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Abstract

In this thesis, we analyze the statistical and squeezing properties of the light produced by
a degenerate three-level atom, whose top and bottom levels are coupled by coherent light,
and available in a cavity containing degenerate parametric amplifier and coupled to a vacuum
reservoir via a port-mirror. Employing the master equation for the system under consid-
eration, we obtain the equations of evolution for the expectation value of atomic operators
and the quantum Langevin equation for the cavity mode operator. Using the steady-state
solutions of these equations and the large time approximation, we have determined the mean
and variance of photon number, the power spectrum of cavity mode, quadrature variance and
quadrature squeezing. We observe that the increase of the amplitude of the driving coherent
light and the presence of the parametric amplifier enhance the mean and variance of the
photon number. We have also established that the maximum quadrature squeezing is 61%
for A = 0.03 and 70% for A = 0.06 below the vacuum-state level. Thus, we note that the

presence of parametric amplifier has positive impact on the quadrature squeezing.
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Chapter 1

Introduction

A three-level laser is a source of squeezed light generated by three-level atoms in a cavity
coupled to a vacuum reservoir[1, 2|. The statistical and squeezing properties of light produced
by three-level atom have been studied by several authors[1-10]. These studies have shown
that degenerate three-level atom can produce squeezed light[4, 15].

A three-level laser with a parametric amplifier in which three-level atoms, initially prepared
in a coherent supperposition of the top and bottom levels or when these levels are coupled
by a strong coherent light is a source of squeezed light[4, 8-11].

In a three-level atom the upper, middle, and lower levels are denoted by |a), |b), and |c)
respectively. The transitions between levels |a) and |b) and between levels |b) and |c) are
assumed to be dipole allowed, with direct transitions between levels |a) and |c) to be dipole
forbidden[1]. If the two photons corresponding to these allowed transitions have the same
frequency(w), then the three-level atom is referred as a degenerate three-level atom, otherwise
it is referred as a nondegenerate[8, 11, 12, 14].

In this thesis we seek to study the quantum properties of the light emitted by coherently
driven degenerate three-level atom available in a cavity containing parametric amplifier and
coupled to a vacuum reservoir via a port mirror. We first drive the equations of time evolution
for the expectation values of cavity mode and atomic operators applying the master equation.
Using the steady-state solutions of the resulting equations, we obtain the mean and variance

of photon number, power spectrum, quadrature variance, and quadrature squeezing.



Chapter 2

Dynamics of Operators

In this chapter we consider degenerate three-level atom driven by a coherent light and in a
cavity containing parametric amplifier and coupled to a vacuum reservoir via a port mirror.
We consider the case where a pump mode drives the nonlinear crystal and a coherent light
couples the top and bottom of levels of a three- level atom. Moreover, the light emerging

from the nonlinear crystal does not couple the top and bottom levels of the atom.

a=

Q = w
| b> K S

|

|c>

A =

S| DPA vacuum
reservoir

Figure 2.1: A degenerate three-level atom with a parametric amplifier.

The Hamiltonian that describes the coupling between the top and bottom levels of a three-

level atom by the driving coherent light is expressible as



~

Hy = ip(sib —bls,), (2.1)
where b is annihilation operator for driving coherent light, &, = |c)(a| is atomic operator, and
1 is coupling constant between the driving coherent light and a degenerate three-level atom.
Treating the driving coherent light classically, we can replace operator b by real and positive
c-number €1, and hence the above Hamiltonian reduces to

=261 - 50), 2.2
where () = 2¢,p is a real constant proportional to the amplitude of the driving coherent light.

Moreover, the interaction of a three-level atom with the cavity mode is described by the

Hamiltonian [1, 2]
Hy =iglota —a'o, +6)a — alay), (2.3)

where 6, = |b){(al, 6, = |c)(b|, are atomic operators, g is the atom-cavity mode coupling
constant, a is the annihilation operator for the cavity mode.

The process of parametric interaction is described by

A

Hy = z’%(d%* —¢a'?), (2.4)

in which 3 is the coupling constant, ¢ is annihilation operator for the pump mode and a is
annihilation operator for the signal mode. For strong pump mode, we can replace the operator

¢ by real and positive ¢- number g9, and therefore re-express the Hamiltonian in Eq.(2.4) as
2 Ao
H; = za(a —a'), (2.5)

where A\ = fey is a positive and real constant proportional to the amplitude of the pump
mode.

Adding Egs.(2.2), (2.3) and (2.5) the total Hamiltonian that describes parametric interaction,
the interaction of degenerate three-level atom with the driving coherent light and cavity mode

can be written as
. b At ata ata iN, . .
—6.) +ig(ola—ale, +6)a —afo,) + E(a2 —a'). (2.6)

We recall that the master equation for a cavity mode coupled to vacuum reservoir has the
form [1, 2]
(2apa’ — a'ap — pa'a), (2.7)



where k is the cavity damping constant, p is the density operator for the cavity light, and H

is given in Eq.(2.6).

2.1 The quantum Langevin equation

We seek here to determine the time evolution for the expectation values of the cavity mode
and atomic operators.
Using the relation

Sy =r(P ), (2.8)

along with the master equation described by Eq.(2.7), we have

d dp
—{a) =Tr(ZXLa
= —iTr([H, pla) + gTr(apaTa —a'apa — pa‘aa), (2.9)
or
d<A>—T + T (2.10)
dt a) =17 25 .
where
T, = —iTr([H, pla), (2.10a)
T, = gTr(aﬁaTa —a'apa — pa‘aa). (2.10b)

Applying the cyclic property of trace operation, we see that
T, = ~Tr((f, pla)
= —iTr(Hpa — pHa)
= —iTr(paH — pHa)
— —i([a, H]). (2.11)

Substituting Eq.(2.6) into Eq.(2.11), we have

= 4({%([@,&2] — [a,62]) +ig([a, 6] — [a,a"64) + [, 5}a) — [0, a'3y))
+ i%([&,&Z] — [a,a™])}). (2.12)



Assuming that the cavity mode and atomic operators commute and taking in to account the

commutation properties,

and

we have

Substituting Eqs.(2.14a) - (2.14h) into Eq.(2.11), we have

Ty = —g((6a) + (0v)) — Ma).

Furthermore, applying the cyclic property of trace operation, we note that

TQ_

= STr(2apa'a — afapa — pa'a?)
- gTr(QﬁaTaQ — paita — pata?)
- gTr(ﬁaTaQ — padta

- gTr(ﬁaW — p(1 + a'a)a)

= STr(pafa® — pa — pa'a®)

= STr(=4d)

= 5@

(2.13a)

(2.13b)

(2.14a)
(2.14b)
(2.14c)
(2.14d)
(2.14e)
(2.14f)
(2.14g)

(2.14h)

(2.15)

(2.16)



Substituting Eqs.(2.15) and (2.16) into Eq.(2.10), we obtain

24a) = —g((6a) + () — Aa") — 5 (a). (2.17)

In a similar manner, we can readily establish that

%<d2> = —g({a64) + (a6w) + (6a0) + (63a)) — A(aa') + (a'a)) — r(a?), (2.18)
%<d”> — —g((a'el) + (a6l) + (alal) + (5]al)) — A((aTa) + (aal)) — r(a®),  (2.19)
%W@ = —r(ata) — g((61a) + (al6,) + (6a) + (a'6,)) — M(a2) + (@), (2.20)
%<ddT> = —r(aa’) — g((ac]) + (6aa") + (a6)) + (6,a")) — A((@®) + (™) + k. (2.21)

We next proceed to obtain the time evolution of atomic operators using Eq. (2.8) along with

(2.7). We thus see that

%(em = —iTr([H, pl6,) + gTr(mpaT&a —a'aps, — patas,)
= Ry + Ry, (2.22)
where
Ry = —iTr([H, p6.), (2.22a)
Ry = gTr(QapaT&a —a'apo, — palas,). (2.22b)

These traces can be evaluated applying the cyclic property. We thus notice that

Ry = —iTr([H, l6,)
= —iTr(p6,H — pHG,)

A

= —i([64, H]). (2.23)

Substituting Eq.(2.6) into Eq.(2.23), we have

o .
R = —¢<%[&a, 51— 6] +igloa, 60 — a6, + 6la —alay) + %[&a, a2 — at?)
= (5 (60:61] 60, 62)
+ig([0a,600] = [60,0160] + [60, 53] — [60, d"64))
i
+ ([0, 0% = [6a,a"])). (2.24)

2



Assuming the cavity mode and atomic operators commute and taking into account the com-

mutation relation [a,a’] = 1, it can then be noticed that

a0c = 0c04) = —(|b){alc)(a] — [c)(alb)(al) = 0, (2.24a)

@
g
Q>
o
I
|
Q>

(64, 61] = 6461 — 6164 = [b){ala)(c| — |a)(c|b){al = b)(c| = &}, (2.24b)

A A

[64,610] = 61[6a, 0] + [6a, 610 = (6,61 — 6164)
b){ala){b| — |a)(b[b)(al)a
([6)(b] = |a){al)a = (M — 1a)a, (2.24c¢)

Q>

Il
—
e

(64,0164 = a'[6,,64) + [6a, a6, = 0, (2.24d)

= [64,0])0 = (6,6] — 6)64)a
= ([b)(alb)c| — [b)(c|b)al)a = 0, (2.24¢)

[a-au &Ta-b] = dT [OA-GJ &b] + [5-a7 &T]a—b
T[a-av a-b] = dT(&aa’b - a'ba-a)

at(|b)(ale)b] — [e)(blb)al) = —a'(|c))al)

Q>

= —a'é,, (2.24f)

(64,07 = [64,a'%] =0, (2.24g)

where 7, = |a)(a| and 7, = |b)(b| are atomic operators.

Substituting Eqs.(2.24a) - (2.24g) into Eq.(2.24), we have

Ry = S60) + o((iua) — (a) + (@'6.)). (2.25)

We also see that
R reoasits. — atass. — satas
Ry = ETT(Qapa G, — a'apo, — pa'ac,)
K e e
= §TT(2,OCLTO'G(I — pé.ata — patas,)

= gTr(QﬁaWa\a — plb){alata — patalb){al) = 0. (2.26)



Substituting Eqgs.(2.25) and (2.26) into (2.22), we obtain

d Q

—(0a) = g({ia) — (d) + (a'62)) + 2 (5). (2.27)

Following a procedure used in obtaining Eq.(2.27), one can establish that

60 = gl — {ina) — (@'6)) — 100, (2.28)
D ey = ol(ena) — (@) + 5 (00) — (), (229)
i) = o({61a) + (@62)) + ({61 + (6, (2.30)
i) = o(oa) + (a'en) — (61a) — (al5.)), (231)
i) = —g((ola) + atow) — (1) + {02). (232)

The quantum Langevin equation for the cavity mode operator can be written, based on

Eq.(2.17), as

Q= —ga — g(6a+ &) — Nt + Ga(t), (2.33)

==

where g,(t) is a cavity mode noise operator whose correlation properties remain to be deter-
mined.

We observe that Eqs.(2.18)-(2.21) and Eqs.(2.27)-(2.32) are non linear coupled differential
equations. Therefore, it is not possible to obtain exact time dependent solutions. Then to
overcome this problem, we apply the large time approximation scheme to Eq.(2.33) and write

the approximately valid relation

a(t) = %[—g(&a(t) +0u(t)) — Aat(t) + (1)), (2.34)
from which follows
a'(t) = %[—9(62(15) +64(1) = Aa(t) + g5 (1)]. (2.35)

Substituting Eq.(2.35) into (2.34), we have

. 29 K2 L 4\g K2 it o
a = —;(—Kz_4—)\2)(0a+ab)+?(m)(aa—kab)
4\ HQ 2 /{2
= ()l + = (55 da(t 2.
= e )9a(t) + — (5 55)9a(D), (2.36)



or

. . DY 2"
(0-2 + U;r) - ?Ql(ﬂ + ?ga(t)v (237)

2
K
where I' = %

Now comparing Eq.(2.17) and the expectation value of Eq.(2.33), we obtain

(9a(t)) =0, (2.38)

and hence
(95(1)) =0, (2.39)

Now substituting Eq.(2.37) and its adjoint into Eq.(2.18), we see that

d, 9 2gI" . . 4 gl b At 4)‘FAT 2" | )
D 1a%) = (@) — o[- 2L 5+ ) + T3]+ 1) — Ty GL0) + e ()}

29T o dANT . AT 20

+ <[_T(UG + Ob) + K2 (Ua + Ub) - ?ga(t) + ?ga(t)]aﬁ
2gT

+ <&a[_i(a—a +5-b) +

K K2
+ <0b[—7(0a +03) +

29T

= i) + 2L (a0 + () — LT (10 + (o) + 2 (5l

—%(QG(%@) 29:F(<&a&b>+<&b&,,>)_“}f;r(@&,,) (&160) 4i‘zr(g2(t)6b>
B ) + 2 () + ) — 2L (o) + (a0l + 2 (ol 0)
2 ,u0) + 2L () + @) — 2L (010) + o)) + 2L (a0
2 60u() — A (aa) + (a'a)) (2.41)

Assuming the cavity mode noise operator and atomic operator are not correlated and taking

into account Egs.(2.38) and (2.39), we can write

(0a(t)ga(t)) = (a(t))(Fa(t)) = 0, (2.42)
(06(t)9a(t)) = (65(1)){ga(t)) = 0, (2.43)
(Ga(1)l(1)) = (0a(t)){al(t)) =0, (2.44)



((1)ad (1)) = (a(t))(gl(1)) = O,

(9a(t)0a(t)) = (ga(t))(Ta(t)) =0,

(9a(t)0u(t)) = (9a(t)){0n(t)) = O,

(9h()aa(t)) = (95 (1))(Ga(t)) = 0,

(Gh()au(1)) = (gh())(Gu(t)) = 0.

We also notice that

Ga0a = [b)(alb){al = 0,

040 = |c)(blb){a| = |c)(a] = o,

650 = la)(blb)(al = |a)(al = 7,

6364 = |b){clb)(a =0,

a0y = |b){alc) (0] = 0,

a40b = |c) {ble) (b] = 0,

o6 = la) (ble) (o] = 0,

646 = [b) (cle) (bl = [b)(b] = i,

G204 = [b){ala)(b] = [b)(b] = i,

6464 = |b){alb)(c| =0,

10

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)



Gv0}, = |c)(bla) (b] =0,

645, = [e) (0lb) el = le){c] = i

On account of Egs.(2.42)-(2.61), we can put Eq.(2.41) as

d, 5 . Al
Sl — T(6,) —
Za%) = —n(a%) + L (50) —

On the basis of the completeness relation

A

ﬁa + ﬁb + ﬁc = [7
we observe that

(Na) + () + () = 1.

Substituting Eq.(2.63) into Eq.(2.62), we get

d, o

. Ml
(@) = =k (@) + 706 — =

(1+ (i) — M(aa®) + (a'a)),

where 7, = % is the stimulated emission decay constant.

(2() + (a) + (1)) — A({aa') + (a'a)).

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

In a similar manner, the decoupled forms of Eqs.(2.19), (2.20), (2.21), (2.27), (2.28), (2.29),

(2.30), (2.31) and (2.32) can be expressed as

d,. . R
—(a?) = —r(al?) +~.0(5]) -

o 2L (1 4 i) — Al(aa) + (a1a)),

%@T@ = —r(ala) — )\“/Y;F“&D (6 — (7)) + 7l (Aa) — (@) + (af2)),

%(aaw = —r{aat) — —M;F

(&1 + (Ge)) + 7L () + () — A((a®) + (@) + &,

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)



W)~ —ertin) + (24 Di(gal) + {00,

dt 2
W) — i)+ 3 ) - 2L (a1 + ().
d{ie)

L6y + 6.

S — o) -

dt
Employing Eq.(2.63) into Eq.(2.73),we have

di? = el = el () + (7)) = %(@D +(0e))-

The steady state solutions of Eqs.(2.63)-(2.71) and Eq.(2.74), are expressible as

AZ';F(l + (b)) = %(@T@ + (@ah)),

@) =460 -

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)



Substituting Eq.(2.79) into Eq.(2.80), we have

2+ Ok 4 7N
(o) = =T + (e
Taking conjugate of Eqs.(2.79) and (2.85), we find that
A 20 I+ Ok
S A LAYl T Aty
(61) = ~20 + (2 o),
2.+ Qk Qr
AT _ 70 A~ A~
(61) =~ 5 + () o).
Subtracting Eq.(2.86) from Eq.(2.79), we obtain
207+ Ok
5\ 5ty = (28 s T is N (st
<0a> <0a> ((/_{ + )\)2’YCF) (<0b> <Ub>)>
and also subtracting Eq.(2.87) from Eq.(2.85), we have
2.+ Qk
5 — 51 — %— 5 _ (5t
(00— (61) = (S o (60) = (01,
Adding Eq.(2.79) and Eq.(2.86), we obtain
R R 2.+ Qk R
(6a) + (51) = ( ((3v) + (31)),

(5 + V2D
and also adding Eq.(2.85) and Eq.(2.87), we obtain

2.+ Qk

N Aty
(o0 + (33) </£)\")/CF + Qk

Substituting Eq.(2.89) into Eq.(2.88), we have
(6a) = (1) =0,
and substituting Eq.(2.91) into Eq.(2.90),we obtain
(6a) + (61) = 0.

Using Eq.(92) into Eq.(2.89), we get

)((Ga) + (51))-

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)



In view of Eqs.(2.92)-(2.95), we find that

We notice from Eq.(2.81) that (6.) = (67) and hence Eq.(2.82) results in

Sy Kyl R
(600 = (gt g o)

Substituting Eq.(2.98) into Eq.(2.83) and Eq.(2.84), we get
A Qr A
(1) = (m)(%%
R 20K + 2. .
() =1— (m)(ﬂa>-
Moreover, with the use of Eqs.(2.98) and (2.99) in Eqs.(2.75)-(2.77), we obtain

A )\’YCF Q/\’VCF - RVQFQ ~ A AT A A
2y . c " t T
(@) = "~ (g o) (o) = (@) + (aa)),
R M QM — ky2T2 A .
2y _ _ _ c _Z(at T
<CL > K,2 ( QI{,Q + 2’43)\’701—‘ )(na> I{(<a a’) + <aa’ >)7
QML + Qkry D 2)

At A _ ~ ~2
(@16) = (e i) = (@),
and also substituting Eq.(2.98) and Eq.(2.100) into Eq.(2.78), we obtain

o v I Qrry D+ 4M2T2 2\
(aa) = = —( )(la) — —

~2
1.
K Qr2 + 26\ I K (a%) +

Now inserting Eq.(2.83) into Eq.(2.63), we have

2X
K

<ﬁc> =1- 2<77a> + <a'c>

Upon substituting Eqgs.(2.83) and (2.105) into Eq.(2.81), we find

_ 20+ Qk
N kel

6.+ 30k
kel

802, T+ 20K\
k2.

() ( )(7a) + ( )(Ge),

which with the aid of Eq.(2.82) becomes

26AY2T? 4+ Qr?y.T
(Qr + 2\ D) (30K + 2M7.I) + syl (k. + 2QN)

<5-c> =

14

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)



Putting Eq.(2.107) into Eq.(2.82), we have

() = AN22T? 4+ AQk Ny D + Q2k2
1ol =k + 207.D) 3%k + 20D + ry D (7oL + 200)°
Substituting Eqgs.(2.107) and (2.108) into Eq.(2.105), we have

(2.108)

() = k2212 + AQk ML + Q2k2
el = (Qk + 2X7.1) (30K + 2M7.I) + 7.l (k7y.I + 2QN)°
In addition, using Eqgs.(2.107) and (2.108) and into Eq.(2.83), we obtain

(2.109)

) 20k I 4 Q22
<77b> =

. 2.110
(Qr + 207.1) (32K + 2M\7 ) + kv (kv I + 2Q0) ( )
Now adding Eqgs.(2.103) and (2.104), we have

212
At A ~at _ ’70F Q)\/VCF_Z‘L)\/YCF A\ Q
(@) + faaty = 25+ ()
Substituting Eq.(2.111) into Eq.(2.101), we obtain

(a*) + 1.

K

(2.111)
. Al QM I — k9212
2\ . c

(a%) = K2 ( Qr2 + 26\ I ) ()

(Q)\%F —4\y

4 4\
2 )(la) — —
Qr2 + 26\ I

Al

-

R K

—(a%) +1],

(2.112)
from which follows

on 20 D = kA L (el (K2 4 4X%) — QA (K + X))
(@%) = +

Na) - 2.113
K2 —4)\2 [ (k2 —4X?)(Qk + 27 J7ta) ( )
Substituting Eq.(2.113) into Eqgs.(2.103) and (2.104), we obtain

(ata) ANy T+ 2602
a'a) =

k(K% — 4)2)
R LI
(aaly = /vycF:— K2 —2)\2
K2 — 4)\?
R
2.2

Correlation properties of cavity mode noise opera-
tor

In this section we seek to determine the correlation properties of the cavity mode noise
operator.
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Applying the mathematical relation,

d .da da .

E<d2> = () + (—a), (2.122)
along with Eq.(2.33), we see that
%(Cﬂ = —r{a) — g((a6a) + (ady) + (Gaa) + (30)) + A({a'a) + (aal)) + (aga(t)) + (ga(t)a).
(2.123)
Comparison of Egs.(2.123) and (2.18) yields
(@(t)da(t)) + (ga(t)a(t)) = 0. (2.124)

Multiplying the solution of Eq.(2.33) from the right by g,(¢) and taking the expectation value

of the resulting expression, we obtain

t
+ / e E (g (#)ga () dt (2.125)
0

Taking into account the notion that a noise operator at time t has no effect on cavity mode

and atomic operators at earlier times and with the use of Eq.(2.38), we can write

(@(0)ga(t)) = (a(0)){ga(t)) =0, (2.125a)
(Ga(t)da(t)) = (Ga(t))(9a(t)) = 0, (2.125b)
(3(t)ga(t)) = (G(t'))(9a(t)) = O, (2.125¢)
(@' (t")ga(t)) = (@'(t))(9a(1)) = 0, (2.125d)

so that Eq.(2.125) can be written as
(@) = [ 3O 00 (2.126)

In a similar pattern, we observe that
@.0a0) = [ 3 G (Nt (2127)



Employing Eqs.(2.126) and (2.127) into Eq.(2.124), we find

t t
| et wn o+ [ e E 0, 0 = o (2125)
0 0

and assuming (Ja(t')ga(t)) = (Ga(t)ga(t’)), we can write Eq.(2.128) as

t
/ e 50 (Gu (1) gu(t)))dt' = 0, (2.129)
0

from which follows

(9a(t)a(t')) = 0. (2.130)
Using the mathematical relation,
d daf da
—(a'a) = (—-a) + (a' — 2.131
C(ala) = (Sha) + af ), (2131)

along with Eqgs.(2.33) and its adjoint, we obtain

d

—{a'a) = —n(a'a) — g((6]a) + (5a) + ('6a) + (aT6n))

+ (@) +(a™)) + (gh(t)a) + (a'ga(t)). (2.132)

(gh)a(t)) + (@ (t)ga(t)) = 0. (2.133)

Multiplying the solution of Eq.(2.38) from right by g,(¢) and taking the expectation value of

the resulting expression, we get

t
+ [ il @aw)ar. (2.154)
0

Taking into account the notion that a noise operator at a time t has no effect on cavity mode

and atomic operators at earlier times along with Eq.(2.38), we can write

(@' (0)3a(t)) = (@' (0)){ga(t)) = 0, (2.134a)

(G8(t)3a(t)) = (GL(t)){ga(t)) = 0, (2.134b)



(33 (1)3a (1)) = (55(t))(da(1)) = 0, (2.134c)

(a(t)ga(t)) = {a(t))(ga(t)) = 0, (2.134d)

(@' (t)ga(t)) = /0 e 20 (gt gu(t))dt'. (2.135)

Multiplying the solution of Eq.(2.33) from the left by gi(¢) and taking the expectation value

of the resulting expression, we get

K

GL00) = GO0 E —g [ a0 ) + GlOa )
w1 [ O gt
b [ e (2.136)

Taking into account the notion that a noise operator at time t should not affect cavity mode

and atomic operators at an earlier times along with Eq.(2.39), we can write

(G0 = (GO =0, (2.1362)
(G6.()) = (G (5u() = O, (2.1360)
(GO6(E) = (OGN =0, (2.136¢)
(G = GOV () = (2,136
Thus Eq.(2.136) becomes
i) = [ 3O (2.137)

Putting Eqgs.(2.135) and (2.137) into (2.133) gives
t t
/ e 50 ga (1))t + / e 5 (Gl (0)ga ()t = 0, (2.138)
0 0
so that assuming (g7 (#')g.(t)) = (95 (t)ga(t')), we obtain

t
2 [ O 0) =0, (2.139)
0



or
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Chapter 3

Photon Statistics

In this chapter, we wish to study the statistical properties of the cavity mode by analyzing the
mean and variance of the cavity photon number and the power spectrum of the cavity light
emitted by coherently driven degenerate three-level atom in a cavity containing degenerate

parametric amplifier and coupled to a vacuum reservoir via a port mirror.

3.1 The mean photon number

Substituting Eq.(2.108) into Eq.(2.114), the steady state mean photon number of the cavity

light is expressible as

AN T+ 2602
k(K% — 4)2)
WY.Lk + N (5% — AN ANy LA + Qk) + Q2 + K7
k(K2 — AN2) (2K + 207 D) [(256 + 207.1) (302K + 2M\7. L) + kel (k7. 4 2QN)]
20 L [v.L (K2 + 40%) — QA(k 4+ V)[4l (M.l + Qrk) + Q% + K7

— . 1
R(Kk? — 4X2)(Qk + 207D [(Qk 4+ 227.1) (32K + 2\ ) + £y (k. + 2Q0)] (3:1)

n={(a'a) =

+
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Figure 3.1: Plot of the mean of photon number[Eq.(3.1)] versus €2 for k = 0.8, 7. = 0.5,
A=0.1.
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Figure 3.2: Plot of the mean of photon number[Eq.(3.1)] versus 7. for k = 0.8, Q@ = 0.6,
A=0.1.
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NI

Figure 3.3: Plot of the mean of photon number[Eq.(3.1)] versus A for k = 0.8, Q@ = 0.6,
Ye = 0.5.

The plots in Figures 3.1, 3.2 and 3.3 show that, the amplitude of the driving coherent light(£2),
stimulated emission decay constant(7.), and the parametric interaction parameter(\) have the
effect of increasing the mean photon number.

We next wish to examine some special cases. First we consider the case in which the para-
metric amplifier is absent(A = 0) in Eq.(3.1). The steady state cavity mean photon number

then reduces to

oy, 2
=)
K2+ 30

(3.2)
This represents the steady-state mean photon number of cavity mode produced by coherently
driven degenerate three-level atom available in a cavity coupled to vacuum reservoir.

Furthermore, we consider the case in which the driving coherent light is absent (2 = 0). The

steady-state mean photon number described by Eq.(3.1) goes over into

B 2)\2

This represent the steady-state mean photon number for degenerate parametric amplifier.

22



3.2 Variance of the photon number
The variance of the photon number for the cavity mode is expressible as

(An)” = (72) — {n)”

= (a'aa'a) — (a'a)>. (3.4)

Taking the expectation value of Eq.(2.37) and with the use of Eqgs.(2.96), (2.97) and (2.38),

we see that
(a) = 0. (3.5)

In view of Eqs.(2.33) and (3.5) we observe that a is a Gaussian variable with zero mean.

Therefore using this fact, we can write[1]
(ataa'a) = (a'a)(a'a) + (a'a')(aa) + (a'a)(aal). (3.6)
Substituting Eq.(3.6) into Eq.(3.4), we get
(An)?* = (a'a)(aa’) + (a™)(a?). (3.7)

On the basis of Egs.(3.1), (2.113) and (2.115), variance of photon number, we obtain

kel + K2 — 2)2

9
(An)* =n| FCRRYSY
VI (K2 — 40%)(Qk + 4\ D) + 20 D (7 L (6% + 40%) — QA (K + ) |, .
—( k(K2 — 4X2)(Qk 42X\ D) u
=2Mv.L — kA v L (v L (K2 + 4X%) — QA(k + )

B (s 21(o e e A (38)

where (7,) is given by Eq.(2.108).
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Figure 3.4: Plots of the variance(An)? of photon number[Eq.(3.8)] at steady state versus
for k = 0.8, 7. = 0.5, A = 0(red) and A = 0.2, (blue).

From Figure 3.4 we see that, like the mean of photon number, the variance of photon number
enhances as the amplitude of the driving coherent light(€2) and the parametric interaction(\)

increase.

In the absence of the parametric amplifier (A = 0), the variance of the photon number reduces

to
202 202 +~2 Q 72
An)? = (L2)? ©) 4 (Z)2(— ) 3.10
() = (P2 ) o) + (P ) (3.10)
On account of Eq.(3.2), we easily establish that
2
(An)? = n*(1 + ?i), (3.11)

40?2

where 7 is given by Eq.(3.2).
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3.3 The power spectrum

In this section we want to obtain mean photon number of the cavity light in a given frequency
interval, employing the power spectrum of a single mode cavity light. The power spectrum

of a single mode light with central frequency w, is defined as[3]

P(w) ! / oo<&T(t)a(t+T)>Ssei<w%>fd7. (3.12)

T or

—00

Upon integrating both sides of Eq.(3.12) over w, we obtain

/ P@WM:1/<WQMQ+fMﬁZ%WHE—/ T ), (3.13)
T J -0

—00 —00

using the fact that
1 [~ .
o(r) = —/ e“Tdw, (3.14)
we have

/00 P(w)dw = /OO (@' (t)a(t + 7)) sse”76(7)dr. (3.15)

In view of the relation

/OO f(z)d(x)dx = f(x)|z=0- (3.16)

Eq.(3.15) reduces

/ P(w)dw = n, (3.17)
with 7 = (a'a) being the steady-state mean photon number. From this relation, we observe
that P(w)dw is steady-state mean photon number in the frequency interval between w and
w + dwl6].
We realize that the spectrum of the mean photon number in the interval between w’ = —
and w' = (3 is expressible as

B
nﬂ:/fwwm (3.18)
-
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in which W' = w — w,.
For convenience, Eq.(3.12) can be rewritten as

1 /0 , 1 [ .
P(w) = o / (&T(t)&(t + T))Sse’(“’_“"’)TdT + o (dT(t)&(t + T))Sse’(‘”_“")TdT, (3.19)
0

by replacing 7 by —7 and then t by ¢ 4+ 7 in the first integral, one finds

1
o7

P(w) / (@ (¢ 7)a(0) e + /0 (@ (Dt + 7)) s’ dr. (3.20)
0

From Eq.(3.20), we observe that one integral is the complex conjugate of other. Thus the

power spectrum can be rewritten as

1 o0 .

P(w) = L Re / (61 ()a(t + 7)) s’ @4 dr, (3.21)
T 0

in which 'Re’ denotes the real part.

Now we proceed to calculate the two time correlation function that appears in Eq.(3.21) for

the cavity light. Taking the complex conjugate of Eq.(2.33), we have

Clat) =~ 5@ 0) — g((6h0) + (61(1)) — Mae) (3:22)

Adding Eq.(2.33) and Eq.(3.22), we obtain

%((@ +(a") = —g((fl(t» +(@'(1))) = 9((6a(1)) + (61(1)) + (6u(1)) + (53(1)))
= A{a(t)) + (a'(t)))
= —5 (K +20)((a(t)) + (a'(1)))
= g((6a(1)) + (61(8)) + (84(1)) + (35(1))). (3.23)

%<<a> — (@) = =5 ((a(t)) — @' (1)) = 9((3a(1)) — (1)) + {Gu(1)) — (6)(1)))

=

—9((6a(1)) — (61(1)) + (6(t)) — (5](1)))- (3.24)
Eqgs.(3.23) and (3.24), can be reduces to
) = —gonlan (1) — o (1) + (s (), (3.25)

26



where

vy = K £ 2],

éai = a'a + &T

a’

pr = Gy £ 5.

In view of Eqs.(2.92)-(2.95), we can express Eqs.(3.25) and (3.26)as

d 1 .
E<a+> = —§U+<a+(t)>7
d 1

aﬁ—) = —gv-{a+()).

The solutions of Eqgs.(3.31) and (3.32) are expressible as

(ar(t+1)) = (ar(t))e 2,

(a-(t+71)) = (a-(t))e 2.
Substituting Eq.(3.27) into Eqgs.(3.33) and (3.34), we have

(a(t+7)) + (@' (t+ 7)) = ((@(t) + (@ (1)))e )%,

(@t +7) = (@l (e+ 7)) = ((@(0)) — (@l (B))e .
Now adding Egs.(3.35) and (3.36), we find that
(a(t + 7)) = S@ON I+ O0T) 4 @) (e DE - 0,

Applying the quantum regration theorem to Eq.(3.37), we obtain
1

(@0t +7)) = 5@ OAONeE + eI + 2RO E - e,

2
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)



Substituting Eq.(3.38) into Eq.(3.21), we have

1 e v. . oo v )
P(w) = o—(a'(t)a(t))[Re / eI —iloolr gz 4 Re / e~ —ilo—wolr 7]
2T 0 ;
1 © v o
T3 <&T2(<&T2>(t))>[R€/ e[Sl gy Re/ el il g,
™ 0 .

Carrying out the integration, and taking the real parts lead to

P(w) = <dT(t)d(f)>[(u_+)2 _i_i —w)? () _,_4& _ wo)2]
+(a"(1))] z o 1

Therefore, on account of Egs.(3.18) and (3.40), we see that

8 vt B V-
fes = (@' (H)a(t))] / In )2dw' + / i d]

5 (TP +Ww—w, 5 (T (W —w)?

s vt 8 e
at? in W — - W
+< (t»[/—ﬁ (%)Q+(w—wo)2d /—6 (%)2—1—(@—@0)261 ]

Employing the relation

B
/ _dr gaurctan(é),

g2 +a’  a a

and carrying out the integration, we see that

%(&T(t)d(t»[arctan(%) + arctan(i_ﬁ)]
%(&Tz(t»[arctan(%) + arctan(i_ﬁ)]-

Nig =
+

On the basis of (3.1), we can express Eq.(3.43)as

1 2
Nig = ;ﬁ[arctan(f) + arctan(z)]

<der(t)> [arctan(i—) — arctan(v—)]-

+
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10 .

Figure 3.5: Plots of nyg [Eq.(3.44)] versus 3 for Q = 0.4, k = 0.8, 7. = 0.5, A = 0(red),
A = 0.2(blue) and A = 0.3(green).

From Figure 3.5 we observe that the local mean photon number (n4g) increases as the fre-

quency interval and parametric interaction parameter(\) increase.
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Chapter 4

Quadrature Squeezing

In this chapter we seek to study the squeezing properties of a light generated by degenerate

three-level atom in a cavity containing parametric amplifier coupled to a vacuum reservoir

via a port mirror. To this end, we calculate the quadrature variance and the quadrature

squeezing of the light. The squeezing properties of single mode cavity light are described by

plus and minus quadrature operators defined by

The variance of plus quadrature is defined as [3]
(Aas)? = (@) — (a.)*
Substituting Eq.(4.1) into Eq.(4.3), we have

(Aay)* = (a'a) + (aal) + (@) + (a*)

= ((@h)? + (@) + (@) (@) + (a)(a")).

On account of Eq.(3.7) and its conjugate, Eq.(4.4) reduces to
(Aay)? = (ata) + (aa') + (a'?) + (a?).
Similarly, the variance of minus quadrature can be expressed as
(Aa-)? = (ata) + (aa") — (a'?) — (a?).
Based on Egs.(4.5) and (4.6), we note that

(Aay)? = (ata) + (aa®) £ (a'2) + (a2).
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Now employing Eqgs.(2.113), (2.114) and (2.115) into Eq.(4.7), we obtain

Y D(R? 4N F 4RA) 4 £(K* T KA)

(Bas)* = k(K% — 4)2)
YD (K2 — AAD) QX — 4Ny D) — Ay L (7.L(K2 4+ 4X02) — QX (5 + N)), .
* k(K2 —4X2)(Qk + 2\v.I) 1)
N [%F(%F(/{z +4X2) — QX (k + V) (48)

k(K2 — 4X2)(Qk + 2\7. D) (),

where (7),) is given by Eq.(2.108). So that, the plus and minus quadrature variance can be

written respectively as

s el (K2 44X —4RA) + k(K% — KA)

(Aay)” = k(K2 — 4\?)
Vel (K% — AX%)(QX — A\ D) — Ay T (1 L (K2 + 40%) — QA (K + N)), .
* (72 — 402) (O + 20T 1)

YL (D (K% + 40%) — QA (K + N))

T DD n T 20D

[{1a), (4.9)

and

(Aa_)? = YD (K2 + 402 + 4k )N) + k(K% + KA)

k(K2 — 4)2)
Vel (K% — 4D%)(QX — A\ D) — Ay D (. (K2 + 40%) — QA (K + N)), .
* (72 — 402) (O + 20T 1)

YL (7D (K% + 40%) — QA (k + N))

~1 k(K2 — 4X2)(Qk + 2)\7.T) 1a). (4.10)

The quadrature variance of the cavity light in a vacuum state can be obtained by setting

Q=0and A =0in Eq. (4.9), we thus have [3]

(Aa,)? = % +1. (4.11)

v
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(a1 e

Figure 4.1: Plots of the minus quadrature variance[Eq.(4.9)](blue), plus quadrature vari-
ance[Eq.(4.10)](red) and plus quadrature variance in vacuum level[Eq.(4.11)](green) versus 7.
for K = 0.8, Q = 0.6, A = 0.2.

From Figure 4.1 we see that the cavity light is in a squeezed state and the squeezing occurs

in the plus quadrature.
Now proceed to determine the quadrature squeezing(S) of the cavity light relative to the

quadrature variance of the cavity vacuum light which is expressible as [3],

(Aas)? — (Aay)?

S = (Dar )2 : (4.12)
where (Aa,)? is the quadrature variance of cavity light in a vacuum state.
Employing Eqs.(4.10) and (4.11) into Eq.(4.12), we obtain
g (Ve + K) (K% — 4X%) — 7 L(K? + 4X\2 — 4k)) — k(K2 — KA)
N (e + #) (K% — 47?)
B [%F(RQ —AXNH) (N — A D) — ANy T (7L (K2 + 4X%) — QA (K + /\))KA >
(e + 1) (72 — 402)(Qk + 2M7.D) Mla
YL (VeI(K2 + 40%) — QA (k + N)), .
O et D). (1.13

- [(% + 1) (K2 — 4)2)(Qk + 20.T)
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Figure 4.2: plots of quadrature squeezing(S) versus Q [Eq.(4.13)] for K = 0.8, 7. = 0.8,
A = 0.3(green), A = 0(red).

From Figure 4.2 we observe that squeezing increases with the increase of the amplitude
of driving coherent light and the parametric interaction. We also see that the maximum

squeezing attainable being 80% for A = 0.3 and 60% for A = 0, below the vacuum state.
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Figure 4.3:  plots of quadrature squeezing(S) versus v. [Eq.(4.13)] for k = 0.8, 2 = 0.6,
A =0.03(green), A = 0.06(red).
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Figure 4.4: A plot of quadrature squeezing(S) versus A [Eq.(4.13)] for k = 0.8, 7. = 0.8,
Q=04

From Figure 4.3 and 4.4 we observe that squeezing increases with the increase of the amplitude
of rate of stimulated emission and the parametric interaction. We also see that the maximum
squeezing attainable being 70% for A = 0.06 and 61% for A = 0.03, below the vacuum state,
which indicates that the presence of degenerate parametric amplifier enhances the squeezing

of the cavity light.
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Chapter 5

Conclusion

We have studied the statistical and squeezing properties of the light produced by degenerate
three-level atom, whose top and bottom levels are coupled by coherent light, and available in
a cavity containing parametric amplifier and coupled to vacuum reservoir via a single port-
mirror. Employing the master equation for the system under consideration, we obtained the
quantum Langevin equation for the cavity mode and atomic operators. Using the solution
of these equations, we have calculated mean and variance of the photon number for the
cavity mode. From the plots in Figures 3.1, 3.2, 3.3, and 3.4, we observed that the mean
and variance of photon number of the cavity light increase with the presence of parametric
amplifier. Moreover, we have also evaluated the quadrature variance and quadrature squeezing
of the cavity light. We have realized that the light produced by the system is in squeezed
state and the squeezing occurs in the plus quadrature. From the plot of squeezing versus
the amplitude of driving coherent light, we observed that the maximum squeezing attainable
being 80% for A = 0.3 and 60% for A = 0, below the vacuum state level. And also from
the plot of squeezing versus rate of stimulated emission decay constant, we observed that
the maximum squeezing attainable being 70% for A = 0.06 and 61% for A = 0.03, below
the vacuum state level. Furthermore, we have seen that the rate of stimulated emission and

driving coherent light enhances the degree of squeezing.
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