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Abstract

The squeézing and the statistical properties as well as the spectrum of the

radiation resulting from the interaction of two-level atoms with a squeezed vac-

uum is analyzed. We have considered the case in which the two-level atoms,

all initially in the upper level, are placed in a squeezed vacuum. We have also

considered the case in which the atoms, initially with nearly equal number in

each level, are confined in a cavity coupled to a squeezed vacuum. The quadra-

ture fluctuations, the photon number distribution and the spectrum of the the

radiation are calculated using the Q-function formalism. The Q-function is

determined applying the method of evaluating the propagator developed by

Fesseha. [19,20]. The radiation is found out to be in a squeezed state for certain

period of time in the first case and for all times in the second case. It is also

shown that one effect of the squeezed vacuum is to increase the height of the

spectrum of the radiation.
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1. Introduction

The interaction of radiation with atoms is one of the central problems in quantum
optics {1-18]. Several authors have calculated the mean and the variance of the photon
number [6,8-11], the photon number distribution [6,8,11] and the spectrum of the
radiation [12]. It is found that the nature of the radiation emitted spontaneously by
two-level atoms depends on the initial distribution of the atoms in the two levels [4].
The spontaneously emitted radiation is chaotic when most of the atoms are initially
in the upper level [4,8-11] and is coherent if the number of the atoms in both levels
is nearly equal [4-6,8].

In recent years there has been a great deal of inferest in the interaction of a single
two-level atom, either in a free space or in a cavity, with a squeezed vacuum [13-17].
The interaction of several two-level atoms with a squeezed vacuum has been also
investigated by authors such as Kennedy and Walls [12]. These authors showed that
it is possible to reduce the vacuum rabi peaks in transmission, in a strong coupling
regime, with moderately squeezed input. And in the limit of “a bad cavity,” the
characteristic triplet transmitted under conditions of saturation may have one of its
sidebands suppressed and the other enhanced by the squeezed input. In addition to
the theoretical investigations, experiments on optical cavities which contain N two-
level atoms have been carried out in the strong coupling regime, where the atomic
spontaneous emission rate into modes other than the resonant cavity mode is much -

greater than the damping rate of the intracavity radiation [18].




The main objective of this thesis is to analyze the statistical and the squeezing
properties as well as the spectrum of the radiation resulting from the interaction of
two-level atoms with a single-mode and broadband squeezed vacuum. In particular,
we seek to calculate the quadrature fluctuations, the photon number distribution and
the spectrum of the radiation for the case in which the two-level atoms, all initially in
the upper level, are placed in a single-mode squeezed vacuum. In addition, we carry
out the same analysis when the two-level atoms, initially with nearly equal number
of atoms in each level, are confined in a cavity coupled to a broadband squeezed
vacuum. The cavity radiation is assumed to be initially in the vacuum state.

Although there are various methods to carry out such analysis, in this thesis
we wish to calculate the quantities of interest applying the Q-function formalism.
The Q-function may be determined by directly solving the pertinent Fokker-Planck
equation or using the path integral methods. We wish here to calculate the Q-function
employing the method of evaluating the propagator developed by Fesseha [19,20].

The organization of this thesis is as follows. In chapter 2 the quantum Hamiltonian
of the atom-radiation system is determined. In addition we calculate the Q-function,
the quadrature fluctuations and the photon number distribution for the squeezed
vacuum. In chapter 3 we undertake the analysis of the interaction of two-level atoms
with a single-mode squeezed vacuum. Chapter 4 is devoted to the investigation of
two-level atoms in a cavity coupled to the squeezed vacuum. Finally in chapter 5, we

present the main results and discuss certain points of interest.




2. Atom-Radiation Hamiltonian and Squeezed

Vacuum

2.1 Atom-Radiation Hamiltonian

The Hamiltonian of the interaction of the two-level atoms with a single-mode ra-
diation has been considered by several authors [9,11,21]. It is impossible to obtain
an exact quantum Hamiltonian that describes such interaction [9]. This quantum
Hamiltonian is obtained applying two major approximations: the rotating wave ap-
proximation, in which the term that oscillates at nearly twice the resonant frequency
is neglected and the electric dipole approximation, in which the spatial dependence
of the vector potential is neglected. This approximation is valid when the distance
over which the atomic electron moves is very small compared to the wave length of
the radiation with which the electron interacts.

We first obtain the quantum Hamiltonian describing the interaction of a two-level
atom with. a single-mode radiation and then generalize the resulting Hamiltonian for
N two-level atomns, employing the Schwinger’s representation of angular momentum

operators in terms of boson operators.
2.1.1 Classical Hamiltonian of the Radiation Field

The classical Hamiltonian of the radiation field is expressible in terms of the

electric and magnetic fields as
1 2 AN
Hp = (E* + B*) &, (2.1)
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where the electric and magnetic fields are determined by Maxwell’s equations in free

space;
7.5 =0, (2.24)
. 108
i 2.26
VxE=——a (2.20)
v.B =0, (2.2¢)
. 10F
B=2=—" 2.2d
VX c It ( )

The electric and magnetic fields can be expressed in terms of the vector potential

A in the Coulomb gauge

7.A=0 (2.3)
in the form
. 18A
S 4
E .y (2.4a}
and
B=vxA, (2.4b)

where we used the fact that the scalar potential vanishes in Coulomb gauge.

By inserting equation (2.4) into (2.2d) we readily see that

. 19%4

So employing the vector identity
vxvxV=v(vV)-vV

and taking into account the coulomb gauge, we can rewrite (2.5) as

1324

ct ot

VA=




The solution of this equation can be rewritten as

A1) = —= [a()e™ + ar()e ] (2.7)

13
vV
where € is a unit vector in the direction of the vector potential, V is the volume i

which the radiation is confined, & is the wave vector and

with w standing for the frequency of the radiation.

On substituting (2.7) into (2.4), the electric and the magnetic fields are found to

be
7w TP 3
b= i [a(t)e a”(t)e } & (2.8a)
and
I Rt 7 PP 23 [
B=— [a(t)e o (B)e | Ex e (2.80)
Thus
B — _f.)i [az(t)eizﬁ.f_*_ a*z(t)e'mg‘FH Qa*(t)a(t)] (2.9¢)
ctV
and
B? = _% [az(t)e“ﬁ:"r-{- a*z(t)e—izi&? . 20:*(1‘)0:(7,‘)] (E % é’)(i w é‘)' (2‘95)

Applying the vector identity

-

(@ x B).(& x d) = (8.8)(b.d) — (b.8)(&.d),

one can readily see that

(k x &).(F x &) = k. (2.10)
With the aid of (2.10), expression {2.9b) can be put in the form
BY= ——_ [CY?(f)eiZE'F-f- Q™ (t)e= R Za*(t)a(t)J , (2.11)
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where k =  and c is the speed of light.

Substitution of (2.9a) and (2.11} into (2.1) results in

wz

dgc?V

Hp = — / [ag(t)e'ﬁf-i- aﬁ2(t)e—i2;\:.f"_ 2a*(t)oz(t)] Fr

Hence on carrying out the above integration the classical Hamiltonian of the free

radiation turns out to be

= 22 o ()at). (2.12)

27wc?

2.1.2 Classical Hamiltonian of an Atom

The Lorentz force of a charged particle moving with a velocity ¥ in an electromag-
netic field, represented by the scalar potential ¢(7,t) and the vector potential ff(f*', t),

is expressible as

A Tx (v x A)

F=ql-vé¢--—= .
¢|-Vé- 5+ (2.13)
where ¢ is the charge of the particle,
- dA
B=—7¢- e
is the electric field and
F=yx A
is the magnetic field.
Using the identity
Ax (v x B)=v(A.B)—(Av)B - (B.V)}A— B x (v x A)
and noting that the velocity ¥ is independent of 7, we find
7% (7 x A) = 7(@.4) — (7.7)A. (2.14)

6




Moreover, we recall that

dA  9A -
—_— = e U. . 2.15
el v (v.7)A (2.15)

On account of (2.14) and (2.15) the expression for the Lorentz force takes the form

= 1 L dA

Since the scalar potential ¢(7,¢) and the vector potential A(7,¢) do not depend on

the velocity, one observes that,
a — o i T
PE [cqﬂa(-r, t) — U.A(r,t)] = —A(7,1).

And hence

dA d 9

T |eb(, 1) — 3.4, )] - (2.17)

In view of this result, expression (2.16) becomes
F== o U — .U, 2.18
dt ( )

where

1s identified as the electric potential energy.

The Lagrangian

L=T-U
has thus the form
1 " q. =
L= FmY - qd + EU.A. (2.19)
The canonical momentum
- dL
P=_—"
ov

-J




then turns out to be
(2.20)

ST
1

il
i
)
+

where

3L
il
3
=l

is the kinetic momentum.

We recall that the Hamiltonian is given in terms of the Lagrangian by

Inserting the Lagrangian (2.19) into this expression, we get

- p2 q -+
=4.P - — —=75.4 2.21
so that upon substituting (2.20) into (2.21), we have
H——l—[ﬁ EA']ZJF $ (2.22)
T 2m c 79 '
If we neglect the term quadratic in A, the Hamiltonian (2.22) reduces to
(2.23)

p? S
H-————rg—P.A—quS.

2m  me

Now we consider one electron atom subjected to a radiation in the coulomb gauge.

The Hamiltonian describing this system can then be rewritten as

H=H,y+ Hj,

where
P2
N 2

I’IA . + C(fsc (2 4)

and
e - <
Hf=—-—P.A, (‘2.25)
me




with f{4 representing the free atom Hamiltonian, H; the interaction Hamiltonian,

e, the coulomb potential energy of the atom and e is the charge on electron.
2.1.3 Quantum Hamiltonian

The classical Hamiltonian which describes a one-electron atom subject to a radi-

ation consists of the free radiation, the free atom and the interaction Hamiltonians:

2 2

H=—+ep— —PA+
2m me

52 o (t)a(t). (2.26)

With the aid of the vector potential in the dipole approximation

At) = —= [a(t) + a*(1)] &,

|
vV
the classical Hamiltonian (3.26) can be put in the form

2

P e
H=—+ep.—~ —F—=
Zm ¢ mevVV

w2

2l

[a(t) + o*(t)] P. +

o (Halt). (2.27)

We are interested in the quantized version of (2.27). The quantization is carried

out by replacing the dynamical variables by operators:

PP, (2.284)
r — 7o, (2.28b)
2whc? %A
a(t) — - a(t) (2.28¢)
and
wrin - [27he? %A’r
a*(t) — - a'(t), (2.284)

where @ and a! are boson operators that satisfy the commutation relation

[a,al] = 1. (2.29)
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As a result of this quantization procedure, the Hamiltonian (2.27) becomes

. P? e [2mhc?]? . w?
- o (¢ = t
H 5t ed — [ ", } (a(t) + a'(2)) P&+ 550 (Ha(t), (2.30)
with the free radiation Hamiltonian put in normal ordering.
We note that
) P2} kP
i
2m m
and
[F, ¢(F,2)] =0
It then follows that
~ L
p=- [r, HA] . (2.31)
Employing this result the in{eraction Hamiltonian
. e [2rhe?]? A
H;—H;;E[ — ] (a(t) + af(t)) P.¢
is expressible as
- QWh t AT T A —
Hr = (a + a'(t) ) (rHA — HAr) £. (2.32)

Upon taking the state |¢) of the atomn to be complete and orthonormal, one can
write that

Hy = ZI Yl H ALY (.
For a two-level atom with |1} and |2) denoting the upper and lower states respectively,
the expression for the free atom Hamiltonian takes the form

HA = Ey011 + Faoag,

where
i = |1}

10




and

H i) = i)

is the energy eigenvalue equation for the atom. From the completeness relation for

the states of a two-level atom

bty
Il

o1 + Oz,
Upon expressing
011 = 2 [o11 - o11)

or

o111 = [011 +f— 022]

Do =

and

o33 = 5 [022-1-1?—011] )

the free atom Hamiltonian can be put in the form

N hwgo, Ey+Ey -
HAZ w; +( 22 1)13

where we sef

0, = 011 — 02

and

El - Eg = hCUQ.

(2.33)

Here wq represents the atomic transition frequency. In addition to this we choose the

energy of the two levels in such a way that

Ei+ FEy =0.
Thus

A 1

1[_[() = ‘é‘h(&){)()‘z.

11
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One can also write that

Pl = Z[ I1H0|J il

i

and
Ao = 32 )t 1

From these expressions we can see that

£y — Hyt = (rizBy — Erriz)on + (r21 81 — ra1£a)oa,

where
= (¢]tl7).

The expression for the interaction Hamiltonian then takes the form

Hy =ik [Zﬂ-e;}g} (a(t) + a'(8)) [(r21021 — r12012)].€.
Setting
g1z = 04
T == O .
and assuming
iz = ',

results in
Ay = ihg(a'(t) + a(t))(o-(t) — o4 (1)),

where

L
2metwl]? o2
= *12.E.
g Vhw 12

is the coupling constant. Its the measure of the strength of the interaction.

12

(2.35)

(2.36)




Using the Heisenberg equation of motion in the absence of interaction, one can

see that the operators in equation (2.36) evolve in time according to

and
— iwp
o+(t) = ox(0)e ,
with wy being the atomic transition frequency. Using this results, expression (2.36)

can be rewritten as
Hi = ihg [afa_ei(‘”_w”}t + ag_e” Wl g pmHumwe)t _ aTa+ei(“’+°’°)i] . {237

We wish to consider the case when the atom and the radiation are at resonance.
We observe that at resonance, the terms with twice the resonant frequency oscillate
rapidly. Applying the rotating wave approximation, in which the rapidly oscillating

terms are neglected, the quantum Hamiltonian reduces to
: t, o L ot
H = hwa'a + §hwaz + thg(a'o~ — aoy). (2.38)

For N two-level atoms we add the contribution of each of the atoms involved in

the interaction. Thus for two-level atoms equation (2.38) takes the form

. 1 N N N
f L4 1 . .
H_hwa'a + Eﬁw Z(O’z), + ihyg (a 1Z=;(cr_), —« ;(cu), .

(=31

The atomic operators can be represented in terms of the angular momentum operators

as

and




1 view of these expressions and the Schwineer’s representation of angular momentium
I f tl X d the S

indicated in Ref. 8 and reference there in, the above expressions takes the form

J. = % (cTc - bfb)
Jy. = be!
and
J_ = b'h,

where b(b") and c(ct) are hoson operators, which satisfy the commutation relation
(2.29). The quantum Hamiltonian of the two-level atoms interacting with a single-

mode radiation in the dipole and the rotating wave approximations finally becomes
. 1
Hy = hwala + §hw(ctc — b'b) + dhg(atble — abeh), (2.39)

here a,b and ¢ represent the radiation, the atoms in the lower and upper levels

respectively.
2.2 Squeezed Vacuum

Considerable interest has been focused on squeezed states in recent years
[22-38,40-42]. A squeezed state has a nonclassical feature in which the quantum
fluctuations in one of the quadrature components is below the vacuum limit with the
enhanced fluctuations in the other without violating the uncertainty principle. Due
to the reduction of the quantum noise in one of the components, squeezed light has a
potential applications in high precession measurements and noiseless communications
(24,25].

Theoretically it has been predicted that squeezed state can be generated by quan-
tum optical processes [27-29] such as parametric amplification, second harmonic gen-

14




eration, resonant fluorescence and four wave-mixing. A squeezed state has been
successfully generated in several laboratories in recent years {30,42].

In particular, squeezed vacuum state has been studied by several authors employ-
ing different methods [31,40,41]. We seek here to determine the Q-function for the
squeezed vacuum applying the method of evaluating the coherent-state propagator
discussed in Ref. 19. Then using the resulting Q-function we calculate the quadrature

fluctuations and the photon number distribution.
2.2.1 Q-Function

The squeezed vacuum state is defined by
) = $10), | (240
where
3 = gzrle®=a!?) (2.41)

is the squeeze operator and the squeeze parameter r is assumed to be real and positive.
We now proceed to determine the Q-function for the squeezed vacuum. We note

that the Q-function {39] for the squeezed vacuum can be expressible as

Qa”, ) = (alrd(rla). (2.42)

T

In order to determine the explicit form of
(alr} = {aler™@ ") (2.43)
applying the method developed in Ref. 19, we set

= AL (2.44)




One can then write that

(alr) = (a]e™%|0), (2.45)
where
H= i [® ar"] (2.46}
5 . .
According to this method
A 7
A A
(O{I?) - [aafaa*u:l e, (247)

where A is the coherent-state-propagator action defined by

I H2 1 12 ! *ﬂ' A T ¥ *H *
A=——Jo'P - [ +da™ +2 [aa(t)—a' a (t)] dt, (2.48)
T2 9 2 /,

with a(t) and o*(t), determined by the Euler-Lagrange equations. Here o' = o{0)
and &*" = o*(T).
The Lagrangian corresponding to the Hamiltonian (2.46) is

1 .1 . A y
L:-jaa*—-iaa-l-g[a?ﬁa?]. (2.49)

Applying this along with the Euler-Lagrange equations

d (0L 9L -
dt (ao;*) T 90 Y (2:50)

and

4 (Qfl) _OL (2.51)

one obtains

& = —Ao’, (2.52)

and

o = —Aa. (2.53)




On differentiating (2.52) with respect to time and using (2.53), we find
& = Na.
The solution of this expression can be written as
a(t) = ae™ 4 be™™ (2.54a)

similarly

o™ (1) = ce™ 4 de™™, (2.54D)

where a, b, ¢ and d are constants to be determined applying the boundary conditions.

We easily see from (2.54) that

o =a+b (2.55)
It then follows from (2.55)} that
¢4 = —Cc (256&)
and
b=d. (2.56b)

Moreover we observe that

"

" = el 4 de™T.

Combination of {2.55), (2.56) and this expression, yields

M '
ot o e,\T

" 2cosh AT

and
AT

oM

o« —a'e‘
T 2cosh AT

17




Substituting the values of a,b, ¢ and d info equation (2,54}, one gets

o' cosh (T —1)  «*"sinh M

) = "G AT " cosh AT (2:570)
and
‘ o*"cosh Xt «'sinh (T — 1)
() = 2.57b
(1) cosh AT + cosh AT (2.576)
On account of these equations, we find that
A T(a’ (t) — "o (1))dt L anh AT 4 -0 o
— s — Y oY — e — / : T—
2 Jo “ 5% cosh AT @
1 .
—5¢ tanh AT (2.58)
so that expression (2.48) takes the form
1 Hor 1 I ]. He 1 t ]. < ]
A= --§|a |* — §|o.f > - 50’* “tanh AT — —2—a2 tanh AT + o /\To:” o
Now combination of this result with (2.47) leads to
N R 1,ong Loy 1
{afr) = [cosh /\T] exp [ 2]0: | 2[a| - tanh AT
L 2 tanh AT + ! oo (2.59)
g% M S '

Noting that for the squeezed vacuum state, o« = «*' = 0 and replacing (a”,o*", T)

by (@, a,t), we have

: i 1
] exp [—§|a|2 — —a** tanh r} ,

(b} = | !

coshr

where we have replaced At by r. Thus the Q-function for squeezed vacuum state

turns out to be

Qa™,a,7) =

| )
exp |:—IO.‘12 -3 tanh r(a® + a*z)] . (2.60)

7 coshr

18




This Q-function is identical to the one obtained for example by Anwar and Zubairy

[31] by solving the corresponding Fokker-Planck equation.
2.2.2 Quadrature Fluctuations

The squeezing properties of a single-mode radiation can be described using two

Hermitian operators defined as

ay = a+al (2.61a)

and

az = i(al — a). (2.610)
These quadrature operators satisly the commutation relation
[@1, @] = 24.
Applying (2.61) the variances of a; and a, are expressible as
Aal =1+ 2(aa) + (a?) + (¢*) — (a)? — (a)* — 2{a")(a) (2.62a)

and
Ad =14+2{d'a) — () = (a®) + (') + (a)? — 2(a"){a). (2.620)
A single-mode light is said to be in squeezed state if either Aa; or Aa;y is less than

one without violating the uncertainty principle.

The expectation value of an operator O can be expressed in terms of the Q-

function as
(0) = f PaQ(a, 2)0u(a", ), (2.63)

where O, 1s the c-number equivalent of the operator O for the antinormal ordering,.

19




Using this relation, the mean photon number of the squeezed vacuum can be put

in the form

(ala) = — /@i( “a— 1)exp | ~|of® — - tanh r (0 + o) (2.64)
GO st f 7 exp 2 r ' '

‘We can rewrite this expression as

1 0 [da 1 .
o) — 1 — ~. 2= _ 2 _ . *2 2 _
(a'a) = -1 P —exp [ aja] 5 tanhr (¢ + o )J la=1,

so that on carrying out the integration and the differentiation, there follows

(ala) = sinh®r, (2.65)
Furthermore, we see that
1 d*a s 1 "
(a) = s | Taexp [~—|a] ~5 tanh r (o™ + o) (2.66)

and performing the integration, one gets

(¢) = 0. (2.67)
Similarly
(ah) = 0. (2.68)
We also note that
1 o 1
2y _ 2 R PN v oo %2 2 92 60
{(a*) o —a exp[ o] 5 tanh 7 (a*? 4 o*) (2.69)
from which follows
(a*) = —sinh 7 coshr, (2.70)
Similarly
(a™) = —sinhr cosh r. (2.71)

20




With the aid of (2.65), (2.67), (2.68), (2.70) and (2.71), the variance of a; is found
to be

Ad? =14 2sinh? r — 2sinh r cosh r.

This can be rewritten as

Aal = e 7, (2.72)

And similarly

Aak = ¥, (2.73)
We realize that the variance of the first quadrature is always less than one regardless
of the value of r. We note that the squeezed vacuum state is a mimimum-uncertainty

stafe.
2.2.83 Photon Number Distribution

The photon number distribution for a given radiation, described by the density
operator p(t), is defined as
P(n) = (nlp(@)In), (2.74)
which represents the probability of finding n photons in the radiation.
We now proceed to derive an explicit expression for the photon number distribu-
tion for a single-mode radiation in terms of the Q-function, On introducing twice the

completeness relation for single-mode coherent states

. €2
P= [ el (2.75)
T
in (2.74), we obtain

P = [ EEEL oy tas 1) i)

T

21




This can also be rewritten as

P(n) z/il—dz Bi{nja)Q{a™, B, ){a]B)(B]n). (2.76)

Expanding the Q-function

oG

Q" B,t) = > Cim(t)a™B™ (2.77)

{,m=0

and making use of the identities
* 1 2 1 2
(elf) = oxp | — Slaf? ~ 518

and

(1) = = oxp | 1ol

we find
Py = [ L2508 Y Conetp sy exp  — ol < 9T (279
I,m=0

This expression can be put in the form

T 0 o — ol om [ d*s .
Py = 12 [ 22 N = sor | Fexplop Lol - 16
+aq - bﬁx + C,B] ia=6=c=01 (2'79)

so that carrying out the integration with respect to J results in

o d? gm
P(n) = %Bb"f a Z Chm{t)e™ "’a exp [— lof* + aor + b(a” + c}] fazp=c=0

I, m=0

On differentiating with respect to ¢, one readily obtains

T L o Pa .
P(n’) = g%aan Z clm b ab( Texp [Hlalz -I_ acy + ba']azb:O ’

{;m=0

Furthermore, by integrating over «, we obtain

1 an an = ! m a!
P(n) = 13" Dan Z Crm(t)b e exp(ebd)|a=p=o

{,m=0

22




so that performing the I** order differentiation, yields

W an an.

P(n) = o b

@ (a,b) exp{ab)|e=s=o.

Finally upon replacing (q, b) by (o™, ), the photon number distribution is expressible

in terms of the Q-function as

Pn) = m o o Q" a) exp(@”@)|ar =a=0- (2.80)

~ nl o dan
We now seek to obtain the photon number distribution for the squeezed vacuum.

Thus on account of (2.60) and (2.80), we have

Pn) =~ oo [ 1

1
J— __t . w2 .2 — - 1
nl Darm Do | wcoshr ¥ [ 2 anhr(e™ +a )” Jae=a=0, (2:81)

which can be put, using power series expansion, in the form

1 o 2\ (ae?) {(aa*2)™
P(n) =~ TP R L
nlcoshr Jordarn £~ I ml!
where
1t 1
a = ——tanhr.
2

Differentiating with respect to o and o™, one readily gets

H-n _={2m-n
a Ia { )laza‘:()'

attm™ (20 (2m)!
[

1 o0
Pln) = nlcoshr I;O Im! (20 — n)}! (2m — n)!

Now applying the condition

we find that

1 Lttt (2N 2m)!
( ) ( ) ’521,1162771,11-

P(n) = n! cosh Il (2[ — n)! (2m —
{,m=0

We note that
U=n
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and
2m =n

and hence

n! a®

[(15)!]2 cosh

P(n) =

On using the value of ¢ in this expression, the photon number distribution of the

squeezed vacuum state finally takes the form

(—1)* nl tanh™r

= 2.82
Pln) =5, [(2)1]? coshr (2.82)
or
1 tanh™r
= 0
Pn) 270! coshr H,(0),
where

Ha(0) = (~1)%

is a Hermite polynomial. We noticed that the probability of finding odd number of
photons is zero. This is in agreement with the result obtained for example by Anwar

and Zubairy [31].
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7. Two-Level Atoms in a Squeezed Vacuum

We wish here to study the interaction of two-level atoms with a single-mode
squeezed vacuum. We consider two-level atoms all initially in the upper level placed
in a cavity containing a squeezed vacuum, whose frequency matches with the atomic
transition frequency. The cavity damping for this case is assumed to be negligible.

We calculate in particular, the quadrature fluctuations, the photon number dis-
tribution and the spectrum of the radiation resulting from the the interaction of
the system under consideration. We carry out our analysis applying the Q-function
formalism. The Q-function is determined employing the method of evaluating the

coherent-state propagator recently introduced by Fesseha {19].
3.1 Q-Function

According to the derivation presented in section 2.1, the interaction of two-level
atoms with a single-mode radiation can be described in the interaction picture by the

quantum Hamiltonian (A = 1)
Hy = ig(a'ble — abeh).

We realize that it is not possible to obtain an exact solution of the problem under
consideration. It is then necessary to adopt some approximation scheme. Since we
consider a large number of two-level atoms all initially in the upper level, it is quite

justifiable to treat the operator ¢ as a c-number +,, assumed to be real, positive and
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constant [4]. In this approximation the above Hamiltonian reduces to
H = i\a'b! - ab) (3.1)
in which

A= gv,.

The Q-function for a two-mode system is expressible as

Qfa, B,1) = (a Bli(a, b,1)|e, B). (3.2)

We are interested in the case for which the radiation is initially in a squeezed vacuum
state. The density operator is expressible in terms of the evolution operator 0 (t) and

the initial state
=) ) 10)

as

A(t) = U(&)|r,0(0, 7|01 (1) (3.3)

so that applying twice the two-mode completeness relation for coherent states

d? d2
f i I‘fﬂi {7, (3.4)

the Q-function can be put in the form

1 [dy &v &u &y

Qe 1) = —5 [ L L2 D 0 100 ) 1,71, 000, )
(v, |0 ()], B). (35)
We recall that |
[ 1 1 .
{(y[r) = e { 27 ¥~ 57 tanh» (3.6)
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In view of this, expression (3.5) takes the form

1 dy d*v d*p d% 3
Q(a:ﬁ:t) = _,_4___]_7 - _! *]I((a:ﬁ?t)h(:’]:o)j((a: ﬁ:tllu‘: U:O)

" w2coshr T T T 7
1., . . .
exp [—5 (7"‘7 +y'p+viv+ e+ (7*2 + ;42) tanh r) , (3.7)

where
K(a, ,B, th{: i 0) = (0-'} IBIU(t)h(a 77)

is the coherent-state propagator for a two-mode system.

We now proceed to calculate the coherent-state propagator associated with the
Hamiltonian (3.1) employing the method that discussed in Ref. 19. According to
this method the coherent-state propagator for a two-mode system is expressible in
the form

PA PA T,

I((an’ﬂl"Tla‘,ﬁ', 0) = 3a,aa*” aﬁ’aﬁ*” e y (3.8)

where A is the coherent-state-propagator action defined by
_ 1 H2 1 "y ]. l2 1 1-2 i *JI ! *H
A= —gla'P =Sl P — Sla’ — Sl P+ o+
T H 8 I
5\ f (" *(t) — a(t)B)dt. (3.9)
0

Here o = o*(T"), B = B(0), with a(t) and 3*(t) determined by the Euler-Lagrange
equations. We next seek to obtain the explicit form of a{t) and #*(t). To this end,

we note that the Lagrangian associated with the Hamiltonian (3.1) is

1 . 1 .. 1 .- .
L:_ . = L < /\ -
20:05 2a a+2ﬂﬁ 2,@ B+ A" — aff),

from which emerge

&= AB* | (3.10)

27




and

B = Aa. (3.106)

Differentiating equation (3.10a) with respect to time and making use of (3.10b), one
obtains

& = Ma.

The solution of this expression can be written as
ot) = AeM + Be™™ (3.11)

similarly

B5(t) = ae™ + be ™, (3.12)
where A, B, a, b are constants to be determined applying the boundary conditions
g

a(0) = o (3.13q)

and
B(T) = . (3.130)

Upon setting £ = 0 in (3.11) and using the boundary condition (3.13a), we find
o =A+B. (3.14)

Then on differentiating «(t) with respect to time and employing (3.10b} and (3.12),

there follows

A=a (3.15a)

and

B = ~b. (3.15b)
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On replacing ¢ by T in (3.12) and employing the boundary condition (3.13b}, we

clearly see that

i

8% = ae’T + beT, (3.16)

Hence combination of (3.14}, (3.15) and (3.16) yields

ﬁ*” + a’e“"l\T

2 cosh AT (3.174)
and
ﬁ*” _ O_"BAT
= A7b
2 cosh AT (3.176)
In view of (3.11), (3.15) and (3.17) the expression for «(¢) takes the form
B sinh At o' cosh A(T ~ 1)
= 3.18
a(t) cosh AT cosh AT (3-18)
And on account of (3.17), expression (3.12) can be put in the form
ey B cosh At o sinh A(T - t)
Fie) = cosh AT coshAT (3.19)

Now substitution of (3.18) and (3.19) into (3.9) results in

_ 1 " 9 1 " 2 1 1 2 ]. 4 2 L LR
A= =glo' P B P = Sl = S + oo + 58

1) /T [ o (ﬁ*" coshAt o sinh MT — t))
[44 _—
0

cosh AT cosh AT

(B sinh Xt a cosh AM(T —t)
p ( cosh AT + cosh AT dt.

After carrying out the integration, the coherent-state-propagator action turns out to

be
A =o' [ = 18" = Sfa' = 1B 4 o B tanh AT
2 2 2 2

1 W 1
o o +

I *ll _ ! 1 '2
+cosh AT cosh ATﬁ p «f8 tanh AT, (3.20)
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so that on account of (3.20) the coherent-state propagator (3.8) takes the form

! L 1 ] I
K (e B tle, ,0) = p | ~glal? — 5181~ 1 ~ S’

X
cosh At ©

e 1 o 1 . Iy
*B* At * * - 21
+o B tanh Af + v + g Atﬁ f% — o B tanh M|, (3.21)

where we have replaced (o', 8, T) by (a, 8, 1).
Next with the aid of (3.21) and its complex conjugate the Q-function (3.7} can

be put in the form

1 .
72 coshr cosh? M exXp [—|a|2 — |8 + o tanh At 4+ B tanh ,\t]

/-dﬁ &y &y @exp [—|V|2—i—y*(

Q(a, 8,1) =

1
cosh M

T i) ™ M

B — u” tanh At) — |l

1 1,
- t l T e 2 * t . _ P
+C03h/\t0—’# 2# anhr — |p|* + 7 (cosh/\t'g ~ tanh )\t) |yl
1 1
* = *x h .
+cosh)\ta 7 27 tan 7]

so that performing the integration leads to

1 .
Qe, B,1) = St e P [~]af? = |8]* + o B" tanh Mt ++ o tanh At
tanhr
oo 4] 42

We are interested in the analysis of the radiation and hence the Q-function for

the radiation is obtained by integrating (3.22) over the atomic variable g:

Q(a, o 8) = / 28 Qo B, 1). (3.23)
It then follows that
Q(a™, a, t) - : .ex [— ! (|a|2 + lta,nh r(a*? + QZ))} (3.24)
U ncosh r cosh? M P cosh? At 2 AT
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We immediately notice that for A =0

1

7 coshr

Qe ey} = exp [H[of[2 — %tanhr(a"‘g + ag)] (3.25)

which 1s the Q-function of the squeezed vacuum. And for r = 0, we find

Qo ) = ! |a|2} . (3.26)

7 cosh® Mt P [ cosh? M

This represents the Q-function for the radiation that would have been emitted from

two-level atoms. This result is in agreement with that obtained by Teka [11].
3.2 Quadrature Fluctuations

We now proceed to calculate the variances of the quadrature operators (2.62)
employing the Q-function (3.24). To this end, we note that the mean photon number

can be expressible as

1 d? 1 1
(ata) = / Wa(a*a —1)exp {-— ohE NP ([c:fl2 + ) tanhr

cosh 7 cosh? At
(o +a))]

so that performing the integration leads to
(ala) = cosh® Mt cosh?r — 1. (3.27)

Furthermore, we see that

(al?) = L f (Paa*z exp [ ! (Io:]2 + %ta,nh r{a”® + az))}

cosh r cosh?® M T " cosh? M

and carrying out this integration then results in
(a!?) = — sinh r cosh 7 cosh® M. (3.28)
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It can be established in a similar manner that
{a*®) = —sinh r cosh » cosh® At (3.29¢)

and

(a) = {al) = 0. (3.29%)

Now combination of (2.62a), (3.27), (3.28) and (3.29) leads to
Ada? = 2 cosh® Mt cosh? 7 — 2 tanh r cosh? Xt cosh?r — 1.
This expression can be rewritten as
Aaf = cosh® X [1 4 7] — 1. (3.30)
Similarly combination of (2.62b), (3.27), (3.28) and (3.29) results in
N = cosh? At [1 + 62’] —-1. (3.31)
It can easily be seen from (3.31) that
Had > 1.
On the other hand to determine the time 7' at which
ANa? =1

one can write

cosh? AT [1 + e"zr] —-1=1

from which follows

-

T cosh™! |:/\1—+e2—2r] . (3.32)
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Thus we see that for t < T

Aaf < 1.

This indicates that the radiation under consideration is in squeezed state for a time

t<T.

3.3 Photon Number Distribution

We seek to determine the photon number distribution for the radiation. Thus

substituting (3.24) into (2.80), we find that

! o 1 .1
P ¥ == > - X —t, h . *2 2
(n) nlcosh? Mcosh r damdar 7 [ cosh? ¢ (a o+ o vanil (" +a ))

+0 ] |ar—amo. (3.33)

Using the following power series expansions

exp [ atanh® At] = Z (ba’j‘a)i’
=0

*24 ant e =2y m
exp[ w]zz(w )

" 2cosh? M

and

a’tanh r = (ca?)!
Xpl-———s—1| = 3.34
P [ 2cosh? )\t] Z (3:34)

we rewrite (3.33) as

: 1 2, bidtm gn Ot :
P(n) = , Y (g (3mti} 3.35
(n) nlcosh? Atcoshr jlzm-:f.o Him! dan (e ) a*n (a )’ (3.35)
where
b = tanh? At
and
tanh r
c= ——————.
2cosh? At
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It then follows from differentiating (3.35) that

_ i i Yt 2+ (2m +5)!
~ nlcosh® Mcosh r i JHml 214+ 7 — ) (2m + 7 — n)!
azz+j—na*(2m+j—n)) |t —a=0- (3.36)

So applying the condition

o = a =0,

the photon number distribution can be put in the form

P(n) =

nlcosh? Mcoshr .
J‘l 1m_'

1 = /bt (14 (2m )
A \Jlllm! (21 +j —n)l(2m +j —n)!

6‘2!,n-j62m.n—j) . (3‘37)

It is easy to see that expression (3.37) is different from zero only for

20=n—3j '
and
2m =n —j.
Consequently,
n! ®_tanh¥ At (— tanhy )n_j
P(n) = 2Fosh At 3.38
() cosh® Mcosh r Z_: ;! [(u)q“’ (3:38)
i=0 2

Since these factorials are defined for nonnegative integers, we observe that

j&<n

and n -- j must be even. Therefore, the photon number distribution for the radiation
available when the two-level atoms interact with a squeezed vacuum can be finally

expressed as
n % yy(_ _tanhr \n-S
tanh At ( 2cosh? ,\t)

nl
P0) = ooy 2 Pk

7=0

(3.39)
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We wish here to consider two limiting cases of interest. On one hand, we note

that for A =0
(—=1)*nltanh™ r

P = .
() on [%'] coshr

(3.40)

This represents the photon number distribution for the squeezed vacuum. This ex-
pression is the same as the result obtained we obtained for a squeezed vacuum in

section 2.2. On the other hand, for » = 0, expression (3.39) reduces to

P(n) = (sinh /\t)

= . 3.41
1 + sinh” At
' 2 n+l1 ( )

This is the photon number distribution for the radiation that would have been emitted
spontaneously by two level atoms. Expression (3.41) shows that the radiation emitted
under this condition is chaotic. The value we have obtained is the same as the one

calculated for example by Teka [11].
3.4 Spectrum of the Radiation

We wish here to determine the spectrum of the radiation which is defined by

S(w) = /HOO e {al (1 + t)a(t))dr. (3.42}

o3

The two-time correlation function
g(1) = (al(7 + t)a(t)) (3.43)
is expressible in terms of the density operator in the Heisenberg picture as
g(t) = Tr(p(0)al (+ + )a(t)). (3.44)
This can also be rewritten as

g() = Tr(p(t)a’(7)a), (345)
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where
p(t) = U@)|r, 0)(r, 010 (2)

so that inserting the completeness relation (3.4) into (3.45), one readily finds

o) = [ EEEL D@0, 0)0r, 010"yl e B (346)

or
d*ad’p St i
f——a( ﬂIU( )r, 03, 0| U () a' (T)] e, B). (3.47)
Now applying the completeness relation (2.75) and taking into account (3.7), we
can write
~ (FOI;
(e, BIU()]r,0) = —-—MK(a B, t|ar, 0,0){a1|r). (3.48)

Using (3.21) and (3.6), we sce that

- 1 1 1
BV, 0) = xp | —=|a)® — Z|B]F + o* Bt h/\t}
(@ BI0O10) =~ exp | gl = 316" + 0" an
& oy N oroy ;2 tanh r
f x P [—Iall + cosh At 2
from which follows
(o, BIT (), 0) ! { Lol = L1612 4 o8 tanh X
3 ZWV) = expi—zlal” — ¢
vcoshr cosh A P72 2
o tanhr
B 3.49
2 cosh® r ] (3.49)

Next with the aid of equation (3.4), we find

d2 [67)) C[Zﬁg
m

(T,Ulf*f*(t)af(f)la,ﬂ):f ~ (r, 010" (®)lexz, Bo) (s, Bela’(7)|er, B)  (3.50)

and applying (3.6}, one readily obtains

([2053 (Pﬁg ([ CY;;

T s T

(1‘,0[0‘(15)@*(7‘)[0:,,8) :f (a2)ﬁ2: ]O-'S:O 0)(10-’3)
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(o2, Bala(7)]ex, B). (3.51)
In addition, we note that
(O‘?sﬂ?lat('r)laaﬁ) = T?‘(ﬁ(O)af(T))

or
{era, Bolat(T)|e, B) = TT’(ﬁ(T)aT), (3.52)
where

p(r) = U(r)le, B){az, Pl U1 (7).

Inserting the two-mode completeness relation (3.4) into (3.52), we obtain

(0a, ald! (1)l ) = [ e pu Qe B 7)ey (3.53)
where
Q(a‘bﬁ‘iaf) = }%(04,64]0(7‘)]&, 6) (ai’:ﬁ?}ﬁt(T)'a'laﬂ‘i)' (354)

Now with the aid of (3.21) and its complex conjugate, one obtains that

Qlag, fa, ) = p —% (Jef* + 18 + |e2| + |B2]*) — f tanh A7

———eX
72 cosh? A7

asory — |B4® + caBytanh Ar

x * £ 3 1
— a3/ tanh Ar — |a4|2 + cosh At ot cosh At

1 . .o 1 .
+———F08; -+ o8] tanh A7 - “osh 7 ;32[34] . (3.55)

cosh At

On account of (3.55), equation (3.53) takes the form

(s lal (e ) = e [ TP o xp 3 (Jaf + 107 + ol + 55F)

cosh? A7 T

. 1 1 :
—aff tanh AT — B tanh At — |e|* + oo+ ——— oyl — | ]

cosh At cosh AT
1 .
* x % A E3 .
| +ay B4 tanh A1 + I BF; + ayfy tanh At + ool /\Tﬂzm
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Performing the integration leads to
t = : 1 2 2 2 2
(2, Bala’(7)]er, B) = (e cosh At + Bsinh Ar)exp {~= (laf* + 8" + lea]” + | 5af’)

+aag + B3] (3.56)

In view of this result, expression (3.51) is rewritten as

. 1 1 1 diory d* By s
o o[-~ L] [ 22
(0100l = = — Mewp[ Lo - sipp| [LraLbd

. g * *  tanh
exp [—|a2]2 — Jas]* + —éé tanh M + aaj + B85 — |as]® + c:sj}?it - at12 ragJ

from which follows

1
v cosh r cosh A

(r, 01T (t)a () e, ) =

. tanhr
[ﬁ sinh At 4- (ﬁ tanh Af — 5 ocoh )\ta) cosh z\T:l

1
exp {—§]a|2—%|ﬁ|2+aﬂtanh/\t— tanh 2].

2 cosh )\ta (3.57)

Thus on substituting (3.49) and (3.57) into equation (3.47), the two time corre-

lation function turns out to be

1 LPadp . tanh r
g(r) = b ieosh ?_/ p— [,6 sinh At + (ﬂtanh At — maf) cosh )\T]

tanhr

2 ——
5 cosh 2" + aff tanh At

exp [—-]aP — |8 + &~ tanh At — tanh 0*2]

2 cosh At

so that on carrying out these integrations, we obtain
g(7) = (cosh? At cosh® » — 1) cash At + cosh?® r cosh At sinh A¢ sinh A7, (3.58)
It can easily be established that for r =0
g(0) = cosh® X cosh®r — 1,
which is the mean photon number.
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With the aid of expression (3.58) the spectrum of the radiation (3.42) is expressible

as
S(w) = /00 ™" [A cosh A7 + Bsinh Ar) dr, (3.59)
where
A = cosh? M cosh?r — 1
and

B = cosh®r cosh At sinh At.

We note that

0o B oo . 0 .
/ Be*T sinh Ardr = E l;/ e(’\"i"“’)“'dr + / e(,\-l-aw)rdT
—- 0

(=} —-00

o0 0
— (/ e O g 4 / e‘(‘\_i”)TdT)] . (3.60)
0 —c0

Applying the stationarity condition [40] in the second and fourth integrals , we see
that

/ Be™7" sinh Ardr = 7 { / I 4 / =il gy
- 0

o0 0
- (] e~ (- +f e“(’\"'i“’)TdT)J . (3.61)
0 0
It then follows that
00 W 2/\B
[m Be™ sinh Ardr = —m. (3.62)

It can also be established in a similar manner that

] Ae™T cosh Ardr = 0. (3.63)

Finally, on account of (3.59), (3.62) and (3.63), the expression for the spectrum takes

the form

2X
w? 4 A

S{w) = — cosh® r cosh M sinh At (3.64)
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We observe that the width of spectrum is 2A. In addition, we realize that for

re=0
27

S(w) = Y

cosh At sinh At (3.65)

This represents the spectrum of the radiation that would have been emitted sponta-
neously by two level atoms. Comparison of expression(3.64) and (3.65) reveals that
one of the effects of the squeezed vacuum is to increase the height of the spectrum

by a factor of cosh?r .
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4. Two-Level Atoms Coupled to a Squeezed

Vacuum

We consider here two-level atoms, with nearly equal number of atoms in each
levels, placed in a cavity coupled to a squeezed vacuum. The cavity radiation is
taken to be initially in ordinary vacuum. Moreover, our analysis does not include the
atomic spontaneous emission other than the resonant cavity-mode.

We seek to calculate the quadrature fluctuations, the photon number distribution
and the spectrum of the radiation employing the Q-function formalism. We wish here
to obtain the solution of the pertinent Fokker-Planck equation fqr the Q-function

applying the propagator method of solving this equation developed in Ref. 20.
4.1 Q-Function

Since the problem under consideration cannot be solved exactly, we treat the
operators b and ¢ in (3.1) as c-numbers v and fy, assumed to be real, positive
constant. In view of this, the Hamiltonian describing the system under consideration

in the interaction picture has the form

A

Hi = iMal — @) + ' 4 4'T, (4.1)

where
A = g7/
and I is a bath operator.

Applying the standard techniques [41] one can readily verify that, the equation

4]




of the evolution of the density operator is expressible as

gz’? =~ [H}, P] + %“(N +1) [2apal — alap — pa'a] + %N [2a'pa — ad'p — paal]
—%M 24t pal — at?p — pal?] — %M * [2apa — a*p — pa’] (4.2)
where
N =sinh®r

is the mean photon number of the squeezed vacuum,
M =+/N(N +1), (4.3)

« is the cavity damping constant and H; is the interaction Hamiltonian which is
expressible as
Hy =iMat — ).
In order to convert (4.2 ) into a Fokker-Planck equation for the Q-function, we

have to put the operators in normal order. Thus applying

f
o (el 0) = 2
and
of
t t —
[a')f(a7a):|_ aa
we find
dp dp  Op ¥ 29%p T ot dp Op
T A(aaf + Ba) F3W D) (Gaz0 )+ (g0t 500+ 2
7 ?f_ AN

where the density operator is assumed to be in normal order. It then follows that

a .. . B e) d 5y a* v d 8)
E?Q(“’“’t)‘[ ’\(aa e )+2(N+ )(a aa)“LE(aa*“Jr%“
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+%M ( 33; + ~a—2)] Qo™ o, t). (4.5)

Introducing a Cartesian coordinate defined by
a=za+1iy, (4.6)

we see that

and

Now substitution of (4.6) into equation (4.5) leads to

d a o o? v [ d a
a@(a’ay:t)"“ [ /\8—'+ (IV—’_I)( ay2> +§ (3_'?,2'-}__3—3; )

+%M (aﬁi ~ ﬁ)] Q(z,y,t), (4.7)

so that upon invoking the transformation
R R CI) BRI = ()
» ¥ dz’ Oy’ Tyl T3 Y WP 1Py )
one can put (4.7) in a Schrodinger type equation
d A
Ll0w) = -iftiae), (45)
with

L(pot + pyd) — %(N + M+ DR~ TN =M+ 1. (49)

-—_—,\;;5;%.-—2

A formal solution of equation (4.8) can be written as
Q) = e="1Q(0)) (1.10)
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from which follows
Q(x,y,t) = (x, yle"Q(0))
with

Qfz,y,t) = (=,¥]Q(2)). (4.11)

Now applying the two-dimensional completeness relation for the position-eigenstates

P= [ do dyle, o, (4.12)
we have
Qonnt) = [ da't' Qo e’y 0QE¥',0), (4.13)
where
Qz,y, sy, 0) = (z,yle |, y)

is the Q-function propagator satisfying the initial condition

Q(:E,y,tI:E’,yI,O)I,::o = 6(1: - (c’)é‘(y - y‘)

and Q(z',7,0) is the initial Q-function of the system.
We now proceed to evaluate the Q-function propagator, applying the method that
developed by Fesseha [20]. According to this method the propagator associated with

a quantum Hamiltonian of the form

H=dp2 +0(0)pasd + c(t)d? + d(t)ps (4.14)
is given by
Q(z",T|2',0) = i 95, 1 /Tb' t)dt + 15, 4.15)
Ty € - Vo 83;'33:" exp | =¥ o ( +1 cir ( .

where S, = S.(2',2",T) is the classical action, @' = #(0), 2" = 2(T) and v = } for
antistandard ordering.

4 .




In addition, we note that the classical action
T
S, = f L{z, &, t)dt
0
is expressible as
So(z' 2", T) = So(z, %, )=t — Sel, &, t)]t=0- (4.16)

The c-number Hamiltonian corresponding to (4.9) is

H = Ap, — g—[p,;a: +pyyl - }api - :L—”bpj, (4.17)
where
a=i(N+M+1)
and
b=iN—-M+1).
Employing the Hamilton’s equation
oo
t api ]
one can readily obtains
2 . T
Pz = T [/\ —— 53,] (4.18a)
and
Py = -2 [g + Zy] : (4.18b)
v vb 2

Applying these results the Langrangian
L= Zpi(ji - H(p;, iy t)

is found to be
2

1 : .2 TR 1. LA
L=— 2 i +y e ~3° —vax — —z" = | — — (P +yyy + —y°| . (4.19)
va 4 b 4
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Introducing a new variable defined by

2A
T o= g
7

we can rewrite expression (4.19) as

1 1. 2 1T7. 2
oo B e D]

~+b

Now applying the Euler-Lagrange equation

a(ony on_,
dt \ 0¢; dg

one readily gets

and

and

7 = 2(T),

turns cut to be

. o, 1 _ T 1
2(t) = Sinh IT [z sinh 2(T 1)+ = sinh 2t] .

Using the identity

d . .
asc(:c? :EJ t) = L(:C’ 1:1 t)!

it is possible to verify that

, 1 - 7 2
Az, #,1) = —— __}.
Se(z,2,1) ’ya[zz—I—zz
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(4.20)

(4.21)

(4.22a)

(4.225)

(4.23)

(4.24)




The classical action (4.24) can be rewritten in terms of z' and z" by employing

equation (4.16) as

’ " ]. o 1 L !
Sc(z,z,T):—% [zz -i—%zz—zz—lzz]. (4.25)

We realize that

g

e 1 _ " Z]
il %T[ z coshQ(T t) -}z cosh Zt .

In view of this expression, equation (4.25) reduces to

' " ]. i _‘1 X o
Sl 2", T) = oo [#12H7 9 4.96
(.2, 7) 2asinh 3T + 7% “z (4.26)
or
Sz, 2", T) = S S [a, T o a%e3T — 222"
e 2asinh 1T ’
ANT AN o ap  ANE AN L g 43 20, 2) . }
+ ——a jer F{(— - —x)e " ~2(— — —x ——= 4.27
(T2 7) (,){2 7) (,},2 " 7), (4.27)
where we have replaced 2" by 2" — and Z by e — 2,—;‘
Similarly, one easily gets that
’ " 1 ! x ion
Sy ,y ,T —[ X 22T 9 ] 4,28
v,y ,T)= Zosmn T [V ¢ TV e ¥y (4.28)

On account of (4.27) and (4.28) the classical action of the system
Se(e, 2",y y", T) = Sola', 2", T) + Sely', v, 1),

finally turns out to be

1

S'C(Ib',ﬂ: ,y,y,T): m

Hi X
{Lz T-}—'L € —2T 211:

XY AN o ap ANE AN e L 4XT 2)0 0 2)
+(———x )e? (- ——a)e ¥ -2 —-—2 — —
(72 g ) ('7” g ) (*/2 v 5 )
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1

_ 12 AT 2 =17 9 ' u] £.99
2bsinh 1T [y et FyTe vy |- (4:29)
On inserting (4.29) into (4.15) and differentiating the resulting expression with respect

to z',2",y and y the Q-function propagator takes the form

x Tl — 2 | = v
Q( ,y ’1aJ 0) = Smsinh 1T 2asmh"T z "t +ate?

e‘{p ﬁfT 1 %ex 1 ( Hy AT fo _Ip
ab

4A7 AN 4 4p 4T 4X 17 4/\2 2N . 2X . )
_'21.1,‘}“_'—'—'3, 62 _""“_"'CL - - —_— r — —
(G~ Dol 4 (G = ) ¥ (o B - )
N i 3 _2[1 Iy __;[T _ i. b
2bsinh 27T (y e tye vy )] ' (4.30)

Using this and the Q-function of the ordinary vacuum

QE,y',0) = ~exp[~(" + ") (4:31)

in expression (4.15) and carrying out the integration, we get

0w exp 3T 1
x T) = ———2
QyT) 27sinh %T ab (1+ 5B e‘%T)(l + Ale —IT)

" 4A2 f P 2”2

exp [—A' (3"26-;@

v \Y +B' —27
A vy AN w. _ag 4X2 1 _qp 12
+m(% -|-71, (e™2 —1)*}"?[6 2 —1] )], (4.32)
where
;. 1
~ 2(N + M + 1)sinh 3T
and
;- 1
2(N — M + 1)sinh T
or
e‘(p ‘1 9 Ay
t —_— —Alz
Q(J) vl = 21?51111 t ab V (1+ Be™ It)(l + Ae 3 f xp[ (m e’

4N /A 4)? — ¢ ) 2 1y Bzy2
e === -1 _l_._._ﬂ —1 -~ B Ty
Y (7 'L) (3 ) ( ) ve 1+Be—%t
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A? S 402 1 4, 2
where we have replaced (z",y",T) by (z,y,1),

Ao 1
- 2(N + M + 1)sinh 7¢

and

1

B= .
2(N — M + )sinh 3¢

Expression (4.33) can be rewritten in terms of the complex variables o and o™ in the

form
Q(a*,a’,t) — @exp [—CE*CYDC—]- Ec(a*z + 052) 1 F(O.’x + a) + Gf] . (434)

where
et

C= - ,
—4sinh Tt(ab)(1 + Be~#*)(1 + Ae~7Y)

—X

D= [Z(N—i— 1)sinh %t + e“%t] e 2",
E = MeTsinh %t,

F

_ZA/\[ et — 1 }
4 {1 Ae— 7

and

I 3 Ft_9
oo AN (et 4 e - (4.35)
~? 14+ Ae~ 3¢

At last we wish to consider two limiting cases. In the first place, when v — 0 we
find

Qo™ a,t) — %exp [—ara+ (o + a)At — Nt7]. (4.36)

This is the Q-function for the radiation that would have been emitted in free space.

In the second place, for A = 0 and ¢ — co, expression (4.34) reduces to

tanhr
2

1

mcoshr

M

expj—o o+

(e + o). (4.37)

Qo t) —
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This shows that the radiation inside the cavity would be in squeezed vacuum state.
4.2 Quadrature Fluctuations

We now seek to find the variances of the quadrature operators. To this end, we

evaluate the expectation values in (2.62) using (2.63) and (4.34). We then note that
d‘za * *2 2 s \
(a) =VC —?r~—(oz) exp [~a*aDC + EC(a*® + o®) + F(a™+ &) + G]  (4.38)

and carrying out the integration results in

o c 8 [4DCF + BCF? + ECa?
(@ =\ Doy —a5ic) 9. 0 | (DOY — dmCn

+ G} |a=r. (4.39)
Upon performing the differentiation with respect to e, we find that
(a} = F(D +2E). (4.40)
Substitution of the values of F, D, and E in (4.40), yields
2A _1
ay=—1\(1—e"2"], 4.41

(a) = 7 (1-7H) (.41)
We can verify in a similar fashion that

(@y=2(1-eH). (4.42)

Y

In addition, we see that

2
(ata) = \/5/ gﬁ—a(a*a —1)exp [~a*aDC + EC(a™® + o®) + F (o™ + a) + G .

(4.43)
This expression can be put in the form
0 ¢ bF? + 2EC I
by 19 J ) .4
(ala) ! a6\ (62 — 4E2CY) exp [ (b): — 4E2C? + G| I=pc (4.44)
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so that differentiating and substitufing the values of the constants, we get

x 4/\2 L
{aa) = (Z(N -+ 1) sinh g—t + e‘?‘) e"2t 4 b [1 - e"ft} -1 (4.45)

Moreover,
2y
(a*) = \/5/ d——:-(az) exp [~a*aDC + EC(a™ 4 o*) + F(o +a) + G| (4.46)

then carrying out the integration, leads to

- 22 2
{a®) = 2Me™ %t sinh Ert + 4\2 {1 - e_gt} (4.47)
b
and similarly
4? 2
(al?) = 2M e 7*sinh %t + 7\2 [1 - e‘gt} . (4.48)

Applying (4.41), (4.42), (4.45), (4.47) and (4.48}, the variance of the quadrature

operator a; is found to be

2 2
2 _ r e 7 -Ft) —Ft -3t gaon Y & _ o3t
Aa1_2(2(]\ +1)51nh2t—]-e )e + 4Me 2" sinh 2t+ " [1 e 2]
8A? _1,12  8A? _1,12  8A? _x,]?
—u?—[l—ezt] —f—?[l——e?t} - [L—e#] =1 (sa9)
This could also be rewritten as
Aa? =2 (2N + M+ 1)sinh Lt + e ) e ¥t — 1. (4.50)
! 2
Similarly
Nad =2 (2N = M+ 1)sinh Tt + e-%‘t) e 1. (4.51)

Upon using the explicit values of M and N given by (4.3), one obtains
Add = (e + 1)1 —e ™)+ 277 =11 (4.52a)

and
A= (7 4 1)1 - ) 4267 - . (4:52)
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This expressions show that for ¢ > 0

Add > 1 (4.53a)

and

Nad < 1. (4.538)

Thus we observe that the intracavity radiation resulting from the interaction of the
two-level atoms with a squeezed vacuum is in a squeezed state.

In the absence of the squeezed bath (y — 0), we see that

Aad? = Nal = 1. (4.54)

This shows that, the radiation that would have been emitted in the absence of cavity
damping is in coherent state. This is in agreement with the conclusion drawn by

other authors {4-6,8].

4.3 Photon Number Distribution

In view of equations {2.80) and (4.34) the photon number distribution of the

intracavity radiation can be written as

T om \/E

nl Jdanrda? | «

P(n) =

exp [—a*a(DC ~ 1) + EC(a? + o*)

FE(@" + ) + Gl larcamo: (4.55)

This can also be put, using power series expansions, in the form

VO ¢ &= (1= DCY(BECYFmFHk gn ik
Pln) = 3 ,Z Stk Har (]
) 4,5k m=0

0 P,
aa*n [a*{1+2!+3)] |C¥'1‘(1=D' (4‘56)

02




After carrying out the n**-order differentiation, we obtain

C . i (1 = DCY(ECYHmEh  (jr2m+ k) (420 +4)!
JHmlgt! (4+2m+k—n){j+20+7—-n)

o Famtk—n  #(j+20+i-n) P (4.57)

On applying the conditions

we observe that

Pln) =

VO 5 (L= DOYUECYMFM (tom 4 k)l (G420 +1)
b= gitmlilk! G+om+k—n)l(+2+i—n)

6j+2l+i,n6j+‘2m+k,n- (458)

Now using the property of the Kronecker-delta function, we see that

[:m
2
and
m = —J—k
= > .

With the aid of these results, expression (4.58) can be put in the form

) . ; n_-'_(i‘l'ﬁ)F:'-]-k
e o (L= DOY(EC) IS
P(n) = nlvCe ”EA T (,1_2._1.)! (“_Q'*k)!i!k! . (4.59)
LhLWA=

These factorials are defined for nonnegative integers, and hence {(n — j — ¢) and
(n — j — k) should be greater or equal to zero and even. In view of these facts, the

photon number distribution reduces to

"I DOVI(ECYri- () itk
P(n) —n‘\/_ec’z Z ( i C)'(EC) " : (4.60)
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We now consider two cases of interest. We note that for A = 0 and ¢ — oo, this
expression becomes

n—j O)J(tauhr)n i (iﬁ)oz-}-k

(n) = Do (4.61)
COSI]IJZO‘_OAOJ (B=l=Ey) (22t il
This is different from zero only if
i+k=0
and
7=0.
Thus
nltanh™ r
P(n) = — AT (4.62)
27 [(2)!] coshr
or
P(n) = () (2:63)
M rcoshr ’

where n is an even integer. This is the photon number distribution of the squeezed
vacuum and is in agreement with the result obtained in section 2.2.3.

And for v — 0, the photon number distribution (4.60) takes the form

2,2 {)J(]“’J(L)/\i’ﬂL
P(n) = nlexp(— \t)z z ()E;)L) (n;;)l)ly

j=0 {=0,k= D‘?

from which follows
P(n) = %(At)*" exp[—(At)7]. (4.64)
This expression has the form of the photon number distribution of the coherent state
with mean photon number (A¢)? [40]: Applying the Q-function (4.36) one easily verify
that
(ala) = (At)%
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Thus it can be easily seen that the radiation emitted is in coherent state.
4.4 Spectrum of the Radiation

Employing the completeness relation (2.75) the two time correlation function

(3.45) can be put in the form

d*a . t
o) = [ =% a (alptat(rle (4.65)
This can also be rewritten as

o) = [ L2 a ey e ) (1.0

/ Lo K(a,tle’,0)(c/[eBtal(1)]a), (4.67)
where |a') is the initial state of the system and
K(a,t|o,0) = (o] a).

By introducing the compléteness relation (2.75), one can write that

(PCE]

(@Il (r)lod = [ e an ) an el (7)) (4.69)
Moreover, if is possible to write
(alal(7)|e) = Tr(p(0)al(7)), (4.69)

where
p(0) = la)(eul.
Expression (4.69) can also be put in the form

(adaT(T)Ia) = T?‘(ﬁ('r)at)
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so that employing the completeness relation (2.75) we have
(@l (D)) = [ CarQe,an, )3 (4.70)

where

) 1 ]
Q(a3, a2, 7) = ;K(ag, Tler, 0) K™ (0ry, T|cvg, 0). (4.71)

In order to evaluate the coherent-state propagators involved in (4.71), we rewrite

(4.30) with the aid of (4.17) as

Q" e 0) = b I 1
'yt 2 smh LN (N+MA+1)(N - M+1) P " 2sinh 3

:?_7”2 yrr2 4 :L’r2 yr.z 1,
+ est + + ¢ 2
N+M+1 N-M+1 N+M+1 N-M+]

le':L‘” y:yn 1 4/\2 4)\2 1,
-9 1
(N+M+1+N—M+1>+N+M+1( (e = 1)+ 72(62 )
P2y —(1- “))” (4.72)
v

This can also be expressed in terms of complex variables in the form

, exp Lt 1 . M P
o ,0) = ———e——exp | —— ol N 4 1) — x2 | 2y} L2t
At 0) = ey | | (ol 1) = e )

1[ L o I ! ]
+ ( o (N +1) - fé*(a + o 2)) e"?t 4 Mo o 4 &'a) — (N + D{aa® + o*a)

4\
7

& +e-%“—2)+9(1—e D

4y “))” , (@13

4 (A —M—l—l)(

where
= ((N + 1)> — M?)sinh %t
We realize that, Q(«, tJa’,0) without L factor is the coherent-state propagator. On

making the necessary changes of variable in (4.73), one can readily see that

exp 7t

1 . \74
K (0, e, 0) = oxp |57 | (aioalV + 1) = G (e 4o ) o

2,/p’ sinh 71

a6




. M ‘ .
+ (a"‘a(N +1)— J!?(cr’“r‘) + a2)> e 2t M(ce” + o) — (N + D(awe™ + oc)
1/\2 x A 7 ;™
+(V M+1)( (¥ e # _9) 4 22— a0k ey
v? v 2
4 3+ a
120 ezt)(ﬁ*i‘i%))” (4.74a)
v 2
and
. exp 1¢ 1 M, 5
K= t - T2 _ —— 7 I 2 3t
(" ( ez, e, 0) NI exp [ o [(0520.2(\ +1) 5 (05" + ag)) e

. M, . . .
o+ (a’{aq(N +1)— ?(a’? + af)) —Ft gy M{ogay + ogar) — (N 4 1){eza] + a5o)

+(1‘V M+ 1) (L%;\: (32 + e—'}t _ 2) + 4’?( . H;t)(CYI + al)
20— e ). (1.145)

Inserting (4.74) into (4.71) and replacing ¢ by 7 yield

. __ eXpqT 1 M,
Qe on,7) = gt esp [~ | (afea( +1) = (05" + )

(N - M+1)(‘1:\2( +€..51_q2)+_(1_ )(g%&))]
1{((a1a1+00)(fv+1)—%{( 94 0?4 ot g o? )) s

+M (g0 + ey + a0 + apa) — (N + 1){ca0] + o™ + a0 + aza)
20 I .
+(N - M +1) *7—(1 —e ) {a] +ar+a" +a) , (4.75)

where

P =[(N + 1)* — M?sinh %T.

With the aid of this, expression (4.70) can be rewritten as

exp T 2oy 1 M
(aq]at(7)]a) = 1Pt oo / 0 OXD [ P {(azag(N +1)— —(a2
2T/ ,

2 E
o))+ (8= 1) (gt et gy iyt )]
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1 - M,
§ [((a;‘al - a*a)(N + 1) —_ .5_(0;1&2 + a? + o2 + az)) e_%f

4+ M(cgal + a0y + oga” + aga) - (IV + 1) (aga] + aga™ + ajan + o)

H(N — M +1) (%(1 —e ) o oy ot or))” . (4.76)

or

expyr 8 1 M. r
(ga’(T}|a) = mad exp [—; [(ﬁ'zaz(N +1) - ‘5’(%2 + ag)) e? ]

+aqe + ad + €], (4.77)
where
1 4A 3
¢= 55 (& + ) V+1) - M(a+ 1) — (N - " (1 —ex™}f, (4.784)
| 4 1
d= o (a+a)(N+1)—-Ma +a)y—(N—-M+ 1)?(1 —e?7) (4.78b)
and

2

1 A _-1-1- *® *
e = —*ﬁj—j {:(IV M+ 1) (7(6 +e —_ 2)) + ((0_'1011 + o a)(N + 1)

—g{(al +a)+a? +a )) TH(N-M+1) (%—?(1 —~e'%7)
(of +oq + o + a))]. (4.78c}

Performing the integration in (4.77), gives

t exp
foafa(r)]e) = 4sinh 7 T\/(N +1)2 — M2

0 (N + Ded + 2 + d¥)
exp 7 +el.
ad 21N 1) — M?]

After carrying out the differentiation, we obtain

(anlal(r)la) = — ! (N + e + Md }

4sinh Ir \ (N 4 1)2 — M? [% (V4 1)2 - M2
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(N + Ded + 2 (c? + ¢%)
exp T +e).
2LV A 1)? — M?]

So taking into account {4.78), one easily finds

Hrylay = SO S 1) Lo
(oafa (7)) = 8 sinh 37 (N+l 3 P | Type

. ‘ 174 ,
[(o.f"a +ajo )} (N +1)— 1?(0:*2 +o? + of? + of) — (@] + @) (N + 1)
+M(a"a] + aay)]}. (4.79)

On substituting (4.79) into (4.68), there follows

.. do? [ o +af + 2(ed™ - 1 -37 3t
(@ leal(rfey = [ S AT )] top [ (Tm + 57

T | 16+/Psinh Zrp sinh Tt

. M, 1 ’ - o ! o
ajo (N +1)— ?(aig + a‘}] ~ o [M’(ala +aja”) = (N 4+ 1)(ojo + oy )]

(N — M +1)2A W\ e e €T .
~—— 7(1—e2)(al+a1)+4P(N+1)(aa1+a1a)

M _a e~ 3t M Iz
o T ¥* Kk _ l .
Pt (" af + aoy) 2 (a o (N +1) ( P4 a?)

e“%f

4P

(%(e%t +emFt 2) 4 (1 — e"%‘)al ;— “ )] . (4.80)

M
7(0.’*2 + Q,Z))

(a*a(N +1) -

(N — M +1)4)
2p’ ¥

This can also be put in the form

Ty 2
( lelHt ‘I'( )IO’L’) — : -62 . : . li(ax + ﬂ(eg’f . 1)) /dﬂ
16./Pp" sinh L7 sinh 74 v 7

da% = * A/‘[ * 2 P .
-I- T O[I exp '-—f (IV—}- 1)0[10!1 —_ = (&1 -|— Oll) +gC¥1 -|- h(}.’l +j 3 (481}

2
where
e”3T  e3t
o o a4 (N — M- 1)4x 1,
=(N+1 v —e 2T - —— (] — ,
(N4 )(2p'+4P ) : ( +4P82) 4p’ 7( )
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! . w! & . 3
h=(N+1) (i + ie"'?”) M (a + a—e—%‘f) (N MDA

2 4P 2 AP 4 U
and
— Xt ; ; ' "';IT
=5 [a*’a’(N D - Gt 02)] P {C" (N +1) - S+ “2)]
v — ; Tt
W MDA gt gy (1 - e 3@, (1.82)
2p Y \Y 2

Next on carrying out the integration, we see that

et B S W
Teinh 2+ sinh 27 (Y 2 2 a'+——(e2 _1)
16 f+/Pp’ sinh Zrsinh Tt [(V 4 1)2 — M?] v

(o |e el (7)|a) =

(N+1)g+Mh }

(N+1)gh+2(F+ R .
FIN + 1) — M7

FI(N + 1)z — M2

Since we consider the case for which the radiation in the cavity is initially in the
ordinary vacuum state, we set o = 0, Consequently, on taking into account {4.82),

we have

47 T _Ci“_ _'IT_.L . -;[t o
(o Ie’H‘ f( )|0f)—eg‘ a® 4+ ,Y(ez —1) 1Pt w’f(l ez') p[ e
1
16f [(N +1)2 - M?)2 \/Pp' sinh 27 sinh 2 16P2f

((a o(N+1) = M2 a?)) LW oM+ lﬂ(l ) e%fr

2 16p2 f ¥
I
e 27 M *2 2 (IV — M + 1) 2A2 It e )
G (oo 40 = Gea) S BRI (g ot )
(N—=M+1D\ 4 iy g ]
e 2T(] — e2 o + o). 483)
P R (BLDICE (

Hence on combining (4.83), (4.74a) and (4.67) the correlation function is express-

ible as

) ]dza oo (1 + I}ﬁe"%f)+a( ‘yp (1 —ezt)—l-‘“( —1))
g(r) =
' m 32f (N +1)2 - 11/[2] p sinh 24/ Psinh 17

X —yT 15
e"2" e M 5
exp[—(ﬂj 16P3f+m_) (aa(N—l—l)—g(a +a))

i

[
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AA? (1 - e?!]? .
+(N-—M+1) (u — »1—,(6%3 +e72t - 2))

' 4p'? f p
A\ 1 4 1 ve 4
N M4 D2 (1 — ety — —e?e 3T | (a” .
(N —M + ),/ ( 4p,(1 et’) 16pr’(1 e?’)e”? )(ﬂf +ﬂ)] (4.84)

g(ry="T / %‘3 [aa*(l + Mipe‘%f) +a (—;r-}?,?(} —ezt) + %(e%"‘f - 1))J

exp ['-k (a*a(N +1)— g(a*'z + 02)) + (o + o)+ R] )

2
where
T e
- 32f (N +1)2 — M?]% p’sinh 724/ P sinh %T’
—dr - — 2t
f— e®’ e + e”2
4P 16Pfp' 2’
4A 1 o4 1 x xJ
l — T ‘/ i . 1 _ £ _ . { 37
(N—-M+1) ( 4p'( er'} IBpr'(l ez')e ),
and

X S[L—e?P 1, 4 1
=(N-M+1 e (e e - 2) ),
R=(I 1!—|—)72( oY p,(ez+ez 2))

In addition, on carrying out the integrations, we get

) (%(egf 1)+ A (eH - 1)) (N + M +1)) et
gr)=T { IS + (1 + )

20N <M
BV +1) - 8+ RS | { PN M1 R] (1.85)
3NV + 1)2 — M2)3 LAY +1)2 - M7 '

so that at steady state, this reduces to

g(r) = (N: J

e"%f 2)?
| - (4.86)
(N+12— M2 | (N 102 - M]3

Now on inserting (4.86) into (3.45), we find

1 . = W (J‘V+1)
S(w)—/; e ( I

(e8]

e 3T L 22 J
: ¢ | dr.
(N + 1) — M?%)2 V2[(N + 1) — M?)?
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And this can be rewritten as
o N 41 —§7 22
S(w) = / elwf (1 i ) ° . : 1 + 1 (l’T
—co 4 (N +1)2— M?)2 V(N +1)? — M?]2

° N +1 ~37 2
+ f gior [ (Y1) ‘ |+ 24 N (4.87)
0 4 (N +1)2 - M2z V(N +1)2 — M2)?

Thus applying the stationarity condition [40] in the first integral, the spectrum of the

intracavity radiation 1s found to be

S(w) = (V+ 1y
[(V 4 1)2 — M2)3 (42 4 dw?)

Finally upon employing the explicit values of N and M, we obtain

~ cosh 7
S(w) = j cosh 7

We can deduce from this result that the width of the spectrum is v and the effect of

the squeezing is {o increase the height of the spectrum by a factor of coshr.
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5. Conclusion

We have calculated the quadrature fluctuations, the photon number distribution
and the spectrum of the radiation resulting from the interaction of two-level atoms
with a squeezed vacuum. We have found that the squeezing of the radiation resulting
from the interaction of two-level atoms, all initially in the upper level, with the single-
mode squeezed vacuum decreases with time and vanishes altogether at time T give;l
by expression (3.32). The spontaneously emitted radiation is found out to be chaotic
and this is in agreement with the conclusion drawn by other authors [4,8-11]. As
time progresses the number of chaotic photons increases. This leads to a decrease in
the degree of squeezing of the radiation. In addition, we have seen that one effect of
the squeezed vacuum is to increase the height of the spectrum of the radiation.

On the other hand, the radiation available when two-level atoms confined in a
cavity coupled to a broadband squeezed vacuum turns out to be in squeezed state
right from the beginning of the interaction. This conclusion holds when the initial
number of the atoms in the two levels are nearly equal and when the radiation is
initially in a vacuum state. Contrary to the situation in the first case, the degree
of squeezing of this radiation increases as time progresses. The degree of squeezing
in the second case increases because as time advances the squeezed vacuum residing
outside the cavity keeps on entering into it. As in the first case, the squeezed vacuum
leads to an increase of the height of the spectrum of the radiation. We have also seen

that in the absence of cavity damping, the emitted radiation is coherent. This result
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is in agreement with that of other authors [4-6,8].

Although the photous in a squeezed vacuum are generated in pairs, there is a finite
probability of finding odd number of photons in the two cases we have considered.
This is due to the fact that the probability of finding odd number of chaotic or
coherent photons is finite.

Finally, we realize that the method of evaluating the Q-function propagator ap-
plied in this thesis essentially reduces to the task of solving the Euler-Lagrange equa-
tions. Thus we strongly believe that the method of evaluating the propagator in
coordinate or coherent state representation employed in this thesis provide a conve-

nient means of obtaining the Q-function of a quantum optical system.
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