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Abstract

Next generation networks are expected to support large volume of data traffic gener-

ated from emerging applications such as ultra high speed video streaming, machine-to-

machine (M2M) communication and the Internet of things (IoT). To handle this large

volume of data traffic, these networks should employ technologies that utilize broad spec-

trum, offer higher cell density and high spectral efficiency. The spectral efficiency can be

improved by increasing the transmitter power; introducing additional processing (such as

deploying multiple antenna systems and advanced modulation techniques) in transceiver

pairs that help to harvest energy; minimize multiuser-interference; and implementing in-

novative wireless planning and operation strategies that save energy.

By deploying very large numbers of antennas at a base station (BS), which is called

massive multiple input multiple output (MIMO), we can significantly improve the spectral

efficiency of mobile networks. Besides, massive MIMO simplifies transmission processing,

improves energy efficiency and reduces the required transmission power of the users. Due

to those performance gains, massive MIMO has become an enabler for the deployment of

5G and beyond networks.

In this PhD research, we study and analyze channel modeling, resource allocation and

optimization techniques in massive MIMO systems. For this, first we analyze recent works

on signal processing, channel modeling, channel estimation, resource allocation and opti-

mization techniques in massive MIMO systems. In this regard, fundamentals of massive

MIMO systems including channel capacity, spectral efficiency and energy efficiency have

been studied. Closedform lower bound expressions are derived for the spectral efficiency

and energy efficiency. Then, simulation results are provided to validate the theoretical anal-

ysis. Besides, performance analysis is done for linear detection and precoding techniques

and then computationally efficient inverse approximation techniques are proposed for lin-

ear detection and precoding in massive MIMO systems. Specifically, Truncated Neumann

series-based matrix inversion approximation techniques are formulated and probability of
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convergence, error of approximation and computationally complexity are analyzed.

Then, we analyze achievable spectral efficiency of massive MIMO systems in realistic

propagation environment under perfect and imperfect channel state information (CSI) sce-

narios. In particular, the effects of major large scale and small fading parameters including

pathloss, shadowing, multipath fading, spatial channel correlation and impact of channel

estimation have been investigated. Spectral efficiency analysis is done for uplink massive

MIMO system under Rician fading channel model. Besides, by applying non-central to

central Wishart approximation, closedform lower bound achievable rate expressions are

formulated for massive MIMO systems in Rican fading channel model.

Then, energy efficient power control and resource allocation algorithms have been pro-

posed. For this, first by using large system analysis, analytical closedform lower bound

expressions are derived for the achievable sum rate and appropriate power consumption

model is formulated for the proposed massive MIMO systems. Then, by utilizing tools from

fractional programming theory and sequential convex programming, energy efficient power

control and resource allocation algorithms have been formulated. Further, the impacts of

system and propagation parameters on energy efficiency have been evaluated. Particularly,

the impacts of maximums transmitter power and minimum rate constraints of the users

on global energy efficiency have been evaluated. The results show that the global energy

efficiency increases with the maximum transmitter power constraint and decreases with

the minimum data rate constraint.

Finally, we analyze the performance of multicell massive MIMO systems in spatially

correlated channel model. First, we study and evaluate fundamentals of multicell massive

MIMO systems. In this regard channel modeling, power allocation and spatial resource

allocation in multicell massive MIMO systems are considered. Besides, we evaluate the

impacts of spatial correlation and pilot contamination. Important trade-offs and consider-

ations on design and optimization of multicell massive MIMO systems has been studied.

The impacts of system and propagation parameters are evaluated theoretically and via

numerical simulation. The results show that spatial channel correlation has a major im-

pact on channel hardening, favorable propagation, channel estimation quality and spectral

efficiency of the system.

Key Words: 5G, massive MIMO, spectral efficiency, energy efficiency, optimization,

resource allocation.
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Chapter 1

Introduction

1.1 Background

Next generation wireless networks are expected to support large number of devices and

connections. The vision is to establish a connected society in which sensors, automobiles,

drones, medical and wearable devices will use mobile networks to connect each other and

to interact with humans [1, 2]. The number of connected devices grows exponentially and

this results in massive mobile data traffic [4–6]. The increasing growth of the data traffic

intern stimulates the Telecom industry to plan a head and design mobile networks that

can support this massive data traffic [4, 7–10]. Hence, the Telecom industry is releasing

successive technologies with new features [5]. The recent release is the Long Term Evolu-

tion (LTE) Advanced-pro (Release 14) [11] that aims to provide higher capacity with the

implementation of carrier aggregation, spatial multiplexing, base station coordination and

advanced relaying [5, 11].

White paper
Cisco public

Top Global Mobile Networking Trends
The sections that follow identify 7 major trends contributing to the growth of mobile data traffic.

1.	 Evolving toward Smarter Mobile Devices
2.	 Defining Cell Network Advances—2G, 3G, 4G and 5G Projections
3.	 Measuring Mobile IoT Adoption—M2M and Emerging Wearables
4.	 Analyzing the Expanding Role and Coverage of Wi-Fi
5.	 Identifying New Mobile Applications and Requirements
6.	 Comparing Mobile Network Speed Improvements
7.	 Reviewing Tiered Pricing—Unlimited Data and Shared Plans

Trend 1: Evolving toward Smarter Mobile Devices
The ever changing mix and growth of wireless devices that are accessing mobile networks worldwide is one of the 
primary contributors to global mobile traffic growth. Each year several new devices in different form factors and 
increased capabilities and intelligence are introduced in the market. In the last couple of years, we have seen a rise 
of phablets and more recently we have seen many new M2M connections coming into the mix. More than 600 million 
(648 million) mobile devices and connections were added in 2017. In 2017, global mobile devices and connections 
grew to 8.6 billion, up from 7.9 billion in 2016. Globally, mobile devices and connections will grow to 12.3 billion by 
2022 at a CAGR of 7.5 percent (Figure 4).

By 2022, there will be 8.4 billion handheld or personal mobile-ready devices and 3.9 billion M2M connections  
(e.g., GPS systems in cars, asset tracking systems in shipping and manufacturing sectors, or medical applications 
making patient records and health status more readily available, et al.). Regionally, North America and Western Europe 
are going to have the fastest growth in mobile devices and connections with 16 percent and 12 percent CAGR from 
2017 to 2022, respectively.

Figure 4.  Global Mobile Devices and Connections Growth
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(a) Global mobile devices and connections growth.

White paper
Cisco public

Global Mobile Data Traffic, 2017 to 2022
Overall mobile data traffic is expected to grow to 77 exabytes per month by 2022, a seven-fold increase over 2017. 
Mobile data traffic will grow at a CAGR of 46 percent from 2017 to 2022 (Figure 2).

Figure 2.  Cisco Forecasts 77 Exabytes per Month of Mobile Data Traffic by 2022
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Asia Pacific will account for 56 percent of global mobile traffic by 2022, the largest share of traffic by any region by 
a substantial margin, as shown in Figure 3. North America, once the region with largest traffic share, will have only 
the fourth-largest share by 2022, having been surpassed by Central and Eastern Europe and Middle East and Africa. 
Middle East and Africa will experience the highest CAGR of 56 percent, increasing 9-fold over the forecast period. 
Asia Pacific will have the second-highest CAGR of 49 percent, increasing 7-fold over the forecast period (Figure 3). 

Figure 3.  Global Mobile Data Traffic Forecast by Region
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(b) Global mobile data traffic growth. More than

seven times increase of mobile data traffice is ex-

pected from 2017 to 2022.

Figure 1.1: Cisco forcasts on growth of global mobile devices and associated data traffic [1].
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Despite improvements achieve so far, increasing growth of the data traffic is forcing the

development of fifth generation (5G) and beyond networks [4–9]. In addition to the current

applications, these networks should support innovative services which were not possible

due to capacity and latency constraints. Some examples of innovative services are ultra

high video streaming, the Internet of Things (IoT), enhanced e-health and machine-to-

machine (M2M) communications. To achieve the required capacity and performances, the

5G network working groups commonly recognize promising evolutions of current networks

from three technical aspects; namely [8, 9]:

• high spectral efficiency that can be achieved by large scale antenna systems;

• broad spectrum that may need utilization of millimeter wave (mmWave) frequency

bands;

• higher cell density that need small cells and heterogeneous deployment.

Considering these technical aspects, there are five requirements that have been taken into

account during the 5G network design [8, 9]:

• Area Capacity: with the most recent forecasts, compared to the current LTE

Advanced-pro networks, a thousand-fold capacity gains per area is needed [2, 12].

Hence, 5G networks could handle this large volume of mobile data traffic in the

coverage area.

• Data Rate: in general, the data rates at the users should be higher than current

networks. The idea is to deliver better quality of service (QoS) with respect to the

user requests. 5G networks are expected to provide a data rate of at least 5 Gbps

and 1 Gbps at 20% and 95% of the user locations from the BS, respectively. Users

with poor coverage should also get a data rate of at least 100 Mbps in the downlink

and 20 Mbps in the uplink [12].

• Energy Efficiency: the vision of next generation networks is to be more energy

efficient at the device, site and network levels. This requires the usage of efficient

components, energy harvesting technologies, network planning and deployment tech-

niques, and optimal resource allocation algorithms [2].

• Connectivity: 5G systems are expected to support large number of connected de-

vices at the same time with different services and requirements. Scenarios, such as
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crowded places with massive deployment of sensors and other devices must be ad-

dressed in terms of connectivity. The target is to deploy a 100× gain on the number

of simultaneously connected devices and provide up to 20 Mbps in the worst case

scenarios [4].

• Network Latency: the latency over the radio access network (RAN) should be less

than 1 ms which is five times less as compared to LTE Advanced-pro networks [4].

This would enable the possibility of applications such as augmented reality and real-

time control of industrial processes.

As seen in the points described above, 5G networks are expected to have many gains

compared to current LTE Advanced-pro networks. A viable option to achieve these gains

is the combined use of technologies that provide broad spectrum, high spectral efficiency

and high network density [2]. Improvements in these directions could help to fulfill the

desired goals. Thus, by using the three degrees of freedom, the area throughput is given

by [2]

Area Throughput︸ ︷︷ ︸
bits/sec/area

= Available Spectrum︸ ︷︷ ︸
Hz

.Cell Density︸ ︷︷ ︸
cell/area

. Spectral Efficiency︸ ︷︷ ︸
bits/sec/Hz/cell

. (1.1)

An illustration for (1.1) is shown in Figure 1.2 which includes some of the candidate

key technologies that could be implemented in 5G networks to achieve the proposed area

throughput [5].

1.1.1 Candidate Technologies to Achieve the Area Throughput

in Mobile Networks

Some of the enabling technologies for 5G network deployment are described as follows

[2, 3, 8].

• Massive MIMO: multiple-input multiple-output (MIMO) systems with multiple

antennas at the transmitter and/or receiver are used to achieve high capacity and link

reliability by exploiting spatial multiplexing and diversity gains. In order to achieve

the required capacity in 5G and beyond networks, employing very large number of

antennas at the BS, which is called massive MIMO, is become a reality. Massive

MIMO provides large spectral efficiency and energy efficiency while serving many

users under the same time-frequency resources. In addition, massive MIMO simplifies
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Figure 1.2: Possible paths to attain the required network capacity and candidate technolo-

gies for implementation [2].

the signal processing complexity and reduces the required transmission power of the

users [2, 3, 10, 13–16]. The main benefits and challenges of massive MIMO systems

are provided in Chapter 2.

• Network Densification: network densification enables networks to handle the re-

quired increase in capacity. It improves the network capacity via the introduction

of low power nodes in high traffic areas. Small cells operate at high frequencies to

improve the network throughput. The control signaling and handover management

can be done by the macro cell that operate at low frequencies [2, 4]. Together, they

form a heterogeneous network that consist of the hotspot tier and the coverage tier,

respectively [2]. The hotspot tier mainly consists of indoor base stations that offer

high throughput in small local areas to few users; whereas the coverage tier consist

of outdoor cellular base stations that provide wide-area coverage, mobility support

and multiplex many users [14,17].

• Waveform Design: 5G networks are expected to use different spectrum bands that

require different propagation conditions and modulation requirements. Thus, apart

from orthogonal frequency division multiplexing (OFDM), other alternative multi-

carrier waveforms such as filter bank multicarrier modulation (FBMC), universal

filter multicarrier modulation (UFMC), filtered-OFDM, generalized frequency divi-
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sion multiplexing (GFDM) and non-orthogonal multiple access (NOMA) techniques

are proposed [15,18]. NOMA is proposed to transmit data from different users in the

same slot (time and frequency) and by exploiting the power domain, advanced suc-

cessive interference cancellation schemes is used to decode the transmitted data [15].

• mmWave Communication: the use of millimeter wave (mmWave) frequency pro-

vides more bandwidth to support high data rates [19]. Still now, this band was not

used for cellular communications due to high propagation losses. However, if network

density is increased, distance between users and serving BS is reduced which enable

the use of mmWave frequency bands [19]. But, high densification may lead to high

levels of interference that significantly reduce the throughput [19]. Hence, a care-

ful network planning is mandatory. Besides, conventional modulation and waveform

synthesis techniques may not be convenient at these frequency bands. Hence, new

waveform design may be needed [19].

• Full Duplex Communication: Implementing a software defined radio (SDN) sys-

tem provides flexibility interms of utilized carrier frequency and duplex scheme. The

combined use of time division duplex (TDD) and frequency division duplex (FDD)

schemes, along with dynamic subcarrier selection plays a key role in 5G radio access

technology (5G-RAT) [8]. A full-duplex (FD) system simultaneously transmits and

receives signals over the same frequency band, providing the potential of doubling the

capacity compared to conventional half-duplex systems and sustaining the evolution

of 5G technologies within limited spectrum. It is a promising technology that can be

employed in the next-generation wireless networks [20].

In general, the above candidate technologies help to increase either the bandwidth, spectral

efficiency or cell density. The combined use of them can provide the expected network

capacity to support large number of users. Based on the above background information,

the main focus of this PhD research is performance analysis and optimization in massive

MIMO systems. In this regard, the main questions to be addressed in this PhD research

are to study signal processing, channel modeling and estimation, resource allocation and

optimization algorithms in massive MIMO systems.
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1.2 Statement of the Problem

While massive MIMO system can provide many gains for the capacity requirements, it

has also many problems and challenges. These include challenges on channel modeling and

channel state acquisition, complexity of inverse operation in signal detection and precoding,

multiuser interference and user scheduling, power control and resource allocation, multicell

operation and pilot contamination and complexities on deployment scenarios. These chal-

lenges are directly or indirectly related to the following parameters of the massive MIMO

systems [2, 3, 14,21].

• large number of antennas and RF chains at the base station;

• large number of scheduled users in the system;

• allocated bandwidth and power for transmission;

• types of radio propagation channel model.

Thus, the researches in massive MIMO systems focuses on developing efficient algorithms

for signal processing, channel estimation, power control, resource allocation and optimiza-

tion [14, 21, 22]. Based on the literature review, we identified that there are still gaps

on driving closedform lower bound achievable rate expressions in mixed line-of-sight and

non-line-of-sight propagation environments, on developing computationally efficient matrix

inverse approximation techniques for detection and precoding, and on developing energy

efficient power control and resource allocation algorithms. In line with these facts, the main

goal of this PhD research is to study signal detection and precoding, channel estimation

and channel state information acquisition, resource allocation and optimization algorithms

in massive MIMO systems. Specifically, we derive closedform lower bound achievable rate

of massive MIMO systems in mixed line-of-sight and non-line-of-sight propagation envi-

ronments; formulate computationally efficient inverse approximation techniques for linear

detection and linear precoding in massive MIMO systems; derive energy efficient power

control and resource allocation algorithms in massive MIMO systems; and analyze the

performance of multicell massive MIMO systems in spatially correlated fading channel

model. In line with these, the objectives of this PhD research are outlined in next section.
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1.3 Objectives of the Research

1.3.1 General Objective

The main objective of the research is to study channel modeling, signal processing, resource

allocation and optimization algorithms in massive MIMO systems.

1.3.2 Specific Objectives

The above general objective is accompanied by the following specific objectives and activ-

ities.

• Review the fundamentals of massive MIMO systems.

• Study state of the art channel models for massive MIMO systems.

• Assuming the channel state information (CSI) is unknown at the BS, drive minimum

mean square error (MMSE) based estimate of the channel and analyze the variance

of the channel estimate.

• Analyze performance and complexity of linear detection and precoding techniques in

massive MIMO systems.

• Formulate computationally efficient matrix inverse approximation techniques for lin-

ear detection and precoding.

• Analyze the spectral efficiency and energy efficiency of massive MIMO systems under

Rayleigh and Rician fading channel models.

• Derive analytical closedform lower bounds for the spectral efficiency and formulate

appropriate power consumption model that accounts for both the radiated power and

circuit power consumption in massive MIMO systems.

• Formulate energy efficient power optimization and resource allocation algorithms.

• Analyze performances of multicell massive MIMO systems in spatially correlated

channel model.

• Evaluate the impacts of system parameters, line of sight propagation, channel estima-

tion, pilot contamination and spatial channel correlation in massive MIMO systems.
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1.4 Methodology

The methodology used to conduct this PhD research comprises of three major steps as

shown in Figure 1.3.

• Literature Review: the first step encompasses the study of the state-of-the-art

works and algorithms closely related to the PhD research in order to acquire an

in-depth understanding of the relevant areas and open problems. In this step, the

fundamentals of massive MIMO systems including the spectral efficiency and energy

efficiency, detection and precoding techniques, channel modeling, resource allocation

and optimization algorithms are reviewed.

Figure 1.3: Summary of the research methodology.

• System Modeling and Designing: At this stage the massive MIMO system is

modeled based on selected algorithms. Then, the system is analyzed mathematically

and theoretical justification is provided.

• Numerical Simulation and Analysis: In this stage, the proposed channel mod-
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eling and resource allocation algorithms are tested through simulation to check their

validity and reliability. Further, the performance of the proposed system is analyzed

at different system and propagation parameters. Then, the results are analyzed and

conclusions are drawn.

1.5 Contributions of the Research

The research work incorporates advanced mathematical models and algorithms for solving

complex signal detection, parameter estimation, resource allocation and optimization al-

gorithms in massive MIMO systems. This shows the importance of mathematical models

and optimization to the design of wireless communication.

Generally, we can subdivide the contributions of this research as two-fold, such as the

theoretical contributions and the contributions to field of multi-antenna signal processing

for wireless communication. Theoretically, we contribute to the field of estimation and

optimization theory by formulating the detection, estimation and resource allocation al-

gorithms. Besides the theoretical analysis, we also proposed analytical closedform lower

bound spectral efficiency and energy efficiency formulations for multiuser massive MIMO

systems. Further, energy efficient power control and resource allocation algorithms are

formulated. In line with these, several peer reviewed conference and journal papers are

published.

Thus, the above justification and achieved publications show that the PhD research

work is relevant to create a research platform for Ethiopian universities on signal processing

in wireless communication, and to provide fundamental knowledge on upcoming massive

MIMO and 5G networks to the Telecom sectors in Ethiopia.

1.6 Organization of the Dissertation

This Dissertation contains eight chapters. The first chapter provides the background,

motivation of the research and statement of the problem. Other information presented in

this chapter includes the objectives and significant of the research. Chapter two provides

the fundamentals on massive MIMO systems. Specifically, the chapter provides an in-depth

review on signal processing, channel modeling, channel estimation, resource allocation and

optimization techniques in massive MIMO systems.
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The third chapter focuses on analyzing the performance and complexity of linear de-

tection and precoding techniques in massive MIMO systems. Besides, computationally

efficient matrix inverse approximation techniques are reviewed and Truncated Neumann

series based matrix inversion approximation is proposed. Performance analysis of massive

MIMO systems in Rician fading channel model is provided in Chapter four. Specifically,

the achievable spectral efficiency and energy efficiency of massive MIMO systems under

Rician fading channel model are analyzed.

The fifth and six chapters focus on energy efficient power optimization and resource

allocation in massive MIMO systems. Energy efficient power control algorithms for uplink

massive MIMO systems are proposed in Chapter five. Then, in Chapter six, joint energy

efficient resource allocation algorithm is proposed to select the optimal number of users,

number of BS antennas and transmit power of the massive MIMO systems.

In Chapter seven, performance analysis of multicell massive MIMO systems is provided.

Finally, Chapter eight summarizes the dissertation based on the theoretical analysis and

simulation results. Besides, conclusions and recommendations are presented based on the

findings.
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Chapter 2

Fundamentals of Massive MIMO Systems

2.1 Introduction

Multiuser multiple input multiple output (MU-MIMO) systems have been used to provide

substantial spatial multiplexing and diversity gains. In MU-MIMO systems, many single-

antenna users communicate to a BS equipped with multiple antennas under the same

time-frequency resources. MU-MIMO systems have nearly equal number of BS antennas

and users; and they are designed to work both in TDD and FDD mode. Due to frequency

selective and small scale fading, the propagation channel varies over time and frequency.

To account the channel variations, resource allocation algorithms could change rapidly.

Besides, to achieve the required spectral efficiency, it needs to implement complex signal

processing algorithms both at the BS and the users. Further, in downlink communication

both the BS and the users must know the CSI and that require transmission of pilots in

both directions. Due to these challenges, conventional MU-MIMO is not scalable with

respect to the number of BS antennas and scheduled users [3, 17].

Massive MIMO is a scalable version of MU-MIMO in which the BS is equipped with

large number of antennas to serve many users as shown in Figure 2.1 [2, 3]. The figure

shows a massive MIMO system with BS antennas, detection and precoding blocks, and

scheduled users. In massive MIMO systems, the number of antennas at the BS is much

greater than the number of users (for instance a BS with 100 antennas can support 10

or more users in the same time-frequency resources [14]) [3]. Massive MIMO operates

in TDD mode to exploit channel reciprocity. Thus, CSI acquisition is done by sending

uplink pilots and exploiting channel reciprocity. In massive MIMO systems, deploying

large number of antennas at the BS focuses the transmit energy into smaller regions. This

brings high improvement in spectral efficiency and radiated energy efficiency. The spectral
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efficiency improvement results from spatial multiplexing gains and the improvement in

energy efficiency is obtained due to concentration of energy in small regions [17,23]. Thus,

massive MIMO is expected to increase the spectral efficiency in the order of 10× and

simultaneously improve the radiated energy efficiency in the order of 100× [17, 23].

Linear 
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1
Data stream 1

Data stream  2

Data stream K

CSI

…

…

Pilot based 
Channel Estimation

User 1

Data stream 1
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…

Uplink pilotUL data DL data

Coherence interval 

Figure 2.1: Massive MIMO system architecture [3].

Besides, when the number of BS antennas are much larger than the number of users,

large number of degrees of freedom are available and this can be used to shape the trans-

mitted signals and to null interference [3]. Hence, the effects of uncorrelated noise and

small-scale fading are averaged out and the required transmit power to cover the cell is

decreased. Furthermore, linear signal processing techniques such as maximum ratio trans-

mission (MRT) and zero forcing (ZF) can be employed to achieve near optimal perfor-

mance [17,23]. For instance, it is shown in [14] that under realistic propagation conditions,

a massive MIMO system with 100 BS antennas and equipped with MRT processing could

achieve a data rate of 17 Mbps for 40 users in 20 MHz channel in both the uplink and

downlink.

Generally, the main benefits of massive MIMO systems are summarized as follows

[3, 10,13,14].

• High Spectral Efficiency and Communication Reliability: in massive MIMO

systems with M -antennas at the BS and K-users, we can achieve a diversity order

of M and multiplexing gain of K [17, 23]. Hence, by increasing both M and K, we
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can obtain high spectral efficiency and communication reliability [3, 23].

• High Energy Efficiency: the gain in energy efficiency enables massive MIMO

systems to operate with low radiated power as compared to current mobile networks.

This helps to reduce the energy consumption by cellular systems and to save energy.

In addition, networks that consume low power could be powered by green energy

sources such as solar and wind energy [24]. Thus, they can be deployed where no

electricity grid is available. Besides, it is shown in [14] that the users uplink transmit

power can be scaled down proportional to the number of BS antennas. This helps to

elongate the battery life of user terminals [14].

• Simplify Signal Processing Complexity: the use of large number of antennas

at the BS helps to obtain favorable propagation condition where the channel vectors

between the users and the BS become pair wisely orthogonal. Under favorable prop-

agation1 [25], the effect of interuser interference and noise can be eliminated with

simple signal processing techniques. Hence, linear processing techniques such as liner

precoding in the downlink and linear detection in the uplink can be employed to get

near optimal performance [3, 17,23].

• Obey Channel Hardening in Large Dimension: when the number of antennas

at the BS are very large, the effect of small scale fading is averaged out and the

channel becomes nearly deterministic. That is, when the channel matrix is large,

the distribution of the eigenvalues becomes less sensitive to the actual distribution of

the channel. This property is termed as channel hardening2 [26]. Channel hardening

provides several advantages in massive MIMO systems. Channel hardening allows

simple linear detection and precoding algorithms to achieve near optimal performance

in large dimensions. Thus, user scheduling, power control, optimization and resource

allocation can be done in large-scale fading (that is large time scale) instead of the

small-scale fading (that is small time scale). This simplifies the signal processing

complexity [3, 14,27].

Combining all the above explanations, a highly spectral efficient massive MIMO systems

employ space division multiple access (SDMA) to achieve multiplexing gains, deploy large

1Favorable propagation describes orthogonality between the user channels. It is the key properties of

the radio channel that is exploited in massive MIMO systems [25].
2 Mathematical formulations for channel hardening and favorable condition in massive MIMO systems

are shown in [3, 26] and there impacts are analyzed in Chapter 7 of this dissertation.
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number of BS antennas to suppress interuser interference (IUI) and to achieve channel

hardening, operate in asynchronous TDD mode to limit CSI acquisition, and use linear

processing to reduce signal processing complexity.

2.2 Design Challenges of Massive MIMO Systems

While massive MIMO systems can provide many gains to the current capacity demand, it

has also many technical challenges [3,10]. These include challenges on channel modeling and

channel state acquisition, complexity of inverse operation in linear processing, multiuser

interference and user scheduling, complex power control and resource allocation algorithms,

multicell operation and pilot contamination and complexities on deployment scenarios.

These technical challenges should be solved effectively to fully realize the benefit of massive

MIMO systems. The detail of these challenges are summarized as follows.

• Channel Modeling and CSI Acquisition: in order to achieve high spatial multi-

plexing gains, the BS needs to process the received signals coherently. This requires

perfect knowledge of the channel state information. But, channel modeling and

channel estimation may be challenging in large systems, especially in high mobility

scenarios and when there is a line of sight propagation [3]. We analyze this challenge

in [28,29] and Chapter 4 of the dissertation.

• Complexity of Inverse Operation in Linear Processing: for massive MIMO

systems, linear processing (linear detection and precoding) techniques achieve near

optimal performance with low signal processing complexity. Hence, they are proposed

to be the candidate detection and precoding techniques for massive MIMO systems.

When the number of supported users increase, due to large matrix inversion opera-

tion, the computational complexity of linear processing techniques become very high.

To reduce the computational complexity from large matrix inversion, several approx-

imation approaches are proposed to avoid complex matrix inversion operation. We

propose truncated Neumann series based matrix inversion approximation for massive

MIMO systems in [30] and Chapter 3 of the dissertation.

• Power Control and Resource Allocation: in massive MIMO systems, issues

related to power control, user selection, interference management, resource allocation

and optimization creates new challenges on practical deployment. The challenges
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on spectrally efficient and energy efficient power control and resource allocation is

studied in [31–33] and Chapters 5 and 6 of the dissertation.

• Multicell Operation and Pilot Contamination: practical massive MIMO sys-

tems consist of many cells. In multicell massive MIMO systems, due to the limitation

of the channel coherence interval, we cannot assign orthogonal pilot sequences for all

users in all cells [3]. Hence, pilot sequences have to be reused from cell to cell. There-

fore, the channel estimate obtained in a given cell contaminates by pilots transmitted

by users in other cells. This effect is called pilot contamination. It reduces the system

performance and is the major limitation of massive MIMO systems [3]. Considerable

efforts have been made to mitigate the effect of pilot contamination. We analyze the

performance of multicell massive MIMO systems and evaluate the impacts of channel

estimation, spatial channel correlation and pilot contamination in Chapter 7 of the

dissertation.

All in all, design and development of low complexity signal processing algorithms for linear

processing, channel estimation, resource allocation and optimization are the key to practical

implementation of massive MIMO systems [21,26,34–36]. Since several users are served in

the same time-frequency resources, scheduling schemes that optimally select the optimal

number of users depend on the precoding and detection techniques, CSI knowledge and

resource allocation algorithms [3].

In the remaining section of this chapter, we analyze the performance of single cell

massive MIMO systems equipped with linear processing techniques and assuming imperfect

CSI at the BS. For this, the system and channel models are defined. Minimum mean

square error (MMSE) based channel estimation is done. Then, spectral efficiency and

energy efficiency expressions are formulated. Closedform lower bound spectral efficiency

and energy efficiency expressions are derived. Numerical simulation is done to validate the

theoretical analysis. In line with these points, the main contributions of this chapter is

summarized as follows [18,29,31,37–39].

• Study benefits and challenges of massive MIMO systems.

• Drive MMSE-based estimate of the channel and analyze variance of the channel

estimation.

• Drive analytical closedform lower bounds for the spectral efficiency.
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• Formulate appropriate power consumption model and study energy efficiency of the

system.

• Evaluate impacts of system and propagation parameters on the spectral efficiency

and energy efficiency.

2.3 The Massive MIMO System and Channel Models

We consider a single cell uplink massive MIMO system shown in Figure 2.1, where the BS is

equipped with M -antennas to support K-single-antenna users in the same time-frequency

resource. Since K-users share the same time-frequency resources, the received signal at

the BS is a combination of signals transmitted from all users. If x denotes the complex

valued K × 1 transmit signal from all users, then the M × 1 received signal at the BS is

given by [3]

y =
√
puGx + n (2.1)

where G represents an M × K channel matrix between the BS and the K-users with

gmk , [G]mk is the channel coefficient between the mth antenna of the BS and the kth

user,
√
pux is the K × 1 vector of simultaneously transmitted signals by the K-users and

pu is the average transmitted power of each user. n is additive white Gaussian noise vector

at the BS with zero mean and unit variance elements. From the received signal vector x

together with knowledge of CSI, the BS coherently detects the signals transmitted from

the K-users [10]. To facilitate our analysis we first define and explain the propagation

channel model.

2.3.1 Uplink Propagation Channel Model

The propagation channel between a user and the BS antennas is subjected to pathloss,

shadowing and multipath fading effects. By accounting these propagation parameters, the

channel model for uplink massive MIMO system is expressed as [3, 40]

G = HD
1
2 (2.2)

where D = diag{β1, β2, · · · , βK} ∈ RK×K is a diagonal matrix which represents the large

scale fading (LSF) effect that includes pathloss and shadowing effects with elements βk =
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d−vk ψ
k
; dk is the Euclidean distance between the BS antennas and the kth user; v is the

pathloss exponent and ψ
k

represents a log-normal shadowing with 10 log10 ψk ∼ N (0, σ2
sh)

where σ
sh

is the standard deviation of the shadow fading model [3]. The matrix H ∈ CM×K

represents the multipath fading effect. It can be modeled with the Rayleigh or Rician

distribution [21]. In this chapter, we consider a Rayleigh fading channel model in which

the elements of H are assumed to be independent and identically distributed (iid) random

variables with CN (0, 1) elements. In real-world scenarios, perfect knowledge of G is not

possible [3,21]; hence, in this PhD research MMSE based channel estimation is considered

at the BS as reported in subsequent sections.

2.3.2 MMSE-based Channel Estimation

In real world scenarios, the true channel matrix is unknown and should be estimated at the

BS. Massive MIMO systems assumed to operate in TDD mode and the channel is estimated

periodically at the BS [3]. The most common approaches to channel estimation include

pilot-based, blind and semi blind channel estimation techniques [41–44]. In pilot based

channel estimation, predetermined pilot signal sequences selected from known periodic

patterns are sent before the transmission of the data. The BS receives the pilot signal

sequences and uses one of the estimation techniques to estimate the channel. MMSE is

among the common pilot-based channel estimation techniques.

For analysis purpose, most works assume that the large scale fading channel coefficients

are perfectly known both at the BS and users [2, 3, 21, 28]. Thus, estimation is performed

only for small scale fading channel coefficients. This assumption is reasonable for massive

MIMO systems since the LSF channel coefficients change very slowly as compared to small

scale fading (SSF) channel coefficients and they can be estimated reliably [2, 3]. In this

case, the estimate of G can be expressed as

Ĝ = ĤD
1
2 (2.3)

where Ĥ represents the estimate of the random component of the channel [21]. In pilot

based channel estimation, let τc = TcBc be the length of the coherence interval where Tc is

the coherence time and Bc is the coherence bandwidth and let τp be the number of symbols

used for pilots. During the training part of the coherence interval, all users simultaneously

transmit mutually orthogonal pilot sequences of length τp symbols. The pilot sequences of

K-users can be represented by a τp × K matrix of
√
ppΦ which satisfies ΦHΦ = IK and
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pp is the transmit pilot power. Then, the M × τp received pilot matrix at the BS is given

by [2, 21]

Yp =
√
ppGΦT + N (2.4)

where N is M×τp additive white noise matrix with iid CN (0, 1) elements. By using MMSE

based channel estimator, we get the channel estimate as shown in the following theorem.

Theorem 2.3.1 Given a τp ×K pilot matrix
√
ppΦ which satisfies ΦHΦ = IK and pp =

τppu is the transmit pilot power, the MMSE based estimate of the Rayleigh fading channel

model in (2.2) from the received pilot matrix Yp is given by

Ĝ = E{G|Yp} =
1
√
pp

YpΦ
∗D̃ =

(
G +

1
√
pp

W

)
D̃ (2.5)

where W = NΦ∗ and D̃ =
(

1
pp

D−1 + IK

)−1

. With ΦHΦ = IK, W has iid CN (0, 1)

elements.

The error due to channel estimation is given by G̃ = G − Ĝ. Owing to the property of

MMSE estimation, the estimation error is uncorrelated with both the channel estimate

and the received pilot signal, and it is jointly Gaussian with the channel estimate [2, 21].

With MMSE based channel estimation, the kth user channel, gk ∈ CM×1, is given by [3]

gk = ĝk ± g̃k (2.6)

where ĝk represents the channel estimate and g̃k represents the channel estimation er-

ror. For massive MIMO systems, the elements of ĝk and g̃k are also modeled as complex

Gaussian distributed as [3]

ĝk ∼ CN (0, β̂kI)

g̃k ∼ CN (0, β̃kI)
(2.7)

where β̂k =
τpppβ

2
k

1+τpppβk
is the variance of the channel estimate, β̃k = βk

1+τpppβk
is the variance

of the channel estimation error, τp ≥ K is the pilot symbol length of orthogonal pilot

sequences transmitted by users per coherence interval [3] and pp represents the transmit

power of the pilot symbol [2,3]. The statistical properties of the channel estimate and the

channel estimation error is summarized as follows.
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• Variance of the Channel Estimate: based on large system analysis when M is

very large, the inner product of the channel estimate in (2.5) converges as

1

M
ĜHĜ→ diag{ τpppβ

2
k

1 + τpppβk
} (2.8)

where diag represents the diagonal matrix.

• Variance of the Channel Estimation Error: for the channel estimate in (2.5),

the variance of the elements of the channel estimation error is given by

E{|G̃mk − E{G̃mk}|2} =
βk

1 + τpppβk
(2.9)

for m = 1, 2, · · · ,M and k = 1, 2, · · · , K.

The proof of (2.5), (2.8) and (2.9) are shown in Appendix 2.1. Equation (2.8) and (2.9)

shows that for massive MIMO systems, the variance of the channel estimate and channel

estimation error is converged to a deterministic value that depends on the LSF.

2.4 Spectral Efficiency in Massive MIMO Systems

Depending on the employed precoding and decoding techniques, the channel between the

BS antennas and the users can support many different possible spectral efficiencies. But

the largest achievable spectral efficiency is the key importance when designing wireless

communication systems [2, 3, 21]. The maximum spectral efficiency is determined by the

channel capacity which is defined by Claude Shannon [45] and for massive MIMO systems,

it is formulated as [22]

C = log2 det
(
I +

ρ

K
GGH

)
(2.10)

where ρ is the received signal-to-noise-ratio (SNR) and G is the channel matrix from the

BS to the users. When the channel coefficient is normalized to give tr(GGH) = MK where

tr(.) is the trace of the matrix, the upper and lower bound channel capacity is given by [22]

log2

(
1 + ρM

)
≤ C ≤ min(M,K) log2

(
1 +

ρmax(M,K)

K

)
. (2.11)
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The actual achievable rate depends on the distribution of eigenvalues of GGH. It is

shown in [22] that the channel with equal eigenvalues achieve the highest spectral effi-

ciency whereas those with only one nonzero eigenvalues achieve the lowest [21,22].

The spectral efficiency of single-cell and multicell uplink massive MIMO systems are

analyzed in [21,46,47]. They derive bounds on the achievable sum rate and provide asymp-

totic performance results when the number of BS antennas grows without bound. A unified

analysis of uplink and downlink performance of linear processing in multicell systems when

both the number of BS antennas and number of users become large with a fixed ratio is

provided in [48]. In [49], the spectral efficiency of massive MIMO systems is analyzed in

both centralized and distributed configurations.

Based on the above background information in this section, we derive general formu-

lation of the achievable rate of massive MIMO systems equipped with linear receivers,

Rayleigh channel model and imperfect channel state information (CSI) at the BS. With

MMSE-based channel estimation at the BS, the linear receiver matrices are given by [3]

A =





Ĝ MRC

Ĝ(ĜHĜ)−1 ZF

Ĝ(ĜHĜ + σ2

pu
IK)−1 MMSE

(2.12)

where A is the linear receiver matrix. The output signal from these linear receivers have

the form AHy where AH represents the complex conjugate transpose of A and y is the

received signal in (2.1). Thus, the output data stream from these linear receivers is given

by [21]

r = AHy =
√
puA

H
(√

puĜx−√puG̃x
)

+ AHn. (2.13)

Then, the kth component of the processed signal is given by

rk =
√
pua

H
k

(√
puĜx−√puG̃x

)
+ aH

k n

=
√
pua

H
k ĝkxk +

√
pu

K∑

i 6=k

aH
k ĝixi −

√
pu

K∑

i=1

aH
k g̃ixi + aH

k n
(2.14)

where ak, ĝi and g̃i are the ith columns of A, Ĝ and G̃, respectively. The BS considers the

channel estimate as the true channel and the part including the last three terms of (2.14)

is considered as interference and noise. Therefore, the spectral efficiency of the kth user is

given by
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Rk = E

{
log2

(
1 +

pu

∣∣aHk ĝk
∣∣2

pu

∑K
i=1,i 6=k |aHk ĝi|2 + pu ‖ak‖2∑K

i=1
βi

τpuβi+1
+ σ2 ‖ak‖2

)}
(2.15)

when the expectation is with respect to the random channel. Then, the total capacity per

cell is the sum of the spectral efficiency from all users as [21]

Rs = B(1− τp
τc

)
K∑

k=1

Rk (2.16)

where B is the bandwidth of the system, τc represents the coherence time of the channel

and τp (τp ≤ τc) is the symbol time required for pilot based channel estimation and σ2 is

the noise variance [21]. Based on the above formulations, we drive analytical closedform

lower bound achievable rate of a user in massive MIMO system with linear receivers and

under imperfect CSI assumptions.

2.4.1 Closedform Lower Bound Achievable Rate Formulation

For single cell uplink massive MIMO system under Rayleigh fading channel model and

equipped with linear processing and imperfect CSI at the BS, a closedform lower bound

achievable rate of the kth user is given by

Rk ≈





log2

(
1 +

τppu(M−1)β2
k

(τpuβk+1)
∑K
i=1,i 6=k βi+(τp+1)βk+ 1

pu

)
MRC

log2

(
1 +

τpp2u(M−K)β2
k

(τppuβk+1)
∑K
k=1

puβi
τppuβi+1

+τpuβk+1

)
ZF

log2 (1 + (αk − 1) θk) MMSE

(2.17)

where

αk =
(M −K + 1 + (K − 1)µ)2

M −K + 1 + (K − 1)κ

θk =
M −K + 1 + (K − 1)κ

M −K + 1 + (K − 1)µ
ωβ̂k

(2.18)

where ω ,
(∑K

i=1
βi

τppuβi+1
+ 1

pu

)−1

, β̂k , τppuβ2
k

τppuβk+1
, µ and κ are calculated from the follow-

ing equations.

µ = 1
K−1

∑K
i=1,i 6=k

1

Mωβ̂i(1−K−1
M

+K−1
M

µ)+1

κ

(
1 +

∑K
i=1,i 6=k

ωβ̂i

(Mωβ̂i(1−K−1
M

+K−1
M

µ)+1)
2

)
=
∑K

i=1,i 6=k
ωβ̂iµ+1/(K−1)

(Mωβ̂i(1−K−1
M

+K−1
M

µ)+1)
2

(2.19)
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Part of the proof of Equation (2.17) is shown in Chapter 5. The result in (2.17) shows

that when the number of BS antennas become very large, achievable rate depends only

on the large scale fading channel coefficients and system parameters (BS antennas, users,

transmit power and coherence interval). As a result, complicated calculations that involve

large dimensional matrices from small scale fading channel coefficients are avoided.

2.5 Energy Efficiency in Massive MIMO Systems

Next generation wireless networks are expected to support large number of devices. The

vision is to establish a connected society in which sensors, automotives, drones, medical and

wearable devices use wireless networks to connect each other and to interact with humans.

Trying to achieve this goal with current network architecture leads to an energy crunch

with serious economic and environmental concerns [4, 5, 14, 50]. Besides, reducing energy

consumption allows network operators to save electricity bills and minimize operational

costs, and prolong the battery life of user equipments [50]. Based on these and other facts,

in addition to data rate, throughput, quality of service and latency; energy efficiency is

considered as the new parameters to design cellular systems. The main goal is to design

innovative network architectures and technologies that achieve the required capacity with

similar or lower energy consumption as current networks [21,50,50]. This requires to adopt

new approaches on network design and operation such as efficient resource allocation,

network planning and deployment, hardware solutions, energy harvesting and transfer

technologies [50].

Energy efficiency of a wireless system is commonly defined as a benefit-cost ratio where

the achievable sum rate is compared with associated energy consumption of the system

as [2]

Energy Efficiency (bits/Joule) =
Achievable sum rate (bits/sec)

Total power consumption (Joule/sec)
. (2.20)

Equation (2.20) shows that the energy efficiency is the ratio between the total amount of

data that can be reliably transmitted per unit of time and the total amount of consumed

power. For uplink massive MIMO systems, the total power consumption is given by the

sum of radiated power and circuit power consumption as [22]

Ptot = Ptx + Pcp (2.21)
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where Ptx is the power consumed by the power amplifier. It accounts the power used for

uplink pilot and data transmission which is expressed as

Ptx =
(

1− τp
τc

) K∑

k=1

1

ηk
pk +

τp
τc

1

ηk
Kpp (2.22)

where ηk ∈ (0, 1) is the power amplifier efficiency of user k. Pcp represents the circuit power

consumption of the system given by

Pcp = ρaM + σscR + Θ0 (2.23)

where ρa , χ(PTC + PCE + PLP) denotes the circuit power consumption per BS antenna,

χ represents the impacts of cooling and other effects at the BS, PLP represents the power

consumption for linear processing, PTC accounts for the power consumption of transceiver

chains and PCE denotes the power consumption for channel estimation [2, 22]. The term

σscR accounts for the power consumption that grows with the uplink data rate with scaling

factor σsc which includes the power consumption for coding and decoding and backhaul

transmission. To simplify our analysis, the rate dependent power consumption is assumed

to be fixed [22]. Θ0 shows a static circuit power consumption for control signaling and load

independent base-band processing and it is mostly assumed as fixed [22]. Finally, plugging

(2.24) and (2.25) in (2.23), the total system power consumption for uplink massive MIMO

system is expressed as [51]

Ptot(p) =
K∑

k=1

µkpk + P0. (2.24)

where µk = (1− τp
τc

) 1
ηk

and P0 is the sum of the pilot power consumption and circuit power

consumption of the system. The typical values of µk, ρa, σsc and Θ0 depend on the types

of cellular system such as macro cell, remote radio head and micro cell [50].

2.6 Modeling Energy Efficiency in Massive MIMO

Systems

In massive MIMO systems, depending on the benefits and costs incurred by each individual

links of the network, two approaches are used to formulate the energy efficiency such as

global energy efficiency and multiobjective energy efficiency [50, 52]. In the next section,

we describe the principle of these two approaches.
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2.6.1 Global Energy Efficiency in Massive MIMO Systems

By using the achievable sum rate and total power consumption model, the global energy

efficiency (GEE) is given by [2, 52]

GEE =

∑K
k=1 f(γk(p))∑K
k=1 µkpk + Pc

(2.25)

where K is the number of scheduled users, f(γk(p)) is the achievable rate function of user

k, γk(p) is the signal to interference-plus-noise-ratio (SINR), pk is the radiated power of

the users, µ is the inverse of the transmit power amplifier efficiency and Pc represents the

power dissipated in the internal circuit of the system. Substituting the achievable sum

rate and power consumption model of the proposed massive MIMO system in (2.16) and

(2.24), the GEE is given by [53]

GEE(p) =
B
(

1− τp
τc

)∑K
k=1 log2(1 + γ

k
(p))

∑K
k=1 µkpk + P0

. (2.26)

Equation (2.26) shows that the GEE is formulated as the ratio between the total amount

of data that can be reliably transmitted per unit of time and the total amount of consumed

power. The GEE is a sum-based performance metric, it tends to favor users with better

propagation channels. Although it have strong physical interpretation, the GEE does not

allow to tune individual energy efficiencies of the users [50]. This may be a challenge to

optimize heterogeneous networks where terminals with different features and specifications

coexist and possibly have different energy efficiency requirements. The GEE may also

result unbalanced distribution of the energy efficiency and this many create unfair resource

allocation among users. These challenges can be solved by formulating the energy efficiency

based on multiobjective optimization approach that give more flexibility to choose the

network operating point [50, 52].

2.6.2 Multiobjective Energy Efficiency in Massive MIMO Sys-

tems

In multiobjective formulation, the objective function is formulated to optimize the energy

efficiencies of the K-users in the network. This leads to consider the network energy-

efficiency region as the set of all feasible vectors {EEk}Kk=1 and to define the network energy

efficiency as a performance measure whose maximization gives a point on the Pareto bound-

ary of the energy-efficiency region. This results in a multiobjective resource allocation
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scheme that maximize a combination of different energy efficiencies {EEk}Kk=1 according to

some increasing function U(EE1, · · · ,EEK) where U is the utility function. Several utility

functions have been proposed such as weighted sum energy efficiency (WSEE), weighted

product energy efficiency (WPEE), and weighted minimum energy efficiency (WMEE) that

are formulated as [50,52]

MOEE =





∑K
k=1wk

f(γk(p))
µkpk+Pc

WSEE

∏K
k=1

(
wk

f(γk(p))
µkpk+Pc

)wk
WPEE

min
k∈{1,··· ,K}

(
wk

f(γk(p))
µkpk+Pc

)
WMEE

(2.27)

where wk is the weighting parameter. The WSEE is a sum-based metric which tends to

favor users with better propagation channels. The WPEE allows more balanced resource

allocation and allows to assign priorities to individual energy efficiencies through the choice

of weights [52]. The WMEE provides the max-min fairness energy efficiency for all nodes

[50]. If the weights are all equal, maximizing the WMEE results equal energy efficiency

to all nodes and which provides maximum fairness to the network. All the multiobjective

energy efficiency functions are able to describe parts of the energy-efficiency on the Pareto

boundary of the system [50,52].

2.7 Simulation Results and Analysis

2.7.1 Simulation Setup and Simulation Parameters

We consider a single cell uplink massive MIMO system in which the BS is placed at the

center of a circular cell. We assume that the users are distributed uniformly in a circular

cell of radius rc = 500 m except for an exclusion zone (rh ≤ 35 m) near the BS. The

exclusion zone is assumed to ensure that uplink and downlink communication is performed

in the far field region of the transmitting antenna and plane waves can be assumed at

the receiver [3]. The large scale fading is modeled as βk = zk(
rk
r
h

)−v where zk is the log-

normal shadow fading random variable with standard deviation σsh = 8 dB, v = 3.8 is the

path loss exponent and rk ∈ [rc, rh] denotes the Euclidean distance between the kth user

and the BS antennas. The simulation is run for 2000 Monte-Carlo realizations where in

each snapshot, the users are distributed randomly in the cell so that the large scale fading

changes randomly. We use the standard system parameters proposed in [8] and [54]. Part
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of the simulation parameters are shown in Table 2.1.

Table 2.1: Part of the simulation parameters.

Parameter Value Parameter Value

τc 200 ρa 0.002 W

B 20 MHz Pc 0.8 W

K 10 σscR 0.4 W

τp 10 ηBS 0.39

pp 30 dBm ηUE 0.3

M Variable rc 500 m

2.7.2 Impact of Number of BS Antennas on Spectral Efficiency

Figure 2.2 shows the achievable sum rate versus the number of BS antennas with linear

detection techniques. The result shows that as the number of BS antennas increases, the

achievable sum rate increases. For instance, the result shows that by going from 50 to 100

BS antennas, the spectral efficiency improves from 8.2 bps to 11.0 bps. This is achieved

due to the array gain provided by multiple antennas and combining techniques. Thus,

the spectral efficiency is increased logarithmically with the number of BS antennas and

increases without limit as the BS antennas grows large. Besides, the result shows that

when the BS antennas grows large, MMSE achieves better achievable sum rate than other

detection techniques. But at large number of BS antennas, ZF detection gives nearly

the same achievable sum rate to MMSE, because at large number of BS antennas, ZF

detection can completely null-out interuser interference. The result also shows that the

gaps between closedform lower bound approximation and simulated results are very small.

Thus, in massive MIMO systems, it is quite reasonable to formulate the resource allocation

and power allocation algorithms by using the closedform lower bound achievable sum rate

approximations.

Next, we analyze the impact of increasing the number of BS antennas on transmit power

of a user that is required to achieve a given target spectral efficiency. Figure 2.3 shows the

normalized power required to achieve 1 bit/s/Hz per user as a function of the number of BS

antennas. When the number of BS antennas is doubled, the required radiated power of the

user is reduced by 3 dB and 1.5 dB for the cases of perfect and imperfect CSI, respectively.

When the number of BS antennas becomes large, the difference in performance between
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Figure 2.2: Spectral efficiency versus the number of BS antennas with linear processing

techniques and imperfect CSI at the BS.

MRC, ZF and MMSE is less than 1 dB for the cases of perfect CSI and 3 dB for the case

of imperfect CSI, respectively.
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Fig. 4. Transmit power required to achieve 1 bit/channel use per user
for MRC, ZF, and MMSE processing, with perfect and imperfect CSI, as
a function of the number M of BS antennas. The number of users is fixed to
K = 10, and the propagation parameters are σshadow = 8 dB and ν = 3.8.

We next illustrate the power scaling laws. Fig. 2 shows the
spectral efficiency on the uplink versus the number of BS
antennas for pu = Eu/M and pu = Eu/

√
M with perfect

and imperfect receiver CSI, and with MRC, ZF, and MMSE
processing, respectively. Here, we choose Eu = 20 dB. At this
SNR, the spectral efficiency is in the order of 10–30 bits/s/Hz,
corresponding to a spectral efficiency per user of 1–3 bits/s/Hz.
These operating points are reasonable from a practical point
of view. For example, 64-QAM with a rate-1/2 channel code
would correspond to 3 bits/s/Hz. (Figure 3, see below, shows
results at lower SNR.) As expected, with pu = Eu/M , when
M increases, the spectral efficiency approaches a constant
value for the case of perfect CSI, but decreases to 0 for the
case of imperfect CSI. However, with pu = Eu/

√
M , for

the case of perfect CSI the spectral efficiency grows without
bound (logarithmically fast with M ) when M → ∞ and with
imperfect CSI, the spectral efficiency converges to a nonzero
limit as M → ∞. These results confirm that we can scale
down the transmitted power of each user as Eu/M for the
perfect CSI case, and as Eu/

√
M for the imperfect CSI case

when M is large.
Typically ZF is better than MRC at high SNR, and vice

versa at low SNR [13]. MMSE always performs the best across
the entire SNR range (see Remark 1). When comparing MRC
and ZF in Fig. 2, we see that here, when the transmitted power
is proportional to 1/

√
M , the power is not low enough to make

MRC perform as well as ZF. But when the transmitted power is
proportional to 1/M , MRC performs almost as well as ZF for
large M . Furthermore, as we can see from the figure, MMSE
is always better than MRC or ZF, and its performance is very
close to ZF.

In Fig. 3, we consider the same setting as in Fig. 2, but
we choose Eu = 5 dB. This figure provides the same insights
as Fig. 2. The gap between the performance of MRC and
that of ZF (or MMSE) is reduced compared with Fig. 2. This
is so because the relative effect of crosstalk interference (the
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Fig. 5. Same as Figure 4 but for a target spectral efficiency of 2 bits/channel
use per user.

interference from other users) as compared to the thermal noise
is smaller here than in Fig. 2.

We next show the transmit power per user that is needed to
reach a fixed spectral efficiency. Fig. 4 shows the normalized
power (pu) required to achieve 1 bit/s/Hz per user as a function
of M . As predicted by the analysis, by doubling M , we can cut
back the power by approximately 3 dB and 1.5 dB for the cases
of perfect and imperfect CSI, respectively. When M is large
(M/K ' 6), the difference in performance between MRC
and ZF (or MMSE) is less than 1 dB and 3 dB for the cases
of perfect and imperfect CSI, respectively. This difference
increases when we increase the target spectral efficiency. Fig. 5
shows the normalized power required for 2 bit/s/Hz per user.
Here, the crosstalk interference is more significant (relative
to the thermal noise) and hence the ZF and MMSE receivers
perform relatively better.

2) Energy Efficiency versus Spectral Efficiency Tradeoff :
We next examine the tradeoff between energy efficiency and
spectral efficiency in more detail. Here, we ignore the effect
of large-scale fading, i.e., we set DDD = IIIK . We normalize
the energy efficiency against a reference mode corresponding
to a single-antenna BS serving one single-antenna user with
pu = 10 dB. For this reference mode, the spectral efficiencies
and energy efficiencies for MRC, ZF, and MMSE are equal,
and given by (from (38) and (62))

R0
IP =

T − τ

T
E
{
log2

(
1 +

τp2u|z|2
1 + pu (1 + τ)

)}

η0IP = R0
IP/pu

where z is a Gaussian RV with zero mean and unit variance.
For the reference mode, the spectral-efficiency is obtained
by choosing the duration of the uplink pilot sequence τ to
maximize R0

IP. Numerically we find that R0
IP = 2.65 bits/s/Hz

and η0IP = 0.265 bits/J.
Fig. 6 shows the relative energy efficiency versus the the

spectral efficiency for MRC and ZF. The relative energy
efficiency is obtained by normalizing the energy efficiency by

Figure 2.3: Required uplink transmit power of the user as a function of the number of BS

antennas. We consider K = 10, linear processing, imperfect CSI and an achievable rate of

1 bit/s/Hz per user.
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2.7.3 Impact of Number of BS Antennas on Energy Efficiency

Figure 2.4 shows the energy efficiency with the number of BS antennas. The result shows

that energy efficiency increases until some number of BS antennas and then decreases with

the number of BS antennas. This is because as shown in (2.25) when the number of BS

antennas grows large, the internal circuit power consumption at the BS increases and this

results in a lower energy efficiency. Thus, although increasing the number of BS antennas

can help to reduce the radiated power for the system, it decreases the energy efficiency

due to increment on internal power consumption. Hence, a design trade-off is required to

obtain the optimal number of BS antennas that give near optimal spectral efficiency and

energy efficiency simultaneously.
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Figure 2.4: Energy efficiency versus the number of BS antennas.

Figure 2.5 shows energy efficiency versus the spectral efficiency in massive MIMO sys-

tems. The results shows that in lower spectral efficiency regime, when the spectral efficiency

increases, the energy efficiency is also increased. Whereas at high spectral efficiency regime,

the energy efficiency decreases. This is because, the spectral efficiency grows in logarithm

function whereas the internal power consumption grows linearly and thus after a certain

time the increment on the power consumption overtakes the spectral efficiency increment

and the energy efficiency starts to decrease.
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Figure 2.5: Spectral efficiency versus energy efficiency.

2.7.4 Impact of Transmitter Power on Spectral Efficiency

Figure 2.6 shows the spectral efficiency versus uplink transmit power of the users. The

result shows that increasing the transmitter power can increase the spectral efficiency but

the spectral efficiency could not increase indefinitely with the transmitter power. Hence,

increasing the SNR by using more transmit power improves the spectral efficiency, but

the positive effect quickly pushes the network into an interference-limited regime where

no extraordinary spectral efficiency can be obtained. Thus, simple power-scaling approach

cannot contribute much to achieve high spectral efficiency.

Figure 2.7 shows energy efficiency versus transmit power of a massive system at differ-

ent internal power consumption [50]. The result shows that energy efficiency is a unimodal

function with the transmit power [52]. Thus, it increases until some transmit power and

then decreases above that power. This is a fundamental difference from traditional perfor-

mance metrics that increase monotonically with the transmit power. Hence, the maximum

value of the energy efficiency results a power level that is in general lower. This is the key

feature which allows to save energy through energy efficient resource allocation. The results

also show that increasing internal power consumption requires high transmitter power to

achieve the maximum energy efficiency.
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Figure 2.6: Spectral efficiency versus uplink transmitter power. Where β̃ is the ratio

between intercell and intracell channel gains.BUZZI et al.: SURVEY OF ENERGY-EFFICIENT TECHNIQUES 699

and therefore captures the needs of having both fast and
reliable communication. This measure has been consid-
ered recently in [18] and [21], which focused mainly on
multi-carrier systems. Subsequent to these works, achiev-
able rate has become the dominant choice to measure
the quality of a communication system. Further stud-
ies that considered this approach are [22] and [23] for
OFDMA systems, [24]–[26] for MIMO systems, [27]–
[29] for relay-assisted communications, and [30] and [31]
for cognitive communications.

- Throughput. The system throughput is a measure that,
differently from capacity, takes into account the actual
rate at which data is transmitted. Its consideration how-
ever requires specifying the system bit error rate, and thus
the particular modulation in use. The throughput was the
first metric to be considered in the context of energy effi-
ciency, and its use dates back to the seminal works [11],
[12] and [32], in the context of CDMA networks. These
studies spurred the interest for energy-efficient resource
allocation in wireless networks, and a throughput-based
definition of energy efficiency was used in [33]–[36]
proposing game-theoretic approaches for energy-efficient
multiple access networks, in [37] with reference to cog-
nitive radio systems, in [38] in conjunction with widely
linear receivers, in [39] for ultra-wideband systems, and in
[40] for relay-based systems.

- Outage capacity. The above metrics refer to scenarios
in which perfect channel state information (CSI) is avail-
able at the resource allocator. Also, they can be replaced
by their ergodic counterparts in fast-fading scenarios, or
in general whenever only statistical CSI is available at
the resource allocator [41]. Instead, in slow-fading scenar-
ios, outage events become the major impairments of the
communication and the outage capacity becomes the most
suitable metric to measure the benefit obtained from the
system. This approach is somewhat less popular than the
ones discussed above. Nevertheless, it has attracted signif-
icant interest and recent contributions in this area can be
found in [42] and [43].

A common feature of all the above metrics is that they are
measured in [bits/s] and depend on the signal-to-noise ratio
(SNR) (or SINR) of the communication link, denoted by γ .
Thus, we can generally express the system benefit by a func-
tion f (γ ), with f to be specified according to the particular
system to optimize.

Finally, we can define the energy efficiency of a communica-
tion link as

EE = T f (γ )

T (μp + Pc)
= f (γ )

μp + Pc
[bits/Joule] . (2)

It can be seen that (2) is measured in [bits/Joule], thus naturally
representing the efficiency with which each Joule of energy is
used to transmit information. Fig. 2 shows the typical shape of
the energy efficiency versus the transmit power, for different
values of the static power consumption Pc.

Two important observations can be made from Fig. 2.
1) First, the energy efficiency is not monotone with the trans-

mit power and is maximized by a finite power level.
This is a fundamental difference compared to traditional

Fig. 2. Typical shape of the energy efficiency function.

performance metrics, which instead are monotonically
increasing with the transmit power. While the maximiza-
tion of the numerator of the energy efficiency leads to
transmitting with a power level equal to the maximum
feasible transmit power, maximizing the energy efficiency
yields a power level that is in general lower.

2) Increasing the static power term causes the maximizer of
the energy efficiency to increase. In the limit Pc >> p,
the denominator becomes approximately a constant, and
energy efficiency maximization reduces to the maximiza-
tion of the numerator.

The energy efficiency in (2) refers to a single communication
link. In a communication network the expression becomes more
involved, depending on the benefits and costs incurred by each
individual link of the network and several network-wide per-
formance functions have been proposed. Two main approaches
can be identified.

- Network benefit-cost ratio. The network benefit-cost
ratio is given by the ratio between the sum of all indi-
vidual benefits of the different links, and the total power
consumed in the network. This metric is called Global
Energy Efficiency (GEE) and is the network-wide energy
efficiency measure with the strongest physical meaning.
A considerable number of contributions have provided
schemes for GEE maximization. Among recent examples
we mention [22], [27], [44] and [23] for OFDMA net-
works, and [26], [45], [46] and [47] for MIMO systems.
Among these references, [27], [46] and [47] also consider
the presence of relays.

- Multi-objective approach. One drawback of the GEE is
that it does not allow tuning of the individual energy effi-
ciencies of the different network nodes. To address this
issue, an alternative approach is to regard each individual
node’s energy efficiency as a different objective to maxi-
mize. This leads to a multi-objective resource allocation,
maximizing a combination of the different energy effi-
ciencies {EEk}K

k=1 according to some increasing function
φ(EE1, . . . , EEK ). Several combining functions φ have
been proposed:

Figure 2.7: Energy efficiency of a wireless communication network. Pc denotes internal

power consumption of the network.
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2.7.5 Impact of Internal Power Consumption on Energy Effi-

ciency

For analysis purpose, we consider a single cell massive MIMO system in Rayleigh fading

channel model proposed in Figure 2.1 where the BS is equipped with M antennas, perfect

channel station information is assumed. If we only assume one active user and with MRC,

based on (2.15) the uplink achievable spectral efficiency is given by [3]

SE = log2(1 + (M − 1)
puβ

σ2
) (2.28)

where pu is the average transmitter power of the user, β is the channel gain of the user

and σ2 is the noise power. To understand the impacts of internal power consumption

model, we analyze the energy efficiency under fixed and variable circuit power consumption

scenarios. If we assume the circuit power is independent of the system parameters, the

energy efficiency is given by

EE = B
log2(1 + (M − 1)puβ

σ2 )
1
η
pu + Pc

(2.29)

where B is the bandwidth, 1
η
pu accounts for the transmission power, η is the power amplifier

efficiency, Pc represents the fixed circuit power consumption. By using (2.28), the energy

efficiency can be expressed as

EE = B
SE

(2SE − 1) v0
M−1

+ Pc
(2.30)

where v0 = σ2

ηβ
. Figure 2.8 shows the impacts of the number of BS antennas on the spectral

efficiency and energy efficiency with Pc = 10 dB, B = 100 KHz, σ2/β = −6 dB, η = 0.4.

As expected, both the spectral efficiency and energy efficiency increases as M grows large.

But, this is only valid when the internal power consumption does not account for additional

power consumed due to multiple BS antennas. The blue line represents the points at each

curve in which the energy efficiency achieves its maximum.

But, in practical systems, the impacts of the number of BS antennas on the internal

circuit power consumption should be considered. This is particularly important in massive

MIMO systems where the BS is equipped with M -antennas which require M -RF chains

that contain many components. The circuit power consumption of such system is M -times

higher than the circuit power consumption of a single-antenna transceiver [22]. In this

case, the circuit power consumption can be expressed as [22]

Pcp = Pc +MPBS (2.31)
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Figure 2.8: Spectral efficiency versus energy efficiency at various number of BS antennas

and with fixed circuit power consumption model.
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Figure 2.9: Spectral efficiency versus energy efficiency with variable internal circuit power

consumption model.

where PBS is the power consumed by the circuit components in each RF chains. By using

(2.31), Equation (2.30) is modified as

EE = B
SE

(2SE − 1) v0
M−1

+ Pc +MPBS

. (2.32)
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Figure 2.9 shows the energy efficiency versus spectral efficiency with the same operating

parameters as in Figure 2.8 when PBS = 0 dB. In contrast to Figure 2.8, the spectral

efficiency-energy efficiency trade off does not increase unboundedly with the number of BS

antennas. This is because each additional antenna increases the internal circuit power [2].

Hence, to find the optimal operating point for massive MIMO systems, appropriate model

for the internal circuit power consumption is mandatory.

2.7.6 Impact of Scheduling Large Number of Users

Here, we evaluate the impact of deploying space division multiple access (SDMA) on sum

spectral efficiency in massive MIMO systems. Figure 2.10 shows the sum spectral efficiency

as function of the number of users. The result shows that at small number of BS antennas,

the spectral efficiency increases slowly with the number of users. This is because the BS

does not have enough spatial degrees of freedom to separate the users. But when the

number of BS antennas are large (for instance M > 100), the sum spectral efficiency

increases linearly with the number of users. Thus, nearly a K-fold spectral efficiency

improvement is achieved as compared to a single user system.
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Figure 2.10: Spectral efficiency versus number of users. We assume SNR = 0 dB.
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We also evaluate the result where the number of BS antennas is increased proportionally

with the number of users. This helps to suppress interuser interference that increase with

the number of users. Figure 2.11 shows the sum spectral efficiency with the number of users.

The result shows that the spectral efficiency grows linearly with the number of users in all

cases. When M/K increases, the steepness of the curve increases since it becomes easier

to suppress interference when M � K. The above results show that SDMA increases the

sum spectral efficiency. This is achieved by serving K-users simultaneously and increasing

the number of BS antennas to achieve an array gain that mitigate interuser interference.
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Figure 2.11: Spectral efficiency versus number of users per cell when the number of BS

antennas increases with K with fixed M/K ratio.

2.8 Summary

Massive MIMO can increase the spectral efficiency in the order of 10× and simultaneously

improve the radiated energy efficiency in the order of 100×. In addition, massive MIMO

simplifies the transmission processing and reduces the required transmission power of the

users. Besides, the analysis shows that when the number of BS antennas grows large,
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the effects of uncorrelated noise and small-scale fading are average out, and the required

transmitted energy is decreased. Furthermore, simple linear signal processing techniques

can be employed to achieve near optimal performance.

In this chapter, the performance of massive MIMO systems are analyzed. MMSE based

channel estimation is done and closedform lower bound achievable sum rate is derived.

Besides, appropriate power consumption model which accounts for both the radiated power

and internal circuit power is formulated. Then, analytical expression is formulated for the

energy efficiency. The results from numerical simulation show that the achievable sum rate

increases with the number of BS antennas and number of scheduled users. Whereas, the

energy efficiency is increased up to some optimal number of BS antennas and decreased

after that. This is because, when the number of BS antennas increases, internal circuit

power is increased and this decreases the energy efficiency of the system.

Appendices

Appendix 2.1: Proof of Equation (2.5)

Given a τ ×K uplink transmitted pilot matrix
√
ppΦ which satisfies ΦHΦ = IK where pp

is the pilot power, then an M × τ received pilot signal at the BS is given by

Yp =
√
ppGΦT +N (2.33)

where N is an M × τ noise matrix with iid CN (0, 1) elements. The MMSE based estimate

of G from Yp is given by [55]

Ĝ =
1
√
pp

YpΦ
∗D̃ =


G +

1
√
pp

W


D̃ (2.34)

where D̃ , ( 1
pp

D−1 + IK)−1 and W , NΦ∗. With ΦHΦ = IK , the elements of W are iid

CN (0, 1). Based on (2.34), the variance of the channel estimate of user k is given by

β̂k = E{|ĝk|2} =
τpppβ

2
k

1 + τpppβk
. (2.35)

The channel estimation error is given by G̃ = G − Ĝ and the variance of the channel

estimation error of user k is

β̃k = E{|g̃k|2} =
βk

1 + τpppβk
(2.36)
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where βk is the large scale fading coefficient of the kth user channel, τp is the pilot symbol

length of user k and pp is the transmit power of the pilot signal. Note that the detail steps

for Equations (2.34), (2.35) and (2.36) are similar to the proof in Appendix 4.1 and 4.3.

Thus, the estimate of the channel to the kth user is an M × 1 vector [ĝk]
T that can be

expressed in normalized form as

ĝk =

√
β̂k hk (2.37)

where the elements of hk are iid CN (0, 1). Thus, the estimate of the K-users channel

matrix can be formulated as

Ĝ = HD
1
2 (2.38)

where D is a diagonal matrix with diagonal element β̂k and H is an M ×K matrix with

iid CN (0, 1) elements. Generally, when both (M,K) → ∞ with a finite ratio M
K
> 1, the

channel estimate and channel estimation error matrix can be reformulated as Ĝ = H1D1,

G̃ = H2D2, respectively when Dl for l = 1, 2 are K ×K diagonal matrices with diagonal

elements dlk is given by [56]

d1k =

√
τppp

1 + τpppβk
βk

d2k =

√
βk

1 + τpppβk

(2.39)

where the matrices H1, H2 ∈ CM×K are independent and have iid CN (0, 1) elements

[56,57].
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Chapter 3

Efficient Detection Techniques in Massive

MIMO Systems

3.1 Introduction

The goal of detection in massive MIMO systems is to estimate unknown transmitted signals

from received signals, channel gains and knowledge of all the possible combination of the

symbol alphabets of the transmitted signals [26, 58]. To get an optimal performance,

maximum likelihood (ML) based signal detection techniques can be employed. But, due to

its computational complexity, ML detection is not feasible for systems with large number

of antennas or higher modulation schemes, which are practical scenarios for massive MIMO

systems. To solve this challenge, alternative detection algorithms are proposed [26,58,59].

One option is to employ linear detection techniques such as MRC, ZF and MMSE based

detection techniques [26, 35,36, 60]. These algorithms give near optimal performance with

low complexity. The other option for detection is to use algorithms and tools from optimiza-

tion, heuristics, machine learning and artificial intelligence. These include detectors based

on semi-definite relaxation (SDR), local search (LS), probabilistic data association (PDA),

belief propagation (BP) and detection based on Markov Chain Monte Carlo (MCMC). Al-

though, they have high computational complexity than linear detection techniques, these

algorithms can achieve near optimal performance [26,59].

As stated before, for massive MIMO systems, linear detection techniques such as

MRC, ZF and MMSE give near optimal performance with low signal processing complex-

ity [17, 21]. Various studies are conducted to analyze the performance and computational

complexity of these detection techniques [3,21,34,48,61–63]. The studies show that despite

very large number of BS antennas, the main complexity for practical system implementa-
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tion emanates from the inverse operation of K ×K matrix as shown in (3.4), where K is

the number of users supported by the system [34, 61]. Although much smaller than the

number of BS antennas, the number of scheduled users are quite large in massive MIMO

systems [14]. Hence, computing the inverse of K × K matrix could result in very high

computational complexity which may cause large processing delay [61].

To reduce the computational complexity from large matrix inversion, several approx-

imation approaches are proposed. These include preconditioning of exact matrix inver-

sion techniques [64], iterative techniques [65, 66], Truncated polynomial series expan-

sion [17,61,62] and accelerator techniques [67,68]. A low complexity Richardson method is

used in [69], but it has uncertainty parameter that affect convergence. Conjugate gradient

method is applied in [68], but many divisions are involved in this method. Gauss-Seidel

method is used in [65], but matrix inversion is not obtained directly which increase the

complexity. Newton iteration method is used in [70] and the complexity can be controlled

by number of iterations. It converges very fast. However, it requires complex calculation

to get an initial matrix that ensure convergence [70].

Truncated Neumann series is proposed in [61, 62] to replace complex matrix inversion

operation by matrix polynomial summation. It contains matrix addition and multiplication

that are simple to implement in massive MIMO systems. Due to this, many recent works

proposed Truncated Neumann series as the best alternative for large matrix inversion ap-

proximation [17, 34, 61, 62]. However, to implement Truncated Neumann series in massive

MIMO systems, selecting appropriate initial matrix that speed up convergence is challeng-

ing [62]. Besides, thorough analysis is required to evaluate the performance-complexity

trade-off, incurred error of approximation and the impacts of the ratio of number of BS

antennas to number of users on convergence [62].

In this chapter, we analyze the performance and complexity of Truncated Neumann

series-based matrix inversion approximation to linear detection in massive MIMO systems.

Specifically, we analyze the performance with respect to the probability of convergence,

complexity and error of approximation. Furthermore, we provide numerical simulation re-

sults that validate the theoretical analysis. In line with these points, the main contributions

of this chapter are summarized as follows [30,71,72].

• Evaluate performance and complexity of linear detection and precoding techniques.

• Formulate Truncated Neumann series-based matrix inversion approximation algo-

rithm for linear detection techniques.
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• Analyze the performance and computational complexity of Truncated Neumann

series-based matrix inversion approximation.

• Numerical simulation is done to validate the theoretical analysis.

3.2 The Massive MIMO System Model

We reconsider a single cell uplink massive MIMO system shown in Figure 2.1, where the

BS is equipped with M -antennas to serve K-single antenna users under the same time-

frequency resources. To simplify the analysis, we consider only the small scale fading
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xK

M-Antenna	BS	
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Figure 3.1: A single cell uplink massive MIMO system model.

channel coefficients. If x denotes the K × 1 simultaneously transmitted signal vector from

the K-users, then the M × 1 received signal vector at the BS is given by [60]

y = Hx + n (3.1)

where y ∈ CM is the received signal at the BS antennas, H ∈ CM×K represents the

small scale fading channel gain matrix between the BS antennas and the K-users with

hmk , [H]mk being the channel coefficient between the mth antenna and the kth user. We

assume that the channel elements are uncorrelated, Rayleigh flat fading with independent

and identically distributed (iid) zero mean and unit variance complex Gaussian random
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variables. The channel gains are assumed to be perfectly known at the BS. n represents

an M × 1 additive white Gaussian noise vector observed at BS antennas with zero mean

and variance σ2 and it is assumed to be independent of H. The average transmit power of

each user is assumed to be unity. From the received signal vector y and knowledge of the

CSI, the BS can detect signals transmitted from K-users [17, 60].

3.2.1 Detections in Massive MIMO Systems

Based on the received signal model in (3.1), the goal of massive MIMO detection is to

estimate unknown transmitted signal vector x, from received signal vector y, channel gain

H, and knowledge of all the possible combination of the transmitted signal, XK [60]. To

achieve optimal performance, ML detection techniques can be employed [14]. With ML

detection, the detector has to search all possible transmitted signal vectors and choose the

best one that minimizes the distance between y and Hx as [60]

x̂
ML

= arg min
x∈XK

‖y −Hx‖2. (3.2)

Solving (3.2) involves computing the objective function for all XK and it results a com-

plexity in the order of |X |K. For instance with 16 QAM and K = 10 users, it results one

Trillion operation. Thus, ML detection is not feasible for massive MIMO systems that

deploy large number of users and higher modulation orders [60].

3.2.2 Linear Detection Techniques in Massive MIMO Systems

It is shown in [21] that for massive MIMO systems where M is much larger than K (for

instance M = 200 to support tens of users), linear detection techniques can give near

optimal performance with low signal processing complexity. Linear detection techniques

generate estimates of the transmitted symbols through linear transformation of the received

signal as [21]

x̂ = AHy (3.3)

where AH the conjugate transpose of the linear transformation matrix that is given in

(2.12). Assuming perfect CSI and removing the LSF part in (2.12), the linear transforma-
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tion matrix is given by [21]

A =





H MRT

H(HHH)−1 ZF

H(HHH + σ2

pu
IK)−1 MMSE

(3.4)

where H ∈ CM×K represents the small scale fading channel matrix between the BS antennas

and the users, σ2 is the noise power and pu is the power of uplink transmitted signal. As

shown in (3.4), ZF and MMSE detectors incorporate complex matrix inversion operation.

For massive MIMO systems, this inverse operation increase the computational complexity

and may create a processing delay [61]. Thus, although much smaller than ML detection,

the complexity is still high due to this matrix inversion. Besides, inversion operation is

not feasible for practical hardware implementation. Hence, to avoid this matrix inversion

operation, we propose Truncated Neumann series-based matrix inverse approximation for

ZF detection in massive MIMO systems.

3.3 Truncated Neumann Series-based Matrix Inverse

Approximation

Considering ZF detection and with Truncated Neumann series, the inverse of a K × K

matrix W = HHH in (3.4) is transformed into sum of matrix polynomial series as [61,62]

W−1
N ≈

N−1∑

n=0

(IK −ΘW)nΘ (3.5)

where N is the number of terms used in Truncated Neumann series approximation, Θ is

a K × K initial matrix used in the approximation and IK is identity matrix of size K.

Inverse approximation with Truncated Neumann series is applied when the polynomial

series in (3.5) is convergent. The polynomial series in (3.5) is convergent if-and-only-if (iff)

the premise condition

lim
n→∞

(IK −ΘW)n → 0K (3.6)

is satisfied [62]. Where 0K is the zero matrix. At given N , the speed of convergence and

accuracy of the approximation in (3.5) depend on the size of the eigenvalues of (IK−ΘW).
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When, the magnitude of the eigenvalues are small, the convergence is fast [73]. Besides, the

probability of convergence and complexity of (3.5) is highly dependent on the initial matrix

Θ [62]. Thus, finding an appropriate value of Θ is very critical to apply (3.5) in massive

MIMO systems. Hence, in Section 3.3.1, we summarize different assumptions considered

for the initial matrix.

3.3.1 Approximations for Initial Matrix, Θ

Based on eigenvalue based analysis and random matrix theory [57], we formulate and

summarize assumptions for the initial matrix as

Θ =
1

M +K
IK (3.7a)

Θ =
δ

M +K
IK (3.7b)

Θ = D−1 (3.7c)

where δ (0 < δ < 1) is an attenuation factor, W = D + E when D is a diagonal matrix

including the diagonal elements of W and E is a hollow matrix including the off-diagonal

elements of W. The proof of (3.7a) is shown in Appendix 3.1.

Equation (3.7a) gives fast convergence when M � K is very large. In this case, the

M/K ratio is very large and this assumption can give performance close to the exact inverse

with few iterations [34]. Whereas, for finite value of M and K, it may result a convergence

failure in (3.6) as shown in Appendix 3.1. To solve the issue of convergence failure, an

attenuation factor δ (0 < δ < 1) is included as shown in (3.7b) to modify Θ [62]. It is

shown in [62] that this approach provides better convergence to (3.5). But, it is difficult

to chose an appropriate value of δ. If we choose large δ, the issue of non-convergence still

exists; whereas if δ is small, the speed of convergence becomes very slow, hence N should

be large to give good approximation. This increases the computational complexity. Thus,

this assumption is not feasible for real system implementation.

The third approach is to use the diagonal element of W as shown in (3.7c). When

W is a diagonal dominant matrix (DMM), (3.7c) gives better convergence for (3.6). W

becomes a DDM when the magnitude of the diagonal elements of each row is larger than

the sum of the magnitude of the off-diagonal elements in the same row as [61]

|Wii| >
∑

j, j 6=i

|Wij|. (3.8)
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To further speed up the convergence, Newton iteration method is used in [70] to estimate

Θ in an iterative way. Suppose Z0 is the original estimate of W−1 and if the premise

condition ‖IK −WZ0‖ < 1 is satisfied, the nth iteration estimate of W−1 is given by [70]

Zn = Zn−1(2IK −WZn−1). (3.9)

Equation (3.9) is the modified Newton iteration method and it converges fast [70]. But

the premise condition ‖IK −WZ0‖ < 1 requires complex calculation to get an appropriate

Z0. It is shown in [70] that substituting D−1 for Z0 satisfies the condition in (3.6). With

this assumption, Θ can be replaced by Z1 where

Z1 = D−1(2IK −WD−1). (3.10)

By using (3.10), Truncated Neumann series-based inverse approximation in (3.5) is refor-

mulated as

W−1
N ≈

N−1∑

n=0

(IK − Z1W)nZ1. (3.11)

By using the above approximations for the initial matrix, we analyze the performance

of Truncated Neumann series-based inverse approximation.

3.4 Performance Analysis of Truncated Neumann Series-

based Inverse Approximation

3.4.1 Conditions for Convergence

As it is stated in Section 3.3, Truncated Neumann series based matrix inverse approxima-

tion could be practical iff the premise condition in (3.6) is satisfied. Hence, we first analyze

the convergence of (3.6) with the proposed initial matrix in Section 3.3.1. Based on the

theory of matrix power series, the series BN of a K × K matrix B converges to a zero

matrix iff the spectral radius of B (ρ(B)) is less than one [62]. Thus, for Θ = D−1, the

condition of convergence in (3.6) is satisfied when

ρ(IK −D−1W) < 1. (3.12)

We assumed that H has iid CN (0, 1) elements and M is very large. Hence, with the law of

large numbers, the diagonal elements of D converges to M E{|hkk|2} = M [74]. Replacing
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the diagonal matrix D by MIK , the convergence condition in (3.12) is simplified to

|M − λ(W)| < M

⇒ 0 < λ(W) < 2M

⇒ λmax(W) < 2M.

(3.13)

By using the limit expression from (3.7), we get

M(1 +
1√
α

)2 < 2M

⇒ α >
1

(
√

2− 1)2
≥ 5.83

(3.14)

where α = M/K. Equation (3.14) is the minimum lower bound on M/K ratio that

guarantee the condition of convergence for Truncated Neumann series-based inverse ap-

proximation. With (3.14), maximum number of users supported by the BS that achieve

the condition of convergence for (3.6) is calculated and plotted in Figure 3.2. With these
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Figure 3.2: Maximum number of users supported by the system versus the number of BS

antennas that satisfy (3.14).

users, the convergence probability of (3.6) based on the definition in (3.12) and approximate

condition in (3.13) is shown in Figure 3.3. The result verifies that (3.13) is a good approx-

imation for (3.12) and it gives high probability to guarantee the convergence condition in

(3.6).

But, the condition in (3.13) does not give any information on the rate of convergence of

(3.6). It may take many iterations to achieve the condition of convergence. Hence, to

44



100 150 200 250 300 350 400 450 500

M

0.97

0.975

0.98

0.985

0.99

0.995

1

P
ro

b
a
b
ili

ty
 o

f 
C

o
n
v
e
rg

e
n
c
e

(I
K

 - D
-1

W)<1

max
(W)<2M

Figure 3.3: Convergence probability of (3.6) for the number of users in Figure 3.1.

assure convergence with few iterations, a strict lower bound on M/K ratio is proposed

in [34] based on the diagonally dominant condition given in (3.8). If hk denote the kth

column vector of H, the elements of W is calculated as [34]




wii = ‖hi‖2

wij = hHi hj i 6= j.

(3.15)

When M is large, each wii approaches to M . In this case, the DMM condition in (3.8) can

be approximated by [34]

Mi=
∑

i 6=j

|r
ij
| < 1, ∀i (3.16)

where r
ij

is the normalized correlation coefficient between hi and hj and expressed by

r
ij

=
hHi hj
‖hi‖‖hj‖

≈ hHi hj
M

. (3.17)

If we denote x = |r
ij
|, the probability density function (pdf) of x is formulated in [34] as

f(x) = 2(M − 1)x(1− x2)M−2 0 ≤ x ≤ 1. (3.18)

With (3.18), the statistical parameters of x is calculated via Beta function approximation

[34]. By using these statistical parameters, the lower bound on M/K ratio for W to be

DDM is formulated as1

α >
M [E(x) + δ(x)]

E(x) + δ(x) + 1
(3.19)

1The proof is shown in Appendix 3.2
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where E(x) is the mean of x and δ(x) is the standard deviation of x. With (3.19), maximum

number of users supported by the BS that satisfy the convergence condition in (3.16) is

calculated and plotted in Figure 3.4. With these K values, the condition for DDM is

simulated based on the definition in (3.8) and approximated condition in (3.19) as shown

in Figure 3.5. The figure shows that when M is large, it gives high probability for W to be

diagonal dominant matrix. For instance at 128 number of BS antennas, the probability of

convergence is 0.997. This verifies that (3.19) is a good approximation for (3.8) especially

when M is large. Hence, the DDM condition in (3.19) is sufficient for the convergence

condition in (3.12) and results faster convergence.
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Figure 3.4: Maximum number of users supported by the BS that satisfy (3.19).

We further analyze the diagonal dominance condition of W by evaluating the condition

number (λratio) and diagonal dominance (DD) ratio expressed, respectively as [75]

λratio =
λmax(W)

λmin(W)

DD =

∑K
i=1 Wii∑K

i=1

∑K
j=1,j 6=i |Wij|

(3.20)

where λ1, λ2, · · · , λK denote the eigenvalues of W. If the condition number is close to

one, the eigenvalues are less spread and convergence is very fast [73]. Figure 3.6 shows

the condition number of W for K = 10 and K = 40. It is shown that for both values of

K, the λ ratio converges to one when M becomes very large. Hence, to achieve the DDM

condition, M should be very large.
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Figure 3.5: Diagonally dominant probability for the number of users in Figure 3.3.
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Figure 3.7 shows the diagonal dominance ratio at fixed K and fixed M/K cases. The

figure shows that at fixed K when M is large, W become highly diagonal dominant. This

is because W has fixed dimension and the sum of the diagonal elements grows faster than
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the off-diagonal elements. In contrast, when both M and K grows large, W becomes less

diagonally dominant. This is because as the number of off-diagonal elements increases,

their total contribution become quite significant.
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Figure 3.7: Test of channel diagonal dominance at fixed K and α = M/K.

3.4.2 Analysis of the Approximation Error

The reduction in detection complexity with Truncated Neumann series results at the cost

of approximation error. The error due to N -term approximation of the Neumann series is

given by [62]

MN = (−D−1E)NW−1 (3.21)

where W−1 denotes the exact inversion. Then, for ZF detection, the detected signal with

Truncated Neumann series based inverse approximation is formulated as [62]

x̂
N

= W−1
N HHy = W−1HHy− MN HHy (3.22)

where M
N

HHy denotes the approximation error. As shown in Appendix 3.3, the norm of

the approximation error is given by

‖ MN HHy‖2 ≤ ‖(−D−1E)‖N2 ‖W−1HHy‖2. (3.23)
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From (3.23), it is clear that if the condition ‖D−1E‖ < 1 is satisfied, the error approaches

zero exponentially when N grows large. In this case, (3.13) is a sufficient condition for

(3.5) to converge.

To analyze the error due to Truncated Neumann series approximation, we evaluate the

the bit error rate (BER) performance of the system. For the simulation, we assume M =

128, K = 8, 16 and 16QAM is taken. Figure 3.8 shows the BER performance comparison

between exact inversion and Truncated Neumann series-based inverse approximation. The

result shows that Neumann series provides an efficient way to invert W, especially when

N ≥ 3 and M/K ratio is large. For K = 8 and N ≥ 3, Neumann series approximation and

exact inversion gives nearly the same performance. When the number of scheduled users

increases, the performance of Neumann series decreases. Because, as the number of users

increases, W becomes less diagonal dominant and the condition in (3.12) is not necessarily

satisfied [62].
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Figure 3.8: BER performance comparison between exact inversion and Truncated Neumann

series approximation. We assume M = 128 and 16QAM is used.

Figure 3.9 shows the BER performance of Neumann series-based inverse approximation

at different initial matrix, Θ. The result shows that if the diagonally dominant condition

is satisfied, Newton iteration method gives better performance than other assumptions.
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Figure 3.9: BER performance of Truncated Neumann series-based inverse approximation

with different initial matrix, Θ. We assume M = 128, N = 3, δ = 0.25. and 16QAM is

used.

3.4.3 Computational Complexity Analysis

The computational complexity is calculated by sum of real valued addition, multiplication

and division operations [62]. The required number of floating point operations on matrix

inversion for various algorithms is calculated in [62] and shown in Table 3.1.

Table 3.1: Complexity comparison of a K ×K matrix inversion techniques

Inversion Techniques Multiplication* Division Square Root

Neumann

Series

By using (3.7a) 2(P − 1)K3 K 0

By using (3.7c) 2(P − 1)K3 +K2 K 0

QR Gram-Schmidt 3K3 + 2K2 3
2K

2 K

Gauss-Jordan K3 +K2 K2+K
2 0

∗P = log2(N + 1)

The result shows that exact inversion via Gauss-Jordan elimination requires few multi-

plications than other algorithms. But, its mathematical properties require complex floating

point implementation in hardware [62]. Exact inversion via QR decomposition has complex

operations including K2 divisions and K square root. Compared to QR and Gauss-Jordan,

inverse approximation using Truncated Neumann series-based inverse approximation re-
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quires fewer division operations and has variable multiplication complexity based on the

number of iteration [62].

We also calculate the floating point operations (FLOPS) with the number of users as

shown in Figure 3.10. The result shows the computational complexity of exact inversion

and Truncated Neumann series-based inverse approximation to reach a certain level of

uplink achievable sum rate (for instance 90% of achievable rate with ZF detection). The

result shows that when N ≤ 2, the complexity of Truncated Neumann series-based inverse

approximation is low even at large number of users. Because, all multiplications that

involve diagonal matrices leads to low number of operations. For N = 3, one more matrix

multiplication is required which increase the complexity. But, the complexity is still below

QR decomposition. This shows that for N ≤ 3, Neumann series require fewer computations

and it can be implemented in hardware by using simple matrix multiplication [62].
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Figure 3.10: Algorithm complexity comparison to compute inverse of a K ×K matrix.

3.5 Summary

In this chapter, the performance of Truncated Neumann series-based matrix inversion ap-

proximation is analyzed in massive MIMO systems. Various assumptions to choose the

initial matrix for Truncated Neumann series-based matrix inversion approximation are

reviewed. The performance and complexity of Truncated Neumann series-based inverse
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approximation is thoroughly analyzed. Numerical simulation results are provided to val-

idate the theoretical analysis. The results show that when the number of BS antennas

become very large, the channel becomes more diagonal dominant and Truncated Neumann

series-based inverse approximation converges fast and gives nearly the same performance

as exact inversion techniques.

Appendices

Appendix 3.1: Proof of (3.7a)

If the elements of H ∈ CM×K are iid CN (0, 1) and let both M and K →∞ and α = M/K;

based on random matrix theory, the largest and smallest eigenvalues of W are converged

to [74]

λmax(W)→M(1 +
1√
α

)2

λmin(W)→M(1− 1√
α

)2.
(3.24)

If the initial matrix is formulated as

Θ =
1

M +K
IK (3.25)

then, the extreme eigenvalues of the matrix product ΘW is given by

λmax(ΘW)→ (1 +
2
√
α

1 + α
)

λmin(ΘW)→ (1− 2
√
α

1 + α
).

(3.26)

From (3.26), it is noteworthy that eigenvalues of (IK−ΘW) lie in the range of [−2
√
α/(1+

α), 2
√
α/(1 + α)]. For α ≥ 1, 2

√
α/(1 + α) ≤ 1; thus, the convergence of (3.6) is satisfied

with the choice of (3.25). Moreover, when α is large, 2
√
α/(1 + α)→ 0 which shows that

(3.6) converges very fast. Hence, (3.5) can give performance close to the exact inverse with

few iterations [34]. But, for finite value of M and K, eigenvalues of the matrix product

ΘW may lie outside [−2
√
α/(1 + α), 2

√
α/(1 + α)]. This results convergence failure in

(3.6).
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Appendix 3.2: Proof of (3.19)

For x = |rij|, with 0 ≤ x ≤ 1, the pdf of x is given in [34] as

f(x) = 2(M − 1)x(1− x2)M−2. (3.27)

The mean and standard deviation of x is calculated via Beta function approximation [34],

where the mean of x is

E(x) =

∫ 1

0

xf(x)dx = (M − 1)β(1.5,M − 1) (3.28)

when β(a, b) is the Beta function defined by β(a, b) =
∫ 1

0
ta−1(1− t)b−1dt. Similarly

E(x2) =

∫ 1

0

x2f(x)dx = (M − 1)β(2,M − 1). (3.29)

With (3.28) and (3.29), the standard deviation of x is

δ(x) =
√

E(x2)− E(x)2. (3.30)

For large K, Mi in (3.16) is mostly smaller than (K − 1)[E(x) + δ(x)] and can be approxi-

mated by [34]

(K − 1)[E(x) + δ(x)] < 1. (3.31)

Based on (3.31), the lower bound on the M/K ratio for W to be diagonal dominant is

formulated as

α >
M [E(x) + δ(x)]

E(x) + δ(x) + 1
. (3.32)

Appendix 3.3: Proof of (3.21)

The error due to N -term approximation of the Neumann series is given by [62]

MN = W−1
∞ −W−1

N

=
∞∑

n=N

(−D−1E)nD−1

= (−D−1E)N
∞∑

n=0

(−D−1E)nD−1

= (−D−1E)NW−1
∞ .

(3.33)

where W−1
∞ denotes the exact inversion. For ZF detection, the detected signal with Trun-

cated Neumann series inverse approximation is formulated as [62]

x̂
N

= W−1
N HHy = W−1

∞HHy− MN HHy (3.34)

53



where M
N

HHy denotes the approximation error and its norm is bounded as

‖ MN HHy‖2 = ‖(D−1E)NW−1
∞HHy‖2

≤ ‖(−D−1E)N‖2 ‖W−1
∞HHy‖2

≤ ‖(−D−1E)‖N2 ‖W−1
∞HHy‖2.

(3.35)
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Chapter 4

Achievable Rate of Massive MIMO Systems

in Rician Fading Channel

4.1 Introduction

Various studies are done to analyze the possible propagation channel model of massive

MIMO systems [14,17,21,48,76]. The studies show that the use of large number of antennas

at the BS helps to obtain favorable propagation condition where channel vectors between

the users and the BS antennas become pair wisely orthogonal. As stated in Chapter 2,

under favorable propagation condition, the effect of interuser interference and noise can be

minimized or eliminated [3, 17, 23, 25]. Besides, when the number of antennas at the BS

are very large, the effect of small scale fading is averaged out and the channel becomes

nearly deterministic. This effect is termed as channel hardening and thus, user scheduling,

power control and resource allocation can be done in large-scale fading (that is large time

scale) instead of the small-scale fading (that is small time scale). This simplifies the signal

processing complexity [3, 14,21,27,48].

However, most of the previous research works assume independent and identically dis-

tributed Rayleigh fading channel model, which does not take into account the line-of-sight

(LOS) link that may be dominant in many realistic massive MIMO scenarios. For instance,

cell densification makes the distance between the BS and the users more closer and the

existence of LOS become more dominant. Previous works also assume the availability of

perfect CSI at the BS. But, in real situations, the CSI of the true channel matrix is un-

known and should be estimated at the BS [21]. Besides, most works do not account the

combined effect of main propagation parameters such as path loss, shadowing, multipath

fading and spatial correlation. Furthermore, the fundamental of placing massive number
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of antennas in a confined space can be achieved by pushing the operating frequency in the

millimeter wave (mmWave) bands that are typically modeled in Rician distribution due to

the existence of dominant LOS components [77, 78].

In this chapter, we analyze the performances of massive MIMO systems in Rician fading

channel. Major Rician fading channel parameters including pathloss, shadowing, multipath

fading, LOS propagation and spatial channel correlation are considered. In this model, the

multipath fading channel matrix has both a deterministic LOS component and a random

non-line-of-sight (NLOS) component [76–80]. Assuming a Rician fading propagation model

and linear receivers, we formulate the uplink achievable sum rate. Then, analytical closed-

form lower bound achievable sum rate is derived and expressed as a function of system and

propagation parameters. The impacts of system and propagation parameters on uplink

achievable sum rate are evaluated. In line with these points, the main contributions of this

chapter are summarized as follows [28]:

• Assuming the channel matrix is unknown at the BS, MMSE based channel estimation

is done to derive the estimate of the Rician fading channel coefficients and variance

of the channel estimation error;

• Derive analytical closedform lower bound achievable sum rate. To this end, closed-

form lower bound achievable sum rate is formulated in-terms of system and prop-

agation parameters. Furthermore, the impacts of these parameters are analyzed

theoretically at large system regimes.

• Perform numerical simulations to validate theoretical analysis.

4.2 Massive MIMO Systems in Rician Fading Chan-

nel

We reconsider a single cell uplink massive MIMO system shown in Figure 3.1 where the BS

is equipped with M -antennas to serve N -single antenna users in the same time-frequency

resource. Let x =
√
pu s denotes the complex valued N × 1 transmitted signal from N

users. Then, an M × 1 complex valued received signal y at the BS is given by [3, 21]

y =
√
puGx + n (4.1)
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where G represents an M ×N Rician fading channel matrix between the BS antennas and

the N users with gmn , [G]mn is the channel coefficient between the mth antenna of the BS

and the nth user, pu is the average transmitted power of each user. s = (s1, s2, · · · , sN)T

is the information bearing vector with E{ssH} = IN . The Vector n represents additive

white Gaussian noise at the BS antennas with zero mean and covariance matrix σ2I where

I is the identity matrix [3, 21]. In the subsequent section, we further describe the uplink

channel model.

4.2.1 Uplink Rician Fading Channel Model

The physical channel between a user and the BS antennas is subjected to pathloss, shad-

owing and multipath fading effects. Considering all these propagation effects, the channel

model for uplink massive MIMO system is expressed as [3]

G = HD
1
2 (4.2)

where D = diag{β1, β2, · · · , βN} ∈ RN×N is a diagonal matrix and represents the large scale

fading (LSF) effect that includes pathloss and shadowing effects with elements βn = d−vn ψn ,

dk is the Euclidean distance between the BS antenna and the nth user, v is the pathloss

exponent and ψn represents a log-normal shadowing with 10 log10 ψn ∼ N (0, σ2
sh) where

σ
sh

is the standard deviation of the shadow fading model [3]. The matrix H ∈ CM×N

represents the multipath fading effect. It can be modeled with the Rayleigh or Rician

distribution [77].

We consider a Rician fading channel model in this chapter. In this model, the matrix

H consists of two parts; a deterministic component that represent the LOS signals and

a Rayleigh-distributed random component which accounts for the NLOS signals. It is

formulated as [77]

H = H̄(
Ω

Ω + IN
)
1
2 + Hr(

1

Ω + IN
)
1
2 (4.3)

where H̄ is an M×N matrix that represents the deterministic component in which [H̄]mn =

e−j(m−1) 2πd
λ

sin(θn), when d is the spacing between BS antennas and λ is the transmission

wave length, θn is the arrival angle of the nth user signal with respect to the BS antennas

boresight direction, Ω is an N×N diagonal matrix with [Ω]nn = Kn, Kn is the Rician factor

of each user which shows ratio of the power of the deterministic component to the power of

the scattered component [77] and Hr denotes the random NLOS component, the entries of
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which are assumed to be iid Gaussian random variables with zero-mean and unit variance.

Thus, by using (4.3), the channel model in (4.2) is modified as

G = Ḡ(
Ω

Ω + IN
)
1
2 + Gr(

1

Ω + IN
)
1
2 (4.4)

where Ḡ = H̄D
1
2 denotes the LOS component of G and Gr = HrD

1
2 represents the random

component of G. We assume G to be unknown and MMSE based channel estimation is

considered at the BS as reported in Section 4.2.2.

4.2.2 MMSE-based Rician Channel Estimation

In real-world scenarios, the true channel matrix G is unknown and estimated at the BS.

To simplify the analysis, most works assume that the LSF channel coefficients, the deter-

ministic LOS component and the the Rician-K factor are perfectly known both at the BS

and users [2, 3, 21, 28]. Thus, estimation is performed only for the random NLOS compo-

nent, Hr. This assumption is reasonable since the LSF channel coefficients change very

slowly as compared to small scale fading (SSF) channel coefficients and they can be reliably

estimated [2, 3]. With this assumption, the MMSE based channel estimate of G can be

expressed as [3]

Ĝ = Ḡ(
Ω

Ω + IN
)
1
2 + Ĝr(

1

Ω + IN
)
1
2 (4.5)

where Ĝr = ĤrD
1
2 represents the estimate of the random component of G. It is shown

in [3,21] that the channel can be estimated using uplink pilots. Let τc = BcTc be the length

in time-bandwidth product of the coherence interval and let τp ≤ τc be the symbols used

for uplink training. All users are assumed to simultaneously transmit the pilot sequences

of τp-symbols. The pilot sequence of the N users is represented by a τp ×N matrix
√
ppΦ

that satisfy ZHZ = IN where Z , Φ[(Ω + IN)−1]
1
2 , and pp = τppu is uplink transmit pilot

power. Then, an M × τp received pilot matrix at the BS is given by [3]

Yp =
√
ppGΦT +N (4.6)

where N is an M × τp noise matrix with iid CN (0, 1) elements. Removing the LOS

component of G in (4.4), which is assumed to be known a-priori, and substituting the

remaining terms into (4.6), the received pilot matrix become
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Yp, r =
√
ppGr(

1

Ω + IN
)
1
2 ΦT +N =

√
ppGrZ

T +N . (4.7)

Then, channel estimation is done to estimate Gr from Yp, r. We derive the MMSE based

channel estimation and summarize the proof in Theorem 4.2.1.

Theorem 4.2.1 Given a τp ×N uplink transmitted pilot signal
√
ppΦ from all users that

satisfy ZHZ = IN where Z , Φ[(Ω + IN)−1]
1
2 and pp = τppu is the transmit pilot sig-

nal power, then the MMSE based estimate of the random component of the Rician fading

channel that are estimated from the received pilot matrix Yp, r is given by

Ĝr =
1
√
pp

Yp,rZ
∗D̃

= (Gr +
1
√
pp

W)D̃
(4.8)

where D̃ , ( 1
pp

D−1 + IN)−1 and W , NZ∗. With ZHZ = IN , the entries of W are

iid Gaussian random variables with zero mean and unit variance. The proof is shown in

Appendix 4.1.

4.2.3 Analysis of the Channel Estimation

Let G̃ , Ĝ − G denotes the error incurred due to channel estimation, owing to the

properties of MMSE estimation [55], the channel estimation error is uncorrelated with both

the channel estimate and the received pilot signal. Based on this factors, the statistical

parameters of the elements of the channel estimation error is analyzed as follows.

• For the estimated channel matrix in (4.8), the channel estimation error is uncorre-

lated with both the channel estimate and the received pilot signal and has Gaussian

distribution as

g̃mn ∼ CN (0, β̃n) (4.9)

where β̃n is the variance of g̃mn which is given by

β̃n =
βn

(1 + ppβn)(Kn + 1)
(4.10)

for m = 1, 2, · · · ,M and n = 1, 2, · · · , N .
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• Applying the theory of large system analysis, it shown that when the number of

BS antennas goes to large, the inner product of the estimated channel matrix is

converged to [57]
1

M
ĜHĜ→ diag

[ βn
Kn + 1

(Kn + ηn)
]

(4.11)

where diag represents the diagonal matrix and ηn =
ppβn

1+ppβn
.

The proof of Equations (4.10) and (4.11) is shown in Appendix 4.3. The result in (4.10)

and (4.11) implies that when the number of BS antennas become large, the impacts of

small scale fading is averaged out. And thus, the performances of the massive MIMO

system depends only on the large scale fading parameters and the Rician K-factor.

4.3 Achievable Sum Rate of Massive MIMO Systems

with Linear Receivers

Let an M ×N matrix A be the model for a linear detector which depends on Ĝ, then the

BS processes the received signal by multiplying (4.1) with AH as [21]

x̂ = AHy =
√
puA

H(Ĝ− G̃)x + AHn. (4.12)

From (4.12), the detected signal for the nth user is given by

x̂n = aH
ny =

√
pua

H
n ĝnxn +

√
pu

N∑

i=1,i 6=n

aH
n ĝixi −

√
pu

N∑

i=1

aHn g̃ixi + aHn n. (4.13)

where an is the nth column of A, and ĝi and g̃i are the ith columns of Ĝ and G̃, respectively.

The last three terms in (4.13) represents intracell interference, channel estimation error

and noise, respectively. The BS treats the channel estimate as the true channel, and the

last three terms in (4.13) is considered as interference and noise [3]. Thus, by employing

the results from (4.10) and (4.11), the uplink achievable rate of the nth user with linear

processing is given by

Rn = E



 log2


1 +

pu|aH
n ĝn|2

pu
∑N

i=1, i 6=n |aH
n ĝi|2 +

∑N
i=1 ‖an‖2 puβi

(1+ppβi)(Ki+1)
+ ‖an‖2





. (4.14)

Finally, the uplink achievable sum rate of the system is given by [3]

Rs = (1− τp
τc

)
N∑

n=1

Rn (4.15)

where τc the length of the coherence interval and τp the length of the pilot signal.
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4.3.1 Uplink Achievable Rate with ZF Detector

Based on the achievable rate formulation in (4.14), we derive analytical closedform lower-

bound expression for uplink achievable rate of ZF detector. For ZF detector with imperfect

CSI at the BS, the detection matrix is given by A = Ĝ(ĜHĜ)−1. When M > N , AHĜ =

IN and thus, aHn ĝi = 1 for n = i and zero otherwise [21]. With this assumption and by

using (4.10) and (4.14), the achievable rate of user n is given by

RZF
n = E

{
log2

(
1 +

pu(∑N
i=1

puβi
(1+ppβi)(Ki+1)

+ 1
)

[(ĜHĜ)-1 ]nn

)}
. (4.16)

We can see from (4.16) that when the Rician K-factor become very large, the summation

term decreases and thus, uplink achievable rate increases. Hence, unlike point to point

MIMO, the LOS component has a positive impact in massive MIMO systems. But, (4.16)

incorporates non-central Wishart distribution, ĜHĜ, which is difficult to evaluate analyti-

cally. Thus, to derive a closedform lower bound expression for the achievable rate in (4.16),

we first calculate the approximate moments for the non-central Wishart distribution. To

do this, we first introduce the approaches for non-central Wishart matrix approximation.

4.3.2 Basics on Non-central Wishart Matrix Approximation

Given a non zero mean Gaussian distributed matrix H ∈ CM×N which is expressed as

H = H̄A + HrB (4.17)

where A and B are constant diagonal matrices, H̄ is a constant matrix and Hr ∼ CN (0, 1),

then the inner product HHH results a non central Wishart distribution given by

HHH = W ∼ WN(M,P,Σ) (4.18)

where M is the degree of freedom, P is the mean matrix of H and Σ is the covariance

matrix of H given by

P = E{H} = H̄A

Σ = cov{H} = BHB
(4.19)

where cov denotes the covariance matrix.

This non-central Wishart matrix can be approximated to an equivalent central-Wishart

matrix as

Ŵ ∼ WN(M, Σ̂) (4.20)
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where Σ̂ is the approximated covariance matrix that is given by Σ̂ = Σ + 1
M

PHP.

4.3.3 Closedform Lower Bound Achievable Rate of ZF Detector

Based on the above proof of concept, we derive analytical closedform lower bound expres-

sion for the uplink achievable rate in (4.16) as shown in Theorem 4.3.1.

Theorem 4.3.1 The closedform lower bound achievable rate of a user under ZF detection

and imperfect CSI at the BS can be approximated by

RZF
n ≈ log2


1 +

puβn(M −N)

(
∑N

i=1
puβi

(1+ppβi)(Ki+1)
+ 1)[Σ̂−1 ]nn


 (4.21)

where

Σ̂ = Σ +
1

M
[Ω(Ω + IN)−1]

1
2 H̄HH̄[Ω(Ω + IN)−1]

1
2

Σ = diag{ ηn
Kn + 1

} for n = 1, 2, · · · , N.
(4.22)

Proof : Noting the convexity of log(1 + 1
x
) and applying Jensen’s inequality in (4.16), we

get [21]

RZF
n ≈ log2


1 +

puβn

(
∑N

i=1
puβi

(1+ppβi)(Ki+1)
+ 1)E{[(ĤH

Ĥ)−1]nn}


 (4.23)

where Ĥ is the multipath fading part of the estimated channel matrix in (4.8). It is given

by

Ĥ = H̄[Ω(Ω + IN)−1]
1
2 + (Ĥr +

1√
ppβn

W)D̃[(Ω + IN)−1]
1
2 . (4.24)

It can be shown from (4.24) that Ĥ follows a normal distribution with non-zero mean. Thus

W , Ĥ
H
Ĥ follows a non-central Wishart distribution denoted by W ∼ WN(M,P,Σ)

where P = H̄[Ω(Ω + IN)−1]
1
2 is the mean matrix of Ĥ and Σ = (Ω + IN)−1ηn is the

covariance matrix of the row vectors of Ĥ [76]. This non-central Wishart distribution

can be approximated by a central Wishart distribution as Ŵ ∼ WN(M, Σ̂) where Σ̂ =

Σ + 1
M

PHP.

Now, let γn = 1

[(ĤHĤ)−1]nn
, under the above non central Wishart approximation, γn become

a Chi-square random variable [76]. And, we proved in Appendix 4.2 that the first moment

of the inverse Wishart distribution is given by

E{[(ĤHĤ)−1]nn} =
[Σ̂−1]nn

M-N
. (4.25)

Finally, substituting (4.25) into (4.23), we get (4.21).
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4.3.4 Achievable Rate at Large Rician K-factor

When the Rician K-factor grows large, the summation term in (4.21) and Σ in (4.22) goes

to zero. Thus, the achievable rate in (4.21) converges to

RZF
n ≈ log2

(
1 +

puβn(M −N)

[Σ̂−1]nn

)
≈ log2

(
1 +

puβn(M −N)

[( 1
M

H̄HH̄)−1]nn

)
. (4.26)

The result shows that when the Rician K-factor becomes large, the interference term

vanishes and thus the achievable rate increases. Besides, the achievable rate in (4.26) is

the same as the achievable rate of massive MIMO system over Rician fading channel with

perfect CSI at the BS [81]. This shows that when the Rician K-factor grows large, the

approximation of the achievable rate converges to the same value regardless of the CSI

quality [81]. In addition, when M grows large, 1
M

H̄
H
H̄ becomes asymptotically an identity

matrix [77]. Thus, (4.26) converges to

RZF
n ≈ log2

(
1 + puβn(M −N)

)
. (4.27)

This shows that when both the RicianK-factor and the number of BS antennas become very

large, the effects of small scale fading is completely averaged out and intra-cell interference

disappears completely [77]. Thus, uplink achievable rate depends only on the number of

BS antennas and large scale fading parameters.

4.3.5 Achievable Rate with MRC Detector

For MRC with MMSE based channel estimation at the BS, the detection matrix is given

by A = Ĝ and thus, the detection matrix for each user is an = ĝn [21]. Hence, starting

from (4.14), the uplink rate of the nth user with MRC detector is given by

RMRC
n = E



log2


1 +

pu ‖ĝn‖4

pu
∑N

i=n, i6=n |ĝHn ĝi|2 +
[∑N

i=1
puβi

(1+ppβi)(Ki+1)
+ 1
]
‖ĝn‖2





 . (4.28)

By using large system analysis, closedform lower bound approximation for the achievable

rate in (4.28) is expressed as

RMRC
n ≈ log2

(
1 +

puβn [M2K2
n + (2MKn + 2M2Kn) ηn + (M +M2) η2

n]

pu (Kn + 1)
∑N

i=1,i 6=n βi∆2 +Mpuβn
Kn+ηn
1+βnpp

+M (Kn + 1) (Kn + ηn)

)

(4.29)

where ∆2 = [KnKiφ2
ni +Mηn (Ki + 1) +MKn] / (Ki + 1) and φni =

sin(Mπ
2

[sin(θn)−sin(θi)])
sin(π2 [sin(θn)−sin(θi)])

that are formulated in [82].
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The approximation in (4.29) is valid for any number of BS antennas and helps to analyze

the impacts of the Rician K-factor on the system performance. When the Rician K-factor

grows large (that is when Kn = Ki →∞), the achievable rate in (4.29) converges to

RMRC
n ≈ log2

(
1 +

puβnM
2

pu
∑N

i=1 βiφ
2
ni +M

)
. (4.30)

This shows that when the Rician K-factor grows large, the uplink achievable rate with

MRC detection and imperfect CSI approaches to a constant value regardless of the CSI

quality at the BS. Whereas when the Rician K-factor is zero (i.e Kn = Ki = 0), the

achievable rate in (4.29) reduces to

RMRC
n ≈ log2

(
1 +

τp2
uβ

2
n(M + 1)

pu (τpuβn + 1)
∑N

i=1 βi + (τ + 1)puβn + 1

)
. (4.31)

The result in (4.31) is equivalent to the lower bound achievable rate with imperfect CSI

and under Rayleigh fading channel model in [21].

4.4 Simulation Results and Analysis

We consider a single cell uplink massive MIMO system with cell radius of rc = 1000 meters.

We assume N -users are distributed uniformly over the cell except for an exclusion zone

around the BS (rh ≤ 100 meter). The exclusion zone is assumed to ensure that uplink

and downlink communication happens in the far field of the transmitting antenna and

plane waves can be assumed at the receiver [21, 28]. The large scale fading is modeled as

βn = zn( rn
r
h

)−α where zn is the log-normal shadow fading random variable with standard

deviation σsh = 8dB, α = 3.8 is the path loss exponent, and rn ∈ [rc, rh] denotes the

distance between the nth user and the BS [21]. To simplify the analysis, we assume that

all users have the same Rician K-factors. The system parameters are chosen according to

the LTE standard [21] with τc = 200 and τp = N .

Figure 4.1 shows uplink achievable sum rate of a massive MIMO system in Rician

fading channel model at different value of the Rician K-factor. As it is shown from the

figure, the achievable uplink sum rate increases with the Rician K-factor. When the Rician

K-factor increases, channel estimation becomes more robust and the effects of the random

component of the Rician fading channel is decreased and thus, the uplink achievable sum

rate increases. Specifically, for very large M and Rician K-factor, all the interference and

noise can be ignored completely, which shows that the uplink sum rate in Rician fading

channel model is higher than Rayleigh fading channel model.
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Figure 4.1: Uplink sum rate of massive MIMO system in Rician fading channel model

with ZF detector and imperfect CSI. We assume N = 10, pu = 10dB, τ = 10, and 104

Monte-Carlo realization is used.

In Figure 4.2, we validate the feasibility and realization of Theorem 4.3.1. For this, we

compare the simulated sum rates in (4.16) with the analytical approximations in (4.21)

and (4.26) at different values of the Rician K-factor. As shown in the Figure, the analyt-

ical approximations are fitted with the simulated results. This shows that the proposed

approximation for the non-central Wishart distribution is very accurate and physically

valid. Specifically, for both very large M and Rician K-factor, channel estimation error

decreases, the interference can be average out completely, and thus, the approximation of

the achievable sum rate converges to the same value independent of the CSI quality.

4.5 Summary

In this chapter, the performance of massive MIMO systems over Rician fading channel

is analyzed. Assuming imperfect CSI at the BS, MMSE based channel estimation is de-
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Figure 4.2: Comparison of approximated and simulated results of uplink sum rate of mas-

sive MIMO in a Rician fading channel model with a ZF detector and imperfect CSI. The

number of users is N = 10, the transmit power per user is pu = 10dB, the pilot symbol

length is τ = 10.

rived. Uplink achievable sum rate is formulated for ZF detectors. By approximating the

non-central Wishart distribution to central Wishart distribution, closedform lower bound

expression is derived for the uplink achievable sum rate. Detail analysis is done to un-

derstand the impact of system and propagation parameters on the achievable rate. The

results show that when the Rician K-factor increases, channel estimation becomes more

robust and the effects of the random component of the Rician fading channel is decreased

and thus, uplink achievable sum rate increases.
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Appendices

Appendix 4.1

Proof of Theorem 4.2.1

To find the MMSE based estimator of the Rician channel in (4.5) from (4.7), first dispread

the received noisy matrix in (4.7) by right multiplying with (ZT )H = Z∗ as

Y′ = Yp, rZ
∗ =
√
ppGrZ

TZ∗ + NZ∗

=
√
ppGr + NZ∗.

(4.32)

Then, apply MMSE based estimator [55] on Y′ to get Ĝr as

Ĝr = E{Gr|Y′}

=
C

GrY
′

C
Y′Y′

(Y′ − E{Y′}) + E{Gr}
(4.33)

where C
GrY

′ and C
Y′Y′

are the covariance matrices. Noting that E{Y′} and E{Gr} is

zero, we get

Ĝr =
C
GrY

′

C
Y′Y′

[Y′]. (4.34)

The covariance matrix of Y′ is calculated as

C
Y′Y′

= E{Y′(Y′)H}

= ppE{GrG
H
r }+ E{N (ZHZ)∗NH}

= ppD + IN .

(4.35)

And the covariance matrix of C
GrY

′ is calculated as

C
GrY

′ = E{Gr(Y
′)H}

= E{Gr(
√
ppGr + NZ∗)H}

=
√
pp D.

(4.36)

Substituting (4.36) and (4.35) into (4.34), we get

Ĝr =

√
pp D

ppD + IN
[Y′]

=

√
pp D

ppD + IN
Yp, rZ

∗

=
1
√
pp

Yp,rZ
∗D̃

=


Gr +

1
√
pp

W


D̃

(4.37)
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where D̃ , ( 1
pp

D−1 + IN)−1 and W , NZ∗. This concludes the proof.

Appendix 4.2

Proof of Equation (4.25).

For a central complex Wishart distribution, Ŵ ∼ WN(M, Σ̂), γn = 1

[(ĤHĤ)−1]nn
is a Chi-

square random variable [76] with probability density function (pdf) given by [83]

f(γn) =
[Σ̂−1]nn

Γ(M −N + 1)
exp{−γn[Σ̂−1]nn}


− γn[Σ̂−1]nn




M-N

(4.38)

To calculate the moment of the inverse real Wishart distribution, E{[(ĤHĤ)−1]nn}, let us

express the integral
∫∞

0
1
γn
f(γn)dγn as

∫ ∞

0

1

γn
f(γn)dγn =

a

c

∫ ∞

0

e−ax(ax)d

x
dx (4.39)

where x = γn, a = [Σ̂−1]nn, c = Γ(M − N + 1), and d = M − N . Let y = ax, then

dy = adx. Substitute y and dy/a in place of x and dx we get

a

c

∫ ∞

0

e−ax(ax)d

x
dx =

a

c

∫ ∞

0

e−yyd−1dy =
a

c
Γ(d)

= [Σ̂−1]nn
Γ(M −N)

Γ(M −N + 1)

=
[Σ̂−1]nn

M −N

(4.40)

Where Γ(M) = (M − 1)! is the Gamma function [83] and
∫∞

0
e−1tz−1dt = Γ(z) for z ∈ R.

Hence, (4.40) concludes our proof and thus we get

E{[(ĤHĤ)−1]nn} =
[Σ̂−1]nn

M −N . (4.41)

Appendix 4.3

Appendix 4.3.1: Proof of Equations (4.10).

The variance of the elements of the channel estimation error is expressed interms of ĝmi

and gmi as [79]

var{g̃mi} = E{|gmi|2} − E{|ĝmi|2} (4.42)

where

var{gmi} = E{|gmi|2}

=
βi
Ki + 1

.
(4.43)
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and the variance of the elements of the channel estimate is calculated as

E{|ĝmi|2} = E{ĝmiĝH
mi}

=
1

(Ki + 1)
(

ppβi
ppβi + 1

)2(βi +
1

pp
)

=
ppβ

2
i

(Ki + 1)(ppβi + 1)
.

(4.44)

Substituting (4.43) and (4.44) to (4.42) , we get

var{g̃mi} = E{|gmi|2} − E{|ĝmi|2}

=
βi

(Ki + 1)
− ppβ

2
i

(Ki + 1)(ppβi + 1)

=
βi

(1 + ppβi)(Ki + 1)

(4.45)

where is Ki is the Rician K-factor for each user.

Appendix 4.3.2: Proof of Equation (4.11).

Let us start from the estimated Rican channel equation from (4.5)

Ĝ = [Ω(Ω + IN)−1]
1
2 Ḡ + [(Ω + IN)−1]

1
2 Ĝr. (4.46)

From this, the elements of the estimated channel matrix is formulated as

Ĝmn = (
Kn
Kn + 1

)
1
2 Ḡmn + (

1

Kn + 1
)
1
2 ˆ[Gr]mn. (4.47)

From (4.5), the elements of Ĝr is given by

[Ĝr]mn = ηn(
√
βnqmn +

1
√
pp
wmn) (4.48)

where ηn = ppβn
ppβn+1

, and let qmn = smn + jtmn , wmn = xmn + jymn be independent random

variables with zero mean and the variance of each elements of qmn and wmn is 0.5. Let us

also assume that qmn and wmn are independent. Now, the inner product of the channel

estimate is formulated as

1

M
ĝH
n ĝi

a.s−→ 1

M

M∑

m=1

E{[Ĝ]∗mn[Ĝ]mi} (4.49)

where the elements of [Ĝ]∗mn and [Ĝ]mi is derived from (4.47) and (4.48) as

[Ĝ]∗mn =


[
Knβn
Kn + 1

]
1
2σmn + [

1

Kn + 1
]
1
2ηn(

√
βnqmn +

1
√
pp
wmn)



∗

[Ĝ]mi = [
Kiβi
Ki + 1

]
1
2σmi + [

1

Ki + 1
]
1
2ηi(

√
βiqmi +

1
√
pp
wmi).

(4.50)
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Substituting (4.50) to (4.49) and neglecting the zero values of the expectation, we get

1

M
ĝH
n ĝi

as−→ 1

M

M∑

m=1

E{[ KnKiβnβi
(Kn + 1)(Ki + 1)

]
1
2σ∗mnσmi + ηnηi[

βiβn
(Kn + 1)(Ki + 1)

]
1
2 q∗mnqmi

+
ηnηi
pp

[
1

(Kn + 1)(Ki + 1)
]
1
2 w∗mnwmi}

(4.51)

Equation (4.51) is evaluated for the cases i = n and i 6= n as follows.

Case for i = n:

For i = n, σ∗
mn
σ
mi

= ejπ(m−1)(sin(θn)−sin(θn)) = 1, E{q∗mnqmn} = E{q2
mn} = 1 and E{w∗mnwmn} =

E{w2
mn} = 1. Thus, (4.51) is simplified to

1

M
ĝH
n ĝi

a.s−→ 1

M

M∑

m=1

[
Knβn
Kn + 1

+
η2
n

Kn + 1
(βn +

1

pp
)] =

βn
Kn + 1

(Kn + ηn). (4.52)

Case for i 6= n:

For i 6= n, the expectation of the last two terms in (4.51) will be zero and thus

1

M
ĝH
n ĝi

as−→ 1

M

M∑

m=1

[
KnKiβnβi

(Kn + 1)(Ki + 1)
]
1
2E{σ∗mnσmi}

as−→ [
KnKiβnβi

(Kn + 1)(Ki + 1)
]
1
2

1

M

M∑

m=1

ejπ(m−1)(sin(θn)−sin(θi))

(4.53)

But, based on [79]the summation term in (4.53) can be further simplified as

M∑

m=1

ejπ(m−1)(sin(θn)−sin(θi)) =
sin(Mπ

2
[sin(θn)− sin(θi)]

sin(π
2
[sin(θn)− sin(θi)])

ejπ
M−1

2
(sin(θn)−sin(θi)). (4.54)

Noting that the sinusoid and exponential functions are a bounded function, thus M be-

comes very large [79]

sin(Mπ
2

[sin(θn)− sin(θi)]

M
ejπ

M−1
2

(sin(θn)−sin(θi)) → 0. (4.55)

Hence, for i 6= n and when M is very large, 1
M

ĝH
n ĝi → 0.

Finally, combining the results in (4.52) and (4.53), and generalizing for the matrix Ĝ, we

get
1

M
Ĝ

H
Ĝ

a.s−→ diag{ βn
Kn + 1

(Kn + ηn)} (4.56)

and this concludes our proof.
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Chapter 5

Energy Efficient Power Control in Massive

MIMO Systems

5.1 Introduction

It is expected that the number of connected mobile devices will grow exponentially in the

coming few years [4]. This exponential increment in connected devices will cause huge data

traffic, and mobile data traffic is expected to increase substantially. Improving the network

capacity via increasing the spectral efficiency is one of the key recommendations to support

this huge surge in data traffic. The spectral efficiency can be improved by increasing the

transmitter power; introducing additional processing ( such as deploying massive multiple

antenna systems) in transceiver pairs that help to harvest energy, minimize multiuser-

interference and reduce losses; and implement innovative wireless planning and operation

strategies that minimize losses or save energy [4, 14,21].

Focusing on the transmit power in multi-user massive MIMO systems, we cannot in-

crease the power indefinitely to improve the spectral efficiency. This is because power is

a scarce resource and also both the desired and interfering users may opportunistically

increase their transmit power so that the resulting interference will prohibit the spectral

efficiency improvement. Moreover, increasing the transmit power does not seem realistic

due to operational, economical and environmental challenges resulting from the exponential

growth of the number of connected devices and networks [50]. The above and other facts

stimulate to consider energy efficiency as another main design criterion for 5G and beyond

networks [4, 21]. The main goal is to design novel technologies and network architectures,

employ efficient resource allocation techniques, networking planning and operation strate-

gies that help to achieve the capacity demand with similar or even lower power consumption
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as current networks [4, 50].

Resource allocation techniques are employed to allocate the system radio resources (such

as transmit power, spectrum, users, antennas) in a way that maximize the energy efficiency

of massive MIMO systems. Resource allocation provides considerable energy efficiency

gains while operating at minimum levels of power consumption [4, 14, 21, 23, 50]. Based

on these facts, many research directions have been proposed to investigate energy efficient

resource allocation techniques in massive MIMO systems [21,22,51,53,84–90].

With the intention of maximizing the energy efficiency in multi-user MIMO systems,

joint allocation of transmit power, number of BS antennas and number of users is proposed

in [22]. An iterative algorithm is formulated under a practical system power consumption

model. Assuming uniform data rates at each user, the algorithm aims to maximize the

network’s energy efficiency in the coverage area. Joint power allocation and user scheduling

that improve energy efficiency in orthogonal frequency division multiple access (OFDMA)

downlink multiuser MIMO systems are provided in [85]. The results show that energy effi-

ciency optimization problem is non-convex but can be transformed into a convex fractional

programming problem. To solve the non-convex energy efficiency optimization problem,

an iterative algorithm is employed based on fractional programming theory. But, opti-

mization is done only via Monte-Carlo simulations and analytical closedform bound is

not formulated. Energy efficient power optimization algorithms are proposed in [53] for

5G systems. Global and multi-objective optimization frameworks are proposed for en-

ergy efficiency maximization under transmit power and minimum rate constraints at the

users. Closed-form feasibility condition is derived and then fractional programming theory

is employed to develop power control algorithms that converges to the optimal point with

affordable computational complexity. A standard energy efficiency optimization algorithm

that exploits the hidden monotonic structure of energy efficiency maximization problem

is proposed in [53]. Tools from fractional programming theory, sequential convex opti-

mization and monotonic optimization are utilized to develop sub-optimal energy efficient

optimization algorithms and to characterize the global energy efficiency in interference-

limited networks. The results show that an interaction between fractional programming

and sequential convex programming helps to develop practical power control algorithms

that maximize the energy efficiency.

This work builds on our previously published results in [28, 31, 32]. Specifically, en-

ergy efficient power control algorithms are proposed for uplink massive MIMO systems
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equipped with zero forcing detection and assuming imperfect CSI at the BS. MMSE based

channel estimation is considered at the BS. Large system analysis technique is employed to

derive closed-form lower bound achievable sum rate expression. Methods from fractional

programming theory and sequential convex programming are utilized to derive energy effi-

cient power control algorithms. In line with these, the main contributions of this work are

summarized as follows [31–33]:

• We first derive analytical closed-form lower bound achievable sum rate expression

and analyze the system performance when the number of BS antennas becomes very

large. Due to channel hardening phenomena in massive MIMO systems, the impact

of small scale fading (SSF) on the spectral efficiency is asymptotically averaged out

and analytical formulation depends only on the system parameters and the large

scale fading (LSF) channel coefficients of the users. As a result, calculations that

involve large-dimensional matrices from SSF channel coefficients are avoided. This

saves computational resources from SSF based signal processing.

• By employing tools from fractional programming theory and sequential convex pro-

gramming, we formulate energy efficient power control algorithms under maximum

transmit power and minimum data rate constraints at each user. An algorithm from

fractional programming theory is utilized to solve the fractional energy efficiency op-

timization problem. Logarithm lower bound approximation and sequential convex

programming methods are employed to derive the convex/concave approximation of

the objective function and minimum rate constraint. The energy efficiency of both

approximations are analyzed theoretically.

• Validate the effectiveness of the proposed algorithms via numerical simulation. The

feasibility of the optimization problem has been evaluated. Further, the impacts of

system parameters, maximum transmitter power and minimum data rate constraints

on energy efficiency are analyzed.

5.1.1 Spectral Efficiency in Massive MIMO Systems

We reconsider a single cell uplink massive MIMO system as shown in Figure 2.2 where

the BS is equipped with M antennas to serve K single antenna users in the same time-

frequency resource. The system model and channel model, and the channel estimate are

taken from Chapter 2 Section 2.3. We formulate the spectral efficiency of the user and
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derive a closed-form achievable sum rate expression for uplink massive MIMO systems with

ZF detection and imperfect CSI at the BS. We employ ZF detection since it is convenient

to derive the lower bound achievable rate in closed-form and give near optimal performance

when M � K [3, 30]. Let an M × K matrix W be the model for a ZF detector which

depends on the channel estimate, Ĝ, and is given by W = Ĝ(ĜHĜ)−1 [3], then the BS

processes the received signal by premultiplying with WH as [2, 3]

x̂ = WHy = WH(Gx + n) = WH(Ĝx− Ḡx) + WHn (5.1)

where y is the received signal vector at the BS. Then, the detected signal for user k is

expressed as [2, 3]

x̂
k

=
√
pkw

H
k ĝkxk +

K∑

i=1,i 6=k

√
piw

H
k ĝixi −

K∑

i=1

√
piw

H
k g̃ixi + wH

k n (5.2)

where wk is the detector for user k and pk is the transmit power allocated to the kth user.

Then, the signal to interference plus noise ratio (SINR) of the kth user is given by [2, 3]

γ
k
(p) =

pk|wH
k gk|2∑K

i=1,i 6=k pi|wH
k gi|2 + ||wk||2

∑K
i=1

piβi
τpppβi+1

+ σ2||wk||2
(5.3)

where E{xkxk
H} = pkIK . With SINR in (5.3), the spectral efficiency of the kth user is

given by

R
k

= E



 log2


1 +

pk|wH
k gk|2∑K

i=1,i 6=k pi|wH
k gi|2 + ||wk||2

∑K
i=1

piβi
τpppβi+1

+ σ2||wk||2


} (5.4)

and uplink achievable sum rate (in bits/sec) of the system is given by [2]

Rs = B
(

1− τp
τc

) K∑

k=1

E


 log2


1 +

pk|wH
k gk|2∑K

i=1,i 6=k pi|wH
k gi|2 + ||wk||2

∑K
i=1

piβi
τpppβi+1

+ σ2||wk||2






(5.5)

where B is the bandwidth of the system, (1− τp
τc

) accounts for the pilot overhead and τc is

the coherence interval [88]. The achievable sum rate in (5.5) is calculated by approximating

the total interference as additive Gaussian noise. Since the total interference is the sum

of Gaussian distributed terms that incorporate the channel estimation error and a number

of independent multiuser interference terms, the central limit theorem guarantees the ac-

curacy of this approximation, especially for a large number of BS antennas. Thus, (5.5) is
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expected to be sufficiently tight and tractable to derive closed-form lower-bound achievable

sum rate expression [2]. Therefore, in this work we use analytical closedform lower bound

that is derived from (5.5) to formulate energy efficient power control algorithms.

5.1.2 Closedform Lower-bound Achievable Sum Rate Formula-

tion

By considering a massive MIMO system equipped with large number of BS antennas and

users, a closedform lower bound achievable sum rate expression is derived from (5.5) and

formulated in Theorem 5.1.1.

Theorem 5.1.1 When both the number of BS antennas and the number of users become

very large and satisfy M ≥ K + 1, a closed-form lower bound for the achievable sum rate

in ( 5.5) is given by

Rs ≈ B
(

1− τp
τc

) K∑

k=1

log2


1 +

pk(M −K)β̂k∑K
j=1 pjβ̃j + σ2


 (5.6)

where β̂k and β̃j are the variance of the channel estimate and the channel estimation error,

respectively that are given in ( 2.7). The proof is shown in Appendix 5.1.

The result in Theorem 5.1.1 shows that when the number of BS antennas become very

large, the achievable sum rate depends only on the large scale fading channel coefficients

and the system parameters. As a result, complicated calculations that involve large di-

mensional matrices from small scale fading channel coefficients are avoided. This saves

computational resources from small scale fading based signal processing. For analysis pur-

pose, we represent the SINR in (5.6) in compact form as

γ
k
(p) =

pkbk

σ2 +
∑K

j=1 pjwj
(5.7)

where bk = (M−K)β̂k, wj = β̃j, and p = (p1, p2, · · · , pK )T is the power allocation vector of

the users. We use (5.6) with (5.7) to formulate the proposed energy efficient optimization

algorithms.

5.1.3 Power Consumption Model in Massive MIMO Systems

Accurate modeling of the transmitted power and internal dissipated power consumption

of the massive MIMO system is required to formulate the energy efficiency expression
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and to get reliable guidelines on energy efficiency optimization with respect to the sys-

tem parameters [22, 54, 91]. Hence, the total power consumption of the proposed uplink

massive MIMO system is given by the sum of transmitted power and circuit power (CP)

consumption as [22]

Ptot = Ptx + Pcp (5.8)

where Ptx is the power consumed by the power amplifier. It accounts for the power used

for uplink pilot and data transmission which is expressed as [22]

Ptx =
(

1− τp
τc

) K∑

k=1

1

ηk
pk +

τp
τc

1

ηk
Kpp (5.9)

where ηk ∈ (0, 1) is the power amplifier efficiency of user k. Pcp represents the circuit power

consumption of the system given by

Pcp = ρaM + σscR̄0 + Θ0 (5.10)

where ρa , χ(PTC + PCE + PLP) denotes the circuit power consumption per BS antenna,

χ represents the impact of cooling and other effects at the BS, PLP represents the power

consumption for linear processing, PTC accounts for the power consumption of transceiver

chains and PCE denotes the power consumption for channel estimation [2, 22]. The term

σscR̄0 accounts for the power consumption that increases with the uplink data rate with

scaling factor σsc which includes the power consumption for coding and decoding and

backhaul transmission. To simplify our analysis, the rate dependent power consumption is

assumed to be fixed [22]. Θ0 shows a static circuit power consumption for control signaling

and load independent base-band processing and it is mostly assumed as fixed [22].

Finally, plugging (5.9) and (5.10) into (5.8), the total system power consumption for

uplink massive MIMO system is expressed as [51]

Ptot(p) =
K∑

k=1

µkpk + P0 (5.11)

where pk is the power allocated for user k, µk = (1 − τp
T

) 1
ηk

and P0 is the sum of the

pilot power consumption and circuit power consumption of the system. The typical values

of ηk, ρa, σsc and Θ0 depend on the types of the cellular system such as MIMO, macro

cell, remote radio head and micro cell [54, 91]. In this work, we assume that the pilot

is transmitted at maximum power and optimization is done with respect to the power

allocation for data transmission.
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5.2 Energy Efficiency in Massive MIMO Systems

The energy efficiency (in bits/Joule) of a wireless communication system is usually defined

as the number of bits that can be sent over a unit of power consumption. It is commonly

defined as a benefit-cost ratio where the achievable rate is compared with the associated

energy consumption of the wireless system [2]. One of the well established metrics to

measure this benefit-cost ratio is the global energy efficiency (GEE) which is given by [52]

GEE(p) =
B
(

1− τp
τc

)∑K
k=1 log2(1 + γ

k
(p))

∑K
k=1 µkpk + P0

. (5.12)

Equation (5.12) shows that the GEE is the ratio between the total amount of data that

can be reliably transmitted per unit of time and the total amount of consumed power.

Based on the expression in (5.12), an energy efficient power control optimization problem

for uplink massive MIMO system is formulated as [53]

max
p

GEE(p) =
B
(

1− τp
τc

)∑K
k=1 log2(1 + γ

k
(p))

∑K
k=1 µkpk + P0

subject to: 0 ≤ pk ≤ Pmax, k ∀k

log2(1 + γ
k
(p)) ≥ R

0, k
∀k

(5.13)

where Pmax,k is the maximum transmit power constraint and log2(1 + γ
k
(p)) ≥ R

0,k
is

the minimum rate constraint or quality of service (QoS) requirement at each user. The

optimization problem in (5.13) aims to calculate the optimal transmit power that max-

imizes the global energy efficiency under maximum transmit power and minimum rate

constraints. But, due to the nonconcave objective function and the nonconvex minimum

rate constraint, (5.13) is a nonlinear fractional programming problem and intractable to

solve analytically [52, 53]. It requires an exhaustive search algorithm to obtain the global

solution. However, exhaustive search algorithm has exponential complexity and is compu-

tationally intensive even for small number of BS antennas [22,53]. Therefore, to tackle these

challenges, we utilize methods from fractional programming theory such as the Dinkelbach

algorithm [92] to solve the problem. The Dinkelbach algorithm is a tool that helps to solve

concave-convex fractional programming (CCFP) problems by solving a sequence of easier

problems [92]. To employ the Dinkelbach algorithm for energy efficiency maximization, we

first summarize the fundamental concepts as follows [92].
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5.2.1 Introduction to Fractional Programming

By exploiting the relationship between nonlinear fractional programming and nonlinear

parametric programming, Dinkelbach developed an algorithm that solve nonlinear frac-

tional programming problems by successively solving a sequence of simplified nonlinear

programming problems [92, 93]. The idea of the Dinkelbach algorithm is built on the

relation between a fractional program

max
x∈S

f(x)

g(x)
(5.14)

and an equivalent substructive function

F (λ) = max
x∈S

(
f(x)− λg(x)

)
(5.15)

where S denotes the set defined by the constraints and F (λ) is an auxiliary function with

parameter λ [92]. If we assume that f(x) and g(x) are continuous, g(x) is positive and

S is compact, then F (λ) exists and is continuous. Besides, F (λ) is monotonic decreasing

and has a unique root at λ∗ as shown in Figure 5.1.

λ

F(λ)

λmaxλ*

λmin

Figure 5.1: Graph of the auxiliary function F (λ).

If we consider x∗ ∈ S and λ∗ = f(x∗)
g(x∗)

, then x∗ is a solution of (5.14) if and only if [92]

x∗ = arg max
x∈S

(
f(x)− λ∗g(x)

)
. (5.16)

As a result, solving a fractional programming problem is equivalent to finding the unique

zero of the auxiliary function F (λ) which is achieved through the Dinkelbach method shown

in Algorithm 1. If f(x) is concave, g(x) is convex and all constraints are also convex, then

the Dinkelbach algorithm converges to the global optimum solution. Moreover, the update

rule for λ follows Newton’s method applied to the function F (λ); hence the Dinkelbach

algorithm exhibits a super-linear convergence rate [52,92,93].
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Algorithm 1 Dinkelbach algorithm to solve the CCFP problem.

A. Initialization

1. Initialize iteration index n = 0, tolerance ε > 0 and λn ≥ 0.

B. Iterative Operation

1: while (F (λn) > ε) do

2: x∗n = arg max
x∈S

(
f(x)− λng(x)

)
;

3: F (λn) = f(x∗n)− λng(x∗n);

4: λn+1 = f(x∗n)
g(x∗n)

;

5: n = n+ 1;
end while

Output: x∗

5.3 Energy Efficient Power Control Algorithm For-

mulation

As stated in Section 5.2.1, fractional programming is an efficient tool to maximize a frac-

tional function when the numerator is a concave function, the denominator is a convex

function and the constraint set is convex. If any of these properties are not met, fractional

programming could not give low-complex optimization methods for the problem [92]. But,

due to the multiuser interference term in (5.6), the objective function in (5.13) does not

have a concave numerator, and therefore finding the global solution of (5.13) with affordable

complexity is difficult. To tackle this issue, we utilize two techniques to derive the concave

approximation of the numerator on the objective function and the convex approximation

of the minimum rate constraint in (5.13).

• The first method employs a lower bound on the logarithm to approximate the objec-

tive function and the minimum rate constraint in (5.13) [85].

• The second method integrates fractional programming theory with sequential convex

programming [51] to approximate the objective function and the minimum rate con-

straint in (5.13). This allows to develop a computationally efficient algorithm which

is guaranteed to converge to a first-order optimal solution [52].
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5.3.1 Energy Efficient Power Control Power Control via Loga-

rithm Function Approximation

In this section, the GEE maximization algorithm is formulated by leveraging a lower bound

on the logarithm function [85]. Specifically, for all γk(p), γ̄ ≥ 0, we get the following

logarithmic inequality [85]

log2(1 + γ
k
(p)) ≥ αk log2 γk(p) + βk (5.17)

that is tight at γk(p) = γ̄ when αk and βk are calculated adaptively as [85]

αk =
γ̄

γ̄ + 1

βk = log2(1 + γ̄)− γ̄

γ̄ + 1
log2 γ̄.

(5.18)

By using the approximations in (5.18), a lower bound for the objective function in (5.13)

is formulated as

GEE(p) ≥
B
(

1− τp
τc

)∑K
k=1[αk log2(γ

k
(p)) + βk]

∑K
k=1 µkpk + P0

. (5.19)

Assuming pk = 2qk , where q = (q1, q2, · · · , qK)T ∈ R, (5.19) is further simplified as

h(q) ,
B
(

1− τp
τc

)∑K
k=1[αk log2(bk) + αkqk + βk]
∑K

k=1 µk2
qk + P0

−
B
(

1− τp
T

)∑K
k=1[αk log2(σ2 +

∑K
i=1wi2

qi)]
∑K

k=1 µk2
qk + P0

.

(5.20)

By using (5.20), the optimization problem in (5.13) is reformulated as

max
q

h(q)

subject to: 0 ≤ 2qk ≤ Pmax, k ∀k

log2(1 + γ
k
(p)) ≥ R

0, k
∀k.

(5.21)

It is shown in [85] that for any given αk and βk, both the numerator and denominator of

(5.20) are differentiable, and concave and convex in qk, respectively. Besides, the minimum

rate constraint can be reformulated as

2qkbk + (1− 2R0,k )
(
σ2 +

K∑

i=1

wi2
qi
)
≥ 0 (5.22)

which is convex in qk [94]. As a result, (5.21) is a fractional programming optimization

problem which can be solved by means of fractional programming tools such as the Dinkel-

bach algorithm [92]. Finally, the complete iterative procedure for the proposed energy
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efficient power optimization is summarized in Algorithm 2. This power control algorithm

is feasible if it is possible to satisfy the SINR requirements for all users simultaneously

under a given power allocation vector [95]. But, this is not always possible and a feasibility

condition evaluation should be done before running Algorithm 2. Hence, in the simulation

section, we analyze the feasibility conditions for the proposed power control algorithm [95].

Algorithm 2 Energy efficient power control algorithm via logarithm lower bound approx-

imation.

A. Initialization

1. Set maximum iterations N , tolerance ε and n = 0.

2. Initialize a power allocation p(0) with a feasible value.

3. Set γ̄(0)
k

= γ(0)
k

(p) and compute α
(0)
k and β

(0)
k from (5.18).

B. Iterative Operation

1: n = n+ 1

2: Solve (5.21) via Dinkelbach method withα
(n−1)
k and β

(n−1)
k .

3: Set q(n) = arg maxh(q) and then p(n) = 2q(n)
.

4: Set γ̄(n)
k

= γ(n)
k

(p) and update α
(n)
k and β

(n)
k from (5.18).

5: Until converegence of p? orn = N .

Output: p?

5.3.2 Energy Efficient Power Control via Sequential Convex Pro-

gramming

In this section, to calculate the concave/convex approximation for the objective function

and the minimum rate constraint in (5.6), we integrate fractional programming theory with

sequential convex programming (SCP) [51,94]. This allows us to formulate computationally

efficient optimization algorithm to solve (5.6) that can converge to the optimal solution.

Sequential convex programming helps to find the local optimum of a difficult problem with

objective f , by solving a sequence of easier problems with objectives {f̂i}i. In each step of

the sequence, the following three conditions need to hold [53,94]:

i. f̂i(x) ≤ f(x), for all x
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ii. f̂i(x
(i−1)) = f(x(i−1))

iii. ∇f̂i(x(i−1)) = ∇f(x(i−1))

where i denotes the iteration index and x(i−1) denotes the maximizer of fi−1 [94]. Thus,

the difficult task of this approach is to find suitable approximations, {f̂i}i which fulfill

the above conditions while at the same time results in simpler optimization problems [94].

These conditions can be satisfied when the approximate function is a concave or pseudo-

concave maximization subject to convex constraints [94]. In this work, we utilize a first

order Taylor series approximation [94] to approximate the achievable sum rate and the

minimum rate constraint in (5.6).

To employ sequential convex programming algorithm, we first express the spectral

efficiency of the user in difference of two functions as log2(1 + γ
k
(p)) = ck(p) − dk(p).

The particular expressions for ck(p) and dk(p) are shown in Appendix III. By using these

expressions, the energy efficiency optimization problem in (5.13) is reformulated as [51]

max
p

B
(

1− τp
τc

)∑K
k=1

[
ck(p)− dk(p)

]

∑K
k=1 µkpk + P0

subject to: 0 ≤ pk ≤ Pmax, k ∀k

ck(p)− dk(p) ≥ R
0, k
∀k.

(5.23)

The numerator of the objective function in (5.23) becomes a valid concave function iff

it is the difference of a concave and a convex expression [94]. Thus, to guarantee a valid

concave expression for the numerator function in (5.23), dk(p) is approximated by the first

order Taylor series approximation as shown in Theorem 5.3.1. Then, the corresponding se-

quential convex programming based energy efficient power control algorithm is formulated

by using this approximation.

Theorem 5.3.1 Let pi be the value of p in iteration i, then the first-order Taylor series

approximation of dk(p) at pi is expressed as

dk(p) ≤ dk
(
pi
)

+∇dk
(
pi
)T (

p− pi
)

(5.24)

where ∇dk(pi) is the gradient of dk(p) at pi. This shows that the first order Taylor series

approximation is a global upper bound of a concave function. The derivation of the gradients
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are shown in Appendix 5.2. With this approximation, the optimization problem in (5.23)

is reformulated as

max
p

B
(

1− τp
τc

)∑K
k=1

[
ck(p)−

(
dk
(
pi
)

+∇dk
(
pi
)T (

p− pi
) )]

∑K
k=1 µkpk + P0

subject to: 0 ≤ pk ≤ Pmax, k ∀k

ck(p)−
(
dk
(
pi
)

+∇dk
(
pi
)T (

p− pi
) )
≥ R

0, k
∀k.

(5.25)

It is noteworthy that the objective function in (5.25) has a concave numerator and affine

denominator, while the constraint functions are affine and convex. Thus, the first order

optimal solution of (5.6) can be achieved by solving the approximate problem in (5.25)

with available convex optimization packages in polynomial time [94]. By reformulating

(5.25) into (5.26) as shown below, we can find the global solution by employing fractional

programming methods [52,92].

max
p

B
(

1− τp
τc

) K∑

k=1


ck(p)−


dk

(
pi
)

+∇dk
(
pi
)T (

p− pi
)



− λn




K∑

k=1

µkpk + P0




subject to : 0 ≤ pk ≤ Pmax, k ∀k

ck(p)−


dk

(
pi
)

+∇dk
(
pi
)T (

p− pi
)

 ≥ R

0, k
∀k

(5.26)

where λn is the auxiliary parameter for the Dinkelbach algorithm. To solve this problem,

we employ the Dinkelbach algorithm with Bisection method that is shown in Algorithm

3. Finally, to calculate the optimal power in each Bisection step, we apply the iteration

procedure shown in Algorithm 4.

5.3.3 Energy Efficiency Optimization via Equal Power Allocation

When the time and computing resources are limited, it may be difficult to solve the power

control optimization problem at low complexity [21, 96, 97]. In this case, it is necessary

to use other power allocation techniques with reduced complexity. An intuitive choice is

assuming equal power allocation among all users [21, 98, 99]. Specifically, if we consider

equal power allocation with pk = pu for all K-users, the lower bound spectral efficiency of

the user in (5.6) is reformulated as [21]

Rk ≈ log2


1 +

pu(M −K)β̂k

pu
∑K

j=1 β̃j + σ2


 (5.28)
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Algorithm 3 Energy efficient power control with sequential convex programming.

A. Initialization

1. Set iteration index n = 0, max iteration N and tolerance ε.

2. Set minimum and maximum energy efficiency as λmin and λmax with λmin ≤ λ? ≤
λmax.

B. Iterative Operation

1: while n < N do

2: λn = λmin+λmax

2

3: Withλn, solve the optimization problem in (5.26) to get p(n).

4: Calcuate F(λn) = Rs(p
(n))− λnPtot(p

(n)) where Rs(p) and Ptot(p) are given by

Rs(p) = B
(

1− τp
τc

) K∑

k=1

[
ck(p)−

(
dk
(
pi
)

+∇dk
(
pi
)T (

p− pi
) )]

Ptot(p) = λn

K∑

k=1

µkpk + P0.

(5.27)

5: If |F(λn)| ≤ ε

6: p? = p(n), λ? = Rs(p(n))

Ptot(p(n))
;

7: break;

8: elseif F(λn) < 0, λmax = λn;

9: elseλmin = λn;

10: end if

11: n = n+ 1;
end while

12: Output: p?

where pu is a constant power that is allocated to all users equally. Thus, by using this

formulation, the optimization problem in (5.13) is reformulated as

max
pu

GEE(pu) =
B
(

1− τp
τc

)∑K
k=1 log2(1 + γ

k
(pu))

Kpuµk + P0

subject to: 0 ≤ pu ≤ Pmax, k ∀k

Rk(pu) ≥ R
0, k
∀k.

(5.29)

where Rk(pu) = log2(1+γ
k
(pu)). To solve this optimization problem, we first determine the

feasible region of pu and then calculate the global optimum. To do this, we first solve the
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Algorithm 4 Iterative operation to search the optimal power in each step of Algorithm

3.

A. Initialization

1. Set maximum iteration N , tolerance δ > 0 and i = 0.

2. Set initial feasible power allocation p0 and calculate the Taylor approximation of

dk(p) from (5.24) .

B. Iterative Operation

1: Solve the optimization problem in (5.26) to get the optimal power p.

2: Set i = i+ 1 and pi = p.

3: Calculate dk(p) from (5.24) with pi and go to step 1.

4: Until |I i − I i−1| ≤ δ orn = N where I i = ck(p
i)− dk(pi)

Output: p?

equation Rk(pu) = R
0,k

and get the solution pu, k for all k. It can be noted from (5.28) that

Rk(pu) is a monotonically increasing function in pu. Hence, the minimum rate constraint

in (5.29) can be redefined as pu ≥ pu,max where pu,max = max{pu,1, pu,2, · · · , pu,K}. Then,

considering the maximum transmit power constraint, the feasible region of pu becomes

in [pu,max, Pmax, k]. If pu,max > Pmax, k, the optimization problem becomes infeasible and

there is no solution that satisfies the minimum rate constraint. Once feasible, the global

maximum energy efficiency can be found in [pu,max, Pmax, k]. Besides, the energy efficiency

in this region is a quasi-concave function in pu and has a unique stationary point p?u which

coincides with the global maximizer [99]. This stationary point can be found from the first-

order derivative of GEE(pu) with respect to pu. Therefore, the power allocation solution

of (5.29) is given by

p?u =





pu,max p?u ≤ pu,max

p?u pu,max < p?u ≤ Pmax, k

Pmax, k p?u > Pmax, k.

(5.30)

Compared to the problem in (5.13) where K variables are optimized, the equal power

allocation problem in (5.30) uses only pu as the optimization variable. Thus, the complex-

ity of equal power allocation is much lower than that of optimal power allocation [21, 99].

Therefore, equal power allocation is mostly considered for further resource allocation, an-
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tenna selection and user scheduling algorithm development. In the simulation and analysis

section, we include results with equal power allocation as a benchmark to compare the

performances of the proposed algorithms.

5.4 Simulation Results and Analysis

In this section, we evaluate the performances of the proposed energy efficient power con-

trol algorithms for uplink massive MIMO systems. First, we analyze the accuracy of the

derived closed-form lower bound achievable sum rate approximation in (5.6). Then, the

feasibility condition for the optimization problem is evaluated. Besides, the impact of sys-

tem parameters, maximum transmit power and minimum data rate constraints on energy

efficiency maximization are analyzed.

5.4.1 Simulation Parameters

For the simulation, we assume that the users are distributed uniformly in a circular cell of

radius rc = 500 m except for an exclusion zone (rh ≤ 35 m ) near the BS. The exclusion zone

is considered to ensure that forward and reverse link transmission is performed in the far

field of the transmitting antennas and plane waves shall be considered at the receivers [3].

The large scale fading is modeled as βk = zk(
rk
r
h

)−v where zk is the log-normal shadow fading

random variable with standard deviation σsh = 8 dB, v = 3.8 is the path loss exponent and

rk ∈ [rc, rh] denotes the Euclidean distance between the kth user and the BS antennas.

The users are considered to have the same maximum transmit power constraints (Pmax,k =

Pmax) and the same minimum rate constraints (R0,k = R0) for all k. The simulation is

run for 1000 Monte-Carlo realizations where in each snapshot, the users are distributed

randomly in the cell so that the large scale fading βk changes. We use the standard system

parameters proposed in [22] and [54]. Some of the main simulation parameters are shown

in Table 5.1. We deploy CVX with the MOSEK solver [94] to simulate the system.

5.4.2 Analysis of Achievable Sum Rate Approximation

To validate the accuracy of the proposed analytical closedform lower bound formulation,

we compare the achievable sum rate in (5.6) with results from Monte-Carlo realization

of (5.5) as shown in Figure 5.2. The figure shows that the gaps between results from

analytical closedform lower bound and the Monte-Carlo simulation are very small. Thus,
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Table 5.1: Some of the simulation parameters.

Parameter Value Parameter Value

τc 200 ρa 0.002 W

B 20 MHz Θ0 0.8 W

(M,K) (200 , 10 ) σscR̄0 0.4 W

τp 10 ηBS 0.39

pp 30 dBm ηUE 0.3

it is quite reasonable to evaluate the proposed energy efficient power control algorithms by

using closed-form lower bound achievable sum rate expression in (5.6).
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Figure 5.2: Spectral efficiency versus uplink transmitter power. Where pp is the transmitted

pilot power for channel estimation.

Figure 5.3 shows the energy efficiency in (5.12) with the spectral efficiency results in

Figure 5.2. As it is known, the energy efficiency is a unimodal function of the transmit

power [52] and thus, it increases until some transmit power and then decrease beyond that

power. This is the key feature which allows to save energy through energy efficient resource

allocation.
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Figure 5.3: Energy efficiency versus uplink transmitter power with spectral efficiency in

Figure 5.2.

5.4.3 Feasibility of the Optimization Problem

In cellular systems, each user is active only for some period of time and during this active

state it has a quality-of-service (QoS) requirement that must be satisfied by allocating

system resources. The QoS requirement changes over time depending on the traffic and the

network needs to adapt to these variations. In this work, we assume the QoS requirements

are expressed by the minimum rate constraint of each users that is formulated interms of

the effective SINR as

SINRk ≥ γ0,k (5.31)

where γ0,k = 2R0,k − 1 is the minimum required SINR of user k. It is not always possi-

ble to meet this requirements simultaneously. In these cases, the power optimization is

infeasible. Whereas, the optimization problem in (5.13) is feasible if it satisfies the re-

quired minimum rate constraint of all users simultaneously with a positive power vector

p = [p1, p2, · · · , pK ]T ≤ Pmax,k. In this work, the system resource to be allocated are the

transmit power for given fixed number of users and BS antennas. Thus, from (5.7), the

system satisfies the minimum rate constraint if and only if [100,101]

pkbk

σ2 +
∑K

j=1 pjwj
≥ γ0,k. (5.32)
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where γ0,k = 2R0,k − 1. By rearranging the terms, we can reformulate (5.32) as

p ≥ (I− F)−1s (5.33)

where s =
σ2γ0,k
bk

, F ∈ CK×K is a rank one matrix given by [F]kj =
γ0,kwk
bk

for all k, j and I

is the identity matrix. Then, the necessary condition for proposed optimization algorithm

to be feasible is given by [95,101]

ρ(F) < 1 and p ≥ (I− F)−1s. (5.34)

where ρ(F) is the spectral radius of F. We evaluate the feasibility condition at different

minimum rate constraints and given numbers of BS antennas as shown in Figure 5.4. The

results are obtained by averaging over 5000 independent scenarios of user drops and large

scale fading channel coefficients. The result shows that when the required minimum rate

constraint increases, the feasibility probability decreases and most users could not satisfy

the minimum rate constraint under the given maximum transmit power constraint.
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Figure 5.4: Feasibility probability of the proposed energy efficient power control algorithm.

5.4.4 Impact of Increasing the Number of BS Antennas

Figure 5.5 shows the required maximum transmit power of a user with the number of BS

antennas that satisfy a minimum data rate constraint of Rk ≥ 1bits/sec/Hz for different

numbers of uniformly distributed users. The result shows that when the number of BS
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antennas increases, the power required to achieve the minimum data rate constraint at

the user is decreased. The result also shows that when the number of scheduled users

are large, the required transmission power to achieve a minimum data rate constraint of

Rk ≥ 1bits/sec/Hz increases. This is because when the number of scheduled users are

large, the multiuser interference term becomes very high and thus more power is required

to achieve the minimum data rate constraint.
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Figure 5.5: Maximum required transmit power of a user versus number of BS antennas to

achieve a minimum rate constraint of Rk ≥ 1bits/sec/Hz to all users.

90



5.4.5 Impact of the Maximum Transmit Power Constraint on

Energy Efficiency

Figure 5.6 shows the impact of the maximum transmit power constraint on the global

energy efficiency achieved by the proposed optimization algorithms. The result shows

that in a low transmit power regime, increasing the maximum transmit power is energy

efficient. Whereas, when the transmitter power grows large, the global energy efficiency

saturates at a certain level. This is because once Pmax is large enough to achieve maximum

energy efficiency, excess fraction of the transmit power is no longer used and increasing

the transmitter power further cannot improve the energy efficiency. The result also shows

that energy efficiency achieved by sequential convex programming is nearly equal to energy

efficiency obtained from the logarithm approximation. As expected, equal power allocation

achieves lower energy efficiency than other algorithms.
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Figure 5.6: Impact of maximum transmit power constraint on global energy efficiency.
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5.4.6 Impact of the Minimum Rate Constraint on Energy Effi-

ciency

Finally, Figure 5.7 shows the impact of the minimum rate constraint on global energy

efficiency of the proposed power control algorithm. The result shows that when R0 is

small, the global energy efficiency remains unchanged. This is because when R0 takes a

small value, the power optimization solution that maximizes the energy efficiency can also

satisfy the minimum rate requirements of each user. Meanwhile, when R0 increases, the

energy efficiency decreases. This is because when the minimum required rate of each user

increases, an excess fraction of the power should be allocated to the users that have the

worst links to achieve the required rate and which results in a lower energy efficiency in the

system. Besides, the energy efficiency achieved by sequential convex programming is nearly

equal to the energy efficiency obtained from the logarithm lower bound approximation.
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5.5 Summary

In this work, we have investigated and evaluated power control algorithms that maximize

energy efficiency in uplink massive MIMO systems. We consider the system is equipped

with zero forcing detection and assuming imperfect channel state information, MMSE based

channel estimation is done at the BS. Tools from from fractional programming theory and

sequential convex programming is utilized to derive power optimization algorithms that

maximize the energy efficiency. Numerical results have been presented to illustrate the

effectiveness of the proposed algorithms. The feasibility condition for the optimization

problem has been evaluated. The effects of maximum transmitter power and minimum

data rate constraints of the users on global energy efficiency have been analyzed. The

results show that the global energy efficiency increases with the maximum transmitter

power constraint and decreases with the minimum data rate constraint.

Appendix

Appendix 5.1: Proof of Theorem 5.1.1

Applying the Jensen inequality, the spectral efficiency expression in (5.5) can be reformu-

lated as

R
k
, log2


1 +

pk|E{wH
k gk}|2

pkVar
(
wH
k gk

)
+
∑K

i=1,i 6=k piE{|wH
k gi|2}+ σ2E{||wk||2}


 (5.35)

where Var(.) is the variance of a random variable. Thus, to get the achievable sum

rate expression shown in (5.6), we derive closed-form results for E{wH
k gk}, Var{wH

k gk},
E{|wH

k gi|2} and ||wk||2as follows.

• WHG = WH(Ĝ + G̃) = IK + WHG̃. Thus,

wH
k gk = 1 + wH

k g̃k. (5.36)

But, as wk and g̃k are independent, we get

E{wH
k gk} = 1. (5.37)
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• Var{wH
k gk} = E{|wH

k gk|2} −
(
E{wH

k gk}
)2

= E{|wH
k g̃k|2}. As wk and g̃k are inde-

pendent,

E{|wH
k g̃k|2} = E{g̃kwH

k wkg̃
H
k }

a.s→ β̃kE{||wk||2}. (5.38)

By using the closed-form approximation in Appendix I and by employing properties

in [24: Lemma 2.10] when M →∞, we get

E{||wk||2} = E{tr(wkw
H
k )} a.s→ β̂−1

k

M −K . (5.39)

Combining the results from (5.38) and (5.39), we get

Var{wH
k gk}

a.s→ β̃kβ̂
−1
k

M −K . (5.40)

• Derive E{|wH
k gi|2}: as wk and g̃i are independent, we have

E{|wH
k gi|2} = E{|wH

k g̃i|2}. (5.41)

Thus, similar to the previous approach

E{|wH
k g̃i|2}

a.s→ β̃iβ̂
−1
k

M −K . (5.42)

The interuser interference term becomes,

K∑

i=1,i 6=k

piE{|gHk wi|2} a.s→
β̂−1
k

∑K
i=1,i 6=k piβ̃i

M −K . (5.43)

Substituting the results in (5.37), (5.39), (5.40) and (5.43) into (5.35), we get the result in

(5.6).

Appendix 5.2: Derivation of the gradient equation for (5.25)

The achievable rate of a user in (5.6) can be expressed as a difference of two functions as

Rk(p) = log2


1 +

pkbk

σ2 +
∑K

j=1 pjwj




= log2

(
σ2 + pkbk +

K∑

j=1

pjwj

)
− log2

(
σ2 +

K∑

j=1

pjwj

)
(5.44)

and from (5.44), we can express ck(p) and dk(p) as

ck(p) = log2

(
σ2 + pkbk +

K∑

j=1

pjwj

)

dk(p) = log2

(
σ2 +

K∑

j=1

pjwj

)
.

(5.45)
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Thus, the first derivative of dk(p) is given by

∂dk(p)

∂pk
=

wk

ln 2


σ2 +

∑K
j=1 pjwj




(5.46)

an the gradient is calculated from (5.46).
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Chapter 6

Joint Energy Efficient Resource Allocation

in Massive MIMO Systems

6.1 Introduction

The spectral efficiency and energy efficiency gains of massive MIMO systems cannot be

fully exploited without employing efficient resource allocation techniques [84]. Specifi-

cally, developing optimization algorithms that select the optimal number of BS antennas,

users and transmit power allocation to maximize given utility function is the main fo-

cus of resource allocation in massive MIMO systems. Hence, in this chapter, we propose

joint energy efficient resource allocation algorithms for downlink single cell massive MIMO

systems. In particular, the user selection, number of BS antennas and transmit power

allocation are jointly optimized. To do this, similar to the previous section, MMSE based

channel estimation and ZF precoding are assumed at the BS. Then, we derive analytical

lower bound spectral efficiency in-terms of the large scale fading parameters. Next, we for-

mulate a tractable objective function for the energy efficiency optimization. Applying this

optimization formulation, we propose an energy-efficient resource allocation scheme based

on the large scale fading channel coefficients. The optimization algorithm aims to calculate

the optimal transmit power, the number of scheduled users and number of BS antennas.

Finally, numerical simulation results are provided to consolidate the theoretical analysis.

In line with these, the main contributions of this work are summarized as follows [31,32]:

• derive analytical closedform lower bound spectral efficiency in-terms of the large scale

fading parameters;

• formulate and analyze joint energy efficiency resource allocation algorithms;
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• validate the proposed joint resource allocation algorithm via numerical simulation.

6.2 Downlink Massive MIMO System and Channel

Model

In this chapter, we consider a single cell downlink massive MIMO system shown in Figure

2.1 where the BS is equipped with M antennas to serve N single antenna user equipments

in the same time frequency resource. A user set Ω that consists of K = |Ω| < N users is

selected for simultaneous transmission at each coherence block composed of τc symbols [84].

If x denotes the complex valued M × 1 simultaneously transmitted signal vector from the

BS antennas, the K × 1 received signal vector y at the user is given by [17]

y = Gx + n (6.1)

where G represents a K ×M Rayleigh fading channel matrix between the BS and the K

users with gmk , [G]mk being the channel coefficient between the mth antenna of the BS

and the kth user. n represents the model for additive white Gaussian noise vector with

zero mean and unit variance elements at each user [3]. To facilitate our analysis, we first

redefine the channel model in Chapter 2 for downlink massive MIMO systems.

6.2.1 Downlink Rayleigh Fading Channel Model

Considering all the propagation effects, the massive MIMO channel model in downlink

communication is expressed as [3]

G = D
1
2 H (6.2)

where the diagonal matrix D = diag{β1, β2, · · · , βK} ∈ RK×K represents the large scale

fading effect that show pathloss and shadowing effects with elements βk = cd−αk , dk is the

Euclidean distance between the BS antenna and the kth user, α is the pathloss exponent

and c is the pathloss at a reference distance [2, 3]. The matrix H ∈ CK×M represents the

multipath fading effect which is assumed to be Rayleigh distributed in this section [2]. In

practical systems, perfect knowledge of H is not possible; hence we consider the MMSE

based channel estimation shown in Chapter 2 Section 2.3.2.
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6.2.2 Precoding in Massive MIMO Systems

Precoding is a generalization of beamforming to support multi-stream transmission in

massive MIMO systems. In conventional single-stream beamforming, the same signal is

emitted from each transmit antennas with appropriate weighting (phase and gain) such

that the signal power is maximized at the receiver output [3]. Both linear and non-linear

precoding techniques are proposed for point to pint MIMO systems. Compared with linear

precoding techniques, non-linear techniques such as dirty-paper-coding (DPC), vector per-

turbation (VP) and lattice-aided methods give better performance although they have high

implementation complexity. However, when the number of antennas at the BS increases,

linear precoders such as MRT, ZF and MMSE can achieve near optimal performance with

low complexity. Thus, it is proposed to use linear precoding techniques in massive MIMO

systems [3].

In [102], a survey of linear precoding techniques for downlink transmission for both

single-cell and multicell scenarios is provided. Also, the effects of pilot contamination and

BS coordination are reviewed and analyzed. In [103], the performance of linear precoding

techniques is studied for measured massive MIMO downlink channels. It is shown that

when the BS antennas increases, the system performance improves [103]. In [104], the

author propose a novel hybrid beamforming techniques and examines the relation between

hybrid and digital beamforming for downlink multiuser massive MIMO systems. The hy-

brid beamforming is designed by considering a weighted sum mean square error (WSMSE)

minimization problem incorporating the solution of digital beamforming that is obtained

from block diagonalization technique. To address the difficulty of limited number of RF

chains, [105] considers a two-stage hybrid beamforming architecture in which the beam-

former is constructed by integrating a low-dimensional digital beamformer and RF beam-

former implemented using phase shifters.

In this chapter, we consider ZF precoding where the precoding matrix at BS is given

by [3]

W = ĜH(ĜĜH)−1 (6.3)

where Ĝ is the MMSE based estimate of the channel that is derived in Chapter 2 Section

2.3.2. Then, the M × 1 precoded signal vector at the BS is given by [99]

x = Wp
1
2 s (6.4)

where p = diag{p1, p2, · · · , pK} is the power allocation matrix, s = [s1, s2, · · · , sK ]T ∈
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CK×1 is information signal vector of the users with power constraint E{ssH} = IK . The

total transmit power constraint at the BS is given by [99]

Pt , E{tr(xxH)} ≤ Pmax (6.5)

where Pmax is the maximum allowable transmit power at the BS [99].

6.3 Downlink Spectral Efficiency Formulation

By using the channel estimation matrix and the precoded vector in (6.4), the received

signal in (6.1) is reformulated as [99]

y = (Ĝ + G̃)x + n = p
1
2 s + G̃Ĝ†p

1
2 s + n. (6.6)

Then, the received signal of the kth user is expressed as [99]

y
k

=
√
p
k
sk + g̃kx + nk. (6.7)

And the signal-to-interference plus noise ratio (SINR) at the kth user is given by [99]

γ
k

=
p
k

g̃kxxH g̃Hk + σ2
(6.8)

where g̃k is the kth row of the channel estimation error matrix, G̃. Then, the downlink

sum spectral efficiency of the system is given by [2]

Rs = B
(

1− τp
τc

) K∑

k=1

log2(1 + γ
k
) (6.9)

where B is the transmission bandwidth and τp is the pilot symbol length for channel

estimation and τc is the coherence interval of the system.

6.3.1 Closedform Lower-bound Achievable Rate

Assuming that both (M,K) → ∞ with a finite ratio M/K ≥ 1, employing large system

analysis techniques, the SINR of the user is formulated in terms of the large scale fading

parameters [99]. Based on the large scale fading approximation, the achievable sum rate

in (6.9) is reformulated as

R̃s(p,M,Ω) = B


1− τp

τc




K∑

k=1

log2(1 + γ̃k) (6.10)
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where

γ̃k =
p
k

Ptd2
2k + σ2

(6.11)

and when the large scale fading approximation of the channel estimate and channel esti-

mation error are derived in (2.39) as

d1k =

√
τpρp

1 + τpρpβk
βk

d2k =

√
βk

1 + τpρpβk

(6.12)

where τp is pilot symbol length, ρp is the normalized transmit signal-to-noise ratio of the

pilot symbol [2, 3].

6.3.2 Total Power Consumption Formulation

By using the large scale fading approximation, the total power consumption of the system

in (5.8) can be reformulated as

P̃tot(p,M,Ω) =


1− τp

τc


 Pt
η
BS

+
τp
τc

Pp
η
U

+ Pcp (6.13)

when Pt is the power required for data transmission and is expressed as

Pt =
K∑

k=1

p
k

d−2
1k

M −K ≤ Pmax (6.14)

where K = |Ω| and η
BS

, η
U

is the power amplifier efficiency at the BS and user, respectively.

pPp is transmit power of the pilot signal.

6.4 Joint Energy Efficient Resource Allocation in Mas-

sive MIMO Systems

Based on the spectral efficiency and total power consumption, the energy efficiency of the

system is given by

GEE(p,M,Ω) =
Rs(p,M,Ω)

Ptot(p,M,Ω)
. (6.15)
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Then, joint energy efficient power allocation, antenna selection and user scheduling opti-

mization problem is formulated as

max GEE (p,M,Ω)
p, M, Ω

=
Rs(p,M,Ω)

Ptot(p,M,Ω)

subject to:

Pt ≤ Pmax

Ω ∈ U

M ∈ {1, 2, · · · ,Mmax}

0 ≤ pk ≤ Pmax k = 1, 2, · · · , |Ω|

γ
k
≥ γ0 k = 1, 2, · · · , |Ω|

(6.16)

where Rs(p,M,Ω) represents downlink achievable sum rate as a function of the transmit

power allocation, BS antennas and number of users. Ptot(p,M,Ω) denotes the total power

consumption of the system. U denotes scheduled user sets and γ
k

represents the quality-of-

service (QoS) constraints which imply that the SINR of each active user is lower bounded

by a minimum rate constraint, γ0 . The energy efficiency optimization problem in (6.16) is

non convex and difficult to solve analytically [2, 3, 21, 22, 90, 106, 107]. Thus, to formulate

analytical expression for the energy efficiency, we propose a suboptimal and low-complex

power allocation, antenna selection and user scheduling algorithm based on the large scale

fading approximations in (6.10) and (6.13). For this, we decompose the optimization

problem into two parts such as allocation of the transmit power; and optimal selection of

active users and number of BS antennas.

Based on the large scale fading approximation in (6.10) and (6.13), the energy efficiency

maximization problem in (6.16) is reformulated as

max GEE (p,M,Ω)
p, M, Ω

=
R̃s(p,M,Ω)

P̃tot(p,M,Ω)

subject to:

Pt =
K∑

k=1

p
k

d−2
1k

M −K ≤ Pmax

Ω ∈ U

M ∈ {1, 2, · · · ,Mmax}

0 ≤ pk ≤ Pmax

γ
k
≥ γ0 ∀k.

(6.17)
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It is shown that (6.10) and (6.13) depends only on large scale fading CSI of the users and

system parameters. Hence, we can calculate the system energy efficiency without small

scale fading CSI. But, due to non-concave objective function and mixed integer nature of

joint optimization variables, (6.17) is intractable to solve optimally. Hence, we employ

convex transformation technique to develop suboptimal low-complexity resource allocation

algorithm to find near-optimal solution [99]. This method transforms the optimization

problem into two sub-problems and solve them sequentially. First, we find the optimal

value of (M,Ω) under the assumption of equal power allocation. Then, we perform power

allocation algorithm to get the optimal power. Detail steps for optimal power allocation,

BS antenna selection and user scheduling are shown in the subsequent sections.

6.4.1 Equal Power Allocation Algorithm

First, assuming the number of users and BS antennas are fixed, we perform equal power

allocation to get the power allocation coefficients that is used in the next iterative steps

of the optimization framework. If we apply equal power allocation condition in (6.14), the

power allocation coefficient is given by

p
k

=
(M −K)Pt∑K

k=1 d
−2
1k

. (6.18)

Substituting (6.18) into (6.11), the SINR of user k under equal power allocation is become

γep
k =

Pt(M −K)

Ptd2
2k

∑K
k=1 d

−2
1k + σ2

∑K
k=1 d

−2
1k

. (6.19)

Then, the achievable sum rate in (6.10) is reformulated as

Rep
s (Pt,M,Ω) = B


1− τp

τc




K∑

k=1

log2(1 + γep
k ) (6.20)

and the corresponding energy efficiency is formulated as

GEEep(Pt,M,Ω) =
Rep
s (Pt,M,Ω)

Pa(Pt,M,Ω)
. (6.21)

Then, with fixed M and Ω, the resource allocation problem in (6.17) under equal power

allocation is given by
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max
Pt

GEEep(Pt)

subject to:

0 ≤ Pt ≤ Pmax

γep
k
≥ γ0 ∀k.

(6.22)

To solve this optimization problem in (6.22), we first find the feasible region of Pt and then

find the global extrema. It requires to optimize the total transmit power with respect to

equal power allocation. But, to guarantee the SINR constraint the optimization problem

is only feasible for some values of Pt. As shown in (6.19), γep
k is a monotonically increasing

function of Pt. Therefore, the constraint γep
k
≥ γ0 can be interpreted by Pt ≥ Pt,k for all k.

Thus, the lower bound of Pt become Pt ≥ Pt,max in which Pt,max = max {Pt,1, Pt,2, . . . , Pt,K}.
Hence, the feasible region of Pt for (6.22) is in between [Pt,max, Pmax]. When it is feasible

to solve (6.22), we can find the global maximum of GEEep(Pt). The function GEEep(Pt)

and its first order derivative are always continuous with respect to Pt, hence we apply the

extreme value theorem to solve (6.22).

6.4.2 Optimal BS Antenna Selection Algorithm

After equal power allocation, we apply antennas selection algorithm. With fixed p and Ω,

the energy efficiency optimization problem in (6.17) is given by

max
M

GEE(M)

subject to:

M ∈ {1, 2, · · · ,Mmax}

γ
k
≥ γ0 ∀k.

(6.23)

The feasible region of (6.23) is {1, 2, · · · ,Mmax} which is discrete and finite. We use

bisection method to solve (6.23).

6.4.3 User Scheduling Algorithm

The optimization problem in (6.17) can be solved by performing optimization of the trans-

mit power and number of BS antennas over all possible sets of candidate users and choosing

the best set of users through exhaustive searching. However, the total number of possible
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user sets may be very large and which results in implementation complexity [108]. There-

fore, to reduce the optimization complexity, we sort the candidate users in a descending

order with respect to the location dk and denote the first k user of the sorted set of candi-

date user as Ωk. Then, by iteratively selecting user sets one by one, we can get the best user

sets that give maximum energy efficiency in the system. The procedure ends when energy

efficiency at Ωk starts to decrease. The last user set is considered as the optimum user

allocation. This approach reduces the maximal search space to K. The user scheduling

problem is summarized in Algorithm 5.

Algorithm 5 Antenna selection and user scheduling algorithm.

1. Select the users in a descending order with respect to its location, dk.

(a) Denote the first n users as Ωn

(b) Set k = 0, GEEep(Ω0) = 0

2. For k < min{M,N}

(a) Set k = k + 1

(b) Repeat

(i) Optimize Pt under fixed M by using (6.25).

(ii) Optimize M under fixed Pt by using (6.23).

(c) Calculate EE(Ωk) with (6.15).

If (GEE(Ωk) < EE(Ωk−1))

go to step 3;

else go to step 2;

3. Output: (M∗,Ω∗)

6.4.4 Optimal Power Allocation

After the optimization of users and number of BS antennas, optimal power allocation is

performed to get the optimal power. Under fixed M and Ω, the power allocation problem

is given by
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max
p

GEE(p)

subject to:

Pt =
K∑

k=1

p
k

d−2
1k

M −K ≤ Pmax

0 ≤ pk ≤ Pmax, ∀k

γk ≥ γ0 , ∀k.

(6.24)

The optimization problem in (6.24) is a non-linear fractional programming program. It can

be solved by using the Dinkelbach methods shown in Section 5.2.1 [92]. At each iteration,

we need to solve the optimization problem with given optimization parameter λ as

max
p

R̃s(p)− λP̃tot(p)

subject to :

K∑

k=1

p
k

d2
1k

M −K ≤ Pmax

0 ≤ pk ≤ Pmax, ,∀k

γk ≥ γ0 ∀k.

(6.25)

Algorithm 6 Optimal power allocation algorithm for (6.25)

Initialization:

1. Initialize maximum number of iterations N and maximum tolerance ε.

2. Set the energy efficiency λ = 0 and iteration index n = 0.

Iterative Operation:

1: while (n < N) ||R̃s(p)− λP̃tot(p) < ε) do

2: Solve problem (6.25)

3: Updaten andλ as:

4: n = n+ 1

5: λ = R̃s(p)

P̃tot(p)

end

6: Output: p∗

It is noteworthy that R̃s is concave over p, P̃tot is linear over p and all the constraints

are linear. As a result, (6.25) is a convex optimization problem and it can be solved
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efficiently by using fractional program theory. The detail of the optimization is summarized

in Algorithm 6.

6.5 Joint Energy Efficient Resource Allocation Algo-

rithm

Based on the proposed Algorithms 5 and 6, we perform joint energy efficient resource

allocation algorithm, which optimizes the number of antennas, scheduled users and power

allocation jointly. The complete optimization process is summarized in Algorithm 7.

Algorithm 7 Joint energy efficient resource allocation formulation.

Step1. Perform equal power allocation with given number of users and BS antennas.

Step 2. Optimize the number of BS antennas and users under equal power allocation to

obtain (M∗, Ω∗).

Step 3. By using (M∗, Ω∗), perform the power allocation to get the optimal power, p∗.

Step 4. Calculate the energy efficiency with the final resource allocation solution (p∗,

M∗, Ω∗).

6.6 Simulation Results and Analysis

We evaluate the performance and feasibility of the proposed joint energy efficient resource

allocation algorithm. We used the system and propagation parameters proposed in [22]

where part of these parameters are shown in Table 5.1. For the simulation, we assume

a uniform user distribution in a circular cell with radius 500 m and minimum distance of

35 m. The BS is assumed to be located at the center of the cell. We deploy CVX with the

MOSEK solver [94] to simulate the system.

Figure 6.1 shows the comparative energy efficiency results by using the large scale fading

approximation in (6.17) with the sequential simulation results from (6.16). The figure

shows that the results from large scale fading based approximation are nearly the same

with the sequential simulation even at finite BS antennas. Thus, it is quite reasonable to

design resource allocation scheme based on the large scale fading approximation. Besides,

as stated before, the energy efficiency is not a monotonic function with the number of BS
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Figure 6.1: Energy efficiency with number of BS antennas. We assume K = 16 users and

Pt = 20 dBm. ρ is the SNR of the pilot signal.

Figure 6.2: Global energy efficiency of massive MIMO system at different combinations of

M and K. The global optimum is marked with a star.

antennas. Hence, it increases until some value of the BS antennas and decreases after that

value. Furthermore, the result shows that energy efficiency increases with the SNR. This

is because, when the SNR increases, channel estimation becomes more robust and that

improves the energy efficiency of the system.
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Figure 6.2 shows the sets of achievable energy efficiency at different combinations of

(M,K) under the assumption of equal power allocation. Each point uses the Pt value in

(6.14) to maximize the energy efficiency. The result shows that the surface is concave and

smooth. The result indicates a sub-optimal point at M = 175, K = 75 which is obtained

by iteratively calculate the power allocation and BS antenna selection. The result validates

that the optimal energy efficiency calculated based on the large scale fading approximation

can be converged to the global optimum.

Figure 6.3 shows the total power that maximizes the energy efficiency with different

BS antennas. The result shows that the most energy efficient strategy is to increase the

transmit power with the BS antennas. The result also shows that the transmit power

per BS antenna decreases with the BS antennas. As shown from the result the required

downlink transmit power at the optimal point (M = 175, K = 75) is around 100 mW per

antenna. This power is smaller than conventional macro-BS station that consumes around

40 W per antenna [54, 91]. This reveals that energy efficient optimal solution for massive

MIMO systems can be deployed with low-power RF amplifiers.
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Figure 6.3: Power consumption with the number of BS antennas at maximum energy

efficiency point.

Figure 6.4 shows the area throughput that maximizes the energy efficiency versus the

number of BS antennas. The result shows that in addition to the energy efficiency there

is an improvement in area throughput. Which shows that massive MIMO with proper
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interference-suppressing precoding can achieve improvements on both energy efficiency

and area throughput.
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Figure 6.4: Area throughput with the number of BS antennas at maximum energy efficiency

point.

6.7 Summary

In this chapter, we analyze joint energy efficient resource allocation techniques for massive

MIMO systems. First, analytical closedform lower bound spectral efficiency and accurate

system power consumption models are formulated. Besides, a large scale fading based

joint energy efficiency resource allocation algorithm is analyzed. The analysis shows that

the resource allocation algorithm is tight for massive MIMO systems even at finite BS

antennas. The results show that the proposed algorithm converges the optimal value with

finite iteration. From the theoretical and simulation results, we proved that large scale

fading based energy efficiency optimization can achieve near-optimal performance with

low computational complexity.
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Chapter 7

Performance Analysis of Multicell Massive

MIMO Systems

7.1 Introduction

As can be shown from the rapid generation of mobile communication systems, there is

a growing quest to balance between handling the increasing mobile data traffic volume

and developing innovative technologies to enhance operational capabilities and network

capacity [15]. In this context, various innovative technologies have been proposed for the

deployment of 5G networks such as massive MIMO systems, mmWave communication,

non-orthogonal multiple access (NOMA) schemes and flexible network deployment along

with dynamic nodes [15].

By adopting a very large number of antennas at the base station (BS), called mas-

sive MIMO [14, 23], 5G networks can greatly improve the spectral efficiency and energy

efficiency [14]. Recent studies show that massive MIMO can increase the spectral effi-

ciency tenfold and simultaneously improve energy efficiency by a factor of 100 as compared

to current mobile networks [14]. Practical massive MIMO systems consist of many cells

that operate in synchronous TDD protocol and each BS is equipped with M � 1 an-

tennas to support K-users under the same time-frequency resources. Each BS operates

individually and processes the signals using linear receive combining and linear transmit

precoding. Thus, a highly spectral efficient massive MIMO systems employ space division

multiple access (SDMA) to achieve multiplexing gains, deploy large number of BS anten-

nas to suppress interuser interference (IUI) and to achieve channel hardening, operate in

asynchronous time division duplex (TDD) mode to limit CSI acquisition, and use linear

processing to reduce signal processing complexity [2, 3, 88].
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In multicell massive MIMO systems, due to limitation of the channel coherence inter-

val, we cannot assign orthogonal pilot sequences for users in all cells [3]. Hence, pilot

sequences have to be reused from cell to cell. Thus, the channel estimate obtained in a

given cell is contaminated by pilots transmitted from users in other cells. This effect is

called pilot contamination. It reduces the system performance and is the major limitation

of massive MIMO systems [3]. Several pilot contamination mitigation strategies have been

made to mitigate the effect of pilot contamination. Eigenvalue-based channel estimation,

pilot decontamination and pilot contamination based precoding and covariance aware pilot

assignment techniques are proposed in [43,109–111].

In [112], spectral efficiency maximization algorithms are proposed for multicell massive

MIMO systems. Analytical spectral efficiency expression is formulated to evaluate the

performance of the system with power control, pilot reuse and random user locations.

In [113], energy-efficient resource allocation algorithm is proposed for downlink multicell

large-scale distributed antenna systems. A non-convex optimization problem is formulated

to maximize the energy efficiency of the system. By using Dinkelbach algorithm, the

non-convex optimization problem is transformed into an equivalent convex optimization

problem in subtractive form. Then, an iterative algorithm is implemented in which antenna

selection, user scheduling and power allocation are implemented separately. To reduce

the computational complexity, a norm-based joint antenna and user selection algorithm

is proposed to select optimal number of antennas and users. Next, a Lagrangian dual

decomposition algorithm is adopted to derive a power allocation that can run independently

in each cell. In [114], joint pilot assignment and resource allocation is proposed for energy

efficiency maximization in multiuser and multicell massive MIMO system. In [115], pilot

allocation optimization problem is formulated to maximize uplink sum rate of the system.

A low-complexity pilot allocation algorithm is proposed which decouple the problem into

multiple subproblems. At each subproblem, the pilot allocation at a given cell is optimized

while the pilot allocation in other cells is assumed fixed.

In this chapter, we analyze the performance of multicell massive MIMO systems in spa-

tially correlated channel model. In this regard correlated based channel modeling, power

allocation and resource allocation are analyzed in multicell massive MIMO systems. Be-

sides, we evaluate the impacts of spatial correlation and pilot contamination. Important

trade-offs and considerations on design and optimization of multicell massive MIMO sys-

tems has been studied. In line with these, the main contributions of this chapter are
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summarized as follows:

• Formulate and analyze a correlated based channel model for multicell massive MIMO

systems. Specifically, local scattering based spatial channel correlation model is con-

sidered.

• Analyze impacts of spatial channel correlation on channel estimation, channel hard-

ening, favorable condition and spectral efficiency in massive MIMO systems.

• Analyze spectrally efficient power optimization algorithms for massive MIMO sys-

tems.

7.2 The System and Channel Model

7.2.1 The System Model

We consider a multicell massive MIMO system with L-cells where each cell consists of a

BS that is equipped with M -antennas to support K-single antenna users under the same

time-frequency resources. A sample cell layout and communication links for a three cell

system is shown in Figure 7.1.

In the uplink multicell massive MIMO systems, the received signal at the jth BS is given

by

yj =
L∑

l=1

K∑

k=1

gjlkxlk + nj

=
K∑

k=1

gjjkxjk +
L∑

l=1
l 6=j

K∑

i=1

gjlixli + nj

(7.1)

where yj ∈ CM is the received signal at the jth BS, xlk is the uplink transmitted signal of

user k in cell l with power plk = E{|xlk|2}, gjlk is the channel between user k in cell l to the

BS antennas in cell j and nj ∈ CM is additive white Gaussian noise at the jth BS with

zero mean and variance σ2 [2, 3].

7.2.2 The Multicell Massive MIMO Channel Model

In multicell systems, as shown in Figure 7.1 the channel between user k in cell l and the

BS in cell j is denoted by gjlk ∈ CM where each elements corresponds to the channel re-

sponse from the user to one of the BS antennas. Practical channels are generally spatially
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Figure 7.1: Multicell massive MIMO systems model.

correlated since the BS antennas have non-uniform radiation patterns and the physical

propagation environment makes some spatial directions more probable to carry strong sig-

nals from the transmitter to the receiver than other directions [2, 17]. In this chapter, we

assume a spatial correlated Rayleigh fading channel model. Considering pathloss, shadow-

ing, multipath fading and spatial channel correlation, a correlated Rayleigh fading channel

model of a user is formulated as

gjlk ∼ CN (0,Rj
lk) (7.2)

where Rj
lk ∈ CM×M is positive semi-definite spatial channel correlation matrix which rep-

resents the model for the large scale fading. The Gaussian distribution is used to model

the small-scale fading variations [3, 17].

113



The spatial channel correlation matrix describes the macroscopic propagation effects

including the antenna gains and radiation patterns at the transmitter and receiver. Thus,

the average channel gain from the jth BS antenna to user k in cell l is given by [3]

βjlk =
1

M
tr(Rj

lk) = Υ− 10α log10

(
djlk

1 km

)
+ Fjlk (7.3)

where βjlk the large-scale fading coefficient. djlk the distance between the transmitter and

the receiver, α is the pathloss exponent, and Υ is the median channel gain at the reference

distance. Fjlk represents a log-normal shadowing with 10 log10 Fjlk ∼ N (0, σ2
sh) where σ

sh

is the standard deviation of the shadow fading model. The shadow fading adds random

correction term to obtain a model that better fits with practical channel measurements [17].

In a nutshell, channel models are either deterministic or stochastic [116]. Deterministic

channel models depend on a given environment with fixed locations of transmitters, re-

ceivers, scatterers and reflectors. These models include deterministic LOS channel model,

ray tracing based on 3D-building models and recorded channel measurements [117]. Al-

though, deterministic channel models can provide very accurate performance predictions

for specific scenarios, they are only valid for a specific scenario and thus they do not al-

low for comprehensive conclusions. Besides, due to very few openly accessible databases

of channel measurements and 3D-building models, the results cannot be easily repro-

ducible [17, 116, 118, 119]. Stochastic channel models are used to generate a large number

of channel realizations with desired statistical properties. These types of channel mod-

els are independent of a particular environment. These models include correlation-based,

parametric-based and geometry-based channel models. Correlated based Rayleigh fading

channel model is one of the correlation-based channel model. The channel responses are all

Gaussian distributed with zero mean and entirely defined through the correlation matrices.

Parametric channel models represent stochastic distributions of the number of multipath

clusters and the delay profile, power, angle of arrival (AoA) and angle of departure (AoD)

of the individual multipath components [17, 116, 118, 119]. Since parametric models are

independent of the geometry of the propagation environment, they are not feasible for

system-level simulations of the channel with time-evolution that is caused by movements

of the transmitters and receivers. Stochastic geometry-based channel models represents a

distribution of the physical location of scatterers around the transmitters and receivers.

Once the locations of all scatterers are chosen, individual propagation paths are modeled

in a quasi-deterministic manner. Such models are easy to simulate, agree very well with
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measurements, and enable time-evolution [17,116,118,119].

To simplify our analysis, we consider the local scattering based spatial channel corre-

lation model which is described in the subsequent sections.

7.2.3 Local Scattering based Spatial Channel Correlation Model

The local scattering correlation model captures the basic characteristics of spatial chan-

nel correlation in terms of the nominal angle and angular standard deviation (ASD). The

nominal angle and angular standard deviation of the multipath components are key pa-

rameters to model the spatial channel correlation matrix. The ASD shows the random

deviation from the nominal angle with given standard deviation. Figure 7.2 shows the

scenario of a massive MIMO system under NLOS propagation with the local scattering

spatial correlation model where the scattering is localized around the user [2].2.6. Local Scattering Spatial Correlation Model 237

BS

UE

Scattering
clusterMultipath

component

Multipath
component

Nominal angle ϕ

Angular interval with
standard deviation σϕ

. .
 .

Figure 2.5: Illustration of NLoS propagation under the local scattering model, where
the scattering is localized around the UE. Two of the many multipath components
are shown. The nominal angle ϕ and the angular standard deviation (ASD) σϕ of the
multipath components are key parameters to model the spatial correlation matrix.

in flat rural areas and larger values in hilly areas [254].
To illustrate the effect of spatial channel correlation, Figure 2.6

shows the eigenvalues of R in decreasing order, when using the local
scattering model with M = 100 antennas, the nominal angle ϕ = 30◦,
and the ASD σϕ = 10◦. The correlation matrices are normalized such
that tr(R) = M . The aforementioned three distributions of the angular
deviations are compared with the reference case of uncorrelated fading:
R = IM . The figure shows that the spatial channel correlation makes
around 30 of the 100 eigenvalues larger than in the uncorrelated case,
while the remaining eigenvalues are substantially smaller. In fact, a
uniform angular distribution makes 66% of the eigenvalues 50 dB smaller
than in the reference case, while this happens for around 40% of the
eigenvalues with Gaussian and Laplace distributions. These percentages
remain roughly the same if M is increased.

Clearly, a 10◦ ASD leads to high spatial channel correlation with
a low-rank correlation matrix where many eigenvalues are negligibly
small. One should be careful when interpreting this result since it is
based on the rather simple local scattering model. Large eigenvalue
variations are expected in practice, but the angular distribution might
be less smooth (e.g., non-Gaussian with multiple peaks) and also vary
between BS antennas due to near-field scattering; see the measurements
in [121, Figure 4] for an example. Hence, despite the low-rank behavior,
one should not expect the spatial correlation matrices to be parametriz-

Figure 7.2: NLOS propagation model under local scattering spatial correlation model [2].

This approach helps to develop a model for the spatial correlation matrix for NLOS

propagation between the user and the BS equipped with uniform linear array (ULA) an-

tennas. The received signal at the BS is the superposition of N -multipath components.

Suppose the scattering is localized around the user and if there is no scatterers in near-field

of the BS, each of the multipath components results in a plane wave that reaches the array

from a particular angle and gives an array response of [3]

an = gn
[
1, ej2πd sin(φn), · · · , ej2πd(M−1) sin(φn)

]T
(7.4)

where an ∈ CM , gn ∈ C accounts for the gain and phase rotation for this path, φn is the

arrival angle and d is the spacing between the BS antennas. Then, the channel response

at the BS is given by the superposition of multipath components as [2]

G =
N∑

n=1

an (7.5)
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when the arrival angels φn are iid random variable with angular probability density function

of f(φn) and gn are iid random variables with zero mean and variance of E{|gn|2}. The

variance represents the average channel gain of the nth path and the total average gain of

the multipath components is denoted by β =
∑N

n=1 E{|gn|2}. When N →∞, by using the

central limit theorem, the channel response converges to [3]

G→ CN (0,R) (7.6)

where the convergence is in distribution. Besides, the spatial channel correlation is for-

mulated as R = E{∑n ana
H
n}. By using (7.4), the (l,m)th element of the spatial channel

correlation can be expressed as [2]

Rlm = β

∫
ej2πd(l−m) sin(φ)f(φ)dφ. (7.7)

As shown in (7.7), Rlm depends on the difference l − m, hence R is Toeplitz matrix.

Assuming that all the multipath components originate from a scattering cluster localized

around the user, at the BS antennas φ = ϕ+ δ where ϕ is the deterministic nominal angle

and δ is the random deviation from the nominal angle with angular standard deviation

σϕ. The ASD is measured in radians and is termed as the angular standard deviation,

since it determines how large the deviation from the nominal angle. The random deviation

can be modeled as Gaussian distributed, Laplace distributed and Uniformly distributed

deviations [2, 3].

In this work, we consider the Gaussian angular standard distribution model. In Gaus-

sian angular distribution with small ASD values, an approximate closedform expression of

the spatial channel correlation matrix can be expressed as [2]

Rlm = βej2πd (l−m) sin(ϕ)e−
σ2ϕ
2

(2πd(l−m) cos(ϕ))2 . (7.8)

This approximation helps to reduce the computational complexity. It also provides some

insights on the structure of the correlation matrix. When σϕ = 0, Rlm = βej2πd (l−m) sin(ϕ)

and all multipath components arrive from angle ϕ and gives rank-one correlation matrix.

Whereas, for σϕ > 0, the diagonal elements are the same, but off-diagonal elements decrease

with e−
σ2ϕ
2

(2πd(l−m) cos(ϕ))2 and goes to zero as σϕ grows to large [3, 17].
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7.3 Pilot based Channel Estimation in Multicell Mas-

sive MIMO Systems

7.3.1 Uplink Pilot Transmission

In pilot based channel estimation, each user transmits a pilot sequence that spans τp

samples. In multicell systems, the pilot sequence of user k in cell j is denoted by φjk ∈ Cτp

where ||φjk||2 = τp. φjk are scaled by uplink transmit power
√
pjk and transmitted over τp

samples. Thus, the received signal at the jth BS is given by [3]

Yj =
K∑

k=1

√
pjkG

j
jkφ

T
jk +

L∑

l=1,l 6=j

K∑

i=1

√
pliG

j
liφ

T
li + Nj (7.9)

where Yj ∈ CM×τp , Nj ∈ CM×τp is the noise at the jth BS with iid CN (0, σ2) elements. To

estimate the channel of a particular user, the BS needs to know the transmit pilot sequence

of the user. Hence, the pilots should be deterministic sequences and pilot assignment is

made when the user connects to the BS. If the jth BS wants to estimate the channel Gj
li

from arbitrary user i in cell l, the BS correlates Yj with the pilot sequence φli of the user

to get the processed pilot signal as

ypjli = Yjφ
?
li =

L∑

l=1

K∑

i=1

√
pliG

j
liφ

T
liφ

?
li + Njφ

?
li (7.10)

where ypjli ∈ CM and which has the same dimension as Gj
li. For the kth user in the BS

own cell, equation (7.10) can be expressed as

ypjjk =
√
pjkG

j
jkφ

T
jkφ

?
jk +

K∑

i=1
i 6=k

√
pjiG

j
jiφ

T
jiφ

?
jk +

L∑

l=1,l 6=j

K∑

i=1

√
pliG

j
liφ

T
liφ

?
jk + Njφ

?
jk. (7.11)

The second and third terms in (7.11) represent interuser interference, φTliφ
∗
jk is the inner

product between the pilot of the desired user and the pilot of other user i in cell l. If the

pilot sequences of two users are orthogonal, then φTliφ
∗
jk = 0 and interuser interference term

in (7.11) vanishes and does not affect the channel estimation quality. Since the pilots are

τp-dimensional vectors, we can only find a set of at most τp-mutually orthogonal sequences.

The finite length of the coherence block imposes the constraint τp ≤ τc (where τc is the

coherence interval of the system) that makes impossible to assign mutually orthogonal

pilots to all users in practice.
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We consider a set of τp-mutually orthogonal pilot sequences that is extracted from the

columns of uplink pilot book Φ ∈ Cτp×τp which satisfy ΦHΦ = τpI. Since, the strongest

interference usually originates from the own cell, it is recommended to have τp ≥ K pilots

so that each BS can allocate different uplink pilot sequences among the users. For pilot

assignment, let us define the set [120]

Pjk = {(l, i) : φli = φjk, l = 1, 2, · · · , L, i = 1, 2, · · · , K} (7.12)

with the indices of all users that utilize the same pilot sequence as user k in cell j. Hence,

(l, i) ∈ Pjk implies that user i in cell l uses the same pilot as user k in cell j. By using the

notation in (7.12), the expression in (7.10) is reformulated as [3, 120]

yjjk =
√
pjkτpG

j
jk +

∑

(l,i)∈Pjk\(j,k)

√
pliτpG

j
li + Njφ

?
jk (7.13)

where the first term is the desired pilot signal, the second term is the interfering pilot

signal and the third term is the nose. The processed received signal in (7.13) is a sufficient

statistics to estimate Gj
jk since there is no loss in useful information as compared to Yj.

7.3.2 MMSE based Channel Estimation

Assuming that Gj
li ∼ CN (0,Rj

li) and by using a pilot book with mutually orthogonal

sequences, the MMSE estimate of the channel Gj
li based on the received pilot signal Yj is

given by

Ĝj
li = E{Gj

li|Yj} =
√
pliR

j
liΨ

j
liy

p
jli (7.14)

where Ψj
li is the inverse of the normalized correlation matrix given by E{ypjli(ypjli)H}/τp and

Rj
li is the spatial channel correlation matrix. After some calculations and simplifications,

the normalized correlation matrix is expressed as [3]

Ψj
li =


 ∑

(l,i)∈Pli

pliτpR
j
li + σ2IM



−1

. (7.15)

Equation (7.14) shows that to estimate Gj
li, the BS should correlate the received pilot

signal with the pilot sequence used by user i in cell l as yjli = Yjφ
?
li and then multiply the

result with Ψj
li and Rj

li. These multiplications suppresses interference and noise that do

not use the same second-order statistics with Gj
li.
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The error due to channel estimation is expressed as G̃j
li = Gj

li − Ĝj
li and its covariance

matrix is given by [17]

Cj
li = E{G̃j

li(G̃
j
li)

H} = Rj
li − pliτpRj

liΨ
j
liR

j
li. (7.16)

The channel estimation accuracy can be calculated by using the mean square error (MSE)

as E{||Gj
li − Ĝj

li||2} = tr(Cj
li). A good estimation accuracy is represented by small MSE.

Similar to the single cell scenario in [21], the estimate Ĝj
li and the estimation error G̃j

li are

independent random variables and modeled in Gaussian distribution as [3]

Ĝj
li ∼ CN

(
0,Rj

li −Cj
li

)

G̃j
li ∼ CN

(
0,Cj

li

)
.

(7.17)

To compare the estimation quality of the channel estimation, we use the normalized mean

square error (NMSE) which is given by [2]

NMSEj
li =

tr(Cj
li)

tr(Rj
li)
. (7.18)

7.4 Spectral Efficiency in Multicell Massive MIMO

Systems

Based on Equation (7.1), let us consider user k in cell j transmits a random data signal

xjk ∼ CN (0, pjk) where the variance pjk is the transmit power of the users. Each BS detects

the desired signal by using linear receive combining. For this, the receiving BS selects the

combining vector vjk ∈ CM for the kth user as a function of the estimated channel matrix.

Hence, BSj correlates the received signal yj with the combining vector to obtain [2]

vH
jkyj = vH

jkĜ
j
jkxjk + vH

jkG̃
j
jkxjk +

K∑

i=1
i6=k

vH
jkG

j
jixji +

L∑

l=1
l 6=j

K∑

i=1

vH
jkG

j
lixli + vH

jknj. (7.19)

Thus, the signal to interference plus noise ratio (SINR) is given by

SINRjk =
pjk

∣∣∣vH
jkĜ

j
jk

∣∣∣
2

∑L
l=1

∑Kl
i=1 pli

∣∣∣vH
jkĜ

j
li

∣∣∣
2

+ vH
jk

(∑L
l=1

∑Kl
i=1 pliC

j
li + σ2IMj

)
vjk

. (7.20)

and uplink achievable rate of user k in cell j is given by

SEjk =
τd
τc
E {log2 (1 + SINRjk)} . (7.21)
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The spectral efficiency expression in (7.21) applies for any choice of the receive combining

vector. Similar to single cell scenarios, we consider equivalent multicell linear detection

and precoding techniques such as MRC, ZF and MMSE to analyze the performance of

multicell massive MIMO systems. Under imperfect CSI, the mathematical expression for

these combining techniques are given by

vj =





Ĝj
j MRC

Ĝj
j

((
Ĝj
j

)H

Ĝj
j

)−1

ZF

Ĝj
j

((
Ĝj
j

)H

Ĝj
j + σ2P−1

j

)−1

MMSE

(7.22)

where vj is the linear processing matrix and Pj the power allocation matrix at BSj, re-

spectively.

7.5 Spectrally Efficient Power Optimization in Mul-

ticell Massive MIMO Systems

Equal transmit power allocation is generally not the optimal strategy if we want to maxi-

mize the spectral efficiency of the system. Firstly, by exploiting the different propagation

conditions of the users, the sum spectral efficiency can be increased by unequal power

allocation [88]. Besides, the sum spectral efficiency only measures the aggregated through-

put of the network, while ignoring how fairly it is distributed among the users. This can

lead to substantial unfairness. In addition to the sum spectral efficiency, there are other

utility functions that balance between aggregate throughput and fairness such as max-min

fairness and maximum product spectral efficiency [51,84,88]. In this section, we formulate

these utility functions and provide power allocation schemes that maximize the spectral

efficiency of the system.

For analysis purpose, we consider a downlink communication of the proposed multicell

massive MIMO system with linear precoding and imperfect CSI. Based on (7.20), the

equivalent downlink spectral efficiency of user k in cell j is formulated as

SEjk =
τd
τc

log2

(
1 +

ρ
jk
ajk∑L

l=1

∑K
i=1 ρliblijk + σ2

)
(7.23)

where τd is the data symbol length, τc is the coherence interval, ρjk is the downlink trans-

mitter power allocated to the kth user in cell j. ajk is the average channel gains and blijk
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is the average interference gains that are given by

ajk = |E{vH
jkĜ

j
jk}|2

blijk =





|E{vH
liĜ

l
jk}|2 (l, i) 6= (j, k)

E{|vH
jkĜ

j
jk|2} − |E{vH

jkĜ
j
jk}|2 (l, i) = (j, k).

(7.24)

Averaging is computed with respect to small-scale fading realizations. Hence, the power al-

location is only a function of the channel statistics and the choice of precoding vectors. The

spectral efficiency is increasing with ρjk and decreasing with ρli. Thus, there is a conflicting

relation between the spectral efficiency of two users due to the mutual interference and the

limited power of the BS that allocate to the users. This conflicting relation is illustrated by

the spectral efficiency region shown in Figure 7.3 which contain all the achievable spectral

efficiency combinations [2]. The area under Pareto boundary contains all points that can
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Figure 7.3: Spectral efficiency region that is achieved by different power allocation algo-

rithms for a single cell system with two users [2].

be achieved by different power allocation among the users. Any point in the interior of the

spectral efficiency region is strictly suboptimal. Because, it is possible to jointly increase

the spectral efficiency of both users by varying the power allocation. Hence, an efficient

network should operate on the outer boundary of the spectral efficiency region which is

termed as the Pareto boundary. There are many points on the Pareto boundary and we

cannot increase the spectral efficiency of a user without decreasing the spectral efficiency
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of another user [84]. Thus, we need to find a subjective balance between the individual

goals of the users by defining a network utility function that takes the spectral efficiency

of all users as the input and gives the utility function as the output. The utility functions

are formulated as [2, 52]

U (SE) =





max
∑L

j=1

∑K
k=1 SEjk Max sum SE

max minj,k SEjk Maxmin fairness

max
∏L

j=1

∏K
k=1 SINRjk Max-product SINR

(7.25)

where SINRjk is the effective SINR of user k in cell j. The utility functions aim to maxi-

mize the sum spectral efficiency, minimum spectral efficiency, and the product SINR of the

system, respectively. The max-sum utility function gives the highest aggregate spectral ef-

ficiency, but without any fairness guarantees where some users with bad channel conditions

might get zero spectral efficiency. The maximization of the product of the SINR leads to

high spectral efficiency for the weakest users as compared to maximizing the sum spectral

efficiency. The max-product SINR utility also guarantees that every user gets a non-zero

spectral efficiency and this utility function provides more fairness than the sum spectral

efficiency function. The maxmin fairness utility function provides complete fairness by

improving the spectral efficiency achieved by the weakest user in the network. Maximizing

this utility function results in the same spectral efficiency for every user, thus a user has

no benefit of having a good channel condition [3]. In the next sections, we formulate algo-

rithms for maxmin fairness and max-product power allocation algorithms that maximizes

the spectral efficiency of the system [52,84].

7.5.1 Maxmin Fairness Power Allocation Algorithm

The maxmin fairness power allocation algorithm provides complete fairness by considering

the spectral efficiency achieved by the weakest user in the network. As stated before,

maximizing this utility function results in equal spectral efficiency for every user. Thus, a

user has no benefit of having a good channel condition. By using the value of ajk and blijk

in (7.23) and applying epigraph form [94], the maxmin fairness power allocation is given
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by [2,3, 52]

max
ρjk≥0, γ≥0

γ

subject to:
ρjkajk∑L

l=1

∑K
i=1 ρliblijk + σ2

≥ γ ∀k, l

K∑

k=1

ρjk ≤ Pmax ∀l

(7.26)

where γ is the auxiliary variable which satisfies the constraint SINRjk ≥ γ for all j, k. The

constraints in (7.26) are linear with the transmit power parameters. Hence, we can solve the

problem as linear feasibility problem when γ is fixed. A linear search is done over γ to find

the largest value for which all power constraints are satisfied when solving the feasibility

problem. The global optimal solution can be obtained by Bisection method to a predefined

tolerance limit over a search range between [0, γ = min
j,k
Pmaxajk/σ

2]. This approach solves

a sequence of linear feasibility problems. Each subproblem finds the minimum power that

satisfies given SINR constraints [51,52,84].

7.5.2 Maximum Product Power Allocation Algorithm

The maximum product SINR utility function seeks to maximize a lower bound on the sum

spectral efficiency where the plus one term is neglected inside the logarithm. Removing the

plus one term has very small effect on users that support high SINR, but underestimates

the spectral efficiency of the weakest users. Hence, maximization of the product of the

SINR leads to higher spectral efficiency for the weakest users as compared to maximizing

the sum spectral efficiency. The maximum product SINR utility function also guarantees

that every user gets non-zero spectral efficiency. Thus, it provides more fairness than the

sum spectral efficiency function. For given value of ajk and blijk the maximum product

SINR power allocation is expressed as [2, 3, 52, 114]

max
ρjk≥0, cjk≥0

L∏

j=1

K∏

k=1

cjk

subject to:
L∑

l=1

K∑

i=1

cjkρliblijk
ρjkajk

+
cjkσ

2

ρjkajk
≤ 1 ∀k, l

K∑

k=1

ρjk ≤ Pmax ∀l

(7.27)

where cjk is the auxiliary variable that satisfy the constraint cjk

(∑L
l=1

∑K
i=1 ρliblijk + σ2

)
≤

ρjkajk. Equation (7.27) is a geometric programming optimization problem which can be
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solved efficiently by using a geometric programming algorithms [52,53].

7.6 Simulation Results and Analysis

7.6.1 Simulation Setup and Parameters

We perform numerical simulation to analyze the performances of the proposed multicell

massive MIMO systems in spatially correlated channel model. For this, we consider a

seven cell hexagonal network setup shown in Figure 7.4. We assume M -antennas at each

BS and K-users in each cell. Depending on the analysis, the values of M and K may
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Figure 7.4: A snapshot of seven cell hexagonal network setup with ten uniformly distributed

users in each cell.

be changed. We consider a communication bandwidth of 20 MHz and an uplink transmit

power of 20 dBm per user and each BS allocates 20 dBm downlink transmit power. The

pilot signal length is τp = αK where the integer α is the pilot reuse factor. Thus, there

are α-times more pilots than users per cell [2, 120]. The pilots are randomly assigned
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to the users in every cell in the sense that the kth user in two cells that belong to the

same pilot group uses the same pilot. We consider a Rayleigh fading channel under local

scattering spatial channel correlation model with given nominal arrival angle and Gaussian

angular standard deviation, σϕ. As stated before, MMSE based channel estimation is

done to estimate the true channel statistics at the BS. To simulate the power allocation

algorithms, we deploy CVX with the MOSEK solver [94]. Based on the above system

and propagation parameters, we perform numerical simulation to analyze the impacts of

spatial channel correlation on channel estimation, channel hardening, favorable condition

and spectral efficiency in multicell massive MIMO systems. Besides, the performance of

spectrally efficient power optimization algorithms are analyzed.

7.6.2 Impact of Spatial Correlation on Channel Estimation

To analyze the channel estimation quality under spatially correlated channel model, we plot

the normalized mean square error in (7.18) with respect to the SNR and angular standard

deviation spatial correlation. The spatial channel correlation matrices are generated by

using the local scattering model with Gaussian angular standard distribution. Figure 7.5

shows the normalized MSE versus the SNR. The result shows the impact of spatial channel

correlation on channel estimation. The result shows that normalized MSE of the channel

estimation error is monotonically decreasing with the SNR. This is because when the SNR

increases, the eigenvalue of the channel estimation error decreases and this intern improves

channel estimation quality. The result also shows that normalized MSE decreases with the

number of BS antennas. An NMSE of 10−2 is achieved at 20 dB SNR which indicates that

the estimation error variance is only 1 % of the original variance of the channel.

Figure 7.6 shows the normalized MSE with respect to angular standard deviation. The

result shows that the error is small at low ASD. This is because at low ASD, spatial channel

correlation is very high and most of the channel variance lies in few eigenvalues.Thus, when

most eigenvalues lie in few eigenspaces and it becomes easier to estimate these strong eigen

directions than weaker ones. The figure shows that for strong spatially correlated channels,

the channel estimation error is two times smaller than uncorrelated channel.
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Figure 7.5: Normalized MSE versus SNR of the channel estimate for a spatially correlated

channel under local scattering based spatial channel correlation model. We consider σϕ =

10◦.
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Figure 7.6: Normalized MSE versus ASD of the channel estimate for a spatially correlated

channel under local scattering based spatial channel correlation model. We consider SNR =

10 dB,M = 200.

126



7.6.3 Impact of Spatial Channel Correlation on Channel Hard-

ening and Favorable Condition

As stated in Section 2.1, when the number of antennas at the BS is becoming large, the

channel becomes nearly deterministic. Hence, the effect of small scale fading is averaged

out. For massive MIMO systems, this property is termed as channel hardening. Figure 7.7

shows the variance of the channel hardening with respect to the numbers of BS antennas.

It is noteworthy that the smaller the variance, the more the channel is hardened. The

figure shows the results from a correlated Rayleigh fading channel with the local scattering

spatial correlation channel model under a Gaussian angular standard deviation with ASD ∈
{10◦, 30◦}. The results from uncorrelated fading channel model is included as a benchmark.
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Figure 7.7: Variance of the channel hardening of a correlated channel under local scattering

spatial channel correlation model. We assume the nominal angle is ϕ = 30◦ and Gaussian

angular standard deviation spatial correlation model.

As expected, smaller variance is obtained with uncorrelated Rayleigh fading channel

whereas the spatial correlation shifts the curve to the right. With ASD = 30◦, which

represents moderate spatial channel correlation, the difference from uncorrelated Rayleigh

fading is small. Whereas, with ASD = 10◦, the spatial channel correlation is strong and

which results a loss in channel hardening.

We also analyze the cumulative distribution function (CDF) of the variance of the chan-
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nel hardening of a spatially correlated channel for different detection techniques. Figure

7.8 shows the CDF of both uncorrelated Rayleigh fading and spatially correlated channels

under Gaussian local scattering model with ASD = 10◦. The result shows that spatial

channel correlation has significant impact on channel hardening. Whereas the choice of

detection techniques has small effect on the CDF results. Under local scattering spatial

correlation channel model, the channel hardening of all users is less. Because, in this case

only some percent of the eigenvalues of the spatial correlation matrix are non-negligible

values. This shows that spatial channel correlation reduces the channel hardening due

to large variations in effective channel after detection. In contrast, the type of detection

techniques has negligible impact on channel hardening.
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Figure 7.8: CDF of the channel hardening with different detection techniques. We assume

M = 200, K = 10.

Figure 7.9 shows the variance of favorable propagation under local scattering channel

model with a Gaussian angular standard deviation. To plot the result, we assume a desired

user is found at the center BS and other users interfere with this user. The desired user

is assumed to have a fixed nominal angle of 30◦ and the nominal angle of the interfering

user is varied between −180◦ and 180◦. A smaller variance implies that the users channel

directions are closer to be orthogonal. As expected with uncorrelated fading, the variance is

independent of the user angles. In contrast, under spatial channel correlation, the variance

depends strongly on user angles.

128



-150 -100 -50 0 50 100 150

Angle of interfering user in degree

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

V
a

ri
a

n
c
e

 o
f 

fa
v
o

ra
b

le
 c

o
n

d
it
io

n

Gaussian with ASD = 10
o

Gaussian with ASD = 30
o

Uncorrelated fading

Figure 7.9: Variance of the favorable propagation under local scattering spatial channel

correlation model with Gaussian angular standard deviation.

When the ASD is small, there are visible peaks at 30◦ and 150◦. When the ASD

increases, these peaks widen and merge to a single peak at ASD = 30◦. In that case, the

largest variance actually occurs when the users have different angles. When the interfering

user has the same nominal angle as the desired user, the variance is substantially larger than

uncorrelated fading. This represents the case when the users have similar spatial correlation

matrices. When the users have well-separated angles, the variance is substantially smaller

than uncorrelated fading. This shows that spatial channel correlation is good if the users

have different correlation-eigenspaces; whereas it is a negative effect when the users have

similar correlation-eigenspaces.

7.6.4 Spectral Efficiency Analysis in Multicell Massive MIMO

Systems

We first show the uplink sum spectral efficiency of multicell massive MIMO system under

spatial correlation channel model. Figure 7.10 shows the uplink spectral efficiency of mul-

ticell massive MIMO systems with the number of BS antennas. The result shows that the
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spectral efficiency increases with the number of BS antennas. Besides, the result shows

that ZF detection gives better spectral efficiency than MRC detection.
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Figure 7.10: Uplink sum spectral efficiency of multicell massive MIMO system under spatial

correlation channel model.

We also analyze the CDF of the spectral efficiency of a user for the proposed multicell

massive MIMO systems. Figure 7.11 shows the CDF of the variations of the spectral

efficiency of a user. The results are given for uncorrelated Rayleigh fading channel and

spatially correlated channel with Gaussian local scattering channel model at ASD = 10◦.

The result shows that the spatial channel correlation improves the sum spectral efficiency.

Hence, all users statistically have high spectral efficiency since the CDF curves with spatial

channel correlation are to the right of the corresponding curves with uncorrelated fading.

We also analyze the impact of the ASD on the spectral efficiency of the system. Fig-

ure 7.12 shows the uplink sum spectral efficiency as a function of the ASD. The result

shows that the spectral efficiency decreases with ASD. This is because at low ASD, the

spatial channel correlation is high and this reduces the interference between users that have

sufficiently different spatial correlation matrices.
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Figure 7.11: CDF of spectral efficiency of a user under spatial correlated channel model

and with MRC and ZF detection techniques.
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Figure 7.12: Uplink sum spectral efficiency with angular standard deviation under Gaussian

local scattering spatial channel correlation model.

7.6.5 Analysis of Power Allocation Optimization in Multicell Mas-

sive MIMO Systems

To analyze the effect of power allocation optimization on spectral efficiency in multicell

massive MIMO systems, we plot the simulation results of (7.26) and (7.27). For the
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simulation we consider a pilot reuse factor of two and spatially correlated channel based on

Gaussian local scattering spatial correlation model with ASD = 30◦. Figure 7.13 shows the

CDF of the spectral efficiency of the user under maxmin fairness and max-product SINR

based power allocation. Simulation results from the equal power allocation algorithm are

included as a benchmark.
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Figure 7.13: CDF of the spectral efficiency of a user with different power allocation al-

gorithms. We consider a downlink multicell massive MIMO system equipped with ZF

precoding and imperfect CSI. We assume M = 100 and K = 10.

The result shows that the CDF curve with maximum product SINR is to the right of

equal power allocation curve which in-turn is to the right of the max-min fairness power

allocation curve. This indicates that a user achieves better performance with max-product

SINR power allocation than with other power allocation algorithms. But, this is not always

true at the tails of the CDF curve. For instance a user with 10% strongest channel could

achieve higher spectral efficiency with equal power allocation.
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7.7 Summary

In this work, we evaluate the performances of multicell massive MIMO systems under

spatially correlated channel model. In this regard, we review fundamentals of multicell

massive MIMO systems and analyze impacts of spatial correlation on massive MIMO sys-

tems. In this regard spatially correlated channel modeling, channel estimation and power

allocation in multicell massive MIMO systems are considered. Important trade-offs and

considerations on design and optimization of multicell massive MIMO systems has been

studied. The results show that spatial channel correlation has a major impact on channel

hardening, favorable propagation and channel estimation quality. The estimation quality

improves under spatial correlation and users with different spatial characteristics have bet-

ter favorable propagation and spectral efficiency. But, spatial channel correlation reduces

channel hardening property.
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Chapter 8

Conclusions and Recommendations

8.1 Conclusions

By adopting very large numbers of antennas at the BS, which is called massive multiple

MIMO, we can significantly improve the spectral efficiency of next generation networks.

Besides, massive MIMO simplifies transmission processing, improves energy efficiency and

reduces the required transmission power of the users. Thus, it is expected to be an enabler

for the deployment of next generation mobile networks.

In this PhD research, we study and analyze channel modeling, channel estimation,

linear signal processing, resource allocation and optimization techniques in massive MIMO

systems. Firstly, recent works on signal processing, channel modeling, channel estimation,

resource allocation and optimization techniques are studied and analyzed in Chapter 2.

The performances of massive MIMO systems including spectral efficiency, communication

reliability and energy efficiency have been analyzed. Detail mathematical formulations

are derived and simulation results are provided to validate the theoretical analysis. The

results in Figure 2.2, 2.3, 2.4 and 2.7 show that the spectral efficiency increases with the

number of BS antennas whereas the required transmit power decreases with the number of

BS antennas. On the other side, the energy efficiency increases up to some number of BS

antennas and transmit power; and decreases above that BS antennas and transmit power.

This is due to the increment on internal power consumption due to increment the number

of RF chains of the system. Besides, the result in Figure 2.8 shows that the sum spectral

efficiency increases with the number of scheduled users.

The performance of computationally efficient linear detection techniques for massive

MIMO systems is analyzed in Chapter 3. Besides, the performances of Truncated Neu-

mann series-based matrix inversion approximation to linear detection techniques are ana-
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lyzed. Specifically, the probability of convergence, complexity and error of approximation

is evaluated theoretically and via numerical simulation. The results in Figure 3.5, 3.6,

3.9 and 3.10 shows that when the number of BS antennas become very large, the channel

becomes more diagonal dominant and Truncated Neumann series-based inverse approxi-

mation converges fast and gives nearly the same performance as exact inversion techniques.

The achievable sum rate of massive MIMO system under Rician fading channel model is

analyzed in Chapter 4. By approximating the non-central Wishart distribution to central

Wishart distribution, closed-form lower-bound expression is derived for the achievable sum

rate. Detail analysis is done to understand the impact of system and propagation param-

eters on the achievable rate. The results in 4.1 and 4.2 show that when the LOS factor of

the Rician channel increases, channel estimation becomes more robust and the effects of

the random component of the Rician fading channel is decreased and thus, the achievable

sum rate increases.

Energy efficient resource allocation in massive MIMO systems is analyzed in Chapters

5 and 6. First, in Chapter 5 energy efficient power control algorithms for massive MIMO

systems are proposed under maximum transmitter power and minimum data rate con-

straints of the user. The feasibility condition of the optimization problem is evaluated.

The effects of maximum transmitter power and minimum data rate constraints of the user

on global energy efficiency have been analyzed. The results in Figure 5.6 and 5.7 show that

the global energy efficiency increases with the maximum transmitter power constraint and

decreases with the minimum data rate constraint. Then, joint energy efficient resource al-

location algorithm is proposed in Chapter 6. The algorithm aims to select optimal number

of users, number of BS antennas and transmit power jointly in massive MIMO systems.

The results in Figure 6.1 and 6.2 show that the proposed joint energy efficient resource

allocation algorithm converges the optimal value with finite iteration. Besides, the radiate

power consumption decreases with the number of BS antennas whereas the area through-

put increases with number of BS antennas. Hence, at large number of BS antennas, large

scale fading based joint energy efficient optimization algorithms can achieve near-optimal

performance with low computational complexity.

Finally, in Chapter 7 we analyze the performances of multicell massive MIMO systems.

First, we study fundamentals of multicell massive MIMO systems. Besides, we analyze

the impacts of spatial correlation and pilot contamination. In this regard correlated based

channel modeling, power allocation and resource allocation in multicell massive MIMO
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systems are considered. Important trade-offs and considerations on design and optimization

of multicell massive MIMO systems has been studied. The results in Figure 7.5, 7.6, 7.7,

7.8 and 7.9 show that spatial channel correlation has a significant impact on channel

hardening, favorable propagation and channel estimation quality. The results show that

the estimation quality improves under spatial correlation and users with different spatial

characteristics has better favorable propagation. But, spatial channel correlation results a

slower convergence to asymptotic channel hardening.

8.2 Recommendations

Deploying large number of BS antennas in massive MIMO system allows to get large spa-

tial degrees of freedom to serve multiple users in the same time-frequency resource. Large

number of antennas at the BS contributes to achieve favorable propagation and channel

hardening. These properties enables a massive MIMO system to spatially separate simul-

taneous users and provide stable stationary channel conditions even with user dynamics.

In this PhD research, we study and analyze channel modeling, resource allocation and

optimization techniques in massive MIMO systems. We formulate and analyze detection,

precoding, channel modeling, channel estimation, resource allocation and optimization

techniques in massive MIMO systems. The spectral efficiency and energy efficiency have

been analyzed. Starting from the fundamental concepts in this PhD research, the following

interested research directions are recommended for possible area of future work.

• Cases Studies and Deployment Analysis: currently, real deployment of 5G

networks are on the way all over the world. Massive MIMO is one of the most

enabling technologies that is deploying on 5G networks. However, various massive

MIMO related challenges and diverse 5G deployment scenarios make the deployment

of massive MIMO systems complicated [16, 121, 122]. Hence, performance analysis

on case studies and practical deployment scenarios in massive MIMO systems is very

interesting direction for future work. This direction of research provides significant

insights to understand the local relevance and Techno-Economic aspects of massive

MIMO based 5G system deployment in developing countries like Ethiopia.

• Cell Free Massive MIMO Systems: in cell free massive MIMO systems, a very

large number of distributed access points are connected to a network controller to
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simultaneously and jointly serve a number of users [123]. The system is not parti-

tioned into cells and each user is served by all access point antennas simultaneously

and jointly. Cell free massive MIMO systems are expected to provide more than ten-

fold improvement interms of outage probability and spectral efficiency [123]. But,

power control, resource allocation and user association in cell free massive MIMO

systems are an active area of research and a promising continual work from this PhD

research.

• Employing Artificial Intelligence in Massive MIMO Systems: classical al-

gorithms and methods in wireless communications systems exhibit inherent limita-

tions to implement into practical deployment and handle complexity optimization in

emerging wireless applications. Artificial intelligence specifically deep-learning has a

strong potential to overcome this challenge via data-driven solutions and improve the

performance of wireless systems to utilize limited resources [124–126]. Deep learning

improves the performance in wireless communication specially when the model-based

approaches are failed [124–126]. Hence, employing deep learning in massive MIMO

systems for practical channel modeling and estimation, power control and resource

allocation is a very good direction of future work in the area.
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