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POTENTI AL THEORY 

I Laplace Equa tions 

Laplace 's equat ion is one of the most important partia l differentia l equation in applied mathe 

matics. Because it occurs in gravity, electrostat ics, steady state heat cond uction , compressible 

nuid now and so on 

The theory of Laplace equat ion and the closely related Poisson equation is lIsua ll y termed as 

·'potentia l theory" on accounts of its applicabi lity to various physica l problems invo lving pot 

cn tia l field . Some scholars says potentia l theory is the thcory of the solutions of Laplace equa 

ti ons.(a lthough ' potential ' is used in steady of potent ial theory in more general sense.) 

In n-dimensiona l case, u depends on n-Cartesian coordinates X I. X2' XJ Xn• 

The Laplace Equation in n-dimensional case given as 

(1 ) 

Where i= l , 2, 3 ... n 

V2 read as 'nabla ' square. 

In complex valued function case 

If f(z)=u(x,y)+iv(x ,y) is analytic in a domain 0 then both u and v satisfy the Laplace equatio 

n where z=x+iy 

and 
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in 0 and have a continuous second panial derivat ives in D. 

(2) 

The corresponding non-homogeneous equation (2) of the Lap lace eq uation is known as Poiss 

on equat ion. 

Soluti ons of Laplace equation having continuous second order partial deri vati ve are called h 

armonic fu nctions. 

In three dimensional case 

is the prototype of an ell ipt ic 2nd order operat ion in 3D 

(3) 

is the Laplacian operator in 3D. 

Complex potential 

Lei ¢(x,y) be harmonic in some domain D and rp(x,y) is a harmonic conjugate of ¢(x ,y) 

in D.thcn f(z)= ¢(x,y) +i \<,(x,y) 

is ana lytic fu nction ofz. thi s func tion f is c.alled the complex potent ial correspond ing to the r 

cal potentia l funct ion ¢ that is 
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1.1 Derivatioll of Fundamental Solutioll 

Definition: a function E is said to be a fundamental solution for the diffe rentia l operator L 

if LE=o (4) 

where S is the Dirac Delta function. 

To solve Lap lace equation, first we search the radial so lution i.e functions of r=lxl 

Lct us therefore ,3l1empl l0 find a so lution u of the Laplace equation ( 1) inU=R" having the 

form 

u(x)=¢(r) 

, 
where r=lxl= (XI2 +xi + ... +X,;)2 and ¢ is to be selected so that 

611 = 0 

hold for i=l ,2,3, ... ,n. 

we have 

x 
II, = ¢'(r) -'-

. r 

, , 
x 1 r 

11,.,. = ¢"(r) -T + ¢'(rl(--,-\-l 
r r r 

l;1I = f'1I" .' a, [X' ¢'(rl]= o ~ " ~ J r ,., 

" [ , 1 x' ] . L x~ ¢"(r)+ - ¢'(r) --',- ¢'(r) 
r " r r ,., 

# 0 

for i=\ ,2,3 •... ,n 

2 I 2 2 I 
= x~ I/>"(r)+ - I//(r)- X~ I/>'(r) + X; I/>"(r)+ - I/>'(r) 

r- r r r r 

x 2 x 2 1 x 2 --+ + ... + -f l/>"(r) +- I/>'(r) --1 I/>'(r) 
r r r r 

4 

(5) 

(6) 
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¢"(/') + '!.¢'( /') _(_I )¢'(/') : 0 
:::: r r 

¢"(/') + n - I ¢'(r) : 0 
= ,. 

if u(x)=¢(r) is a radial function on Rft, then u satisfy 

Il u=o, on R"/ {O} then equation (7) is ordinary differential equation in¢' 

by separation of vari able 

¢"(r) I - n - - :--
¢'(r) r 

integrating both sides the result wi ll be 

Inl¢j: (1 - n) Inr + Inlcl 

consequently if r>O, we have 

¢(r) = c2 1nr +cl for n=2 

c 
¢(r)= n~2 +cl forn>2 

/' 

¢'() C r :-"-, r 

where cland c2are constants from equation (8) if r:;t; 

AAU, Ethiopia 

(8) 

0, then ron is asolution of (1) since the function ron is locally integrable function in the nei 

ghberhood of ;.: =0, we can define a disterhution ron through the relation 

< r-' ,0> ~ fr ' -"O(x)dx 0 E D (9) 
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Since the differentia l operator \7 1 is se lf adjo int, we havc. 

< V'r " ,O > = < r " ,V ' O> = J r " v ' 0 d x 

= Iim.-o Jr ' " H(r -l')V ' (JJX 

when we apply Green's second identi ty to the region R 

R= {X E R, - <Ixl <c) } 

we obtain 

where S is the surface of the sphare of radius c wi th the eentcr at the origin . 

(10) 

( II ) 

Note Let v,,(r)and Sn( r) denote respecti vely the vo lume and the surface area o f tllc n-d 

imensiona l sphere of rad ius r 

l 

Let z- denote a coord inate on axise through the origin ifp is a constant smaller than r,the 

intersection of the hyperserface z==A and the n-dimensional sphere is an (n-I )dimensional 

sphere o f rad ius ( r2 _ Z 2 ) III then 
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, 
eg V, ( r ) ~ fdz ~ 2r 

, I I L 

V2 ( r )= J2(/" 2 _ z 2)2dz = 4r l J(1 -u1 )2du = nr1 

- 0 

, ' 4 
V, ( r ) ~ f1[(r 2- z 2 )dz ~ 2"" f(l _ 1I 2 )dll ~- "" 

_, 0 3 

continues in thi s manne r we have 

V ,,(r)~C"r' 

where en is defined by the recurrence formula 

, " 
Cn,,=2 Cn J(I - 1I 2)2dll 

o 

AAU, Elhiopia 

(12) 

These fo rmula can be pu t in a simple form if we appeal to the beta funct ion. 

, 
P(p,q) = JI p- L (1 - Oq-L dl p,q > 0 as well as to the relat ion of P(p , q) 

o 

to Ihe gamma function r(r ) 

P( p ,q) ~ r(p)f (q) 
f (p ,q) 

• 
where r( p ) = Jt P-le-'dl 

o 

Then it can be easil y proved that 

I " , , I f (- )f (- + I) 
f(l _ 1I 2 ) ' dll ~ - 2 23 

2 1_( " ) o _ + _ 
2 2 

Thus for an in teger n, it follows that 

, 
1[ 2 

C" ~ -:::Jf[C-;t(~n +-:2:-C)" ] 
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and 

It is intersteing to observe that the volume of unit sphere first incrcase with n and then decrea 

ses. 

The surface area Sn (r)of the n-dimensional sphere of rad ius r may be derived by considering 

the vo lume of a thine spherical shell. 

Therefore 

S"(r)1Ir = V. (r) - V. (r- '~r) 

• 
=~ [r " - (r -6r)" ] 

n/ , 
/ 2 · 

• 
,, 2 " nflr 2 

=-r (- )+o(Llr) 
~ ! r 

According the right side of ( I 1) has the value 

2(2 -n),,' O(O) + o(c) 

r(~) 
2 

whcn 0 is the usual symbol for the order of magni tude ofaquant ity. 

Letting c -+ 0 we find from ( 10) and ( 11 ) that 

• 
'1 ' r '·· = 2(2 - n};r' o(x) 

~%) 
find 
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=-(n -2~" (I)o(x) (13) 

Now we define the fundamenta l solution for the differentia l operator 'V 

2, we find fro m (1 3) that ifn>2 

( 14) 

is the fundamental so lut ion of the laplace operator _ "12 

In pa ti cular 

£(r)=-I 
4,.. 

is the fundamental solution in R1. 

( IS) 

For the case n=2, In this case we replace r·n by Inr by the same procedure the result is 

fin rV ' lklx = - frln r ao - ~ o Ids = -2nB(O) + 0('-) 
s or r 

which yields 

Thus 

Is the fundamental solution for the case n=2. 

In genera Ie E(r) = 

9 

(16) 

E(r)= (2~ } nr 

I 
- Inr for I I = 2 
21T 

I 
----'---~ Jor 
(/I - 2)S" (I)r "-, 

(18) 

( 17) 

11 :::3 
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is the fundamental so lution of the Laplace operator _ 2 

solution (15) is cal led Newtonian potentials and(17) is logari lhemic potentia l 

where 6(x)= . -
{

I , - 0 

o x *0 
is a Dirac mnss placed at x:::Q 

1.2 Greells /ull ctions alld Boulldary vallie problems 

For x, ye W with x *" y thc fundamcnta l solution of thc Laplace equations (I I ) becomes 

E(x ,y) = E(lx -;1) = 

I 
- Inlx - yl 
2" 

I 

(11 - 2)S" (I)lx - yl"-' 

Jom ::: 2 

( 19) 
fo m > 2 

Whcre sn( l ) is the surface of n·di mcnsional unit ba ll 13(0, I) c W 

Theorem I : (G reen 's Representalion Fo ... muhl) If ue C I(O), we have for y e O 

II(Y) = f{"(x) aE (x,y) - E(x,y) all (X)}/O(X) + f E(x,y)611(x)dx 
"', Ov t Ov n 

a 
(Ilere the symbol -

avo 

(20) 

indie,Hes that the derivati ve is taken in the di rection of the ex terior nonnal with respec t to the 

variable x.) 

Proof:-

For suffi ciently small c > 0 

B(y,c) !: 0 Since n is open 

We opply Greens 2""idcntity for v(x) =E(x, y ) and O/B(y, &) ( in place of 0 ) 

Since E is I-Iannonic in O\{y} we obtain 
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f £(x, y)6u( x)d, = f {E (x , y) au (x) _ u(x) a£(x' Y»d, x 
0 1"" .., ) co 0" Ol'. 

(2 1 ) 

Where dox is the vol ume element on an. 

In the second boundary integral, v denotes the exterior nonnal ofo/B(y, c 

) hence the interior nonnal of B(y, c). 

We now wish to eva luate the unit o f the individual integrals in thi s formul a for c -+ 0 , since v 

E (' 2(.0),<111 is bounded, E is integrable the left hand side 0 1" ( 14) thus tends to JE(x ,Y)L\II(x)dr 
n 

0 11 a/J(y ,c) we have E(x , y)=E(c) 

Thus for c -+ 0 

f E(x, y) : (x)d"x S s"c"-' E(c)supiVui --> 0 
,:oll(}' .&) 

Further more f oE(x y) oE(c) f 
II (X) 'do (x) = - - u(x)do(x) 

~(y.l) Ov.. Ol; t'mfY.I) 

Since v is the interior norma l o f B(y. c). 

Altogether, we get (20) 

Remark: applying the Green 's representation fomlUla for a so called test func ti on fP E c: (.o) 

we obtain 

\?(y) = fE(x , y)6\?(x)dx (22) 

n 

This can wrincn as 

6,E(x,y) = Ii, (23) 
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Where !1 x is the Laplace operator with respect to x and 8 , 
is the Dirac Delta distribution, meaning that for fP E C; (n) 

C,7 (O) = (f E C· (O), sup pU) = {x;f(x) ~ O} is acolllpaci SlIbsel of O} 

In this manner, 8£(.,y) is defined as a di stribution, 

1I£(·, Y) [9'J= f£(x,Y)II9'(x)([, 
n 

Equation ( 16) explains the terminology ' fundamental so lution ' for E as wc ll as thc choicc of the co 

nstants in its definition. 

We consider a non-homogeneous partial differential cquation o f the form 

L,u(x)=f(x) (24) 

Whcre x=(x. , x2 ••. xn) is a vector in n dimensions. L~ is a linear partia l difTerential operator in 

n-dimension with constant cocfficientsu(x) and f(x) are functions of n-independent variables. 

The Green functions G(x,~) of thi s problems sati sfies the equations 

L, G(x,~) = .5(x - ~) (25) 

and represent the effect at the point x of the Dirac Delta functi on SOllrce at the point ~ = (f,fl ,q) 

Multiplyi ng (25) by I(~)and integrating over the vo lumc v of the ~ space so that dV = d~d'ldq 

we obtain 

(26) 

Interchanging the order of the operator L, and integral sign in (26) gives 

(27) 

a simple comparison of(27) with (24) leads to the solution o f (24) in the form 
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(28) 
• 

(28) is va lid for any finite number of components of x. 

Another way to approaches the problem is by looking for the in vcrse operator L~ ' 

, if it is possible to find L~ ' then the solution of (17) can be obtained as u(x)=== L~ ' 

(f(x» the inverse operator can be expressed as an integral oper<llor of lhc form 

u(x)= L;'(f(x» = JG(x, ~)/(~)d~ 
, 

The kernel G(x,; ) is called Grecn 's functions. 

1.3 Tile Dirac Delta Function 

Before developing the methods of Green ' s functi ons wc wil l first dcfine the Dirac Delta func t 

ions S(x - c,Y - ") in two dimensions by 

a) o(x-c,y - q) = O x~c y~'/ ( I ) 

b) ffO(x - c,y - q)dxdy = 1 R, ;(.' - c) ' + (y - ,/)' < C' (2) 

'. 
c) ffF(x,y)O(x-c,y - ,/)d,dy = F(c ,q) (3) , 

for arbi trary func ti ons F in the region R E 

The del ta fun ction is not a function in the ord inary sensc. 

If S(x - c) andS(Y-ll) are one dimensional delta functions we have 

ffF(x,y)O(x -c)o(y - q)duly = F(c,q) (4) 
, 

Since (3) and (4) hold for an arbitrary funct ions F, we conclude that 

o(x- c,y-'Il = o(x - c)o(y - q) (5) 
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Thus we may state that the two dimensional delta functions is the product of twO one·dimensi 

onal delta functions. 

Higher dimensional de lla functions defined in a similar manner; 

o(x, , x, , ... ,.'.l = o(x, )o(x, ) ... o(x, ) (6) 

For express ing the delta functions in tenns of curve linear coordinates we transfonn the twO 

dimensiona l delta functions from Cartesian coordinates x, y to curve linear coordi nates a , p 

by means of transformation. 

x = 1/ ( a ,p ) and y=v (a ,p ) (7) 

There fore equation (4) becomes 

If F(I/ , ")0(1/ - c)o(" - ll)IJ~adP = F(c,,, ) (8) 

J is the Jacobean of the transformation defined by 

(9) 

Consequently we can wri te 

0(1/ - c)o(" -,,) = o(a -a,)6(p - P,) ( 10) 

In part icular the transformat ion from rectangul ar coordi nates (x, y) to polar coordinates (r,O) 

is defined by 

X=rcos 0 y=rsinO ( II ) 

x, y, 
J= = r ( 12) 

Xo Yo 

in thi s case J van ishes at the origin and the transformation is singular a\ r:.:O fo r any 0 

Hence 0 can be ignored and 

I I o(r) 
o(x)o(y)= -=-­IJ,I 2" r 

( I l) 
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• 
Where J ,~ fJdlJ~ 2nr 

o 

Si milarly the transformat ion from three dimensional rectangular Cartesian coordinate (x, y, z 

) to sphcrical po lar coordinates (r, O.¢) is givcn by 

x=rsinO cos¢ y=rsinOsin¢ z =rcosO 

DS r <co OSO S n OS ¢ :5 2ll" (14) 

The Jacobean of the transformation is J=rsin 0 

This Jacobean vanishcs for all points on the z axi s that is 0 ""0 and hcnce the coordinates ¢ 

may be ignored J vanishes at the origin 

o(x)o(y)o(z) = o(r) = o(r ) 
IJ,I nr ' 

Where J,~ r r JdlJd¢ ~ 4nr ' 

2 Boundary-Value Problems for Potential Equations 

( 15) 

Boundary va lue problems mathematically is defined as finding a functions which satis fi es a given 

potcn tia l equat ions and particular boundary condit ions. Physically speak ing the prob lem is indepcn 

dent of time involvi ng on ly space coordinates. 

I . First Boundary-Value Problem 

The Dirichlet problems: Find a function Il(x, y), harmoni c in D, whi ch sati sfies 

,, ~J(s) on B ( I ) 

whcref(s) is a prescri bed cont inuous function on the boundary B of the domai n D. 0 is the interior 

o f a simple closed piecewise smooth curve B. 

We may physically interpret the solution u of the Dirichlel problem as the stead y-state tempcrature 

di stribution in a body containing no source or sinks o f heat. with the temperature presc ribed at all 

points on the boundary. 
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2. The Second Boundary-Value Problem 

The Neumann Problem: Find a function u(x, y), hannonic in D, which sati sfies 

ou 
- = [(s) On B 
On 

With 

J[(s)ds = 0 

The symbol ou/ On 

(2) 

(3) 

denotes the directional derivat ive of u along the outward nonnalto the boundary B. the last conditi 

on (3) is known as the compafibilily condil ion, since it is a consequencc of (2) and the equation 

'\1 2
/1 = 0 

. Here the solut ion u may be interpreted as the steady state temperature di stribution in a body eonla 

in ing no heat source or heat sinks when the heat flux a cross the boundary is prescribed. 

The compat ibility condition, in this case may be interpreted physica ll y us thc heat requirelllcnlthat 

the net heat flux across the boundary be zero, 

3. The Thi rd Boundary-Value Problem 

Find a function u(x, y) hannonic in 0 , which satisfies 

Ou 
-+ h(s)u=[(s) onB, 
On 

(4) 

Where hand /are given continuous functions. In thi s problem, the solution u may be interpreted as 

the steady state temperature distribution in a body, from the boundary of which the heat radiates fr 

eely in to the surrounding medium of prescribed temperature, 

4. The Fourth Boundary-Value Problem 

111e Robin Problem: Find a function u(x, y), harmonic in D, which sati sfies boundary conditions of 

d're d're rI ' s of the boundary B an example invo lving such boundary cond I lerent types on I lerent po iOn . 

ilions is 
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II=/,(S) 

all 
an =/,(s) onB, 

Where B=8 , U B, 

2. 1 Maximum and Minimum Principles 

Theorem2: (The Maximum principle) Suppose that II (t.y) is hannonic in a bounded do 

main 0 and continuous in D= DU B. Then II attains its maxim um on the boundary J3 of D. 

Physicall y, we ,may interpret thi s as meaning that the temperature ofa body whieh was 

neither a source nor a sink of heat acquires its largest (and smallest) values on the surface of t 

he body, and the electrostati c potential in a region which docs not contain any free charge all 

ains its maximum (and minimum) values on the boundary of thc region. 

Proof Let the maximum of u on B be M. leI us now suppose that the maximum of II in 0 is 

not attained at any po int of B. then it must be attained at some point P o(xo. yo)denoles the rna 

ximum of 11 in D, then Mo must also be the maximum of II in D. 

Consider the function 

( I) 

Where the point P (x,y) is in 0 and where R is the radius ofa ci rcle contain ing D. Note that 

V(Xo,Yo)= II (Xo, YO)= Mo. 

We have v(x, y)~M+ (Mo- M)I =!(M+Mo)<MoonB. thus, v(x,y)likell(x,y) 
72 2 

must attain its maximum at a point in D. It fo llows from the definition of v that 

(U-M) (Mo-M) 
v +v = u +u + = > 0, 

u >~ u >y R2 R2 
(2) 

But fo r v to be a max imum in 0 , 
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Vu :5 0, V»' :5 O. 

Thus, 

Which contradicts equat ion (2) hence, the maximum of II must be attained on B. 

Theorem 3: (The minimum Principle) ifll(x,y) is harmonic in a bounded domain J) and co 

ntin uous in D = Du B, then 11 attains its minimum on the boundary B oro. 

2.2 Uniqueness and Continuity Theorems 

Theorem 4: (Uniqueness Theorem) The solution ofthc Dirichlet problem, if it ex ists, is lin 

ique. 

Proof. Let u, (x,y) and u,(x,y) 

be two solutions of the Dirichlet problem. Then II I and II } satisfy 

11 2 =/onB 

Since II I and llz3re harmonic in D, (u /*u}) is also hannonic in D. But 

II -II = 0 onB. , , 

The maximum-minimum principle gives 

11-1/ = 0 , , 

At all interior points of D. Thus, we have 

Therefore, the solution is unique. 

Theorem 5: (Continuity Theorem) the solution ofthc Dirichlet problem depends continuou 

sly on the boundary data. 
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Proof, Lei U , and II } be the SOlution of 

And 

'ij
2u, = 0 ,'n D , 

Ul =/1 onB, 

Ifv = u, -u1 • then v satis fi es 

By max imum and minimum principles, /1 - / 2 attains the maximllm and minimum of v on 

B , Thus, if If, -/ ' I < E , then 

Thus. at any interior point in D, we have 

Therefore. lvl < c in D. 

2,3 Dirichlet problem for a Circle 

Interior Problem 

The Potent ial Equat ion 

a2U~ +a 2U=0 
ox' 0-' 

, d' 'd' t polar coord inate by using the transformn tion equ<ltion In xy-coor mate tranSlorme In 0 

{

X = reosO 

y=rsin B 

u(x.y) = u(reosO,rSinO) = lI(r ,O) 
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The Dirichlet problem is 

'ii ' 1 1 II=II ,, + - u +-1186 =0 O$,<a, 
" , 2 

u(a,O) = f(O) for 01l0;n [0,2"J 
(3) 

By the Method of separation of variable, we have solution in the foml 

u(r ,O) = R(r)0(0) * 0 (4) 

substitution of this in equation (3)yields 

, R' R' 0 ' 
r -+r-=--=A 

R R 0 

Hence, 

r I R" + rR '- AR .. O (5) 

(6) 

Because o[ the period icity conditions 0(0) = 0(2,,) and 0'(0) = 0 '(2,,) 

which insure that the function e is singled valued, we solve for different value of A 

the case A. <0, the characterstic equation for ODE (6) 

let /1 =N 
8(8) = Cle/.lO + C 2e-Po but the case A <0 does not yeild an acceptable solution. 

When A. =0, we have 

"(r,O) = (A + Blogr)(CO + D) 

since log, -7 -00 as , -7 0+ 

(not th 0
, , 1 't 0[(3)) B must vanish in order for u to be finite at r=0, C must al so e at r= IS a smgu ar pam , 

, h ' d' b ' d'c '''I'th period 2t Hence the solution for J.. :=O is u%constallt. vallis In or er lor u to e peno 1 .. . . , 
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When A >0, the solut ion of equation (6) is 

e (o) = Acos.JXO + Bsin .Jio 

The periodicity condit ion imply 

.JX = n for n= I,2,3, .... 

Eq uation (5) is the Euler equation and therefore. the general solution is 

R(r) = Cr' + Dr-' 

Since ,-II ~ 00 as r --+ 0 D must vanish for u to be continuous at r=0 

Thus, the solution is 

li(r ,0) = cr " (A cos nO + Bsin n8 ) for 0=1 ,2,3, ... 

Hence the general solution of equation (3) may be wrinen in the fo rm 

lI(r,O) = ~ + i: (-"-)"(a, cos nO + b, sin nO) 
2 II . ] a 

Where the conslant term (aJ2) represent the solut ion for A =0, and lin and b"arc constants. 

Lett ing p = r / a, we have 

a • 
u(p, e) = --.£.+ L P" (a" cos nO +b" sin nO) 

2 u l 

Our next task is to show that uCr,B) is harmonic in 0 S; r < a and continuous in 0 S ,. S a 

we must also show that u satisfies the boundary condition in (3). 

We assume that a" and bnare the Fourier coefficient of f(O), that is, 

I " 
a, = - fJ(O)cosnOdO n = 0,1,2 ... 

1T 0 

1 '" b" =- fJ (O)sin nOdO n =I,2, .. . 
1T 0 

(7) 

(8) 

(9) 

Th C d fi . . db are bounded that is there ex ists some number M>O such thai us Irom very e Inl tlOn, !!nan n " 
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Thus, if we consider the sequence of functions {u..}de fi ncd by 

" . (p,O) = p ' (a. cosnO + b. sin nO) 

We sec that 

OSpSPo < I 

Hence in any closed circular region, series (8) converges uniformly. 

Next, differentiate 11" with respect to f . then, for OSp S Po <1 

AAU, Ethiopia 

(10) 

Thus the series obtained by di ffe rentiating the series (8) term by term wi th respect to r converges u 

niformly. In a simil ar manner we can prove that the series obtained by twice differen tiating series ( 

8) tenn by term with respect to rand [converges uniformly. Consequently, 

, I I 
V u:;;;; li" +- ll , +-2 ll oo 

r r 
GO 11-2 

= L £,-(a, COS 118 + b, sin 11 0)[11(11 - 1) + n - n' ] 
,,_1 a 

= 0, 0 S P 5, Po < I 

Since each term of scries (8) is a harmonic function, and since the series converges uniformly, 

u(r ,0) is harmonic at any interior point of the region Os; p < 1 

it now remains to show that u sat isfies the boundary dataj(8). 

Substitution of the Fourier coefficients a" and bn in to equation (8) 

/I(p,O) = _1_ r f(O)dO + ~ f p' 'j f (r)(cosllrcos IIO + sin II rsin II0)dr 
2tr tr u l 0 

= _1_'j [ 1 + 2f p ' cos 11(0 - r) y(r)dr 
2Jt 0 ~ ~ I 
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The interchange of summation and integration . d d . 
permltte uc to the umform convergence of the scr 

ies. For O,Sp < 1 

pe 'IS.,) - ,(8- r) 

= 1 + + ~pe~-,:-~ 
1- pe,18-tJ 1- pe- ,(II- I ) 

1_ p2 
= _----'--L_~ 

1- 2pcos(0 - r )+ p ' 

Hence, 

I " 
u(p,8)= - f 

27! 0 

I ' - p f(r) dr 
1- 2p cos(8 - r) + p ' 

The integral on the right side of ( 12) is Poisson integral fomlUla for a circle. 

Now if 1(0) =1 ,then, according to scries(ll ), lI (r ,O) = 1 lor 0 S p S I. 

thus equation( 12) gives 

Hence, 

therefore, 

I 2~ 1- p2 
1 = -2,,- J c-] -_"2-P-co'-sC'(O!:_---,r),--+- p" dr 

1 ,. 
I(O)= - f 

2". , 

, 
I - p , /(O)d r , OS p < 1. 

1- 2pcos(0 - r )+ p 

1 ,. (I - p ' )[f(r)-/(O)l d 

lI(p,O) - /(O) = 2" J 1- 2p cos(0 - r)+p' r 
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Since f(O) is unifonnly continuous on [O,2;r J, for given c > O. there exists u posili\ c number 

6(c) such that 10 - rl < 6 implies 1/(0) -/(r)1 < c, if 10- rl ~ .5 so Ihat 

0 - r *" 2 11 lr f or n = O,I,2 , ... ,then 
1- , 

lim p = 0 
p~" 1-2pcos(O - r) + p ' 

which implies that timu(r,O) = /(0) unifonnly in O. Therefore we state the' following theorem; 

Theorem 6 : There exists one and only one hannonic function u(r,O) 

which satis fies the cont inuous boundary data f (O). This function is either gi .... en by 

I 2... 1 2 

j a - r 
lI(r ,O) = - ,/(,')dr 

2/r 0 0 2 - 2arcos(O- r) + r 
( 14) 

or 

a .. r '" 
lI(r ,O) = -2. + L-.-(a ... COS IIO + h ... sin 11 0) 

2 .... 1 a 
( IS) 

where a and b are the Fouri er coefficients of / (0) . • • 

for p = 0, the Poisson integeral formula(J 2) becomes 

I " 
11(00) = 11(0) = - jl( r'Pr , 2a • 

( 16) 

This resu lt may be stated as follows: 

) If . h rmonic in 'I circle then the voluc ofll at the center Theore m 7: (Mean va lue Theorem U IS a " 

is equal to the mean valuc of u on the boundary orthc ci rclc. 

Remark: the integral solution (14) can be written as 

, 
lI(r ,e) = jP(r,r - O)/(r )dr 

" 

where per, T _ 0) is call ed the poisson kernel givcn by 
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P(r,r-O)= I (a ' -r ') 
2~ [a' - 2arcos(r - 0) + r' I 

Clearl y p(I", r - 0) =0 except at r = O. Also 

, 
[(0) = lim u(r,O) = JP(r,r -O)f(r)dr this implies that 

H' 

lim P(r, r-O)=Ii(r-O) 
H' 

where 8(x) is the Dirac delta function. 

As in the preceding section,the exterior Dirichlet Problem for a circle can rcodily bc solved . For 

the exteriore problem u must be bounded as r~ O'J. The general solution,thcrefore,is 

( 17) 

applying the boundary condition u(a,O) = f(O) , we obtain 

a • 
f(O) = i + ~)a, cos 110 + b, sin 110) 

2 ". 1 

Hence we find 

I " a, = - ft(r)cosnrdr , 
~ 0 

n=0, 1,2,3, ... , ( 18) 

I " b, = - Jf(r)s inllrdr, 
~ 0 

n=0,1,2,3 •... , (19) 

substituting a" and b" in to equation (17)yie lds 

I'[ "a y u(I",O)=- 1 + 2~)-)"eosn(0 - r) (r)dr 
2n 0 "_1 r 

. .. h (II ) sce that thc only difference between the exterior and interior 
companng the equatIOn Wit , we 

. ,. d b -" therefore the final result take the form problem IS that p IS replace y p , 

21' 2 1 o I J p - f( r)dr rorp > 1 
u(p, ) = 2" 0 1- 2peos(O - r) + p ' 

(20). 
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2.4 Dirichl et Problem for a square 

we usc the method of separation of variables to the sol h d- - hi vc t e inC ct problem 

1111 = 0 OSxSa OSY S a 

II(O,y)=O 1I(IT,y)=00 S y5a 

II(X,O) = I(x) II(X,O) = 0 

we seek simple solutions of Laplace equat ions in the ronn 

II (X,y) ", X(x)Y(y) 

which leads to 

X" Y" -=---=-< 
X Y 

and thus we obtain 

X"+AX = 0, X(O) = X(IT) = 0 

we have anon trivial solution if 

X ,, (x) = Cit sin(nx) II = 1,2,3 ... , 

is the co rresponding eigen function with rcspcctto the given cigen value ).~ = 1/ 1 

For Y(y) we have 
Y"- n' y = 0 

yea) = 0 

thus for convienence,we can take I' (y) = sinh[n(a - y») 
" sinh(lIa) 

we must still satisfy the boundary condit ion at y=O and we seck a formal solution on the foml 

.f sinh[n(a- y») - d 
u(x, y)= ~C" . sm nx an 

,..1 smh(na) 

• 
I(x) = u(x,O) = L CIt sin(nx) from which wc Know thai 

."' 
2 • 

C. = - f f (x )sin(nx)dx 
IT , 
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2.5 Dirichlet problem for a circular annulus 

The naturaJl extension of the Dirichlet problem for a circle is the Dirichlet problem for a circulnr 

annulus, that is 

u(r"O) = f(O), u(r" O) = 8(0) 

in addition, /I(r,O) must satisfy the periodic ity condition. Accordingly,f(O) alld g(O) 

must also periodic with period 2n . 

Proceeding as in the case of the Dirichlet problem for a circle, we obtain for A. = 0 

u(r,O) = (A + B logr)(CO+ D) 

The periodici ty condition in u requires that C=O. Then, u(r ,0) becomes 

a b 
lI(r,O) = i +i logr where ao=2A D and bo=2BD 

2 2 

The solution for the case A. > 0 is 

( I ) 

(2) 

u(r ,0) = (Cr .fi + Dr -.fi )(A cos.JIo + fl ' in .JIO) where .JI = /I = 1,2,3, ... 

thus, the generale soluti on is 

lI(r, 0) = .!..(Qo + bo log r) + I[(a"r" + b", -" )cosnO + (c~ , ~ + d ~r - ~ ) sin 1101 
2 ". 1 

(3) 

Where ~,bn,cnand dnare constants. 

Applying the boundary conditions (2), we find that the coefficients arc givcn by 
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The constants <lo, bo,a,.,bn,cn,dn for n=I,2,3, ... can be dctcmlined. Hence, the solution of the Dirichlet 

problem for an annulus is given by(3). 

2.6 Neumann Problem for a Circle 

Let u be as solution of the Neumann problem 

au =/ on B an 
it is evident that u =constant is also a solution. Thus, we sec that the solut ion of the Neumann prob 

lem is not unique, and it differs from another by a constant. 

Consider the interior Neumann problem 

all = all =/(0), , = R 
on or 

( I ) 

(2) 

3efore we detennine a solution of the Neumann problem, a neccssary condition fo r the existence 

)f a solut ion will be established. 

In Green's second fannu la 
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(3) 

we put v= l , so that V
2
v=0 in D and iJvl = 0 on B -n'e th' I ' Ion .. I II n, e resu t I S 

(4) 

substituting of ( I )and (2)in to equation(4) yields 

(5) 

which may also be written in the form 

" R fl(O)dO = 0 (6) , 
As in the case of the interior Dirichelet problem for a circle, the solutionof the Lnpltlcc cqufllion is 

Differentiating this with respect to r and applying the boundary condi tion(2}, we obtain 

au • 
- (R,O) = L kR'-' (II. cos kO +b. sin kO) = 1(0) (8) 
or h I 

Hence, the coeffic ients are given by 

1 " 
D. = ~ II (r )cos krr/r, k = 1,2,3 •...• 

kTrR 0 

1 " b = - fl(r) si" krrlr k = 1,2,3, ... , 
k k;rRk

-
1 

0 

Note that the expression of I(B) 

in a series of the form (8) is possible only by virtue of the compatibility condi tion (6) since 

I '" 
a, = - fl (r )dr = 0 

rr , 

Insening a
k 

and b
k 

in equation (7). we obtain 
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a R'if "()' t u(r,O)=1+; il~; COSk(O - r)r(r)dr 

Using the identity 

I I [ , 1 " I -"2 og l +p -2pCos(O-r) = L - p'cos(k (O- r» , 
h1 2 

with P = iR , we find that 

a R h 

u(r,O)= -" -- Jlog[R ' - 2rRcos(O- r )+ r ' ]r(r )dr 
2 2;r 0 

(10) 

in whieh a constant factor R
Z 

in the argument of the logarithm was eliminated by virtue of equat ion 

(6). 

We still need to show that this formal solution is actually a solution. To this cnd we quotc [l 

theorem from advanced calculus concerning the convergence of a series of products. 

" 
Theorem 8 : (Dirichlet's Test) Let L a" be a series with bounded partial sums. LCI {b~} .. , 

" be a monotonic sequence converging to zero. Then the series L a.b. convcrges . .. , 
Proof:· Let A" = aJ + a2 + ... + a" and assume that [A"ls M V" 

Then lim" ... .., A"b".1 = 0 then the summation by parts formula 

• • 
I a.b. = A.b •• , - L A,(b .. , -b. ) 
".1 h I 

• 
10 show the series converges we need onl y show that I A, (b l • 1 - b. ) converges . .. , 
since the terms {b,, } are decreasing we have (A, (b, •1 - bl») :S M(b, - bl • l ) 

But the series L bhl - hi 

is a convergent telescoping series. Thus by comparison test we obtain absolute convergence of se 

• 
ries L A, (b to l -b,) .. , 

" 
Theorem 9:(Abel's Theorem) The series I a.b. .. , converges if f a. converges and {b.} 

~, 

IS a monotonic convergent sequence. 
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• 
Proof;-The convergence of L Q~bn and {bJ proves the convergence of A b 

n.l ~ ~'1 

Where, as above, An = Q 1 + a2 + .. . + an' Also, {An} 

is a bounded sequence. The remainder of the proof goes like the proof of Dirichlel's test the 
• 

Theorem I O:The series LX n (X)Yn(Y) converges unifomlly in a set I x J 
""' 

in the plane provided that 

I) LX n (x) converges uniformly for x E I 

2) the sequence {Yn(Y)} is uni form ly bounded and convergent for y e J 

and monotonic with respect to n fo all y E J 

2.7 Dirichlet Problem Involving the Poisson Equation 

rem . 

The so lution of the Dirichlet problem involving the poisson equation can be oblnined for simple re 

gions when the solution of the corresponding Dirichlet problem for the Laplace equation is known. 

Consider the Poisson equation 

V 2U = u:a + 11 yy = lex,y) in D, with the condition 

u = g(x,y) on B 

Assume that the so lution can be written in the fo rm 

lI =V+W 

where v is a particular so lution of the Poisson equation and w is the so lution of the associated hom 

ogeneous equation, that is, 

V1w=O 

v'v = f. 
As soon as v is ascertained, the solution ofthc Dirichlct problem 

V2 w=0 inD, 

IV = - v + g(x,y) 

B b d 
. d Th 1 method of of finding a particular solut ion for the case in which on can e etermme. e usua 

fu~ . 
. . . k I' in the fonn of a polynomia l of degree (n+2) wnh u 
IS a polynomial of degree n IS to see aso ul10n 

ndetermined coefficients. 

As an example, we consider the torsion problem 
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'V
2
u=-2, O<x<a, O<y<b 

u(O,y)=O, u(a,y) = 0·, II(XO) - O (b) ° , - u x, = 
We let u=v+w. Now assume v to be the form 

v(x,y) = A + Bx + Cy + DX l + Exy + F/ 

substituting this in the Poisson equation, we obtain 

2D+2F=-2 

The simplest way of satisfying this equation is to choose 

D=-I and F=O 

The remaining coefficients are arbitrary. Thus, we take 

AA , Ethiopia 

v(x,y) = ax - x2 so that v reduces to zero on the sides x=O and x=a. Next. we lind w rrom 

'V 2w=O, O<x< a, O<y <b 

w(O, y) = -v(O,y) = 0, 

w(a,y) = - v(a,O) = 0, 

w(X,O) = - v(x,O) = - (ax - x'), 

"\X,b) = -v(x,b) = - (ax - x' ). 

AS in the Dirichelet problem, the solution is found to be 

00 mcy n try . mer 
w(x y) = " (a cosh - + b sinh - ) sm( - ). 

, ~ n a n ( I (J .. , 
Applicat ion of the nonhomogeneous boundary conditions yields 

I ~ . ("IlX) 
w(x,O)=-(ax -x ) = i..J 0"sm -;; .. , 

'" nnb mcb . 11m ) 
( b) ( Xl ) = " (0 cosh- +b. sinh - )sm(- . wx, =-ax- i..J ~ a (I a .. , 

from which we found 
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and 

thus, we have 

2" 
a. ~ - f(X l -ax)Sin(~'L. 

°0 a r 
if niseven 

if nisodd 

( 
nnh . nnh ) 2 " ( ancosh- +b"smh _ = - /(x 2 - ax)sin !!..!:! Ix 
a a a 0 a 

nnh 
[1 - eosh - Ja. 

b ~ a 

• Sinh( n:) 
Hence, the solution of the Dirichlet problem for the Poisson eq uation is given by 

[ 
. h(2 ;r(b - y) . IlY ] IlX 

8a 2 .., Sin n - l ) a +smh(2 11 - I) sin(2 11 - 1) 
u(x,y) =(a - x)x - - L a a 

,, ' •• , sinh(2n _ I) nh (211 _ 1)' 
a 

3 Properties of Green's function 

The Green's functions for the Dirichlet problem involving the Laplace operator is thc fu nction whi 

ch sati sfi es 

a. 

G~O on B 

b. G is symmetric, that is 

G(x, y; ~ , q) ~ G(~ , IP,Y) 

c. G is continuous in x, y,;, '7 , but (ag/on) has a di scontinuity (l t the poin t(;. ,,) 

which is specified by the equation 

lim f aG ds ~ 1 
' .... 0 an c, 

where n is the outward normal to the circle 
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c =(x-;) ' +(y-ry)' =e' , 

Theorem II ; (ag/an) is discontinuous at (;,?) ; in panicular 

. fiJG lim -ds= 1 
,-0() an c, 

Proof Let R be the region bounded by C Th ' . . 
, t ' en,mtegratmg both sIdes of cquation( I). we obtain 

ffll'Gdxdy = ffO(x -;,y-?)dxdy = I 
R, R 

It therefore follows that 

lim ffll ' Gdxdy = I 
,~o 

Thus, by the Divergence theorem of calculus 

lim fiJG ds = I 
' ..... 0 an c, 

3.1 Methods of Green's Functions 

(5) 

It is convenient to seek G as the sum ofa particular integral of the nonhomogeneous equntioll and 

the solution of the associated homogeneous equat ion. That is,G assume Ihe form 

G(x,y;;,ry) = F(;,?;x,y) + g(;,lp,y) 

where F,kno\vn as the free-space Green's funct ion, satisfies 

II ' F =o(;-X,? - y) 

and g sat isfies 

, . D 'Vg=Om , 

in D, 

so that by superposit ion G=F+g satisfies equation (I). Also G=O on rcq urcs Ihul 

g=-F on B 

(I) 

(2) 

(3) 

(4) 

Note that F need not satisfy the boundary condition. Hereafier,(x,y) will denote the sourcc point. 

Before we determine the solution of a particular problem, Ict us first find F for IheLaplncc operator 

In th is case,F must satisfy the equation 

II'F=o(;-x,ry-y) inD 
I 

Then,for r = [c~ - X)2 + (" - y) 2 P > 0, we have with(x, y)as the cen ter 

II ' F = !.!...(r aF) = 0, r or or 
since F is independent orr. Therefore, the solution is 
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f=A+Blogr 

Applying condition (4), it fa llows directly from equation (5) with Vlg = 0 , thm 

of 2"B 
limc-oo fa ds = Iim, .... o f- rdo = I 

c, n o r 

thus B = XJT and A is arbitrary. For simplicity, we choose A=O. Then F takes the fonn 

I 
F= - Iogr 

2~ 

In part icular, we are now in a pOsition to determine the so lution of the Dirichlet problem 

(5) 

V1 u = h inD, 
(6) 

II = / onB 
by the method of Green's function. 

By putting ¢(~,l/)= G(~,~;x,y) and fII(~, ~)=u(~,'1l in Green'ssecand rannul. 

fJ{¢\7 ' fII - fII\7 ' ¢}iS = n¢ :;; - Ip a¢)IS (7) 
D 1\ on 

we obtain 

fJ{G(~, ~ ; x,y )\7'" - u(~, ~)\7 'G }i~d~ = R G(~" p,y)~ - ,,(q .l/)~ Is 
" , 

but 

\7 '" = h(~, ~) in D 
and 

\7 'G=o(~ -x, ~- y) inD 

Thus, we have 

fJ(G(~, ,,;x, y)h(~, ,,) -u(~,~)o(~ -x,~ - y)}J~d~ = A G(~,,,; x,y)~ - "(~, ")~ Is (8) 

" 
Since G=O and u=f on 8 , and since G is symmetric, it fo llows thai 

f aG (9) ,,(x,y) = fJG(x,y;~,,,)h(~,,,)d~d,, + f an ds 

" . 
is the solution of equation (6). 

. D· . hi t roblcm for a un it circle. Then As a specifi c example, conSIder the me e p 

\7 'g-g +g = 0 ;n D (10) - {.: Ifl) 

g=-F onB 
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But we already have from equation (5) that F = ~ log r . 
2~ 
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If we introduce the polar coordinates(see figure 2,) p,O,a ,p by means of the cqua 

tions 

Figure 2 image point 

(t~) ........... Unit Circle 

(x,y) 

x=pcos O ; = acos p 

y =p sin O f}=a sinp 

then the solution ofeguation (10) is 

p) a, + f. ~· (a cos np + b. sin 11/3), g(u, = - £"' V • 
2 ".1 

where 

By using the relation 

g = __ t tog[t +p'- 2pCOS(P - O)] onB. 
4~ 
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, . , 
10g[l + p -2pCOS(P-0)] =-2L: P COsn(p_o) . 

h i n and equal ing the coefficients of sin liP 
cosnp to determine a" and bno we find 

p ' 
a, =-cosnO 

2"" ' 
p' 

b" ;:: 2;;"sin nO 

It therefore fo llows that 

. I • (ap) N 
g(p, O,a ,t1) = - L: -Cosn(p-O) 

27f " .. I n 

= - 4~ 10g[1 + (pa)' - 2apcos(p - O)J 

Hence, the Green's function for the problem is 

G(p,O; CY , 13) =-4
1 

log[a '+ p '- 2CYPCOS(p_0)J __ 1 10S[1 ( )' , J 
" 4" + up - _up cos(p - 0) (12) 

From which we fi nd 

DCI =(DC) _ I I-p' 
an .,8 aa q., - 2" [I +p' - 2pcos(p - oJ 

Ifh=D, then the solution (9) reduces to the Poisson integral fonnula simi lar 10 (12) in page 21 

and assumes the form 

1 2" 1- 2 
u(p,O) = - f , P [(O)dp 

2" 0 I + P - 2pcos(p - 0) 

When. p = D the result satisfies the mean value property. 

I ,. 
u(O,O) = - f [(O)dO 

2" 0 • 
4 Harmonic fu nctions 

and 

Defin itio n: A real valued functions u(x,y) of two real variables x and y is called hannonic in the d 

omain 0 , if it has continuous second part ial derivatives in th is domain and satisfies Laplace 's equa 

tion 

( x,y) ED) (I ) 

For simplicity we write u(z) where z = x + iy in place ofu(x, y) or a function /I e C l (O) 

is harmonic (in n) if /j,u = Din.Q 
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Definition: A funct ion fez) is said to be analytic (regular at the point ;, 

if it can be represented by a power series 

• 
I(z) = I C. (z-4)" 

(2) 

That converges in some neighborhood of the point (that is in some circle J= -;:J < r, r > 0) 

Definition: A funct ion fez) is said to be analytic in the domain D if it is defined and analytic nt enc 
h of its point. 

Lemma: the harmonic functions in n form a vector space. 

Example of harmonic functions: 

» In R
n

, all constant functions and more generally all afline lincar functions nrc hanno 
mc. 

» There also exist harmonic polynomials ofhighcr order 

u(x) = (X) 2 - (X 2)l for x = (Xl ,x2 , ... ,xn ) E R" 

~ For x,ye R" with x "t:-y , we PUI 

£(X,y) ,= £(Ix - y l) = 

I 
- Ioglx- Y/ lor n = 2 
2a 

I Ix - Y/'" lorn > 2 
n(2 -n)",. 

(3) 

(4) where (Un is the vo lume of the n-dimensional unit ball13(O,I)c R" 

4.1 Properties of Harmonic Functions 

4.1.1 Strong maximum principle and Uniqueness 

Theorem 12:(strong m.aximum prineiplc)i suppose /I E C 2 (u) f"\C(u) 

is harmonic with in u then m'bx U =m:~ U 

h If U is connected and there exists a point :Co E U I. Furt ermore 

) then u is constant with in U sueh that u(x, = max u 
u 

, ' U with u(x, ) = M = max 1I Proof: suppose there eXIsts a POIDt Xo E u 

h value property assures Then for O<r<disl(Xo,OU), t e mean 
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M = II(X, ) = J IIdy S M l { ... , j 

As equality holds only ifu=M, with in B( ) 
x" r , we sec u(y) =M for all 8( 

HeneethesC! {X E U f ll(X)=M} ye xo, r) 

is both open and relati vely closed in U and th ' . 

F h
' h us equals u IfU IS connected this proves ii. 

rom w Ie maX U=II= maxu + 
u '" 

Theorem 13 (uniqueness) 

Let g E C(ou), / E C(U). Then there exists at most one solution li E C2(U)nC(U) 
of the boundary va lue problem. 

{
- t1u=linu 

lI=g on au 
Proof: suppose ut and tl2 are solutions, 

( I) 

Let W = ±(1I1 - " 2 ) is harmonic function. To apply strong maximum princi ple (SMP) on w. 

max(1:!1-U2) = max(ul -U2) 
/J i!(J 

(II I -11 2) =0 inU 

Same argument for -(ul - u
2
)gives 

-(UI - u 2 )SO in U 

1"1 -u21.s; 0 in U 

II I =112 in U 

so there exists at most one solution . • 

4.1.2 Regularity of Solutions 

Harmonic solutions are automatically infinitely differentiable, that is jf /I E Cl 

is harmonic then necessarily 1I E C" , this is known as a regulari ty theorem. 

" 
t1u = " 1I = 0 => The analytic deduction of all the partial dcrivatives of u exists. 

~ ~,'" ,., 
Theorem 14 (smoothness): if II e C(U) satisfies the mean value property for each ba ll 

B(x ,r) c U then II E C· (U) 

[Remark; before the proof of these theorem we will define the tcrm Mollifief 
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ry(x) = {e,if; 1+ 1 

o Ixl~ 1 

Fact '1 is infi nite ly many times differentiable n '= 0 out 'd B(O I) , 
' " - SI e • we IIX C such that J,. ry(y)dy = 1 

( J x 
'I , X)=-'1H 

c" c 
''I, = ° oU/side B(O,c) 

JR' 'I, (y)dy = 1 

Ifu is integrable, then 

U' (x) = ~ 1], (x- y)u(y)dY= 1], *u in U, = Ix E U / dis(x, ou) > c} 
Convolution of lJ& andu 

= 1.1],(y)u(x-y)dy 

= f '1 , (x - y)u(y)dy 
.b(x.C) 

is called the Moll ification ofu.J 

Proof:· Let" be standard moll ifier and" is radial funct ion 

Set 1/ ' = 1], +u inU, 11' EC"(U,) 

We will prove u is smooth by demonstrating that in fact U = U
C on U c 

Indeed if x E V" then 

UC(x) = [17c(x - Y)U(Y)dy 

=_, r 1]( lx-~)u(y)dy 
Sn 1 (x.c) S 

I ' r f =- f ry (-)( uds en c "S(x.r) 
o 

, 

) dr 

J J r () "-'d' =-u(x) '1(-)na n r I 
en 0 & 

by mean value properly 
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=u(x)r 1] dy=u(x) 
JB(O,C) c 

Thus U
e 

= u inUc and so U E C'" (Ue )for each E > 0 • 

4.1.3 Local Estimates for Harmonic functions 

Theorem lS.(Estimates on derivatives). Assume u is hannonic in U. Then 

C 
DO u(x ) < -' Ilull o - rn+k L(8(.(0.,)0 

for each ball B(xo• r) c U and each multi index a of order lal = k 

C __ ,_ 
Here 0 - a(n) 

4.1.4 Liouville 's Theorem 

k = 1,2,3"" 

Theorem 16 j( Liouville's Theorem). Suppose II: R~ -+ R 

is hannonic and bounded. Then u is constant. 

Proof: fix Xo E R It
, r > 0 and applying (theorem 1.4.4)on B(xo. r) 

IDII(Xo)1 ~ ;~ lIull",,,~,,)) 
S .Jnc~a(n) ~ut.(R. 1 -+ 0 as r -+ 00 

Thus Du ::;;: O. and so u is constant. 

Theorem 17 :(represcntation formula) 

Let f E C; (R"), n ~ 3. Then any bounded solutions of 

- flu = / in R' hasthe form 

II(X) = L <I>(x- y)/(y)dytc (x E R' ) For some constant c 

Proof:. since <I> (x) ~ 0 as Ixl-+ 00 for n ~ 3. 

iI(x ) = l<1>(x-y)/(y)dy isaboundedsol utionsof-ou =/ in'N' 

- . cordi ng 10 Liouville's theorem • 
. If u is another solution w = II - II IS constant, ac 

(2) 

(J) 
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4.1.5 Analyticity 

Theorem 18; Assume u is harmonic in U then u is analytic in U. 

Proof;- (i) fi x any point Xo e U 

We must show that u can be represented by a convergent power series in some neighborhood 
of Xo 

I . 1 
Let,. = - d/Sl(x, .ou) Ihen M = IluO. 

4 a(n)r/l III. (8C .... . 2, n< .. 

(ii) Since B(x.r) c B(x,.2r) [;; u for each x E B(x, .r) by (theorem 1.4.4) 
Provided the bound 

.. ' 2/1· ' k 2 I 
HD(l' 1111 ~ :$ M(---.!'!..)Iallara Now Stirling's fonnula asserts lim~ = ~ II f. (8( .oto .") r k1e 

hence la /
lal 

:$ celal/al! for some constants c and multi indices a 

Further more multi nominal theorem implies 

n' = (I + 1 + ... + I)" = I lal! Where lal!$ nl"la! 
laid a! 

Combining the previous inequal ities now yield 

211+1 n2e II 
!D"ull $ CM( ) " a! II I · C H ( ~u .' )) r 

(iii) Taylor series for u at Xo is 

The sum takes overall multi indices. 

We assert this power series converges, provided 

r Ix-x,l< l , 2/1+ n e 

To verify this let us compute for each N the remainder tenn 

. (2,,) ' 

(4) 

(5) 

=" DaU(Xf) +/(X-Xo»(x_xot forsomeOSI S I 
~~ a l . 

. .. out the first N (enns and the error In 1 t depending on x. We establ ish this fonnula by wfltlng 
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he Taylor expansion about 0 for the funct ion of one variable (t)- ( ( 
. g - u x.+ tx.x. ))at t= I, by (4) 

and (5)we can eSlimate 

2". ' 2 ( )N 
IRN(x)1 $ CM~::t rn e )" 2 ".~n3e 

< CM,, " _ 1_ = CM 
- (2,,)" 2N 

~Oas N~oo 

4.1.6 Harnack's Inequality 

Theorem 19:(Harnack's Inequality). For each connected open set V cc U 

, there exists a posi ti ve constant C, depending only on V, such that 

sup u $ C infu , ' 

• 

For all non negative harmonic functions u in U. This in particular ..!.. u(y) ~ II(X) :S Cu{y) 
C 

, for all points x,Y E V. 

These inequa lities asse rt that the value ora non- negative harmonic funclion with in V is all c 

omparable. 

Poof: · Let r= ~ diS! (v,au~ choose x,yeV, lx-Jj$ r . 

Then 

u(x) = Judz:? 2 n n f 8(y,,) udz 
}lId,) a(n)2 r 

= _I "lIdz = _I U(y) 
2n l v,,) 2" 

Thus 2 " "(Y) ~ U(X)~21" u(y)ifX, y e V, lx-YI $r 

Since V is connected and j7 is compact. We can convert V 

by a chain of finitely many ba lls {B; }~ I each of which has rad ius rand H, n IJ,_I *- () i== I,2, .. 

1 
II(X) ~ - - II(y) 

2" N 
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