THE VARIATION OF ISOTOPE EFFECT
COEFFICIENT «
IN IMPURE HIGH 7, SUPERCONDUCTORS

By
' KASSA DEMELASH

A THESIS SUBMITTED TO
THE SCHOOL OF GRADUATE STUDIES OF
ADDIS ABABA UNIVERSITY

IN PARTIAL FULFILMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
MASTER OF SCIENCE
IN
PHYSICS
ADDIS ABABA
ETHIOPIA

JULY 2005

ol




To
BANCHAMLAK BIZUAYEHU




Acknowledgement

I would like to express my sincere appreciation and gratitude to
my advisor, Prof. P. Singh , for his unceasing academic guidance,
encouragement and support during the work of this research paper.

This thesis as well as my graduate study as a whole couldn’t have
been completed without the help of W/ro Banchamlak Bizuayehu, my
wife, who spent her full time on rearing our daughters Sosina and Hilina,
giving supportive ideas on my study and managing our home economically.

I am also thankful to a large number of people:

o My friends and relatives who have helped me with moral, financial

and material support.

e Physics department staff members and technicians at the AAU who
have helped me with moral, technical advice and internat (computer)

access out of their normal working time.

Finally, I would like to acknowledge the Government of Ethiopia
(Specially Amhara National Regional Educational Bureau) for providing

sponsotship,

Kassa Demelash
Addis Ababa
June 2005

iy




Table of Contents

Table of Contents

Abstract

1

2

Introduction and Overview

Literature Review
2.1 Isotope Effect and Critical Temperature in Conventional Superconduc-

170 <
2.2 High-Temperature Superconductivity . . . . .. ... ... ... ...
221 Mechanism . . . . . o e e e e e e

2.3 Effects of Impurity, Disorder and Defect in Superconductivity

Mathematical Techniques

3.1 Preliminaries to Mathematical Techniques . . . . . . .. ... .. ..

3.2 Methods of Solving BCS Hamiltonian . . . . . ... ... ... .. ..

3.3 BCS Hamiltonian by The Green's Function Formalism . . ... . ..
331 GapEquationand %, . ... ... ... ... . ... ... ..

Variation of ¢ in Superconductivity

4.1 The Model Hamiltonian and Formalism . . . . . . .. .. ... .. ..
411 AVEraging . . . .. . o e e e e
412 Critical Temperature . . . . . . ... .. 0o

4.2 Contributions Dueto All Bffects . . . . . . . . . ... .. ... ...,
4.2.1 Derivation of Isotope Coeflicient o . . . . . .. . ... ...

4.3 Another Lock at The Derivationof ¢ . . . . . . . .. . ..o ..
4371 Special Cases . . . . . . ... e
44 Results and DIsCUSSION . .« v v v v v v e et e e e e e e

vii

11
12
14

19
19
26
27
34




5 Conclusion and Summary

5.1 Conclusion
5.2 Summary

Bibliography

vi




Abstract

The value of the critical temperature T, and isotope coefficient a could be greatly
affected by a number of factors. Among them are the presence of magnetic impu-
rities, non-magnetic impurities, disorder and defects. Following previous calculation
of the critical temperature and isotope effect by Singh and Kishore (P. Singh and R.
Kishore, J. Supercond. 8, 9 (1995)), Singh et al. (S. P. Singh, R. K. Pandey, and P.
Singh, J. Supercond. 9, 277 (1996)), Openov (Phys. Rev. B 58, 9468 (1998)) and
Openov et al. (Phys. Rev. B 64, 12513 (2001)} we have considered the effect of disor-
der (defect) on the superconducting transition temperature 7, and isotope coefficient
a with in the BOS model. An expression for T, and « as a function of potential and
spin-flip scattering rates is derived by means of Green’s functions technique. This is

done with the introduction of the matrix Green function in the Nambu representa-

T
TCO

arbitrary degree of anisotropy of the superconducting order parameter, ranging from

tion. The expression for In (7=) and () is obtained for a superconductor with an

isotropic s-wave to d-wave and including anisotropic s-wave and mixed (s+d)-wave

as particular cases. The universal dependence of (T?—;) on ¢ (a factor proportional
to 1, where 7 is the total relaxation time) and (i) on ¢ or @ for a given value of

x (a coefficient for anisotropy of the order parameter) is shown in different plots for

different cases.

Key words: AG-equation, Superconducting transition temperature T, Isotope effect

coefficient, Impurity effect, Disorder (defect) effect.
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Chapter 1

Introduction and Overview

In the history of understanding the phenomenon of superconductivity isotope
effect plays an important role and also helps in the development of a theory describing
the microscopic nature of the phenomenon. In 1950, Fréhlich (1] initiated the modein
approach to the theory of superconductivity, by focusing attention on an interaction
between electrons which had been completely ignored up till then. According to
him; if an electron gets scattered by a lattice (superconducting one), emitting a
quanta of elastic wave (phonon) in the process and another electron absorbs this
very phonon there by itself being scattered, what we have in effect is an electron-
electron interaction transmitted by phonons. One of the qualitative consequences of
this theory is that superconducti‘vity involves the motion, i.e, the dynamics, of the
lattice ions. Due to this significant effects on the superconductivity of the dynamical
properties of the lattice ions ( in particular their mass) are expected. This was the
anticipation of the isotope effect before it was observed.

Experimentally the isotope effect in superconductivity was simultaneously and
independently discovered, in 1950 by Maxwell [2], and by Rynolds et al. [3]. It states
that the critical temperature T, is proportional to M™% for isotopes of the same

element:
T. o« M™ & T.M®=const. (1.0.1)




where M is the isotopic mass and o = % for phonon induced superconductivity. The
effect was first observed in mercury and then in a number of other elements and
compounds. This was also the first direct experimental indication of a particular
mechanism of superconductivity.

There are several models used for treating superconductivity and its isotope effect.

The first and simplest model is the BCS one-square-well model, [4] in which the
attractive electron-phonon interaction is cut off at the Debye energy Awp and the
repulsive coulomb interaction is neglected. The equation for the critical temperature
(To), T. o wp exp[—W] implies that the isotope effect described by its isotope
coefficient a, o = 0.5 holds in this model. (N.B. In this thesis a system of units in
which /i = 1 is used. Temperatures are expressed in energy units (kg = 1}.) The
inclusion of the repulsive coulomb interaction with the same energy cut off does not
alter the isotope effect, since the only dependence on ionic mass is through the Debye
frequency wp.

In the two-square well model [5], the Coulomb repulsion p is assumed to have a

separate energy cut-off w, ~ e which is independent of the ion masses. In this model

1 1

Ty o wpexp|— W} = a=3 (1 - [/\ ﬁ*,u*]z) (1.0.2)

where .t% =5 +In(Ee).
The isotope effect « is therefore only limited to values of —-co < a < 0.5,
The MeMillan (6] equation, which has been refined in [7], is an approximation for

strong and weak coupling superconductors. It yields

w L0401 + X)
Te={—)exp|— 0.
o= (g e[~ 5= w1+ 0.62/\)] (1.0.3)
for the transition temperature and
1 1.04(1 4+ N)(1 4 0.622)(pe*)?
MeMillan = = | £ — .0.
O afeMillan 5 ( [,\ — ,LL*(]. T 062A)]2 ) (1 0 4)




for the isotope effect parameter.

These equations all predict large deviations from the BCS value of @ = 0.5 at
small X for modest p*, with the magnitude of the deviations decreasing with increas-
ing A. Thus, for elements with large A, these models predict an isotope shift close
to 0.5 unless very large values of p* occur. For weak coupling superconductors, the
models generally agree with the calculation [8] which also qualitatively predicts the
values for strong-coupling materials and the transition metals. Table 1 shows char-
acteristic values of the isotope coefficient (a) for different types of superconductors.
Very different values of a have been observed in the range from -2 to +1. One notes
that some systems have a negligible coefficients, some display even an ”inverse isotope
coefficient” (a < 0), and some take values greater than 0.5, the value predicted by

Frohlich and the BCS model ( for a monatomic system).

Superconductor o Superconductor a
Hg 0.5+ 0.03 Zr 0.0
Ti 0.5+ 0.01 PdH(D) —0.25
Cd 0.540.01 U —2
Mo 0.33 £ 0.05 | LaygsSrosCuly 0.07
Os 0.21 +0.01 | LaigeSre11Cu0, 0.75
Ru 0.0 (80 —18 O subs.)
K4Cw 0.370or 14
(12C 13 C subs.)

‘Table 1 Experimental values of the isotope coefficient of 7%, [see [9]]

The understanding that o is a measure of the contribution of phonons to the pair-

ing mechanism leads to confusions, which is particularly true for the high-temperature




superconductors. Indeed several factors not related to the pairing mechanism can al-
ter the value of the isotope coefficient. So the value of a (even in its absence) does
not allow any apriori conclusion about the pairing mechanism.
The calculation of e and its comparison with experimental results was used to de-
termine the value of the Coulomb repulsion p* or the relative weight of different
electron-phonon coupling strengths in superconductors. It can thus be used as a tool
for the characterization of superconductors.

In 1986, J. George Bednorz and K. Alex Miiller [10] made a starting discov-
ery while studying the conductivity of the ceramic, lanthanum-barium copper-oxide
(Lag_.Ba,CuQy4). They discovered superconductivity in the ceramic at 35K for

x =~ 0.15. The result was very surprising for two reasons

e Ceramics are usually insulating rather than conducting, so that superconduc-

tivity was not expected at any temperature, and

¢ Such a high value of T, had never been observed in any material in 75 years of

active research on superconductivity.

Following this discovery a related material ¥ Ba,CusO,; was discovered with the
critical temperature of 92K! Many additional high-T, superconductors have been dis-
covered with T, above 30K and different characterization of superconductors appear.
Figure (1.1) shows the progress in T, of superconductor materials with time.

Superconductivity is characterized by an order parameter A,5(r,r’) that describes
pairing of fermion with time-reversed momentum, k and -k.

If the order parameter is constant or nearly constant on the Fermi surface the
superconductor is called s-wave (conventional) superconductor. They have even or-
bital function of momentum k with 1 = 0 analogy with the notation for the atomic
states. In momentum space A{k) = A,. Conventional superconductors are character-

ized by isotropic s-state (wave) pairing which gives rise superconducting energy gap
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Figure 1.1: Graph showing the historical rise of the maximum known critical temper-
ature including high-temperature superconductors.

which is every where finite (no nodes) over the Fermi surface and have an exponential
temperature dependence (for the penetration depth) A(T) « exp(—%).

A superconductor with vanishing order parameter averaged over the Fermi surface
is called unconventional superconductor. Here Zk < Aoy O—xg >= 0.
p-, d-, or higher waves where this relation holds are unconventional superconductor.
Unconventional (specially cuprate) superconductors are characterized by apparent
d-state (wave) pairing where there are nodes (i.e. states in overall gap) and the
temperature dependence (for the penetration depth) is expected to be a power law

AMT) o (5E-)", with n=1 for line nodes.




Schematic comparison of the s-wave and d,2_,2-wave pairing potentials and the cor-

responding quasiparticle tunnelling spectra are shown in Fig (1.2).

Momentum (k)-Independent L. .
Quasiparticle Tunneling Spectra  (s-wave pairing potential)

20
fie
gm
t
A T TRERES
’ Momentum (k)-Dependent

Quasiparticle Tunneling Spectra (dyxz.y2 pairing potential)
antinode nodal {ZBCP)

o Nl
g ; { o
£ 15 3

Figure 1.2: Comparison of s-wave and d,2_,2-wave pairing potentials in the momen-
tum (k) space and the corresponding quasiparticles tunnelling spectra for quasipar-
ticles momentum along various principal axes.

Though conventional BCS mechanism is based on electron-phonon interaction
this interaction is insufficient to explain high-T, superconductivity. Superconduct-
ing transition can also be caused by a non-phonon mechanism [9]. Historically, the
introduction of electronic mechanism started the race for higher 7.'s. The pairing
can be provided by the exchange of excitations such as exitons, plasmons, magnons
etc. In general one can have a combined mechanism [11, 12] which may provide an

explanation for the unusual occurrence of high T,’s and small isotope coefficient a.




Several non-phononic as well as combined mechanisms have been proposed that lead
to a reduction of the isotope effect [13].

The main purpose of this paper is to explain how the isotope coefficient varies in
impure and/or disordered superconductors. Specially it tries to treat high-T. super-
conductors of different kind. The effect of impurity and/or disorder on the critical
temperature as well as on the isotope coefficient of superconductors is treated deeply.
In addition to that it tries to forward ideas on the role of the variation of o to high-T,
superconductivity and room temperature superconductivity.

The remaining part of this paper is presented as follows:

In chapter 2 we see a detailed literature review on isotope effect, critical temper-
ature, mechanism of high-T, superconductivity and effect of impurity,disorder and
defect in superconductivity.

The remaining chapters are devoted to the description of the theoretical back-
ground, mathematical techniques, mathematical formulations, and the conclusion to
the problem.

In chapter 3 we see the theoretical starting and forward the mathematical ways
of treating superconductivity.

Chapter 4 is concerned with the mathematical formulation starting with the model
and formalism used to see the effect of impurity and disorder in superconductors.
Particularly we will look at the isotope effect and the critical temperature due to
impurity and disorder of different types of superconductors. In the last section of
this chapter the results are analyzed and discussed with the help of different graphs.

Finally conclusion and short summary of the whole paper is given in chapter 5.




Chapter 2

Literature Review

Introduction

As indicated in the introduction part isotope effect of superconductivity plays an
important role in developing a theory describing the microscopic nature of super-
conductivity. In this chapter we are going to observe the works of different authors
around the area of superconductivity. As in any other rapidly developing field of
research, many speculations and suggestions have been advanced in superconductiv-
ity. Though there are large number of papers written around superconductivity we
have to restrict ourselves to areas related to the isotope effect, critical temperature
of superconductors, high-T, superconductivity and its nature (mechanism).

Having this in mind this chapter is presented in to three sections namely: isotope
effect and critical temperature of conventional superconductors, high-77, superconduc-
tivity and its mechanism, and effects of impurity, disorder and defect in superconduc-

tivity.




2.1 Isotope Effect and Critical Temperature in Con-
ventional Superconductors

Here we treat works on isotope effect and critical temperature in conventional
superconductors.

Fréhlich [1} forwards a theory deseribing the nature of the phenomena of super-
conductivity. He was the first to suggest the importance of the electron-phonon(el-ph)
interaction in explaining superconductivity.

Experimentally Fréhlich’s suggestion was confirmed by the discovery of the *iso-
tope effect”, i.e., the proportionality of 7, to M =% for isotopes of the same element,
by Maxwell (1950) (2] and Reynolds, et al. (1950} {3] independently.

The basic idea that even a weak interaction can bind pairs of electrons into a
bound state was presented by Cooper in 1956 [14]. What he showed was that thé
Fermi sea of electrons is unstable against the formation of at least one bound pair,
regardless of how weak the interaction is, so long as it is attractive,

Bardeen et al.(1957) [4] present a theory of superconductivity which works well
for low temperature superconductors. They show that electron-electron pairing in-
teractions mediated by phonons neglecting Coulomb repulsion. The theory predicts

that 7}, can be expressed as

Te = 1.13w exp[- (2.1.1}

1
N}V
and for a monatomic system the isotope coefficient is &« = 0.5. There are differences
in the value of a between theory (o = 0.5) and experiment (refer table 1). This may
be due to the fact that BCS did not take Coulomb repulsion into accounnt.

Inclusion of Coulomb interaction was first done by Morel and Anderson (1962) [15].
They propose the two-square-well model for which T is derived by including Coulomb

interaction. Coulomb interactions are included by the introduction of the pseudo




potential p* in the BCS equation for T} as:

Te = 1.130p exp(— ) - (2.1.2)

._.u*

where @y, is the Debye temperature and p* is the pseudo-potential given by

+ H
= . -3
H I+puhn —ﬂi,D (2.1.3)

{ is the Coulomb potential and ep is the Fermi energy.

The corresponding IC is then

o= %[1 - (A ‘”’})2] (2.1.4)

The effect of Coulomb interaction can be induced in a similar way in the strong
coupling Eliashberg theory (1960) [16].

McMillan (1968) [6] calculate the superconducting transition temperature as a
function of electron-phonon and electron-electron coupling constants within the frame
work of the strong coupling theory. Using this result, he found empirical values of
the coupling constants and the "band-structure” density of states for a number of
metals and alloys. Having these results one can predict a maximum superconducting
transition temperature.

Using the formula derived by McMillan

W 1.04(1 -+ )
To= 15—~ 7 ) (2.1.5)
with ft = (1 4 0.62)p* and p* given by Eq (2.1.3) the isotope coefficient is
1.04(1 + Njpu*
=2 [ - hap ] (2.1.6)

An expression for 7 valid for the whole range of coupling strengths (from weak

to very strong coupling) has been derived by Kresin (1987) [17]. According to him

10




2
L (2.1.7)

2
ereff — 1

Aeg = -
ST 0w et (N)
and t(\) >~ 1.5exp(—0.28)). The isotope effect coefficient resulting from this reads

. (#)? 1 2+ M(N\)
T {1 . Mess(1— & %07) (,\ Ry At(,\))} (2.1.8)

In all the above cases we see that the sirongest deviation from the BCS monatomic

with

value 0.5 occurs when g* (or ji) is of the order of A. Thus a small isotope coefficient is
correlated to low 71, excluding anharmonic or band structure effects. In certain cases
inverse (negative) isofope coefficient (o < 0) is observed (refer table 1).

In conclusion we see that the Coulomb interaction and its logarithmic weakening
leads to the deviation of the isotope coefficient from the value oo = 0.5 and to the

non-universality of a.

2.2 High-Temperature Superconductivity

The field of superconductivity received an immense impetus from the discov-
ery of the new high-temperature superconducting materials in 1986 by Bednorz and
Midler [10]. The subsequent development has raised the fransition temperature
T. to values as high as 7, = 135K. Examples are Las_,Sr,CuQOy (T, ~ 40K),
Y BagCug Oy (T, ~ 92K), BizSraCaCuzOie (T, ~ 110K, TlyCaz BayCuzOrp (T
125K), and HgBaCaCuO (T; ~ 135K) [18, 19]. In fact materials have been found
with T, as high as 160K [20]. In these systems conduction is due to holes. An impor-

tant property of these materials is the strength of their correlations. It was argued

11




that strong correlations provide for the electron attraction which are required in or-
der to obtain the high superconducting transition temperatures in the copper-oxide
based materials [18]. In addition the electron-phonon interaction is also strong in
these materials and therefore must contribute to T significantly.

Though there is a theory ( i.e. BCS } that explains low temperature superconduc-
tivity large number of theories that will agree with some experiments and disagree
with others are formulated to explain high temperature superconductivity. There is
no complete microscopic description and certainly no consensus in the community
in the mechanism of superconductivity. Different authors forward various theoret-
ical ideas and experimental investigations on the mechanism and effects of high-T,

superconductors. Following are some of the main confributors.

2.2.1 Mechanism

Many mechanisms have been proposed by different workers by using differ-
ent excitation mechanisms like phonons, polarons, bipolarons, biperoxitons, excitons,
correlated charge (pair) transfer, plasmons, spin fluctuations, magnons, resonating
valance bond states (see the references in [13]).

Singh et al. {(1990) [13] proposed a combined phonon-biexiton mechanism to ex-
plain the high values of temperature transitions and small values of isotope effect
coefficient, of high-T, superconductors. With this mechanism they explain the en-
tire range of high-T, values by their expression. The expression for (7¢), found by

generalized BCS-type integral equation, looks like
T, = 114 w)'wy? exp[— (A, + AN

A A
- —_— — I
where ny = o IR Wi

o = A
Ay = aw and A7 = $95-
In the model the « is given by a = &L

12




By taking suitable values of the parameter of the system « values can be obtained
for any Cu-O superconductors [21].

Rajiv Kumar Pandy, et al. (1998) [11] derive the expression for superconducting
transition temperature 1, and isotope effect coefficient « from a generalized integral
gap equation for a strongly coupled superconductors, when electrons, phonons and
electrons biexitons are simultaneously present in high-T, superconductors.

Shen et al. (2001) [22] use high resolution angle resolved photoemission (ARPES)
data in conjunction with that from neutron and other probes to show that electron-
phonon coupling is strong in cuprate superconductors and it plays an important role
in pairing.

Zhao (2004) {23] has determined the polaron binding energy Ep for under doped
parent cuprates from the unconventional oxygen-isotope effect on the antiferromag-
netic ordering temperature (Ty). He showed that there is a very strong electron-
phonon coupling feature at a phonon energy of about 20 meV along the antinodal
direction and this coupling becomes weaker towards the diagonal direction. He also
showed that high-temperature superconductivity in cuprates is caused by strong
electron-phonon coupling, pelaronic effect,and significant coupling with 2 eV Cu-O
charge transfer fluctuation.

Alexandrov (2004) {24] briefly introduced the Fréhlich-Coulomb-multipolaron model
of high-Temperature superconductivity, which include strong on site repulsive corre-
lations and the long-range coulomb and electron-phonon interactions. The extension
of the BCS theory to the strong-coupling region with long-range unscreened electron-
phonon interaction naturally explains the isotope effects, unconventional thermomag-
netic transport, and checkboard modulation of tunnelling density of states in cuprates.

Gweon et al. (2004) [25] provide a detailed comparison of the electron dynamics
of Bi2212 samples containing different oxygen isotopes, using ARPES. On the basis

of the results they propose a model dynamic spin-Peirls picture for the nature of

13




electron-lattice coupling in high temperature superconductors.

Bill et al. (1997) [26] present a detailed study of the influence of non-adiabaticity
and magnetic impurities on the values of the isotope coefficient (o) based on previous
calculations of the the isotope coefficient (a).

Bill et al. (1998) [27] show that the various factors that can lead to an isotope
dependence of the penetration depth 4. They presented a general equation relating
the isotope coefficients of T, and of § for London superconductors.

Sorensen and Gygax (1995) [28] analyzed oxygen isotope effect measurements on
Y BayCus Oy substituted with Pr, Ca, and Zn to examine the validity of the large
increases in the isotope coefficient at low critical temperature. They found that for
Pr and Pr:Ca substitutions there is a correlation between the isotope shift and the
width of transition.

Barbee IIT et al. (1998) [8] explored standard isotropic three-dimensional theory
for the isotope effect with a purely electron-phonon attractive interaction. They found
that additional features are necessary to account for the observed values of the isotope
effect in high temperature superconducting oxides.

Zhao et al. (2002) [29] review various effects in the high temperature supercon-
ducting cuprates to asses the role of electron-phonon interaction. They suggest that
for the observed unconventional isotope effects lattice vibrations play an important

role in the microscopic pairing mechanism of high-Temperature superconductivity.

2.3 Effects of Impurity, Disorder and Defect in Su-
perconductivity
Magnetic impurities are known to suppress conventional superconductivity and

the detailed effects have been a topic of great research interest over the years.
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The first experimental investigation on the relation befween magnetism and su-
perconductivity was initiated by Mathias et al. {1959} [30].

Abrikosov and Gor’kov (1960) [31] showed that there is a critical concentration
of paramagnetic impurity which could destroy superconductivity.Below that critical
concentration both superconductivity and magnetism can servive.

In (1961) [32] they show that 7} is lowered when paramagnetic impurities are intro-

duced in to a superconductor and forward the known AG- equation given by

(B)o) ra) e

where 7 is the electron relaxation time for exchange interaction.

In (1962) [33] they also successfully explained the suppression of 7}, by magnetic impu-
rities by treating the doped magnetic impurities in superconductors as uncorrelated.

Skalski et al. (1964) [34] made additional calculations on the effects of param-
agnetic impurities in superconductors using the Abrikosov-Gor’kov theory as their
starting point.

In contrast, non-magnetic impurities in the dilute limit are found to have negligible
effects on conventional superconductivity.

Anderson (1959) [35] showed that much change in T, or A is not expected on
going from a clean to a dirty specimen if impurities are non magnetic.

For high-T, superconductivity different authors forward different ideas on isotope
effect, transition temperature, mechanism and order parameter. Following are some
of the main contributors.

Singh and Kishore (1995) [36] employ the generalized Abrikosov-Gor'kov theory
to describe the isotope effect coefficient o by considering the dependence of the char-
acteristic scattering time for Cooper pairs on the concentrations n of impurities by

ignoring disorder.

15




Singh et al. {1996) [19] study the effect of pair breaking and isotope effect coeffi-
cient in Lag_,; 51, CuO4 and Pr-, Ca-, and Zn- doped Y BayCusOy s and EuBasCusOq_s,
using the generalized Abrikosov-Gor’kov theory including disorder.

Abrikosov (1996) (37] proposed a model of superconductivity in layered HTSC
cuprates and studied the influence of impurity scattering on 7, the order parameter
at T=0 and the density of states, including the energy gap.

Openov (1998) [38] studies the combined effect of both non-magnetic and magnetic
impurities on the superconducting transition temperature within thé BCS model. He
also derives an expression for the critical temperature as a function of potential and
spin-flip scattering rates and generalizes the Abrikosov-Gor'kov formula for the critical
temperature of impure superconductors. The effect of defects and impurities in HTSC
is also discussed.

Openov et al. (2001) [39] obtain an expression for the isotope coefficient as a func-
tion of the critical temperature for a superconductor with an arbitrary contribution
of spin-flip processes to the total scattering rate and an arbitrary degree of anisotropy
of superconducting order parameter, ranging from isotropic s-wave and mixed (s+d)
wave as particular cases. They found that both non-magnetic and magnetic impu-
rities enhance the isotope coefficient, the enhancement due to magnetic impurities
being generally greater than that due to non-magnetic impurities.

Chattophadhyay ef al. [40] show that disordered short-coherence-length supercon-
ductors can exhibit pair breaking from spacial fluctuations in the pairing interaction,
in a manner very similar to that found with magnetic impurities. They also studied
the effects of a single state with up to three types of defect using the T-matrix ap-
proximation, and found bound states with in the superconducting gap arising from
either pairing fluctuations or magnetic impurities.

Mierzynska and Wysokinski (2003) [41] study the influence of various kinds of

impurities on the isotope shift exponent « of HI'SC’s. They considered the in-plane

16




and out-of-plane impurities present in layered superconductors and showed that they
differently affect T¢. In 2004 [42] they study the isotope effect in disordered weak and
strong coupling superconductors of different symmetries of the order parameter. Here
they found that weak localization corrections to Iliashberg equation deseribe a strong
degradation of 7, with disorder of s-wave superconductors and isotope coefficient is
relatively weak.

Shimahara (2003) [43] examine the isotope effect of superconductivity in systems
with coexisting interactions of phonon and non-phonon mechanisms an addition to the
direct Coulomb interaction. He proposed a model of superconductors with coexisting
interactions of phonon and non-phonon origins. They also examined the impurity
effects on the transition temperature T, and the isotope effect in multiband super-
conductors with magnetic and non-magnetic impurities, where the effect of Coulomb
repulsion is considered [44].

Kresin et af. (1997) [45] show that the presence of magnetic impurities affect the
value of the IC and these effects can be observed for conventional as well as for the
high-T, superconductors.

Bayndir and Gedik (1999) [46] studied the effect of non magnetic impurities on
high temperature superconductors by solving the Bogoliubov-de Gennes equations on
a two dimensional lattice via exact diagonalization technique in a fully self-consistent
way. They found that s-wave order parameter is almost un affected by impurities at
low concentrations while d,2_,» wave order parameter exhibits a strong linear decrease
with impurity concentration and they evaluated the critical impurity concentration
n{ at which superconductivity ceases to be 0.1 which is in good agreement with
experimental values.

Florens and Vojta (2004) [47) discuss d-wave states under the combined influence
of impurities and competing instabilities; such as pairing in a secondary channel

as well as lattice symmetry breaking. Using the self consistence T-matrix formalism,
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they show that disorder can strongly modify the competition between different pairing

states.
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Chapter 3

Mathematical Techniques

Introduction

In this chapter we are going to have basic fundamental mathematical techniques
used to threat the problem that this paper solves. The chapter is subdivided in to
sections. The first section is about preliminaries to mathematical techniques. The
next mansions the main methods of solving the BCS Hamiltonian since the same
methods are commonly applied to the studies of impurity effects in superconductors.
The last section treats the solution of the BCS Hamiltonian by the Green’s function

formalism.

3.1 Preliminaries to Mathematical Techniques

As shown in the previous chapter the prediction and experimental verification
of the isotope effect ([1, 2, 3]) led the way towards the BCS theory [4] of superconduc-
tivity. Frohlich used a Hamiltonian, now called the Frohlich Hamiltonian, in which
interactions between electrons and phonons are included but Coulomb interactions
are omitted except as they can be included in the energies of the individual electrons
and phonons. He used a perturbation theory approach and found an instability of

the ordinary Fermi-surface ground state of the electrons occupying states with equal
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and opposite momentumn and spin if the electron-phonon interaction were sufficiently
strong.

Now let us setup Frohlichs Hamiltonian for electron-phonon coupling and try to
show that electron-phonon term can lead to an attractive force between electrons.
Basically the idea is that an electron distorts or polarizes the positive ions in its
vicinity, so that it carries with it an associated displacement field and this displace-
ment field P(r) can be such that a net attraction between electrons is possible. i.e.
when one electron leaves a region of the lattice, it leaves behind an excess of positive

ion density, which in turn attracts another electron into this region. See figure (3.1).

Figure 3.1: The phonon is created by the passing of a nearby electron attracting the
positive lattice ions to itself. The higher density of positive charge is the quasi-particle
called the phonon, and it propagates through the lattice with the electron

Basic Hamiltonian of Pairing Mechanism
The total Hamiltonian (Erohlich’s Hamiltonian) of a superconductor (with elec-
trons, phonons and their interaction) in second quantized form is
A= Z exalar + Z w,blb, + ZquaI:Jrqak(bq b1 ) = Hoy+ Hop+ Hep (3.1.1)
k q ki
where ﬁe; => eka;[,ak is Hamiltonian of non interacting electrons,

ﬁph = Eq wqb,t,bq is Hamiltonian of non interacting phonons, and
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ﬁ[ep = Ek,q Xk,qa)t +q“k(bq -+ bi_q) is the electron phonon interaction.

The following relation can be used
b o= P ousat]
k k

Consider fIO = ﬁez + I;’ph as the un perturbed Hamiltonian and Iffep as the perturba-
tion.

ﬁep does not immediately show us that there is an electron-electron interaction be-
tween phonons. 'To make this interaction apparent, we can treat the problem by
making a canonical transformation which is used to diagonalize the Hamiltonian. We

use the generalized Lang-Firsov transformation which is such that

@ =eQe’ (3.1.2)

Q being any operator. The unitary transformation is the special case where s* = —s.

Then we apply Baker-Hausdorff theorem that states
. 1 1 o [0, @
Q=e’Qe’=0Q+ [Q} 3]+ E[Sa [3, Q”+ 5[33 [Ss [3> Q]]]+ = Q+Zl ’[n—l]' (31‘3)

where s, is defined by the recurrence relation s, = [s, [s,—1]] with (s = 5). Using
Egs. (3.1.2, 3.1.3) we shall take a transformation on Eq. (3.1.1) in which there are
no off diagonal terms of order y.
We write Eq. (3.1.1) as
=1, + L,

and then look for a transformation of the form

H=evHe (3.1.4)
that will eliminate H,, to first order. Using Eq. (3.1.3) we have

H=e¢YQY =H + [H,U] + %[U, (U, H)] + ... (3.1.5)
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Substitute the value of & in Eq. (3.1.1) in to Eq. (3.1.5) to get
~ N £ ~ - 1 4 "
H= (Ho+ Hep) + [(Ha + Hep), U] + E[U: [U’ (H, +Hep)” +

- n " N A 1 ~ .
B = Hyt fop+ {10, U] + (e, U) + 51U, (0, 1)+ (U, B + o (3.16)

Choose a condition such that
H,+[1,U)=0 (3..7)
so that U is in the first order. With this Eq. (3.1.6) becomes
- £ 1 =~
H=H, + 5lHp U] + . (3.1.8)

the omitted terms being of the order of U? or higher. Since A, and ffep are expressed

in Eq. (3.1.1) let us try to find the value of U. Assume that U can have the form

U = D Xeayqn(Aby + BbLY) (3.1.9)
kq

with A and B coefficients to be determined, Substitute the value of ﬁo,ffep and U in
to Eq. (3.1.7)

H,+|H,U)=0

—H, =[H,U]= [(Z eralay + qub};bq), Zxkqa£+qak(Abq + Bbtq)]
k a kq

—Hp = [Z e;.-a}:ak, Z x;;fqaL 1q@k (Abg + Bbf_q)]
k

kg

+ [ Z wqb;bq# Z XkQ’aL-Pq'ak(Abq' t Bbtq’)]
q kq!
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To simplify this we use the following commutation relations

[a}::bq] = [CLI,, bj;] = {ak, by] = [ax, bzl

[bg, b1, = bgbly — blbg = 6,4

[bg, ber) = [b}, 81,] = lax, aw} = [af, ab] = 0
[4, BC] = [A, B]C + B[4, C]

[AB,C) = A[B;C} + [4,C)B

[4, BC| = {4, BYC — B{A,C)

[AB,C) = A{B,C} ~ {A,C}B J

(3.1.10)

e

with these relations the above equation becomes

_ﬁep = [Z f};azak, Zxqua;[._,ﬂakr(Abq + Bbiq)]
k k'q

* [Z weblba, D Xig th g 0i(Aby + Bb"_q,)]
q kq'

= 3" xwlerafor, a o] (Abg + BbLY) + 3" Xngthy g anlweblbe, (Aby + BbL,)]

kk'q kqg'
= Z (eka;[_cﬁk’kfﬂak; — 6}_-5,{:';‘-1 akal.,rq) (Abq + Bbi_q) +
kk'q
Z Xk‘I’G‘I-'+qa'k( —~ we Ay by + W—quE%—q’)
kgg'
= Zxquaaz,+q,akl[(ekr+qr —_ €k!)(Abql + Bbiql) + (—wQ'Abq’ + w_qubiq,)
qu!
= 3 gt g 9 b b 3 X e () B
k;qr quf

changing the dummy indices &’ to k, g to ¢’ and using
Hy= D kg Xk.qa;;-f-qak(bq +blg)  we get

— Z Xk,qal_]_qak (bq'{-bt_q) = Z a£+qak(ek+q—ek—wq)Abq+Z ahqak(eﬁq—ek-}-w_q)Bbtq
kg kg ka

= —l=(gg——we)d and —1=(exyq—€r+w.q)B

23




A=ooo—— - B=—e—— (3.1.11)
€hpg — €k — Wy €ptqg — €k T Woyg

with these values Eq. (3.1.9) becomes

Zxkqa,f_._,_qak(Abq + Bbtq)
kq

/ by o,
=3 xwett +qak( + ) (3.1.12)
kq Ch+g

— € — Wy €htq — €+ W

Then we have to determine the reduced Hamiltonian (H) using Eq. (3.1.8)

1 4
i[HEP,U] + ..

H=H, +
by

.. 1
H=H, "[ 0kt {by 0g), ath "(M
+ 5 E Xkq®eq.q (b + L) %Xﬂanq oy kg — €k — Wy

kg

A
4 )] (3.1.13)
Chiq — €kt Wy

In solving the commutator we have to examine particularly the set that arise from
commuting the phonon operators.

[ffepa U] ([Zxk:qak-i-qak(b +b-—q) Z;\'kqfak.‘*‘q;ak_ﬁ__ﬁ___] 4

P Cftg — Cp — Wy

N

ot
[ 37 Xt qelt, + 8Ly), wa%w“ﬂfiﬁ:ﬁ])

ke kq'

t
Xg¢ qufai. t Xg' Uy g O !
5 al, a b_br+E A b, b,
( Xka®hqq AEL e — € — [ 1 ] - Xk,qglptqg }‘Ek-l-q' P W—q’[ q) q]

i i f t '
~ ak+ akak_i_q;ﬂ.k* aj-.'lv- ﬂckah_{_q;aq
Hep Ul = — — XkqXkgt g+ XkqXk g -
[ e % ( gAY Ek-l—-q’ — € ‘*wq' 49 'q q +q’ — € +wuq 44
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1 1
:_Eszdﬂ%@mﬂw(_ + )

kqo' Chtg' — Cr — Wy Cletq' — €k + w*q'

(_€k+q’ +ep + Wy +Eppy —€E— wq!)

A, U] = vol2el, apal . au
{ epy ] Zl ql k+q" " ktg (Ek-%uq"_ek“wq')(€k+q"_'fk+wﬁq’)

kaq'

using wy = w_g = w, we arrive at

. —2w,
[Hop U] = = Ixqlal, ol awar : 3.1.14
P g gl Pktqh—q (fk'+q _ Ek’)2 _ wg ( )

with this result Eq. (3.1.13} becomes

-~ ~ 1 A A [
H=H,+ = |He U= H, al . al__aw ¢ 3.1.1
el i kzqq:,[XQI era g WO (g — ew)? - w2 (8.1.15)
eu
ange
Kotq
e\ Kidq

phonon \_Electron 2

Electron 1 K,

Ky
Figure 3.2: electron-electron interaction via phonons. In the process the electron 1

( with k;) emits a phonon of wave vector . The phonon is absorbed later by the
second electron 2 ( with ks).

We know that superconductivity involves a phase transition in the electron gas

brought about by attractive electron interactions. The interaction part is negative,
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ie., attractive over the range of energies when |eg.q — €x| < wy. It is in this narrow
range that such an attraction leads to the condensation of electrons, which character-
izes the superconducting phase. The existence of Cooper pairs, in which two electrons
of opposite wave number and spin is the foundation for the BCS theory of supercon-
ductivity. The electron-electron indirect interaction through the lattice phonons is

shown in Fig (3.2).

3.2 Methods of Solving BCS Hamiltonian

There are different methods of solving the BCS hamiltonian.The following meth-

ods are the main once:
o direct diagonalization via Bogoliubov-Valatin transformation

e BCS variational wave function in which there is variational determination of

the ground state energy from the trial wave function and
e Green's lunction formalism.

The three approaches are complementary and equivalent in the case of homo-
geneous superconductors. However, some of them are better suited for addressing
specific questions in the presence of impurities. In particular we will see the Green’s
function method which is some times advantageous for determining the thermody-
namnic properties of a material and averaging over many impurity configurations. The

Green’s function method originates with the work of Gor’kov.
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3.3 BCS Hamiltonian by The Green’s Function
Formalism

Here we solve the BCS hamiltonian in a simpler way.
Consider the model Hamiltonian of a system (superconductor) having a form like Eq.
(3.1.1). Using canonical transformation we approach to a result which looks like Eq.
(3.1.15).

Let the reduced Hamiltonian have the form

H= Z exal, ~V Za;r::af—kla—k’lakﬂ (3.3.1)
ko kA

. _ m2R?

where ¢, = ST

To calculate the energy spectrum of the superconductor we construct the Green'’s
function and search for the poles.

Defining is the temperature Green’s function as
Golk,7)=—< T.,aka('r)aLa >
as the usual single-particle Green’s function and
Flk, 7y =~ <Traip{r)acky > ; Flk71)=-< Tfafr_,,‘_l(T)a,,t‘T >
as the aenomalous Green’s function, which clearly vanish in the normal state, the
Fourier transform with respect to frequency of the equations of motions for these

Green’s functions is calculated below. In the above definition pstands for thermo-

dynamic averaging with the Hamiltonian.
Trle Poay  (£)a 1)
Trle=¥]

Using G(k,w,) =< agy, a;[,,T >, the equation of motion of the Green’s function

< aka(fr)af_k,\ =

is given by
w & (LkT,a}crr Pu= J(t) < [(LkT,arLT] >+ < [akT,H],GLT >
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w K akT}a’Lt = ot < oy, ), GLT > (3.3.2)

Now let us evaluate the commutator [ag;, H]

S

[axg, ) = lasg, (3 exalpao — V') kgl awra i)

ko kR
= [ak, Y ol tpo] — [k, V) alyalapiapi]
po Py’
= > eylat, Ahotp] =V Y _larn alyal ap1a ]
po P’

using Eq. (3.1.10) this becomes

= epllart, el apotalolart, ape)) =V D (lan, abial ) Japiaptalial, la,apiapt))
po '

lagr, H] = Z €p0k,p01,00po — VZ ([akh aI)T]aipl + G‘LT faxt, a’f—pl]) Qpryip't
po pr'

[a“, ﬂr] = Eplgr — 1% Z 6kpaiplap:1a_p~r = €kQpt — 14 Z a*_klap:la,_m (3.3.3)
g by’
So Eq. (3.3.2) becomes

-~

W & Aty aI;.IT = 6kk'+ < [akT,H], GLT >
= St < (Ertrr — Vzaf—kiaﬂ’la—#T):“i'f Pw
ke

(w + ek) < ak‘i‘, ffa}‘ch >>'w: 5};,[;' - V Z << atklap’laﬁplT’ CLLT >>w (3-3-4)
o’
In order to reduce the second term of the RHS we have to use Wick's theorem which

states that

In making all the possible pairing between creation and annihilation operators, each
pairing should be time ordered. The time ordering of each pair gives the proper time
ordering to the entire result.

For example
< |ABCD| >~< |AB| >< |CD| > £ < |AC| >< [BD| > + < |AD|><|BC|>
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So we can use the following decoupling
<« a’fﬁ,_,iapflaﬁpq,az,T Py ¥ <aytepr > aJr_kl,aLT > (3.3.5)
substitute this in to Eq. (3.3.4) to get
(w—ep) K akT,aLT o= Opp — VZ < @iyt > af_kl,alq P

'

Define the superconducting energy gap parameter as

VY <apap >=A4 (3.3.6)
'
(w e E};) << ak]‘, (LI:;T >>w: 6];1,!—;' - A & aikl’ GLT >>w (3.3-7)

Next we need to evaluate < a‘:kl,al,f = ﬁ'(k, y,) using the same procedure as
above. Since our objective is to find the equation of motion for a cooper pair. i.e.,
an equation of the form < agja_g > or < at_kl, GLT >. So the equation of motion for

< a,i_kl, aLT >, is given by
w < aikl,a;‘;,T = J(t)[af_kl,a};f] + < [a]‘_kl,ﬁ"],n,},:,T >y (3.3.8)

W at_kl,aLT D= < [af_kl, (Z Eplihy po - VZ@LTai_plaﬂa_p:T)],aLT >y
o '

where

[at_;.-l:H] [a w(ZEp“ pa _VzapTa pi |0 1))

v
= [at-k‘li Z EpaLaaka] - [a—kl’ V Z Gp-rﬂ,_plaplla_p:ﬂ
Py p’
=2 elelypalaro] = V 3 lely, el ayiapi]
L pr'

again we have to use the relation in Eq. (3.1.10) to get
Lle] Zﬁp({a Lua Yape — al, {aukpa.w}) -
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VY (el el apiap +alial ol a0 p1))

r
== byl — V) ahal falapdacy
po rr’

[l gy, ] = —esalyy =V ) afal, o
P
Substitute this in to Eq. (3.3.8) we obtain

o <& Cbi_kl, ﬂLi >>w= 6(t)[ai_kl, a'I"T] + < [a'f_k]_) H]) a;;’t >w

P

((A) + E_k) <4 ﬂ'i—kl’ (I'I?"T >>w= _V Z < G;Tatpiak;, a'I.rT >>w
P
applying Wick's theorem to the RHS of this equation leads to

(w - E_k) <4 at‘kl’ QLT >>w"_" ""V Z < a;Talpl > akT,aLT >>w
p

But V), < a;rﬂa,‘l_pl >= A* and we can use
A=A
So we have

(w+er) < aT_kl, aLT o= —A K ax.-f,aLT Py

Finally from equations (3.3.7} and (3.3.10) we have
(w — Ek) & akT’aI"T Pu= 5}:,[;" - Ak G'T_kl, a};"f >

(CU -+ E-—k) <4 atkl’a};"T = —A <4 (LkT;a:LT >>w

(3.3.9)

(3.3.10)

Since the term < atkl,aL,T >, participates in the formation of cooper pairs we

need to solve these equations for < cLT_k l’a;c'f 3., solving the second equation for

& g, a}:,T 3, Elves

. (w + E_k)
A
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Substitute this into the first equation

(w — Ek) < gty a’I'T = 5};,1;' — A & atkl’ a};ﬂr Py
_(w—e)(w+ei)
A

since energy is an even function of k, ¢, = e_; = ¢ we have

2 2
W — €
(A - (‘A—)) < atkl,a}‘ﬁ P 5k’kf.

<& “Lkva{-w =0 — AK af_kl,aL,T >,

For the case of k = k' and d; 4 = 1 we get

__ A
w? — (e + A2?)

A A
wl—e2— A2 w2 —(2+A?)

< aikl’aL'T >>wE -

<aly,al; =~

< “ikl’ aLT Gl where & =¢* + A? (3.3.11)

— 62 !

We can generalize this result using matrix Green’s function. A matrix Green’s
function was introduced by Nambu which are very useful to draw one’s intuition
about perturbation theory in normal metals to calculate various things in the super-
conducting state. He defined the two-component field spaning particle-hole space:

Qg
ay = ( t ) , af = (ala_g)

The Nambu or matrix Green’s function is then defined as

Gilk,7)  —F(k,7) )

L (3.3.12)
—F(k,7) Gy(-k,T)

Go=— < Tfak('r)az >= (

For a single homogeneous superconductor the Fourier transform with respect to fre-
quency of the matrix elements are then given by (w can be replaced by iw)

A
w? + (e(k)? + |AR)?)

iw + e(k)

T iamE 0 e

G1 (kw w) =

31




A iw — e(k)

F k: = 3 G _k, = -
Be) = o rTamp P T e amp
So we have
& Gik,w)y —F(kw) 1 iw+e(k)  AKk)
T\ SFkw) Gk w) ~ (E®RPHAERPD . A E) (k)
(3.3.13)
This can be written as
O = _twro + e(k)ms + Al
© W —(e(B) + AR
where 7 18 a unit matrix and 73, i=1, 2, 3 are Pauli matrices.
The inverse of this matrix is determined using the fact that GGy = 1.
e a Ga 10
where z = —(w? — (e(k)? + |AK)?)).
(‘(iwt £ G+ a6 Gon) (*Me ) G+ Am Gra) 10
(Agfk)G;u + MGO?& (”*QG 12 T Mgom) 01

This gives the following systems of simultanecus equations:

ot elt) oy | A0
(oo =) AU»)G_%_O
A*—(k) o+ _____(zw E(A))GleO

022'_‘1

B0) gy = ) g
012 P
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Solving the equations leads to the following values
Gy = tw —e(k), Gy = ~A*(k)

and

oz = —A(k) , Gop = iw + (k)

-1 -1
é;-l k,O’,w - pll ol2
( ) (G;}I G
LG w—e(k)  —Ak
( ol jlf)z(w k) —AW) ) (3.3.14)
o Gogo ~A*(k)  dw -+ e(k)

Therefore for a single homogeneous superconductor with a reduced mean field

BCS Hamiltonian, the inverse of &, is given by (from Maki, 1969) [48]

So we have:

é’;l(kw) = W, T, — €xTs — A{k)ogmy

Here w, = 7#7'(2n+ 1) is the Matsubara frequency, o; are the Pauli matrices acting in
spin space, and 7; are the Pauli matrices in the particle-hole space, and 7;0; denotes a
direct product of the matrices operating in the four-dimensional Nambu space. The

self-consistency equation (3.3.6} for a single superconductor takes the form
AW = =T, [ deV (i KTrinaG.) (3.3.15)

In BCS the interaction is restricted to a thin shell of electrons near the Fermi

surface, and therefore,

A) =-TN(©0) > f vV Q) Trln e, f deiG]

where {1 denotes a direction on the Fermi surface, and N(0) is the normal state

density of states.
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3.3.1 Gap Equation and 7,

The order parameter in the BCS theory is always determined self consistently
by Eq (3.3.6) and must be temperature dependent since it vanishes at the transition.
This dependence may be calculated by expressing the expectation value of the pair
operator in terms of the Green’s function which we have already calculated.

< apyaoyy >= F(k,07) =T e P(k,wy)

ta

oo 0~ A
=T —iwn0
; (@AY

_ 5 e B 16 F(=8) A :
- f S F(R)e g = A ) = rtanh g

where f(x) is the Fermi function.

The gap equation then becomes

A= VZ <Ay |Gy >= V""‘é_“ tanh ’i
pp’
1= VZ —tanh—

o
This equation may now be solved, first for the critical temperature itself, being

the temperature at which A — 0, and then for the normalized order parameter %

for any temperature T. At T, the gap equation becomes

1 wo £
— = dé-t 3.1
NV /(; €§ anh —= 5T (3.3.16)
on integrating and rearranging we arrive at
1
T, =1.13 —_—— 31
¢ = 1.13wp exp( N(O)V) (3.3.17)

Near T, we can do by expanding to leading order in the small quantity % to find a

value

N3

A
= 2 3.40(1 ~

[+

)

3
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At T=0 we have

IR SN A S e (9]
N dE"S_fA R

—/-L:JD 1 Nln(2wD
s VETATT A

so that A(0) ~ QwDexp(—W) or

)

A(0)
> L76

The graph showing the variation of the order parameter A with temperature in the

BCS approximation is shown in Fig. (3.3).

Figure 3.3: Temperature dependence of the energy gap
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Chapter 4

Variation of « in Superconductivity

Introduction

This chapter is devoted to treat impurity and disorder effect in superconductivity.
Specially it tries to find mathematical relations on the variation of the critical tem-
perature as well as the isotope effect due to the presence of impurity and/or disorder
in superconductors.

The model Hamiltonian and formalism used to solve the problem is set in the first
section. This starts with a simpler case that there are magnetic impurities only. The
second section is an extension, It is known that with in the Born approximation,the
effects of pairing disorder and magnetic impurities are identical [40, 48, 49]. So
contributions of magnetic impurities, non-magnetic impurities, disorders, defects etc.
is studied in a similar manner. The relative shift of the Isotope coefficient () is also
derived here. In the third section ;- is derived by considering the total relaxation
time 7 as a function of isotopic mass M. Special cases are treated under this section.
The chapter is finalized by the results and discussion section. Here the main results

found in the third section are summarized using different graphs.
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4.1 The Model Hamiltonian and Formalism

The Hamiltonian of a superconductor containing magnetic impurities is given
by:
H=H+H+H, (4.1.1)

where
i AUS| : . . -
¢« H =) ko e(k)ay, 51,0 is the energy of the free electrons ,

o H, = P kpan Uk a5, /\)a}:pap,;\ is a term describing the effect of impurity

scattering , and
. ﬁs = Zk,p V(k,p)aI{Tatk 1@-p) @yt is the effective potential.

Magnetic impurities give rise to the potential scattering and exchange scattering,
The total interaction between a conduction electron at r and all impurities in the

sample is
U@r) = [ (r — Ra}+ J(r — Ra)s.S4] (4.1.2)

[+

In the momentum space this becomes
U(k: a,p, )\) = Ul (k:p} 0)50',,\ + U2(k1P, U)écr,—)\
; 1 .
. 14 —i(k—p).Ra ;= 7{I —i(k—p).Ra 2
= [u?* Za:e Prfe =T p)ve za:e ?-8e 52130,

1 —ilk— z -
+ 3 > " Ik, p)e P R (57 — iy, SUVG,, (4.1.3)
where
o uP(r — R,) is the spin independent potential component

¢ J(r — Ra)s.8, is the exchange interaction with S, spin of magnetic impurity at

R, and s = Z is operator of electron spin, and
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® 7, = +1 and —1 for ¢ =T and | respectively.
Pairing interaction V(k,p) is given by
V(k,p) = —Vop()(7) (4.1.4)

V, - is pairing energy, it = '%[ is unit vector along k.

The order parameter A(k) is given by

Alk) ==Y V(k,p) < a_ptp >= Dod(R) (4.1.5)

P
Ao = Ao(T) and ¢(#) specify anisotropy of A(k).
The self consistent equation for A(k) is derived by the Green’s function technique.

Define the normal and anomalous temperature Green’s function as:

Glk,o;p, 7)) = — < TTaka(T)aLA >
F(k,0;p, 7\ 7) =< Tyal_,(r)al >
@(k,a;p,)\; T)=—< TTaJL}_.gg(T)a*p_A >
Fk,a,p, A7) =< Trage(T)a_por >

(4.1.6)

There Fourier transforms arve G(k,o;p, )\;w),F(k,a;p,)\;w),@(k, o;p,Ajw) and
F(k,0;p, \; w) respectively. T is time ordering operator given by

A(Tl)B(Tz) if TL > T2

B(Tg)A(Tl) ifg>m (417)

T-(A(n), B(m)) = {

The matrix Green’s function G(k, o;p, A;w) in the Nambu representation is given by:

G Gk, oip, \w)  —F(k,0;p,
G(k,o‘;p,,\;w): ( 5P UJ) i ( o, p (_,,;)
—~F(k,o;p,Aw) Gk, o;p, A w)

= (4.1.8)

( 7 ) < Qgo,y a;r),\ > — K gy Op) Puw
- 1 i i
< A p—gr Opx Pow K lye, Cpd Pw
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Here G is non diagonal in spin space as well as in K- space.

The matiix equation for é(k, o;p, A;w) can also be written as
G;l(k, a;p, A w)G(p, M K o'sw) — Uk, 00, NGp, M K o'y w) = 1041050 (4.1.9)

where:

Uk, o3p,A) 0 ) (4.1.10)

Ul 0) = ( 0 Uk, —X\;p,—0)

is the term describing the effect of impurity scattering,
. 10
1=
01

GO(k: a0 )‘)w) = Gﬂ(k? a, w)ak,paa,a\

is the 2 x 2 unit matrix, and

is the Green function of the clean sample.
The Green function of the clean sample is already done in chapter three and is sum-
marized by Eq. (3.3.13). By including the possibility of both up or down spins the

equation can be modified as:

Gk, o,w) =

- ! (i +e(k))  YA(R)
@+ (k)2 + A(k)2) ( VoA R) (i — (k) ) (4.1.11)

The inverse of this matrix is also evaluated in chapter 3 by Eq. (3.3.14). To

include the possibility of both spins we can modify the equation as:

Gk, 0yw) = ( a1 Gog )

G Gom
G\ _ (o)~ o
Gon G YA (k) iw + e(k)
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4.1.1 Averaging

To determine the average value of é(k, a;p, Ajw) we have to consider the fol-

lowing simplifying assumptions:

¢ Consider short range scattering potentials so that matrix elements v*(k, p) and

J(k, p) are k independent(momentum} and equa! to ©*°* and J respectively.
o Treat impurity scattering in the Born limit.
o Electron self energy and BCS pair potential are restricted to the Fermi surface.
Upon averaging the Green’s function of the impure superconductor we obtain
< Gk, 030, ;0) >imp= Gk, 7,w)0k p0s 2 (4.1.13)
G{(k,0,w) can also be determined using the Dyson equation which is given by
G Yk o,w) = G Mk, 0,w) — i(k,a, w) (4.1.14)

where i:(k,cr, w) is the self-energy. In the self-consistent Born approximation it is

given by
Z(k,a,w) =< Uk, o; K, a"\G(K, o', )T (K, 0"k, 0) >imp - (4.1.15)

The product of the matrices on the right hand side is found using equations (4.1.8)
and (4.1.10)

Uk, o, k' a\CK o', )T (K, 0'; ko) =

Ulk,o; k'’ 0 Gk, o'\w) —F(¥, o w)
0 ~Ulk, —a" k', —a)} —F, o'\ w) G, o' w)

« UK, o'k, o) 0
0 ~Uk, —a;k,—0")
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Uk,o; KoUK, o'ik, o) Pk, 0’ \w) Ulk,—o" k', —a)UK o' k,0)G(K, o', w)
(4.1.16)

B ( Ulk,o; Ko YUK, o'k, 0)G(K o'\ w) Ulk,—o'; k', —a)UK,a';k,0)F(K, o', w) )

Next we need to average this over the positions of the impurity configurations and
directions of impurity spins (refer [32]).
(1) The average over R, vanishes when |k —£'] # 0 because the summation contains at
least one scattering at R, with &' = k. The result of the averaging for this particular
case will be n,,|u{k)|* where n,, is the number of impurity atoms per unit volume (
concentration).
(2) Averaging over the orientation of their spins (i.e. spin of impurity atom and spin
of conduction electron).

Here we assume that spins are oriented arbitrarily relative to the lattice and

that there is no correlation what ever between them. So we have a result given by

S =0, 85 = 35(S + 1)8; 1 and from averaging in both cases we have a factor
1
nm([ul* + 258 +1)) = rm(u™* + [u™]?)

Therefore, equation (4.1.16) becomes

S (ko) = ( Pl + ) S GO 0,0) (P — ) e P (K, 0,0) )
P (W — B S P, 000) (0 4 [0 ) S G 0,0)

here n,, is the concentration of magnetic impurities, |u®*|? = |J [2&;11 it includes
* contributions from both spin-flip and spin conserving scattering of electrons due to
their exchange interactions with magnetic impurities. The coefficient n,,[u®®|? is
entered in the normal and anomalous Green’s functions with opposite signs, while
T |wP?*|? which is due to the potential component of scattering by impurities appear
with the same sign,

With the calculations performed above and using Eqs. (3.3.14), (4.1.15) and the
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above equation, we obtain

i G ) [ wte AR [ En D
'\ G G ~1,A*k)  iwte Yo T

Gy Gy _ w—e—n AR - D
Gyl Go A (k) — Tg  iw € — Do

From this we can determine & in terms of &, o, w,and A as

i ( iw+e— 822 “YUA(k) + 212 )

G koyw,A) =
( ) D ’)’UA*(;G) +2y wte—En

(4.1.17)

where
D= (?{U +e— 211)(2&) +e€— 222) — (’YO-A(]\,) + 212)(’)’0—A*(k) + 221)

As it is seen above (& has the same form as (,, except that w and A, are replaced by

their renormalized equivalents w’ and A, respectively. i.e.
Gk, 0,0, 8) = Go(k, 0,0/, Ay) (4.1.18)

where o’ = w — iy,

Ay (k)
7+ 4 AP

W o — ,i(ﬂm|upot|2 + nmluex|2) Z
k

(4.1.19)

and A, = A(R)} + X2

Du(k)
Fe Ak

Ay = ARY + (|t ? = nplus?) > — (4.1.20)
k

The gap equation {order parameter) in Eq. (4.1.5) must also be averaged. So

AR) = -Z V(k,p) < a_pag >

P

A(k) = T Z >V, N eﬁi(i)aw ok (4.1.21)
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The coefficients n,,[u?|? and n,,|u®”|? can be expressed in terms of electron relax-
ation times 7% and 7% for potential and exchange scattering by magnetic impurities

respectively. They are defined as

Lt PN () and e = 2nn,u PN (D) (4.1.22)

.Tpot TeT
where N(0) is the density of electron states at the IFermi level. The total electron
relaxation T, due to magnetic impurities in the sample can be found as

1 1 1
R I 1.2
=t (4.1.23)

4,1,2 Critical Temperature

The critical temperature T, can be found from Eq. (4.1.19), (4.1.20) and (4.1.21}
as the temperature at which the order parameter goes to zero, i.e. A, — 0 in Fq.
(4.1.5). Setting |A,(k)]> = 0 in the denominators of Eq. (4.1.19) and (4.1.20) and
taking Eq. (4.1.5) and (4.1.22) into account, we have at T'— T:

%) < AL(k) >rs
(4.1.24)

r_ 1 L i i v) = v ool
W = w+ 2(71’0'5 + Tex)szgn(w) » Du(k) = A(k) + 'QW(TP"‘

where < ... >pg stands for a Fermi surface average defined by

N Jrs(-)
F§=
s 2
Substitute Eq. (4.1.24) in to (4.1.20), set |A,(k}|* = 0 in the denominator of Eq.
(4.1.20) and take Eq. (4.1.4) and (4.1.5) into account to get a result of the form

<.

_1

[< $°(0) >rs - < 90 >hs (GEE 5 + =8)

1 1
N, ”ﬂg (ol + 3 + =)

1.

[< ¢*(R) >rg + < ¢(R) >2s (zﬁml - ])]

(4.1.25)

= Zu |+1[Tw T4
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where A = N(0)V, is the electron-boson coupling constant. In the absence of impu-~

T

rities - = 7z = 0 and T, — Ty So Eq. (4.1.25) becomes

1 ) 1
3 =T < $*(R) >rs Zw: = (4.1.26)

This can be written in the form of digamma function which is defined by

d1n(z1) 2,1 1
l’ = == — —_ _——
¥(2) dz ¢ ;(z +n n)

=_O+Zn(n—l—z)

n=1

$(0) = —C = 0.577215... .

With this Eq. (4.1.26) becomes

W Cw

1 1 1
AT 1T < $*(R) >ps) —vE)~ ln(wTw < $2(#) >FS)' (4.1.27)

Equation (4.1.25) can be modified by adding and subtracting the term

. 1
T, < ¢*(R) >rps Y ol

1 1 1
Z =g, < $*(R) > — T %
ML CESED D Sk Dy (e s meryuy
2 1: -4 1
~ A Tho ez ~
[ < ¢’ (’ﬂ/) >rg + < (,15(?1) >%PS (W)] —~ i, < ¢2(n) > R8s Z m
T < () Srs S e 7T L x
~ o] ~ (|w| + 3l + 7))
. N —r — . | + 2k + L5
[ < $*(R) >ps 4 < $(A) >hs (Qh:TTI)— < ¢*(#) >ps 2([::]1 e )]
TEI
l:TTT<¢2(ﬁ)>FSZ-}-“ + ’ITTZ L x
A ‘ — Jw| S (Jw] + §e + =)
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[< (1) >rs Wi~ < $() >hs (wl + gl —]) | _ () >2, e )]

i 2l + 5]
1 1
X—wf < ¢?(R) >FSZI | + 7T, < $*(h) >FSZ(I 71 [Tw +T€z])
e < qb(n) >FS Tpot - .,.gz)
[ 2|w| ('rlm ) < §2(R) >ps 2jw| + Tez ] (4.1.28)

The left hand side of Eq. (4.1.28) can be replaced by ln(m) on account, of

Eq. (4.1.26). With the same saying, the first term on the RHS of Eq. (4.1.28) equals

l“(nn@‘—e(n);. —). So Eq. (4.1.28) becomes

In Cw ) = In Cw
Ty < §¥R) >ps” wTe < $2(R) >rs

Y+ 7Te < $*(A) >rg

! Y S T < $(R) >hg (Tpﬂt T—L
Serns L me =) S s L)
1 1 1

T 1
In(=%) = 7T, 2(8) > E Y (e T
H(Tco) i < ¢ (n) S (lwl + %[Tl}ot + TEI]) [ 2|w| (,rpgt + Te_p) +

< (,f)(??.) > ,.rpot - Ti"" ]
< ¢{#) >FS 2| + ==

T, 1 1 1 1
n(=2) =aT, < $*(n — =) —
nf Tc) T, < ¢*(7) >ps ? Tl + 1+ T + [2|w|(7‘1’°‘° + 're*’")

< ¢(R) >hg (- & (4.1.29)

< (1) >rs 2wl + 7=
Now introduce a coefticient x for the anisotropy of the order parameter on the Fermi

surface as
< p(f) >hs < Alk) >%s
=1 L Y =] - = 4.1,
< ¢2(ﬁ) >Fs < Az(k) > FS ( 30)

With this Eq. (4.1.29) becomes

ln(%) =171, < ¢*(R) >ps Zw: Tl %[i}m T + [2|1)| (%ﬁ + ;%;) -
< (}5(71) > (-rpot o er)
(=205 Sm gl L] (4.131)
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Since the RHS of this equation is convergent the cut of w, can be extended to infinity.

This infinite sum can readily performed using the formula.
=01 1
- Y= — W
> ) Y Y
where 9 is the digamma function. Making use of this formula on Eq. (4.1.31) gives

W2 = 00+ 5om) - 9]

FX[G (o + ) 9G]

! (—)—(1~x>[u( 4o =]+ x[9G + pp) <9 (4132

where ;r; =

.rpat + Tsz

4.2 Contributions Due to All Effects

On the basis of Eq. (4.1.32} it is also possible to include all the contributions{of
magnetic, non-magnetic impurities, disorders, defects etc.) that affect T, by extending
one term of the Hamiltonian in Bq. (4.1.1). In that equation H, describes the effect
of impurity (specially magnetic). The effect (contribution) of electron scattering
by randomly distributed impurities which are non-magnetic, defects or disordered is
included by inserting their respective interaction components in the total interaction
in Eq. (4.1.2) and (4.1.3). Note that the non-magnetic, defects and disordered terms
are spin-independent and contribute to the scattering matrix element Uk, o;p, A) =
Ur(k, p, 0)ds,» in Eq. (4.1.3). Following the same procedure we arrive at the expression

that can generalize Eq. (4.1.32). It looks like

ln(%)=(1—x)[¢(%+ )= 4] + o+ ) v @2

2nTyree
where % = 1 e My L L s the electron relaxation time due to the factor i,

""n m ™ T

"This equation is a more general result than the AG equation (Eq. {2.3.1)). Note that
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the combined effect of magnetic, non-magnetic, disorder, and/or defect scattering on
T, can not be described by a single parameter depending on the value of 7, Tm, o
and x (see [38]).

From this general equation we can take the following limiting cases:

¢ Low impurity and disorder concentration.

We can modify Eq. (4.2.1) as

) v(3)]
(4.2.2)

“111(%)=(1—X)[¢( +2n_) (5 )] +x[v 5

A7 Tc'r

At low impurity and disorder concentration T < 1, 4-:T <1,

oTET coTrm

m < 1, 41TT - < 1, and T, — T, € Tpo. We can expand Eq. (4.2.2) using
Taylor's expansion.

Expand the left hand side of the equation about T},
T,
—In (ﬁ) =—(InT, —InT,,)

= —(InT, ~ InT, — (To, — Te)(InT,)'])
_ Tco - ‘I;:
==
Expand the right hand side of the equation about 1/2 using

P() = (3 + (@ - DY) +... and '3y = 2.

(1= 0[0G + 5rm) ~ #(3) + X[+ )~ 93]

~ (1= [¥) + g ~ )] + X[BQ) + g7 - ¥G)]

(1—x)
4T{ e +2¢
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Combining the above results we have

Tco_Tch (1_X)+l
T a1, | 1 o
wrx, 1 1 1 1-4
o —dem—l=(— 4+ — + — 4.2,
g 4[2(73"’5 +'Tnm +’TD)+ TEY ] (4.2.3)

¢ High impurity concentration.
Here non-magnetic and disorder scattering are insufficient for the non-d-wave

two dimensional superconductivity (0 < x < 1) to be destroyed completely; at

A
TET

= 0, the value of 7, asymptotically goes to zero as ~1- + ;—15 increases.

From the generalized equation ( Eq. (4.2.1)) we can also have the following par-

ticular cases

o If the scattering is in an isotropic s-wave superconductor.

As mentioned above (x = 0) for s-wave superconductor and Eq. (4.2.1) reduces

() =95+ ) (@)

which is the same as the already known AG equation (2.3.1).

to

Limiting cases:
(a) low impurity concentration

Here T., — T & Tip and s=t— < 1 and

2aTeoTe®

T
4rex

Tco - Tc =2

(b) High impurity concentration
Magnetic scattering in the absence of non-magnetic and disorder scattering
% = % = () is known to suppress the isotropic s-wave superconductivity with

¥ = 0 at the critical value

L = “T"':;'l 2 0.8827T, with v =€ ~ 1.781

x4
T?TIC
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e For a d-(and/or p-}wave pairing state

Here x = 1 and Eq. (4.2.1) becomes

In (r%) =Y (% + 41I1Tc (Tl t }“,;' t )) ’/’( ) (4:2.4)

We can have the following limiting cases:

(a) Low impurity concentration
1 .
If oo =0 we get

T
T —Tere —
87

(b) High impurity concentration(7, — 0)

T, vanishes at & critical value - = % ~ 1.7647,
nc

On the basis of Eq. (4.2.1), the general condition for impurity (disorder or defect}
suppression of 1, for a superconductor having an arbitrary in-plane anisotropy coef-
ficient y and containing both nonmagnetic and magnetic scatterers is given by

1
= Tox-1p (4.2.5)
Teffe 7

where T‘ﬂ is the critical value of the effective relaxation time 7,5, defined as { refer

[38])
e ()T ) (4.2.6)

Teff Ty Tm Tam TD

From Egs. (4.2.5) and (4.2.6) we can see that %Z increases monotonically with

7., and ;- at any value of y, with the exception of the case y = 0, where

- doesn’t depend on -, and

see Eq. (4.2.6). If x is close to unity, then

TD’

L ~ L 4L 4 1 je. the contribution of disorder, non-magnetic and magnetic
Teff Tm Tam ™’

scattering to pair breaking is about the same. If x < 1, then # = le,

Tefs 18 determined primarily by magnetic scattering. The higher the the anisotropy

Q

coefficient y, the greater is the relative contribution of disorder and non magnetic

scatterers to T, suppression as compared to magnetic scatterers.
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4.2.1 Derivation of Isotope Coefficient o

The isotope effect of superconductivity is given by the relation
T oo M™ = T,M%=const

AT M*) = d(const) = ML, +Ted(M*)=0

T,
AT, M~ OM = —M°9T, = o= —ghll‘ a (4.2.7)

Using this we can find o for our case. To do this first assume that a slight change

in the atomic mass does not affect the mechanism of the pairing interaction and the
pair breaking effect by impurities.

Diffrentiate the LHS of Eq. (4.2.1) with respect to In M

= SmM  oma - et (428)

a (ln (Tm)) _ (Tcg)“l 7] (’?‘,) _dInT, IInT,

dln M T, T./ M
where o, = a(M,0) is the isotope coefficient in the absence of impurity and
a = a(M, ) is the isotope coeflicient in the presence of impurity.

Next differentiate the RHS of Eq. (4.2.1) with respect to In M.

s |00 ) -5 Q)] + oG i) -9 ()]

11 9 1 1, 1,8 (1
={1— )= (=
W20V G ¥ e i ad _(%T,:Ter) VG G o (4@,;)
S U 1,11
—al(l- (= "= 4.2.
@ {( X) 27rTcﬂ"”1’b (2 + QWTCTEI) X47rTc'r¢ (2 + 47rTc'r) (4:2.9)

Y’ is the derivative of the psi function with respect to In M.

Combining equations (4.2.8) and (4.2.9) we have

1
2aT.rex

1
2. rem

1 1 1 1
—ao+a=a[(1—x) Vg + X4WTT¢'(§+41TTT)}
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—~1

Lyl @210

daTer

@ 1 1 1 1
2 -1 - (- "= _
o~ | T U= Gl emre) — X,

1
b=
v+

This equation can be used for an impure superconductor with arbitrary anisotropy
of the superconducting order parameter and arbitrary relative contributions of po-

tential and spin-flip scattering to the electron relaxation time. As in the case of T,

here we also have the following cases:

s For isotropic s-wave superconductor (x = 0) and

1 1 ~1
1},’(5 + QWT}T"--’“)]

@ [ 1 1
&y 2al e

¢ For d- or p-wave superconductor (y = 1) and

o 1 1 1 -1
—=1- b= ]
0, [ 4’]TTCTT') (2 + 41rTc'r)

4.3 Another Look at The Derivation of «

In the above section we derive the isotope coefficient by assuming that only 7,
is a function of the mass M of the isotope. Now we are going to derive the isotope
coeflicient in an extended way.

Here we derive o by assuming that both 7, and 1 are functions of the isotopic mass
M({In M).

Differentiating LHS of Eq. (4.2.1) with respect to gives Eq. {4.2.8).

Next we need to differentiate the RHS of Eq. (4.2.1) with respect to In M.

a 1 1 1 11 1
oAz Y ["'b("z‘ + QWTCT”) - ?'/’(E)] + XME + 4ch¢) - ¢(§)] =

1 1 ad 1 i 1 0 1
=(1—-xW (= (=
(1= x)¥ (2 + 2T res ) On M (QWTCT“’) Xy (2 + 47rTc'r) dln M (47rTc'r)
L 1 1 5 90T, 9lnr* 1
=(1=0G+ 2ch¢%)(2«ch,—&)[ oM~ M T

] + x¢'(%+
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1.1 9 1 1 o ,1
E(Falnﬂff(i) T omM (_))
1 1 1 dinres 1 1
= — (. —_
=X G+ e Gres) E 7ln M] + Xy ( t T I
Tm, N Thm, dinT,
@ +l(_g[ﬁ:” n _631InM 4 "mnﬁ)
TcT Tc Tm Tam ™D
Using the following notations
1 1
=¥, =0
dn'Tor 2T, res
_dlnT® _dlnmm
dlﬂﬂff “nez 1 dh’lﬂ/[ —nnm
_dln'rm B . dlntp
dind Mmoo T M TP
the equation reduces to
n
= (1-x)éy' ( +8) @+ 1) + XU ( +9) aw + w(”’” 4 oy ——)} (4.3.1)
nm

Combining equation(4.2.1) and this last result (Eq. (4.3.1)} we have

o= (1 )R +0) + xp¥ (5 + )]+ (=00 (5 +0) +

7
xwv( + )(n’" oy n—D)
Tum D

After some arrangement we arrive at

1 1 1
1+ —3 (1= X)) (5 + 0
X<P¢'(2+‘P)[ + %{( X}t (5 +6) +

TI1-(1—x)e (o) -
xer (5 +90)(nm Z’"" + z—i)}] (4.3.2)
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Like equation (4.2.1) this last equation (Eq. (4.3.2)) is a more general result than

Eq. (4.2.10) for isotope effect comprising all types of superconductors (s- or d-wave
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or mixed). It can also be applied for different values of x ranging from 0 to 1. From
this we can single out so many different cases of interest.
For example if 7 is not a function of M (or In M)

Nez = Nm = Tam = 7ip = 0 and Eq. (4.3.2) reduces to

~ = : = [1—(1—x)5¢’(1+5) ersm/)’(zﬂp)]_1
a  1—(1=x)89'(5+0) + xo¥'(5+¢) 2 2

This is trivially identical to Eq. (4.2.10).
Though there are numerous parameters independent of each other we can observe the

general nature of the relation between = and ¢ (See results and discussion part),

4,3.1 Special Cases

d-wave Superconductors

If the pairing mechanism is in such a way that x = 1 it is a d-wave supercon-
ductor. In this case we have to treat the effect of impurity, disorder, and defect in
superconductivity. Specially the case of x =1 (i.e., d- or p-wave superconductors} is

our concern. Making use of this reduces the general relation in Eq. (4.3.2) to

(4.3.3)

o 1 . v"f’f(gﬁ+£§+£§)
O

This is the equation showing relative shift of the isotope coefficient.

Qo

Effects Of Non-magnetic & Magnetic impurities in d-wave Superconduc-
tors
Here we neglect the effect of disorder, defect, etc. on doing this Eq. (4.2.1} reduces
to
Teo 1 1 1 1
Y = (1~ - — (= - — (=
In (72) = (1~ 0 [9(5 + ) = 9(5)] + x5 + ) - (3)]
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. _ .1 __ 1 ./1 1
where now ¢ = g = (- + L),

Thm

The general relation describing the relative isotope change due to all contributions

(4.3.2) is also reduced to

!

a P ] -1 [ o (nnm Thm )]
= =11= 1 am
@, [ 4alr + Qg +

Tam Tm

4.4 Results and Discussion

This section tries to generalize the main results obtained till now in this chapter

and investigate the results with the help of different plots.
We put the theoretical formalism describing the variation of 7, and ¢ in supercon-
ductivity. Starting with the model Hamiltonian that includes energy of free electrons,
effective BCS potential and a term describing the effect of impurity, disorder, defect

etc. we arrive at the general expression for variation of T given by

1
2T res

n(72) = (L= [0 + ) ~ 9G] + X8+ ) — ¥ )]

With the notations given in the above topics it can be written as

1o

In( T

)= @-0[u+0) -u3)] + x[vG +0) -]

The universal dependence of q% on i for a given value of x and § can be traced
using certain sample values. Figure (4.1) shows the plot of TL; versus ¢ when § = 0.1
and different values of x. From this figure we can see that as y increases from 0 to 1
the value of %—C: decreases.

At x = 0 (isotropic s-wave pairing) the value of T% does not depend on ¢, while super-

1 o 1

conductivity is completely suppressed (T, = 0) at a critical value of § = oo & e

Qur next general result is the equation showing the variation showing the variation

of the isotope effect on the assumption that both T, and 7 are functions of the isotopic
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Figure 4.1: Variation of % on ¢

mass M (In M). In that case we get

o 1
a,  1—(1—x)5' (3 +0) — xev'(5+e)

x5 + o) (20 Ty "—D)H

Tm Tnm ™™D

1 1
1+ a:{(lﬁx)ﬁﬂw¢(§+5)+

Here there are numercus parameters independent of each other. We can observe
the general nature of the relation between = and ¢ by taking different conditions.

For 0y = fam = np = 1 it reduces to

—_— = 1 i 1_ Jex L 5
a, 1= (1—x)6p'(5+68) — XW'(%+¢)’ + aa{( X)ned' (5 +6) +

(4.4.1)

1
xem' (5 -+ 90)}
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The plot in Fig. (4.2) shows the variation of 3 on § when x = 0 (isotropic s-wave

pairing). Here f; doesn’t depend on ¢. From the figure it is seen that f;increases as

J increases.
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ent values of x

o Figure 4.3: Variation of 2 on ¢ for differ-

The sketch shown in Fig. (4.3) indicates the variation of I on p for x = 0.5, 0.8, 1

when I = 0.2 and %z = 0.5. From the graph it is shown that as ¢ increases - also

increases indicating the effect of impurity, disorder, and defect. It is also clear from

the figure that o increases faster for magnetic impurities (less y values) than for non-

magnetic impurities and/or disorder.

In addition t0 7y, = um = 1p =7 if x = 1 Eq. (4.4.1) gives

a 1

o 1—1p

o 1

a’oml_r’wb,[lo
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By taking the two parameters (¢ and J-) in to account we get the plot shown in Fig.
(4.4). This is the full spectrum of the dependence of - on ¢ for a d-wave pairing
(x =1). This plot shows that « is further enhanced by including .. i.e., by taking
the dependence of the scattering time 7 on n (concentration).

T
Tea

The variation of =& of equation (4.2.4) on ¢ can also be seen by drawing the graph

of {5; versus ¢. The plot is shown in Fig. (4.5).
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Figure 4.4: variation of o with ¢ for dif-

Figure 4.5: Variation of = on ¢
ferent values of - Teo

In addition to this we can take the following sample values
@ = 0.5, § = 0.1, 7y = Mm = 7p = 7, and L= = 1. In this regard Eq. (4.3.2)
reduces to

o 1

a, 1= 1009(06) — 050 (5 +¢)

1 + 0.5x 0.1 x'(0.6)+

gk
050 ¥ (5+9
Figure (4.6) shows the graph of = versus  for different values of L.

In all the above results we try to see the individual and combined effects of impu-

rity and disorder on a superconductor. From these relations and plots it is possible
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w0

Figure 4.6: Variation of - on ¢

to predict different ways of enhancing the critical temperature T, towards room tem-

perature.
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Chapter 5
Conclusion and Summary

Introduction
This part of our study is devoted to the conclusion and summary of the
whole work of this thesis. So the chapter is presented under two sections one with

the conclusion and the other with the summary.

5.1 Conclusion

In the last chapter (chapterd) we try to show the effect of impurity and/or
disorder on the critical temperature and isotope effect coefficient. On the results and
discussion part the outputs are described in words with the help of different plots. In
general we may have the following concluding remarks:

As it is forwarded by the AG theory magnetic impurities destroy superconduc-
tivity by locally breaking the pairs, where as non-magnetic impurities are not pair
breaking, according to Anderson’s theorem. This is true for isotropic s-wave BCS su-
perconductors, in which the order parameter is uniform and momentum independent.

In most high-transition-temperature superconductors the suppression of T, with

magnetic, non-magnetic impurities, and disorder effects are comparable in d-wave
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superconductivity.
We see that in the Born approximation, the effects of the random interactions (disor-
ders) are exactly equivalent to those of magnetic impurities and in extremely disorder
superconductors T% can be suppressed to zero even without any magnetic impurities.
We studied the effect of impurity and disorder and found that non-magnetic im-
purities and disorders ( from spatial fluctuation in the pairing interaction) behaves
as a strong pairing fluctuation defect or as a strong magnetic impurity.
By following different conditions that can enhance T, it is possible to push the
value of the critical temperature so that it is applicable for the advancement of this

world.

5.2 Summary

Though this section is the last one it is not the least. Here we summarize the
main ideas that the thesis tries to address.

In the introduction part historical development of superconductivity, the purpose
of the paper, some explanation on s- and d-wave superconductors is treated.

Literatures about isotope effect, critical temperature, high-T, superconductivity,
and mechanism and effects of superconductivity are presented in the second chapter.,

The third chapter lays basic mathematical grounds for treating the problem that
this paper stands to solve.

It shows how electron-phonon interaction leads to the formation of Cooper pairs
which are foundations for the BCS theory of superconductivity, methods of solving
the BCS Hamiltonian and solving the Hamiltonian by the Green’s function formalism.

The fourth chapter treats the problem that the paper is devoted to solve. Starting
with the model and formalism it solves the Hamiltonian for the critical temperature

and isotope effect in superconductors containing impurities, disorder,and’or defect.
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Lastly the chapter presents the results with the help of different diagrams and dis-
cusses the results.

This last. chapter deals with the concluding remarks.

61




Bibliography

[1] H. Frohlich, Phys. Rev. 79, 845(1950).
[2] E. Maxwell, Phys. Rev. 78, 477 (1950).

[3] C.A. Reynolds, B. Serin, W.H. Wright, and L.B. Nesbitt, Phys. Rev. 78, 487
(1950).

[4] J. Bardeen, L.N. Cooper, and J.R. Schrieffer, Phys. Rev. 108, 1175 (1957).

[5] N.N Bogoliubov, V.V Tolmachev, and D.V shirkov, 1958, A new method in the
theory of superconductivity (Eng. Transl. New York: Consultants Bureau).

[6] W.L. McMillan, Phys. Rev. 167, 331 (1968).
[7] P.B Alen, and R.C Dynes, Phys. Rev. B 12, 905 (1975).

[8] T.W. Barbee III, Marvin L. Cohen, L..C. Bourne and A Zettl, J. Phys. C: Solid
State Phys. 21, 5977 (1988) Printed in UK and references therein.

[9] A. Bill, V.Z. Kresin, and S.A. Wolf, Cond-mat/9801222.
[10] J.G. Bednorz and K.A. Miiller, Z. Phys. B 64, 189 (1986).
(11] Rajiv Kumar Pandy, S.P. Singh, and P. Singh, J. Supercon. 11, 663 (1998).
(12] V.Z. Kresin, and H. Morawitz, Phys. Rev. B 37, 7854 (1988).

62




[13] P. Singh and K.P. Sinha, Solid State Commun. 75, 45 (1990} and references

therein.
{14] L.N. Cooper, Phys. Rev. 104, 1189 (1956).
[15] P. Morel and P.W. Anderson, Phys. Rev. 108, 1094 (1962} ibid (900, 906, 1152).
[16] Q.M. Eliashberg, Sov. Phys. JETP 11, 696 (1960) ibid (896, 900).
[17] V.Z. Kresin, Phys. Lett. A 122, 434 (1987).

[18] Peter Fulde, 1991, Electron correlations in molecules and solids ( Springer-verlag

Berlin Heidelberg).
[19] S.P. Singh, R.K. Pandey, and P. Singh, J. Supercon. 9, 277 (1996).
[20) A.M. Campbell, phys. World 17, 37 (2004 ).
[21] R. Singhal and P. Singh, Ind. J. Cryogenics 20, 30 (1995).

[22] Z.X. Shen, A. Lanzara, S. Ishihara, and N. Nagaosa, arXiv: Cond-mat/0108381
(2001).

[23] Guo-Meng Zhao, arXiv: Cond-mat/0408520(2004).
[24] A.S. Alexandrov, arXiv: Cond-mat/0408622(2004).

[25] G.-H. Gweon et al., Nature, 430, 187 (2004) or arXiv: Cond-mat/0407556
(2004).

[26] A. Bill, V. Kresin, S.A. Wolf, Z. Phys. B 104, 759 (1997).
[27] A. Bill, V. Kresin, S.A. Wolf, Phys, Rev. B 57, 10814 (1998-I).

[28] G. Soerensen and S. Gyagax, Phys. Rev B 51,118489 (1995-I).

63




[29] Guo-meg Zhao, H. Keller and K. Conder, arXiv: Cond-mat/0204447 (2002).
[30] B.T. Mathias, H. Suhl, and E. Corenzwit, Phys. Rev. Lett. 1,92 (1959).

[31] A.A. Abrikosov, L.P. Gor’kov, Sov. Phys.JETP 8, 1090 (1959) and ibid. 9, 220
(1959).

[32] A.A. Abrikosov, L.P. Gor’kov, Sov. Phys. JETP 12, 1243 (1961)

[33) A.A. Abrikosov, L.P. Gor'kov, Sov. Phys. JETP 12, 1243 (1961).

[34] S. Skalski, O. Betbeder-Matibet, and P.R. Weiss, Phys. Rev. 136, A1500 (1964).
[35] P.W. Anderson, Science 235, 1196 (1987).

[36] P. Singh and R. Kishore, J. Supercond. 8, 9 (1995).

[37] A.A. Abrikosov, Chinese J. Phys. 34, 184 (1996).

38] Leonid A. Openov, Phys. Rev B 58,9468(1998) or Cond-mat/9810344 (1998).

[39] L.A. Openov, LA. Semenihun and R. Kishore, Phys. Rev B 64,12513 (2001) or
arXiv:cond-mat/0106300 (2001).

[40] A.K. Chattopadhyay, R.A. Klemm and Dsa, J. Phys:Condens. Matter 14, L
577 (2002).

[41] M. Mierzyfiska and K. 1. Wynsokiriski, arXiv: Cond-mat/0306071 (2003).
[42] M. Mierzyfiska and K. I. Wynsokiriski, Acta Physica Polonica A 106, 647 (2004).
[43] II. Shimahara, arXiv: Cond-mat/0305382 (2003).

[44] Hiroshi Shimahara, arXiv: Cond-mat/0304516 (2003).

64




[45] Viladmir Z. Kresin, Andreas Bill, Stuart A. Wolf and Yu.N. Ovichinicov, Phys.
Rev. B b6, 107 (1997—1).

[46] M. Bayindir and Z. Gedik, Eur. Phys. J. B 10, 287-291 (1999).
[47] Serge Florens and Mathias Vojta, arXiv: Cond-mat/0408026 (2004).

[48] K. Maki, 1969, Superconductivity, edited by R.D. Parks (Marcel Dekker, New
York), p.1035.

[49] P.G. de Gennes, 1966, Superconductivity of metals and atloys, (W.A. Benjamin
New York) chap.8.

65




