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Summary of the project

This project is concerned with the enumeration abmbinatorial object, ordered tree,
with respect to different parameters such as, nummbedges, vertices, and path lengths.
A known combinatorial argument is used to prove #raong all ordered trees the ratio
of the total number of vertices to leaves is two.néw combinatorial bijection is
introduced on the set of these trees to show wisyntlust be so. Ordered trees are then
enumerated by number of leaves, total path lerggtd, number of vertices to obtain g-
analogs of Catalan numbers. The results on ordeeed are then readily transferred by
the skew diagrams to help enumerate parallelogramgoRminoes by their area and
perimeter. Frobenius formula that states “the sunthe squares of the number of
Standard Young Tableaux of Ferrers shBpge n!” is also proved using a combinatorial
bijection. This bijection is defined from the sétpairs of Standard Young Tableaux of

the same shape into a set of permutations of sizpamalogs of the Catalan numbers
defined by C,, = ﬁ(?) ,n=0,1,2, ... are studied from the view point of Lagrange

inversion: the first due to Stanley satisfies aemecurrence relation and counts the area
under lattice paths. The second due to Carlitz whesurrence relation coincides with
that of Stanley’s and its combinatorial interprietatis counting inversions of Catalan
words. The other g-Catalan numbets(4, q), tracing back to McMahon, arise from
Krattenthaler's and Gessel and Stanton’s g-Lagramggrsion formula, have an explicit
formula and count the major index of a permutation.
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Set of symbols and abbreviations

SYT- Standard Young Tableaux
RSK-Robinson-Schensted-Knuth
[n] ={0,1,. . .,n}, where n is non-negative integer

[z™]f (2) = the coefficient ok™ in the expansion of the functigif{z).

1-q" —
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Preliminaries

A graph G = (V, E) consists of a (finite) set denoted by V, or by Y{Gone wishes to
make clear which graph is under consideration,andllection E, or E(G), of unordered
pairs {u, v} of distinct elements from V. Each elem of V is called a vertex or a point
or a node, and each element of E is called an edgédine or a link. Formally , a graph G
is an ordered pair of disjoint sets (V, E), where & x V. Set V is called the vertex or
node set, while set E is the edge set of graphy@ically, it is assumed that self-loops
(i.e. edges of the form (u, u), for some ¥) are not contained in a graph.

Directed and undirected graphs:A graph G = (V, E) is directed if the edge set is
composed of ordered vertex (node) pairs. A grapluridirected if the edge set is
composed of unordered vertex pair

Connected graph:A graph G is connected if there is a path in Gveen any given pair
of vertices, otherwise it is disconnected.

A graph G is planar if it can be drawn in the plane in such a way timatwo edges meet
each other except at a vertex to which they arielemt.

A tree is a connected graph which has no cycles

Generating functions:
The ordinary generating function for the infinite sequencg,, a;,a,,. . .) isthe
power seriedl(x) = ay + a;x + ayx? + azx3 +. . .

Exponential generating functionfor the infinite sequencé,, a;,a,,.. .) isthe

x3

—+...
3!

2
power seriesA(x) = a, + a;x + a, % + as
Formal power series fact:If the generating function of a sequerfag},-o is g(z) ,

then the generating function of the sequefwe,, },.-o iszg ()

The Lagrange inversion formula
Letf (u) and@(u) be formal power series in, with @(0) = 0. Then there is a unique
formal power seriest = u(t) that satisfiesu = z@(u). Further, the valug(u(t)) of f

at that rootu = u(t), when expanded in a power series aboutt = 0 satisfies

[E"1{F ()} = - [ (B )™



Section: one

1. Introduction

Trees are connected graphs in which there is néecfeat is, there is a unique path

between any two vertices. Mathematical trees (dsasetheir natural counterpart) come

in a variety of forms.

There are rooted trees and unrooted trees. Sontedrtr@es are ordered and some are
not. Some trees come with labels, others do nodl there are restricted classes of trees.
Example: Binary, Full binary, k-ary, complete k-atyg

Ordered trees (often referred to as rooted plarestor simply plane trees) are trees with
distinguished vertex called the root where thedrhih of each internal vertex are linearly

ordered. Ordered trees are drawn so that the ehildf each internal vertex are shown in

order from left to right. The Catalan numbé&ls= ﬁ(zf) among other things, count

the number of these trees witredgeq3, 11].

This project, re-introduces some tree enumeratioblpms. Section two begins with an
elementary combinatorics problem whose solutiorviges the means to tackle more
challenging problems. The elementary problem iseti@meration of ordered trees when
we are only interested in the quantity of theirtioeis and how many of these are leaves.
This problem is well understood and its solutionyrba found in numerous places, but
here it is of interest to solve again as the remae relation of the generating function
used to solve the problem is similar to the onelusébe obtained a g-analogy of Catalan
numbers in the same section.

Section three of this project presents the notiboombinatorial bijections. Here, when
we want to enumerate elements of a4etve can instead prove that a bijectjam —

B exists with some sé&®@ whose number of elements we know. Usually thidase by
first defining a functionf, then showing thig is indeed a bijection from into B. Once
that is done, we can conclude that| = |B|. Bijection from the set of ordered trees with

[-leaves into another set of ordered trees withl leaves is defined via skew diagrams.



Frobenius formula is also proved using bijectivahnd by defining a bijection between
symmetric groups,, and a set of pair€”, Q) of Standard Young Tableaux of the same
shape. Counting parallelogram Polyominoes by aned perimeter is seen as an
application of the method.

Finally, section four of the project deals with sogrCatalan numbers. Stanley defined
g-Catalan number<,(q) =¥, ¢*®, where the sum is over all lattice patRs
from(0,0) to (n,n) with steps(1,0) and (0,1) such thatP never rises above the line
y = x and whereA(p) is the area under the path and above Xkexis. Carlitz'sq-
Catalan numbers are defined from the view pointLafrange inversion and counts
inversions of Catalan word]. The g-Catalan number§,(4,q) as well has a nice
combinatorial interpretation and counts major indéatalan words. To end the section,
the generating functior€ (x, g, y) of ordered trees counted by number of vertices;de
and total path length is revisited to get theanalog of the Catalan numbers studied by
Polya and Gess¢b, 9].



Section; Two

2. Ordered Trees

Ordered trees are trees with distinguished vertdbeddhe root where the children of

each internal vertex are linearly ordered. Ordereds are drawn so that the children of

each internal vertex are shown in order from leftight.

2. 1 Enumeration of ordered trees by number of edge

The combinatorial structures that we shall be dealvith are (unlabeled) ordered trees.
Let T,, be the class of all ordered trees with n edges.t€@wminology is borrowed from
Knuth [7].

Ordered trees may be defined recursively as follows

If t,t,.... . t, areordered treesn > 0, then

X

The trees are ordered in the sense that the omdeng sub trees (or children) is

is also an ordered tree

significant. With each nodein a treet, we associate two values.

1) its degree

2) its level
The degree ok (sometimes known as out degree) is the numbehi@dren it has, and
the level ofx is its distance (the number of edges separatifignt the root oft). A
node of degre@ is referred to as leaf. Otherwise it is calledrgarnal node. The root is

the only node at level.



Example

Leaves (nodes of degree 0): c, e, f, i

of degree 1:d, g, h
Internal node of degree 2:b
of degree 3:a

Level O (root): a
Level1: b, f, g
Level 2:c,d, h
Level 3: e, i

An ordered tree with 8 edges.

Let T,, (n = 0) denote the set of ordered trees with n edgesenheneration of ordered
trees on n edges can be performed as follows.
Let C,, = number of ordered trees on n edges.

Let C(2) = X, C,, z™ be the generating function ¢t }



Illustration:

Ty = o = (p =1

T1: I :Clzl.

T, = { =, =2
! /k
®
o

Ty = ¢

:63:5.

SRR
LA

= C, = 14.
Figure 1. T,,- {ordered trees with n edges}.



Theorem I Number of ordered trees anedges, is given by, = ﬁ(?)

Proof: Take any ordered tree t. Then partition it in to\dal tree (a tree with no edge) or
non-trivial tree. The trivial tree contributes 1ttee sum. On decomposing the non-trivial
part into left and right children the following resion is obtained.

____,’—-'""—J @ trivial tree that contributes 1

or

\

non-trivial tree

C(2)

C(2)

Figure 2. Generating ordered trees from another.

Therefore the generating function C(z) satisfiesftllowing recursion.
C(z) =1+ zC(2)? (2.1)
= C(z) — 1 = zC(2)*

Using Lagrange inversion formula.

Let

w=C(z)-1
=clz)=1+w

Then from (2.1)

w = z(1+ w)?

Let

¢ = (1+w)?



This implies that
[z ] (p ()"

[z" 11 + w)?"

1
Wn = ;
-1
- n
From binomial theorem,
[ n— 1 (1 +W)2n ( )
This implies

Wn = %(712—711

_1 (2n)!
T n(m-1D)!(n+1)!

_ (Zn)' _ 1 2n
- n!(n+1)n! T n+1 ( Tl)

= wn =5 ()

But C, <> w,, and hence

_ 1 ron
Cn = nil ( n ) (2.2)
Or applying quadratic formula on
zC(z2)>—-C(z)+1=0.

We obtain
C(Z) _ livzlz—4z
C(0) =1 implies that
1-vV1-4
C(Z) = TZ

But this is the well known generating function bétsequence of Catalan numbers and
therefore the explicit formula for the sequence is
_ 1 ron
Cn =77 (5
This implies that number of ordered treesromdges is given by the explicit formula

(2.2) and this proves the theorem.



2.2 Enumeration of ordered trees by number of leavgeand vertices

As expressed in the previous subsection 2.1, tihebeu of ordered trees onedges is

given by the famous Catalan numbets = ﬁ (*").

In this subsection, we are interested in the tatiahber of their vertices and how many of
them are leaves.

Lou Shapirg12] noted that the total number of leaves among ttregs is half the total
number of vertices and asked a combinatorial pfaohis observation. This observation
can be proved either by using generating functiomsing bijective proof. The proof with
the help of generating function is presented is #action and its bijective proof will be
presented later in section three using skew diagFam instance there are five ordered
trees on four vertices and among the 20 verticemréQeaves. These 5 trees are shown in

figure.3 where the leaves have been distinguislembloring red and others black.

AP

Figure J'he five ordered trees on four vertices.

Here the total number of ordered trees on fouriaestis five and then the total number
of vertices of these trees4sx 5 = 20.

Theorem 2 Half the vertices among all ordered trees witlextices are leaves and equal
in number to- (*¢"~1).

Proof: An immediate proof can be provided using geneggtiinction.

Let C(x,y) be a generating function which enumerates ordieees by number of leaves

and vertices where counts number of leaves apatounts number of vertices.



Let C,, = number of ordered trees witHeaves ana- vertices.
Then

Clx,y) = Xy Crpxty”.

To get a recursion satisfied byx,y), take any ordered tree and recursively generate
another ordered trees from it. By starting with aadered tree, we have either a leaf
counted byxy or non-trivial tree counted bg(x,y). Add a new vertex, which will be a
new root to these options and make another ordezed For simplicity, le€ (x,y) = C.

By addition of a new vertex we can recursively gate other ordered trees from the

given ordered tree. Figure 4 bellow shows this.fac

C+xy C+xy Cxy

Figure 4. Generating ordered trees from others recursivelyoose a non-trivial tree

(counted byC) or a leaf (counted hyy), and connect it to a new root vertex.

As we observe from the figure, the generating fionctC, satisfies the following
recursion.

C=y([C+xy)+y(C+xy)*+y(C+xy)>3+... (2.3)
The presence of in each term is due to the addition of new rodh®existing tree.
This implies that

C=yC+xy)[1+(C+xy)+ (C+xy)?+(C+xy)>+. . .]
1

o C=y(C+xy) =)



SC*+Y+xy—1)C+xy?=0

1-y—xy+{(y+xy—1)2—4xy?
2

S (=

Here we are obligated to choose the minus pantddyze a meaningful value f61(0,0).

Hence

—y— — —1\2_ 2
C = 1=y J(y;xy 1)2—4xy (2.4)

. Total number of vertices "
Question, =7
Total number of leaves

Total number of vertices is:
v[y*]C(1,y) = [y*lyD,C(1,y).

But
_ i 1-2y—,/1-4y
D,C(1,y) = o (22
since c(1,y) = HY_T V17
1
= D,C(1,y) =-1+ —
Therefore
yDyC(l,Y) =-y+ \/1):—43,
Hence

vy Iey) = v (-y + )
Total number of leaves is
Zl I[lev]C(X, Y)

e N[xlyY]cxy) = [y'] DyC(x ¥)lx=1
But

d (1-y—xy—/(y+xy—1)2—4y?
D,C(x,y) = ™ y > )

1 (y+xy-Dy-4y?)

~ 2 (—y B x/(Y+Xy—1)2—4xy2>

10




1 ((y+y-1)y—4y?)
& D Cx,Y)|x=1 = 5(‘ - —J%)

1
& DeClWleer = (v + )

1
= [y¥]DC(x, V) x=1 = [¥"] 5(‘3’ + L)

Then

Total number of vertices _ v[y”]C(1,y)

Total number of leaves Yil[xtyv]c(xy).

_ [y’1yDyC(x,y)
V1D, C(xy) | x=1

. [yv]<_y+\/1{—4_y>
%[y”](—y+ L )

1-4y

=2
Therefore

Total number of vertices

Total number of leaves
or

Total number of leaves 1

Total number of vertices 2
But the total number of vertices is given by

v () G
Wheren = number of edges in the tree.

v = number of vertices in the tree.
This implies
v(m7) 0D = 150 =6

_ (2(17—1)

v—1

Hence total number of leaves among all verticé;(@”:ll)) and the theorem is proved

11



2.3 path length and Generating function of orderd trees

Each leaf in an ordered tree has a unique path tin@emoot to the leaf. The path length of
the leaf is the number of edges on its path. The path length of the tree is the sum of

the path lengths of these leaves.

The generating functio@(x, y)introduced above enumerates ordered trees by nuofiber
leaves (counted hy) and number of vertices (counted yy

We insert a third indeterminatg, to record the total path length of the ordere@.tihus
C(x,q,y) enumerates ordered trees by number of leave$ pattalength and number of
vertices. To accomplish the enumeration we agaipl@mthe recursion depicted in
figure 4 to find the generating functiofi(x, g, y). Each choice to be made is between an
existing tree counted b§(x,q,y) or a new leaf which now counted lpyy. Note that
choosing a new leaf adds one to the total pathtteagplaining the presence @fin xqy.

If a tree withl-leaves is chosen instead, then the path lengtbaoh of its leaves is
increased by one so that the total path lengthdseased by. The total path length can
be adjusted via the substitutiarby xq in C(x,q,y), the new total path length is then
properly recorded i€ (xq, q,y)

YIIL y
+‘ ) +. .
C(X’ g, y) C(xq,q,y)+qu C(Xq,q,y)+qu C(Xq’q’y)+qu

Figure 5: Generating ordered trees from others recursiv€lyoose a non-trivial tree

(counted byC(x, q,y)) or a leaf (counted hygy).

12



Let C;,, = number of ordered trees witHeavesy-vertices and total path length
Then C(x,q,y) = X1,» CLpvx'qPy” be the generating function {f; ., }.

From figure.5, the recursion for the generatinmgction C(x, q,y) is then

Cx,q,y) =y(C(xq,q,y) + xqy) + y((C(xq,q,y) + xq¥)*) +. ..  (2.5)

The presence of the factpiin each term is to count the new root vertex.
Then

C(x,q,y) = y(C(xq,q,y) + xqy)[1 + C(xq,q,y) + xqy + (C(xq,q,y) + xqy)*+. ..]

< Cx,q,y) =y(C(xq,q,y) +xqy)[ ]

1-C(xq,9.y)—xqy

- _ -y
e lray)=-y+ 1-C(xq,9,y)-xqy (2.6)

We now solve the functional recursion (2.6). Thatesnent of the solution uses the

commong-symbol defined as:

GDn=0—-q)@—-qg>)A—-¢3®........ (1 -q™) andin general
(), =10 —-a)(1—-aq)(1—ag® )1 —aq®)........ (1—aq™™?)
often abbreviated &%), and(a),, respectively.

Theorem.3: The generating functiofi(x, q, y) is given by:

o (~Pg(2lynyn

n=0 K .
(anQ()rtll-'(ga)Q)n (27)
o (~DPg\ 2 Jyhxn

=0 (yq;q)n(q:9)n

)

C(x,q,y) =1—xy—

X
Or alternatively

+1 (n+1) +1,n+1,n+1
ooo(—l)n q\ 2 Jyhtightign
n=

(yq;ng;l(q;q)n (2.8)
o (—1D)0g\2/yfghxn
n=0""(yq;q)n(q:Dn

Clx,q,y) =

13



Proof: the solution to the recursion (2.6) is accomplisbg implicitly defining a new
functionF (x, q,y) by:

1-Cx,qy) —xy = % (29
Then
1-C(xq,qy) —xqy = %
Therefore

y
1-C(xq,9,y)—-xqy

Cx,q,y)=-y+

y
1-C(xq,q,y)—xqy

=1-C(x,qy)—xy=1—-xy+y+

F(x,9,y) y

Z24Y) gy S A

F(xq,9,y) yty Fxq.4.y)
F(xq%,q,y)

= F(x,q,y) = (1 —xy +y)F(xq,q,y) — yF(xq*,q,y) (2.10)

Equation (2.10) is a second order lingadifference equation analogous to second order

linear differential equation. Here we seek a ses@gtion of the form:

F(x,q,y) = X0 an(q,y)x" (2.11)

If we succeed in finding such a series, then
F(xq,q,y) = X3-0an(q, ) (xq)" = X530 an(q,y)q"x"
F(xq% q,y) = Xn=0 an(@,Y)(xq*)" = X370 an(q, ¥)q*"x™

Substituting these in equation (2.10) gives:

Yme0an(@,Y)x™ = (1= xy +¥) X0 an(q,Y)q"x™ — y Yoo an(q, ¥)q*"x™
This implies that

Yin=0an(q, Y)x™ = (1 +y) Xnloan(q,y)q"x™ +
—xy Y=o an(q, Y)q"x™ — y X0 an(q, y)q*"x™
© Ym0 an(q,¥)x™ = (1 +y) Xiloan(q, y)q"x™ +
—Y X0 (@, )X — y 3o an(q, y)q* " x"
© Yn=0an(q,¥)x" = (1 +y) Xioan(q, y)q"x™ +
~Y Xn=0@n-1(q, Y)q" X" — y Xilo an(q, ¥)q* X"

14



Now comparison of the coefficients ot leads to the relationship:

a, = (1 + y)qnan - yan—lqn_1 - yaann

_ —yqn-1
= M T gy qrygen -l
_yqn—l
S a, = a,_
T (1-ygm(a-qn)
_ -yq"?
= M1 T g amge ) 2

= 0n = ((1—;;’?)7;1—%)) ((1—yq:f)zz—q"‘1) an_z)

_ yzqn—lqn—z
T Aoy a-q)(a-yqr D a—qr ) 72 (2.12)

S a

Repeated application of equation (2.12) yieldsetk@icit solution:

(—1)ng(Dyn

I = M Gya)a-ah 20
—ng(Byn
=a, = D a2ly” (2.13)

T G Dn(@Dn ©
The value ofy, is taken to be one. Therefore equation (2.11) tneso

(—)ng@yn n

F(x,q, =Yy
(x,q,) Z:n‘o(yq;q)n(q;q)n

This implies
Flxq,qy) = 52 S 0 an s C0MaGynanan
" "= (yq:)n(@G:Dn =0 (yg;)n(g;a)n
And

1"q@yng?nan
(y&Dn(dDn

()ng@yn (xq>)" = ¥,
n=

F(xqz, q, )’) = Z?lo=0 EDn(4Dn

15



But from equatiof2.9):

_ Fxay)

CCrqy)=1—xy -7

This implies that

n
o (~1q(2)ynyn
=0 (yg;9)n(@:Dn

n+1
o

)

Clx,q,y) =1—xy—

(—1)”61( 2 )ynxn
sDn(4dDn

and hence the theorem is proved.

An application of Theorem 3 can be seen by Taypaasion of the 3-variate generating

_ Fxay)

functionC(x, qJ’) =1-xy F(xq.,q,y)

with the help of Mathematica Softwala.

the expansion of this function, the coefficientsxdfg?y"? record the number of ordered

trees withv-vertices,l-leaves and total path length, wherel, p and v are non-negative

integers.

For instance, the number of ordered trees withelfices , exactly 6 of which are leaves
and total path length 13 is 164.

Another example is that, there are 1371 orderezstvath 12 vertices, 7 leaves and 15
total path length. That i$x°q*3y°]C(x,q,y) = 164 and [x"q*°y*?]C(x,q,y) = 1371

respectively.
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Section: Three

3. Bijective methods in combinatorics

The idea ofbijections, or bijective proofs, is used very often in cougtiarguments.
When we want to enumerate elements of adsete can instead prove that a bijection
f:A — B exists with some s&& whose number of elements we know. Usually this is
done by first defining a functiorf, then showing thig is indeed a bijection from into

B. Once that is done, we can conclude fdt= |B|. Sometimes we do not need the
actual number of elements in the sets, just theetifeat the two sets have the same number

of elements. In that case, the method of bijectzarssave us the actual counting.

Hence in combinatorics, bijective method is a prtethnique that finds a bijective
function f: A — B between two setéd and B, thus proving that they have the same
number of elementsi\| = B|. One place the technique is useful is where veé W know
the size ofA, but can find no direct way of counting its elertseThen establishing a
bijection fromA to some more easily countalesolves the problem. Another useful
feature of the technique is that the nature oflifection itself often provides powerful

insights into each or both of the sets is bijective

As an example of the bijective method, we looktte# Robinson—Schensted-Knuth
(RSK) algorithm first described by (Robinson 1938)hich establishes a bijective
correspondence between elements of the symmetoigpg¥,, and pairs of Standard
Young Tableaux (SYT) of the same shapé It can be viewed as a simple, constructive

proof of the combinatorial identity:

Zip=n(fM)? = n!

Where|F| = n meansF varies over all partitions af and f¥, is the number of standard
Young tableaux of shap@. It does this by constructing a map from pairg"dfbleaux
(P,Q) to permutationd. Schensted (1961) independently discovered theriiigh and

generalized it to the case whérés semi-standard ariglis any sequence afnumbers.
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The Robinson-Schensted—Knuth algorithm was devdlopg Knuth (1970) and
establishes a bijective correspondence betweernrajemeel permutations (two-line arrays
of lexicographically ordered positive integers) gradrs of semi-standard Young tableaux

of the same shape.

3.1 Standard Young Tableaux and permutations

Definition: Standard Young Tableau (SYT& a Ferrers shape on n boxes in which each
box contains one of the elements [@ff = {1,2, 3,. . .,n} so that all boxes contain

different numbers, and the rows and columns inergaing down and going to the right.

Standard Young Tableaux have been around for ni@ne one hundred years by now,
being first defined by the Reverend Young in aesedf papers starting with (A. Young,
On quantitative substitutional analysis Il. Proondon Math. Soc 34(1902) no. 1,361-
397. at the beginning of the twentieth century).

Example:

A Standard Young Tableauen boxes.

A real enumerative combinatorialist will certaimipt waste any time before asking how
many SYT exist on a given Ferrers shape, or morergdly, on all Ferrers shapes
consisting ofn boxes.

Fortunately, we can answer both of these questishgh is remarkable as we could not
tell how many Ferrers shapes (that is, partitionthe integem ) exist onn boxes. SYT
are very closely linked to permutations. On onedhdhe entries of a SYT determine a
certain (restricted) permutation ¢f] = {1,2,.. .,n}. On the other hand, there are
beautiful connections between SYT nrboxes, and the set af permutations of length

n.
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One of the spectacular results on the enumeratio8Yd is the Frobenius formula,
which also dates back to the beginning of the tigémtentury.

Theorem 4[ The Frobenius formula]: For a Ferrers shagg let /' denote the number
of Standard Young Tableaux that have the same shapaen for any positive integer
n, we have:

Lip=n(fF)? = n!
Note that, number of different Standard Young Tableonn boxes is the same as
number of partitions of integer.
Example:

Let n = 4. Then there are five different Ferrers shapesyafr 8n four boxes.

The values of Ffor these SYT are: 1, 1, 2, 3, 3.
So the Frobenius formula is verified as:+ 12 + 22 + 32 + 32 = 24 = 4!

Proof of the Frobenius formula The theorem is proved by the help of Robinson-
Schensted-Knuth correspondence that connects th&i@atorics of permutations and
the Combinatorics of the Standard Young Tableaux.
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The Robinson-Schensted-Knuth (RSK) provides a tivgective proof, showing that the
number of pairs of SYT of the same shape, congistinn boxes each i&!. This is
achieved by a bijectiom, from the set of alh-permutations on to that of such pairs.

Let S,, be the set of all permutations pr.

Let T' be the set of all pairs of SYT having the sameeaha

We need to define a bijections,, — T.

The bijection has a very rich collection of inteneg properties, such as turning natural

parameters of permutations in to natural parametesy'T.

To start, letn= mymyms. . . .. .. m, be ann-permutation. We are going to construct a
pair of SYTr(x)= (P, Q). The two tableaux will have the same shape. Tltetalleaux
will be constructed together, insteps, but according to different rules.

In the P-tableau, some entries will move after they aregidia while this will not happen

in the Q-tableau. We will call our tableauxand@ throughout the procedure, but if we
want to emphasize that they are not completelyt lyatl we call thenP; andQ; to show
that onlyi steps of their construction have been carried out.

We are going to describe the bijectienstep by step, and we will illustrate each step by
the example oft = 52314.

Step 1:First take the first entry of, and put it in the left top corner of the tablgathat
we are in the process of creating. The put theyehto the top left corner of the tableau
Q that we are creating, encoding the fact thatalpdeft corner was the first position Bf

that was filed.

P Q

5 2314 1

Figure 6: The situation after step 1 of creatin@2314).
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Step 2 Now taker,, the second entry ofr. If m, > m;, then simply putr, to the
second position of the first line 8f we then write2 in the second box of the first line of
theQ to encode that this was the boxPothat got filled second.

If 7, < m,, then we can not do this as the first row Bfcan not contain entries in the
decreasing order. Therefore in this casg, will take the place ofm;, and m; will
descend one line, to take the first position of $keond row ofP. To encode this, we

write 2 to the first box of the second line af.

P Q
1
c 314 5

FigureThe situation after step 2.

Stepi: we then continue the process the same way. Assluenfirst | entries ofr have
already been placed, and that we created a (#air);) of partial Standard Young

Tableau on boxes each, and of the same shape.

Now, we have to place;,.Generalizing the rules that we have seen in tleeigpcase
of i = 2, we look for the left most entry in the first row that is larger than, ;. If there
is no such entry, we simply put,; to the end of the first line. If there is sucheantryy,
thenm;,, will take the position of the entny,while y will descend one line, and look for

a position for itself in the second row &}.

In other wordsyr; ., displaces the smallest entryof the first row that is larger thah, ;.
Wheny is looking for its place in the second row, theeaules apply ty as applied for
;41 In the first row. That is, if there is no eleméarger thany in the second rowy; then
will be placed at the end of the second row, otlew will displace the smallest entry

in the second row that is larger thpnand this entry will descend to the third row, to
look for a position, subject to the same rules. Whas procedure ends, the resulting

tableaup;, ; will have a box in a position wheRg, did not.
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We will write (i + 1) in to that position in th&-tableaux, to encode the fact that that

position was théi + 1)st position ofP to be filled.

P Q P Q
2| 3 14 11 3 113 1] 3
5 > 2 4 2

5 4
P Q
1] 31| 4 1] 3] 5
2 2
5 4

Figure 8: The situation after stef¥4 and 5 of creatingr(52314).

Repeating this placement proceduremes, we obviously get a pdiP, Q) = (B,, Q»)

of Standard Young Tableaux of the same shape, storgiofn boxes each. Indeed, the
shapes oP andQ are identical as in each step we added a newdthetsame position
in each of them. We then se{r) = (P, Q).

Theorem 5:the mapr defined above is a bijection froff) to the set of pairs of Standard
Young Tableaux= (P, Q) having identical shape and consistingidioxes each. That is

r: S, — I is a bijection.

Proof: It suffices to show that has an inverse, that is, for any pd@yrQ) of SYT having
identical shapes and consistingrmoboxes each, there exists exactly ane S,, so that
r(m) = (P,Q). We prove the statement by inductionmrthe initial case oft = 1 being

trivial.
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In order to prove the inductive step, we show howedcover the last entry, of
from(P, Q). The position of the entry in theQ-tableaux reveals which positi@nof the
P-tableau was filled last. As is the end of the row i, this positiona is at the end of
the row inP.

If this is the first row, then there was no disgla@nt involved in the last step of the
creation ofP and Q, and m,, is simply the conterf(a) of positiona.

If a is at the end of rowi, thenC (a) got toa after being displaced from its positibrin
row (i —1). Fortunately, we can easily recoverindeed, ifu was the entry that
displacedC(a) from positionb, then in the (i — 1)st row, C(a) was the smallest entry
larger thanu. Thereforeu is the largest entry in th@ — 1)st row that is smaller than
C(a) and the position of is b. Now we can argue as in the previous paragrapat ish

if i =2, thatis,b is in the first row ofP, thenu could not have come from a higher row,
so must have come directly from, forcing m,, = u. Otherwiseu got tob after being
displaced from th¢i — 2)™® row. In the later case, we repeat the above aggtito find
the position in(i — 2)™* row from whichu was displaced, and the entry that displaced it

and so on.

This procedure ends when we reach the first rowfemadout which entry started step
of the tableau creating procedure. That entry iviaslyr,. Once we have
determinedr,, we remove the box containing, from P and the box containing from
Q. By the definition of the&)-tableaux, this leaves us with two SYT onr- 1 boxes that
are of identical shape ( the entriesPéfare not necessarily the elementdof- 1] , but
that does not matter as they are precisely theesntf the partial permutation’ =
T, .. Ty—1). BY our induction hypothesis, we can recornée mym,, ... m,_, from the
pair(P’,Q"), completing our induction proof.

Thereforey is bijection and hence the Frobenius formula Iglva
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Example:

LetP and Q be as shown in figure 9 bellow. Then the positid8 in Q tells us that the
last box to be added tB was the box containing This is the boxa of the above
argument. Its content(a) = 7 got after being displaced from the end of r@wIn that
row, it had to be at the end, so it was displacethb entry4. The entry4 in turn had to
be displaced from row, by the largest entry there smaller tarThat entry i3, so we

haverg = 3.
P Q
1| 3| 6 1 5
2 4 2| 6
5| 7 3| 8
8 7
P Q
1| 4] 6 3 1 5
2 7 2| 6
S 3
8 7

Figure 9: Recover{®j, Q") from (P, Q)
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3.2 Skew Diagrams

In section two, we have seen that, among the talber of vertices of ordered trees on
n edges half are leaves. Since the quantity of k@ar&l non-leaves must be equal in
number, it is natural to ask if there exists a niagpf the set of ordered trees on to itself
that maps a tree with-vertices,! of which are leaves to one with— [ leaves. If the

mapping is bijective, then theoredris an immediate consequence.

This style of proof is what Shapiro had intendethvhis inquiry. Such a mapping already
exists and is provided by as of the bijection betwerdered trees and binary trees given
in Stanton and Whitg13]. In this mapping, leaves of ordered trees becaftddaves of
the binary tree and non-leaves become right ledvasirror reflection of the binary tree

and an application of the inverse mapping yieldstlzer ordered tree with the required

property.

Their bijection is not as natural, nor as direchasded so anotheéijection i provided
via skew Diagrams.

Let T be the set of all ordered treeswnertices withl-leaves.

Let T* be the set of all ordered treeswmertices with ¢ — [) leaves.

We need to show a bijection betweeand T*.

Consider any ordered tree. Since the tree is endaeddidly in the plane, the notion of
left most leaf most leaf is unambiguous. The leafether with the root, determine a
unique path. In fact each leaf of the tree can ésciibed by its position, left to right,

among all the leaves and there is a unique path fhe@ root for each of them.

The procedure of the mapping is as follows:

If the path of the left most leaf has lengtlfnumber of edges from root to the leaf), the
place bottom to top dots as first column (left to right). For each segsive leaf in turn,
we place dots equal in number to the path lengthgahext columns. Since two paths
necessarily share the root vertex, we are assureohoe overlap. The amount of overlap
is equal to the number of vertices that the twhipatave in common.
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Definition: skew Diagram is the rectangular array of dotsioletd using this procedure

from an ordered tree. Figure 9 illustrates the s@gram of small tree.

Figur@: A treeT and its conjugat@*

To read the diagram and produce the conjugatevreg@roceed as follows:

The first row (top to bottom) records informationoat the path of left most leaf of the
conjugate tree. In this example, there are two totke first row. Draw the root vertex
and a path of length two proceeding from it downdsvand to the left. The next row has
three dots so the next leaf terminates a path wdetledges. This row overlaps the
previous one in just one dot and hence the new giadines only the root vertex with
previous path. The last row has two dots and opsrthe previous one in two dots. The
path to the new leaf then shares its first twoigest with the previous path and proceeds
from there downward and to the right.

In the example, the original tree has four leavlgenits conjugate has three. Moreover,
the skew diagram of the conjugate tree reprodueestiginal tree so that the mapping is
bijective. Given an ordered tree onvertices,l of which are leaves, we now convince
ourselves its conjugate hds= v — [ leaves.

Draw a bounding rectangle about the skew diagraraseHower left most and upper

right corners are coincident with the first dotwroand the last respectively.
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The rectangle i$ dots wide and* dots high withl + [* — 1 diagonals. Since the number
of diagonals equals the number of edges1, we must havé' = v — [.

The bijective mapping’ < T*given by the skew diagram thus produces an aliemat
proof of theoren2. However, no explicit mapping of the vertex sas been defined yet.

Let v and v* be the vertex sets of the tree and its conjugeseactively.

We now show that the skew diagram also producegetibnv < v*. The bijection is
accomplished via in-order traversal Bfand in-order, but decreasing traversal af
Choose a tre@ on v vertices containing edges and draw its skew diagram. Draw
diagonals proceeding upper left to lower right keve diagram.

Label the diagonald through e as shown in figurell. Recall that the quantity of

diagonals equals the number of edges

Figure 11: A ldibhg of T and its conjugaté&*.

To determine the label of a leaf Thfind the labeld of the diagonal containing the top
most dot in the column that corresponds to the ieathe skew diagram. Since the
number of vertices in any tree is one more thamtiraber of edges, we see that the leaf
receives labed + 1. For example, to find the label of the second iedf, look at the top
most dot in the second column. The label numbéhefdiagonal containing this dot3s

and hence the label of the second ledfin 3 + 1 = 4.
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Similarly, to determine a label of a |€gf find the labeld™ of the diagonal containing the
left most dot in the row that corresponds to tted la the skew diagram @f. Since the
labeling of T* is in decreasing order and the root receivesahelb all the time, we see
that the label of a leaf if* isv — {the number of dots above the row}, which is
clearly equal to the label*of the diagonal containing the left most dot in tbe.

For example, to find the label of the second leaf'i, look at the left most dot in the
second row. The label number of the diagonal caotgithis dot i and hence the label
of the second leaf 1 is 2.

We combine these observations in to the followiag kemmas for a later reference.
Lemma 6 the label received by a leafThis d + 1, whered is the label of the diagonal
containing the top most dot in the column that egponds to the leaf in the skew
diagram.

Lemma 7: the label received by a leaf it is d*, whered” is the label of the diagonal
containing the leftmost dot in the row that cor@sgs to the leaf in the skew diagram of
T.

Theorem 8: Let T be an ordered tree anvertices and'* its conjugate via the skew
diagram. Label the vertices &f (including) with the integerg, 2,. . . .. ,V using in-
order traversal and label the verticesTof using in-order traversal, but in decreasing

order. Then the vertexin T is a leaf if and only if vertekin T* is a non-leaf.

Proof: since the skew diagram provides a mapping ffboe T* and vice versa, it
suffices to show that if vertexis a leaf inT, then the vertex labeledin T* is non-leaf.
Suppose not, then some leaflimnd a leaf irf'* must both receives the same label. Then
by lemmal and 2 above we see that 1 = d* which means that the topmost dot in
some column occupies a diagonal that immediatedgquates the diagonal of a leftmost
dot in some row. Hence this leftmost dot cannonlide same column of dots containing
the topmost dot. It has to then be in a column m@xhe one that contains the topmost
dot.
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Moreover, by the construction of skew diagrams,rtve containing the leftmost cannot
be below the row containing the topmost dot. Hdahedeftmost dot is either above or in
the same row containing the topmost dot. If thériest dot is in the row above the one
containing the topmost dot, theh > d + 2 and contradicts our assumption. If it is in the
same row, then we get a contradiction to the faat it is the leftmost dot. In any of the
possible cases we arrive at contradiction, and énéngertexi is a leaf inT then the

vertex labeled in T* must be a nonlife

3.3 Application (Counting parallelogram Polyominoe}

A Polyomino is a collection of unit squares in ttig plane, if the vertices of the square
are at lattice points (points whose coordinatedatk integers). There are different kinds
of Polyominoes such as horizontally convex Polyarasi(one in which every row is a
single contiguous block of unit squares), verticalbnvex (one in which every column is

single contiguous block of unit squares) and pal@dram Polyominoes.

Definition: Parallelogram Polyomino is a contiguous unit sgsiavith vertices at integer
points in the plane that have two non-intersecgiatihs with only North and East steps as

their border.

Various special kinds of Polyominoes, however, haeen counted, with respect to
various properties of the Polyomino. For instarseepng the properties that a Polyomino
has, one might mention its area, or number of @eil$ its perimeter. So one might ask
for the number of Polyominoes of special kind.

Here, we are interested in counting parallelograotydminoes by area and semi-
perimeter.

It is easy to see that the skew diagrams usedeeaalie actually parallelogram

Polyominoes.

29



We can identify a parallelogram Polyomino with adesed tree. Take any parallelogram
Polyomino, and represent it by skew diagram. Tlgt aach unit square of the
parallelogram is represented by a dot of the skegrdm

Figure 12. illustrates this for a simple parallebng Polyomino.

v

Figure 12: Identifying a parallelogram Polyomindiwan ordered tree:

Observe that the area of the parallelogram Polyoroorresponds to the number of total
path lengths of the ordered tree and the semi-geinof the parallelogram Polyomino
corresponds to the number of vertices of the oddree. This observation leads us to the
following corollary.

Corollary: The generating functioAP (g, y) which enumerates parallelogram Polyomi-

noes by areéq) and semi-perimetdly) is given by:

n
—1Pq(2)yn
Y Dn(LDn

(n+1)
50 (-nfRq\ 2 Jyn
n=0 (yq;q)n(q:9)n

Xnzo

PP(qy)=1—-y—

Or alternatively

(n+1)

0o (_1)n+1q 2 yrl+1qu+1

n=0 %Dn+1(4Dn
()

o (-1fgi2/qlyn

=0 (yq;q)n(q;q)n

PP(q,y) =

X
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Proof: Consider the generating functiai(x, q,y) that enumerates ordered trees by
leaves, total path lengths and vertices. Herd |[eatgth of an ordered tree corresponds
to area of parallelogram Polyomino, and numberesfiees of an ordered tree correspon
ds to semi-perimeter of the parallelogram Polyomiflien we take the parametethat

counts leaves of the ordered tree tolband therefore the generating function of the

parallelogram Polyomino is
PP(q,y) =C(1,q,y)

But
5o (—nPg()yn
_ 1=0(yq;q)n(q;)
C(lL,qy)=1-y- E‘nﬂ)“
g0 (-nhq\ 2 Jyn
1=0 (yq;q)n(q:9)n
And hence

gy

(YD n(4Dn
(n+1)
o (-1Ag\ 2 Jyn

=0 (yq;q)n(q:9)n

Yn=o

PP(q,y)=1-y—
)
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Section: Four

4. g-Catalan numbers:

g-analogs of Catalan numbers are polynomials eonat functions in variable that

reduce naturally to the Catalan numbers wipen1.

Note thatthe following are some-calculus notations most commonly used and thegefor

we use them in this section as well.
1-q™
1-q

[n]q!= [1]q[2]q . -[n]qq

(@ @) = (@n=lz1(1 —aq"™) and (a;q)o =1

[n], = =1+q+q¢*+.. .+q"1

(@ Dn = (@n = [Tea(1—q"H)
0T D = 0Dy = [T, (1 = yah)
On =TT~

n (Q)n
[ ] (@Dn(@Dn-k

4.1 Stanley’s g-Catalan numbers

He defined g-Catalan numbers by:

Ca(@) =X g (4.1)
Where the sum is over all lattice pathgrom(0,0) to (n,n) with steps(1,0) and(0,1)
such thatP never rises above the line= x and whered(p) is the area under the path

and above theX-axis.
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To calculate the area under such lattice pathssidenthe following figure.

y

y =X
f(n+1,n+1)
Cri@ |
(H1, D)oo %(n+1, i+1)
((n)(+1)
e
(0, 0) (i+1, 0) (n+1, 0) X

Figure 13l€ulating area under path.

In this figure the poingi + 1,i + 1) is the point at which the lattice path toucheslthe
y = x for the first time.
Crr1 = it Ci(@)Croi (@)D (4.2)
Colg) =G =1

Example:

C(q) =X Ci(Q)Q—i(Q)q(l_i)(Hl)

= C,(q) = Co(@)C1(q)g VO + €, (q)Co(q)g V@

= C(q@) =1+q

Applying the same procedure,
CGi(@) =1+q+2¢°+q°
C,=14+q+2q*+3¢3+3q¢*+3q°+¢q°

Here ifqg = 1, the sequence gives a sequence of Catalan numbers
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4.2. Carlitz's g-Catalan numbers

In this section on different-analogs of the Catalan numbers, = ﬁ(?) we want to

stress the importance of using Lagrange expansmstsad of the customary generating

functions.

Recall: The generating function for Catalan numbers sasist functional relation:
Ct) =1+tC(t)? (4.3)
Where
C(t) = Xp=o Cput™
Let
z =tC(t) = Lpzo Cp-1t"
Multiply (4.3) byt
= tC(t) =t + t2C(¢t)?

=z=t+2z°

or
t=z—2z°
=t=2z(1-2)
= 2z = Yo Cn-1(z(1 — 2))"
© 2= Yo Cp12"(1 - 2)" (4.4)
Or from
C(t) =1+ tC(t)?
Let

Ct)—-1=y
=y=t(1+y)?
=t=y(1+y)?

=y =Y Gty (4.5)
So the Carlitz’'s g-Catalan numbefs = C,,(q) are obtained by replacind — z)"™ by
1-2010-q2)1—-q¢*2) (1 —q32). .. ... (1-q™"1z) in equation (4.4) and

assuming thatC, = 1.
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This implies
2=Y00Cr1 1-2)A-q2)A-¢*2)(A - q%2). .. A —q"'2)z"  (4.6)
= z = Yp=0 Cn-1 (24; Qnz"
= Xn=0 Cn-1 (2)nz"
Then by squaring both sides we obtain
2% = Vo1 Co-12"(Dq " q"z
= Yko1 Ck-12(2)1q ™" X121 C1-1(d°2)' (" 2),

= Ynz2Qirk=n Ci—1 Ck—lqk(l_l))zn(z)n
Rewriting (4.6) as
z=Coz(1 —2) + Xns>2 (12" (2)n
gives C, = 1 and other expansion of?. Comparing coefficients leads to
Cro1 = Zkt=n—2 CCrq*+M!

or

Crr1 = Zi=o CkCnrq DT, Cp =1 (4.7)
Writing

Ca(@) = ¢@Ca(g™

We obtain the simplest possible g-analog of thesital recurrence relation
Cns1 = 2p=0 CkCnr, Cy =1 for the Catalan numbers.
which is
Cov1 = Xk=0q" CkCry (4.8)
The first values are:
Co=C =1, Cob=1+q, C3(q) =1+q+2q*+q5,

C,=1+4+q+2q*+3¢3+3¢*+3q°+¢q°

35



A simple explicit formula like that of the sequerafeCatalan numbers is not known. The

analog of the second expansion (4.5) leads eskemtidhe same g-Catalan numbers

n-—1 VA

=y gl
z=2n=1q" 2 Gy (1+2)(1+q2). . . . . (1+q2~1z) (4.9)
Proof of (4.7):replacez by gz in (4.9)
—yo ("0 q"z"
=4z =Yp=1q" 2 'Cy (1+2)(1+q2). . . .. (1+q2n-1z2)
Then divide both sides hy
Qo n—1 an"
=72= =19 * /Cn q+2(+q2). . . .. (1+q2"7)
Add C, =1 on both sides
_ 0 n—1 qnzn
=1+z=1+3n q( ? )Cn q(1+2)(1+q2). . . .. (1+q2"z)
Dividing both sides byt + z gives
_ 1 qnzn
- 1+z{1 + Zn= 1q( )C" q(1+2)(1+q2). . . . . (1+q2nz)}
@c
0o q nZ
S1=)
=0 (—z;0)2n41

Now we “square” this equation in the same manneveabave done with (4.6). Then

_ ( ) l C[(q2k+1 )Z
1= Zk>0 1+ (-z Q)2k+ Zl 20 q ( q2k+1 D21+1
= 1=Y,q ~Ti=0 CkCriq <027
(- ZQ)z

Comparing coefficients with equation (4.9) givesetky
Cn+1 = Lo CkCropq ¥ ™0 ) = 1.

So we see that the numbers defined by (4.2) sagisfie recurrence relation (4.8) and

hence coincides with Carlitzigs-Catalan numbers.
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We now turn to the combinatorial meaning of thgegéatalan numbers. For this end, let
us consider Catalan words defined as follows.

Notation: let S(n, m) be the set of all word® = w,w,. .. . .w,,,, consisting ofn O,
and m 1, . With S, (n,m) we denote the subset 8§n, m) consisting of those words,
such that no initial segment contains mdrethan 0, . Moreover, letS_(n,m) =
S(n,m)\S,(n,m) and g, = S,(n,n) for short. We identify such words € S(n, m)
with lattice paths fron{0,0) to (n + m,n —m) in the sense of Felldd] , drawing an
ascending edge for @ and a descending one forla Then the Catalan word ¢,
corresponds to a lattice path fr@®0) to (2n,0) where no edge lies below tieaxis.

For ourg-analogs we use the three classical statistics‘dben set”D(w) of a word

W = WW,. .. . .Wyyy, IS defined as:
Dw) ={i:w; >wj;q, 1<i<n-—1}
majw = Y{i:ieD(w)}
invw = |{(i,)): i V< j and w; > w;}|
desw = |D(w)]|

We will also use the standagdnotation:

[n] _ (@n
Dk @Dn-k
and the well known result

majw _— [n+m]

Ywesnm 4™ = Ywesmm) 4
Therefore
Co = Swepn 4™ (4.10)
For the proof we decompose a Catalan werd ¢,,, in the usual way in tow =
Ow; 1w, with w; € ¢, w, € ¢,_, for somek with 0 < k <n. Then the number of
inversions inw is given by

imvw =invw;, +invw, + (k —1)(n — k).
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HenceZ{q""”W:wapn} satisfies the same recursion (4.7) @s which complete the
proof of (4.10).

Geometrically the inversions number wf means the area of the polygon which lies
between the lattice path of and that of the wor@0 .....011. . .1 without inversions.
Viewing this polygon as Ferrers graph of a pamitgives an interpretation of the Catalan

numbersC, (q) = X Chmq™ in terms of partitionst,,, is the number of partitions

A, Ay, . o ., A4 of mwith 4; <n—i+ 1. From this we may infer, eg., the asymptotic
formula for
. \—1
lq| < 1:Cn(q) —>]_[l-=0(1—ql) asn — o

That is, theg-Catalan numbers,, (q) converge to the partition function. For tg(q),
the exponent of counts the area between the pathg @ind of 0101. . .01.

4.3. The g-Catalan numbersC,(4; q)

For expansion like (4.5) there exists another deanthan (4.9) for which an explicit g-
Lagrange formula has been found recently and inttbgly by Krattentallef8] and
Gessel and Stantde].

Theorem7: if

v Cpz™
f(Z) o Zn:O (1-q™"z). . .(1-q712)(1—-q2). . .(1-q" taz)

Cpz™

1z, n(az;q)n

=Y e , then

C, = [z""l]ﬁ @1 =g ™Y20)...(1 -2)(1—az). . .(1-q" az)

Where f'(z) is the q-derivativéc(gj)_—gz(z) of f(2) andz™] g(z) denotes the coefficient

of z" in the formal power serieg(z).

38



Sketch of the proof:Set g,,(z) = . Then the theorem is equivalent to the

-z
(@ "2)n(az)n

orthogonality relation

(279" @) (@ *2)k (az)i = [n]6p

Which is obtained by calculating the g-derivative of g;/g, and looking at its
residue.
This motivates us to define a new kind of g-Catalan numbers C,,(4;q) = C,,(1) by

means of the expansion formula

) Cn(/’LiQ)Zn
7=y 411
Zn=0 4@ (—q"2) (a2 2)n (4.11)

Using the above g-Lagrange formula, we obtain

¢ = 2 (-0 2)n (4.12)

= ﬁ [Zn—l] Zk[z]q(g) (q—n+1z)k [n] q\z (C[ Z)l

-1-k

=_Zk[n] [ 1]q() k(n-1)+A(n-1-k)+(""37¥)

And finally the explicit formula

Cad) = [n] k=0[:][k—rl;—1]qk2+lk (4.13)

The terms in this sum are g-analogs of Runyon nusnhg = %(Z)(k’ll) [10] . They

count the lattice paths € ¢,, with k “valleys” or k + 1 “peaks” that is desv = k for
certain values of, (4.12) may be evaluated in a similar way. Inipatar, we obtain for
A=1

Cu(D) = [2"1q @ - (=20")zn

= q(0) 2| 2 |qCrn -0+

[n]q

[n+1] ——[*"] which is the most obvious g-analog of the Catalambers.
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For A = 0, a similar calculation gives:

_ 1 rpyi+q 2] r2n-17_ [2] 12n
Cn(0) = [n+1lq [n] 1+q" [n+1]q[ n ] T [n+1]y In-1

The first values are given by
Cl=cM=1, GAW=1+q"*
C:(D) =1+ [3l,q" " +¢*+24, ...
As for Carlitz's g-Catalan numbers, th® (1) have a nice combinatorial interpretation:

Ca(D) = Teg, g WHA-Ddesw and it counts major index of

Catalan words.

Finally let us re-write the recursion (2.6) in floem:
C(x,q,y) = xqy* +xqyC(x,q,y) + yC(xq,q,) + C(x,q,y)(xq,q,¥)
Then introduce the function
Cr = Ca(x,q) by Cu(x,q,¥) = Xnso Ca(x, @Y™
A comparison of the coefficients of* leads to
Cu(x, @) = xqCn—1(x, @) + Cn1(xq, @) + Y=o Ci(x, 0) Cy—1(xq, q)
Where Cy(x,q) = C,(x,q) = 0 and C,(x,q) = xq.
These are thg-Catalan numbers of Polya and Geg5¢9] .
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