical

value where the spacetime curvature is flat] [54] 69, 87]

d) The magnetic monopole problem:From the Grand Unified Theories (GUTSs) of par-
ticle physics, the hot big-bang model is expected to predict huge number of mag-
netic monopoles at the Planck scale. Then, as the GUTs explain these seed frozen in
monopoles are expected to exist in abundant relicts of cosmic background at least one
per baryonic nucleon relict surviving phase transitions. But observationally, there ex-

ist no noticeable number of monopoles except in small anisotropies. See for details
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[69,/88,89].

Interestingly, the problems of the second issue were successfully addressed through sub-
sequent developments in the 1980’s within the GR theory where the hot big-bang model
is modified to an inflation driven Cold Dark Matter (CDM) big-bang model. The CDM

in the first place is modeled to account the missed mass, by postulating a massive particle
whose nature is yet unknown(non-baryonic) called Dark Matter (DM). In the second place,
the DM is considered to be free of interaction with known baryonic matter physics except
that of gravitation where its presence is proclaimed by; that it is an electrically neutral and
pressureless matter fluid (cold fluid) [90, 91| 92]. For detailed review and supplementary

comments seé [69] and the references therein.

On top of this, the introduction of theory of inflation has offered a solution to the problems

with provisional mechanisms of testing the origin of large-scale structure, by observations
of anisotropies in the cosmic microwave background [93, 94| 95, 96, 97]. Today the in-
flationary theories are satisfactorily describing the observed CMB anisotropies including

gravitational waves and the large scale structures [30, 39].

The first issue related to the fate of the universe has observationally surprised the scientific
community with an acceleration rate contrary to the expected deceleration rate [18, 19].
This new scenario, on one hand has solved the problem of the big crunch but on the other
hand has brought more puzzles about the nature of the universe. To incorporate this ac-
celeration a new hypothetical energy (Dark Energy, DE) with negative pressure was pro-
posed. Within the GR theory, the simplest solution came as in the form of the cosmological
constant and was significantly able to explain the observations. Consequently, further en-
hancing and testing mechanisms of GR in the realm of standard particle physics were being

progressively envisioned and developed. Besides the GR base cosmologies, a number of
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new theories were began to develop.

Historically, the emergence of new theories of gravity will probably be longer. Regardless
of this, the emergence of the current developments is just not far from the completion of GR
theory when Weyl[[98, 99] and others soon developed an alternative theory of gravitation
in higher order differential field equations than the GR. The appearance of the majority of
these alternatives or new theories are linked to the observations of dark sectors (DM & DE)
of the universe[[23, 25, 26, 41,154]. However, while the GR base is found to be consis-
tent with all current data sets, the constraints are still too large to exclude some of the new
possible theories [95, 96, 100]. Nonetheless, some others need sometimes to proceed for

viability, or succeed to overtake the GR or being invalidated to terminate.

In general, the current modern cosmology has developed enormously less than a century
ago mainly conceived with the birth of GR together with the advancement of fundamental
physical sciences including particle physics, mathematical methods, etc. Also, new techno-
logical innovations, capabilities in modeling observational mechanisms and tools for data
extraction and analysis have played significant role. Moreover, whatsoever philosophical
and physical views therein for the emergence of the various current viable theories, unde-
niably their emergence is directly or indirectly linked to this historical startup either for
comprehensive theory to explain fully both observations and future predictions or philo-

sophical and physical framework issues.

Finally, irrespective of the ongoing progresses for better and more comprehensive theory to
establish, cosmological theories framed within the harmony of GR and the standard theory
of particle physics seem favorable. In particular, the DE-CDM along with inflation the-

ories developed during the 1980’s and 1990’s came up as viable theories. Where, today

the simplest of which thd CDM model is the standard cosmology that has successfully
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explained most of the observations like large scale structure and distributions, the big bang
nucleosynthesis together with Baryonic Acoustic Oscillations (BAO) with little tension

[18,[19, 30/ 38, 40]. It is also taken as the standard used to test new features, constrain
other theories and considered as a buildup for further progress to develop its extensions for

more success or other alternative theories.
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2.3 Origin, role and inspirations of A in cosmology

As addressed in the preceding sections including the background chapter, the history of
modern cosmology is directly or indirectly associated to Einstein GR theory. Especially,
the entertainment of the cosmological constant has played a great role both in observational
and theoretical advances. So, in this section we highlight some relevant historical issues of
the cosmological constant in modern cosmology and physics. Thus, first we try to address
the introduction ofA as Einstein’s cosmic background perception. Then, next we see the
implications of the modified equations. And finally, we look at a glance the roleawid its
inspirations in modern cosmology. Moreover, chapter two will be consulted in case detalil

GR technical and mathematical explanations are required.

2.3.1 Einstein field equations and cosmic interest: Introduction of\

Einstein original GR field equations|[3,/4,5, 6] are given as 2.3.1:

1
R, — zguwR= %Tuu (2.3.2)

2 ct

Where the signature (-,+,+,+) for the metrics is adopted from the book by Misner, Thorne,
and Wheeler (MTW)[[101] for sign convention. The quantities appearing in the equations
are: R, is the Ricci curvature tensaR is the scalar curvaturg,,, is the metric tensoi

is Newton’s gravitational constant,s the speed of light in vacuum, afig, is the stress-
energy tensor. Note also that throughout this work the Greek indiceg like.. run from

0 to 3, while Latin indices likei, 7, ... run from1 to 3.

Then, in 1916 Einstein was interested to apply his theory to cosmdlogy [7] with the idea of
incorporating Mach'’s principle (universe with a finite average density of matter) provided

that he finds a static solution of the field equations. But soon noticed that his field equations
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yield a non-static solution, a dynamic universe that will expand or contract. As the con-
sequence, Einstein himself introduced a positive cosmological constaith the belief

of constructing a static solution![8]. The idea is that, the constant introduces a repulsive
force which can counterbalance the attractive force of gravity leading to the “static Einstein

universe.”

The modified Einstein’s 1917 field equations with the cosmological constant is

1 8rG
Ruy — §gle + Aguy = 77—;“/ (232)

Einstein’s model considers a universe filled with matter in a uniform manner, which de
Sitter called it as “Material postulate of relativity of inertia.” The metrics in his field equa-
tions has to exhibit a finite spherically static universe where them t}is shall be zero

at infinity, which de Sitter called this mathematical framework “Mathematical postulate
of relativity of inertia.” However,[[12] did derive spherically static solutions to Einstein’s
modified equations by proposing another expression of the metric. By using spherical polar
coordinatesi, 0, ¢), he represented the Einstein universe (system A), i.e. as 3-dimensional
hyper-spheres embedded in a 4-dimensional Euclidean space while he proposes an ellipti-
cal geometry (in preference to Einstein’s model) for simpler imagination of the “physical
world” and models it as a hyperboloid universe (system B) embedded in a 4-dimensional

Euclidean space:
ds® = —d’ + dr® + R?sin? (%) 402 (2.3.3)
2 2. 2(TY 52 2 2...2(7 2
ds}, = —c cos <R> dt® + dr® + R* sin <R) ds? (2.3.4)
whered)? = df? + sin? d¢>. R is the radius of the universe.

Assuming pressureless and internal forces free and supposing all matter at rest, the only
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non vanishing stress-tensor is:

Too = pgoo (2.3.5)

wherep is decomposed intp,, the average uniform density of the “world matter” gnd

the density of local matter that attributes to the local inhomogeneity.

Neglecting the local effect, “gravitation”, the global solution of Einstein universe “world
matter” according to de Sitter [12] is strictly connected to the cosmological constant

through the uniform density, and the radius of the univerge as:

_ArwGpy 1

A A R

(2.3.6)

de Sitter model considers an empty universe that contains no matter but somehow be ad-

justed to describe the real universe, provided the density of matter is close enough to zero.

Historically, it therefore seems that the introductiomaby Einstein himself with his cos-

mic background interest and de Sitter’s supplementary work and genuine scientific debates
during 1916 - 1918 to Einstein’s discovery has laid the foundation of the modern cos-
mology both as model framework and progress, where the two did formulate their own
mathematical expressions for the metric of the universe as a whole. In factin 1916 Einstein
[7] was providing the meanings and contents of his summarized works of the principles
of general relativity. While de Sitter [12] was working on further interpretations and lia-
bilities of this new theory by providing supplementary interpretations and some additional
elegant mathematical frameworks. In that he was verifying the theory with supplementary
examples of astronomical consequences. de Sitter was observed to acknowledge Einstein’s

theory of gravitation as a powerful instrument of discovery that Einstein had laid intimate
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connections between various science disciplines which before were entirely considered in-
dependent of each otheand thus considered Einstein’s new theory as the first step towards
the unity of nature. However, on the other side, de Sitter was raising question on the origin
of inertia. He called the world - matter concept of Einstein the “Machian concept of iner-
tia” and further strengthen his view calling it “absolute space under another namthe

other next year.

These initiatives and motives in effect have brought forth the 1920’s preeminent progress
for the present modern cosmological foundation [52, 53] while the Einstein’s field equa-
tions in its “dynamic” and “static” forms remained with debates and speculations of model

formalisms.

2.3.2 Implications of Einstein modified equations

It is obvious that the modified EFEs due to the presenck lodve different philosophical

and physical consequences on space, time and gravitation. Philosophically, it has primar-
ily blurred Einstein himself again and again from its conception to dropout. While on the
way to publish his modified field equations in the presencé,dEinstein was suspicious

of the future consequence of his work. Actually, as explained in the previous subsection
[2.3.1, Einstein was able to establish a field equation that avoids collapsing universe. But
the problem is that, Einstein was unaware of its state of expansion where de Sitter had soon
recognized. This was uncomfortable to Einstein, while de Sitter was glad with the modi-

fied equation. Here, some of the philosophical logics requested by de Sitter in the original

*In an Astronomical Monthly Review of November 1912, entitled as “Absorption of Gravitation,"de Sitter
remarks that there was no satisfactory physical explanation for law of gravitation and gravitation was not
interconnected to other physical theories. On the other hand, in his 1916 work the newly discovered theory
of gravitation by Einstein has answered it and thus declares the theory to be approved at once.

tde Sitter in his 1917 work calls Einstein’s concept of world - matter “The material postulate of relativity
of inertia”
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equation (where de Sitter was questioning the logic why Einstein was pleading for a matter

filled universe) apparently had delivered viable logic in the modified one.

On the other hand, the modified equation has received criticism since from its birth that
the introduction ofA is a simple hand set constant without proper logical explanation. Yet,
there is no concrete reasoning that challenges to invalidate the modificafmthe con-

trary, the complementary and supplementary works of distinguished scholars signify it as
the more general field equations that can be constructed from Riemannian invariants in four
dimensional spacetime geometry. Furthermore, the scholars also show that the fundamen-
tal metricg,, itself, its first and second derivatives are the only possible ones being used
for the construction of such Riemannian invariants to establish the more general field equa-

tions in four dimension. For comprehensive description, refer [12, 48, 69, 102, 103].

Besides the principles of mathematical competence and implications, the astrophysical con-
sequences were also crucial issues. As pointed out earlier, the formalism had already gone
beyond Einstein’s goal of establishing a static universe. However, though it was unpleas-
ant to Einstein, its astrophysical consequences had immediately attracted a number of both
observational and theoretical pioneering scholars. On the observation side, in its early de-
velopment stage it was considered to explain the observed receding nébulae [10, 48, 49].
However, the unanimous empirical confirmation of the expanding universe at the end of
1920's had cast shadow on the inclusionfofor three decades, until 1960’s mainly for

two reasons: 1) Einstein himself and others lost interest assuming that the original

field equations (without\ ) can explain the expansion.; 2) The conception and birth of
Steady-state-universe cosmology as an alternative with attractive theoretical philosophy.

Yet, few had maintained EFE in the presence\db explain observational discrepancies

*We argue that Einstein was reasonable enough in his own style. We supply our arguments under the
supplementary chapter, @ 8.
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faced by the other theories. Especially, the discrepancy between astronomical and geolog-
ical age estimates of astrophysical systems including our own galaxy, the universe, nucle-
osynthesis and abundances were all preferably explained by EFRAwihrthermore, the

earlier mechanisms developed to predict cosmic radiations associated to the Big Bang were

succeeded by its discovery in the mid of 1960’s as discussed earlier.

2.3.3 Cosmological constant as a paradigm shift

A demanding considerate and success of GR theory tvithme in the 1960’s when the
steady-state cosmology failed to explain new observations like excess quasi-stellar objects
(QSOs) near the redshift ~ 1.95. Therefrom, GR had gained success to its early theo-
retical predictions wherd was invoked on several occasions as a tool to address diverse
empirical puzzles such as the time span of cosmic expansion, the formation of galaxies
and the redshifts of quasars. Thus, interests begun to develop on the revaluation of the
cosmological constant in the mid of 1960s whére [104] 105] took the initiative for the pos-
sible unification of gravity and quantum, where the observed vacuum energy fluctuation
in quantum field theory is considered as the possible associatibn &nce then, the in-
volvement of pioneering field theoreticians and cosmologists including Zeldo'vich in the
unification effort successfully and cumulatively have shown that the form of the vacuum
energy density associated with the inflation of the universe shall consider a scalar field that
takes the form of a cosmological constant. Conversely, the cosmological constant is that
scalar field that plays the role of vacuum energy fluctuation in quantum field and the form
of negative/dark energy in the case of cosmology, so that it is either a pure fundamental
scalar constant or a varying scalar with time where its present value should coincide with
the present observations. However, the calculated energy density at the Planck’s ultravi-

olet cutoff is more than 120 orders of magnitude larger than is allowed by observation,
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[54,/106/ 107]. Moreover, its coincidence in order of magnitude as that of matter in present
universe has remained an open puzzle. Irrespective of these puzzles, current observations

has favoured the unrevealed dark energy sector in the form of cosmological cpnstant 2.3.1.

The standardhCDM model has so far successful apart from its limitation in explaining the
nature of the dark sectors that mainly constitute the universe and the unresolved unification
of gravity and quantum; wher& is used to decide the vacuum constant as dark energy in
the large scale structure while it is considered as the quantum vacuum fluctuation energy
in the small scale case. On the other hand, several modified gravity models introduced
have not yet resolved the problem either. However, most of these new theories mimic the
ACDM model in the late cosmic acceleration as viable models either with fine tune or be
challenged by observational constraints in other astrophysical applications. Among, the
modified gravity theories, th¢(R) are successful as theCDM model in weak-field re-

gion but in trouble in the strong-field region.

In general, the cosmological constant has played a great role as interplay between theoret-
ical physics and astronomical observation. Since from its birth, conceived with philosoph-
ical believe of static universe has got attention with outstanding scientific debates both on
philosophical and observational estates. A century has passed without common agreement
to the nature of this term whether it is a temporal integration or pure physical constant
related to some fundamental nature of force or geometry. However, the cosmological con-
stant has overcome the challenges to abandon it and so succeeded on many occasions in
subsequent decadal programmed testing issues. Some of such outstanding specific ob-
servational puzzles addressed by the cosmological constant include: the timespan of cos-

mic expansion, the formation of large-scale structure, the redshifts of quasars, the cosmic
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microwave background fluctuations, gravitational lensing and galaxy clustering (see for
example [108, 109, 110, 111] and references therein). On the theoretical ground, it has
caught attention from its birth as necessity for the completeness of the Riemann tensor
being constructed and the field equations being established under GR; though it is occa-
sionally criticized as a handcraft extension for the then Einstein philosophical perception
towards universe. However, since the beginning 1980’s it has received physical attention in
the context of the hypothesis of cosmic inflation of a universe with an inflationary phase in
early times and an accelerated expansion at late times, indicative of a positive cosmolog-
ical constant dominant at both epochs|[93,/94,112]; an ingredient of the current standard

AC DM model.

Apart from the standardC'DM model, the cosmological constant found a theoretical
motivation in steady-state cosmology [66, 113], and found physical attachment in other re-
cently introduced modified computing alternative gravity theories with wide range of views
including: gravity with extra fields like Brans-Dicke gravity (e@. [114]), vector theory of
gravity (eg. [115] 116]), higher derivative and non-local theories of gravity like f(R) grav-
ity (eg. [117]) & [118] and higher dimensional theories of gravity such as for example
[119]; Also more advocating traceable facts can be deduced from more detailed reports

like [25,/100] and others.

Finally, the vast number of exact solutions so far derived for EFE exhibits the richness
and mathematical beauty of the field, where those physically interpreted ones have suc-
cessfully passed all observations they have being tested. On the other hand, the remaining
majorities and others that will possibly be derived in the future leave open research for its
completeness where the cosmological constant therein inherits issues both explicitly and

implicitly. Also, most viable modified gravity theories claim the cosmological constant in
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some form as discussed earlier. Thus, the recent attention towards the cosmological con-
stant in modern cosmology seems a compelling paradigm shift, considered to be stipulated

as supplementary and complementary fundamental physics problem to be discovered.
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Chapter 3

Introduction to general relativity and its
basic principles in cosmology

3.1 General relativity fundamental principles and basics

Albert Einstein’s theory of general relativity is a modified theory of gravity that describes
gravity as a cause of spacetime curvature and feedback effect due to distribution of matter
and energy over the entire spacetime in continuum. The principle of covariance - that is
the laws of physics must be independent of any coordinate system is the foundation of the
theory. So, the mathematical objects being used to construct the field equations must be
tensors or other coordinate independent entities. Locally, the theory is expected to be con-
sistent with special relativity and must inherit its principles including the equivalence of
local inertial frames of reference, the universal constancy of the speed of light in vacuum,

and the Lorentz-invariance of the theory.

Past surveys of leading expertise opinions consider the theory either as i) the geometriza-
tion of gravity as the reduction of spacetime geometry or as ii) the advancement of the
unification program of all physics in direct continuation of special relativity to the general

theory of inertia and gravity or iii) both. Nevertheless (regardless of these sentiments), the
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guiding principles of general covariance and unification of all physics is implicitly con-
cealed in all outlooks of the formalisms. Moreover, irrespective of lack of understanding
in some astrophysical situations, all the approaches of GR theory development are being

motivated to accommodate matching observables in all astrophysical applications.

Here we introduce the fundamentals of GR and related basic concepts based on the
general coordinate transformation approach. Its aim is to provide the background physics
being implemented in the main work of the thesis. It is also true that, conversely the
thesis is there to develop extensions of the theory and also provides complementary and
supplementary issues to the theory as outlined in the background objectives. Whenever a
deep understanding of GR theory is required, the standard books and review works like

[23,148,54| 65, 100, 101, 120, 121, 122, 123] will be consulted.

3.1.1 Spacetime geometry of gravitation

In general relativity the geometry is a curved pseudo-Riemannian space, having locally
the structure of 4-dimensional Euclidean space, and to lowest order have the structure of

Minkowski space with its light cones.

Distances on these intrinsic surfaces are defined by the line element called metric given as
ds* = g, dz"dz” (3.1.2)

Whereg,, is called the metric tensor. It is symmetric and intrinsic to the structure of
the Riemannian space. The signature (-,+,+,+) is used for the metricsaslin [101] for sign

convention.

The inverse ofy,, is denoted ag"” so that

9" 9o = 0l (3.1.2)
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Moreover, the geometries have geodesics defined as lines of stationary length,

(5/ds =0 (3.1.3)

which can be minimal, or maximal.

3.1.2 Tensor: Mathematical language of General Relativity

A non-Euclidean geometry called Riemannian geometry, is the key mathematical frame-
work which Einstein found it to fit his conception of gravity to develop general relativity.

It was identified meanwhile Einstein was in search for relativistic theory of gravity as an
extension of Special relativity(SR) that eventually has modified Newtonian gravity. The
development of this new physics was recalled as a fortunate for Einstein to consult great
mathematicians like Marcel Grossmann and others including physicists. Even, it is consid-
ered by many that the very foundations of GR theory and its field equations were besought
the language of tensors for assertion. Thus, the mathematics used in Einstein GR is the

tensor algebra developed for the Riemannian geometry.

3.1.3 The metric tensor and Affine connection

The metric tensor is a fundamental object in Einstein’s general relativity that describes the
geometry of spacetime and its effects in the dynamics of physical systems on it. It plays
great roles in the generation of other field tensor both in the construction and solutions of
Einstein field equations. On the other hand, the so called affine connection is a non-tensorial

object that plays great roles in the construction of other tensor fields and transformations.
The metric tensor

In GR the spacetime structure of SR is generalized on the basis of the principle of equiv-

alence, where gravitation is locally a freely falling system. That means, on infinitesimal
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scale related locally inertial system, special relativity remains valid. So, the transformation
from the locally inertial system where the metric is Minkowskigp to the general metric

g, is carried out from the locally inertial coordinagé to the general coordinate system

" as

dee DEP
) = G e o0

(3.1.4)

Affine Connection

Affine connection is an additional important geometrical structure of the manifold associ-
ated to differential transformation of the tensor fields owned by the geometry. It is consid-
ered as an operator that defines a covariant derivative which transforms tensor fields into
other tensor fields, such as parallel transport of vectors on tangent planes along a smooth
curve, and geodesics. Furthermore, an affine connection fully characterizes the curvature

and torsion of a manifold.

To gain an insight of the affine connection, here the equivalence principle is being im-
plemented to see how the motion of a particle from a free fall coordiffateystem is
transformed to that of an arbitrary (general) coordinate systémrhus, in the free fall

coordinate the equation of the particle is

d2 «
di =0 (3.1.5)

wheredr is the proper time in this free fall coordinate given as
dr? = 1apdE®de’ (3.1.6)
Since the free fall coordinaté$ are functions of the general coordinai¢s then with little

algebra the transformation of the free fall particle equdtion B.1.5 to the general coordinate
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system takes the form
d?z* y\ dzt dx”
dr? Modr dr

=0 (3.1.7)
where now the proper timér is just the infinitesimal line element given as by feq. 3.1.2,
dr? = Guvdatdx”

The mathematical symbdt,, used i 3.17, also known as the Christoffel symbol of second
kind which is denoted af.v, A} or {7, }, is apparently recognized as the affine connection

between the two set of coordinate systems in the transformation expressed as

F}\ B ox? 8250‘

py = T@@x“@x” (318)

By virtue of eq] 3.1.]7 the affine connection acts as the field that determines the gravitational

force. In fact, for slowly moving particle in a week stationary gravitational field we may

dx . . dt _
neglectd—X in comparison tod— ~ 1, so that eq. 3.1,7 will yield
T T

d?x’ ;
Equatior] 3.1.9 indicates the equivalence between the local gravitationallfgread the
Newtonian force as the Newtonian limit in the weak-gravity approximation for a slowly

moving particle. sub

3.1.4 Relationships between the metric tensor and affine connection

As discussed earlier, physically the affine connection determines the gravitational force in
the Riemannian spacetime geometry. On the other hand, by mathematical intuition the
forms of equationf 3.1.4 & 3.1.8 suggest that the affine connection is a derivative form of
the metric tensor, so that the metric tensor is thought of as representing the gravitational

potential. Thus, both have field of gravitation in common to relate.

36



There are various approaches in deriving the relationships between the two, where one of
them is using equations 3.1.4[& 3.]1.8, see for example [120]. Here, we use the variational

technique in the extremization of the invariant line elemenf eq.|3.1.1.

From the variational principle along a curwé(oc) parameterized by the parametethe

extremum condition of equatign 3.1.3, is

dxt dxv
The Euler-Lagrange equation for the extremum associated with the integral is
d (0L oL
7 (55) =0 14

where dot over the vector indicates derivative with respect to the parameier = %

Then using the symmetric property of the metric and applying contraction properties, we

obtain

L 1 v | OGpxn  OGn\ .x .
TR 77 pv A dirdi? =
m 29 (aﬁ‘ * dav oz )T 0

Or

=0 (3112

d?xH N L., <8gpy N gpr 39,\1/) dz? dz¥

do? §g oz oxv OxP | dx° dz°

Now comparing eq. 3.1.7 & ef. 3.1]12 the relationship between the affine connection and

the metric tensor is given by

1 ag v ag)\l/ ag A
<, ==9" = - == 3.1.13
= 59 (&B)‘ - Ozt Oxv ( )

Considering once again the stationary weak-field gravity approximation for a slowly mov-
ing particle with the metric

G = N + P (X) (3.1.14)
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so that all time derivatives of the metric tensors are zero and the relevantigroe the

significant terms in the particle motipn 3.]L.7 to first ordehix) by equation 3.1.13 is

- 1 8h00 (X)
2 Oxt

. 1

just the Newtonian force. On other hand, the metric tenggix) acts as gravitational

potential that modifies the Minkowski metric componentdy(x).
goo(x) = —1 + 2P(x) (3.1.16)

3.1.5 Curvature & the curvature tensor

In GR gravity is described as the relative acceleration of particles resulted from the cur-
vature of spacetime in which the particles are moving, but not gravitational forces. Rie-
mann and others generalized the concept of curvature to a number of intrinsic and extrinsic
groups. In the Riemannian geometry it is quantified by an invariant Riemann tensor, which
is derived from the affine connection. This Riemann tensor arises as the measure of cur-
vature of geometry when the tensor fields are being transformed by the affine connection
covariantly. In other ways, it arises when any of the properties of locally flathess geometry
alter during transformations including parallel transport of vectors around a closed loop,

covariant derivatives of tensors, and so on.

Einstein GR is developed to provide the exact mathematical foundation for applying
this new idea of gravitation as the manifestation curvature of the manifold they are moving
in, the curvature of the given surface. Thus, the field equations are constructed from the
curvature tensor as the measure of spacetime geometry where this tensor is also used to
construct other important lower rank curvature tensors, such as the Ricci and scalar curva-

ture tensors used in the equations. In metric approach of GR theory development especially
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the Riemann curvature tensor is the only tensor that can be constructed from the metric ten-

sor itself and its first and second derivatives.

Here, we provide some key relations and equations of these important tensors that can

be used later in the construction of EFEs (without detailed derivations).

a) Riemann curvature tensor

ar: o
Ry = 5 = S T, — T, T, (3.1.17)

The Riemann curvature tensor in its full covariant form can be constructed as,

Raum/ = ga)\R/\ (3118)

UKV

Upon expansion this can also be written directly in terms of the space-time metric

and product of the affine connections as,

RO‘ KV — 5 - -
a 2 \ Ozrodzr  O0x°0xv  OxtOx¥  OJx°0x"
+ gnp (Fn/ﬂsrpau - Fn;turpan)

2 2 2 2
1 ( PGor | P Pgor PG > (3.1.19)

Using the symmetric properties of both the metric tensor and the affine connection,
other important algebraic properties of the curvature tensor can be deduced including
symmetry, antisymmetry and cyclicity properties. As such,[eq. 3.1.19 will be used

to deduce these properties.

1. Symmetry
R)\;wn - RI/H)\/J, (3120)

2. Antisymmetry
R)x/um - _R,u)\wc = _R)\W-;y = Ry,.;)\'u (3121)
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3. Cyclicity
R)\,uz/m + R,U,K)\IJ + R)\n,uu =0 (3122)

Note that spacetime is considered flat if the Riemann tensor vanishes everywhere.

b) Ricci tensor
Applying the symmetric and anitsymmetric properties of the Riemann tensor a unique
two rank important symmetric tensor can be constructed by contraction of the Rie-
mann tensor as

Ry =R, = 9oy "R, (3.1.23)

UKV

c) The scalar curvature tensor
Another important invariant scalar tensor constructed by further contraction of the

Riemann tensor equivalent to the construction of Ricci tensor given as

R= Rl = ¢" Ry = 9™ 9" Ry (3.1.24)

The antisymmetric and cyclicity properties of the Riemann tensor determineRtisit

unique.

3.1.6 The Bianchi identities & Einstein tensor

By Equivalence principle it is always possible to define a locally inertial coordinate system
so that the torsion (affine connection) vanishes. So at any point in locally inertial coordinate

system the covariant derivative of ¢q. 3.1.19 yields

10 ( Pgor | Pgue Pgo Pgu
ouKV N — o - — 3.1.25
Rowwin = 553 <8x“8x’f dx7dx’  Dxtdr 8x(’8x“> ( )

By permutingx, v and\ cyclically, we obtain the Bianchi identities,
Raunu;)\ + RO’[LV)\;H + Rau/\fg;y =0 (3126)
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Recall that, the metric tensor is an invariant tensor so that its covariant derivative vanishes

(also possible to show). Thus, the double contraction df eq. 3.1.26"y" implies

1

(RY = S04R) =0 (3.1.27)
2% 1 pv

(R = 39" R) .\ =0 (3.1.28)

Equatiorj 3.1.28 suggests the existence of a divergence free tensor which was actually iden-
tified by Einstein in the derivation of his field equations. Thus, it is called Einstein tensor
given as

1

Guy - R,u,z/ - §QWR (3129)

3.1.7 Energy-Momentum Tensor

The energy-momentum tensor is the source of the gravitational field in Einstein field equa-
tions attributed from matter, radiation, and other force fields. It describes the density and
flux of energy and momentum in the given spacetime. From a geometric point of view the
stress-energy-momentum tensor is a very much debated issue that still stands. However,
its flow in the given spacetime geometry is commonly understood as a two rank tensor that
describes the projection of the flux of a momentum vector across a surface with a constant
coordinate. That meansif*” is considered to represent this two rank symmetric tensor,
then it is described as the flux of th&' component of the momentum vector across the

surface with constant” coordinate.
Ty =g + (p+ p)uyty, + quuy + uuqy + Ty (3.1.30)

whereu is the tangent velocity 4-vector normalized byu” = —1, p is the relativistic

mass-energy density,is the isotropic pressure’ the energy flux, and,,, is the trace-free
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anisotropic pressure or stress, all relative/to The quantitieg, p, ¢”, anduv, are func-

tions of time and space.

In the standard{CDM) cosmology, itis assumed that the cosmic fluid is well-described
by a perfect fluid (i.e.¢, = 0 andr,, = 0) at the cosmic background level which accounts
for baryons, dark matter, radiation and a cosmological constant or another dark energy

component. Then the energy-momentum tensor reduces to
T/u/ = PGuv + (p + p)uuuu (3131)
3.1.8 Einstein Field Equation

Einstein field equations assume equivalence of geometry that determines the behavior of
the sources of fields t hat exist in it, and conversely the sources of the fields pronounce
the underlying geometry they exist in and also further alter the geometry to other fields.
Accordingly, any Energy-momentum tensor being constructed must be a covariantly diver-
gence free that fits to describe the densities and fluxes of energy and momentum flows in

this geometry.

Thus, Einstein derived his field equations with this assumption where the geometri-
cal part is contained by his geometrical tensor (eg. 3]1.29) while the energy-momentum
tensor is considered as the sources of gravitation. That means a divergence free energy-
momentum tensor that informs such evolution and distribution shall be equated with the
geometrical counterpart as the totality of stable universe for coexistence. Moreover, in the
week-field gravity approximation the field equations must be reduced to that of Newtonian
physics Poisson equation via Equivalence principle that well accurately describes experi-

mental results of such weak fields.
So Einstein original field equation was constructed by equating the geometrical tensor
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with that of the source tensor which is given as
G/,Ll/ = kT,uu (3132)

where the matching constahts identified from Poisson equation as the limiting case of

Newtonian physics, as discussed earlier.

Assuming a pressureless fluid in the weak-field approximation, the time-time compo-

nent of the stress-tensor & the field equation are respectively given as
Too = pulu’ ~ pc? (3.1.33)

1
Roo = Skp (3.1.34)

Using eqs| 3.1.16 & 3.1.17 in €g. 3.1].34 to first ordeh e obtain

V2hoo(x) ~ —kpc® (3.1.35)

Using eqs| 3.1.16 & 3.1.85, we obtain the familiar Poisson equation given by

k 4d7G
V20 (x) ~ —=pc? = —

P (3.1.36)

Then follows the matching constant given by

B G

ct

k

(3.1.37)

Later, Einstein modified his equation with the idea of establishing a static universe given
by
G+ Aguw = kT, (3.1.38)
The modification was controversial in several ways since from its birth that include phi-
losophy, mathematical framework and physical interpretations. However, currently it is
considered as the major field equation being used in the theory of gravitation and cosmo-

logical applications as discussed in the historical background chapter.
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3.2 Solutions of Einstein field equation

As literatures point out that EFEs have over 1300 exact solutions that have been derived
over the last century, see for example [100] and the references therein. Regardless of such
large rich number of solutions a number of these solutions still lack any physical interpre-

tation.

Some solutions that have found direct applications in astrophysical systems include:

1) spherically symmetric static vacuum solutions to model spacetime around concentric

masses like the sun, static black holes and so on, for example Schwarzschild solution
2) solutions to axially symmetric rotating compact objects, for example Kerr solution
3) solutions used to model interior of stellar system, for example Tolman solution
4) solutions used to model gravitational waves where linearization of EFEs is used

5) solutions used in cosmological models like the homogenous cosmological models, for
example the Friedmann-Lemaitre-Robertson-Walker (FLRW) solution and the inho-

mogeneous cosmological models, such as the Lemaitre-Tolman-Bondi solutions.

Here we focus only on 1) the spherically symmetric static vacuum solution around a con-
centric mass that yields the Schwarzschild-de Sitter (SdS) solution and 2) the standard
FLRW cosmological solution that we use in our work. Moreover, the linearization of the

fields will be discussed under the topic it is intended to apply.
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3.2.1 The Schwarzschild-de Sitter solution

Looking for a symmetrically static and isotropic solution, the metric given by[eq. |3.1.1

takes the form (see, for instance [120])
ds* = —B(r)dt* + A(r)dr* + rdQ? (3.2.1)
where
dQ¥? = r*(d6* + sin® §dp?) (3.2.2)
Now the components of the metric tenggy are
gr = (g") 7 = A(): ga = (9")7 =17 gy = (¢7) 7" = rsin’;
g = (9")"' = =B(r); guw=9" =0,forp#v (323

The forms ofA(r) and B(r) are determined from the field equations by allowing the source
to vanish.

G =Ry + Mg =0 (3.2.4)
Using the metric components given by gq. 3.2.3 ineq. 3.2.4 we obtain the following set of

equations corresponding to the coordinate components:

B B (A B 1 /A
R, + Agrr =0= ﬁ — E <Z + E) — ; (Z) =—AA (325)
r A B 1 9
Roo +Agog =0= —1+ ﬂ <_Z + E) + Z = —Ar (3.2.6)
R, = sin® 0 Ryg (3.2.7)
B" B (A B 1 /B
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R, =0, forp#v (3.2.9)
Primes onA & B imply differentiation with respect te.

Using egs| 3.2]5 & 3.2]8 with a little algebra we obtain

A B
Tt 5= 0 (3.2.10)
Integrating this we get
A(r)B(r) = constant (3.2.11)
Using equations 3.2.6 & 3.2.]10 we get
d (r
— (=) = —Ar? 2.12
dr(A) : (3.2.12)
Equatior] 3.2.12 is integrated to yield
Auy1=1—%ﬁ+9 (3.2.13)
T

Where the constant of integratidr is determined inquiring the Newtonian limit. This

condition identifies the constant of integration if eq.3.2.11 as unity, so that
A(r)B(r) =1= A(r)"" = B(r) (3.2.14)

On the other hand, the equivalence of the metrics under this limiting case, 3.1.14,
[3.1.1¢ 3.2.13 & 3.2.14 implies that

B 2GM/c?

c? r

ANL(T’)_1 = Bnip(r) = —gu,, (r) =~ 1+ (3.2.15)

where the subscript;, stands for the Newtonian limit.
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In view of eqs[ 3.2.113 & 3.2.15, we recognize that the constant of integratismiven

by
_2GM

2

C

(3.2.16)

C

This constant is after all called the Schwarzschild radius denotegfas historical honor
of Schwarzschild who had first derived the exact solution of EFEs in the absence of the
cosmological constant, as we see soon. Also for historical reasons it is called gravitational

radius denoted as,. Here after, we represent this constant as:

_2GM

c2

TS:TQ

(3.2.17)

Note also that this constant of integration constrains the cosmological constant value at
most of the order of0~°?m =2 in order to fit with present astronomical observations. Re-

garding constraining of the cosmological constant value case, we raise it again in our main
work issued under comments in the development of GR. There, we provide a new alterna-

tive approach to rediscover the value theoretically.

Now using eqd. 3.2.18, 3.2]14[& 3.2]16 , A(r) and B(r) are given by

_ A 2GM
A =By =15t = 2

(3.2.18)

Finally, the required spherically static, homogenous and isotropic metric derived from Ein-
stein field equations with that describes the geometry around a point mass is

20GM A 2GM A )\ !
ds? = — (1 _ S;T _ 572) dt2 + (1 — gr — §7"2> drz + r2dO? (3.2.19)

This metric is known as the Schwarzschild-de Sitter metric since in the limiting cases, it
yields the Schwarzschild metric in one way and the de Sitter metric in the other way, as we

see soon. Itis also known as the Kottler metric since first derived in its general form [45].
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Limiting case

i) At sufficiently large distance from a concentrated mass, i.e;, as 0 or equivalently
in the absence of material sourté = 0, the metric describes the de Sitter universe

given by [46]:

2 A 2 2 A 2 - 2 2 2
ds® = — 1—§r dt” + 1—57" dr® 4+ r*d$2 (3.2.20)
Notice that, eq. 3.2.20 is the "static" form of the de Sitter spacetime. Its dynamic

version can be obtained by a suitable coordinate transformation provided as in sec-

tion[3.2.3.

i) At a relatively small distance where the contribution from the cosmological constant is

negligible, it describes the Schwarzschild geometry given by [47]

2GM 2GM\
d52:—(1— ¢ )dt2+(1— ¢ ) dr® 4+ 1240 (3.2.21)

c2r c2r

The event horizon at the Schwarzschild radius r, leads to gravitational collapse.

All radii smaller than this, describe what we call black hole interior. The surface
at the Schwarzschild radius acts as an event horizon in a non-rotating body where
no particle can escape through this surface from the region inside, hence the name

“black hole”.

3.2.2 The Friedmann-Lemaitre-Robertson-Walker (FLRW) solution

Universe modeling was among the important essences of GR theory by Einstein where
originally he thought of it as a static universe. In fact, the solutions were later determined
to be rather dynamic. Moreover, Einstein proposed a spatially isotropic and homogenous
universe in the form of fluid at large scale. This principle is often known as the Cosmolog-

ical principle.
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The mathematical solution derived by [12] de Sitter for an empty universe was consid-
ered as the first theoretical prediction of an expanding universe. Later, a detailed theoreti-
cal solution was provided by [14] that covers all the possible cases and later independently
worked out by [[10] where observational data was also taken into account. From obser-
vational stand point GR theory gained attention after the discovery of expanding universe
from observational data analysis by [9, 124] during the latter years of 1920’s. Actually,
the observational data used both by Lemaitre and Hubble were mainly extractéd by [1] and
hence today the discovery is acknowledged as Hubble-Lemaitre-Slipher (HLS) discovery.
Furthermore,[59, €0, 61] and [62, 125] subsequently showed that the Friedmann-Lemaitre
solution was the only solution to Einstein field equations consistent with spatial homogene-
ity and isotropy expanding universe. Thus, the dynamical universe described by GR theory

is known as the Friedmann-Lemaitre-Robertson-Walker (FLRW) model.

The standard FLRW metric that describes the geometry of the universe is given by

dr?
1 —kr?

ds® = —dt* + a*(t) ( + r2d92> (3.2.22)

wherea(t) is the expansion scale factor representing the time-dependent evolution of the
spatial part of the metric with constant surfaces of time and—1,0, 1} is the signature
of curvature that determines the geometry of the spatial sections; negatively curved, flat, or

positively curved spaces, respectively.

The EFE$ 3.1.38 for the FLRW metfic 3.2/22 and a perfect fluid source energy-momentum
tensor eq/ 3.1.31 yield the two set of Friedmann dynamical differential equations as fol-

lows:

i) The time-time components of EFEs yield

G k A
H?>=—"—"—"—p— — 4+ — 3.2.23
3 a? + 3 ( )
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whereH is defined as the Hubble parameter
g=2 (3.2.24)
a
the overdot indicates derivative with respect to time:= d/dt

i) The spatial-spatial components of EFEs

i ko1 /a\? A
L e 2 2.2
e 2a® 2 (a) mep (3.2.29)

Now using eqs| 3.2.28, 3.2]24[& 3.2]25 we obtain the second Friedmann equation

given by:

a o de A
—=——(3 — 3.2.26
" 3 (3p+p) + 3 ( )

3.2.3 Relationship between FLRW and SdS metrics
The FLRW metric uses the co-moving coordinates). In order to obtain the FLRW

metric, in “static{7’, R) coordinates, the following transformation of variables will be per-

formed:

R=ra(t); T=t—F(R) (3.2.27)

wheref(R) is only a function ofR. Using eq[ 3.2.77 in e. 3.2]22 and applying Friedmann

eqguations with appropriate reasonings we obtain the equivalent static metric given by:

T2
i = — f(R.T)T— 4 (R T)IR? + B20? (3.2.28)
a?(R,T)
where
2G' M A 2k
T) =1 — S e T 2 3.2.29

For flat universe, wherk = 0, this metric is exactly the SAdS metric given by eqg. 3.p.19.
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For the derivation of eqs. 3.2]28 [& 3.2]29 we come back under thermodynamic ra-

diation of SdS black holes in our development. Moreover, the detail connections can be

inferred from literatures like [126, 127, 128] and others.

In the case of flat empty universe, the de Sitter universg, eq. B.2.23 gives the scale factor
a(t) = !¢, wherel = \/3/A. Then, the de Sitter metric in expanding coordinates is given
by
ds® = —dt* + &*/' (dr® + d?) (3.2.30)

In order to obtain the static isotropic metric form of £qg, 3.2.30 we can apply the transfor-
mation eq[ 3.2.27 where the transformations be given by:

e TR
V1= (R/0)?

Then, the transformed expanding metric in its static isotropic form is given by

l 2
t=T+3In (1 i ) (3.2.31)

2

R? dR?
g5 = — (1 - l—) gy + R (3.2.32)

iz
This is exactly the same as the SdS solution in the absence of source or equivalently at

larger distance as in equation 3.2.20.

In summary, the SdS field goes over asymptotically to the de Sitter universe with in-
creasing distance from generating mass. Moreover, its background metric to describe the
cosmological phenomenon is the FLRW metric. On the other hand, the Schwarzschild
field goes over asymptotically to the Minkowskian static flat space, which contradicts the
observational evidence that the universe is expanding at an accelerating rate. And thus for
reasonable distances, where the contribution of the cosmological constant be comparable
at least with the second correction to the Schwarzschild effect, then the local efi&ct of

will be analyzed by the SdS metric.
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3.3 GR application and basic concepts in cosmology

3.3.1 Cosmic mass-energy budget and cosmic acceleration

Cosmic mass-energy budget

Conservation laws are among the important techniques used to derive dynamical equations
in physics generally. This technique in GR is equivalent to the vanishing of covariant

derivative of invariant tensors.

Consequently, an important dynamical equation that can determine the content and
expansion rate of the universe will be derived from the conservation law of the energy-
momentum tensor given by:

T, . =0 (3.3.1)

vou

Now, assuming the perfect fluid energy-momentum tensor given by eq. |3.1.31 and the
FLRW metric given by ed. 3.2.22 in €. 3.3.1 we obtain the fluid continuity equation

p'+3g(p+p) =0=,b+3gp(1+w) (3.3.2)

In the last step of eq. 3.3.2; is defined as the fluid equation of state variable given by

p=wp (3.3.3)
The general solution of ef). 3.8.2 is
o a, 3(14+w)
pt) =p (;) (3.3.4)

where the subscripts & superscripts denoted bgre indicating that the parameters they

stand for are being evaluatedigtanda = a(t).

Note that the total density(¢) is the sum of all fluid contents of the universe contribu-

tions from matter, radiation, curvature, and other energy sources(often called dark energy)
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including the cosmological constant.

So the total density of the universe is given by
p(t) = pi(t) (3.3.5)

where the subscrigte {m,r, k, de} corresponding to matter, radiation, curvature & dark
energy contributions respectively. So after@gll(t), p.(t), px(t) & pa.(t) are respectively
defined as density of matter, radiation, curvature and dark energy (including the cosmolog-

ical constant) respectively. The limiting cases are:

(w = 0, matter or “dust” E0S Pm X a3
w = 3, radiation E0S procat;
w < 0, quintessence - accelerated
(3.3.6)
w< —3 pae o a~30Fw)
w = —1, Cosmological constant pg. = py = 5o ;
| w = —3, curvature EoS proxa?.
Eqs[3.2.23, 3.3l4 & 3.3.5 are used to give
8rG 8¢ ag\ 31+w:)
H2 = 0 = TN o (-) 3.3.7

(2

In order to describe the energy budget of the universe, the simplest initial boundary con-
ditions are to consider present measured observations. Thus, the reference density being
evaluated today, often considered as the critical densjty. By eq. this density is

given by

pcrit = 87TG
where the subscript & superscript represented bye indicating present measurements.

3H? .
0 => 0 (3.3.8)

Eq.[3.3.8 can be conveniently given by

1=0Q,=> (3.3.9)
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where(2 is the density parameter defined as the ratio of the densities with respégt:to
Qo= Do (3.3.10)
Perit

Now using eqs. 3.316, 3.3/7, 3.B.§ & 3.3.10 the general equation of Hubble parameter as a

function of the expansion scale, the density parameters and the state parameters is give by

3(1+w;)
H?(a; Q0 w;) = H2 Y Q0 (@> (3.3.11)
- a

where the curvature and the cosmological constant case density parameters are given by

1) k o — (o A
Q= —W; wge = —1= Qg =Qf = 3_Hog (3.3.12)

oo

Cosmic acceleration

The acceleration equation of the universe is described by the evolution of the scale factor

with time given by the Friedmann €g. 3.2.25. This equation can be recast as

.
% - —”TG(:)@ +5) (3.3.13)

where the density and pressure are redefined to contain the cosmological constant contri-

bution in both forms as

ﬁ = p+pA

p = p+p, (3.3.14)
B B A

P = TP T 8StG

As we see ed. 3.3.113 is generally true including all forms of densities of the universe.

Thus dropping the tildes and using egs. 3.3/3 & 3]3.13 we obtain

O T (14 w) (3.3.15)
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Upon using eqs. 3.3.7 & 3.3J11 in €q. 3.3.15, the acceleration equation will be expressed

in more directly measurable parameters given as

a H? o ag\ 3(1+wi)
— TZQ (1 + 3w;) (Z) (3.3.16)

~=-
Note that, eq. 3.3.15 can also be given in terms of the Newtonian acceleration as

i= —G—]Y(l + 3w) (3.3.17)
a

whereM (t) = X p(t)a(t).

Equatior| 3.3.7]7 looks like the classical equation of motion of a point particle moving on
the surface of a sphere, where (in this case) the scale fagoecognized as the radius of

the sphere.

In general, the FLRW universe has the following three cases:

i=0=>w= —%, expanding universe at a constant rate whose age is equal to the Hubble
i<0=w> —%, decelerated universe;
i>0=>w< —%, accelerated universe.

(3.3.18)
The accelerated universe is dominated by negative pressure which causes the acceleration.
The nature of this energy is yet undetermined, and so called dark energy. The particular
case wherev = —1 is equivalent to the cosmological constant energy content. Today,

observations favor the dark energy in the form of cosmological constant.

For nearby objects the scale factor may be approximated by series expansion about the

present time, as

a(t) = aq (1 FH(E—t,) — %Hﬁ(t )+ ) (3.3.19)
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where the Hubble parametéf, and the deceleration parametgrat ¢, are respectively

defined by
alte),  ao(to)do(ts) 1 d(ty)

*Talt) ©T T a2 Hiat) (3.3.20)

These present values of the Hubble paraméfgiand the deceleration parametgrare
among the fundamental numerical constants that define observations in cosmology. Pre-
dominantly, in early developments of the modern standard cosmology these parameters

were the major parameters used to constrain cosmological models.

Generally, the expansion scale faciot) plays important roles in all cosmologies. It is
used to derive and define key observational parameters and quantities that can explain the

physical universe.

3.3.2 Cosmical redshift

Application of general relativity to cosmic observations is a subject of extracting infor-
mation from the source to the observer. This information is primarily derived from the
waves/particles that go out from the sources to the observers along their geodesies. Ac-
cordingly, for electromagnetic waves as the source of information propagating along radial

direction, the photon null geodesly? = 0 is used. So, in this case ¢q. 3.2.22 yields

at _ (3.3.21)

at) " NIk

Moreover, if the propagation is considered along the radial coordinate where a photon in

the position ofr = r, at cosmic time¢,., from the source propagates inward to reach an

observer located at the origiy at the cosmic timé,. In this approach decreases als
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increases, so that the minus sign must be uspdin 3.3.21. Then, it is integrated to yield

sin—?! (\/Ere>—sin_1 (\/Ero)

to Te \/E ’ k g O’
/ dt / dr k=0 (3.3.22)
— = ﬁ = Te — 7"07 = ’ 0.
o alt) S, V1—kr sk~ (Vo) —sinh™ (Vo)

V—k ’
Taking the origin at, = 0 and assuming the particular universes with curvatéres 1,

k=08& k= —1eq.[3.3.2R is simplified to be given as

sin ™! (r.), k=1;

fo dt e dr
/te = /O == k=0 (3.3.23)
sinh ™' (r.), k

I
|
=

Consequently, eq. 3.3.23 is used to define an instantaneous radial comving distance given

by
d(re;t) = a(t) x ro = a(t) x sinn(y) (3.3.24)

where sinfiy) is defined as

sin(x), k> 0;
sinn(y) = ¢ x, k=0; (3.3.25)
sinh(y), k <O.
Taking the differential of 3.3.23, and recalling that the radial coordinatef co-moving
sources is time-independent, we see that the intérvdletween departure of subsequent

light signals is related to the intervéd, between arrivals of these light signals by (See for

eg. [69])
ot. Oty
a(te) B a(t,)

The signal time intervals can be expressed in terms of their corresponding frequencies as:

(3.3.26)

Vp= —; Ve = — (3.3.27)



For an increasing scale factoft) with time,

a(t,) Oty Ve
=—="">1 3.2
a(t.) ote v, (33.28)

so that the frequency received by the observer is smaller than the frequency emitted by the

source as the two expand away from each other, a redshift to the observer.
Often the ratio of the excess frequendy in v, with respect to the frequency received
by the observer is defined as the redshiffiven by

7AV

Vo

(3.3.29)

z

a(to)

a(t)

wherea(t) is the general scale factor at any emission time.

=14z (3.3.30)

3.3.3 Cosmic distances

Distances are important in astronomy to calculate various parameters of astronomical ob-
jects including energy release, mass, physical size, age and other quantities. Distances are
important in astronomy to calculate various parameters of astronomical objects including
energy release, mass, physical size, age and other quantities. However, since the universe is
expanding; measuring distances to distant objects like galaxies is not the same as measuring
distances locally as in the Euclidean flat geometry. Therefore, it is important to describe
distances both in comoving coordinates and static coordinates for genuine physical obser-
vations. So, here we derive some convenient operational cosmic distances used in cosmic

observations.
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a) The physical distance

The physical distancé,,s, also known as the proper distance, is the instantaneous co-
moving distance defined along the radial direction of motion of the object. Actually, it was
already derived in sed. 3.3.2 which is given by €g. 3]/3.24 for universes with curvatures
k=1k =0& k = —1. So for these universes at preseft) = a(t,), the physical
distance is given by

dphys = a(t,) Te (3.3.31)
b) The luminosity distance

The absolute luminosity (intrinsic luminosity) of an object is the energy emitted per time
by the source to the surrounding environment. While the apparent luminosity also called
the apparent brightness or the energy fltixs the energy received per unit time per unit
receiving area at the observer. Then, imagining the luminous object to be surrounded with
a sphere whose radius is equal to the distaficdetween the luminous object and the

observer, the apparent luminosity and the intrinsic luminosity are related by

L

B 47TdL2

F (3.3.32)

The intrinsic luminosity at the source far photons being emitted with frequency of

each photon during an interval of timé. is given by

hv,
L=n y (3.3.33)
Using eqs| 3.3.28 & 3.3.29 in €. 3.3/33 we obtain
L = (1+2) nztyo =(1+2)?2L, (3.3.34)
or
L
L, = TERE (3.3.35)
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whereL, is considered to be the intrinsic luminosity at the observer.

Here the intrinsic luminosity is redshifted 4y + z)~2 due to the expansion of the
universe. On the other hand, the area of the physical sphere to which the photons being
distributed during the expansion is equaktal?, .. Thus, the apparent luminosity is the

ratio of the intrinsic luminosity at the observation to the physical sphere area to which the

photons being distributed at the physical distance of the observer, which is given by

_ Zhrs—flys (3.3.36)
Then, using eqgs$. 3.3.81, 3.3]34 & 3.3.36 the apparent luminosity is given by
F- s 2)52 AT (3.3.37)
Finally, by eqgs| 3.3.32 & 3.3.37 the luminosity distance is given by
dr, = (1+2)a(ty)re = (1 + 2) dpnys; OF dppys = % (3.3.38)

¢) The angular diameter distance

If D isthe physical extension of distant object, @nsdlits angle subtended, then the angular

diameter distancé, is defined as usual in the Euclidean geometry given by

d, = % (3.3.39)

Conversely, if the object is imagined to be extended along the zéhitimordinate over a
physical sphere of radius equal to the angular distdncehen the differential of D defined
at the emission time, is the line element given by ef]. 3.2]22, whére= dy = dt = 0,
so that

dD = a(t.)r. do (3.3.40)
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Using eqs| 3.3.39 & 3.3.440, is given as

a(ty) e (3.3.41)

Finally, using egs. 3.3.30, 3.3138,[& 3.3/41, the angular diameter distance is given by

dphys dL
pu— pu 3.3-42
AT 142 (1422 ( )

3.3.4 Expansion dynamics in terms of measurable parameters

So far, GR is used to develop theoretical models and equations of the expanding universe
in a more general way. These theoretical models and equations must be expressed in terms
of measurable parameters that can explain observable cosmic expansions. In standard cos-
mology, the universe content budget parameters (¥ the Hubble parametel, and

the cosmic acceleration paramejgare the major measurable parameters used to together
with the cosmic redshift to calculate distances, ages, sizes and other cosmic observables.

Here, some of these expansion observables be derived
Hubble and deceleration parameters

The Hubble parameter and deceleration parameter have long history in modern cosmo-
logical observations. They are continuing to serve as the main ingredients of measurable

parameters to define observations.

a) The Hubble parameter

Using eqgs| 3.3.11 & 3.3.30, the Hubble parameter in terms of the measurable quan-

tities: the Hubble constant/,, the redshiftz, the density parametef’’s and the

equation of state parametey, is given as

H(z) = H,E(z; Q2 wqe) (3.3.43)
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where

E(z;Q%w;) = \/Z Q2 (1 4 z)30+wi) (3.3.44)

b) The deceleration parameter

In view of eq.[3.3.2D, the deceleration parameter is given by

1 a
Using eqs| 3.3.11, 3.3.116[& 3.3145 we get
1 Qo (1 3 . ag 3(1+w;)
q=2§; (Lt Sw) (5) (3.3.46)

Z‘ 0o (@)3(1"!‘101')
At present epochz = a so that eq.[ 3.3.46 will be reduced to give the present

deceleration

1 o
@ = §Z;QA1+3M) (3.3.47)
1
= (@0 207 + (1 + Buwa)2%,)
Ages

Using the Hubble parameter €q. 3.2.24 & the redshiff eq. 3.3.30 we obtain

—dz

Integrating this from the emission time to observation time we obtain

dz

1 [t
by —ty = —
HmA (14 2)E(2"; Q95 wqe)

(3.3.49)

The time intervat, —t, is called the lookback time used to measure ages during the interval

between emission to observation events.
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Distances

a) The physical distance

With the aid of eqd. 3.3.28, 3.3]24[& 3.3]|31 the physical distance can be recast as

dopys = alto)re = a(ty) x sinn( / v %) (3.3.50)

Egs[3.3.30, 3.3.48 & 3.3.44 are being used to recast eq. B.3.50 as

smn{/ Hoalt)E (2 0 wde)] (3.3.51)

1/2
Finally, using eq} 3.3.12,wheté,a(t,) = (—i> , for all k the physical distance

dpnys = alto)r(z) =

is given by
dphys = H \/_ sinh |:\/ Q / m} (3352)
b) The Luminosity distance

Using eqs| 3.3.38 & 3.3.52, the luminosity distance is given by

1+
dp = i smh [\/Q_ / m} (3.3.53)

c) The angular distance

Using eqs| 3.3.42 & 3.3.52 pr 3.3]53, the luminosity distance is given by

1
dy = a +Z)Ho\/_smh [\/Q_/ m} (3.3.54)

3.4 The flat ACDM model expansion dynamic equations

Since, in our work, we are going to apply the fa€DM model in the large scale dynamics

of the universe, so the general field equations developed in the previous sections are used
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to derive simpler and reduced useful equations that consider the model .

Accordingly, a pressureless universe with zero curvature and dark energy content in the

form of A is considered to derive the simpler and reduced equations.

Then, in the flan\CDM model the primary boundary equations are:

k=0=Q,=0; wge =—1= Qg = Qp;

ay\ 3

wm:O:>Qm:an< );pr%0=>9r%0. (3.4.1)

a

3.4.1 The scale factor, the Hubble and deceleration parameters

Using eqs| 3.3.11, 3.3.B0[& 3.4.1 the Hubble parameter in terms of the scale factor and the

redshift can be recast respectively as

H(a) = g - Ho\/QA e (@)3 (3.4.2)

a

H(z) = H,E(z;9%wg) = Hon/Qu 4+ Q0, (1 4 2)3) (3.4.3)

In order to obtain the scale factoft), eq.3.4.2 is used to establish the differential equation

da — /OuH, dt (3.4.4)
a\/l + (%a%) a3

Eq.[3.4.4 is integrated to yield

a(t) = a(t,) (2, /)" sinh?? C_) (3.4.5)
H
wheret;, andty are respectively defined as the lookback and the Hubble times given by
t, =t—t. t, = 2 (3.4.6)
L €) H BHO\/Q—A- A
Evaluating at = ¢,, the lookback time gives the age of the universe given by:
2 1 [
tuniv = ————=sinh™" 3.4.7
3Hov/ s Qo (3.4.7)
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matter dominated universe;i < 1, then series expansion of eq. 3|4.5
H
3
= sinh?/? (:—;) o~ (%) + ..
= a(t) oc t2/3

A dominated universe % >1
H

= sinh?/? <2t—L> ~ e(’%>

3t,,
= a(t) o eHoVrt)

(3.4.8)

\

The deceleration e). 3.3]46 for the flal€DM model with pressureless fluid is reduced to

be given as

B U SIS

S o () 40y Q1+

a

(3.4.9)

The condition where the universe goes from deceleration phase to the acceleration phase is

Qo \ 1/3
a = a, (2(;1) (3.4.10)

acquired aty = 0 given as

In terms of the redshift, this transition phase is acquired at

20, \ /3
z:( A) — 1 QA+ Q0 =1. (3.4.11)

Since for source recession, the redshift is always greater than or equal to zero, then by eq.

[3.4.110¢ is limited by 2/3 as its upper boundary value.

Finally, using equatiop 3.4.9 the deceleration parameter at the present is given by

_ o
2

9o — (3.4.12)

3.4.2 Distances and age

a) Distances
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Notice that for the flat universe case,= 0. Then using eq[ 3.3.51 & 3.4.3 the

physical distance is given by

(3.4.13)

d _L/Z dz
P Hy Jy VO + Q2 (14 2)3

And the other distances by e(s. 3.3.38 & 3.B.42 immediately follow to be given by

1+ =z

z dz
dr, = (14 2)dpnys = / 3.4.14
L ( ) phy HO 0 \/QA + QTOn(l + Z>3 ( )
d h 1 z dz
do = ohys _ / 3.4.15
4 1+2z  Ho(l+2)Jo /Qa+ Qo1+ 2)3 ( )

b) Age
Using egs| 3.3.49 & 3.4.3 age in terms of the lookback time is given by

dz’'

1 z
t, =ty —te = — 3.4.16
" HO/O (14 2)y/Qp + Qg (1 + 2/)3 ( )
Eq.[3.4.1 is integrated to be given by
(2—1—1)3/2 1+ 1
to—te = o 2\/9_111 ( m) (3.4.17)
VR 1+\/1+ (88) 2+ 1)1

The age of the universe is determined at very large redshift where z » 1. [So eq| 3.4.17

will be used by the limiting case — oo to give

te . = In ERAL
univ 3HO /_QA /_le

For matter orA - dominated cases, the present age of these liming universes by eq.

2 (3.4.18)

[3.4.7 are respectively given by:

- - 2 1 2 .
{ matter dominated universet;,,;, = 57 <1 - m) < i

univ

(3.4.19)
A dominated universe  19,,,, = 7~ In(23,;, + 1)
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For the matter dominated universe with the favored Hubble congtaat[55, 75] km/s Mpc ™,
the maximum age of the present universe by eq. 3.4.491i8 Gyr which is too small to fit
present observations reporting14 Gyr. On the other hand, th&® dominated universe to
meet this age needs to be at redshfft,, ~ 2 for the Big-bang observation which is even

too small to meet the age of fainter galaxies observed with higher redshifts.

Consequently, in order to describe present observations the universe would exist in the
form of different fluid admixtures. So in the simplest standardf@DM model both mat-
ter andA components expected to coexist in dynamism where observable parameters are
used to measure them. The particular case of present age of the universe estimated to be
13.82Gyr is used to generate some fitting theoretical data for the present Hubble constant
Hy, the matter and density parameters is shown as in table 1 in the expected rarge of
For the most likely measured value Bf = 70 the theoretical best fitting is corresponding
to 2, = 0.27 & Q, = 0.73 that accurately in agreement with observations so far made.
Whereas, in the general case, the contours jn fig.3.1 indicate the possible present theoretical
age of the universe in terms of the three parameters to be constrained by observations. As
can be inferred from the general appearance of the contours relatively lglseassume
lower ages with more matter domination while lowés’s assume higher ages with more
A domination.
Table 3.1: ACDM model theoretical fitting data correspondingftp& the density pa-

rameters),, & 2, to the present age of the universe estimated to 13.82Gyr as of current

observations.
Hy 55 56 57 58 59 60 61 62 63 64 65

Qm | 062 059 055 052 049 047 044 042 040 0.38 0.36
Qp | 038 041 045 048 051 053 056 058 060 062 0.64

Hy 66 67 68 69 70 71 72 73 74 75
Qm | 034 032 030 029 027 026 025 023 022 0.21
Qp | 066 068 070 071 073 074 075 0.77 0.78 0.79

67



Figure 3.1: Present age of the universe in billion years where the solid & dashed contours
are respectively correspondingty = 67 & 75 km/s Mpc™!.
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Part |l

Motion in SdS, precession of orbits, light
bending and radiation
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Chapter 4

Motion of particles in SdS Geometry

4.1 The general equation of motion and horizon solutions

In this section, we derive the general conserved equations of motion in SdS geometry where
the resulting equation is being used to further derive the event horizon solutions in the
geometry. Then using the results, we discuss on the boundary conditions where the SdS

metric be applied.

4.1.1 The general equation of motion

The equations of motion can be derived from the particle motion provided ag in ch.3, eq.

[3.1.7, recalled to be given as

d?zH . dz¥ da?
——— =0. 41.1
dp2 + VA dp dp 0 ( )

Wherep is a parameter describing the trajectory in which the proper timis generally
expected to be proportional to it. Furthermore, for a material particle we could normalize

p so thatp = 7.

In order to integrate these equation of motion, we use the non-vanishing components of

the affine connection as in equatjon 3.1.13 and consider the orbit of particles confined to an
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equatorial plane, i.eg = 7 so that we omit equations involving the zenith anglelhen

the radial, azimuthal and time components of equ4tion}4.1.1 are respectively given by

2r A (dr\® v [(do\® B [dt\®

ar A (fary (a9 Z () = o 41.2

i 24 (dp> A<dp) oA (dp) ’ .12
2¢ 2 dodr
AN e 4.1.3
dp2+7‘dpdp 0 ( )
d*t  B'dtdr
—+—=—— = 0. 4.1.4
dp? + B dpdp ( )

The ‘prime’ on A and B shows derivative with respect to

Equatior] 4.1.3 is integrated to give one constant of motion
== (4.1.5)

whereJ plays the role of angular momentum per unit mass per unit time.

The integral of equation 4.1.4 gives another constant of mdiomhich is a form of
energy given as
dt &

a _ ¢ 4.1.6
i " B ( )

Now using equatioris 4.1.5[& 4.1.6, equation 4.1.2 can be recast as:

dr A (dr)Q J? B &

e (2 2= 2 ). 4.1.7
dp? * 2A \ dp Ar3 * 2A B? 0 ( )

Multiplying equatior] 4.1]7 b2 A and involving little algebra we obtain
2 2 2
A, (dN (e
dp dp r? B

The integral of ed, 4.1]8 gives another constant of matigiven as:

2 2 2
A (dr) AN S, (4.1.9)

= 0. (4.1.8)

d_p r? B
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Using the conservation of the four vector energy momentum one can easily verigyishat

equal tol for massive particles, and is equalitéor massless particles.

Using the relationst = B~!, equatior 4.1]9 can be recast as:

2 2
£ = dr + e—l—J— B, (4.1.10)
dp 72
2
T r
Br) = 1---7, (4.1.11)

wherer, = 2G M is the Schwarzschild radius ad= /3/A is the cosmological length.

Since& plays the role of the total energy per unit mass, consequently the first term on
the right hand side of ef|. 4.1]10 plays the role of the effective kinetic energy per unit mass,
while the second term expression plays the role of the effective potential per unit mass.

Then, in Schwarzschild - de Sitter spacetime the effective potential is defined as,

V., (r) = \/(e + i—j) B(r). (4.1.12)

Now introducing the value of for massive particles = 1 and for massless particles= 0,

the effective potential is
V., (r)= (1 + ‘:—;) B(r), e=1;

V., (r)=2y/B(r), e=0.

eff

(4.1.13)

It is advantageous to represent the potential in terms of dimensionless parameters de-

fined as:
Tq 12 l
so that eq. the effective potential in terms of these parameters be given as
‘/;ff(x) = (1+§_§) B(ZL‘), €= 1;

V (x):%ﬁ B(x), e =0.

eff

(4.1.15)

Where,
B(zr)=1- h_ %, (4.1.16)
xr
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4.1.2 SdS horizon and its region of application

The location of event horizons is given by the conditi®fx) = 0, corresponding to

1— B_ 2 =0. (4.1.17)
X

Eq. is expect to provide three possible solutions:foeal or complex. However,
being constrained by the beta parameter, only two physically meaningful positive real so-
lutions are allowed. In view of ef). 4.1]17, the beta parameter constraining equation will be
given by:

B(x) = x(1 — 2?). (4.1.18)

For physical black holes the parametetakes values ranging from (atx = 0 or
atz = 1) 0 Bnae = 2V/3/9 (atz = +/3/3). This condition imposes on the solutions
of the event horizon that there exist two distinct solutions betweea 0 andx = 1
corresponding to a singlg except for thes,,.., where the two degenerate to a single

solution. The solutions are:

£, = %Sin <% arcsin(%gﬁ)» (4.1.19)
T, = %cos (% arccos(—%ﬁ)) . (4.1.20)

Here we notice t