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Abstract

This study explores generalizations of nonexpansive mappings, focusing on two commuting
mappings that satisfy the B, , condition. We used some algorithm for approximating a com-
mon fixed point on some class of generalized nonexpansive mappings and proved its strong
convergence to a common fixed point. Our findings extend and enhance several recent results

in the literature.

We discussed the properties of generalized nonexpansive mappings, particularly emphasizing
a sequence of commuting mappings that satisfy the B, , condition. We proposed iterative
algorithms for approximating a common fixed point for these sequences, demonstrating their

convergence under mild assumptions on the parameters.

Additionally, we introduced a pair of some class of generalized nonexpansive mappings and
investigated the convergence and existence of common fixed points within this class. We
applied the three-step iteration process of Abbas-Nazir for a pair mappings satisfying some
class of generalized nonexpansive on a nonempty subset of a Banach space. This approach
yielded results related to both strong and weak convergence, leading to the identification of
the common fixed point of the two mappings. Finally, we provided an example illustrating

two mappings that satisfy the specified conditions.
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Chapter 1

Introduction

1.1 Background of the study

Let X be a nonempty set and G : X — X. A point x € X is said to be a fixed point of G if
Gz = z. If such x does not exist, then G is said to be a fixed point free mapping. A set of
conditions on the mapping G and the set (or space) X which ensures the existence of fixed
points of G is called a fixed point theorem. Fixed point theory is the branch of mathematics
which refers to the fixed point theorems.

Fixed point theory is one domain of mathematical research which falls within Opera-
tor Theory, Functional Analysis, Differential Geometry, Approximation Theory, Differential
Equations, Functional Equations, economics, etc. Necessary or sufficient conditions for the
existence of a fixed point involves a mixture of topological, order-theoretic or geometric con-
ditions on the mapping or on its domain. The topic of fixed point theory is extensive and
continues to be a very active field of research in the literature classified into three major
areas: Topological fixed point theory, Discrete fixed point theory, and Metric fixed point
theory. The results of this dissertation fall in the domain of metric fixed point theory.

The fixed point theory took center stage in the nineteenth century when mathematicians

started to establish the existence and uniqueness of solutions for differential equations by the



method of successive approximations. In this regard, Cauchy [38] was the first mathematician

to give a proof for the existence and uniqueness of the solution of the differential equations

dy

i f(x,y); y(wo) = yo,

where f is a continuous differentiable function. In 1877, Lipschitz [77] simplified Cauchy’s
proof using what is known today as the “Lipschitz Condition.” On the historical point of view
it is difficult to give a complete explanation of a broad subject like fixed point theory in this
dissertation. For a comprehensive study of metric fixed point theory we refer the readers to
Agarwal et al. [6], Aksoy and Khamsi [8], Banach [17], Bohl [23], Brouwer [28], Fan [48, 49],
Fréchet [51], Furi and Vignoli [52], Goebel and Kirk [54], Kakutani [65], Khamsi and Kirk
[68], Kumar[73], Liouville [76], Moore [85], Peano [93], Tychonoff [122] and the reference
therein.

A fundamental result in analysis and metric fixed-point theory was established in 1922 by
the Polish mathematician Stefan Banach (1892-1945). Banach [17] established the “Banach
Contraction Principle,” also known as the “Banach fixed point theorem,” which is one of the
pioneered findings of twentieth century in metric fixed point theory. His proof assures the
existence, uniqueness and approximation of fixed points for contraction self-mappings of a
complete metric space. In honor of Stefan Banach, complete normed vector spaces that play
a central role in functional analysis are named Banach spaces.

Many mathematicians have explored the generalization of Banach fixed point theorem.
For instance, Birkhoff and Kellog [22] demonstrated that every continuous self-mapping of
a non-empty compact convex subset of C[0,1] or L?[0,1] to itself has a fixed point. Also,

Brouwer [28] laid the groundwork for the generalization of contraction mappings and the



study of related fixed point theorems with various practical applications in nonlinear func-
tional analysis, gaining significant importance since the 1920s. In 1930, Schauder [102] proved
infinite dimensional Banach space version of Brouwer’s fixed point theorem of continuous
self mappings of subsets of finite dimensional Banach spaces. In 1965, mathematicians F. E.
Browder, G.H. Gohde and W. A. Kirk, independently, considered the class of nonexpansive
mappings that generalize the family of contraction mappings. They proved Browder-Gohde-
Kirk Theorem [31, 57, 69] that assures existence of fixed points of nonexpansive self-mappings
of a nonempty bounded closed convex subsets of a Banach space.

Further studies in approximating fixed points of self-mappings started with Picard’s it-
eration [94]. The problem of constructing approximation techniques for fixed points of a
self-mapping is equivalently challenging as proving existence theorems. Many iterative algo-
rithms have been proposed by researchers to approximate fixed points of mappings among
which the well known ones are Mann-Kranslosekii Iteration [79], Halpern Iteration [61],
and Ishikwa Iteration[64]. These approximation schemes are generalizations of the Picard’s
successive approximation technique.

Our purpose in this dissertation is to investigate and discuss iterative algorithms for ap-
proximating common fixed points of a family of generalized nonexpansive mappings. Specif-
ically, we focus on the analysis and improvements of recent results in the generalization
of nonexpansive mappings with particular attention to the mappings introduced by Suzuki

[114, 116] that were further investigated by Patir et al.[92] and Thakur et al.[121].

1.2 Preliminaries

In this section, we shall gather few important definition and ideas that play crucial role in

the subsequent chapters. Moreover, the results may be found in most standard books on



functional analysis such as: Agrawal [4, 6], Berinde [20], Berger [18], Brezis [27], Chidume
40, 41], Edward [47], Khamsi and Kirk [68], Krantz [70], Kreysing [72], Lax [75], Migginson

81], Smart [112], Zeidler [133).

Throughout this dissertation, B will represent a Banach space and K will represent a
nonempty subset of B, unless otherwise stated. We represent the weak convergence and
strong convergence of a sequence {z,} by z,, — = and x, — z, respectively. Moreover, for

xg € B and r > 0, S,.(xo) denotes the sphere centered at xy with radius r; that is,

Si(zg) :={x € B: ||lx — x| =1}, (1.2.1)
and B,.(z() denotes the closed ball centered at zy with radius r; that is,

B.(xo) :=={z € B: ||z — x| <1} (1.2.2)

In particular, we use Sg to denote the unit sphere S1(0) = {z € B : ||z| = 1}.

1.2.1 Geometric Structure of Banach Spaces

The geometric properties of Banach spaces have been the focus of intensive research, spe-
cially over the last two centuries. Geometric structures, such as convexity and smoothness
in Banach spaces, are crucial for the existence and approximation of fixed points of nonlin-
ear mappings. Among Banach spaces, Hilbert spaces exhibit the most favorable geometric
properties.

Among the geometric properties that characterize Hilbert spaces are the following two

identities:

lz +ylI* + Il = yl* = 2[lll* + 1y II°] (1.2.3)

1Az + (1= Nyll” = Alz]* + (1= N lyll” = A1 =) [|lz = yII”, (1.2.4)



for all x,y € H and for A € [0,1]. These geometric properties make certain problems in
Hilbert spaces more manageable than those in general Banach spaces. Many researchers
in analysis tried to explore those Banach spaces with nice geometric properties to handle
problems emanating from mathematical models of complex nature.

Let us collect some geometric properties of Banach spaces that our research heavily relies
on. Let B be a Banach space, B* its dual space and (z, x*) the value of the linear functional

¥ € B* at the element z of B.

Definition 1.2.1 (Agarwal et al.[6]). A Banach space B is said to be strictly convex if

for all u,v € Sp and for all A € (0,1) we have |[Au+ (1 —A)v|| < 1.

Clearly a Hilbert space is strictly convex. However, it is long known that the sequential

spaces ¢! and (> are not strictly convex.

Definition 1.2.2 (Goebel and Kirk [56]). A Banach space B is said to be uniformly

convex if for each € € (0, 2] there is a 6 > 0 such that for u,v € B; if |jul| < 1,||v]] <1 and

|z — y|| > €, then UT—H]H <1-4.

It follows from Equations (1.2.3) and (1.2.4) that for points u and v in a Hilbert space

2
<3/1—-—
— 47

2
so that for every ¢ € (0,2] we choose 6 =d(e) =1—4/1— % > 0. Therefore, every Hilbert

Hif ul| <1, o] < 1 and [z — || > &, then || 2"

space is uniformly convex Banach space. In 1936, Clarkson [43] proved that our familiar

Banach spaces ¢” and L” for 1 < p < oo are uniformly convex.

Theorem 1.2.1 (Agarwal et al. [6], Chidume [41]). A Banach space B is uniformly

convex if and only if for a pair of sequences {u,} and {v,} in B such that |u,| = ||v.||



Uy, + Uy,

and lim
n—oo

=1, we have

. Up — Uy
lim =0.
n—oo

Remark 1.2.1. Every uniformly convex Banach space B is strictly convex. But, the converse

is not true in general. (See, Remark 2. 2. 5 of Agrawal et al. [6])

If By and Bs are real Banach spaces with duals By and Bj, respectively and G : By — By
is a bounded linear mapping, then the adjoint G* is a linear mapping G* : B — Bj

satisfying the equation

(u,Gv*) = (Gu,v*), Yu € By, v* € Bj.

The dual space of B* is the bidual of B and represented by B**. Note that B*™ is also a

Banach space.

Let u € B be given. A function f, : B* — R defined by

fu(g) = (u,4),Vj € B*.

Then, since j is bounded linear functional on B and

| Fu] = [, DI < (l51[ull, V5 € B,

fu is a bounded linear functional on B*. Furthermore, as result of the Hahn-Banach theorem,

[ full = [lull-

Definition 1.2.3 (Agarwal et al. [6]). A Banach space B is said to be smooth if for every

u € Sp there exists exactly one j,» € B* such that (u, j,+) = ||ul| and ||j.~|| = 1. We say



that B is Fréchet differentiable if for every u,v € Sp the limit

s kol =l
k—0 k

(1.2.5)
exists, where Sp = {u € B : |[u]| = 1}.
The norm of B is Fréchet differentiable if for each v € B, the limit (1.2.5) exists uniformly
for v € Sg. In this case
Lo 1 o _ 1, o
5 lull” + v, J(w) < 5 llu+oll” < 5 llull” + (v, J(w)) + A(]|ul), (1.2.6)

1
for all u,v € B, where J(u) is the Fréchet derivative of functional 5 |.]|* and A is an increasing
h(k)

function on [0, 00) such that ,lcir% - = 0. Moreover, for each e € [0, 2], the modulus dz(¢)
—

of convexity of a Banach space B is defined by

U+ v

dp(e) = inf{l — el < o)l < 1, lu— || > €} (1.2.7)

Definition 1.2.4 (Agarwal et al. [6]). Let B be a Banach space, K be a nonempty subset

of B and {u,} be a bounded sequence in B. Then, for each p € B

1. asymptotic radius of {u,} at p is determined and defined by

r(p, {u,}) = limsup ||u,, — p|| (1.2.8)

n—oo

2. asymptotic radius of {u,} relative to K is determined and defined by

r(K,{u,}) = inf{r(p,{u,}) : p € K} (1.2.9)

3. asymptotic center of {u,} relative to K is determined and defined by

A(K, {u,}) ={p € K :r(p,{u,}) = r(K,{u,})}. (1.2.10)



Note that A(K, {u,}) is nonempty. If B is uniformly convex Banach space, then A(K, {u,})

has exactly one point.

The Opial condition is another geometric nature of some Banach spaces that facilitates

the study of convergence of sequences.

Definition 1.2.5 (Opial [88, 89]). A Banach space B is said to satisfy Opials condition if
for each u in B and each sequence {u,}, u, — u, the inequality
liminf ||u, — u|| < liminf ||u, —v||,
n——oo n——oo
holds for every v € B with u # v.
It is straight forward fact that every Hilbert space satisfies the Opial condition. Also

spaces of sequences /F (1 < p < oo) satisfy the Opial’s Condition. However, the uniformly

convex spaces of functions LP (1 < p < o) do not satisfy the Opial’s condition.

1.2.2 Properties of Nonlinear Mappings on Banach spaces

Definition 1.2.6. Let K be a nonempty subset of a Banach space B and G : K — K be a
self-mapping. Then, we say that G has a fixed point on K, if there exists u € K such that

Gu = u. The set of all fixed points of G is denoted by Fiz(G); that is,
Fiz(G) ={u € K : Gu = u}.

Definition 1.2.7 (Wong [126]). Let K be a nonempty closed convex subset of a Banach
space B. Let G be a self-mapping of G on K. Then the sequence {u,} in K is called almost

fixed point sequence for G, if lim ||Gu,, — u,| = 0.
n—oo

Definition 1.2.8 (Zegeye and Shahzad [132]). A point p € K is called a strong asymptotic
fixed point of G, if K have a sequence {u,} which converges strongly to p implies that

lim ||Gu, — p|| = 0.
n—oo



Definition 1.2.9 (Agarwal et al. [6]). Let K be a nonempty subset of a Banach space B
and G : K — B a mapping. Then G is said to be demiclosed at v € B , if for any sequence

{u,} in K the following implication holds;
u, — v and Gu,, — v = Gu = v. (1.2.11)

The other very important observation of this study is on the works of Suzuki [114] whose

results are stated in the following theorem.

Theorem 1.2.2 (Suzuki [114]). Let K be a nonempty closed convex subset of a Banach space
B. Let G and G5 be nonexpansive self mappings on K with the condition G1 oGy = GooGh.
Let {a,} be a sequence in (0,1) such that o, — 0. If {u,} is a sequence in K such that

U, — 2 for some z € K and

lim |(1 — @) Grug, + anGaty, — wy|| _

n—oo O[n

0,

then z is a common fixed point of G1 and Gj.

Definition 1.2.10. A mapping G : K — K, where K is a subset of a normed space B, is
said to satisfy Condition (A) if there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) = 0, f(r) > 0 for all » € (0,00) such that ||z — Gz|| > f(d(z, Fiz(G)) for all

x € K where d(z, Fiz(G)) = inf{||z —p|| : p € Fiz(G)}.

Definition 1.2.11 (Chidume and Ali [42]). Let K be a nonempty subset of a Banach space
B. Two mappings Gi, Gy : K — K with Fiz(G) = Fix(Gy) N Fiz(Gy) # 0 are said
to satisfy condition (B), if there exists a non-decreasing function h : [0,00) — [0, 00)
with h(0) = 0 and h(r) > 0 for all » € (0,00) such that max{(||lu — Giul|, ||lu — Gaul|} >

h(d(u, Fiz(G))) for all u € K.
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Many researchers tried to investigate methods of searching common fixed points of non-
expansive mappings by using iteration processes. However, there are still many questions
unanswered regarding generalization to common fixed point problem for finite or infinite
family of commuting generalized nonexpansive mappings. It is the purpose of this study to

address these generalizations.

1.3 Statement of the problem

Recent results obtained for fixed point approximation problems of generalized nonepansive
mappings for finite or infinite mappings are key starting points to identify the existing gaps
in the literature for our study. In this regard, the strong convergence theorem of Suzuki [114]
was identified and possible improvements of this result to a class of generalized nonexpansive
mappings (mappings satisfying Condition B, ) is considered.

Demiclosedness of mappings is a key property to study convergence of proposed itera-
tions to expected outcome. Demiclosedness of mappings satisfying Condition B, , is also
considered another potential problem to be researched. Partial answers to demiclosedness of
mappings satisfying Condition B, , in the setting of Banach spaces satisfying Opial’s Condi-
tion was proved in the literature. We discuss extension of the underlying space to uniformly
convex Banach spaces.

The third part of this study is a new notion for a pair of mappings satisfying Condition
B, . The methodologies we used to introduce this concepts are based on methodologies
exploited by Abbas and Nazir [1], Suzuki [114], Patir et al. [91] and Liu et al. [78]. Iteration
methods to address fixed point problems for pair of mappings satisfying the Condition B, ,

are proposed and their convergence to a common fixed point is proved.
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1.4 Research questions

Based on statement of the problem, we pose the following research questions in this study:

1. Can we extend the results for single nonexpansive self-mappings to a sequence of self-

mappings satisfying the condition B, 7

2. Can we utilize the existing iterative schemes in the literature to approximate a common

fixed point of a sequence of self-mappings satisfying Condition B, ,?

3. Is the Abbas-Nazir three step iterative process converges weakly/ strongly/ to a com-

mon fixed point of two mappings satisfying the B, , condition?

This study answers the above research questions.

1.5 Objective
General objective

o'T0 investigate the common fixed points of a sequence of self-mappings satisfying condition

B

e
Specific Objectives

It is the purpose of this study:

e to investigate the demiclosedness of mappings satisfying Condition B, , on Banach

space;

e to extend the results obtained for nonexpansive self-mapping to mappings satisfying

Condition B, ,;
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e to explore the characteristics of mappings satisfying Condition B, ,;

e to identify iterative schemes that best suits to approximate a common fixed point of a

family of self mappings satisfying Condition B, , on Banach spaces;

e to study the convergence of iterative schemes to a common fixed point of a sequence

of self mappings satisfying Condition B, , on Banach spaces.

e to introduce and explore new notions of pair of self mappings satisfying Condition B, ,

on Banach spaces;

e to apply Abbas-Nazir’'s three step iteration scheme to approximate fixed points of a

pair of self-mappings satisfying Condition B, .

1.6 Significance of the study

Fixed point theory and its applications play a crucial role in various fields of applied science,
addressing numerous problems in engineering, mathematical economics, and optimization.
This study will contribute additional results related to the common fixed points in the context
of some classes of generalized nonexpansive mappings in two (or infinite) self mappings on

Banach space.

1.7 Methods of the Study

We used standard analytical and technical approach of fixed point theoretical methods in
this study. Any methods designed by others are well acknowledged in the dissertation. We
use the well known methods in literature exploited by researchers in the field such as Agarwal

et al. [5], Garcia Falset et. al. [53], Kumar et al. [73], Lael et al. [74], Patir et al. [92],
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Suzuki [114, 116], and the references there in.

1.8 Structure of the Dissertation

The dissertation is divided into six chapters as follows:

Chapter 1 serves as the general introduction of the study. Section 1.1 presents a back-
ground and motivation of the study. Section 1.2 discusses preliminary topics of the study
containing basic definitions and facts that will be used in the subsequent chapters. Sections
1.3 to 1.7 present the research problems, research questions, objectives, significance and
methodologies of the study, respectively. Finally, Section 1.8 describes the structure of the
dissertation.

In Chapter 2, we give detail literature review on fixed point theorems of nonlinear map-
pings on Banach spaces focusing on the generalizations of fixed point theory of nonexpansive
mapping. Approximation methods of fixed points of nonepansive mappings and its general-
izations are well treated in this chapter 2 with specific target to answer research questions
of the dissertation.

Chapter 3 presents the first main result of the study. Characterization of mappings
satisfying ”Condition B, , are discussed. Approximation of common fixed points of two

” is also proved .

commuting mappings satisfying “Condition B, ,
Chapter 4 extends the results in Chapter 3 for two commuting mappings satisfying “Con-
dition B, ,” to a sequence of commuting mappings satisfying “Condition B, ,.” This result
of the study was published in 2024 (See Tadesse et al. [117]).
In Chapter 5, new notion of generalized mappings satisfying “Condition B, ,” is intro-

duced. Moreover, existence and approximation of common fixed points of a pair of mappings

satisfying the conditions introduced is discussed. Examples of such pair of functions are also
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given. This result of the study presented in Chapter 5 was published in 2024 (See Tadesse
et al. [118]).

Chapter 6 presents the conclusion of the contributions of our study to the existing knowl-
edge. Recommendations and possible future research directions are also stated in this chap-

ter.



Chapter 2

Review of Literature

It is the purpose of this chapter to review the literature that motivated the research questions
of this study. The findings of fixed point theorems for nonexpansive mapping and its gener-
alizations in the literature are the central points of discussion. Methods of Approximating
fixed points of nonepansive mappings and its generalizations are also specific targets of the

discussion.

2.1 Fixed Point Theorems of Nonlinear Mappings on

Banach Spaces

Definition 2.1.1. A mapping G : K — K is said to Lipschitzian if there is a L > 0 such
that

|G — Gy|| < L||lx —y|, forall z,y € K. (2.1.1)
If 0 <k <1in (2.1.1), then we say G is a contraction mapping; and if £ < 1 in (2.1.1),
then G is called a nonexpansive mapping.

The celebrated Banach fixed point theorem [17] is stated as follows:

Theorem 2.1.1 (Banach’s Contraction Mapping Principle). Let (X,d) be a complete
metric space and let G : X — X be a contraction mapping. Then G has a unique fized point

15
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xo € X. Moreover, for every v € X the Picard successive iteration {G"(z)}o2, converges to

To and
kn

d(G" <

d(z, Tx), (2.1.2)

where k € [0,1) is the Lipschitz constant of G.

Notable contributions to the generalization of Banach’s Contraction Mapping Principle

were made by Boyd and Wong [26], Rakotch [95] and Wong [126].

Definition 2.1.2. Let B be a Banach space and K be a nonempty sub set B. Then a
self-mapping G on K is called weak contraction mapping on K if 3r € (0,1) and some o > 0
such that

|Gv—Gu| <r|v—ul|+o||Gv—2], V¥V v,uec K. (2.1.3)

Vasil Berinde in 2004 approximate fixed point of weak contraction by using the Picard

iteration.

2.2 Fixed Point Theory of Nonexpansive Mappings

Nonexpansive mappings are the generalizations of contraction mappings. The study of non-
expansive mappings has become a pivotal aspect of recent advancements in fixed point
theory. The first significant result regarding fixed points of nonexpansive mappings was
established by R. de Marr in 1963, which proved an important extension of the well known
Markov-Kahrtani result, greatly influencing the development of fixed point theory. In 1965,
Kirk [69] proved the fixed point theorem for a non-expansive self-mapping of a bounded,
closed, convex subset of a reflexive Banach space having normal structure. An immediate

consequence of Kirk’s theorem was proved independently by Browder [31] and G&hde [57].
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They proved that a non-expansive self-mapping of a bounded, closed, convex subset of a

uniformly convex Banach space has a fixed point.

Definition 2.2.1. Let B be a Banach space and K be a nonempty subset of B. Then a

mapping G : K — K is called a nonexpansive mapping if
|Gu — G| < |jlu—w]||, forall u,ve K. (2.2.1)

Theorem 2.2.1 (Browder [31]). Let H be a Hilbert space and K a nonempty closed convex
bounded subset of H. Then every nonexpansive mapping G : K — K has a fixed point in

K .

Later, in 1970, Kirk extended this result under slightly weaker assumptions, demonstrat-
ing that if the space is reflexive and the bounded closed convex subset has a normal structure,

a fixed point still exists.

Theorem 2.2.2. Let B be a Banach space and K a nonempty weakly compact convex subset
of B with normal structure. Then every nonerpansive mapping G : K — K has a fized

point.

2.3 Fixed Points of Generalized Nonexpansive map-

pings

In 1972, Goebel and Kirk introduced asymptotically non-expansive mappings and established
the existence and approximation of fixed points for such self-mappings in Banach spaces. The
fixed point theory of nonexpansive and asymptotically nonexpansive mappings relies heavily

on the approximate fixed point property.
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Definition 2.3.1. Let B be a Banach space and K be a nonempty subset of B. Then a
mapping G : K — K is called an asymptotically nonexpansive mapping if there exists

a sequence {r,} in [1,00) such that lim r, =1 and mapping such that
n—oo

|G"u — G™v|| <71y |lu—vf, forall u,veK. (2.3.1)

Theorem 2.3.1 (Goebel and Kirk [54]). Let K be a nonempty closed convex bounded subset
of a uniformly convex Banach space B and G : K — K an asymptotically nonexpansive

mapping. Then G has a fixed point in K.
Metcalf and Diaz [45] essentially introduced the idea of quasi-nonexpansive mappings.

Definition 2.3.2. (J. B. Dotson [46]). Let B be a Banach space and K be a nonempty
subset of B. Then a mapping G : K — K is called a quasi-nonexpansive mapping if

Fiz(G) # 0, and
|Gu —p| < |Ju—p| forall pe Fiz(G), ue K. (2.3.2)

Many mathematicians have recently considered a number of extensions and generaliza-
tions of nonexpansive mappings. In 2008, Suzuki introduced the following class of generalized

non-expansive mappings in Banach space.

Definition 2.3.3 (Suzuki [116]). Let K be a nonempty subset of the Banach space B and

G : K — K. Then G is said to satisfy condition (C)
|IGu — Gu|| < ||lu—1], (2.3.3)
1
whenever, 3 |lu — Gu|| < ||lu—wv]|, for all u,v € K.

Theorem 2.3.2 (Suzuki [116]). Let K be a weakly compact convex subset of a uniformly
conver Banach space B. Let G be a mapping on K. Assume that G satisfies condition (C).

Then G has a fized point.
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Remark 2.3.1 (Suzuki [116]). Every non-expansive mapping satisfies the condition (C) on

K. But there are also some noncontinuous mappings satisfying the condition (C).

Suzuki (Proposition 1 and Proposition 2 of [116]) proved that the condition (C) is weaker

than nonexpansiveness and stronger than quasi-nonexpansiveness.

In 2011, Falset et al. [53] defined the following definition to a class of generalized non-

expansive mappings.

Definition 2.3.4 (Falset et al. [53]). Let K be a nonempty subset of the Banach space B

and G : K — K. Then G is said to satisfy condition (C)), where A € (0,1),
|Gu — Gol|| < ||lu —v], (2.3.4)
whenever , A ||Gv — u|| < ||u — || for all v,u € K.

It was shown by Garcia-Falset et al. [53] that Condition (C) is a particular case of
1
Condition (C)) with A = 7 Hence a nonexpansive self-mapping satisfies the condition (Cl)

for each A € (0,1).

Theorem 2.3.3 (Garcia-Falset et al. [53]). Let B be a uniformly conver Banach space and
K be a nonempty weakly compact convex subset of B. Let G be a self-mapping on K and G
satisfies condition (Cy) on K, and I — G is strongly demiclosed at zero. Then, G has a fized

point.

A fixed point theorem was obtained for a-nonexpansive mappings, a class of nonexpansive

mappings that were introduced by Aoyama and Kohsaka [12] in 2011 and defined by:

Definition 2.3.5 (Aoyama and Kohsaka [12]). Let K be a nonempty subset of a Banach

space B. A self-mapping G : K — K is said to be ¢-nonexpansive if for all u,v € K and
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0<op<1
|Gu — Gul? < ¢]|Gu — | + ¢l[u — Gul|[* + (1 = 2¢)||u — v[*. (2.3.5)

In 2017, Shukla et al. define the following monotone generalized ¢-nonexpansive mapping

in Banach spaces.

Definition 2.3.6 (Shukla et al. [110]). Let B Banach space and K be a nonempty subset
of B. A self-mapping G on K is said to be generalized ¢-nonexpansive if GG is monotone and

there exists ¢ € [0,1) such that

1
§]|u—Gu|| < ||lu —v|| implies

1Gu = Go|| < 0[|Gu = o[ + ¢llu = Go[| + (1 = 2¢)|Ju =[], Vu,ve K.

If ¢ = 0, then Definition 2.3.6 reduces to a mapping satisfying condition (C') (see Exam-

ple 3.3 in Shukla et al. [110]).

In 2018, Patir et al. [92] introduced the following definition on the some classes of gen-

eralized nonexpansive mappings.

Definition 2.3.7 (Patir et al. [92]). Let B a Banach space. Let K be a nonempty subset

of B and G be a self-mapping on K. Then G satisfy the condition B, , if 3y € [0,1], p €
1

[0, 5], 2pu < v such that V u,v € K the condition v ||lu — Gv|| < ||lu—v|| + pljlv — G|

implies

1Gu = Gul| < (1 =7) flu—=wvll+ p(lu = Gol| + [Jo — Gul]). (2.3.6)

Theorem 2.3.4 (Patir et al. [92]). Let K be a nonempty subset of the Banach space B. Let

G be a self-mapping and satisfies the condition B.,,, on K. Foruy € K, let a sequence {u,}
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i K be defined;

Ups1 = AGTy + (1 — Ny, (2.3.7)
where A € [y,1) — {0}and n € NU{0}. Then ||Gu, — u,|| = 0 as n — oc.
Patir. at al. [92] state and proof the following statements using the B, , condition.

Theorem 2.3.5 (Patir et al. [92]). Let K be a weakly compact and convexr subset of a
uniformly convex Banach space B. Let G be a self-mapping on K satisfying the condition

B, ,. Then G has a fized point.

Theorem 2.3.6 (Patir et al. [92]). Let K be a nonempty subset of a Banach space B having

the Opial property. Let G be a self-mapping on K satisfying the condition B, ,. If {u,} is a

sequence in B such that {u,} converges weakly to z, and lim ||Gu, — u,|| =0 then G has
n—aoo

a fixed point.

Patir et al. [92] constructed examples to justify that their generalization was more general
than that of Condition (C) and Condition (C}).

In case Fiz(G) # 0, each of the conditions (C), (C) and B, , implies quazi-nonexpansiveness
of self-mapping G.

Suzuki [114] stated and proved the following characterization for two commuting nonex-

pansive mappings.

Proposition 2.3.7 (Suzuki [114]). Let K be a closed convex subset of the Banach space B.
Let G1,Gy : K — K be commuting nonexpansive mappings (i.e., Gy o Gy = G50 Gy ). Let
{u,} be a sequence in K that converges strongly to some z € K. If {a,,} is a sequence in

1
(0, 5) converging to 0 such that

lim |(1 = ) Grug, + anGatty, — Uy | _

n—o0 Oy,

0, (2.3.8)
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then z is a common fixed point of G1 and Gs.

In the same article Suzuki [114] extended Proposition 2.3.7 systematically from two to
three and then for a finite family of commuting nonexpansive mappings; and then proved

the following fixed point theorem.

Theorem 2.3.8. (Suzuki [11}]) Let K be a compact convex subset of a Banach space B.
Let {T,, : n € N} be an infinite family of commuting nonexpansive mappings on K. Fix

1
A€ (0,1). Let {an,} be a sequence in |0, 5] satisfying
liminfeo, =0, limsupa, >0, lim [a,1 —a,]=0.
n—oo

n—00 n—o00

Define a sequence {u,} in K vy € K and

n—1 n
Upy1 = A (1 - Z aﬁ) T, + A Z A ey, + (1 — Nuy,
k=1 k=2
forn € N. Then {u,} converges strongly to a common fized point of {T,, : n € N}.

We use the following characterization of uniformly convex spaces to prove our main

results.

Lemma 2.3.9 (Schu [103]). Let B be a uniformly convex Banach space. Assume that 0 <

b<t,<c<1l n=123,---. Let the sequences {u,} and {v,} in B be such that
limsup |lu,|| < v, limsup|jv,|| <v, and lim ||t,u, + (1 —t,)v,]| = v,where v > 0.
n—00 n—00 n—00
Then
lim ||u, — v,|| = 0.
n—oo

The following properties of a mapping that satisfies condition B, , were proved in Patir

et al. [92].
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Lemma 2.3.10 (Patir et al. [92]). Let K be a nonempty subset of the Banach space B. Let
G : K — K satisfy the condition B, on K. Then, for all u,v € K and for 6 € [0,1],
(i) HGu — GQUH < |lu — Gul|,
(ii) at least one of the following ((a) and (b)) holds:
0
(@) 5 llu—Gul| < lu—vl,
0 2
(b) 3 |Gu — G*ul| < ||Gu — vl
The condition (a) implies
0
1Gu = Goll < (1 = ) lu = vll + p(llu = Goll + [lv = Gull)

and the condition (b) implies

6
|GPu— Go|| < (1 - 5) |Gu — v|| + pu(||Gu — Go|| + ||v — G*ul)).

0
(#20) lu = Gl <83 =0) [lu = Gul + (1 = ) [lu — ]|

+ p(2||u — Gu|| + Jlu — Gv|| + ||v — Gul| + 2||Gu — GQuH).

Lemma 2.3.11 (Dotson [46], Patir et al.[92]). For a nonempty subset K of a Banach space
B, let G : K — B be a mapping satisfying B.,,, condition. If p is a fized point of G on K,
then for all u € K,

[Gu —p|| < |lu—p|.

Without requiring Opial’s condition, Agarwal et al. [6] extended the demiclosedness
principle of nonexpansive mappings in a uniformly convex Banach space. To achieve this,

we require the following:
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Lemma 2.3.12 (Agarwal et al. [6]). Let K be a nonempty closed convex subset of a uni-
formly convex Banach space B and G : K — B a non-expansive mapping. Then, for any
€ > 0, there exists positive number M (e) > 0 such that ||u—Gul| < € for all u € co({ug, u1}),

where ug,u; € K with ||ug — Gug|| < M(€) and ||u; — Guq|| < M(e).

Lemma 2.3.13 (Agarwal et al. [6]). Let G : K — B be a nonexpansive mapping and C a
nonempty closed convex bounded subset of a uniformly convexr Banach space B. Then I — G

1s demiclosed on K.

2.4 Iterative Schemes

Iteration is the process of repeating a set of operations or steps. It is like doing something
over and over again to make it better. The essence of iteration is cyclical in nature, where
each successive repetition ( or iteration ) is intended to bring one step closer to the final goal
or to enhance outcome of ongoing process.

Finding fixed points of some operators is not an easy task. Many researchers implemented
different iterative schemes to approximate fixed points of mappings considering the nature
of the mapping and the domain of definition. Reich [97] proved weak convergence theorem
for iterative schemes for nonexpansive mappings in Banach spaces and several authors intro-
duced different iterative schemes to approximate fixed point of different nonlinear mappings

with mild conditions on the parameters.

The well known Picard iteration process, which is the simplest iteration process, is described

as follows:

U € K
(2.4.1)

Upi1 = Gu,, n €N



25

Even though G is nonexpansive and has a fixed point, it is possible that the Picard iteration

does not converge to the fixed point of G.

Numerous authors have proposed various iteration processes as a means of resolving these

issues and achieving convergence rates. Below are a few well-known iteration techniques.

In 1953, Mann [79], introduced the one step iterative scheme
Upt1 = Bptn + (1 = 5,)Guy, B, € (0,1), n >0, (2.4.2)
and when (,, = 6 we call it the Krasnoselskii-Mann’s iterative method and is reduced to
Upt1 = Ou, + (1 — 0)Guy, 0 € (0,1), n >0, (2.4.3)

which was introduced by Krasnoselskii [71].
Ishikawa [64], 1974 introduced the following two steep iteration scheme;

u € K
yn = (1 —0,)Gu, + 0,Gu, (2.4.4)
Uy = (1 — ap)uy, + @, Gu,

for all n € N, where 0 < o, < 0, < 1.
Noor [87] studied the approximation of the solution of the variational inclusions in Hilbert

spaces in 2000 and proposed the following three-step algorithm:

(

U € K
Unt1 = (1 — ap)uy, + Gy,

| Wn = (1 —=0,)u, + 0,Guy,

(2.4.5)

for all n € N, where {a,,}, {8,} and {0,} are sequences in (0, 1)
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In 2007, Agrawal et al. [5] introduced the two steps S- iteration schem and defined by

u € K
Upt1 = (1 — apn)Guy, + 0, Gy, (2.4.6)

vy = (1 = 0,)uy, + 0,Guy,.

for all n € N, where {a,} and {6, } are sequences in (0, 1).

Next, Gursoy et al. [60] introduced the three steps Picard-S- iteration process is defined as:

.

u € K
Upr1 = Guwy,
o (2.4.7)
Wy = (]- - Bn)Gun + ﬁnGvn
[ Vn = (1= 0,)u, + 0,Gu,.
for all n € N, where {f,} and {6,,} are sequences in (0, 1).
The following is Abbas and Nazir’s [1] three steps iteration process defined by
(
U € K
Upy1 = (1 — o) Guw,, + a,,Gv,,
1= ) (2.4.8)

| Un = (1 = 0,)uy, + 0,Guy,

for all n € N, where {a,,}, {8,} and {6,} are sequences in (0, 1) in 2014.

It is important to note that all the aforementioned algorithms pertain to fixed points of
single self-mappings, with only a few iterative processes addressing fixed points of two or
more mappings. Among these, the commonly utilized method is the iteration process defined

by Liu et al. [78] in 2007.
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up € K
Un+1 = (1 - Oén)Glun + OénGQUn (249)
vy, = (1 = 6,)Guy, + 0,Gouy,

for all n € N, where {a,} and {6, } are sequences in (0, 1).
Abbas and Nazir [1] stated and proved the following theorem using the iteration process

in (2.4.8).

Theorem 2.4.1 (Abbas and Nazir [1]). Let K be a nonempty closed conver subset of a
uniformly convex Banach space B. Let G be a nonexpansive self mappings of K. Let {u,}
be defined by the iteration process (2.4.8) where {ay,}, {Bn}, and {0,} are in [e,1 — €] for

alln € N and for some € in (0,1). If Fiz(G) # 0, then lim ||u, — Gu,|| = 0.
n—aoo

Abbas and Nazir’s adding some technical proof using (2.4.8) under the Definition 1.2.10

we gave the following results

Theorem 2.4.2. Let B be a real uniformly convex Banach space and let K, G, Fix(G) and
{u,} be taken as in Theorem 2.4.1. Let G satisfy Definition 1.2.10, then {u,} converges

strongly to a fixed point of G.



Chapter 3

Approximation of Common Fixed
Point of Two-Commuting (Generalized

Nonexpansive Mappings

3.1 Introduction

The first main results of the dissertation are presented in this chapter. We analyze and gen-
eralize some of recent results in the generalization of nonexpansive mappings with particular
attention to the mappings introduced by Suzuki [114, 116], and further investigated by Patir
et al.[92] and Thakur et al.[121].

We discuss the characterization of mappings that satisfy condition B, ,. This family of
mappings are extensions of family of nonexpansive mappings. We also propose an iterative
algorithm that converges strongly to a common fixed point of two commuting mappings that

satisfy condition B, , with mild assumptions on the parameters.

3.2 Characterization of Mappings Satisfying Condition
By

We prove in this section lemmas that characterize mappings satisfying condition B, ,.

28
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Lemma 3.2.1. Let B be a uniformly convex Banach space and K be a nonempty closed
convex subset of B. Let G : K — B be a mapping satisfying the condition B, , on K with
2 <7, v€[0,1] and pu € [0, %] Then, for every e > 0 there exists positive number M (€) > 0
such that ||z — Gzl|| < € for all x € co({xo, x1}), where xg,x1 € K with ||xg — Gxo|| < M(€)
and ||xy — Grq|| < M(e).
Proof. Let x = (1 — X)xg + Azp for some A € [0,1]. Suppose ||z1 — || < %, then

e — ol = Al = ol < .

Let v < A. Then by Lemma 2.3.10, (ii)
o — Grol| < ||lzo — 2| < [|wo — 2| + pllz — Gzl].

So, by condition B, ,, we have that

77“’

|Gz = Gaol| < (1 =)[x = o[ + pulllx = Gxol| +[|z0 — Gl])

IN

(1 =)z — 20|
+p(||z — 20| + |0 — Gaol| + ||w0 — Gol| + ||G2o — G|])

= (L= +pllz = zol| + 2pllzo — Gol| + pl|Gzo — G| (3.2.1)
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If M(e) < % and, then using (3.2.1) we have

|G — af| < [|Ga = Gaol| + ||Gro = wol| + [Jzo — ]|

1—~+ 2
< Sl ol o G = aoll + |G — ol + o — a1
2 — 1
_ 1_Z||x—x0||+1i_—5||Gxo—xo|| (3.2.2)

< 3|z — 20| + 3||Gro — 20|
= 3\||z1 — @ol| + 3[|Gwo — 20|
< 3|1 — xol| + 3M ()

< €.

€
Now, we need to consider the pairs of points x¢ and x; with ||z —x¢|| > 5 Set d := diam(K).

€
Then, for any non-negative number A with A < —,

6d

€

[l = ol| = Aller — woll < ¢

Thus, if M(e) < % and A < 6id’ from (3.2.2), we have ||Gz — z|| < e.

Then, let A > ég and (1 —)\) < é. Then |jz — 2|| = (1 — )|jzo — 21| < é we have

|Gz — z|| <e.
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€
So, without loss of generality we may assume that A € [—,1—

¥ 6d] and|\x0—$1\|>6 Note

Gz — xol| < (|G — Gaol| + ||Gizo — o

1—y+ 2

sLit;ﬂmx oll + 711G — ol + (|G — ol
(L—7+n) 1+“

=1 Ml —aoll+ 711G — ol

< 3||x — xol| + 3||xo — Gao|
< 3||x — x| + 3M (e)

= 3\||z1 — zo|| + 3M (€).
And, by Lemma 2.3.10, (ii)

Ny = G| < [l = o] < |y = 2l| + pllz — G|

— |Gz = G| < (1 =7)||lz — 21| + p(l[x — Gaa ][ + [[21 — Gul]).
So by using this, we have

|G — || < (|G = G| + || Gy — 24|

1—~+ 2
SLq%;ﬁmx—mu+—ﬁ4Wm—xm+nam—mn
(I—7y+p) 1+u
= LBl — | + 7| Gay —
— 1
< 3|l — || + 3M (¢)
= 3(1 = N|zo — z1|| + 3M(e).
Gx — xg — Gx
Now, definin = and h = .
8= o — ] (e [y
Then
Gx — M 18 M
)= M=l gy MO g 18M(9
Alzo — 24| lzo — ]| ¢
and
-G 3M 18M
i = Gl g Oy, 1M

(T =Nllzo =zl = (1= N)lzo — 24| €
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Then, we have the following

H.l’l—l'oH € €
A 1= Mhl|=7—7—F=1, VA |[—=,1——]
A+ (1 Al = = L e 1 -
Let |[f — hl| < CEZ Since x = (1 — A)xg + Az1, then it follows that
|Gz — x| = [IMGz — 21) + (1 = A)(Gz — z)|
= AL = NIf = hll[lzo — 24 ]]
€
SA(l—)\)(a)Hﬂ?o—ﬂle
€
< (Ollro—nll, (-2 <1)
<e.
This completes the proof. O

Lemma 3.2.2. Let B be a uniformly convex Banach space and K be a nonempty closed
convex bounded subset of B. Let G : K — B a mapping satisfying the condition B, on K

1
with 2p < 7y, v € [0,1] and p € |0, 5] Then, I — G is demiclosed on K.

Proof. Let {x,} be a sequence in K such that z, — z and lim ||z, — Gz,, — y|| = 0, for
n—oo

some y € X. Set Gyx := Gr+vy, v € K. Then, ({ — Gy)z, = I - G)z, —y — 0. If

(I — Gy)xr =0, then (I — G)x = y. Hence, we may assume without loss of generality y = 0.

Set €, := ||z, — Gx,||. Since, €, — 0 as n — oo, we may thin out the sequence to make

the convergence faster, and we do this in such a way for each n.
€n S M(en—l) S €n—1,

where M () for any € > 0 is constant as described in the conclusion of Lemma 3.2.1. Hence,

for each point z € co({z,, : m > n}), we have

|Gz — z|| < €,-1.
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Since z € co({,, : m > n}) is weakly compact ( and hence weakly closed), and contains the

weak limit z of the sequence {z,}, it follows that
|Gz — z|| < lim €, =0.
n—oo

Therefore, Gx = . O

3.3 Fixed Point Theorem

We prove the following technical lemma that plays an important role in proving the main
fixed point theorem of this chapter. This lemma was proved for nonexpansive mappings by

Suzuki [114].

Lemma 3.3.1. Let K be a closed convex subset of the Banach space B. Let G1,Gy : K — K
be mappings satisfying the condition B, ,, where 2p1 < 7y, with G1 0 Gy = Gy 0 G on K. Let
{z,} be a sequence in K that converges strongly to some z € K. If {a,} is a sequence in

1
(0, 5) converging to 0 such that

lim |[(1 — ay,)Gix, + Gz, — || = 0, (3.3.1)

n—oo

then z is a common fized point of G and GS.

Proof. For n € N it follows from (i) and (iii) of Lemma 2.3.10 that

2—7

Iz = Giznll < B —7) Iz — Gazll +

|2 — ||
+ 1 2]z = Giz| + ||z — Gizn|| + ||z — Gi2]| + 2 ||G12 — Gi2]|)

S@B=v+4p) |z = Gzl + (L =) |z — 2l + pllz = Grawll + p|lzn — Grz]]-
(3.3.2)

It follows from (3.3.2) that

3—v+4u
L—p

1—~
L —p

7]
I—p

Iz = Ghn|| < Iz = Gz + Iz = zall + len — Grzll - (3.3.3)
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Because {z,} is a bounded sequence, it follows from (3.3.3) that {G1z,} is a bounded
sequence. By similar argument we conclude that {Gox,,} is also a bounded sequence.

For each n € N it follows from triangle inequality that

(1 — a,)Giz, + anGoxy — || = ||(1 — ) (Ghn — ) — g (x, — Gaxy)||

> (1 —ap) ||Gra, — xp|| — an || — Gazy]| - (3.3.4)

Thus for each n € N, we obtain from (3.3.4) that

1 O
|Gz, — x| < | (1 — )Gy, + 0, Goxyy — || + 1 |tn — Gaxy| . (3.3.5)

— Qi - Un
Using (3.3.1), the assumption «,, — 0 as n — oo, and boundedness of the sequence

{l|zn — Gax,]| }, it follows from (3.3.5) that
lim ||Gyz, — z,|| = 0. (3.3.6)
n—oo

To show that z is a fixed point of G; we utilize (ii) of Lemma 2.3.10.

Case 1. There exists a strictly increasing sequence {ny}zc; of natural numbers such that
% |20, — Gr@n,|| < ||zn, — 2| Vk € N. (3.3.7)
It follows from Lemma 2.3.10 (ii)(a) and (3.3.7) that

Y
1G12 = G|l < (1= 2) 2 = 2yl + e (U2 = G, | + i, = G2l

~
< (A =g+ wllz = zul + 20 llen, — Gzl + pl|Gran, — Gizl| . (3.3.8)

We get from (3.3.8) that

21
I —p

(1-3+p) ”

1G12 = Gram, || < ==

z— T | + |20, — Gizn, |- (3.3.9)
It follows from (3.3.6), (3.3.9) and convergence of {z,} to z that

lim ||Gyz,, — Giz|| = 0. (3.3.10)
k—o00



35

For each k£ € N we have
|z — Giz|| < ||z — n || + |20, — Gizn, || + |Gi2n, — Gi2]] - (3.3.11)
Using (3.3.6) and convergence of {x,} to z, and letting & — oo in (3.3.11), we get
Giz = z. (3.3.12)

Therefore, z is a fixed point of G.

Case 2. There exists a strictly increasing sequence {ny}zo; of natural numbers such that
% G120, — G2, || < [|Grmg — 2| Wk € N. (3.3.13)
It follows from Lemma 2.3.10][(i) & (ii)(b)] and (3.3.13) that

[Giz = Gl < (1= D)z = Grn, | + 11 (1Gr= = Grny ]| + || = G, ])

v g

< (=24 30 e~ Gaanll+ (L= 3 + ), — 2]
+u ||G%xnk - Gle : (3.3.14)
We get from (3.3.14) that
|Gz — Giay, || < W |n, — Gizn, || + (1;%—+M> |zn, — 2] - (3.3.15)
It follows from (3.3.6), (3.3.15) and convergence of {z,} to z that
lim ||Giay, — Giz|| = 0. (3.3.16)

k—o0

For each k € N, it follows from repeated application of triangle inequality and Lemma

2.3.10(i) that

||Z - G12|| < ||Z - :Bnk” + ||xnk - Glxnk” + HG1$nk - G%xnkH + }|G%$nk - G12|| (3317)

< 1z = @all + 2|, — Grn, || + |G, — G2



36

Using (3.3.6), (3.3.16), and letting & — oo in (3.3.17), we get

Gz =z.

Therefore, z is a fixed point of Gj.

We note that

(Gl e} GQ)Z = (G2 @) G1)2 = GQZ. (3318)

For each n € N we have

|Goz — x| < [|Gaz — (1 — ) Gry — @, Gaxy || + (1 — @) Gry, + @, Goyy — 24|

IN

(1 — Oén) HGQZ — Glan + (67 HGQZ — Ggﬂan

+ ||(1 - CV?"L)G(lxn + anGan - xn” . (3319)

Because v ||G2z — G1(Gaz)|| = 0 < ||Gaz — || + p || — Gz, ||, it follows from B, , con-

dition that

G2z = Grag|| = [[G1(G22) — G|
< A =NGoz = zal + (1G22 = Graa| + [lzn — Gaz]]

< (0 =7+ ) l|Gez =zl + 1 [|[Goz — G| - (3.3.20)
It follows from (3.3.20) that
|Gz — Gra| < (1_13#) Gz — 2. (3.3.21)
We get from (3.3.19) and (3.3.21) that

1—y+
[1 —(1— ) (#)] |Goz — x| <y ||Gez — Gaxy||

+|(1 — an)Gra, + 0, Goxy, — ,(B-3.22)
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From (3.3.22) we get

— 2 — (1 —
7 1= o i) |Gz — z,|| < ap ||Gaz — Gazyl| + ||(1 — @ Grxy + @ Ga)zy — 24| -

1 —
(3.3.23)
Since |Gz — Gaxy|| is a bounded sequence, letting n — oo in (3.3.23) we get

-2

(7 ‘?Haﬂ—znga (3.3.24)
I —p

Because 71_ a > 0, we have Goz = z. Therefore, z is a common fixed point of G; and

—
Gs. H

3.4 Approximation of Common Fixed Points of two

Commuting mappings

Let K be a nonempty closed convex subset of a given Banach space B. Let u € [0, %] and
v € [0,1] such that 2u < ~. Let G1,Gy : K — K be commutating mappings (that is;
G 0Gy = Gy0Gh, ) satistying the condition B, ;. Let {a, },—, be a sequence in (O, %) and
A € (7,1). Let us define a sequence {x,} in K by the iteration

ZL’(JGK
Yo = (1 = ) G112y + @Gy, (3.4.1)

Tpt1 = NYp + (1 = Nz, n=0,1,2,---
Lemma 3.4.1. If Fiz(G) = Fiz(G1) N Fiz(Gs) # 0, then the sequence {x,} defined in

(3.4.1) is bounded.

Proof. Let p € Fiz(G). Then it follows from Lemma 2.3.11 that for each x € K

1Ghz —pll < llz —pll & [|Gox —pl| <l —pl-
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Thus for each n =0,1,2,--- , we have

[Zns1 =Pl < Mlyn = pll + (1 = A) [l — pl]
S A1 = an) [|Grzn = pll + o [[Gozn = pl] + (1 = A) [lzn — pl]
<A1 = an) [lzn = pll + am [lzn = pl[] + (1 = A) [l —p]|
= AMlzn = pll + (1 = A) [lzn — pll

= [l = pll-
Therefore, {||x,, — p||} is a decreasing sequence, and so that {x,} is a bounded sequence. [J

Lemma 3.4.2. Let B be a uniformly convex Banach space and K be a nonempty closed
convex subset of B. Let G and Gy be mappings satisfying the condition B, with G; oGy =
Gy 0 Gy on K. Suppose that Fix(G) = Fiz(Gy) N Fix(Gs) # 0. Let {a,} be a sequence

1
in (0, 5) converging to 0, and X\ € (v,1). Then for xq € K the sequence defined in (3.4.1)

satisfies
lim [|(1 — a,)Gi2, + an,Gazy — ]| = 0.
n—oo
Proof. Since by Lemma 3.4.1 lim ||z, — p|| exists for each p € F. Let lim ||z, —p|| =v
n——oo n——oo

for some v > 0. Put w, =y, — p and 2, = z, — p. It follows from the proof of Lemma 3.4.1

that,
Jim |z, [ = lim {[a, —pl| = ». (3.4.2)
Moreover, we note that
lim sup ||w,| = limsup ||y, —p|| < v (3.4.3)

lim H)‘wn +(1— )‘)ZnH = lim H/\(yn —p)+ (1 = A)(Tn _p)H = lim ||$n+1 _pH =V
(3.4.4)
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It follows from (3.4.2), (3.4.3), (3.4.4), and Lemma 2.3.9 that

nh_{go lwn = z3)[| =0,
and so that
lim |[(1 — ay,)Gix, + Gz — || = lim ||(y, — p) — (., — p)|| = lim [Jw, — z,)|| = 0.
n—oo n—oo n—oo
(3.4.5)
Il

For a nonempty compact convex subset K of a uniformly convex Banach space B, we

have the following fixed point result.

Theorem 3.4.3. Let K be a nonempty compact convex subset of a uniformly conver Ba-
nach space B. Let G and Gy be commuting self-mappings satisfying the condition B, ,, with
Fiz(G) = Fiz(Gy) N Fix(Gs) # 0. Let {a,} be a sequence in (0, %) converging to 0, and
A€ (7,1). Forxg € K, let {x,} be a sequence in K defined in (3.4.1). Then {z,} converges

strongly to a common fixed point of G1 and Gs.

Proof. 1t follows from Lemma 3.4.1 that the sequence {x,} is bounded. By the compactness

of K, there is a subsequence {x,,} of {x,,} and there is some p € K such that

lim z,, = p.
J—00

By Lemma 3.4.2 we get

lim H(l — 0, ) G128y, + 0y Gotyy, — T, || =0.

Jj—00
It follows from Lemma 3.3.1 that p is a common fixed point of GG; and Gg; that is, p €

Fiz(G1) N Fiz(Gy). We get from the proof of Lemma 3.4.1 that

lim ||z, —p|| = lim ||z, — p|| = 0.
n—o0 J—00
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Therefore, {z,,} converges strongly to a common fixed point p of G; and Gs. [

Theorem 3.4.3 generalizes the fixed point theorems of Suzuki [116] and Patir et al. [92].

3.5 Numerical Examples

Example 3.5.1. Let K = [0,4] be a compact convex subset of a uniformly convexr Banach

space R, and define G1,Go : K — K as

0, 0<z <4,
Gix = (3.5.1)
1, =
0, 0<x <4,
Gyr = (3.5.2)
2, x=
. . 3 1 . .
Then it can be easily shown that, for v = 1 and p = T the mappings G and Gy satisfy

the condition B., (see Patir et al. [92]). Moreover, G o Gy = G0 Gi. We note that

4
Now to implement our algorithm take N = = and o, = form =20,1,2,3,--- and

2n+1

zo = 3. Then we have

T1= A [(1 — Oéo)Gl(CCo) + OZOG2<5CO)] + (1 - )‘>$0 = %
zg = A1 — a1)Gi(1) + a1 Ga(z)] + (1 = Ny = %
T3 = A [(1 — QQ)G1($2) + 052G2($2)] + (1 o )\)$2 - %

Tor1 = A1 — @) G1(2n) + @nGo(zn)] + (1 — Nz, =

5n+1

Hence {x,} converges to the common fized point p =0 in K.
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In case we start at o = 4 we have

2
T = A [(1 - ao)G1(£If0) + OéoGg(ﬁo)] + (1 - )\)ZL’() =2= F
2
Ty = A [(]_ - Oél)Gl(ZL‘l) + O[lGQ(ZEl)] + (1 - )\)Il = - = ﬁ
2
T3 = A [(1 — OéQ)Gl(IQ) + OZQGQ(ZL'Q)] + (1 - )\).%‘2 = F
2
Hence {x,} converges to the common fized point p =0 in K.
Example 3.5.2. (See [92]) Consider B = (% and K C (* defined as
1
1
:{(6170707'“)1616}:&7 |£1’§§}
Define G: K — K by
Gr = {f%aovof"}?
where x = (£,0,0,---) ={&} € K.
Let x = (&,0,0,--+) y = (m1,0,0,--+) be in K. Then
Gz — Gyll, = & = 0¥ = & —ml & +m| <& —m| = [lz =yl (3.5.3)

Thus we observe that G is a nonexpansive self-mapping on K; and hence satisfies the condi-
tion B, ,.

1 1
Let N\ = 2 and let the initial point be xy = {5,0, 0,---}. Then it follows from the



algorithm (Gh = Gy = G) we get

2

x1 = AGxg+ (1 — N)zg = (?’0’0’0’
11

To = )\GZL‘l + (1 - )\)ZEl = y,0,0,0,
206

I3 = )\Gl‘g + (1 - )\)ZEQ = <¥,0,0,0,

Hence {x,} converges to the fized point p = (0,0,0,---) in K.
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Chapter 4

Approximation of common fixed
points of a sequence of commuting

generalized nonexpansive mappings

4.1 Introduction

This chapter constitutes the second main result of this dissertation. The purpose of this
chapter is to extend the results of chapter three to infinite self-mappings of recent results
in the generalization of nonexpansive mappings with particular attention to the mappings
introduced by Suzuki [114, 116], and further investigated by Patir et al.[92] and Thakur et
al.[121]. The main focus is on the extension of all the results we discussed for two commuting
mappings satisfying condition B, , to sequences of commuting mappings satisfying condition

B

Vi

4.2 Proofs of Technical Lemmas

Let us start with three mappings satisfying the condition B, ,.

Lemma 4.2.1. Let K be a nonempty closed convex subset of a Banach space B. Let G1, Go
and Gs be commuting self-mappings satisfying the condition B, ,, with 2p < «y, on K. Let

43
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1
{z,} € K be a sequence such that r, — z, o, € (0, 5) with o, — 0 and

lim H(l —ap — a2)Gi1y + an,Gory + A2 Gy, — a:nH = 0. (4.2.1)

n—oo

Then z is a common fized point of G, Gy and Gj.

Proof. For each n € N, it follows from (i) and (iii) of Lemma 2.3.9 that

2_
2= Gizall < (3—7) |z — Guzl| + —2

Iz =l
+1 2]z = Giz| + ||z — Gizn|| + || — Gi2]| + 2||G12 — Giz]|)
< B=v+4p)llz =Gzl + (1 =7) Iz — 2]

+u |z — Gz || + p ||z — G12]| - (4.2.2)

It follows from (4.2.2) that

1

— Giz,|| <
|2 = Gra < —

3 — 4 1—
L low— Gazll (4.2.3)

o= Gazll + 1= llz = aall +

Because {x,} is a bounded sequence, it follows from (4.2.3) that {Giz,} is a bounded
sequence. By similar argument we conclude that both sequences {Gsx,} and {Gsz,} are
also bounded.

For each n € N, we get by applying the triangle inequality that

(1 — )Gz, + @, Goxy, — ]| < H(l —a, — a2)Gi, + a,Gomy, + A2Gaw,, — ZEnH

+a2 |Gy, — Gaxyl| - (4.2.4)

It follows from (4.2.4), a,, — 0, and boundedness of the sequences {Gz,}, {Gaz,} and
{G3x,} that

lim |[(1 — ay,)Gix, + anGazy — 2, ]| = 0. (4.2.5)

n—oo

Thus, it follows from Lemma 3.3.1 that, 2z is a common fixed point of G; and Gs.
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For each n € N, it follows from simple triangle inequality that

(1 — )Gz, + @, Gsxy — 2] < H(l —a, — a2)Gi, 4+ ,Gomy + A2Gaw,, — an

+ay, [|anGia, — Gaxy + (1 — ay,)Gaxy|| - (4.2.6)

It follows from (4.2.6), a,, — 0, and boundedness of the sequences {Giz,}, {Gaz,} and
{G3z,} that

lim ||(1 — a,)Gry + Gz, — 2] = 0. (4.2.7)

n—0o0
Thus it follows from 4.2.7 and Lemma 3.3.1 that z is a common fixed point of GG; and Gj.
Hence

z € Fiz(Gh) N Fiz(G2) N Fiz(Gs).
This completes the proof. O

Now we prove for finitely many commuting self mappings satisfying the condition B, ,

in the following proposition.

Proposition 4.2.2. Let K be a nonempty convex closed subset of a uniformly convexr Banach

space B. Let G1,Gs,--- , G, m € N be commuting self mappings satisfying the condition

B,, on K with p € [0, %],7 € [0,1] such that 2u < ~. Let {x,} be a sequence in K

converging strongly to some z € K. If {a,} is a sequence in (0, %) converging to 0 such that
-1

nh_{go H (1 - Z a;) Gz, + é oGy, — ap

i=1

-0, (4.2.8)

then z is a common fixed point of G1,Ga, -+, Gp,.

Proof. 1t follows from the proof of Lemma 4.2.1 that the sequences {G1z, }, {Goxn}, -+, {Gmzy}

are bounded. Let j € {2,3,...,m}. Then For each n € N, it follows from triangle inequality
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that

(1 —a,)Gra, + @Gz, — x| <

m—1 m

(1 - Z a%) Gz, + Z ail_lG,wn — T,
i=1
-1

=2
+a, G, — Z oG, + Gz, ||4.2.9)
i=2 =2

It follows from (4.2.8), (4.2.9), a,, — 0, and boundedness of the sequences {G1z,}, {Gaz,},
-, {Gmx,} that

lim [|(1 — o) Gr2y + 00, Gz, — || = 0. (4.2.10)

n—o0

Thus it follows from (4.2.10) and Lemma 4.2.1 that z is a common fixed point of G; and G;.
Therefore,
z € ﬂ Fix(G;).
i=1

This completes the proof. O

Now we prove for infinitely many commuting self mappings satisfying the condition B, ,

in the following Lemma.

Lemma 4.2.3. Let K be a nonempty bounded convex closed subset of a uniformly convex

Banach space B. Let {G,,}oo_; be a sequence of commuting self mappings satisfying the
1

condition B, on K with pu € [0, 5],7 € [0,1] such that 2p < 7. Let {x,} be a sequence in

1
K converging strongly to some z € K. If {a,} is a sequence in (0, 5) converging to 0 such

that
lim (1 - a@”) Gizn + Y anGuzn — 2y =0, (4.2.11)
n—o0
m=1 m=2
then z is a common fized point of the sequence {Gp}oe_y.
Proof. Put § = sup ||z —yl||. For each k& = 2,3,4,---, it follows from simple triangle

ryeK
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inequality that

[e.e] [ee]
(1 — )Gz, + an Gy, — x| < ‘ <1 — Z a?) Gixp + Z ar Gy Ty — Ty, '
m=1 m=2
oo [e.e]
+ Z o' G, — Z ay' Gy, + o, Gy,
m=2 m=2
< ‘ <1 — Za,’f’) Gll'n + Z OCZLGmxn — Tn '
m=1 m=2
+ 3l [Gizn — Guall + an [|Gral
m=2

IN

<1 — i 04:?) Giz, + io: oy Gy — xn‘
m=1 m=2

Therefore,

(1 —an)Gra, + anGre, — x| <

By letting n — oo we get from (4.2.11) and (4.2.12) that

lim ||(1 — ) G122y + 0, Gy — || = 0. (4.2.13)

n—oo

Thus it follows from (4.2.13) and Lemma 3.3.1 that z is a common fixed point of G; and

G Therefore,

z € ﬂ Fiz(Gy).

k=1

This completes the proof. O

Remark 4.2.1. The boundedness condition imposed on K in Lemma 4.2.3 is equivalent to

stating

k=1
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4.3 Fixed Point Theorems

By using the technical lemmas proved in Section 4.2, we propose iterative algorithms and

prove their convergence to a common fixed point of a given family of self mappings.

4.3.1 Approximation of Common Fixed Point of Three Self-Mappings

Let K be a nonempty closed convex subset of a give Banach space B. Let u € [0, %] and
v € [0,1] such that 2u < 7. Let Gy,G2 and G3 be commuting self mappings satisfying
the condition B, , on K. Let {a,} be a sequence in (0, %) and A € (7,1). Let us define a
sequence {z,} in K by the iteration

Xo € K
Yo = (1 — ay — )Gty + 0, Gory + Gy (4.3.1)
Tpi1 = Ay + (1 = N)ay,,n=10,1,2,--- .

Lemma 4.3.1. If Fix(G) = Fiz(G1) N Fiz(Ge) N Fix(G3) # 0, then the sequence {x,}

defined by (4.3.1) is bounded.

Proof. Let p € Fix(G) = Fix(Gy)NFiz(Ge)NFix(G3). Then, it follows from Lemma 2.3.11
that, for each = € K,

For each n =0,1,2,--- applying (4.3.2) yields

[zt =l < Ay —pll + (1 = A) lzn = p|

< M= an = a) [Graw = pll + on |Gan — pll + 0, | Gszn — pll]
H( =) [lzn = pll
< lzn=pl-

Therefore, {||z, — p||} is a decreasing sequence, and hence {x,} is a bounded sequence. [



49

Lemma 4.3.2. Let B be a uniformly convexr Banach space and K be a non-empty closed con-

vex subset of B. Let G, Gy and Gz be commuting self mappings satisfying the condition B, ,,,

where v € [0,1], u € [0, %] such that 2u < v on K. Suppose that Fix(G) = ﬁF@x(GZ) # 0.
i=1

Let {a,} be a sequence in (0, %) converging to 0 and X € (,1). Then, for each xy € K, the

sequence {x,} defined by (4.3.1) satisfies

ILm H(l —ap — a2)Giw, + a,Gomy, + A2 G, — xn“ =0.

Proof. Let p € Fiz(G). Put w, =y, — p and z, = z,, — p. It follows from Lemma 4.3.1

that, for some v > 0,

lim ||z,]| = lim ||z, —p| = v. (4.3.3)
n—oo n—oo

lim sup ||w,|| = limsup ||y, — p|| < v. (4.3.4)
B v+ (1= Xzl = Jim s~ pll = (45)

It follows from (4.3.3), (4.3.4), (4.3.5) and Lemma 2.3.10 that

nh_{ilo [wn, — zn|| = 0,
and so that
nhg)lo H(l —a, — a2)Gi1y, + ,Gaxy, + A2 Gz, — an = nhj& |wn — zu|| = 0.
This completes the proof. O

For a nonempty compact convex subset K of a uniformly convex Banach space E, we

have the following fixed point result.

Theorem 4.3.3. Let K be a nonempty compact convex subset of a uniformly convex Banach

space B. Let G, Gy and Gs be commuting self mappings satisfying the condition B, ,, where
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3
1
v € (0,1, u € 0, 5] such that 2p < vy on K and Fiz(G) = ﬂFm(Gz) # 0. Let {a,} be a
i=1
1
sequence in (0, 5) converging to 0 and X € (v,1). For xy € K the sequence {x,}n-, defined

by (4.3.1) converges strongly to a common fized point of G, Gy and Gj.

Proof. 1t follows from Lemma 4.3.1 that the sequence {z,} is bounded. Since K is compact,

there is a subsequence {,,} of {z,} such that for some p € K

lim z,, = p. (4.3.6)

Jj—00

It follows from Lemma 4.3.2 that

= 0. (4.3.7)

. 2 2
]ll}rgo H(l — Qi — oznj)Glxnj + ap, Go; + Cl/an;gJTnj — Tp,

It follows from Lemma 3.3.1 that, p is a common fixed point of G1,Go and G3; that is,

p € Fiz(G). The proof of Lemma 4.3.1, (4.3.6) and (4.3.7) give us that

lim |z, —pl = lim ||, —p]| = 0.
n—00 j—o0
Therefore, {z,,} converges strongly to a common fixed point of G, Gy and Gj. O

4.3.2 Approximation of Common Fixed Point of a Finite family
of Self-Mappings
Let K be a non-empty closed convex subset of a given Banach space B. Let v € [0,1], u €
1
[0, 5] such that 2u < 7. Let G1,Go,--- , Gy, m € N be a finitely many commuting self
1
mappings satisfying the condition B., , on K. Let {a,} be a sequence in (0, 5) and A € (v,1).

Define a sequence {z,} in K by

(

Zo € K
m—1 m
9 Yn = (1 - Z Oéﬁ) Gll’n + Z Oéﬁ_leIn (438)
k=1 k=2
Tp1 =N+ (1 =Nz, n=0,1,2,---.
\
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Lemma 4.3.4. If Fiz(G) = ﬂFm(Gl) # 0, then the sequence {x,} defined by (4.3.8) is
i=1

bounded.
Proof. Let p € Fixz(G). Then it follows from Lemma 2.3.11 that for each z € K,
|Gixn —pl| < ||xn —p| fori=1,2,--- 'm (4.3.9)

By using (4.3.9) and repeated application of triangle inequality, for each n =0,1,2,--- , we

have

2o — 2 < My — 2l + (L= ||lzn] — p||

m—1 m

< A(1=Y ab) G = pll+ D @b 1 Gara = pll | + (1= )l — 1
k=1 k=2

< lzn—pl- (4.3.10)

Therefore, {||z,, — p||} is a decreasing sequence and so that {z,} is a bounded sequence. [

Lemma 4.3.5. Let B be a uniformly convex Banach space and K a non-empty closed convex
subset of B. Let G1,Ga, -+ ,G,, : K — K be commuting mappings satisfying the condition

1 m
B,, on K, nn € [0, 5], v € 10,1] and 21 < 7. Suppose that Fix(G) = ﬂFZ:B(G,) # 0. Let
i=1

1
{an} be a sequence in (0, 5) converging to 0 and X\ € (v,1). Then, for each xy € K, the

sequence {x,} defined by (4.3.8) satisfies

m—1 m
<1 — Z aﬁ) Gix, + Z aﬁ_lexn — T
k=2

k=1

lim
n—oo

— 0. (4.3.11)

Proof. Let p € Fixz(G). Put w, =y, — p and z, = x, — p. Then by Lemma 4.3.4
lim ||z,]| = lim ||z, —p||=v (4.3.12)
n—oo n—oo

for some nonnegative real number . We note that by Lemma 2.3.9

limsup ||w,| = limsup ||y, —p|| < lim ||z, — p|| = v. (4.3.13)
n—oo

n—o0 n—oo
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Moreover,

T A+ (L= Nzl = 7 lim (A —p) + (1 - Nz~ p)
= h_)m |zne1 — p|| = v. (4.3.14)

It follows from (4.3.12), (4.3.13), (4.3.14) and Lemma 2.3.9 that
lim ||w, — z,|| =0,
n—o0
and so that (4.3.11) holds. O

4.3.3 Iterative Algorithm for Approximating a Common Fixed
Point of Sequence of Self-Mappings

Now we are in a position to propose an iterative algorithm and prove its convergence to a

common fixed point of a sequence of commuting mappings satisfying Condition B, ,.

Theorem 4.3.6. Let K be a nonempty compact convex subset of a uniformly convex Banach
space B and m € N. Let G1,G>, - ,G,, be commuting self mappings on K satisfying the
condition B, ,, where v € [0,1], p € [0,%] such that 2pu < . Assume that Fiz(G) =
ﬂFm ) # 0. Let {a,} be a sequence in (O,%) converging to 0 and A € (v,1). Then

for each xog € K the sequence {x,}oo in K defined by (4.3.8) converges strongly to a point
i=1

Proof. 1t follows from Lemma 4.3.4 that the sequence {z,} is bounded. By the compactness

of K, there is a subsequence {x,,} of {,} such that for some p € K

lim z,, = p. (4.3.15)

]—)OO

By Lemma 4.3.5 we have

m—1
: k
lim E
J—00

o, )G 1T, + g ozk lea:nJ — T,
k=1 k=2

=0. (4.3.16)
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The hypotheses of Lemma 4.3.4 are all fulfilled as indicated in (4.3.15) and (4.3.16). There-
fore, p is a common fixed point of G1,Gs, -+ ,G,y,; that is, p € ﬂsz(Gl) The proof of

=1

Lemma 4.3.4 and (4.3.15) imply that
lim ||z, — p|| = lim ||z,, — p|| = 0. (4.3.17)
n—00 j—o0

By (4.3.17) the sequence {z,}°, converges strongly to p € Fiz(G). This completes the

proof. O]

Let us discuss the infinite cases. Let K be a nonempty bounded convex closed subset of

1
the Banach space B. Let v € [0, 1], 1 € [0, 5] such that 2u < 7. Let {Gi}52, be a sequence
of commuting self mappings satisfying the condition B, , on K. Let {a,} be a sequence in

1
) and A € (v,1). Define a sequence {x,} in K by

0_
(72

p
xo € K

Un = (1 -y a,’j) Giz, + »_ ahGray, (4.3.18)
k=1 k=2

(Tnt1 =AY+ (1= Nz, n=0,1,2,---.
Lemma 4.3.7. Let B be a uniformly convexr Banach space and K a nonempty bounded

convez closed subset of B. Let {Gy}r—, be a sequence of commuting mappings satisfying the

1 o0
condition B, , on K, i € [0, 5], v € [0,1) and 2u < ~y. Assume that Fix(G) = ﬂ Fiz(Gy) #
k=1

1
0. Let {a,} be a sequence in (0, 5) converging to 0 and A € (v, 1). Then, for each xy € K,

the sequence {x,} defined by (4.3.18) satisfies

(1 — i aﬁ) Gix, + i aﬁ_lea:n — Ty
k=2

k=1

lim
n—oo

=0. (4.3.19)
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Proof. Let p € ﬂ Fix(Gy). Tt follows from Lemma 2.3.10 that, for each n =0,1,2,---
k=1

201 =PIl < My = pll + (1= A) [l = pll

<A <1 - Zaﬁ) Gz — Pl + XD o™ |Gran — pl| + (1= A) ||z — p]
k=1

k=2

< [lzn = pll-
Thus, {||z, — p||};2; is a decreasing sequence and so for some v > 0
lim ||z, —p| = v. (4.3.20)
n—oo

Put w, =y, — p and z, = x, — p. By referring to Lemma 2.3.11 and (4.3.20) we get

(1 —zaz) Grt— pll+ 3 0k Gy
k=1 k=2

limsup ||y, —p|| < limsup

n—oo n—oo

< limsup ||z, — p||

n—o0

= (4.3.21)
Moreover,
Tim (X, 4+ (1= Nz | = Tim A —p) + (1= N, —p)l| = v (4.3.22)
It follows from (4.3.20), (4.3.21), (4.3.22) and Lemma 2.3.9 that
Tim fJwn, — 2] = 0,
and so that (4.3.19) holds. O
Let us state and prove a fixed point theorem.

Theorem 4.3.8. Let K be a nonempty compact convex subset of a uniformly convexr Banach
space B and m € N. Let {G}}32, be a sequence of commuting self mappings on K satisfying

1
the condition B, ,, where v € [0,1], p € [0, 5] such that 2u < ~y. Assume that Fiz(G) =
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~ 1
ﬂ Fiz(Gy) # 0. Let {a,} be a sequence in (0, 5) converging to 0 and X € (,1). Then for

k=1
each xy € K the sequence {x,};" o in K defined by (4.3.18) converges strongly to a point

p e F.

Proof. By the compactness of K, there is a subsequence {x,,} of {z,} such that for some
pe K

lim z,, = p. (4.3.23)

J—00

By Lemma 4.3.7 we have

lim = 0. (4.3.24)
Jj—o0

o o
k k—1
1-— E oy, Giog, + E oy, GrTn; — Tn;
k=1 k=2

The hypotheses of Lemma 4.2.3 are satisfied by (4.3.23) and (4.3.24). Therefore, p is a

common fixed point of Gy, Ga, -+, that is, p € ﬂ Fiz(Gy). The proof of Lemma 4.3.7 and
k=1
(4.3.23) imply that

lim ||z, — p|| = lim ||z,, — p|| = 0. (4.3.25)
n—00 j—o0
By (4.3.25) the sequence {z,},>, converges strongly to p € ﬂ Fiz(Gy). This completes the

k=1
proof. O



Chapter 5

Existence and Approximation of
Common Fixed Point of Two
mappings in Some Class of
Generalized Nonexpansive Mappings

on Banach Space

5.1 Introduction

We discuss the third main result of the dissertation in this chapter. New definition of gen-
eralized form of noneexpansive mappings is stated. An iterative algorithm to approximate a
common fixed point of pair of self-mapping in the generalized form is proposed. Convergence
of the proposed algorithm to a common fixed point is proved. Practicality of the main result
is supported by numerical examples.

We prove existence theorem of the common fixed point of two mappings satisfying the
generalized Suzuki non-expansive mappings. Also, we use the three-step iterative process

due to Abbas-Nazir for two mappings G, Gy : K — K, where K is a non-empty subset of

56



a Banach space B, which is as follows:

;

u € K

Unt1 = (1 — ap)Grw, + a,Gavy,
wy, = (1 = Bn)Gru, + BnGavy,
(U0 = (1—=0,)u, + 0,Gruy,,

for all n € N, where {a,},{8,} and {0,} are sequence in (0, 1).

o7

(5.1.1)

5.2 Generalized Mappings Satisfying B, , Conditions

Let us introduce the following class of mappings.

Definition 5.2.1. Let K be a nonempty subset of a Banach space B. Let v € [0,1] and

1
w € 0, 5] such that 2u < ~. A pair of mappings G;, G3 : K — K are said to satisfy the

B, ,, conditions, if for all u,v € K,

yming|lu = Gl flu = Gaul[} < flu —of| + pmax{|jo — Grof, [[o = Gyol[}

implies that

max{||Giu — Gv||, [|Gou — G|}

< (=) llu = vl + pmin{[ju = Gyl + [lo = Grull, [lu = Gyol| + [lv = Gaul}.

Example 5.2.1. Let K =|0,2], and G1,Gy : K — K be mappings defined by ;

0, if ©#2
Glx: 9

0, if xz+#2
o — [ x#

1, if x=2.

Then Gy and Gy are satisfies the condition of Definition 5.2.1.

(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)
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Proof. Then we need to show 1 and Gy are satisfying the B, ,, condition but not condition
(C). Now first we need to show the mappings are not satisfying the condition (C). Let x = 1.2
mdy_zTmn;mw—m_nﬁgos_m—mumumﬂ—cmm4wgos_
|z — yl| is false, thus G does not satisfy the condition (C). Similarly % |Gox — z|| = 0.6 <
0.8 = ||z —yl|, but ||Gax — Goy|| =1 < 0.8 = ||z — y|| is false, thus G2 does not satisfy the
condition (C).

Next we need to show both G; and G, are satisfying the B, , condition, where v = 1 and
= % The condition v ||z — Gyz|| < ||z — y|| + p ||y — G1y|| is satisfied only when x and y

satisfy the conditions mentioned in the following two cases.

Case i. x € [0,1.275] and y = 2.

Then we have

Yz =Gzl = ||z = Giz|| = [l]]
1
<llz =yl + plly = Guyll = llz = 2/l + 5 (12 = 0.9

= ||z — 2|| + 0.55.

For all such x and y = 2, the inequality

9
|Gz — Gyl = 0

< (=) llz =yl + plle = Guyll + ly = Grz])

2

9
S|
v 10”+
holds.

4
Case ii. = # 2, y#Zandyzgx.
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Then we have

vz =Gzl = |z
1
< lz =yl + 5 ly — Gyl

1
= =yl +3lyll- (5.2.5)
It is obvious in this case that

|Ghz = Gryll = 0 < (1 =) [l = yll + pllle — Gyl + [ly — Grel)

= 2l + .

The condition 7 ||z — Gaz|| < ||z —y|| + 1 ||y — Goy|| is satisfied only when = and y satisfy

the conditions mentioned in Case (iii) and Case (iv).

Case iii. z € [0,1.25] and y = 2.

Then we have

Ve = Goxl| = [lz — Gaz|| = |||

<l —yll + ully — Gayll = [l — 2|| + 0.50.
For all such x and y = 2, the inequality
[Gox = Goyl| =1 < (1 =) [lz =yl + pllle = Gryll + ly — Gazf]) = % o — 1] +1
holds.

4
Case iv. x # 2, y;«éQandyzgx.

Then we have

1 1
7l = Gozll = 2] < llo =yl + 5 lly = Goyll = llz = yll + 5 Iyl (5.2.6)
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It is obvious in this case that
1
|Gax — Gay|| =0 < (1 =) [lz — yl| + p(llz — Gayl| + ly — Gazl) = §(||$|| +lyll)-
holds

Therefore, it follows from the above four cases that Gy and G, satisfy the B, , condition.

]

The following lemma shows that G and G, the B, ,, condition with Fiz(G1)NFiz(Gs) #

() are quasi-nonexpansive.

Lemma 5.2.1. Let K be a nonempty subset of the Banach space B and Gy, Gy : K — K

be mappings satisfying the B., , condition. If p € Fix(G1) N Fiz(Gy) # 0, then for allu € K
lp = Grull < llp = wl| and [lp = Goull < lp — ul|. (5.2.7)

Proof. Since G, Gy : K — K are two mappings satisfying the B, , condition and p €

Fiz(G1) N Fiz(Gy) # 0, u € K, then we have the following
0 — ymin{llp— Gaall |, Ip — Gapll} < lp — ul + pmax{fju — Guull, Ju — Gaull}. (528
So, by Definition 5.2.1

max{||G1p — Grul|, [|Gap — Gaull}

<A =9)lp—ul

+ pmin{|lp — Gyl + [lu— Gapll, lp — Gaull + lu — Gapl}.  (5.2.9)

Now, we consider the following different cases;
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Case I. Let ||G1p — Giu|| < ||Gap — Goul| and ||p — Gaul| + |[u — Gop|| be minimum. Then,

from (5.2.9) we get we get

|Gip — Grul| < (1 =) |lp — ull + u(llp — Grul| + |lu — Gipl|)
=1 =7)lp —ul + p(||Gip — Grul| + [Ju — pl])
=1 =v+up)|p—ull +unl|Gip— Gru,

(1—v+p)

< 1, then we have the following:
(1—p)

since p = G1p,

(1 =) |Grp = Grull < (1 =7y +p) [lp — ull
which implies that

11—+
G~ Gl < L)

lp —ull < |lp—ull.
(1—p)

Assume that [|Gap — Gaul| < ||Gip — Giu|| and ||p — Gaul| + ||u — Gap|| be minimum.

Then, from (5.2.9) we get

|G2p — Goull < (1 =) [lp = ull + ullp — Grull + lu — Gipl)
= (1 =lp = ull + p(|Gip = Grul + [lu = pl)

=@ =y+p)llp—ull +plGip — Grull,
then we have the following
|Gop — Goull — p[|Gip — Grul| < (1=~ +p) [lp — ], (5.2.10)

since ||Gap — Goul| < ||G1p — Gyu||, — ||Gip — Giu|| < — ||Gap — Gaul|, then we ob-

tain

|G2p — Gaul| — pt||Gap — Gaull < (1 =7+ p) [Ip — ull;
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which implies that

(I—9y+n)

|G2p — Goul| < =) Ip—ull < [lp— .

Therefore, we have

lp = Grull < llp — ul| and [lp — Goul < |lp — ull (5.2.11)

Case II. If |G1p — Giul| < ||Gap — Goul| and ||p — Gru||+||u — Gyp|| is minimum of (5.2.9),

then we obtain

1G1p = Grul < (1 =) [lp = ull + ullp = Gaull + [lu — Gapl)-
= (1 =) llp = ull + p(|Gop = Gaul| + [|=pl])

= (L =y+u)llp—ull + p[|GG2p — Gaul|,
from the above inequality, we get
1Gip — Grul| — p||Gop — Goull < (1=~ +p) |lp —ul], (5.2.12)

since ||G1p — Gru|| < ||Gap — Goul| and — ||Gap — Gaul| < —||Gip — Giul|, we have

the following:

(1 =) IGrp = Grull < (T =y +p) llp = ull,
implies

(1—7+p)

|G1p = Ghu|| < 1= lp = ull < llp = ull.

And if |Gaop — Gaul|| < ||Gip — Gyu| and ||p — Gyu|| + |Ju — Gyp|| is minimum, then

from (5.2.2) we obtain
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|Gaop — Gaul| < (1 —7) |lp —ul| + u(l[p — Gaul|| + |lu — Gapl|)
=1 =) 1p—ul + pl|[Gap — Goul| + [|u —p|)

=1 =vy+up)|p—ull +unl|Gp — Gaull,

< 1, then we have the

1 —
from the above inequality, we get since p = Gap, ﬂ

(1 —p)

following

(1= p) |Gop = Gou|| < (1 =+ ) [lp —

from which we get

(1—v+p

1Gap = Gaul| < 1= lp = ull < llp = ull.

Hence, for p € Fiz(G) and for all u € K
lp = Grull < [lp = ull and |[p — Gaull < lp —ul|. (5.2.13)

These show that G; and G5 are quasi nonexpansive. O
However, the converse of Lemma 5.2.1 does not hold in general.

Example 5.2.2. Let Gy and Go be mappings on [0,5] defined by,

0, if zel0,4
Gz = d 0.4 (5.2.14)

35, if x€[4,5].

0, if x€l0,4)
Gox = (5.2.15)
3.4, if xe€l4,5].

Then the converse of Lemma 5.2.1 is not true in general.
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Proof. Since GG; has a fixed point at x = 0, and also

1G1(0) = Gi(z)[| = |Gy ()] < =], ¥ 2 € [0,4]. (5.2.16)
Similarly, for G5, we have;

1G2(0) = Ga(@)|| = [|Ga(@)[| < [l]l, ¥ 2 € [0,4]. (5.2.17)

Hence, G; and G5 are quasi nonexpansive mappings.

We need to show that G and G did not satisfy the B, , condition. Let z = 4.5 and
y = 3.5. Then

vz = Gi(x)]| =7 < 1+ 3.5u (5.2.18)

But

|G1x — Ghy|| = 3.5, and (5.2.19)

L= llz =yl + pllz = Gyl + [ly = Grz|) = 1 — v + 450
<1—v+225y
< 3.5 =Gz — Gy,
it is impossible. And
vz — Go(x)]| = 1.1y <14 3.5u < 14 1.75y (5.2.20)
But

|Gox — Gay|| = 3.4, and (5.2.21)

(1 =) llz =yl + nlllz = Gayll + lly = Gazf) =1 = + 4.6
<1l-79+23y

<34 = ||G2$ — G2y|| ,
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also, it is impossible. Therefore, G and G4 did not satisfy the B, , condition. This completes
the proof. n

Next, we prove some basic properties of two mappings that satisfy the B, , condition.

Proposition 5.2.2. Let B be a Banach space and K be a nonempty subset of B and G, G5 :

K — K be two mappings satisfying the B, ,, condition. Then, for allu,v € K andf € [0,1],
(i) max{||Giu — Giul| ,||G2u — G3u||} < min{|ju — Giu|, [Ju — Gaull},
(ii) at least one of the following ((a) and (b)) holds:

0 .
(a) gmin{flu — Grul, lu — Gaull} < [Ju — 2],

(b) gmin{HGlu - G*u

N Gou — Goul||} < max{||Giu —vl|, [|Gau — v||}.
The condition (a) implies
max{||Giu — G|, ||Gau — Gov||}

0 .
< (=) llu =] + pmin{flu = Grol| + [lo = Guul], [lu = Gavl| + v = Goul}

and the condition (b) implies
max{||Giu — Giv|| ,||G3u — G|}

0, .
< (1= g)min{[|Gru — o], |Gzu — v[[}

+ pmin{[|Giu — Gyo|| + |[v — Giu

|Gau — Gavl| + ||v — G3ul[}.
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(i1i) The following inequality holds.
max{[ju — Gyvl|, [[u — Gavl[}

. 0
< 3= O)min{flu — Grul, lu = Gaul[} + (1 = ) [lu — ]|

+ pmin{2 lu — Gyu|| + [Ju — Gyl + v — Gru|| + 2 ||Gru — Giu

Y

2 HU — GQUH + ||U — GQUH + HU — GQUH + 2 ||G2U — G%’U,H}

0
Proof. (i) For all u € K and v = 5,6 € [0,1], we have

ymin{||u — Giul|, ||u — Gaul|}

IN

min{||u — Gyu||, ||u — Gaul|}

IN

max{[|u — Gyul, [u — Gaul|}

IN

max{||u — Grul| , ||u — Goull}

+pmax{||Gru — Giul| ,||Gau — GFul|}.
So, by Definition 5.2.1 (substitute v by Gyu or Gau ), we get;

max{||Giu — Giu||, ||G2u — G3ul[}

IN

(1 =) min{|lu = Gyul|, [lu = Goull} + pmin{||u — Glu

u— Gaul|}

)

IN

(1 =) min{fju — Grull, [lu = Gyull}

+pminf||u — Giul| + |Giu — Gyul|,

u— Gyu|| + ||Gou — Gau||}. (5.2.22)
Now consider the following cases:

Case 1. Let ||Giu — Giu|| < ||Gau — G3ul| and ||u — Goul| and [lu — Goul|+||Gou — G3u|

be minimum. Then, from (5.2.22) we obtain

|Giu— GTul| < (1 —7) [Jlu — Grul| + p(|lu — Gru|| + ||Giu — GTul|), (5.2.23)
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L—r+p)

which implies that, because 7 <1
—
1_
|G — G2 < <1j—+") = G| < |Ju — Gyull, (5.2.24)
hence,
|Giu — GTul| < |lu— Gyul|. (5.2.25)

Case 2. Let ||Gou — G3u|| < ||Giu — GRul| and ||u — Goul| and |lu — Gaul|+||Gou — G3u|

be minimum. Then, from (5.2.22) we obtain

|Gau — Gaul| < (1 =) [Ju = Gru|l + p(llu = Grul| + ||Gru — Glul])

=1 —7+p) lu— G| + 1||Giu— Giu|, (5.2.26)

from (5.2.26) we obtain

|Gau — Goul| — 1 ||Giu — GRu|| < (1=~ + p) lu — Gyul|, (5.2.27)
(1 —7y+p) 2 2
because ﬁ <1 and ||G2u — G2uH < HGW — GluH, then we have that
1 —
|Gau — Goul| < (1i—+/ﬁ) lu — Grul| < ||lu— Gul|, (5.2.28)
hence,
|Gau — Goul| < Jlu— Grul|. (5.2.29)

Thus, from (5.2.25) and (5.2.29) we have
max{[|Gru — Gul| || Gau = G3ul[} < flu— Grull. (5.2:30)

Case 3. Let ||Gou — G3u|| < ||Giu — GRul| and |lu — Gyul| and |lu — Gyu|+||Giu — Giu|

be minimum. Then, from (5.2.22) we obtain

|Gau — Gaul| < (1 —7) [Jlu — Gaul| + p(|Ju — Gaul| + ||Gau — G3u

), (5.2.31)
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which implies that

1_
|G — G2u| < (J—”) lu — Gl < [lu — Goul|, (5.2.32)

hence,

|Gau — Gaul| < Jlu — Gaul|. (5.2.33)

Case 4. Let ||Giu — Giu|| < ||Gou — G3ul| and |Ju — Gyul| and |lu — Gyul|+||Giu — Giu||

be minimum. Then, from (5.2.22) we obtain

|Gy — G2ul| < (1= 7) u = Gaull + ([l — G| + || G — G

= (1 =7+ p) [Ju = Goul| + p||Gou — G3ul|,
which implies that
|Gru — Glul| — p||Gou — G3u|| < (1=~ + p) lu — Goul|, (5.2.34)
since ||Giu — Giul| < ||Gau — G3ul| then, from the above inequality, we get
|Giu — GTul| < |lu — Gaul|. (5.2.35)
Thus, from (5.2.33) and (5.2.35), we conclude that
max{||Giu — Giu||, ||Gou — G3ul|} < [lu— Gaul . (5.2.36)

Case 5. Let ||Giu — Giu|| < ||Gou — G3ul| and let [[u — Gaul and |lu — Gyul|+||Giu — Giul|
be minimum. Then, from (5.2.22) we obtain
|Giu — Giul| < (1 —7) [Jlu — Grul| + p(|Ju — Gaul| + ||Gau — Gul|)

< (L—7+p)lu—Gul + p||Gou — Giu

)
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from the above inequality, we get
|Giu — Giu|| — 1 ||Gou — Goul|| < (1 =~ + p) [Jlu — Gyl (5.2.37)
sine ||Giu — Giul| < ||Gau — G3ul| hence,
|Giu — Glul| < |lu — Gyul|. (5.2.38)

Case 6. Let HGgu - G%uH < HG1U — G%UH and let ||u — Gyul| and ||u — G1u||+HG1u - G%UH

be minimum. Then from (5.2.22) we obtain

|Gau — Goul| < (1 —7) [Jlu — Grul| + p(|ju — Gaul| + ||Gau — G3ul|)

< (I=7+ ) |lu— G| + p||Gou — Gou

)

from the above inequality we get
|Gau — Goul| — 1 ||Gou — Gou|| < (1=~ + p) lu — Gyul|, (5.2.39)

hence,

|Gau — Goul| < Jlu — Gyul|. (5.2.40)

Hence, from (5.2.38) and (5.2.40) we get
maX{HGlu — G%u” , ||G2u — GguH} < ||lu— Gul|. (5.2.41)

Case 7. Let ||Giu — Giu|| < ||Gau — G3ul| and let [|u — Gyul| be minimum, |ju — Goul|+
||G2u — G3u|| be minimum. Then, from (5.2.22) we obtain
|Giu — Glul| < (1 —7) [Jlu — Gaul| + p(|Ju — Grul| + ||Gru — Glul|)

< (L—7+p) lu— Gl + p||Gru — Giu

)
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from the above inequality, we get
|Giu — Glul| — p||Giu — GRul| < (1=~ + p) lu — Goul|, (5.2.42)

hence,

|Giu — Gfu” < ||u — Gaul| . (5.2.43)

Case 8. Let ||Gou — G3u|| < ||Giu — Giul| and let ||u — Gyul| be minimum, |ju — Goul|+

|G2u — G3u|| be minimum.. Then from (5.2.22) we obtain

|Gau — Gaul| < (1 —7) [Jlu — Gaul| + p(|Ju — Gru|| + ||Gru — Gul|)

< (1= +p)[lu— Goull + p[|Gru — Glul],
from the above inequality we get
|Gau — Goul| — p||Giu — GRul| < (1=~ + p) lu — Goul|, (5.2.44)
since||Gau — Gau|| < ||Giu — Glu|| hence,
|Gau — Gaul| < Jlu — Gaul|. (5.2.45)
Thus, from (5.2.43) and (5.2.45) we have
max{||Giu — Glul|, ||Gau — G3ul|} < |lu — Gaul|. (5.2.46)

Therefore, from (5.2.30), (5.2.36), (5.2.41) and (5.2.46) we conclude that

maX{HGlu — G%UH , ||G2u — GguH} < min{|ju — Grul|, ||u — Gaull},
(ii) We can prove this by contradiction, assume that
0 .
3 min{||lu — Gyu||, [Jlu — Gaul|} > ||u —v||, and

2 min]|Ghu — G

Gou — Gaul|} > max{||Gu — v|, [|Gou — v]|}.

Y
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Suppose [[u — Goul < |lu— Gyul|, ||Gou — G3u|| < ||Gru — Giu|| and [|Gou — || >
|G1u — ]| . Thus, we have

0
3 |lu — Ghul|| > ||u—v| and

0
) |Giu — Glul| > [|Giu — v
Now by using (i) and 6 < 1, we have

lu = Grul| < [Ju — o] + [Jv = Grul|
0 0
< 5 HU — G1U|| + 5 ||G1U — G%’U,H
0 0
< 5 llu=Grull + 5 llu = G|

< |lu — Gyull

which implies that

|lu — Gyu|| < ||lu— Gyul|.

This is a contradiction. And by using similar arguments, we obtain ||u — Gau|| <
|lu — Gul|, which is again a contradiction. Hence, our assumption is false. Therefore,

at least one of (a) and (b) holds.
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(iii) By using (ii), we get

max{|lu — Gyv|, ||u — Gov||}

< max{|lu — Giul, lu — Gaull}
+ max{||Giu — G|, ||Gou — Gov||}

< @B —=0)min{|lu— Gyl lu - Gaull}
+ max{||Giu — G1v||, || Gau — Gav|| }

< @ =0)min{llu - Gul, lu—Gaul[} + (1 —7) lu—2|
+pmin{|lu — Gyl + [Jo = Giul|, lu = Gyvl| + [lv = Gyul[}

< @ =0)min{flu— Gyl lu— Gaul[} + (1 - g) [ — vl
+pmin{2 ||u — Gu|| + ||u — G| + ||[v — Grul|
+2 HGlu — G%UH ,2||u — Gau|| + [[u — Gov|| + ||v — Gaul|
+2||Gou — Giul|}-

This completes the proof. O

5.3 Fixed Point Theorems

And, we can give the following lemma, which will play an important role in the sequel.

Lemma 5.3.1. Let B be a Banach space and K be a nonempty convex and bounded subset
of B. Let Gy, Gy : K — K be two mappings satisfying the B.,,, condition with Fiz(G) =
Fiz(Gy) N Fix(Gs) # 0 on K. Let p € Fiz(G), uy € K and {u,} be sequence defined by

(5.1.1) is in K. Then, lim ||u, — p|| ezists for all p € Fix(G).
n—oo

Proof. Let Fixz(G) = Fiz(Gy) N Fix(Gy) # 0, p € Fix(G) and {u,} be a sequence in K.

Then, by Lemma 5.2.1, G; and G5 are quasi-nonexpansive mappings. Now, by using (5.1.1),
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(5.2.11) and 5.2.13, we have the following

[untr =pll = (1 = @) Grw, + anGavn = pl|

IN

(1 = an) [|Grwn = pl| + o [|Gavn = p|

< (1= ) o = pll + an o =
= (1= an) (1 = B)Grite + 5uGot =l + a0 (1 = )i+ 0,Gres — ]
< (1= an) [(1 = Bu) G run = pll + B |G — ]
(1= 0,) ] = | + 00 |Gy — ]
< (1= an)[(L=Ba) = pll + Sl — ]
(1= 0,) [ = pll + 00 1 — ]
= (1= an)[(1= Ba) len = Bl + Bu 11 = 60t + 6,G0 — ]
(1= 0,) [ = pll + 00 Jun = ]
< (1= a)[(1 = B) = pll + 5 [(1 = 00) 1w = pll + 6 0w — 1]

+ap [(1 = 0,) [lun = pll + O [[un — | ]
= (I-an) [(1 — Ba) llun — pll + Ba l[un — p||] + an |lun — pl|
= (1—ayn) lup = pll + o [|un — pl|

= |un —pll, (5.3.1)

for each n € N. Thus, from inequality (5.3.1) the sequence {||u, — p||} is a monotonically
decreasing sequence and bounded below for all p € Fiz(G). Therefore, lim |ju, — p|| exists.
n—oo

This completes the proof. O

Now using the above facts, we prove the following theorem which is useful for the next

results.
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Theorem 5.3.2. Let B be a uniformly convex Banach space and K be a nonempty closed
convex subset of B. Let Gy, Gy : K — K be two mappings satisfying the B.,,, condition.
Let {u,} be a sequence in K as defined by (5.1.1). Then, Fiz(G) = Fiz(G1) N Fiz(Gq) # 0

if and only zfnhi& lun, — Giug|| =0, i =1,2.
Proof. Let p € Fiz(G). By Lemma 5.3.1 nh_}r& ||un, — p|| exists and assumes that
lim [ju, —p|| = d. (5.3.2)
n—s00
And also, from (5.2.11), we have that
1Grun —pl| < lJun = pll-

Which implies that

limsup ||Giu, — p|| < limsup ||u, — p|| = d. (5.3.3)
n—00 n—00
Similarly, we have that
lim sup |Gou,, — p|| < limsup ||u, — p|| = d. (5.3.4)
n—00 n—0o0

Then, by using (5.3.1) and (5.3.2), we have that

d= lim |Jupy1 —p|| = lim ||(1 — @) Grw, + @, Gav, — P
n—oo — 00
< lim ||u, — p|| (5.3.5)
n—oo
=d.

Hence, from (5.3.5), we have that

lim ||(1 — a,)Gw, + @, Gov, — pl| = d. (5.3.6)
n—oo
From (5.3.6), we have
lim ||(1 — an)(Grw, — p) + an(Gaov, — p)|| = d. (5.3.7)

n—o0
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And from (5.3.7) we obtain

limsup [|(1 — o) (Grwy, — p) + @, Ga(v, — p)|| = d. (5.3.8)

n—o0

Hence, from (5.3.3), (5.3.4), (5.3.8) and Lemma 2.3.9, we get the following

lim [|G1w, — Gava|| = 0, (5.3.9)

n—oo

From (5.1.1) we have the following

| tng1 — Gavn || = |[|(1 — 0u) Grwy, + 0, Govy, — Gavy||
= |(1 = ) Grwy — (1 — ) Gavy|

= (1 — ay) ||G1w, — Gav,|| .

which implies that

|tns1 — Govpll = (1 — ) ||Grw, — Gavy|| (5.3.10)

Then taking the limit as n — 0o on both sides of (5.3.10) and using (5.3.9), we obtain the
following

lim ||up41 — Gavyl| = 0. (5.3.11)
n—oo
Then, using triangle inequality we obtain the following

[unt1 = pll < llunsr = Govall + [|Gaon = p

< tnrr — Gl + Jlvn — pll. (5.3.12)

By taking lim inf as n — oo in both sides of (5.3.12) and using (5.3.2) and (5.3.11) we have

the following

d < liminf ||v, — p|| . (5.3.13)
n—oo
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Now, by using Lemma 5.2.1, (5.1.1) and (5.2.11), we obtain

[on = pll = |(1 = ) un + 6nGruy — p|
< (1= 0,) [lun = pll + 0 [|Gru — pl|
< (1= 0) [lun = pll + On [Jun — pl| (5.3.14)
= [lun = pll-

Then taking limsup as n — oo in both sides of (5.3.14), we obtain

limsup [Jv, — p|| < d. (5.3.15)
n—oo
Hence, by combining (5.3.13) and (5.3.15), we obtain the following
lim ||v, —p| =d. (5.3.16)
n—0o0

From (5.1.1), (5.3.14) and (5.3.16), we obtain

d= lim [jv, —p| = lim [|[(1 = 0,)u, + 6,G1u, — p||
n—oo n—oo

< lim |ju, —p|| =d, (5.3.17)
n—oo
which implies that
lim ||(1 — 6,)u, + 0,Gu, — p|| = d. (5.3.18)

n—oo

Then, using (5.3.3), (5.3.18) and Lemma 2.3.9, we get the following
lim ||u, — Ghu,| = 0. (5.3.19)
n—oo

Now, using (5.1.1) and (5.3.9), we obtain

lim HunH — lenH = lim H(l — CYn)len + CYnGQ’Un — lenH
n—00 n—00

= hm (7% ||G2’Un — lenH
n—00

=0, (5.3.20)
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which implies that

lim ||u, — Ghw,| = 0. (5.3.21)

n—oo

Again, using (5.1.1) and (5.3.9), we obtain

lim ||up1 — Govyl| = lim ||(1 — @) Grw, + @, Gav, — Gouy||
= lim (1 — ay,) ||G1w,, — Gav,|| (5.3.22)
n—oo
=0,

which implies that

li_>rn |un, — Gavy,|| = 0. (5.3.23)

Since, G satisfies the B, , condition, then we have that

1Gavn = Gaunll < (1 =7) [[vn = unll + p[lon = Goun || + [Jun = Gaval) (5.3.24)

< (1 =) [vn = unll + p([lvn = wn|| + [[tn — Gaun || + [[un — Gaval|)
Then, by using (5.3.24) and triangle inequality, we obtain

[Goun — up || < ||Govy — Gotin || + [|G2vy — Grwg || + [|Grw, — ||
< (1 =) [[vn = unl| + pllvn — unl| + [Jtn — Gouy ||

+ Hun - GQUHH) + ”G?Un - len” + Hlen - un” )

which implies that

|un, — Gavn||

(1 =7+ p) ft
|Gottr, — ty| " [vn — un|| + 1

- 1—p —

1 1
+1— |Gav, — Grw,|| + —— [|Grw, — uy |
— I—p

1
< lon = unll + [t — G2vn|| +m||G2Un—G1wn||

i
I—p

1
+m [Grwy — |-
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Since, from (5.1.1) we have ||v,, — u,|| = 0, [|[u,, — G1uy,]||. Thus

|Gattn = tnll < O ltn = G| + 5 fun = G| +

1 1
" |Gav, — Grw, || + T |Grwn, — ]| - (5.3.25)

Taking the limit as n — oo in both directions of (5.3.25) and using (5.3.9), (5.3.19), (5.3.21)
and (5.3.23), we get the following

lim ||u, — Gau,|| = 0. (5.3.26)
n—oo

This completes the forward proof.

Now, we prove the converse. Let lim |lu, — Gyu,| =0, i=1,2. Then
n—oQ

0 = ymin{[jun — Grun|, [un = Gaunl[} < Jun — pll + pmax{[lp — Gipl, lp — G2p||}-
(5.3.27)
So, by Definition 5.2.1, we have
max{||Grun — Gip|, |G2un — Gap||}
< (1 =9) llun = pll + pmin{{luy, — Gipll + |lp — Grunl| ; lun — Gopl| + [Ip — Gaual|}-
From the above inequality we obtain
|Gy — Gapll < (1 =) lun = pll + p([[un — Gipll + llp — Grul|) (5.3.28)
implies that
1Grp = unl| = [lun — Grun[| < (1 =7) [lun — pll + pllun — Gipl + llp = Gruall)
= G1p = un| < [Jun = Grun|| + (1 =) [Jun = pll + p([Jun = Gipll + [lp — Grua|)
< lun = Gl + (1 =) lun = pll + p(l[un = Grpll + llp — un]]
+ |lun — Grun||)

= (L4 ) llun = Grunl| + (L =5 + p) [Jun = pl| + 1 [|Grun — Gap||
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1—7+p
(1—p)

because, < 1 implies that

(1= @) |Grp = unll < (L + p) fJun = Grun[l + (1 =7 + p) [[un = pl|

(1+p) (1—v+pn)
= [[Gip — unl| < Uy — Ghug || + ———= |Ju, — p

1G4 | O—uﬂ’ | 1= | I

(144
< (1 _ ﬂ) ”un - Glun” + Hun _pH
which implies that

1+

|WW—W“§L—EWM—&%WWM—M. (5.3.29)
(1—p)

Then, taking limsup as n — 0o on both sides of inequality (5.3.29), we get

1
limsup ||G1p — u,|| < (1 ) lim sup [|u, — Ghu,|| + limsup ||u, — p|

= limsup ||u, — p|
n—00

implies that

limsup ||G1p — u, || < limsup |u,, — pl| - (5.3.30)

n—o0 n—0o0

So, by Definition 1.2.4, we have the following result

r(Gip, {u,}) = limsup ||u, — G1p|| < limsup ||u, — p|| = r(p, {un}). (5.3.31)
n—oo

n—oo
This implies that G1p € A(K, {u,}). Since, B is uniformly convex Banach space, A(K, {u,})
is a singleton, hence Gip = p. Similarly, one can show that Gop = p. This completes the

proof. ]

The next lemma studies the demiclosedness principle of two mappings satisfying the B, ,

condition.

Lemma 5.3.3. Let K be a nonempty closed convex subset of a Banach space B with the

Optal’s condition. Let Gy, Gy : K — K be two mappings satisfying the B, , condition on
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K. If{u,} is a sequence in K such that {u,} converges weakly to p and lim [|Gyu, — u,| =
n—o0

0= nll_g)lo |Gauy, — uy|, then I — Gy and I — Gy are demiclosed at zero.
Proof. By Proposition 5.2.2 (for v = g, 6 €10,1])
0 = ymin{[|Giu, — unl], [|[Gotn — un|}
< lun = pl
< un = pll + pmax{|lp — Gipl|, [Ip — Gapll}- (5.3.32)
So, by Definition 5.2.1, we get
max{||Giu, — Gip||, ||Gau, — Gap||} (5.3.33)
< (L=9) [lun = pll + pmin{{lu, — Gip|| + [|p — Grunll, [[un — Gapll + [[p — Gaunl]}-
Now, by using (5.3.33), we have
mac{llum — Gupll, ln — Gapl]}
< max{||un — Grun|, lun — Gounl|} + max{||Gru, — Gipll, [|Goun — Gopl[}
< max{||un — Grun|, lun — Gounl|} + max{||Grun, — Gipll, |Goun — Gopl[}
< max{|un — Grun|, lun — Gaunll} + (1 =) lun — p|
+ pmin{|lu, — Gipl| + [|p — Grun| , [|un — Gapl| + [|p — Gaun| }-
Then from the above inequality, one can obtain
Jttn = Gapll < lltn = Grtiall + (1 =) i = pll + (lttn — Gapll + Ilp — Gt
< Jun = G| + (1 =) [[un = pll + pllun = Gipll + [lp = wnll + [Jun — Grual]),

which implies that

(1+p) (1—v+p)
Jow = Gal < 5 = G+ 5
1+
< 558 i, — Grtal + s 5. (5:3.34
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Then taking liminf as n — oo on both sides of (5.3.34), we obtain
liminf ||u, — G1p|| < liminf [|u, — p|| .
n—oo n—oo
Since B satisfies the Opial’s condition, if p # G1p, then we have
liminf ||u,, — p|| < liminf ||u, — G1p||, (5.3.35)
n—oo n—o0

which is a contradiction. Hence p = G1p. That is, (I — G1)p = 0. By similar arguments we

obtain (I — G3)p = 0. Therefore, I — G and I — G5 are demiclosed at zero O

The following result is the weak convergence of iteration (5.1.1) to get the common fixed

point of GG; and Gb.

Theorem 5.3.4. Let K be a nonempty closed convex subset of a uniformly convex Banach
space B. Assume that B satisfies the Opial condition. Let Gi, Go : K — K be two
mappings satisfying the B., condition with Fiz(G) = Fiz(Gy) N Fix(Ge) # 0. Let a
sequence {u,} be defined as the iteration scheme (5.1.1). Then, {u,} converges weakly to an

element of Fiz(G).

Proof. Since G, Gy : K — K are two mappings satisfying the B, , condition with

Fixz(Gy) N Fiz(Gy) # 0, then by Theorem 5.3.2 we obtain
lim ||Giu, — uy|| = 0= lm ||Gou, — uy|| (5.3.36)
n—oo n—oo

Since by Lemma 5.3.1 lim |lun, — p|| exists, hence {u,} is bounded. Consider that B satisfy-
ing Opial’s conditions and let p; and py be two weak sub-sequential limits of {u,}. Assume
that {u,,} weakly converges to p; and {u,, } weakly converges to p,. We need to show that
p1,p2 € Fiz(G). Since by Lemma 5.3.3, we have that I — G; is demiclosed at zero. Hence

(I — Gy)py = 0. Then it follows that p; = Gip;. By similar arguments, we obtain that
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p1 = Gaopy. Therefore, p; is a common fixed point of G; and G5. Similarly, we obtain that
P2 is a common fixed point of G; and Gs.

Next, we need to prove that p; = po. Let p; # ps. Then we get that;

lim ||u, — pi1]| = liminf ||u,, — p1|
n—00 5§00
< liminf ||u,, — pol|
S—00
= lim ||u, — pof|
n—oo
= liminf ||u,, — po||
t—o00
< liminf ||u,, — p1|
t—o0
n—oo
which is a contradiction. Thus, p; = py and this infers that {u,} weakly converges to the

common fixed point of G; and G5. This completes the proof. O

Remark 5.3.1. The Opial’s property in some sub-classes of uniformly convex Banach spaces
does not holds. So , the above-discussed result is not true for these some sub-classes of
uniformly convex Banach spaces. Therefore, we use another way of proof, in the next result,

we define the existence of Fréchet’s differentiable norm instead of Opial’s property.

Theorem 5.3.5. Let K be a nonempty closed convex subset of a uniformly convexr Banach
space B with Fréchet differentiable norm. Let Gy, Go : K — K be two mappings satisfying
the B, ,, condition, I — Gy and I — G5 be demiclosed at zero, and Fix(Gy) N Fix(Gs) # 0. If
llg]% |k, + (1 — k)p — q|| ezists for all p,q € Fix(G1)NFiz(Gs), then {u,} converges weakly

to a common fixed point of G1 and G,.

Proof. Since Fix(G1) N Fiz(G2) # 0, from Theorem 5.3.2 lim |lu, — Giu,| = 0,7 = 1,2.
n—o0

We need to show that u, has a unique limit point. Assume {u,,} weakly converges to z
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and {unj} weakly converges to zo. But also [ — G; and I — G5 are demiclosed at zero, this

fact leads that z1, 20 € Fix(Gy) N Fiz(G;). Putting v = p — ¢ and v = k(u, — p) in (1.2.6)

1 1
5 llp = ql* + (k(un — ), J(p — q)) < 5 1K + (1= k)p - qll’

IA

% lp = ql® + (k(un — ), J(p — @) + h(k |lu, — pl]).

Using the given condition, we obtain

IA

1 . 1 .
3 Ip — ql” + klimsup(u, —p, J(p — q)) 5 Jim [kun + (1 = k)p — q?

n—oo n—o0

A\

1 -
<3llp- ql” + kliminf (u, —p, J(p — q)) + O(k).

Thus,

lim sup(u, — p, J(p — q)) < liminf{u, —p, J(p — q)) + % (5.3.37)

n—00 n—oo k

Then, taking k — 0%, we get lim (u,,—p, J(p—q)) exists. Now, we have (z;—p, J(p—q)) =r
n—oo
(say) and also (zo—p, J(p—q)) = r. So, (z1—22, J(p—¢q)) = 0, for all p, g € Fizx(G1)NFiz(Gs).

From this we obtain

||Zl - 22H2 = <21 — 29, J(Zl —_ 22)> = O, (5338)

which is possible, if z; = z5. Hence, {u,} converges weakly to a common fixed point of G,

and G5. This completes the proof. m
We now state the following Lemma that enables us to prove the next result.

Lemma 5.3.6. [120] Assume that the two sequences {a,} and {B,}of non-negative real

numbers such that o, 1 < a, + B, for alln € N. If Z B, converges, then lim «,, exists.
n—o0

n

Then, by using Lemma 5.3.6 and Definition 1.2.11, we want to prove the following result

of strong convergence of the iterative scheme (5.1.1).
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Theorem 5.3.7. Let K be any non-empty closed and convex subset of a uniformly convex
Banach space B. Let Gy, Gy : K — K be two mappings satisfying the B.,,, condition with
Fiz(G) = Fiz(G1 N Fiz(Gs) # 0. For any w1 € K, we define the sequence {u,} as (5.1.1).
Assume that G1 and Gy are satisfy the Condition (B). Then {u,} converges strongly to some

common fized point of G and Gs.

Proof. Let p € Fiz(G) = Fix(Gy N Fiz(G2). Then by Lemma 5.3.1, lim |lu, — p|| exists
n—oo

for all p € Fiz(G). But also from (5.3.1), we obtain
|tns1 — pl| < |Jun, —p|, forall n e N. (5.3.39)

Then

d(Uny1,p) < d(tp,p). (5.3.40)

Therefore, by Lemma 5.3.6 lim d(u,, p) exists. But also from Theorem 5.3.2, we have that

n—o0

lim ||Giu, — uy|| =0 = lim ||Gauy, — uy| - (5.3.41)
n—oo n—oo
Since G; and Gy satisfy condition (B) and by Definition 1.2.11, we have that the following

lim max(||Giu, — uy|, [|Gatyn — uy||) > lim A(d(u,, Fiz(G))), (5.3.42)
n—oo

n—oo

which implies that

lim h(d(u,, Fiz(G))) =0, (5.3.43)

n—o0
hence,

lim d(u,, Fiz(G)) = 0.

n—oo
Then, we can choose a sub-sequence {uy,} of {u,}, € > 0 and some sequences {p;} in

Fiz(Gy N Fiz(Gy) such that

Hunj —pj” < for all j € N.

€
2
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Then, we need to show that {u,} is a Cauchy sequence. Then, for all m,n > j, we have the

following

[t = tnll < [tmsn = pjll + lun — p5
< [tmn-1 = pill + llun = pjl
< Jtmin—2 = pill + [lun — p5

< |umin—s = pjl| + [[un — p4]|

< 2[un — pyl
= 2||un, — s
< €,

which implies that ||wm,1n — pnl|| < €. Hence, {u,} is a Cauchy sequence in K. Since K is
a closed convex subset of B, lim u, = p, for some p € K. Since Fiz(G) is closed and
n—oo

lim inf d(uy,, Fiz(G)) = 0. Therefore, p € Fiz(G). This completes the proof. O

n—o0

Remark 5.3.2. Our findings extend and unify those Patir et al.[92] and Suzuki [116] which
deal with the convergence and few fixed point results concerning two mappings satisfying

B, ,, condition.

5.4 Numerical Examples

Example 5.4.1. Let B = R with the usual norm and K = [0,00). Let G1,Gy: K — K be

defined by,

Gia = 0. if zcl02) (5.4.1)

1, if z€[2,00).
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Gox = 0. if zcl0.2) (5.4.2)

1.1, if xe€l2,00).

1
Proof. When v =1, = 7 Let us consider the following different cases;
. 4
Case i If 2,y € [0,2) and y > 3% then
Ve =Gl = flo = G| = |l
< ly =2+ wllyl
1
= o=yl + 5 llyl
= llz—yl+ply -Gyl (5.4.3)
implies
1
IGrz = Guyll = 0 < (1 =) llw —yll + plllz = Guyll + lly = Gazll) = 5zl + [lylD)-

(5.4.4)

Similarly it is holds for G. Hence,
ymin{[lz — Guzl, [l — Gox|[} < o — yll + pmax{|ly — Gryll, [ly — Gayll}  (5:4.5)
implies
max{||Grz — Guyl|, [|Gaz — Gayl} <
(1= [l =yl + pmin{llz — Gryll + lly = Guzll, [z = Gayl| + [ly — G|}
Case ii If z,y € [2,00) and y > %x — %, then
Ve =Gl = llz = 1 <z =yl + plly = Guyll = ll=]] + % 22 = 1], (54.6)
implies
1Giz = Gyl = 0 <(1 =) |z = yll + p(llz = Gryl + lly — Grzll)

1
=5z = 1|} + |2z - 1]}).
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Similarly it is holds for G5. Hence,
ymin{|lz — Gyz||, [|x — Gozl|]} < |z — yll + pmax{lly — Guyl, ly — Gayll},  (5.4.7)
implies
max{||Grz — Guyl|, |Gz — Gay||}
< (= llz =yl + pmin{|lz — Gyl + [ly — Grz . |z — Gayll + [ly — Gaz|}
Case iii If x € [0,2) and y > 3, then

vz = Grx|| = ||lv — Giz]| = ||z
< |lz =yl +plly — Gyl

1
= lle =yl + 5 lly = I,
implies that

|Ghz — Gyl =1
< (=) llz =yl + plle = Guyll + ly = Grzl)

1
= 5z = i+ iyl
Similarly holds for GG5. Hence,
ymin{|lz — Gizf|, [z — Gaz|[} < llz —yll + pmax{lly — Giyll , ly — Gayll}, (5.4.8)
implies

max{[|G1z — Giy|, |Gax — Gayl|}

< (=) llz =yl + pmin{[le = Gyl + lly — Grzll, |z = Gayll + [ly — Gozl}-
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1
Therefore, G; and G, satisty the B, , condition on K = [0,00), when v = 1,y = 5 with

Fiz(G) = Fiz(Gy) N Fiz(Gs) # 0, since 0 € Fixz(Gy) N Fizx(Ga).

Now, we consider the following non-decreasing map h(x) = g, which satisfies h(r) > 0
if r € (0,00) and h(0) = 0. Then,
d(2n, Fiz(G)) = inf ||z — 2||.criz(e)
= inf ||z — 0||

~ inf |l
0, if x€]0,2)

= (5.4.9)
2, if z €2 00).

And from the above-given facts, we can obtain the following
h(d(z,, Fiz(G))) = - (5.4.10)
So that we can consider the following cases
Case I. If x € [0,2), then we have
|Gz — zf| = [0 — 2] = [lz] and [|Gox — zf} = ][0 — 2| = [l] - (5.4.11)
It follows that max{||Gix — x|, ||Gex — x| > h(d(z,, Fiz(G)))}.
Case II. If z € [2,00), we have

|Giz — =z =1 —z| = |z =1 and [|Gez — = =[1.1 -] = |lz — 1.1
(5.4.12)

In this case max{||G1z — x|, |G2x — z||} > h(d(z,, Fiz(G))).

Thus, G; and G satisfy the condition (B). Therefore, all the hypotheses of Theorem 5.3.7

are satisfied. n



Chapter 6

Conclusion, Recommendation and

Future Directions

6.1 Conclusion

Suzuki [114] introduced the notion “Condition (C)” of self-mappings 7' : K — K,
where K is a closed convex subset of a Banach space. It was shown that every nonexpansive
mapping satisfies the “Condition (C)” on K, however, there are even some non-continuous
mappings satisfying the “Condition (C).” Further investigations of generalization of non-
expansive mappings in this direction were continued by Patir et al. [92] who introduced
the notion of “Condition B, ,”. They presented characterizations of these mappings, and
also studied existence and approximation of fixed points of these nonlinear mappings. In
this dissertation, we investigated and analyzed these generalized nonexpansive self-mappings
in Banach spaces. Also, we further discussed characterizations of these generalized nonex-
pansive mappings and iterative schemes to approximate fixed points of these generalized
nonexpansive mappings. In particular, we summarize our contributions and provide our

conclusions as follows.
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? are demi-

In Chapter 3, we had shown that self-mappings satisfying “Condition B, ,
closed in uniformly convex Banach spaces. This improved the demiclosedness condition
proved for these mappings in a Banach space satisfying Opial’s condition. Also we gener-
alized the approach of fixed point searching by taking the condition B, , and by properly
using the two mappings into its structure. In other words, we brought together both the
Suziki’s strong nonexpansive mappings and the Patir et al. [92] condition B, , under the
same iteration process. We proved strong convergence of the proposed iterative scheme to
a common fixed point of two mappings satisfying the condition B, , in uniformly convex
Banach space.

In Chapter 4, we presented generalizations of main results of Chapter 3 for a sequence
of mappings satisfying the condition B, , on a uniformly convex Banach space setting. We
introduced an iterative scheme to approximate a common fixed point of a sequence fam-
ily of mappings satisfying the condition B, , on a uniformly convex Banach space. Also,
we proved strong convergence of the proposed iterative scheme to a fixed point. These
results further generalized recent results in literature concerning self-mappings satisfying
“Condition B, ,."

In Chapter 5, we followed a different direction by introducing a notion for pair of
self-mappings on subsets of Banach spaces. We called the pair satisfy “generalized
B, ,—condition.” We investigated properties of such pair of mappings and introduced tech-
niques of searching common fixed points of such mappings. Generally, our results mainly
extended the results of Patir et al. [92] with the help of Suzuki’s strong convergence theo-
rem, to approximate the common fixed points of two self mappings satisfying the generalized
B, ,—condition with the help of three step iteration process of Abbas-Nazir [1] and several

other well known results in the literature.
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6.2 Recommendation and Future Directions

To the best of our knowledge the following questions are still open for investigations.

e to exploring the properties and practical areas of applications of mapping satisfying

“Condition B, ,” is one field of study.

e to introduction of multi-valued mappings satisfying the B, , condition remains un-

touched.

e studies the properties of non-self mappings satisfying the B, , condition is another area

of interest in metric fixed point theory.

e consideration of the results that have proved in general Banach space setting remains

to be seen.

e exploring the convergence of the known successive iterations such as Picard Iteration,
Mann Iteration and Ishikawa Iteration to approximate fixed points of mappings satis-

fying the B, , condition remains to be seen
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